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ABSTRACT

In this work, we use bivariate splines to find the approximations of the solutions to two
variational models, the ROF model and the TV-L? model. The reason to use bivariate splines
is because of the simplicity of their construction, their accuracy of evaluation and their capa-
bility to approximate functions defined on domains of complex shape. We start by showing
that both the ROF model and the TV-L” model have solutions in the spline space, and the
solutions are unique and stable. Then we go on to prove that the solutions in the spline
space approximate the solutions in the Sobolev space or the BV space. Two iterative numer-
ical algorithms are given to compute the bivariate spline solutions and their convergence
are proved. Numerical examples of the applications of the bivariate spline approximations
in image inpainting, image resizing, wrinkle removing and image denoising are given. The
convergence of the iterative numerical algorithms is examined. Finally, we propose an edge-
adaptive triangulation algorithm which triangulates an image according to its edges. To find
the edges, we use the Chan-Vese Active Contour Model, which is also a variational model.

INDEX WORDS: Bivariate Splines, Variational Model, ROF Model, TV-LP Model,
Level Set, Active Contour, Image Enhancement, Triangulation.
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CHAPTER 1

INTRODUCTION

Many problems in computer vision, e.g., image processing can be formulated as minimization
problems. Among them an influential one is the ROF model proposed by Rudin, Osher and

Fatemi in [48], which solves the following minimization problem

: 1 2
ueI}gl\l/I(lQ)/Q|Vu|dx+X/Q|u—f| dr.

The ROF model has been studied extensively. See [48], [1], [13], [5], [11], [24], and many ref-
erences in [51]. Many numerical methods have been proposed to find the numerical approx-
imation. Wang and Lucier have shown in [57] that if Q = [0, 1]* the unit square, and f is a
k x k matrix, the minimizer u of the following functional

k—1 = 1

Ei(u) = Z P2(Vu)i| + 55 Z W (uig = 95)° h= 1,

i,j=0 ij—=0
converges to the solution of ROF model in BV space as h — 0. However, their proof can not
be easily extended to the case when () is a non-rectangular polygon. To solve this problem,
we propose to use spline functions to solve the ROF model. A bivariate spline function
is a piece-wise polynomial function defined on a triangulation of a polygonal domain with
enough smoothness. The main reason we use splines is due to their capability to approximate
functions on complicated regions and their accuracy of evaluation, which is critical in image
resizing and inpainting. Our main contribution in this dissertation is that we show that
the minimizer in a finite dimensional space, such as bivariate spline space, converges to the
minimizer in (1) the space of bounded variation BV (£2), when the domain €2 is a rectangle,
(2) the Sobolev space WH1(€2), when € is a polygon. Moreover, we give an iterative algorithm

to compute the bivariate spline approximation and prove the convergence.
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For the image denoising problem, we assume the original image vy : 2 C R?> — R
is corrupted by a white noise € ~ N(0,0?), so that the corrupted image is f = uy + €. In
statistic settings, by the maximum likelihood method, the best estimation of 0 is [, [ug— f|*.
This gives one reason we use the L? term as the fidelity term in the ROF model. However,
if we generalize the distribution of the error term € from normal distribution to the whole
Laplacian distribution family, then by the maximum likelihood method, the fidelity term also
needs to be adapted. That is the reason why we introduce a more general model-the TV-L”
model, in which the fidelity term is an LP term. Similar to the method we use to study the
ROF model, we also use the minimizer in a finite dimensional space, e.g. the spline space, to
approximate the minimizer in the BV space. A similar approximation property is deduced.
Finally, we give an iterative algorithm to compute the bivariate spline approximation and
establish the convergence.

It is known that when the size of the triangulation is small enough, the spline function
can approximate a discontinuous function well, but the computation time increases simulta-
neously. Therefore, in some applications, e.g. image denoising, we might want to decompose
the image into several regions in each the image is sufficiently smooth, instead of finding the
spline approximation on the whole image domain. The active contour method proposed in
[16] by Tony F. Chan and Luminita A. Vese is another energy-based method which has its
application in image segmentation. In this dissertation, we propose an edge-adaptive trian-
gulation algorithm which triangulates a region based on the region’s segmentation by the
Chan-Vese active contour model. We also give a finite difference scheme to find the numerical
solution of the active contour model. Several numerical examples of image segmentation and
edge-adaptive triangulation algorithm are given at the end of the chapter.

This dissertation is divided into five chapters. In Chapter 2, we review some preliminary
knowledge. First we review the properties of the bivariate splines we use in our numerical
analysis. Next we give an analysis of the underlying reason to use the ROF model for image

processing, e.g. image denoising. Then we review some properties of the BV space used



in the ROF model, especially some important results concerning the well-posedness of the
minimization problem. Finally in this chapter, we review some basic mathematical tools used
in this dissertation, such as mollification, subdifferential convex function, and some basic
inequalities. In Chapter 3 and Chapter 4, we show our main results of this dissertation: the
analysis of the ROF and TV-LP model in the finite dimensional space. Finally, in Chapter
5 we explain the Chan-Vese active contour method and the edge-adaptive triangulation

algorithm.



CHAPTER 2

PRELIMINARY

2.1 BIVARIATE SPLINES

In this section we outline some basic properties and theories of bivariate splines which will be
used in our application to the ROF model and TV-LP model. We refer to [38] for most spline
results presented in this section. Let Q be a polynomial domain in R?. Let A := {t1,....tyx}
be a collection of triangles such that €2 = vazl t; and if a pair of triangles in A intersect,
then their intersection is either a common vertex or a common edge. For each t, we write
|t| for the length of its longest edge, and p; for the radius of the largest disk that can be

4

inscribed in t. We call the ratio k; := — the shape parameter of ¢, |A| := max{|t|, t € A}
Pt

the size of the triangulation and denote pa := max{p;, t € A}.
Definition 2.1.1 (4-Quasi-Uniform Triangulation) . Let 0 < 8 < oco. A triangulation

A is a [B-quasi-uniform triangulation provided that

Bl s

pA
Definition 2.1.2 (Spline Space) Fiz r > 0 and d > r. Let C"(2) be the class of all r'"

continuously differentiable functions over Q2. We call
SHA)={s € C"(Q), s|; € Py, ¥Vt € A}

the spline space of degree d and smoothness v over triangulation /\, where P, is the space of

all polynomials of degree < d and t is a triangle in /.



When working with polynomials on triangulations, the barycentric coordinates are more
handy than the Cartesian coordinates. Let ¢t = ((x1, 1), (T2, y2), (23,y3)) = (v1,v2,v3) be a
non-degenerate triangle. Then any point v := (z,y) has a unique representation of the form
v = byvy +bovs +bgvg with by +by+bs = 1. The number by, by, bs are called barycentric coordi-
nates of the point v with respect to the triangle ¢. We use the Bernstein-Bézier polynomials
to form a basis for polynomials over a given triangle. Therefore we can write any polynomial
of degree d over a single triangle uniquely in terms of Bernstein-Bézier polynomials. We call

this the B-form of a polynomial.

Definition 2.1.3 (Bernstein-Bézier Polynomials) A Bernstein-Bézier polynomial of
degree d is defined by
BY

ijk

d
(#:9) = s bibits,

where i, j, k are non-negative integers with i + 7 + k = d.
Theorem 2.1.1 The set
B¢ = {Bzdjk}wﬂk:d

of Bernstein-Bézier polynomials is a basis for the space of polynomaials P,.

Definition 2.1.4 (B-Form). Let s € Py satisfy
8|y = Z CijkBidjk(xay)‘
i+jt+k=d
We use the coefficient vector ¢ = [ciji, 1 +J + k = d, t € A] to denote a spline function in

the non-continuous spline space S;' () [38].

Next we explain the conditions on which polynomials over each single triangle can be

connected smoothly to form our splines on (2.

Theorem 2.1.2 (Smoothness). Let t = (v1,v2,v3) and t = (v4,vs,v3) be triangles sharing

the edge e := (va,v3). Let

p) = > cuBhiv)

itjt+k=d



and

By =Y &uBliv)
itj+k=d
where { B} and {Egk} are Bernstein-Bézier polynomials associated to t and t respectively.
Suppose u is any direction not parallel to e. Denote D" the n'* directional derivative in u.
Then

Dyp(v) = Dyp(v),

vee, n=0,..rif and only if
~ n
Cijk = E : CV»kJFMJJF"”vBuun(v‘l)
v+pu+K=n

forj+k=d—nandn=0,..,r.

Let ¢ be the coefficient vector of the B-form of our spline. In practice we can write the
smoothness condition in a linear system Hc = 0, where H is a rectangular matrix determined
by the conditions imposed in Theorem 2.1.2.

Next we review some calculus facts of spline functions.

Theorem 2.1.3 (Integration) Let p be a polynomial written in B-form over a triangle t

with coefficients cji, i+ j+k = d. Then

A

¢ 2 ) itj+k=d

where Ay is the area of t.

Theorem 2.1.4 (Inner Product)

_, OGN
[Bijk(x> y)Bu;m(l.ﬂ y)dxdy - At (Qdd) (2d2+2) .

Scattered data fitting using splines by discrete least squares and the Lagrange multi-

plier method are a typical application of splines. Given scattered data {(z;, yi, f(xi, y:)),1 =



1,..., N} where N is a relatively large number. Let 2 be the convex hull of the given data

location and A a triangulation of 2. We look for Iy € S5(A) such that

N
Z 1 (i i) = flisp)|* = min iy ys) — f (@i, yi)l® (2.1)
Py 1€S71(D)

subject to He = 0.

Here c is the coefficient vector of the B-form of spline function, and Hc = 0 is the smoothness
conditions imposed in the Theorem 2.1.2.

If the data locations are evenly distributed over /A with respect to d, then for each triangle
t, the matrix B; := [B%k(ﬁfz, y)le,i+7+k =d, (x;,y) € t] is of full rank. Since there are (d'f)
such combinations of triples (i, j, k) subject to 0 < 4,7,k < oo and i + j + k = d, the size of
By is M;-by- (d;rQ), where M, is the number of points (z;,y;)’s in t. Let B := diag(By,t € ),

then any spline function s € S;(€2) can be written as s = Bc for some coefficient vector c.

Suppose there are R triangles in A\, then BT B is a full rank square matrix of size R(d;’2) -by-
R(d;Q). To solve the constrained discrete least square problem we use the Lagrange multiplier

method. Let
N

L(c) == Z (i — yi) — f(zi,95))* = || Be — £||?

i=1

where f is the vector of f(z;,¥;)’s, and
G(c,a) = L(c) +a' He.
By the Lagrange multiplier method, we solve

%G(c, @) =2B"Bc—2B'"f+ H'a=0

0
a—&G(c,a) = Hc =0.

This is equivalent to solve the linear system
H'" 2B'B a 2BTf
0 H C 0



One of the main reasons we want to use splines is because they have a nice property: the
optimal approximation order. We denote by W*?(Q) the Sobolev space of locally integrable
functions u : Q@ — R such that for each multi-index o with || < k, D%u exists in the weak
sense and belongs to LP((2). Define |f|ymas(q) the LP norm of the m™ derivatives of f over

Q. ie.,

1/p
|u|W’“P(Q) = ( Z ||DTD§LU||Z£P(Q)> ) fOT 1 <p< oo, (22)
v+p==k

1 1/p
and define || f||zr@) = (A_Q/ |f(;p)|de) :
Q

We first use the so-called Markov’s inequality to compare the size of the derivative of a

polynomial with the size of the polynomial itself on a given triangle ¢. (See [38] for a proof.)

Theorem 2.1.5 (Markov’s inequality) Let t := (v1,vs,v3) be a triangle, and fir 1 <
q < 00. Then there exists a constant K depending only on d such that for every polynomial

p € Py, and any nonnegative integers o and 8 with 0 < a+ (5 < d,

o K

1D§ Dpl| ey < P IpllLaw, O<a+f<d, (2.3)
t

where p; denotes the radius of the largest circle inscribed in t.

Next we have the following approximation property (cf. [37] and [38]):

Theorem 2.1.6 Assume d > 3r + 2 and let /\ be a triangulation of Q). Then there exists
a quasi-interpolatory operator Qf € Si(A) mapping f € Li() into S5(A) such that Qf

achieves the optimal approzimation order: if f € W™TLP(Q),

ID$DS(Qf — Hllzo@) < CIA™ 78| flmiiaqy (2.4)

foralla+ 8 <m+1 with 0 < m < d. Here the constant C depends only on the degree d

and the smallest angle 0, and may be dependent on the Lipschitz condition on the boundary

of Q.



We suppose that the data locations Q = {x;,i = 1,--- ,n} satisfy the conditions (cf.
[33]), that for every s € S7(€2) and every triangle t € A, there exist a positive constant F,
independent of s and ¢, such that

Fllsllzeey < () s(0)?)'2. (2.5)

vEL

And let F, be the largest number of data sites in a triangle ¢ € A so we have
1/2
{Z 5@)2} < |5l zooo)- (2.6)
vet

Then we have the following approximation property of the least square minimizer [y of (2.1).

Theorem 2.1.7 Suppose that d > 3r + 2 and A is a B quasi-uniform triangulation, and
there exist two positive constants Fy and Fy such that (2.5) and (2.6) are satisfied. Then
there exists a constant C depending on d and B such that for every function f in the Sobolev

space WH12(Q) with 0 < m < d such that

F m
1f = lflloe < CE|A| | flwrmsr.e (-

2.2 ENERGY MODELS FOR IMAGE RESTORATION

Variational and PDE-based approaches have been well studied in image restoration problems.
One early model is introduced in 1977 by Tikhonov and Arsenin to find the minimizer of

the following functional

Flu) = / lu — wo|2dz + )\/ Vul2de, (2.7)
Q Q

where V is the standard gradient. The first term in F'(u) measures the fidelity to the data.
The second is a regularization term. We search for a u that best fits the data so that its
gradient is small simultaneously. The parameter \ is a positive weighting constant. The

minimization problem admits a unique solution in the functional space

W2(Q) = {u € L*(Q); Vu € L*(Q)},
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characterized by the Euler-Lagrange equation
u—1uy — AAu =0 (2.8)

with the Neumann boundary condition

0
8_Z =0 on 09 (n is the outward normal to 0f2).

However, this is not a good solution to the image restoration problems, because the Laplacian
operator has very strong isotropic smoothing properties which annihilate noises but also edges
as it evolves. In (2.7), the regularization term penalizes too much the gradients corresponding
to edges. The reason is because in the Fuler-Lagrange equation of (2.7), the regularization
term is transformed to the laplacian diffusion operator ¢, which diffuses along the edges but
also across the edges. One may decrease p in order to preserve the edges as much as possible.

That gives one reason why we should discuss the following model, with 1 < p < 2.

E(u) = / lu — uo|*dz + )\/ \VulPdz. (2.9)
Q Q

Furthermore, Rudin, Osher, and Fatemi [47, 48] proposed to use the BV norm to measure
the magnitude of u, that is to find the minimizer in the BV(Q) space. Let us analyze the

following energy (cf. [6, 7]) for the influence of the smoothing term,

B(u) = %/QWO — uffde + A/ng(|vu|)dx, (2.10)

which is characterized by the Euler-Lagrange equation:

/
u — ug — Adiv (%Vu) = 0. (2.11)
/
It can be shown that its diffusion term div <¢|(’v—vu||>Vu) can be decomposed into a weighted
u

sum of the second derivative in normal and tangent directions to the contour lines (lines
along which the intensity is constant). More precisely, for each point = where |Vu(x)| #

1
0, its normal direction is characterized by the vector N(z) = |§Zg;| = V() (g, Uy)
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1
and tangent direction by T'(x) = I (—uy,uy), |T(z)| = 1, T'(x) orthogonal to N(x).

|Vu(z

We denote by upr and uyy the second derivatives of uw in T-direction and N-direction

respectively, i.e.,

Upr = TTVQUT, uny = NTV2uN.

Here
Uxx ul‘
Viu = Y
Uyz  Uyy
Define the projection operator Py = NN, and Pp = TT". Since N - T = 0, we have

Py + Pr = I, where [ is the identity matrix. It follows that

uny +ury = T'V2T + N'V2uN = tr(TTV?*uT + N"V?uN)

= tr(V2u(TT" + NNT)) = tr(V2u) = Au = div(Vu).

We can go on to show that

Vu) < 1 )
div = V|— | Vu+ —div(Vu
<|Vu| i |V| (V)

1
= “TVaE (VIVu| - Vu) +
1 (—V2 Vu Vu

Vul V]V

—— (urr + unn)

1
V|
+ urr + UNN)

urr

= ——(—uyn +urr +uyn) = |Vu|

[Vl

Now we can rewrite the diffusion term of (2.11) as a weighted sum of uyy and upr:

div (%w)

= V@ (Va)- i+ Tuaiv ()

Vu Vu u

= ¢"(|Vu|) [ Viu— —) Vu|)—r
017l (Va4 1TuD

(1)
Vu

= ¢"(|Vu|)uNN+ UpT.

In a neighborhood of an edge C', an image presents a strong gradient. If we want to

preserve the edge, it is preferable to diffuse along C' (in the T-direction) and not across it.
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In another words, we would like to annihilate the diffusion in the N-direction. That is:

lim ¢'(s)

s—+o0 S

=3>0,

and

lim ¢"(s) =0.

S—+00
However, it is possible that both @ and ¢"(s) will approaches to 0 as s — 00, so we can

assume @ and ¢”(s) both converge to zero but at different rates:

/!
im 28
s=rtoo ¢/(s) /s
Suppose ¢(s) = s* then we have
_ z—2
T A
s—400 28%~

To summarize, the assumption imposed on ¢(s) are

¢ :[0,00) > [0, 00);
¢"(0) > 0;

®(s) ~ s,when s — 400

For example, ¢(s) = |s|, and ¢(s) = Ve + s? are two such suitable candidates. Especially,
when ¢(s) = v/1 + s2, the smoothing term in the energy model is the surface area of s, and

e : Vs : :
the corresponding diffusion term div (— is the curvature of the surface function

V14 |Vs|?

S.

2.3 BOUNDED VARIATIONAL PENALTY METHODS

One reason we solve the minimization problem (2.10) in the BV space instead of the classical
Sobolev space, e.g. W1 is because in a lot of applications the quantity we study can be

discontinuous across hypersurfaces, or edges in image processing. The classical Sobolev space
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is sometimes too smooth for these applications. Therefore we relax the problem to the BV

space, i.e., to solve the following unconstrained minimization problem in BV space

2
min J(u / lu— fIPde. (2.12)
where J(u) = [, |Vuldz is the total variation of u. In [50], a slightly more general penalty

functional than the BV seminorm is considered, denoted J.. For sufficiently smooth u, J.
can be written as

_ / Je ¥ [Vatde, (2.13)
Q

where € > 0. A variation definition of J. that extends (2.13) to nonsmooth function w is
given in [1]. Also in [1], the existence and uniqueness of (2.12) are discussed as well as the
effect of taking small € > 0 rather than € = 0.

Let us review some properties of BV functions. Let Q be a region in R, d = 1,2, 3, whose

boundary 052 is Lipschitz continuous.

Definition 2.3.1 (BV Seminorm) For u: R — RY, let

Jo(u) = sup/(—udiv(v))dx,

vevy JQ
where the set of test functions
Vi={veCGRY : |v|<1forallzeQ)}
We call Jo(u) the BV seminorm, or total variation of .

If u € C'(£2), one can show using integration by parts that

:/ |Vu|dz,
Q

—/udiv(v)dm—l—/ u(v-n dm—/Vu vdz. (2.14)
Q

because

Taking the supremum over V, we have

sup/Vu-vd:E:/ |Vul|dzx.
vev JQ Q



14

Definition 2.3.2 (BV Space) The space of functions of bounded variation on ) is defined
by

BV(Q) = {u € L'(Q) : Jy(u) < oo}
The BV norm is given by

[ull v = llully + Jo(w).

It can be seen that BV(Q) is complete, therefore a Banach space. And it is easy to see
that WH1(Q) € BV(Q) C L'(2). Since W is dense in L', for any u € BV(2), there exists a
sequence in W1(Q) converging to w in L'. The following theorem shows that every function
u in BV(Q) can be approximated, in a certain sense, by C*° functions, and consequently by

W1 functions.

Theorem 2.3.1 (cf. [30]) Let u € BV(Q2). Then there exists a sequence {u;} in C*(Q) such

that

lim / lu; — uldx =0,
Q

Jj—00

and

]lggo/g \Vu,|de = /Q |Vu|dz.
Since C*(1) is dense in W1(Q) with respect to L! topology, the above theorem holds for
{u;} in WHH(Q) also.

Remark. On another hand, the above theorem also shows that why we should use the
the BV space instead of W11 space. It is because the convergent sequence in W11(€Q) might
converge to a minimizer in the BV space.

Now, we give a definition of J, for nonsmooth functions according to [1]. Let us identify

the convex functional f(x) = \/|x|? + € with its second conjugate, or Fenchel transform

Vet [x]2=sup{x-y+e(l -y : |y] <1}, (2.15)

Vet [x[?

J(u) == sup/Q (—udiv(v) + e(l — |v|2)> dx. (2.16)

vey

the supremum being attained for y = . For non-smooth u, define
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Theorem 2.3.2 (cf.[1]) If u € WHL(Q), then

Je(u) :/Q\/e+ |Vul?dz.

Proof. Integration by parts gives

/Q (—udiv(v) +e(l — |V|2)) dx = /Q <Vu v+ \/m> dx

It follows from (2.15) that
/ <—u div(v) + /e(1 — |V|2)> dr < / Ve+ |Vuldx.
Q Q
Vu

Consequently, Je(u) < [, +/€+ |Vul|?dz. On the other hand, take vV = ————, and

/Q<—udiv(V)+ e(1—|v\2)) dx:/ﬂ\/mdm,

and v € C(Q; RY) with |v(x)| < 1 for all z € Q. By multiplying v by a suitable characteristic

observe that

function compactly supported in €2 and then mollifying, one can obtain v € V N C5°(Q2) for
which [ <—udiv(v) + /€(1 — |V|2)> dz is arbitrarily close to [, /e + [Vul>. m
Theorem 2.3.3 (Convexity) Fore >0, J. is convez.

Proof. Let 0 <~y <1 and uy,us € LP(w). For any v € V,
/Q (e + (1 = ua)div(e) + /(1 — V) d
_ 7/9 (mdiv(e) + /(T [VP) ) da + (1 - 7)/9 (uadivie) + V/e(T— V) da
< yde(un) + (1 =) Je(ug).
Taking the supremum in the top line over v € V gives the convexity of J.. m

The next theorem shows that both Jy and J. are effective in BV(Q2), and Jy is the

pointwise limit of .J..
Theorem 2.3.4 (cf. [1]) (i) For anye > 0 andu € L*(), Jo(u) < oo if and only if J. < oo,
(i1) For any u € BV(Q),

lim J (u) = Jo(u).

e—0
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Define the BV-bounded set
D= {ueBV(Q), |[ulsv < BY.

for some constant B > 0. Let d be the dimension of the Euclidean space. Now, we discuss
the relative compactness of the BV-bounded set D in LP(f2), the lower semicontinuity and
the coerciveness of J., which are critical for the existence and uniqueness of the minimizer

for (2.12).

Theorem 2.3.5 (cf. [1]) If D is a BV-bounded set, then D is relatively compact in LP(QQ)

d
for1 <p< T 1 D is bounded, and hence weakly compact for dimensions d > 2, in LP(Q)

d

fOTp: ﬁ

Theorem 2.3.6 (cf. [1]) For any € > 0, J. is weakly lower semicontinuous with respect to

the LP topology for 1 < p < oo.

Proof. Let u, weakly converges to @ in LP(Q2). For any v € V, div(v) € C'(2) and hence,

/Q<—udiv(V)+ 6(1—|v|2)>dx = lim (—undiv(v)—|— 6(1_‘\,,2))(195

n—o0 Q

— liminf /Q (“undiv(v) + /el = [vF)) da

n—oo

< Je(uy).

Take the supremum over v € V gives J.(u) < liminf, ,, J.(u,) =

We call a functional F' BV-coercive if
F(u) — oo whenever ||ul|gy — oo.
One can prove:
Lemma 2.3.1 (c¢f. [1]) Let
1 2
F(a) = J(w) + 1]l — 113

with € > 0, then F(u) is weakly lower semicontinuous and BV -coercive.
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Finally, we give the following theorem on the existence and uniqueness of the solution to

(2.12).

d
Theorem 2.3.7 (cf. [1]) Suppose that F is BV-coercive. If 1 < p < g

1 and F' is semi-
continuous, then problem

min F'(u)
u€LP(Q)

has a solution. If in addition p = T dimension d > 2, and F' is weakly lower semi-
continuous, then a solution also exists. In either case, the solution is unique if F is strictly

conver.

2.4 MOLLIFIER AND MOLLIFICATION

Definition 2.4.1 Define n € C*(Q), by

C'exp (W;_J . iflx] <1
0 iffel > 1,

n(x) = (2.17)

where the constant C' > 0 is selected so that

/ndle.
Q

ne(x) == 6%77 (I> :

€

For each € > 0, when v € R?, set

we call n the standard mollifier. The function n. € C* and satisfies

/ne =1, spt(n.) C B(0,e€).
Q

Definition 2.4.2 Suppose f : Q — R s locally integrable, we define its mollification

Jo=mnex [ an

i.e., for x € Q)

fé(x) = / nee — ) f(y)dy = / ne)f (@ — y)dy,

B(0,¢)

where Q. == {x : dist(x,Q) < €}
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Theorem 2.4.1 (Properties of mollifiers) (i) f< € C>(,).
(ii) f¢ — f a.e. as e — 0.

(ii1) If f € C(Q), then f€ — f uniformly on compact subsets of €.
(i) If 1 <p<ocoand f € L} (Q), then f¢ — f in L} ().

See [26] for the proofs of these properties and more properties of mollifiers.

Lemma 2.4.1 (c¢f. [56]) If u € BV(Q), then

/]Vuﬁ\g/\Vu\.
0 0

Lemma 2.4.2 If z € RY,

Proof. Let t = |$| — 1, then n.(z) = 4n(t(z)). We claim that when —1 <t < 0,

() =P G) exp (%) :

for some polynomial P. This is true for ¢ = 0. Now inductively, if n™) () = P(1) exp(1), then

L L)

Noting that P'(1/t) (—%) 4+ P(1/t) (—%) is also a polynomial in 2, we proved the claim. Let

z= —%, when |z| <€, or equivalently —1 < t < 0, we have 1 < z < co. Therefore
1 1 P(—
hmP( Jexp(—) = (=2) < 00,
t—0 t z2—00 eXp(Z)

and consequently

2151_13%|7] ()| < 0o, for k> 1.

By the Faadi Bruno’s formula of the chain rule (cf. [27]), we have

Dk Z CT’ (m1+mao+.. —I—mk

2

J=1
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where the sum is over all k—tuple of nonnegative integers (my, .., my,) satisfying the constraint
1-m+2-me+..+n-my==k.
As Dlt(x) = 0, for j > 2, the constraint becomes
1-mi+2-my=k%k.

Since |z| < €,
Ili(D{t(x))mﬂ = |(Dit(x))™ (D2t(x))™2] = (@)m (E%)m

2¢ mi 2\ M2 omi+ms omi+ms
< —_ —_ = = .
- 62 62 em +2mo ek

Using the above inequality and the fact that |*)| is bounded for all k, we attain the desired

inequality
1 C
Din(x)| = SIDk(t)] < 7.
Lemma 2.4.3 Ifu € W' (Q) forp>1, then

||’LLE — uHLp(Q) S C|U|W1,p(Q) - € (2.18)

for a positive constant C' independent of € and f.

Proof.
[u® —ul = /B( )ne(fv—y)U(y) dy—/B( )ne(x—y)dyU(x)
< (z—y)(u(y) —u(x)) dy| . 2.19
_té@@n( D)) — u()) 4 (2.19)

Let z(t) = u(z +t(y —x)), then 2(t) = Vu(z +t(y — z)) - (y — ). We can rewrite u(y) — u(z)

u(y) —u(z) = /o Z(t)dt = /0 Vu(z +t(y — x)) - (y — z) dt.
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Note that |y — x| <€, then

uy) — u(a)] < / Vule 4ty — )| di -c.

Apply the above inequality to (2.19),
=l < [ e iut) (o)l dy
B(x,e

1
<[ ate—) [ IVulettly - o)) de- cdy
B(z,e€) 0
Now take the p power on both sides, and use the convexity of power function of p > 1(twice),
1 p
< ([ e [t ity - ol edy)
B(x,e€) 0
1 P
< / ne(x —y) (/ |Vu(z +t(y — z))| dt) e’ dy (by Jensen’s inequality)
B(z,e€) 0
1
<[ en@-y [ Vulettly -l dedy
B(z,e€) 0
Integrate both sides over ) and use the fact that 7. is bounded by
C
ne(r) < <, when z € R?
€

then

1
/ lu® — ulP dx < / / ene(x — y)/ |\Vu(x + t(y — z))|P dt dy dx
Q Q JB(z,e) 0

1
< C’/ / ep_z/ |Vu(x + t2))|P dt dz dx (let z=y —x)
0 JB(0,) 0

1
SC’/ / ep_z/ |Vu(x 4 t2)|P de dz dt
0 JB(0,¢) Q

< Ol € < Clufp o)

The last inequality comes from an extension theorem from E. M. Stein(cf. [49]). Taking pth

root on both sides gives the result. m

2.5 CONVEX FUNCTIONS AND SUBDIFFERENTIAL

Since the functionals we study are convex, we discuss some basic properties of convex func-

tions. First we give the definition of subdifferential(or subgradient).
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Definition 2.5.1 If F: U — R is a convex function defined on a convex open set U € R",

a vector v € R? is called a subgradient at a point ug in U if for any u in U one has
F(u) — F(ug) > (v, u — up). (2.20)
The set of subgradients at ug is called the subdifferential at uy and is denoted by OF (u).
We have the well-known non-expansive property for the minimizer of a convex functional.

Theorem 2.5.1 (Non-expansive) Let

I(u, f) := G(u) +%/Q|u — f|dx, (2.21)

where G is a conver functional. If ug and u, are the minimizers of I(u, f) and I(u,g)

respectively, for some given functions f and g in L?(Q), then
[y —ugll2 < [If = gll2.
Proof. Since G is convex, by (2.20) we have
(0G(up), up —ug) > Gluy) — Gluy),

and

(0G (ug), uy — ug) < G(uy) — G(uy).

where OG is a subgradient of G. It follows that
(0G(uf) — 0G(ugy),us — ug) > 0. (2.22)

The minimizers of I(u, f) and I(u, g) are characterized by the Euler-Lagrangue equations

G (uy) = /- =4

and
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respectively. It follows that

0 ug) — G (ug) + L = / =)

Then taking the inner product with uy — u, on both sides, we have
1 5 1
(0G () = 0G(uy), g — ug) + 5 llug = gy = 345 = g7 — ).

Recall that the first term on the left hand-side above is non-negative, therefore we have

1
(f = g,up —ug) < TIf = gllalluy — ugll2-

>| =

1
Sy =gl <

That is

luy = uglla < I1f =gl

This shows that if g is very close to f, the minimizer u, is very close to the minimizer

Uf.

2.6 INEQUALITIES

In this work, we will use the following inequalities.
Cauchy-Schwarz ineqaulity: ||zy| < ||z||||y]-
1 1
Holder’s inequality: Assume 1 < p,q < oo, — 4+ — = 1. Then if u € LPQ, v € L1(Q),
p

q
we have

/Q|uv|d$ < ||l oy llv|| La(e)-

Jensen’s inequality: Assume that f : R — R is convex, and  C RY is open and

bounded. Let u : 2 — R be integrable. Then

f (]é ud:c) < <]€ f(u)dx) ,

where ][ udz denotes the mean value of u over €.
Q



Minkowski’s inequality: Assume 1 < p < oo and w,v € LP(Q2). Then

|u + vl zr) < |lullze) + (V] 2r@)-

1 1
Young’s inequality: Assume 1 < p,q < oo, — + — = 1. Then:
p q

T X
ab< =+ = (a,b>0).
p q

23



CHAPTER 3

BIVARIATE SPLINE APPROXIMATION FOR THE ROF MODEL

In this chapter we use the bivariate spline approach to approximate the minimizer of the

well-known ROF model:
min folay + 5 [ = 7P (3.1)
where BV(Q) is the space of all functions of bounded variation over €2, |u|gy denotes the BV
semi-norm, and f is a given function. As a by-product, we propose a new spline method for
scattered data fitting by approximating the minimizer above based on discrete image values.
The minimization in (4.1) has been studied for about twenty years. See [48], [1], [13],
[5], [11], [24], and many references in [51]. Many numerical methods have been proposed to
approximate the minimizer. Typically, one first regularizes the minimization by considering

the following e-version of the ROF model:

1
i + [Vul + = — /P 2
uerlglvugﬂ)/g e+ v 2>\/Q|u 5 (32)

where Vu is the standard gradient of u, and Ag is the area of €2. Here the first integral is well
defined for u € W'(Q) which is dense in BV(Q) with respect to the L' topology. But for
u € BV(Q)\WH(Q), we use Acar and Vogel’s definition (2.16). The Prime-Dual algorithm
(cf. [11]), the projected gradient algorithm (cf. [24]) and finite element methods have been

used to find the numerical solution of (3.2) by solving its Euler-Lagrange equation
Vu 1
div [ —/—/—m——= | —<=(u—f)=0 3.3
( 6+|W> L= 5) 33

or its time dependent version

. Vu 1
up = div (W) — X(u - f) (3.4)

24
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starting with u(x,y,0) = wuy together with Dirichlet or Neumann boundary condition. We
refer to [54], [20], [28], and [29] for theoretical studies of finite difference and finite element
methods.

To the best knowledge of Dr. Lai and myself, bivariate splines have not been used to
solve the nonlinear PDE (3.3) nor time dependent PDE (3.4) in the literature so far. For

convenience, let € = 1. It is known (cf. [1]) that the following minimization
min{E(u), we€ BV(Q)}, (3.5)
where the energy functional E(u) is defined by

/\/1+|Vu]2dx+2/\A /|u—f|2dx (3.6)

has a unique solution, where Ag is the area of the polygonal domain 2. We use u; to denote
the minimizer. The discussion of the existence and uniqueness of the minimizer of (3.5) can

be found in [1] and [13]. In this dissertation, we will show that
min{E(u), ue Sy(A)}, (3.7)

also has a unique solution. We shall denote by Sy the minimizer of (3.7). Finally, in prac-
tice, we only observe discrete corrupted image intensity values over 2. That is, we have

{(z4, fi),i=1,--- ,n} with x; € Q and corrupted pixel values f; fori =1,--- n. Let

_ / VI+ Vu(e)Pdo + 5= Z () — fif? (3.8)

Q
be an energy functional. We use bivariate splines to solve the following minimization problem:
min{Ey(u), ue€ S;(Q)}, (3.9)

and denote the solution by s;. Here we suppose the data locations satisfy conditions (2.5)
and (2.6).

One of our main results in this chapter is to show
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Theorem 3.0.1 Suppose Q is a bounded domain with Lipschitz boundary and A is a [3-
quasi-uniform triangulation of Q. If uy € WH1(Q), then Sy converges to uy in L*(2) norm

as the size |A| of triangulation A\ goes to zero. More precisely,
1Sy —ugllL2@) = 0,  when |A] — 0.

When uy € WH(Q),
1Sy — urllrz0) < CVIA

for a positive constant C' independent of /\.

We also discuss how to compute the minimizer Sy of (3.7). First the minimizer S satisfies

the following nonlinear equations: let {¢y,- -, ¢n} be a basis for Sj(A),

0 VS -V, 11

—E(S; + 1o, = —de+——/ Sy — dr =0 3.10
for all basis functions ¢;,j = 1,---, N. As these are nonlinear equations, we will use a fixed

point iterative algorithm as in [20]. Our next result is to show the convergence of the iterative

algorithm. Our analysis is completely different from the one given in [20].

3.1 EXISTENCE AND UNIQUENESS OF SOLUTIONS Sy IN Sj(A)

In this section we will talk about the existence, the uniqueness and the stablity of the

bivariate spline solution Sy to (3.7). We begin with the following lemma

Lemma 3.1.1 Assume that the triangulation /A is [-quasi-uniform. The minimization

problem (3.7) has one and only one solution in the Bivariate spline space Si(A).

Proof. Let sy € S5(A) be a spline approximation of f, i.e., s¢ satisfies
/|so — fI*= min /|s—f\2. (3.11)
Q SESQ(A) Q
Let U be a subset of S;(A) defined by

U={uecSiA), Eu)< E(s)+1}. (3.12)
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Clearly, so € U, so U is not an empty set. We now show that U is bounded in L*(2) norm.

1 1/2
I fllL2e) = (A—Q/Q|f(:v)]2da:)

to be the norm for L?(Q). For any u € U,

1
2 2 2
[ = fllze@) < 2A (_QAHu_fHLQ(Q) +/Q\/1+ V| dw)

= 2X\E(u) < 2\(E(so) + 1). (3.13)

For convenience, define

Thus we have

lull 2y < llw = fllzze + 1z < @AE(s0) + )Y + || fllre- (3.14)

That is, U is a bounded set. Since U is a closed bounded subset of a finite dimensional space,

U is compact. Let {u;} € U be a sequence such that,

lim E = inf FE(u).
0o (1) = ueé%@) ()

By the compactness for U, there exists a subsequence, say u; again and u s.t. u; converges

to @ in L?*(2) norm.

Next we claim F(i) = inf,csr(a) E(u). It is sufficient to prove that

li 1+ |Vu,;|?de = 1+ |Va|?d 3.15
lim [ ix Fupe = [ VTF VPl (3.15)

Indeed, for any w and fixed v € S(A), we have

/\/1+|Vw|2dx—/\/1—|—|VU|2dx
Q Q

2\ 2
(1+[Vwl?) = (1 + Vo) dx‘

a1+ Vw2 +/1+|Vu]?

IN

1
§/|Vw—Vv]|Vw+Vv|dx

(/|v —v|dm) </|Vw+v|dx)

= TIIV(w =)z V(W +0)[ 20

IN
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That is, we have
(3.16)

’/ v1+ |Vw|2dx—/ V14 |Vol2de
0 Q

Ao
< S IV =)z (Vw2 + [Vll2@)-

Now we need to use Markov’s inequality (cf. Theorem 2.1.5) to show that for any spline

Cp?
Vs|?dr < / s?dz.
[ iwsas < 2 [ s
It follows from (3.16) that

'/\/1+|Vuj|2da:—/\/1+|Vﬁ|2d:r
Q Q

The convergence of u; to @ in L? implies claim (3.15).

s =w,v,w—v € SHA),

The uniqueness follows directly from the strict convexity of the functional E(u). These

complete the proof. m

Lemma 3.1.2 Assume that the triangulation A\ is B-quasi-uniform and suppose that the
data sites x;,1 = 1,--- ,n satisfy the condition (2.5). Then the minimization problem (3.9)

has one and only one solution.
1

Proof. The proof is almost the same as in the proof of Lemma 3.1.1, where e / |u— f|*dx
QJQ

1 n
has to be replaced by — Z |u(z;) — fi|*>. But we are not able to show that u is bounded in
n
i=1
L? unless we use the condition in (2.5). Indeed, similar to the proof in Lemma 3.1.1, we have

i, lu(z;)]? is bounded. Since u € S5(A), we use (2.5) to have

" 1/2
1
[[ul| o) < r (Z !U(ﬂfi)|2>
=1

and hence, / |u|?dx is bounded. The remainder of the proof is again similar to the cor-
Q

responding part of the proof of Lemma 3.1.1. We may leave the details to the interested

reader.

Once we have the existence, the solution is unique due to the strict convexity of Eq(u).
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3.2 PROPERTIES OF MINIMIZER OF CONTINUOUS FUNCTIONAL

In this section we discuss the properties of the minimizer of the continuous functional (3.7).
Since [, \/1 + |Vu|?dz is a convex functional of u, by Theorem 2.5.1, we have the well-known

non-expansive property for the minimizer of a convex functional.

Lemma 3.2.1 [Non-expansive] Suppose f,g € L*(Q). Let Sy, S, € S5(A) be the minimizers
of (3.7) associated with f and g respectively. Then the norm of the difference of Sy and S,

18 bounded by the norm of the difference of f and g, i.e.
1S = Sgllrz@) < f — 9llz2(0- (3.17)

Also we can calculate the extreme value the energy functionals E(Sy) in the following

lemma.

Lemma 3.2.2 Let Sy be the minimizer of (3.7). Then we have the following equation for

E(Sy),
BSp) = gyg Wiy IS + | e (318)
Proof. By using (3.10), Sy satisfies
VS, - VS, 11 /
——dr = —— — S¢)Stdx
a+/1+[VS;)? ~ Mg Q(f 1%
Adding 55 ||f — S¢ll72(q) to both sides above, we get
B(S) — | ——este = gl = il + 5 (=S98
— | ————dx = 2 —— - T
P Jo JTHIVS, P 2AA @ ™ X Ag e

— o By = 17122
This proves the result in the lemma. m
3.3 APPROXIMATION OF S AND sy TO uf

In this section, we show that Sy and s; approximate uy. We first extend the arguments in

[18] to show the convergence of Sy and s; to uy, the analysis will require uy € W(Q).
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As an image function may not have such high regularity, next we use the ideas from [57] to
show the convergence which only require u; € W(Q) (the case of uy in BV(Q), if Q is a
rectangular region, will be discussed in Chapter 4).

Let S5(A) be an N-dimensional space, sy be an approximation of uy in Sj(A), and S

be the minimizer of (3.7) in Sj(A). Define the error term between u; and Sy by

|V |V (uy = Sy)P?

= — ur — Srl°dx. 3.19
By = [ et gy [ = S (3.19)

then we have the following approximation property of Sy and wuy.

Lemma 3.3.1 Suppose that uy can be approzimated by sy well in the following sense that
/ |V(uf—sN)\2d:v+——/ lup — syPdz — 0, N — oo. (3.20)
Q
Then Sy can also approzimate uy in the sense that Exy — 0, as N — oo.

Proof. Recall the minimizers uy of (3.5) and Sy of (3.7) satisfies the following equations:

11
/ W Véjdr + < /Q(Uf — f)¢idr =0, (3.21)

and

VS Ve 11 /
2P Y0 g = [ (S = f)éidr = 0, 3.29
a1+ |V A Ag Q( s oyl (3:22)

for every ¢;, j =1,..., N. Subtracting (3.22) from (3.21) yields

Vuy VS 11 /
— Vo, +—— | (ur — S¢)p; = 0. 3.23
/Q(\/l—i"VUfP \/1+\VSf\2> T N Aq Q( 175109 (3.23)
For convenience, we introduce the following notation for the first term of Ey:
Ex _/ V(u = 8PP, (3.24)
1+ |Sf|2

It is easy to see

dz, (3.25)

E / VUf— V(Uf—SN VUf—Sf V(SN—Sf)
N VI+VSi? VI+[VS?
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where sy is an approximation of uy in S;(A). The first term gives

‘V Uf—SN ~1
-5 -V EQ. 3.26
R ( Teer) B o)

/ \/1+1V5fy2

The second term of (3.25) can be written as the sum of two items:

/ Vs = 5p) - Visn = 55) .
Q

V1+|VS|?
- / Vug V5 V(sy — Sy)dz
Q \/1+|VUf’2 \/1—|—|V5f|2
VUf VUf
i - V(sy — Sf)de. 3.27
/Q<¢1+\vsf\2 \/1+|vufy2) (sn = 57) (8:27)

By the equation in (3.23) with ¢; replaced by sy — Sy, the first term in (3.27) equals

/ Vag V5 V(sy — S;)dx (3.28)
Q \/1+|VUf|2 \/1—|—|VSf|2

= 5 [ =80y~ Sp)da
1 , 1
= -3 /Q(Uf = Sp)de — /Q(uf — Sp)(snv — ug)da

1 1

The second term in (3.27) satisfies

V’LLf VUf
— Vi(sy — St)dx 3.29
/ (ﬂ n \vsfP VIt yvufP) (55 = 55) (3:29)

\/1+]Vuf| \/1+‘V5f‘2

Let

\%
y(u) = maxl <1,

2€Q (/1 + |Vul?
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the inequality in (3.29) can be rewritten as

VUf VUf
— Visy — S¢)dx 3.30
/<\/1+|V5f|2 \/1+|Vuf|2> (5w = 55) (3:30)
. / V(s = SpIIV (s —Sf>|dx
V1+ VS 2
< |V [V =S /\V ur = SPIIV (g = sw)
B 1+|VSf|2 1+|VSf|2
Vs — )2\
< u B +E1/2 VAR — ONJT
ug) | Bx ( 1+ [VS;)?

Now let us consider the whole error term (3.19). By the discussion above, we have
Exn = En+ —~|lus — Sf“%?(n)

1/2
~1/2 [V (uy —sn)l? 1
EY ( g e] ol = Sille@lley = syl

IA

VI+ VS,
1/2
VU, —SN)|2
ty(ug) | Ex + EXY? [V —sw)F
lug) | Bx < T+ VS,

IN

1

V(us — sn)?

(L7 (up)) ERNARE
+ﬁ||uf — Sillaalluy — snll20 +y(uf) En

1
1 V(uf —s 1 : ~
2(Fx + s - Sfumw( Wl vl g ﬁuuf—sNH?) +(up) By

<
a4/1 |V5f|2
([Nl : .
2F2 Ur — § +v(us)EN.
N( ettt oyl =l ) a(un) B

Since EN < Ey, we can rewrite the above inequality as follows.

(/IV g — 5x) Pz + 2 Jug — sl )

th—t

(1= y(uy))Ey < E
That is, we have

E? <

2[0\»—‘
—_
|
N\
\
<
:
<
|
VA
z
Q.
&
+
l\D
>’
:L
2
7:\
<
|
VA
z
N———
S|
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Therefore, if uy can be approximated by sy in the sense of (3.20), then Ey — 0. That is, Sy
approximates uy. This completes the proof. m

Similarly, we can prove

Lemma 3.3.2 Suppose that uy can be approrimated by sy in the following sense that
/|V up — sy)|? da:+ Zuf —sy(2))? =0, n,N — oo. (3.31)

Then the minimizer sy of (3.9) can approximates uy also very well in the following sense:

n

|V(uy —sp)* 11 Z 9
/ 1 + |st|2 v 2An 4 fus(z:) = s5(z)l" = 0 (3:32)

1=

as n and N go to oo.
Finally, we get the approximation property in the following theorem.

Theorem 3.3.1 Suppose uy € W3>(Q). Then Sy and s; approzimate uy, in the sense of
(8.20) and (3.32) respectively.

Proof. We just need to prove conditions (3.20) and (3.31) hold. First take sy = Qf in

Theorem 2.1.6, then
IV (us = sw)llr2i) < ClA|uglwe2q),
and

luy = snllra) < ClAP|uglwee)
By embedding of Lebesgue Spaces, we have |us|w22(q) < C|lug||w2.e0(q). Therefore the con-
dition (3.20) holds. Similarly we can also find sy € S75(2) such that
IV (up = sn)llz=@) < ClAJuglwze ),
and
luy = svllz=() < CIAP[uslwas(o)-

Since ||V (us = sv)llz2@) < ClIV(up = sv)llze@), and 337500 (up(ri) — sn (1)) < Clluy —

sN||ze(q), the condition (3.31) holds also. m
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In general, u; may not be in W2(Q), e.g,.most image intensive values do not have such
a high smoothness. Therefore it is of interest to study the approximation of Sy and uy in
spaces of lower regularity, e.g., WH(Q) or BV(Q). Next we discuss the approximation of S;

and uy € WH(Q), starting with the following lemma.
Lemma 3.3.3 Let uy be the solution to (3.5). For any u € BV(Q),
lu = upllZ) < 2MAa(E(u) — E(uy)). (3.33)
In particular, we have
1S5 — usllZ2) < 2AAa(E(Sy) — E(uy)). (3.34)

Proof. Using the concept of subdifferential and its basic property (see, e.g. [25]), we have

1

(f = uy) and (0 (uyg), v —uyp) < J(u) = J(uy),
where J(u / V14 |Vu|?dz. From the above equations, it follows that

1
_ _ 2 _ / 2
Mo (f up)(u—uyp)dr < / V1+|Vu]2 — /14 |Vus|?dx. (3.35)

We can write

E(u) = E(uy)

= /\/1+|VUI2 \/1+|vuf|2d$+2>\|] |(/ |u—f|2drc—/Q|Uf—f|2dw)
= 14+ |Vul|?2 — /1 4+ |Vuys|?de + (/u—u +up — de—/u— de)
/\/ [Vul? = /1 + |Vuy| 2)\’49’ Q( frur—f) Q|f f]
1
= 2 2 _ _ _ 2
/\/1+|Vu| 14 Vg dx—l—/\|A A (u—ug)(uy f)dx+2/\|AQ|/Q|u ul*dz

u— ugl?dr
f

>
B 2)\|AQ|
by (3.35). Therefore the inequality (3.33) holds. m
Next we show that E(Sy) — E(uy) — 0. To this end, we recall two standard concepts:

extension theorem and mollification. Since 2 C R? is a region with piecewise smooth
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boundary 92 and u; is assumed to be in WH'(Q), using the extension theorem from
E.M.Stein in [49], there exists a linear operator € : W11(Q) — W11(R?) such that,

(D)€ (uy)lo = uy,

(ii)€ maps W1(Q) continuously into W (IR?):

Hg(uf)”Wl’l(]RQ) S OHUfHWl,l(Q). (336)

Note that €(uy) is a compactly supported function in Wh'(R?). Thus, without loss of gen-
erality we may assume u; € WH(R?).

Let u§ be the mollification of u; defined by

uf(z) = /Q ne(x — y)uy(y)dy = / ne(x — y)us(y)dy,

B(z,e€)

where Q. := {z € R? | dist(z,Q) < e}. It is known that ||u§ — us||r2@) — 0 as € — 0 and
u$ € C5°(S2e). See, e.g. [26].
Our general plan to show E(Sy) — E(uy) — 0 is to establish the following sequence of

inequalities:
E(uy) < E(Sy) < E(Quf) < E(u}) +err(|Al,€) < Euy) + erre + err(|A] €),
where Quj is a spline approximation of u$ as in Theorem 2.2, err(|Al, €) and erre are error

terms which will go to zero when € and |A| go to zero.

We first show E(u$) approximates E(uy).

Lemma 3.3.4 Let u} be the mollification of uy defined above. Then E(u}) approximates
E(uys), when ¢ — 0. In particular, when uy € W(Q), E(u$) — E(uy) < Ce for a positive

constant dependent on uy.

Proof. First we claim that

E(u$) < E(uy) +erre

for an error term err,

1 € €
err = / GNUHIus@Pde+ 55 (e = e + 25— usllzzen us = Flze )

(3.37)
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Moreover err. goes to zero when € — 0.

By the convexity of \/1 + |¢|2 and the property of the mollifier, we have

PR = 1+
It follows that
[ < [ [ <>¢|—<>’
< / \/m/ y)dzdy
= /Q 6 \/wdy-
— /Q\/mdw/w \/mdy.

By the fact that uy € WHH(RR?) and (3.36), it follows that

/ \/1+\Vuf(y)]2dy§/ (14 |Vus(y)|)dy — 0, ase— 0.
Q0O AQ

Next we have

2

—y)Vuy(y)dy

< [ n iV
B(x,e

1
Sl = ey < 5 (N = gl + 20y — sl llug = Flleey + llug = Flace)) -

- 2)\
. 1
Since [|u$ —uy||z2() — 0 as explained above and [[uy — f||z2(q) is bounded because 5||Uf -

fII* < E(0),

1

2% (Hu} — 2oy + 20 — gl 2oy lluy — fHLQ(Q)) 0. ase—0.

This finished the proof of our claim.
Clearly, u € WH1(Q) C BV(Q). As uy is the minimizer in BV(Q), it follows that

E(uy) < E(u?) < E(uy) + erre,

which implies E(u}) approximates E(uy) when € — 0.
When uy € WH(Q), the above analysis applies. We use (3.37) and Lemma 2.4.3 to
conclude

erre < Cluglwieo) - €
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We next estimate E(Quf) — E(u$). To do so, we need semi-norm |u%|w2.1(q,)-
Lemma 3.3.5 For any fized € > 0, u§ € W>'() and
s hwsscay < gl (3.39)
for a constant C' > 0.

Proof. Due to the mollification, u§ € W**(€)). Letting D; denote the partial derivative with
respect to the first variable, we consider || Dy Diu$|[z1(q,). Recall that u§(z) = fB(m 9 ne(x —
y)us(y)dy. We have

Dy Dy = — / D) Dina o)y
B(x,e

It follows that

dx

|D1D1U;’L1(QE) = /
Qe

< / / Dyus ()| Dine — y)|dyde
Q J B(z,e)

/ . Dug)Dunde = )y
B(x,e

< / |Dyus(y)] |D1ne(x — y)|dxdy, change the order of integration
Qe B(y,e)

- / Dy (y)|dy / Din()ldz, z=c—y.
Qe B(0,¢)

By Lemma 2.4.2, we have

therefore
C '
|D1D1U§|L1(Qe) S ||D1ufHL1(Q)€_3/B(O )dZ S |uf|W171(Q)? (339)

for a positive constant C’. Using the similar arguments, we can show that || Dy Dou$/11(0,)

and || D2 Dauf|| 1 (q,) have the same upper bound as in (3.39). And thus, we proved that

’u;|W2,1(Q€) S ?’u}c‘mﬂ@(g)

for some positive constant C' > 0. =
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Recall A is a triangulation of Q. Let A" = {t;} be a new triangulation of {2, with A C A/
and |A'| = |A].

Using Theorem 2.1.6, we can choose Qu$ € Sy(A') such that
| DD (@) = ui) o < CIAP™fuflwara, (3.40)
forall o+ g = 1.

Lemma 3.3.6 Let 5 := Qu§|q be the restriction of Qu§ € Sj(A) on 2. Then E(3) approz-

imates E(uf), when %' — 0.
Proof. We first bound the difference between |E(5) — E(uf)| by

|E(8) — E(uf)]

_ 1. .
< | [ VIFIO = U 9| + 215 = Pl = g = e
~ ]' ~ € ~ € €
< /Q\/1+|Vs\2—,/1+|Vu}|2dx +ﬁ(||s—uf|y§2(m+2y|5—uf||L2(m Huf—fHLz(Q)).

Denote the right-hand side of the inequality above by err(|A[,€). Next we will show that
err(|Al,€) — 0, as |A[/e — 0. Note that the support of Q(u}) is in €. Using the inequality

in (3.40) with a + 8 = 1, we have

~ € € € € CA
IV~ )l < IVQEH) — )10y < CIA gy < gy (341
Therefore,
V3|? — |Vus|?
/\/1+|V§|2—,/1+|Vu}|2dx :/ | J [V v
0 a1+ |V32+ /14 |Vus|?
Vs —Vu$||Vs + Vus

S/ | Al ¢l de
Q1T+ [V + 1+ [Vugf?

< V(5 = up) e

A
< C|—J|Uf|wl»1(ﬂ)-

It is straightforward that the quantity |[u} — f||r2(q) is bounded because

[uf = fllze) < Nluf —usllze) + lup = fllzz) < 1+ V20 Aall fll 20



39

where [|u} — ugl|r2(q) < 1 if € is small enough, the bound of the second term comes from the
property of the minimizer uy. Using (3.41) and the well-known Sobolev inequality: for any
function g € WhH(Q,),

912200 < CIVglL)
for Q. with C! boundary (cf. [26]), we have,

ClA|
. |uf‘W1a1(Q)~

18 = ufllr2@) < 118 = ufllr2a) < CIV(S = uf)llLran <
Therefore, we conclude that err(|Al,e) — 0, as |A]/e — 0, and thus F(S) approximates

Summarizing the discussion above, we have

Theorem 3.3.2 Suppose that uy € WH(Q). Sy approzimates uy in L*(Q) when |A] — 0.

In particular, when uy € WH=(Q),

17 — ugllp2) < Cluglwieo@) vV I]A

for a positive constant C' independent of |A|.

Proof. Since S5(A) € WH(Q), we have E(uy) < E(Sy). Also § € S7(A) implies E(Sy) <
E(5). By Lemmas 3.3.4 and 3.3.6, we have

E(ur) < E(Sf) < E(5) < E(u;) +err(|Al ) < E(uyf) + erre + err(|A], €).

For each triangulation A, we choose ¢ = /]A[ which ensures |A|/e — 0. Thus, the above
error terms go to zero as |A| — 0. By Lemma 3.3.3, S; converges to uy in L?.

When uy; € WH(Q), we have err. < Cluy|wie(q € and err(|A], €) < CV/|A]|uslwre @
as we trivially have |us|p1.1(q) < Clug|wieq) with positive constant C' dependent only on

Agq. These complete the proof. m

3.4 A FixeD POINT ALGORITHM AND ITS CONVERGENCE

Denote {¢;}Y | the basis of of the spline space S75(2). The following iterations will be used

to approximate S.
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Algorithm 3.4.1 Given u®), we find u*+*Y € S5(A) such that

Vulb) . Vg, 1 1
de + —— [ u* V. dx = —/ d Nj=1,..,n. (3.42
1+ |Vu(k)|2 ’ZE—{_ )\AQ /Qu qb] x )\AQ Qf¢] .:C, fo/r a‘ j ) ?n ( )

We first show that the above iteration is well defined. Since u**1) € S7(A), it can be

written as w1 = 3" ] k+1)¢z Plugging it in (3.42), we have

" () Vi - Vo, 1 / 1 / )
c; dx + iidr | = —— dx, =1,...,n. (3.43
20 < o \/1+|Vulk)|? Aq Q¢ * Mg Qf¢] / (3.43)

i

Denote by
Vo, Vo,

a1+ |Vu® |2

D&

(A nen with di) = A

1
v = (v;,j=1,---,N) with v; = —/fgbjdx.
Aq Jq
To solve equation of (3.43) is equivalent to solving the equation

(DX + M)+ = v, (3.44)

k+1)

where ¢ (k+1)  (k+1) (k-i—l)]

=l ey e . Furthermore, if imposing the smoothness conditions

Hc¥ D = 0 in Theorem 2.1.2, we solve the following linear system

H D® 4+ M a v
- . (3.45)
0 H ck+1) 0

Lemma 3.4.1 (3.44) has a unique solution c*+1).

Proof. It is easy to prove D®) is semi-positive definite and M is positive definite because

for any nonzero ¢ = [cy, ¢a, ..., ¢y,

|Z szd)z‘z
a1+ |Vuk |2

c"'DWe = >0,

and
1 - )
c=— c;¢;1%dx > 0.
AQ/Q@ o

Moreover (D®) + M) is also positive definite, and consequently invertible. So (3.44) has a

unique solution. m
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Lemma 3.4.2 {u®) k=1,2,---} are bounded in L? by || f|| 12 for allk >0, i.e.,

(k+1

1w L2y < (1 f 1| 22(0)- (3.46)

Also, there exists a positive constant C dependent on [ and |A| such that
IVu* VI r2) < Cllfll20)-

Proof. Multiply (c**)T to both sides of (3.44) to get

|vu(k+1) |2

A
a1+ |Vu®)|?

Since the first term of (3.47) is nonnegative, we have

1 1
dx—i——/ ju Y 2de = —/fu(k“)dq:. (3.47)
Ao Jo Ao Jo

1
Iy < 3 [ £ < o 1 (3.49)

which yields

(k+1

a2y < 1 f 2y,

and hence |[u*™V| 2. is bounded if f € L*(Q).
Let A is the smallest eigenvalue of M, then \,,;, > 0 by the positivity of M. Since
||u(k)”2L2(Q) = (C(k))TMC(k),
then
Aminll€® I < 6™ [1720) < 11720,

which implies

1
le™ I <

111220

/\min
Consider the matrix P = (p;j)nxn, Where p;; = fQ Vi - Vo;dr. Then HVU('“)H%Q(Q) =
(c®™)TPc® ., Tt is easy to see that P is also semi-positive definite . Suppose 7,4, is the
largest eigenvalue of P, then m,,,., > 0, and

ﬂ-max
Va1 a0 = (€9)TPe® < mole® e < T2 |20y

min
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or

Wmax
IV 20) < /122 (3.49)

Ain
which finishes the proof. The second part of the results of Lemma 3.4.2 follows straightfor-
wardly by using Markov’s inequality in Theorem 2.1.5. m

Next we need to show that the iterative algorithm above converges. We need the following
inequality. Note that the proof of the inequality is different from the one in Lemma 3.3.3.
The reason is that u**!) is not a minimizer of F(u) in S5(A). Thus the technique of the

sub-differentiation can not be applied here. We have to give a different proof.

Lemma 3.4.3 If u**V s the solution of our Algorithm 3.4.1, then the following inequality
holds
[u™ — V)75 o) < 20 Ag(E(u®) — E(u)). (3.50)

Proof. First of all we use (3.42) to have

k k+1 k+1) (2
L (f = a®+ D) (@ — D) g — Vul®) . Tul )dx |Vuk+D)|
Mg o 1+ [Vu®)]2 1+ [Vu® |2
since u® — u*+1 is a linear combination of ¢j,J = 1,--- ,n. Then the following inequality
follows.
1 Vuk) |2 Vo (k1) |2
T (f_u(k-i-l))(u(k) k+1))dx < / ‘ | Qd / | | 2 51)
Ma Jo 0 2¢/1+ |Vu)| a 2¢/1+ |Vu®)|

Now we are ready to prove (3.50). The difference between E(u®)) and E(u**1) is

Eu®) — BE(u1)
= / \/1 + [Vuk)| — \/1 + [VuktD)|2dy + —— 2)\A / lu® — £12 — Ju* D — f2da
1
= / \/1 + |[Vu®)| — \/1 + |Vuk+D 2dy + 2)\AQ /(u(k) — DY (®) D 9 )

= / \/1 + |[Vuk)| — \/1 + |Vulk+D|2dz +/ o ) — ) (P — EHD)

’u(k) u (k+1) | dr

2)\AQ o
— 0.

v



43

The last inequality holds because by applying (3.51), we have

1
/ \/1 + |[Vuk)| — \/1 + |[Vut+D 2dg + —— /(u(kH) — ) (u® — kD)
Q Ma Jq

Vuk) |2 Vo (k1) |2

R e R e e i Y

Q Q 2¢/1+ |Vuk)|2 0 2y/1+ |[Vuk)|?

(k)2 (k1) |2

_ /2+|Vu 2+ Va2 A+ Va2

Q 2¢/1+ [Vulk|?

(k)|2 (k+1)|2

> /VH'V“ PV Ve R Wut = 0.

Q V14 |[Vuk)?

We have thus established the proof. m

We are now ready to show the convergence of u*) to the minimizer S £

Theorem 3.4.1 The sequence {u®) k =1,2,--- ) obtained from Algorithm 3.4.1 converges

to the true minimizer Sy.

Proof. By Lemma 3.4.2, the sequence {u® k = 1,--- } is bounded. Actually, we know
1u®™ |20y < || f|lz2(0- So there must be a convergent subsequence {u(")}. Suppose u("7) —
. By Lemma 3.4.3, we see {E(u®),k = 1,2,---,} is a decreasing sequence and bounded
below, so {E(u®)} is convergent as well as any subsequence of it. We use Lemma 3.4.3 to

have

[t — 72y < 2)|ulmtl) — Umj)”ﬁ?(ﬂ) +2[jul) — l|72 o)

< ANAQ(E(u™)) — B(uMt))) 4 2w — u||2L2(Q) — 0,

which implies u(% ) — .

According to Markov’s inequality, i.e. Theorem 2.1.5, we have

2
/Q\Vu(”j) — Vil*dz < |Z|2 /Q lu™) — a|*da.

It follows from the convergence of u(™) — @ that Vu(™) — Vu in L? as well. Replacing
u™) by u™+Y) above, we have Vu(*1) — V4 too by the convergence of u(™+Y — 4. As

u™), 4+ and @ are spline functions in S5(A). The convergence of u(™) and u™* to
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@, respectively implies the coefficients of u(™) and uw(™*Y) in terms of the basis functions
¢j,j =1,---, N are convergent to the coefficients of u, respectively.

Since u(™*1) solves the equations (3.42), we have

Vit . Vo, / f—ulth
dr = | ———¢;dx
/Q o Ao ¢

T+ [Vur P
for all ¢;,7=1,---, N. Letting j — oo, we obtain
Vu - Vo, — U
VU Vo Sy
\/1—|—|Vu|2 o Mo
for all 2 = 1,---, N. That is, u is a local minimizer. Since the functional is convex, a local

minimizer is the global minimizer and hence, @ = S;. Thus all convergent subsequences of

{u™} converge to Sy, which implies {u®} itself converges to S;. m

3.5 NUMERICAL RESULTS

We have implemented our bivariate spline approach in MATLAB and performed several
image enhancement experiments: image inpainting, image resizing and wrinkle removal. We
shall briefly explain how to triangulate a polygonal domain and how to use a bivariate spline
space. After these, we report our numerical results.

First of all, let us briefly explain how to choose a polygonal domain. For image inpainting
and wrinkle reduction, we simply choose a polygonal domain of interest by hand. For image
resizing, the polygonal domain is the image domain. For image denoising, we use the Chan-
Vese active contour method proposed in [16] to choose polygonal domains. We will explain
this method in detail in Chapter 4.

We mainly use the standard Delaunay triangulation algorithm to find a triangulation
of a polygon. A key ingredient is to choose boundary points as equally-spaced as possible
and points inside the polygon as evenly-distributed as possible. If some points are clustered
near the boundary of the polygon, we have to thin a few point off. Thus, the triangulation

is [/ quasi-uniform. In addition, we check the triangles from the Delaunay triangulation
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method to see which ones are outside of the domain and delete such triangles. Triangles
in triangulation from our MATLAB code are almost uniform in size and in area. In our
computation we mainly use bivariate spline spaces S3(£2), S:(Q) and S}(€2).

Let us explain how to implement the bivariate splines as locally supported basis functions
are hard to construct. We mainly use the ideas in [8]. That is, fixed r > 0 and d > 0, we
express the polynomial piece of each spline function s over a triangle T' € A in B-form.
That is, s = D> pen Do \jk=d CTyijk- Brijr is expressed in a discontinuous function over A,
ie., s € S;1(Q). Then we add smoothness conditions including continuous conditions as
side constrains, i.e., let H be the smoothness matrix such that Hc = 0 for ¢ = (cpj6, T €
N,i+j+k=d)" if and only if s € S7(A). See [38] and [8] for B-form and constructing H.
We iteratively solve Sy in the following system of nonlinear equations:

VS Vo 11

- 4 x_i___
Q \/1+|V5f|2 )\AQ

subject to the smoothness constrains Sy € S (A), where ¢,, is one of discontinuous functions

/Q (S — f)bmda = 0 (3.52)

Br ;i which is defined only on T" and i + j + k = d. This system can be solved by using the

iterative algorithm in [9].

Example 3.5.1 (Image Inpainting) In Fig. 3.1, we show an example of the application of
our minimal surface area fitting spline in image inpainting. A corrupted image, the recovered
image and the triangulation are shown. Assume that we can find the locations of corrupted
parts, we use the known image values to recover the lost image data values. Fig 3.2 and
Fig 3.3 demonstrate two examples of our approach to recover specified regions of corrupted
images which have 50% lost and 60% data lost respectively. However, if there are a large
number of triangles in our triangulation, such as the case in Fig.3.1, then the size of the
linear system (3.45) is pretty large. The size of D) is R(dgz)—by—R(d;Q), where R 1is the
number of triangles, and d is the degree of polynomial of the bivariate splines we use. This
might cause the out-of-memory problem in some computers. To solve this problem, we use
the domain decomposition technique developed in [39], which can transform the problem into

solving a set of linear systems of small size.
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Figure 3.1: Example of inpainting by our fitting spline. We use the domain decomposition
technique in our computation.
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Original Image Corrupted Image

Triangulation

Figure 3.2: Example of inpainting by our fitting spline. A specified region of a 50% data-
corrupted image is recovered.

Example 3.5.2 (Image Resizing) Due to the accuracy of evaluation of spline functions,
we can apply the minimum surface area fitting splines to image resizing. We compare our
method to the bicubic and bilinear interpolation methods provided by MATLAB function
“imresize”. In Fig. 3.4, the two images showed in both column (not in actual size) are enlarged
by 10. One can notice that compared to our approach, both the bicubic and the bilinear inter-
polation cause the Gibbs discontinuity on the edges, such as the edge of the hat of Laura. In
Fig. 3.5, Fig. 3.6 and Fig. 3.6, our bivariate spline method is compared to the bicubic inter-
polation and bilinear interpolation method on the effect of enlarging non-rectangular region.
To interpolate values on the boundary, the bilinear and bicubic interpolation methods use

a simple symmetric extension to extend the boundary. However on non-rectangular regions,
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Original Image Corrupted Image

Figure 3.3: Example of inpainting by our fitting spline. A specified region of a 60% data-
corrupted image is recovered.

this symmetric extension does not work. In this case, as shown in the examples, the bilinear
and bicubic interpolation method can not interpolate values on the boundary. This problem is
more obvious in the bicubic interpolation than the bilinear interpolation, because as a higher

order interpolation, the bicubic interpolation requires a longer extension. On the other hand
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we can avoid this problem by using our minimal surface fitting splines due to their capability
to approximate functions on a flexible polygon domain, and the fact that the Euler-Lagrange

equation we solve has no boundary condition.

Original Image Bivariate spline Bilinear Bicubic

! il
Figure 3.4: Images are scaled by 10 times by using our spline method, bilinear and bicubic
interpolation respectively.

Original Image Bivariate pline Bilinear Bicubic

Figure 3.5: Images are enlarged by 10 times by using our spline method, Bicubic and Bilinear
interpolation respectively.

Example 3.5.3 (Wrinkle Removal) Finally we present a wrinkle removal experiment.
We are interested in reducing some wrinkles from a human face. We identify a couple of
regions of interest near eyes and cheeks and apply our bivariate spline approach over each
region. In Fig. 3.8, we reduce some wrinkles around the lady’s eyes. The logo “cobis” at the

top left corner is also removed. The modified locations and the corresponding triangulation
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Original Image Bivariate spline
P
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Tian Ya I —
Bilinear Bicubic

Tian Yal Tian Yal

Figure 3.6: Images are enlarged by 10 times by using our spline method, bilinear and bicubic
interpolation respectively.

Original Image Spline Bilinear Bicubic

« IR

Figure 3.7: Images are scaled by 10 times by using our spline method, bilinear and bicubic
interpolation respectively.

are also shown. In Fig. 3.9, two images are shown. The human face on the right is clearly
enhanced in the areas near eyes and cheeks. The enlarged pictures of the 4 positions where

wrinkles are removed are shown in Fig. 3.10.

Example 3.5.4 The convergence of our numerical algorithm and the effectiveness of our

approach on image denoising are examined in Chapter 4.



(a):Original Image (b):Triangulation

Figure 3.8: Wrinkles around the eyes and the logo “corbis” are removed.

ol
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Figure 3.9: A face with wrinkles on the left and the face with reduced wrinkles on the right.
We use d = 3 and r = 1 in our computation.

Position 1 Position 2

i
L

Position 2 Position 4

Figure 3.10: Enlarged details of 4 positions where wrinkles are removed.




CHAPTER 4

BIVARIATE SPLINE APPROXIMATION TO A TV-LP MODEL

Recall that the ROF model can be given in the following equivalent form:

1 2
' — — fl7d=. 4.1
i o + 35 [ = 1P 4D

Many extensions of the ROF model can be found in the literature [2], [3], and [4], [41], [42],
[15], [58], [59], and [23]. For example, the following TV-L! model is closely related to the
original ROF model:

1
i - — fldzx. 4.2
min [ulove + 5 [ Ju=fide (4.2)

The above TV-L! model was studied in the context of image denoising and deblurring

by many researchers as mentioned in the literature above. As the energy functional

1
& = lulavioy + 5 [ fu= it
Q

is convex lower semi-continuous and BV-coercive, it is easy to see the existence of minimizers.
However, due the fact that the energy functional is not strictly convex, the minimizers are
not unique. Many results related to the set of minimizers have been obtained. For example,
properties of maximum principle, monotonicity, commutation with constants, affine invari-
ance and contract invariance are studied. See [15], [59], and [23].

In addition to the TV-L! model, the following TV-L? model has been proposed in the

literature:

1
i + = — flPd 4.3
min fulavi + = [ Ju— fPda (43)

for p > 1. Besides p = 1 and p = 2, it is not clear in the literature that if this TV-LP model

makes sense. We shall present a statistical explanation together with numerical examples to

23
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show when the noise of an image is from a random variable of p-exponential distribution
with p # 2, the TV-L? model will be useful. Thus we shall discuss some properties of the
minimizers of the TV-L? model. To compute the minimizers, we shall use the following

(€,n)-version of TV-LP model for p > 1.

1
min / Ve+ | Vul2dr + N / (n+ |u — f)*)?da. (4.4)
Q Q

u€BV(Q)

for €,n > 0.

It is shown that when € — 0,

Je(u) ::/Q\/e—i- |Vul|?dz.

converges to |u|gy(q) (cf. [1]). Similarly when 7 — 0, the second term in the minimization
(4.4) converges to ||f — u||’£p(m. Hence, the (€,n) version of TV-LP model gives an approxi-
mation of the standard TV-LP model (4.3).

When €, > 0, the energy functional E., associated with (4.4) is strictly convex and
hence, the minimizer uy := wuy,, is unique in BV(€2). We shall show that the minimizer of
the (e,n)-version of the TV-L? model has the stable and continuous properties. It is clear
that we can find the minimizer of the TV-L? model in a finite dimensional space, e.g. finite
element space, or more generally bivariate spline space, S;(A). The key point is that the
minimizer in the finite dimensional space converge to the minimizer in the BV(2). The main

result in this chapter is the following

Theorem 4.0.1 Fizp > 11> 0 and e > 0. Suppose f is bounded and wy is the minimizer

of (4.4). Sy(A) is a bivariate spline space of a degree d > 3r+2. Let Sy be the minimizer of

1
min /\/e+]Vu|2d:c+—)\/\u—f|pd:c (4.5)
Q PA Ja

u€SYH(A)
in Si(A). Then
155 = usllz@) < CAVIA] (4.6)

where C'is a positive constant independent of ||, the size of triangulation /\.



95

This study leads to a numerical approach to compute an approximation of the minimizer
of the (e, n)-version of the TV-LP model for p > 1. An iterative algorithm will be derived to
solve the associated nonlinear problem in the bivariate spline space. We shall show that the
numerical algorithm converges. Several numerical examples will be shown to demonstrate
the effectiveness and convenience for image denoising.

This chapter is organized as follows. First, we shall give a statistic explanation of the
TV-LP model in §4.1. We then study the properties of the minimizer in §4.2. With this
preparation, we discuss how to approximate the minimizer of the TV-L” model using spline
spaces in §4.3 and present an iterative algorithm and show that the iterative algorithm is
convergent in §5. Finally we should demonstrate in our numerical examples that the TV-LP

model is indeed useful to denoise images which contain some non-Gaussian noise.

4.1 A STATISTICAL EXPLANATION OF THE TV-LP MODEL

Recall that the classic Rudin-Osher-Fetami (ROF') model for image denoising is the following
minimization:

i j —f)<a? 4.
uerg‘l/rgm{|u|3v(g), subject to var(u — f) < o} (4.7)

where f = ug + £ is a given noised image, ug is the original image, and var(-) stands for the
standard variance. The minimizer u is supposed to be the clean image which is expected to

be close to the original image ug. Thus it is expected that u — f is very close to &, i.e.,

u—fe (4.8)

In the discrete setting, suppose that f = {f;,---, fu} is a given image with f; = u; + &,
where u; are pixel values of grayscale and &; are noise values. Suppose that &; are indepen-
dent identically distributed (i.i.d.) random variable whose mean is zero and variance o2. A

standard method to estimate o2 is by using the sample deviation s? defined by




o6

|
where £ = = Y7 & It is known that s? is an unbiased estimator. That is, E(s?) = o2. Note
n

that & ~ 0. Thus, by (4.8),

n

# o S = g D S o [ u S

i=1 =1

where Aq stands for the area of 2. Hence, the ROF model can be rewritten as

) 1
GIE%/H {lulgv(q), subject to o Jo lu— flPdz < o} (4.9)

By the Chambolle-Lions theorem [13], the minimization is equivalent to the following uncon-

strained problem

. 1 2
i 'u'Bv<ﬂ>+—/ - ffde (10
for some A dependent on oy if oy € ( fQ |ug |2 dz).

Furthermore, suppose that we have an a priori knowledge of the distribution of &;. For
example, &;’s are independent identically distributed random (i.i.d.) variables with proba-

bility density function:
C
) = Gy (—[2) p21 )

with C, =

5T (]i ) and b being an fixed parameter. Such a distribution is called the Laplacian
p

distribution, or p-exponential distribution. It can be calculated that the mean E(¢;) = 0 and

the variance

0% = var(§) = ?8% ; b2, (4.12)

One of the standard methods to estimate the parameter b in statistic is the maximum

likelihood method. Let us use the discrete setting to explain it again. For the given image
f=Af1,--, fn}, with the random variables &;,i = 1,--- ,n which are i.i.d. with proba-

bility density function g,, we assume that the event §;,2 = 1,--- ,n happens when the joint

c\" A
L(€0, &0, 16, Ealb) = (7) exp (_zzb]r?u )

is maximized as a function of b. Under this assumption, we get an estimation of the parameter

probability

b. To compute the maximizer it is equivalent to find the maximizer of the logarithm of the
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above maximum likelihood function

¢ |p
log L = nlog(C,) — nlog(b) — Zlbzta .

We solve

dlog(L) _ _n  pYi &P

db b g - O

1/p
It follows that the maximum likelihood estimator b for b is b ( Z \lep> .

Therefore, by (4.12) and (4.8), when n — oo the variance
n 2/p
L TG/, TG/ (P »
var(u—f) = o° = F(1/]0)62 ~ T1/p) <n2|§z| )

- R (o) <R (5 )

The ROF model in this case is

L T3/p) [ p N
min {|U|Bv ), subject to T(1/p) (A—Q/Q|u—f| ) <o5} (4.13)

u€BV(Q)

Similar to the proof of the Chambolle-Lions theorem [13], the minimization is equivalent to

the following

2/p
: p »
— — 4.14
2ain Wlovie 55 (f 1w 17) (a.14

for some A dependent on oy.

Lemma 4.1.1 The estimate b := d Z &i|P is an unbiased estimator for b°. However, when
n =

rG/p)

I'(1/p)

n /p
p<2,b?= (E Z |§Z|p) is a biased estimator of b*> and hence the var(u— f) :=
n =

(2
is a biased estimator of var(u — f).

Proof. Since &;’s are i.i.d., by using integration by parts,

< el

E(br) = ( ZI&!”)—pE IS1) —2p0/ —exp

= ZC’pbpp/ yP exp(—yP)dy = bP.
0

—p) dx
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On the other hand, as y = z?/? is a strict convex function when p < 2, by Jensen’s
inequality,
B(%) = B(()°7) > (B()*r = 17)*7 = 7.

-~ r
That is, b% is a biased estimator of b?. Since var(u — f) = (3/p)
I'(1/p)

b2, var(u — f) is also a
biased estimator of var(u — f). =
Next let us point out that b? is a sufficient statistic in the sense that it summarizes all

relevant information the entire random sample can provide about bP.
Lemma 4.1.2 The estimator b in Lemma 4.1.1 1s a sufficient estimator of bP.

Proof. Let u = Y7 [&]|” be a random variable. Then the likelihood function of b is

L(&1, ..., 6a]0) = (%)nexp <_b%) :

By Fisher-Neyman factorization theorem (cf. [55]), w is a sufficient statistic of b. Therefore
b is a sufficient estimator of b”. m
Finally, since b? is unbiased and sufficient, by the Rao-Blackwell theorem (cf. [55]), it is

the minimum-variance unbiased estimator among all unbiased estimators of b”. That is,
E((bP — b*)?) = min{E((8 — V*)?), B is an unbiased estimator of b7}

Such a minimizer is unique.
Therefore it is better to use the unbiased estimator b rather than bA2 in the model.
Therefore we consider the following model

1
min |u + — u — f|Pdzx.
uEBV(Q)‘ ’BV(Q) DA /Q‘ 7l

This justifies the TV-LP.
We shall explain how to generate such a random variable &; subject to the probability
density function g, in §4.5 to demonstrate the performance of TV-LP model for p-exponential

distributions.
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4.2 BASIC PROPERTIES OF THE (€, 7)-VERSION TV-LP MODEL

We first rewrite the (e, n)-version of the TV-LP model as follows:

in F 4.1
D Bonlv) (4.15)
with energy functional
1
E.,(u) = J.(u) + _A/(” + (u — f)H)P/2 (4.16)
bA Ja

It is easy to see that when p > 1 and 1 > 0, the minimization functional E, ,, is strictly convex
, weakly lower semi-continuous, and BV-coercive. Therefore according to Theorem 2.3.7,
there exists a unique minimizer uy € BV(Q) for any € > 0. Similarly, when p > 1, n = 0 and
e>0orwhenp=1,7n=0ande> 0, E, is also strictly convex and lower semi-continuous.
Thus, the minimizer u; is unique. Only when p = 1 and n = 0 and € = 0, the functional
E.,(u) is not strictly convex. The minimizers are not unique for certain A > 0. See the
discussion in [15].

We shall further study other properties of u in this section. We begin with the following

Lemma 4.2.1 Let uy be the minimizer of problem (4.15) for input f. Consider the setting

(p,€,m) such that the minimizer us is unique. If f is bounded, then us is also bounded and

inf f(z) < uy(z) < sggf(x)- (4.17)

Proof. Let @y be the truncation of uy by sup,cq f(z) and inf,cq f(x), i.e.,

(

supgeq f(x), if us(y) > sup,eq f(@)

up(y) = § up(y), if infeq f(x) < up(y) < sup,eq f()

inf,eq f(x), if infieq f(z) > us(y).

It is easy to verify if uy € WH1(Q),

us(y) — fF) < fup(y) — f(y)l, Vye
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and

6+Vu2§/ € + |Vurl?.
/Q\/ Vgl < [ \fes [Vu

According to Theorem 2.3.1, for uy € BV(£), we can find a sequence {u,} in W'(Q2) that

converges to uy in L'(Q2) and

lim/\/€+|Vun|2:/\/e+|Vuf\2.

We also have 4, converge to @y in L'(Q) as n tends to infinity, where 4, is the truncation

of u,. Note that the functional J.(u) is lower semi-continuous (cf. [1]). Then

/,/e+|Vaf12§ lim [ e+ |Vi,|?
Q Q

n—o0
< lim [ e+ |Vu,|? = / v/ €+ [Vug|?

Then

Eey(uy) < Eep(uy)

which implies 4y = us because of the uniqueness of the solution. m
With a similar argument we can show Lemma 4.2.1 also holds if u; is the solution of the
problem (4.4) in the spline space Sj(A). We next present the continuous property of the

minimizers.

Theorem 4.2.1 Fizp > 1 and n > 0. Suppose uy is the solution of problem (4.4) with f

bounded. Then for any bounded function u with sup |u| < sup|f|,
lu—upllr2) < CMEeq(u) — Eey(uy))

for all € > 0, where C depends on sup |f| and n. In particular, if Sy is the solution of
the problem (4.4) in the spline space S5(S2), d > 3r + 2, then according to Lemma 4.2.1,

sup |S¢| < sup|f|. Therefore,

157 — ugllr2) < CAN(Eey(Sy) — Eepluy)).
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Proof. We first give the Euler-Lagrange equation for the minimizer u; of (4.15)

1 Ur — f
0J. - =0 4.18
X g 1)
Its equivalent inequality is
1 ur— f
Je(u) — Je(uyp) > <_X T (uff— f)2)1fp/2’u — uf> , (4.19)

where (f, g) is the standard inner product in L?(€2).
Following this calculation, we continue to compute the difference between two energies.

Assume uy is the minimizer for an input function f, w is a LP(Q) function

Eey(u) — Eey(uy)

- Aip / (04 (u— £ — (04 (g — P2 d+ J.(u) — Jo(uy).
Using (4.19), we have

Een(u) = Ecy(uy)

> A—lp/ﬂ(wr (u— £)P? = (n+ (up — f)?)Pda

1 Uf—f
- <_A_p(77 Fuy— et “f>

For simplicity we let

on(x) = %(n + 22)P/? (4.20)

which is convex and infinitely differentiable for all  when 7 > 0. Then
MEe,(u) — Eep(ug))
> [ = 1) = alug = o = (s = w1y
= /Qcﬁ;’(é)(u— ug)? dx (4.21)

where ( is a function between v — f and uy — f. Direct calculation shows

(n+ (p—1y?)
(n+y?)?r/2

Oply) = (4.22)
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is a positive decreasing function which goes to zero when y — oo.
Lemma 4.2.1 and the assumption imply that both v — f and u; — f are bounded by

2sup |f| and hence,

1

¢"(¢) > ol

with C' depending on sup | f| and 7. Hence, the result follows. m

With similar argument, we can show that

Theorem 4.2.2 Fizp > 1 and n > 0. Suppose that f and g are bounded. Let uy and u, be

the minimizers of TV-LP model (4.15) associated with images f and g, respectively. Then

luy — ugllr2(@) < ClIf = 9llr2e)
for all e > 0, where C' > 0 depends on the bound of f and g as well as n.

Proof. Assume uy is the minimizer for f and u, is the minimizer for g, by the definition,

we have

(OJe(ug),ug —uyp) < J(ug) — J(up),

(0Jc(ug), up — ug) < J(uy) = J(ug).
Adding these two inequalities, and using (4.18) we have

(0 (ug —g) — &, (ug — f),ug —ugp) <0.
Note that
Pylug = g) — & (uy = f) = ¢()(ug —up + f — g). (4.23)
Therefore, by Cauchy-Schwarz inequality
<¢Z(§)(Ug —ug), ug — ug)
< ()9 — £ ug — uy)
< ((6n(&)(g = )9 = PP (E) (ug — ug),ug — up))V2.
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It thus follows
(D (&) (g — uyp),ug —up) < (G (€)(g = )9 — f)- (4.24)

As ¢7(§) is bounded from below and from above when u, and u; are bounded, the desired

inequality follows. =

4.3 BIVARIATE SPLINE APPROXIMATION OF THE TV-L? MODEL

To find the minimizers of the TV-L? minimization, we consider the minimization problem
in a finite dimensional space, e.g., we can use bivariate spline space Sj(A).

The minimization problem in the spline space is formulated as
min{E, 5(u), ue€ Sy(A)}. (4.25)

We shall study the relationship between the minimizer of (4.25) and the minimizer of
the original problem (4.15). Assuming Sy is the minimizer of (4.25), we shall prove that
E.,(Sf) — Ecp(uy) — 0 as the size |A| of the triangulation tends to zero, where |A| is the
largest of the lengths of edges in A.

We first introduce the notation of the extension of functions on 2 = [0, 1] x [0, 1]: for any
function v defined on €, let Extu be the extension of u defined on R? by first reflecting u
about the boundary of €2 and then periodically extending the resulting function to the whole
plane R2. For details, see [57]. Let 1 be a standard symmetric non-negative mollifier and

define

i) = / Bxtule — oY

Lemma 4.3.1 Suppose f is bounded. Then
Ee,n(ufv) < Eey(uyp) + Cdluglpv(a)

where C' > 0 is a constant dependent on || f||o and p.
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Proof. First we claim that

/,/e+|Vu5f|2§/\/e+|Vuf|2
Q Q

for 9 small enough. Indeed, it is straightforward to verify that this inequality holds for
uy € WHH(Q) by using the convexity of J.(u) and the property of the mollifier for any § > 0.
For uy € BV(Q), the inequality still holds due to the fact that any BV function can be
approximated by W1! functions in the sense of Theorem 2.3.1.

Next we have

Am+a@—ﬂWW—oﬁww—fﬁW2

géw@mpmm,

where ¢, (x) is the function defined in (4.20), and ¢ is a function between u} — f and uy — f.
Since f is bounded , we have uy is also bounded by Lemma 4.2.1. The following calculation

shows that u‘} is also bounded.

d
< max|fl [ o()F = max|/l.

Therefore,

[ = 2P = (et g =

< Olluf = ugllpro) < Coluslyi)-

The last inequality holds for |ug|w1.1(q) according to Lemma 2.4.3. Then using a density
argument in Theorem 2.3.1, we can extend it to |uf|gy(). ®

We need to use the following standard result.

Lemma 4.3.2 Ifu € BV(Q),

C
[0 w2i() < 5|U|BV(Q) (4.26)
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Proof. According to Theorem 2.3.1, we can pick a sequence {u,, } € W(Q) such that when
n — oo,
|tn — ul| 1) — 0,
and
[unlBv(Q) = [ulBv(e)-
By Lemma 3.3.5 the inequality (4.26) holds for all u,, € W1(Q). To finish the proof, we just

need to show

|U2|W2!1(Q) — |u§|W2!1(Q)7 n —r 090,

which needs the following inequality:

rwﬂ@—ummm>:‘4 i

&//‘ un(y) — u(y)| | D2s(z — )| dydz
Q J B(z,9)

/ (un(y) — u(y)) D20n( — y)dy
B(x,6)

IN

< wam—u@m/ D25 — )| dady
Qs B(y,9)

_ /Q!un(y)—u(y)\dy/ D2s()dz 2=z —y

B(0,5)

C
< lun = ul| 1o /B( ;) ﬁdz (by Lemma 2.4.2 and extension theorem)
07
C
= lun — UHLl(Q)é—Q,
where ¥5(z) = (5). =

We now prove that the energy of the spline approximation is close to the energy of the

smoothed function.

Lemma 4.3.3 Suppose f is bounded. Suppose that S5(A) contains a spline space Si(A)
for a degree d > 3r + 2. Let Qu‘} € Si(A) be the quasi-interpolatory spline mentioned in
Theorem 2.1.6. Then

A

Eey(Qu}) < Eey(uf) + C(T + |AD|ug|Bv(e)-
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Proof. We bound the difference between |E,,(Qu}) — E.,(u%)| by

|E n(QU(}) — E n(u?”

+|VQuj|? - \/1 + |Vu§|2dz

+

/Q<€+<@uf PP = et (uf = 1P,

A

For the first term on the right side of the inequality

€+ |VQuj? - \/e + | Vu§[2dz

/ [VQuj > — [Vug|®

/14 VQuS|2+ /e + \Vu |2

/ IVQu} — Vub||[VQus + Vuf|

\/ €+ IVQuUG2 41 /e + |Vuf|2

< IV(Qui — up) (@

By Theorem 2.1.6 (with m = 1) and Lemma 4.3.2,
A
||V(Qufe - U?)HD(Q) < C|A||U§|W“(Q) < CT|Uf|BV(Q)

For the second term, since f is bounded, uy, u‘sf and Qufc are also bounded. We apply

Theorem 2.1.6 to get

\ [0+ @ = 170 = 0+ - g

< / 16,,()(Qul — )]
<C [ 1(Qu— il ds

< ClA[Juglwio) < ClA[luglpv(o)
The last inequality uses Lemma 2.4.1 which claims that for any function v € BV(£),

|’ [wia) < Julpve)
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Summarizing the discussion above, we have completed the proof. m

Finally we are ready to prove the main result in this section.

Theorem 4.3.1 Fizp > 1 and n > 0. Suppose f is bounded. Let 6 = +/|A|. Then
Eey(Sf) = Eep(ug) < CV/|A| By (0) (4.27)

for all e > 0, where C' is a constant dependent on f,p, and the smallest angle O of triangu-

lation \. By Theorem 4.2.1,

15 = ugllr2@) < CAVIA] (4.28)

where C' is another positive constant independent of |A|.

Proof. Combine Lemma 4.3.1 and Lemma 4.3.3. We have

A
Boyfug) < Beyl(S7) < Byl @u) < Eeyfug) + CU2L 4 A1 +0) gl

For § = /|A|, we have

sz(sf) - Ee,n(uf) <Cy |A |uf|BV(Q) <C |A|Ee7n(0)-

The inequality (4.28) follows from (4.27) and Theorem 4.2.1 directly. m

4.4 A NUMERICAL ALGORITHM

In this section, we shall derive an iterative algorithm to compute the minimizers of the (e, )
version TV-LP model and show that the iterative algorithm converges. The discussion is
similar to the one in [35] where the minimizer of the TV-LP model was considered. The

proof has to be carefully modified when p < 2. Thus, we present a detailed discussion here.

Recall
1
E,(u) = / Ve+ |Vu|?dx + ]ﬁ /(7] + |u — f]2)”/2dx (4.29)
Q Q

for e > 0 and n > 0. Note that it is also defined for p > 0. We first have
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Theorem 4.4.1 Fix p > 0,¢ > 0 and n > 0. There exists a solution of the following

mainimazation problem

min{E.,(s), s € S5(A)}, (4.30)

where SH(A) is a spline space introduced in the previous section. When p > 1 or when p =1

and n > 0, the minimizer is unique.

Proof. Let D := {E. ,(s) < E.,(0),s € S;(A)}. It is not hard to see D C S5(A) is bounded
compact. Note that E.,(u) is a continuous functional for any fixed p > 0,n > 0,n >
0. Therefore there exists a spline Sy € D which achieves the minimum, i.e., E.,(S;) <
Ex(s),s € D.

When p > 1 or when p = 1 and 7 > 0, the minimization functional E, is strictly convex
and has a unique minimizer. m

Let ¢4, ..., ¢, be a basis for spline space S(A). The following iterative algorithm will be

used to approximate S

Algorithm 4.4.1 Given u®), we find u**Y € S5(A) such that

\VZTICaR VI ng] kH)ij
2\1— /de
€+ |Vulk |2 o =+ [u® — f|2)i-»
1 /o, a
_X/Q (17—|— ‘u(k) — f|2)17p/2dm7 V] =1,..,n. (431)

We first show that the above iteration is well defined. Since u**1) € S7(A), it can be written

as y*+) = 1 Cgkﬂ)@_ Plugging it in (4.31), we have

n . . 1 Yy
Z C§k+1) v¢z V¢] dx 4= / ¢Z¢j dx
, o ye+ |Vulk|? AJa (n+ [u®) — f2)l-re/2

(2

1 fo
DY dz. 4.32
)\/Q (n + |ut) — f]2)1-p/2 v (4.32)
Denote by
®) . (g™ k) ViV
D = (d;j)Nxn with d;7) = A \/m
(k) ._ (k) : o
MY = (m;} )nxn with m _/ 7 E T f\ = p/2d
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B = P =1 ... ith v; = /95
v = (v;,j=1,---,N) with v; = /Q 75 [ — f’2)17p/2d:v.
Then to solve (4.32) is equivalent to solving the equation
(D®) 4 M*) D) = () (4.33)
where c®+1) = [T D DT

Theorem 4.4.2 The algorithm 4.4.1 has a unique solution in S5(A).

Proof. D®) is semi-positive definite and M is positive definite because, for any nonzero

¢ = (¢;)n, because
LIPS |2
_o [ AZiaVel o
e+ [Vu®)|?

A c:/ |30 ciol
a (

) — o
Therefore (D™ + M®*)) is also positive definite, and hence invertible. So (4.33) has a unique

c"'D®e

and

x > 0.

solution and so does (4.31). m
Next we show the iterative solution converges to the minimizer Sy in Sj(A). We need

the following lemmas.

Lemma 4.4.1 For 0 < p <2, the following inequality holds

((77+352)p/2 —(n +y2)p/2> > 2(77(1;2?;3_”2 4 (n?ﬁxxg)ly—)pﬂ (4.34)

SR

for all z,y > 0.

Proof. Since

(n+ 2P — (n+y*)P"?
(n+2?) — (n+ 2?) 772 (n + y*)P/?
(1 22) 77
n+a?+ py* — pry — (n+ 22)' P2 (n + y?)P/2 Ly —y)
(0 F 227 (1 + 22107




By Young’s inequality which states that if 0 < a,0 <1 and a+ b =1, then
ax + by > 2%°,  where z,y > 0,

we have

n+a? by’ = pry = (4 a?) PP+ PR - S - y)?
= =0+ )+ 50+ 9") =+ 2" PP+ ) 20,
It follows that
(z —y)? y(z—y)

2\p/2 _ 2\p/2
((n+2%) (n+y*)"?) = 2(n + 22)1P2 ' (1) + 22)L- 0/

=
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Lemma 4.4.2 Let u**Y be the solution of our Algorithm 4.4.1. Suppose that 0 < p < 2.

Then the following inequality holds

1 (u(k) _ u(k+1))2
(k)Y _ (k+1) -
Eey(u™) — Eey(u ) > /\/92(77+ |u(®) _f|2)1—p/2dx

where E. ,(-) is the energy functional given in (4.15).

2
Proof. K(u) := / 5 |V|1$ (k)|2dx is a convex functional, direct calculation shows
Q €+ |Vu
d Vukt .
L) gy = [ VO
dt a e+ |Vulb)|?
or in another words,
Vu(k—i—l) . V(;5
(OK (), 0) = | — e
a e+ |[Vul)|?

where 0K is the subdifferential of K. It follows from (4.31) that

u(k+1) _ f

1 k+1
NG = gy € K0

By the properties of subdifferential, we have

QK (u® ), 4® — Dy < K (u®) — K (ut+D),

(4.35)
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or equivalently,

1 (f (k+1))(u(k) _ u(k+1)) |Vu ‘2 |Vu(k+1 |
_/ (k) 2\1-p/2 dr < / dx /
Ao (n+[u® — f]2)t=r a 2v/e + [Vu® ]2 o 2v/e + [Vul \2

Denoting u® — f by w®, the above inequality can be rewritten as:

1 o (kD) Y (00 (B) o (K1) V)2 \VZNLadlP
—/( = )(wk 5 1w2 )dxg/ [Vl dx—/ Ve ] dr. (4.36)
Mo o (n+ w® )=/ o 2v/e + [Vu® |2 o 2v/e + [Vu® 2

Using (4.36), we have

1 (w(k+1))(w(k) _ w(k+1))
/Q \/6 + |[Vu®)| — \/6 + | Vulk+D) |2z + X/Q (7t WP )P dx (4.37)

> /\/e+|vu<k>|2—\/e+|vu<k+1>|2dx
Q

/ ‘VU ‘2 / ’vu(k—i-l ’
o 2y/e+ |Vulk |2 a2/ e+ |Vulk |2
)|2 (k+1)|2
_ / 2¢ + [Vu® |2  |Vul+D)| B /€+ Tl 2
0 2/ €+ |Vulk)|?

(k)2 (k+1)|2
Q Vet [Vu®2 v

By Lemma 4.4.1, we have

(7 4+ (@®)2P2 — (1 + (w*HD)2)72)
(k) _ o, (k+1))2 (k+1)(,,,(k) _ ,,,(k+1)
(w w'F ) w (w wF )
=2+ @ T (g (W)

D=

(4.38)
Using (4.37) and (4.38), the difference between E. ,(u®) and E.,(u**V) is

Een(u®) = Eey(u®0)

= [ (Ver 9= s R ) e+ (0 0 ot 0P d

1 [ wkD) (®) — (k+1))
> /\/e—i-]Vu(k | — \/e—|—|Vu’f+1)|2da:+ )\/Q (& [y 72 dx

>0
1 (F) _ pF))2

—i——/ (w w?) dz.
A Jq 2(n + [wk)[2)1=p/2

Since w® — w® = (u®) — y*)) we have thus established the proof. m
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Lemma 4.4.3 Suppose that p € (0,2] andn > 0 and € > 0. If || f||L=(q) is bounded, then

[u®|| o) < C for some constant C independent of k.

Proof. From Theorem 4.4.2, we see that {E. ,(u®)} is a decreasing sequence. Thus,
Aoof0) 2 AByu) = [ (r-+ 1) = 27 = [ 1) = .

For p > 1, we have
la® < 1 llzogey + 6% = Fllosiey < (MBen( @) + AL Fll (0

where Ag is the area of . It follows that ||u(®|, is bounded. Similarly, when p € (0,1), we
have

[N <[ F 1150y + 10 = £ o) < ABen(@®) + Ag|| £ 11} -

In finite dimensional space, || - ||zr() and || - |=(o) are equivalent. Therefore ||ul®)|| () is

also bounded. m
Lemma 4.4.4 If || f||z~(0) is bounded, then [[u**) — u®]|12q) — 0 as k — oo.
Proof. By Lemma 4.4.3 |u®)| is bounded. Therefore

[ = f? < (™ zeg) + [ f @) < 00

Let ||(n+ [u® — f|?)17P/2|| 1) = M < 00. By Lemma 4.4.2, we have

1 (u(k) . u(k+1))2
(B)y (k+1) il
o) = B 2 3 [ 5 s

1
=T /Q<u““> — ut )2y,

that is,

[u* T — u®|| o) < AM (B, (u®) — B, (u*)).

So {E.,(u™)} is a decreasing sequence and bounded from below, and hence converges. This

implies E,,(u®™) — E,(u®*Y) — 0 therefore [[u**) —u®| 12— 0ask — co. m
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Theorem 4.4.3 For p > 1 and n > 0, the sequence u™ obtained from Algorithm 4.4.1

converges to the true minimizer Sy.

Proof. By Lemma 4.4.3, the sequence {u(k)} is bounded. There must be a convergent sub-

sequence {u(™)}. Suppose u(™) — 4. We use Lemma 4.4.4 to have
||u(nj+1) — |2y < ||u(nj+1) _ u(”j)||L2(Q) + Hu(”ﬂ') — |2y — O

which implies v+ — 4.

According to Markov’s inequality (cf. [38]), we have

2
/Q\Vu("j) — Vi’ dx < |£|2 /Q lu™) — a|*dz, (4.39)

where 5 > 0 is a constant dependent on the smallest angle 6, of A. It follows from the
convergence of u(™) — @ that Vu(™) — Vi in L? as well. Replacing u(™) by u(™+1) above,
we have Vu(%*tY) — Vi too by the convergence of u(+1) — @. As (™), v+ and @ are
spline functions in S75(A). The convergence of u(™) and u(™+* to @ implies the coefficients
of u™) and u(™*1) are convergent to the coefficients of @, respectively.

Since u(™ ¥V solves the equations (4.31), we have

vy mith . Vo, 1/ u(nj+1)¢j .
Q

e+ [Vus)]? (n+ [uta) — f2)1=p/2

= l/ /95 dz
N Jo (n - Jut) — FRyo

for all ¢;,i=1,---, N. Letting j — 0o, we obtain

A TIPS U S
o \/e+ |Vl Ao (n+la— f2)-s? XJo (n+lu— f2)er

foralli =1,--- , N. That is, u is a local minimizer. Since the functional is convex when p > 1

or when p = 1 with > 0, a local minimizer is also the global minimizer hence, © = Sy. Thus
all convergent subsequences of {u®} converge to Sy, which implies {u®} itself converges to

Sf. |
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4.5 NUMERICAL EXAMPLES

4.5.1 THE REJECTION-SAMPLING METHOD

In this subsection we discuss a method to generate noises from the p-exponential distribu-
tion in (4.11). It is called the rejection sampling, which can be implemented without the
knowledge of the cumulated density function of the distribution. It is also commonly called

the acceptance-rejection method or accept-reject algorithm. See [43] for more details.

Algorithm 4.5.1 (The Rejection Sampling Algorithm) Suppose we want to generate
random numbers from probability distribution g(z). Let M > 1 be a real number and h(x) be

an envelope distribution, so that g(x) < Mh(x) for some M > 1.

1. Sample x from h(x), and u from uniform distribution over the unit interval U(0,1).

2. Check weather or not u < %

e if this holds, accept x as a realization of g(x).

e if not, reject the value x.

In this way, we generate random noises subject to the Laplacian distribution(p-exponential
distribution). See [46] for more details. Examples of p-exponential random numbers of p = 1,

p = 1.5 and p = 2 are shown in Fig. 4.1.

Figure 4.1: Distribution of Laplacian noises of p =1, p = 1.5 and p = 2.



75

4.5.2 NUMERICAL RESULTS

Example 4.5.1 In this example we examine the convergence of our algorithm, i.e., for fized
triangulation A, |[u™*D —u® | 12q) — 0, as k — oo.

(a) First we try to demonstrate that our algorithm converges regardless the shape of a
region. We test our algorithm on seven triangulations of the following figure. The input
function f is a noised image with white noise of o = 30 and divided into seven patches. We
test our iterative numerical algorithm to solve the spline solution of the TV-L' model on each
patch and are able to get a convergent sequence of |Juf+1) — u(k)HL?(Q) from our numerical

algorithm as shown in Fig. 4.3.

2RSSR
% NN N
NN NAVAVAVAVAVAVAVZ

Figure 4.2: Triangulations used to test convergence of the algorithm.

(b)Second, we try to examine that our algorithm converges for variate TV-LP models
of different p values. The input function f is a noised image on a circular region with p-
exponential noises of p =1, 0 = 30. We test the case when p =1, p =15 and p = 2. The

results are showed in Fig 4.4.

Example 4.5.2 [t is well-known that for noised image with Gaussian noises, the original

ROF model (i.e. TVL?) is better than the TV-L' model. We now present some evidences



76

that when an image is corrupted by noises subject to a p-exponential distribution, the noised
image 1is better denoised by the TV-LP model than by the ROF model for p < 2. In this
example, we examine the effectiveness of our model in tmage denoising. We try to give some
evidences that the TV-LP model performs best to the Laplacian noise of the same p value. The
wmput function is a sine function over a circular domain corrupted by p-exponential noises of
p=1,p=15 and p = 2 respectively. In all experiments, o = 30. The peak signal-to-noise
ratio(PSNR) is used to evaluate the effectiveness of the TV-LP model. The results are shown
in Table 4.1, Table 4.2 and Table 4.3 respectively. The clean figure is shown in Fig. 4.5.
And noised images and best recovered image are shown in Fig. 4.6, Fig. 4.7 and Fig. 4.8
respectively. One can see that the TV-LP model performs consistently better in denoising of

the p-exponential noises.

p=1 p=15 p=2
A PSNR A | PSNR A | PSNR
0.05 | 33.40 0.5 33.17 | 0.5 ] 32.28
0.1 | 33.48 1 33.21 2 | 32.33
1 31.48 2 |133.0091 || 7 | 32.43
27.8108 || 3 | 32.7137 || 10 | 32.42

Table 4.1: Denoising of p-exponential noises of p = 1 by TV L', TV L' and TV L? models

p=1 =1.5 p=2
A | PSNR || A | PSNR || A | PSNR
0.05 | 33.91 || 0.1 | 34.21 || 0.5 | 34.19
0.1 | 33.94 || 0.5 | 34.22 1 ] 34.20
0.5 | 33.58 1 ] 34.19 2 | 34.21
1 32.36 2 | 33.95 3 | 34.20

Table 4.2: Denoising of p-exponential noises of p = 1.5 by TV L', TV L' and TV L? models



p=1 p=15 p=2
A | PSNR || A | PSNR || A | PSNR
0.05 | 34.02 || 0.1 | 3445 | 0.5 | 34.61
0.1 | 34.06 || 0.5 | 34.50 || 1 | 34.62
0.5 | 33.91 1 | 34.49 3 | 34.63
1 32.84 2 | 34.31 5 | 34.60

Table 4.3: Denoising of p-exponential noises of p = 2 by TV L', TV LY and TV L? models
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Figure 4.3: Convergency of numerical algorithm on seven different regions. X-axis: number
of iterations; Y-axis: |[ut*1) — u®)|| 2.
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Figure 4.4: Convergency of numerical algorithm in different p values. X-axis: number of
iterations; Y-axis: [|uft1) — u®|| 2.

Figure 4.6: Noised image of p = 1 and the denoised image with the TV-L? model of p =1
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Figure 4.7: Noised image of p = 1.5 and the denoised image with the TV-LP model of p = 1.5

Figure 4.8: Noised image of p = 2 and the denoised image with the TV-L?” model of p = 2



CHAPTER 5

IMAGE SEGMENTATION AND TRIANGULATION

5.1 LEVEL SET METHOD

In the application of image segmentation, we can use an interface(a curve) to separate one
region from another. To evolve the interface we can assign a force F' to control the movement
of each point of the interface. The force F is usually given according to some physical
mechanisms, for example, gravity, the ratio of the fluid density, and the surface tension
between two regions. In the figure 5.1, the interface in red decompose the square region into

two regions and it is expanding under a force F.

Figure 5.1: Interface involves under forces.

However things get pretty complicated when one interface breaks into two interfaces or
when it tries to cross over itself. Therefore, rather than following the interface, the level set

method introduced by Osher and Sethian [44] considers an interface as an intersection of

81
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a surface and the x-y plane, or in another words, the zero-level contour of a surface. For
example, in two dimensions, the level set method amounts to representing a closed curve I

in a plane as the zero level set of a two-dimensional auxiliary function ¢, i.e.,

I'= {(1’,y)’¢($,y) = 0}7

and manipulating " implicitly by tracing the surface function ¢(x,y) instead. In figure 5.2,
the intersection of red surface ¢ and the blue x-y plane yields the cutting planes in the first
row. The boundary of the gray region is the interface I'. One can see that although the

interface breaks into two curves, the topology of the surface remains unchanged. At first

9 o ¢

| B B

Figure 5.2: Demonstration of the topology’s changing of an interface with level set method.
Figure is created by Oleg Alexandrov.

glance, it might not be a good idea to trade a problem of a moving curve into a problem of
moving surface. Because in this case we need to assign a force to each point on the whole
domain, instead of the curve only. It seems it will add to the cost of calculation. However as a
tradeoff, the level set method processes some more critical properties, e.g., all the complicated

problems of breaking and merging curves.
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5.2 AcTivE CONTOUR MODEL

The active contour method proposed in [16] by Tony F. Chan and Luminita A. Vese originates
from the idea of the level set method. Its basic idea is to evolve a closed curve to detect objects
in an image, subject to the minimization of an energy defined in (5.1) below. For simplicity, let
us assume that the image u is formed by two regions of piecewise-constant intensities of two
distinct values u; and up and they are separated by a contour Cy := {z : ¢(x) = 0,2 € Q}.
The goal is to find the "fittest” boundary C' which best approximates Cy. One numerically
computes an approximation C' of Cy. Then the image is segmented into two distinguished
regions: 0 := {z : ¢(z) > 0} and Qy := {x : ¢(x) < 0}. In [16] the research considered the
following minimization functional on C"

F(C) = uLength(C) 4+ vArea(2,) + A lu(z) — uy |Pdzdy + g lu(z) — us|*dz, (5.1)

1 2

where C' is a variable curve represented by level set {z : ¢(z) = 0,2 € Q}. Here uy := uy(¢)

and uy 1= uy(¢) are the average values of the image in 2y and s, respectively,

Uy = / u(z,y)dxdy and uy = / u(z,y)dzdy.
Q1 QQ
() is approximated by the minimizer of the fitting term
irc1f F(C). (5.2)

The existence and uniqueness of the problem (5.2) has been proved in [40]. In this chapter
we mainly explain how to transform the problem into level set formulation and how to get
its Euler-Lagrange equation.

Let ¢(z,y) be the surface function associated to the interface C' in the level set method,

such that
> 07 (xay) c Q1

o(z,y) =4 =0, (z,y)onC

< Oa (.’E,y) € QQ-



Recall that the Heavisible function H and the Dirac Delta function ¢ are defined by

1, 2>0;
H(z)=
0, z<0,
and
d
() = - H(2)
Then we have,
17 (xa y) € Qla
H(¢(z,y)) =
0, otherwise,
1, (x,y) on C;
IVH(¢(z,y))| =

0, otherwise,

and
IVH(¢(z,y))| = (d(x,y))[Vé(z, y)l.

Therefore, the length of C', the areas of {2; and €y can be written respectively as

Length(o = 0) = | 6(é(e. ) Vo(a,y)ldody.

Am@Q:Amemmm
and

Area($) = /Q 1 — H(¢(z,y))dzdy.

Similarly u; and us can be given as:

_ Jo ol ) H(g(w,y))dwdy
Jo H(o(z,y))dxdy

Jol = H(¢(z,y)))dzdy

Moreover, we can rewrite the following integrations:

U1(¢)

Uus(¢)

luo(,y) — uy [Pdody = / luo(z,y) — w|*H(¢(x,y))dzdy,
(951 Q

84

(5.3)

(5.4)
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(2, y) — uadady = / Juo(z, ) — un (1 — H((z, y))\daedy.
Qo Q

However, since the Heavisible function H and Dirac Delta function § are not differentiable,
we use the following regularizations instead,

1 2
H.(z) = 5(1 + }arctan(g)),

62

0e(2) = ————.
MNEERTD)
Now we can rewrite the energy function (5.1) as
Puwu0) = u [ 6.0 eldsdy
Q
+ v [ Ho)dudy
Q
+ )\1/ lug — i |2 H.(¢)dxdy
Q

T / o — unP(1 — Ha(6))dudy (5.5)

And the minimization problem (5.2) is transformed to

min{ F:(6)} (5.6

Since the energy functional (5.5) is strictly convex, we just to need find a local minimum,
which is the solution of the Euler-Lagrange equation. Now we calculate the Euler-Lagrange
equation associated to the minimization problem of the energy function (5.5). First, notice

that
Vo
Vgl

) = 0L(6)| Vo] + d.(6)div (E) |

div (55(@ Vol
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Let n be the normal vector of 9Q and ¥ € C§°(Q2) the test function. When ¢ = 0, we have

i / 6+ 10)|V (6 + 1) |dudy

dt
= [ swiveldsdy+ [ so)gs
vo

_ / Vo .
= /965(¢)¢|V¢|dxdy+/ O (¢ )]V¢\ nYdxdy — /lev ((5( )\V¢|)wdzdy
- /Q ()6 |V ldudy — / dw( (& )W)wdxdy

Vol
— — ] —
= /Qégdlv (|V |) Ydzdy,

4
dt

Vi

and

Ho (¢ + th) = 0:(9).

d d
Assuming Eul(qﬁ + tY)|i=o = 0 and %uQ(qﬁ + t)|i=0 = 0, we have the following Euler-

Lagrange Equation of (5.6),

0=0:(¢) (,udiv (%) — v = Mug — ur|? + Aafug — u2|2> . in

(5.7)
% =V¢-n=0, on 9.

Using the method of steepest descent, we can approximate the solution of the Euler-Lagrange

equation above by evolving the following time-flow partial differential equation:

% = 0:(0) (udlv(w(ﬂ) —)\1|u0—u1|2+)\2]u0—u2\2) , in (0, +00) x
% =0, on (0, +00) x 0%
(0, z,y) = ¢o(x,y), when t =0, (z,y) € Q.

(5.8)

After discretizing the above time flow PDE, in each numerical iteration, we need to update
uy and ug according to (5.3) and (5.4).

To deal with complicated images with more than two distinguished regions, we propose

to solve this problem by applying the active contour method iteratively. Figure 5.2 gives an

example which shows the process of the iterations. Figure (a) is the original image to be

segmented. (b) is the resulting image after the first iteration of the active contour method.
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The original images is divided into two regions(black and white), or five separate regions
A.B,C,D and E. In figure (c) we go on to divide region A into three separate regions A1,A2
and A4 by one more iteration of active contour method. (d) shows the combination of the

results of these two iterations and assigning different colors to each separate region.

() (d)

Figure 5.3: Application of iterative active contours in image segmentation.

5.3 EDGE-ADAPTIVE TRIANGULATION

Triangulation is a fundamental technique in spline application. The effect of spline function
approximation and fitting are known to depend on the shape of the triangulation A. For
example, as shown in Theorem 2.1.6, the approximation property of spline functions depends

on the power of |A|, the length of the longest side of all triangles in A. Since the running
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time of spline function fitting is in direct proportion to the number of triangles, there is a
limit to the number of triangles we can use in a triangulation. Therefore when the number
is fixed, we would like all triangles have similar area and are as much close to equilateral
as possible. Meanwhile the locations of triangles also play a role. For example, if a triangle
lies on an edge of an image, to approximate the edge well, we need to use spline functions
of high degree, which adds on to the running time. Therefore, we would like to place our
triangles at the two sides of an edge, rather than across it. Based on these ideas, we propose

the following edge-adaptive triangulation algorithm.

Algorithm 5.3.1 (Edge-adaptive Triangulation) Suppose we want to generate a trian-

gulation of a given region such that:
e Triangles have similar areas.
e Triangle are almost equilateral.
e Triangles are placed at the two sides of edges.

Suppose in a pre-step we can attain the edges of the image. Then we generate such a trian-

gulation in the following steps:
1. Initiate the vertices of the triangulation by using grid points.
2. Delete those vertices which are outside the region.
3. Delete those vertices which are too close to the edges and the boundary of the region.
4. Add vertices on the edges.
5. Add vertices on the boundary of the region.

6. Use the Delaunay triangulation algorithm to generate triangles based on the vertices.
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The edge-adaptive triangulation algorithm we propose requires a pre-step to generate the a
graph of the edges of the given region. In practice, we generate such a graph of the edges by
taking the derivative of the solution of the active contour model. The reasons we use active

contour model include:
1. Edges generated in such way are closed and continuous.
2. There is no intersection of edges.
3. The areas enclosed in each edge are known.

Reason (1) and (2) make the process to trace edges very handy and precise. Reason (3)
makes it possible to group together those triangles belonging to the same region.

Fig. 5.4 gives a demonstration of the six steps to generate the edge-adaptive triangulation.

5.4 NUMERICAL RESULTS

5.4.1 THE FINITE DIFFERENCE SCHEME

In this section we propose a finite difference scheme to solve the partial differential equation
(5.8). Suppose Q = [0,1] x [0,1], h = . Given u;; = u(ih, jh), then the forward difference,

backward difference, and central difference are defined by
o e :
AT Ui o= Uit1j — Uigy Dyt = Uijp1 = Ui

Aj g =iy — U1y, Dy uij = Ui — Uij-1;

and

C P c P
AU 1= Wip1j — Wim1j,  Aplij o= Ujje1 — Ugj1.

0 0
All the three differences above can be used to approximate the first derivative — and —.

ox dy

It is up to the user to decide which discretization to use. For example we can approximate

A+U‘ ) 2 ACU' N 2
2 x 2] Yy
|Vu|* ~ (—h ) + ( o ) .
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However when we design our scheme, a thumb of rule to follow is the scheme should treat all
grid points "fairly”, or in another words using all grid points equal times. For example, if we
use forward difference Al to approximate the first derivative then we should use backward

difference A, for the second derivative, e.g.,

— (A
AL (AFuiz) Wiy — 2w+ uio
h?2 - h2 '

~
Ugpye =

Or in another words, the grid points we use should be symmetrically located around w;;,

e.g.,
C C
CASAGU e — Wi~ Wi T Ui

Y= T on (20)2

Following the same rule, we use the scheme below to approximate the Laplacian operator,

- o A_ AJ'_ i
Au = div(Vu) ~ % (%) +=r (yTuj)
1

Ui jt1 — 2U; 5 + Uj - Ui jt1 — 2U; 5 + Uy j—
- A+ - A+ i,5+1 .7 ,j—1 i,j+1 i,J ,j—1
= 72 (Az Am Uy -+ Ay Ay u,;j) = e -+ e .

There are two basic types of finite difference schemes, the explicit and implicit schemes.
An explicit scheme is one which calculates the state of the system at a future time from
the state at the current time, i.e., if u” = u(z,nAt), u"™ = G(u") for some operator G.
In an implicit scheme, we find an approximation for the future state by solving a system of
equation involving both the future and current time step, i.e., G(u"*1) = u". Generally, we
can attain higher order of approximation than the explicit scheme. However, for nonlinear
operator (G, an implicit scheme is hard to implement.

Since we are using finite difference scheme to approximate (5.8), we have to assume
the domain  is rectangular and the initial values of on grid points {ug;} are given. For non
rectangular domain, we can expand it to a rectangular domain by multiplying a characteristic
function.

We design our numerical scheme based on the predictor-corrector method. In numerical
analysis, a predictor-corrector is a two-step process which first calculates an rough approxi-

mation of the desired quality, and then refines this initial approximation by another mean.
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1

Denote r; the discretion of the nonlinear function in the diffusion term

Vo|?

div <v—¢) In order to follow the "fair” rule, we use two sets of approximations

V 1+ V|2

of r;. Since it is a nonlinear function, we use the explicit scheme here.
1

w + (8 97,) /R + (Do) [2h)?
1

L+ (BY62) R + (Do) /2n)

Then we have

()

1
AL (A ¢r5) + AL (A, dyr?)

o

12

1 X X X
= 2 (¢i+1jri+1j + ¢i—1j7“ij + ¢ij+1’r§/j+1 + ¢z‘j—17”gj - ¢ij(7”z‘+1] + 7"  + T@]H +r; )) .

Let

Cij = v+ M(uij —ui;)* = Aaui; —u ;)°.

)

In the prediction step, the implicit discrete form of (5.8) is given as follows:

! At L= hgj (Tz ) +11] + 7ﬁz+1j z—lJ—rllj + T +11 + ng+1 z,j—&l)
po(erf) . .
h2 ( lJrlj + T + rzg—i—l + i >¢ ,jl 5(¢z,;r1)07f] (59)

-
n+1 n+1 Yy n+1 Yy n+1
+ﬁ(72’g¢z 1t TP, el b )
—l(r“’c +rg Al )qb”“
h2 i+1j 17+1 i :

Then move all the linear terms of gbzf;rl to the left hand side:

JT7AN . TAL . n
(1 + ( 2 5( ”“) + 7 (ri; +rivy + 15 F i) Jl — o (5.10)
n M X mn T n n mn
= Ato(erh) < » (Gt 4+ i o el el Jil)) At (1)

TAt
x n+1 x n+1 n+1 Yy n+1
+_h2 (Tij i1, T Ti+1g¢z+1] + Tz](ZSz -1t Tz‘j+1(/5i,j+1)-
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Next we replace ¢"*! in all nonlinear terms by ¢":

JI7AN; TAt . .
(1 * ( h? 6< 7]) + h2 (T + Terl] + T t sz—&-l) z‘jl - ¢i,j (5.11)
L n .
TA N . . .
5 (159 +11,] + T 1:113 Ao +11 + 119 ﬁl)

To predict ¢" 1, we replace all linear terms of ¢"™! by ¢" on the right hand side of (5.11) to

get the predictor ¢"*!,

[T7AN TNt _ .
(1 * ( h? 6< iJ) + ?) (T + TerlJ + T + 7”1]+1)) z’,;rl — Qi (5.12)
n ILL x n
= Até(97;) <ﬁ(7’zg i1y T TP TN TZJ+1¢ZJ+1)> — At§(d7;)Cij
TAL

+— h2 ( U(]ﬁ? 1,5 +T2+1j¢l+1j +Ty 4,j—1 +rz]+1¢z]+1)

Finally, in the correction step we replace ¢"*! in all nonlinear terms, and the right hand side

of (5.11) with ¢"+?,

JT7AN S AN . .
(1 * ( h? J Jl) - 2 ) (ri; + iy 1 +r1]+1)> b7 o (5.13)
w1y (P e . . - i,
5(¢J1) <h2 (5o + i Sy + o + i Jil)) = i,jH)Cij

Tn+1 x Tn+1 Y n+1 Yy Tn+1
(zg¢z 1t T Qi TG0 T )

Solving the above equation, we get ¢

5.4.2 NUMERICAL EXAMPLES

We first apply the Chan-Vese active contour method in variate image processing prob-
lems: such as texture detecting, object identification and image segmentation. Then we give
two examples of edge-adaptive triangulation based on the segmentation by active contour

method. In the following, we use the term “ACM” for short “Active Contour Method”.

Example 5.4.1 In Fig. 5.5 and Fig. 5.0, we demonstrate how to use the active contour

model to identify objects. In the pictures of zebra and leopard, since the gray-level of the
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animals’ body is similar to the background, we can not apply the ACM to separate the animals
from the background directly. Therefore we first calculate the structure tensors (cf.[10]) of
the images. Applying ACM on the graph of the structure tensor, we are able to separate the
animals from the background. Using a similar idea, we can use ACM to identify different

texture. A such example is given in Fig. 5.7.

Example 5.4.2 In Fig. 5.8, we study the difference of ACM on grey-level image and gradient
level image. (b) is the segmentation after applying ACM on the grey-level image directly. In
this case the two coarse patches are unable to be distinguished from the background. On the
other hand, applying ACM to the gradient image in (c), the two coarse patches are able to

be singled out.

Example 5.4.3 We can also use ACM to identify the locations of clustered data. Suppose
some data are spreading over an area with different densities. Our purpose is to locate those
regions of highest data density and classify them. We can consider this as segmentation

problem and use ACM to solve it. A such example is shown in Fig. 5.9.

Example 5.4.4 Fig. 5.10 and Fig. 5.11 show two examples of the edge-adaptive triangula-

tion based on edge graphs from the ACM-segmentation.
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Figure 5.4: Demonstration of the six steps in the edge-adaptive triangulation algorithm. Blue
lines are boundaries. Black curves are edges. In each step, points will be deleted are marked
in black, and points will be added are marked in blue.
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(a): Original Image (b): Structure Tensor

Figure 5.5: (a) An image of a zebra. (b) The structure tensor of the zebra. (¢)ACM-
segmentation of the structure tensor in (b). (d)The edge of the ACM-segmentation.
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(a): Original Image (b):Structure Tensor

Figure 5.6: (a) An image of a leopard. (b) The structure tensor of the leopard. (c¢) The
ACM-segmentation of the structure tensor in (b). (d) The edge of the ACM-segmentation.
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(a):Original Image (b):Structure Tensor

(c):Segmentation

Figure 5.7: Original image of some special textures. (b) The structure tensor of the texture
image. (¢) ACM-segmentation of the structure tensor in (b). (d) Boundary of the ACM-
segmentation.



(a): Original Image (b): ACM-Segmentation of grey-level

(d): ACM-Segmentation of gradient level

Figure 5.8: ACM-Segmentations based on grey level and gradient level respectively

98
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(a):Clustered Data (b):ACM-Segmentation

(c):Edges (d): True Locations and Edges

Figure 5.9: In (a), some data are clustered together. In (b) the locations of clustered data
are identified by ACM-segmentation. In (c¢) the identified locations are compared to the
clustered data. In (d) the true locations of the clustered data are compared to the ACM-
identified locations.
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(a):Original Image (b):ACM-Segmentation

(¢):Original Image and Triangulation (d):Edges and Triangulation

Figure 5.10: (a) The original image of clouds. (b) ACM-segment. (c) is the triangulation
based on ACM-segmentation with original image as the background. (d) is the triangulation
and edges from the ACM-segmentation.
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(a):Original Image (b):ACM-Segmentation

= 3
sl 3

(¢):Original Image and Triangulation (d):Edges and Triangulation

Figure 5.11: (a) is the original image of peppers. (b) is the ACM-segmentation. (c) is the
triangulation based on the ACM-segmentation with original image as the background. (d) is
the triangulation and the edges.
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