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ABSTRACT

We introduce the notion of a cosheaf on a fan ¥ and define the Z; Hodge spaces H,,(X),
which are the homology groups H,(A?€’) of the gth exterior power of the cosheaf & on X.
Geometrically, for o € ¥ the stalk E, of the cosheaf & is the compact real torus in the real
orbit O,(R) of the real toric variety Xx(R). The Z; Hodge spaces H,,(X) are indexed by
pairs p, g with 0 < ¢ < p < d, where d = dim¥. When ¥ is a smooth fan, we have H,,(¥) =0
for p # q. However, for p > ¢ the spaces H,,(X) are not generally well understood. If ¥ is
the normal fan of a reflexive polytope A then we use polyhedral duality to compute the Zo
Hodge Spaces of ¥. In particular, if the cones of dimension at most k in the face fan ¥* of
A are smooth then we compute H,,(X) for p < k — 2. Moreover, if ¥* is a smooth fan then
we completely determine the spaces Hp,(X).

The Z, Hodge spaces of ¥ are related to the topology of both the real and complex points

of the toric variety Xy in the following way:

where (E',d ) is a spectral sequence with

B —— H,(Xs(R),Z)

p.q



and (E",d") is a spectral sequence with
Ezaq — Hp+q(XE(C)a ZQ) .

When ¥* is a smooth fan, we show the spectral sequence (E’",Ef) for Xy, collapses at E' and
hence Xy is maximal, meaning that
Y bi(X(R) =) bi(X(C)),
i J
where b;(x) = rank H;(x, Zs).

In 2004, Bihan, Franz, McCrory, and van Hamel conjectured that every toric variety is
maximal. All nonsingular projective toric varieties are known to be maximal. Moreover, if X
is a projective toric variety such that either X has isolated singularities or the dimension of
X is at most three then X is maximal. We present a six dimensional projective toric variety
which is not maximal and hence gives a counterexample to the conjecture of Bihan, Franz,
McCrory, and van Hamel.

INDEX WORDS: real toric variety, Hodge space, reflexive polytope, Smith-Thom
inequality, Chow group
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CHAPTER 1

TORIC VARIETIES

1.1 FUNDAMENTAL DEFINITIONS AND PROPERTIES

We begin by reviewing background on toric varieties. We refer the reader to [Full] for a more

detailed discussion.

1.1.1 FANS AND TORIC VARIETIES

Let N = Z% and M = Hom(N, Z) be dual lattices with dual pairing denoted < -,- >. A cone
o in N ® R is the positive hull of a finite number of elements of N. We assume that a cone
does not contain any lines through the origin. We will use the notation ¢ C NN in this case.
The dual cone 0¥ C M determines a semigroup o¥ N M :={ue M | <u,v >>0Vv € g}.
The affine toric variety U, is defined to be Spec Clo¥ N M].

A fan ¥ in N ® R is a collection of cones satisfying the following properties.
o If 7 € ¥ and o is a face of 7 (written ¢ < 7) then o € X.
e If 0,7 € ¥ then o N7 is a face of both ¢ and 7.

We will write ¥(7) for the set of ¢ dimensional cones in ¥ and o (i) for the set of ¢ dimensional

faces of the cone o.
Suppose 0 < 7 in X. Then, 7¥ N M C ¢V N M and hence C[r¥ N M| C C[o¥ N M]. This

gives U, C U, and the affine varieties (U, )yex piece together to form a complex algebraic



variety Xy = Xy (C). The algebraic torus

T := SpecC[M]
= Hom(M,C")

=N®C

is dense in the variety Xy.

1.1.2 SUBVARIETIES AND THE CHOW GROUPS

Each cone o € ¥ defines a sublattice cN N 4+ (—oNN) of N which is generated as a subgroup
by N N. We will abuse notation and write this sublattice as oM N. We have a corresponding

torus

N
= C*
aﬂN®

of dimension d — dim ¢. The closed subvariety V(o) of Xy is defined to be the closure of the

torus O,. This gives a one-to-one inclusion reversing correspondence:

Cones Orbit closures

ogeEX V(o) C Xx

Note that V/onN is the “N”-space for V(o) and o NM = Hom(N/onN, Z) is the “M”-space
for V(o).

For an algebraic variety Y the integral homology Chow groups Ax(Y) of Y are gener-
ated by the k dimensional irreducible closed subvarieties of Y. The relations in A (Y') are
generated by divisors divf where f is a nonzero rational function on a (k 4 1) dimensional
subvariety. For toric varieties, the Chow groups are discussed in [Full §5.1] or [Ful2]. Proposi-
tion 1.1 in [Ful2] states that the Chow groups of toric varieties are equal to the torus invariant
Chow groups, which we review here. The kth torus invariant Chow group is generated by
the cycles [V (7)] for 7 € ¥ of codimension k. The relations are generated by torus invariant

divisors of the following form. For o € ¥ of codimension k + 1, each u € ot N M gives a



function x* € C[ot N M]. The divisor div* gives a relation in the kth torus invariant Chow

group for Xy. If 0 < 7 with codim 7 = k then we have the following
ordy () (divy") =< u,n,, >
where n, , is a lattice generator of TV / onN. This gives the following relation.

divy" = @ <u,ng, > [V(7)]

o<1, TEX(d—k)

1.1.3 PROJECTIVE TORIC VARIETIES AND THE MOMENT MAP

We will primarily be concerned with projective toric varieties. Xy is a projective toric
variety provided the fan X is strongly polytopal. That is, there exists a polytope A =
conv{py, pa, -+ ,Pn} With py,pe, -+ ,p, € M such that the cones in ¥ are in correspondence

with the faces of A.
o(=o0f) ={veNQR | <u,v>><w,v> VYue f,weA}

In this case we say o € X is the cone dual to the face f of A. When Xy is projective, we

have a moment map p: Xy — M ® R given by the following formula.

1 u
p(z) = mue;]w X" (z)lu

The image of p is the convex polytope A. We refer the reader to [Full §4.2] for futher

properties of the moment map .

1.2 THE REAL POINTS OF A TORIC VARIETY

A real toric variety is a normal real variety that contains a real algebraic torus (R*)? as a
dense subset. When Xy = X5 (C) is a projective toric variety embedded in CP", the real
variety X5 (R) is the intersection of Xy with the real projective space RP". A discussion of
real toric varieties can be found in [Sot]. Suppose Xy is projective with moment map pu.

Since p is invariant under complex conjugation, we have maps uc and pg for the complex



and real toric varieties Xy(C) and Xx(R), respectively. We write the complex torus as
T = (Rsg)? x (N®R)/N and the real torus as T(R) = (Ruo)? x %N/N. The map p is shown

below.

U U
(Rog)? % 3N/N C Xg(R) |Jwe
glu PR
int A C A

It follows that if p € int A then we have the following.

112

pep) = (VeR)y (g
U U U

sN/N = (59)

pig {p}

Suppose p € int f with ¢ € ¥ the cone dual to f. Then, we have the following.

(N®R)/, |
Mot = G = (s L
U U U
lNN _
W) = ey (S

In the sequel, we will use NV/2N as the compact torus contained in T(R) and N(o) :=
N/an
oNN / ocN2N
denoted N,. The real moment map pg induces a polyhedral cell structure on X5 (R). Explic-

as the compact torus in O,(R) for convenience. The group "N / on2N will be

itly, we realize Xx(R) as the quotient space (1.2)

N A x N/an

~Y

Xs(R) (1.2)

(z,t) ~ (2",t') <= x=2" and t—1t €N,

where v is dual to ¢ < A and x € intg. Thus, the cells in (1.2) are of the form (g,t) with
t € N(v). A discussion of this cell structure can be found in [Gel2 §11.5 B].



1.3 GLUING COPIES OF A TO FORM A REAL TORIC VARIETY

In this section, we present an algorithm for identifying the faces of the 2¢ copies of A. We
will begin by gluing the facets and at step 7 we will glue faces of codimension j. When we
identify two faces, we will glue the closed faces. The reason for this is as follows. Let (g, 1)
and (g,t") be two open faces identified in the relation ~ of (1.2). Then, t — ' € N, where v
is dual to g. Suppose f < g in A and 3 is the cone dual to f. We have v < 8 and N, C N
yielding t — ' € Ng. Thus, (f,t) and (f,t') are identified in the relation ~.

Step 1: Let fi, fa, -, f, be the facets of A and r; the ray in ¥ dual to f;. If R; is the
image of r; in V/2N then (f;, t) is identified with (f;,#') if and only if ¢ — ¢/ = R;.

Step j: After step j — 1 we have identified faces according to the vector spaces N, for
7€ X(j—1). Let 0 € X(j) be dual to f < A. We have two cases.

1. 2977 copies of f remain <= @ N, — N, is surjective

v€0(j—1)

2. 2977*! copies of f remain <= @ N, — N, is not surjective

v€o(j—1)

where the map @ N, — N, is the direct sum of the inclusion maps IV, ~—S>N,.In

v€a(j—1)
Case 1 we need not make any further identifications among the cells (f,t) since these cells

are in correspondence with the Z, vector space N (o) of rank d—j. In Case 2 we have exactly

7 — 1 basis elements of N, contained in @ N;. Find the jth basis element of N, of the

T€o(j—1)
following form. If 7y, 7r9,--- , 7, are the rays of o then any element of o is of the form

r=airy + agre + - - - +apry  with aq; € Z.

To get an element in N, we take the first integer point on 7 and take its image R in &V / 2N.

If R is the element of this form not contained in @ N, then at step j we identify pairs
T€a(j—1)

of faces (f,t), (f,t') with t —t' = R.
The link of the open cell (f,t) acquires a cell structure from the cell structure (1.2) on

X5 (R). The cells in Lk(f,t) are supported on cells of X5(R) of codimension j — 1 and less.



Thus, the link Lk(f,t) is glued at step j — 1 or earlier. Let t € N(o). In Case 1 Lk(f,t) is
connected while in Case 2 Lk(f,t) has 2 connected components.
Note that the above process stops in at most d = dim A steps. The next lemma will be

useful in subsequent chapters.

Lemma 1. After step 1 we are left with 29~ components, where
s = rank(span{ Ry, Ry, -+ , R,})

with R; the image of r; in N/2N and {ri,ro,--- ,1,} the rays of %.

To prove Lemma 1 we fix ¢ € V/2N. The d-cell (A, t) will be glued to the d-cells (A, ¢ +
Ry), (At + Rs),--- , (A, t + R,) along the facets fi, fa, -, f, respectively. Next, note that
the cell (A, ¢+ R; + R;) is in the same component as (A, t) since the cell (A, ¢+ R;) is glued
to (A, (t + R;) + R;) along the facet f;. Similarly, we can see that (A, ¢+ . ; R;) is in the
same connected component as (A, t) where ) .., R; € span{R;, Ry,--- , R,}. As the rank of
the Zy vector space is s, there are exactly 2° d-cells in this connected component yielding

27/9s = 24=5 connected components in total after step 1.

Remark. If for each cone o in X, the image in N/2N of the rays of o contains a basis for
N, then the above process stops after step 1. This is also equivalent to the link of each cell

in X5 (R) being connected.

1.4 ALGEBRAICALLY ISOMORPHIC VERSUS 7T-HOMEOMORPHIC

Suppose ¥; C N; and ¥y C N, are two fans with V; = Z¢ and N, = Z". Following [Oda
§1.5], let A be a d x n integer valued matrix such that for each cone oy € ¥ there is a cone

09 € Y9 with Aoy C 9. Then, A gives a map of fans and determines a map of toric varieties.
g . Xgl — XE2
The restriction of A to the dense torus T} C Xy, coincides with the homomorphism of tori

T, =N, C 2L N, 0C =T,



When d = n, the map Ais an algebraic isomorphism of Xy, and Xy, provided the cones in

Yo are all of the form Ao for o € 3, and |detA| = 1.

Example 1. Let 31 and Y9 be the 2 dimensional complete fans in Figure 1.1.

pINE e1 + 3e2
21 :
e1 + ez 72
71
—e1 —e1 T2
4!
o1 72
Figure 1.1: Fans 1 and Y
-1 1
The matrix A = satisfies
-3 0

A(—eq) = e1 + 3eg
A(—e2) = e
A(ey + e3) = —3ey C poshull(—ez)
Aoy C o9
AT C 1y

Ay C 7o

and thus we have a map A: Xy, — Xy,. The map A cannot be an algebraic isomorphism
because the cone oy € Y5 is a singular cone, while the fan ¥ is a smooth fan and defines
P2. Note that the determinant of A is 3. The fan ¥, is the normal fan of a lattice triangle.

We label 4 copies of a triangle with the elements (0,0), (0,1), (1,0), (1,1) of N2/2N, = (Zj)?



(1,0) (0,0)

1,1 | (01

Figure 1.2: The topological space Xy, (R)

and glue as in Section 1.3. Using Figure 1.2 and the classification of surfaces, we see Xy, (R)
is homeomorphic to RP? = Xy, (R).

The above example illustrates that two real toric varieties may be homeomorphic even
though they are not isomorphic as algebraic varieties. This motivates the notion of T-
homeomorphic real toric varieties. Let’s assume A is a d X d integer valued matrix with
detA an odd integer. We consider A as a map between the d dimensional lattices N; and

Ns. Then we have A(2N;) C 2N, and hence A determines a map
A Nifan, — Nofan,.

Since the determinant of A is odd, the preimage A™'{2N,} is contained in 2N;. Thus A’ is
an injective map between Zy vector spaces of the same rank yielding A’ is an isomorphism

of vector spaces.

Definition 1. Suppose the d x d matriz A determines a map of fans and detA is an odd

integer. Then A induces a T-homeomorphism A : Xy (R) = > Xy, (R) provided
1. For each o1 € ¥ there exists o9 € Y5 such that the restriction

A/‘ : N, — N,
]\/‘(71 g1 a2



18 a vector space isomorphism.
2. For each o9 € X9, N,, = A'(N,,) for some o1 € ;.
We say X5, (R) and Xs,(R) are T-homeomorphic.

When the varieties Xy, and Xy, are projective, the dual map A* : My — M; gives
a combinatorial equivalence between the polytopes Ay and A; which define Xy, and Xy,

respectively. Hence, the T-homeomorphism Ais a cellular map

AlXNl/QNl A AQXN2/2N2 .

We say a cone 0 C N is Zy regular provided the image in &V / 2N of the rays of o forms a
basis for the Z, vector space N,. Suppose o is Z, regular and dimo = k. If ry,ry, -+ , 7y are
the rays of o then we extend Ry, Ry, -+, Ry to a basis {Ry, Ry, , Ry, Bxi1,- -+, By} for

N/2N. Then, the matrix

r o ro o Tk bk+1 o by

determines a T-homeomorphism between the affine variety U,(R) and R¢"*. We thus have

the following lemma.

Lemma 2. Suppose ¥ consists of Zy reqular cones. Then, Xx(R) is a topological manifold

of dimension d.

We conclude this section by summarizing the implications discussed.

Xy, = Xy, X, (R) = X5, (R) X, (R) 2 X, (R)
s —

algebraically T-homeomorphically topologically



CHAPTER 2

THE SPECTRAL SEQUENCE FE AND THE Z, HODGE SPACES

2.1 THE Z; HODGE SPACES

In this section, we introduce cosheaves on a fan ». We also discuss cosheaf homology and
some basic properties of cosheaves on fans. We then define the cosheaf & and the Z, Hodge
spaces Hp,(X). The terminology Z, Hodge spaces is inspired by work of Brion [Bri] who
considered similar spaces associated to a fan Y. In later chapters, we will also use sheaves
on Y and sheaf cohomology. The definition and properties of sheaves on fans are similar
to those of cosheaves and are developed in [Bri §1.1]. Sheaves on fans are also studied in
[Bre| and [Bar]. The main difference between our work with sheaves and that in [Bri| is that
our sheaves are sheaves of Zy vector spaces. Throughout this and subsequent chapters, all

homology and cohomology groups will be with Zs, coefficients, unless otherwise stated.

2.1.1 SHEAVES AND COSHEAVES ON A FAN

A cosheaf F of Z, vector spaces on a fan X is a collection of vector spaces (F,),ex over Zs
together with face restriction maps p,, : F, — F; for o < 7 satisfying the following two

conditions.
o If o <7 < B then pg,pro = pso
® p, . is the identity map

We define cosheaf homology groups as follows. The chain groups C,(.%) are the Zy vector

spaces defined by
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and the boundary map 0, : C,(.#) — C,—1(F) is the direct sum of the maps
ZPT7J F,— @ F.. (2.1)
o<t T€S(d—p+1),0<T
Note that if we were working with cosheaves of k vector spaces with chark # 2 then we
would need to introduce signs in (2.1) to guarantee 9* = 0. We define H,(.%) to be the pth
homology group of the complex (Cy(F), 0,).

L and .#? are two cosheaves on X. A morphism of cosheaves ® : F1 — F?

Suppose #
is a collection of vector space homomorphisms (@, )sess With ¢, : F} — F? such that if

o < 1 < [ the following diagram commutes.

1 1
Pr.o pBT
1 s 1 » 1
;s — > —=>1I}

l(ba l/d’r lqsﬁ
Pra Ph,r

2

F

Hence, an ezact sequence of cosheaves 0 — F! —s F?2 — ... — F" — (0 is a

collection of exact sequences of Zy vector spaces for o € X

1 2 n—1
O Fl d)a' F2 ¢cf - (z)o' Fn O

g g e

such that the maps ¢! are natural with respect to face restriction for 1 < i < n — 1. In

subsequent chapters, we will frequently use the fact that a short exact sequence of cosheaves
0— F' — 7> — F° —0
induces a long exact sequence on homology groups
T Hp—&-l(y?’) - Hp(ﬁl) - Hp(gﬂ) - Hp(yg) - p—l(ﬁl) —
2.1.2 THE COSHEAF & AND THE Z; HODGE SPACES H,,(X)
We define the cosheaf .4 on X by

N, = UﬂN/oﬂQN for oceX
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with the restriction map p,, given by inclusion
Pro NU—C>NT for o<71.

We encountered the cosheaf .4 in Section 1.3 when gluing Xx(R) from 2¢ copies of A. If

dim o = g then N, is a rank ¢ vector space over Z,. The cosheaf & is defined so that

N/fan
E, =N(o) = .
()= 4
If 0 < 7 then the restriction map
N/an N/an
T,0 EO' = — = ET
“n, N, N,

is induced from the identity on & /2N which takes N, to N,. Thus, the cosheaf & is the
cokernel of the inclusion A~ < NV / 2N, where NV / 2N is the constant cosheaf assigning &V / 2N

to each cone in . The Zs, Hodge spaces of ¥ are defined to be the homology groups

Hpq(z) = Hp(/\qéo)7

where A& is the gth exterior power of the cosheaf &.

Remark. Since N1E, is zero for ¢ > codimo, we have C,(N1&) = 0 for p < q. Hence the

Zy Hodge spaces Hp,y(X) are indexed by p,q with 0 < ¢ < p <d.

2.2 THE SPECTRAL SEQUENCE E

We recall that for Xy projective, the cells in Xy (R) are of the form (f,t) with f < A and
t € N(o), o € ¥ is dual to f. The boundary map 0 for the chain complex C.(Xx(R)) is
given by the maps w;, : N(0) — N(7) from Section 2.1. It follows that
Ci(Xs(R) = €D Ho(N(0)) (2.2)
s€(d—j)
where the boundary map 0; is the direct sum of the maps

Y (@ro)s s Ho(N(0)) — S IG)

o<T T€X(d—j+1),0<T
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In [Bih]| Bihan et al. want to understand the relationship between the topology of Xy (R) and
that of X5 (C). The authors show that the chain complex C,(Xx(R)) is a filtered differential
graded vector space. The associated spectral sequence (E ,d ) converges to H,(X(R)) and
is known to collapse at E' when Xy is complete and has isolated singularities or when the
dimension of Xy is at most 3 [Bih]. Our notation is slightly different than in [Bih] and hence
we briefly review their construction.

Using (2.2) we may specify a filtration on C,(Xx(R)) by giving a filtration of Hy(N(0)),

the Zo group algebra of N (o). We use the augmentation homomorphism ¢, .

¢ - Hy(N(0)) — Zs
Z nigi +—— Z T
ni€Za, gi€N(0)
We define I,,, an ideal in Hy(N(0)), via I, := kere,. This gives a filtration of Hy(N (o))
0= cllc...cI?cl,CI?=HyN(0))
where j = rank N (o) = codim 0. We reindex by setting J? = I27P so that
0=Ji7tcJidc...cJi?cJit cJ= Hy(N(o)) (2.3)

is an increasing filtration of Hy(N(0)).

Lemma 3. The filtrations of Hy(N (o)) of the form (2.3) for o € 3 determine an increasing

filtration of F' of C.(Xs(R)) and we have the following.
0j : F4C3(Xs(R)) — FyCi1(Xs(R))

To prove Lemma 3 note that for ¢ < 7 in ¥ the map (w,,). commutes with the aug-

mentation homomorphisms.
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Thus we have (wr,)(1,) C I and (w,4).(IF) C I¥. Lemma 3 follows. We will denote @? ,

for the induced map on the quotient

k k

k. [0' [’T
Wro k+1 k+1°

Ik IF

We now use the spectral sequence of a filtered module as developed in [Mac §XI.3] to

define the spectral sequence (E’", dr ). From Theorem 3.1 in [Mac| we have

_—_— F,C.(Xxs(R))
Eypq = Hpiq (Fp_1 C*(XE(R)))

and

B, — Hyy(Xs(R)).
Lemma 4. For each p,q we have
E;,q = p+q, dﬁD(E)
where Hyy 4—p(X) is the Zy Hodge space of ¥ defined in Section 2.1.

We illustrate this lemma by showing the term E;,q when the dimension of ¥ is 5.

Hs5(%)
Hs4(X)
Hyu(X) Hss3(X)
Hy3(¥) Hsy(X)
Hs33(Y) Hyp(X) Hs(Z
H3(X) Hp(Y) Hso(X2
! Hy(Y) b))
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To prove Lemma 4 consider the following.

Fy Cp+q(XE(R)) _ @ Jf;
Fp1 Cpig(X2(R)) Jgfl
oeX(d—(p+q))

Id-»
- @ 74-(=1)

o€ (d—(p+q)) ~°

The following claim is Proposition 6.1 in [Bih].

Claim. For each o € ¥ we have

13
Iq—l—l = AqN(U)
canonically as Zy vector spaces.
This yields
Fy Cp+q(XE (R» _ d—p
Lt GE - D NN

oeX(d—(p+q))

- Cp+q(/\d7p8) :

To see the lemma we need only compare boundary maps. The map

&b . I@)(jp+q()(2(ﬁg)) _ }Qi(jp+q—1()(2(ﬁg))
ne }1F4,C¥+q()(2(ﬂg)) }ZFJ—C%+0—1()(E(E§))

is given by the collection

d—p d—p
wd—p . Ia IT

Ero - qdpl T dpil

of maps for ¢ < 7 in ¥ with dimo = d — (p + ¢). By construction, this is induced from
the map @, . The cosheaf differential for A*P& is given by the collection of face restriction
maps

ANTPN(o) — ATPN(7) for o <7

which are also induced from the maps w,,, and hence the two maps are equal. Taking

homology we arrive at Lemma 4.
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As (E’”, dr ) is the spectral sequence associated to the filtered complex of cellular chains

in X5(R), we have

Eoo _ FpHp+q(XE(R))
P17 Fy oy Hyyg(X2(R))

with
0= Fd—(p+q)—1Hp+q(XE(R)) C Fd—(p+q)Hp+q(XE(R)) C -+ C FaHpq(Xn(R)) C Hpiq(Xn(R))

the bounded filtration of H,,(Xx(R)). Since CE = 0 for all r, we have a

—(p+9),2(p+q)—d

sequence of surjections

EZ
—(p+9),2(p+q)—d d—(p+q),2(p+q)—d

~ 3
E} — Ei g 2pta- =pr)2pta)—d

which are called edge homomorphisms in §11.1 of [Mac|. Moreover, as

EOO o Fdf(erq)Hp-i-q(XE (R>)
d—(p+q),2(p+q)—d — 0 )

we can compose the edge homomorphisms with inclusion to obtain a natural homomorphism

Ecll*(p+q),2(p+q)fd — Hpyg(Xs(R)). (2.4)

At this point, we introduce reindexing which we will use in the sequel. We rotate the
E! term clockwise by 90° and then shear so that each diagonal line p + ¢ = ¢ becomes the
vertical line p = c¢. We write (ET,ET) for the spectral sequence obtained after reindexing.
The total grading of (E",d ) is p, and Lemma 4 gives the identity E;’q = H,,(X). Figure 2.1
shows the terms E;jq and E;q for a 4 dimensional fan 3.

For the spectral sequence (Er,c_ir) the boundary map d satisfies

We show the first five boundary maps in Figure 2.2. Next, we point out that after reindexing

the natural homomorphism (2.4) becomes a map which we denote fX and will use in future

chapters where

R Hy(S) = B, — Hy(Xs(R)). (2.5)
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o~~~ ~ ~

— N N

Hy (%)

o~~~ ~ S~

1.
o (right)

! (left) and E

Figure 2.1: The terms E;ﬂ

(»q)

(p_ 17‘1)

, and d

Figure 2.2: The differentials 30,31,32,33
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Lemma 5. The spectral sequence (E',d ) satisfies

Tl o~ 2
E,,=E,, for 0<pqg<d

where (E",d") is the Zy Leray spectral sequence for the map pc.

We refer the reader to [Mac §XI.7] or [McC §5] for construction of the Leray spectral
sequence. We will show Eﬁ,q = H,,(X) which will prove the lemma. Suppose o € ¥ is dual

to f < A. From (1.1) if z € int f then

(NoR)/,

~ 1 —
m—(s)p p=dim f

pe'{z} =

Next, we note that H,((S")?,Zs) = A (H,((S')?,Z)) and

N®R N®R)/,;
Hl (% ZQ> o Hl <ﬂ)z> ®Z2

N/onN '’ N/onN
= (N/onN) @ Z,
N/fan
oW /on2N
= N(o)

where each equality above is canonical. This gives the following.

(N®R)/y

B, = D o (mﬂz>

ceX(d—p

= P AN(o)

oeX(d—p)

Using Proposition 5.1 of [Bih], the differential d, : E; — E_,, is equivalent to the

7q
boundary map for the cosheaf A7 and hence we have Lemma 5.

We now have a way to compare the topology of the real and complex points of a toric
variety. The Smith-Thom Inequality states

Z bi(Xs(R)) < ) b;(X=(C))

J
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and we say Xy is mazimal or an M-variety if equality is obtained. Using the the Smith-Thom

inequality and Lemma 5 we have the following diagram.

> rank(E;’q) > rank(Ez,q) (2.6)

Vi Vi

2 bi(X(R)) 2. 0;(X(C))

IN

If the spectral sequence E' collapses at E' then the left vertical inequality in (2.6) is equality.
This forces both the right vertical inequality and the lower horizontal inequality to both be

equalities. In this case we obtain Xy is maximal.



CHAPTER 3

PRELIMINARY RESULTS

3.1 THE DIAGONAL ENTRIES H,(X)

In this section we show that the diagonal Z, Hodge space H,,(X) can be identified with the
qth Zs, torus invariant Chow group AZ(XE), and we interpret the map fle in (2.5) in this

setting. We also determine the groups AqT(Xg) when certain hypotheses are placed on ..

Proposition. For each q with 0 < q¢ < d we have
qu(2> = AZ(XE)a
where Az;(Xg) is the qth Zo torus invariant Chow group of Xx.

To prove the proposition, let ¢ < 7 in ¥ with codimo = ¢ + 1 and codim 7 = ¢ and we

consider the restriction map

pro: NIN(0) — NIN(T) (3.1)

for the cosheaf A?&. Choose a basis B := {t1,t2, - ,t,} for N(7) and extend B to a basis
B = BU{n,,} for N(o), where n,, is the nonzero element in Nr/ N,. We determine the

map pr, in (3.1) using the basis elements of AYN(0):

pT,U(tl/\tQ/\"'/\tq> :tl/\tZ/\"'/\tq

Pro(Mor ANk A---Ax) =0

where 3 Aty A --- At, is the generator of AYN(7) and the x-entries can be any elements of
B'. Since N (o) has rank ¢ + 1, we have an isomorphism AYN (o) = N(o) which identifies a

g-tuple of basis elements by A by A --- A b, to the one element of B'\{by,bs,--- ,b,}. Hence

20
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we can interpret the map p,, in (3.1) as a map N(0) — Zs[7] which sends the nonzero
element n, . € NT/N(, to 1 € Zs[7]| and any ¢ to zero.

Next, we consider the relations in the Z; torus invariant Chow groups Al(Xy). The
integral torus invariant Chow groups are reviewed in Section 1.1.2. When considering the
Zs torus invariant Chow groups, we define AqT(Xg) = ZzzT(XE)/RqT+1(Xg), where ZqT(Xg) is
the Zs vector space generated by cycles [V (7)] for 7 € ¥ of codimension ¢g. The subspace
R:{H(Xg) is generated by divy* as in Section 1.1.2 except the coefficients are taken mod 2.

That is, the coefficient of [V (7)] in the relation divy" is
<u,n,, > mod?2 (3.2)

where 1, is a lattice generator of TN/onN. The element of Z, in (3.2) is the same as the
clement when we take u, the image of u in M (o) = o "M/sLn2M and n,.,, the image of
Ny, in Nr/N,. Next, we have M(c) = Hom(N(c), Z,) and hence the subspace RT, | (Xy) is

generated by the image of

Hom(N (o), Zy) — Zo[T] (3.3)
U —< U, Ny, > mod 2. (3.4)
We take the dual basis for B as a basis for M (o) which consists of elements {t},%5,--- ¢, n} _}.

We determine the map (3.3) using this basis, and we see the image of (3.3) in Zy[7] is equal
to the image of the differential (3.1) in AYN(7) = Zs[7]. Moreover since Cy_1(A?E) = 0, we
have

ker(C,(A96) — Cy1(A16)) = Gy (NI6)

and as Cy(A\?6) = Z['(Xx) we obtain
Cy(116) LS
im(Cy11(AN1E) — Co(A1E)) Ry (Xx)
qu(E) = Ag(XE)a

which proves the proposition.



22

Next, we recall the natural map
fo + Ag (Xs) = Hyy(2) — Hy(Xx(R))

given in (2.5) which arises from the edge homomorphisms of the spectral sequence (E’", dr ).
Thinking cellularly, an algebraic cycle [V(8)] in Z] (Xx) is represented by the sum of all 27
cells in the orbit Og(R). Hence, if ¢ is a ¢ dimensional face of A with 3 the cone dual to g
then f* ([V(3)]) is the homology class of Cs where Cjg := > ien(p)(9,t) is the cellular chain
in C,(Xyx) obtained by adding all 27 copies of g in Xx(R).

Bihan et al. [Bih] show that if ¥ consists of Z, regular cones then the map fi* is an
isomorphism for 0 < ¢ < d. We will see in Chapter 5 that szR is in general neither injective
nor surjective. Next, we determine AqT(Xg) in some cases. The following lemma will be useful

in Section 4.5.

Lemma 6. Assume for each 7 € ¥(d — k — 1) we have V(7)(R) is T-homeomorphic to
RP*. If ¢ < k then AqT(Xg) is generated by the orbit closure of any q dimensional torus

orbit in Xx.

To prove the lemma, we first look at the relations coming from a single cone o of codi-
mension ¢ + 1. Since ¢ is a face of a cone in 3(d — k — 1), V(o)(R) is T-homeomorphic
to RP?"'. Thus, M (o) = Hom(N (), Zs) is generated by elements ay, as, - -+ ,a,41 and o is
contained in the g 4+ 2 cones wy,ws - -+ , w42 of codimension ¢, where

a; if 1<i¢<qg+1

no_7wi =

a1+a2—|—~~+aq+1 if Z:q+2

Hence, the map

M(o) — ZT (Xy) (3.5)
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is given by basis elements as follows.

a; — [V(w1)] + [V(wgr2)]

ag — [V (w2)] + [V(wg2)]

g1 — [V(Wg1)] + [V(wyt2)]

Extending linearly to all of M (o), we see that in the image of (3.5) we obtain the sum of any
even number of [V (w;)]’s. For any r with 1 <r < ¢+2, the cycle [V (w,)] is not in the image of
(3.5). Moreover, if C' is a sum of an odd number of [V (w;)]’s then C'+ [V (w,)] is in the image
of (3.5). Hence for any r, the cycle [V (w,)] is the generator of coker(M (o) — @[V(wl)])

o<w;
Next, we consider the map

B Mo)— P Vw) (3.6)
o€X(d—q—1) weX(d—q)

where the map on each M (o) is described above.

Claim. Ifw and W' are codimension q cones in ¥ then [V (w)] + [V (w')] is in the image of

(3.6).

To see the claim, note that if w N’ is a codimension ¢ + 1 cone then [V (w)] + [V (&')]
is in the image of (3.6), as discussed above. Else, find a sequence of codimension ¢ and

codimension ¢ + 1 cones
w = wp Wy wo e Wn—1 Wy = w'
o0l 012 e Tn—1n

where 0;_1; < w;—1 and 0;,_1; < w; for 1 < ¢ < n. There exists Ui—1; € M(O’Z’,M) with

div(x*-1) = [V(w;—1)] + [V (w;)]. Adding, we obtain

Zui_li S @ M(O’)

oeX(d—q—-1)
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and
Z Uim1; — [V(w)] + [V(w)]

which proves the claim. Thus, the sum of any even number of [V (w)]’s is in the image of
(3.6) and the cycle [V (w')] is not. Moreover, if C'is a chain in Z] (Xy) with an odd number
of [V(w)]’s then C' + [V/(w')] is in the image of (3.6). Hence, A7 (Xy) is generated by [V (w')]

where W’ is any cone of codimension ¢g. This proves Lemma 6.

3.2 THE RIGHT-MOST COLUMN H 4, (%)

In this section, we show that the higher boundaries 327(1, r > 1 for the spectral sequence
(E",d") are zero and we determine the ranks of the Z; Hodge spaces Hg,(X) in the right-
most column. Let {ry, 7y, -+ 74} be the rays of & and R; the image of r; in N/2N = (Z,)?.
Suppose the rank of the Z, vector space V' := span(Ry, R, -+ , Ri) is s < d. Choose a basis
for V' consisting of a subset of the R;, and reorder if needed so that {Ry, Ry, -+, Rs} is a

basis for V. Note that the elements of the form
R ANx Asx A Ax

generate

ker(AN /2N — AIN (1)),

where the x-entries are any elements of v / 2N. Hence,

ker(ATN 2N — é NIN(r;))

=1

is generated by elements of the following form.
RiNRoA-- - ANRSAxAx A Ak

This is a subspace of A9V / 2N of rank (Z:i), where (Z) = 0 if £ < 0. Hence, the kernel of the

boundary map

Eg’q : NN foN —s @ NIN(r)

rex(1)
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has rank at most (Z:j). This shows

(X)) € 3 (d ) ) = ot (3.7)

— S
q=s q

and equality holds if and only if for each g, keraqu has rank (;l:z) and all higher differen-

tials 327(1, r > 1 with source the rightmost column are zero. Next, we use Lemma 1. After

identifying all facets, we are left with 2¢=* components which shows

ba(Xs(R)) > 247, (3.8)
Combining (3.7) and (3.8) we have equality yielding

ba(Xx(R)) = 277°

and the higher boundaries E;q, r > 1 are zero.

3.3 EXACTNESS OF “K0SzUL” SEQUENCES

For a Z, vector space E of rank r, we have the Koszul complex as in [McC p. 259] or [Lan

p. 861]
0 —-ANERQSE—AN'EQSE — --- — ANE®SE —NEQSE—0 (3.9)
with boundary map 9, : A’E @ SE — AP"'E ® SE given by
8p(:vl~/\---/\$p®y):le/\---/\@/\---/\xpémviy (3.10)
The complex (3.9) has Hy = Zy and H; = 0 for ¢ > 0, and hence
0 — AN"EQSE — N"'EQSE — - — AN'E®RSE — N°EQSE — Zy — 0 (3.11)

is exact. Decomposing (3.11) into its graded pieces, we obtain for j > 1 the following exact

sequence of Zy vector spaces.

0 —NERS'E—NT'EQS'E — -« — NEQS™'E — NE®SE — 0 (3.12)
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Next, let G be a Zsy vector space of rank p and we consider the following for £ > 1

0— (P NGaNE)RS'E— ( @ NGNE)®S'E— - — A’GaAN’EQS"E — 0
itj=k [+t=k—1
(3.13)

0— NERS'ExS'G — AN Ee (@ S'ERS'G) — - — NEa( @ YERS'G) — 0
I+t=1 i+j=k
(3.14)

where in (3.13) the boundary map is given by

NGRINE®S'E — NGN'E® SHE

aQBRY— a®di(f®7)
and in (3.14) the boundary map is given by
NE®STE® S'G— NTTE® SHE @ S'G
BRY®pr— d(BR7)®p.

We use the sequences (3.13) and (3.14) to construct the exact sequences (3.15) and (3.16).

For (3.13) we use the fact that

(P NGeNE)® S*E~ B (NG® NE® S*E)

itieq i+j=q
and that the boundary map in (3.13) is a direct sum. On one summand, we obtain
ker(N'G @ NE ® S*1E — NG NT'E @ ST E)
= NG @ker(NE ® S 1E — NT'E® SFI1T1E)
NG @ ImMNTTE @ SPFI1E — NE® SFE) if k—q#0
~{ 0 if k—¢=0 and j#0
NG @ NE ® S°E if k—q¢=0 and j=0.

Since

NG @im(NMNTE® S 1'E — NE ® SPE)

> im(AN'GRNTTE® S I1'E — NG @ NE @ SFIE),
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we have exactness at each piece except for the far left and

ker((P NGRNE®S'"E— @ ANGoNT'E®S'E)
i+j=k i+j—1=k—1
= NG ANE® S°E

~ ARG
Hence,

0—AG— (P NGONE)©SE — - — NG NE® S*E — 0 (3.15)
i+j=k

is an exact sequence of Zy vector spaces.

The proof for (3.14) is similar, since the map

P NEesSEeSYG— P NT'EeSTERSG
i+j=q i+1+j=q¢+1
is a direct sum, and
ker(A" E ® S'E® S'G — N1 E® STE ® S1G)
= ker(A\"1E ® S'F — N E @ STE) @ SG
im(AF M E @ STIE — AMIE R SUE) @ SIG if i #£ 0
0 if i=0 and k—q #0.

Moreover, we have

coker( @ NE@ST'E®SFG— P NERSE®SG)
i—14j=k—1 itj=k
=NE®SE® SkG.

im(A"IME R STIE — AR R S'TE) @ SUG
> im(AFIME ® STIE ® SIG — AYTIE ® S'E ® SUG)

we have exactness of (3.14) at each term except the far right. This gives the following exact

sequence of Zy vector spaces.

0—NEeS'EeS'G— - — NEa (P YEeSG) — G —0 (3.16)
i+j=k
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Next, suppose we have a short exact sequence of Z, vector spaces

0 G F E 0. (3.17)
We can form
0 — NG — NF—ANT'TFPRQS'E— ... — AN FS"'E— S*E—0 (3.18)
with the boundary map

/\lF ® Sk‘—lE _ /\l—lF ® Sk—l-i-lE
l

i=1
where
!
in/\---/\@/\---/\ml®\1/(a:i)a: Z TN AN AN @ VY(x;)a
i=1 xz; Ecokerd
because z; € ®(G) <= W(x;) = 0. Note that the boundary map in (3.18) is equivalent to

the boundary map in (3.15), where we have used that @ NE ® NG =2 A'F. This shows
itj=l
the sequence (3.18) is exact. Moreover, the boundary map in (3.18) is independent of the

choice of splitting of the short exact sequence (3.17).
Similarly, if
0 E H G 0 (3.19)

is a short exact sequence of Z, vector spaces then we can form
0— ANE—ANT'TEQS'H — ... — ANE@S"'H — S*H — S*G — 0 (3.20)
with boundary map

/\lE ® Sk—lH N /\l—lE ® Sk—l—‘rlH
l

BN AT @ar— Y T A AB A A @ B(x)a.

i=1
As before, we can see that this map is equivalent to the boundary map in (3.16) and hence

(3.20) is an exact sequence of Zs vector spaces. The boundary map is defined independent
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of a choice of splitting of (3.19).
Next, we will obtain two more exact sequences. As 0 — E — H — G — 0 is exact,
we have 0 — G* — H* — E* — 0 is an exact sequence of Zy vector spaces. In this

case the exact sequence (3.18) gives
0 — NG — NPHY — ANIH @ STEY — o — AH @ SPTUE — SFEF — 0. (3.21)
Applying Hom(—,Zs) to (3.21) we obtain the exact sequence
0— S"E —-NHoS"'E— ... —ANTTHRS'E— AN'H — A"G—0 (3.22)
where we have used that
(NH* @ S*TE* ) = (NH) @ (SFIE)
~NH@S"E

as vector spaces over Zsy. Moreover, the boundary maps in (3.22) do not depend on a choice
of splitting of the short exact sequence 0 — F — H — G — 0 because the maps in
(3.21) do not depend on a splitting of 0 — G* — H* — E* — 0.

We also have (3.20) which yields the exact sequence

0— NG — NG RS'H — - — NG ® S 'H — S*H* — S"E* — 0.
Applying Hom(—, Z,) as before, we obtain

0— S*"E — S*H — NG@S"'H— ... — AN IGe S'TH — NG — 0 (3.23)

and again the boundary maps do not depend on a choice of splitting of 0 — F — H —
G —0.

We conclude this section with our interest in the exact sequences (3.18),(3.20), (3.22),
and (3.23).

Proposition. Suppose

0O —o — B —C —0 (3.24)
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is an exact sequence of sheaves (or cosheaves) on a fan X. Then the following sequences are

exact for k > 1.

0 — ANt — NPB — NP RS'EC — - — N B S1E — Sk — 0 (3.25)
0 — N - N1g 8B —. .. NS 1B — kB — Sk€ — 0 (3.26)
0 —Stet — NBRS o — .. s NP RS A — NPB— NVE — 0 (3.27)

0— Sty — SFB - NECRSF 1B — ... — NG 0S5 % — NFE — 0 (3.28)

For each ¢ € ¥, we may apply (3.18),(3.20), (3.22), and (3.23) to the short exact sequence
of Zy vector spaces given by the stalks 0 — A, — B, — C, — 0. Since each boundary
map in (3.18), (3.20), (3.22), and (3.23) is independent of a choice of splitting of the short
exact sequence 0 — A, — B, — C, — 0 and is induced from one of the the sheaf (or
cosheaf) maps in (3.24), the collection of maps on stalks gives rise to a sheaf (or cosheaf)
homomorphism. Thus, we obtain the exact sequences of sheaves (or cosheaves) in the propo-

sition.



CHAPTER 4

Z5 HODGE SPACES FOR REFLEXIVE POLYTOPES

4.1 A CORRESPONDENCE BETWEEN SHEAVES AND COSHEAVES

A reflexive polytope is a lattice polytope A with 0 € intA and such that the polar polytope
A* is also a lattice polytope. A discussion of reflexive polytopes can be found in [Batl §4.1].

Throughout this chapter, we will use the following notation.
A CM  areflexive polytope
A* C N the polar polytope of A
> C N  the normal fan of A
(= the face fan of A™)
¥*C M  the normal fan of A*
(= the face fan of A)
If 7 € ¥ and dim7 = 5 > 0 then 7 = poshullf* where f* < A* is a face of dimension
J — 1. We define 7* to be the cone in X* of dimension d — j + 1 which is dual to f. The

correspondence

TEN T X

gives a one-to-one inclusion reversing correspondence between the cones in Y of positive

dimension and the positive dimensional cones in >%*. We show this correspondence by dimen-

sion below.
Conein X : i T if d—2 d—1 Cf
Conein X* : d d—1 d—2 3 2 1
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Let 7 be a sheaf on the fan ¥*. We use the correspondence above to create a cosheaf Y

on X by defining for 7 € &

~ H.. ifdim7 >0
H, := (4.1)
0 ifdim7 =0

with restriction map for o < 7

R Pr o+ ifdimo >0
Pro = (4.2)
0 ifdimo =0
where p,« .« is a restriction map for the sheaf 7. Using (4.1) we have equality of chain

groups for the sheaf 7 on ¥* and the cosheaf H on 32, as depicted below.

—

Ca( )_>Cd2 C’g(,}/f?)—>01(¢7z’?)4>00(%”)

Cd_3(jf) o Cd_Q(%) . Cd—l(%)
From (4.2) the horizontal sheaf and cosheaf boundary maps are equal. Hence we may equate

sheaf cohomology groups for 7" on ¥* with cosheaf homology groups for H on .

—

HY ()2 Hyy () 1<p<d-—2

One more construction which we will use in the sequel is that of the cosheaf @7°. If & is a

cosheaf on ¥ then .&7° is defined by

A, if dimo >0
A =

(e

0 if dimo=0

with the restriction map for o < 7 defined by

. pro if dimo >0
Pro =
0 if dimo =0.
Note that by definition

Cp(ef) =Cp(/°) for p<d-—1,

and hence we have

H,(o/) = Hy(a/°) for p<d-2.
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4.2 'THE COSHEAVES JEZ\, ?, AND % ON X

The sheaf .# on X* is defined as follows. For o* € ¥* the stalk is

(e )* NN

Fpoim 2
(0") L N 2N

and the face restriction map
po.*ﬂ_* . FO'* C%F’_r*

is given by inclusion for 7% < ¢* in X*. The sheaf ¢ on X* is then defined to be the cokernel

of the inclusion .# — N / 2N so that
0— F —NoN—F —0 (4.3)
is a short exact sequence of sheaves on X*.

Lemma 7. For 7 € X, 7" € ¥* as in the previous section with dim7 = [ > 0, we have the

following containment of Zy vector spaces

()t NN c TNN
()X N2N ~ 7N2N’

Note that the Zs vector space on the left has rank [ — 1 while the one on the right has

rank [. To prove the lemma, suppose
7 = poshull f*
= pOShuH{qla q2;, " 7q8}

and

*

7* = poshullf

= POShUH{pla b2, Pk}

where f < A and f* < A*. Then we have < p;,q; >= —1 V4, j. This gives

(%) =span{q; — ¢; |1 < i,j < s}
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yielding
()t NN - TNN
()X N2N ~ 7N2N’

Next, we note that this inclusion

span{q; — ¢; |1 <i,7 <s} NN _ poshull{qi,q, -, ¢} NN
span{q;, — ¢; |1 <i,7 < s} N2N ~ poshull{qi, ¢z, -+ ,qs} N2N

is compatible with the face restriction maps for cones in . Thus, we obtain an injective
homomorphism of cosheaves F < . We define the cosheaf € to be the cokernel of this
homomorphism so that

0—F — N —F—0 (4.4)

is an exact sequence of cosheaves on Y. Note that if dim o = 0 then the stalks ﬁa, N,, and
C, are all zero. Moreover, for each o € ¥ of positive dimension the stalk C, is a rank one

Zs vector space.
Lemma 8. For o < 7 in X with dimo > 0 the map C, — C; is the identity.

We prove the lemma by contradiction. Assume we have 7y < 75 in ¥ and C;, — (., is

the zero map. We have the follow diagram

(rH)+tnN NN

0 (Tfl)lﬂ2N 7'1102N CTl 0
(TQ*)J‘ NN ToNN C

0 () Tn2N mN2N T2 0

where the rows are short exact sequences and vertical maps are cosheaf restriction maps. We
have assumed ¢ = 0 and hence

NN ()t NN
1 N2N ~ (13)+N2N’

(4.5)

Let 1 be the first lattice point on a ray of 7 C 75 and 79 be the first lattice point on a ray of
75 . Due to the inclusion (4.5) we have < ry,ry >= 0(mod 2). This is a contradiction because
< 11,79 >= —1. Thus we have Lemma, 8.

Next, note that

0—>§—>N/2N—>§!?—>0
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is a short exact sequence of cosheaves of ¥ where N / oN = N / oN° as cosheaves on . We
can combine this short exact sequence with the short exact sequence (4.4) into the following

commutative diagram

o (4.6)

where the rows and columns are exact and J# := ker®.
Next, we use the Snake Lemma on the diagram (4.6) to obtain # = % as cosheaves
yielding
0—%—9G — & —0 (4.7)

is a short exact sequence of cosheaves on ¥. As (A98)° = A?E° we have

H,(N1&) = Hy(NE°) for p<d-—2.

4.3 VANISHING OF THE HOMOLOGY GROUPS H,(AF¥4)

Our goal in the next two sections is to establish the vanishing of certain Z, Hodge spaces

H,,(2). We use the short exact sequence (4.7) and information about the vanishing of the
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homology groups Hp(/\kg? ). We remind the reader that a cone o € 3 is Zy regular provided

the image in N/QN of the rays of ¢ forms a basis for N,.

Lemma 9. Assume the cones in X* of dimension at most e are Zy reqular. Then

Hp(/\kg?):() for 1<p<e-—1

First, we will assume that e = d. Following [Bri §1.2], as the cones in ¥* are Z, regular

the sheaf & on X* can be written as follows.
9= P 90r)
r,€X*(1)

is a direct sum of the sheaves ¢ (r;) with

G(Tz')ﬂ-* =
0 else.
Moreover, we have
/\kg: @ g(rl,TQ,"' 7Tk)
71,72, Tk distinct
is the direct sum of sheaves ¥ (ry, 7y, -+ ,71) with
ZQ If 1,79, ", Tk - T*(l)
E40/‘177427 e 7Tk‘)7'* -
0 else.

Using the proof of the proposition in Section 1.2 of [Bri|, the cohomology groups H?(¥ (11,19, - - -

vanish for p > 0 because X* is a complete fan. Hence we have

HP(N*9) = HP( @ G(ri,ra, -, 18))

71,79, ,r distinct

= @ HP(G (ry,79,-+ , 1))

r1,r9, 7L distinct

=0 for p>0.
Hence, as NG = N*G we have

H,(N*G) = H P (AFg) = 0

;Tk))
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for p such that 1 <p <d—2and d—p—1> 0, which proves Lemma 9 when e = d.
Next, assume e < d. Let X2, := [J,., X"(i) be the subfan of 3* consisting of the cones of
dimension at most e, and let ¢’ be the restriction of ¢ to XX _. Then as ¥%_ consists of Z,

regular cones, we have

9= P 9ry

riEX* (1)

where ¢ (r;)" is the restriction of ¢(r;) to ¥%,. Moreover, we have

/\kg/ = @ %(rl,r2,~~ ,T’k>/.
71,72, Tk distinct
By definition, for each k we have the equality

HP(N*9) = HP(NF9') for p>d—e

which gives HP(A*4) = 0 for p > d — e. Thus, Hp(/\kg7) =0 for p such that 1 <p < d—2

and d —p —1 > d — e yielding

H,,(A’“g?)zo for 1<p<e-—1.

4.4 VANISHING OF THE Z; HODGE SPACES H,,(X)
Theorem 1. Assume the cones in ¥* of dimension at most e are Zs regular. Then
H,(N1&) =0 for g<p<e—1L1.
To prove the theorem, we use the short exact sequence
0—C —F — & —0
of cosheaves of ¥ and the associated degree g sequence from (3.27)

O—>SQ(5%/\1§2®S‘171‘5—>-~—>/\q71g7®51‘€—>/\q§!?—>/\qé”—>0
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which we break into short exact sequences below

0 — 596 — NG ® ST716 — Wy — 0 (4.8)
0 — Wy — A2G ® ST2€ — Wy — 0 (4.9)
(4.10)

0 — W,.0o — NG @ S'E — W,.1 —0 (4.11)
0 — Wy_1 — NG — N1E° — 0. (4.12)

These induce long exact sequences on homology groups. From Lemma 8 we see that

€ = (L)

SIkG = (Zy)°
where Z, is the constant cosheaf on . Thus we have
Hy(N'G @ STF6) = Hy (NG )@ STF =0 for 1<p<e-—1,
where we have used Lemma 9. We begin with the long exact sequence induced from (4.8).
T Hp</\la ® S1E) — Hy(Wh) — Hp1(S96) — -+
We have

Hp(/\lCA}' ®ST1E)=0 for 1<p<e—1
H, 1(S7%)=0 for 1<p—-1<e—1
and hence H,(W;) =0 for 1 < p < e — 1. Next we use the long exact sequence induced from

(4.9).
- — Hy(NG ® §7°C) — Hy(Ws) — H, (W) — -

We have

Hp(/\zé ®912F)=0 for 1<p<e—1

H, {(W;)=0 for I1<p—-1l<e-—1
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and hence H,(W3) = 0 for 2 < p < e — 1. We continue this process to obtain

H,(W;)=0 for 1<p<e—1

H,(W3)=0 for 2<p<e—1

H,(W,—2)—0 for g—2<p<e-—1
H,(W,-1)=0 for g—1<p<e-—1

H,(N€°)=0 for g<p<e—1.

Moreover, as e — 1 < d — 1 we have H,(A\?E) = H,(N1&°) for ¢ < p < e — 1 and hence

Theorem 1 holds.

4.5 THE DIAGONAL ENTRIES H,(X)

In this section, we are under the assumption that the cones in X%  are Z, regular. Let

T € ¥*(e), 7" = poshull f where f = conv{pi,p2,- - ,pe}

Lemma 10. The toric subvariety Y (R) of Xs(R) defined by the face f of A is T-

homeomorphic to RP.

To prove the lemma, let ¥ = conv{0, p1,p2,- - ,p.} C M. We extend {pi,pa,-- ,pe}
to a basis {p1,pa, -+, Pe, t1,ta, -+ ,tg_o} for M @ R with {t1,t9, - ,tq_.} orthonormal. We

have a map M’ — M given by the d x d matrix
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which has odd determinant because 7 is Zy regular. Moreover,

Aey =pm
Aey = b2
Aee = Pe

and A takes the simplex U’ = conv{0, e, e, -+, €.} to the simplex W. The matrix A* gives

a map N — N’ which induces an isomorphism
N/an —==N'fon7, (4.13)

Let r; be the first integer point on the ray dual to the facet conv{0, p1,ps, - ,pi, -+ ,pe} Of

W. We have the following for j € {1,2,--- iy e}.
0=< Aej,ri >=< eij*Tz’ >

and hence the vector A*r; lies on the ray dual to the facet conv{0,ey,es,--- &, ,e.} of
U’. This gives A*r; = ke;, where k is an odd integer. (if £ were even, then the image of r; in
N/aN would map to 0 € V'/2N’ contradicting the isomorphism (4.13) ) Similarly, if 7 is the
first integer point along the ray in N dual to the facet conv{p,ps,--- ,pe} of ¥ then A*r is
an odd multiple of the vector —e; — ey — - -+ — e.. Thus, the isomorphism in (4.13) gives an
isomorphism N, = N,. where o is a cone in the normal fan of ¥ and ¢’ is in the normal

fan of ¥'. We obtain a T-homeomorphism.

U x Nan W x N'jan'

Y N/

As f < W the toric variety Y is T-homeomorphic to projective space and we obtain Lemma

10. Next, we use Lemma 6 to arrive at the following proposition.

>~

Proposition. If the cones in X%, are Zy reqular then for ¢ < e —1 we have Hyy (%) (

AqT(XE)) has rank 1 and is generated by the orbit closure of any q dimensional torus orbit.
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4.6 COLLAPSING OF THE SPECTRAL SEQUENCE E

In this section, we show that the spectral sequence E for X collapses at E' when the cones
in ¥* are Z, regular. Combining the work in Section 4.4 and Section 4.5, we have that the

ranks of the entries in the El term are as follows

1
%
1 *x =%
1 0 % x

q 1 0 0 % = (4.14)
100 0 x
100 0 0 x =«
1 00000O0O00O

p

where the * entries are possibly nonzero and occur in the columns p > d — 2.

Remark. We can completely determine the x entries. From Section 3.2, if s is the rank of
the image of the rays of ¥ in N/ZN then the rank ofE;q is the binomial coefficient (;l:z). The
Euler characteristic of the qth row is (—1)%h, where h = (ho, h1, he,- - , hq) is the h-vector
of the polytope A. Thus, we may determine the ranks of the vector spaces E;_Lq, qiving us

knowledge of the ranks of all the entries in E;’q.

By looking at the E' term for X 51, we see that the only possible nonzero higher differentials
have target FLQ’ 4o To show that the spectral sequence E for Xy collapses at Fl, we need

only show the following lemma.

Lemma 11. The map
—1
f§—2 By 940 — Hy »(X5(R))

from (2.5) is nonzero.
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Let g be a d—2 dimensional face of A with 8 = poshull {¢1, ¢o, - - - , gx} the cone dual to g.
As mentioned in Section 3.1, f¥ , sends [V ()] to the homology class of Cj := > ten()(9: 1)
Suppose Cz = 0C, C = (g1,t1) + (92, t2) + -+ - + (gr, tr) € Ca—1(Xx) where g; < A, 0, € &
is dual to g;, and t; € N(0;). We include N € N where N 2 Z4+ and A* x [-1,1] € N.
Note that A* x [—1, 1] is reflexive and the normal fan of A* x [—1, 1] consists of Z, regular
cones. Let = be the face fan of A* x [—1,1]|. Then, = is the normal fan of Ba = (A* x
[—1,1])* the bipyramid with base A. We define the cone 5 € = to be the positive hull of
the rays {((ha ]-)7 (q17 _1)7 (q27 1)7 (qQa _1)7 T (qk7 1)7 (Qk7 _]-)} in N Note that 5 is dual to
g considered as a face in Ba. Moreover, we have
- N/oN
BN /BraN
~ N/2N@ < €441 >
~ BON/Br2NG < eqqq >
. NN
~ B0N/groN
= N(B).

This gives that inclusion of [V(5)] in Hy_(X=(R)) is also represented cellularly by Cj.

Similarly, for each o; € ¥ appearing in the chain C, g; := 0; X [—1, 1] € = satisfies N(7;)

N(o;). Hence, C' can be viewed as a chain in Cy_1(X=z(R)). We have
aC = Cy (4.15)

where 0 is the cellular boundary map for X=z(R). Equation (4.15) holds because o; < ~
in = implies v must be of the form v = ¢ x [~1,1] with ¢ € X. As [V(B)] generates
AT ,(Xz), the map AT ,(Xz) — Hy o(X=(R)) must be zero. However, the ranks of the
entries E for Xz have the form (4.14) and E;_Q,d_Q is in the fourth column from the right.
There cannot be higher boundaries with target Eil—Q,d—Q which contradicts the fact that
AT ,(Xz) — Hy »(X=(R)) is the zero map. Hence, Lemma 11 holds and the spectral

sequence E for Xy collapses at E

Corollary. If ¥* consists of Zo reqular cones then Xy, is maximal.
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Remark. We have proved the maximality of toric varieties associated to the Fano polyhedra.

Definition 2. Let vertA = {vy, vy, ,v,}. The d dimensional polytope A is a Fano poly-

hedron provided
1. 0 € intA
2. Each face of A is a simplex

3. If vy, viy, - -+ vy, are the vertices of a (d — 1) dimensional face of A then

det[vy, vy, - - - v;,] = £1.

If A is a Fano polyhedron then A* defines one of the so called smooth toric Fano mani-
folds. A classification of the Fano polyhedra is known for dimension at most 4. There are 5
Fano polyhedra of dimension 2. Batyrev classified the 18 Fano polyhedra of dimension 3 in
[Bat3] and the 123 Fano polyhedra of dimension 4 in [Bat2].

4.7 EXAMPLES

In this section, we illustrate the results of this chapter with some examples. In each example,
we use torhom [Fral] to compute the Z, Hodge spaces H,,(X) and the f-vector of the

polytope A.
Example 2. The five dimensional cross polytope.

Let A be the five dimensional cross polytope. Then, A is the convex hull of the ten

vertices

{xe1, £ey, Leg, tey, tes}.

The polar polytope A* is the five dimensional cube, which defines the nonsingular toric

variety P! x P! x P! x P! x P!. The f-vector for A is (10,40, 80,80, 32). Below I compute
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h5: 1 =1
h4: f4—5 :27
= (R =8

= e Ot (V) =2
hi= fi—=2+3fz—4fs+5 =-3

ho = 1 1.

We compute the ranks of the Z, Hodge spaces for X.

31

q 1 0 25
100 5 1
1000 0 O

p

One can check that (—1)9h, is the Euler characteristic of the gth row. We compute the Z,

Betti numbers for the real points X5 (R) by adding along the columns.

1 1 1 1 106 16]

We compute the Zy Betti numbers for the complex points X5 (C) by adding along the diag-

onals.

1 01 0 15 27 49 37 4 1]

Example 3. A seven dimensional example.

We define A to be the convex hull of the following nine vertices.

{—e1,—ey, —e3, —e€4, —€5, —€, —€7,€1 + €3 + €3 + €4, €5 + €6 + er}
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The f-vector for Ais (9, 36, 84, 125,120, 70, 20). The polar polytope A* is the product Psx Py,
where P; is the ¢ dimensional simplex. Moreover, A* defines the nonsingular toric variety

P? x P*. Below are the ranks of the Zy Hodge spaces H,, ().

15 2

34
21

o o o o
o o o o o
-~
o o o o o

0
1 00
1000

p

Again, we sum entries to obtain the Zy Betti numbers for X5 (R)
111111 109 4]
and the Zy Betti numbers for Xx(C).

1 010101182 3 31 16 2 1]

Example 4. A siz dimensional ezample.

Let A be the convex hull of the twelve vertices below.
{—e1, £es, tes, tey, tes, e6,61 — €5, —€1 — €3 — €3 — €4 — €5 — €6}

The f-vector for A is (12,62,174,267,207,64). The polar polytope A* has 64 vertices. Using
polymake we determine that A* defines a toric variety with isolated singularities. That is,

3Ly consists of Z, regular cones. The results of Section 4.4 and Section 4.5 give the Z, Hodge
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spaces Hp,(X) for p < 4, as shown by the torhom computation below.

28 0
15 113

1 00 10 10
1000 0 O

p

We do not have the theory to guarantee collapsing of the spectral sequence E at E'. How-

ever, using torhom we compute the Zs Betti numbers for the real points Xx(R).
1 1 1 1 97 322 1]

We conclude that the spectral sequence E collapses at E Again, we use Equation (2.6) to
obtain the collapsing of the spectral sequence E™ at E?. We can therefore compute the Z,

Betti numbers for Xy (C) by adding along the diagonals.

1 0 1 0 1 10 45 83 111 113 58 0 1]



CHAPTER 5

A COUNTEREXAMPLE TO THE MAXIMALITY OF TORIC VARIETIES

Theorem 2. There exists a six dimensional projective toric variety which is not maximal.

We define a toric variety from a matroid as in [Gel]. Matroids abstract the theory of
dependence studied in linear algebra or graph theory. There are many equivalent definitions
of a matroid; most are discussed in [Oxl]. A definition useful for our purposes involves a
convex polytope Pys. Let E C ([Z}) be a collection of k element subsets of the ground set

[n] :={1,2,3--- ,n}. We define a convex polytope P via
P := conv{e; = Zei |l € E}.
iel
If each edge of P is parallel to e; — e; for some ¢, 7 then the set £ is the set of bases of a
matrotd M. In this case P = Py, is the matroid polytope for the matroid M. Subsets of
bases are independent sets, and the rank of a matroid is the cardinality of one of its bases.
Let M be the rank 3 matroid F%, the Fano plane. The affine dependencies of M are

depicted in Figure 5.1.

Figure 5.1: The Fano plane F5

47
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In this case, the set E is the set of triangles in Figure 5.1. Next, consider the projective

space CP?" whose coordinates are given by elements of E
{yiji |ijk € (T) \{123, 147, 156, 246, 257, 345, 367} }.
We define a linear action of the complex algebraic torus
T :=(C*)" = {(t1,t2, t3, ta, ts, 6, t7) | t; € C*}
on CP?" where the action on the coordinates is

(t17 t27 t37 t47 t57 t67 t7) *Yije = tzt]tkyl]k

Note that the one dimensional subtorus {(¢,¢,t,¢,t,t,t) |t € C*} acts trivially. By restricting

this action to the subtorus
T, = {(tla t27 t37 t47 t57 t6a 1) ’ tl S C*}7

we obtain an effective action of a six dimensional algebraic torus on CP*". Let X (C) be the

closure of the torus orbit

XC)=1-(1,1,1,---,1) c CP*.

Then, X is a six dimensional projective toric variety.
In this case, the matroid polytope Py = conv{e; | I € (@)\{123, 147,156, 246, 257, 345, 367} }
is a six dimensional polytope and the moment polytope for X is the projection of P,; onto

the first six coordinates. We use torhom [Fral] to compute the ranks of the entries in
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E?, = E;q for X (5.1) and the Z, Betti numbers for X (R) (5.2).

1
15 0
22 0 0
6 26 0 0

q (5.1)
239 0 0
101 1 00
1000 0 0 0

P
[1 1 1 8 57 15 1] (5.2)

By adding up the ranks of the entries in (5.1) and in (5.2), we see the spectral sequence E;q

does not collapse at E. Moreover,

The total grading for the spectral sequence EJ  is p + ¢. Thus, the only possible nonzero

higher differential is d3, : E}, — E3,. If dj; = 0 then the spectral sequence collapses at

E?, the Z, Betti numbers for X (C) are
1 010341526 22 0 15 0 1]

and
D bi(X(C)) = 88.

If d3 , # 0 then the Z; Betti numbers for X (C) are
1 01023 15 26 22 0 15 0 1]

and

D hi(X(C)) = 86.
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In either case, we obtain

S bhi(X(R)) < Zbi(X(C)),

1=0

and hence X is not maximal.

Remark. In the above example, the map AL (X) — Hy(X (R)) is not injective since the rank
of AJ(X) is 2 and by(X(R)) = 1. Hence in general, the map f; : Al (Xs) — Hy(Xx(R))

from (2.5) is neither injective nor surjective.



APPENDIX A

QUESTIONS

A.1 REASONS FOR THE COUNTEREXAMPLE

In Chapter 5 we found a counterexample to the conjecture on the maximality of toric vari-
eties. The counterexample is purely a computation, and as a result we have no insight into
why the toric variety X is not maximal. We may be able to find a reason for this counterex-
ample in terms of properties of the matroid F;. Figure A.1 as found in [Oxl §6.7] shows the

containment of some important classes of matroids. We use the following abbreviations.

A All matroids R Representable matroids
B  Binary matroids T  Ternary matroids

G Graphic matroids C  Cographic matroids

Figure A.1: Venn diagram of matroid classes

The matroid F7 is the smallest example of a matroid which is binary (representable over Fy)
but not ternary (representable over F3). Possibly there are more toric varieties which are not

maximal and come from matroids in the regions (B U T) \ T or (B U T) \ B. Do certain

o1
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classes of matroids always give maximal toric varieties?

For instance, if a rank k£ matroid M on n elements is both binary and ternary, then M is
orientable [Ox1 §6.6 and §13.4]. In this case M determines a semi-algebraic subset of the real
Grassmanian Gg(k,n) and a corresponding subset in the complex Grassmanian Gc(k,n).
See [Bjo §2.4] for a discussion of the matroid stratification of the Grassmanian. The toric
variety corresponding to the matroid polytope Py, is the closure of a generic torus orbit in
the matroid stratum of M. It would be interesting to determine if these toric varieties are
always maximal. Since the Fano plane is not realizable over any field of characteristic 0, the

projective space CP* from Chapter 5 with coordinates
7
{yiji | ijk € ([3]) \{123, 147, 156, 246, 257, 345,367} }

does not intersect the Grassmanian G¢(3,7).
Due to the correspondence between combinatorial properties of a lattice polytope A and
geometric properties of a toric variety Xy, we list many properties of the moment polytope

in Chapter 5 below, as computed by polymake [Gaw].

Number of faces of each dimension (f-vector) (28,126, 245,238,112, 21)
Number of facets incident at each vertex 10

Number of edges incident at each vertex 9

Maximal dimension in which all faces are simplices 1

Maximal dimension in which all faces are simple polytopes 2

Maximal dimension in which all cones in ¥ are simplicial 2

Volume (normalized) 232

Can we find a smaller example of a lattice polytope whose associated projective toric variety
is not maximal? What combinatorial or metric properties of the polytope cause this phe-

nomena?
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A.2 THE SPECTRAL SEQUENCE (E",d")

In [Fra2] Franz conjectured that the Z, Leray spectral sequence (E",d") for uc collapses at
E? for all projective toric varieties. Moreover, the Q Leray spectral sequence for yc is known
to collapse in general [Tot]. In our example of Chapter 5, we do not know whether or not
(ET,d") collapses at E?. We can gain additional information about the homology of X by
looking at Ez,q as computed by torhom below, where (E\T, dr ) is the Leray spectral sequence

for puc with Z coefficients.

7

7% 0

Z2 0 0

73 (7, 73 0 0

! 7: (Z,)* 78 0 0

Z 0 Zs 0 0 0

Z 0 0 0 0 0 0
p

Note that there cannot be any higher differentials and hence (E", dr ) collapses at E2. We

have two possibilities.

Hi(X,Z)=Z® L& Ty <= the filtrationis Z&Z C ZBHZ & Zy = Hy(X,7Z)

<= E" collapses at E*
Hy(X,Z)=7Z&7 <= thefiltrationis Z®2Z C ZS7Z = Hy(X,7Z)
<= E" does not collapse at £>

Does (E",d") collapse at E? for this example? More generally, does the Z, Leray spectral

sequence for ¢ collapse at E? for projective toric varieties?
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A.3 THE MAPS f; AND fr

We recall ff : AT(Xg) — Hy(Xx(R)) is the natural map given by the edge homomorphisms

for the spectral sequence (ET, dr ). We have a similar map
fy + Ay (Xx) — Hay(Xx(C))

given by the edge homomorphisms for the Z, Leray spectral sequence (E",d"). If Xy is a

complete nonsingular toric variety then the triangle of maps

AT(Xy) 2%y, (X5(C)

T

Hy(Xx(R))
are all isomorphisms.

In general, neither féc nor fflR are surjective as singular toric varieties can have non-
algebraic homology. For the singular toric variety in Chapter 5, the map fX is not injective
and moreover the map fr is injective if and only if (E”,d") collapses at E%. I would like
to understand the maps fj]R and f;c in general. What conditions on X will guarantee that
the maps f;R and f;c are injective for all ¢? What conditions will guarantee f,]lR and f;c are

surjective?

A.3.1 THE BIPYRAMID CONSTRUCTION

Example 5. Let A be the 5 dimensional centrally symmetric polytope which is the convex

hull of the twelve vertices

{te1, Leq, tes, tey, fes, H(e1 + €2+ e3+eq+e5)}.
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We list the ranks of the Zy Hodge Spaces for the normal fan 2 of A (A.1) and for the normal

fan = of the bipyramid Ba (A.2) as computed by torhom.

1
19 4
25 11 6
q 1 42 5 4 (A1)
1014 1 1
100 0 0 0
p
1
39 5
44 39 10
1 108 27 10
q (A.2)

100 14 2 1
1000 O 0 O
p

The toric variety Xs« has isolated singularities and hence X=+ = Xs+ x P! has a one dimen-
sional singular locus. The results of Sections 4.4 and 4.5 determine the ranks H,y(Z) for
p < 2 and our torhom computation shows Hs,(Z) = 0 for ¢ < 3. Using an argument as in
Section 4.6, we obtain that the higher boundaries in the spectral sequence E for Xs with
target the (2,2) entry are zero. (Of course, a torhom computation of b;(Xs(R)) also gives

this information for this example.)

The above example is not a rare phenomena. For each example I have computed, if A is
a reflexive polytope with X%, consisting of Z, regular cones then Hy,(Z) =0 for g <p <k

and Hp,(Z) has rank 1 for p < k. Our work from Sections 4.4 and 4.5 only give this result
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for p <k —1.

If (fo, f1, fo, -+, fa1) is the f-vector for A then

(fo+2, fr+2fo, fo+2f1, -, fam1 +2fa—2,2fa-1)

is the f-vector for Ba. Moreover, the faces of Bo come in two types: a face of Ba is either
a face of A or the cone over a face of A. I would like to understand the how the inclusion
A — Bj for reflexive polytopes A affects the corresponding Z, Hodge spaces. What is
the relationship between the topology of Xy and that of X=7 Can we use the bipyramid

construction to determine the collapsing of the spectral sequence E for X in other cases?

A.4 THE SMITH SEQUENCE AND THE QUOTIENT SPACE X (C)/c

The Smith-Thom inequality
E bi(Xs(R)) < E b;(X=(C))
( J

is a consequence of a long exact sequence on homology called the Smith sequence. We use

the following notation.

X =X(C)  acomplex toric variety
c: X — X  complex conjugation
F=X(R) the fixed points of ¢
(= the real points of X)
in: FF— X  the inclusion map
pr: X — X/c  the projection map

Theorem 1.2.1 in [Deg] states that the following Smith sequence is exact

tr* +ins

o Hyy(X/e, F) = Hy(Xfe, F) @ Hy(F) — = Hy(X) —* Hy(X/c,F) — -

where tr* and A are natural maps described in [Deg §1.1]. The Smith sequence gives moti-

vation for understanding the topology of the quotient space X / c. The Smith identity follows
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from the Smith sequence and states

bi(F)+ 2 dimcoker(tr” 4+ in bi(
2. 2. 2>

P

The counterexample in Chapter 5 shows tr* + in, need not be surjective. I would like to
understand the maps tr* + in,, A, and pr, to determine homologically when the difference
between ), b;(F) and >, b;(X) is nonzero. How large can this difference >, b;(Xx(C)) —
> bi(Xs(R)) be?
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