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CHAPTER 1

INTRODUCTION AND DEFINITIONS

Let Gr(2,n) be the Grassmannian of 2-dimensional subspaces in n-dimensional space, and
My, denote the Deligne-Mumford compactification of the moduli space of n-pointed genus
0 curves. Kapranov proved that the Chow quotient of Gr(2,n) by the (n — 1)-dimensional
torus Tj,_; can be identified with My, [K]. Derksen, Weyman, and Zelevinsky study quiver
Grassmannians for their interplay with cluster algebras (page 3 of [DWZ]). It has been shown
that their Euler characteristics “define sets of generators of cluster algebras in the acyclic
type” (page 2369 of [CR]). We will introduce the concept of a quiver Grassmannian and
compute examples, then we will compute the quotient of a quiver Grassmannian by a torus

action.

1.1 QUIVERS

Definition 1.1.1. A quiver Q := (Qo, Q1) is the collection of data consisting of
1.) a finite set Qo = {1,...,n} of vertices and

2.) a finite collection Q1 = {a1,...,an} of arrows.

Let a € @y, where a goes from i € Qg to j € Qy. We call j and ¢ the head h(a) and
tail £(a) of a, respectively. Note that the head and tail could be the same element of @)y and

there may be more than one arrow from h(a) to t(a).

Definition 1.1.2. Let P be a finite sequence of arrows, a,,...,a; in Q1. P is a path in Q)
if h(a;) = t(aizq) for alli € {1,...,n — 1}. The head h(P) of P is h(a,) and the tail t(P)
of Pis t(ay).



Note that when following the arrows of a path, we move from right to left. A special type

of path is a cycle:
Definition 1.1.3. A cycle C is a path in Q) where h(C) = t(C).

We will assume that, for any quiver () in this paper, there does not exist a cycle C' in
Q (ie., Q is acyclic). We now define a quiver representation. Let C be the field of complex

numbers. We will work over C during the course of this thesis.

Definition 1.1.4. A quiver representation (X, f) associated to the quiver Q is the data of
1.) a collection X of assignments of finite-dimensional complex vector spaces X; to every
vertex 1 € QQy, and

2.) a collection f of assignments of linear maps f, : Xya) — Xn) to every arrow a € Q.

A quiver representation is a generalization of a vector space. Consider the quiver ) with
one vertex (i.e., Qo = {1}) and no arrows. A vector space W can be considered as a quiver
representation (X, f) associated to @) where X consists of one vector space X; := W and f
is just the empty collection (since there are no arrows).

Another example shows that quiver representations also generalize linear maps. Consider
the quiver Q' = (@, Q}) with two vertices (i.e., Q@ = {1,2}) and one arrow a € @} with head
1 and tail 2. Assign the complex vector spaces V7 and V5 to the vertices 1 and 2, respectively,
and assign the linear map f, : Vi — V5 to the arrow a. This quiver representation contains

the same data as the linear map f,.

Definition 1.1.5. A quiver subrepresentation (S, g) of the quiver representation (X, f) asso-
ciated to the quiver Q) is the data of

1.) a collection S of linear subspaces V; of the vector spaces X; in X, each associated to a
vertexr i € Qy, and

2.) a collection g of linear maps such that for every arrow a € @y, there is a linear map

Ya - ‘/t(a) - Vh(a) s0 that Ja = fa|Vt(a)'



We remark that, for every arrow a € ()1, the linear map g, is determined by the mapsf,,
so, to specify a subrepresentation, only a choice of subspaces of X; is necessary; however,
one cannot choose arbitrary subspaces of every vector space X; in order to create a subrep-
resentation. If (S, ¢g) is a subrepresentation of (X, f), then for every arrow a in the quiver,
im g, = im fulv,,, C Vaa)-

Note that for any arrow a, the diagram

fa‘Vt(a)
Vi — Va

lLVt(a) l['vh(a)

Xi(a) LN Xh(a)

commutes, where Wiy and LWV AT€ the natural inclusions.

1.2 (GRASSMANNIANS

Definition 1.2.1. The Grassmannian Gr(d,n) is defined to be the set of d-dimensional

vector subspaces of the n-dimensional vector space V = C".

We view d-dimensional subspaces as equivalence classes of decomposable elements in
A4(V). Let W be a d-dimensional subspace of V. We choose a basis w,ws, ..., wg for W
and define w = w; Awy A. .. Awg € A% (V). Any change of basis for W will only multiply w by
the (nonzero) determinant of the change-of-basis matrix. Consider the equivalence relation
~ where w ~ 1, w,n € A4V) if and only if there exists a ¢ € C* such that w = cn.

By assigning to W the ~-equivalence class [w] we obtain a well-defined map
¢:G(d,n) =P (AYV)), W |wi A... Awy,

where P (Ad(V)) is the projective space of one-dimensional subspaces of the vector space
A4 (V) (page 64 of [H]). Looking at the image of W € G(d,n) under ¢, we can recover all of
the vectors in W since v A (wy A ... Awy) = 0 if and only if v € W. We call ¢ the Pliicker
embedding (cf. page 64 [H]). Indeed, Gr(d, n) has more structure than that of a set. We first

build up some machinery.



Definition 1.2.2. Let T C C[xy,...,x,] (in the projective case, T must be a set of homo-

geneous polynomials). Let A™ (P™) be affine (projective) n-space. The zero set Z(T) of T
18
Z(T)={PeA": f(P)=0forall f €T}, (Z(T)={PeP":f(P)=0 foral feT}).

We call Z(T) a complex affine (projective) algebraic variety. An open subset of a complex
affine algebraic variety is a quasi-affine (quasi-projective) variety.

Note that we do not require Z(7T) to be irreducible.

Lemma 1.2.3 (Page 64 of [H]). Let 0 < d < n. The Grassmannian G(d,n) is a complex

projective algebraic variety.

Consider the standard basis €1, ...,¢, of V. We take a multivector w = w; A ... Awy €

A% (V). We can write w; = c1;€1 + ... + Cpi€,, for some cj; € C, so

w:(01161+...+Cn1€n)/\.../\(Cld€1—|—...+cnd€n): E d16i1/\-"/\6id7
1< <i9<...<ig<n
Ci11 Ci12 Ce Cild
Ci21 Ci22 . Ci2d
where d; =
Ciz1 Cig2 -+ Ciyd

There are N+1 := (Z) such multivectors £ = €;, A...A¢€;,. Suppose we order the multivectors
E; in lexicographical order (e.g., Ey := €; Aés A ... Aeg). We define a map ¢ : G(d,n) — PN

so that

N
W (dy,...,dy), where w= ZdzEz
i=0
This map is the same map as ¢; however, we have used a particular basis for A4(V).

Interpreted in a linear algebraic setting, W is spanned by d vectors vq,...,vs. We con-
struct an n x d matrix whose columns are the vectors v; and the Pliicker embedding is

mapping this matrix to the line spanned by the vector of its d X d minors.



1.3 QUIVER GRASSMANNIANS

Consider a quiver @, letting @y = {1,...,n} be the set of vertices and @); be the set of

arrows of ().

Definition 1.3.1. Let (X, f) be a quiver representation associated to the quiver Q). The

dimension vector of (X, f) is the n-tuple d = (dim X;);eq, -

Definition 1.3.2. Let Q) be a quiver, and let (X, f) be a quiver representation associated
to the quiver Q). Let e = (e;)icq, be an n-tuple where e; < dim X, for all i € Qy. The
quiver Grassmannian Gr.(X, f) associated to the quiver representation (X, f) is the set of

subrepresentations of (X, f) with dimension vector e.

Note that Gr.(X, f) has more structure than that of a set as it can be endowed with the
structure of a complex algebraic variety. Since a subrepresentation is a choice of n vector
subspaces, we can view the quiver Grassmannian Gr.(X, f) as a subset of the product
space Gr(e;,dim X;) X ... X Gr(e,,dim X,,). Moreover, Gr (X, f) is a closed subvariety of
Gr(e;,dim X7) x ... x Gr(e,,dim X,,); hence it is also projective (page 2370 of [CR]).

Consider the following example. Let @) be the quiver with one vertex and no arrows. As
reasoned above, an n-dimensional vector space W can be viewed as the quiver representation
(X, f) associated to @), where X is the collection of one vector space X; := W and f is the
empty collection. The dimension vector of (X, f)isd = (dim W) = (n). Let e = (d). Consider
the quiver Grassmannian Gr.(X, f). For any d-dimensional subspace W; of W, there is one
subrepresentation (.5, ¢) such that S; = Wy. Therefore Gr.(X, f) = Gr(d,n). We conclude

that the quiver Grassmannian is a generalization of the Grassmannian.



CHAPTER 2

QUIVER GRASSMANNIANS

We now discuss the quiver Grassmannian of a given quiver representation. We will first work
out an approach for the quiver Grassmannians in general and then compute some examples.

First, consider the case of a quiver with two points and n arrows. Let Q = (Qo, Q1) be a
quiver where Qg = {¢, h} are the vertices and @1 = {as,...,a,} are the arrows. Assume that
@ is acyclic, so, without loss of generality, every arrow has tail ¢ and head h. To construct a
representation (X, f) associated to @), we assign vector spaces X; and X}, to the vertices ¢
and h, respectively, and linear maps f,, : X; — X, to every arrow a;. The dimension vector
of (X, f) is (dim X}, dim X},). Given a dimension vector e = (eq, e3), where e; < dim X; and
ey < dim X, we investigate the quiver Grassmannian Gr (X, f). Recall that such a quiver
Grassmannian is a subvariety of Gr(e;, dim X;) x Gr(ez, dim Xj,).

We now describe what is in the quiver Grassmannian Gr.(X, f). Recall that if V; x V}, €
Gr(ep,dim X;) x Gr(ey, dim X},) is an element of the quiver Grassmannian, then, for every

1, the diagram

fa;
v, Jule, oy,

Ll
fa;
Xy —— Xy

commutes, where ¢, and ¢;, are the natural inclusions V; — X; and V}, — Xj,.
We will outline an approach to investigate the space Gr (X, f). For every V, €
Gr(ep,dim X;), we ask what, if any, Vj, € Gr(es, dim X},) fulfill the criteria that im (f,,|y,) C

Vj, for all i. We will answer this question using multivectors and the Pliicker embedding.



Since V; is a vector subspace of X, the image of V; under the linear map f,, is a vector
subspace of X}, for all i. Considering V; € Gr(e;,dim Xy), let By, = {vp1,..., 0 } be a
basis. Then span(U,f,,(5v,)) € Vi. The key here is that the quiver Grassmannian has
the fixed dimension vector ¢ = dim(V'). Thus, if dim(span(U,f.,(Bv;))) = €2, then V,, =
pan (U o fu, (81,).

If dim(span(U,fi(Bv;))) > ea, then there does not exist a V;, € Gr(ey, dim X}) such
that span(U" fi(Bv;)) C Vi; therefore, there does not exist a Vj, € Gr(es, dim X},) such that
Vi x Vi € Gro(X, f).

On the other hand, if dim(span(Ul",f; (f;))) < €2 then we have different possibili-
ties for Vj,. Let d := dim(span(U}'_,fa, (0v,))) and say fSw = {wi,...,ws} is a basis for
span (U, fa,(Bv;)). Since V}, has dimension ey, we add e; — d more basis vectors. A nice way
to calculate the space of all possible d-dimensional subspaces V}, is to look at the space of
(es — d)-dimensional subspaces of X}, /span(fy ). Such spaces are in one-to-one correspon-
dence with the e;-dimensional subspaces of C™ that contain span(fy); therefore, the different
possibilities for V}, are parameterized by the space Gr (es — d, dim X, — d).

We can compute dim(span(U!"f..(8y,))) using the Pliicker embedding. Consider bases
E ={e,. .. €amx,} of Xy and I' = {71,...,Ydimx, } of Xp. For every 7, 1 < j < dim Xy,
there exist unique scalars a;; € C, 1 <1 < m, such that

dim X,

fu (&)= > aym

1=1

There exists a matrix representation of f,, with respect to the ordered bases £ and T,
denoted [f,,]pr where the [j entry of [fu,|gr is ;.

Rewrite the vectors vy ; € By, as linear combinations of standard basis vectors, then

map every basis vector through every matrix [f,,]gr, and make them column vectors of an

dim X}, X ndim V; matrix:



| | | |
M = [fal]E,F (ve1) -+ [fal]E,F (vek) [fGQ]E,F (ve1) -+ [fan]E,F (vt,k)
| | | |

The span of the column vectors of M is, in fact, a subspace of a possible V},, so we check
the dimension of the span of the column vectors [f,,]zr(vy, ;). The dimension of this span
is equal to the rank of M, so to find the dimension we look at the d x d minors of the matrix
M. If all of the d x d minors vanish, then the dimension of the span is less than d, and if there
exists a nonzero d x d minor, then the dimension of the span is greater than or equal to d.
We use this observation to compute the dimension of the span and then use this information
to see what freedom, if any, we have when choosing V}, given a fixed V;.

Consider a quiver @ = (Qo, 1), where Qg = {1,...,n} with representation (X, f).
Suppose we want to describe the quiver Grassmannian 2 = Gr (X, f). Consider a pair of
vertices 7, j that are connected by an arrow with tail s and head j. Using the approach outlined
above, first compute the quiver Grassmannian, 2, ; C Gr(e;, dim X;) x Gr(e;,dim X;),i,j €
Qo, between these two vertices with n arrows. Note that if there are no arrows with neither
tail 4 and head j nor tail j and head 7, then 2, = Gr(e;,dim X;) x Gr(e;,dim X;). We
have a description of the quiver Grassmannian between these two vertices. Then, one may
intersect this quiver Grassmannian with all other quiver Grassmannians obtained from such
pairings to obtain the subvariety that is the quiver Grassmannian. To do this, consider the
projection maps

Tij HGr(ek,dika) — Gr(e;,dim X;) x Gr(e;, dim X;); i (Vi x ... xV,) =V, x V.

k=1

Then
2= m Wigl(gi’j).

iv.jeQO



CHAPTER 3

EXAMPLES OF QUIVER GRASSMANNIANS

3.1 TWwO POINTS, ONE ARROW WITH A MAP OF RANK TWO

Consider the quiver @ = (Qo, Q1) with Qo = {1,2} and @ = {a}, where a has tail 1 and
head 2. We construct a representation (X, f). Let X; be the vector space C*, with a basis of
vectors x1, To, 3, and x4, associated to the vertex 1, and X, be the vector space C*, with a
basis of vectors yi, 42, y3, and yy4, associated to the vertex 2. Let f, : X; — X5 be the linear
map corresponding to the arrow a, and suppose that f,(z1) = y1, fo(22) = yo, and fu(x3) =
fa(xs) = 0. We will compute the quiver Grassmannian Gr22)(X, f) C Gr(2,4) x Gr(2,4).

Let m1 : Gro2)(X, f) — G7(2,4) be the projection onto the first factor.

Proposition 3.1.1. m(Gr@22)(X, f)) = Gr(2,4). There exists a closed subvariety W in
Gr(2,4) that is a P? bundle over P! such that for all but one point py € W, the fiber of
a point p € W\ {po} over m is w7 (p) = P2 At po, 7 (po) = po x Gr(2,4). For all

p € Gr(2,4)\ W, m;*(p) is a point.

Proof. We look at an arbitrary element of the Grassmannian, V; € Gr(2,4). V; is the span
of two linearly independent vectors in C*, say v and w. Rewrite, without loss of generality,
v = ATy + Ao + A3x3 + Mgy and w = pyxy + poTo + s + pary, where A, u; € C; and

assume that v and w form a basis. We have the following commutative diagram:

fa‘Vl
_—

Vi Vs
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The image of the map f can be computed:

A1 I A M1
A A
Vi—span | | [ | = 0 =san | | L ] 2w
A3 s 0 0
A4 [ 0 0

Thus following the approach described in Chapter 2, we consider the matrix

A H1
Ao o
0 0

0 0

We have three cases based on the dimension of im f,. We use these three cases to describe
what V5 C X, can be combined with a fixed V; so that Vi x V5 € Gr22)(X, f).

Case 0: Consider the case where dim(7'(V;)) = 0. Here, we have no restriction on V3, so
V5 can be any element of Gr(2,4). This case only occurs when Vj is spanned by z3 and z4.
This vector space is the point py € Gr(2,4) outlined in the proposition.

Case 1: Suppose dim(f,(V7)) = 1. Without loss of generality, assume that (A, Ag) #
(0,0), i.e., that f,(V}) is spanned by the vector f,(v) = A\y; + Aayo and that w € ker f,. Now
fa(V1) C Vs, so the basis of V5 has an extra vector, say 7. Choosing such an 7 is equivalent
to choosing a nonzero element (up to scalars) of the quotient X5/ f,(V;). Choosing 1 up to
scalars is equivalent to choosing an element of Gr(1, X5/ span(f,(v))). Since dim X/ f, (V1) =
dim Xy — dim f,(V}) = 4 — 1 = 3, we can see that the space of the V, that can be paired
with V; to make an element of Grz2) (X, f) is isomorphic to Gr(1,3) = P2. Therefore, if
V € Gr(2,4) and dim(f,(V)) = 1 then 7, }(V) = P2,

The other question we ask is what is the space of V; € Gr(2,4) such that dim(f,(V1)) = 1.
Without loss of generality, we assume that for the basis vectors v and w of V4, f,(v) # 0 and
fa(w) = 0. Then v = \xy + Aoxs + Agxs + My and w = pzxs + paxy. The space of lines

spanned by such vectors w is Gr(1,2) = P!. Given a vector w, we choose v so that it is a
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nonzero element of X;/span(w). The space of such vectors v up to scalars is equivalent to
Gr(1, X,/ span(w)) = P2. This shows that the variety of linear subspaces V; that have 0- or
1-dimensional images under f, is a P? bundle over P!,

Case 2: Otherwise, it is a matrix of full rank; therefore f,(v), f,(w) span a plane, fully
defining V5.

Now that we know all of these spaces, we take the union and that is the quiver Grass-

mannian. O

3.2 THREE DIMENSIONAL AMBIENT SPACE

Consider the quiver Q = (Qo, Q1), where Qo = {t,h} and Q1 = {a1,as, a3} where t(a;) =t
and h(a;) = h for all i. Construct a quiver representation (X, f) associated to ) as follows.
At t and h, we have vector spaces X; = C? and X}, = C?, respectively. We now define the
linear maps f,, : Xy — X},. Let these maps be the permutation maps that have the following

matrix representations for the standard basis 5 = {€, €2, €3}:

1 00 010

fauls=1 01 0 |; fwls=1 00 1 |;

0 01 1 00
00 1

fasls=1 1 0 0
010

3.2.1 THE CASE e = (1,1)

Consider the quiver Grassmannian G7(1,1)(X, f). Let ¢ be a primitive third root of unity.

Proposition 3.2.1. Gr. (X, f) € Gr(1,3) x Gr(1,3) = P? x P? is the set of three points
(L0 ) (L5 €72 ) € {0,1,2}).
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Proof. Let V, € Gr(1,3). We ask for what vector spaces V; there exists a vector space V,
such that the pair V; x V}, gives rise to a subrepresentation, hence a point in the quiver
Grassmannian V; x Vj, € Gr (X, f). V; is defined by a basis of one nonzero vector; call it
vy = A1€1+ X262+ A3€3. Due to the reasoning described in Chapter 2, we know that f,, (v;) € V},
if V; x Vi, € Gro(X, f).

Therefore, if V; x V}, € Gr.(X, f), then

A1 A3 A2
span )\2 ) )\1 ) )\3 - Vh
A3 Ao A1

Using the approach described in Chapter 2, we will consider the matrix

A1 Az Ao
M = )\2 >\1 )\3
A3 A A

We know that there exists a 1 X 1 minor that is nonzero, since the \; cannot all be zero.
Since e; = 1, any V}, would be defined by the corresponding V;. Now we see what values of
A; have only vanishing 2 x 2 minors. Let the graded polynomial ring C[Aq, A2, A3, A4] be the
projective coordinate ring of P2. The set of values of \; that give vanishing 2 x 2 minors is a
variety in P2. The zero set of each 2 x 2 minor is a curve in P2. We look at the intersection

H of all such curves, where by just looking at the first two columns we obtain
Z(AT = XAz, A3 — MAz, A — M) O H.

We first note that if (A; : Ay : A3) € H, then A} = A3 = A3 = A\ \o)3 (by multiplying a \;
to every equation). Therefore |[A\;| = |A2| = |A3| thus every ); is nonzero. Without loss of
generality, let \; = 1. Then A3 = 1 and A3 = A3. Only the points {(1: (" : (*") : n € {0,1,2}}
fulfill these criteria. Furthermore, if (A; : Ay : A3) € {(1:¢": ¢*") :n € {0,1,2}} then the
rank of M is 1. So H = {(1:¢": ¢*"):n €{0,1,2}}.
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Recalling the original question we asked, we wanted to know what vector spaces V}, make a
subrepresentation when coupled with V;. We conclude that the only V; € Gr(1, 3) that can be
paired with a one-dimensional subspace of X, V}, € Gr(1,3) such that V; x V}, € Gr (X, f)
are the one-dimensional subspaces spanned by the basis vectors v, = € + ("€s + (*"es.

Moreover, we know that V}, is the same line since f,, is the identity. O

3.2.2 THE CASE ¢ = (1,2)

Consider the quiver Grassmannian Gr (X, f) =: 2. In the previous case, we found the set
of one-dimensional vector spaces V; whose images under f,, span a one-dimensional subspace

of Xj. Let my : 25 — Gr(1,3) where V; x Vj, — V; be the projection onto the first factor.

Proposition 3.2.2. m(2,) C Gr(1,3) = P? is the union of the three lines that form the
edges of the triangle with vertices (A : g : A3) € {(1:¢":¢*") :n €{0,1,2}}. Moreover, if

p € m(2y) is not in H, its fiber wy ' (p) is a point; if p € m1(Zy) N H, then 7y ' (p) = PL.

Proof. Look at the 3 x 3 “minor” or the determinant of M in order to find the restrictions

as to what V; has a V}, so that V}, x V; € 2,. This zero set of this determinant is the variety
Wl(gg) = Z(/\ila + )\g + )\g - 3/\1/\2>\3)7

which is a reducible curve in P? since A3 + A3 + A3 — 3\ Xoh3 = (A1 + Ao + A3) (A1 + (Ao +

C*A3) (A1 + C*A\y + CA3) with three irreducible components:
T1(2s) = Z(A1 + A+ X3) U Z(A1 4+ Cha + CA3) U Z(M1 + C Ao+ ().

Every irreducible component is a line in P?. They intersect at the points in H, so they
create the triangle with the set of vertices H. Consider the fibers of all the elements of
m1(Z2). Recalling results from the previous subsection, for all but the three points in H,
there is a nonzero 2 x 2 minor, so V}, is fixed (since the span of U, f,,(V}) is two-dimensional).
However, for the three points in H, the image of V; by the maps f,, is just a line, so we have

some freedom. The set of two-dimensional subspaces that contain f,, (V;) for all i is equal
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to the set of lines in X,/ span(U_; f,,(V;)). Since dim Xj,/span(Us_, f,.(V;)) = dim X}, —

dim span(U2_, f,.(V;)) = 3 —1 = 2, this is the same as choosing a point in Gr(1,2) ¥ P!. O

3.3 QUARTIC HYPERSURFACE AS SUBVARIETY OF A QUIVER GRASSMANNIAN

During a colloquium at UGA, Zelevinsky commented that one can find a quartic hypersurface
that is a subvariety of a quiver Grassmannian. In this section, we will build up to an example
of such a quiver Grassmannian and relate it to the geometry of a tetrahedron. Consider the
quiver @@ = (Qo,@Q1), where Qo = {t,h} and Q1 = {ai,as, a3, a4} where t(a;) = t and
h(a;) = h for all 7.

We construct a quiver representation (X, f) associated to Q. At ¢ and h, we have vector
spaces Xj, = C* and X; = C*, respectively. We now define the linear maps f,, : X; — Xj.
Let these maps be the permutation maps that have the following matrix representations for

the standard basis 5 = {€1, €2, €3, €4}

1 0 0O 0 0 01

01 00 1 000
[faJﬂ - 3 [faz],@ - ;

0010 01 0O

0 0 01 0010

0010 01 00

0 0 01 0 010
[fa:a}ﬂ - ; [fa4]/3 =

1 0 0O 0 0 01

01 00 1 00 O

3.3.1 THE cASE e = (1,1)

Consider the quiver Grassmannian 2 := Gr,1)(X, f). Let ¢ be a primitive fourth root of
unity.

Proposition 3.3.1. Gr (X, f) C Gr(1,4) x Gr(1,4) = P3 x P? is the set of four points
[(15¢m ¢ x (127 ¢ 2 (%) in € {0,1,2,3}).
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Proof. Let V; € Gr(1,4). We ask what, if any, vector spaces V}, give us a subrepresentation
when coupled with V;, hence a point in the quiver Grassmannian V; x V}, € 2;. So, V; is
defined by a basis of one nonzero vector; call it v; = Aje1 + Aaea + Aze3 + Ageq. Due to the
reasoning described in Chapter 2, we know that f,. (v;) € V}, if V; x V}, € 2.

Therefore, if V; x V}, € 2, then

A A4 A3 Ao
A A A A
span ? , ! , ! , ’ Cc Vi
A3 Ao A1 A4
A4 A3 Ao A

Using the approach described in Chapter 2, we will consider the matrix
Al A A3 Ao

A A1 A s
Az A A1\

A A3 A A\
We know that there exists a 1 X 1 minor that is nonzero, since the \; cannot all be zero.
Since e; = 1, any V}, would be defined by the corresponding V;. Now we see what values of \;
give us only vanishing 2 x 2 minors. Let the graded polynomial ring C [Ay, Ay, A3, A4] be the
projective coordinate ring for P3. The set of values of \; that give vanishing 2 x 2 minors is a
variety in P3: The zero set of each 2 x 2 minor is a surface in P3. We look at the intersection

H of all such surfaces, where by just looking at the first two columns we obtain
Z (AT = XoAa, A — AsAa, A3 — Aado, AT — Aidg, Aide — Mg, Aeds — AgAp) D H.

We first note that if (A; : Ay 1 A3 : A\y) € H, then A2 = XAy = A2 and A3 = A\ A3 = A2
Since we are working over C, we now know that \; = £A3 and A\ = +\,. Moreover, since
A= XA, AT = A3A2 = )], we know that \; = ("\y for some n € {0,1,2,3}. Hence
|A1] = [A2| = |A3] = |A4], so they are all nonzero. Without loss of generality, set A; = 1. Then
Ay = (" Since A2 = A\3A1, A3 = (?7, and since M3 = MA, Ay = ("3 = 3. So there are
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four possible points on H by looking at the minors of only the first two columns. We can
check that indeed these points have vanishing 2 x 2 minors. So, H = {(1 : (" : ¢*" : (3") :
n€{0,1,2,3}}.

Recalling the original question we asked, we wanted to know for what vector spaces V;
there exists a V}, such that V; x V}, gives a subrepresentation of (X, f). We conclude that the
only V; € Gr(1,4) that can be paired with a one-dimensional subspace of X, V}, € Gr(1,4),
such that V; x V,, € 2, are the one-dimensional subspaces spanned by the basis vectors

vy = €1 + (Mg + (Peg + (3"ey. Moreover, we know that Vj, is the same line. [

3.3.2 THE CASE e = (1,2)

Consider the quiver Grassmannian Gr(;2)(X, f) =: Z,. In the previous case, we found the
set of vector spaces V; whose images under the maps f,, span a one-dimensional subspace of

Xp. Let w1+ @9 — Gr(1,4) where V; x V}, — V; be the projection onto the first factor.

Proposition 3.3.2. 7(2;) C Gr(1,4) = P? is the variety of siz lines that form the edges
of the tetrahedron with vertices H = {(1:¢": ¢*": ¢*") : n € {0,1,2,3}}. Moreover, if p €

71(2Ds) is not in H, its fiber w7 ' (p) is a point; if p € m(22) N H, then 7 (p) = P2

Proof. 1f V}, € m(2s), then the dimension of the image of its span under the 7; maps is
less than three, so all 3 x 3 minors of the matrix M vanish. There are 16 such minors of M
(choice of deleting one row and one column); however, there are only 4 equations for minors

due to the symmetry of the matrix, so we cut out the variety
Z(A3 + X3+ A3 — A3A1 — 2200000, A3 + AT + A3y — A — 20 0003, \;

FAIAL F AL — A3 — 200030, AT 4+ A3ha + AT — AT — 20 030).

This subvariety of P? is the space 71 (2,). If V; € 71(2,), we can look at the fiber 7,1 (V}).
By the previous section, for all but the four points in H, there is a nonzero 2 x 2 minor, so

V}, is fixed (since the span of the image of V; by the maps f; is two-dimensional). However,
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for these four points, the image of V; by the maps f,, is just a line, so we have a degree of
freedom.
The set of two dimensional subspaces that contain f,,(V;) for all i is equal to the set of lines

in X,/ span(UL, f,,)(V;). Since dim X}, / span(U_, fa. (V;)) = dim X}, —dim span(UL_, f,.(V})) =
4 — 1 = 3, this is the same as choosing a point in Gr(1,3) = P2.

We now use MacCaulay 2 and Magma to investigate what this variety looks like. The
code used here is shown in Appendix A, and was written with the aid of David Swinarski.
Through the code, we find that m;(25) is a reducible curve and is the set of six lines that

are the edges of a tetrahedron. Moreover, the vertices of the tetrahedron are the four points

of m(2;), H. The singular locus of 7 (Zs) is H. O

3.3.3 THE CASE ¢ = (1,3)

We will denote this quiver Grassmannian by Zs. We redefine m : 25 — Gr(1,4), where m

projects V; x Vj, to V.

Proposition 3.3.3. m,(23) C Gr(1,4) = P3 is the variety of four planes that are the
faces of the tetrahedron with vertices H = {(1: ¢ : (*" : (3") : n € {0,1,2,3}}. Moreover, if
p € m1(23) is not in m(Ds), its fiber w1 (p) is a point; if p € 71 (2s) N m(L3) but not in

H, then m *(p) = P'. Lastly, if p € H, then m*(p) = (P?)*.

Proof. We are now looking at the 4 x 4 “minor” or the determinant of M in order to get
some restriction on what V; will give us a V}, so that V; x V}, € 23. The determinant gives

us a variety
T1(2D3) = Z(A] — A3 +4M A3 — 2ATA2 + A3 — 4X3 Ao\ — 4003 + 20507 + 4\ A30] — A

which is a reducible hypersurface in P3. Through computation, we see that this is a reducible
surface of degree 4. The Hilbert polynomial of 7m;(23) is h(z) = 2z* + 2, so its arithmetic
genus is (—1)4m™(23)(h(0)—1) = (—1)2(2—1) = 1. By looking at the irreducible components,
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we see that it is the union of four planes:
7T1(°@3) == Z()\l + )\2 + /\3 + )\4) U Z()\l + CQ)\Q + /\3 + <2/\4)U

ZM 4 Cha+ CAs + ) U Z(A + g+ Chs + CAy).

Through computation we can see that the singular locus of m(Z3) is m(Zs). An irre-
ducible component of m;(Z5) corresponds to the intersection of two irreducible components
of m1(<3). Moreover, any point is in three irreducible components of m(Z5) if and only if
it is in m(2). We can also state that the choice we have for Vj, varies depending on what
V; we start with. Let ¢ be the minimal number such that V; € m(£2;). If i = 1 then we
have a choice of Gr(3 — 1,4 — 1) = Gr(2,3) = (P?)*, if i = 2 then we have a choice of
Gr(3—2,4—2)=Gr(1,2) = P! and if i = 3 then V}, is completely fixed. O



CHAPTER 4

EXAMPLE OF A QUIVER GRASSMANNIAN AND ITS QUOTIENT BY A TORUS ACTION

In this chapter, we will construct another example of a quiver Grassmannian, give an example
of a complex algebraic torus acting on it, then take the geometric quotient on an open set
of the quiver Grassmannian. Let @ := (Qo, Q1) be a quiver with vertices Qo = {1,2} and
one arrow a € 7 with tail 1 and head 2. Consider the representation (X, f) of the quiver
Q where X; = C*, with basis {x1, 22, 23,74}, and Xy = C*, with basis {y1, y2, y3, 4}, while
fa : X1 — X is the linear map associated to the arrow a where f,(ci21+cowo+cqz3+caxs) =
c1y1, ¢ € C.

Before we further investigate 2, let us consider Gr(2,4) more carefully. Here the Pliicker
embedding is given by ¢ : Gr(2,4) — p)-1 = PS5, where

( 3

A M1
A It
V = span ? , ’ —
A3 3
\ )\4 /’L4 Vs

(Ao — Aaptn + Aipis — Agpin @ Arfia — Aafen @ Aaftz — Agfta @ Agfha — Aafla @ Asfta — Aafts)
Note that these are all the 2 x 2 minors of the matrix with the vectors A\ and u as column

vectors. We can then see that Gr(2,4) can be expressed as the zero set Z (xoxs+x104—273) C

P (cf. page 211 of [GH]).

4.1 THE QUIVER GRASSMANNIAN

Recall that Grg)(X, f) C Gr(2,4) x Gr(2,4). Define the embedding ® : Gr(2,4) x
Gr(2,4) — P® x P° by ®(V; x Va) = (Vi) x ¢(V3). Given coordinate rings Clzo, . .., xs]

19



20

and Clyo, . .., ys] of two copies of P°, we may say that Gr2 (X, f) C Gr(2,4) x Gr(2,4) =

[}
Z(x0ws + 2124 — T223) X Z(Yoys + Y1Ya — Y2ys) — P° x PO

Proposition 4.1.1. The map ® maps Gre2 (X, f) isomorphically onto Z(voxs + x124 —

T213) X Z(Y3,Ya,Y5) U Z (w0, 21, 72) X Z(Yoys + 11ya — yoys) C P° x PO,
Proof. For any V; x V5 € 2, we have the following commutative diagram:

fa|V1

Vi Vs

Xl = C4 —>fa X2 = (C4
We look at an arbitrary element of the Grassmannian, Vi € Gr(2,4). V; is the span of

two linearly independent vectors in C*, v, w. Write, without loss of generality, v = Az +
AoTo + A3x3 + A\qxy and w = pyx1 + oo + p3x3 + paxy, where \;, p; € C.

Since the diagram commutes, we know that, for all u € Vi, f, o t(u) € «(V3), hence
fo(V1) C Vo & folvi (0), falvy (w) € Vo, In this case, this means that {\y1, py1} C Vo. We
now have two cases for V5, based on the values of A\; and p;.

Case 1: If A\; = u; =0, then f, o t(v) = f, o t(w) = 0, so we have no criteria for V3, so
V4 is an arbitrary element of Gr(2,4).

We now look for when we have this case. We have that \; = p; = 0, so we will look at

the image of such a V; by the Pliicker embedding ¢

0 0
A2 2

V1 = span ; = (0:0:0: Aopz — Agfta @ Aafiy — Aaflo @ Agfea — Aapts) ,
A3 M3

A4 Jin
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so ¢ (V1) is in the hyperplane Z (x¢, x1, z2) of P5. So
Up = {V1 x Vo : Vi = span(Agy + A3T3 + A\ag, oo + pi33 + pars) € Gr(2,4),
‘/2 S GT<2,4), >\i; i € (C} C GT(272) (X, f)
Then ®(Uy) = Z (29, x1,29) X Gr(2,4) = Z(x0, 21, 22) X Z(YoYs + Y1Ys — Y2U3)-

Case 2: We now consider the case where V; € Gr(2,4) \ ¢~ (Z (2o, z1,x3)). Without
loss of generality, we change coordinates so that A\; = 1 and p; = 0. Then we know that
v\ = 1y, € Vi, but we need a vector linearly independent of y;, say w’. We can assume
W = poYo + 3y + pays, i € C, since span{y;,w’'} = span{y;,w’ + cy; } for all ¢ € C. We

can conclude that this case is the set
Uy = {Vi x Vo : Vi € Gr(2,4), Vo = span(ys, iay2 + fi3ys + pays) € Gr(2,4)

for some y1; € C} C Gripg (X, f)

The choice of such a w' is the same as choosing an element of Gr(1,3) = P?; however, we
can give a description of this space as a subvariety of Gr(2,4). V5 has the following image

by the Pliicker embedding:

1 0
0 H2
V5 = span ; — (pe g i g :0:0:0),
0 H3
0 4

so ®(Usy) = (Z(xows + x124 — T2w3) \ Z (20, 21, T2)) X Z(y3,Ys,ys5) C P° x P°.

Consider the maps ¢; : U; — P? x P5 where ¢; is ® composed with the inclusion U; «—
Gr(2,4) x Gr(2,4). We can glue their images together to get the variety induced by the
quiver. 2 = imy Uime C Gr(2,4) x Gr(2,4) is the quiver Grassmannian associated
to the quiver Q. Note that Z(zo,x1,22) X Z(ys,ya,y5) C &(Uy), so then ¢(U; U Uy) =

Z(xors + 124 — Tows) X Z(Ys3,ya,Ys) U Z(x0, 1, T2) X Z(Yoys + Y1ya — Y2y3)- O

Note that the intersection of the two irreducible components is Z (xq, z1, x2) X Z (Y3, Y4, Ys)-
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4.2 THE TORUS AND THE TORUS ACTION

We define a one-dimensional complex algebraic torus to be the spectrum T' = Spec (C[z, z7!]).
Since C is algebraically closed, prime ideals of T' can be written as (x — ¢), so the set of
closed points of the spectrum is C*. Generalizing, the m-dimensional algebraic torus is the

spectrum 7™ := Spec (C[xl, ot T, x,‘nl]) = (C*)™.
Lemma 4.2.1. (C*)™ is an affine variety.

Proof. 1t is sufficient to prove that C* is an affine variety. By definition, C* = {(z) :  # 0} C
A'. We see that C* is the variety {(z,y) : zy = 1} C A2 This is the trick of Rabinowitsch, an
approach typically taken to prove Strong Nullstellensatz using Weak Nullstellensatz. (page
59 of [H])

Alternatively, we may view (C*)™ as an affine subvariety of GL,,. GL,, can be inter-
preted as an affine subvariety of A™°*!. Using the trick of Rabinowitsch, GL,, = {M x z €
My (C) x C : zdet M = 1} € A"+, In this sense, (C*)™ is the affine subvariety of G Ly,

only consisting of all of the diagonal matrices. n

Definition 4.2.2 ([S]). A linear algebraic group G satisfies one of the following (equivalent)
conditions:

1.) the radical of the connected component G° of the unit element of G is an algebraic torus;
2.) the unipotent radical of the group G° is trivial; or

3.) the group G° is a product of closed normal subgroups S and T that are a semisimple

algebraic group and an algebraic torus, respectively.
Clearly, any algebraic torus is a linear algebraic group.

Definition 4.2.3 ([S]). A linear algebraic group G is linearly reductive if one of the following
(equivalent) statements are true:

1.) each rational linear representation of G is completely reducible; or

2.) for each rational linear representation p : G — GL(W') and any p(G)-invariant vector

w € W\ {0} there is a p(G)-invariant function f on W such that f(w) # 0.
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Since we work over characteristic 0, a group G is linearly reductive if and only if it is
reductive [S]. In the case of the algebraic torus, the first statement holds, so an algebraic
torus is a linearly reductive algebraic torus (cf. Proposition 8.4 on page 113 of [B]). Note
that an algebraic torus is a linearly reductive algebraic group in any characteristic (cf. page
464 of [E]).

We have a nice symmetry between the two cases. im¢; cuts out a hyperplane in the
Gr(2,4) associated to V; and, similarly, im 5 cuts out a hyperplane isomorphic to the first

one in the Gr(2,4) associated to V5.

Definition 4.2.4 (cf. page 51 of [F] and pages 2-3 of [MFK]). An action ¢ of an algebraic

group G on a variety V is a morphism G x V. — V that satisfies the criteria 1.) (zy X v) =
Yz x Py xv)), and 2.) Y(1 X v) = v.

We will describe a map of the 2-torus (C*)2 on 2 = &(2) by first defining a torus action
on P° x P5. Define ¥ : (C*)? x (P° x P%) — P° x P5:
(91,92) X ((wo 2wy 1o g xg:ws5) X (Yo Y1 Y2 Y3 :Ya:Ys)) —

(910 : G101 12 1 T3 Ta: T5) X (Yo : Y1 © Yo & GoUs © GoYa © GoUs)

The goal is to prove that ¥|, is an action of (C*)? on 9.
Lemma 4.2.5. VU is an action of (C*)? on P° x P®.

Proof. We first prove that ¥ is a morphism and then prove that the other two criteria are
fulfilled. We can cover P° x P® by an affine cover of open sets U; x V;, where U; = P°\ Z(x;) =
A% and V; =P°\ Z(y;) = A°.

Suppose i = 5 and j = 5. We construct a map W55 : (C?)? x (A% x A%) — A® x AP that
maps

(rxs) x (zxy)=((r,r) % (s1,82)) X ((xo, ..., 24) X (Yo, ---,Ys)) —

(T1$0,T1$1,T1$273€3,$4) X (521/0,529178292793#4)‘
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Every component is a polynomial equation, so W55 is a morphism. We note that, on the
subvariety Z(rire — 1) X Z(s189 — 1), 9 = % and sy = é Consider the natural inclusion
LAY X AP > PP X PS5 Soif (rxs) X (xxy) € (Z(rire —1) X Z(s152 — 1)) x (A% x A®),

then when we map through ¢ o Wy5 : (C?)2 x (A® x A®) — A% x A® < P’ x P5, then
Lo @55((7“ X S) X (30 X y)) = L((T1$0,T1$1,T1$2,$37$4) X (82y07829178292;y3,y4)) =

(r1mo s 1Ty 1T 13wy 1) X (SoYo i Sayr tSa¥e 1 Y3 Ya i l) =
(rimo sy i@ 13wy 1) X (Yo i Y1 Y2 S1Y3 1 S1V4 1 S1Y5),

which agrees with the action W. Using the same techniques shown here, we can make the
morphisms lffij for any 7,7 € {0,...,5}. We then have proven that ¥ is locally a morphism,
which is sufficient.

We prove the rest by brute force.
U((g1h1, g2ha) x ((zo : w1 i @2 1 w3 i@y 1 5) X (Yo Y1 Y2 Y3ty ys)) =
(g1hazo © grhazy  grhaws s w30 24 2 w5) X (Yo : Y1 2 Yo @ Gohoys + g2hoya = g2hays).
And
U((g1,92) X U((h1,ha) X (w0 : w11 @o 13 a1 25) X (Yo Y1 - Y2 Y31 Ya1Ys))) =

‘I’((gbgz) X ((hwo shiwy s hixg T gty 955) X (yo Sy Y2 hoys T hoyy ¢ h2y5))) =
(g1h1x0 P grhizy  gihiwo t gy xs) X (yo SY1 Y2 o gohoys ¢ gahoyy 92h2y5)-
The second criterion is trivial. O

Proposition 4.2.6. V| .y, 5 is an action on 2.

Proof. Let z x y € 2. First, let us assume that ®~(z x y) € U;. This means that z =

(0:0:0: x5 24 25) € Z(20, 21, 73), thus ¢(V4) is fixed. Since z stayed in Z(xzq, z1, 25)
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we need to check that (yo @ ¥1 : Y2 @ G2Us : G2Vs : G2Us) € Z(Yoys + Y1ys — y2y3). Now

y € Z(yoys + y1ys — y2y3), so we just need to plug in to see that

Yo(92Ys) + y1(g2ya) — y2(92y3) = 92(Yoys + Y1ya — y2y3) =0

s0 U((g1,92) x (z X y)) € 2.
If we now assume that ®~(z x y) € Us, y € Z(y3,va,¥s), so y is fixed by our action of

C*. Also, x € Z(xgxs + x1x4 — Tow3) hence, as above,

(g170)xs + (g121) s — (1Y2)T5 = 91(T0%5 + 124 — 2223) = 0

so then we know that U((g1, g2) x (z x y)) € 2.

Since 2 C P5 x PP is a subvariety, U[(cry24 o I8 @ morphism. O

Definition 4.2.7. The orbit of v € V by an action ¢ : G x V. — V is the set oy(v) =
V(G xv)={Y(x xv) eV :xeqG}

Using the action of 1, we may define an equivalence relation ~ on V so that v ~ v’ if and

only if 0,(v) = 0y(v') (cf. page 55 of [F]). We investigate the orbit of an element z x y € 2.

Lemma 4.2.8. If x X y € Z(xo,x1,22) X Z(Y3,Yas,Ys5), then x X y is fivred by V. If x x y =
((ap : a1 = ag : ag : ag = as) X (bg : by : by : 0 :0:0)) € (Z(wors + r104 — T273) X
Z(y3,Y1,Y5)) \ (Z (0,21, 22) X Z(y3,Ys,Ys5)), then the orbit of v X y is one-dimensional and

closed in (Z(QIO'IE) + 2174 — SEQ(E3) X Z<y37 Ya, 95)) \ <Z<x07 Ty, 1;2) X Z(y37 Ya, y5))

Proof. It x x y € Z(xg,x1,22) X Z(Y3,Ya,Y5), (1., 2 Xxy=(0:0:0:0a3:a4:as) x (b:b:
by:0:0:0) € P> x P°) then

U((g1,92) X (x xy) =V((g1,92) x ((0:0:0:a3:aq4:a5) X (byg:by:b2:0:0:0))

=(0:0:0:a3:a4:a5) X (bg:b1:b3:0:0:0)

So, x X y is W-invariant.
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Ifxxy=((ag:a;:as:a3:ag:a5)x (bg:b1:b3:0:0:0)) € Z(xows + 1124 — Tox3) X

Z(y37y47y5) \ (Z(l'o,l‘l,]}g) X Z(y37y4ay5))7 then
U((g1,92) X (x X y)) = (g1a0 : g1a1 : gras a3 :ayg:as) X (bg: by :by:0:0:0).

We know that there exists i € {0, 1,2} such that a; # 0. Suppose (ag : a1 : az : as : a4 : as) X
(bg : by by :0:0:0) is in the same orbit as (a : aj : a) : af :aj:af) x (by: by :b5:0:0:0)
then we know that b; = b; for i € {0, 1, 2}.
Moreover, if all a; are nonzero, then we have the equations
ay _ay 4y ay _a)  ag
ap ai az’  as a;  as

The values (af, : @} : @) : a4 : ay : af) that fulfill all of these equations cuts out a one-

dimensional closed variety in IP°. The orbit of x x ¥ is contained in this variety. If one of the

a; is zero, say 1 = 0, and the others are nonzero, then we have the equations
/ /
G _ % 9 4O

that cuts out a one-dimensional variety in P°. Note for every a; that is equal to zero, we
lose one equation and gain another, so the dimension of the variety is fixed. However, we cut
out from this variety the element that is in Z(x3, x4, x5). We then have the orbit of 2 x y
by the action W. Note that inside the open set (Z(xoxs + x124 — T273) X Z(Yo,Y1,Y2)) \

(Z (23, x4,75)) X Z(y3,Ys,Ys5)), the orbit of z X y is closed. ]

We now introduce some definitions and a theorem of Mumford that will allow us to take

the quotient.

Definition 4.2.9 (Pages 55-6 of [F]). Let G be an affine group and V an affine variety.
A quotient of V' by G is a pair (Vo,a) where G acts trivially on Vo and o = 'V — Vj is
a G-morphism (i.e., a(gv) = ga(v) for all g € G, v € V) such that if 6 : V — V is a

G-morphism and Vj is G-trivial, there exists a G-morphism & such that § = £ o a.
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Definition 4.2.10 (Page 56 of [F]). Let G act on an affine variety V. We say that the
quotient (Vy, ) is an orbit space if the following conditions hold:

1.) for every w € Vo, a~t(w) is an orbit,

2.) U C Vg is open if and only if o= (U) is open in V, and

3.) a* is a C-isomorphism of C[Vy] onto C[V]C.

Theorem 4.2.11 (Page 159 of [F]). (Mumford’s Theorem) Let G be a linearly reductive
affine group and let V' be an affine algebraic set. Let 1 be an action of G on V' over C. Then
a quotient of V by G exists. If the orbits of 1 in V' are closed, then this quotient is an orbit

space.

Note that we have not defined a quotient for a projective variety. For the purposes of this
thesis, we will define the quotient of a projective variety as the set of all positive-dimensional
orbits of an action. To investigate such a quotient, we will take the variety, cover it with
globally invariant affine open sets (cutting out all points with zero-dimensional orbits) and
then find the orbit space of the variety with respect to the action. We then will glue it back
together on the intersections of the open sets to form the set of positive-dimensional orbits.
As we will see, this quotient is a projective variety.

We first look at the irreducible component Z(xoxs 4+ 2124 — x2x3) X Z(yo, Y1, y2). We look

at the action W:

U((g1,92) X (x X y)) = (9170 : 11 : 122 : T3 : Ty T5) X Y.

In this component, y is fixed, so we look at the map ¥y : C* X Z(zozrs + 124 — T223) —
Z(xoxs + x4 — Tox3) Where Wy (g X (xg, 1, T2, 3, T4, T5)) = (120 : g121 : g1%2 : Ty : Ty :
x5). Note that the Wi-invariant elements of Z(xgxs + x4 — x2x3) make up the subvariety

Z(l'o, I, xZ) U Z(l'g, Ty, 3:5)-

Proposition 4.2.12. The quotient Z(xoxs+ x124 — To3) \ (Z (20, X1, T2) U Z (23, T4, 75)) /C*

is a P bundle over P?.
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Proof. We cover Z(xoxs + x124 — Ta23) \ (Z(20, 21, 22) U Z (23, 4, x5)) With affine varieties
that do not touch the zero-dimensional orbits. We then take their quotients with respect to
the action Wy. Let ¢ € {0,1,2}. Then V; := P°\ Z(z;) = A® is an affine variety. Using the trick
of Rabinowitsch, if j € {3,4,5}, then V;; = P°\ (Z(x;)UZ(x;)) is an affine variety. Moreover,
(Z(z0, 1, 22) U Z(x3, 24, 25)) N (P°\ (Z(;) U Z(z5))) = 0, so the ¥y-invariant elements are
already not in the affine variety. We now intersect V;; with Z(zoxs + x124 — 2223) to get an
affine subvariety of V;;. Call this intersection U;;.

If we look at the affine variety Vj, we can express the action ¥; as a mapping C*xP° — P°:
gx(L:ixyiwo:x3:xy:w5)— (g:9gx1: 9023 :2xq:x5) = (1:21:29: has: hxy : hxs),
or, alternatively, as the map C* x A% — A®:
g X (x1, X9, T3, x4, x5) > (21, T2, has, hry, has),

where h = é e H:.=C"

Cut Vj into two proper open subsets, which are affine varieties in their own right, V{3
and V4. Intersecting with the hypersurface, we obtain Uyz = Vo3 N Z(zoz5 + T104 — T273)
and Uy = Vou N Z(xoxs + x124 — wox3), as above. Note that these two varieties cover
Vo N Z(x5 + x124 — 2273) \ Z(23,74,%5), so in order to understand the quotient on Vj,
we just need to know the quotient on all of these affine varieties and then glue. Recall that
the orbits of ¥, are closed.

Using Mumford’s theorem, we see that the quotient of Ups is an orbit space, since alge-
braic tori are linearly reductive algebraic groups, and the orbits of W; are closed. We now
want to compute the coordinate ring of the quotient so we look at the ring of invariants
of Ups. C[Ups] = Clay, zo, T3, 74, 5, 25 '] /(x5 + 2124 — 2o23) = Clo1, 29, 23, 74, 73" and
ClUos) = Clzy, T, T3, T4, T5, T4 ] /{5 + 2124 — 2073) = Cl21, To, T3, T4, 7, ']. Note that since
To is nonzero, x5 is a linear combination of 3 and x4, so we only need these two open subsets

to cover Uy. We now find the ring of invariants for all of these rings under the action of ¥y.
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Let f € ClUps). f = ata?a?a’t, where iy, iy,is € NU {0}, and i3 € Z. Then ¢*(g x
f) = S histiaghap2aBal (since Wi(F) = F o W, for a function F). If f € C[Up]", then
Uy(g x f) = f so then

i3+i4 .01 .02 .03 .04 1 .02 .93 .04 *
E h x1x2x3x4—§ i egxrdxyt,  forall h e C*.

This yields that A%t = 1 for any h € C*, therefore i3 + iy = 0 and i3 = —i4. Therefore
f=>alalr;a’ and C[Ugs]" = (1, 2o, 23 ' 24), thus Spec(C[Uys]™) = A®. By symmetry,
we have C[Upy] = (21, 20, 2 'z3) and likewise Spec(C[Upy] ) = A3,

Note that the intersection of these two open sets, say Upyss, is an open set such that

ClUgza)™ = (1, w2, 2327, 14251, 50
Upsa/H = SpeC(C[U034]H) = Spec((xl,xg,x3le, m4m3_1)) = A3 \ P,

where the coordinate ring for A is C[xz1, 9, 23] and P is the plane Z(x3). The gluing of

Spec(C[Ups]*) with Spec(C[Upy]®) over the intersection gives us:

U034/H:A3\P — Uog/H:Ag;

<Jf1,l‘2,£_2> = (xlaani_i> 3

U034/H:A3\P — U04/H:A3;

(xlax%i_i) = <x17x27z_3> .
So gluing these two open sets of the cover gives us Uy/H = Uy/H U Uy/H =

Spec (C [z1, 7)) x Proj (C [x3, 4]) = A% x PL.

We now can see from symmetry that U;/H = Spec (C [z, x2]) X Proj(C [z3,x5]) and
Uy/H = Spec (C [xg, x1]) X Proj (C [z4, x5]). The affine schemes in all of these product spaces
will glue together to form Proj (C [xg, x1, 12]) = P2, but the copy of P! will change over this

space, thus we have a P! bundle over P2 O

We now investigate what bundle it is. We will compute the transition functions between
the open sets U;/H, and look at how the P! changes as we vary where we are in P2. Let us

start by computing the transition function from Uy/H to U;/H over the intersection.
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The affine plane Spec(C[zy,x5]) can be thought of as the affine open set P? \ Z ()
where the homogeneous coordinate ring of P? is A = C [xg, 1, 75]. Computing the transition

functions we obtain:

UQ/H—> Ul/H 1 0 I3 I3
(1,3)1,%2) — (%7 ]-7 %) ’ Ty —I1 T4 X5

Analogously, we can compute transition functions from Uy /H to Uy/H

Ul/H—> UQ/H o —X9 T3 Ty
(l’o, 1,1‘2) = (i_ga éa 1) ) 0 1 Ts Ts

and also from Uy/H to Uy/H

Uo/H—> UQ/H 0 1 xIs3 Ty
(1,131,.%‘2) = (m_127 i_;a ) ’ T2 —T1 Xy Ty

We cannot simultaneously diagonalize these transition matrices, so this bundle does not
split, and does not have an easy description. Looking back at the original action ¥, there is
a gluing. Let B be the P! bundle over P?2. By symmetry, we now have a description of the
quotient of an open set of 2 by (C*)2. Let S be the variety (Z(xo, x1,%2) X Z(y3, Y, ys5)) U

(Z($3,$4,9C5) X Z(y37y4,y5)) U (Z($0,1171,$2) X Z(y07y1ay2))‘ Therefore,

(2\ S)/(C*)? = B x Z(y3,ya,y5) U Z (0, 71, 22) x B.
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APPENDIX A

MAcAULAY 2 AND MAGMA CODING USED

This is the Macaulay 2 coding to give us the geometry of m; (Z5) in Chapter 3:

i1 : R=QQ[x,y,z,w]
ol R
ol : PolynomialRing
i2 : M = matrix { {x,w,z,y},{y,x,w,z},{z,y,x,w}t,{w,z,y,x}}
|
|
|
|

02 xwzyl

yxwz |

zyxw |

wzyx|

4 4

02 : Matrix R <--- R
i3 : I = minors(3,M) --Built in Macaulay 2 for the ideal defined by kxk minors
i4 : hilbertPolynomial(I, Projective=>false)
04 = 61 - 2
--This tells us we have a curve of degree 6 and arithmetic genus 3
o4 : QQ[i]

i6 : Z = singularLocus(I);

i6 : Z

06 = Z

i8 : hilbertPolynomial (Z,Projective=>false)
08 = 16

o8 : QQ[il]

--This tells us the curve is singular

110 : toString I

010 = ideal(x"3+y~2%z-x*z  2-2%x*y*w+z*w 2,x" 2%y+
y*ZT2-y T 2% w-2xx*kz*kwAw " 3, Xky T 2-X " 2%Z2+Z27 3-2xyrzRkwx*kw"2,
Y32k y*zHAX T 2% WHZ T 2% Wy kW T2, T 3 2%k ykZ+X T 2k W+ 2T 2% W -
y*Ww ™ 2,X"3+y " 2%zZ-x*z" 2-2% 0k ykwtzdw T2, X7 2%y +
Y*ZT2-y T 2% -2k xkzAkwAw " 3, Xky T 2-X T 2%Z2+2"7 32k yrzkwrxkw© 2,
XkY T 2-XT2%Z+27 3-2%yr kWA *W T2,y " 3-2kXKky*Z+
X 2HWHZT 2%y kW2, X7 3+y T 2% 22X * 2T 2- 2k XKy RWHZRYW 2,
X" 2%y +y*zT 2-y T 2% W2k Xk ZAWAW T3, X T2k y+y*zT 2-y T 2% w—
2%x*z¥ WA~ 3, xky T 2-X"2%Z+27 -2k yrzkwtxkw "2,y 3-2kxky*z+

32
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KT 2%WHZ T 2k W-yHRW T2, X" 3+y T 2%z —X*kZ " 2-2kX*yHRWHZHW " 2)
i1l : quit
Process M2 finished

Then we move to Magma in order to finish.

> Q:=RationalField();

> P3<x,y,z,w>:=ProjectiveSpace(Q,3);

> X:=Scheme (P3, [x"3+y " 2%xz-x*z"2-2%xX*y*wW+z*w ™2 ,X " 2%y+y*z~2-

Yo 2*xW-2%xkZz* W 3, XKy T 2-X T 2%z 427 32k yRzRkwHx kw2, T 3-2k 0k ykzAX T 2%y
+Z7 2%k T2,y T 32k xky Rz T 2k WHZ T 2k W -k T2, X7 3+y T 2% z-xkz2 " 2-2kx0oky Ry
+Z¥WT 2, X7 2Ky Hy*Z T 2-y T 2k W -2 X K ZRWHW T 3, X*y T 2-X " 2% 2427 3-2%ykz kW

+XKW T2, X*y T 2-X T 2%Z2+27 32k yRzARWAkW 2,y 3-2kxky*Z+X T 2% Wz " 2% w-

yHW ™ 2,XT3+y T 2% Z-x*z2 " 2- 20k yRwHz kW T2, X T2k y+Hy*z T 2-y T 2k - 2%k zky
W3, X7 2%y +y*Z2 T 2-y T 2% W2k zkWHW " 3, XKy T 2-X T 2%Z+27 32k y*z*kwW

+XHW2, Y 324Xk YR ZHK "2k WHZ T 2k W-yRW "2, X" 3+y " 2%z -x*kZ " 2-2xx*kyRw+ zF¥w"2]) ;
Dimension(X) ;

C:=Curve (X) ;
ArithmeticGenus(C);

Degree(C) ;

vV OV WV V —~ V

IsReduced(C);

true

> IsIrreducible(C);

false

> IrreducibleComponents(C);

[
Scheme over Rational Field defined by
VT2 + 2%yxz + 2%z72 + 2%z*xw + w2,
X+y+z+w,
Scheme over Rational Field defined by
Vo2 - 2%yxz + 2%z72 - 2%zxw + w2,
X-y+tz-w,
Scheme over Rational Field defined by
X+ z,
ytw,
Scheme over Rational Field defined by
X -z,
y-w

]

> SingularPoints(C);

{@¢ (-1 :1:-1:1), (1 :1:1:1) @}



K<i>:=CyclotomicField(4);
C:=BaseChange (C,K) ;
PK3<x,y,z,w>:=AmbientSpace(C) ;
IrreducibleComponents(C) ;

—m V V V V

Scheme over K defined by
X + i*xz + (1 + 1)*w,
y + (-1 + 1)*z - ix*w,
Scheme over K defined by
x + ixz + (-1 - 1)*w,
y + (1 - D*xz - ixw,
Scheme over K defined by
x - i*xz + (1 - 1)*w,
y + (-1 - 1)*z + ix*w,
Scheme over K defined by
x — i*z + (-1 + 1)*w,
y + (1 + Dxz + ixw,
Scheme over K defined by
X+ z,
ytw,
Scheme over K defined by
X -z,
y-w

]

> SingularPoints(C);

{@ (-1 :1:-1:1, @A:1:1:10, (-1 :-1:1: 1), (1

--Dimension -1 means the intersection is empty

> L1:=IrreducibleComponents(C) [1];
> L2:=IrreducibleComponents(C) [2];
> L3:=IrreducibleComponents(C) [3];
> L4:=IrreducibleComponents(C) [4];
> L5:=IrreducibleComponents(C) [5];
> L6:=IrreducibleComponents(C) [6];
> Dimension(Intersection(L1,L2));
-1

> Dimension(Intersection(L1,L3));
0

> Dimension(Intersection(L1,14));
0

> Dimension(Intersection(L1,L5));
0

> Dimension(Intersection(L1,L6));
0

-1

Do-1
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1) @}



-1

-1

Dimension(Intersection(L2,L3));
Dimension(Intersection(L2,L4));
Dimension(Intersection(L2,L5));
Dimension(Intersection(L2,L6));
Dimension(Intersection(L3,L4));
Dimension(Intersection(L3,L5));
Dimension(Intersection(L3,L6));
Dimension(Intersection(L4,L5));
Dimension(Intersection(L4,L6));

Dimension(Intersection(L5,L6));
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So we know that it is a tetrahedron since it has six lines where they intersect at four points in

such a way to create a tetrahedron. We now go back to MaCaulay 2 to look at the geometry

of

il
ol
ol
i2
02

02

i3
03 :
i4

o4

od :
i5

i6

1 (Qg):

: R=QQ[x,y,z,w]
=R
: PolynomialRing
: M = matrix { {x,w,z,y},{y,.x,w,z},{z,y,x,w},{w,z,y,x}}
= |l xwzyl
| vy xwz|
| zy xw |
| wzyx|
4 4
: Matrix R <--- R
I = minors(4,M)
Ideal of R
hilbertPolynomial (I, Projective=>false)
2
=21 + 2
QQ [i]
Z=singularLocus(I);
: hilbertPolynomial(Z, Projective=>false)
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o6 = 61 - 2

o6 : QQ [il

i7 : toString I

07 = ideal (x"4-y 4+4*xxy~2%z—-2%xX"2%2" 242" 4-4*x" 2% y*kw-4xy*z" 2%w
+2%y " 2%w " 2+4kx*kZ*W " 2-w"4)

i8 : toString Z

08 = R/ (X"4-y 4+4%x*y " 2%xZ-2%X " 2%Z" 242 4-4*X " 2*ykW—A*kykz " 2kW+ 2%y " 2%w " 2+
4xxkzxW " 2-W 4, 4xx " 3+4xy T 2kz-4x k2" 2-8xxokyky+Axzrw "2, —4xy T 3+8*xky*z
—AxX T 2%W—4¥Z7 2% WAk y kW T2, Axxky T 2-4kX T 2% Z+4* 72" 3-8ry*zkW+4 kXKW 2,
—4xx " 2xy-4xy*xz” 2+4%y " 2kw+8kxkzkw—4*w"3)

We note that the Hilbert polynomial of the singular locus is equal to that of m (25) which

makes us curious. We move back to Magma.

Q:=RationalField();
K<i>:=CyclotomicField(4) ;
P3<x,y,z,w>:=ProjectiveSpace(K,3);
X:=Scheme (P3, [x"4-y 4+4*x*y " 2%z—2%X " 2%Z2" 2+2 " 4—-4*X " 2k y*xW—4*xy*Zz "~ 2xy+2%y " 2%w " 2+
dxx¥xzxy~2-w"4]) ;

> Dimension(X);

2

> Degree(X);

4

> IsReduced(X);

true

> IsIrreducible(X);

false

> IrreducibleComponents (X) ;

[

V V V V

Scheme over K defined by

X-y+tz-w,

Scheme over K defined by

x+y+z+w,

Scheme over K defined by

X - ixy - z + ix*w,

Scheme over K defined by

X + ixy - z - i*w
]
> SingX:=Scheme (P3, [x"4-y 4+4*x*y " 2%Z—-2%X"2%Z2" 2+2 " 4-4%X " 2k y*xw—4*y*z "~ 2xy+2%y " 2%
W 2+4xxxzxWw " 2-W" 4, 4*x " 3+4*y T 2%z -4kx*Z2 " 2-8xxxyxw+4kzkw 2, -4y " 3+8*kxky*z—4*x " 2%W
—4xz" 2xu+dkyky T2, dkxky T 2-4%X " 2% 2+4%27 3-8k ykzkWH Ak kT2, —4*x T 2xy -4k y*z” 2+4xy T 2k
WH8*x*zZ*xw—4*xyw"3] ) ;
> IrreducibleComponents (X) ;



Scheme over K defined by
X-y+tz-w,
Scheme over K defined by
x+y+z+w,
Scheme over K defined by
X — iy - z + ix*w,
Scheme over K defined by
X + 1%y - z - i*w
]
> IrreducibleComponents (SingX) ;
[
Scheme over K defined by
x + ixz + (1 + 1)*w,
y + (-1 + 1)*z - ix*w,
Scheme over K defined by
X + i*z + (-1 - 1)*w,
y + (1 - Dxz - ixw,
Scheme over K defined by
X - i*z + (i - 1)*w,
y + (-1 - 1)*z + ix*w,
Scheme over K defined by
x - i¥xz + (-1 + 1)*w,
y + (1 + Dxz + ixw,
Scheme over K defined by
X+ z,
ytw,
Scheme over K defined by
X -z,
y-w

Therefore, the suspicions are confirmed.



