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ABSTRACT

In education, constructed response (CR) items are increasingly being used in standardized
tests. Data obtained from CR items usually include written responses and categorical scores that
are used for grading those responses. The primary purpose of this dissertation study is to develop
new statistical approaches using structural equation modeling (SEM) and topic modeling for
analyzing student written responses to CR items and scores obtained from the responses. SEM is
a statistical modeling method used to investigate relationships among observed and latent
constructs. Topic modeling is primarily intended to help identify latent structures in textual
materials.

This dissertation study consists of three research studies, which are connected by the
examination of methodological issues dealing with data from CR items. The first study explores
the internal consistency of categorical data having different numbers of response categories. This
type of categorical data can often be observed in tests with CR items. This study proposes a SEM
approach to nonlinear reliability for tests with items having different numbers of ordered
categories. A simulation study evaluating the performance of the proposed approach is presented,

and an empirical example is provided to illustrate different reliability coefficients. The second



study introduces a topic model to analyze students’ written responses to CR items with
associated scores for their responses. The proposed model is designed to detect meaningful
homogeneous subgroups with regard to the relationships between topic proportions in
examinees’ responses and scores. The application of the model is demonstrated through data
from student responses to CR items and associated scores on a middle grades test of science
inquiry practices. The third study deals with students’ written responses collected over multiple
time points. This study proposes a new model that combines a topic model and a growth curve
model to analyze the texts of answers to CR items collected under a longitudinal study design.
The application of the proposed approach is illustrated using real data from middle grades
students. A simulation study evaluating the proposed model under several practical testing
conditions is also provided.
INDEX WORDS: Constructed response items, Growth curve modeling, Latent Dirichlet
allocation, Latent variable modeling, Mixture modeling, Reliability,

Structural equation modeling, Topic modeling
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CHAPTER 1
INTRODUCTION AND LITERATURE REVIEW
Constructed Response Items

In educational settings, constructed response (CR) items are widely used in various tests
to measure intended purposes (Rodriguez, 2003). CR items ask students to construct their own
answers, rather than choosing answers from multiple options. Adding CR items in addition to
multiple choice items in an assessment often is done in order to expand the information obtained
about students’ performance (Pellegrino, Wilson, Koenig, & Beatty, 2014). Large-scale
assessments such as PARCC, Smarter balanced assessment, PISA, and NAEP include CR items
to measure students’ ability (NCES, 2014; OECD, 2014; PARCC, 2016; SBAC, 2016). CR items
are also used in many research studies (e.g., Bernholt & Parchmann, 2011; Buxton, Allexsaht-
Snider, Aghasaleh, Kayumova, Kim, Choi, & Cohen, 2014; Fulcher, 2012; Johnson, Jenkins, &
Jewell, 2005). Data from CR items usually consist of textual responses and categorical scores
that were assigned based on the textual responses.

The primary purpose of this dissertation study is to propose new statistical methods for
analyzing student written responses to CR items and categorical scores assigned to the responses
using structural equation modeling (SEM) and topic modeling.

Reliability for Categorical Data

Reliability for a test indicates the precision of the test and is an essential component of

evidence for determining the validity of inferences made from test scores (Kane, 1996). A

variety of methods exist for the estimation of reliability of a test with categorical items. In



classical test theory, coefficient alpha (Cronbach, 1951) is commonly used to obtain an internal
consistency estimate of reliability. Coefficient alpha is based on the following assumptions: (a)
errors in observed item scores are not correlated, and (b) items in a test are essentially -
equivalent with a single common latent factor, i.e., items in the test have the same true score and
the same scale (Novick & Lewis, 1967; Raykov, 1997).

Items scored with ordered categories (e.g., Likert-type items) are common in the social
and behavioral sciences (Bollen, 1989; Finney & DiStefano, 2006), particularly in tests with
constructed response items. Different approaches to reliability estimation have been proposed for
such items. The usual approach is through classical test theory. In this regard, Zumbo,
Gadermann and Zeisser (2007) proposed ordinal alpha for ordered categorical variables. Ordinal
alpha uses polychoric correlations to measure the relationship between the continuous latent
variables underlying the categorical variables and has almost the same assumptions as coefficient
alpha: (a) errors in underlying continuous scores are not correlated with each other, and (b)
underlying continuous scores are essentially t-equivalent with a single common latent factor.
Lee (2007) also considered the reliability for a test consisting of ordered categorical items. This
reliability coefficient focused on observed scores and used a multinomial error model to estimate
reliability rather than considering latent variables that underlie the observed categorical scores.

Another approach to estimating reliability is through structural equation modeling (SEM)
(Bentler, 2009; Bollen, 1989; Green & Yang, 2009; Miller, 1995; Raykov & Shrout, 2002). The
SEM approach introduces a factorial structure of a test into the model (Bollen, 1989; Raykov &
Shrout, 2002). It also permits a test to have more than one latent factor making it possible to
consider flexible factor structures such as a bi-factor structure. Green and Yang (2009) proposed

a nonlinear SEM reliability coefficient for a test with ordinal categorical items within an SEM



framework. For such a test, if the structure of a test is well-specified, the nonlinear SEM
approach can provide a more accurate estimate of reliability than a linear SEM approach, which
treats the categorical scores as continuous scores (Yang & Green, 2015).

Text Analysis Using Topic Models

An ideal way to conduct research using students’ writing is to read each piece
individually (Grimmer & Stewart, 2013). However, when there are many documents, this
approach is time-consuming and expensive. In computer science, researchers have investigated
statistical models to detect latent topics within a large text corpus. There are many variations on
topic modeling, but most find the clusters of words that characterize the corpus. The clusters are
called topics. Hoffman (1999, 2001) introduced probabilistic latent semantic analysis (pLSA),
and Blei, Ng, and Jordan (2003) extended the pLSI model and proposed latent Dirichlet
allocation (LDA). The LDA model has been a base model for a variety of topic models.

Topic models have been applied to many fields. Griffiths and Steyvers (2004) used LDA
to find scientific topics within the abstracts of papers published in the Proceedings of the
National Academy of Sciences (PNAS). Erosheva, Fienberg, and Lafferty (2004) used a mixed
membership model to find topics within the abstracts and references of papers in PNAS. Paul
and Dredze (2011) analyzed health-related Twitter messages using an applied LDA. Lauderdale
and Clark (2014) combined LDA and a multidimensional item response theory model to
investigate political preferences. In an educational context, Kakkonen, Myller, and Sutinen
(2006) used LDA for automatic essay scoring. Chen, Chen, and Xing (2015) analyzed Twitter
messages at an academic conference context using LDA to find latent topics. Chen, Yu, Zhang,
& Yu (2016) analyzed the journal writings of preservice teachers to investigate latent topics and

patterns.



Some topic models have been developed to include additional information. For example,
Rosen-Zvi, Griffiths, Steyvers, and Smyth (2004) developed an author-topic model to include the
author information of documents. Roberts, Stewart, & Airoldi (2016) introduced a topic model
that incorporates covariates to investigate the relationship between the covariates and topics. Blei
and McAuliffe (2008) introduced the supervised latent Dirichlet allocation model to jointly
model documents and associated labels. There also are topic models that incorporate the time at
which documents were created or published. Blei and Lafferty (2006), for example, proposed a
dynamic topic model that allows topics to evolve over time. Wang, Blei, and Heckerman (2012)
introduced a dynamic topic model for continuous time. Gerrish and Blei (2010) extended the
dynamic topic model proposed in Blei and Lafferty (2006) and introduced the document
influence model, which allows important documents to more greatly influence future topics than
the other documents. Glynn, Tokda, Banks, and Howard (2019) extended the dynamic topic
model and proposed dynamic linear topic models that incorporate dynamic topic models. We
base development of two new models on the use of topic models to include a mixture model with
a supervised LDA model and a topic model with a growth curve model.

Overview of Chapters

Chapter 2 deals with reliability for data having unequal numbers of ordered categories. In
order to estimate the reliability of this type of data, we developed an SEM approach to calculate
reliability for categorical data where there is an uneven number of categories. Chapter 3
introduces an approach for analyzing student written responses to CR items and their scores on
these responses. It incorporates a mixture modeling approach into a supervised topic model to
detect latent groups of students that have different relationships between their responses to CR

items and the scores of their responses. Chapter 4 introduces an approach to analyze CR



responses collected over multiple time points. We developed a Bayesian hierarchical model that
combines a topic model and a latent growth curve model to describe changes in students’ use of

topics over time. Chapter 5 consists of concluding remarks for the three studies and suggestions

for future study.
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Abstract

This study describes a structural equation modeling (SEM) approach to nonlinear
reliability for tests with items having different numbers of ordered categories. A simulation study
is provided to investigate the performance of this reliability coefficient, coefficient alpha and
population reliability for tests having items with different numbers of ordered categories, a one-
factor and a bi-factor structure, and different skewness distributions of test scores. Results
indicated the proposed reliability coefficient was close to the population reliability in most
conditions. An empirical example was used to illustrate the performance of the different
coefficients for a test of items with 2 or 3 ordered categories.

Introduction

Items scored with ordered categories are common in social and behavioral sciences
(Bollen, 1989; Finney & DiStefano, 2006). Different approaches to estimation of reliability have
been proposed for tests with such items. Coefficient alpha (Cronbach, 1951) is probably the most
commonly used to obtain an estimate of test reliability and is taken as a lower bound on the
internal consistency of the test (Green, Lissitz, & Mulaik, 1977; Novick & Lewis, 1967; Sijtsma,
2009). It is based on the following assumptions: (a) errors in observed item scores are not
correlated, and (b) items in a test are essentially T-equivalent with a single common latent factor
(Novick & Lewis, 1967; Raykov, 1997). Green and Yang (2009) have shown that the value of
coefficient alpha for ordered categorical data was the same as the values of model based
reliabilities, when items were essentially t-equivalent, and items had the same number of
categories. There are also a number of studies that have investigated the effects of the number of
response categories on coefficient alpha (e.g., Bandalos & Enders, 1996; Komorita & Graham,

1965; Lissitz & Green, 1975; Lozano, Garcia-Cueto, & Mufiiz, 2008; Weng, 2004). These
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studies showed that coefficient alpha generally increases as the number of response categories
increase. It is not clear, however, what happens when the number of ordered categories on a test
becomes more widely separated, e.g., two categories for some items, four or five categories for
other items,

Another approach for estimating reliability is through structural equation modeling
(SEM) (Bentler, 2009; Bollen, 1989; Green & Yang, 2009; Miller, 1995; Raykov, 1997; Raykov
& Shrout, 2002). The SEM approach introduces a factorial structure of the test into the
estimation of reliability. It has been shown to be especially useful for estimating reliability for
tests having clusters that group items as in testlets (Cho & Kim, 2015; Green & Yang, 2015;
Raykov & Shrout, 2002; Yang & Green, 2010). This could be items sharing the same passage in
a reading test (e.g., DeMars, 2006; Li, Bolt, & Fu, 2006; Rijmen, 2010) or items having similar
reasoning methods as in a mathematics test (e.g., Cronbach & Shavelson, 2004; DeMars, 2006).
In such cases, the tests are assumed to have a single general factor (e.g., reading ability or math
ability) and group factors that reflect the clusters. Green and Yang (2009) proposed a nonlinear
SEM reliability coefficient for a test with ordinal categorical items within an SEM framework.
For such a test, if the structure of the test is well-specified, the nonlinear SEM approach has been
found to more accurately estimate reliability than the linear SEM approach, as the linear
approach treats categorical scores as continuous (Green & Yang, 2009).

Green and Yang (2009) describe a test consisting of items with the same number of
categories. However, tests also often consist of items with different numbers of categories. The
PARCC assessment for mathematics (2016) and the Smarter Balanced assessments (2016), for
example, both include items that are scored with rubrics that have from two to seven points and

two to four points, respectively. Likewise, a test such as the Early Development Instrument
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(Janus & Offord, 2007) for measuring children’s school readiness also has items scored with four
to eight points.

The present study was designed to examine the effects on reliability of summed
categorical scored tests when a test has uneven numbers of categories. Below, the nonlinear SEM
reliability by Green and Yang (2009) is extended to a model of reliability making it appropriate
for tests with items having either the same or different numbers of ordered response categories.
We provide a numerical calculation to derive the extended nonlinear SEM reliability and conduct
a simulation study to evaluate the performance of this nonlinear SEM reliability. The
performance of the resulting nonlinear reliability coefficient is compared to coefficient alpha and
population reliability for tests with different numbers of categories compared to tests for which
the items had the same number of categories. In addition, an example using real data with
different numbers of ordered categories is provided to illustrate the application of the different
reliabilities.

Reliability in Classical Test Theory

Suppose there are J items in a test. In classical test theory (CTT), an observed score X; on
item j (j = 1,...,]) is composed of two components, a true score, Tj, and an error score, ¢;:
Xi=T; +¢€ (2.1)
Let X, T and € be the sum of observed scores, of true scores, and of error scores, respectively,
across J items. Then X = ZleXj ,T = Z§=1 Tj, e = Zle €j,and X = T + €. The reliability

coefficient of a test is defined as
2
ot
pP=—= (22)
Ox

where o2 is the variance of T, and 6 is the variance of X (Lord & Novick, 1968). Coefficient
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alpha (Cronbach 1951) is used to estimate reliability

g ] (Zj;tkcov()(j'xk))’ 2.3)

J-1 6y”
where Cov(X;, X)) is the covariance between observed scores for items j and k, and 65 is the
variance of the observed sum scores over all J items.
Reliability in SEM
In the framework of SEM, item scores can be represented as follows (Green & Yang,
2009; Raykov & Shrout, 2002):
Xi =M+ A2jn2 + -+ Ayjnu + €, (2.4)
where X} is a continuous score for item j, M is the number of latent factors, 7, (1 <m < M) are
latent factors weighted by corresponding factor loadings 4,,;, and e;is a measurement error term.
Parameters in Equation (2.4) are typically estimated by maximum likelihood estimation (MLE)

under the assumption that observed variables are continuous and normally distributed (Bollen,

1989). Suppose X*and T are the sum of observed scores and of true scores, respectively. Then
X*=Yl_ X and T = ¥]_ S _, Anjny,. The linear SEM reliability p;;, is calculated as the
ratio of true sum score variance to observed sum score variance as in Equation (2.2):

0'72~ Var(Zle Z%:l’lmjnm)
Piin = —7 = :

0% Var(¥)., X;)

(2.5)

In this case, p;;, measures the proportion of observed sum score variance that is attributed to the
latent factors, 14,1, ..., Ny (Bollen, 1989). This linear SEM reliability, p;;,, is also the same as
coefficient omega (McDonald, 1985; McDonald, 1999).

When the observed data are ordinal categorical, fitting linear SEM models such as

Equation (2.4) using the MLE method is not desirable as categorical data violate the assumption



16

of the MLE method, and the MLE provides inflated chi-square estimates and attenuated factor
loadings (Bollen, 1989). To address this problem, we consider the observed categorical scores

(X;) as produced from underlying continuous variables (X;), and that a linear SEM model holds
for X; as in Equation (2.4) (Bollen, 1989; Finney & DiStefano, 2006). We assume a nonlinear

relationship between X; and X;':

(G-1 if X >v,
Xj = 4 1, if vy <X <w, (2.6)
L 0, it X<

where C; is the number of categories for X;, and the v; (i = 1, 2, ..., C; — 1) are the category
thresholds. This allows for different numbers of ordered score categories for each item j. If X" is
less than vy, X; is equal to 0, for v; < X/ < v,, X; isequal to 1, and if X" is above Vvei-1. Xj is
equal to C; — 1.
In order to estimate the reliability for the nonlinear measurement model, we use the
correlation between two parallel tests:
Cov(X,X)

Pxx =
Jvar (X)var(X)

: (2.7)

where X and X are observed sum scores across J items from two parallel tests, which indicate (a)
the same latent factors affect the items from the two tests, and (b) the variance of errors and
factor loadings are the same for corresponding items for both tests. For categorical items on
parallel tests, the thresholds are the same for corresponding items (Bollen, 1989; Green & Yang,
2009). For example, for item j, the underlying continuous scores from two parallel tests using a

confirmatory factor analysis model with M latent factors can be expressed as follows:
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= A+ Azjny + o+ Ay + g (2.8)
= Aajm + A2z + o+ Ay + & .

X;
X;

where ,,; is a factor loading for factor 7,,, e; and ¢; are error terms for X and X/, respectively.

The numerator of py ¢ in Equation (2.7) is a covariance between sum scores and can be

presented as a function of covariances between two items from the parallel tests:

J J J

Cov(X,X) = Cov ZX]-, z %)= Z 2 Cov(X, %) (29)
j=1  j=1 j=1j"=1

Suppose item j has C; categories, item j* has C;» categories, and the vectors of underlying

continuous variables X* = (X7, ..., X;) and X* = (Xj, ..., X;’) follow a multivariate normal

distribution with variances of 1. Appendix A shows that Cov(Xj,)?-,) can be represented as

cj—-1 Cj/—l

cj-1 Cj/—l
Cov(X;, X;r) = Z Z D, (vjk, hy; pX;X;,) - Z @, (vj,) Z D, (hj{) (2.10)
k=1 1=1 k=1 1=1

where {v; , ..., ”jc,--l} and {hys, ..., hjé _,_1} are thresholds for items j and j', respectively,
]

@, (v;,) is the cumulative univariate normal distribution function of threshold v;, ,

D, (ij' hjr; pX;X;,) is the cumulative bivariate normal distribution function of thresholds v;, and
hjz’ with correlation Px;X'y» where Px;x, is the correlation between two underlying continuous
variables. If X7 and Xj*, consist of M latent factors as in Equation (2.8), then Px;x can be

represented as

M M
Pxixy = D D AP (211)

m=1m'=1



18

where P, Is the correlation between n,,, and n,,,». We specifically indicate this correlation

derived from a model as p,, , to avoid confusion.
J]

The denominator of pyg in Equation (2.7) is

\/Var(X)Var(X’) = Var(X) (2.12)

because X; and Xj are from the parallel tests, and Var(X), the variance of the summed score X, is

equal to the sum of covariances between all pairs of items in the test:

J ]
Var(X) = Var ZXJ = Z Cov(X;, X;)
=1 j=1jm=1
Jj 7 eyl Cj—1 ¢y—t
DD D ey o) = D @) D @u(hy) | @13)
j=1j=1\ k=1 1=1 k=1 =1

where Px;x’, is the polychoric correlation of scores on the two observed items, j and j'.
]

The nonlinear reliability coefficient using the SEM framework is expressed as

ci-1..Ca—1 Ci—1 Cr-1
_ Z§=12§’=1 [Zk]=1 21 P2 (ij'hjz';pij') -l ()Xl @ (hf{)]

pTlOTl -

Ci—1aCj-1 (2.14).

Z:§=1 z:§'=1 [Zk=1 2l @ (ij' hyr; pX}‘X}‘/) - i]=_11 @, (v;,) ZLC!1_1 Py (hj{)]
This can be seen as an extension of Equation 21 in Green and Yang (2009). From equation
(2.14), we can estimate the internal consistency reliability of a test consisting of items with
different numbers of ordered response categories. This reliability coefficient does not require two
parallel tests because the parameters in p,,,, can be obtained using a single test.

Simulation Study
A simulation study is presented in this section to investigate the performance of p,,,,, the

proposed nonlinear SEM reliability coefficient using two types of simulated data sets: data
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generated from a one-factor model and data generated from a bifactor model. A bifactor model
was considered to investigate the performance of p,,,,,for a test having some factors due to
clusters of items such as items sharing the same passage. In this study, we evaluated the
performance of p,,,, in the context of a test with different numbers of response categories and
for a test with the same number of response categories. For the purposes of comparison,
coefficient alpha («) and population reliability coefficients for observed sum scores (px ) were
also presented.

Simulation Study Design

Factor structure. Four factor structures were simulated using one-factor or bifactor
models. The four structures are summarized in Table 2.1. Models 1 and 2 are based on a one-
factor model and Models 3 and 4 are based on a bifactor model with three group factors.

For Models 3 and 4, the correlations between latent factors were all set to 0. For all
models, errors were assumed independent. Factor loadings (A) were all set to 0.7 for Model 1 and
Model 2. For Model 3 and Model 4, factor loadings for the general factor were all 0.7, and two
sets of factor loadings for the three group factors were considered: all 0.4 and all 0.6.

Types of tests and numbers of ordered categories. Two types of tests were simulated:
One type of test consisted of items with the same number of categories; the other type of test
consisted of items with uneven numbers of categories. Tests with either two or five ordered
categories (labeled as conditions C2 and C5 in the simulation, respectively) were simulated for
the first type. For the second type, a combination of two- and five-category items (labeled as
condition C25) was generated to compare with reliability estimates from the first type of tests. In
the second type of tests, every third item was simulated to have five ordered categories, and the

rest were simulated to have two ordered categories.
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Distribution of underlying continuous variables. The distribution of the underlying
continuous variables (X;'s) was generated using a multivariate normal distribution with variances
of 1. Covariances between variables were determined by the factor models (Model 1 to Model
4). Suppose the vector of underlying continuous variables X* = (X7, ..., X;) for J items follows a
multivariate normal distribution:

X* ~N(0,%), (2.15)
where O isa J x 1 vector of 0, and X is the J x J covariance matrix of X* with diagonal elements
of 1. To be specific, the underlying continuous score on item j for examinee i, x;; was generated
to have a variance of one as in Equation (2.16) (Bandalos & Enders, 1996; Bernstein & Teng,

1989; Flora & Curran, 2004; Green & Yang, 2009; Yang & Green, 2015)

x;j=An + \/(1 — )lfvar(ni)llj)eij, (2.16)
where 4; is a vector of factor loadings for item j, n; is a vector of latent factors, ¢;; is an error
score, and ¢;; is uncorrelated with #;. The error scores were assumed to have a mean of 0 and a
variance of 1. Off diagonal elements in the covariance matrix in Equation (2.15) were
determined with Equation (2.16) using the parameters of the relevant model.

Distribution of thresholds. Three sets of thresholds were used to generate the
categorical data: (a) normal, (b) moderate skew, and (c) mixed skew. To generate the normally
distributed data for two- and five-response categories, the sets of thresholds, {0} and {-1.645, -
0.643, 0.643, 1.645}, were used, respectively, to transform the underlying continuous variables.
Similarly, for the moderate skew condition, {0.7} and {-0.050, 0.772, 1.341, 1.881} were used to

generate ordered variables with two- and five-categories, respectively. In the case of the mixed
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skew condition, every third item response was generated with the negative moderate skew
thresholds and the rest were generated with positive moderate skew thresholds.

For the five-response category tests, the thresholds used to generate the normal and
moderate skew distributions were taken from Muthén and Kaplan (1985). The thresholds for the
two-response categories were determined to have the same skewness as the corresponding five-
response category condition. The skewness values of datasets from the normal and moderate
skew conditions were about 0 and 0.7, respectively.

Data Generation

In total there were 54 conditions: 18 conditions with a one factor model (18 = 2 factor
structures x 3 distributions of thresholds x 3 sets of item response categories) and 36 conditions
with a bifactor model (36 = 2 factor structures x 2 group factor loadings x 3 distributions of
thresholds x 3 sets of item response categories). For each of the conditions, we first generated
population data, which consisted of 100,000 observations. From the 100,000 observations, we
randomly sampled 500 observations without replacement, and replicated this 100 times. As
sample size was not a focus of this study, we sampled 500 observations to avoid estimation
problems due to small sample size. In addition, in order to calculate the population reliability,
Pxx,» Which requires sum scores from two parallel tests, we generated a second set of population
data. The first and second population data share the same underlying continuous true scores as
presented in Equation (2.8). The correlation between the observed sum scores from the parallel
tests was treated as the population reliability coefficient.

Data Analysis
A one-factor model and a bifactor model were fit to the corresponding generated data.

For each condition, p,,, and a were obtained by using the model parameter estimates and the
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generated data, respectively. Model parameters were estimated by the method of weighted least
squares with mean and variance adjustment (WLSMV; Muthén & Satorra, 1995), as
implemented in Mplus 7.4 (Muthén & Muthén, 1998-2015). Polychoric correlations were also
estimated using Mplus 7.4. Based on the parameter estimates, p,,,, for each replication was
calculated using R (R Core Team, 2017). The R code for p,,,,, is provided in Appendix B. In
addition, a for each replication was obtained by using the R package psych (Revelle, 2017).
Simulation Study Results

We first examined whether models converged. Some estimation issues occurred for the
bifactor models (Model 3 and Model 4, see Table 2.2), especially when the number of response
categories was two and data had mixed skewness. The estimation issues included that a residual
covariance matrix was not positive definite or residual variances were negative. In order to make
meaningful comparison, the datasets that had no estimation issue were used to calculate p,,, and
a.

Table 2.3 presents the means of reliability coefficients for the one-factor models (i.e.,
Model 1 and Model 2). As presented in Table 2.3, the C2 condition had the lowest px ¢ and p,,on,
ranging from 0.77 to 0.90. The C5 condition had the highest px s and p,,», ranging from 0.86 to
0.94. The two reliability coefficients for the mixed number of categories conditions (i.e.,
condition C25) ranged from 0.80 to 0.92, and were between those for C2 and C5. The values of
Pnon Were all close to the values of py s, and the standard errors of p,,,,, were all less than or
equal to 0.02. For some conditions, p,,,, was .01 higher than py 5. These results are consistent
with the results in Yang and Green (2015) with items having the same number of ordered

response categories.
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Coefficient a in Table 2.3 had the lowest value, when the category condition was either
C2 or C25, and had the highest value for the C5 condition. Coefficient a values under the one
factor condition were nearly identical with the corresponding pyz, when items had the same
number of response categories (i.e., conditions C2 and C5). In contrast, « was slightly lower than
Pxx,» When the test included items with uneven numbers of response categories (i.e., condition
C25), and the responses had skewed distributions. When the observed scores were generated
from the model with nine items with an uneven number of categories (i.e., Model 1 with C25)
and the mixed skew condition, the difference between a and the py 5 was 0.05. The standard
errors of a were also less than or equal to 0.02.

Table 2.4 presents the means of reliability coefficients for the bifactor models (Models 3
and 4). The performance of p,,, was similar to that under the one-factor models in that values
for p,,n, Were close to the corresponding values for py . The differences between these two
coefficients were generally less than or equal to .01. As was observed for the one-factor model,
the C2 condition had the lowest values of py 5 and p,,,,, ranging from 0.82 to 0.96. The C5
condition had the highest values, ranging from 0.90 to 0.98. Coefficient @ had the lowest values
when the category condition was either C2 or C25. Under the bifactor model, « values were
generally lower than py ¢, but similar to py ¢, when the number of items was 18 and the
responses were from the bifactor model with the group factor loadings of 0.4. The differences
between a and pyz values ranged from 0.01 to 0.14. The standard errors of p,,,, and a were all
less than or equal to 0.02.

The one-factor models and the bifactor models fit the corresponding data well across all
the conditions: the CFI were all higher than .98, and the RMSEA were all smaller than .06 with

mean values for each condition, ranging from .01 to .02.
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Conclusions from Simulation Study

The values of p,,,, Were very close to the values of py ¢ across all the conditions. The
differences between these two coefficients across all conditions were mostly less than 0.01. p,,,,
and pyz both had the highest values under the C5 condition, and had lowest values under the C2
condition. Both reliability coefficients for the C25 condition were placed between the reliability
coefficients for C2 and C5. For some conditions, the values of p,,,, were slightly higher than the
values of py 5. Coefficient @ was close to or the same as the population reliability in conditions
with the same number of categories from the one-factor model, but tended to be lower than py ¢
when items had the mixed numbers of response categories or when data were generated from the
bifactor model.

Illustration with Empirical Data

In this section, we illustrate the performance of the nonlinear SEM reliability, and
compare it with that of coefficient alpha on a set of real data. The data were from an NSF-funded
project focusing on teaching science inquiry practices for students in Grades 6 to 10.
Test

The test consisted of 27 constructed response items designed to measure students’ use of
academic language and understanding of science inquiry practices. Seventeen of the 27 items
were scored with a 2-point rubric; the remaining 10 items were scored with a 3-point rubric. Ten
items had skewness larger than 0.7, and two items had skewness less than -0.7. Descriptive
statistics for each item are provided in Table 2.5.
Sample

The sample consisted of 906 students across grades 6 to 10: 260 (29.05%) students were

in the 6™ grade, 209 (23.35%) students were in the 7" grade, 222 (24.80%) students were in the
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8" grade, 80 (8.94%) students were in the 9™ grade, and 124 (13.85%) students were in the 10"
grade. There were 11 students for whom grade information was not available.
Results

A one-factor model and a bifactor model were fit to the data. The one-factor solution did
not provide good model fit: y?(324) = 4662.22, y*(324)/(df = 324) = 14.39, CFI=.93, and
RMSEA =.12. For this solution, p,,, Was 1.04, which is an unacceptable value for reliability.
Also, this one-factor solution could not be used for estimating reliability because the model did
not fit the data. The bifactor model with five group factors was next fit to the data. This solution
fit the data better: y2(297) = 841.540, x%(297)/(df = 297) = 2.83, CFI=.991, and
RMSEA=.045. The five group factors were consistent with the construction of the test as each
factor appeared to represent one of the five science inquiry practices measured by the test. For
this bifactor model solution, the p,,,, = .96 and coefficient alpha was .92.

Discussion

In this study, a generalized nonlinear SEM reliability coefficient was designed to provide
internal consistency reliability estimates for tests with items scored with equal or unequal
numbers of ordered categories. A simulation study evaluated the performance of this coefficient
compared to coefficient alpha and population reliability for observed sum scores. Results
indicated that the nonlinear SEM reliability estimates and the population reliability values were
close across all the conditions. The nonlinear SEM reliability coefficient and the population
reliability coefficient always had the lowest values under the two-response-category condition
and had the highest values under the five-response-category condition. The two reliability
coefficients for items with mixed numbers of response categories fell in-between. This

performance can be expected as having more response categories indicates more information.
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Further, items with a mixed number of categories might be assumed to have more information
than those having the smallest number of categories among the mixed categories and also to have
less information than those having the largest number of categories. The nonlinear SEM
reliability successfully captured this tendency by estimating reliability close to the population
reliability.

In general, coefficient alpha values were close to the corresponding population reliability
coefficient for simulation conditions under the one-factor model and for equal numbers of
categories (i.e., conditions C2 and C5). In addition, continuous scores that underlay the observed
categorical scores were essentially t-equivalent under the one-factor model. In generating tests
with items with different numbers of categories, different thresholds were applied to the
underlying continuous scores of the items to transform the data into categorical scores. Results
suggest that this may have resulted in tests which were no longer essentially t-equivalent. In this
case, under the one-factor model and with items having different numbers of categories,
coefficient alpha tended to be lower than the population reliability, especially when the scores
were skewed. Coefficient alpha was also lower than the corresponding population reliability
under the bifactor model conditions (Model 3 and Model 4). These results were expected as the
items generated from the bifactor model were no longer essentially T-equivalent. Cronbach
(1951) also noted that when a test has a general factor related to all items with group factors
related to part of the items, coefficient alpha is slightly higher than the proportion of variance
due to the general factor and lower than the population reliability, which is proportion of
variance due to all common factors. In this study, however, when the number of items was 18

and the responses were generated with relatively low group factor loadings (in this simulation
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study, 0.4), coefficient alpha, the nonlinear SEM reliability, and the population reliability were
similar.

It should be noted that the simulation study was conducted under the conditions of
correctly specified factor models and with the assumption of multivariate normality of the latent
variables. The empirical data analysis showed the impact of incorrect model specification on the
nonlinear SEM reliability estimate. The model fit index showed poor fit for the unidimensional
model. Further, the covariance matrix for this model deviated from the sample covariance matrix
resulting in reliability estimates larger than 1. For the multivariate normality of latent variables
assumption, however, Yang & Green (2015) found that the nonlinear SEM reliability was robust
to the modest violation of normality assumption under the condition of the same number of

response categories.
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CHAPTER 3
EXPLORING STUDENTS’ RESPONSES TO CONSTRUCTED RESPONSE ITEMS WITH A

SUPERVISED TOPIC MODEL FOR HETEROGENEOUS POPULATIONS?
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Abstract

Text data are often paired with numbers, such as scores on essays, on educational tests.
Topic modeling is a technique for detecting the latent topics in a collection of documents and has
been widely used to analyze texts in a variety of areas. Supervised latent Dirichlet allocation
(sLDA) is a topic model that jointly models text data and related labels, such as could occur with
students’ answers to constructed response (CR) items and their rubric-based scores. In this study,
we introduce the finite mixture supervised latent Dirichlet allocation (MixSLDA) model, which
extends the SLDA to detect subgroups that are homogeneous in their relationship between topic
proportions in student answers and the scores of their answers. This approach is especially useful
for situations in which the examinee population is not homogeneous. The application of the
model is demonstrated using data from student responses to CR items and associated scores. A
simulation study is also presented that evaluates the performance of the MixSLDA under
practical testing conditions.

Introduction

Text data are very common in education as many tests or instruments include items that
require students’ written responses, such as standardized achievement tests (e.g., NAEP, TIMSS)
and various research studies (e.g., Andrade, Du, & Mycek, 2010; Furtak & Ruiz-Primo, 2008).
These kinds of text data are often paired with numbers, such as essays and essay scores as
students’ written responses are usually graded for reporting or further analysis. One statistical
method that has been actively studied for analyzing text data is topic modeling (Blei, 2012).
Topic modeling is a family of statistical models for investigating latent topics from a collection
of documents. In this study, we develop a new approach using topic modeling combined with a

mixture modeling framework to jointly model text data and associated scores.



34

In the topic modeling framework, it is assumed that each document in a corpus represents
a mixture of topics. One of the simpler and most popular of the topic models is latent Dirichlet
allocation (LDA; Blei, Ng, and Jordan, 2003). LDA has been applied in a variety of contexts. For
example, Bisgin, Liu, Fang, Xu, and Tong (2011) used LDA to identify topics in drug labels and
group drugs using the topics. Guo, Barnes, and Jia (2017) analyzed hotel reviews using LDA to
identify key dimensions underlying the reviews. Prier, Smith, Giraud-Carrier, and Hanson (2011)
analyzed Twitter messages using LDA to discover health-related trends, especially tobacco use.
In education, Chen, Yu, Zhang, and Yu, (2016) analyzed pre-service teachers’ journals using
LDA to detect the latent thematic structure discussed in students’ journals. Kim, Kwak, Cardozo-
Gaibisso, Buxton, and Cohen (2017) analyzed middle school students’ responses to constructed
response items using LDA to detect the latent topic structure in students’ answers.

Text data are often paired with additional information, such as essays with essay scores
or articles with authors’ names. Topic models have been developed to use this additional
information to further understand the latent thematic structure in a corpus. For example, Rosen-
Zvi, Griffiths, Steyvers, and Smyth (2004) developed an author-topic model by extending LDA
to include the author information of documents. Roberts, Stewart, & Airoldi (2016) introduced a
topic model that incorporates covariates to investigate the relationship between the covariates
and topics. Lacoste-Julien, Sha, and Jordan (2008) introduced the discriminatively trained LDA,
which utilizes categorical information associated with each document in modeling topic
proportions. Mimno and McCallum (2008) developed the Dirichlet-multinomial regression topic
model, which models the parameter of the prior distribution of topic proportions using additional

data associated with documents, and Blei and McAuliffe (2008) introduced the supervised LDA
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(sLDA) model to jointly model documents and related labels (e.g., scores on essays) to find
latent topics that predict the labels of documents.

The focus of this study is on data from constructed response items. Students’ responses to
constructed response items are usually scored by raters, so the responses are generally associated
with scores. Investigating relationships between students’ written responses and their scores
would be useful for understanding how students obtain scores. In this study, we introduce a new
approach that incorporates mixture modeling into sSLDA in order to detect latent groups of
students that have different relationships between their responses to constructed response items
and the scores of their responses. In the proposed model, students’ scores are represented by a
finite set of regression equations, each of which corresponds to a unique relationship between
topic proportions and scores. In education, student populations are often assumed to have
subpopulations because of diversity in their demographics or performance or both. In mixture
models for example, the presence of score distributions with multiple modes suggests the
existence of latent subgroups (McLachlan & Peel, 2000). This kind of multimodal distribution
can be observed in distributions of students’ essay scores due in part to variability in students’
writing. Identifying latent subgroups that share the same relationship between written responses
and associated scores can thus add to the information about students’ performance on the
assessment.

This study begins by introducing LDA, followed by a description of sSLDA, and finally
the proposed mixture sSLDA (MixSLDA). Next, an empirical data analysis is described to
motivate the use of the MixSLDA with students’ responses to constructed response items and
associated scores. A simulation study is then presented to evaluate the performance of the

MixSLDA under various conditions.
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Models
In this section, we describe latent Dirichlet allocation (LDA), supervised latent Dirichlet
allocation (sLDA), and the proposed finite mixture supervised latent Dirichlet allocation
(MixSLDA).
Latent Dirichlet Allocation (LDA)
Latent Dirichlet allocation (LDA,; Blei, Ng, & Jordan, 2003) is a hierarchical Bayesian
model that detects latent topics from a set of documents. Suppose there exists a corpus consisting

of D documents, with each document i (i = 1, ..., D) represented as a vector of words, w; =

T . .
(wi,l, Wi 2, eens Wi:Ni) , Where N; is the number of words in document i. Suppose the corpus has K

latent topics, each of which is indexed by k, and there are a total of V unique words in the
corpus, with each indexed by v. Here, each topic is presented as a multinomial distribution (y;)
over V unique words, where y, isa V x 1 vector of probabilities. Each document is assumed to
be composed of a mixture of topics, and each word (w; ,,) in a document has a topic indicator,
Z; n, indicating the topic from which this word came. The topic assignment is determined by a
topic proportion vector 8; that is associated with each document. LDA assumes that each word in
a document is randomly drawn from a corresponding topic. In other words, the order of words in
the document does not matter. This is referred to as the bag-of-words assumption (Blei, 2012). In
addition, topic proportions (6;) and word probabilities for each topic (y;) are assume to follow a
Dirichlet distribution.
Supervised Latent Dirichlet Allocation (SLDA)

LDA is an unsupervised model in that no external information beyond the text is used to
guide the analysis. Supervised latent Dirichlet allocation (SLDA; Blei & McAuliffe, 2008), on

the other hand, jointly models documents and labels, where labels can include such things as
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scores on the constructed response items. This joint model detects latent topics that predict the
labels of documents. The sSLDA model is constructed by adding an additional step to the LDA
model in order to investigate the relationship between topic proportions and a label variable.
Suppose that y; is a continuous label variable. In SLDA, the relationship between mean
topic proportions and the label variable is described using a linear regression as follows:
yilz;, b,0% ~ N(b"Z;,02), (3.1)

where z; is a vector of topic assignments for document i, which is presented as z; =

T . . .. — 1 «N; =~ . . ~
(zi,l,zi,z, ...,zi,Nl_) , b is a vector of regression coefficients on z; = N_iznl=1 Z;n, Inwhich z;,, =

(Zin1 Zinz ...zi,n,K)T isa K x 1 vector with z;,, = 1if z;, = k, and z; ., = 0, otherwise, and
a2 is a residual variance of the regression. The vector of regression coefficients b shows how
topics are connected with labels. There is no intercept term in the model because the sum of z;
components is always 1.

Finite Mixture Supervised Latent Dirichlet Allocation (MixSLDA)

In this study, we limit our interest to continuous types of labels associated with
documents (i.e., continuous test scores). The SLDA model is extended here for situations in
which the population consists of two or more latent classes, each of which is assumed to have an
unique relationship between the topics and the label. In the finite mixture supervised latent
Dirichlet allocation (MixSLDA), each document is assumed to belong to one of the latent classes
(9). Each latent class has a unique relationship between the topic proportions and the label
variable by having distinct regression coefficients and a residual variance. In MixSLDA, the

probability of obtaining y; for document i is
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G

p(y) = Z Ty ¢(3’ii b§0i.05), 3

g=1
where G is the number of latent classes, , is the mixing proportion of latent class g, ¢ denotes
the univariate normal density with mean bgel- and variance aj, and b, is a vector of regression
coefficients on 0; for latent class g.
Generative procedure. Given the number of topics (K) and the number of latent classes
(G), the generative process of the MixSLDA model is given as
1. For each topic k, draw a V x 1 vector of word distribution ¥, = Vi1, Yizs - Yir)T ~
Dirichlet(f), where V is the number of unique words in the corpus,and gisaVl x 1
vector of Dirichlet distribution parameters.
2. Draw a G x 1 vector of mixing proportions & = (my, 75, ..., M) ~ Dirichlet(T), where
isa G x 1 vector of Dirichlet distribution parameters.
3. For each document i,
a. Draw a K x 1 vector of topic proportions 8; = (0,1, 0,5, ..., 0;x) ~ Dirichlet(a),
where e is a K x 1 vector of Dirichlet distribution parameters.
b. Assign a class membership C; = g ~ Multinomial().

c. Draw a label associated with document i, y; ~ N(b16;,02).

% Realized values of topic assignments (z; = %Z,ﬁ’"zl Z; ) are used in SLDA to predict the

response variable (y;). Here, we use 8;, the topic proportions, to calculate information criterion
indices DIC and AICM (described in Appendix C) for the MixSLDA for use in determining the

number of latent classes using the following set of parameters of interest: 8 = {0, 0,, ..., 0},

Y ={¥ru¥2 . ¥xh b ={by, by, ..., bs}, & = {0%,0%, ...,02}, and .



39

4. For each word in document i (w; ,,),

a. Assign a topic z; , ~ Multinomial(0;).

b. Draw aterm w;, ~ Multinomial(y;, ).
Estimation of the MixSLDA. Suppose w = {wy,w,, ...,wp}, ¥ = {¥1, V2, .., Vp}, 0 =
(0,,0,,..,0p}, z={2,,25, ... 2p}, ¥ = {¥1.V2 -, Y&}, C = {C1,Cs, ..., Cp}, b =
{by,b,, .., bs}, 3 = {o,02,...,02}, where D is the number of documents. We use a data
augmentation technique (Tanner & Wong, 1987) to easily obtain the posterior distribution of the
model parameters. Here, the observed data w and y are augmented with realized values of z and
C. The joint distribution of w, y, 8, z, ¥, C, b, @, T given the hyper parameters is

p(w,y,0,2,y,C,b,6% m|a, B,{)
N;

D
= p(m|{) IH p(y:10;,Ci, b, 5%)p(8;|a)p(C;|m) np(zi,n|9i)P(Wi,n|Zi,n» Y)
i=1 n=1

K G
H p(VilB) ﬂp(bg)p(cfgz)]- (3.2)
k=1 g=1

A Gibbs sampler was used to generate samples from the posterior distribution. Full
conditional distributions for implementing the Gibbs sampler are given below. When a full
conditional distribution was unknown, a Metropolis-Hastings step was used.

1. The full conditional distribution of z; ,, is given as
p(zin = k|0, win =v,¥) < p(2in = k10)p(Win = V|zin = k,¥) X OiVicw-

Thus,

(2104 Wiy = v,¥) ~ Multinomial(8;1 Y1, 612V 20 - » OixcVicw)-

2. The full conditional distribution of y; is
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D N;

p(Yilw,z,B) < p(yi|B) 1_[ p(Wi,nlzi,n' Yk)
i=1 n=1

v 1% v
< 1—[)/’51;7—1 1_[]/]?1];1(17 — J Ly]i\lljlcv‘*/gv_l'
v=1 v=1 =1

v=1

where Ny, is the number of cases that the word v is assigned to topic k across all
documents, and g, is the vth element of S. Thus,

(Yxlw, z, B) ~ Dirichlet(N, + B),
where Ny = (Niq, .., Ney)T.

. The full conditional distribution of C; is

p(C; = gly;, b, &%, m,0;) < p(C; = glm)p(y:|C; = g, by, 02,0;)

1
exp <— E (y; — bgeif).

1

J2mag

OCT[g

Thus,

(Cilys, b, m, 6;) ~ Multinomial(zy, 3, ..., T¢),

1 1 2
where 7, = T, ——ex (—— . —blo,; )
g g ,—Znag p Zag (yl g 1)

. The full conditional distribution of m is

p(m|C,{) x p(m|{)p(C|m)

where {, is the gth element of ¢, and N, is the number of documents that were assigned
to latent class g. Thus,

(|C, Q) ~ Dirichlet(N s + {),
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where N = (N.q, ..., Ng).

5. Suppose b, ~ N(by, X,) as a prior. The full conditional distribution of b, is

p(byly,o,6,€) < p(by) | [ (31164 Ci by, 02)

ieDg

 exp {—%(bg — bO)TZ(jl(bg — bo)} 1_[ exp{ 212 (y: — bl6;) }

lEDg

Thus,
(byly.o2.0,€) ~ N (1 Vs, )
1 -1 1 .
where ng = (261 + o_éziEDg GLGLT) and ”bg = ng (Zglbo + :;ZiEDg Biyl-) , 1IN

which Dy is a set of documents that were assigned to class g.

6. Suppose g ~ InvGamma(c,,d,) as a prior. The full conditional distribution of g/ is

p(a§1y.0,by, C) « p(o )l_[p(yllel,c by, a2)

lEDg

o (02) " ex ( )ﬂ% {Ti;(yi—bgei)z}_

Thus,

N 1 5
(J;D’. 0,b, C) ~ InvGamma % + co, dg + > z (Yi — bgei)

IEDg
7. The full conditional distribution of ; is
N;
p(9i|Z, E' &2' C' Vi a) X p(ella)p(yllel' bg' agz' Ci = g) 1_[ p(zi,nlei)
n=1

2
1_[9“" 1ﬂelk exp( > Z(yi—bgei)>
Og
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K
, _ 1 2
e 1—[ 99’(1k+ak 1 exp (- ﬁ (—Zylbgel + (b:gel) )) ) (33)
k=1

where N;, is the number of words that are assigned to topic k in document i. Since the
full conditional distribution of @; is unknown, a Metropolis-Hastings algorithm was used
to sample 6; as follows:

After the mth iteration,
1) Generate a candidate 8" ~ DiTiChlet(lljegm)), where 1 is a tuning parameter for

adjusting the acceptance rate of candidates and producing MCMC samples with good
mixing properties. Recommended acceptance rate is about 0.44 for unidimensional

sampling and decreases to 0.23 for high dimensions (Gelman, Roberts, & Gilks,

1996).
2) Take
(new) _ . . . f(ggnew))g(egm)legnew))
m+) _ ) O with probability @ = min - s 1 or
Hi = f(@i )g(ei |0i )

\ 6™ otherwise

where g(- |0;) = Dirichlet(8;), and

K
. _ 1 2
f(Bl) = HG;ZLR'"“’C ! exp <—ﬁ(—2ylbgel + (bg@l) ))
k=1

Illustrative Example
In this section, we illustrate the use of the MixSLDA with data from an NSF-funded
project designed to train teachers to teach science inquiry skills to middle grades and high school

students. In this example, we address the following research questions using a dataset obtained
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from a science inquiry test that was administered as a part of the project: (i) What are the latent
themes underlying students’ answers? (i1) Are there any subgroups that have different
relationships between topic proportions and scores? (iii) What are the relationships between topic
proportions and scores?

Test

The test was designed to measure middle grades students’ use of academic language and
understanding of science inquiry practices on physical science experiments. The test specifically
focused on the use of cause and effect, independent and dependent variables, and construction of
hypotheses in students’ reasoning. The test consisted of seven constructed response testlets, each
with from two to five items. Each item was scored with from two to four points. The total of the
item scores over all seven testlets was used as the score variable for the MixSLDA.

Tests were administered once at the beginning of the year as a pre-test and a second time
at the end of the year as a post-test. To counter memory effects between pre-test and post-test,
two different forms of the test were constructed, Form A and Form B. Both forms had parallel
testlet structures. One of the two forms was randomly given to students for the pre-test, and the
alternate form was given for the post-test. For purposes of this example, pre-test and post-test
responses from only Form A were used in this analysis. Each student’s answers to the
constructed response items from all seven testlets were combined and considered as one answer
document. Thus, in this analysis, each student had one answer document with an associated
score. Note that students in the pre-test data and students in the post-test data were different as

students alternated forms between the pre- and post-tests.
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Sample

The sample for this example consisted of 530 documents: 276 documents (52.08%) were
from the pre-test, and 254 documents (47.92%) were from the post-test. There were 277 answer
documents (52.26%) from 7" grade students, 252 answer documents (47.55%) from 8" grade
students, and one document (0.19%) from a 6" grade student. Of these 530 documents, 243
documents (45.85%) were produced by female students, and 287 documents (54.15%) by male
students. The mean score for the 530 samples was 31.87 with a standard deviation of 14.54. A
density plot of the scores presented in Figure 3.1 shows that the score distribution has more than
one mode, which suggests that the use of a mixture distribution might better describe the data.
Pre-Processing of Data

Before starting the analysis, the text data from the 530 students were preprocessed. First,
stopwords in the dataset were removed. Stopwords are words which tend to appear with high
frequency, but which do not have significant meaning, such as “a,” “the,” “and,” etc. Then, all
remaining words were converted to their basic roots. For example, plural terms were converted
to singular form, capitalized words to small letters, and typos corrected. After the preprocessing,
the corpus of 530 documents consisted of 415 unique words. The average document length was
approximately 86 words with a standard deviation of about 37 words.
Determining the Number of Topics in the Model

LDA was used to determine the number of latent topics in students’ written responses.
LDA models with from two to seven topics were fitted to the data using a Gibbs sampling
algorithm (described in Appendix C). The maximum number of topics was set to seven because

the content of the test was limited by seven science scenarios.
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Two information indices were used to inform model selection: DIC (Spiegelhalter, Best,
Carlin, & Van Der Linde, 2002) and AICM (Raftery, Newton, Satagopan, & Krivitsky, 2007).
These were calculated for each of the six LDA models. (The equations for DIC and AICM are
given in Appendix C.) DIC and AICM values are presented in Table 3.1. Smaller DIC values and
larger AICM values suggest better model fit relative to the candidate models. The seven topic
model had the smallest DIC value, and the four topic model had the largest AICM value. In
addition, words with high mean posterior probabilities were examined for all topics in each
model. Models with more than four topics had some topics that appeared to be redundant, that is,
the high frequency words in these models were similar to one another. Therefore, K = 4 was
taken as the more usefully interpretable number of topics given the students’ responses.
Assuming No Latent Classes

The MixSLDA with no latent classes is equivalent to sSLDA. Assuming there were four
topics (K = 4) in the corpus, the following parameters were used to construct the Gibbs sampler:
B =jy, a=jg by=0,X,=100%I, c, = 3,and d, = 60. The value of 1 was tuned to have
an acceptance rate of approximately 0.4 for the Metropolis-Hastings step. In total, 40,000
iterations were run with the first 20,000 iterations being discarded as burn-in, and the next
20,000 iterations used for estimating the posterior. Figures 3.2 and 3.3 show the trace plots of b
and a2, respectively. The trace plots appeared to be stabilized and mixed well after the burning
period. Convergence was checked by Geweke (Geweke, 1992) and Heidelberger and Welch
(Heidelberger & Welch, 1983) convergence diagnostics using the R package coda (Plummer,
Best, Cowles, & Vines, 2006).

Table 3.2 presents topics obtained from this analysis. Words in the Topic 1 column were

mostly about questions for “controlling variables,” and words in the Topic 2 column were
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generally about questions for “hypothesis, observation, and evidence.” Words in the Topic 3
column were mostly about questions for “cause and effect,” and words in the Topic 4 column
were mostly related to everyday language. Table 3.3 shows the average of the posterior mean
estimates of 8; and the posterior mean estimates of regression coefficient parameters (b). The
posterior mean estimate of o2 was 58.89. The average values of four topic proportion estimates
(@ column in Table 3.3) were quite similar. The posterior mean estimate of Topic 2 regression
coefficient was the highest among the four components of b, which implied that Topic 2 was
highly related to test score. The Topic 2 regression coefficient estimate 70.72 indicates that if a
student’s responses were from Topic 2, the expected score would be 70.72. For Topics 1, 3, and
4, the expected scores were 35.09, 14.04, and 9.88, respectively.
Assuming Two Latent Classes

The following parameters were used to construct the Gibbs sampler for the MixSLDA
model with four topics and two latent classes: B = jy, & = jx, by = 0, £, = 100%1, ¢y =
0.001, dy = 0.001, and ¢ = 5j,. As with the previous analysis, the value of i was set to have
an average acceptance rate of 0.4 in the Metropolis-Hastings step. In total, 40,000 iterations were
run with the first 20,000 iterations being discarded as burn-in, and the next 20,000 iterations
were used for posterior inferences. Figures 3.4, 3.5, and 3.6 show the trace plots of b,, b,, and
a2, and o2, respectively. All the trace plots appeared to be stabilized and showed good mixing
after the burn-in period.

Table 3.4 presents the four topics obtained from this analysis. Inspection of the words in
each topic demonstrated that the topics obtained from the sSLDA and the topics obtained from the
MixSLDA with two latent classes were quite similar. For each document, a posterior mode of

latent class membership was obtained to investigate the characteristics of two latent classes: 309
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documents were assigned to Class 1, and 221 documents were assigned to Class 2. The mean of
scores for documents in Class 1 and Class 2 were 26.65 and 39.16, respectively, indicating that
documents in Class 2 tended to be associated with higher scores than documents in Class 1.

Table 3.5 shows the average values of the posterior mean estimates of the topic
proportions, @;, and the posterior mean estimates of the regression coefficients (b, and b,) for
each of the two latent classes. The average topic proportions suggest that students in the two
classes tended to use different proportions of topics to construct their answers. For example,
Topic 4 had the smallest average proportion in Class 2, but had the largest average proportion in
Class 1. The posterior mean estimates of regression coefficients indicated that Class 1 and Class
2 had different relationships between topic proportions and scores. The regression coefficient
estimate for Topic 1 was 21.48 for Class 1 and 54.51 for Class 2, meaning that an expected score
by answering items using words from Topic 1 was 21.48 for students in Class 1 and 54.51 for
students in Class 2. Regression coefficient estimate for Topic 2 was 76.71 for Class 1 and 73.06
for Class 2, which indicated that both classes appeared to have high expected scores by using
words from Topic 2. The effects of Topic 3 and Topic 4 on the score variable were weak for both
classes as can be seen in the regression coefficient estimates for Topics 3 and 4. The posterior
mean estimates of o7 and a2 were 28.48 and 33.87 for Class 1 and Class 2, respectively.
Determining the Number of Latent Classes

The MixSLDA model assumes that the number of latent classes is known. The previous
two analyses illustrated a MixSLDA analysis assuming no latent classes and MixSLDA analysis
assuming two latent classes. In order to decide the reasonable number of latent classes for the
student response data, DIC and AICM from MixSLDA models with no latent class to three latent

classes were calculated to inform model selection. (Details on calculation of DIC and AICM for
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the MixSLDA are given in Appendix C.) As can be seen in Table 3.6, DIC and AICM had the
smallest values for the two-latent-class model. Further, since the density plot of scores shown in
Figure 3.1 appears to have two modes, the two-latent-class model seems reasonable.
Simulation Study

In this section, results of a simulation study are reported for the MixSLDA under testing
conditions reflecting the features of the previous empirical example. In this study, we
investigated whether the (i) topic structure, (ii) document sizes, and (iii) document lengths had an
impact on the MixSLDA parameter recovery.
Simulation Study Design

Following the empirical example, in this simulation study, the number of topics was set
to 4 (K = 4), and the number of unique words was set to 400 (V' = 400). The number of latent
classes was fixed at 2 (G = 2), and the true values of regression coefficients for two latent
classes were b; = (20,70,15,20)T and b, = (55,70, 35,20)7, similar to those obtained from
the empirical data analysis. Mixing proportions for the two latent classes were equally assigned
(r = (0.5,0.5)7). Topic proportions for documents in each latent class were generated from a
Dirichlet(a) with @ = (0.25,0.25,0.25,0.25)”. In the empirical data analysis, estimated topic
proportions were all larger than 0, mostly larger than 0.05. Therefore, topic proportions for this
simulation study were generated to have values larger than 0.05 to resemble the student response
data.

Word probabilities for the four topics were generated by considering topic similarities.
This information was measured using the following formula (Deveaud, SanJuan, & Bellot, 2012;

Hong & Davison, 2010; Steyvers & Griffiths, 2007; Yan, 2014):

_ 1
S= —— D ),
kk'e{1,..,K}
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where k and k' are distinct values, and D (y;||y,) is a Jensen-Shannon divergence measure
(Lin, 1991), which measures similarities between topics (e.9., yx and y4r). D (Vi ||y,) is defined
as:

p(v|k)

m

v|k'
+ 0.5 *Zp(v”c’) logp( | ),
m
v

D(yillyyr) = 0.5 = z p(v|k)log
v

where m = 0.5 * (p(v|k) + p(v|k')), and p(v|k) is the probability of word v appearing in a
document under topic k, which is expressed as p(v|k) = yy,. Two different sets of topics were
generated based on this measure. The first set of topics (labeled as condition S1) were generated
to have a /S value that was similar to the /S value of topics obtained from the empirical data
analysis, which was approximately 0.20. The second set of topics (labeled as condition S2) were
generated to be more distinct than the first set of topics, and had a /S value of 0.35. For both sets
of topics, Topic 1 was generated to have high probability on the first 100 words and low
probability on the rest, Topic 2 was generated to have high probability on the second 100 words
and low probability on the rest, Topics 3 was generated to have high probabilities on the third
100 words, and Topic 4 was generated in a similar manner for the next 100 words.

In order to investigate the effect of document sizes and document lengths on parameter
recovery, three document sizes (D = 300, 500, and 1000 words), and three average document
lengths (L = 50, 100, and 200 words) were simulated. In each combination of these topic
structures, document sizes, and document lengths, scores were generated from a mixture of two
univariate normal distributions. The variances of the normal distributions (i.e., residual
variances) were constrained to be the same across the two latent classes for simplicity (o2 =
a? = ¢?), and two levels of class separation were set by varying the variances. Class separation

was measured by the Mahalanobis distance, which is given as A = |y, — u,|/0, where u; and p,
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are the means of the two mixture components. The p; was calculated using b1 8,, where 8, is a
vector of topic proportions that were averaged across documents belonging to Class 1. Similarly,
the u, was calculated using bZ8,. Two levels of A were considered: 2.5 and 3.5, which
corresponds to a2 = 30 and o2 = 15, respectively. In total, there were 36 conditions simulated
(= 2 topic structures x 3 number of documents x 3 document lengths x 2 class separations) in
the study.
Estimation
The number of topics and the number of latent classes were assumed to be known. For

each condition, the Gibbs sampler was used with the following prior distributions:

1) yx ~ Dirichlet(B) with B = j,, for k = 1,2,3,4.

2) m ~ Dirichlet({) with { = 10j,.

3) b, ~ N(by, Zo) with by = (0,0,0,0)7 and , = 1002 * I.

4) 0% ~ InvGamma(c,, d,y) with ¢, = 3 and d, = 60 when data were generated with g2 =

30 and with ¢, = 3 and d, = 30, when data were generated with ¢ = 15.

5) 0; ~ Dirichlet(a) with a@ = jg.
The total number of iterations was 40,000 with the first 15,000 iterations used as burn-in. The
subsequent 25,000 iterations were used for estimating the posterior. For those cases in which
data were generated with A = 2.5, JS = 0.20, and L = 50, the total number of iterations was
50,000 with 15,000 iterations as burn-in. Parameter estimates were summarized using the 100
converged replications. Convergence was evaluated by Geweke (Geweke, 1992), Heidelberger
and Welch (Heidelberger & Welch, 1983) diagnostics and also by examination of trace plots.
The average acceptance rate for sampling 6; in the Metropolis-Hastings step was approximately

0.4.
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In the course of estimation, label switching can arise because the likelihood is invariant
under the permutation of labels g = 1, ..., G (McLachlan & Peel, 2000). When label switching
occurs, the switched labels need to be renamed for posterior inferences. This can be handled by
restricting the parameter space, such as a constraint on mixing proportion components or a
constraint on mean components (Gelman, Carlin, Stern, Dunson, Vehtari, & Rubin, 2013;
McLachlan & Peel, 2000). In this analysis, in order to avoid the possibility of label switching, a
restriction was imposed on the regression coefficients corresponding to Topic 1 such that b,
was constrained to be less than b, .

Simulation Study Results

For each of the simulation study conditions, posterior mean estimates of regression
coefficients and the residual variance were summarized by examining the mean absolute bias,
mean relative bias, standard error, and coverage rate of the 95% credibility intervals. The general

form of absolute bias (AB) is defined as AB = |w — @|, where @ is a posterior mean estimate of
w. The general form of relative bias (RB) is RB = 100 * (a’w;“’) which is a percentage of bias

relative to the true parameter value. Following previous research (e.g., Curran, West, & Finch,
1996; Finch, West, & MacKinnon, 1997; Flora & Curran, 2004; Forero, Maydeu-Olivares, &
Gallardo-Pujol, 2009; Kaplan, 1989), RB values less than 5% were considered as trivial bias, RB

values between 5% and 10% were considered as moderate bias, and RB values larger than 10%

D) <w<

were considered as substantial bias. The coverage rate was defined as CP = %Ind (l

u@m), where R is the number of replications, la(r) and Ug,,, are the lower and upper bound of

the 95% credibility interval for &), respectively, @, is a posterior mean estimate of w

obtained from the rth replication, and Ind(-) is an indicator function scored as 1 when w was
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within the interval and 0 otherwise. For each of b; components, b, components, and a2, the
mean AB, the mean RB, coverage rate, and standard error across 100 replications were
calculated for each condition.

Tables 3.7 and 3.8 summarize mean AB and mean RB values for the posterior mean
estimates of b; and b, components under the S1 topic condition. In general, the mean AB and
mean RB values of b, and b, components decreased as the document size or document length
increased for both mode separations. For each condition, the mean RB for b,5 generally had the
largest value among the four b; regression components (except for the condition with A = 2.5,
D = 300, and L = 50, and the condition with A = 3.5, D = 500, and L = 50), and the mean RB
for b,, had the largest value among the four b, components. Further investigating the mean AB
values for b, indicated that the absolute bias values for b4, b;3, and b,, were generally similar,
but the generating value for b;3; was the smallest among the four b; components (b, =
(20,70,15,20)7), resulting in larger relative bias than the other components. In the case of b,
b,, had the largest mean RB due to the same reason. The mean RB for b, components were less
than approximately 10% when the average document lengths was larger than 50 (i.e., L = 100
and L = 200), and the mean RB for b, components had less than approximately 5% except for
b,, when the average document length was larger than 50 (b,, ranged from 5.11% to 18.07%).

Tables 3.9 and 3.10 summarize the standard errors and coverage rates for the posterior
mean estimates of b, and b, components under the S1 topic condition. For both mode
separations, standard errors tended to decrease as the document size or document length
increased. In the case of coverage rate, most of the coverage rates for by, b13, b14, b1, b2z, bas
were larger than about 0.90. The coverage rates for b,, and b,, ranged from 0.54 to 0.90 and

0.67 to 0.94, respectively. These coverage rates increased as the average document length
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increased within a given document size, and decreased as the document size increased within a
given document length, especially when L = 50. Inspection of the trace plots of b;, and b,
under the L = 50 condition indicated that the widths of 95% credibility intervals for the two
parameter estimates decreased markedly compared to the reduction in the size of bias, resulting
in smaller coverage rates as document size increased.

Results for a2 and latent class membership recovery under the S1 topic condition are
presented in Table 3.11. The mean AB, mean RB, and standard error values for the posterior
mean estimate of 2 appeared to decrease as the document size or document length increased.
The mean RB values of o2 estimate were less than 10% when the average document length was
larger than 50 for the A = 2.5 condition. On the other hand, the mean RB values were less than
10% when the average document length was larger than 100 for the A = 3.5 condition. Overall,
the coverage rate increased as the document length increased, and decreased as the document
size increased, especially when L = 50 due to the same reason as discussed previously for b;,
and b,,. With respect to the latent class membership recovery, the percentage correct increased
as document size or document length increased. As might be expected, the percentages for A =
3.5 were larger than those for A = 2.5.

Tables 3.12 and 3.13 present the mean AB and the mean RB for the posterior mean
estimates of b; and b, components under the S2 topic condition. Within each of the three
document sizes, the mean AB appeared to be similar across three document length conditions.
For a given average document length, the mean AB decreased with increasing document size. As
for the mean RB, the average document length did not have an apparent effect on the mean RB
values for b, and b, components, but the mean RB tended to decrease as the document size

increased. The mean RB values of b;; and b;, were less than 5%, and b, and b,, had mean RB
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values less than approximately 10%. The mean RB values for b,,, b,,, b,3 were all less than
5%, and the mean RB values for b,, were less than approximately 10%.

Tables 3.14 and 3.15 summarize the standard errors and coverage rates for the posterior
mean estimates of b; and b, components under the S2 topic condition. Standard errors appeared
to decrease as the document size or document lengths increased for both mode separations. Most
of the coverage rates were larger than 0.90. Coverage rates under 0.90 were mostly from the
conditions with L = 200.

Table 3.16 presents the results for 2 and latent class membership recovery under the S2
topic condition. The mean AB and standard errors tended to decrease as the document size or
document length increased. The mean RB also tended to decrease as the average document
lengths increased for a given document size. The mean RB appeared to be influenced by
document size, only when the average document length was 50. When the average document
length was larger than 50, the document size did not seem to have an apparent effect on the mean
RB. In case of coverage rate, it increased as the average document length increased for a given
document size. The document size did not appear to have any clear effects on the coverage rate.
As for the latent class membership recovery, it increased as the document size increased or as the
document length increased. The latent class membership recovery values for A = 3.5 were larger
than those for A = 2.5.

Simulation Study Conclusions

A simulation study was conducted to investigate whether the MixSLDA parameter
recovery was affected by topic structure, document size, and document length. The results of this
simulation study provided some useful suggestions regarding the three questions addressed at the

beginning of this study. In order to summarize results from this study more efficiently, for each
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mean AB, mean RB, standard errors, and coverage rates for b; = (by1, b1, by3, b14), the values
of its four components were individually averaged; the same averaging was performed for b.,.
The averaged values for b, and b, are presented in Tables 3.17 and 3.18, respectively.

First, topic structures appeared to influence the estimation of regression parameters. The
S1 topics were more similar to one another than were the S2 topics to one another. In general, the
mean AB, mean RB, and standard errors under the S2 topic condition were smaller than those
under the S1 topic condition, particularly when the average document length was small (e.g., L =
50). In addition, the coverage rates for the S2 condition tended to be higher than the coverage
rates for the S1 condition.

Second, the mean AB, mean RB, and standard errors appeared to be affected by
document size and average document length. In general, these statistics decreased as document
size or document length increased, suggesting the total number of words in a corpus is important
for obtaining accurate parameter estimates. For the S1 topic structure and A = 2.5 (see Table
3.17), the average of mean RB values of b; and b, components (here we designate this as Mean
RB) were larger than 10%, when D = 300 & L = 50 and D = 500 & L = 50. This suggests that
these particular combinations of document size and document length may not be sufficient in
order to obtain accurate parameter estimates. For the S2 topic structure (see Table 3.18), the
Mean RB values for b, and b, were all less than about 5%. Both Mean AB and Mean RB values
decreased as document size increased, but the values did not seemed to be influenced by
document length. This may suggest that increasing document length greater than 50 does not
necessarily result in b, and b, estimates with less bias when topics are similar to the S2 topics.
The mean RB values for variance estimates were larger than 10% when L = 50 across all

document sizes, topic structures, and mode separations.
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The mean RB values for b, tended to be higher than the mean RB values for the other
regression coefficients in the corresponding latent class; the same was true for b,,. These two
coefficients had the smallest true values of regression coefficients within the corresponding
latent class. For the S2 topic structure, the mean RB values for these two parameters were mostly
less than 10% across all document sizes, document lengths, and mode separations. For the S1
topic structure, the mean RB values for b;5 and b,, showed substantial bias when L = 50, that
is, the mean RB for b, ranged from 2.94% to 17.62% and the mean RB for b,, ranged from
19.39% to 33.13%. This suggested that the estimation of the smallest regression coefficient
might not be accurate when the average document length is not larger than 50.

The percentage of correct latent class memberships were greater than 80% except for the
conditions with A = 2.5,D = 300,L = 50 and A = 2.5,D = 500, L = 50 under the S1 topic
condition. The percentages increased as the document size or document length increased. As
might be expected, the percentages for A = 3.5 were greater than those for A = 2.5, although the
differences were not large.

Discussion

In this study, a finite mixture supervised latent Dirichlet allocation model, a MixSLDA
model, was introduced for analyzing text data and associated scores from constructed response
items. This model extended the supervised latent Dirichlet allocation model by allowing the
score variable to be represented by a finite set of regression equations, with each equation
corresponding to a unique relationship between topic proportions and scores.

The MixSLDA model offers the possibility of providing a rapid way to analyze the
relationship between students’ scores on their constructed response items and their writing. In

addition, because of the complexity of writing, the model permits analyzing students’
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performance on constructed response items and tests in order to account for the heterogeneity
present in the population. The MixSLDA does this by detecting latent groups of examinees (or
documents) that have different relationships between topic proportions and a score (or label)
variable. These latent groups are homogeneous on the variable(s) that caused the groups to form.

The performance of the MixSLDA was illustrated using an empirical dataset. The model
provided evidence that the students’ documents could be summarized by two latent classes that
differed in their relationship between the scores and the four latent topics detected in the dataset.
The main difference between the two latent classes was in the relationship between the use of
Topic 1 and the score variable: the use of Topic 1 led to a higher expected score for Class 2, but
not for Class 1. This result suggests that documents in Class 1 with high Topic 1 proportions
failed to adequately discuss the problems posed in Topic 1 related questions.

Results of a simulation study conducted to evaluate the MixSLDA model performance
suggested that having either a large number of documents or having documents with a relatively
large number of words is necessary in order to obtain accurate parameter estimates. In other
words, the total number of words in a corpus was important for parameter estimation. This was
especially the case when topics in the data were similar to one another (e.g., the S1 topic
structure). Educational assessments often have constructed response items that do not require a
long response. Results of this simulation study suggested that inaccuracy in estimating the
MixSLDA due to short answers may be overcome by collecting larger numbers of answer
documents.

The latent classes detected using the MixSLDA are dependent in part on the functions
used for describing the relationship between topic proportions and scores (Gelman et al., 2013).

Given this caveat, the MixSLDA model can be useful for understanding and summarizing the
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relationship between examinees’ writing and scores in that it provides a flexible approach that
helps to account for heterogeneity in test performances. In addition, this study was conducted
with a continuous score variable. Extensions of MixSLDA to include a categorical type of score
variable, such as by use of a generalized linear model (Blei & McAuliffe, 2008) for SLDA,

would be useful.
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Abstract

In the social and behavioral sciences, text data are available from numerous sources, such
as standardized achievement tests and research projects. This is because constructed response
items are becoming increasingly prominent as a way of enabling examinees to show their
reasoning. In order to analyze text data, topic modeling has been widely used across disciplines.
Topic modeling is a natural language statistical technique for investigating the latent thematic
structure that underlies the text in a collection of documents. This study propose the growth
curve topic model for analyzing examinees’ written responses collected under a longitudinal
study design. This model detects latent topics that describe examinee responses and characterizes
the change in the use of topics over time. The proposed model is illustrated by a real data
analysis from an instructional intervention study on teaching science inquiry skills to middle
school students. A simulation study is also provided to evaluate the growth curve topic model
under several conditions.

Introduction

Many assessments from large-scale standardized assessments to classroom assessments
include constructed response (CR) items in addition to selected response items to measure
students’ knowledge that multiple choice items are less suited to measure (Attali, 2014; Bennett,
1991; Rodriguez, 2003; Wang, Song, Wang, & Wolfe, 2017). Student responses in these types of
items have been found to have useful information regarding student learning and achievement
(e.g., Buxton, Allexsaht-Snider, Aghasaleh, Kayumova, Kim, Choi, & Cohen, 2014; Crossley,
Salsbury, & McNamara, 2015; Furtak & Ruiz-Primo, 2008). The focus of this paper is

particularly on text data that are collected longitudinally over multiple time points.
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In social and behavioral sciences research, including educational research, the
measurement of change has received considerable attention (Bollen & Curran, 2006; Rogosa,
Brandt, & Zimowski, 1982). Research on measurement of change, however, has focused almost
entirely on development of models and analysis of data that consist of numeric responses (e.g.,
McArdle, 2009; Muthén & Curran, 1997; Singer, 1998). When the original data are text, the
textual responses are typically first graded using a scoring rubric, and then the scores are
analyzed (e.g., Crossley, Salsbury, & McNamara, 2009; Daller, Turlik, & Weir, 2013).

In this study, we propose a new approach that incorporates a method of text analysis
called topic modeling and growth curve modeling to model change in use of language as a
response to instruction. We revisit the original scored textual data from an instructional
intervention with an eye to detecting additional information about the ways in which examinees
change their use of language over the course of an intervention. The new model provides an
exploratory method that can summarize written responses collected over multiple time points.

Topic modeling is a statistical approach that has been widely used for analyzing large
amounts of text data. Topic models assume that a document is composed of a mixture of topics
(Blei, 2012). Topic models treat a document as a set of words but usually ignore the order of
words. This is referred to as the bag-of-words assumption. This topic modeling framework stems
from the probabilistic latent semantic indexing method, also referred to as the aspect model
(Hofmann, 1999; Hoffmann, 2001). The aspect model did not specify from where the topic
proportions of documents derive. This makes it difficult to make inferences for a new document.
Blei, Ng, and Jordan (2003) extended this model by introducing a Dirichlet prior on the topic
proportion variable, and developed latent Dirichlet allocation (LDA). The LDA model is

designed to detect the latent thematic structure in a corpus (i.e., a set of documents). Each topic
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is represented as a fixed vocabulary associated with probabilities of the appearance of
corresponding words in a document given the topic.

Topic modeling has been widely used across many disciplines including education (e.g.,
Chen, Yu, Zhang, & Yu, 2016; Johri, Wang, Liu, & Madhavan , 2011; Kim, Kwak, Cardozo-
Gaibisso, Buxton, & Cohen, 2017; Reich, Tingley, Leder-Luis, Roberts, & Stewart, 2015),
psychology (e.g., Socher, Gershman, Sederberg, Norman, Perotte, & Blei, 2009), political
science (e.g., Lauderdale & Clark, 2014; Lucas, Nielsen, Roberts, Stewart, Storer, & Tingley,
2015), health science (e.g., Paul & Dredze, 2011), and bioinformatics (e.g., Liu, Tang, Dong,
Yao, & Zhou, 2016). In education, topic modeling has been used to analyze student-generated
texts. Chen et al. (2016) analyzed pre-service teachers’ journals using LDA to detect the latent
thematic structure discussed in students’ journals. Kim et al. (2017) analyzed middle school
students’ responses to CR items using LDA to detect topics in students’ answers and how the
topic proportions or topic usage changed from pretest to posttest. Johri et al. (2011) analyzed
journal and conference papers in engineering education using LDA to investigate how topics
changed over a period of nine years. Reich et al. (2015) analyzed student writings generated in a
massive open online course setting using the structural topic model (Roberts, Stewart, Tingley,
Lucas, Leder-Luis, Gadarian, Albertson, & Rand, 2014; Roberts, Stewart, & Airoldi, 2016).

In this study, we focus on change over multiple time points in use of the latent topics in
the text of students’ responses to CR items. Several topic models incorporate the time at which
documents were created or published. Blei and Lafferty (2006) proposed a dynamic topic model
that allows topics to evolve over time. Wang, Blei, and Heckerman (2012) introduced a dynamic
topic model for continuous time. Gerrish and Blei (2010) introduced the document influence

model by using a dynamic topic model. This document influence model allows important



67

documents to influence future topics more significantly than the other documents in the corpus.
Glynn, Tokdar, Howard, and Banks (2019) extended the dynamic topic model and proposed a
dynamic linear topic model. These models, however, are not necessarily developed for situations
in which the same individuals produce data over multiple times. In this study, a new approach is
proposed that combines growth curve modeling and topic modeling to analyze text data collected
under a longitudinal study design.

Growth curve modeling (Bollen & Curran, 2006) is a statistical method for analyzing
data that have repeated measurements. Growth curve models estimate individuals’ change over
time and inter-individual variability in that change (Bollen & Curran, 2006; Curran & Muthén,
1999; Curran, Obeidat, & Losardo, 2010). These models have been widely used in the social and
behavioral sciences to characterize and understand change in subjects (e.g., Cillessen & Mayeux,
2004; Curran, Harford, & Muthén, 1996; McCoach, O’Connell, Reis, & Levitt, 2006; Owens &
Shaw, 2003; Williams, Conger, & Blozis, 2007). In the method proposed here, the topic
modeling component captures topics in the texts of students’ responses to CR items, and the
growth curve modeling component characterizes changes in topic proportions over time.

This study offers three main contributions. First, we introduce a new approach to
analyzing text data collected over multiple time points. Longitudinal settings are often used in
educational studies to capture students’ behavioral changes, such as response to instruction. This
study provides a statistical method for analyzing text data that were collected over multiple time
points and provides information that differs from what we can obtain from the numeric scores
given to students’ responses to CR items. Second, we provide an estimation method to estimate
the model parameters. This method uses a Gibbs sampling algorithm (Geman & Geman, 1984)

and a Metropolis-Hastings algorithm (Hastings, 1970; Metropolis, Rosenbluth, Rosenbluth,
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Teller, & Teller, 1953) for posterior inferences. The estimation method is described in detail in
the Methods section. Third, we provide an empirical data analysis to illustrate the use of the
proposed model. The data were from an NSF-funded study that focused on guiding teachers in
how to teach their students use of academic language for understanding science inquiry practices.

The remainder of this study is organized as follows. First, we describe the proposed
model and the estimation process. Next, we provide an analysis of empirical data using a dataset
collected across four time points from middle school students. We used the proposed model to
investigate the latent topics underlying students’ written responses and then to characterize the
change in use of topics over time. A simulation study follows which evaluates the model’s
performance under practical testing conditions.

Methods

This study incorporates latent Dirichlet allocation (LDA; Blei et al., 2003) and a latent
growth curve model (Bollen & Curran, 2006). LDA is designed to extract latent topics from
textual data. Latent growth curve models are designed for describing changes in response over
time. The changes can be described in various ways, such as linear or quadratic curves. The
proposed growth curve topic model is developed by combining LDA and a linear growth curve
model in order to simultaneously detect the latent topic structure and model changes in use of
topic proportions in a set of longitudinal text data. As described in this study, one possible
application of this model is for situations in which examinees take a constructed response test
several times, and the change in response over time is the main interest.
Model Description

The growth curve topic model consists of two components: 1) the topic modeling

component, which identifies topics and topic proportions from documents, and 2) the structural
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modeling component, which describes systemic changes in topic proportions. In other words, in

the growth curve topic model, documents across T time points are modeled using the topic

modeling component, and the changes in topic proportions across T time points are described

using the structural modeling component.

Topic model. To describe the topic modeling component, the following terminology and

notation are used.

1)

2)

3)

4)

Words and documents: words are observed data. Each document i at time point t consists
of ny; number of words which is represented as w;; = (Wy i ¢, Wy i g, -, Wnit,i,t)T fori =
1,..,Dandt =1, ..., T.

Topics: Topic modeling assumes that texts have latent thematic structures, which are
referred to as topics. Topics are viewed as multinomial distributions over the vocabulary
of the corpus with associated probabilities ¥, = (Yx1, ..., V)T for topic k, where V is
the number of unique words in the corpus. Words associated with high probabilities in a
multinomial distribution characterize the corresponding topic.

Topic assignments: Each word w,, ; . is assumed to be from one of the topics. The topic
assignment for w,, ; , is indicated by z,, ; ;.

Topic proportions: Each document i at time ¢ has a vector of topic proportions ;.. =

(6i14) ) Hi,K,t)T, where K is the number of topics, and ¥.¥_, 6; ., = 1. A topic is
assigned to each word in document i at time ¢ using a multinomial distribution with 8; . ..
In this study, the natural parameterization of a multinomial distribution is used:

_ T
Nikt = 108 9.
LK.t
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The last topic (topic K) is taken as the reference topic. According to this equation, n; x ; is

Oforalli=1,..,Dandt=1,...,T.

Suppose that a corpus consists of V unique words, which are indexed by v. The
generative process assumed by the topic modeling component is as follows:
1) Choose y, ~ Dirichlet(p) for k =1, ...,K, where B isaV x 1 vector of Dirichlet
parameters, and ¥x = (Vx1, > V)T IS @V x 1 vector with ¥V_, ¥, = 1. Each element
of y, indicates the probability of a corresponding word appearing in a document under

topic k.

For each document i:
T
2) Choose Nik, = (ni,k,l' "'lni,k,T) ~ N(ﬂk, (I)k) fork = 1,..,K—1.
3) For each word (w,, ;) in document i at time ¢:
. . . T
a. Choose a topic z,,;; ~ Multinomial (ﬂ(m,-,t)), where 0;.c = (Miver o Mike) -

b. Choose aword wy,;, ~ Multinomial(y,,,,=k)-

The m maps the natural parameterization of topic proportions to the mean parameterization,

T

exp(ni1e) exp(ik.c) > T
)= At K, = (01, . 0.
n(mi.c) < K exp(ine) S, exp(ijee) (Bir-w Bixe)

The detailed specification of u; and ®, is described below, in the structural model section.
Structural model. Given time t and topic k, individual i’s topic k proportion is modeled

using a linear growth curve model as follows:

Nike = Saix T+ (& —1)ép ik (4.1)
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where &, ; 1 is an intercept for individual i, and &, ; . is a slope for individual i. Equation (4.1)

g . . . T
can be specified in a matrix form using 9 .. = (Mig1, - Nigr)

Nik- = Ak, (4.2)

where

T . . . .
and &, = (Ea,l-,k, Eb,i,k) . We assume §; , to follow a normal distribution with a mean vector of

me, = (pe, ﬂgbk)T and a variance-covariance matrix of W,. Then, n; ;.. follows N (g, @),
with g, = Apg, and @, = AW,A".

The mean of &, ; , indicates a mean value for the log odds of using topic k rather than
topic K at time 1, and the mean of &, ; , indicates the rate of change in the log odds, when the
time point increases by one unit. A positive mean of &, ; . indicates that the log odds of using
topic k rather than topic K tends to increase in documents over time, and a negative mean of
¢p,i 1 indicates that the log odds tends to decrease in documents over time.

Estimation

Markov chain Monte Carlo algorithm. Markov chain Monte Carlo (MCMC) methods
are useful for simulating complex multivariate distributions. An MCMC method generates
random samples from a multivariate distribution of interest, and makes inferences about the
distribution using the features of the random samples. Gibbs sampling (Gelfand & Smith, 1990)
is one of the MCMC methods for generating samples from the posterior distribution of
parameters of interest. In the Gibbs sampling, the parameter vector is divided into a number of
subvectors. These subvectors are sampled one at a time, conditioning on the value of all the other

parameters (Gelman, Carlin, Stern, Dunson, Vehtari, & Rubin, 2013). When the full conditional
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distribution for some parameters is not in a known form, we can obtain samples from the full
conditional distribution using a Metropolis-Hastings step within Gibbs sampling. The
Metropolis-Hastings algorithm (Chib & Greenberg, 1995) is also one of the MCMC methods,
and it is useful when direct sampling from a target distribution is difficult. This algorithm uses a
proposal distribution from which it is easy to sample. The proposal distribution generates
candidate samples, and these are either accepted or rejected for samples from the approximation
of the target distribution.

In this study, we used Gibbs sampling with a Metropolis-Hastings step for the posterior
inference of model parameters. Data augmentation approach (Tanner & Wong, 1987) was also
used. Data augmentation is an MCMC technique for constructing an iterative algorithm by
adding unobserved data (Van Dyk & Meng, 2001). We augment the observed document data

with topic assignments (z,,; ;), and the vector of random intercept and slope (§; ).
Joint distribution. Suppose &., = {&1x, &2k - Epic} € = {1,820 Eka ) e =
{Mflv ”fZJ "-MfK_1}1 Y = {‘Pll ‘PZ, '"ilPK—l}’ Y = {YII Y2 ""YK}’ w; = {Wi,lrwi,ZJ "'rwi,T}!

w={wy,..Wp}, z;; = {21,1',922,1',@ ...,Znit,i,t}, z; = {Zi,l'zi,z' ...,zLT} andz ={z,,2, ..., zp}.

The joint distribution of &, u;, W, v, z, and w is

K-1
p(E e ¥y w,2) = p Pl v, PO | | (& elbg, W (me ()

_ [ﬁpm) ﬁ[1i[{p(wi.t|zi.t,y)za(zi,tls)}] [ﬁ{(ﬁp(a,kmwa)p(ufk)pm}]- “3)

Full conditional distributions. The full conditional distributions of yy, §; », s, , ¥, and
Z, ;¢ are specified below.

At the (m + 1)th iteration,



1) Updatey, (k=1,..,K)
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Y isaV x 1 vector of word probabilities for topic k. Here, y; ~ Dirichlet(B), where B

isa V x 1 vector of Dirichlet distribution parameters, B = (B4, ..., By)T. From Equation

(4.3), the full conditional distribution of y is

p(YkIW' z, B)

< p(velBp(W|z = k,vi)
v 174

v—1 Ny

| [l ] [

v=1 v=1
174
- 1_[ Mot Bomt

v=1

where N, is the number of occurrences that word v is assigned to topic k across all

documents. Thus, we can use the following Dirichlet distribution to obtain the (m + 1)th

sample of y;:

y,(cmﬂ) ~ Dirichlet(N, + ),
where N, = (Niq, ..., Nip)T.
Update §;, (i=1,..,D;k=1,..,K — 1)

From Equation (4.3), the full conditional distribution of §;  is

14 (fi,k| z, gy, P, E—(i,k))

T
o< p(Eelig, W) | | p(2iel8)
t=1

T
1 .
oc exp{— 2 (&0 — 1) Wi G — e} [ [ [ori

t=1 k=1

(4.4)



3)

74

where &_; ) is equal to & without &; ; element, x; ;. . is the total number of words that were

assigned to topic k for document i at time t, and

€xp (ltf i,k)
Z§=1 exp(ltfi,k),

Oike = ”(Atfi,k) =

in which A is the tth row of A. Since direct sampling of &; , from Equation (4.4) is

difficult, we additionally employ a Metropolis-Hastings step to update §; ,, which is

implemented as follows:

a) Sample f(”e ) from a proposal distribution, N(Eg?), cI), where c is a tuning
parameter, and I is an identity matrix.

b) Calculate the ratio of densities,

) exp{ (E(new) ) (E(new) ”Sk)} T, TTEC 17T(A-tf(new))xlkt
exp{_%( lg.r;(l)_ﬂfk) (flk _”fk)}nz;lnllg 1 (ltf(m))xm |

c) Assign E(m“) E("ew) with probability of min(r, 1), otherwise assign f(m“)
f(m)
Update pg, (k =1,..,K — 1)
Suppose that the prior distribution of pg, is g, ~ N(pox, Zox). From Equation (4.3), the

full conditional distribution of u;, is
p(pe, 1€ 10 Pr)

x p(”fk)p(f"k “‘fk' lpk)

D

1 1
oc exp {— = (g, — tor) Zak (g, — o)} [ Jexp =3 (B — e ) " (6usc — 12,

i=1
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D
1 1
o exp {— 5 (e = k) Zat (g, = Box) = 52(&,;( —ng,) Wit (§ix - u;k)}

=1

E ok e, — BE Zok Hok — HokZok Ke,

{ 1
X exp —3

(Ezklpk_lufk + ”?klpk_lfi’k B ﬂ?klpk_lﬂfk)
1

D
1=

}

D
u?k(D‘Pk‘l + X0 )M, — If‘?k (Z WolE e+ zaklﬂmc)

|

D
- (Z £t + ugkza,:)usk
i=1

Thus, we can use the following normal distribution to obtain the (m + 1)th sample of

{ 1
X exp —3

He, -
(m+1)
Ke, ~N (m(ufk)' V(”fk))'

where

D

m(”fk) = V(ﬂ€k) (Z W+ z(?klﬂmc),

i=1

and

V(pe,) = (Dt +2gH)7%

Update W, (k =1,..,K — 1)
Suppose that ¥, follows an inverse-Wishart distribution with degrees of freedom v, and

scale matrix §,, W, ~ IW (v,, S,). Then, the full conditional distribution of W, also
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follows an inverse-Wishart distribution. Thus, we can obtain the (m + 1)th sample of ¥,

from
(m+1)
y, ~ W (v,,Sp),
where
v, =D + v
and

D
Sp= S0+ ) (8 — ) (§ue —11g)"
i=1

5) Update z,;, (n = 1, ..., n;) for each individual i and time t
The full conditional distribution of z, ; ; is
p(zn,i,t = k|Wnit =V, Vi E)
x P(Zn,i,t = k|f)P(Wn,i,t =V|zpi =k, Yk)

o eoii)
211§=13Xp(7ttfi,k) e

o« eltfi,kykv_
Thus, the (m + 1)th value of z,,; , can be obtained from a multinomial distribution with a

vector of unnormalized probabilities etSiky,, (k = 1, ..., K).

Empirical Data Analysis
In this section, an empirical data analysis using students’ responses to constructed
response (CR) items is described to illustrate the use of the growth curve topic model. We first
describe the data used for this study and then the LDA analysis results used to determine the

number of topics in the data. Next, the estimation process of the growth curve topic model for
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this data is described, and results of the growth curve topic model analysis are reported. Finally,
the model fit is evaluated using Bayesian posterior predictive checks.
Data

The data for this study consisted of CR responses from a sample of 243 middle grades
students that participated in an instructional intervention in an NSF-funded host study. The study
focused on how to teach middle grades students’ science inquiry practices. As a part of this
project, a science assessment was designed to measure students’ understanding of science
inquiry practices and use of academic language. Two parallel forms, Form A and Form B, of the
assessment were administered to middle school students on two occasions in each of the two
contiguous academic years of the study. The assessment was administered as a pre-test at the
beginning of each school year and as a post-test at the end of each school year. For the pre-test,
one of the two forms was randomly given to each student. For the post-test, each student
received the opposite form from the one they took for the pre-test. The instructional intervention
lasted one academic semester, and focused on teaching science inquiry practices. The
intervention was taught to teachers following the pre-test. Teachers than taught it to their
students. The post-test was administered after the completion of the instructional intervention.

The two forms of the assessment consisted of six science experiment scenarios. Each
scenario asked students to respond to from two to four constructed response items and was
designed to measure the use of independent and dependent variables, construction of hypotheses,
and cause and effect. Students’ responses were written in separate answer documents distributed
along with the test booklets. In this study, we used students’ responses from Form A to track the

use of topics over time.
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In this empirical data analysis, each student’s responses in their respective answer
document to all six scenarios were considered as a single document. Topic model analysis
requires the response data to be pre-processed before conducting the analysis. In pre-processing
the data, words were converted into their basic roots, and stopwords, such as a, and, the were
removed. In addition, words that appeared less than 5 times in documents were excluded. Also,
students who had fewer than 10 words in their answer documents were excluded. As a result, the
data for this study consisted of 493 documents with 559 unique words from 243 students. (The
total number of documents was smaller than 243 x 4 = 972 because we only used documents
from the Form A assessment.) The average length of documents was 51.77 words. Table 4.1
shows detailed descriptive information regarding the student response data.

Investigating the Number of Topics

In topic modeling research, there is no single agreed upon best model selection criterion
for determining the number of topics. Blei et al. (2003) used perplexity to determine the number
of topics. Griffiths and Steyvers (2004) used the log likelihood of the data in order to find the
appropriate number of topics. Chen et al. (2016) used a stability score to find the number of
topics that had the most stability. Lauderdale and Clark (2014) used the deviance information
criterion (DIC; Spiegelhalter, Best, Carlin, & Van Der Linde, 2002) to determine the number of
topics. However, Chang, Gerrish, Wang, Boyed-Graber, and Blei (2009) showed that statistical
model indexes for choosing the number of topics in a corpus and human judgement did not
agree. Grimmer and Stewart (2013) suggested including use of human judgement in addition to
statistical indexes when selecting the number of topics for a corpus.

In this study, we considered a Bayesian measures of model complexity, DIC and AICM

(Raftery, Newton, Satagopan, & Krivitsky, 2007) to determine the number of topics in the
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student responses. These indexes can be useful when a posterior distribution of parameters is
obtained from a MCMC algorithm in that DIC and AICM can be readily obtained from the
MCMC output. We also examined topics by comparing topics that were obtained from different
topic models.

The number of topics was determined by using LDA. This is equivalent to determining
the number of topics by using the topic modeling component of the growth curve topic model.
The detailed equations for DIC and AICM for LDA are given in Appendix C. An exploratory
LDA analysis was fit by estimating models with two topics, three topics, etc., up to an LDA
model with six topics to the student response data. The maximum possible number of topics was
set to be six as the student responses were restricted to the six science scenarios. Previous
research on similar data (Kim et al., 2017) suggested that this limited the possible number of
topics that could appear in the responses.

Table 4.2 presents DIC and AICM values for the five LDA models. A smaller DIC value
and a larger AICM value indicate a better model fit. The DIC values indicate that the LDA
model with six topics was the best fitting model, and the AICM values indicate that the LDA
model with three topics was the best fitting model. After examining the topics from the five
different LDA models carefully, the three-topic model was determined to be the most appropriate
for summarizing the student response data. This was because, when more than three topics were
assumed, some topics were similar to another.

Table 4.3 presents the 15 words with the highest posterior mean estimates of y,,, for each
of the three topics. For each word, y,,, indicates the posterior mean estimate of the probability
that the word appears in a document when the word had assignment to the corresponding topic.

Words in the Topic 1 column are mainly related to everyday language, words in the Topic 2
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column are generally related to discipline specific language, and words in Topic 3 column are
generally concerned with general academic language.

Table 4.4 presents the average of posterior means of topic proportions for documents
from four time points. The proportions in this table indicate that topic proportions for Topic 1
and Topic 3 decreased from Time 1 to Time 4 in general, and topic proportions for Topic 2
tended to increase from Time 1 to Time 4. In the next section, we characterize this change in
topic proportions using the growth curve topic model.
Growth Curve Topic Model Analysis

Estimation. The growth curve topic model with K = 3 was fit to the student response
data. In this analysis, Topic 3 was assigned as the reference topic. As described in the data
section, students’ responses from one of the forms, Form A, were analyzed in this study. Because
of the study design, each student had missing responses (documents) for at most two of the four
time points. This type of missing responses can be considered as planned missingness, and the
missing at random (MAR) assumption can be hold (Bollen & Curran, 2006; Enders, 2010;
Rhemtulla & Hancock, 2016; Schafer & Graham, 2002). Missing responses lead to missing topic
proportions in the structural model component. In order to handle the missing responses, words
in missing documents and missing topic assignments were treated as latent variables and were
sampled during the MCMC sampling process described below. The lengths of missing
documents for each time point were randomly sampled from a Poisson distribution in a way that
the mean of the sampled lengths was similar to the average document length obtained from
observed documents. The Gibbs sampling algorithm including the missing data treatment used

for analyzing the student responses is as follows.
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1) Update y,
A prior distribution on y, was placed as y, ~ Dirichlet(f) with B = 1, where 1, isa
V' x 1 vector consisting of all 1s.
2) Update &;
The tuning parameter ¢ for each topic was chosen in a way that the average acceptance
rate was approximately 0.4.
3) Update pg,
A prior distribution on pg, was placed as pg, ~ N(por, Zox) With po, = (0,0)T and
Xox = 1001, , where I, is a 2 X 2 identity matrix.
4) Update ¥,
A prior distribution was placed on W, as W, ~ IW (v,, S,) wWithvy, =3 and S, = I,.
5) Update z, ; ;
6) For each of the missing documents:
a. Sample topic assignments from the multinomial distribution described in the
algorithm section using sampled missing words.

b. Sample missing words using sampled topic assignments and updated y.

The MCMC chain was run for a total of 50,000 iterations. Convergence was determined
using Geweke’s (Geweke, 1992) convergence diagnostic as implemented in the R package coda
(Plummer, Best, Cowles, & Vines, 2006). The Geweke’s diagnostic values for all parameters
were within the range of -2 and 2 after 15,000 iterations, which indicated that the chains had
converged. These first 15,000 iterations were discarded as burn-in. The subsequent chain was
thinned to every 5" iterations because of limitations in computer memory and storage. Figures

4.1 and 4.2 presents the trace plots of ug, and W, for the thinned chain. The first row of the
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figures are the trace plots for k = 1, and the second row of the figures are the trace plots for k =

2. The trace plots for s, and W appeared to be stabilized after the burn-in period.

Results. Table 4.5 presents the 15 words with the highest posterior mean estimates of
Yiw- It Ccan be seen that some words such as change and cause appeared among the 15 words of
more than one topic in this table. This is because words can appear in all topics. The 15 words in
the Topic 1 column mainly relate to everyday language. The 15 words in the Topic 2 column
mainly relate to discipline-specific language. The 15 words in the Topic 3 column mostly relate
to general technical vocabulary. The topics in Table 4.5 were similar to the topics obtained from
the LDA model (Table 4.3).

Table 4.6 presents the posterior mean estimate and the corresponding 95% credibility
interval for each of the parameters in the structural model component. The mean intercept

estimates for Topic 1 (ug,,) and Topic 2 (ug,,) were positive. The 95% credibility interval for
the ug_, estimate did not include 0, but the 95% credibility interval for the . _, estimate did
include 0. The two estimates indicated that Topic 1 proportions and Topic 2 proportions at time 1
tended to be higher than Topic 3 proportions at time 1. However, the Topic 2 proportions and
Topic 3 proportions at time 1 could be similar since the credibility interval for u;_, included 0.
The posterior mean estimate of the slope for Topic 1 (u¢,,) was negative, and the posterior mean
estimate of the slope for Topic 2 (u,,) was positive. The 95% credibility interval for the g,
estimate included O, but the 95% credibility interval for the ¢, , estimate did not include 0. Thus,
the two estimates indicated that the log odds of using Topic 1 rather than using Topic 3 tended to
decrease in documents over time, and the log odds of using Topic 2 rather than using Topic 3
tended to increase in documents over time. In other words, as students took the test multiple

times, Topic 1 proportions tended to decrease compared to the change in Topic 3 proportions,
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and Topic 2 proportions tended to increase compared to the change in Topic 3 proportions.
However, the change in Topic 1 proportions appear to be similar to the change in Topic 3

proportions since the credibility interval for p;, included O.

The ¥, (1,1), ¥;(2,2), ¥,(1,1) and ¥, (2,2) estimates showed that the log odds of using
Topic 1 and Topic 2 at time 1 varied substantially across students, and also the rate of change for
the two topics varied substantially across students. Both Topic 1 and Topic 2 had negative
covariances between the intercept and slope variables, which indicated that high values for the
log odds of using Topic 1 and Topic 2 at time 1 were associated with the opposite direction of
the corresponding topic’s rate of change in the log odds. The 95% credibility intervals for ¥; and
¥, components did not include 0.
Bayesian Posterior Predictive Checking

A posterior predictive checking approach (Gelman, Meng, & Stern, 1996; Gelman et al.,
2013) was used to evaluate whether data support the assumption of the topic modeling
component. Posterior predictive checks can provide a way to evaluate where the model fits the
data and where the model does not fit the data. The basic idea of this method is that replicated
observations y”¢P are simulated first from its posterior predictive distribution, which is presented

as

p(yPly) = f p(y"°?|@)p(0|y)de,

where 0 is a set of model parameters. Then, these replicated observations are compared to the
observed data using a function that reflects any attributes of interest. It can be set as a minimum
value of y, average value of y, or some value determined by researchers depending on aspects

that they want to evaluate.
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Mimno and Blei (2011) used instantaneous mutual information (IMI) in their posterior
predictive check for goodness of fit of LDA to evaluate the local independence assumption of
LDA. LDA assumes that each word is independently drawn from its topic’s multinomial
distribution. Suppose that w is an observed word, d is a document index, and k is a topic index.

IM1 is defined as follows (Mimno & Blei, 2011):

IMI(w, D|k) = Z P(d|w, k) log P(d|w, k) — Z P(d|k) log P(d|k)
d d

= Z[P(d|w k)log P(d|w, k) — P(d|k)log P(d|k)]

N w k) N(d,w,k) N(d, k) N(dk)
Zl Nw k) 5 Nwr NG NG

Given topic k, if word w appears in only a few documents, IMI (w, D |k) will be high. If word w
tends to appear across all documents, IMI (w, D|k) will be low.

In this study, IMI was used to check words that did and did not satisfy the local
independence assumption. For each word, IMI scores were calculated using the observed data
and simulated data under the independence assumption. Figure 4.3 shows IMI scores for words
in the three topics of the student response data. In each of the plots, the y-axis represents the rank
of the words in the topic, and the x-axis represents IM1I scores. Each bolded circle represents the
observed IMI score of the word that is located below the circle. The red circles represent IMI
scores from 20 replicated data. These red circles represent expected IMI values under the
independence assumption. Words with lower observed IMI scores than corresponding expected
IMI scores indicate that the words tended to be more uniformly distributed across documents
than expected under the model assumption. Words with higher IM1 scores than corresponding

expected IMI scores indicate that the words tended to appear more on some specific documents
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than expected under the model assumption. Most of the observed IMI scores for words in Figure
4.3 were within the range of corresponding expected IMI scores.
Conclusions from the Empirical Study

The analysis of the student response data using the growth curve topic model investigated
latent topics in the corpus of students’ written responses and described how topic proportions in
students’ responses changed over time. Three topics were detected from the students’ responses.
The three topics were related to everyday conversational words, discipline-specific words, and
general technical words. The structural model component detected the changes in topic
proportions over time. At time 1, topic proportions for Topic 1were higher than those for Topic 3
in general, and Topic 2 proportions appeared to be similar to Topic 3 proportions. As students
took the test multiple times, Topic 2 proportions tended to increase compared to the change in
Topic 3 proportions. The change in Topic 1 proportions were largely similar to the change in
Topic 3 proportions. This tendency was also observed in the LDA analysis.

For those words that had high probability estimates for Topic 2, many were related to
questions at the end of the test or technical vocabulary that was associated with scientific
processes (Kim et al., 2017). The change in Topic 2 proportions may indicate either that students
were more likely to complete the test as they took the test multiple times or that this change may
reflect instructional effect in that they learned words related to the scientific processes. However,
it should be noted that there is a limit to the interpretation of our findings because of missing
responses in this data. The main purpose of this empirical data analysis was the demonstration of

the growth curve topic model using a real dataset.
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Simulation Study

A simulation study was conducted to evaluate the performance of the growth curve topic
model with respect to the recovery of parameters in the structural model component. The focus
of this simulation was to investigate the impact of sample size (the number of documents for
each time point and average document length) and the variances of the mean and slope variables
on parameter estimation.
Simulation Study Design

Datasets were generated using the results that were obtained from the empirical data
analysis. That is, the number of topics was fixed at 3, and the word distributions for the topics
were taken from the empirical data analysis. The last topic (i.e., Topic 3) was assigned as the
reference topic. For each time point, three different numbers of documents (D = 150, 250, and
500) were considered, in order to be able to determine the effects of the number of documents on
parameter estimation. In addition, three different average document lengths (L = 50, 100, 150)
were considered to determine the impact of average document length on parameter estimation.
For each of the combinations of document size and average document length, datasets were

generated with different values of W, which is the variance-covariance matrix of &, =

(Ea,i,k, fb,i,k)T. The correlation between ¢, ; , and &, ; , was fixed at -0.6, and two different sets
of values were considered for the variances of &, ; , and &, ; ;. (these are indicated as V1 and V2)
in order to examine the impact of variance size on g, estimation. The V1 condition had
relatively smaller variances in the initial status and the rate of change, and the V2 condition had
greater variances in the initial status and the rate of change. ¥, and ¥, were set to be the same

within each of the V1 and V2 conditions. The generating values of u; and u,, were set to the
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values that were similar to the posterior mean estimates of u; and pg, from the empirical data
analysis. The data generating conditions are summarized in Table 4.7.
Estimation

In this simulation study, the number of topics was assumed to be known as K = 3. The
Gibbs sampling algorithm was used with the following prior distributions:

1) yx ~ Dirichlet(B) with g = 1, for k = 1,2,3.

2) pe, ~ N(pok, Zox) With po, = (0,0)" and Z¢j, = 1001, for k = 1,2.

3) W, ~ IW(vy,S,) withvy, =3and S, = I, fork = 1,2.
The tuning parameter for sampling §; , was set to have an acceptance rate of about 0.4. The total
number of iterations was 75,000. The first 25,000 iterations were discarded for burn-in and the
next 50,000 iterations were used for making posterior inferences. The post burn-in MCMC chain
was thinned to every 5" iteration. That is, every 5" iteration was recorded, so the total number of
recorded post burn-in iterations was 10,000. The results were summarized using 100 converged
replications. Convergence was examined by Geweke’s convergence diagnostic (Geweke, 1992),
Heidelberger and Welch convergence diagnostic (Heidelberger & Welch, 1983), and trace plots.
Label Switching

In this simulation study, topics from the empirical data analysis were used to generate
data. When estimating topics in the growth curve topic model, the order of the topics may not be
the same across replications. This is referred to as label switching. This kind of label switching
can be observed by comparing the generated order of the topics with the resulting model. Those
replications in which the last topic (i.e., the reference topic) was either Topic 1 or Topic 2 are not
appropriate for the results summary of this simulation study because this simulation study was

designed to have Topic 3 as the reference topic. For example, if the last topic was Topic 2 for
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some replications, then the structural model parameters would be estimated with Topic 2 as the
reference topic. This would be different from the true model, which used Topic 3 as the reference
topic. In order to avoid any possible label switching and have Topic 3 as the reference topic,
restrictions were imposed on y = {y4, ¥,, ¥3} using selected words that represents a given topic.
For example, the sum of y; components that correspond to the representative words for Topic 3
was constrained to be larger than the sum of y, components that correspond to the same
representative words or the sum of y; components that correspond to the same representative
words. The selected representative words for a topic consisted of words that were distinguishable
with regard to the probabilities assigned to the words for the three topics. That is, words that had
high probabilities for a given topic but not for the other topics were selected as the representative
words for that topic.
Results

For each condition, posterior mean estimates of u; , ug,, ¥;, and ¥, were evaluated by

obtaining mean absolute bias, standard errors, and coverage rates. The mean absolute bias was

defined as {(4B) = %2§=1|Z(r) — |, where R was the number of replications, { was the
generating value, and Z(T) was a posterior mean estimate of ¢ from the rth replication. The

. 1
coverage rate was defined as CvR = Elnd (lz " S {<u; m), where [; - and uz,,, were the

lower and upper bounds of the 95% credibility interval for Z(T), respectively, and Ind(-) was an

indicator function that had 1when ¢ was within the interval and 0 otherwise.

Tables 4.8 and 4.9 summarize the results for pg, = (ufal,ugbl)Tand Ke, = (#Eazrﬂsbz)T

components, respectively. As shown in Table 4.8, the mean absolute bias and standard errors for

He,, and ug, generally decreased as the average document length (i.e., L) increased or as the
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number of documents (i.e., D) increased for both variance conditions (i.e., V1 and V2). It
appeared that the number of documents had more apparent effect on decreasing mean absolute
bias than average document length. Mean absolute bias values generally decreased as average
document length increased, but the values were quite similar. The coverage rate for u;_ ranged
from 0.90 to 0.98 for the V1 condition and ranged from 0.90 to 97 for the V2 condition. The
coverage rate for ug, . ranged from 0.87 to 0.94 for the V1 condition and ranged from 0.89 to
0.95 for the V2 condition. As can be seen in Table 4.9, mean absolute bias and standard errors
for ug,, and ug,, tended to decrease as the average document length increased or as the number
of documents increased for both variance conditions. Similar to the results found in Table 4.8,
the decreasing pattern of mean absolute bias was more apparent for the number of documents
than for the average document length. The coverage rate for u;_, ranged from 0.83 to 0.99 for
the V1 condition and ranged from 0.92 to 0.98 for the V2 condition. The coverage rate for u;,,
ranged from 0.89 to 0.99 for the V1 condition and ranged from 0.92 to 0.96 for the V2 condition.
For both tables, the values of absolute bias and standard errors under V2 tended to be higher than
those values under V1, although the differences were not large.

Tables 4.10 and 4.11 summarize the results for ¥; and W, components, respectively. In
Table 4.10, it can be seen that the mean absolute bias and standard errors for ¥, (1,1), ¥, (1,2),
and W, (2,2) tended to decrease as the average document length increased or as the number of
documents increased for both variance conditions. As for the coverage rate, ¥, (1,1), ¥;(1,2),
and ¥, (2,2) ranged from 0.63 to 0.99, 0.78 to 0.97, and 0.78 to 0.96, respectively, for V1, and
ranged from 0.61 to 0.98, 0.76 to 0.98, and 0.69 to 0.91, respectively, for V2. As shown in Table
4.11, the mean absolute bias and standard errors for ¥,(1,1), ¥,(1,2), and ¥,(2,2) generally

decreased as the average document length increased or as the document size increased for both
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variance conditions, which was similar to the results shown in Table 4.10. As for the coverage
rate, ¥,(1,1), ¥,(1,2), and ¥, (2,2) ranged from 0.83 to 0.97, 0.77 to 0.94, and 0.83 to 0.98,
respectively, for V1, and ranged from 0.78 to 0.95, 0.81 to 0.95, and 0.80 to 0.95, respectively,
for V2. The coverage rate tended to decrease as average document length or document size
increased for both tables. Further investigation of credibility interval widths indicated that the
widths generally decreased considerably compared to the reduction in the size of bias. This
decrease led to decreasing coverage rates when average document length or document size
increased. In addition, as can be seen in both tables, absolute bias values and standard errors
under the V2 condition tended to be higher than those values under the V1 condition.
Simulation Study Conclusions

The results suggest that both average document length and the number of documents
influence parameter recovery. In general, the longer the average document length, the smaller the
mean absolute bias values, and the larger the number of documents, the smaller the mean
absolute bias values. However, the effect of the number of documents was more apparent than
that of the average document length on parameter recovery. Standard errors also decreased in
general as average document length or the number of documents increased. As the generating
variance increased (i.e., from V1 to V2), the mean absolute bias and standard errors tended to

increase. The coverages rates for u;, and u;, components did not appear to have consistent

patterns, but the coverage rates for ¥; and ¥, components appeared to decrease when average
document length or the number of documents increased.
Discussion
In this study, the growth curve topic model was introduced for analyzing text data

collected over multiple time points. The model was designed to capture latent topics in texts and
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then to help characterize the change in topic proportions. An example of the practical use of this
model in an educational setting was illustrated using empirical data from an NSF-funded host
study. A simulation study was also presented to investigate the impact of sample size and the
variances of mean and slope variables on parameter estimation.

In the empirical data analysis, topics in students’ responses were detected and the change
in students’ use of topics was examined over four time points. The results indicated that certain
patterns of changes in topic proportions were present in the longitudinal data. These changes
were consistent with the changes in topic proportions detected by LDA. Results from the
empirical data analysis were also consistent with findings from previous research that used other
albeit similar data from the same host study. In this regard, Buxton et al. (2014) reported results
from a qualitative analysis that showed an increased use of technical vocabulary and an increased
percentage of lexical density in the posttest responses compared to the pretest responses.
Technical vocabulary and lexical density are types of linguistic features. Technical vocabulary
includes the appropriate use of scientific words. Lexical density is measured by the ratio of
content words to grammatical words. Typically, academic writing has higher lexical density than
non-technical writing. Kim et al. (2017) found that students generally used more words from a
topic characterized as discipline specific language on the posttest. This pattern was also found in
the qualitative analysis in the form of increased use of technical vocabulary and lexical density.
The current study with the growth curve topic model effectively captured these changes in
students’ responses using a linear growth curve model.

The simulation study results indicated that the bias of parameter estimates tended to
decrease as the average document length increased or as the number of documents increased.

However, the number of documents appeared to have more effect on parameter estimation than



92

average document length. The mean absolute values for the shortest average document length
(50) and the longest average document length (150) did not appear to differ appreciably. In
addition, parameter estimates, particularly variance components, from conditions having larger
variances of mean and slope variables (i.e., V2) appeared to have larger mean absolute bias
values. These results suggest that having documents with 50 words on average would be
sufficient for the growth curve topic model analysis, and that the bias of parameter estimates can
be further controlled by the number of documents. In addition, collecting a large number of
documents would be recommended, when large variances of mean and slope variables are
expected.

In this study, topics in the growth curve topic model were fixed across all time points.
This model can be extended by allowing topics to evolve over time, as is possible with the
dynamic topic model (Blei & Lafferty, 2006). If we allow topics to change over time, topics
from one time point will be different from topics from another time point, and the interpretation

of structural model parameters, especially u;, and u,, might be different from the current study.

We conclude this study by specifying some areas that we want to explore for future
research. Roberts et al. (2016) introduced a topic model that incorporates covariates to
investigate the relationship between covariates and topics. The growth curve topic model can
also be extended to include covariates to predict changes in topic proportions. Variables such as
gender or type of intervention may provide useful information on change in topic proportions. In
addition, text data in education are sometimes associated with scores. Some topic models jointly
models texts and associated scores. For example, supervised topic models (e.g., Blei &
McAuliffe, 2008) deal with both documents and associated scores. Extending the growth curve

topic model for jointly model score variables is another possible direction for future research.
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CHAPTER 5
CONCLUDING REMARKS AND FUTURE STUDIES
In education, constructed response items are often used to understand students’ cognitive
processes that multiple-choice items may not reveal. Constructed response items can provide
data that consist of students’ written responses and scored data based on their written responses.
This dissertation addressed different approaches to modeling data obtained from constructed
response items. The dissertation first discussed estimating reliability for categorical responses.
This was initially motivated by an attempt to accurately estimate internal consistency reliability
for a test consisting of constructed response items with items scored with different numbers of
ordered categories. The second and third studies focused on students’ written response to
constructed response items and proposed new models for extracting information from the
responses. This final chapter summarizes findings from the three studies and discusses potential
future research.
Study 1: Reliability for Tests with Items Having Different Numbers of Ordered Categories
There are many methods to estimate the reliability of a test, and structural equation
modeling has been shown to be one that is useful in this regard. In this study, we focused on
estimating reliability for categorical data. Constructed response items are generally scored with
categorical values. The range of the categorical values depends on a rubric and often is not the
same across the items. In this study, we used the structural equation modeling approach to
estimate the reliability of a test consisting of items having unequal numbers of ordered

categories. The proposed nonlinear SEM reliability can handle situations in which a test has
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items with different numbers of ordered categories and structures such as testlets. We provided a
numerical calculation to derive the nonlinear SEM reliability and presented a simulation and an
empirical data analysis for evaluating the performance of the nonlinear SEM reliability.

Results from the simulation study showed that the nonlinear SEM reliability estimate was
close to the population reliability across all conditions. The nonlinear SEM reliability estimate
and population reliability had their lowest values when the number of categories was two and
had their largest values when the number of categories was five. The reliability values for
conditions with a mixed number of categories were located in-between. For purposes of
comparison, coefficient alpha was compared with the nonlinear SEM reliability. Coefficient
alpha was close to the population reliability for simulation conditions under a one-factor model
and for equal numbers of categories. Coefficient alpha values were lower than the population
reliability, however, for conditions in which the data fit a bi-factor model or had items with
unequal numbers of response categories.

In the empirical data analysis, a one-factor model and a bi-factor model were fit to data
from a test consisting of 27 constructed response items, and the nonlinear SEM reliability was
calculated based on parameter estimates from each of the models. The items had 2 or 3 response
categories and had a testlet structure. The one-factor solution did not provide a good fit and
provided an unacceptable reliability coefficient value, which was larger than 1. The bi-factor
solution had a better model fit and was consistent with the construction of the test. For this
solution, the nonlinear SEM reliability estimate was .96. For comparison, coefficient alpha was
also obtained, and the value was .92, i.e., it was lower than the nonlinear SEM reliability under

the bi-factor model.
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Study 2: Exploring Students’ Responses to Constructed Response Items with a Supervised
Mixture Topic Model for Heterogeneous Populations

This study addressed finding relationships between students’ responses to constructed
response items and associated scores. In general, responses to constructed response items are
often paired with scores because the responses are usually graded by raters or by machine.
Investigating the relationship between the responses and scores is informative, especially in the
educational context, because it helps in understanding how students receive scores based on their
written responses. This study also addressed situations in which the population consists of two or
more latent classes, each of which is assumed to have unique relationships between labels (e.g.,
scores) and topic proportions. A new model, MixSLDA was introduced in this study to
investigate relationships in the paired data. This model was designed to detect meaningful
homogeneous subgroups regarding the relationships between topic proportions in examinees’
responses and their scores on their responses. The proposed model was demonstrated using a real
data analysis from an NSF-funded host study on instructing teachers on teaching understanding
of the science inquiry process to middle school students. In addition, a simulation study was
conducted to evaluate the performance of the MixSLDA under practical testing conditions.

In the empirical data analysis, students’ responses to constructed response items and
associated scores were analyzed using MixSLDA. Four topics were detected in students’ written
responses, and two latent classes were discovered in the relationship between students’ responses
and associated scores. The results showed that the relationship between students’ use of the four
topics and their scores differed for the two latent classes. Specifically, the relationship between
scores and the topic related to the understanding of controlling variables differed for the two

latent classes. The expected score for students in Class 1 by using words from the controlling
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variable related topic was lower than the expected score for students in Class 2. This suggests
that students belonging to Class 1 tended to fail in appropriately discussing the controlling
variable related questions.

In the simulation study, the MixSLDA parameter recovery was investigated by
considering topic structure, document size, and document length. Data were generated to
simulate the empirical data. The results from the simulation study suggested that parameter
recovery was influenced by all three components. The mean relative bias values were smaller for
conditions with topics with less similarity, and the mean absolute bias and mean relative bias
generally decreased as document size or document length increased. This simulation study
suggested that documents having more than 50 words on average are necessary for the
MixSLDA analysis given other conditions covered in this simulation study.

Study 3: Topic Modeling for Longitudinal Text Data

Many assessments include essay items or constructed response items in order to measure
growth in students’ in-depth knowledge and in aspects of students’ performance. When text data
are collected longitudinally over multiple time points, the change pattern can be an important
focus of research, similar to growth curve modeling in the social and behavioral sciences.
However, typical methods to model change have focused almost entirely on models and analysis
of data consisting of numeric responses. For textual data, these responses are usually graded first
with numeric scores, and then the scores are analyzed. In this study, we proposed the growth
curve topic model, in which we incorporate topic modeling and growth curve modeling to better
understand how students change their use of language in response to instruction as reflected in

constructed response data. The growth curve topic model was applied to middle-grade students’
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written responses to constructed response items collected over four time points. Additionally, a
simulation study was presented to evaluate the performance of the growth curve topic model.

In order to illustrate the use of the growth curve topic model, an empirical data analysis
using middle school students’ responses to constructed response items was provided. The growth
curve topic model captured three topics in students’ responses and characterized changes in topic
proportions over time. The general technical vocabulary-related topic was the reference topic and
the other two topics were compared with the reference topic. While the use of the everyday
language-related topic tended to decrease over time compared to the reference topic, the
discipline specific language-related topic tended to increase over time compared to the reference
topic. These results were consistent with findings from previous research that used other, albeit
similar, data from the same host study.

In the simulation study, the performance of the growth curve topic model was evaluated
with respect to parameter recovery of the structural model component. The impacts of document
size, document length, and the variances of the mean and slope variables on parameter estimation
were investigated. The results indicated that the three components all influenced parameter
estimation. A larger number of documents or documents with longer length provided less biased
parameter estimates. Also, parameter estimates for conditions with smaller variances tended to
be less biased.

Future Directions

This dissertation consisted of three studies, each of which addressed research questions
related to analyzing constructed response data. Each study has unique suggestions for future
studies. First, Study 1 is based on the assumption that models are correctly specified. As the

empirical data analysis indicated, nonlinear SEM reliability may fail to estimate reliability if a
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wrong model is assumed. Therefore, further study is needed to illustrate the impact of model
misspecification on nonlinear SEM reliability. Study 2 was conducted based on continuous
scores. In education, however, essay responses are often paired with categorical scores.
Extensions of MixSLDA to consider categorical types of scores would be useful for expanding
the application of this model. Finally, with respect to Study 3, the growth curve topic model can
be extended to include covariates, such as grade level or teachers’ participation in the project, to
explain the change in topic proportions. Additionally, the current growth curve topic model
explored text data only. If text data are associated with scores, incorporating score information
into the growth curve topic model would be useful for understanding the interactions between

scores and topics over time.



Table 2.1

Factor Structures Considered in the Simulation Study
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Number of items

Number of group

Number of items per

factors factor
Model 1 9 NA NA
Model 2 18 NA NA
Model 3 9 3 3
Model 4 18 3 6




Table 2.2

The Number of Converged Replications (Model 3 and Model 4)
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Normal Moderate skewness Mixed skewness
Model Gr C2 C5 C25 C2 C5 C25 C2 C5 C25
3 4 89 99 95 76 100 87 41 100 78
3 6 100 100 99 96 100 100 94 100 92
4 4 100 100 100 100 100 100 98 100 100
4 .6 100 100 100 100 100 100 82 100 100

Note. Gr refers to Group factor loading, and C refers to the condition for the number of response

categories
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Table 2.3
The Means of Reliability Coefficients and their Standard Deviations for Data from the One-

factor Models

Normal Moderate skewness Mixed skewness

M Gr C2 C5 C25 C2 C5 C25 C2 C5 C25

1 NA p,; 081 087 083 079 087 08L 077 086 080
pon 0.82 088 084 080 087 082 079 086 0.80

(0.01) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
« 081 087 08 079 087 078 076 085 075

(0.01) (0.01) (0.01) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)

2 NA pyz 000 093 091 088 093 090 087 092 089
pron 090 094 092 089 093 090 088 093 0.89

(0.01) (0.00) (0.01) (0.01) (0.01) (0.01) (0.01) (0.00) (0.01)
@ 090 093 090 088 093 088 087 092 087

(0.01) (0.00) (0.01) (0.01) (0.01) (0.01) (0.01) (0.00) (0.01)

Note. M and Gr refer to Model and Group factor loading, respectively, C refers to the condition
for the number of response categories, and pyx %, Pnon, and a refer to the population reliability for

observed sum scores, nonlinear SEM reliability, and coefficient alpha, respectively.



Table 2.4
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The Means of Reliability Coefficients and their Standard Deviations for Data from the Bifactor

Models
Normal Moderate skewness Mixed skewness
M Gr C2 C5 C25 C2 C5 C25 C2 C5 C25
3 04 pyz 086 0.91 0.88 0.84 0.91 0.87 0.82 0.90 0.85
Prnon 0.86 0.91 0.89 0.85 0.91 0.87 0.84 0.90 0.86
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.02
a 0.83 0.89 0.84 0.81 0.88 0.80 0.78 0.86 0.77
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
3 06 pyz 092 0.95 0.93 0.91 0.96 0.93 0.89 0.95 0.92
Pron 0.92 0.95 0.93 0.91 0.96 0.93 0.89 0.95 0.93
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
a 0.86 0.90 0.85 0.85 0.90 0.83 0.79 0.88 0.78
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
4 04 pyz 092 0.95 0.94 0.91 0.95 0.93 0.90 0.95 0.92
Pron 0.93 0.96 0.94 0.92 0.95 0.93 0.91 0.95 0.93
(0.00) (0.00) (0.00) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
a 091 094 091 0.90 0.94 0.90 0.88 0.93 0.88
(0.01) (0.00) (0.00) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
4 06 pyz 0096 0.98 0.97 0.95 0.98 0.96 0.94 0.97 0.96
Prnon 0.96 0.98 0.97 0.96 0.98 0.97 0.95 0.98 0.96
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
a 093 0.95 0.93 0.92 0.95 0.91 0.90 0.94 0.89
(0.00) (0.00) (0.00) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)

Note. M and Gr refer to Model and Group factor loading, respectively, C refers to the condition

for the number of response categories, and px %, Pnon, and a refer to the population reliability for

observed sum scores, nonlinear SEM reliability, and coefficient alpha, respectively.



Table 2.5

Descriptive Statistics for Each Item in the Assessment
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ltem C M SD Skewness | Item M SD Skewness
1 2 056 050 -0.26 15 0.50 0.76 1.13
2 2 055 050 -0.20 16 0.73 0.64 0.32
3 2 0.60 0.49 -0.41 17 0.32 0.47 0.76
4 2 0.54 0.50 -0.16 18 0.24 0.43 1.22
5 3 1.10 0.87 -0.20 19 0.64 0.82 0.74
6 2 0.71 0.45 -0.92 20 0.77 0.68 0.31
7 2 051 050 -0.04 21 0.63 0.48 -0.55
8 2 0.68 0.47 -0.76 22 0.63 0.87 0.78
9 2 036 048 0.58 23 0.57 0.61 0.55
10 2 043 050 0.28 24 0.59 0.49 -0.35
11 2 045 0.50 0.19 25 0.57 0.84 0.94
12 3 058 0.65 0.67 26 0.18 0.38 1.68
13 2 0.11 031 2.52 27 0.42 0.59 1.07
14 2 0.24 042 1.25

Note. C refers to the number of categories, and M and SD refer to the mean score and the standard

deviation of the score, respectively.
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Figure 3.1. The density plot of the scores.



Table 3.1

DIC and AICM Values for LDA Models with Two to Seven Topics.
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DIC AICM
2 476249 -476780
3 473659 -474856
4 472688 -474603
5 471973 -474950
6 471499 -475590
7 471221 -476134
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Table 3.2

Top 18 Words Having the Highest Posterior Means of Probabilities
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Topic 1 Topic 2 Topic 3 Topic 4

Word Prop. Word Prop. Word Prop. Word Prop.
1 clone 0.049  salt 0.032  fish 0.075  fish 0.045
2  sheep 0.048  temperature 0.030 algae 0.058  because  0.038
3 fish 0.029  water 0.024  small 0.043  more 0.026
4 weight 0.029 same 0.023  cause 0.041 if 0.024
5 non 0.022  increase 0.021  effect 0.040  make 0.024
6  sick 0.022  boail 0.020  population 0.034  eat 0.023
7  people 0.021  energy 0.020  eat 0.032  water 0.020
8  because 0.021  algae 0.019  increase 0.029  salt 0.018
9 time 0.021 if 0.019  because 0.029 die 0.017
10 type 0.020 because 0.019  energy 0.021  one 0.016
11 energy 0.017  faster 0.017  converter 0.021  honey 0.015
12 small 0.014  more 0.016  catalytic  0.018  sick 0.015
13 if 0.014  sheep 0.016  disease 0.018  big 0.014
14 lifting 0.014  pour 0.014  decrease  0.016  much 0.013
15 catalytic 0.014  viscosity 0.014  die 0.015  hot 0.012
16 algae 0.013  hotter 0.014  work 0.013  what 0.012
17 converter 0.013  honey 0.014  kill 0.013  out 0.012
18 temperature 0.013  hypothesis 0.014  large 0.013  up 0.011
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Table 3.3

Averages of Posterior Means of Topic Proportions and the Posterior Means of the Coefficient

Parameters

Topic (7] b
1 0.23 35.09

(30.55, 39.56)
2 0.25 70.72

(67.45, 74.12)
3 0.27 14.04

(11.53, 16.58)
4 0.25 9.88

(6.86, 12.85)

Note. The values in the parentheses for each row presents the 95% credibility interval of the

corresponding coefficient.
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Table 3.4

Top 18 Words Having the Highest Posterior Means of Probabilities

120

Topic 1 Topic 2 Topic 3 Topic 4
Word Prop Word Prop Word Prop Word Prop
1 clone 0.048  salt 0.032  fish 0.076  fish 0.045
2  sheep 0.047  temperature 0.030 algae 0.059  because  0.038
3 fish 0.029  water 0.024  small 0.043  more 0.026
4 weight 0.028  same 0.023  cause 0.041  make 0.024
5 sick 0.022  increase 0.021  effect 0.040  eat 0.023
6 non 0.022  energy 0.020  population 0.034 if 0.023
7  people 0.021  algae 0.020 eat 0.032  water 0.019
8 time 0.021  boail 0.020  increase 0.029  die 0.018
9  Dbecause 0.020  because 0.019  because 0.029  salt 0.018
10 type 0.019 if 0.018  converter 0.021 one 0.016
11 energy 0.017  faster 0.017  energy 0.021  sick 0.015
12 if 0.015  more 0.016  catalytic ~ 0.019  honey 0.015
13 small 0.014  sheep 0.015  disease 0.018  big 0.014
14 lifting 0.014  hotter 0.014  decrease  0.016  much 0.013
15 catalytic 0.013  pour 0.014  die 0.015  what 0.012
16 temperature 0.013  hypothesis  0.014  work 0.013  hot 0.012
17 increase 0.013  viscosity 0.014  large 0.013  out 0.012
18 converter 0.013  honey 0.013  Kkill 0.013 up 0.011
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Table 3.5

Averages of Posterior Means of Topic Proportions and the Posterior Means of the Coefficient

Parameters
0 b
Topics Class 1 Class 2 Class 1 Class 2
1 0.22 0.24 21.48 94.51
(12.77,30.72)  (42.95, 69.41)
2 0.21 0.30 76.71 73.06
(66.83, 86.78) (64.36, 80.64)
3 0.28 0.25 11.47 8.60
(4.76, 18.00) (0.86, 15.33)
4 0.29 0.20 9.98 4.73

(4.93, 15.63) (-2.31, 10.80)

Note. The values in the parentheses for each row presents the 95% credibility interval of the

corresponding coefficient.



Table 3.6

DIC and AICM Values for the MixSLDA Models
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DIC AICM
1 476484 -478938
2 476365 -478873
3 476389 -478948




Table 3.7

Mean Absolute Bias and Relative Bias of by = (b4, b1,, b13, b14)" Estimates Under the S1

123

Condition
AB RB

A D L b1 b1z b13 b14 b1 b1, bi3 b14
2.5 300 50 504 941 524 462 -17.28 1215 -294 484
100 297 6.16 337 342 -764 808 -1210 525

200 217 390 259 288 -282 450 -6.37 081

500 50 326 829 377 366 -1221 1040 -1762 1.92

100 220 490 232 254 -446 6.62 -10.86 -1.25

200 168 343 217 236 -094 386 -769 187

1000 50 197 556 222 224 -717 7.70 -12.00 -4.52

100 149 381 184 158 -343 536 -10.78 -2.02

200 138 257 169 151 -210 318 -640 042

35 300 50 304 816 329 357 -6.84 934 -1558 3.64
100 217 487 260 254 -098 589 -10.22 -2.64

200 147 298 169 217 -173 297 -402 -0.78

500 50 311 648 317 249 -1148 833 -511 190

100 1.52 3.97 1.85 181 -155 519 -851 -2.26

200 1.30 241 1.48 151 -1.72 3.01 -584 1.06

1000 50 155 58 19 177 -5.05 809 -10.03 -3.86

100 106 3.09 135 132 -248 437 -656 -2.87

200 098 189 102 101 -179 235 -389 -0.54

Note. AB = mean absolute bias; RB = mean relative bias; A = mode separation; D = number of
documents; L = average document length.
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Table 3.8
Mean Absolute Bias and Relative Bias of b, = (b1, b2, b3, by,)" Estimates Under the S1

Condition

A D L bz1 bz ba3 ba4 bz, bz ba3 N
25 300 50 6.42 3.85 8.37 8.57 10.46 1.15 -16.45 -33.13
100 3.36 2.95 341 4.77 4.09 0.92 -0.98 -18.07

200 2.30 2.86 2.37 3.54 1.82 0.26 -1.40 -9.02

500 50 3.50 3.61 3.23 6.82 4.97 3.80 -2.53 -30.92

100 251 3.04 2.38 3.39 3.31 162 -131 -14.82

200 2.00 2.27 2.08 2.64 1.85 0.11 -0.20 -8.89

1000 50 2.42 3.74 2.19 4.49 3.75 515 -3.24 -21.49

100 1.87 1.87 1.66 2.98 2.75 1.70 -1.01 -1231

200 1.34 1.48 1.52 1.86 1.43 0.79 0.05 -7.48

3.5 300 50 4.23 3.12 5.12 7.51 5.42 1.16 -391 -25.36
100 2.54 2.93 2.56 4.01 3.36 165 -0.68 -15.70

200 1.60 1.90 1.61 2.31 1.05 0.82 -0.18 -6.08

500 50 3.06 2.80 3.35 6.65 4.64 331 -1.09 -29.65

100 1.85 2.08 1.79 2.86 243 1.75 -0.52 -11.54

200 1.18 1.45 1.38 1.86 1.36 056 -0.18 -5.34

1000 50 2.13 3.00 1.58 3.99 3.45 417 -135 -19.39

100 1.43 1.86 1.17 2.51 2.26 239 -1.10 -11.48

200 0.93 1.02 0.99 1.34 0.71 0.91 0.09 511

Note. AB = mean absolute bias; RB = mean relative bias; A = mode separation; D = number of
documents; L = average document length.
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Table 3.9
Standard Errors and Coverage Rates of by = (b1, b1, b13, b14)" Estimates Under the S1

Condition

A D L by4 by, b3 b14 b11 b, b3 b14
25 300 50 5.35 6.08 7.15 5.67 090 087 095 0.98
100 3.32 4.60 3.66 417 096 086 096 0.96

200 2.75 3.93 3.17 365 094 088 091 0.9

500 50 3.23 5.70 3.59 432 091 070 085 0.9

100 2.66 3.65 2.37 319 094 076 093 094

200 2.18 3.16 2.44 284 093 088 092 0.9

1000 50 2.07 3.29 2.11 265 090 068 090 0.9

100 1.78 243 1.65 192 092 0.72 0.88 0.95

200 1.66 2.28 1.82 202 09 083 092 095

3.5 300 50 3.45 6.68 3.31 431 099 087 089 0.98
100 2.72 4.41 2.79 311 096 083 094 094

200 1.90 3.37 2.22 273 09 090 092 094

500 50 3.56 4.68 5.97 325 086 072 089 0.93

100 1.84 2.99 1.89 222 09 079 090 0.96

200 1.63 212 1.68 183 095 087 094 096

1000 50 1.63 3.18 1.75 207 091 054 088 092

100 1.24 1.99 1.31 159 09 0.74 092 0.92

200 1.18 1.63 1.12 1.26 091 0.80 094 0.97

Note. SE = standard error; CP = coverage rate; A = mode separation; D = number of documents;
L = average document length.
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Table 3.10
Standard Errors and Coverage Rates of b, = (by1, by, b,3, bys)" Estimates Under the S1

Condition

A D L bz1 bz ba3 ba4 bz1 bz ba3 bz
25 300 50 4.93 5.25 9.49 779 082 097 092 0.90
100 3.46 3.77 4.35 455 092 097 094 0.93

200 2.76 3.53 3.13 388 094 092 097 0.93

500 50 3.33 341 4.34 491 091 091 094 0.78

100 2.49 3.66 3.03 296 095 089 094 0.89

200 244 2.87 2.62 284 088 098 094 0091

1000 50 2.18 2.46 2.58 289 085 0.72 093 0.75

100 1.74 1.96 2.06 259 086 093 093 0.77

200 1.50 1.81 1.87 183 092 09 092 0091

3.5 300 50 4.13 4.08 7.25 724 091 096 094 0.87
100 2.55 3.44 3.39 366 093 093 093 0.89

200 1.95 231 2.07 253 095 097 097 094

500 50 2.72 2.46 5.88 527 092 089 090 0.69

100 1.97 2.21 2.23 273 088 090 093 0.86

200 1.44 1.79 1.76 209 093 093 095 0.89

1000 50 1.70 1.74 1.94 252 083 064 096 0.67

100 1.24 1.48 1.46 18 084 081 093 0.71

200 1.14 1.10 1.19 134 091 09 096 0.88

Note. SE = standard error; CP = coverage rate; A = mode separation; D = number of documents;
L = average document length.



Table 3.11
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Mean Absolute Bias, Relative Bias, Standard Errors, and Coverage Rates of o2 Estimates and

Latent Class Membership Recovery Percentages Under the S1 Condition

A D L AB RB SE CP Mem
2.5 300 50 10.60 -32.84 5.87 0.74 77.24
100 4.67 -6.01 5.43 0.97 80.72

200 3.40 -2.54 4.35 0.96 82.99

500 50 8.47 -27.33 4.69 0.70 79.19

100 4.54 -7.63 4.77 0.95 81.86

200 2.77 1.22 3.60 0.96 83.24

1000 50 6.32 -20.36 4.01 0.68 80.31

100 2.78 -5.67 3.18 0.92 82.46

200 2.36 -1.90 2.81 0.94 83.86

3.5 300 50 5.99 -39.75 1.91 0.74 80.77
100 3.38 -17.14 3.01 0.91 84.76

200 1.93 -1.57 2.09 0.96 88.03

500 50 5.89 -38.81 2.33 0.54 81.55

100 2.94 -15.87 2.38 0.84 85.77

200 1.50 -3.71 1.77 0.95 88.10

1000 50 5.21 -34.61 1.90 0.38 83.29

100 2.32 -13.67 1.81 0.78 86.53

200 1.32 -5.59 1.36 0.93 88.64

Note. A = mode separation; D = number of documents; L = average document length; AB =
mean absolute bias; RB = mean relative bias; SE = standard error; CP = coverage rate; Mem =

latent class membership recovery percentage
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Table 3.12
Mean Absolute Bias and Relative Bias of by = (b4, b1,, b13, b14)" Estimates Under the S2

Condition

A D L by4 by, b3 b14 b11 b, b3 b14
25 300 50 2.60 4.41 2.86 337 -233 429 -504 5729
100 2.23 2.75 2.25 257 451 -0.79 558 5093

200 2.00 3.13 2.35 274 010 -2.82 1054 934

500 50 1.91 3.18 2.07 262 -481 243 106 4.39

100 1.59 2.15 1.77 233 -279 -095 521 814

200 1.50 2.39 1.77 235 107 -226 7.07 7.80

1000 50 1.37 2.32 1.13 1.40 -197 153 0.06 0.92

100 1.12 1.60 1.43 165 -099 -0.24 418 3.93

200 1.17 1.57 1.37 145 135 -151 583 291

3.5 300 50 1.91 3.52 1.73 210 -391 359 -0.39 3.92
100 1.65 2.66 1.54 202 386 -298 6.85 6.07

200 1.48 3.08 1.71 1.80 366 -419 10.14 6.34

500 50 1.29 2.19 1.56 157 -071 178 226 0.88

100 1.01 1.78 1.27 149 082 -154 428 5.10

200 0.97 2.22 1.44 141 167 -285 7.46 4.65

1000 50 0.99 1.73 0.95 113 -215 137 080 148

100 0.77 1.27 1.05 1.09 -0.37 -058 474 2.63

200 0.71 1.52 1.05 1.05 108 -1.83 556 321

Note. AB = mean absolute bias; RB = mean relative bias; A = mode separation; D = number of
documents; L = average document length.
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Table 3.13
Mean Absolute Bias and Relative Bias of b, = (b1, b2, b3, by,)" Estimates Under the S2

Condition

A D L bz1 bz ba3 ba4 bz1 bz ba3 bz
25 300 50 281 3.42 2.73 3.30 241  -2.47 2.09 -10.95
100 2.07 3.47 2.21 2.65 0.38 -4.07 2.21 4.39

200 1.83 3.30 2.07 261 -039 -4.06 2.03 4.43

500 50 1.82 2.23 2.24 2.77 097 -0.91 0.04 -8.90

100 1.64 2.08 1.73 205 -0.09 -221 200 -1.06

200 1.65 2.26 1.76 1.81 -1.02 -243 3.04 2.29

1000 50 1.39 1.65 1.45 2.06 1.10 0.52 0.90 -7.30

100 1.07 1.52 1.40 1.27 048 -1.16 1.63 -2.05

200 0.99 1.55 1.28 1.29 -045 -1.88 2.16 3.43

3.5 300 50 1.98 2.58 1.76 2.64 1.79 -1.91 159 -7.26
100 1.58 2.23 1.61 228 -0.74 -231 1.94 6.01

200 1.32 2.71 1.68 211 -106 -3.47 3.44 7.38

500 50 1.30 1.48 1.90 2.09 052 -0.53 0.90 -549

100 1.08 1.54 1.31 147 -046 -1.88 2.02 4.27

200 1.25 1.85 1.18 1.50 -1.01 -2.46 2.25 6.18

1000 50 0.96 1.16 0.95 1.74 0.63 0.63 0.98 -5.08

100 0.79 1.01 1.14 093 -024 -061 184 -0.17

200 0.72 1.32 0.95 1.11  -047 -1.53 2.28 3.82

Note. AB = mean absolute bias; RB = mean relative bias; A = mode separation; D = number of
documents; L = average document length.
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Table 3.14
Standard Errors and Coverage Rates of by = (b1, b1, b13, b14)" Estimates Under the S2

Condition

A D L by4 by, b3 b14 b11 b, b3 b14
25 300 50 3.19 4.50 3.52 414 096 093 092 0.93
100 2.66 3.58 2.76 317 093 097 093 094

200 2.53 3.28 2.43 303 092 088 091 0.89

500 50 2.40 3.56 3.84 328 096 094 094 092

100 1.93 2.70 2.14 247 094 094 093 0.90

200 1.91 2.49 1.94 258 094 087 090 0.87

1000 50 1.66 2.54 1.43 1.70 095 091 097 0.97

100 1.52 1.93 1.63 190 091 09 092 0.93

200 1.39 1.60 1.51 1.78 092 090 0.89 0.90

3.5 300 50 2.14 3.46 2.12 249 097 094 095 0.9
100 1.94 2.62 1.68 258 093 084 094 0.92

200 1.64 211 1.44 194 093 0.75 088 091

500 50 1.77 2.39 3.44 203 09 09 096 0.96

100 1.26 1.98 1.45 159 098 094 094 092

200 1.27 1.74 1.28 154 092 076 0.82 0.90

1000 50 1.14 1.90 1.16 135 09 091 095 0.95

100 0.94 1.47 1.09 1.30 096 095 090 0.92

200 0.88 1.32 1.02 114 094 080 0.83 0.89

Note. SE = standard error; CP = coverage rate; A = mode separation; D = number of documents;
L = average document length.
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Table 3.15
Standard Errors and Coverage Rates of b, = (by1, by, b,3, bys)" Estimates Under the S2

Condition

A D L bz1 bz ba3 ba4 bz1 bz ba3 bz
25 300 50 3.23 3.94 3.19 3.72 094 093 097 0.98
100 2.65 3.33 2.78 319 098 090 089 0.96

200 2.33 2.98 2.47 311 095 085 092 0.96

500 50 2.24 291 3.63 329 093 09 09 0.95

100 2.04 2.05 2.14 266 094 09 090 0.98

200 1.97 231 1.89 227 090 089 093 0.96

1000 50 1.59 2.01 1.74 192 095 094 096 0.97

100 1.37 1.86 1.70 161 094 092 089 0.96

200 1.23 1.29 1.42 147 094 090 090 0.95

3.5 300 50 2.45 3.01 2.11 294 091 094 096 0.96
100 1.96 2.27 1.91 261 095 090 093 0091

200 1.57 221 1.70 216 093 0.77 0.89 0.86

500 50 1.64 1.77 3.55 244 093 097 091 094

100 1.40 1.56 1.48 162 093 092 093 097

200 1.42 1.39 1.21 142 088 084 091 0.88

1000 50 1.14 1.41 1.14 186 095 093 097 0.86

100 1.05 1.25 1.23 122 093 093 087 094

200 0.83 1.13 0.86 112 098 079 086 092

Note. SE = standard error; CP = coverage rate; A = mode separation; D = number of documents;
L = average document length.



Table 3.16
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Mean Absolute Bias, Relative Bias, Standard Errors, and Coverage Rates of o2 Estimates and

Latent Class Membership Recovery Percentage Under the S2 Condition

A D L AB RB SE CP Mem
2.5 300 50 6.14 -17.65 4.93 0.80 81.16
100 4.08 0.13 5.20 0.90 82.58

200 2.95 2.09 3.71 0.97 84.19

500 50 4.55 -11.76 4.05 0.86 81.76

100 2.89 0.41 3.59 0.98 83.74

200 2.62 1.62 3.18 0.95 84.70

1000 50 3.21 -9.67 291 0.80 82.98

100 1.94 0.35 2.50 0.95 84.22

200 1.72 0.07 211 0.98 85.18

3.5 300 50 4.86 -30.70 2.61 0.69 85.84
100 2.39 -1.52 2.68 0.89 88.44

200 1.62 -0.28 2.01 0.95 89.89

500 50 3.83 -23.46 2.59 0.61 86.09

100 1.47 -5.09 1.69 0.94 88.83

200 1.37 -1.93 1.62 0.96 90.05

1000 50 2.72 -18.07 1.46 0.61 87.03

100 1.18 -5.17 1.19 0.94 89.01

200 0.89 -1.34 1.14 0.93 90.40

Note. A = mode separation; D = number of documents; L = average document length; AB =
mean absolute bias; RB = mean relative bias; SE = standard error; CP = coverage rate; Mem =

latent class membership recovery percentage
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Table 3.17

Result Summary for b, and b, under the S1 Condition

b, b,
Mean Mean Mean Mean Mean Mean Mean Mean
A D L AB RB SE CP AB RB SE CP
2.5 300 50 6.08 930 6.06 093 6.80 1530 6.87 0.90
100 398 827 394 094 362 6.02 403 094
200 289 362 338 092 277 312 333 094
500 50 475 1054 421 085 429 1055 400 0.89
100 299 580 297 089 283 526 303 092
200 241 359 265 092 225 276 269 093
1000 50 300 785 253 086 321 841 253 081
100 218 540 194 087 210 444 209 0.87
200 179 303 195 091 155 244 175 0.93
3.5 300 50 452 885 444 093 499 896 567 0.92
100 305 493 326 092 301 53 326 092
200 208 238 256 093 185 203 221 0.96
500 50 381 671 437 085 396 967 408 0.85
100 229 438 223 090 214 406 228 0.89
200 168 291 181 093 146 186 177 0.93
1000 50 278 676 216 081 267 709 198 0.78
100 171 407 153 089 174 431 151 082
200 123 214 130 091 107 171 119 0.93

Note. Mean AB = averaged mean absolute bias across regression coefficients; Mean RB =
averaged mean relative bias across regression coefficients; Mean SE = averaged standard error
across regression coefficients; Mean CP = averaged coverage rate across regression coefficients;
A = mode separation; D = number of documents; L = average document length.
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Table 3.18

Result Summary for b, and b, under the S2 Condition

b, b,
Mean Mean Mean Mean Mean Mean Mean Mean
A D L AB RB SE CP AB RB SE CP
2.5 300 50 331 424 384 094 306 448 352 0.96
100 245 420 3.04 094 260 276 299 0093
200 256 570 282 090 245 273 272 092
500 50 245 318 327 094 226 270 3.02 0.95
100 196 427 231 093 188 134 222 0.9
200 200 455 223 090 187 220 211 092
1000 50 156 112 183 095 164 246 182 0.96
100 145 233 175 093 131 133 163 093
200 139 290 157 090 127 198 135 0.92
3.5 300 50 232 295 255 09 224 314 263 094
100 197 494 221 091 193 275 219 092
200 202 608 178 087 195 384 191 0.86
500 50 165 141 241 09 169 18 235 094
100 1.39 2.93 1.57 0.95 1.35 2.16 151 0.94
200 151 416 146 085 144 297 136 0.88
1000 50 120 145 139 094 120 183 139 093
100 1.04 208 120 093 097 071 119 092
200 1.08 292 109 087 102 203 098 0.89

Note. Mean AB = averaged mean absolute bias across regression coefficients; Mean RB =
averaged mean relative bias across regression coefficients; Mean SE = averaged standard error
across regression coefficients; Mean CP = averaged coverage rate across regression coefficients;
A = mode separation; D = number of documents; L = average document length.
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Table 4.1

The Number of Documents and the Average Document Length for Each Time Point

Time 1 Time 2 Time 3 Time 4

Number of documents 115 136 111 131
Average document length  38.78 (20.57)  52.65(19.79)  55.14 (19.00)  59.42 (20.97)

Note. The numbers in the parentheses are standard deviations.



Table 4.2

DIC and AICM Values for LDA Models with Two to Six Topics
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K DIC AICM

2 279054 -279846
3 277103 -278931
4 276162 -279049
5 275485 -279607
6 274992 -280092




Table 4.3

The 15 Words Having the Highest Posterior Mean Estimates of Probabilities.
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Topic 1 Topic 2 Topic 3

Word Vi Word Vi Word Vi
1 put 0.028 energy 0.047 change 0.065
2 stronger 0.025 increase 0.025 variable 0.063
3 big 0.019 population  0.024 independent 0.029
4 think 0.017 decrease 0.024 cause 0.027
5 little 0.017 different 0.021 dependent  0.020
6 bigger 0.016 amount 0.021 effect 0.019
7 hotter 0.014 Kinetic 0.019 different 0.017
8 all 0.014 temperature 0.018 think 0.016
9 bottlea 0.013 time 0.018 experiment  0.016
10 lot 0.013 person 0.018 hypothesis  0.015
11 muscle 0.012 potential 0.018 bottlea 0.012
12 start 0.012 disease 0.018 fly 0.011
13 hot 0.011 pot 0.017 hour 0.011
14 people 0.010 hypothesis  0.016 happen 0.010
15 down 0.010 hotter 0.015 faster 0.010




Table 4.4

Average of Posterior Means of Proportions for Each of the Topics
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Topic 1 Topic 2 Topic 3
Time 1 0.47 0.25 0.28
(N=115)
Time 2 0.38 0.36 0.25
(N=136)
Time 3 0.36 0.41 0.23
(N=111)
Time 4 0.30 0.50 0.20

(N=131)
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Trace plots for mu (k=1)
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Trace plots for Psi (k=1)
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Table 4.5

The 15 Words Having the Highest Posterior Mean Estimates of Probabilities
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Topic 1 Topic 2 Topic 3

Word Vi Word Vi Word Yiew
1 put 0.024 energy 0.043 variable 0.103
2 stronger 0.023 increase 0.023 change 0.068
3 think 0.020 population  0.022 independent 0.048
4 big 0.016 decrease 0.022 dependent  0.033
5 change 0.016 different 0.020 experiment 0.018
6 bigger 0.016 amount 0.019 hypothesis  0.018
7 little 0.014 Kinetic 0.017 cause 0.016
8 bottleA 0.014 hypothesis  0.017 effect 0.015
9 all 0.013 disease 0.016 response 0.015
10 hotter 0.012 temperature  0.016 manipulate  0.012
11 cause 0.012 potential 0.016 different 0.012
12 lot 0.012 time 0.016 know 0.011
13 fly 0.011 pot 0.016 happen 0.010
14 hot 0.010 person 0.015 observation 0.010
15 muscle 0.010 hotter 0.014 celsius 0.009




Table 4.6
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Posterior Mean Estimates of the Parameters in the Structural Model Component

Parameter Estimate

Topic 1 Ue,y 1.84 (1.43, 2.26)
Ue,, -0.12 (-0.33, 0.08)

W (1,1) 4.42 (3.16, 6.15)

W, (2,2) 1.22 (0.86, 1.76)
W, (1,2) -1.52 (-2.26, -0.98)

Topic 2 Ue oy 0.44 (-0.01, 0.87)

Ue,, 0.68 (0.50, 0.86)

w,(1,1) 5.20 (3.65, 7.31)

w,(2,2) 0.51 (0.31, 0.76)

w,(1,2)

-0.71 (-1.31, -0.23)
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Table 4.7

Summary of Simulation Study Conditions
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D L He .y 22 3% HUe,, Uy, Y (1,1) We(22) WY(12)
V1 150 50 1.5 -0.2 0.4 0.5 3 0.5 -0.73
100 1.5 -0.2 0.4 0.5 3 0.5 -0.73
150 1.5 -0.2 0.4 0.5 3 0.5 -0.73
250 50 1.5 -0.2 0.4 0.5 3 0.5 -0.73
100 1.5 -0.2 0.4 0.5 3 0.5 -0.73
150 1.5 -0.2 0.4 0.5 3 0.5 -0.73
500 50 1.5 -0.2 0.4 0.5 3 0.5 -0.73
100 1.5 -0.2 0.4 0.5 3 0.5 -0.73
150 1.5 -0.2 0.4 0.5 3 0.5 -0.73
V2 150 50 1.5 -0.2 0.4 0.5 5 1 -1.34
100 1.5 -0.2 0.4 0.5 ) 1 -1.34
150 1.5 -0.2 0.4 0.5 ) 1 -1.34
250 50 1.5 -0.2 0.4 0.5 5 1 -1.34
100 1.5 -0.2 0.4 0.5 5 1 -1.34
150 1.5 -0.2 04 0.5 5) 1 -1.34
500 50 1.5 -0.2 0.4 0.5 5) 1 -1.34
100 1.5 -0.2 0.4 0.5 5 1 -1.34
150 1.5 -0.2 0.4 0.5 5 1 -1.34

Note. D = number of documents for each time point. L = average document length.



Table 4.8

Mean Absolute Bias, Standard Errors, and Coverage Rates for ps, = (ue,,, .Ufbl)T
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Hear Hepa

Var D L AB SE CvR AB SE CvR
V1 150 50 0.16 0.19 0.96 0.08 0.08 0.87
100 0.12 0.14 0.96 0.06 0.07 0.90

150 0.11 0.14 0.98 0.07 0.07 0.89

250 50 0.12 0.15 0.93 0.06 0.06 0.89

100 0.10 0.12 0.94 0.05 0.05 0.91

150 0.10 0.12 0.95 0.04 0.05 0.94

500 50 0.07 0.09 0.97 0.04 0.04 0.94

100 0.07 0.09 0.91 0.04 0.04 0.91

150 0.08 0.08 0.90 0.03 0.04 0.90

V2 150 50 0.16 0.22 0.92 0.09 0.10 0.93
100 0.15 0.19 0.95 0.09 0.11 0.89

150 0.15 0.19 0.94 0.07 0.09 0.94

250 50 0.12 0.15 0.97 0.07 0.08 0.91

100 0.12 0.14 0.95 0.06 0.06 0.95

150 0.12 0.14 0.94 0.05 0.06 0.93

500 50 0.09 0.10 0.96 0.05 0.05 0.93

100 0.10 0.10 0.90 0.05 0.06 0.89

150 0.11 0.11 0.91 0.04 0.05 0.92

Note. Var = variance condition. D = number of documents for each time point. L = average

document length. AB = mean absolute bias. SE = standard error. CvR = coverage rate.



Table 4.9

Mean Absolute Bias, Standard Errors, and Coverage Rates for ps, = (ue,,, ugbz)T
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Keas Hepa

Var D L AB SE CvR AB SE CvR
V1 150 50 0.24 0.22 0.83 0.06 0.08 0.96
100 0.13 0.15 0.96 0.04 0.06 0.99

150 0.13 0.17 0.92 0.06 0.07 0.90

250 50 0.13 0.16 0.95 0.05 0.06 0.96

100 0.11 0.14 0.94 0.04 0.06 0.94

150 0.09 0.11 0.99 0.05 0.05 0.93

500 50 0.09 0.11 0.95 0.03 0.04 0.98

100 0.07 0.08 0.98 0.03 0.04 0.89

150 0.07 0.08 0.97 0.03 0.03 0.92

V2 150 50 0.18 0.22 0.94 0.08 0.10 0.95
100 0.14 0.18 0.95 0.07 0.08 0.96

150 0.17 0.21 0.93 0.07 0.09 0.96

250 50 0.14 0.18 0.95 0.07 0.08 0.94

100 0.13 0.16 0.97 0.06 0.07 0.96

150 0.14 0.17 0.92 0.06 0.08 0.92

500 50 0.08 0.10 0.98 0.05 0.05 0.94

100 0.08 0.10 0.96 0.05 0.05 0.93

150 0.08 0.10 0.96 0.04 0.05 0.93

Note. Var = variance condition. D = number of documents for each time point. L = average

document length. AB = mean absolute bias. SE = standard error. CvR = coverage rate.



Table 4.10

Mean Absolute Bias, Standard Errors, and Coverage Rates for ¥,
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v, (1,1) v, (1,2) v, (2,2)

Var D L AB SE CvR AB SE CvR AB SE CVvR
V1 150 50 045 057 099 018 021 097 008 011 0.96
100 040 038 091 013 013 091 007 0.07 094
150 047 040 084 015 013 090 0.07 0.06 0.9
250 50 036 041 093 013 015 094 007 0.07 0.93
100 039 036 08 013 013 084 007 0.06 0.78
150 037 030 08 011 011 086 006 0.05 0.84
500 50 036 028 077 010 010 0.87 006 0.05 0.86
100 037 024 063 010 008 081 006 0.04 0.78
150 036 021 064 0.09 008 078 006 0.04 0.78
V2 150 50 076 080 098 029 032 098 015 017 091
100 077 067 08 025 025 090 015 015 0.87
150 078 063 08 026 026 08 015 013 0.84
250 50 062 066 088 022 024 091 013 012 091
100 076 058 074 023 021 08 014 011 o081
150 068 046 082 017 017 090 011 009 091
500 50 072 052 070 021 019 078 014 011 0.74
100 072 034 066 019 012 076 013 0.07 0.64
150 066 035 061 018 014 080 0.12 0.08 0.69

Note. Var = variance condition. D = number of documents for each time point. L = average

document length. AB = mean absolute bias. SE = standard error. CVvR = coverage rate.



Table 4.11

Mean Absolute Bias, Standard Errors, and Coverage Rates for W,
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Y,(1,1) wY,(1,2) WY,(2,2)

Var D L AB SE CvR AB SE CvR AB SE CvR
V1l 150 50 043 058 09 016 020 092 008 010 096
100 042 048 097 013 015 092 006 007 0.97

150 03 042 091 013 015 092 005 0.06 0.98

250 50 041 049 092 013 016 092 006 0.07 096

100 030 03 092 010 011 094 005 006 093

150 034 033 08 010 011 088 005 006 0.91

500 50 027 031 089 009 010 092 004 0.05 0.96

100 024 023 093 007 008 093 004 004 096

150 030 028 083 009 010 077 005 0.04 083

V2 150 50 071 087 09 032 040 089 017 022 0091
100 071 081 092 025 029 092 012 015 095

150 059 064 091 021 024 094 012 013 094

250 50 062 071 094 024 026 093 012 014 090

100 053 057 087 018 020 087 012 012 0.89

150 066 059 078 020 020 08 011 011 0.88

500 50 053 051 08 016 016 088 0.09 0.08 0.92

100 047 038 08 014 013 095 009 0.08 0.87

150 051 042 078 015 015 081 009 0.08 0.80

Note. Var = variance condition. D = number of documents for each time point. L = average

document length. AB = mean absolute bias. SE = standard error. CVvR = coverage rate.
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APPENDIX A
CALCULATIONS FOR EQUATION 2.10

Appendix A describes the computation of covariance between observed scores from two

parallel tests (X; and X 1), which is represented as Cov( i Xjr ) This covariance can be
expressed by using the expectations of X; and X i

Cov(X;, %) = E(4,%,) — E(X)E(R,). (B
Suppose item j has C; categories, and item j has C;/ categories. The vectors of underlying
continuous variables X* = (X7, ..., X;) and X* = (X;, ..., X;) are assumed to follow a

multivariate normal distribution with covariance matrix X that has 1 as the diagonal elements.

The first term on the right hand side of Equation (B1) can be expressed as

Cj_l le—l

E(X;X) = z Z klP v <X <V, hy < X Shjlf+1), (B2)

where {v; , v, ..., ”jcj} and {h] Jhjr, ,hjé _,} are thresholds for items j and j', respectively, and
]

v, ,hy,v; ,and h;; are —oo, —o, 00, and oo, respectively. Since X and X} are the underlying
Jo* "o’ Tic; ch, J ]

continuous variables from the parallel items, Equation (B2) can be rewritten as

Cj_1C/ -1

X;%;) = z Z kP (v, < Xj <V by < X <hy )

i g—1
C] 1C]/

= Z Z kL[ @3 (v by, i) = @2 (Vi s s, )
k=0 [=0

— , (vjk, hy s px;xj.,) + @, (ij' hji; Px;x }r)]
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_ { TSk~ k= 1+ 1) Dy (v pxjx:,) + Eily (kG = Cp =k +
1), (v]k,h . pX;X;,> +3 N G- 1- ¢ +1) @, (ij s P ) +(¢Cjr —
¢+ 1), (vjcj,hj,:jl; pX;X;,)}—{ TS k= D g (v by pyexe 5+
56— D@ (vie, by o, )} -
{ ‘- 121 ] "kl — k) @, (vjk,hj{;px;x;,) Y (ke — k)@, (v,-k, jéj,;px;x;,>}+
(BT ks (s pxix,))

- - C. -1
ch 121 1 P2 (ij:h’ Pxix* ) (C 1 —1) ZCJ ' 1(ij) -(G-1) il @ (hj{) +
(- D(¢ ~1),
where @, (ka' hyr; Px;ix *_,) is the cumulative bivariate normal distribution function of v;, and hr
J

with correlation Pxix ") and @, (v;, ) is the cumulative univariate normal distribution function of
]

vj,- Similarly, the expectation of X; can be represented as

¢j-1 Cj—1 cj-1
()= D kP(=k) = ) kP(y, <X} <v,.,) = D k[®:(y,,) = @1(v,)]
k=0 k=0 k=0
Cj—1
Z(k — 1)CI>1(vjk Z k(bl(v]k
Cj-1 Cj—1 Cj-1
- z (k - 1)¢1(ij) - Z kCI>1(vjk) + (C] - 1)(1)1 (Vjcj) == Z ¢1(ij) + (C] - 1).
k=1 k=1 pr]

Thus,



151

E(X)E(X;) = Zcbl(vjk)Zaa (c—anm (c,_l)z ®1(v;,)

+ (¢ —1)(c;r —1).
Therefore,

Cov(X;, X)) = E(X;X;) — E(X;)E(X;7)
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APPENDIX B
SAMPLE R CODE FOR ESTIMATING NONLINEAR SEM RELIABILITY COEFFICIENT
The following is a program in R used for estimating nonlinear SEM reliability coefficient

using the data generated from Structurel with condition C25.

library(pbivnorm)

nfact = 1 # Number of factors

nitem = 9 # Number of items

nth = ¢(1,1,4,1,1,4,1,1,4) # Number of thresholds for each item
maxths = max(nth) # Maximum number of thresholds

# Factor loading estimates
lamb.est = matrix(c(0.690,0.716,0.702,0.700, 0.636, 0.651, ©.643, 0.743, 0.69
1), ncol=nfact)

# Thresholds for items

Thr = matrix(c(-0.095,rep(NA,3),-0.015,rep(NA,3),-1.645,-0.548,0.681,1.645,
0.005,rep(NA,3),0.015,rep(NA,3),-1.626,-0.577,0.752,1.728,
0.010,rep(NA,3),0.111,rep(NA,3),-1.626,-0.668,0.559,1.774),ncC

ol=nitem)

# Estimated polychoric correlations

polych = diag(nitem)

polych[lower.tri(polych,diag=F)] = c(0.537,0.455,0.417,0.474,0.422,0.423,0.51
4,0.522,

0.544,0.493,0.471,0.478,0.454,0.458,0.457,
0.487,0.456,0.420,0.445,0.549,0.478,0.448,0.422,0.409,0.596,0.512,
0.446,0.350,0.432,0.420,0.497,0.469,0.440,0.461,0.445,0.514)
polych[upper.tri(polych, diag=F)] = t(polych)[upper.tri(t(polych), diag=F)]

# Factor covariance matrix
FacCor = diag(nfact)

rhoM = lamb.est%*%FacCor%*%t(lamb.est)

#Calculation of nonlinear SEM reliability
nom = denom = matrix(NA, nrow=nitem,ncol=nitem)
for(j in 1:nitem){
for(jp in 1l:nitem){
phi2_n = phi2_d = as.data.frame(matrix(NA, nrow = nth[j], ncol = nth[jp])
)

for(k in 1:nth[j]){
for(l in 1:nth[jp]){
phi2_n[k,1] pbivnorm(Thr[k,j],Thr[1,jp], rho=rhoM[j,jp])
phi2 d[k,1] pbivnorm(Thr[k,j],Thr[1,jp], rho=polych[j,jp])
} #1



} #k
phil.j = pnorm(Thr[!is.na(Thr[,3j]1),j],0,1)
phil.jp = pnorm(Thr[!is.na(Thr[,jp]),jp],0,1)
nom[j,jp] = sum(phi2_n) - sum(phil.j)*sum(phil.jp)
denom[j,jp] = sum(phi2_d) - sum(phil.j)*sum(phil.jp)
> #3p
}#3

#nonlinear SEM reliability estimate
sem.rel = sum(nom)/sum(denom)

153
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APPENDIX C
MISCELLANEOUS EQUATIONS
C.1 Latent Dirichlet Allocation
The generative model of LDA is as follows:

1. For each topic k, draw a VV x 1 vector of word distribution y, ~ Dirichlet().
2. For each document i,

a. Draw a K x 1 vector of topic proportions 8; ~ Dirichlet(a).
3. For each word in document i (w; ,,),

a. Assignatopic z;,, ~ Multinomial(0;).

b. Draw aterm w;, ~ Multinomial(y,, ).

With augmented data w with realized values of z, the joint distribution of w, 0, z, y

given the hyper parameters is

. (€.1)

K
| [porum
k=1

D N;
p(W, 0' Z,Y, |6{, ﬁ) = Hp(ella) Hp(zi,nlei)p(wi,nlzi,n' Y)
i=1 n=1

C.2 Gibbs sampling equations for latent Dirichlet allocation
1) The full conditional distribution of y, is
(Y«|B,w, z) ~ Dirichlet(N, + B),
where Ny, = (Ngq, ..., Nip)T.
2) The full conditional distribution of @; is

0; ~ Dirichlet(N; + a),

Where Ni = (Nil’ ...,NiK)T.
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3) The full conditional distribution of z; ,, is

(Zi,nleir Wi,n =7, Y) ~ Multinomial(gilylw 91‘2]/217 ey giK)/Kv)-

C.3 Calculating DIC and AICM for Latent Dirichlet Allocation®

Suppose 0 is a set of parameters that we focus on and y is observed data. DIC is defined

as
DIC = D(0©) + 2pp,
where
D(©) = —2log{p(y|0)} + 2log{f (1)},
and

Pp = W - D(0),
which is the effective number of parameters. The second term of D(@®), 2 log{f (y)}, isa
constant in that it is not influenced by model parameters. Thus, we ignore the second term here
for model comparison purposes.
AICM is defined as
AICM = 2(1(8) ~ 5%ey),
where

S
— 1
IOEESWIER)

s=1

and

5 For the prior distributions of the LDA parameters, we chose & = 1 and g = 1, sothat@;.,

and y;, have uniform distribution on the simplex. Here, 1y indicates a K x 1 vector consisted of
1.
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S
1 —
s2(0) =5 ) (1(6%) ~(®))"

Here, 1(®) = log{p(y|®)}, ®) is a sample from the posterior distribution at the sth iteration,
and S is the total number of iterations.

DIC depends on the choice of focused parameters. If we focus on ® = {0, y}, [(0®) and

(@) for calculating DIC and AICM can be obtained as follows:

D K
1(@) = log{p(w|6,y)} = Z Z log (Z ykveik>;
k=1

i=1 vew;

and

D K

l((T)) = Z log <Z _kvg_lk>;

=1 vew; k=1

where
1o 1o
Vkv Ez Vk(f;) ’ e_lk = S el(lf)
s=1 s=1

C.4 Calculating DIC and AICM for MixSLDA
For MixSLDA, if we focus on parameters @ = {8,y, b, &2, }, 1(®) and L(®) for
calculating DIC and AICM can be obtained as follows:

1(0) = log{p(w, y|0)} = log{p(w|0,)} + log{p(16, b, 5%, m)}

D N;

D
= log H p(Winl0:v) ¢ + log {ﬂ p(v:0;,b, 32.1t)}
1 i=1

i=1 n=
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D Ni D
=> > log Zp(wm,zm|el,y)}+zmg > 1(.616: 5,5 m)

i=1n=1 Zn,i Cqg

,...

D Ni D
=> > log Zp(wi,n|zi,n,y)p(zi,nwi)}+Zlog > p(Colm)p(r:1C,, 0,5,3)

5 5 (S ) Son{S el
= 0g ViwUik 0g n eXpy =57 Wi~ j ,
-y vYi . g Znaj 20'g2 i gYi

i=1 vew; k=1 i=1 g=1
and similarly,
D K D G
1(0) = Z z log (Z _kve_ik> + Zlog Z Ty I = — €Xp {_i—z(yi - Egai)z}l )
i=1 vew; k=1 i=1 g=1 e 204
where
Viw = S 2s- Vs O = §Z§=1 O » by =% S.1by, 7 =% "sg=1025(7$)' T ZS 11

In addition, {(@®) can be obtained as




