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ABSTRACT

This dissertation consists of two parts describing the use of Graphical Processing Unit
(GPU) accelerated Monte Carlo simulations to attack problems in statistical physics. In
Part (1) we use the parallel tempering algorithm on a GPU and perform large-scale Monte
Carlo simulations of two different Ising models on square lattices subject to uniform mag-
netic fields with competing interactions: (a) antiferromagnetic (repulsive) nearest-neighbor
(NN) and next-nearest-neighbor (NNN) interactions of the same strength and (b) two-body
and three-body interactions. In both cases, phase diagrams are obtained and critical behav-
iors are studied. In part (2) we study the temperature dependence of structural properties
and thermodynamic behavior of water clusters using Wang-Landau sampling. Five different
empirical water models are compared, base on which the suggestion for the choice of the
water model in Monte Carlo simulations for water clusters and/or inclusions is provided.
We also present an implementation for the massively parallel Wang-Landau sampling on
multiple GPUs. For GPU applications in both parts, we obtain a 50 ~ 200 times speedup
comparing to corresponding codes on the current generation Intel Central Processing Unit
(CPU).
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CHAPTER 1

INTRODUCTION AND MOTIVATION

In the study of low-dimensional magnets [1], in addition to the nearest neighbor interaction,
usually the next-nearest neighbor interaction also comes into play. If both interactions are
ferromagnetic, the system will only undergo a transition to a ferromagnetic state and there
are seldom complexities. However, if both interactions are antiferromagnetic, the system is
frustrated and there may be multiple configurations of quite similar free energy, which can
significantly complicate the phase diagram and the critical behavior. Similar effects can be
seen by introducing multiple spin interactions, where one can observe tricritical phenomena
or the terminating critical point in the suitable range of relative interaction strengths.

On the other hand, such competing interactions also bring complications to simulations
and analyses. Even with efficient sampling methods, relatively large lattice sizes are often
necessary to approach enough resolution to study the nature of these transitions. In the first
half of this dissertation, we try to tackle these problems of the two dimensional Ising model
with competing interactions, which are not only of theoretical interest, but also have possible
applications in Graphene and adiabatic quantum computing [2].

The second half of this dissertation is a part of a collaborative project with Oak Ridge
National Lab and Vanderbilt University to develop a petaFLOPS application framework for
the simulation of biomolecular systems. We start our exploration with water clusters, and
develop a generic scheme for massively parallel Wang-Landau sampling.

Wang-Landau sampling [3] as a novel uniform Monte Carlo sampling method has been
drawing increasing interest in simulations [4] of both discrete and continuous systems with

complex free energy landscapes. The advantage over traditional sampling methods, such as



Metropolis sampling, lies in the fact that in Wang-Landau sampling the system behaves like
a random walker in energy and/or other parameter space, instead of being constrained by
the Boltzmann distribution. Therefore, a broad parameter space can be effectively sampled
in a single simulation. By directly estimating the density of states, one can obtain thermal
quantities, such as the free energy, as continuous functions of the temperature and/or other
conjugated field variables. Furthermore, the algorithm can be easily implemented on multiple
processors and the parallelization is also straightforward.

As the computing power of a Graphical Processing Unit (GPU) surpassed that of a
Central Processing Unit (CPU) by orders of magnitude in the last decade, a GPU device
becomes an ideal platform for massively parallel applications. For Monte Carlo simulations,
there are several studies reported for lattice magnetic models [5], since a regular lattice with
short range interactions can be naturally divided into blocks and hence run simultaneously
following a checkerboard scheme. For off-lattice models, the parallelization usually obtained
with an appropriate algorithm, such as parallel tempering [6] (see Chapter 3) or the Wang-
Landau method (see Chapter 5), and it does not depend on the specific system.

In the next Chapter, we will briefly review the methods that are applied in the simulation
and analysis. Results for the Ising model with antiferromagnetic nearest- and next-nearest-
neighbor interactions are presented in Chapter 3, and the Ising model with two- and three-
body interactions are presented in Chapter 4. In the last Chapter, we will discuss our results
for water clusters with five different empirical water potentials, and present a multi-GPU

implementation for Wang-Landau sampling.



CHAPTER 2

SIMULATION METHODS AND ANALYSES

2.1 PARALLEL TEMPERING METHOD

The Metropolis algorithm [12] is the best known importance sampling Monte Carlo scheme
that generates configurations of the system according to a predefined distribution. For a
Boltzmann distribution, the transition probability at a given temperature T is given by
min[l,exp(—AE/kgT)|, where kp is the Boltzmann constant and AFE is the change of
energy before and after the transition move. It works well for simple systems, such as the
nearest-neighbor Ising square lattice. However, for a system with a complicated free energy
landscape, it can easily get stuck at some metastable state, especially at low temperature,
and hence give the wrong statistical average. Luckily, the parallel tempering method [13, 14]
provides an easy and effective way to overcome this problem.

The basic idea of the parallel tempering method is similar to simulated annealing [15]
which enables the system to escape from the metastable state by increasing the temperature
and then relaxing to equilibrium again. In a sense, parallel tempering is like a super-simulated
annealing. Many replicas of the same system at different temperatures are simulated simul-
taneously, and after a fixed number of Monte Carlo steps, a swap trial of configurations
between neighboring replicas is performed with a Metropolis-like probability which satisfies
the detailed balance condition. In our simulations, one Monte Carlo step is defined as an
update trial for every spin, and an extra swap trial in the case of parallel tempering. The
transition probability from a configuration X, simulated at temperature /3, (8 = kB%T) to a

configuration X,, simulated at temperature (3, would be

W( X, Bl X, Brn) = min[l, exp(—A)], (2.1)

3



A= (ﬁn - ﬁm)(Hm - Hn) (2~2)

In general, such replica exchange not only applies to the temperature set, but also can
apply to any other sets of fields, such as the external magnetic field. Following the same

argument, one can get the transition probability from {X,,, H,,} to {X,, H,}
W (X, Hpn| Xn, Hy,) = min[l,exp(=A)], (2.3)
A= B(Hn - Hm)(Mm - Mn) (24)

where M,,, M,, are the uniform magnetizations of replica m and n, respectively.

2.2 WANG-LANDAU METHOD

Unlike conventional Metropolis methods that generate a canonical distribution at a given
temperature 7', the Wang-Landau method estimates the density of states g(E) directly and
accurately via a random walk that produces a flat histogram H(FE) in energy space. Since
the partition function can be calculated as

Z= Y TN g(B)e T (2.5)
E

con figurations

where kp is the Boltzman factor, once g(FE) is estimated, one can calculate Z at any 7', hence
any thermodynamic quantities can be evaluated as continuous functions of the temperature.

The simulation procedure follows several stages:

1. initialize g(E), H(E) and modification factor f

2. randomly pick a particle, and perform a trial move
that drives the system from E to E°

3. accept the trial move with probability min[1,g(E)/g(E)];
update g(E) = g(E) x f and H(E) = H(E) + 1

4. repeat 2 and 3 until H(E) is flat according to a predefined criterion
5. reset H(E) = 0 and f = sqrt(f)

6. repeat 2-5 until f is no bigger than a predefined minimum value



We choose the initial modification factor to be e >~ 2.71828 which allows us to quickly reach
all possible energy levels. Too big or too small an initial value would cause either more
interactive stages or more Monte Carlo steps for each stage. In order to obtain an accurate
estimation of g(E), the final f often should be smaller than exp(10~7) ~ 1.0000001. As for
the flatness criterion for H(FE), usually, making sure the minimum entry is no less than 60%

of the average of all entries is stringent enough for relatively large systems.

2.3 GENERAL PurPOSE COMPUTING ON GPU

In Fig. 2.1, we show the typical architecture of a Graphic Processing Unit (GPU). A single
GPU card contains several multiprocessors, and each multiprocessor contains many cores
(processors). For each core, there is a very small private memory space for registers, and
cores on the same multiprocessor share a public memory space. All the multiprocessors then
share a bigger memory space, called global device memory. Cores can communicate with
each other through the global memory, and neighboring cores on a multiprocessor can also
exchange information by the shared memory, which is about two orders of magnitude faster
than the global memory. There is a part of the device memory that only allows read access
from a device function, called the constant memory, the speed of which is between the speeds
of shared memory and the global memory. Currently, to fully utilize the computing power of
a GPU, one has to explicitly deal with optimizing memory access.

For non-graphical applications, Compute Unified Device Architecture (CUDA) provides
the Application Programming Interface (API) that drives the general purpose computing on
a GPU. Therefore, on the programmer’s end, the coding style is exactly C (or C++, Fortran)
language with simple extension. The challenging part comes with the parallel algorithm and
the optimization of the thread and memory hierarchy. Threads are grouped into blocks, and
blocks into grids. A GPU device function must specify the block and grid configuration,
which could affect the performance depending on resources of a specific GPU card. For more

detail, please refer to the CUDA manual [16].
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Table 2.1: Comparisons of the current generation CPU and GPUs.

Device Peak Performance(GFLOPS) Peak Memory Bandwidth
Single Precision | Double Precision (GB/s)
i7 930 66 33 25.6
GTX285 1063 86 159
Tesla S1070 1035 86 102
Tesla C2050 1030 515 144

To present the advantage of GPU computing, we list the peak performance and the peak
memory bandwidth for a CPU and three GPUs that are used in the simulations throughout
this dissertation in Table 2.1. In single precision, a GPU outperforms a CPU by more than
an order of magnitude. This is also the case in double precision for the latest GPU with
the Fermi architecture (Tesla C2050). As for the speed of memory access which is specially
important for a parallel application, a GPU is also four to six times faster. Overall, it is

possible for a GPU application to gain a speedup of almost two orders of magnitude.

2.4 FINITE-SIZE SCALING ANALYSES

In the computer simulation of lattice magnetic models (or equivalently, lattice gas models),
we can estimate quantities such as magnetization M (first moment), susceptibility x (second
moment), fourth-order cumulant U, and specific heat C' from finite size systems. Ultimately,
we aim to study the critical behavior in the thermodynamic limit (infinite size systems), and
the finite-size scaling theory [7] provides analyses to extract critical exponents («, 3,7, V)
from the data near the critical point.

The maximum slope of the fourth-order cumulant U, follows [8]

dU, 1
— =dlLv(1 ' 2.
(dK)W dLEL4 VL), (2.6)



where K = ‘g—g (Jnyn is the nearest-neighbor coupling constant and 7" is the temperature)
and the L™ term indicates the correction to scaling. The correlation length exponent v can
be estimated directly.

With the exponent v and critical temperature T, at hand, the critical exponent 8 and

can be extracted from the data collapsing of the finite-size scaling forms,

M =L *X(tL?) (2.7)
xT = LVY (tLv) (2.8)
where ¢t = |1 — Tlc|, and X and Y are universal functions whose analytical forms are not

known. One can also estimate the exponent « from the relation of the peak position with
lattice size for the specific heat

Crnaz = cLv + Cj (2.9)

where Cj is the “background” contribution. In some cases when the appropriate paths, i.e.
which are perpendicular to the phase boundary, are ones of constant temperatures, then the
critical behavior would be expressed in terms of reduced field h = |1 — %L and all the above
analysis still applies.

Actually, these critical exponents are not completely independent of each other. Instead,
they are bound by the hyper-scaling laws [9], which can be used as a way to check the

self-consistency of the evaluated critical exponents.

2.5 FIELD MIXING ANALYSES

In general, the relevant scaling fields 7 and h that characterize the critical behavior are

comprised of linear combinations of the thermodynamic fields 7" and H as [10]

T=T—T.+s(H - H,) (2.10)



h=H—H,+r(T-T) (2.11)

where s and r are parameters controlling the extent of field mixing. As a result, the associated
conjugate scaling operators £ and M are also linear combinations of the spin-spin interaction

energy density u and the magnetization m as

U —rm

E= 2.12

1—rs ( )
m — su

= 2.13

M 1—rs ( )

1
m= Z 0 (2.14)

U= % (Z oi0j + RZaiak + Ry Z U¢0j0k> (2.15)

i#] i#k i#j#k
where N is the total number of spins. According to finite-size scaling [11], the joint probability

distribution pr (€, M) near criticality should obey the following scaling ansatz:

pL(E,M) ~ ALAZﬁ&M(ALaM,Azég,AMh, AgT) (216)
where,
Ag = ang/”, AM = CLMLd_ﬁ/V (217)
AgAf = AL, = L° (2.18)
IM=M-<M>, E=E-<E>, (2.19)

The subscript ¢ denotes that the averages are taken at criticality. For appropriate choices of
the nonuniversal factors ag and ax,, the function pg o4 would be universal. After integration

over &, exactly at criticality, where h = 7 = 0, one has

PL(M) = ap L (L a3 15 M) (2.20)

where the function p’, characterizes the universality class, the form of which has been well

established for the two-dimensional Ising model.



CHAPTER 3

ISING MODEL WITH ANTIFERROMAGNETIC NEAREST-NEIGHBOR AND

NEXT-NEAREST-NEIGHBOR INTERACTIONS

3.1 BACKGROUND AND MOTIVATION

For the nearest-neighbor (NN) Ising antiferromagnet on the square lattice in a uniform mag-
netic field, the low temperature ordered phase is separated from the paramagnetic phase by
a simple, 2nd order phase boundary. (Within the context of the lattice gas model this system
could be described as having repulsive NN-coupling and forming a ¢(2 x 2) ordered state.)
With the addition of repulsive (antiferromagnetic) next-nearest-neighbor (NNN) interactions
the situation becomes more complicated. Early Monte Carlo simulations suggested that a
single, super-antiferromagnetic, or (2 x 1), phase existed, separated from the paramagnetic
phase by a single phase boundary [17, 18, 19]. A degenerate, row-shifted (2 x 2) state was
also predicted at zero temperature. (See Fig. 3.1 for a schematic representation of these
states.) On the other hand, symmetry arguments based on Landau theory [20] predict the
order-disorder transitions of (2 x 1) and (2 x 2) structures belong to the XY model with
cubic anisotropy.

The original motivation of this study was to investigate the possibility of XY-like behavior
of the Ising spins on the square lattice, since there is numerical evidence [21] that an Ising
antiferromaget with attractive NNN interaction on the triangular lattice has an XY-like
intermediate state between the low temperature ordered state and high temperature dis-
ordered state. In fact, the present model has already been studied by many authors using
different approaches. An early Monte Carlo study [19] comprehensively showed the phase

diagrams for several different interaction ratios (R) of NNN to NN interaction. But due to

10
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Figure 3.1: Schematic plots of ¢(2 x 2), (2 x 1) and row-shifted (2 x 2) ordered structures
within the context of the lattice gas model. (In magnetic language, filled circles correspond
to up spins and empty circles correspond to down spins.)

the deficiencies of computer resources at that time, for the R = 1 case, a disordered region
was missed between the two ordered phases which was pointed out in a later interfacial free
energy study [22].

Meanwhile, transfer matrix studies [23, 24] found reentrant behavior for the (2 x 1)
transition lines. While a study using the cluster variation method [25, 26] concluded that
for a range of R (0.5~1.2) the system undergoes a first order transition, a recent Monte
Carlo study [28] using a variant of the Wang-Landau method [3] focused on the R =1 case
without external field and found the phase transition is of second order. For external field

H =4 (in the unit of NN interaction constant) the two ordered phases, namely (2 x 1) and
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row-shifted (2 x 2), are degenerate at zero temperature so it is tempting to think that the
cubic anisotropy would be zero for this field and that there could be a Kosterlitz-Thouless
transition.

In this chapter, we will present comprehensive results from large-scale Monte Carlo simu-
lations, and try to put an end to this debate. In Sec. 3.2 to 3.4 the model, relevant methods
and analysis techniques are reviewed. Our results are presented in Sec. 3.5 to 3.7, along with

finite size scaling analyses, and we summarize and conclude in Sec. 3.8.

3.2 MODEL HAMILTONIAN AND ORDER PARAMETER

The Ising model with NNN interaction is described by the Hamiltonian
H=Jyn Z 0i0; + JNNN Z O'iO'j+HZO'i, (3.1)
<ij>nN <Lj>NNN
where 0;,0; = £1, Jyn and Jyyn are NN and NNN interaction constants, respectively, H
is an external magnetic field, and the sums in the first two terms run over indicated pairs of
neighbors on a square lattice with periodic boundary conditions. Both Jyy and Jyyy are
positive (antiferromagnetic) and the ratio R = Jyyn/Jnn-

For the R = 1 case, the ground states would be the (2 x 1) state, also known as the super-
antiferromagnetic state, in small magnetic fields; and at higher fields it would be a row-shifted
(2 x 2) state, which differs from the (2 x 2) state in the sense that the antiferromagnetic
chains in the former state can slide freely without energy cost (See Fig. 3.1). Locally, the
structure may appear to be (2 x 2), but for large enough lattices the equilibrium structure
always shows row shifting. As a result, such a row-shifted (2 x 2) state is highly degenerate,
and the antiferromagnetic sublattice exhibits only one dimensional long range order. The
change of ground states with the external field for all possible R value is plotted in Fig. 3.2.
In terms of the sublattice magnetizations

4
MA:NZ@, AN=1,2,3,4 |, (3.2)

PEN
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we can define two components of the order parameter for the (2 x 1) state
M® = [My + My — (M3 + My)]/4, (3.3)

M" = [My + My — (M + Ms)] /4, (3.4)

with a computationally convenient root-mean-square order parameter
M™ = \/(M*)? + (MP?)2. (3.5)

Since M™* would have a limiting value of % for the row-shifted (2 x 2) state and be zero for
the disordered state, it can also be used as an order parameter for the row-shifted (2 x 2)
state.

Other observables, such as the finite lattice ordering susceptibility y and fourth-order

cumulant Uy, are defined in terms of the order parameter M"™™* as

N
X= [< (M) > — < M™ >?] (3.6)
B < (Mrms)4 >

3 < (Mrms)Q >2

Ui=1 (3.7)

where N is the total number of spins and 7T is the simulation temperature. In some cases,
the true ordering susceptibility x ", which is % < (M™%)? > is used to eliminate simulation
errors resulting from < M™* > where the order parameter is known to be zero for the

infinite lattice.

3.3 PRELIMINARY STUDY

For small lattice sizes, Wang-Landau sampling [3] was used to obtain a quick overview of
the thermodynamic behavior of our model. A two-dimensional random walk in energy E
and magnetization M space was performed so that the density of states g(E, M) could be
used to determine all thermodynamic quantities (derived from the partition function) for any

value of temperatures and external field. Consequently, “freezing” problems are avoided at
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Figure 3.3: 3D plot of the specific heat ¢ versus the external field H and the temperature 7'
with lattice size L = 20 for interaction ratio R = 1.
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extremely low temperatures. This allowed us to determine the “interesting” regions of field-
temperature space. In Fig. 3.3, we show the 3D plot of specific heat for both the external
field and temperature. We expect a low field (2 x 1) state and a high field row-shifted (2 x 2)
state according to the ground state analyses (See Fig. 3.2). Interestingly, there appears to be
an intermediate region in between. We then calculate the fourth order cumulant of (2 x 1)
order parameter with temperatures across this region (See Fig. 3.4). For lattice sizes we
considered and the resolution we had, it appears that all the curves merge into a single line
below a certain temperature, which could indicate a XY transition for the system. To confirm
that, we need much larger lattice sizes and higher resolution.

However, it quickly became apparent that, because of subtle finite size effects, quite
large lattices would be needed. Unfortunately, as L increases, the number of entries in the
histogram in Wang-Landau sampling explodes as L* and it proved to be more efficient to
use parallel tempering instead.

Since a large portion of interesting phase boundary is at relatively low temperatures and
many local energy minima exist which makes the relaxation time rather long, the parallel
tempering method described in Section 2.1, is a good choice for simulating our model.

We chose the temperatures for the replicas to be in a geometric progression [29], which
would make acceptance rates relatively constant among neighboring temperature pairs, and
the total number of temperatures was chosen to make the average acceptance rate above
20%. As shown in Fig. 3.5, the overlapping of the energy histogram of the neighboring
replica is essential for the parallel tempering method to work. In Fig. 3.6, we plot the time
series of M"™™* for parallel tempering and Metropolis simulation with ordered or disordered
initial states, respectively. At low temperatures, parallel tempering can quickly approach

equilibrium, even with disordered initial states, and has much shorter equilibrium relaxation

<A(0)A(t)>—<A>?

—ar~——4-7 — and plot it in

time. We calculate the linear relaxation function ¢a(t) =
Fig. 3.7. It indicates that with the same amount of Monte Carlo steps, parallel tempering

can provide many more independent configurations of the system in equilibrium.
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Figure 3.4: Fourth order cumulant Uy for the (2 x 1) order parameter for lattice size L =

60, 80, 100.
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Figure 3.6: Time series of order parameter M"™™¢ for parallel tempering and Metropolis
simulation from disordered and ordered initial states, respectively. For the definition of Monte
Carlo (MC) steps, see Section 2.1.
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The multiplicative, congruential random number generator RANECU was used [30, 31],
and some results were also obtained using the Mersenne Twister [32] for comparison. No
difference was observed to within the error bars.

Typically, data from 10° to 107 MC steps were kept for each run and 3 to 6 independent
runs are taken to calculate standard statistical error bars. For parallel tempering, the swap
trial was attempted after every MC steps. In all the plots of data and analysis shown in
following sections, if error bars are not shown they are always smaller than the size of the

symbols.

3.4 GPU ACCELERATION

General purpose computing on graphics processing units (GPU) attracts steadily increasing
interest in simulational physics [33, 34, 5], since the computational power of a recent GPU
exceeds that of a central processing unit (CPU) by orders of magnitude. The advantage con-
tinues to grow as the performance of GPU’s doubles every year. Recently, a GPU accelerated
Monte Carlo simulation of Ising models [5] was performed. Compared to traditional CPU
calculations, the speedup was about 60 times.

The idea behind the implementation in Ref. [5] can be easily extended to our model, and
the parallel tempering algorithm is naturally realized. Initially, all the replicas are loaded
into the global memory of the GPU. For each replica, the entire lattice is divided into
four sublattices, then spins in the same sublattice can be updated simultaneously by the
GPU using a Metropolis scheme, and the swap of configurations of replica pairs can also be
achieved in parallel by using thousands of threads to exchange spin values at the same time.

There are two levels of parallelism: on system-specific level, since the interactions are
short-ranged and the spins are fixed on the lattice, it is natural to divide the lattice into
blocks and use a checkerboard scheme to update different blocks simultaneously; on an
algorithm level which is system-independent, all replicas can perform sampling at the same

time and exchange information at certain Monte Carlo steps. Such an implementation is
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Figure 3.8: Computing time versus lattice size for an Intel Xeon E5345 CPU, 32 CPUs with
Message Passing Interface (MPI) on an IBM p655 cluster, and a Nvidia GeForce GTX285
GPU for the parallel tempering simulation of 32 replicas up to 107 Monte Carlo steps. Data
points for the Xeon CPU are linearly extrapolated from simulations with thousands of Monte
Carlo steps.

extremely efficient. On the GeForce GTX285 graphics unit, our code runs about 10 times
faster than on 32 CPUs of an IBM p655 cluster using Message Passing Interface (MPI) for

parallel computation (See Fig. 3.8).

3.5 PHASE DIAGRAM AND SHORT RANGE ORDERING

From the ground state analysis for sufficiently small magnetic field, the ordered state would
be the superantiferromagnetic, or (2 x 1), structure. As the external field increases to 4 <
H/Jyn < 8, more spins align in the opposite field direction, and the ordered structure would
be the row-shifted (2 x 2). With even stronger fields, the system becomes paramagnetic. In
the region near H/.JJyy = 4, a mixture of (2 x 1) and row-shifted (2 x 2) is visible.

For finite temperatures, we found that the fourth-order cumulant is always a good quan-

tity to use to locate the transition points, while the data for other quantities, such as the
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Figure 3.9: Variation of the specific heat C' versus field H with lattice sizes L =
20, 40, 80, 160, 200, 300 for paths of constant: (a) kgT'/Jyny = 1.2 and (b) kgT/Jny = 1.1.
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Figure 3.10: The phase diagram for the Ising square lattice with antiferromagnetic nearest-
and next-nearest-neighbor interactions in a magnetic field for R = 1. Open circles and pluses
denote points where we perform simulations. The solid lines are second order transition lines,
while the dashed line indicates the “short range ordering” line.
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specific heat or susceptibility, may look “strange”. As shown in Fig. 3.9, for paths of constant
temperature kg7 /Jyy = 1.1 and 1.2, there are two peaks for the specific heat, and the one
that increases with lattice size corresponds to the critical point. Due to the effect of neigh-
boring critical points, this peak can not be observed for small lattice sizes. To help the reader
understand the observed thermodynamic properties, the final phase diagram for R = 1 is
plotted in Fig. 3.10: The solid lines are the phase boundaries, all of which are continuous.
The dashed line inside the (2 x 1) ordered phase indicates a “short range ordering” line,
which was located from the peak position of the specific heat.

An indication of the complexity of the finite size behavior is clearly seen in the bottom
portion of Fig. 3.9 in which the small lattices actually have minima in the specific heat for
field values that eventually show phase transitions for sufficiently large systems. The round-
shaped size-independent peak is due to the short range ordering of the (2 x 1) “clusters” of
different orientation from the ordered background. No corresponding behavior was observed
from the susceptibility or the fourth-order cumulant.

In order to confirm the above argument, we also calculated the NN and NNN pair correla-
tion function, that is < o;0; >, for paths of different fields crossing this line. The correlation
function data are plotted in Fig. 3.11. The NN pair correlation decreases from zero to a
minimum and then increases to positive values, while the NNN pair correlation increases

monotonically from —1.

3.6 CRITICAL BEHAVIOR

The data for the specific heat and susceptibility for three different values of H are plotted
in Fig. 3.12.

Without the field, they both show very sharp peaks, and from the magnitudes of the
peak values of the specific heat, as shown in Fig. 3.13(b), we can obtain a rather accurate

estimate of the exponent ratio or/v = 0.357(8), which is obviously not zero. In Fig. 3.13(a),
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Figure 3.12: Specific heat and susceptibility for 3 different fields across the phase boundary.
Data are for: L = 100, A; L = 120, o; L = 160, x; L = 200 A; L = 300 +; L = 400 x*.
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Figure 3.14: Finite size scaling data collapsing along paths of constant H/Jyy = 0 and 2.5
for root-mean-square order parameter. t = (1 — %) Data are for: L = 80, o; L = 100, A;
L =120, e; L =160, x; L =200 A; L =300, +; L = 400, .

we also show the curve-fit for the maximum slope of % for H = 0, and extract the exponent
v =0.847(4) directly.

Both values of o and v are quite consistent with the early estimates in Ref. [19], and the
value of a/v is different from Ref. [28], in which the 1/L correction term was assumed up to

lattice size L = 160.
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The same procedure was repeated for H/Jyy = 2.5 and 3.3, however, as shown in
Fig. 3.12, the peaks of the specific heat become increasingly rounded as the field increases,
which makes it rather difficult to get a direct estimate of the exponent «. Because of this
it was necessary to obtain data for much larger lattice sizes, a task that was only possible
with the use of GPU computing. In fact, as the value of v increases with the field, for
H/Jyn = 3.3, according the hyper-scaling law o = 2 — dv, where d = 2 is the dimension of
the system, « should be negative which implies a non-diverging specific heat. Although the
curve-fit is not stable, given the value of « we can get a fit within error bars. Such continuous
increasing of the exponent v up to values much greater than one is actually consistent with
the findings of an early transfer-matrix study [24].

To estimate the critical exponents § and ~y, we performed data collapsing with a large
range of lattice sizes for the order parameter and its susceptibility. As shown in Fig. 3.14 and
Fig. 3.15, the data in both finite size scaling plots collapse very nicely onto single curves,
and the ratio §/v and 7 /v agree with values of Suzuki’s weak universality [27] within error
bars.

Hence, although the individual exponents are non-universal, Suzuki’s weak universality
holds quite well. Another set of data collapsing along the path of constant H/.Jyy = 6 across
the phase boundary of the row-shifted 2 x 2 state is shown in Fig. 3.16. The quality of the
data collapsing is also excellent, and again, the exponents are non-universal. The estimate
for /v is about 25% low, but /v agrees well with the prediction of weak universality.

In Table. 3.1, the critical points and exponents «, 5, and ~ for several typical paths of

constant H or T across the phase boundary are listed.

3.7 REENTRANCE BEHAVIOR

Close to the region between the two ordered phases the correlation length exponent v turns
out to be quite large, and correspondingly the location of the critical points becomes very

difficult to determine. In addition, the specific heat curves look “strange”, see Fig. 3.9, and
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order  path T.or H, a g Y v B/v /v
H=0 2.0820(4) 0.302(7) 0.103(3) 1482(7) 0.847(4) 0.122(4) L.750(1
2x1 H=25 1.6852(3) 0.104(19) 0.118(3) 1657(6) 0.947(7) 0.125(3) 1.750(1
H=33 1.3335(6) 0.130(5) 1.930(6) 1.102(8) 0.118(5) 1.751(1
2xof H=0 072037 0.110(5) 2.072(6) L.176(9) 0.094(4) 1.762(1
T =05 6848(5) 0.126(4) 1.775(5) 1.02(2) 0.124(5) 1.740(34

Table 3.1: Values of critical point temperatures or magnetic fields and corresponding critical
exponents for several paths of constant temperature or field across the phase boundary of
the (2 x 1) and *row-shifted (2 x 2) ordered phases.

since the specific heat exponent o would have a negative value, a limiting peak value is
expected. However, it seems larger lattice sizes are needed. Since Suzuki’s weak universality
seems to hold along the transition line, we fixed the values of /v = 0.125 and v/v = 1.75
for the data collapsing analysis to get a better estimate of the critical point and the exponent
v.

As shown in Fig. 3.17, the crossing point of the fourth order cumulant curves for a path of
constant kgT'/JJny = 0.7 is slightly above H/Jyxn = 4, and from the data collapsing analysis,
see Fig. 3.18, we obtained an estimate of the critical point to be H./Jyy = 4.052(7). Hence,
we confirm the reentrant behavior of the (2 x 1) transition line, which could result from the
appearance of (2 x 2) “clusters” that help to sustain the (2 x 1) order at low temperatures
even when the external field is slightly bigger than 4.

For the paths of constant kgT/Jyy = 0.45, the curves of the fourth order cumulant
shows two crossing points and the finite size effect is quite obvious (See Fig. 3.19).

For the larger lattice size, the two crossing points move towards lower fields but they
do not approach each other. Thus, a region of disorder remains between the two different
ordered states, even down to quite low temperatures. (If however, small lattices are used with
insufficient data precision, it looks as though the curves for different lattice sizes coincide.

Such behavior would indicate, erroneously, the presence of an XY-like region.) In Fig. 3.20,
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we show data collapsing fits along the path of constant kgT/Jyn = 0.5 (and excellent data
collapsing is also found along the path of constant kgT/Jyy = 0.3), which confirms that
there is a disordered region in between the two ordered states.

We thus conclude that there is no XY-like region and that the two phase boundaries
probably only come together at a bicritical point at T' = 0, although we cannot exclude the
possibility of a bicritical point at very low, but non-zero, temperature. However, the data
do not yield any hint of such a bicritical point; but the lack of data points for T < 0.2
in Fig. 3.10 precludes us from making a definitive statement about this issue. (Moreover,
the reentrant behavior of the (2 x 1) phase makes it very difficult to study the approach to
T = 0.) The variation of the critical exponents is consistent with the changing magnetic field
producing different effective anisotropies which, in turn, is expected to yield non-universal
behavior [35]. Due to the large values of v near the bicritical point (and correspondingly
strongly negative values of ), we consider it also extremely unlikely that tricritical points

could be found along these transition lines as T' becomes small.

3.8 SUMMARY

We have carried out large-scale Monte Carlo simulations for the square-lattice Ising model
with repulsive (antiferromagnetic) nearest- and next-nearest-neighbor interactions. From
the finite size scaling analysis, both transitions from (2 x 1) and row-shifted (2 x 2) ordered
states to disordered states turn out to be continuous and non-universal. The reentrance
behavior of the (2 x 1) transition line is confirmed, and the proximity to the transition line
to the (2 x 2) state makes it difficult to untangle the low temperature behavior unless quite
large lattices are used. No evidence for XY-like behavior is found, and we conclude that
there is probably a zero temperature bicritical point. Although the exponent v varies along
the transition line, the exponent ratio 5/v and v/v seem to agree with that of the 2D Ising

universality class.



CHAPTER 4

LATTICE-GAS ISING MODEL WITH TWO-BODY AND THREE-BODY INTERACTIONS

4.1 INTRODUCTION

Experimental studies of phase transitions in adsorbed monolayers have resulted in examina-
tion of order-disorder transitions in lattice gas Ising models which represent the occupation
of the periodic minima in the substrate potential [36, 37]. Such models, usually containing
two or more competing two-body interactions, have been studied by Monte Carlo simulations
[38, 39] which have determined the location and nature of the resultant phase boundaries.
Typical ordered phases which are found for square lattice models with near-neighbor cou-
pling are shown in Fig. 4.1 along with low density and high density disordered states termed
lattice gas (L.G.) and lattice liquid (L.L.), respectively. Actually, in Chapter 3, we studied
the interesting behavior of this row-shifted (2 x 2) phase, where we concluded that the tran-
sition to the disordered phase is of second order although it appears to be XY-like for small
lattice sizes. Experimentally observed asymmetries in phase boundaries as a function of cov-
erage can be explained by lattice gas models if three-body interactions are introduced as
well. Theoretical studies of adatom-adatom interactions find surface mediated many-body
couplings [40]. A square lattice model with first- and second-neighbor two-body coupling
and weak three-body interactions was investigated [41] in an attempt to clarify the phase
transitions for H on Pd(001), and predictions were made for the case of even larger three-
body coupling. Monte Carlo simulations showed that the inclusion of three-body interactions
did make the transition asymmetric for about 50 percent coverage and could even force the

tricritical point on one side of the phase boundary to zero temperature. Such an asymmetry
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Figure 4.1: (a) Schematic view of the (100) surface of a substrate whose periodic potential
provides a square lattice of preferred adsorption sites. The interactions used in this study are
shown schematically as straight lines between adatoms which are represented by the filled
circles. (b) Unit cells of the ordered overlayer structures discussed in the text.
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can also be interpreted in another form of non-additive interactions [42], and a recent Monte
Carlo study shows the effect of varying the interaction strength [43].

In this chapter, we will study interaction parameters in a range that has not been pre-
viously considered, and hence complete phase diagrams for all four possible scenarios (see
next section and Fig. 4.2). As presented in Sec. 4.3 and 4.4, our results for two different

interaction strengths do yield qualitatively different phase diagrams.

4.2 LATTICE-GAS ISING MODEL

A lattice gas model is a collection of atoms whose positions may take on only discrete
positions which form a periodic array, in this case a simple square lattice. A configuration
of this lattice is defined by site occupation variables ¢; where ¢; = 1 if site 4 is occupied
and ¢; = 0 if the site is empty. The Hamiltonian which we use includes interaction ¢,
between nearest-neighbors, ..., between next-nearest-neighbors, and ¢, between neighbors

on a triangle inscribed within a square made up of nearest-neighbors:

H—pN,= — (EJFN)ZCi*(pnanicj

i i)
- Pnnn Z CiCr, — Q¢ Z CiCjCr, (41)
ik i#£j £k

and the coverage of the lattice of size L is given by

1
0= Z ¢ (4.2)

This model may be transcribed to the Ising model by the transformation to spin variables

o =1 — 2¢;, thus giving rise to the Hamiltonian

H= -— HZO’i—JnnZO’,‘O'j

i#]j

Jnnn Zaiak — J; Z 000, (4.3)

ik i£j#k
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where the Ising model interaction parameters are related to the lattice gas couplings by

1 1

nn — 7 ¥nn > 4.4
J, 1¥ + ¥ (4.4)
1 1
nnn — 7 ¥nnn ” 4.
J, 1¥ + TR (4.5)
J— 1 (4.6)
t = 8% -

3

5Pt (4.7)

1
H=—- — ©nn — Fnnn —
S(e+ 1) = — ¢ 5

The magnetization is then related trivially to the coverage

M=1-20. (4.8)

Because of technical considerations, it is generally easier to carry out simulations in the
magnetic (Ising) representation, and additional symmetries often become obvious in this
approach. For example, in the Ising representation it is easy to see that the phase diagram
must be symmetric in the absence of three-body interactions. Throughout the remainder
of this chapter we shall normalize all quantities by the nearest-neighbor coupling J,, and
define R = Juun/Jnn and Ry = Ji/Jnn. As a function of the relative strength of the three-
body interactions, Binder and Landau suggested four different schematic phase diagrams
(shown in Fig. 4.2) to describe the range of possible behavior due to the inclusion of three-
body coupling, and using Monte Carlo simulations verified the nature of the phase diagrams
with weak three-spin coupling shown in the upper portion of Fig. 4.2. The remaining two
diagrams were not based on any explicit calculation but were guessed as extensions of what
was then believed to be the field-dependent behavior in the absence of three-spin inter-

actions. Our views of the correct behavior in this latter case have changed, and given the
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Figure 4.2: Possible schematic temperature-coverage phase diagrams for various choices of
R; (from Ref. [41]). The lattice gas and lattice liquid corresponds to the low density and
high density disordered states, respectively.
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complexity of phase diagrams in other two-dimensional systems with competing interactions,
the predictions should be regarded with care.

At T = 0 the energies of each ordered state as well as the lattice gas and lattice liquid
phases may be calculated without difficulty, and the intersections of the energy vs. chemical
potential lines locate the transitions between neighboring phases. Of course, this is also valid
in the Ising representation, and in Fig. 4.3 we show the ground state phase diagrams as a
function of R; and H which we obtain for two different values of R which are in the parameter
region discussed by Binder and Landau [41] but not actually simulated.

One interesting feature of this diagram is that the (2 x 2) state is actually degenerate
in that either alternate rows or alternate columns may be shifted randomly by one lattice
constant without any cost in energy[38, 6]. This “row-shifted (2 x 2)” state has been seen
before and the nature of the finite temperature transition to the disordered state is a matter
of some disagreement. In Chapter 3, we performed large-scale Monte Carlo simulations, and
hopefully put this debate to an end concluding that the transition is of second order. We
believe that as long as the ground states do not change, the specific choice of parameters
is not important and we have simply chosen values for which the ¢(2 x 2) and row-shifted
(2 x 2) phases are stable over relatively large ranges of fields in Fig. 4.3 at which multiple
phases become degenerate.

We have used the parallel tempering algorithm with GPU accelerated techniques[6]
to study the thermodynamic properties of this model from which phase diagrams can be
deduced. Spins were placed on L x L square lattices with periodic boundary conditions and
were flipped using a Metropolis transition probability. Typically, 10 to 107 Monte Carlo
steps are used to collect data for each run and 3 to 6 independent runs are taken to calculate
standard statistical error bars, and in all the plots of data and analysis in the following
sections, if error bars are not shown they are always smaller than the size of the symbols.
Lattice sizes from L = 32 to L = 300 were simulated and the data were interpreted within

the context of finite-size scaling [44]. Most of the simulations were carried out on a GeForce
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Figure 4.3: Groundstate phase diagrams for the Ising square lattice with pairwise and three-
spin interactions: (a) R =1/4; (b) R =1/2.
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GTX285 graphics unit. In addition to internal energy, specific heat, and magnetization, we
calculated order parameters, e.g., Moy ([M1 + Ms — (My + My)] /4, where M;,i =1 4 are
sublattice magnetizations defined in the previous Chapter), M"™* (see previous Chapter),
etc., for the various ordered states shown in Fig. 4.1, and 4th order cumulant U, is defined

in terms of the order parameter accordingly, i.e., Uy =1 — 3<(M”)4> where M, is the order

<(MU)2>2 9

parameter for the corresponding state.

4.3 RESULTS AND ANALYSIS: R=1/4, R, = —1/4

Bulk properties such as the specific heat peak, temperature dependence of the 4th order
cumulant of the order parameter, etc., were used to determine the location of phase transi-
tions.

Sample data for the 4th order cumulant and specific heat are shown in Fig. 4.4; the
specific heat peaks diverge with increasing lattice sizes for fields above H/|.J,,| = —2.0, but
for fields more negative and close to the ¢(2 x 2) phase boundary, the specific heat peaks
first decrease and then diverge again with larger lattice sizes. Similar behavior was observed
for the 4th order cumulant: for the small lattice, there is more than one diverging correlation
length; but if the lattice sizes are big enough, only one dominates. Therefore, in certain range
of small lattice sizes, the behavior is easy to confuse with XY-like [45], and GPU accelerated
simulations of large lattice sizes is essential. For positive fields and low temperatures there
is hysteresis in the M vs. H data indicating the presence of first-order transitions as shown
in Fig. 4.5, but at higher temperature the data obtained for increasing and decreasing fields
are essentially identical.

The resultant phase diagram in field-temperature space is shown in Fig. 4.6. The ¢(2 x 2)
phase is separated from the disordered phase on the high field side by a phase boundary
which contains a tricritical point but on the low field side the transition appears to stay
second-order down to the lowest temperature studied, and the row-shifted (2 x 2) state is also

bounded by a line of second order transitions. Since the transition from the ¢(2 x 2) ordered
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Figure 4.4: Bulk properties for R = 1/4, Ry = —1/4: Specific heat ¢ and 4th order cumulant
U, of the corresponding order parameter for (a) H/|J,,| = 1. Data are for: L = 32, H;
L =64, x; L =128, o; L = 256, A. (b) H/|J,,| = —5. Data are for L = 30, B; L = 40, v
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Figure 4.6: Phase diagram in magnetic field-temperature space for R = 1/4, R, = —1/4.
The solid curves are second-order phase boundaries and the dashed line indicates first-order
transitions. The open triangle indicates the location of a tricritical point.
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phase to the disordered phase should belong to the Ising universality, we expect /v = 0 for
a second-order phase transition since the specific heat shows a logarithmic singularity at the
critical point, and o/v = 2 for a first-order phase transition since the logarithmic singularity
is replaced by a peak of height proportional to L? according to the renormalization-group
theory. At the tricritical point, the exact (conjectured) value for the exponent a/v is %, which
is supported by many renormalization group calculations [46]. Therefore, we estimate the
exponent from finite size behavior of specific heat peaks, ¢pee ~ L%, near the connecting
section of the first- and second-order transition line, and found the tricritical point is close
to kgT/|Jun| = 0.592. To confirm our estimation and get more accurate location, we also
calculate the density distribution of the order parameter, as shown in Fig. 4.7. The three-peak
structure is observed: two side peaks correspond to the two degenerated ¢(2 x 2) phases, and
the central peak is due to the lattice liquid phase. The final estimation of the tricritical point
is kgT'/|Jun| = 0.5915(4), H/|Jnn| = 2.98073(8), and the evaluated exponent /v = 1.59(2)
agrees nicely with the predicted value of 1.60.

The corresponding phase diagram in coverage-temperature space is shown in Fig. 4.8.
Here we see that the ¢(2 x 2) phase and the L.G.4+¢(2 x 2) coexistence phase, which is
present below the tricritical point, appear over substantial ranges of 6 and T, whereas the
row-shifted (2 x 2) phase is actually confined to a very narrow range of coverage. This phase
diagram is substantially different from that postulated in Fig. 4.2c, and in particular there
is no triple point. However, if third-nearest- neighbor two-body interactions are added, the
ground state degeneracy for the row-shifted (2 x 2) state will be removed. Then, tricritical
points involving the (2 x 2) phase could occur, and triple points in the region of the first
order transition perhaps as well, i.e., the predicted phase diagram in Fig. 4.2¢ could then be
valid.

In Fig. 4.9 we show adsorption isotherms which are obtained for several different tem-
peratures and for comparison include the Langmuir isotherm which would be correct for

a non-interacting lattice gas. The jump in the low temperature data shown by the dotted
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fit of the specific heat peaks. (b) The density distribution of order parameter Max2) for
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line clearly locates the first-order transition; but the second-order transitions, indicated by
the arrows, are extremely difficult to identify from the adsorption isotherms. The step-like
behavior of the lowest temperature adsorption isotherm shown in this figure is not dissimilar
to the multiple risers which are seen for multilayer adsorption, but here it merely represents

multiple transitions within a single layer!

4.4 RESULTS AND ANALYSIS: R=1/2, R, = —1

The same thermodynamic properties were determined as were described in Sec. 4.3, and
since there were no significant differences in the nature of the results, we shall not show any
raw data for this case. The resultant phase diagram in H — T space is shown in Fig. 4.10. A
line of first-order transitions, terminating in a critical point, separates a lattice liquid from
a lattice gas state, and a line of second-order transitions bounds a row-shifted (2 x 2) phase.

Since there is a lack of symmetry among the two different phases at the critical point
that terminates the first order line, we have to apply the field mixing analysis described in
Section 2.5. In Fig. 4.11, we plot the density distribution function at estimated criticality
kgT/|Jun| = 2.2738(4), H/|Jpn| = 1.24925(13) with the controlling parameter s = —0.30(2)
for L = 64 and 128. The superimposed curve is the corresponding distribution for the two-
dimensional Ising model for L = 400. The nonuniversal factors a, for each lattice sizes is
chosen in such a way that the variable a{ L?/*(M— < M >.) has unit variance so the term
ax/}Lﬂ/ ¥ is just the inverse of the variance of M.

As for the critical exponents for the continuous transition from the row-shifted (2 x 2)
phase to the paramagnetic phase for both cases in Sec. 4.3 and 4.4, the correlation length
exponent v changes along the transition line, but the reduced exponents /v and /v have
Ising values, similar to what we found in Ref [6]. The effect of such competing interactions
has also been studied by several authors using a cluster variation method (CVM) [47] or

entropic Wang-Landau sampling [48]. Although CVM studies predict first-order behavior in
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Figure 4.11: The density distributions for L = 64 and 128 at the critical point kgT'/|Jn,| =
2.2738(4), H/|Jun| = 1.24925(13). The full curve is the corresponding distribution for the
two-dimensional Ising model for L = 400.
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a certain range of R (0.5 ~ 1.2), our results in this chapter and Ref. [6] agree with Ref. [48],
i.e., a continuous transition with reduced exponents that obey Suzuki’s weak universality.
The phase diagram is replotted in coverage-temperature space in Fig. 4.12. Here, too,
we see that the row-shifted (2 x 2) phase is present only over a relatively narrow range of
coverages, but the L.G. 4+ L.L. coexistence phase is stable over a much larger region of T'— 6
space. Comparing with Fig. 4.2d, we see that there are qualitative differences between the
actual behavior and the phase diagrams which had previously been postulated; but again, if
the degeneracy allowing for row-shifted structures were removed, the predicted phase diagram

in Fig. 4.2d might hold.

4.5 2D ISING TRICRITICAL UNIVERSALITY

In Sec. 4.3, we obtained the phase diagram for the interaction ratio R = 1/4, R, = —1/4,
and accurately locate the tricritical point for this model. Although we plotted the density
distribution of the order parameter and showed the three peak structure, we did not perform
scaling analyses and present the universal behavior. For reference in the future, we carefully
analyze the data and simulate larger lattices to make a record for the tricritical density
distribution of 2D Ising universality. To this end, we also simulate another Ising model
with antiferromagnetic nearest-neighbor and ferromagnetic next-nearest-neighbor interac-
tions (R = —1/2, R, = 0), whose tricritical point was located by Landau and Swendsen [18]
using the Monte Carlo renormalization-group method.

In Fig. 4.13, we plot the order parameter (antiferromagnetic magnetization) density dis-
tribution for both models with different lattice sizes. Due to the finite size effect, the effective
tricritical points for different sizes are not exactly the same, but the trend to converge with
increasing size is clearly seen. In fact, within the resolution of this simulation, there are other
scalable distribution shapes that can be found in the nearby range. To confidently determine

the universal distribution, more accurate estimation of the tricritical point is essential, but
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our current simulations provide so far the most accurate evaluation of the universal distri-

bution.

4.6 SUMMARY

Monte Carlo simulations have been used to extract phase diagrams for simple models on a
square lattice with three-body interactions which are larger in magnitude than those which
have been previously studied. We find qualitatively different behavior than that which had
been suggested in Ref. [41]. If third-nearest neighbor two-body interactions are added, the
ground state degeneracy for the (2 x 2) state will be removed; but of course there is no
guarantee that the finite temperature behavior will not show remnants of this effect. These
results further demonstrate the complexity which may be found in relatively simple models
with competing interactions. This problem is of interest to statistical mechanics in its own
right and we believe that further Monte Carlo studies of such models will continue to display

many of the features observed in experimental studies of adsorbed monolayers.



CHAPTER 5

STRUCTURAL AND THERMODYNAMIC PROPERTIES OF WATER CLUSTERS

5.1 INTRODUCTION

Simulations of cluster systems can be challenging, since the free energy landscapes for such
systems are often rugged, i.e., there exists large numbers of local minima, sampling across
which requires considerable computer time depending on the sizes of energy barriers. In the
case of water clusters, there are numerous semi-empirical and ab initio quantum mechanical
studies [49]. For simulations of empirical models, Monte Carlo with Minimization (MCM,
also known as basin hopping) [50, 51, 52, 53] or genetic algorithms [54, 55| have been used
if the ground state properties are of interest, and simulated annealing or parallel tempering
[56] have been applied if finite temperature behavior is the focus.

Recently, Wang-Landau sampling [3] has attracted interest for the simulation of contin-
uous systems [4] with complex behavior. Since the sampling is essentially a random walk in
energy space and the temperature does not explicitly enter the process, one can obtain the
density of states of the system which can, in turn, be used to determine the properties of
the system over the entire temperature range through one simulation.

Water clusters have been an interesting and challenging subject for both theoretical and
experimental studies [57]. Although most of the water models were devised primarily for the
simulation of liquid water, studies of clusters can still be very informative. We perform Monte
Carlo simulations using Wang-Landau sampling to investigate three well-studied nonpolariz-
able potential models: Simple Point Charge/Extended (SPC/E), Transferable Intermolecular
Potential 3 Point (TIP3P) and 4 Point (TIP4P), and another model with polarizable point
dipole: Gaussian Charge Polarizable (GCP). The SPC/E and TIP3P are three interaction

61
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site models, hence computationally more economical than the last; while the TIP4P poten-
tial is known to be better than TIP3P in reproducing properties of liquid water [58]; For
the GCP model, although it’s computationally expensive, it provided the best overall results
compared with quantum mechanical calculations [59]. From our simulations, we can obtain
not only the ground states properties but also the melting “phase transition” behaviors for
(H20)n (N up to 50) clusters.

In the next section, we will review the water models we used, and some details of our
Wang-Landau simulations. The results about the structural and thermodynamic properties
will be presented in Sec. 5.3 and 5.4, respectively. We shall provide some suggestion on the
water model selection in Sec. 5.5. From Sec. 5.6 to Sec. 5.10, we will show the implementation

and the performance of a multi-GPU massively parallel Wang-Landau sampling approach.

5.2 WATER MODELS AND WANG-LANDAU METHOD

For the non-polarizable models, SPC/E, TIP3P and TIP4P, the potential energy e,,, for

interaction sites m and n of water molecule i and j, respectively, is given by [5§]

m n 2
B e A C
€mn = + = — =
T ,,,,12 TG
i j ) (0]0] (00}

where r;; is the distance between two interaction sites, and ¢, A and C' are model specified
parameters which are listed in Table. 5.1. For the polarizable model GCP [60], the partial
charges of a molecule are represented by spherical Gaussian charge distributions; and hence,
in addition to the charge-charge electrostatic energy and the dispersion energy, there is an
extra contribution in term of the polarization energy. In this case, the configurational energy

b e o
el . 1s given by
m

N S =)
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where the Gaussian width parameter o,,, m could be the interaction site M or H, and the
Buckingham exp-6 potential parameter o, €, v are also listed in Table. 5.1. The induced dipole

p;, the charge electric field E! and the induced electric field E! are given by
P, = o (Ef +EY),

n
_ g;(r; — ;) rij
D S =
i i n
V2ry -1
T T P\ o ) |
(o3 +02) 2(o3 +07)
J#i
T;; is a 3 x 3 matrix written as
Tij = = (f#—91>
T T
where I is the identity matrix and r;;r;; are vector direct product of r;;. The scalars f and g

are given by

= o (32) el )
= er — exp
20’]\{ \/EO'A{ 6\/%0'?\4 40'12\4
2
B Tig N Tij T
o= ot a) e ()

In practice, the induced dipole and the induced electric field are solved for iteratively.

In order to obtain correct thermodynamics, the evaporation event of a water molecule
needs to be prevented. In the literature [56], a constraining sphere with the origin at the center
of the mass of the system is usually used for this purpose. While this approach works for small
systems, with a carefully chosen radius, the situation become complicated for relatively large
clusters(N > 10), since it is difficult to choose a radius such that the constraining sphere is
neither so small that it distorts the structures nor so big that evaporation is still problematic.

In this study, we turn to the use of “pressure” to prevent evaporation. Similar to the
uniform sampling of volume V' in the NPT ensemble[61], the biased distribution for the

uniform sampling of energy E would be

- exp(=BPV)Q(NVT)
Pes = 7TQ(E) QINPT)
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Table 5.1: Parameters for potential models: SPC/E, TIP3P, TIP4P and GCP.

Property SPC/E TIP3P TIP4P GCP
rou(A) 1.0 09572 0.9572 0.9572
/HOH (deg) 109.47  104.52  104.52 104.52
A x 1073 (keal A2 /mol) 629.4  582.0  600.0
C(kcal A%/mol) 625.5  595.0 610.0
exp-6 potential: o(A), e/kp(K),y 3.69, 110, 12.75
do -0.8476  -0.834
qu 0.4238 0417  0.52 0.6113
a -1.04 -1.2226
Gaussian widths: o, o 0.610, 0.455
rom(A) 0.15 0.27
polarizability . (A?) 1.444

where Q is the partition function for the corresponding ensemble, and €2 is the density of
states. We defined V* as V/o*® and P* as fPo** (0% = 3.16A, which is about (A4/C)s for
non-polarizable models), and let 7" approach infinity (every state of the system has the same
probability). Then, the ratio of the two partition functions is proportional to V. Therefore,

we have the transition probability acc(b—a) from state “b” to state “a”

QO(E *IN
acc(b — a) = min {1, QEEZ)) “;:*NQXP [—P*(VF — VE;*)}}

Another intuitive way to reach the transition probability follows Ref. [62]. Note that,
in the NPT ensemble, the probability of the system assuming a certain configuration I is

proportional to

exp [0 (E(I') + PV) + NIn(V)]

and by replacing SE with the entropy S and defining V* and P* as above, we have a

“Hamiltonian” for the uniform sampling

H=—5— PV*+ NIn(V*)
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, The transition probability follows min[l, exp(—d#)], which is the same as acc(b—a).

In addition to the translational and rotational moves of a single molecule, a volume
change move is also introduced to maintain constant P*. For each type of move, the trial
step length is generated from the uniformly distributed random number in the range of (-
1,1) multiplying the maximum step length which is chosen properly such that the average
acceptance rates are about 20 ~ 40%. From the analysis of data obtained, the dimension of
the containing box is the same within error bars for different temperatures, and as expected,
it depends only on the value of P*. In fact, as shown in Fig. 5.1, given the length of the
box, simulations using the constraining box can reproduce the results from simulations using
“pressure” as a constraint, which indicates somewhat of an equivalence of these two types
of conditions. But the latter has the advantage of simplicity, since the same P* constraint is
applied to all system sizes. For small clusters, there are tested values of constraining radius
reported [56], and by comparing average box sizes for different values of P*, we find 0.1
|0*?| is a proper value for this system. Note that the constraining volume is consist of “hard
wall”, and it may influence the molecular structure at high temperatures.

During Wang-Landau sampling computations, the modification factor is reduced to
In(f) — 1077 for most cases, although we find 107% seems to be sufficient for our system,
and for each iteration we adopt a flatness criterion that requires the minimum energy
histogram entry to be no less than 50 ~ 60% of the histogram mean. Since the ground state
energy is generally unknown, we extend entries for both the density of states and energy
histogram when a lower energy state is found. Then, we reset the histogram to zero and
restart this iteration again. Each Monte Carlo step consists of translational and rotational
moves for every molecule and a volume change move. After each iteration, a global update
is performed to the density of states to make the system stay in the lower energy state more

often.

10.1 is in units of atm / kp / K, where kp is the Boltzmann constant and 1 atm / kg / K =
1 943
136.26 41
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Figure 5.1: Comparison of the constant “pressure” constraint (black line) and the con-
straining box constraint (red line) for (HyO)qo using the TIP4P potential model.

The simulation is divided into two stages: in the first stage, we aim to estimate the den-
sity of states, and no measurement is performed. Then, in a production run, other than the
energy histogram, histograms for the radial distribution function, pair energy distribution,
and hydrogen bond distribution are also collected. With these distributions, we can calcu-
late thermodynamic properties for the above quantities at any temperature. On the other
hand, configurations with the 100 lowest energies are saved and used as initial states for the
optimization procedures [63]: direction set and conjugate gradient method, to find the local
minima. Then, the overall minima would be our estimate of the ground state.

To speed up the simulations, we implement a parallel scheme for the Wang-Landau
method. Essentially, Wang-Landau sampling is a random walk in energy space, and each

simulation unit is viewed as a random walker. In our simulations, we can have several walkers
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Figure 5.2: Densities of states (2 (in natural logarithm scale) for (H,O)y N = 6,10, 15,20, 30
with TIP4P model. For N = 6,10,15 the maximum energy in simulations is -20
kJ/mol/molecule, and -23 kJ/mol/molecule for N = 20,30. Data are normalized for the
maximum energy, respectively.

with the same initial states but different random number sequences, and they share the same
density of states and energy histograms. The synchronization is made after every single trial
move and the communication between walkers is by Message Passing Interface (MPI). Of
the four models, SPC/E and TIP3P are the least computationally demanding, and given
overheads in our code, simulations with TIP4P run almost as fast. For the GCP model,
however, the code is about 20 times slower than that of TIP4P, mainly due to the iterative
calculation of the polarization energy involving all the molecules. (This is not a performance
issue in Molecular Dynamics simulations, since at each time step an update is applied to all

the molecules anyway regardless which potential model is used.)



68

Water cluster systems can be very complicated, and regular Metropolis sampling does not
work efficiently or at all. There is a parallel tempering study recently reported [56], but it can
not approach the ground state of the model since in the low energy region, large numbers of
replicas are needed to ensure enough overlaps of energy distributions so that replica exchange
occurs. On the other hand, to study ground state structures, MCM[50, 51, 52, 53] is usually
employed, however, such studies can not provide any information about thermodynamics
and distributions of structures at finite temperatures since the physical ensemble can not
be restored from such samplings. The Wang-Landau method can effectively and efficiently
sample a broad energy range of interest. It does not suffer from the cost of overcoming energy
barriers as a Metropolis-type algorithm does, since a flat histogram of energy is designed,
and it collects the density of states in the process, therefore thermodynamic quantities can
be calculated. In Fig. 5.2, densities of states €2 for water cluster (H,O)y N = 6, 10, 15, 20, 30
are plotted. Note that € is in natural logarithm scale, and for N = 30, it crosses over 600
orders of magnitude.

Monte Carlo simulations have been performed on (HyO)n, N = 6 ~ 30 with ground
states searching. For each case, 5 to 8 independent runs are taken to calculate standard
statistical error bars, and in all the plots of data and analysis shown in following sections, if

error bars are not shown they are always smaller than the size of the symbols.

5.3 STRUCTURAL PROPERTIES

In Fig. 5.3 and Fig. 5.4, we list the ground states of (H2O)y, N = 6, 8,10, 12, 15, 20, 25, 30,
found via Wang-Landau sampling for potential models SPC/E, TIP3P, TIP4P, and GCP.
SPC/E ground state structures are generally qualitatively closer to those obtained for TIP4P
and GCP than were those obtained for TIP3P. There are extensive results, using MCM or
genetic algorithms, reported on TIP4P up to N = 37 [50, 55, 51, 52, 53], TIP3P up to N = 30
[52], and SPC/E up to N = 25 [55]. By comparison, our results of SPC/E and TIP4P are

consistent with Ref. [55] and Ref. [50], respectively, and we obtain generally better structures



69

SPCIE TIP3P TIP4P GCP

E -691.60 -619.62 -628.37 -616.47

Figure 5.3: The ground states of (H2O)n, N = 6,8,10,12, 15, for potential model SPC/E,
TIP3P, TIP4P, and GCP. Energy are given in kJ/mol.
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E -1493.87 -1346.24 -1352.86
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Figure 5.4: The ground states of (HyO)y, N = 20, 25, 30, for potential model SPC/E, TIP3P,
and TIP4P. Energy are given in kJ/mol/mol.
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Table 5.2: Comparisons of the ground state energy (kJ/mol) of (HyO)y for TIP4P and
TIP4P /2005.

Model N=6 N=8 N=10 N=12 N=15 N=20
TIP4P -197.78 -305.52 -391.02 -492.91 -628.37 -872.98
TIP4P/2005 -218.01 -336.87 -431.06 -543.72 -692.98 -962.88

with TIP3P than that reported in Ref. [55] and consistent with Ref. [52]. For the GCP model,
we approach the same ground state of hexamer as in Ref. [59].

Ground state structures are also evaluated for the model TIP4P/2005[64], which is a
reparameterization of TIP4P. The differences are the charge values gy = 0.5564 (qn=2qx),
the Lennard-Jones parameters A = 731.3x10%(kcal A'?/mol), C = 736(kcal A'?/mol), and
the distance of the negative charge roy = 0.1546A. In comparison with TIP4P, it provides
similar structures for N = 6,8, 10, 12, 15,20 but the energies are lower (See Table. 5.2). Our
estimation of the ground state energy of hexamer for TIP4P /2005 is consistent with Ref. [59].

Although the radial distribution function g(r) is usually used to describe liquid structures,
for the case of clusters it can also provide valuable information. With the histograms of such
distributions as functions of energy, we can calculate g(r) at any temperatures. In Fig. 5.5, 5.6
and 5.7, we plot g(r) for O-O, O-H and H-H pairs for (H,O);5 at temperatures T' = 50, 150,
and 300 K. As expected, at room temperature all structural distributions are quite similar for
these four potentials, since they were devised to target properties of liquid water. However,
the low temperature structures are significantly different. Fortunately, it is not an issue for
most applications where simulations are performed near room temperature. The average
distances of the first and second neighbor O-O pair at different temperatures are listed
in Table. 5.3. It appears the three models have similar d},,, and it does not significantly

depend on the temperatures or the cluster size; while the d%, shows notable changes with
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(H,O)w | Model T=50K T=150 K T =300 K
dbo dbo dbo dbo dbo Ao
SPC/E [ 2.75(2) 3.52(3) | 2.74(3) 353(1) | 2.75(2) 4.17(3)
N =8 | TIP3P | 2.76(2) 3.60(2) | 2.74(3) 4.17(4) | 2.76(2) 4.25(3)
TIPAP | 2.74(2) 3.77(2) | 2.77(2) 3.88(2) | 2.77(3) 3.96(2)
GCP | 2.83(2) 3.88(2)|2.82(2) 3.88(2) | 2.83(3) 4.05(3)
SPC/E | 2.74(2) 3.47(3) | 2.74(2) 3.58(5) | 2.75(2) 4.17(2)
N =10 | TIP3P | 2.74(3) 3.27(2) | 2.74(2) 4.20(3) | 2.76(2) 4.20(6)
TIPAP | 2.74(2) 3.72(2) | 2.75(1) 4.07(3) | 2.77(1) 4.00(5)
GCP | 2.82(2) 3.73(2) | 2.80(3) 4.32(2) | 2.82(2) 4.12(5)
SPC/E | 2.76(2) 3.56(2) | 2.74(2) 3.62(3) | 2.75(3) 4.21(4)
N =12 | TIP3P | 2.74(3) 3.57(4) | 2.74(2) 4.21(3) | 2.77(2) 4.22(5)
TIP4AP | 2.75(2) 3.90(4) | 2.76(2) 3.93(3) | 2.77(3) 4.10(6)
GCP | 2.82(2) 3.92(2) | 2.81(3) 3.93(2) | 2.82(2) 4.12(4)
SPC/E | 2.74(3) 3.51(4) | 2.74(2) 3.62(6) | 2.75(2) 4.22(5)
N =15 | TIP3P | 2.76(2) 3.63(2) | 2.75(2) 4.17(4) | 2.77(2) 4.18(3)
TIPAP | 2.74(3) 3.73(7) | 2.75(2) 4.07(3) | 2.77(1) 4.11(5)
GCP | 2.80(3) 3.67(3) | 2.80(3) 4.32(2) | 2.82(2) 4.23(4)
SPC/E | 2.73(4) 4.22(8) | 2.72(3) 4.27(6) | 2.75(2) 4.30(5)
N =30 | TIP3P | 2.74(3) 4.17(4) | 2.76(3) 4.18(4) | 2.77(2) 4.24(4)
TIPAP | 2.74(3) 4.04(5) | 2.74(3) 4.18(4) | 2.77(2) 4.21(4)

Table 5.3: The average distances of the first and second neighbor O-O pair at T' = 50, 150
and 300 K for (H,O)y N = 8,10,12, 15, 30.

temperature, and behaves differently for different system sizes since they generally have
different transition temperatures.

Another quantity of interest is the distribution of hydrogen bonds, which is the key to
water’s abnormal properties. Actually, there exist many ways to define the hydrogen bond,
either from a distance or an energy point of view. In this research, if the binding energy of
two water molecules exceeds a certain threshold, then we consider there is a hydrogen bond
connecting these two molecules. The threshold is then determined from the pair energy
distribution, as shown in Fig. 5.8(a). Of the four models, GCP has the narrowest low energy

band, hence the most well defined hydrogen bond energy. The spike near 0 kJ/mol/molecule
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r(A)

Figure 5.5: Radial distribution functions goo(r) of (H20)12 for the O-O pair at T' = 50, 150
and 300 K. Note that the vertical scale are different for different temperatures.



74

T=300K

Figure 5.6: Radial distribution functions gog(r) of (H20);2 for the O-H pair at T' = 50, 150
and 300 K. Note that the vertical scale are different for different temperatures.
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T=300K

r(A)

Figure 5.7: Radial distribution functions ggp(r) of (H2O)qo for the H-H pair at T' = 50, 150
and 300 K. Note that the vertical scale are different for different temperatures.
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is due to many distant molecules in the cluster, and the low energy band signals pairs
connected with the hydrogen bond. A minima (near E = -9 kJ/mol/molecule for GCP and
-10 for others) separating these two parts is used as the threshold energy to identify the
hydrogen bond. Relative to TIP3P, the hydrogen bond distributions for SPC/E, TIP4P and
GCP are very close to each other (See Fig. 5.8(b)).

5.4 THERMODYNAMIC PROPERTIES

The appearance of a pronounced peak in the specific heat curve usually signals a phase
change of the system. Since the Wang-Landau method can efficiently sample a broad range
of energy (from near the ground state energy to any high energy of interest) and provide an
estimation of the density of states, we can calculate any thermodynamic quantity, such as
internal energy, specific heat, etc, as continuous functions of temperature. There are some
common features of the specific heat curves for all four models: at higher temperatures (close
to T' = 300 K), clusters are essentially melted and similar to liquid water, hence for large
clusters (about N > 20) values of specific heat are roughly the same; when approaching
T = 0 K, clusters, independent of sizes, seem to have the same limiting value (close to 6R,
where R is the gas constant). Note that to accurately study the behavior at low temperatures,
quantum effects must be taken into account [65].

The melting behavior of small size water clusters(N < 10) has been extensively studied
[56] for various potential models, since it provides valuable insight both for the empirical
models and the cluster systems. Model dependent peak positions were observed in specific
heat curves, and bimodal structures were found in potential energy distributions for certain
cases.

In Fig. 5.9, our specific heat curves are plotted for N = 6 and 8, and the peak positions
are consistent with Ref. [56]. For (H20)sg, specific heat curves are smooth, while (H,0)g shows
pronounced peaks for all four models, which could indicate sharp melting “transitions”. With

the density of states and energy histogram, we can easily obtain the energy distribution at
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Figure 5.8: (H30)15: (a) The pair energy distribution at T = 300 K. (b) The hydrogen bond
distribution at T = 50, 150 and 300 K.
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specific heat.
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any temperature, and bimodal distributions are found near peak temperatures for (H20)sg,
as shown in Fig. 5.10.

For the cases of N = 10, see Fig. 5.11, the TIP4P and GCP peaks are less pronounced
than those for TIP3P and SPC/E, while for N = 12, the pattern is reversed. In fact, it
depends on the inherent structures of different energy that are accessible at the transition
temperatures. For instance, the transition for (HyO)s is considered to be from a cubic to non-
cubic structures [56], and the sampled distribution of these two have clearly different peak
positions, i.e. a bimodal potential energy distribution, therefore, a pronounced transition is
observed. While for (H2O)g the energy distributions (Fig. 5.10) near temperatures of specific
heat peaks show single peaked structures for all models, hence smooth specific heat curves
are observed.

To show the effect of TIP4P /2005 reparameterization over TIP4P on the thermodynamics
of clusters, we plot specific heat curves for the two models for N = 8,10, 12,15, as shown in
Fig. 5.12. For these clusters, curves are of similar shapes respectively in all cases, but there
is about a 20 K shift towards higher temperature after reparameterization.

Actually, in all cases, peak positions of SPC/E are closer to TIP4P than those of TIP3P,
and except for the smallest N = 6, curves of TIP4P and GCP are similar to each other. Given
that GCP provides the best overall results comparing with quantum mechanical calculations
and TTP4P is generally recognized to be better than TIP3P, such results seem to favor SPC/E
over TIP3P. For larger cluster sizes, the trend becomes more clear, as shown in Fig. 5.13(a)
and (b) for N = 15 and N = 20, respectively. In the case of N = 30, the specific curves of
SPC/E and TIP4P almost coincide at temperatures below the peak temperature, and as the
size of the cluster increases, the transition becomes smooth, see Fig. 5.13(d) for N = 100

with potential TIP4P.
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Figure 5.12: Specific heat curves for TIP4P and TIP4P /2005 of (HyO)s, (H20)10, (H20)12
and (HQO)15.
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Figure 5.13: Specific heat ¢ (in unit of kJ/K/mol/molecule) for (H50)15, (H20)a0, (H20)30

and (H20)100-
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5.5 SUGGESTION ON WATER MODEL SELECTION

We performed extensive Wang-Landau Monte Carlo simulations of water clusters of sizes up
to 30 with four different potential models: SPC/E, TIP3P, TIP4P, and GCP. For structural
properties, we estimated ground states, radial distribution functions, and pair energy and
hydrogen bond distributions. Since these models were devised to target properties of liquid
water, as expected, the behavior of g(r) are similar at high temperatures, and we observed
that within error bars the first peak in goo(r) seems to be independent of both temperature
and cluster size (N > 8). Although TIP4P and GCP have similar ground state structures in
all cases we considered, the GCP model provides the most well defined hydrogen bond energy
among the four, and the distance for the nearest-neighbor O-O pair are significantly larger
than that of others. Given results [49] from quantum mechanical calculations (about 2.85
and 2.74 A for liquid water and regular ice, respectively), the GCP model agrees better in the
case of liquid water. As for thermodynamic properties, except for N = 6, melting transition
temperatures of TIP4P and GCP are very close to each other, and results of SPC/E are closer
to TIP4P than TIP3P in all cases. Using results of GCP as a criterion, in the perspective
of clusters, the quality of the other three widely used water potentials follows: TIP4P >
SPC/E > TIP3P. As the cluster size increases, all four models give similar specific heat
curves since they are parameterized to reproduce the same bulk quantities. Given an order
of magnitude on computation advantage in performance of TIP4P over GCP, and relatively
high quality results, we recommend the TIP4P model for Monte Carlo simulations of water

clusters and/or inclusions.

5.6 MASSIVELY PARALLEL WANG-LANDAU SAMPLING ON GPUs

For simulations in the previous sections, we used a parallel Wang-Landau scheme with eight
random walkers, and by comparing results obtained from the parallel tempering method, we

were confident it worked in our case. There are similar applications reported in the literature
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[66], in which several, or over hundreds of random walkers, are sampling simultaneously with
a common density of states. However, the convergence of such a parallel scheme was not
carefully tested before. We should stress that the parallel Wang-Landau method with many
random walkers is neither a simple statistical average of many independent simulations, nor
a direct extension of single Wang-Landau sampling.

In fact, as shown in the following sections, we find that the originally proposed parameters
for single Wang-Landau simulation would not ensure convergence to the correct density
of states for the corresponding parallel one, especially in the case of a massively parallel
simulation, and we propose a remedy for this potential pitfall.

The first issue to be attended to for a Monte Carlo simulation is the choice of a proper
random number generator, and on a GPU, the implementation itself is not trivial. One
natural candidate is the linear congruential generator, since it is simple to realize and takes
only one or two integers to save the intermediate state on the device memory. For instance,
the multiplicative, congruential random number generator RANECU (two integers for the
state) has good properties and is suitable for small to medium applications [6]. However,
in our simulations, thousands of replicas of the system run simultaneously, so the desired
case would require each replica to have an independent random number generator rather
than a portion of the same sequence from a single random number generator. The Mersenne
Twister (MT) [32, 68] with dynamically generated parameters is an ideal match for such an
application, and sample implementation can be found in the CUDA software development
kit. MT requires 21 integers to store the intermediate state for each thread; so it runs
slightly slower than RANECU. But the MT code [69] we use provides a random number
sequence with period 2697, and can accommodate up to 4096 independent random walkers
with different MT parameters (essentially different random number generators).

Fig. 5.14 illustrates the scheme for a four GPU implementation. On the GPU level, each
card possesses thousands of threads, with each thread representing a random walker. In the

plot, these walkers share the same histogram H(FE) and the density of states g(£), which
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Figure 5.14: Schematic plot of a four GPU implementation of the parallel Wang-Landau

algorithm, where H(F) is the energy histogram and g(FE) is the density of states. Each
rectangle stands for a GPU card which contains thousands of threads.

can result in substantial reduction in the performance due to the memory access conflict. So,
in practice, a “gather” pattern is employed where each thread has an independent memory
space for H(E) and g(F). Every LEV1 Monte Carlo steps, a reduction procedure is invoked
to synchronize the information across all threads. Hence the net effect would be all the
walkers share the same H(F) and g(E). On the MPI level, ecach GPU works as a big random
walker, and their accumulated H(E) and g(E) also need to be synchronized every LEV2
Monte Carlo step. Note that CUDA and MPI are two orthogonal components, which means
GPUs can not communicate with each other directly through MPI and the synchronization
is actually across CPUs by MPI. The choice of LEV1 and LEV2 depends on the tradeoff
between the overhead in each level of synchronizing and the rate of convergence to the true
density of states.

There are several other issues that need to be considered for applications on a GPU.
For instance, since on the current generation GPU, a single floating point operation is much

faster than that in double precision (on a Fermi architecture card, it is about two times
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faster), a mixed precision calculation is often used to improve the performance. This should
be done with great caution. At least, the compensated summation [70] needs to be employed
in the calculation of the total energy of the continuous system to minimize the truncation
error. Also, for large applications, issues like register overspilling, memory coalescing, etc.,

could greatly affect the performance.

5.7 CONVERGENCE ISSUES

In fact, parallel Wang-Landau sampling has already been used in several applications [66]. It
seems that the originally proposed Wang-Landau parameters work fine in those specific cases.
However, we find this is not generally true, especially for simulations with large numbers of
parallel random walkers. In Fig. 5.15(a), we plot the time series of the energy for several
walkers in the simulation of (H5O)p2 clusters with 32 walkers in total. It shows that some
walkers seem to get “stuck” at low energy, which signals the underestimation of the density
of states in the corresponding energy region, as shown in Fig. 5.15(b). The explanation is
that although in Wang-Landau sampling every energy state is given the same probability,
given a certain energy the ability for a walker to visit the neighboring energy state is not
the same [71]. Usually, the lower energy region (in our case, the “solid” phase) is much more
difficult to approach, as a result of which the density of states tends to be underestimated
in the first few iterations. Therefore, once a walker gets in the region, it will stay there to
rectify the underestimation. The problem is the regular Wang-Landau parameters cannot
ensure convergence to the true density of states in parallel Wang-Landau simulations. Of
course one could make the flatness criterion more stringent, e.g., requiring that every walker
visits the entire energy range. It may rectify the problem, but it also reduces the efficiency
brought by parallelism in the first place.

One remedy follows the idea of frontier sampling (also known as the global update) [4].
At the beginning of each iteration, an artificial distribution could be added to the density

of states to force more walkers to sample towards the lower energy region. As shown in
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Figure 5.15: (a) Energy time series of 4 typical random walkers (different color) in a sim-
ulation of totally 32 random walkers. (b) Density of states from simulations with the same
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Fig. 5.15(b), it appears to fix the problem. But the choice of the additive distribution seems
to be arbitrary and the system is very sensitive to it. If it is too small, then the lower energy
region is still underestimated; If it is too big, then the density of states is distorted too much

and longer computation times are needed to converge.

5.8 NON-UNIFORM MODIFICATION FACTOR

We propose to use a non-uniform modification factor f for parallel Wang-Landau sampling.
In the energy region where a walker is harder to approach, a larger modification factor is
added to the density of states for each visit, hence a faster update rate in the region. One
natural choice is to use a step function for the modification factor, and we find it already
works well for the water cluster system. In simulations, log(f) and log(g) are usually used

and our iteration factor would be (kO(Ey — E) + 1) log(f), where © is the Heaviside step
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function. Basically, log(g) is updated  times faster where E < Ej. The determination of
FEy depends on prior knowledge, such as the average energy for the interested transition
temperature, or one can perform some preliminary analysis of the energy time series. Also,
the value of k needs to be tested. A large value won’t overshoot the density of states, just
takes longer to converge. From the updating scheme log(g) < log(g) +1log(f), the final value
of the density of states needs to be corrected following log(g) < log(g)+log(k)O(Ey—E), and
correspondingly, H < H/(14 kO(Ey— E)) for the histogram. Of course, now the histogram
is no longer flat, see Fig. 5.16, just like the case in optimal ensemble sampling [71]. The
advantage of parallel Wang-Landau sampling is that with so many random walkers, a simple
step-function-like energy histogram already works well.

For (H20)12 clusters, we adopted Ey = -35 kJ/mol/molecule and x = 50, and obtained
the correct convergence efficiently. In Fig. 5.17, we plot the corrected energy time series,
and the specific heat curve. Note that one side effect of the large iteration factor is that the
statistical error in the lower energy region is also magnified. If the low energy is of interest,
extra iterations may be necessary. Luckily, the computational time will not be excessive for
massively parallel Wang-Landau simulations. We also test the reverse scheme where instead
of increasing f in the lower energy region, we decrease it in the higher energy region. For
(H0)12, we use k = 0.2 for £ > -35 kJ/mol/molecule, which also works well, and it seems

the reverse scheme is even more robust.

5.9 PERFORMANCE COMPARISONS

In CUDA thread Hierarchy [16], threads are grouped into blocks, and blocks are further
grouped into grids. Usually thousands of threads are needed for a GPU application to run
efficiently, and deciding how to divide the threads into (grid, block) configuration actually
affects the performance. In Fig. 5.18(a), we plot the computing time per MC step for different
setups on a Tesla C2050 card. From the results, generally, using a large block is not bad, but

for large applications there are often not enough resources to accommodate so many threads
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within a block, hence a comparable grid to block size gives the best performance for our code.
For parallel Wang-Landau applications, the frequency of two consecutive synchronizations of
the information, such as the density of states, the energy histogram, etc, will also affect the
efficiency. Basically, it is a tradeoff between the overhead of the reduction and the convergence
rate, as shown in Fig. 5.18b. Synchronizing too often or too few will reduce the performance,
and every several hundreds of MC steps seems to be the best frequency for our application.
In Fig. 5.19(a), we compare the performance of the single thread CPU (i7-930) code
with the single GPU implementation on three different cards. GTX285 and Tesla S1070
have comparable performance, which is about 30 times faster than i7-930, and Tesla C2050
(Fermi architecture) outperforms the other two GPU cards by almost a factor of two. The
main reason is that the Fermi card offers twice the amount of streaming processor cores and
provides an order of magnitude faster peak performance in double precision (we use mixed
precision). To show the scalability of our implementation, we plot the number of MC steps
per second versus the number of GPU cards used, as shown in Fig. 5.19(b). Each card runs
with 1024 threads, and the overall performance scales linearly with the number of cards.
To further illustrate the efficiency of the GPU implementation, we study a much bigger
cluster (HyO)s50. The specific heat and two snapshots for corresponding temperatures and
another snapshot for the ground state structure (after quenching to the local minima by direc-
tion set and conjugate gradient methods), are plotted in Fig. 5.20. The melting “transition”
seems to be very smooth, which is related to distributions of inherent structures near the

transition temperatures [56, 67]. The ground state energy we find is —46.05kJ/mol/molecule.

5.10 REMARKS ON THE MULTI-GPU WANG-LANDAU SAMPLING

We presented a multiple GPU implementation of parallel Wang-Landau sampling. A poten-

tial pitfall for such applications is pointed out in that single Wang-Landau parameters would
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not ensure the convergence in a parallel Wang-Landau simulation. We propose using a non-
uniform modification factor to accelerate the convergence. By choosing an appropriate form
of the modification factor, the convergence is restored and we obtain an average of over 50
times speedup for a given workload compared to a single thread code on an intel i7-930. We
were able to obtain both the ground state structure and the thermodynamics of (HyO)s0,
which was not evaluated before. Tesla C2050 with the new generation Fermi Architecture
outperforms the old GT200 Architecture (GTX285, Tesla S1070) by about a factor of two.
According to our test on Tesla S1070 four GPU clusters, our implementation scales linearly

with the number of GPU.
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APPENDIX A

PARALLEL TEMPERING WITH CHECKERBOARD SCHEME

//main kernel function for 2d square lattice Ising model

//with two and three body interactions.

//SUPER_BLOCK_SIZE = # of replicas

//BLOCK_SIZE = THREAD_SIZE = half lattice size(L/2)

//therefore, each thread is in charge of a (2x2) lattice unit

__global__ void device_function_main(int* S,int* R,int sub) {

// S = Spin array; R = Random number array; sub = sublattice;

int dH1=0;

int dH2=0;

int dH3=0;

float ae;

int I1,I2,I7Z;

//Allocate shared memory

__shared__ int r[2*THREAD_SIZE];

r[threadIdx.x] = R[threadIdx.x+THREAD_SIZE*blockIdx.y+THREAD_SIZE*BLOCK_SIZExblockIdx.x];

r[threadIdx.x+THREAD_SIZE] = R[threadIdx.x+THREAD_SIZE*blockIdx.y
+THREAD_SIZE*BLOCK_SIZE*blockIdx.x
+THREAD_SIZE*BLOCK_SIZE*SUPER_BLOCK_SIZE];

__syncthreads() ;

int site;

switch(sub) {
case(1):
//Create new random numbers; RANECU
I1= r[threadIdx.x]/53668;
r[threadIdx.x]=40014*( r[threadIdx.x]-11*53668)-I11%12211;
if ( r[threadIdx.x]<0)
r[threadldx.x]= r[threadIdx.x]+2147483563;

I2= r[threadIdx.x+THREAD_SIZE]/52774;
r [threadIdx.x+THREAD_SIZE]=40692%( r[threadIdx.x+THREAD_SIZE]-I2%52774)-12%3791;
if ( r[threadIdx.x+THREAD_SIZE]<0)

r [threadIdx.x+THREAD_SIZE]= r[threadIdx.x+THREAD_SIZE]+2147483399;

IZ= r[threadldx.x]- r[threadIdx.x+THREAD_SIZE];
if (IZ<1) 1Z=I1IZ+2147483562;
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site=blockIdx.x*L+2*threadIdx.x+2*L*SUPER_BLOCK_SIZE*blockIdx.y;
//Spin update top right
if (blockIdx.y==0) { //Top
if (threadIdx.x==0) { //Left
dH1=S[sitel*( S[site-1+L]1+S[site+1]+S[site+L*SUPER_BLOCK_SIZE]
+S[site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]) ;
dH2=S[site]l*( S[site+L*SUPER_BLOCK_SIZE-1+L]
+S[site+L*SUPER_BLOCK_SIZE+1]
+S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1+L]
+S[site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]);
dH3=S[site]l*( S[site+L*xSUPER_BLOCK_SIZE]*S[site+1]
+S[site+1]*S[site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
+S[site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]*S[site-1+L]
+S[site-1+L]*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE-1+L]*S[site-1+L]
+S[site-1+L]*S[site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1+L]
+S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1+L]
xS [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
+S [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
*S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]
+S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]
*S[site+1]+S[site+1]*S [site+L*SUPER_BLOCK_SIZE+1]
+S[site+L*SUPER_BLOCK_SIZE+1]*S[site+L*SUPER_BLOCK_SIZE]
+S [site+L*SUPER_BLOCK_SIZE]*S[site+L*SUPER_BLOCK_SIZE-1+L]);
}
else {
dH1=S[site]l*( S[site+1]+S[site-1]+S[site+L*SUPER_BLOCK_SIZE]
+S [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]) ;
dH2=S[site]*( S[site+L*SUPER_BLOCK_SIZE+1]+S[site+L*SUPER_BLOCK_SIZE-1]
+S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]
+S[site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1]1);
dH3=S[site]l*( S[site+L*xSUPER_BLOCK_SIZE]*S[site+1]
+S[site+1]*S[site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
+S [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
*S[site-1]1+S[site-1]#*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE-1]*S[site-1]+S[site-1]
*S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1]
+S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE-1]
*S [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
+S [site-L*SUPER_BLOCK_SIZE+L*L*SUPER_BLOCK_SIZE]
*S [site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]
+S[site+L*L*SUPER_BLOCK_SIZE-L*SUPER_BLOCK_SIZE+1]
*S[site+1]+S[site+1]*S[site+L*SUPER_BLOCK_SIZE+1]
+S[site+L*SUPER_BLOCK_SIZE+1]*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE] *S[site+L*SUPER_BLOCK_SIZE-1]);
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else {
if (threadIdx.x==0) { //Left
dH1=S[site]*( S[site-1+L]+S[site+1]
+S[site+L*SUPER_BLOCK_SIZE]+S[site-L*SUPER_BLOCK_SIZE]);
dH2=S[site]l*( S[site+L*SUPER_BLOCK_SIZE+1]+S[site+L*SUPER_BLOCK_SIZE-1+L]
+S[site-L*SUPER_BLOCK_SIZE+1]+S[site-L*SUPER_BLOCK_SIZE-1+L]);
dH3=S[site]l*( S[site+L*SUPER_BLOCK_SIZE]*S[site+1]
+S[site+1]*S[site-L*SUPER_BLOCK_SIZE]
+S[site-L*SUPER_BLOCK_SIZE]*S[site-1+L]
+S[site-1+L]*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE-1+L]
*S[site-1+L]+S[site-1+L]*S[site-L*SUPER_BLOCK_SIZE-1+L]
+S[site-L*SUPER_BLOCK_SIZE-1+L]*S[site-L*SUPER_BLOCK_SIZE]
+S[site-L*SUPER_BLOCK_SIZE]*S[site-L*SUPER_BLOCK_SIZE+1]
+S[site-L*SUPER_BLOCK_SIZE+1]*S[site+1]
+S[site+1]*S[site+L*SUPER_BLOCK_SIZE+1]
+S[site+L*SUPER_BLOCK_SIZE+1]*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE]*S [site+L*xSUPER_BLOCK_SIZE-1+L]);

}
else {
dH1=S[site]l*( S[site+1]+S[site-1]
+S [site+L*SUPER_BLOCK_SIZE]+S[site-L*SUPER_BLOCK_SIZE]);
dH2=S[site]l*( S[site+L*SUPER_BLOCK_SIZE+1]+S[site+L*SUPER_BLOCK_SIZE-1]
+S[site-L*SUPER_BLOCK_SIZE+1]+S[site-L*SUPER_BLOCK_SIZE-1]);
dH3=S[site]l*( S[site+L*SUPER_BLOCK_SIZE]*S[site+1]
+S[site+1]*S[site-L*SUPER_BLOCK_SIZE]
+S[site-L*SUPER_BLOCK_SIZE]*S[site-1]
+S[site-1]*S[site+L*SUPER_BLOCK_SIZE]
+S[site+L*SUPER_BLOCK_SIZE-1]*S[site-1]+S[site-1]
*S [site-L*SUPER_BLOCK_SIZE-1]
+S[site-L*SUPER_BLOCK_SIZE-1]*S[site-L*SUPER_BLOCK_SIZE]
+S [site-L*SUPER_BLOCK_SIZE]*S[site-L*SUPER_BLOCK_SIZE+1]
+S[site-L*SUPER_BLOCK_SIZE+1]*S[site+1]+S[site+1]
*S [site+L*SUPER_BLOCK_SIZE+1]
+S[site+L*SUPER_BLOCK_SIZE+1]*S[site+L*SUPER_BLOCK_SIZE]
+S [site+L*SUPER_BLOCK_SIZE]*S[site+L*SUPER_BLOCK_SIZE-1]);

ae=K1*xdH1+K2*xdH2+K3*dH3+B*S [site] ;
if (ae>0){

S[site] *=-1;

//deltaE=-2%ae;

}

else{
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if (IZ*4.656612e-10< d_pt [(dH1/2+2) *5%7*2+%SUPER_BLOCK_SIZE
+(dH2/2+2) *7*2*SUPER_BLOCK_SIZE
+(dH3/4+3) *2*SUPER_BLOCK_SIZE
+(S[sitel+1)/2*SUPER_BLOCK_SIZE+blockIdx.x]){
S[sitel*=-1;
//deltaE=-2%ae;
}
}

//__syncthreads();
break;
case(2): case(3): case(4):// similar to case(1);

default: //error handling;
break;

}

//Transfer random data back to global memory
R[threadIdx.x+THREAD_SIZE*blockIdx.y+THREAD_SIZE+BLOCK_SIZExblockIdx.x]= r[threadIdx.x];
R[threadIdx.x+THREAD_SIZE*blockIdx.y

+THREAD_SIZE*BLOCK_SIZE*blockIdx.x

+THREAD_SIZE*BLOCK_SIZE*SUPER_BLOCK_SIZE]= r[threadIdx.x+THREAD_SIZE];



APPENDIX B

PARALLEL WANG-LANDAU METHOD

// device function for trial move kernel function

// define PROFE to use non-uniform modification factor

// where (PROF_Eu, PROF_El) specify step function energy range

// and PROF_factor specify the magnitude;

// d_reduce takes in account that initially all random walkers

// take the similar path, so initial update to density of state

// should reduce by number of threads;

__device__ bool d_WangLandau(float Ei, float Ef, unsigned* d_wlH, double* d_wllng,
double* d_wllngc, double* d_wllngca, struct Water* Wmol,
struct Water* d_conf, int *d_Iconf, float rng)

{

// Ei = initial energy; Ef = final energy

// d_wlH = energy histogram; d_wllng = density of state of each thread

// d_wllngc = base density of state of each gpu

// d_wllngca = overall base density of state

// Wmol = water clusters array;

// d_conf = output configuration array of water clusters

// d_Iconf = specify which energy level to output configuration

// rng = random number

int iti;//indices of initial config

int fti;//indices of final config

float lngi,lngfl, 1ngf2; //values for the density of states, intial and final

float R;

#ifdef PROFE

float profei, profef;

#endif

int site = threadIdx.x+blockIdx.x*(blockDim.x);
int disg = THREAD_SIZE*BLOCK_SIZE;

R = Ef;

if (R != R) return false; // in case Ef = NAN;

//Primary direction index

iti=(int) ((Ei/d_N-d_WLD1min)*d_invdWLD1);

fti=(int) ((Ef/d_N-d_WLDimin)*d_invdWLD1);

#ifdef PROFE

profei = (Ei/d_N < PROF_Eu && Ei/d_N > PROF_E1)?PROF_factor:1.0;
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profef = (Ef/d_N < PROF_Eu && Ef/d_N > PROF_E1)?7PROF_factor:1.0;

#endif

/* if (iti <0 || iti >=d_D1BINS){
d_flat = iti;
return false;

Ix/

if ((££i<0) | | (fti>=d_D1BINS))
{
//reject, outside of bounds
d_wlH[site+iti*disg]+=1;
#ifdef PROFE
d_wllng[site+iti*disg]+= d_lnwlf*d_reduce/profei;
#else
d_wllng[site+iti*disg]+= d_lnwlf*d_reduce;
#endif

return false;

}
else
{
Ingi = d_wllng[site+iti*disg] - d_wllng[site+ftix*disg];
lngfl = d_wllngcl[iti] - d_wllngc[ftil;
1ngf2 = d_wllngcaliti] - d_wllngcal[fti];

R=__expf (Ingi+lngfl+1ngf2) ;

if (rng<R)
{
//accept

d_wlH[site+fti*disg]+=1;
#ifdef PROFE

d_wllng[site+fti*disg]+= d_lnwlf*d_reduce/profef;
#else

d_wllng[site+fti*disg]+= d_lnwlf*d_reduce;
#endif

if (fti < NCONF && d_Iconf[fti] == 0){

if (atomicExch(&d_Iconf[fti], 1) == 0){ //data lock;
for(int i=0; i<d_N;i++){

d_conf [fti*d_N+i] = Wmol[site*d_N+il;

}

}

}
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return true;
}
else
{
//reject

d_wlH[site+iti*disg]+=1;
#ifdef PROFE

d_wllng[site+iti*disg]+= d_lnwlf*d_reduce/profei;
t#telse

d_wllng[site+iti*disgl+= d_lnwlf*d_reduce;
#endif

return false;
};

};



