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Chapter 1

Introduction

1.1 The moduli space of stable n-pointed rational curves

The moduli space M, parameterizes stable rational curves with n marked points. A point in the
interior My ,, consists of an equivalence class [(C;p1, ..., pn)] where C' is a smooth genus zero curve
(i.e., a rational curve, isomorphic to P1) and p; € C for i = 1 to n are n distinct marked points of
C. We say that two such collections (C;py, ...,p,) and (C’; p}, ..., p),) are isomorphic if there is an
isomorphism ¢ : C — C’ of the curves such that ¢(p;) = p} for i = 1 to n. We sometimes drop the
square brackets and write (C;p1,...py) for the class [(C;p1,...pn)] when it is clear from context.

A point [(C;p1, ..., pn)] € Mo, can be represented by a curve C consisting of a tree of projective
lines with p; € C for ¢ = 1 to n distinct marked smooth points and every irreducible component
has at least three nodes or marked points (see Figure 1.1). By a tree of projective lines, we mean
a connected curve with irreducible components isomorphic to the projective line such that the
intersection points are ordinary double points and there are no closed circuits.

The space M()m has many beautiful properties. For instance, it is a smooth projective variety
and a fine moduli space. The boundary points Mo,n\MO,n correspond to reducible curves. The
boundary has a stratification in which the components are determined by the number of nodes on
a curve. The numerical equivalence classes of the one-dimensional strata are called F-curves (see
Definition 1.1) . A representative of each such class can be obtained by defining a map MOA — Mo,n

[25, Thm. 2.2]. We give a description of such a map in the following definition.



Figure 1.1: Representative of a point in boundary of Mg

Definition 1.1. [25, Thm. 2.2] Let I; U Iy U I3 14 = [n] be a partition of [n] = {1, ...,n} into four

nonempty, disjoint sets. Consider the morphism, ¢ : Mo 4 — My, sending

(C;p1,p2,p3,p4) = (X5q1, .., Gn)

where X is built from (C;p1,p2,ps,ps) in the following sense: If |I;] > 2, then attach a point
(P1;as,{qj : j € Li}) € Mo ,+1 at the marked point a; € Py to the marked point p; € C. If
|I;| = 1, then label the point p; of (C;p1,p2,p3,psa) as q;. We refer to an F-curve as any element
in the numerical equivalence class of the image of ¢ and denote any such element by Fy, 1, 1, 1,-
The points (nodes or marked points) on the irreducible component of X associated to the original

marked points p; € C are referred to as the attaching points.

1.2 Vector bundles of conformal blocks

A vector bundle of conformal blocks on My, is defined with three ingredients: a simple Lie algebra
g, a nonnegative integer ¢ called the level, and an n-tuple X = {A1, ..., An} of dominant integral
weights of g at level £ (see Definition 2.5). We denote such a bundle V(g, X, £). We denote the first
Chern class, the conformal blocks divisor, of such a bundle ¢;(V(g, X, ). In this section, we briefly

define a fiber of V(g, X, £) over a point in My p,. For more details on the construction of the bundle



V(g, X, £) see [16, 5, 17]. This construction was extended to be defined for general vertex algebras
in [19].

Let [, ] denote the usual bracket on g and ( , ) the scaled Killing form on g (see Definition 2.1).

Definition 1.2. For a simple Lie algebra g and each ¢ = 1 to n, one can define an affine Lie algebra
8 =90®C((z))® C-c,

where C((z;)) is the field of Laurent power series over C in the variable z; and ¢ belongs to the

center of g;. The bracket defined on simple tensors is

(X © f.a0), (Y @ g,80)| = (IX. Y] fg, (X, Y) - Ress,-o(g(z)df ().

for X, Y € g and f,g € C((z;)). This bracket is extended linearly to be defined on all of g;. We
also define the Lie subalgebra of g;

8 = 9® 2C[[z]].

For \; € X and nonnegative integer ¢, there is a g;-module H}, at level £ and highest weight A;.
H), is characterized up to isomorphism by the property that the subspace of H), annihilated by
g; is isomorphic as a g-module to Vy, (see [28, Chapt. 12] or [5, Sect. 1.6] for more details on the
construction of Hy,).

Let (C;p1,...,pn) € Moy The ring of regular functions on the curve C' outside the marked

points p = (p1,...,pn) is given by O(C — p). For each i, a ring homomorphism
O(C —p) = C((21))

can be defined by expanding a function f € O(C — p) about the point p;; denote this expansion

fpi- Let g(C —p) := g®@ O(C — p). The ring homomorphisms above induce maps

9(C —p) = 8. (1.1)



Let Hs = H), ® ... ® Hy,. Define the map

g(C—ﬁ)X’Hx—),HX

n
(X®f) : (Ul ®®'Un) — Zvl & ... V-1 ®(X®f)vi®vi+1 X ... ® vy,
=1

where (X ® f)v; is given in (1.1). By the Residue Theorem Y ;" | Resy, fp,dgp, = 0 for nodal curves.

This can be used to show the map just defined is an action of g(C — p) on H.

Definition 1.3. The fiber of the bundle V(g, X, ¢) over the point (C;p), is

V(g, X, )y = Hsla(c—p)»

where [Hy]qc—p) is the space of coinvariants of Hy. This space is the largest quotient of H; on

which g(C' — p) acts trivially. Its dual is the vector space of conformal blocks.

A dimension formula of the vector space in Definition 1.3 (i.e., the rank of the vector bundle
V(g, X, ?)) is given by the Verlinde formula and was conjecturally given by Verlinde in 1988 [18].

The formula has since been proven in various cases by a number of authors [12, 45, 6, 18, 32, 40, 33].

1.3 Motivation and main results

Central to representation theory is the study of symmetries, and often in representation theory one
sees important and sometimes unexpected identities. Since vector bundles of conformal blocks are
defined using representation theory, it may be no surprise, then, that conformal blocks are also
frequently subject to symmetries and unexpected identities [14, 3, 17, 22, 38, 2,39, 11, 8, 30].

For instance, we know that there are additive identities between first Chern classes, the confor-
mal blocks divisors, which allow one to decompose conformal blocks divisors into sums of simpler
divisors, as long as certain rank conditions are satisfied [$, Prop. 19]. In this decomposition, one
of the summands is the first Chern class of a rank one bundle. One important class of rank one

bundles is the set of bundles in type A at level one. The associated morphisms have been described



[21, 22], and moreover, while there are an infinite number of these bundles, using the fact that the
images are constructed as GIT quotients, it has been shown that the cone of divisors they generate
is polyhedral [22, Thm.1.1].

With the importance of rank one bundles and the desire to determine the structure of the cone

generated by conformal blocks divisors, one may naturally ask the following questions.
Problem 1.4. 1. Describe sets S := {V = V(g, X, ¢) | rank(V) = 1}.
2. Show that C(S) := ConvHull{c; (V) | V € S} is finitely generated.

Our first main result completely determines a solution for this problem for bundles V(slg,x, 0),
V(spos, AT, 1), and V(slym, A, £) when the weight data is rectangular (see Definition 4.1). More
specifically, in the above cases, we give necessary and sufficient conditions on X and ¢ which deter-
mine when the rank of such a bundle is zero, one, and larger than one. Explicitly, our first main

result is the following classification theorem.

Theorem 1.5. Let V,,, = V(sloy,, (a1wm, ..., anwm), £) be a vector bundle of conformal blocks such
that a1 > as > ... > a, and Z?:l a; = 2(kl+ p), for some integers p and k such that 1 < p < ¢ and

k> 0. Define A := """ ,, ., a; where A := 0 if 2k +2 > n. Then
1. tk(V,,) =0 if and only if A < p;
2. 1k(V,,) = 1 if and only if either

(a) A=p,or

(b) A > p and weight content is maximal (see Definitions 4.2 and 4.4); and
3. tk(V,,) > 1 if and only if A > p, and the weight content is not maximal.

Our approach to proving Theorem 1.5 is combinatorial and relies on work by Belkale and Witten
(see [9, 19]) that translates the rank of a vector bundle of conformal blocks defined with g = sl, to a
coefficient appearing as a structure constant in a product of classes in the (quantum) cohomology of
the Grassmannian variety. This translation is known as Witten’s Dictionary and is stated explicitly

in Proposition 3.15. Using Witten’s Dictionary as a tool, we first establish the statement for sls



bundles in Section 4.2. We then apply a rank scaling statement for rank one bundles defined using
slg,, and rectangular weights, which relies partially on work of the authors of [10]. Further details
and proof of their results are given in Proposition 4.44.

The set S of rank one bundles described in Theorem 1.5 contains an infinite number of elements,
including all sly level one bundles. Following work of Fakhruddin [17, Thm. 4.3], C(S) forms a full
dimensional subcone of the nef cone Nef(My,). We prove this cone C(S) is finitely generated,

providing an answer to the second part of Question 1.4.

Theorem 1.6. Let S := {V = V(slap,, (a1wpm, ..., anwm,), ¢) |1k(V) = 1}. Then
C(S) := ConvHull{c; (V) | V € S} is finitely generated.

To prove this, we show the following result.!

Theorem 1.7. Each element of C(S) can be expressed explicitly as an effective linear combination

of level one divisors.

Theorem 1.5, also gives information about vector bundles of conformal blocks for the Lie algebra

5Py, at level one, using the relationship
rank(V(sly, X, ) = rank(V(spyy, X., 1))

from [17, Sect. 5.2.3], where X = (a1w1, ..., apwy) and 2= (Way s -+, Wa, ). The same conditions on
(ai1,...,a,) given in Theorem 1.5 also determine when V = V(spy,, XT, 1) has rank zero, one, and
greater than one.

Our next main result shows the first Chern classes of bundles for spy, at level one are equal to
divisors of bundles for sy at level ¢ if and only if the rank of the bundles is zero or one (Theorem 1.8).
As an application, we show the cone generated by the divisors from such rank one bundles is
polyhedral: All extremal rays are spanned by first Chern classes of rank one bundles for sp, at level
one. Using this result, we are able to explicitly describe the associated morphisms of these divisors

(see Section 5.4 and Proposition 5.14).

1See Theorem 6.11 for a precise statement.



Theorem 1.8. Let X be an n-tuple of nonnegative integers of weights for sly at level ¢ or spy, at

level one. Then for bundles V(sly, X, £) and V(spy,, AT, 1) the identity
c1(V(sla, X, £)) = e1(V(spy, AT, 1))

holds if and only if rk(V(sly, X, )) = 1 or 0.

The final main result of this work shows that the divisors from bundles V(spoy, X, 1) are all

linearly equivalent when the Lie algebra rank ¢ is taken large enough.

Theorem 1.9. For a fixed n-tuple of nonnegative integers X, there is an integer T(X) such that for

any ¢ > r(X), the following identity holds,

— —

1(V(sby, 5y 3o 1)) = e1(V(spar, X, 1)).

In Section 5.4 we explicitly compute the integer r(X) and determine when the bundle V(sp%( Xy X 1)
is nontrivial.

We now give an outline of this dissertation. In Chapter 2, we provide background information
regarding the Lie algebras sl, and sp,, important to our work for vector bundles of conformal blocks.
In Chapter 3, we describe our main tools and methods of investigation. Particularly, we focus on
Witten’s Dictionary, quantum Kostka computations, and known formulas for computing ranks and
first Chern classes of vector bundles of conformal blocks. In Chapter 4 we prove Theorem 1.5 and
show the cone generated by divisors from sl rank one bundles is polyhedral (Theorem 1.6). In
Chapter 5 we investigate bundles with spy, at level one and prove Theorem 1.8. We end with

Chapter 6 in which we establish rank and divisor identities between bundles with sp,, at level one.



Chapter 2

The Lie Algebras sl,, 1 and spo,

We begin by explicitly describing the two main Lie algebras of our study: sl and sp,,. These are
the Lie algebras associated to the special linear group and symplectic group, respectively. We state
background information of both Lie algebras relevant to the study of vector bundles of conformal

blocks. For further information see [16], [5], and [17].

2.1 Notation and general background

For a simple Lie algebra g let h denote a Cartan subalgebra and h* denote the dual (Euclidean)

vector space. We use R to denote the root system,
R:={0#a€bh" g, # 0},
where g, is the root space,
o :={v €g:Vh €b,ad(h)(v) := [h,v] = a(h)v}.

Let A denote a fixed base for the root system R. This means A is a basis of h* and each root

8 € R can be written as

B:ana

aEA



with ¢, either all nonnegative or all nonpositive integers. The elements in A are called simple
roots. The height of a root § is then the sum ) ¢, from the expression stated above. Since any
B € R is either a nonnegative sum or nonpositive sum of simple roots, we can partition the root
system R into positive and negative parts (denoted R™ and R~ respectively). The notion of height
of a root also provides an ordering on the root system and allows us to define a highest root. As is
conventional, the highest root is denoted 6.

The Killing form IC(, ) : g x g — C defined by K(X,Y) := trace(ad X oadY") is nondegenerate

on h and so provides an isomorphism ¢ : h — h*, given by

h— ¢p:h—C,

where, for H € b,

Using the map ¢, we can define an inner product on h*.

Definition 2.1. Let T) := ¢~ (\) € h. For any u,v € h*, an inner product on h* is given by

(n,v) = KTy, T,).

In this document, we normalize this inner product so that (6,6) = 2, where 6 is the highest root of

g.
For any positive root @ € RT, we have a notion of an sly(a)-triple of g, that is, a triple of
elements {F, H, F'} of elements in g with
Hebh, E€gs, FeEg.a

and the following relationship with the commutator is satisfied,

[H,E] =2E [H,F] = —2F [E,F] = H.



The sly(0)-triple associated to the highest root #, can be used to describe the g-modules H) used
in the construction of the vector space of conformal blocks Definition 1.3 (see [28, Exer. 12.12] and

[0, Section 1.2]).

Definition 2.2. The weight lattice of g, denoted A, is a set of elements in h* given by

A={ ebh":YaeR,(\ «a) e}

Definition 2.3. For a fixed base A a weight A € A is dominant if the pairing (A, «) as in Defini-

tion 2.1 is nonnegative for all « € A. The set of all dominant weights is denoted A™T.

Definition 2.4. Given a fixed ordering on a base A = {ai,...,a}, the fundamental weights,
denoted 2 = {wi,...,w/}, are those weights forming a dual basis to the coroots of A with inner

product as in Definition 2.1. That is, for any o; € A and w; € Q) the following holds,

2(wi, )/ (o, ) = dsj,

where d;; = 1 if and only if i = j and d;; = 0 otherwise. The coroot of a root o € R is given by

o= )

Definition 2.5. For a fixed nonnegative integer ¢ € Z=°, the set of dominant weights for g at level
¢, denoted Py(g), is the set of dominant weights which pair with the longest root 6 to a value less

than or equal to £. This set is given by

Pi(g) == {A e AT : (), 0) < 1)

2.2 The Lie algebra sl, .

The Lie algebra sl,; is the complex simple Lie algebra of the special linear group SL(r + 1). We

first define the Lie algebra sl and explicitly give components important to our study.

Definition 2.6. For r > 1 the Lie algebra sl 1 consists of the following elements,

10



sly1:={(r+1) x (r + 1) matrices with entries in C and trace 0}.

The Lie bracket in sl is given by the commutator [A, B] = AB — BA.

2.2.1 Basis and dimension

A basis for sl,.,1 is given by the following set of matrices

{Bij:1<i<r+1,1<j<r+1i#j}U{E;—Eiqiyi:1<i<r}, (2.1)

where E; ; denotes an (r + 1) x (r + 1) matrix with a one in the (4, j) entry and zeros everywhere

else (these are often called the elementary matrices). This gives the dimension

dim(sl,41) = (r + 1)r +7 = 1> + 2r.

A Cartan subalgebra of sl,.;1 is given by the following span of matrices,

h=Span{E;; — E14i14:: 1 <i <}

These are exactly the diagonal matrices in the above basis for sl 1.

2.2.2 Roots and Weights

With the above choice of Cartan subalgebra, the roots for sl,.,; are,

R={e—¢:1<i<r+1,1<j<r+1,i#j},

where ¢; denotes the operator on a matrix M which reads off the (i,4) entry of M.

11



Remark 2.7. We can show that the basis element E; ; (i # j) is in the root space €; — €;. That

is, for an element Hy ,, := Ey¢ — E,, », in the Cartan subalgebra, we have
[Hem, Eijl = HomEij — EijHem = (€ — €;)(Hym) Ei j-

A base for the root system is given by,

A:{ai::ei—eiﬂ\lgigr}.

With this base, the positive roots are
j—1
Rt ={e-e=Y ap|1<i<j<r+1}.

k=i

The highest root is,

T
0= E O = €1 — €py1.
=1

2.2.3 Fundamental and dominant integral weights

With the base in (2.2), the fundamental weights are given by the following set,

7 . r—+1
Q= wi::Zej—rj_ilZek|1§i§r
j= k=1

The dimension of the weight lattice A of sl is,

dim(A) = || = dim(h) = r.

12

(2.2)

(2.3)
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The dominant integral weights for sl are positive integer linear combinations of the fundamental

weights,
r
Q+ = {Z CiW; ’ c; € Z>O} . (2.6)
=1

Definition 2.8. For a fixed integer ¢ € Z=9 the dominant integral weights for sl..1 at level £ are

given by the following set,

Pg(ﬁ[r_H) = {Z CiW; ’ c; € ZZO and ZCZ‘ < ﬁ} . (2.7)
=1 =1

Remark 2.9. In the € basis, a dominant integral weight for sl,,; can be written as

r+1

A=Y (D — k)
=1

for some constant integer k and integers A9 Since the highest root of sl.1 is 0 = €1 — €41, if
A € Py(sl,11), then the integers A®) will necessarily be weakly decreasing A(Y) > ... > \(+1) > ¢
with £ > XD and A"*+D = 0 [47, Sect. 6.5.1]. We often denote such a weight as the r-tuple
()\(1), el /\(”)). The weight A = ()\(1), e /\(’")) corresponds to a unique Young diagram that fits
inside of an r x £ rectangle. Particularly, such a Young diagram is a collection of rows of boxes

with A®) boxes in the i row (see Definition 3.7).

2.2.4 The sly(0)-triple in sl

With the highest root 6 = €1 — €41, from (2.4), the corresponding sla(6)-triple in sl,1; is given by
Hy:=FE11— Erv1p+1, Xo:=FE1p41, Yo:=Eri11. (2.8)

Recall the set {Hy, Xy, Yy} being an sly(6)-triple means the following relationships with the com-
mutator hold,

[Ho, Xo] = 2Xy, [Hy,Yy] = —2Yp, [Xop,Yy| = —Hp. (2.9)

13



2.2.5 Example: sl3

We next study sl3. The basis of elements from (2.1) is the following set,

1 0 O 010 0 0 0
Eip—Es2=10 -1 0|, Eoa=1]0 0 0], E1i0=1]1 0 0],

0O 0 O 0 0 0 0 0 0

0 0 O 0 0 0 0 0 0
Eso—FE33=10 1 0 |, Ee3=10 0 1], E32=10 0 0],

00 -1 0 0 0 010

1 0 O 0 0 1 0 0 0
Ei1—FE33=10 0 0 |, E1i3=]10 0 0], E31=10 0 0

0 0 -1 0 0 O 1 0 0

We have written the basis in this order to indicate the sly(«)-triples. In order, these rows
correspond to the sla(e; — €2), sla(e2 — €3), and sla(€; — €3) triples of sl3. A Cartan subalgebra

corresponding to this basis is given by the (complex) span of the matrices,

1 0 O 00 O
Ei1—Fyp=10 -1 0|, Fopo—E33=1]10 1 0
0O 0 O 00 -1

A base for the root system is given by A = {61 — €9,€9 — 63}. We denote oy = €1 — €5 and
a9 = € — €3 as is convention. We also have |A| = 2, showing that the weight lattice is two

dimensional. The highest root is the sum,

0 =o1+ ay =€ —€3.
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The fundamental weights of sl3 are

1 2
Q= {Wl =€ — §(€1+62+63), wo =€ + €3 — §(61+€2+63)}-

The normalized Killing form on the fundamental weights is,

(wi,w1) = [Jwr]|* = 2/3,
(wl,WQ) = 1/3,

(w2, ws) = ||wal|* = 2/3. (2.10)

For elements v, w in a Euclidean space V', we can compute the angle ~ formed by v,w € V using

the inner product (, ) on V since

(v, w) = [[v][[|w]] cos(7)-

This allows us to visually represent the 2-dimensional weight lattice associated to sl3 generated by

wy and wy as in Figure 2.1 (see also [20, p. 331]).

2.3 The Lie algebra sp,,

The Lie algebra sp,, is the complex simple Lie algebra of the symplectic group Sp(2r). We define

5p4, and explicitly give relevant information as we did for sl ;.

2.3.1 Definition and basis of sp,,

To define sp,, we first define the following 2r x 2r matrix S.

where I,. denotes the r x r identity matrix and 0 denotes the 7 x r zero matrix.
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Definition 2.10. For r > 2 the Lie algebra sp,, consists of the following elements,

5Pg,. 1= {2r x 2r matrices M with entries in C such that SM = —MtS},

where —M* denotes the negative transpose of the matrix M. The Lie bracket in sp,, is given by

the commutator, [A, B] = AB — BA.

2.3.2 Basis and Dimension

Let E; ; denote the 2r x 2r matrix with a one in the (¢, j) entry and zeros everywhere else. A basis

for sp,, is given by the following set of matrices,

{Bii = Bryigri 1< <r}U{E j — Ergjrri 1 <i < 1 <j<mi# 5 U
{Ei7r+i11SZ'ST}U{ELT+]'+E]‘7T+¢Z1§i§T,1§j§T,i<j}U{Er+i7iZlSiST}

U{Er—l-z',j + ET—I—j,i 1< <1< << ]} (211)

We have

dim(sp,,) = 2% + 7.

A Cartan subalgebra of spy, is given by the (complex) span,

h= Span{Ei,i - Er+i,r+i 1<e < T}-

These elements generating this set are exactly the diagonal matrices in the basis for sp,, from

(2.3.2).

2.3.3 Roots and weights

With our choice of Cartan subalgebra, the roots for sp,,. are,
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R={e—¢:1<i<r1<j<ri#jlU{2:1<i<r}u
{ei+e:1<i<r,1<j<ri<j}u

{26 :1<i<r}U{—e—¢:1<i<r,1<j<ri<j}h

(2.12)

Here again ¢; denotes the operator on a diagonal matrix M which gives the (7,4) entry of M.

A base for the root system associated to spo,. is given by,

A={a;:=¢—€41 | 1 <i<r}U{a,:=2¢}.

With the base in (2.13) the positive roots are given by,

Rt={e—¢|1<i<j<riu{2|1<i<riU{e+e|1<i<j<r}

The highest root is

r—1
0= ZQO@—FO&T = 261.
i=1

2.3.4 Fundamental and dominant integral weights

With the base from (2.13), the fundamental weights are given by the following set,

i
0= wi:Zej\lgigr
j=1

The dimension of the weight lattice A of sps,. is

dim(A) = || = dim(h) = r.

17

(2.13)

(2.14)

(2.15)

(2.16)



The dominant weights for sp,, are positive integer linear combinations of the fundamental weights,

AT = {Zciwi | c; € ZZO} .

1=1

Remark 2.11. For A = >0, ciw; € A, a weight of sp,y,., we have the following pairing of the

normalized Killing form of A and the highest root 6,

(A, 0) = Z Cj.
i=1

Definition 2.12. For a fixed integer ¢ € Z=° the dominant integral weights for sp,,. at level ¢ are

given by the following set,

Pg(ﬁpgr) = {Z CiW; . C; € ZZO and Zci < 5} . (2.17)
=1 i=1

2.3.5 The sly(6)-triple in sp,,

With the highest root, 6 = 2¢;, the corresponding sls(#)-triple is given by

Hy:=F11—Erf1041, Xo:=FEir01, Yy:=FE.11. (2.18)

2.3.6 Example: sp,

We concretely state the above components for sp,. A basis for this Lie algebra is given by,

1 0 0 O 00 0 O 01 0 O
00 O O 01 0 0O 0 0 O
Ei1—FE33= y Boog — By = , B9 — Ey3 = ;
00 -1 0 00 0 O 00 0 O
00 0 O 00 0 -1 00 -1 0
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0O 0 0 O 00 10 0 0 0O
1 0 0 O 00 00 0 0 01
Eo1— E34 = , Big = , By = ;
00 0 -1 00 0 0 0 0 0O
0O 0 0 O 00 00 0 0 0O
0 0 0 1 00 00
0 010 00 00
Ei14+ FEo3 = , Bag + B30 = ;
0 0 0 O 01 0 0
0 0 0 O 1 0 00
00 0 O 00 0O
0 0 0 O 0 0 0O
E31 = , oy =
1 0 0 O 00 0O
0 0 0 O 01 00

The Cartan subalgebra b is the (complex) span of the first two basis vectors in the above list. A

base for the root system is given by
A ={a) =€ — €,z := 262},
where «; is the conventional notation. The highest root is
0 =2a1 + ag = 2ey,
and the set of positive roots is given by the set,
Rt = {041 = €] —€g,0 = 269, 0] + g = €1 + €3,201 + g = 261}.
The fundamental weights of sp, are,

Q={wi =€ =a1 +a2/2, wa=¢€1 +€ =a; +az}.
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The normalized Killing form on the fundamental weights is as follows,

(wi,w1) = [Jwr|* =1/2,
(wi,wz) =1/2, and
(w2,w2) = ||OJ2H2 =1. (2.19)
Recall, in this case, the highest root is § = 2a; +as = 2¢; = 2w;. The length squared of this weight

is two in the normalization. The two dimensional weight system for sp, generated by w; and ws is

represented in Figure 2.2 (see also [20, p. 331]).
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Figure 2.1: Weight system for sl3
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Figure 2.2: Weight system for sp,
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Chapter 3

Methods for Investigating Vector
Bundles of Conformal Blocks

In this chapter we describe the main tools we use to compute rank and determine the first Chern
class of bundles V(g, X, ?). We begin by describing factorization which allows one to compute the
rank of V(g, X, ¢) with any g and level ¢ in terms of ranks of bundles with fewer weights. We then
relate bundles with sl at level £ with those defined with sp,, at level one. We describe several
rank computation methods specific to bundles defined with sl 1. We conclude with stating several

formulas appearing in [17] that we use to determine first Chern classes in the chapters that follow.

3.1 Factorization

In [16, Prop. 2.2.6] the authors described an isomorphism of the fiber of a bundle V(g, X, ) over a
point associated to a degenerate curve. This isomorphism is known as factorization and is proved
in [12, 2.4.2], [17, Prop. 2.4(2)], and [37, Thm.13]. The result of the isomorphism is that the fiber
of a bundle on MD,n over a point represented with a nodal curve can be understood as a sum
of products of bundles defined over irreducible components of the curve. The sum is taken over
all possible weights in P,(g); such weights are associated to the “gluing” or nodal point on the

irreducible components of the curve. We state the isomorphism specifically for vector bundles of
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conformal blocks defined over ngn. Recall, for a point (Co;p1,...,0n) € Mo,m the marked points

p; are smooth points on Cj.

Proposition 3.1. (Factorization). Let (Co;p1,...,pn) be a point in Mo, with a node xg. Let
v : C1UCy — Cg be the normalization of Co at xo, with v (xg) = {x1,22} and z; € C;. Let
v=Y(p); € C; denote the tuple of points corresponding to the preimage of those marked points p on

Co landing on the component C; (see Figure 3.1). Then

V(Gv X> E)’(Co;ﬁ) = @ V(ga )‘(Cl) U u, E)’(Cl;ufl(ﬁ)l) ® V(ga )‘(02) U M*v E)‘(C’z;ufl(ﬁ)i% (31)
HEP;(g)

where A(C;) = {\jlv™1(p;) € v=1(P):} and particularly, xq is not one of the marked points p.

K Xe
()/’ x) o N?
C, ~2

Co
Figure 3.1: Normalization of a nodal genus 0 curve, Cy

In this proposition, for a weight p € Py(g), the weight u* € Py(g) is the lowest weight of the
irreducible highest weight g-module V,, with highest weight p. Equivalently, the symbol * represents
the involution on the weight lattice of g defined by u* = o(u) where o € W(g) is the longest word
in the Weyl group. In the case with g = sly the involution is the identity. Since this is one of our
main cases of interest, when we apply the factorization formula to sly we use p* = pu.

The factorization formula is useful in computing ranks and first Chern classes of vector bundles
of conformal blocks. For example, one can compute the rank of a bundle by computing instead the
rank of the factorized sum which amounts to computing ranks of bundles on MOW with n’ < n.
By applying factorization repeatedly (i.e., using the isomorphism to decompose a bundle over a

curve with multiple nodes) one can compute the rank of a bundle in terms of dimensions of fibers
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of bundles on My 3. As another application, in [17, Prop. 2.7] Fakhruddin applies factorization
to compute the degree of any vector bundle of conformal blocks intersected with an F-curve (see
Proposition 3.17 and [17, Prop. 2.7]). As the set of F-curves spans the vector space of 1-cycles on

My, (see Observation 4.43(3)), by computing all such degrees determines the first Chern class.

3.2 Preliminaries relating V(sl,, X, ¢) and V(sp,, X 1)

For the Lie algebra sly the dominant integral weights at level £ are given by aw; where a < £ is
some nonnegative integer and w; is the fundamental weight for sly (see Definition 2.8). For the
Lie algebra sp,, the dominant integral weights at level one are given by the fundamental weights
w, where a < ¢ is some nonnegative integer (see Definition 2.12). In this way, the set of dominant

integral weights at level ¢ for sly and at level one for sp,, are given by the following sets respectively,

Pg(ﬁ[g) = {awl}gzo and

Pi(spye) = {0} U {watour- (3.2)

For a fixed positive integer £, an n-tuple of integers X = (a1, ...,an) such that 0 < a; < ¢ determines
an n-tuple of weights (ajwi, ..., anw1) € Py(sl2)™ or an n-tuple of weights (wq,, ..., wa, ) € P1(spg,)".
In this document, we write X to denote an n-tuple of nonnegative integers and the set of weights
that this n-tuple of integers refers to will be determined by context, where if an integer a; = 0
then the corresponding weight is the zero weight. When we want to be precise, we use X to denote
the n-tuple in Py(sly)" and AT to denote the n-tuple in P (spy,)". In order for the bundle to not
be necessarily trivial, we always assume the sum \X\ = > ,a;is even. When starting with a
fixed integer ¢ € Z>° and an n-tuple of positive integers X = (a1, ...,an), we will always assume
{>ay > ...> ay >0 (see Remark 3.16).

In [34, p. 42], Littelmann constructs a generalized Littlewood-Richardson rule which relates the
ranks of sly level £ bundles and sp,, level one bundles. We state this consequence of Littelmann’s

work in the following fact.
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Fact 3.2. For a fixed £ and n-tuple X the vector bundles V(sly, X, £) and V(spys, X7, 1) have the

same rank. That is,

rk(V(slo, X, £)) = rk(V(spgp, A7, 1)).

Such an equality on the ranks also follows from rank-level duality (equivalently, in this case,
“strange duality” for parabolic symplectic bundles, see the discussion in [I, Section 1.2]). Specifi-
cally, Abe shows in [I, 1.4] that over any smooth point of M, the fiber of V(spy,, X, ¢) and the
fiber of V(spy,, XT, r) are isomorphic where weights of 2T are the transposed weights of X. That is,
for a weight A\ € X such that A = Y iy ciw;, the transposed weight A= > iy iwe,. In the case with
r = 1, the bundles V(sp,, X, ¢) and V(sly, X, ) are equivalent, as all one dimensional Lie algebras are

isomorphic. This provides the following isomorphism of fibers over interior points (C'; p) € My,

V(sla, X, 0)] i) = V(spae A, )| c49- (3.3)

The proof of the isomorphism (3.3) given in [I, 1.4] relies on a geometric interpretation of the fibers.
Such a geometric interpretation does not necessarily extend to boundary points of My, (see [10,
Sect. 4.1]) and so the divisors, or first Chern classes, of the bundles V(sly, X, ) and V(spy,, AT, 1)
are not necessarily linearly equivalent. Indeed, a main result of this dissertation (Theorem 1.8)
gives necessary and sufficient conditions for when the divisors ¢;(V(sly, X, £)) and ¢1(V(spog, AT, 1))
are linearly equivalent.

With the isomorphism of fibers in (3.3), equality of ranks of V(sly, X, £) and V(spys, A7, 1) (i,
Fact 3.2) also follows. Because of this rank result, all rank computations and methods which we
discuss for bundles V(sly, X, ¢) can be applied to bundles V(sp,,, XT, 1).

To reduce confusion when referring to the rank of the bundle V(spy, A, 1) or the rank of the
Lie algebra spy, we distinguish these two ranks. We refer to the rank ¢, of the Lie algebra spy,, as

the Lie rank and the rank of the vector bundle V(sp,,, X, 1) as the vector bundle rank.
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3.3 Fusion rules for sl,

As mentioned above, using factorization (Proposition 3.1), the rank of V(g, X, £) can be determined
by computing ranks of bundles on MO,?) (for example, by applying factorization to decompose a
fiber of the bundle over a completely degenerate curve in Mg,). The conditions determining the
ranks of such bundles are known as the fusion rules for g. An algorithm for computing fusion
rules for any Lie algebra g was determined by Kac and Walton and is known as the Kac- Walton
algorithm. It is straightforward to compute a closed formula for such rules for the Lie algebra sl
[0, Lemma 4.2, Cor. 4.4]. However, for other Lie algebras, such closed formulas are not as easily
determined. A closed formula for sl was written in [7] and later verified in [, Prop. 2.2]. We
state the fusion rules for sly of a bundle on M073 from [5, Cor. 4.4] as this is used extensively in

Section 3.5 and Chapters 4 and 5

Proposition 3.3. (Fusion rules forsly) Let ¢, a,b, and c be fired nonnegative integers with a,b, c <
L. Then
rk(V(sly, X,0)) = 1

if and only if a + b+ ¢ is even and the following four inequalities are satisfied,

a<b+c,
b<a-+c,
c<a+b, and

a+b+c <20

If the above are not satisfied, then tk(V(sly, X,)) = 0.

3.4 Rank tools for V(sly, X, ()

To compute the rank of a bundle V(sly, X, /) on Mo,n, one could use factorization and the fusion
rules from Proposition 3.3. However, in the case of V(sls, X, ¢) with four weights defined on Mg 4

there is a known formula for determining the rank. This formula was written in [11, Lemma 3.3].
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Lemma 3.4. Let /,a,b,c and d be fixed integers with £ >a>b>c>d>0anda+b+c+d=
2(¢+ s) for some integer s. The rank of rk(V(sls, (a, b, ¢,d),£)) is given by the formula below, unless

the value is negative.

1+4—a ifa+d>b+cand s> 0

1+¢—1(a+b+c—d) ifa+d<b+cands>0
rk(V(sly, (a,b, ¢, d), () =

tb+c+d—a)+1 ifa+d>b+cand s <0

k1—i—al ifa+d<b+cand s<0

If the value of the formula is negative, then rk(V(sls, (a,b, ¢, d),£)) = 0.

The result in Lemma 3.5 is known as the Generalized Triangle Inequality and can be shown

using factorization and induction [2, Lemma 3.8].

Lemma 3.5 (Generalized Triangle Inequality). Let ¢ be a fixed nonnegative integer and X =
(a1, ...,an) be a fixed n-tuple with a; < £. If tk(V(sly, X, £)) > 0, then for all i € {1,...,n} the

inequality holds,

a; S Z(Ij.

J#i
3.5 Plussing for V(sly, X, /) bundles

To determine the rank of an sl.; bundle a method called “plussing” on the weights can be used

[10, Def. 8.2]. We state and prove the result for bundles V(sl, X, ¢) using factorization.

Proposition 3.6. Let X = (a1, ..., an) be a fized n-tuple of weakly decreasing positive integers such
that the sum |X| = dowa; is even. Let £ be a fized integer such that £ > ay. Let I U J = [n] be
a partition into two disjoint subsets such that the size |I| is even. Let N1 denote the n-tuple of

weights given by {¢ — a;}icr U {a;}jes. Then
rk(V(sly, X, £)) = rk(V(sly, X1 0)).

Proof. First, suppose \ = (a,b,c), then the rank of V(slo, X, ¢) can be determined by the fusion

rules in Proposition 3.3.

27



If the inequalities in (3.4) are satisfied, then the set of inequalities in (3.5) follow,

(l—=b)<(l—a)+c (3.5)
(l—a)<(L—Db)+c
l—a)+(L—=b)+c<2

c<(0—a)+(L—b).

By Proposition 3.3, these relationships imply rk(V(sly, (¢ —a,f —b,c),¢)) = 1. Hence, the result is
true for n = 3 weights. We now consider two cases determined by the parity of n.

First suppose n is some fixed odd integer. For our base case, we have shown the result holds
for n = 3 weights. For the inductive step, consider a second partition A LI B = [n] such that
|B| ={i,j} withi € I and j ¢ I. Let Xgﬁ be the (n— 2)-tuple of weights from X with weights in the
it" and j'" spot removed (that is, the weights associated to those from set A). Using factorization
(Proposition 3.1) along the partition A U B, the rank of the original bundle becomes the following

(where all bundles are sl bundles at level ¢),

l

tk(V(X) = D rk(VOR 5, 0)) tk(V i Ay ) (3.6)
pn=0

l

—(I—1i
_ Zrk(V()\M(I ) 0= ) Tk(V (£ = i, Aj, £ — 1)
n=0

= tk(V(A1)),

The second equality in (3.6) follows from the induction hypothesis and the base case; the first and
third equalities follow from factorization.
Now suppose n is even. This case follows from the odd result. Similar to the above, one can

compute the rank by factorizing along a partition AU B = [n] where B = {i,j} with now i,j € I.

28



Thus,

(VX)) = S0 ak(V(5 5 0) 1KV O Mg 1) (3.7)

0
=S ek(VOE P ) ik(V(E— A €= g, )

Z7J

The second equality in (3.7) follows from the odd case (notice, the bundles in this sum each have

an odd number of weights); the first and third equalities follow from factorization. O

3.6 Young diagrams and tableaux

As stated in Remark 2.9, dominant integral weights at level ¢ for sl,., 1 are parametrized by Young
diagrams in an r x £ rectangle. In Section 3.7, we see that such objects also parametrize certain
cohomology classes relevant to our study. In this section we define Young diagrams and related

objects.

Definition 3.7. A Young diagram (also referred to as a partition) is a collection of rows of boxes,
left-justified, with a weakly decreasing number of boxes in each row. A Young diagram can be
denoted by a weakly decreasing sequence of integers A = ()\(1) > o> A0 > 0) in which @
denotes the number of boxes in the i row of the Young diagram . If A1) < ¢, then we say that
the Young diagram fits inside of an r x £ rectangle and we write A C 7 x £. We denote |A| = >°7_, A®)

for the area or number of boxes in \.

Definition 3.8. We use the word shape to refer to a collection of rows of boxes that are not
necessarily left-justified or weakly decreasing in number of boxes in each row. For Young diagrams
A and v such that v C A (i.e., each row of v is less than or equal to the size of the corresponding
row of \), the shape \/v is the complement of the diagram of v in A\. See Example 3.9 for an
example. In the case that the shape v has rows that are left-justified, we denote it as we would a

Young diagram, that is v = (v, ...,1,) where v; is the number of boxes in row 7 of v.
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Example 3.9. With the Young diagrams A = (4,4,3,3) and v = (4,2,2,0) the shape \/v is
given by the complement of v in A. The figure below is the Young diagram A with the boxes in v

highlighted. The white boxes in the figure illustrate the shape \/v.

Definition 3.10. Let u = (ay,...,ay) be a collection on nonnegative integers. We refer to such an
n-tuple as content when referring to a collection of a; 1’s, as 2’s, ..., and a, n’s. To help eliminate
confusion between the values of a; and the values of 7 in this collection, we refer to the number a;

as the amount of content and the number ¢ as the flavor of the content.

Definition 3.11. Let u = (a1, ...,a,) be a collection of nonnegative integers and A\ a shape such
that |u| = |A|. A semistandard tableau on \ with content p is a filling (or labeling) of the boxes
of A with content p such that flavors are weakly increasing (left to right) across rows and strictly
increasing (top to bottom) down columns. A semistandard tableau is proper for some fixed positive
integer r, if for each flavor ¢ in the first column and row r+ ¢ (for ¢ > 1), the box in the last column
and row gq is either not in A or else contains flavor j with j <i. See Example 3.12 for an example.

Sometime we omit the adjective semistandard and proper.
See Remark 4.9 for a discussion on the proper condition specific to our focus with r = 2.

Example 3.12. For the Young diagram A = (4,4, 3, 3) and collection of integers u = (3,3,3,2,2,1)
the figures below are semistandard tableaux with shape A and content u. For the integer r = 2,
the first semistandard tableau is proper and the second semistandard tableau is not. The boxes in

the second figure whose content flavor does not satisfy the proper condition are highlighted.

1[1[1]2 111[1]3
212133 2(212(5
31414 3135
9(5]6 41416

Definition 3.13. Let A be a Young diagram. A rim hook of X of size k is a collection of k£ contiguous

boxes in the bottom and right border of A. See Example 3.14 for an example of a rim hook. A
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rim hook of size k added to X is a collection of k contiguous boxes placed adjacent to the bottom
and right border of A such that the resulting collection of boxes is a Young diagram. In the case
that k is longer than the number of boxes in the largest row of A, extra boxes of the rim hook are
accumulated below the first column of A\. See Example 4.6 for an example of a rim hook added to

a Young diagram.

Example 3.14. For the Young diagram \ = (4,4,3,3), a rim hook of size five starting in the

second column and ending in the fourth column of A is shaded in the figure.

3.7 Witten’s dictionary and computing ranks

Let Gr(r,C™) denote the Grassmannian of r-dimensional linear subspaces of the vector space C™.
A Dbasis for the integral cohomology H*(Gr(r,C™);Z) is given by Schubert classes. These classes
are parametrized by Young diagrams A\ C r x (m — r) and denoted o). As in Definition 3.7 such a
Young diagram is given by a collection of r weakly decreasing integers A = (/\(1) > > A0 > 0)
such that AV < m —r.

The (small) quantum cohomology ring QH*(Gr(r, C™); Z) is an associative ring with underlying
abelian group H*(Gr(r, C™); Z)®Z]q]. This quantum ring has an additive basis given by ¢%w) where
d varies over all nonnegative integers and X varies over all partitions in r x (m —r). A relationship
between fusion rings and quantum cohomology of the Grassmannian is established in [19, Sect. 4.7]
and stated in [9, Thm. 3.6]. Using this result and [9, Prop. 3.4, Eq. 3.10] an explicit translation
can be made from the rank of V(E[rﬂx, /) to a coefficient appearing in a (quantum) cohomology
computation. This translation and the following result is often referred to as Witten’s Dictionary

[10, Thm. 2.4]. We state this translation below.

Proposition 3.15. Witten’s Dictionary.
For a fized positive integer { € Z”° and Xe Py(sl,11)"™, suppose there is some integer s such that

Xl = (r +1)(¢+5). Then to compute rk(V(sl. i1, X, €)) we consider the following two cases:
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(1) If s < 0, then tk(V(sl,o1, X, £)) is equal to the coefficient of the class of a point O(pps)rtl =

O(4s,...045) 0 the classical product:

Oxny - oo - O, € HY(Gr(r 4+ 1,CrH1Hs)),

(2) If s > 0, then rk(V(sl, 41, X, 0)) is equal to the coefficient of ¢°[pt] = ¢°o(y, . ¢) in the quantum
product:

O)\ ...k 0y, * Ugwl c QH*(G’I“(T + 1,@“”)),

where oy, s the s-fold quantum product 0&107._.70).

Remark 3.16. The above products are commutative (see also [13, Sect. 3]) and the rank of
V(sly41, X, 0) is invariant under the ordering of the weights in X. For a bundle V(sly, X, ) or

V(spop, AL, 1) with weight X = (ay, ..., an), we usually assume aj > ... > a,.

3.8 Kostka numbers and tableaux

According to [13, Eq. 10], to compute the classical or quantum product of a collection of n simple
classes in cohomology (i.e., classes of the form o(,, o . o) Where a; is a positive integer) with a class
o, we use the following rule, where u = (ay, ..., a,). These calculations require enumerating certain

tableaux; see Section 3.6 for the definitions of these objects.
1. Classical: 0(q,0,..,0) "+ * T(a,,0,...0) - A = > KY 00, € H*(Gr(r + 1,CrH1+6+s): 7), where we
sum over partitions v C (r + 1) x (¢ + s) such that [v| = [A\| + > I a;.
The coefficient K¥ u is called the classical Kostka number. This number is equal to the number

of tableaux on the shape v/ with content u.

2. Quantum: o(y, 0, 0)%*0(a, 0,..0%0x = > KX, (r+1,0)g"0, € QH*(Gr(r+1,C™+1+): 7).
where we sum over partitions v C (r+1)x ¢ and m > 0 such that |v|+m(r+1+£) = [A|+>.; a;
and p = (a, ..., an).

The coefficient K 5\’ #,m(r+ 1,¢) is called the quantum Kostka number. This number is equal to

the number of proper tableaux with shape v[m]/A and content u. The Young diagram v[m)|
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is obtained from v by adding m rim hooks of size £+ 2 to the Young diagram v each starting

in the first column and ending in the ¢** column.

In Section 4.1 we use this result to determine an explicit computation of the rank of a bundle

V(sly, X, ¢) by enumerating tableaux.

3.9 Degree formula for V(g, X, )

For any simple Lie algebra g, one can compute the intersection number of ¢;(V(g, X, £)) with an
F-curve (Definition 1.1) by using [17, Prop. 2.7]. We state the formula here for later reference.
Recall from Definition 1.1, an F-curve, Fy, r, 1,1, is determined by a partition It U o UI3 L1, =
[n]. Let Xjkuk be the |I;| + 1-tuple of weights (A, ..., Ai, puy) where I, = {i1,...,4;,} and pj, is the
image of a weight uy € Py(g) under the involution of the weight system of g determined by the

symmetry in the Dynkin diagram (see the discussion following Proposition 3.1).

Proposition 3.17. [17, Prop. 2.7] The following formula determines the degree of V(g,x, ) re-

stricted to the curve F, 1, 15,145
4
deg(V(g, N, Oy, 1y ror) = D, deg(V(e, ji, 0) [] rk(V(e, Ar i, 0),
k=1

where [ = (M1,M2,M37N4)-

In order to make the computation in Proposition 3.17, one must first compute degrees of bundles
with four weights. Bundles V(g, X, ¢) with four weights live over Mg 4 = P!, and hence, the degree of
such a bundle determines its divisor class. Fakhruddin has a formula in [17, Cor. 3.5] for computing
the degree of any bundle V(g, X, ¢) — My 4. This formula was specialized to bundles V(sly, X, 0)
in [17, Prop. 4.2] and V(spy, AL, 1) in [17, Prop. 5.4]. We state these previous results and deduce
our own formula to relate the degree and rank of sp,, bundles at level one in Chapter 5. We write
these formulas explicitly in the following lemmas. Let ¢, a,b,c, and d be fixed integers such that

(>a>b>c>d>0and a+b+c+d=2({+s) for some integer s. Set X:(a,b,c,d).
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Lemma 3.18. [17, Prop. 4.2] The degree of the bundle V(sly, X, £) — My 4, is given by

- max{0, { +1—a)s} ifa+d>b+c
deg(V(slz, A, 0)) =

max{0,(l+d—s)s} ifa+d<b+c

Note that these two formulas are the same for a +d = b+ c. For in this case, we have 2({+s) =
a+b+ c+d=2(a+ d) which implies a = ¢ + s — d. Using this substitution in the first formula, it

follows that the two rules in the formulas are equal.

Lemma 3.19. [11, Lemma 3.3] Let V(sly, X, £) be a bundle over Mo.4.
If s > 0, then

deg(V(sly, X, £)) = rk(V(sla, X, £)) - 5
If 5 < 0, then deg(V(sly, X, £)) = 0.

Lemma 3.20. [17, Prop. 5.4] Let V(spy,, A7, 1) be a bundle over Mo 4.

If a </{+ s, then

max{0,({+1—a)({+2s—a)/2} ifa+d>b+cand0<s

o l+s+l—a)l+s—a)/2 ifa+d>b+cand0>s
deg(V(sng,)\ 71)) =

max{0, (1 +d—s)(d+s)/2} ifa+d<b+cand0<s

d(d+1)/2 ifa+d<b+cand0>s

If a > { + s, then deg(V(spyy, AT, 1)) = 0.

Similar to the reasoning of equality of the formulas in Lemma 3.18 when a + d = b + ¢, we can

show equality of the formulas for each case of s by using the substitutions a = ¢ + s — d.

Remark 3.21. Variations of these formulas have appeared in previous work. The original formula,
from which we obtain Lemma 3.19, first appeared in [17, Prop. 4.2]. Further simplifications were
made by B. Alexeev and stated in [14, Lemma 3.3]. The formula in Lemma 3.20 first appeared
in [17, Prop. 5.4] with certain conditions of the weights implicitly assumed. We briefly justify the

additional condition in our formula in Lemma 3.20.

34



Claim 3.22. If a > { + s, then rk(V(spys, A7, 1)) is zero and thus,
deg(V(spay, A7, 1)) = 0.

Proof. We use the Generalized Triangle Inequality in (Proposition 3.5 [2, Lemma 3.8]) to show
rk(V(spgg, AL, 1)) = 0, from this the degree result follows. The Generalized Triangle Inequal-
ity is for ranks of slo bundles, so by Fact 3.2, this inequality provides a condition for when
rk(V(spqy, X 1)) is necessarily zero. The Generalized Triangle Inequality gives that if a > b+c+d
then rk(V(spyy, AL, 1)) = rk(V(sly, X, £)) = 0. If we assume a > {+s then since a+b+c+d = 2((+s),

it follows immediately that a > b+ ¢ + d and so rk(V(sla, X, £)) = rk(V(spyy, AL, 1)) = 0. O

By comparing the degree formula in Lemma 3.20 with the rank formula for a bundle V(sly, X, £)
(and hence V(spyr, A7, 1)) in [11, Lemma 3.3], we can rewrite the degree formula for a bundle
V(EP%,XT, 1) — M4 in terms of rank. We deduce the analogous degree formula for that of

V(sly, X, £) — My 4 in Lemma 3.19 but for bundles V(spyy, AT 1) — Mo.4.

Lemma 3.23. Let V(spy,, T 1) be a bundle over My 4.

If a </l+ s, then

rk(V(spyp, \T, 1)) (0 + 25 —a)/2 ifa+d>b+cand0< s

- rk(V(spoy, A, 1)l +5s—a)/2 ifa+d>b+cand0>s
deg(V(spyp, AT, 1)) =

rk(V(spagp, A, 1)) (d + 5)/2 ifa+d<b+cand0<s

kruV@mbﬂﬁnmm ifa+d<b+cand0>s

Otherwise, deg(V(spyy, AL, 1)) = 0.
Comparing degree terms in Lemma 3.19 and Lemma 3.23, we obtain the following result.

Corollary 3.24. For bundles V(5[2,X, ¢) and V(sp%,xT, 1) over My, the following inequality
holds:
deg(V(5[27 Xa ‘6)) < deg(V(ﬁp%a XT? 1))
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Chapter 4

Rank One and Finite Generation for

Bundles V(sly,,, X, ?)

In this chapter we prove Theorem 1.5 and Theorem 1.6 regarding the rank classification of bundles
V(sly, X, £) and the finite generation of first Chern classes ¢1(V (slam, X, £)) with rectangular weights.
This work has also been written in [20].

We begin in Section 4.1 by recalling and summarizing a description of the data defining bundles
V(slym, X, £). We then combine Witten’s Dictionary (see Section 3.7) with the Kostka formulas (see
Section 3.8) to describe a method to determine the rank of a bundle V(sly, X, £) as an enumeration of
explicitly defined tableaux (Lemma 4.8). We end Section 4.1 by stating several definitions relevant
to our approach and describe an algorithm for constructing tableaux. In Section 4.2 we prove our
main result, Theorem 1.5, by applying the Reverse Fill Algorithm from Section 4.1. In Section 4.3,
we describe the decomposition of the rank one bundles described in Theorem 1.5 and thus prove
Theorem 1.6. In the final section, we give a proof of the scaling statement, Proposition 4.44,

communicated to us by the authors of [10)].

4.1 Definitions and lemmas

Recall, we defined the dominant integral weights at level ¢ for the simple Lie algebra sl.;; in

Definition 2.8. By Remark 2.9, the dominant integral weights at level ¢ for sl are parametrized
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by Young diagrams in a r x ¢ rectangle (see Definition 3.7). Thus, such a weight is given by an
r-tuple of integers A = (A, .. A() such that ¢ > XV > .. > X") > 0. The Young diagram
associated to this weight contains r rows with A®) boxes in the i'* row. Recall that || := >2_, A®)
is the area of the weight A. With this notation, a basis of the fundamental dominant weights w;
for sl is written w; = (1,...,1,0,...,0) where |w;| = j. If X = (A1, ., An) is a collection of n
dominant integral weights, then the total area of the weights is the sum of the areas of all weights
in this collection, |X| = > 1 |Ail. In order to define a vector bundle of conformal blocks with
sl,41, weight X, and level £ it is necessary that |X| = (r 4 1)(£ + s) for some integer s. The Young
diagrams corresponding to a collection of weights for bundles we analyze in Theorem 1.5 all look

rectangular. We refer to these weights as such.

Definition 4.1. A collection of n weights X for the Lie algebra slo,, is called rectangular if X =
(a1Wm,y -, Gpwn, ). In this case, the Young diagrams corresponding the weights in X are all rectangles
of height m. We often write X as (a1, ...,an) when the fundamental dominant weight w,, is clear

from context.

4.1.1 Maximal weights

In order to distinguish vector bundles of sls which have rank one for maximal reasons, we state two
definitions. Given the data of a vector bundle V(sly, X, ) with X = (a1wi, ..., apwr) we will always
assume aj > ... > a,. We sometimes call the n-tuple of integers p := (aq, ..., a,,) the content (as in
Definition 3.11) associated to the weight X but refer to these objects interchangeably. We will see

the reason for this in Section 4.1.2.

Definition 4.2. A collection y = (aq, ..., a, ), of content containing n flavors, is £-mazimal if n — 3

or more flavors have amounts of size £.

Remark 4.3. Suppose there are integers £ > 0 and 1 < p < ¢ such that Y ;' a; = 2(kl + p),
content u = (ai, ..., a,) being f-maximal implies one of two situations depending on the parity of

n. If nis odd then n =2k +1 or n = 2k + 3 and if n is even then n = 2k + 2 or n = 2k + 4.

Definition 4.4. A collection p = (aq,...,a,), of content containing n flavors is sum-mazximal if

>y a; = 2ml where n = 2m or n = 2m + 1.
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Remark 4.5. Suppose there are integers k > 0 and 1 < p < ¢ such that > 1 ; a; = 2(kl + p),
content 1 = (ay, ..., a,) being sum-maximal implies k = m — 1 and p = . When n is odd, this also

implies the sum A from Theorem 1.5 contains only two terms.

We now apply Witten’s Dictionary (see Section 3.7) to a bundle V(sly, X, 0).

4.1.2 Witten’s Dictionary and classical Kostka applied to sl

For a bundle V(sly, X, £) with weight X = (a1, ..., a,) such that |X| = Yoy a; = 2({+s) for an integer

s <0, Witten’s Dictionary (Proposition 3.15) and the classical Kostka equation (Section 3.8) give

rk(V(sly, (a1w1, ..., anwt ), £)) = K560 (4.1)

(at,...,an)’

where K ((jjﬂ;s)) is the number of tableaux with Young diagram (¢+ s, ¢+ s) given by a rectangular

box with two rows, each with ¢ + s boxes, and filled with content (ay, ..., ay).

4.1.3 Wi.itten’s Dictionary and quantum Kostka applied to sl

For a bundle V(sly, X, £) with weight X = (a1, ..., a,) such that |X| = Yoy a; = 2({+s) for an integer

s > 0, Witten’s Dictionary (Proposition 3.15) and the quantum Kostka equation (Section 3.8) give

rk(V(ﬁ[Q, (alwl,...,anwl),f)) = K(&Z) (2,5), (4.2)

twr,(a1,..,an,0571) s

where Kéf)’f?(al7“.’an7[5,1)’s(2,E) is the number of proper tableaux with shape v[s]/\ and content
(a1, ...,an, 05" 1) (the superscript denotes the number of content of amount ¢). Here v = (£,¢),\ =
(¢), and v[s] is obtained from v by adding s rim hooks to v of size £+ 2 starting in the first column

of v and ending in the ¢

column (see Figure 4.1 and Definitions 3.13 and 3.8).
To carry out the quantum computation, we must first consider the shape v[s]/\. We give an
example to motivate the general shape of v[s]/\. We refer the reader to Section 3.6 and [13] for

more information on the description of these objects.

Example 4.6. Let ¢ = 4, we construct the tableau v[s]/\, s =5, v = (4,4), and A = (4). The

s = 5 rim hooks of size ¢+ 2 = 6 that have been added to v are distinguished from each other with
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r==I0 - )

Figure 4.1: Young diagrams in Equation 4.2

a different shade. The Young diagram A has been deleted from v/[5].

We generalize this example to describe the shape of v[s]/A for any integer s > 0 and ¢ > 0.

Lemma 4.7. Let v = (¢,¢) and A = (¢) be Young diagrams and s > 0. Let p,k be integers
such that 1 <p < ¢ and s = (k — 1)¢ + p (the relevance of such integers will become apparent in

Lemma 4.8 when analyzing the area of a weight vector), then v[s]/\ = (¢5+2F=1 p?).

Proof. Following the construction of the tableau in Example 4.6, we see that if we add 0 < s < £
rim hooks of size £ + 2 to v, we add s new rows with ¢ boxes in each row (full rows) and two rows,
each with s boxes in each row. When we add s = £ rim hooks, we add s = ¢ full rows of size ¢ and
an additional two rows of size £. When p = 0, the resulting shape v[s]/\ will be a rectangle with

(k—1)(£+2)+ 1 rows. O
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4.1.4 Tableaux to count ranks of sl; bundles

Lemma 4.8. For V; as in Theorem 1.5, the rank of V; is equal to the number of proper (semi-
standard) tableaux with content 1 = (a1, ..., an) given by X on Young diagram o := (£2%,p?) (see
Figure 4.2). The shape p is a vertical concatenation of two rectangular shapes, one of dimension

2k x ¢ and one of dimension 2 x p.

>~

Figure 4.2: Young diagram o = (¢2¥,p?) for rank computations

Proof. First, for s <0, we have k = 0 and p = ¢ — s. Comparing the lemma statement in this case
to the description of the coefficient in Equation 4.1 yields equivalent descriptions.

When s > 0, we consider the description of the coefficient in Equation 4.2. We must analyze
the number of proper (semistandard) tableaux on the diagram v[s]/A from Lemma 4.7 with content
(571 ay,...,a,). The smallest content flavors (from 1 to s — 1) each have size £. Since columns
must be strictly increasing, we must fill rows 1 to s — 1 in v[s]/ with the first s — 1 content flavors
of size ¢, each such flavor fills the entire row. The remaining boxes must now be filled with the
remaining content (ai, ..., a,). These remaining boxes consist of the shape g described in the lemma
statement. In this case, the shape is a Young diagram.

This concludes that the rank computation in Equation 4.1 and 4.2 is equivalent to counting the

number of proper tableaux on ¢ as claimed in the lemma. ]

Remark 4.9. For the Young diagram g, described in this lemma, the proper condition is equivalent
to the condition that the flavor in the first column and p row be greater than or equal to the flavor

in the final column and p — 2 row. This means that for a given tableau, if any flavor i is contained
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in three (or fewer) consecutive rows, the tableau will be proper. Due to this remark, the tableaux

we create in Section 4.2 are all proper.

4.1.5 The Reverse Fill Method for filling Young diagrams with content

We now describe a method of placing content in a Young diagram to produce a tableau. We utilize
this method to construction tableaux in the proof of Theorem 1.5.

Let A denote a Young diagram in a r x £ box. We denote B(,y) the box of A in row a and
column b. We consider boxes in a diagram to have lexicographical ordering with row and column.
That is, B(ap) < B if and only if a < o’ or else (a = @’ and b < b'). We refer to the boxes
of A as being larger or smaller if we are referring to this ordering and higher or lower if they are

visually displayed in that manner (i.e., box B(ap) is higher than box By ) if a < d').

Definition 4.10. Define the low-row of a diagram A to be all of the boxes of A, B(,), such that
B(ay1,) is not a box of A. The first row of the low-row of A is the highest row containing such a
box, note that this row will necessarily be the i** row of A where i is the number of boxes in the

last column of \. We use [ = (lg\l), o lf\k)

) to denote the sizes of the low-row of A. If r is the total
number of rows of A, then for ¢ such that 1 <t < k =r — i+ 1, the value lg\t) is the number of
low-row boxes in the (i +¢—1)*" row of \. In this case, since the boxes of the low-row are contained

in the ¢ to r rows of A\, we say the low-row contains r — i + 1 rows.

Remark 4.11. With this definition we require lf\l) # 0; this convention considers the highest
(vertical) row of a low-row as the first row. However, if i denotes the row of A that contains the
first row of the low-row of A, then we could have lg\t) =0if thei+t—1 and 7 + ¢ rows of A contain
the same number of boxes (i.e., there are no boxes B ¢_1p in row ¢ +¢ — 1 such that Bj; is not
a box in \). See Example 4.12 for an example of this. We omit the subscript A if the diagram we
are referring to is clear. Note that the number of boxes in the low-row of A will be equal to the
length of the first row of A and the number of rows of A containing the low-row cannot be larger

than the total number of rows of A.
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Example 4.12. The boxes in the low-row of the Young diagram A = (4,4, 3, 3) are shaded in the

figure. The low-row lengths are given by (1,0, 3).

With a (partial) filling of a Young diagram A, we define A(7) to be the Young diagram obtained
from A by removing all boxes containing content of flavors 4 or larger!. For A in 7 x £ and content
p = (ai,...,a,) such that 37" | a; = |A| we describe an algorithm for placing content £ in the boxes
of A. This algorithm has been programed in Macaulay2 and is available on the author’s website
[27]. The code includes programs to compute the low-row of a tableau and create the semistandard

tableau produced by the Reverse Fill Method of a given set of content with a given Young diagram.

Algorithm 1 Reverse Fill Method
For i = n to 1 (in decreasing order) place all content a; of flavor 7 in the largest boxes of the
low-row of A(i + 1) (the ordering on boxes in a low-row is inherited by the ordering of the boxes of
A). Continue until either all content is placed, resulting in a tableau, or content a; does not fit in
the low-row of o(i + 1).

Example 4.13. Let A = (7,7,7,7,5,5) and pu = (7,6,6,6,6,6,1) the following is the result of the

Reverse Fill Method for placing g in A.

1[1]1]1[1]1]1
212(2]2]2]|2]3
313]13]|3|3|4[4
41414]14|5[5]6
515[5(5]6
6(6[6]6]7

4.1.6 Notation and definitions for describing the decomposition of sl,,, divisors

The following weight vector and vector bundle are used in Theorem 6.11(1).

We again refer the reader to [13] for more background definitions related to Young diagrams and tableaux
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Definition 4.14. For V,, = V(sly,, (a1wpm, ..., apwn ), £) and k, p integers as in Theorem 1.5, with

A, B C {0,...,n} define the weight vector and vector bundle,
Ua,B = (VW ..., Unwy,) and

Va,p := V(slyy, va,B, 1),

where v; = 1if i € ({1,...,2k + 1} — A) U B and v; = 0 otherwise. In the case that A or B is a
singleton set (which is typically the case in our work, see Theorem 6.11) we denote the set by its
one element. In the case that A or B is empty, we denote the set with a zero, 0. This convention

is used to simplify our notation when decomposing a divisor of an sl bundle (see Section 4.3).

Example 4.15. As an example of Definition 4.14, for n = 9, k& = 2, and m = 2, the weight
vector with 9 weights (w2, w2, 0, w2, w2, 0,0,ws,0) can be written as U3 g. In this case, A = {3} and

B = {8}.
The following weight vector and vector bundle are used in Theorem 6.11(2) and (3).

Definition 4.16. For j € {0,1,...,n}, let

U i= (V1w -+ Unwin) and

Vj’ = V(S[gm, 273, 1),

where v; = 1if i # j and v; = 0.

4.2 Rank classification of the vector bundles V(sly,, \, ()

In this section we prove Theorem 1.5. As in the statement of Theorem 1.5, let Vi = V(slo, X, l) be
the vector bundle of conformal blocks with weakly decreasing weights X = (a1w1, ..., apwi ), where
|X| = 2(kl+p) for some integers k and p with k > 0and 1 <p < £ and A := Y iopso @i- We denote

the content produced by the weight vector X as = (ay,...,a,) and use notation p from Lemma 4.8
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to refer to the diagram in Figure 4.2. The main lemmas and propositions in this section have been

programed into Macaulay2 and are available at the author’s website [27].

4.2.1 Rank greater than zero

In this section, we show the construction of proper tableaux to conclude when ranks are necessarily

positive.

Proposition 4.17. If A > p then a proper tableau can be constructed on the Young diagram

o0 = (€28 p?) with content y using the Reverse Fill Method (see Algorithm 1).

The following lemma is the main technical result used in the proof of the above proposition. In
this lemma, we analyze the low-row of the diagrams p(i) that are produced after carrying out the
Reverse Fill Method with content (a;,...,a,) on 0. We use the result to justify the construction
of a proper tableau with content p on shape o using the Reverse Fill Method in the proof of

Proposition 4.17.

Lemma 4.18. For a collection of weakly decreasing content (aq, ..., a,), the following statements
hold for the low-row of shape o(7) obtained after placing content (aj, ..., a,) in shape g using the

Reverse Fill Method.

1. The low-row of (i) will contain at most three rows. We denote the low-row of p(i) as

2. After placing content a;_; into (i) using the Reverse Fill Method, the low-row of (i — 1)

will satisfy 0 < 1% <1 < p,

3. If the amount of content a;_; of flavor 7 — 1 is such that ll@ < a;_1, then l§-3) < aj_1 for all
Jj<i.
4. If l§3) # 0 for some ¢, then the amount of content of flavor ¢ — 1 > i, must be either 0 <
arey <1 or 1P 1% < qy <1V 1P 1P
Proof. We observe that the initial low-row of p is (lg,l), 1(92), lé?’)) = (¢ — p,0,p) contains three rows.

Inductively, we consider what happens when placing content a;—; into o(i) in the Reverse Fill
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Method. There are three cases we must consider, determined by the amount a;,_; relative to the
low-row of o(7). Consequences of each case follow immediately; we compute the resulting low-row
of p(i — 1) explicitly below. For an example of each case, see Example 4.20.

Case 1: 0 < a;—1 < 12(3)’ content of flavor ¢ — 1 does not fill the third row of the low-row of

o(i). After placing a;—1 content of flavor ¢ — 1, the low-row of p(i — 1) will be (lﬁ)l,lg)l, ll@l) =

(ZEI), ll(-Q) +aj—1, ll(S) — ai_l).
Case 2: 11(3) <ai-1 < l§2) + lz(g), content of flavor ¢ — 1 fills the third row of p(i) but does not
fill the second row of the low-row of g(7). After placing a;—; content of flavor ¢ — 1, the low-row of

o(i — 1) will be (19,12, 1%)) = (1 + iy —119,1%) 120y — 0,4, 0).

—17"i—17 Yi—

3)

Case 3: l§2) + l( < a1 < lgl) + lz@) + ZEB), content of flavor ¢ — 1 fills the third and second

row of the low-row of o(i). After placing a;—1 content of flavor i — 1, the low-row of ¢(i — 1) will be

AW P19 = (@ — 1P 19, 1Y 1P 119) — (@ 1P — 1) — 19),19)). Additionally,

)

the sum of the second and third rows in the low-row increase, lz@l + lg)l = lz@) + lgg) + (ZZ(D + lz@) +
lgs)) — Q1.

Analyzing the result of each case outlined above, we see that placing content a;—; will have
the following effect in all cases, 0 < lg)1 < l§3). Inductively, it follows that 153) < lé3) = p and
lgl) < lél) < ¢ —p for any shape o(i), showing the first two statements of the Lemma. The last two
statements in the Lemma follow from the content (a1, ..., a,) being weakly decreasing and analyzing

the inequalities in each case. ]

Remark 4.19. The statement of Lemma 4.18 (3) implies that if a; is in Case 2 or 3 (in the proof
of the Lemma), then all remaining content to place will also be in Case 2 or 3. The statement of
Lemma 4.18 (4) implies that if the third row of the low-row of p(i) is nonzero, then all previously
placed content must be in Case 1 or 3 (in the proof of the Lemma). In the remaining discussion,
when referring to cases in the lemma, we mean that to refer to the three cases appearing in the

proof of the lemma.

Example 4.20. We begin with shape o(i) = (9,9, 5, 3) with low-row (4,2, 3) shaded in the image

below. We demonstrate the effect on the low-row after filling with content a;_1 with amount relative
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to each case above.

In the following cases, the boxes in the low-row of g(i) which are filled with content ¢ — 1 are

darkly shaded and the new low-row for (i — 1) is lightly shaded.

Case 1: 0 < a;—1 = 2 < 3. After filling the low-row (4,2, 3) with 2 content values the low-row

becomes (4,4,1)

Case 2: 3 < a;—1 =4 < 5. After filling the low-row (4,2, 3) with 4 content values the low-row

becomes (5,4,0)

i -

Case 3: 5 <a;—1 =7 <9. After filling the low-row (4,2, 3) with 7 content values the low-row

becomes (2,4, 3)

Proof of Proposition 4.17. We show that all flavors from content p can be placed in g using the
Reverse Fill Method.
As noted in Algorithm 1, if the Reverse Fill Method finishes by using all content from pu, the

result will be a tableau and by Remark 4.9, this tableau will be proper. We now show that indeed,

the Reverse Fill Method with content p in shape ¢ and A > p will always complete.
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By the description of the Reverse Fill Method, content flavor ¢ can always be placed using this

method if a; < lz(}r)l + lﬁ)l + lgi)l (i.e., content of flavor i fits in the low-row of g(i + 1)). When this
sum, lﬁ)l + lﬁ)l + lﬁ)l, is equal to £, then as a; < /£ for all content in u, the algorithm continues.

Let m denote the smallest content flavor such that lf(rgrl + Zgll + lﬁgil = (. We analyze the
shape of go(m) after placing content a,.

If m =1, then o(1) is empty (as |u| = |o|). A proper tableau has thus been created.

Thus, assume m > 1 and after filling with content of flavor m and larger, the low-row of o(m)
is such that 0 < IV + 12 + 19 < ¢. We show o(m) = (r1,72) for some nonegative integers
0<ryg<ry <V

Recall, the sum of the rows in the low-row of g(i + 1) is equal to the number of boxes in the
largest row of g(i+1). It must be that o(m + 1) contains a row with ¢ boxes and the largest row of
o(m) contains less than ¢ boxes. Since content a,, is placed in at most one column of each row in
o(m+1), the shape o(m + 1) must contain exactly one row with ¢ boxes, and such a row must also
contain boxes in the low-row of o(m + 1) in order for content a,, to be placed in it. Additionally,
this row must be the first row of ¢ as content is placed (using the Reverse Fill Method) in the
lowest rows of g(m + 1) first. From Lemma 4.18 (1), the low-row of g(m + 1) is contained in at
most three consecutive rows of p; since one such row is the first row of g, the shape o(m + 1) has

at most three nonzero rows. From this, we infer o(m + 1) = (¢, lfjil + ZT(SL, ZSLI) (with possibly

l7(7’2bzrl =0or lgrl =0).

Our assumptions imply a,, content of flavor m is placed in o(m + 1) = (¥, lﬁll + lgll, lﬁszrl)

and the largest row of o(m) is less than ¢. Considering the cases of Lemma 4.18 for which this

happens, it must be that a,, is in Case 3 of Lemma 4.18 and l;llzrl + l7(n23rl + 17(7311 = {. From this

case, it follows that after placing content a,,, we have o(m) = (£ — (am — lﬁll - lfi)ﬂ), lfszrl, 0).

Letting 71 = € — (am — lfill - lfjil) and ro = lgll, we can write the shape p(m) after filling with
content a,, as o(m) = (r1,r2) with 0 <rs <r; <.

We now show the remaining content can be placed in g(m) using the Reverse Fill Method. We

consider two possible cases of g(m).
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First, if ro = 0, then the shape o(m) = (1) is a single row. As |u| = |g|, the remaining content
must be less than 71 (the size of the low-row of g(m)). The Reverse Fill Method can thus continue

with the remaining content. This completes the proof in this case.

®3)

Now suppose 7 # 0. Let j be the maximum content such that a; > lj+1 (i.e., a;j is in Case 2 or

3 of Lemma 4.18). We can show that j > 2k 4 2 and all content aj, ..., aj_q (for some ¢ such that
m = j —q) is in Case 3 of Lemma 4.18.
First, as the sum Z?:2k+2 a; = A > p and the low-row of p is (¢,0,p), some content from

the sum A satisfies a; > l(-3)

i+ (and so, in particular, a; is in Case 2 or 3 of Lemma 4.18). By

Lemma 4.18 (3) all subsequent content placed after a; in the Reverse Fill Method will be in Case
2 or 3 of Lemma 4.18.

Additionally, our assumption ry # 0 implies g(m + 1) has three nonzero rows and a,, is in Case
3 of Lemma 4.18. By Lemma 4.18 (4) all content placed before a,, (i.e., flavor larger than m) is in
Case 1 or 3 of Lemma 4.18.

Together, these two results imply content aj, ...,a;_4 is in Case 3 of Lemma 4.18 and content

2)

41T l(3+)1 = p and the low-row

Qp, ..., aj41 is in Case 1 of Lemma 4.18. By Lemma 4.18, we have [ j

of o(j) after placing content a; is:

@ 4,06
7+ 1

i :p+€—aj.

And similarly, for any ¢ from j to j — ¢ we have 1 4 ll@) = lﬁ)l + lﬁ)l + (£ — a;) (this follows from

i
Case 3 of Lemma 4.18). We can conclude the sum of the low-row of o(j — ¢) after placing content

@j_g, .-, 0y in the Reverse Fill Method satisfies:

J
lj@,)q + lj(i)q =ro+(r1—re) =p+ Z (¢ — aj).
1=j—q

Furthermore, using this equality with the remaining sum, we obtain
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j—a-1 4
Z aj=r1+r2>1r1 =ro+(ry —re) =p+ Z (€ — as)
i=1 i=j—q

Jj—q—1 J

Z a; >p+(g+1)¢ — Z a;.

i=1 i=j—q

Solving for g gives,

Jj—q—1

i
> ai+ Y ai>p+(g+ 1),

i=1 i=j—q

> ai>p+(g+1)e,

=1

2kl +2p=> a;>p+(g+1)L,
=1

2k0+p > (¢ + 1),
2kL+ 0> (¢ + 1),

2k > q.

Using this last inequality and that j > 2k + 2, we obtain
m=j—q>2k+2-2k=2.

It remains to fill o(m) with content (ay, ..., am—1) for some m —1 > 2. Since m — 1 > 2 there are at
least two flavors in the remaining content to fill in the two rows g(m) = (r1,72).
Since a,, with shape g(m + 1) is in Case 3 of Lemma 4.18 we have that a,, > lfﬁll = r9. Since

content amounts are weakly decreasing, we have that a,,_1 > a,, and so it follows, a,,_1 > 9.

Thus there is enough content of flavor m — 1 > 2 to fill the second row of ry boxes in o(m).
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Additionally, since content is weakly decreasing, we also have Z?:lz a; > am—1. The remaining
am—1 — T2 amount of content of flavor m — 1 will be a,,—1 — 9 < r1 — r9 and so we can continue
the Reverse Fill Method with content flavor m — 1 and o(m — 1) will be o(m — 1) = (r1 + 72 — ap,),
that is, one row. The Reverse Fill Method will then continue with the remaining content. This

completes the proof in this case. O

4.2.2 Rank one and zero

We now justify the sufficient conditions of A in Theorem 1.5 for rank to be zero and one. As in the
previous section, let Vi and A be defined as in Theorem 1.5 and ¢ and p the Young diagram and

content as in Lemma 4.8 from the data of V;.
Lemma 4.21. If A < p, then rk(V;) = 0.

Proof. Applying Lemma 4.8, we show there are no possible tableaux with shape ¢ and content .

In order to produce a tableau, the largest content flavors must be placed in rows with larger
boxes than smaller flavors. Since a; > ... > a, and A < p, we must fill the final 2k + 2 row (which
contains p boxes) with the largest flavors (asgio, ..., an). However, since the amount of content of
flavor 2k 4+ 2 to n (i.e., Z?:zmg a;) is less than p, we will not entirely fill this last row with this
content. After placing the content (a2, ..., a,) the remaining collection of empty boxes creates a
shape with a column of length 2k + 2. Such a column cannot be filled with the remaining content,
(at, ..., azk+1) with flavors all less than 2k + 2 in strictly decreasing order. Thus, no such tableau

exists. O]

Lemma 4.22. If A = p, then rk(V;) = 1.

Proof. By Proposition 4.17 we know a proper tableau T’ exists with shape ¢ and content p given
by X. We show this tableau cannot be modified.
The construction of T} places content flavors from 2k +2 to n entirely in the 2k +2 row of ¢ with
p boxes. Any modification of a such content would move a content flavor from (ay, ..., ag,11) (the
content not in A) into row 2k + 2. This would contradict column content flavors strictly increasing.
Arguing by induction, we can show that content (aq, ..., asgs1) must be placed in p as described

in the Reverse Fill Method. As o(2k+2) contains columns with 2k + 1 rows, content asg1 must be
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placed in the lowest rows of ¢(2k + 2) in such columns and the remaining content must be placed
in the next largest boxes so as to maintain weakly increasing rows. And so, content agxyi must
be placed in the largest boxes in the low-row of o(2k + 2). Since the Reverse Fill Method does
produce a tableau (Proposition 4.17), after placing content aggy1 in this way, the shape o(2k + 1)
now contains a column with exactly 2k rows and the same reasoning can be applied to content
asy to argue that content agr must be placed in the o(2k + 1) using the Reverse Filled Method.
Continuing with this same reasoning, it follows that all content (a1, ..., as;—1) must also be placed
using the Reverse Fill Method. We can thus conclude that the Reverse Fill Method is the only way
to create a tableau with shape ¢ and content u.

By applying Lemma 4.8, we obtain that rk(V;) = 1. See Example 4.23 for the tableau in a

situation that A = p. O

Example 4.23. For the vector bundle V; = V(sly, (6,6,5,5,5,2,1),6), we have k = 2, p = 3,
and A = ZZ:G a; = 3 = p. The following is the only tableau which can be produced on shape
0= (6,6,6,6,3,3) with content u = (6,6,5,5,5,2,1). This shows rk(V;) = 1. The content in the

sum A is shaded.

1[1]1]1]1]1
212(2[2]2|2
3133334
4(4[4]14(5]5
5|5(5
6167

Lemma 4.24. If A > p and weight content © = (ay, ..., a,) is f-maximal (see Definition 4.2), then
I'k(Vl) =1.

Proof. In this argument we use the smallest content amounts to show there is only one possible
tableau on g with content u from X in Lemma 4.8. The tableau constructed in this argument will
be the same as T5 constructed using the Reverse Fill Method in Proposition 4.17. We further
analyze the possible construction of a tableau in this specific case to conclude there is only one

such possible tableau.
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From Remark 4.3 and A > p, either n = 2k + 2 if n is even or n = 2k + 3 if n is odd. We
examine each case of the parity of n.

First, if n is odd, then we have n = 2k + 3. We must have the highest n — 3 rows of the Young
diagram ¢ from Lemma 4.8 filled with the first n — 3 content flavors of size £. The boxes of T
containing content (a,—2,a,—1, a,) has shape g = (p,p).

We seek to fill the remaining shape with content (a,—2,an—1,a,), the remaining empty boxes

form the shape,

=

two rows of length p. Since n — 2k — 1 = 2, we have assumed a1 + a, > p.

If n is even then n = 2k 4 2. Again, the highest n — 3 rows of the Young diagram p from Lemma
4.8 must be filled with the first n — 3 content flavors of size £. In this case, the empty boxes create
the shape 0 = (¢, p,p) and our remaining content is (a,—2,an—1, an).

In either situation, in order to produce a tableau with three content flavors, the largest content
of flavor n must be placed in the largest boxes, the smallest content of flavor n — 2 must be placed in
the smallest boxes, and the remaining content of flavor n — 1 must then be placed in the remaining
boxes. Such placement is equivalent to the Reverse Fill Method of (a,—2,a,-1,a,) in shape ¢ and
describes the only possible filling to produce a tableau.

Considering the unique placement of content (a1, ..., a,_3), we confirm there is a unique tableau.
By applying Lemma 4.8, we obtain that rk(Vy) = 1.

See Example 4.25 for a tableau with content that is /-maximal. O

Example 4.25. For the vector bundle V(sly, (6,6,6,6,2,2,2),6), we have k = 2, p = 3, and
A= 23:6 a; = ag + a7 =2+ 2 =4 > p. The following is the only tableau which can be produced
on p with content (6,6, 6,6,2,2,2). This shows rk(V) = 1. The content from A is shaded. This can
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be compared to Example 4.23.

1[1[1)1]1]1
212(2]2]2|2
313[3[3]3]3
4141414]4]4
5]5]6
6177

Example 4.26. For the vector bundle V, = V(sly, (5,5,5,5,5,3,3,3),5), we have k = 3, p = 2,
and A = Zf:s a; = ag = 3 > p. The following is the only tableau which can be produced with
content (5,5,5,5,5,3,3,3) with shape ¢ = (£5,22). This shows rk(V;) = 1. The content from the

sum A is shaded.

1]1]1]1]1
212(2(2]2
313(13(3]3
444144
5|5[5(5]5
616]6]7]8
77

818

Lemma 4.27. If A > p and weight content u = (ay,...,ay) is sum-maximal (see Definition 4.4),

then rk(V;) = 1.

Proof. Observe from Definition 4.4, if content is sum-maximal, then the Young diagram used to
compute the rank (see Lemma 4.8 and Remark 4.5) is a rectangle of size 2m x ¢ where n = 2m or
n=2m+ 1.

If n is even, then each content must be of size ¢. It follows immediately that there is only one
proper tableau in Lemma 4.8.

Ifn=2m+1and A = a,_1 + a, > p, then by Proposition 4.17 the Reverse Fill Algorithm
produces a semi standard tableau with content (a1, ..., azm,+1) with shape 2m x¢. One can observed
that in this case, each row ¢ of the tableau constructed, will contain content of flavor ¢ or ¢ + 1.
Thus, to create a new tableau from this constructed one, we would have to switch a content of
flavor ¢ + 1 in row ¢ with a flavor 4 4+ 2 in row ¢ 4+ 1. However, in order for the modified column,

now containing content flavor i + 2 in its i** row, to be strictly increasing flavors in rows i 4+ 1 to
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2m =n — 1 would at least require content from flavors i +3 to i+ (2m —i)+2=2m+2=n+1.

Since our content flavors are only between 1 and n, this cannot happen. O

Example 4.28. For the vector bundle V; = V(sly, (4,3,3,3,3),4), we have k =1, p = ¢ = 4, and
A= Z?:4 a; = a4 + a5 = 6 > p. The following is the only tableau which can be produced with
content (4,3,3,3,3) with shape ¢ = (¢*). This shows rk(V;) = 1. The content from the sum A is
shaded.

1(1]1]1
212(2]3
313(44
41515]5

With Lemmas 4.22, 4.24, and 4.27 above, we have shown all necessary conditions in the state-

ment of Theorem 1.5 for m = 1.

4.2.3 Rank greater than one

We now show the proper tableau as constructed in Proposition 4.17 can be modified when X is not
f-maximal or sum-maximal to create a new proper tableau with the same shape and content. We

use this to determine when the rank is larger than one. To begin, we use the following lemma.

Lemma 4.29. If A > p, the tableau, T, constructed in Proposition 4.17 using the Reverse Fill
Method with content p given by weight X contains a column in which content increases by an

increment larger than one.

Proof. Given A > p, we have that content of flavor 2k + 2 appears in a row smaller than the final
2k +2 row of g and let r denote this row. Denote by s the smallest column of T’ containing content
flavor 2k + 2 in row r. Consider the content flavors in column s. We can show that some content
in column s must increase by an increment larger than one.

If such was not the case, then since content of flavor 2k + 2 is in some row r < 2k + 2, flavor
in row one of column s must necessarily be larger than 1 (by assuming each flavor appearing in
column s above row r decreases by one increment from boxes in row 7 to 1). Since Ty is a tableau,

content of flavor 1 must fit inside the s — 1 boxes in row one. Thus, we have a; < s.
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However, we can show that for j < 2k + 1, content amounts must be a; > s. Indeed, since s is
the smallest column containing content flavor 2k + 2 and flavor 2k + 1 is in row r — 1 and column
s, content of flavor 2k + 1 must also appear in row r and columns 1 to s, this implies agp+1 > s.

Since content amounts are weakly decreasing, a; > agp4+1 > s for j =1 to 2k. O

Proposition 4.30. Let T be the tableau constructed in Proposition 4.17 using the Reverse Fill
Method with content u given by weight X If X is not -or sum-mazimal and A > p, then T can be

modified to create a new proper tableau on ¢ with content p.

Proof. In this proof, we analyze four cases. We describe procedures to create a proper tableau
with shape ¢ and content p by modifying the placement of content in 7T%. In Cases 1-3, boxes
of T are identified with the same parameters and content contained in these boxes are switched,
however, the justification that this procedure produces a tableau is different in each case. In Case
4, a slightly different procedure must take place. Examples 4.31 4.32, 4.33, and 4.34 illustrate these
four cases.

Let s1 denote the leftmost column of T in which content increases by an increment larger than
one. We know such a column exists by Lemma 4.29 for some s; < p since A > p.

Let r + 1 denote the first row in column s; in which content has increased by an increment
larger than one. It follows that r» < 2k + 1, content in box B, , is of flavor r, box B, 11, contains
flavor d > r 4+ 2, and ag < £. Indeed, if a; = ¢, then by the Reverse Fill Method, we would have
content of flavor a — 1 in B, 5, with r+1 <d — 1 (recall, the largest rows of ¢ contain ¢ boxes).

Since T5 was filled using the Reverse Fill Method and box B,y s, has flavor d and B, 5, has
flavor r, all content aq_1, ..., a,41 of flavors d — 1 to r + 1 are in at most the r and r 4+ 1 row of p.
Particularly, all content in row r» — 1 must have flavor smaller than r + 1.

Let b denote the largest flavor in row r smaller than d and larger than r. Let sy denote the
largest column such that B, ,, contains flavor b. We show that in Cases 1-3 that flavor b and column
s9 exist. And that switching content of flavor b in B, s, with content of flavor d in B, 4, will
result in a new proper tableau with shape o with content u.

Case 1: s; = 1.
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If s; = 1, then since B, contains content r, there are at most aq — 1 other boxes in row r
above content d in row r + 1. As all columns are strictly increasing, we must have flavor d — 1 with
d>d—1>rinrow r. Since ag_1 > aq, it follows that ag_1 > ag — 1 and so the largest column
containing content b = d — 1 must be above a box containing content larger than d (or such a box
is not in p).

It follows that switching content of flavor b in B, s, with content of flavor a in B;41 5, will result
in a new proper tableau with shape ¢ and content . See Example 4.31 for such a case.

Case 2: s; > 1 and r < 2k.

Since r < 2k, row 7+ 2 is a row in . Since s; > 1, we have that columns 1, ..., s;1 — 1 increase by
increments of size one, thus, content r +2 is in row r +2 of ¢ in boxes B,4y21, ..., Bry25,—1. We can
further show that d = r + 2; if this was not the case, then by the Reverse Fill Method, content of
flavor d must appear in row r + 3 below the content of flavor r+ 2. From the choice of s1, this would
force d = r+3. And specifically, o(r 4+ 3) would have the form (¢ —(s; —1),0,s; —1) (a jump in the
low-row). However, from Lemma 4.18 a low-row of this form only appears for p(n + 1) (the initial
shape p). However, if n + 1 = r + 3, then n = r + 2, contradicting a content flavor of d in p. In
summary, columns 1 to s; contain s; amounts of content of flavor r+2 (in boxes By421, ..., Br42.5,—1
and By, ) and s; —1 amounts of content flavor 41 (in boxes By41,1, ..., By41,5,—1). Since content
amounts are weakly increasing a,11 > a,12 so after placing » 4+ 1 in the s; — 1 boxes in row r + 1,
there must be additional content of flavor r + 1 to place in row r. The largest box in the low-row
of o(r 4+ 2) in row r will contain flavor r + 1 and must be above content of flavor larger than r + 2
(or such a box may not be in p). Denote the column containing this largest box ss.

It follows that switching content of flavor » 41 in B, 5, with content of flavor r + 2 in B, 41 s,
will result in a new proper tableau with shape ¢ and content p. See Example 4.32 for an illustration
of this case.

Case 3: s >1,r=2k+1,andn>j+ 1.

Now, suppose r = 2k + 1. In this case, row r + 1 with box B, 1, containing content flavor
a is in the final 2k + 2 row of p. Since s; > 1, we have that content of flavor r + 1 = 2k + 2 is
in row 7 +1 = 2k + 2 in the boxes B;{11,..., Br41,5,—1 and content a is only contained in row

r4+1=2k+2.
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Since A = Z?:2k+2 a; > p there must be content of flavor 2k +2 =r 4+ 1 inrow r =2k + 1. It
follows that content r + 1 = 2k + 2 will be placed in column p of row 2k 4+ 1 above a box containing
content flavor n > j.

It follows that switching content of flavor 2k + 2 in B, , with content of flavor a in B, s, will
result in a new proper tableau with shape ¢ and content y. See Example 4.33.

Case 4: s;>1,r=2k+1andn=j.

In this case, a different modification of T% than in Cases 1-3 must take place.

As in the previous situation with sy > 1 and r = 2k + 1, we have that content of flavor
r+1=2k+2isinrow r +1 = 2k + 2 in boxes Bog421, ..., Bag125,—1, content of flavor r = 2k + 1
is in boxes Boj 111, ..., Bok+1,s,, and content of flavor a = 2k + 3 is in Bap4o,,. Our parameters are
thus, r=2k+1landn=a=r+2=2k+ 3.

Now, with n = 2k 4+ 3, the sum A contains only two content flavors. Additionally, since
A = asgpy 9+ aski3 > p, row 2k + 1 must also contain content of flavor 2k + 2 and so we have a strict
inequality, s; < p. Let s3 denote the smallest column such that Bgj1 4, contains content 2k + 2
(we will have s1 < s3 < p). See Figure 4.3 for an illustration of the 2k, 2k + 1, and 2k + 2 rows of

TX for such a case.

S1 S3 4

2k 2k 2k 2k 2k 4+ 112k + 1

o2k + 112k + 1|12k + 2/2k + 2

2k + 2|2k + 3|2k + 3|2k + 3

Figure 4.3: Tableau in Case 4 of Proposition 4.30

We have previously shown, all content in row r — 1 must have flavor smaller than » + 1. And

so, for this case, it follows that all content in row 2k has flavor smaller than 2k + 2.
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However, since X is not {-maximal, and n = 2k + 3, we have ag;, < £. So box By, must contain
content of flavor 2k + 1.

In this case, it follows that switching content of flavor 2k + 1 in By, with content of flavor
2k + 2 in Boj41,s; Will result in a new proper tableau with shape ¢ and content u. These selected

boxes are highlighted in Figure 4.3. O

We now illustrate examples for each case in the proof of Proposition 4.30. In each example, the
first tableau is constructed using the Reverse Fill Method, the boxes containing content to switch

are highlighted. The tableau obtained from the switching the highlighted content is illustrated.

Example 4.31. Consider the vector bundle V' = V(sly,(3,3,3,2,2,1),4). In this case, we have
n:6,€:4,k:l,p:3andA:Zf:4ai:2+2+1:5>p. We are in Case 1 of
Proposition 4.30 with parameters r = 3 and d = 5. The tableau T%, constructed using the Reverse
Fill Method, is first illustrated below. Content of flavors 4 and 5 to be switched specified by the
description in Proposition 4.30 is shaded. As one can check, switching the flavors in these boxes

produces a new proper tableau. Additionally, rk(V') = 6.

11712 1112
212133 21213|3
3144 314]5
9|56 415]6

Example 4.32. Consider the vector bundle V' = V(sly,(4,3,2,2,1),5). In this case, we have
n=5/=5k=1,p=1land A = Zf:4 a; =2+1>p. We are in Case 2 of Proposition 4.30. The
tableau T, constucted using the Reverse Fill Method, is first illustrated below. Content of flavors
2 and 3 to be switched specified by the description in Proposition 4.30 is shaded. As one can check,

switching the flavors in these boxes produces a new proper tableau. Additionally, rk(V) = 2.

—
—
—_
(\S)
—_
=
=
w

[ ][~
|c>1|.4>w>~

Example 4.33. Consider the vector bundle V = V(sly, (5,5,3,3,1,1),5). In this case, we have
n:6,€:5,k:l,p:4andA:Z?:4ai:3+1+l:5>p. We are in Case 3 of
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Proposition 4.30 with parameters r = 3, b = 4, and s; = 3. The tableau T}, constucted using the
Reverse Fill Method, is first illustrated below. Content of flavors 4 and 5 to be switched specified
by the description in Proposition 4.30 is shaded. As one can check, switching the flavors in these

boxes produces a new proper tableau. Additionally, rk(V) = 2.

111[1]1]1 111(1[1|1
212]2]2]|2 2(2(2|2]2
313134 313]13]5
41415]6 4141416

Example 4.34. Consider the vector bundle V' = V(sly, (4,3,3,2,2),4). In this case, we have
n=5/¢=4k=1p=3and A = 2?24% =2+42=4>p. We are in Case 4 of Proposition 4.30
since r = 3 and n = d = 5. The tableau T%, constucted using the Reverse Fill Method, is illustrated
below. Content of flavors 3 and 4 to be switched specified by the description in Proposition 4.30
is shaded. As one can check, switching the flavors in these boxes produces a new proper tableau.

Additionally, rk(V') = 2.

1(1]1]1 1[1]1]1
212(2]3 212|2]4
31314 31313
41515 41515

We are now able to conclude the following result.
Proposition 4.35. If A > p and content p is not (-or sum-mazimal then rk(Vy) > 1.

Proof. By Proposition 4.17, a proper tableau can be constructed with shape p and content u. If Xis
not f-or sum-maximal, then the tableau T% construction in Proposition 4.17 satisfies Lemma 4.29.
Hence by Proposition 4.30, more than one proper tableau can be produced with shape ¢ and content

. By Lemma 4.8, we can conclude rk(Vy) > 1. O

4.2.4 Main Theorem

We collect our results together to prove the main theorem.
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Proof of Theorem 1.5. By collecting the results from Lemmas 4.21 to 4.27 and Proposition 4.35 we
can conclude the statement of the main theorem for the case m = 1. By the scaling property in

Proposition 4.44, we conclude the full statement of Theorem 1.5. O

4.3 Decomposition of first Chern classes of rank one bundles

divisors

We now prove our final result which describes the decomposition of first Chern classes of rank
one bundles appearing in Theorem 1.5 into an effective sum. We write this sum explicitly in
Theorem 6.11. To reduce notation, we write the sum using the vector bundles V4 p and Vj we

defined in Definitions 4.14 and 4.16.

Theorem 4.36. In the case rk(V,,) = 1 the first Chern class ¢;(V,,) decomposes into an effective
sum of ¢ first Chern classes of the form c¢1(V(slgm, X, 1)) where the weight vector X is determined
by the original weight X = (a1wWm, .., Gpwm, ). We state the explicit decomposition for each possible
form of weights. The sum always reduces to £ nonzero terms. As in Theorem 1.5, let p and k be
integers such that 7" a; = 2(kf + p) with 1 < p < £ and k > 0. Define A := 377", a; where

A:=0if2k+2>n.

1. When A = p:
2k+1 n
aVm) =Y (t—a)-a1(Vio)+ > aj- a(Voy).
i=1 j=2k+2

2. When A > p, content is f~-maximal, and
(a) n is odd:

al(Vim) = (0= p) - cs(Vagrr0) + Y (p—a;)- ca(V3),
Jj=2k+1

(b) n is even:
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c1(Vin) = pre1(Vg)+(azk—p)-c1(Vags1,0)+(a2k+1—p)-c1(Vak0) +(a2k+2—p)-c1(Vigk, 26+1},25+2) -

3. When A > p and content is sum-maximal:

n

(Vi) = (€= a;) - c1(V3).

i=1
Our method used to decompose a first Chern class involves the rank one peeling result from [8,

Prop. 19]. We state this result here in the special case of rank one bundles from Theorem 1.5.

Proposition 4.37. If [i € Py(slyy)" and U € Py(slyy,)" such that

rk(V(slom, fi + 7, £ + 0)) = tk(V(slom, i, £)) = tk(V(slam, 7, 0)) = 1

then

c1(V(slop, i+ 7,0+ 0)) = c1(V(slom, 1, £)) + c1(V(slam, 7, ).

The result of Proposition 4.37 allows us to decompose ¢1(V,,), where V,, is a bundle as in
Theorem 1.5 of rank one, by describing a decomposition of the weight data X that can be associated
to rank one bundles. As a first step, we show in Lemma 4.38 that a decomposition of X can be
obtained from separating content in the final column of the unique tableau constructed to compute
the rank of V,,. Repeating this decomposition, we can completely decompose ¢1(V,,) into an

effective sum of ¢ terms as described in Proposition 6.11.

Lemma 4.38. Let V| = V(sly, X, ) be a bundle of rank one from Theorem 1.5 with ¢ > 1 and T
the unique tableau constructed using the Reverse Fill Method with content p from weight X. Let
(¢1,...,¢n) denote the content appearing in the final column of 7' (note that each ¢ = 0 or 1). Let
X~¢ = ((ay — &)wi, ..., (an — &)w1) (i-e., the weight data from content not in the final column of
T). Then,

rk(V(slo, A\7¢, 0 — 1)) = 1.
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Proof. We show this result using the rank one classification determined in Theorem 1.5.
Using the notation of Theorem 1.5, the final row of the tableau constructed in Proposition 4.17
to compute rk(V;) will contain 2k + 2 or 2k boxes, where |X| = Yoy a; = 2(kl + p). Thus, we will

have one of the following cases
N =2(k(f—1) +p—1) or |X ¢ =2(k(—1)+p),

determined by the final column of T containing 2k + 2 or 2k boxes respectively. Since £ > 1, if we
were to remove a column of size 2k + 2 then it must be that p > 1 and so the integers k. and p,
associated to XA~¢ in Theorem 1.5 will be

ke=k

and

pe=p—1 or p.=np.

Denote A = D7 o). | 5(a;i—¢;) for the sum in Theorem1.5 associated to the weight X~¢. Particularly,
since k. = k, the sums A, and A contain the same flavors.

If A = p, then the content from A fits exactly in the 2k 4+ 2 row of T' (see Lemma 4.22). If the
final column of 7" contains only 2k boxes, then A, = A (as no content from the sum A was removed
from the last column). If the final column of T" contains 2k + 2 boxes, then it contains exactly one
content from A, so A, = A — 1. But also in this case, we have p. = p — 1, and so A, = p..

Now suppose A > p and X is f—maximal. This implies that removing the final column from T
removes content from each a; = ¢ in the content pu. The weight A™¢ will be (¢ — 1)—maximal (that
is, it will contain the same number of weights of size £ — 1 that X contains of size ?). As all content
from A is first filled into the entire final 2k + 2 row of T, removing the final column of T will leave
Ac > pe.

Finally, suppose A > p and X is sum-maximal. In this case, we have ]X] = 2ml with n = 2m
or n = 2m + 1. In either case, the final column of T’ contains 2m boxes. Thus [A~¢| = 2m(¢ — 1),
showing that X~¢ is also sum-maximal at level £ — 1. Similar to the previous cases, since the content

from A, is filled into the entire final 2m row of T, removing the final column of T will leave A, > p..
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In each of the above cases, Theorem 1.5 implies rk(V(sly, A€, ¢ — 1)) = 1. O

4.3.1 Description of column content when A =p

We see from Lemma 4.38, that to explicitly describe the bundles appearing in our method of
decomposing ¢;(V1), we must describe the content in each column of the tableau constructed to
compute rk(V;). We describe the content in each column of the unique tableau constructed in
Proposition 4.17 using the Reverse Fill Method for the case that A = p. Let j be a column of this
tableau.

If j is such that p < j < £, then the j*" column contains 2k boxes with content from flavors 1
to 2k + 1 which are strictly increasing. There is at most one occurrence between consecutive rows
in this column where the content flavors increase by two and all other content flavors increase by
exactly one. Denote 7; the flavor missing by this increase of size two from column j. The weight
vector obtained from the content of this column is 4, ¢ (see Definition 4.14).

If j is such that 1 < j < p, then the j column contains 2k + 2 boxes in which the content
in the first 2k 4+ 1 rows are precisely the flavors 1 to 2k + 1 and the final box contains a content
flavor from {2k +2,...,n}. Let i; denote this flavor. The weight vector given by the flavors in this

column is given by v ;;. The transpose of column j has the following form:

1|2 | | 2% |2k+1] i

For example, consider the conformal block, V = V(sly,(9,8,8,8,8,8,8,2,1),9). In this case,
¢ =9, k=3, p=23. For each column j, if j = 4,...,9, the content 7; — 1 and ¢; + 1 are lightly
shaded (or else not in this column, see column j = 4). For columns j = 1,2,3 the content i; is
darkly shaded. In this example, i1 = 8,49 = 8,i3 = 9,14 = 7,i5 = 6,16 = 5,17 = 4,ig = 3, and

19 = 2.
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(11|11 |1)1[1[1
21212]2]2|2]2]|2|3
313[3]3]3]|3[3]4[4
4141414]4]14]5|5]5
9(9(9]|5]5|6|6]6]6
616|6|6|7[7|7|7|7
777

4.3.2 Proof of divisor decomposition

We now prove our result on the decomposition of ¢;(Vp,).

Proof of Theorem 6.11. Let Vi be a rank one bundle. As in the statement of Lemma 4.38, let P
be the weight vector obtained by removing the content from X in the final column of the tableau

produced in Proposition 4.17. The results of Lemmas 4.38 and 4.8 imply,
rk(V(sly, A€, 0 — 1)) = 1.
As nontrivial sl, bundles at level one are also rank one [17, Sect. 5.2.1], we have,
rk(V(sla, Ui,0,1)) = 1,

where #;, ¢ is the weight vector associated to column ¢.

By Proposition 4.37, the first Chern class decomposes as,

-

CI(VI) - CI<V(5[27 )‘_C7£ - 1)) + Cl(‘/;g,(])-

—

We repeat this decomposition now with the rank one vector bundle V(sly,,, A™¢, ¢ — 1). This
process continues until we have completely decomposed the original divisor into a sum of level one
divisors. Observing the behavior of the weight content in column j with p < j and j < p of the
tableau produced in Proposition 4.17 allows us to conclude the explicit equations in the theorem

statement. ]
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Example 4.39. We demonstrate the decomposition of ¢ (V1) from Theorem 6.11 with
Vi = V(sly,(9,8,8,8,8,8,8,2,1),9). We have ]X| =23-9+3), and so k = 3, p = 3, and
2?22(3)+2 a; =2+ 1 =3 = p. By Theorem 1.5, rk(V;) = 1.

The unique tableau from Lemma 4.22 is the following:

(11111 )1[1]1
21212(2]2|2]2]|2|3
313(3]3]3]|3|3]4[4
414(415|4[4[5[5]5
9(9]5]|5]|5|6|6]6]6
616|6|6|7[7|7|7|7
T\7\7

81819

Each column of this tableau gives the weight content associated to the tableau for the divisors
of level one in the decomposition in Theorem 6.11. For columns j = 4 to 9, the content flavors
ij — 1 and i; + 1 associated to missing content flavor 4; in column j are highlighted (or else not in
column j if 4; — 1 is the box content in the last box of the column). For columns j = 1 to 3 boxes

containing content flavors of i; are highlighted (see Section 4.3.1)

EEEESENE
[0~ o ] eefve] ]
EEEEEENE

From this, we see that the divisor decomposes as

cl(V) = Cl(VQ,O) + Cl(Vg,o) + Cl(V4,0) + Cl(V5,()) + Cl(V67()) + Cl(V77()) + 2(61 (Vo,g)) + Cl(VO,g).

4.4 Rank one vertical scaling

In this section, for the Lie algebra sl and the set of dominant integral weights Py(sl,), we describe
two types of scaling operations on the Lie data referred to as vertical and horizontal (Definition 4.40

and 4.41). We state results on the vector bundles and first Chern classes of bundles obtained by
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r—1

scaling the Lie data defining a rank one bundle on My ,. Below, we let A = ijl ajw; € Py(sl,),

m € N, and set V = V(sl,, X, ¢) with )= (A1) ey An)-

Definition 4.40. The vertical scaling of a weight ) is defined to be the weight A\(m) = Z;;% ajWmj €

Py(slyy). We denote Vp, = V(slyy, A(m), £), where X(m) = (A1(m), ..., \n(m)) to be the bundle

obtained by vertically scaling the Lie data.

Definition 4.41 (see Def. 2.5 [10]). The horizontal scaling of a weight \ is defined to be the weight
mA = Z;;i mcjw;j € Pry(sl.). We denote V[m] = V(sl,, mX, mf), where mX = (mAi, ..., mA,) to

be the bundle obtained by horizontally scaling the Lie data.

The following result is a special case of horizontal projective rank scaling for bundles of rank
one (cf. [10, Thm. 3.1]). This was proved initially for bundles with g = sl at level one in [22,

Prop. 1.3] and generalized to bundles with projective rank scaling in [10, Thm. 3.1].

Claim 4.42 (Horizontal projective rank scaling). For V = V(sl.;1, X, £) of rank one, the bundles
V[m] for m € N are also rank one and the first Chern classes are related by the identity, ¢1 (V[m]) =
m-c1(V).

The analogous vertical scaling result for rank one bundles also holds. The precise statement
and proof, communicated by Belkale, Gibney, and Kazanova, are given in Proposition 4.44. The
main methods in the argument involve: (1) rank-level duality of the fiber of the bundle over a
smooth point [38, Cor. 4], (2) intersection theoretic computations using formulas by Fakhruddin
[17, Prop. 2.7], and (3) factorization formulas of vector bundles of conformal blocks (as in [17,
Prop. 2.2]). In Observation 4.43, we summarize three results of rank one bundles used in the
argument. These observations follow from the fact that the set of F-curves spans the vector space
of 1-cycles on My, and the rank of a bundle can be computed using factorization with a partition

of the weights determined by an F-curve.
Observation 4.43.

(1) For V=V(g, X, ?) of rank one, there is at most one nonzero term in the summation to compute

rank by factorization along the partition determined by an F-curve, F.
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(2) Particularly, the four weights g = (u1,us, ps, pa), indexing this nonzero term determine

deg(V|r) = deg(V(g, i, £)) [17, Prop. 2.7].

(3) Two divisors ¢1(V) and ¢ (V') on My, are linearly equivalent if and only if the divisors

intersect all F-curves in the same degree.

Proposition 4.44. Let V = V(sl., X, ¢) be a bundle on My, such that tk(V) =1, then tk(V,,) =1
and ¢1(Vy,) =m - c1(V)

Proof. If V has rank one, then by taking its rank-level dual (see [33, Cor. 4]), one obtains the rank
one bundle V(sly, 2T r), where A = ():1T, ceey ):nT) with X; the modified Young diagram obtained
by adding ¢ — )\1(-1) columns of length r to the Young diagram \; (see Section 7.1 in [38]) and ):iT is
the transpose of the Young diagram Xi. The weight \; corresponds to adding trivial representations,
wo, to the weight A; so that \; has 5\1(.1) = {. Now, by Claim 4.42, V(ﬁ[g,mXT,mr) also has rank
one. By taking the rank-level dual of this bundle, one obtains V(sly,, A(m),¢) = V,, and so also
has rank one. One can check that indeed, normalizing the weights (m):iT)T (i.e., removing columns
of length mr from the Young diagrams corresponding to the weight (m):iT)T) appearing in the
rank-level dual of the scaled bundle, correspond to the desired scaled weights X(m)

For any F-curve, we can apply the rank result to the rank one bundle with four weights,
V(sl,, fi,£), in Observation 4.43(2) associated to the bundle V, to deduce rk(V(slp,,, fi(m),?)) = 1.
Since we showed rk(V,,) = 1, the scaled weight fi(m) must be the weight from Observation 4.43(2)
for the bundle V,,. In Lemma 4.45 we show m - deg(V(sl,, /i, ¢)) = deg(V(sly,, fi(m),£)). From

Observation 4.43 (2, 3) the proposition follows. O
Lemma 4.45. Let V = V(sl,, X, ) be a bundle on Mg 4 with X = (A1, A2, A3, A4) and V,, be the
bundle obtained by vertically scaling the Lie data (Definition 4.40). If rank(V) = 1, then

m -degV = degV,,.

Proof. Assuming rk(V) = 1, it follows from the first argument in Proposition 4.44 that for all
m > 1, 1k(V,,) = 1. By Claim 4.42 we then also have rk(V,,[m]) = 1.

To compute the degree of a four weighted bundle, we use Fakhruddin’s formula [17, Cor. 3.5],

67



4
1 .
deg V(sl,, (A1, A2, A3, \g), 0) = 2(r+€){ E cr(N)
=1

{ Soami X ks, (A ), O 1k V(s (Ab,Ac,u*>,€>}}}- (4.3)
AEPy(sl;) {a}{bc}={234}

In this formula, ¢,.()\) is the scalar by which the Casimir element of sl, acts on the irreducible s,

representation V) (see for example [14, IX.7.6] or [16, p. 511]). Since V is rank one, there is exactly

one weight p € Py(sl,) such that

rk V(sly, (A1, Aa, 1), £) tk V (s, (Ao, Ae %), £) = 1 (4.4)

for each a = 2,3,4 in the indexing set of the final sum in Equation 4.3 (and zero otherwise). Thus,
this sum indexing over pu € Py(sl,) in Equation 4.3 reduces to a sum of three terms. Equation 4.3

can be written as,
4

1 . >
degV = M{;CT(Ai)_ZCT(Mj)}ﬂ (45)

j=1
where i; € Py(sl,) are the three weights making each case of a for Equation 4.4 true. By the rank
scaling result of Proposition 4.44 and Claim 4.42, the (vertically and horizontally) scaled weights
mpj(m) € Pp(shy,,) will also be those appearing in the similarly reduced degree computation for

Vm[m]. This implies,

3
degV,,[m] = (mr + mb) { ZC””" (mi( Z Crnr (Mgt (M } (4.6)

From the definition of the Casimir operator ([14, IX.7.6] or [16, p. 511]) a formula for the

Casimir scalar for sl and weight \ = Z::_ll c;w; can be computed. We write one such standard

formula below in Equation 4.7. An equivalent formula, using another choice of basis can be found

in [35, Sect. 6].
1 r—1 9 r—1
GN) == (r—dicd+= > (r—jicic;+ Y _(r—iici. (4.7)
[t " 1<i<j<r—1 i=1
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We observe that the relationship of the Casimir scalar for sl and weight A, and sl,,, and scaled
weight mA(m) is

Emr(mA(m)) = m3e,(N).

Using this relationship and Claim 4.42 with the rank one bundles V,,, and V,,[m]| leads to

1
degV,, = — deg V,,,[m]
m

1 1 .
B 34 ] 3 .
= mz(m_|_mg){ 2 e ) -2 m W”)}

=1 Jj=1
_ 1 1 50 S 000 =S et
= wm(m ) 2 er(N) —]Z::lcr(,u])
1 1 °
_ mM{ SLEES D
=m -degV. -

When the weight vector X has rectangular weights, the converse of the rank relationship in
Proposition 4.44 is also true. The argument in the first paragraph in the proof of Proposition 4.44

can be reversed to obtain the following result.

Corollary 4.46. For V = V(sly,,, X, £), we have rk(V) = 1 if and only if rk(V,,) = 1.
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Chapter 5

Divisor Equivalence of Bundles

V(E[Q, X? 6) and V(5p2€7 )_‘)Tv 1)

In this chapter, we investigate the first Chern classes of bundles V(sly, X, £) and V(spyy, AL, 1) (see
Section 3.2) and prove Theorems 1.8 and 1.9. Our methods involve comparing intersection numbers
of ¢1(V(sla, X, 0)) and ¢1(V(spyy, AT, 1)) with an arbitrary F-curve by applying the intersection
formula in Proposition 3.17 (from [17, Prop. 2.7]) and using Fact 3.2 on the equality of the rank
terms appearing in this formula for bundles V(sls, X, ¢) and V(spy,, XT, 1). In Section 5.1 we restate
the results of Theorem 1.5 in the case when V(sly, X, ¢) is a bundle over MOA in order to describe
the four pointed bundles appearing in the intersection formulas of rank one bundles. In Section 5.2
we prove Theorem 1.8 by first showing the result for bundles with four weights (see Lemma 5.4).
With this result and the observation made in Observation 5.2 for intersection numbers of rank one
bundles, it follows that for n > 4, the corresponding intersections numbers of ¢;(V(sly, X, £)) and
c1(V(spyy, XT, 1)) are equal if the four pointed bundles appearing in the intersection formulas from
Proposition 3.17 are rank one (or zero) bundles. In Proposition 5.7 we show such a condition with
all F-curves implies the original bundles have rank one or zero. We end this chapter in Section 5.4
by explicitly describing the maps from rank one (or zero) bundles given by ¢ (V(sla, X, 0)) and
e1(V(spays AT, 1)).
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5.1 Rank one classification of V(sly, X, ¢) and V(sp,, A7, 1) with four

weights

In Theorem 1.5 a complete description of X and / is given to determine when the rank of V(sls, X, ?)
is one. Due to the equality of ranks of bundles V(sly, X,¢) and V(spyy, AL, 1) in Fact 3.2 this

result also applies to bundles V(spy,, AT, 1). We state this result explicitly for four pointed bundles

V(sla, X, ) and V(spqy, £ 1) by specializing the classification in Theorem 1.5 to this case.

Lemma 5.1. Let V(er,X, ¢) and V(sp%,;\'T, 1) be defined with a fixed X = (a,b,c,d) at level ¢
such that a + b+ c+d = 2(£ + s), for some integer s. Then rk(V(sly, X, £)) = tk(V(spy, 5,)) = 1 if

and only if one of the following sets of conditions is satisfied:
1) s>0,
1) s<0and
2) a,b,c,d> s, and or
2) a=/l+s.
3) a=Clord=s,

Furthermore, rk(V(sly, X, ¢)) = tk(V(spy, v ;)) > 1 if and only if one of the following sets of

conditions is satisfied:

1) s>0,

1) s<0and
2) a,b,c,d > s, and or

2) a<l+s.
3) a#l,

5.2 Proof of divisor equivalence for rank one bundles

In this section we prove Theorem 1.8. Our method is to show the divisor classes ¢;(V(sly, X, £))
and ¢, (V(spyy, AT, 1)) intersect all F-curves in the same degree if and only if the bundles have rank
one (or zero). As the set of F-curves spans the vector space of 1-cycles on My, (see Observa-

tion 4.43(3)), this will conclude our result.

We first note the following observation for rank one bundles.

Observation 5.2. For V(g, X, ?) of rank one, there is at most one nonzero term in the intersection
formula in Proposition 3.17 from [17, Prop. 2.7]. Particularly, this potential nonzero term is the

degree of a four pointed bundle with rank one.
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From this observation, together with the equality of ranks in Fact 3.2, the following simplification

for computing degrees for rank one bundles V(sls, X, ¢) and V(spyy, 2T 1) is deduced.

Corollary 5.3. Let V(sly, X, £) and V(spos, AT, 1) be defined for a fixed £ and X. If rk(V (s, X, £)) =
1, then for any F-curve, FJ, 1, 1,.1,, there is a four-tuple of nonnegative integers i = (a, b, ¢, d) such

that

deg(V(sla, X, O)| F1y 1,15,1,) = deg(V(slz, i1, £))

and

deg(V(5p2£7 XTv 1)‘F11,12,13,I4) = dEg(V(Ep%’ /Iv 1))

From this corollary, it follows that to compare intersection numbers for rank one bundles V(sly, X, ?)
and V(spy,, XT, 1), we need only compare four pointed degrees of rank one bundles. We now prove

a result about such bundles.

Lemma 5.4. Let V(sly, X, £) and V(spyy, A7, 1) be defined with a fixed X = (a, b, ¢, d) and integer

¢ such that a + b+ ¢+ d = 2(£ + s), for some integer s. Then

rk(V(sly, X, £)) = rk(V(spoyg, AT, 1)) = 1 or 0

if and only if
deg(V(5[27 X? E)) - deg(V(ﬁpﬂa XT? 1))

Particularly, in the case when degrees are equal, they are equal to max{0, s} and when they are

not equal, deg(V(sly, X, £)) < deg(V(spy, AT, 1)).

Proof. We first prove the forward direction. If the rank of the bundles is zero, then degree formulas
will be consistent (both zero, implying the bundles are trivial). Assume then that rk(V(sla, X, £)) =
rk(V(spyy, AT 1)) = 1. We show the degree formulas in Lemmas 3.19 and 3.20 are equal. To do this,
we compare the corresponding degree formulas in the four cases determined by the relationship of
a,b,c,d,f, and s in Lemma 3.20. We go through the first case; the other cases follow from similar

calculations.
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In the first case of Lemma 3.20, suppose a +d > b+ c and s > 0. Since we are assuming

rk(V(sly, X, €)) = 1, Lemmas 3.19 and 3.20 give

deg(V(sly, X, 0)) = s (5.1)

and

deg(V(spyy, A, 1)) = max{0, ({ + 1 — a)(£ + 25 — a)/2}. (5.2)

Now, since a < £ and s > 0 the value ({+1—a)(¢4+2s—a)/2 in (5.2) is nonnegative. Furthermore,
since Tk(V(spgg, AL, 1)) = 1, Lemma 5.1 implies d > s and either a = £ or d = s. However, since
a+b+c+d=2{+s)and a+d > b+ cit follows that a +d > ¢ + s and so indeed, a = ¢. Using

this, the right-hand side of (5.2) becomes,
l+1-0)+25s—-1)/2=s,
showing (5.1) and (5.2) are equal and hence deg(V(spy, AT, 1)) = deg(V(sla, X, £)).
For the reverse implication, assume rk(V(sly, X, £)) = rk(V(spyy, AL, 1)) > 1. From Lemma 5.1
we can assume s > 0 and both a < £ and d > s. We compare the four point degree formula from

[17, Prop. 4.2] for sly bundles with our corresponding formula for spy, in Lemma 3.20. We must

consider two cases.

Case 1: a+d > b+ c. We compare,

deg(V(sly, X, £)) = max{0, ({ + 1 — a)s}

and

—

deg(V(spap, A1, 1)) = max{0, (£ + 1 — a)(£ + 25 — a)/2}.

73



With our assumptions, it follows that both values are nonzero. Since a < ¢, it follows that 577‘1 >0

and so ({+1—a)s < ({+1—a)({+ 25— a)/2. This shows deg(V(sla, X, £)) < deg(V(spy, AT, 1)) .
Case 2: a+d < b+ c. We compare,

deg(V(sly, X, £)) = max{0, (1 + d — s)(s)} and

—

deg(V(spys, AT, 1)) = max{0, (¢ + 1 — d)(d + s)/2}.

With our assumptions, both values are nonzero (as d > s) and deg(V(sla, X, £)) < deg(V(spyy, AT, 1)).
O

The results of Lemma 5.4 and the method of computing vector bundle rank using factorization
(Proposition 3.1) in the discussion of Observation 5.2 allow us to explicitly determine when two
intersection numbers for ¢; (V(sly, X, £)) and ¢1(V(spy, AT, 1)) with an arbitrary number n of weights

are equal. We summarize this result in the following corollary.

Corollary 5.5. Let V(sla, X, £) and V(spyy, AT, 1) be defined for some fixed integer ¢ and n-tuple
X. Given a partition {1,....,n} = Iy U Iy U I3 U I; determining an F-curve on My, the intersection
numbers for ¢1(V(sla, X, £)) and ¢;(V(spy, AL, 1)) are equal on that F-curve if and only if the four
pointed bundles appearing as the degree terms in Proposition 3.17 (from [17, Prop. 2.7]) are rank

one or zero bundles. Furthermore, the following relation always holds

deg(V(EIQv X? g)‘Ffl,bJs,L;) < deg(V(ﬁp%, XT? 1)|F11,12,13J4)'

As we prove in Proposition 5.7, if a vector bundle V(sly, X, ¢) or V(spy,, AT, 1) satisfies the
conditions in Corollary 5.5 with every possible partition determining an F-curve (see Definition 1.1)
then this also implies the bundles V(sly, X, ¢) and V(spoyy, A7, 1) have rank one. The argument in
the proposition uses the following result. To reduce notation, we carry out the argument for slo

bundles and write V5 = V(sly, X, £) where we have fixed a level /.
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Lemma 5.6. Fix an integer £ > 0 and n-tuple of weights X = (A1, ey Ap) € Py(slp)™. Let i < p €
Pg(ﬁ[g). If
rk(V(xm),rk(V(xﬂ)) >0,

then also

Proof. We show this result by induction on the number n of weights in X

Let i < p € Py(sly) be as in the lemma statement. As stated in Sections 3.2 and 3.4, the
weights i and g will have the same parity. If ji + 2 = u, then the lemma is vacuous, thus assume
o+2 < p.

For our base case, we show the result for n = 2. In this case, we have:

tk(Vy, aou) =1

and

I‘k(V,\L)\%ﬁ) =1.

From the three point fusion rules with weights A1, A2, u and A1, A2, i (3.4) the fusion rules with
A1, Ao, i + 2 follow. Thus,

rk(Va, g it2) = 1.

Now, suppose the statement holds for n > 2. We show the result for n 4+ 1 weights in X. The

rank of V and V can be computed using factorization along the partition {1,2,3,...,n} U

(Xom) (X,i1)

{n+1,n+ 2}. This gives the following sums, which, by the assumption of the lemma are nonzero.

k(o doddosrs) = O TR (Vi ) TRV dsdw) > 0 (5.3)
vEP(sl2)

K(Vadddesnd) = O Tk (Va0 o) Tk(Vay ani) > 0 (5.4)
DEP(sl2)
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Using the same partition, we can compute the rank of a bundle with weights (X, i+ 2),

rk(V)\ly/\27---7)‘n:/\n+l7/1+2) = Z rk(Vﬂ+2,)\n+1,5)rk(V}\l,)\g,...,)\n,f/) > 0. (5.5)
EGPZ(,G[Q)
We show the sum in (5.5) contains a nonzero term.
Let v and 7 be two fixed weights appearing as nonzero terms in (5.3) and (5.4) respectively.

Explicitly, we have

RV 0 TRV A g i) TRV a0 10,5), TRV dgdn5) >0 (5.6)

We consider three possible cases for the relationship between these weights.
Case 1: v < v.

We show that 7 or 7 4 2 is a weight appearing as a nonzero term in (5.5). We consider two
subcases.
Case 1(a): p+2<a+7r.

In this case, we show v is a weight appearing as a nonzero term in (5.5). Using the assumption
of this subcase and the fusion inequalities (3.4) with weights fi, a, 7, the fusion inequalities with

i+ 2, a,v follow. Thus

rk(Viton, 1,7) > 0.
By (5.6) the following term is nonzero in the sum (5.5),

(Vo n i) KV g onni) > 0

Case 1(b): i+2>a+ 7.

We now show U + 2 is a weight appearing as a nonzero term in (5.5). Since i < a + 7 (3.4),
parity of the three weights and the assumption of this subcase implies i = a + 7. We consider the
fusion inequalities with weights i + 2,a,7 4+ 2. The first three fusion inequalities follow directly.

We must check a + (i +2) + (0 + 2) < 2¢.
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Suppose this was not the case, we derive a contradiction. Assume a + (i + 2) + (7 + 2) > 2.

But as we also have i = a + 7, it would follow that

a+(i+2)+@P+2)=(a+v)+p+4=20+4>2C,

and so

n+2>4L

This would imply fi = £ or i + 1 = £ which contradicts i +2 < p < £. Thus, the fusion rules must
also be satisfied for weights fi 4+ 2,a,7 + 2 and so 1k(Vj40, .1, +2) > 0.

Since U < v, the inductive assumption implies

rk(Vy, apan i) >0,

which allows us to conclude the following term is nonzero in the sum (5.5)

rk(Vitan, 1.042) TRV, g a542) > 0.

Case 2: v =v.

We can assume 7 = v are the only weights associated to a nonzero term in the sum of (5.3) and
(5.4) in order to avoid repeating a case. More specifically then, the only possible weights v and
v for which rk(V, q,) > 0 and rk(V; 4 ) > 0 are the same weights v = 0. For two fixed weights
(say, ¢ and a) fusion inequalities determine such possible weights v with nonzero rank terms V, , ;.
Thus, the upper and lower bounds on the weight v determined be the fusion rules must be the

same with weights u,a and i, a. This implies:

max{a — p, . —a} = max{a — fi, i —a} = min{2¢ — p —a,a + p} = min{2¢, i — a,a + fi}.

Since we have assumed i < p (and given the above equality) the maximum and minimum can
be determined, providing,

p—a=a—p=20—pu—a=a+ .
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From these equalities, we can deduce the following relations.

fi=0 a=10/2 (5.7)

w=>4 v=1_/2

We show that v is a weight appearing as a nonzero term in (5.5). From our deductions, we
consider 1k(Vy, g i12) = rk(Vy/2,¢/2.2). That this term is nonzero follows directly from checking the
three pointed fusion rules (3.4) with weights ¢/2,¢/2,2. By the nonzeroness of the term associated

tov =7 in (5.6), we can deduce

rk(V,,’ag) rk(th,\zw.’)\my) >0,

and thus contributes a nonzero term to the sum of (5.5).
Case 3: v > v.
We show 7 is a weight appearing as a nonzero term in (5.5). First, we can assume v + 2 = 1.

If this was not the case, then by (5.6) and our inductive assumption it follows that

rk(V; g A vt2)

is also nonzero. Repeating this argument, say m times, we can continue until we obtain

tk(V; Az A vt2m) > 0.

We can now take v to be the weight v + 2(m — 1) and continue the case with this weight for v.
With this additional condition, the fusion inequalities with weights v, a, 1 and the fusion in-

equalities with weights 7, a, fi, then the fusion inequalities with weights v, a, it + 2 follow. This

shows 1k(V,, 4 i4+2) > 0. From (5.6), we also have rk(Vy, x,. . x,.) > 0 and so, the product of these

nonzero terms provides a nonzero term in (5.5). O

Proposition 5.7. Let V(slg,x,f) be defined for some fized ¢ and n-tuple X. Let {1,..,n} =
iU, U3y be any partition into nonempty sets. Consider the sum in the rank computation using

factorization along any such partition. If the four pointed bundles appearing in the factorization
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sum associated to the weights in the indexing set of the sum (i.e., the ‘attaching’ or ‘gluing’ weights)

have rank one or zero, then rk(V(sly, X, £)) = 1.

To prove Proposition 5.7, we first prove Lemma 5.8 and show the result for a bundle with
five weights. We then use induction on the number of weights to prove the general statement of

Proposition 5.7.

Lemma 5.8. Let V(sly, X, ¢) be defined for some fixed ¢ and weights X = (a,b,c,d, e) such that
rk(V(ﬁ[2,X, £)) > 0. If the rank computation along any partition {1,2,3,4,5} = I; U o U I3 I,
into nonempty sets has rank one or zero terms for the four pointed bundles appearing in the terms
in the rank factorization sum (see (5.8) below for where the bundles with four attaching weights

appear explicitly), then rk(V(sly, X, 0) =1.

Proof. As in the Lemma statement, let V(sla, X, ) be a bundle with weights X = (a,b,c,d,e) (we use
this notation to match the notation from Lemma 5.1). Using the result of plussing (Proposition 3.6,
see [10, Def. 8.2]), we can assume four of our weights are a,b,c,d < g. Further, suppose a > b >
¢ > d. Consider the partition [5] = {1} U{2} U{3} {4, 5}. Using factorization along this partition,
we have the following computation (where i = (1, p2, i3, p14) and we denote Vy for the bundle
V(5[27 X? 6))
rk(V(slz, X 0) = Z rk(Viz) tk(Va,pu, ) th(Ve ) tk(Ve ) tk (Ve pug)- (5.8)
HEPy(slp)4
Using the fusion rules for sly in (3.4), the two pointed rank terms are nonzero (and equal to
one) if and only if the two weights are equal. Hence, equation 5.8 reduces to,
rk(V(sly, X, 0) = > 1tk(Vapeu) tk(Vaep)- (5.9)
HEPy(sl2)
The assumption of the Lemma is that tk(Vop . ,) = 1 or 0 for any p € Py(slz). In order to deduce
the original bundle has rank one, we first show there is only one nonzero term appearing in (5.9);
we will then show such a term is one.
First, since rk(V(sly, X,£)) > 0, we know there must be at least one nonzero term in (5.9)

(otherwise the bundle would have rank zero). For contradiction, suppose there are at least two
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nonzero terms in (5.9), that is,

rk(V(sly, X, ) > 1k(Vap o) Tk(Vae ) + 1k (Vi pe ) th(Vae ) > 2 (5.10)

and p # [i; particularly, let’s assume fi < p. As we previously discussed, by the fusion rules for sly
in (3.4), in order to two nonzero rank terms, the weights d, e must not be zero. With our previous

assumption we have a > b > ¢ > d > 0. Further, let s and § be integers such that

at+bt+c+pu=20{+s) (5.11)

and

a+b+c+ji=2(0+3). (5.12)

Since i < u, it follows that § < s and parity provides the further relation &+ 1 < p. Solving

for s in the above set of equations, we obtain the relationship

s:§+“2;“ (5.13)

There are three possible cases between § and s arising from the conditions in the classification
of rank one bundles (Lemma 5.1): §<s<0,5<0<s,and 0 <35 <s.
Case 1: § < s <0.

In this case, the second collection of conditions in Lemma 5.1 must be satisfied for weights
{a,b,c,u} and {a,b,c, i}. Hence, the largest weight in each set must be equal to £ + s and ¢ + §
respectively. Since we assumed the weights are ordered a > b > ¢, the largest weight in the set
{a,b,c, u} is either a or p and the largest weight in the set {a, b, c, i} is either a or fi. If the largest
weight in each collection is a, then we would have a = £+ 5§ = ¢ + s, implying § = s. And similarly,
if the largest weights in each collection are p and fi, then a+b+c =0+ s ={+ 5, implying § = s.
Hence, we must have p the largest weight in the set {a,b,c,u} and a the largest weight in the set
{a,b,c, i}. This implies p =€+ s and a = £+ 3.

We further consider two subcases:

Case 1(a): 1+ 2 < p.
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From this assumption, (5.11), and (5.12), it follows that § + 1 < s. Consider the term indexed
by the weight fi + 2 € Py(slz) in the sum (5.9). Since we are assuming the terms associated to p
and fi in (5.10) are nonzero, it must be that rk(Vg. ,) = 1k(Vg, 3) = 1, the fusion inequalities with
weights d, e, u and d, e, i imply the fusion inequalities with weights d, e, fi + 2 are satisfied, and so
tk(Vge jit2) = 1. Furthermore, consider rk(Vg,p . i42), the assumption of the Lemma is that the

rank of this bundle must be one. However, we have
atbtc+(p+2)=20+35)+2=2({+5+1),

which by Lemma 5.1, implies the largest weight in the set {a,b, ¢, i + 2} must be equal to £+ 5+ 1.

However, since i < a = ¢ + 3, the largest weight is i 4+ 2, implying i = £+ §+ 1. From (5.12)

a+b+c=1/0+5+1 follows and from (5.11) a + b+ ¢ = £ + s follows. Together, these equalities

contradict § + 1 < s. Hence, it must be that i +2 < £+ 5+ 1 and so rk(Vyp . n42) > 1, a

contradiction to the Lemma.

Case 1(b): i+ 2 = u.

We derive a contradiction. From i + 2 = p, it follows that s = 5§+ 1 and

a+btcdp=20+25+2.

Recall, in Case 1 we also have y = £+ s and a = £ + 5. Together, this implies

(C+38)+b+tet+(U+5+1)=20+25+2,

forcing b = 1 and ¢ = 0. This contradicts the weights a, b, ¢, d being nonzero.

Case 2: § <0 <s.
First, from rk(V, ) = 1, the rank one classification result in Lemma 5.1 implies a, b, c, 1 > s

and one of the following is satisfied

(a) ¢ =s < p (cis smallest weight),

(b) = s <c (uis smallest weight),
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(¢) =2 (pis largest weight).

If (a), then since a + b+ ¢+ p = 2¢ 4 2s it follows

a+b+pu=20+s.

As £ > a + b (by plussing the weights, see Proposition 3.6), this would give,

C+p>20+s

forcing p = £ and s = 0 (that is, condition (c¢) from Lemma 5.1 is implied) and so we can ignore
this as a separate case.
If (b), then we obtain a contradiction. Recall, we are assuming

a+b+c<£+£+£—§€
-2 2 2 27

but = s forces a +b+c =20+ s> 20 (as s > 0).
If (c), it follows that

a+b+c=1~0+2s.
By the Generalized Triangle Inequality for rk(V, . ,) (Proposition 3.5) it follows that
a+b+c< =14,
forcing s = 0 and
a+b+c=V"L (5.14)

Now we consider 1k(V,p,.5) = 1. Again, using the classification of rank one from Lemma 5.1,
we must have the largest weight of {a,b,c, i} equal to £+ 5. We consider two cases for this largest
weight.

Case 2 (a): a = ¢+ 5 is the largest weight in {a,b,c, fi}.
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We show such a bundle cannot satisfy the conditions of the lemma. With the assumption in

Case 2 and a < %, we have a =0+ 5 < % forcing § < —%. From (5.13) and s = 0, it follows that

=
=

r=H
2

0=5+ <-5+55+5

N

Now, substituting p = £ into this inequality, it follows,

OS_[L,

forcing ji = 0. Using i = 0 and (5.14),

2W+25=a+b+ct+p=a+b+c=".

This shows § = %e (which requires ¢ to be even) and forces a = g and b+c = %.

In summary, we have shown pu = £ and i = 0 are the two attaching weights appearing as
nonzero terms in (5.9). Since we are assuming these terms are nonzero, it must also be that
tk(Vgee) = tk(Vgeo) = 1. Thus, the inequalities from the fusion rules in (3.4) with weights
d,e,l and d,e,0 are satisfied. Particularly, rk(Vg.0) = 1 implies d = e and rk(V4.¢) = 1 implies
d+ e = {. From this, we must have d = e = g. We can conclude then that our five weights are
)= (%,b,c,%,%) with b+ ¢ = %

With such a X, consider the rank computation using factorization along the partition {1} U
{2,3} U {4} U {5}. This gives the sum,

(V) = > tk(Vee e Jk(Voeyp).
HEPy(sl2)

By the assumption in the lemma,

rk(V rk(Vp,pu) =1 or 0, (5.15)

L L ¢
57575#)

for any p € Py(slz). We show this is not true for the weight p = g.

First, consider rk(V, . ¢). With b+ c = 5, it is straightforward to check the fusion inequalities
b 72

£
2
with b, c,% in (3.4) are satisfied, so rk(Vy, ,) = 1.
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). From the rank formula in Proposition 3.4 (see [14, Lemma 3.3]), we

Now consider tk(V, ¢ ¢ ¢
12

Lt
2°2

‘
2

)

compute

¢
)=1+_->1

k(V
rk( 5

This contradicts the product in (5.15).
Case 2 (ii): 1 = ¢+ § is the largest weight in {a,b,c, ii}.

If i =0+, then by (5.14), L =a+ b+ c =+ § < { (recall, Case 2 assumption is § < 0 < s),
a contradiction.

Case 3: 0 <5< s.

From Case 2, if we assume a, b, ¢ < %, s >0, and rk(Vg ) = 1 it follows that p = £. Since we
are now also assuming 5 > 0 and rk(V, .. ) = 1, it follows that i = ¢. This contradicts fi < p. We
conclude the sum in (5.9) consist of one nonzero term. Particularly, since this term is a product of
two ranks each equal to one, the sum is one and hence a bundle with five weights that satisfies the

assumptions of the lemma has rank one. O
We now use induction on the number of weights of a bundle to prove Proposition 5.7.

Proof of Proposition 5.7. In Lemma 5.8, we show the result of the proposition for n = 5 weights,
this provides our base case of the induction. Now assume the proposition holds for a bundle with
n > 5 weights, we show the case with )= (A1, A2, ooy Apy Apt1) follows.

Consider the factorization sum using the partition {1}U{2}U{3}U{4,...,n+1} with £ > X >
A2 > A3 (by plussing the weights, see Proposition 3.6). The rank computation using factorization

with this partition gives the sum,

k(Ve) = > tk(Vay aoren) TRV s A ) (5.16)
REP(sl2)

As in Lemma 5.8, we first show that this sum contains at most one nonzero term. For con-
tradiction, suppose i < pu € Py(sly) are associated to nonzero terms in the sum (5.16). Then by

Lemma 5.6, since rk(V, x5, hni10)s TR(V Ay 25, Angr,i) > 0 it follows that we also have

rk(V)\4,)\5,...,>\n+1,ﬂ+2) > 07 (517)
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(with the cases that i +2 = p or fi +2 < ).

By the assumption of the Proposition,

I‘k(V)\h)%)\S,#) =1 (518)

and

rk(V)\h)\Q,)\&ﬂ) = 1. (519)

As in Lemma 5.8 with five weights (cf. (5.11) and (5.12)), let s and § be integers such that

M+ X+ As+pu=20+s) (5.20)

and

)\1+)\2+)\3+ﬂ=2(€+§). (5.21)

The same relation between s and § from (5.13) holds and we again have three possible cases between
§ and s resulting from the conditions in the classification of rank one bundles in Lemma 5.1. The
arguments and results with five weights in Lemma 5.8 can be used to reason with the bundles in
(5.18) and (5.19); specifically, we can follow the same arguments using a = A;,b = X2, ¢ = As.
Case 1: § <s<0.

We consider the two subcases considered in the n = 5 argument of Lemma 5.8.
Case 1l (a): i+2<p.

Repeating the argument in Case 1(a) with n = 5, it follows that rk(Vy, x, x,,4+2) > 1. By (5.17),
this contradicts the assumption of the proposition (if we didn’t have (5.17), then it might be that
the product that appears in the factorization sum is zero because the term (5.17) is zero).

Case 1 (b): i+ 2 = pu. The same argument with n = 5 weights derives a contradiction.
Case 2: s <0 <s.

Following the argument with n = 5, we must consider when pu = ¢ is the largest weight in
{1, A2, A3, u}. We further consider the two subcases determined by the largest weight; that is we
consider when A\; = ¢+ § or ji = ¢+ § are the largest weights in {A1, A2, A3, i}. Recall, in the n =5

argument, assuming i = £+ 5 is the largest weight derives a contradiction; this contradiction would
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similarly be derived in this case. Thus we just consider the case that Ay = £+ 5 is the largest weight
in {1, A2, A3, i} and from this assumption the following relations are deduced (again, following the

argument with n = 5 weights),

==y s=0 A =1{/2 (5.22)

=0 §5=-1/2 Ao+ Az =1/2.

Consider the weight 142 = 2 in the sum (5.16). Given the nonzero rank of the bundle in (5.17),
the assumption of the proposition is that rk(Vy, x, x;,5+2) = 1. We will derive a contradiction by
deducing from the rank one classification results in Lemma 5.1 that such a bundle has rank larger
than one. We compute, A\ + Ao + A3 +2=2({+3)+2=2((—/¢/2+1). Then § = —¢/2 + 1 is
the parameter appearing in Lemma 5.1 with the bundle V, ), x; i+2. Since A3 = % is the largest
weight in {A1, A2, Az, 2}, it follows from Lemma 5.1 that rk(Vy, y, x.2) > 1.

Case 3: 0 <5< s.

Here, the same contraction from the n = 5 argument is deduced. Specifically, we obtain

w = {¢ = [ which contradicts i < p.

It follows that the sum in (5.16) reduces to one term,

rk(V<5[27 X? 6)) = rk(VM,/\z,)\s,u) rk(VA4,)\5,)\6,m,)\n+1,H)‘ (523)

We must show that this term is one. Particularly, since we are assuming rk(Vy, x, x;,u) = 1, we

must show

rk(v)\4»)\57/\67-~~7)\n+17/»1«) =1

We proceed by showing the bundle Vy, x; xs,....A,.1,. Satisfies the assumptions in the Proposition.
Since this bundle now has n — 1 < n weights, by our inductive assumption, we will conclude this
bundle has rank one.

Let 1 Ul UIsU Iy ={4,5,...,n+ 1} be any partition. We want to show that the four weight

bundles appearing in the rank factorization sum with the bundle Vy, x; xs,... A1, and partition

I, U I, U I3 U Iy have rank one.
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We begin by computing the rank of the original bundle V(slo, X, ) using the partition [n] =
{1,2,3} u {1 Ul UI3U 1}, In the following i = (p1, pa, 3, pra) and Ay, = {\j}jer,. This gives,

rk(V(EIQ’ Xa f)) = Z rk(VAh)\z,)\&V) rk(VM,)\s,)\s ----- /\n+1,l/)

vEP;(sl2)
= > kVanena) (D V) RV i) TRV ) TR (Vg i) TRV )
I/EPZ(5[2) ﬁ€P£(5[2)4

= Z Z V>\17)\27>\3 v) Tk(V ) rk(VMl 7V7M1) rk(VMQ 7H»2) rk(VA13 #3) rk(VAM #4)
vEPy(sly) GEP;(sl2)*

= Z Z rk(Vaiaons,0) rk(V[I) rk(VMl ,14#1) rk(VAIQ ,#2) rk(V)\I3 ”us) I‘k(V)\14 ,/14)
HEPy(sl2)* vEP,(sl2)

= 3 k(X KVarans) TR Vo, i) ) TV ) TRV g0 TRV )
AEP;(sl2)4 vePy(sla)

= rk(Vﬁ) rk(VAh/\z,)\&)\Il ,m) rk(V/\IQ ,u2) rk(V)\I?) 7;13) rk(V/\14 ,,u4)-

The last line follows from factorizing rk(V, x,,05,07, ,u1) With the partition of weights {A1, A2, A3} U
{Ar, 11} in reverse.

The assumption of the proposition is that all ranks rk(V;) appearing in this sum are one or zero.
Since the partition I; LI Iy Ll I3 LU Iy was an arbitrary partition of {4,5,6...,n+ 1}, we can conclude
that the assumption of the proposition is satisfied for the n — 2 weight bundle Vy, x; xq,....Ani1.00

By our inductive assumption, the rank of this bundle is one. O

Remark 5.9. In Observation 5.2 we discussed the converse of Proposition 5.7. Specifically, for a
vector bundle of rank one, when we compute the rank using factorization along any partition of

{1,...,n} determined by an F-curve, the sum in the factorization formula is one term equal to one.
We summarize our results of this section with the proof of our main result.

Proof of Proposition 1.8. Let V(sly, X, £) and V(spys, X7, 1) be defined for a fixed integer £ and n-
tuple X. Observation 5.2 and Proposition 5.7 show that such bundles have rank one if and only
if the rank calculated by factorizing along the partition of the n weights determined by any F-

curve has rank one on the four pointed bundles associated to the four attaching weights. By
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Lemma 5.4, the degrees of four pointed bundles V(sly, X, £) and V(spoy, X7, 1) are equal if and only
if the corresponding bundles have rank one or zero, and otherwise, by Corollary 3.24 the degree
term of V(spyy, XT, 1) is larger. Hence, such bundles will have equal intersection on every F-curve

if and only if the bundles have rank one or zero. O

5.3 Examples of divisor identities

Here we give examples illustrating Theorem 1.8 and emphasize the necessity of the rank one con-
dition in Theorem 1.8. In the first two examples, the bundle V(slg,x, ) has certain properties
described in previous work, however the first Chern classes ¢1(V(sly, X, £)) and ¢1(V(spy,, X, 1)) are
not linearly equivalent. Particularly, Example 5.10 illustrates an sl, bundle that has projective rank
scaling ([10, Def. 2.16]) and in Example 5.11 the level (or Lie rank) is above the critical level for
sly (see Remark 6.2). In Example 5.13 we illustrate two rank one bundles with linearly equivalent

divisors classes (see proof of Proposition 5.16).

Example 5.10. Let £ =5 and weights be given by X = (4,4,4,4). Consider the bundles:

V(5[27X7 g) - V(ﬁ[g, (4747474)75) and V(5p2€7x71> - V(5p2-57 (4747474)7 1)

We have that |X| = 12 = 2(5+1) (showing that £ = 5 is at the critical level for V(sly, X, £)). The

—

ranks of these bundles are, rk(V(sla, X, £)) = rk(V(spyy, X, 1)) = 2. However, the degree formulas in
Section 3.9 give deg(V(sly, X, £)) = 6 while deg(V(spy,, X, 1)) = 7.

Note that in Example 5.10 since rk(V(sly, X, ¢)) = 2, the bundle V(sly, X, £) is said to have
projective rank scaling [10, Def. 2.16]. This example shows that such divisors are not linearly

equivalent with the corresponding sp,, bundle at level one.

Example 5.11. Let £ =5 and X = (2,2,1,1). Consider the bundles:

V(5[27 X7 f) = V(5[27 (2> 27 17 1)7 5) and V(Sp%, X? 1) = V(5p2-57 (27 2> 17 1)a 1)
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Computing ranks gives (for example, by using the Macaulay2 package [13]), rk(V(sly, X, ¢)) =
rk(V(spyg, X, 1)) = 2. Furthermore, we have that [X| = 6 = 2(5 — 2) and so ¢ is above the critical
level (or stabilizing Lie rank). Using the formulas in Lemmas 3.19 and 3.20, we obtain that

deg(V(sly, X, £)) = 0 and deg(V(spoy, X, 1)) = 1.
Example 5.12. Let £ =5 and X = (4,4,4,4,3,3). Consider the bundles,

V(sly, X, 0) = V(sly, (4,4,4,4,3,3),5) and  V(spyy, X, 1) = V(spys, (4,4,4,4,3,3),1).

Computing ranks (for example, by using the Macaulay2 package [13]), we have rk(V(sla, X, 0)) =
rk(V(spgg, A, 1)) = 2. Using [31], a Macaulay?2 code to compute the divisor class of a vector bundle
of conformal blocks on My g, we can explicitly write the divisor of each bundle V(sls, X, ¢) and
V(sp%x, 1) in the nonadjacent basis of Pic(Mgg), the divisor class group of Myg, in terms of
boundary divisors (see [30, Example 4.4]). For a subset I C [6] such that |I| > 2, the divisor class
&7 is the closure of the collection of points in M g represented by a curve with one node, separating
the marked points corresponding to I on one irreducible component and the marked points corre-
sponding to I¢ on the other irreducible component. We give the coordinates of each divisor class
with the basis ordered as {013,014, 015, 024, 625, 626, 035, 036, 046, 0124, 0125, 6134, 0135, 0136, 0145, 0146 } -
This shows the divisors are not linearly equivalent.

This computation gives,
Cl(V(ﬁ[Q,X, 0)) =(12,6,12,12,6,12,12,0,12,2,2,6,24,2,2,6)
and
c1(V(spyy, X, 1)) =(14,8,14,14,8,14,14,3,14,4,4,8,28,4,4,8).

We end with an example illustrating two bundles of rank one which by Theorem 1.8 do have

linearly equivalent first Chern classes.
Example 5.13. Let £ =5 and A = (5,5,5,3,1,1). Consider the bundles,

V(sly, X, 0) = V(sly, (5,5,5,3,1,1),5) and  V(spyy, X, 1) = V(spys, (5,5,5,3,1,1),1).
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Computing ranks, we have rk(V(sla, X, £)) = rk(V(spyy, X, 1)) = 1. We can explicitly write each

divisor in the nonadjacent basis of Pic(My¢) as in Example 5.12. This gives equality

c1(V(sly, X, €)) = e1(V(spag, X, 1)) = (5,0,0,3,1,1,0,0,0,0,0,2,4,4,0,0).

5.4 Generalized Veronese quotients and maps given by rank one

sly and sp,, bundles

There are birational models of My ,, given by so called generalized Veronese quotients, Vﬂff 4 These
projective varieties parametrize configurations of n weighted points lying on (limits of) weighted
Veronese curves of degree d in projective d space. They were first constructed in [21] with S,-
invariant weights A on the n marked points and weight v = 0 on the underlying curve. They
were later generalized in [22, 23]. These moduli spaces receive birational morphisms from My,
and are constructed as GIT quotients generalizing Kapranov’s birational model of Mo,n given by
(B1)"//SL(2) in [20].

In the case v = 0 the birational contractions

AT d
o4 Mon — V4

—

are known to correspond to conformal blocks divisors in type A at level 1, ¢;(V(sl41,A, 1)) [22,

Thm. 3.2]. The higher level divisors ¢;(V(sly, (w1)™,¢)) are also know to give contractions with

(P%,A[ J-

From Theorem 1.7 we have that for V(sly, X, £) of rank one we can explicitly write ¢; (V(sly, X, £))
as a sum of divisors for sly at level one. Using this decomposition, the description of the maps from
divisors at level one in [22, Thm. 3.2], and Theorem 1.8, we obtain the following result about the
maps from the divisors ¢; (V(sly, X, €)) = ¢1(V(spog, AT, 1)) when rk(V(sla, X, £)) = rk(V(spyp, AT, 1))
1.

Proposition 5.14. Let V(sly, X, ) and V(spy,, XL, 1) be defined for some fized ¢ and n-tuple X. Let
IX| = 2(dl + p) for some d >0 and £ > p > 0. If tk(V(sla, X, €)) = tk(V(spyy, AT, 1)) = 1, then the
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contraction ¢y given by D = c1(V(sly, X, £)) = ¢1(V(spog, AT, 1)) maps to a product of ¢ generalized

Veronese quotients,

p l
d d—1
¢ Mom = [[ Vi yoare x [ Vi a
(3) 0,(3)
i=1 Jj=p+1

Remark 5.15. The map ¢p first factors through a product of ¢ forgetful maps, where in each
factor we have forgotten all but either 2d 4+ 2 or 2d marked points. By a dimension count, the map
¢p is not surjective to this product. Furthermore, the following result shows the map ¢p does not

factor through a smaller product of these generalized Veronese quotients when d > 1.

Proposition 5.16. The map ¢p in Proposition 5.14 does not factor through a smaller product of

these generalized Veronese quotients when d > 1.

Proof. Write ¢1(V(spgp, A7, 1)) = c1(V(sly, X, 0)) = Zle c1(V(sly, X, 1)), then no linear combi-
nation with fewer terms of divisor classes from sly level one bundles is linearly equivalent to
c1(V(spgp, AT, 1)) = e1(V(sly, X, £)).

Indeed, the divisors ¢1(V(sly, X;, 1)) are such that |X;| = 2d + 2 or 2d (where d is obtained from
X as in Proposition 5.14). In [17, Sect. 4.2] Fakhruddin explains that such divisors are nontrivial
when d > 1 and shows they form a basis of the Picard group Pic(My,,) [17, Thm. 4.3]. Hence,

there is only one way to write ¢1(V(sla, X, £)) in this basis. O

Example 5.17. Let V(spy,, 2T 1) = V(spy.g, (wg, ws, ws, ws, ws, ws, w2, w1 ), 1). It was shown in [20,
Example 5.3] that the bundle V(sls, X, 0) = V(sly, (9w, 8w, 8wi, 8w, 8wi, 8wy, 8wr, 2w, 1wy ), 9) has
rank one and the first Chern class decomposes as a sum of first Chern classes of slo bundles at level

1. That is, ¢1(V(sla, X, £)) decomposes into a sum

ct(Vaaa,,,1,1,0) (Va0 +aVaaen)+

c1(V(1,1,1,1,1,1,00,0)) T c1(V(1,1,1,1,1,0,1,0,0)) +e1(Vi1,1,1,1,0,1,1,0,0)) +
c1(V,1,1,0,1,1,1,0,0)) + €1 (V(1,1,0,1,1,1,1,0,0)) + e1(V(1,0,1,1,1,1,1,0,0))-

The subscript of these bundles denotes the weights. For example, V(1111,1,0,1,0,0) 1S the slz bundle

PRkt ]

at level one and weights (w1, w1, w1, w1, w1, 0,w1,0,0). Such a decomposition is seen from the column
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data of the unique tableau formed to compute rank(V(sly, X, £)) (see Figure 5.1). In this tableau,
each column corresponds to a level one first Chern class in the sum. The image of such a map is
then into a product of generalized Veronese quotients as in Claim 5.14 where in each component,
we have forgotten the zero weights determined by the corresponding level one first Chern class in
the decomposition. By our result of Proposition 1.8, the first Chern class ¢ (V(sla, X, ?)) is linearly

equivalent to c1(V(spqyy, 2T 1)) and the corresponding maps contract the same F-curves.

(11|11 [{1]1[1]1
20212(2]2|2[2]|2|3
31313[3[3[3[3[4]4
4141415[4]4[5[5]5
5(5|5(5]|5|6[6]|6|6
616|6|6|7|[7|7|7|7
TI7|7

81819

Figure 5.1: The unique tableau determining rk(V(slz, X, £))
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Chapter 6

Rank and Divisor Identities of

Bundles V(spoy, X, 1)

We now investigate bundles V(sp,,, X, 1) with spy, at level one. In this chapter we prove Theorem 1.9
which states that the first Chern classes ¢1(V(spoyy, X, 1)) become fixed when / is taken large enough.
In Section 6.1 we explicitly define the rank ¢ above which such divisors become fixed. In Section 6.3
we prove Theorem 1.9 by first showing in Section 6.2 that ranks of bundles V(spyy, X, 1) strictly
increase when the Lie algebra rank ¢ increases in a certain range (Proposition 6.5). We provide
several examples in Section 6.4 to show linear equivalence of certain divisors V(spy,, X, 1) for various

Lie algebra ranks £. We end this chapter by stating several consequences of our results.

6.1 Stabilizing Lie rank

We now define a term and divisor class that will be used to describe the relationship between divisor

classes associated to spy, at level one when ¢ is taken large enough.

Definition 6.1. Let X = (a1, ...,ap) be an n-tuple of weakly decreasing nonnegative integers such

that |X| = Yo ai is even. We define the stabilizing Lie rank associated to X to be,
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If r(X) > ay (e, N € Py (5p2r(x))”), then we call ¢ (V(ﬁp%(x), X, 1)) the stable Lie divisor for X.

Remark 6.2. Interpreting X = (ai,...,ay) in Definition 6.1 as a set of n dominant integral weights
for sly, the value of 7(X) in Definition 6.1 is called the critical level of X [17, Sect. 4.3] (see also [11,
Def. 1.1] for a general definition of critical level associated to bundles of type sl,1). Additionally,
one can show that if a; > r(X) then rk(V(sly, X,1)) = 0 (and hence the divisor is trivial) for any

integer r. Because of this, we will assume the weight vector X is such that a; < r(X)

Recall from Section 3.2, that we refer to the rank ¢, of the Lie algebra sp,,, as the Lie rank and

the rank of the vector bundle V

- . as the vector bundle rank.
SPog,A,l

6.2 Ranks of sl bundles below critical level

We now go through a brief interlude to show several results on ranks of conformal blocks bundles
for slo with a fixed set of weights as the level defining the bundle varies. By Fact 3.2 our results in
this section are relevant for spy, bundles at level one when the Lie algebra rank ¢ increases within
a certain range. We use the results of this discussion to prove Theorem 1.9 in Section 6.3.
Throughout this section, we fix an integer ¢ > 0 and a vector of weakly decreasing integers

X = (a1,az, ..., an) with n > 4. We denote r(X) the stabilizing Lie rank (or the critical level for sly)

associated to this fixed X (see Definition 6.1 and Remark 6.2).
6.2.1 Ranks of bundles at varying levels for sl, and n =4

To compute the rank of V(sly, (a1, as, as,as),?) we use the formula in Lemma 3.4.

Lemma 6.3. Fix some ¢ > 0 and X = (a1, az, a3, as) and r(X) as in Definition 6.1. Let ¢ be some

-

integer such that ¢ = r(\) + 1 —t. We have the following rank relationships:

1. If t > 0, then
rk(V(slo, X, 7(X) + 1 — t)) = rk(V(sla, X, 7(X) + 1)) — ¢.

2. If t <0, then the vector bundle rank becomes fixed,
rk(V(slo, X, 7(X) + 1 — t)) = rk(V(sla, X, 7(X) + 1)).
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Remark 6.4. In the first case with ¢ > 0, we also say that ¢ is at or below the critical level for X.

In the second case with ¢ > 0 we say that £ is above the critical level for X

Proof. This result follows immediately from computing the ranks rk(V(sly, X,7(X) + 1 — t)) and
rk(V(sly, X, 7(X) + 1)) in the formula in Lemma 3.4. Particularly, when ¢ > 0, we have a; + ag +
as + ay = 2(¢£ + s) with s > 0 and when ¢ < 0 we have a1 + a2 + ag + a4 = 2(£ + s) with s < 0.
These cases of s determine the formula to follow in Lemma 3.4. In either case, the comparison of

the rank of V(sly, X, 7(X) + 1 + t) with the rank of V(sly, X, 7(X) 4 1) follows.

6.2.2 Ranks of bundles at varying levels for sl, and n > 4

We now show that the ranks of slo bundles with a fixed, arbitrary number of weights strictly
increases or becomes fixed when the level is increased. We show explicitly the range of the level for

which the rank increases.

Proposition 6.5. Let t be some integer such that £ = T‘(X) + 1 —t. We have the following rank

relationships:

1. Ift >0, then
rk(V(sly, X, £)) < rk(V(sly, X, 7(X) + 1)).

2. If t <0, then
rk(V(sly, X, £) = rk(V(sly, X, 7(X) 4 1)).

Remark 6.6. We can make the same remark Remark 6.4. That is, in the first case with ¢ > 0, we
also say that £ is at or below the critical level for X. In the second case with ¢ < 0 we say that ¢ is

above the critical level for .

Proof. We show the first case by induction on the number of weights. The second case will follow
from Witten’s Dictionary (Proposition 3.15).
Recall, in this section, we are assuming n > 4. In Lemma 6.3 we showed for n = 4 the

conclusion follows. For any integer 4 < k < n, define the k-tuple of weights Xk := (a1,...,ax) and
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integer () (k) == Z,’f:l a;/2 — 1. For our inductive assumption, we assume that for any k¥ < n and

¢ =r(X)(k) +1—t,if t > 0 then we have a strict inequality of ranks,

rk(V(sly, X, () (k) + 1 — 1)) < rk(V(sly, X, £+ 1)). (6.1)

We want to show this relationship is true for k = n. Let £ = r(X)(n) + 1 — ¢ for some ¢ > 0.

Using factorization with the partition {1,...,n—2}U{n—1,n} we can compute the following ranks,

rk(V(5[27 Xnv E)) = Z rk(V(ﬁ[Qv (an% :u)a 5)) rk(V(E[Qa (anfly G,y :u)a €)) and (62)
UEPp(sl2)

rk(V(sly, X, 04+ 1)) = Y 1k(V(sly, (Xn—2, 1), £ + 1)) tk(V(sl2, (an—1,an, ), £ + 1)), (6.3)
HEPpi1(sl2)
We now compare each term in the sums (6.2) and (6.3).
First observe that if u € Py(sly), then p € Ppyq(sle) and so a weight p that appears in the sum
(6.2) will also appear in the sum (6.3). Note, that the value of the ranks may be zero. However,

with our inductive assumption, we have the following relationship between these terms,

rk(V(sly, (Xn_2, 1), €)) k(V(sly, (an_1, an, 11), £))

—

< rk(V(slg, ()\n_g, ,u), {4+ 1)) rk(V(slg, (an_l, Qp,, M), 0+ 1)) (6.4)

It follows immediately that,

rk(V(sly, Xn, £)) < tk(V(sly, Xp, £ 4 1)). (6.5)

We want to show that such a relationship is strict.

—

Consider the weight vector (A,—2,u) from (6.2). The critical level for this weight vector is

— -

r(An—2, 1)(n —1) (i.e., stabilizing Lie rank for (A\,—2, 1)). From our inductive assumption, we have

—

that the relationship in (6.4) is strict whenever £ = r(Ap—2, ) (n — 1) +1—1¢' for some ¢’ with ¢’ > 0.
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—

Making the substitution r(X,_g,u)(n — 1) = (3212 a; + p)/2 — 1, we can restate this condition
to be that the relationship is strict whenever ¢ < (327" a; + p)/2. Hence, the inequality in (6.5)
is strict and our conclusion follows whenever we have at least one p in the sum (6.2) such that

< (S at )2

Suppose then that each p in the sum (6.2) is such that

n—2
0> ai+p)/2 (6.6)
=1

In this case, just comparing terms appearing in (6.2) and (6.3) from p € Py(slz) does not guarantee
an increase in ranks between each term in the sum. In such a situation, we show that the sum (6.3)
includes an additional nonzero term not in the sum (6.2) and can thus conclude a strict inequality.

Suppose p is the largest weight appearing as a nonzero term in (6.2). Using (6.6) and recalling

we have £ = r(X)(n) + 1 — t with ¢ > 0, we obtain,

n—2 n
daitp<2<20+t)=200(N)(n) +1) = _a;. (6.7)
i=1 =1

From this, two relationships follow,

U< ap_1+ an, (6.8)
n1 + an + < 20 (6.9)

Here (6.9) follows from the assumption that the weights are weakly decreasing, a; > ... > ap—o >
ap—1 > ap. Combining (6.8) and (6.9), we obtain a strict inequality, p < ¢, from which the weak
relationship follows, p + 2 < £ + 1. Hence, u+ 2 € Pyy1(slz) and appears as a possible weight for
a term in the sum (6.3). Furthermore, comparing (6.8) and (6.9) with the three point fusion rules
(3.4), we can conclude rk(V(sly, (ap—1,an, pu+ 2),£+ 1)) = 1 so is nonzero in the sum (6.2). We
must now consider rk(V(sly, (a1, ..., an—2,u +2),¢+ 1)).

By (6.6), assuming u is the largest weight in a nonzero term in the sum (6.2), we must have

n—2

S 2a; + p = 2p for some p < ¢ (this condition on p follows from (6.7)). And so also 37" % a; +
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uw+2=2p+1). Now, since rk(V(sly, (a1,...,an—2,1),£)) > 0, it follows from the nonzero rank
condition for sly bundles in Theorem 1.5 that Z?:_QQ a; + p > p and so also Z?:_; a;+p+2>p+1.
Again, using the result of Theorem 1.5, we can conclude rk(V(sla, (an—1,an, u+2),¢+ 1)) > 0.

Recall, that all other weights p € Py(slz) appearing in the sum (6.2) satisfy the weak inequality
in (6.4). Since p was assumed to be the largest weight in (6.2), the weight p+ 2 does not appear in
the rank calculation for level ¢ in (6.2) but does contribute a new nonzero term in the sum (6.3).
This allows us to conclude the relationship in (6.5) is strict. This concludes the first case of the
Proposition with ¢ < 0.

In the second case, with ¢ = r(X) + 1 —1t and ¢t < 0 the rank computation using Witten’s
Dictionary (Proposition 3.15) is the same calculation for all ¢ in this range. This shows the equality
of the ranks. This same method was used in the proof of vanishing above critical level showed in

[11, Section 4]. O

Remark 6.7. Work by Alex Yong, Anders Buch and others has resulted in bounds on the structure
constants for the product of Schubert classes (e.g., [11, 15, 50]). However, such results compare
values within a fixed quantum cohomology ring of the Grassmannian. The result of Proposition 6.5
describes the behavior of structure constants appearing in products of Schubert classes across
different rings. That is, the coefficients we analyze appear in products of cohomology classes living

in the cohomology rings of Grassmannian varieties with varying parameters.

In Section 6.4, we show examples of ranks of bundles with varying level to demonstrate this

rank behavior.

6.3 Proof of Proposition 1.9

To prove Proposition 1.9 we show the bundles in the statement have equal intersection with any
F-curve. To make this comparison, we first establish the result for bundles on Mg 4. We use

notation as in the degree formula of Lemma 3.20.
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Lemma 6.8. For a fixed level £ and X = (a,b,c,d), let r(X) be the stabilizing Lie rank and let ¢
be some integer such that £ + ¢ = T(X) + 1. If t <1 then we have equality,

—

deg(V(sp,, 5. % 1)) = deg(V(spa;, X, 1)),

This result follows immediately from comparing the formulas in Lemma 3.20. Using the language
of the stabilizing Lie rank, this lemma says that the degrees of divisors with spy, at level one with
four weights become equal when the Lie rank £ is chosen to be at or above the stabilizing Lie rank

for the weight vector X. We are now ready to prove this result for an arbitrary number of weights.

Proof of Proposition 1.9. Let X = (a1, ...,ap) be an n-tuple of weakly decreasing integers such that
x| = >oiq a; is even. Using Definition 6.1, the stabilizing Lie rank is the integer r(X) such that
IX| = 2(r(X) + 1). Now suppose £ is some integer such that ¢ > a; and £ > r(X). Thus, we can
write |X| = 2(¢ +t) with ¢ < 1 (i.e., £ > r(X) as specified by the proposition statement). We
denote VX,@ = V(spqy, X, 1) to simply notation throughout this section. We want to show linear
equivalence,

Cl(V ):Cl(V-’ )

X,r(X) bW
We compare the intersection numbers of these two bundles with an arbitrary F-curve, Fr, 1, 15 1,,

determined by a partition {1,...,n} = Iy U Iy U I3 U I4. The formula in Proposition 3.17 (from [17,

Prop. 2.7]) provides the following degree computations,

4
deg(Vs ) Fry 1 1.0,) = Z deg(Vy,x)) Hrk(V(AIi,ui),r(X)) (6.10)
ﬁ€P1(5[27.(X))4 =1
4
deg(Vs |Fr mrn) = D, deg(Var) [Trk(Vir, m.e) (6.11)
7€ Py (slo )4 i=1

where A7, denotes the weight vector with weights a; for i € I; and ji = (u1, p2, 3, pa) and v =

(v1,v9,v3,14) denote the attaching weight vectors.
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First, we show that the attaching weights 7/ = (11,19, v3,14) appearing in the degree term of
(6.11) are all such that ; < r(X). This will allow us to take the above sums over the same set of
integers.

Consider all possible terms in (6.11) and let [I;| := > ... a;, the sum of just those weights
appearing in a partition determined by I;. By the the Generalized Triangle Inequality for ranks
of slz bundles (Proposition 3.5) and Fact 3.2, in order for the rank of V Ayt tO be nonzero it is

necessary that

Thus, in order for a term in (6.11) to be nonzero, it is necessary that this condition holds for

1 =1,2,3,4. Adding all such inequalities gives,
4 4 n
S u <Y L =) ai=2(r(X) + 1). (6.13)
i=1 i=1 i=1

Suppose for some weight v, € 7, we had ’I“(X) + 1 < v; it would follow that

4 4
D v <L =2(r(X) + 1) < 2.
=1 =1

Canceling vy, from this inequality would imply >, (12,34}~ {k} Vi < Vk- So by the Generalized
Triangle Inequality with these weights rk(Vy,) = 0. This implies the degree, deg(Vy ), is zero.
This shows that all nonzero terms in (6.11) have attaching data o/ such that each v; < r(X) + 1.
We need to check that in fact this inequality is strict so that all attaching data in (6.11) are such
that ; < r(X). For contradiction, assume for some k, v, = (X) + 1, we compute deg(Vy ). Using
(3.20), it follows immediately that deg(Vy,) = 0.

We can thus assume that all nonzero terms appearing in the sums (6.10) and (6.11) have
attaching weights f and 7 with p;, v; < T(X) Particularly, we can assume corresponding terms in
these sums have the same attaching data. To finish the proof, we compare corresponding terms in

each sum and show they are equal.

First, we compare rank factors. Consider the following ranks,
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rk(V and  tk(V(y, u.0)- (6.14)

gy ) ()

Define o; to be the integer such that 20; := |Ar,| + 1, then from Proposition 6.5, we see that these

—. —

ranks will be equal whenever we have o; < r(\). So suppose 7(\) < o for some k = 1,2,3, or 4.

Without loss of generality (and clarity in the following argument) we assume k& = 1. From this, it

follows

4
DAl =20r(N) +1) <201 = Ap| + g,
1=1

(where the strict inequality of our assumption provides the weak inequality T(X)—H < 01). Canceling
|Ar, | gives the relationship, Z?:z AL | < p.

Using this relationship, (6.13), and the Generalized Triangle Inequality for rk(Vj,) we have,

4

M2+M3+M4SZ|>\1,-| <1 < po + p3 + g
i=2

The equality follows,

P = p2 + p3 + fla. (6.15)

Consider the degree factors deg(Vﬁ (X)) and deg(V;,) appearing in (6.10) and (6.11) for the

RS
attaching weight p as in (6.15). By Lemma 3.20 the degree is zero. Hence, terms in the sums
associated to such [ are also zero. Thus, we can always assume o; < T’(X) and thus rank factors
are equal.

We now compare the corresponding degree factors in each sum (6.10) and (6.11). In order for
the product of rank factors (in either sum) to not necessarily be zero, the relationship in (6.13) must
be satisfied (using notation [ = (u1, u2, 43, pa) for the attaching weights). From this relationship
and Lemma 6.8 it follows that the four pointed degree factors are equal.

We can now conclude that the terms appearing in (6.10) and (6.11) are always equal, concluding

the proposition. O

It was shown for slo, that for V = V(slg,x, ) to be nontrivial is equivalent to ¢ < T(X) and

0 < rk(V) (see [11, Prop. 1.3]). Considering the degree formula for sp,, divisors in Lemma 3.20, the
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Table 6.1: Divisors and ranks for Vy = V(spy, X, 1) and varying /

14 Cl(Vg) rk(Vg)
5 |(7,1,1,5,2,2,1,1,1,1,1,3,7,6,1,1) 3
6 | (11,4,2,9,4,4,3,3,2,4,2,6,12,10,3,3) | 7
7 | (12,5,3,10,5,5,4,4,3,5,3,7,14,11,4,4) | 10
8 | (12,5,3,10,5,5,4,4,3,5,3,7,14,11,4,4) | 11
9 |(12,5,3,10,5,5,4,4,3,5,3,7,14,11,4,4) | 11
10 | (12,5,3,10,5,5,4,4,3,5,3,7,14,11,4,4) | 11

nontrivality of sp,, divisors above stabilizing Lie rank follows whenever the rank of the stabilizing

Lie bundle is nonzero. We state this nonvanishing result explicitly below.

Corollary 6.9. Let ¢; (V(ﬁp%(x),x, 1)) be the stable Lie divisor for a fixed n-tuple, X. Then if

rk(V(sp,, X, 1)) > 0, the divisor ¢;(V(sps,., X, 1)) is nontrivial for all r > r(X).

(X)’

6.4 Examples

Here we give an example to illustrate our results on ranks and first Chern classes of bundles
V(spoy, X, 1) with varying Lie (algebra) rank, ¢. Particularly, we use this example to illustrate the
rank behavior of Lemma 6.5 and the stable Lie divisor of Theorem 1.9 for bundles with spy, and

level one.

Example 6.10. Let X = (5,4,3,2,1,1). We consider the bundles, V, := V(spy,, X, 1) for varying
¢. Using the same ordering on the nonadjacent basis of Pic(Mg) as in Example 5.11, we compute
the divisor class and rank of each V,. The stabilizing Lie rank for X is r(X) = 7. By Proposition 1.9

the divisors defined at or above r(A) = 7 are all equal. By Lemma 6.5 the ranks of the bundles with

Lie rank at or above T(X) + 1 are equal. This is shown from computations displayed in Table 6.1.

6.5 Consequences for conformal blocks of Type C at level one

The main propositions of our results in this chapter have several consequences to the study of

understanding conformal blocks divisors in Nef(My ). Specifically, we combine the results of

102



Proposition 1.8 with previous results related to vector bundles of conformal blocks with sls to
conclude several consequences for bundles with sp,, at level one.

The finite generation of the cone of all conformal blocks divisors in Nef(My,,) is an open
question. This problem was considered for conformal blocks with sl,, at level one in [22] and for
bundles with sl of rank one in [26]. Using these results, we are able to make the following conclusion

related to conformal blocks with sp,, at level one.
Corollary 6.11. Let S := {V = V(spy,, X, 1) | rk(V) = 1}. Then

C = convHull{c1(V) | V € S},

is the same cone as that generated by conformal blocks divisors with sls and rank one. Particularly,

C is finitely generated.

Another open problem in the study of vector bundles of conformal blocks is to determine
necessary and sufficient conditions for when a conformal blocks divisor is nonzero [3, Question 1].
Due to results in [17, Prop. 4.3] and [2, Cor. 3.6] we can conclude the following nonvanishing result

for spy, conformal blocks at level one.

Corollary 6.12. For a fixed integer ¢ and n-tuple of weights X € Py(spy,)", let r(X) be the

stabilizing Lie rank as in Definition 6.1. Then we have the following nonvanishing result

c1(V(spyg, A, 1)) is nontrivial < rk(V(spys, X, 1)) > 0 and tk(V(sp, 5, A, 1)) > 0.

@y
Additionally, using the decomposition of [%, Prop. 1.2], Proposition 1.8 provides new decompo-
sition and scaling identities for the divisors c;(V(spgg, X, 1)) with rk(V(spgp, X, 1)) = 1.

Corollary 6.13. Let i = (wq,,...,wq,) such that 0 < a; < m and ¥ = (wp,, ..., wp, ) such that
0 < b; < /¢ (so that i € Pi(spgy,,)" and U € Pi(spgp)™). If tk(V(spo,,, i, 1)) = 1k(V(spy,, 7,1)) =1

then

‘1 (V(EPQ(mJ”E)’ (wa1+bl7 R wan“l‘bn)’ ]‘)) =G (V(5p2m7 ﬁ? ]')) + C1 (V(5p2£, ]7? 1))
Iterating this result leads to the following scaling behavior.
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Corollary 6.14. Define Vy = V(spyny), (WNays -y WNay )y 1) for (way, s wa,) € Pi(spge)" and

N > 1. If V; has rank one, then we have the following divisor identity:

Cl(VN) = Ncl(Vl).

Remark 6.15. Similar scaling behavior appears for sl,;1 in [, Cor. 4.6], for sly and X = (Wi, eyw1)

in [24, Prop. 5.2], and analogous results for so9,41 and X = (w1, ..,wy) in [39, Thm. 1.2].
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Appendix A

Young diagrams in rank computations

In these appendices, we expand on some of the tools used in the document. Some of these examples

and results were preliminary to the construction and generalization of results in this document.

A.1 Young diagrams (shapes)

In this section we expand on the construction of the Young diagram shapes in Lemma 4.8 used to
compute ranks of sly bundles.
First, Witten’s Dictionary (Section 3.15) gives us that rk(V(sly, (a1, ...,an),£)) is equal to the

coefficient, K((f’g)) (@1 sm sl ) +(2,€), of the term ¢°o () in the following product:

Oy % v % O, % 05 Lk 0 € QH*(Gr(r, 7 +0)).

From the section on quantum Kostka numbers (Section 3.8), the desired coefficient in this
product is the number of tableau with shape v[s]/\, where v = (¢, ¢) and A = (¢,0) as in Figure A.1,
and content (ay, ..., an, ¥, ..., £). This content contains our original content flavors and amounts with

s — 1 additional flavors with £ amounts of each flavor. That is, we have

V(sly, (@rwi, o anwn), €) = Kgo2
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To carry out this computation, we first consider the shape v[s|/\, where v and A are the same as

in Figure A.1. We give an example to motivate the general shape.

PN

v=(0V)=

A= (o) =117 - 1]

Figure A.1: Young diagrams v = (¢,¢) and A = (¢,0)

Example A.1. Let £ =5, we construct the tableau v[s]/\ for s = 1,...,6 and v and A as given in

Figure A.1 by adding rim hooks to v each containing ¢+ 2 = 5+ 2 = 7 boxes.

s=1,v[1]/A
s=2,v[2]/A
s =3,v[3]/A
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s =4,v[4]/A

s =5,v[5]/A

s =6,v[6]/A

We can generalize this example to describe the shape of v[s]/)\ for any integers s > 0 and ¢ > 0.

Lemma A.2. Let v = fwe, A = lw; and s > 0. Let p,m be integers such that 1 < p < £ and

s =ml + p. Then we obtain the following Young diagram, (£(m(+2)+p7+1) 42y

v[s]/\ =
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(highlighted boxes indicating A). After removing A, this shape is a vertical concatenation of the

two rectangular shapes, one of dimension (m(¢{+2)+p+1) x ¢:

L

and one of dimension 2 X p :

P
—N—
Proof. Following the construction of the tableau in the above example, we see that if we add s < /£
rim hooks, we add s new rows with ¢ boxes in each row (full rows) and two rows, each with s boxes

in each row. When we add s = ¢ rim hooks, we add s = £ full rows and two rows of size ¢, that is 2

full rows. When p = 0, this will close up the shape giving a rectangle of m(¢+ 2) + 1 full rows. [
Using the results of Lemma A.2, we can prove Lemma 4.8. We work out the full proof here.

Lemma A.3. For V = V(sly, (a1, ..., an), £), and integers s, m, and p such that > ; a; = 2({ + s)
with s=mf+p >0, and 1 < p </, the rank of V is equal to the number of proper tableaux with

content (aj, ..., a,) on shape, (£2(m+1) p2),

This is a vertical concatenation of the two rectangular shapes, one of dimension (2(m + 1)) x ¢,

l

and one of dimension 2 X p,
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Proof. Asin Section 4.1.3, let v = (¢,¢) and A = (¢) be Young diagrams. We show the empty boxes
in v[s]/\ after placing the content (¢*~1) from (ay,...,an,*"') forms a Young diagram given by
(€2(m+1) 52) The lemma result then follows from Witten’s Dictionary.

From Remark 3.16 the number we want to compute is independent of the ordering of the content,
(ai,...,an,£571); thus, we can choose to make Ay =/, ..., A;_1 = £ and consider creating a tableau
on v[s]/\ with content (¢*~1 ay,...,a,).

Since rows must be strictly decreasing in flavor, we must fill the first row with A; = ¢ amount
of 1’s, the second row with Ao = ¢ amount of 2’s, and continue filling full rows of ¢ boxes in the
shape v[s]/A from Lemma A.2 until we have filled the s — 1 row with A;_; = ¢ amount of (s —1)’s.
This was the only way to place the s — 1 content flavors of size £ into v[s]/A. The remaining empty
boxes of v[s]/\ creates the Young diagram (£2(™+1) p?). Thus, the total number of tableaux with
shape v[s]/\ and content (¢*~! ai,...,a,) is equal to the total number of tableaux with shape

(02(m+1) 12} and content (ay,...,an). -

For convenience in Lemmas 4.7 and 4.8, we denote k = m + 1.

A.2 Rank of V(sl, X, /) at critical level

We now demonstrate computations of quantum Kostka numbers to determine ranks of vector
bundles of conformal blocks of type sly at the critical level [11, Def. 1.1]. That is, we compute
ranks of the vector bundles, V(slo, (aijwi, ..., apwi ), ) when Y a; = 2(¢+1). Bundles at the critical
level were the first type of bundles we considered at the beginning of our search for the general
result obtained in Theorem 1.5.

Let V = V(slo, (w1, ..., apw1), £) for a fixed ¢ and n-tuple of weights X = (a1wi, ..., apwy) with

{>a; > ...>a, > 0. By Witten’s Dictionary, we have

rk(V) = k(%9

éwl,(a1,...,an),1
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That is, we compute K¥  (2,€) with v = ((,0), v[1] = ((,£,£,1,1), A = (£,0), and V[1]/X =
(¢,£,1,1). These shapes are given in Figure A.2 (the boxes in the (2 4 ¢)-rim hook added to v are

highlighted in the figure).

r N n
»  [TT] - [T
V[1]/\ =

Figure A.2: Shapes for computing rk(V) for V at critical level

To compute the rank we must find the number of proper tableaux with shape v[1]/X and content
(a1, ...,an). Note that for any n, the shape v[1]/\ above will be the same for sly and any fixed /.
The n in the calculations changes the number of flavors in content v = (a1, ..., a,), it does not affect
the parameters v, m, A, or the shape of the tableaux we are using to determine rank. For different
values of £ the shape will look similar with the first two rows having ¢ boxes in each row.

The content of v[1]/A must be strictly increasing in the columns (top to bottom) and weakly

increasing in the rows (left to right). The shape of v[1]/A will have proper content if and only if

a>dandb25,
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where a, @, b, b are the flavors in shape v[1]/A, as follows

Q

S

A.2.1 Ranks of bundles at critical level when n =4

We now further restrict our focus to bundles V = V(sly, (a1wi, ..., anwi ), £) at critical level and with

four weights.

Lemma A.4. If (ajw1, aswi, agwi, aqwi ) are four nonzero weights of level < ¢ such that a; + as +
as + ag = 2(¢ + 1) then

rk V(sly, (ajw1, aswi, aswy, agwy), f) = 1

if and only if

a; = { or a; = 1 for some weight a;.

Proof. First, with four weights, our content will contain the flavors 1, 2, 3, and 4. As we fill in
v[1]/A with such content, since columns must be strictly increasing, the first column in v[1]/A (see

Figure A.2) must be filled with increasing values as follows,

|»J>|oow)—l

We have reduced our problem to finding the number of proper tableaux with content (a3 —

1,...,aq4 — 1) on a Young diagram of shape 2 x (¢ — 1).

Case 1: q; = /.

If a; = ¢ we can assume this is true for a4 (rank is invariant with respect to the order of the
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weights, see Remark 3.16) and so we have £ — 1 amount of content with flavor 4 remaining. Since
the remaining ¢ — 1 columns (each with two boxes) must be strictly increasing the full second row
of the empty boxes must be filled with content flavor 4. This takes up all of the a4 — 1 remaining

content. We now have the following shape to fill with the remaining content (a1 —1,a2 — 1,a3 — 1),

a row of £ — 1 boxes, the empty boxes of,

e

Now, for the remaining content (a1 — 1,a2 — 1,a3 — 1), there will be one and only one way to
place this content in a single row in weakly increasing order.
Case 2: q; = 1.
We can assume ay = 1 (again, rank is invariant on order of weights, Remark 3.16). As discussed

above, we will have to fill in the shape below with the content (a; — 1,0,a3 — 1,a4 — 1).

l#klool\:ﬂ—l

Again, to maintain strictly increasing columns and weakly increasing rows, we must have the

a4 content in the last row and the a; content in the first row. This gives the following tableau,

l»blool\br—t

This will give us two disjoint rows to fill in with the remaining a3 — 1 content. Indeed, these

rows will be disjoint as we can assume a1, a4 > ag, from which it follows that a; +a4 > (2(€+1))/2
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since the sum of all weights is 2(¢ + 1) and we have assumed a1, as are the largest. There will then
be only be one way to fill two disjoint rows with the ag — 1 amount of content of flavor 3.

In the above two cases, we have determined that there is only one possible way to fill the shape
v[1]/A with content p1. Thus, the value K¥ (2, £) and hence the rk V(sly, (a1w1, agwi, azwi, agwi ), £),
will be one in either case.

Case 3: 1 <aq; <{foralli=1,23,4.

We can begin this discussion in the same way. We want to fill the shape v[1]/\ with content
(a1, az2,as,aq). The first column of v[1]/\ is already determined as above and we can assume ay, a4
are the largest amount of content and so a; + a4 > £+ 1. As discussed above, in order for any
such content to be strictly decreasing down columns we must have the a; 1’s in the beginning of
the first row and a4 4’s in the end of the second row. This again will give us two disjoint rows to

fill in with the remaining (nonzero) content (ag — 1,a3 — 1) in the empty boxes below,

l.&lwl\nr—l

We can see that there is more than one way to fill in these empty boxes with the remaining
content so that we have a proper tableau. One option is to place as — 1 number of 2’s in the top
row immediately after the 1’s, continuing to the second row if necessary, and then fill the remaining
boxes with a3 —1 3’s. A second option is to fill the end of the first row with the a3 —1 3’s, continuing
to the empty boxes at the end of the second row if necessary. These will produce two different
proper tableaux. If ag — 1 is less than or equal to the number of empty boxes in the first row, then
the first tableau created will have flavor 3 in the second row; the second tableau created will not.
If a3 — 1 is greater than the number of empty boxes in the first row, then the first method will
produce a tableau with flavor 2 in the first row and the second method will not.

This covers all of the cases of weights (ajw1, aswi, aswi, agwi) at the critical level. O
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A.2.2 Ranks of bundles at critical level when n > 4

We now extend the results of Section A.2.1 to include ranks of bundles V = V(sly, (a1w1, ..., apw), )
at critical level with n > 4 weights. We show that any such bundle at critical level will have rank

larger than one.

Claim A.5. Let V = V(sly, (a1wi, ..., apwi ), ) for some fixed integer ¢ > 3 and n > 4 integers

{>ay>...>a, > 0such that > | a; = 2(€ + 1), then rk(V) > 1.

Proof. As we discussed in the introduction to this section, we can compute the rank by calculating
the Kostka coefficient,

(€,6)
K(Z),(al yeees@my 1)

This number is the number of ways to fill the shape v[1]/\ (see Figure A.2) with content (ay, ..., an, 1)
to obtain a proper semistandard tableau. We show there are two methods to do this.

We make two observations. First, as we reasoned in the n = 4 case, the first a; boxes of the first
row must contain all content of flavor 1 and the last a,, — 1 boxes of the second row must contain
all content of flavor n. Additionally, the last (fourth) box of the first column must have content
n (this is so the tableau is proper). Hence, any such proper semistandard tableau must have the
filling as in Figure A.3 with a; amount of flavor 1 and a, amount of flavor n. We now show two
methods to fill the remaining content (ag, ..., a,—1). For each method, we reason that the resulting

object is a proper semistandard tableau.

1/1]1]1

]
Figure A.3: Filling of content a; and a,

Method 1: Fill the remaining empty two boxes in the first column of Figure A.3 with content

of flavor 2 and n — 1. Place the remaining content (a2 — 1, as, ..., an—2,a,—1 — 1) in the remaining

empty boxes left to right, top to bottom, by placing all content as — 1 of flavor 2, followed by

content ag of flavor 3, etc. See Figure A.4 for an example of a filling using this method.
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Method 2: Fill the remaining empty two boxes in the first column of Figure A.3 with content of
flavor 2 and n — 2. Place the remaining content (a2 — 1, as, ..., an—3, an—2—1,a,—1) in the remaining
empty boxes left to right, top to bottom, by placing all content as — 1 of flavor 2, followed by
content ag of flavor 3, etc. See Figure A.5 for an example of a filling using this method.

We now show that Method 1 and 2 each result in a distinct proper semistandard tableau.

First, each tableau has weakly increasing content flavors left to right in the rows. Indeed, the
initial content placement, as in Figure A.3, is of content of flavor 1 or n and both methods specified
placement of flavor 2 in the second row, first column. The remaining flavors to fill in the first and
second rows are between 2 and n — 1, all of which are either greater than or equal to 1 (initial
content in first row) or less than or equal to n (initial content at end of second row). We specified the
placement of the remaining content in either case to exhaust content amounts in weakly increasing
order. Thus the two rows will have content flavors weakly increase.

Now, each filling will have strictly increasing column content flavors. This is clear in the first
column, since n > 4 which implies 1 < 2 < n —1 < n (for the first method) and 1 <2 <n—-2<n
(for the second method). Additionally, each column in the tableau containing a 1 or n (the initial
placed content) will be strictly increasing (since no other content of such flavor remains). And since
content amounts are weakly decreasing a; > a;41 the placement of content in first row, followed by
second row (in each case) will not result in any column (of two boxes) with the same content flavor
i.

Finally, in each method, the tableau will be proper. We must check that the content in the
final box of the first row is less than or equal to n — 1 (in the first method) and n — 2 in the second
method. Thus, it is sufficient, for either case to show that such content, denote this content flavor
j is such that j < n — 2. For contradiction, assume this wasn’t the case, and so j = n — 1. Then
the amount of content of flavor n — 1 must be a1 > ¢ —1—(a, — 1) +1 = ¢ — a, + 1, the sum
of the number of empty boxes in the second row and one box from the first row (i.e., those boxes
that containing content of flavor n — 1). This would imply a,—1 + a, > £ + 1. Since weights are

weakly decreasing, this would further imply

a1+ ag + ap_9+ an_1+ a, > 20+ 2.
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However since 20 + 2 = Z?:l a; > a1 + ag + ap—o + an_1 + a,, this would provide a contradiction.
Thus, content of flavor j in the last column of the first row must be j < n — 2.
Since each method of filling involves placing a different flavor in the third box in the first column,

the resulting tableaux are distinct. Hence, the rank of the bundle V is larger than one. O

Example A.6. Let V = V(sly,(6,5,3,2,2,2),9) be an sl bundle with weights (6,5, 3,2,2,2) at
level 9. We check that 6 +5+3+2+242=20=2(9+1) so V is at critical level. The following
are the tableaux produced in Claim A.5 using Method 1 and Method 2.
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Figure A.4: Tableau produced from Method 2 of Claim A.5
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Figure A.5: Tableau produced from Method 2 of Claim A.5
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