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Chapter 1

Introduction and Motivation

1.1 Standard Model of Particle Physics

The Standard Model of Particle Physics is founded on the belief that all fundamental interactions
are mitigated via an exchange of gauge bosons. The four fundamental forces are the strong nuclear
force, weak nuclear force, electromagnetic force and gravity. It is common to separate gravity
from the discussion of the other forces for at least three reasons: gravity is nearly 40 orders of
magnitude weaker than the electromagnetic force, and thus has a very small effect at the level of
particle interactions, the gauge boson associated with gravity, the graviton, has not been observed
and a testable quantum theory of gravity that agrees with the theory of General Relativity has
not yet been formally developed. String theory may be a possible candidate theory which unifies
the four fundamental interactions. The three remaining forces each have gauge bosons which
result in demanding the quantum field theory describing the free fermions be invariant under local
U(l)y x SU(2) and SU(3).. This U(1)y x SU(2) symmetry unifies the electromagnetic and the
weak interaction into the electroweak interaction and the formal theory was developed by Glashow,
Weinberg, and Salam for which they were awarded the Nobel Prize in 1979. The U(1)y x SU(2)
invariance reduces to U(1).,, symmetry after spontaneous symmetry breaking caused by the Higgs
mechanism. This U(1)e,, symmetry of fermions with electromagnetic charge results in the photon.

The remaining gauge particles after the symmetry breaking are the three gauge bosons, Z°, W+



and W~. The photon is massless while the other three have masses over 80 GeV. The SU(3).
is the color charge symmetry of the quarks. The formal theory of quarks and the color-charge
carrying gluons is Quantum Chromodynamics (QCD) is generally believed to be the correct theory
explaining the strong interaction. The SU(3). symmetry results in eight massless gluons which
interact with the quarks as well as each other. This self interaction is a feature of any non-Abelian
gauge theory and is also seen in the weak sector of the electro-weak interaction. This self interaction
is an important reason why fundamental calculations of processes involving the strong interaction
are very difficult.

The other difficulty is due to the growing coupling of the interaction as distance becomes larger.
This means that the strong interaction is inherently non-perturbative in the low-energy regime.
Add this to the self-interacting aspect of QCD and you have a very difficult problem to solve. One
place to study this non-perturbative regime of QCD is hadronic systems: color neutral systems
of quarks. The statement of color neutrality is a statement of confinement. Confinement is seen
experimentally as the lack of isolated quarks, i.e., a single quark which is not part of a hadronic
system has never been observed. Confinement is seen theoretically as the requirement that closed
systems of quarks must form color neutral objects or, put another way, they must be invariant
under SU(3). transformations, i.e., color singlets. These statements actually extend to any state
made of particles with color charge. This means that physical states of single gluons have not been
observed either and predicted states of multiple gluons, or glueballs, must be color singlets as well.

This concept of color charge has been introduced in [1], and is a vital addition to the quantum
description of baryons because it allows {gqq} states to exist when all three quarks are identical
and occupy the ground state. Without color charge, three identical spin-1/2 fermions would not be
allowed in the same state due to the Pauli Exlusion Principle. The discoveries of the A™* {uuu},
A~ {ddd}, and Q~ {sss} confirm the existence of these states and demand that quarks must carry
an additional quantum number (color). The possible color-neutral states are usually grouped in 2 or
3 categories. Systems containing a quark {¢} carrying color charge and and anti-quark {G} carrying
anti-color charge can form a color singlet state and are called mesons {gG}. Systems containing

three quarks can be created so that they are color singlets and are called baryons {gqq}. Quark



configurations not included in these two possibilities fall into an exotic category which contains
states such as the tetraquark {qqqq}, pentaquark {qqqqq}, and states made from coupled hadronic
states into hadronic 'molecules’, amongst others. A non-trivial quark state, say {qqGq}, may have
the same quark content as a hadronic molecule, {¢g + ¢¢}. The distinction between a non-trivial
quark state and a hadronic molecule is not clear but it has been confirmed that these exotic quark
states exist. Recently, two new four-quark states were discovered, Z,(10610) and Z,(10650) [2-4].
One of the purposes of hadron physics is to investigate the quark structure of hadrons. A review
of heavy quarkonia can be found in Ref. [5]

Quarks come in 6 varieties. The up (u), down (d) and strange (s) quarks have relatively low
mass, approximately 2.3, 4.8 and 95 MeV respectively [6]. The charm (c¢) quark, bottom (b) quark
and top (t) quark are all much more massive. Their masses are listed as approximately 1.3, 4.2,
and 173 GeV respectively [6]. The three lightest quarks have a mass which is comparable to zero on
the hadronic scale of ~ 1 GeV. This mass structure leads to two near symmetries, chiral symmetry
and iso-spin symmetry. If the masses of the quarks are zero, the lagrangian for the quarks can be

separated into left and right handed spinor fields.

£0 = Z \Pailpq’a = Z (@L,aiw\PL,a + @R,alD\PR,a) (11)

a=u,d,s,c,t,b a

1+
Vpy = 275\11 (1.2)

The lagrangian now has SU(6)r, x SU(6)r symmetry because the L and R portions of the fields are
decoupled. This chiral symmetry can be written as a vector, V = L+ R, and axial-vector, V = L—R,
symmetry. While the ground state, vacuum, does have the vector symmetry, it does not share the
axial-vector symmetry and thus spontaneously breaks the chiral symmetry. There should appear
massless Nambu-Goldstone bosons (NGBs) as a result of this spontaneous symmetry breaking and
they should have J” = 0~ due to the ground state breaking the axial symmetry. Though a set of
very low mass 0~ mesons do exist and are considered to be the Nambu-Goldstone bosons predicted,
they have non-zero mass and do not have an SU(6) symmetry. The non-zero mass is a result of

the mass terms in the original lagrangian. While the mass of the quarks explicitly breaks chiral



symmetry, the three least massive quarks, {u,d,s}, are light enough that the chiral symmetry is
nearly realized and therefore the NGBs are seen with a near SU(3) structure.
As just mentioned, the other near symmetry that is seen is SU(3) iso-spin symmetry. This

symmetry can be seen from the free lagrangian of the {u,d,s} quarks

Lo= Y Vi)W, —maU,T,. (1.3)
a=u,d,s

The mass terms are included here and the lagrangian has SU(3) symmetry when the masses of
{u,d,s} are all equal. The masses of u and d are nearly equal and this leads to a very good SU(2)
symmetry which is expressed in the meson sector as the quark structures {ui,dd, ud, du} splitting
into iso-spin singlet and iso-spin triplet states. The SU(2) 0~ singlet is the 7g state and the triplet is
{n*, 7% 7~} with all four having equal masses. The mass difference, Am = m,—m,, ~ mgs—mq # 0,
does explicitly break the SU(3) symmetry but because it is still small compared to the hadronic
scale, the symmetry is nearly conserved. The full, nearly realized, SU(3) symmetry results in eight
states with similar masses. The 0~ octet contains {ng, 7+, 7%, 7=, K+, K° Ky, K~}. The states
containing s quarks are more massive than states composed of only u and d, and the quite good
SU(2) symmetry is contained within this SU(3) octet, i.e., us states and ds states have nearly
equal mass. The observed SU(3) 0~ states number nine due to the SU(3) singlet state, 79, and are
{n,nt, 7% 7=, Kt K° Ko, K—,n'}. The physical  and 7 states are mixtures of the octet, ng, and
singlet, 7o, states. Here we note that the peculiarly high mass of the physical ' (~ 958 MeV) is
a consequence of QCD U(1)4 axial vector anomaly [7-10,12-14]. This 8-fold(+1) grouping of the
low-mass mesons is often referred to as the '8-fold way’ [15]. This SU(3) iso-spin symmetry is seen
in the baryonic sector as well, where states organize themselves into octets and decuplets. Fig. 1.1

is a visualization of this SU(3) organization scheme.

1.2 Motivation for Studying Hadronic Systems

The SU(3) organization scheme described above has been very successful in predicting and classi-

fying the light hadrons. Unfortunately, it is incapable of explaining the mass discrepancy between
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Figure 1.1: Meson 0~ octet, %+ baryon octet and %+ baryon decuplet. Image from [16]

the current quarks of the QCD lagrangian and the mass of the observed hadrons. The lightest
baryons, the nucleons, have a mass of over 900 MeV while the up and down quark masses com-
posing the nucleon are ~ 15 MeV. Even the lightest NGB, the pion, has a mass of ~ 14 times
the mass of its quarks. Clearly most of the energy of the hadrons is not contained in the valence
quark’s mass but in the quark-gluon ’soup’ inside the hadron. If one wishes to study this mixture
or the valence quarks, a high energy scattering experiment must be conducted to probe this inter-
nal structure. But, as the energy is increased, the strong interaction becomes weaker and can be
described perturbatively. This effect is referred to as asymptotic freedom and means that quarks
are only free at very high energies, or very small separations. Fig. 1.2 shows this feature by ag
approaching zero as momentum transfer, @), becomes larger than 100 GeV. Therefore, to examine
the nonperturbative nature of the strong interaction, one must study systems where the quarks

have low energies, i.e., low-energy hadrons. Fig. 1.2 again shows the strong coupling content, ag,
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growing quickly as energy or momentum transfer drop below ~ 10 GeV. For a sense of scale, the
process K + N — K + E lives in the @ < 10 GeV region for the energies considered in this work.
In particular, hadron spectroscopy is an essential part of the investigation to understand the
non-perturbative regime of QCD. The non-perturbative nature of QCD allows for poles in scatter-
ing amplitudes, i.e., resonances. In principle, an ab-initio approach to hadron resonance physics
can be provided by lattice QCD (LQCD) simulation. Instead of a continuum gauge theory, a dis-
crete statistical mechanical system is applied on a four-dimensional Euclidean lattice while exact
gauge invariance is preserved [18]. The spectra of excited baryons observed in the recent lattice
simulations [19,20] hold the promise of explaining the rich dynamics in the resonance energy region
in the near future. Once quark masses drop towards the physical limit and finite volume effects are
fully under control, a close comparison to experimental data will be possible [21-29]. Constituent
quark models [30,31] have been developed to describe the resonance structure of hadrons. Some of

these models organize hadrons in terms of SU(6) x O(3) supermultiplets [32] and some attempts



are made at adding relativistic effects [33]. Other relativistic and non-relativistic quark models
calculate resonance features. Other approaches such as the dynamical Dyson-Schwinger [34] and
the Skyrme model [35] also generate resonance spectra. Unitarized Chiral Perturbation Theory
also provides a complementary picture of some of the low-lying resonances [36,37]. Some of these
attempts have been directed at the = spectra and are discussed below.

These theoretical results must be compared with resonance parameters extracted from exper-
imental data. This is no easy task and a quick glance at a list of nucleon resonances shows why.
There are 11 N* states below 2 GeV with a 3- or 4-star status and several more have been seen with
less confidence [6]. Although resonances can be seen as peaks in cross section data, they are often
much more difficult to discern. Because such resonances are so close in energy and many have large
widths, extracting them from scattering data almost always requires a robust reaction theory. Such
reaction theories, based on a coupled-channel approach, have been developed to various degree of
sophistication and are being improved. So far, most of the experimentally extracted baryon reso-
nances come from the pion-induced reaction experiments, especially the 7N scattering, and about
16 nucleon resonances and 11 A resonances have been identified [6]. A number of A and ¥ baryons,
which are particles with strangeness quantum number S = —1, have been also discovered [6]. A
review on the status of baryon spectroscopy is given, e.g., in Ref. [38,39].

Effective field theories (EFTs) are a powerful tool to describe the strong interaction in the non-
perturbative regime of QCD. EFTs are based on the assumption that the low-energy behavior of a
theory should not strongly depend on the high energy dynamics. These omitted dynamics of the
high-energy portion of the full theory are absorbed into the EFT’s parameters, known as the low
energy constants. The goal then is to find the most general lagrangian, involving only the low-energy
degrees of freedom, that retains all of the symmetries of the full theory [40]. Below 1 GeV, the
only degrees of freedom for a QCD EFT are the 0~ mesons and the nucleons. Chiral Perturbation
Theory (xPT) is this QCD effective theory with pions and nucleons and is an expansion in terms
of my/Agcp or my/my. These expansions are not unitary. Unitarity is satisfied by solving the
Bethe-Salpeter equation. Such an approach is known as Unitarized Chiral Perturbation Theory

(UxPT). This approach generates resonances dynamically, i.e., resonances are generated through



the Bethe-Salpeter equation. Currently, both xPT and UxPT are only able to describe resonances
for s- partial waves thus limiting their applicability [41], though there are efforts to include the
p-wave [42,43].

There are many different reaction theories which are applied in the extraction of resonances from
scattering data. In K-matrix appraoches, the Bethe-Salpeter equation is solved but the real portion
of the 2-body propagator is neglected. Though unitarity is preserved, the omission of the real
dispersive parts of the two-body intermediate states leads to a violation of analyticity. The K-matrix
approach is unable to dynamically generate resonances and the lack of analyticity renders pole
extraction impossible in the complex plane. The usefulness of this approach comes from its ability
to incorporate large amounts of data across many channels in the resonance analysis. The most
promising reaction theories may be dynamical coupled-channel (DCC) approaches. The difficulties
of overlapping resonances and broad widths described above is best solved with a DCC formalism.
These models use effective lagrangians, which reflect the symmetries of QCD at tree level, and
explicit resonances are contained in the models as s-channel diagrams while the background can be
explicitly calculated with t- and u-channel diagrams. In this approach, unitarity is preserved via
the Beth-Salpeter equation and thus resonances can be generated dynamically. This is extremely
important if one wishes to discern the nature of these resonances. DCC approaches are also well
suited for answering the 'missing resonance’ problem. This is because resonances may couple to

different channels and a DCC approach treats these simultaneously.

1.3 Multi-strangeness Baryon Systems

Although the multi-strangeness baryons (S < —1) have played an important role in the development
of our understanding of strong interactions, and thus, should be an integral part of any baryon spec-
troscopy program, the current knowledge of these baryons is still extremely limited. For example,
the prediction and discovery of the ) baryon [44], with strangeness S = —3, has been a spectacular
confirmation of how well the SU(3) flavor symmetry works in strong interactions. Nevertheless,
more than a half century passed before the spin of 27 (1672) was recently confirmed [45,46]. Further

gaps in our knowledge is shown by undiscovered = resonances. The SU(3) flavor symmetry allows



as many S = —2 baryon resonances, Z, as there are N and A resonances combined (~ 27); however,
until now, only eleven Z baryons have been discovered [6]. Among them, only three [ground state
Z(1318)1/2T, 2(1538)3/2%, and =(1820)3/27] have their quantum numbers assigned.! This situa-
tion is mainly due to the fact that multi-strangeness particle productions have relatively low yields.
For example, if there are no strange particles in the initial state, = is produced only indirectly and
the yield is only of the order of nb in the photoproduction reaction [47], whereas the yield is of the
order of ub [55] in the hadronic, K-induced reaction, where the = is produced directly because of
the presence of an S = —1 K meson in the initial state. The production rates for {2 baryons with
S = —3 are even lower [49].

The study of multi-strangeness baryons has started to attract a renewed interest recently. In-
deed, the CLAS Collaboration at Thomas Jefferson National Accelerator Facility (JLab) plans to
initiate a = spectroscopy program using the upgraded 12-GeV machine, and measure the exclusive
Q photoproduction for the first time [52]. Some data for the production of the = ground state,
obtained from the 6-GeV machine, are already available [47]. They were analyzed in Ref. [53, 54].
J-PARC is going to study the = baryons via the K N — KZ process (which is the reaction of choice
for producing E) in connection to its program proposal for obtaining information on = hypernuclei
spectroscopy. It also plans to study the 71N — K K= reaction as well as {2 production [56,57]. At
the FAIR facility of GSI, the reaction pp — ZZ will be studied by the PANDA Collaboration [58].

While many upcoming experiments will be providing plenty of new results, theoretical studies
of the = baryons are hampered mainly by the scarcity of currently available experimental data.
The existing theoretical models cannot be well constrained and, as a consequence, there is strong
model-dependence in predictions of the = spectrum. In particular, one of the current open issues
in the = spectrum concerns the low mass of the Z(1690) and =(1620), i.e., the nature of the third
lowest = state [35]. Here, different approaches, such as the non-relativistic and relativistic quark
models [33,59,60], one-boson-exchange model [61], large N, model [62-66], QCD sum rules [67,68],
and Skyrme model [35], yield contradictory predictions for the nature of these resonances. The

planned new experimental studies as mentioned above are expected to play a key role in addressing

IThe parity of the ground state = has not been measured explicitly yet, but its assignment is based on quark
models and SU(3) flavor symmetry.



such open problems. Quite recently, lattice QCD calculations of the baryon spectra, including those
of = and  baryons, have been reported [19,20].

Like the other research mentioned, this work is part of the global effort to ultimately understand
confinement. Our part of this effort is trying to find evidence of resonances in scattering data,
determine these resonances’ properties such as mass, decay width, and various decay modes, and
determine their quantum numbers, J¥. This work takes on these tasks on two fronts. First,
we investigate the model-independent aspects of the = baryon resonance production reactions,
K+N — K+ZE*) and v+ N - K + K + Z(Z*). The second is to investigate the dynamics
of these reactions in a consistent model-dependent analysis. We investigate the available data
for the K + N — K + Z reaction and extract S = —1 resonance contributions. We also give
predictions for yet-to-be-measured spin observables to assist in future experiment design. Chapter
2 is dedicated to these tasks for the K reaction, while Chapter 3 focuses on = photoproduction. The
v+ N — K + K + = reaction is a much more complicated situation due to the 3-body final state,

the added spin complexity of the photon, and the important basic requirement of gauge symmetry

known as gauge invariance.
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Chapter 2

K+N-—>K+=

The reaction of choice for studying = and =* hyperons is K + N — K + Z(Z*). It is the simplest
reaction with open strangeness in the initial state. Reactions with S=-1 hyperon targets such as
A or ¥ have never been performed and are experimentally impractical. The N + N — Z + =
reaction is also an interesting reaction to study. This reaction should be studied in parallel with
K + N — K + E as they both are expected to be dominated by the same reaction mechanism, Y*
production. There is already available cross section and recoil polarization data for the K-induced
reaction though it is very old and suffers from large uncertainties [69-82]. Luckily, new experiments
at J-PARC are planned and will include = production using pion and anti-kaon beams [56,57]. Data
for the NN reaction is virtually nonexistent with less than 10 == events recorded. Again, new
experiments are planned using the PANDA detector at HESR at FAIR [58]. The expected cross
sections are of the order of ub which is an order of magnitude higher than the y+ N — K+ K +=
reaction. This chapter will focus on K + N — K + =.

The purpose of theoretical and phenomenological calculations for these reactions is to identify
and extract information on baryon resonances from experimental data which allow for a comparison
with fundamental QCD calculations based on first principles, i.e., lattice QCD and/or QCD-based
models. Note that a direct comparison of the QCD calculations with experimental data is not

feasible at present. In this chapter, the task of resonance extraction is taken on in two ways.

In Section 2.1, a model-independent calculation is performed. This calculation decomposes the
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=, or =% of J < 3/2, production amplitude into its most general form consistent with the most
basic of symmetries, rotational invariance and parity conservation. Once these symmetries are
taken into account, the reaction amplitude’s spin structures are reduced by half, from 2  (2J + 1)
to 2J + 1. From these spin-amplitudes, all observables can be calculated. Measurement of all
possible observables is a huge and unneeded task, so a smaller set of observables is listed which
can unambiguously determine these spin amplitudes. Further, these spin observables hold the key
to determining the spin and parity of the produced = or =*, fundamentally important information
for comparing QCD computation results, and a set of measurements is listed which will determine
these quantum numbers.

In Section 2.2, a model-based analysis of existing data is performed. These model calculations
are important when trying to understand the production mechanisms. Due to the lack of exotic,
S=-2, meson exchange, our model only includes S = —1 hyperon contributions as well as a four-
point contact amplitude. Because this reaction is expected to be dominated by these hyperon
exchanges, it provides a useful place to study their resonance spectra. Our goal is to determine
if any Y™ resonances are indicated by the data and extract their masses, widths, and quantum
numbers.

This chapter contains published material and/or material that will be published which has
been reprinted with permission from [101,122]. Copyright 2014 and 2015 by the American Physical

Society.

2.1 Model-Independent Analysis

In this section, we derive the most general structure of the amplitude for the reaction of

K(q)+N(p) = K(¢) +E@) , (2.1)

following the method used in Ref. [83]. In the present work, we consider the production of = of
spin-1/2 and -3/2 with both positive and negative parities. The method is quite general and, in

principle, can be applied to extract the spin structure of any reaction amplitude. In the above
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equation, the arguments denote the four-momenta of the respective particles.
The reaction in Eq. (2.1) is described in its center-of-momentum (CM) frame, where ¢ = —p
and ¢ = —p’. For further convenience, we define the three mutually orthogonal unit vectors 7,

(2

(1 =1,2,3) in terms of the independent momenta available in the reaction, i.e.,

x p') x
fy = PXP)IXP (2.2a)
l(p x p') x p|
X pxp
flg= oo (2.2b)
2T pxp/
R D
My = — | 2.2¢

where p and p’ denote the three-momenta of the nucleon and Z, respectively. Note that p and
p’ define the reaction plane, such that n, is perpendicular to the reaction plane. The coordinate-
system setup is shown in Fig. 2.1. Throughout this work, the hat notation for vectors is used to
indicate unit vectors, i.e., @ = a/|a| for an arbitrary vector a. The quantization axis is chosen to
be along 5. We also use the alternative Cartesian notation ¢ = z,y, z for the indices of the unit

vectors 7.

+

2.1.1 Production of E with J¥ = %

+

% for the = produced in reaction (2.1). Following the method

First, we consider spin-parity J =
of Ref. [83], the most general spin structure of the reaction amplitude, consistent with basic sym-

metries, is

D=

M= M,+ Myo-(pxp), for J¥ (2.3a)

M:M{a-ﬁ/—l—Méa-ﬁ, for J¥

D=

(2.3b)

where o = (0,04, 03) stands for the vector built up of usual Pauli spin operators.! Equations (2.3a)
and (2.3b) are direct consequences of the amplitude’s reflection symmetry about the reaction

plane [84,85], which is further exploited in our analysis presented below. Note that the coeffi-

Note that the spin structure for the positive-parity = in Eq. (2.3a) is identical to the familiar structure of the
7N elastic scattering amplitude. However, obviously, the isospin structure is different.

13



nh =Ny

Boost to

= rest frame

Figure 2.1: Coordinate systems used in describing the = production reaction and its subsequent
decay process. On the left, the production reaction K N — KZ is shown in its center-of-momentum
(CM) frame. The corresponding reaction plane (indicated in dark gray) contains the nucleon and
= momenta p and p’, respectively. The basis vectors {n,n,, 5} are defined in Eq. (2.2), with ng
aligned with the nucleon momentum p and no perpendicular to the reaction plane; 6 indicates the
E emission angle. The (primed) frame {n},n), n} is obtained from {n,n,,n3} by rotating the
latter about the n, axis by 6, which aligns i with p’ and leaves 1}, = n,. The (light gray) plane
tilted by the angle ¢/, about the nf = p’ axis is spanned by the momenta of the decay products A
and K. The polar and azimuthal angles of the decay product A in the rotated (primed) CM frame
are indicated by 0 and ¢/, respectively. In the boosted frame on the right, the decay process of
the produced = at rest is described in the {n}, n}, n4} coordinate system. The polar and azimuthal
angles of the decay product A are indicated here by 65 and ¢,, respectively. For the latter angle,
one has ¢, = ¢\ since the boost happens along the corresponding tilt axis.

cients M{ and M/ do not contain S-wave in the final state.

For further convenience, we rewrite Eq. (2.3) as

+

M = My+ Myo - for JP =

N[

, (2.4a)

M=Mo -t +Mo-ns, for JP = (2.4b)

D=

using p’ = cosfng +sinfn,; and ny = p. The respective coefficients in Egs. (2.3) and (2.4) are

related by
! ! 1
My = My , M = g Ms | (2.5a)
1 cosf
| = — M} = M3z — My . 2.5b
sinf 3 37 §ing (2.5b)
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Following Ref. [83], one may also express these coefficients in terms of partial-wave matrix ele-
ments. The corresponding results are given in Appendix 2.4.1, which show, in particular, that
the coefficients M; and My vanish identically for = scattering angles # = 0 and 7, as can be seen
in Eq. (3.34). The partial-wave expansions will become particularly relevant once sufficient ex-
perimental data become available to permit their full-fledged partial-wave analysis. The isospin
structure of the amplitudes in Eq. (2.4) [or in Eq. (2.3)] is contained in the coefficients M; as given
explicitly by Eq. (3.34) in Appendix 2.4.1.

Once the spin structure of the reaction amplitude is determined, all the observables can be
readily expressed in terms of the amplitudes M; multiplying each spin structure. For the reaction
under consideration, apart from the cross section (do/dS2), a complete set of observables includes
the target asymmetry (7'), recoil = polarization (P), and the spin-transfer coefficient (K). For

arbitrary spin orientations along directions @ and b, their coordinate-independent expressions are

Z_?Z = %Tr[MMT] , (2.6a)
Z—STQ = %TI‘[MO’ . dMT] , (2.6b)
3—;13& = %mMMT o-al, (2.6¢)

j_gKba = Do bl -a). (2.6d)

For Cartesian directions n; enumerated by i = 1,2,3 (= z,y, z), in particular, one obtains

do 1 ~ ~
qli =5 TilMo, M, (2.7a)
do 1 NN
— P, =-Tr[MM'o, 2.
P = T ] (2.7b)
do 1 S
g i = 5 TrMo Moy (2.7¢)

Of course, the T, P, and K observables for arbitrary directions in Eq. (2.6) can be expressed as
linear combinations of the specific Cartesian expressions given in Eq. (2.7).
Due to symmetries of the reaction, eight observables vanish identically, i.e., T; = P, = K, =

K,; =0 for i = x, z, and of the remaining eight, only four are independent for a given parity, which
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completely determine the amplitudes M; in Eq. (2.4). Indeed, for a positive-parity =, we have

Z—; = Z—;Kyy = |My|? + |Ms]? (2.8a)

O Kap = S Kee = (Mo = M (2.8
%Ty - %Py — 9Re [MyM{] | (2.80)

00 Koo = — 20 Ko = 2Tm [M M) (2.8d)

and for a negative-parity =, we obtain

= ST Ky = M + M7 (292)
%Km = —Z—;Kzz = [My[* — | Ms]* (2.9b)
j—gTy = —j—gPy — 2Tm [M3Mj] | (2.9¢)
%0 Ko = 50 Koy = 9Re [MyM}] | (2:94)

The respective first two relations in the two equation sets determine the magnitudes of the ampli-
tudes My, Mo and My, M3, respectively, whereas the respective last two relations determine their
phase differences. Therefore, apart from an irrelevant overall phase, the observables in Egs. (2.8)
and (2.9) determine the amplitudes M;, i = 0,...,3, unambiguously. These results reveal that
it is experimentally demanding to determine the reaction amplitude completely, for it requires
measuring both the single- and double-polarization observables.

Comparing Eqs. (2.8a) and (2.9a), one obtains

Ky =7z, (2.10)

where mz stands for the parity of the produced =. This result is actually a direct consequence
of reflection symmetry, as exploited in Bohr’s theorem [85,86] and applied in Ref. [87]. It, there-

fore, provides a model-independent way of determining the parity of the = resonance. Alternative
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expressions extracted from Eqs. (2.8) and (2.9) are [87]
T, =n=P,, (2.11)

which involves only single polarization observables and
Kyy=m=K,, and K,,=-mzK., . (2.12)

These results are all consequences of the reflection symmetry about the reaction plane.

In Sec. 2.1.3, we will perform the analysis in terms of the spin-density matrix (SDM) elements,
which are equivalent to the observables discussed here. The SDM elements are convenient quantities
when dealing with spin observables, especially when higher-spin particles are produced in the
reaction. They can be extracted from the information on the subsequent decay processes of the
produced particles, in conjunction with the self-analyzing property of the decaying particles via a

weak decay, without the explicit measurement of the spin polarizations of these produced particles.

2.1.2 Production of E with J¥ = %i

+

We now turn to the spin-parity J = % . Again, following Ref. [83], the most general spin structure

of the reaction amplitude is given by

M=FT -pxp)+ T -po-p+F |T -po-p+T -po-p|+F,T -po-p

(2.13a)

for JE = %+ and

M=Gy [Thpo - (px )+ TT-(pxp)op| + Gy [TT-§o- (pxp)+T (b xp)o -

+GL T -p'+ G, T - p (2.13b)

for JP = %_. Here, T stands for the (spin-1/2 — spin-3/2) transition operator. Its explicit

representation may be found in Appendix 2.4.1. In contrast to the spin-1/2 case, each parity of
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the spin-3/2 case has four independent amplitudes, F} and G} (i = 1,...,4), respectively, and one
needs at least eight independent observables to determine them completely apart from an irrelevant
overall phase. From the above equations, it is obvious that only F) and G contain an S-wave in
the final state. Also, I} and GY contain only D- and higher-waves in the final state.

The amplitudes in Eq. (2.13) can be also rewritten as

M=FT i+ BT -nyo-n+F TN -fy0-1,+T -fy0 13| + Fy T - g0 -1y

(2.14a)

for J¥ = %+ and

M =Gy TT-ﬁga-ﬁ2+TT-ﬁ20-ﬁ3}+G2 [TT-ﬁla-ﬁ2+TT-ﬁ20-ﬁl]

+G3T -7y + Gy TV -7y (2.14b)

for J¥ = %_. The coefficients F; and G; are expressed in terms of the partial-wave matrix elements

as given in Appendix 2.4.1. They are also related to the corresponding coefficients F! and G/ in

Eq. (2.13) by
Fi = .1 Fy Gy = .1 Gy — C:O—SHGz ; (2.15a)
sin 0 sin sin? 6
P = Sm129F2 , = Sile G (2.15b)
F = SiIlle - ;ESQZFQ , Gl = ﬁGg , (2.15¢)
=Rt S 0n 20 =20, (2.154)

The polarization observables for this case will be discussed in the next section in terms of the SDM

elements.
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2.1.3 Spin-Density Matrix Formalism

As mentioned before, when dealing with higher-spin = (i.e., spins higher than 1/2) in particular,
it is more convenient to continue the analysis of the KN — KZ reaction in terms of spin-density
matrix (SDM) elements. A similar (but not identical) analysis to the present one based on the
SDM formalism was performed in Ref. [88] for a general two-body reaction with unpolarized initial
state. Also, the reaction KN — wA was analyzed within the SDM approach in Ref. [89)].

In Secs. 2.1.1 and 2.1.2, we have exploited the mirror (or reflection) symmetry about the reaction
plane in our analysis, in particular, for the parity determination of the = resonances. In fact, as
long as the production process conserves total parity, the reaction amplitude should have this
symmetry [84,85]. This mirror operation is equivalent to doing a parity transformation followed
by a subsequent rotation by 180° about the n,-axis: 75y = ]%(1800)75. The resulting symmetry, in

terms of the spin matrix element, is

(Spmg|M|S;im;) = (SymyPIP,MPIP,|S;m,)

= 7y (1) SIS (G NS —my) (2.16)

and holds as long as the quantization axis is in the production plane. Here, ;) is the intrinsic
parity of the initial (final) state.

Based on this symmetry, the JX = %i = production amplitude, M given by Eq. (2.4), is
completely described by two complex helicity amplitudes, H; and Ho, given by the spin matrix

elements,

:WE<)‘E:_%’M’)‘N:_%> , (2.17a)

=-mzde =2 MPAy=1), (2.17b)
where Ay and Az denote the helicity of the initial nucleon and final =, respectively. Here, reference
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to the spin quantum numbers Sz = Sy = 1/2 has been suppressed. The helicity amplitudes are

related to the coefficient amplitudes in Eq. (2.4) by

0 0

Hi = My cos 3 + iMs sin 3 (2.18a)

. 0 .0
Ho = —iM> cos 3 + My sin 3 (2.18b)
for a positive parity =, and by

0 .0

Hi = M;j cos§ + M,y sm§ , (2.19a)
0 .0

Ho = M; cos 3 M3 sin 3 (2.19b)

for a negative parity =. Here, 6 is the scattering angle, i.e., cosf =p - p'.

Likewise, the production amplitude M for a = with JP = %i determined by Eq. (2.14) is

completely described by four complex amplitudes given as

=7z (Ag = _%|M|)‘N = -3 (2.20a)

= —m= (AE:_%W;AN:_%> , (2.20¢)
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These helicity amplitudes are related to the coefficient functions in Eq. (2.14) by

Hy = % _z' cos gFl — cos @ sin gFg — cos 3—29F3 + sin 6 cos gEl} , (2.21a)

Ho = % _z’ sin gFl — cos 6 cos gFQ + sin 3—29F3 — sin #sin gEl} , (2.21b)

Hz = L isin gFl + (2 — 3cos ) cos QFQ + 3sin 3—6F3 — (1 —3cosb)cos QFLJ (2.21c)
val 2 2 2 2 4]

Hy = 1 icos QFl + (2 + 3cosf)sin QFQ + 3 cos 3—9F3 — (14 3cosf)sin €F4] (2.21d)
Vel 2 2 2 274

for a positive-parity = and by

1. 0 .. 30 0 ) 0
Hi = % _z (2 — cos @) cos §G1 + 2isin §G2 — cos 6 cos §G3 + sin € cos §G4} , (2.22a)
H —i-—i(2+cosﬁ)singG —|—2’iCOSg€G —cos@singG +sin98ingG (2.22b)
2—\/5_ 541 542 L3 S .
H —L—?)' GingG + 3isin @ inQG + (24 3cos ) ingG + (3cosfh —1) QG
3—\/6-ZCOSS 5G1 sin 'sin 5 G cos §) sin 5 G cos cos 5G|
(2.22¢)
i = L[~ 3icosheos LGy — 3isimbeos oG (2= 3cos 0) cos LGy + (3cos 0+ 1) sin oG
4_\/6_ cos ¢ cos 5 G1 — Jisin b cos S G cos §) cos 5 G3 cos sin 5 Gy
(2.22d)
for a negative-parity =.
The SDM elements are defined by
=1 ~ i 1 ~ ~
o = FNIN) = £ (N0, T, (2.23)

for i =0,...,3, where A\ and X' stand for the helicity of the produced Z baryon and o, = 1 is the
2 X 2 unit matrix. For completeness, a relevant part of the SDM formalism for the present work is

presented in Appendix 2.4.2. The SDM elements are related by

Py = (D3 (2.24a)
Pyx = Py (2.24b)
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due to the symmetry of the spin matrix element (2.16) and the hermiticity of Eq. (2.23).
We now relate the SDM elements, pf’i,, to the helicity amplitudes H; given by Egs. (2.17) and
(2.20) which determine the reaction amplitudes. The purpose is to find a set of SDM elements that

fixes those helicity amplitudes completely.

—_ =+
:.ofJP:%

Starting with J = %, there are sixteen possible SDM elements pf}f,. However, only four of them
are independent for a given parity and they determine the amplitudes H; and Ho apart from
an irrelevant overall phase. Inserting Eq. (2.17) into Eq. (2.23), a set of four independent SDM

elements can be determined as

209 1 =2im=pi 1 = |Hal* + [Haf* (2.25a)
272 27 2
201 1 =2m=ph 1 =M’ — [Haf?, (2.25b)
272 27 2
pia =imzpl 1 =Im[H M3 (2.25¢)
272 27 2
plé’% = —7g p?% 1 =Re[HiH3] (2.25d)

where the superindex = in pf’;, was dropped for simplicity. A complete list of SDM elements pg\’ v
in terms of helicity amplitudes H; is given in Appendix 2.4.3.
The SDM elements are directly related to the observables defined by Eq. (2.6). For example,

from Egs. (2.24) and (2.73d), we have

do

aa QpO%’% ’ mey’ = 2202%7_% ) (2.26a)
%Ty - 2'02%,% ) ;%Py' = 2ip%7_% : (2.26b)
Z—gKm/ = 2/71%’_% ; Z—;Kzz' = 2/7?%,% ) (2.26¢)
%Km/ =2p11 %Km/ =201 . (2.26d)

where the primed Cartesian components correspond to the rotated frame (see Fig. 2.1; note that
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From Egs. (2.10) and (2.26), we see, in particular, that

Z'PQ; _1
Ky = —5—= =1z (2.27)
P11
272
More generally, in terms of the SDM elements, one obtains
1 )\/Z',Og\_x 1 Xpi_)\r
(1) == (1) F==mz . (2.28)
P P

This result reveals that one needs to measure two SDM elements to determine the parity of the =
baryon: either ,09\’ w With unpolarized target nucleon and p?\’_ yv Wwith polarized target nucleon along
the direction n, = nf, perpendicular to the reaction plane, or pi y Wwith transversally polarized
target along n,, and pi_ w with longitudinally polarized target along n; = p. Note that p()]H v s

directly related to the cross section do/d€2 when A\ = X.
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Eof JPF =32

For J = 3/2, analogously to the J = 1/2 case, inserting Eq. (2.20) into Eq. (2.23), the SDM

elements are related to the four amplitudes H; (i = 1,...,4) by

2/9%,3 = [Ha|* + [Ha]? (29a)
2/)1%7_% == ([Ha]* = [H2?) , (29b)
—Z'Pog_g = 7= Im [HoH7] , (29¢)
,01%% = Re [HoH]] , (29d)

26 | = sl + [P (30a)
203 _y == ([Hal” = [Hs]?) (30b)
—ipoév_% = 7= Im [HaH]] | (30c)
P11 = Re[HgH]] , (30d)
2p5 _1 = 7z (oM — HiM3) (31a)
2,00% 1= HoHy + H1H; (31b)
205 _1 = 7z (HaMi — HaMs) (32a)
2,01%,% = H1H; + HaHy (32b)

A complete list of SDM elements pi’i, in terms of the helicity amplitudes H; is given in Ap-

pendix 2.4.3.

As mentioned in the previous section, a set of eight independent SDM elements (e.g., pol 1,
272

P2 s, Re[p% 1], Tm[p% 1], Re[p% 1], p1 1, pt s, Re[p} .]) determines all four helicity amplitudes
272 272 272 27 2 27 2 27 2 272
H;, (i =1,...,4), apart from an irrelevant overall phase. The analysis here is analogous to the

one carried out in Ref. [90] for pion photoproduction.

Equations (2.24) and (2.76) can be used to calculate K, in terms of SDM elements involving
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= of spin-3/2. This leads to

Kyy = =Tz (233)

or, more generally,
3y ipi )\ 3/ P%\ )\
(1) " == (-1 = =7=. (2.34)
PN PN

Equations (2.27), (2.28), (2.33), and (2.34) can be extended to an arbitrary spin J of the =

baryon, i.e.,

NN (1)7A
N A (2.35)

K, =
vy Z)\ p%)\ =

and
o 05w Jon PAx
(-1)7~ = ()TN S = (2.36)
P P
Note here that in the last expression two SDM elements are sufficient to determine the parity,

whereas one needs a whole sum of SDM elements to achieve the same in terms of K, .

2.1.4 Decay Measurement and Spin-Parity Determination

To extract SDM elements from experiment, following Chung [91] and Biagi et al. [92], one may
relate them to moments, H', and weak decay-asymmetry parameters. Their definitions and further
full details are given in Appendix 2.4.4. Here, we only present some pertinent results.

For a spin-J = undergoing a single weak decay process, one obtains the SDM element

2, 2L +1 i
L

where M = Az — AL. The coefficients ti;\/[ can be determined from the ratio of the moments,

<d0> Hi(L, M)

a0 el 1
) 0.0 Cotha (JILOTd) (2.38)

—_

where (; = 1 for even L and (; = ag for odd L, with az denoting the = decay-asymmetry
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parameter.

Note that since all moments vanish identically for L > 2.J, Eq. (2.38) offers a way of determining
the spin of the Z undergoing a single (weak) decay by measuring the moments as a function of L.
In other words, the nonvanishing H*(L, M) with the largest L value for some i and M determines
J as J = L/2. Experimentally, of course, this may be challenging since it is not a priori clear how
small the measured values of the next higher moment H*(L + 1, M) would need to be for being
compatible with zero. And, moreover, one would need to confirm that the smallness of this moment
is not accidental.

*

Similar results are obtained for excited = resonances, =*, undergoing a double decay process,

as discussed in Appendix 2.4.4. In this case, we have,

do\ H*(0,0,L, M) i
< ) =t (JAL0|TY) (2.39)

dQ ) H°(0,0,0,0)

for even L and

<da>H(1,0,L,M) = SAydi 1o (2.39b)

dQ ) HY0,0,0,0) 3

for odd L. Here, ay denotes the A decay-asymmetry parameter for the decay chain Z* — A + K

followed by A — N + 7. In the case of 2% — Z + 7 followed by & — A 4 7 instead, a;, needs to be
replaced by a=.

For = resonances decaying along the double decay chain specified in Eq. (2.87), the result of

the corresponding moments given by Eq. (2.106) leads to [92]

H0(1,i1,L,M)_7T( o 2J +1

HO(1,0, L, M) - 9L(L + 1) (2.40)

for an unpolarized target and for odd values of L(< 2.J). This offers a way of determining the spin
and parity of the excited = resonance simultaneously. A similar measurement was performed to

determine the parity of A(1405) in Ref. [93]
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2.2 Model Calculation of K + N - K + =

In this section, we present the results of our model for K + N — K + Z. There have already
been attempts to analyse this data. To date, recent calculations are reported by Sharov et al. [94]
and by Shyam et al. [95]. The former authors have considered both the total and differential
cross sections as well as the recoil polarization data in their analysis, while the latter authors have
considered only the total cross section data, although they too have predicted the differential cross
sections, mentioning that they found it difficult to use the differential cross section data [76] for
several reasons. Although the analyses of Refs. [94, 95] are both based on very similar effective
Lagrangian approaches, the number of S = —1 hyperon resonances included in the intermediate
state are different. While in Ref. [94] only the ¥(1385) and A(1520) are considered in addition
to the above-threshold ¥(2030) and X(2250) resonances,? in Ref. [95] eight of the 3- and 4-star A
and ¥ resonances with masses up to 2.0 GeV have been considered. While the authors of Ref. [94]
pointed out the significance of the above-threshold resonances, the authors of Ref. [95] have found
the dominance of the sub-threshold A(1520) resonance. The reaction (2.1) has been also considered
quite recently by Magas et al. [41] within the coupled channels Unitarized Chiral Perturbation
approach in connection to the issue of determining the parameters of the next-to-leading-order
interactions. The authors of Ref. [41] have added the 3(2030) and ¥(2250) resonances into their
calculation to improve the fit quality to the total cross section data. Just recently, a calculation by
the Argonne-Osaka group [96] within a Dynamical Coupled Channels approach to the K-induced
two-body reactions up to W = 2.1 GeV has been also reported.

In the present section, we perform a model-dependent analysis of the existing data based on the
effective Lagrangian approach that includes a phenomenological contact amplitude which accounts
for the rescattering contributions and/or unknown (short-range) dynamics that have not been
included explicitly into the model.

It should be restated that the present study is our first step toward building a more complete
reaction model capable of reliably extracting the properties of hyperons from the forthcoming

experimental data, in addition to providing some guidance for planning future experiments. The

2The production threshold energy for the reaction of K + N — K + = is about 1813 MeV.
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investigation of this reaction also impacts the study of = hypernuclei, where the elementary process
of K+ N — K + Z is an input to the models of hypernuclei productions [97-100]. As mentioned
before, there is a proposed program at J-PARC and eventually at GSI-FAIR to obtain information
about the spectroscopy of = hypernuclei through the anti-kaon induced reactions on nuclear targets.
Establishing the existence and properties of = hypernuclei is of considerable importance for a

number of reasons and the study of this reaction is an essential step to this end.

2.2.1 Effective Lagrangian Model Description

The reaction amplitude T describing the two-body process like the reaction (2.1) is, in general,

given by the Bethe-Salpeter equation,

T=V+VGT, (2.41)

where V' stands for the (two-body) meson-baryon irreducible (Hermitian) driving amplitude and
G the meson-baryon propagator. Note that the above equation represents, in principle, a coupled-

channels equation in meson-baryon channel space. It can be recast into the pole and the non-pole

parts as
T=T1"+1"", (2.42)
where the non-pole part TNY obeys
NP = yNP L yNPGQ NP (2.43)
with
VNP =y P (2.44)

denoting the one-baryon irreducible (non-pole) part of the driving amplitude V. Here, VP stands

for the one-baryon reducible (pole) part of V in the form of

VP =" |For) Sor (Forl (2.45)

T
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2

2 —m3, + in)~! stand for the so-called bare vertex and bare baryon

where |Fp,) and Sp, = (p
propagator, respectively. The summation runs over the baryons in the intermediate state, each
specified by the index r. The four-momentum and the bare mass of the propagating baryon are
denoted by p, and m),., respectively. It can be understood that VP is nothing other than the sum of
the s-channel Feynman diagrams corresponding to the bare baryon propagations in the intermediate
state as can be seen in Fig. 2.2. The pole part of the reaction amplitude 7% in Eq. (2.42) is given
by

TP :Z|FT’I>ST’/T’ <Fr|a (2.46)

where the so-called dressed vertex reads

|y = (1+TNPG) |Fyy)

(F| = (For| 1+ GTNT), (2.47)
and the dressed propagator 5,/ is written as
5;71* = S()_rl(sr’r - 27"7‘ ) (248)

with

ET’/T’ = <F0r’|G|Fr> (2.49)

denoting the self-energy.

In the present work we shall make the following approximations to the reaction amplitude in
Eq. (2.42). First, we approximate the pole part of the reaction amplitude TP by the s-channel
Feynman amplitude, My, specified by effective Lagrangians and phenomenological Feynman propa-
gators. Here, the dressed resonance coupling constants, dressed masses as well as the corresponding
widths are parameters either fixed from independent sources or adjusted to reproduce the exper-

imental data. The couplings of the resonances in the propagator are ignored in the pressnt work.
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Figure 2.2: Diagrams included in the present calculation. (a) s-channel A and X hyperon exchange

amplitude, M. (b) u-channel amplitude, M, including the same hyperon exchanges as in (a). (c)
contact amplitude, M., as discussed in this section.

(b) (c)

More explicitly, we have

|Fy =T,
(F] = Ty,

ST’/T’ — Srér’r 5 (250)

with the subscripts M and B denoting a meson and a baryon, respectively. The meson-baryon-
baryon vertices of MB — 1’ and »r — M B are denoted by F;fv[ g and I'arpy, Tespectively, and
can be obtained from the effective Lagrangians given in Appendix 2.4.5. The phenomenological
Feynman propagators for dressed baryon S, are also given in Appendix 2.4.5.

TNP

Second, the non-pole part of the reaction amplitude is approximated as follows.

(i) Since there is no meson-exchange t-channel process in the present reaction unless the ex-
changed meson is an exotic one with strangeness quantum number S = 2, VN of the reaction
is approximated by the u-channel Feynman amplitude M, constructed also from the same
effective Lagrangians and Feynman propagators used to construct the s-channel Feynman

amplitudes.

(ii) The rescattering term VNP G TNP in TNP of Eq. (2.43) and other effects not included explicitly

in the present approach are accounted for by a phenomenological contact term, M., which is
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specified below. This contact term will be discussed in more detail later.

With the approximations described above, the reaction amplitude in the present work is given
by
T=M;+ M, + M., (2.51)

where My and M, are the s- and u-channel Feynman diagrams with the ground state hyperons
as well as some of the S = —1 hyperon resonances in the intermediate state. Figure 2.2 shows a
diagrammatic representation of My, M,, and M..

The contact amplitude M, is decomposed in terms of the spin-flip and spin-non-flip amplitudes,
each expanded in partial-waves. The spin amplitude for the reaction of Eq. (2.1) can be expanded

in partial waves as®

My, =M_1 1
212 373
1 TJ. TJ_ TN
= I [(L + )My p) + LM (7, p)} P(p-p) Py, (2.52a)
LT
My 1 =—-M_1.
27 2 PED)
1 TJ_— TJ TN
=2 [MLL ¥',p) - MLL*(p/,p)] Pi(p-p') Pr, (2.52b)

L

!

where the indices s’ and (s) in My stands for the spin-projection quantum number of the final
(initial) state and Jy = L + % The Legendre and associated Legendre functions are denoted by
Pr(z) and P} (z), respectively.! The total angular momentum, orbital angular momentum, and
total isospin of the initial K N state are represented by J, L, and T, respectively. PT stands for the
isospin projection operator onto the total isospin 0 or 1 as 1" = 0 or T' = 1, respectively. Explicitly,
Pr_g= @+ -m)/4and Pr_y = (1 -7 - 7)/4.

Following the essential idea of Ref. [83] for the phenomenological contact term, M., the spin

3There are in total four spin matrix elements to describe the reaction (2.1). However, only two of them, cor-
responding to the spin-non-flip and spin-flip processes, are independent due to the reflection symmetry about the
reaction plane for parity conserving processes. See Ref. [101] for more detailed discussions.

“Here, the phase convention for the associated Legendre function is such that Pf(z) = — sin(z).
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amplitudes in the above equation corresponding to M, are parametrized as

1
2

M,
- [ p?] 5
= ZQ ( > P TALyY Pp(0)Fr

— _Mc—

1
2

N

1
2

P\" p A
= ZQ2LT (A_> exXp _ﬁ%F PLI(H)PT
LT S : 5

(2.53)

with g£7 = al exp ( {gba}T) T = bl exp ( {(bb}T) and o, BT being constants to be fitted. Ag is
a typical scale parameter of the reaction at hand. The momentum dependence of the partial-wave
matrix elements given above is suited for hard processes, where one has a large momentum transfer
for, in those processes, the amplitude is expected to be independent of energy and nearly constant
apart from the centrifugal barrier effect. The reaction (2.1) is not a very hard process.” Nonetheless,
the p’F-dependence captures the essence of the behavior of the amplitude at low momentum in the
final state. We refer the details to Ref. [83]. The exponential factor in Eq. (2.53) is simply a
damping factor to suppress the high momentum behavior introduced by p'*

It should be noted that our phenomenological contact term M, can only account for effects that
give rise to a smooth energy dependence. Effects such as due to dynamically generated resonances
and/or channel couplings [102-105] that give rise to a strong variation of the amplitude as a function
of energy cannot be taken into account by the contact term.

Before closing this section, we comment on a feature encountered in describing the reaction (2.1)
within a standard effective Lagrangian approach, like that in Refs. [94,95], where only the (tree-
level) s-, u- and t-channel diagrams are included without the phenomenological contact term. The
existing data show backward peeking differential cross sections (see Sec. 2.2.2), which may indicate
a considerable contribution from the u-channel amplitude M,,. In fact, there are a number of A and
> resonances as can be seen in Table 2.1 that contribute, in principle, to this reaction. However, it

happens that the u-channel resonance contributions, especially, from many of those sub-threshold

For example, the momentum transfer of this reaction at threshold is about 200 MeV.
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Table 2.1: The A and ¥ hyperons listed by the Particle Data Group [6] (PDG) as three- or four-star
states. The decay widths and branching ratios of higher-mass resonances (m, > 1.6 GeV) are in a
broad range, and the coupling constants are determined from their centroid values. In the present
work, the masses (m,.) and widths (T';) of the hyperons as given in this table have been used, except
for the 3(2250) resonance. For the latter resonance, see the text.

A states Y states

State my (MeV) T (MeV) Rating [EININ State m, (MeV) ', (MeV) Rating lans k]
A(1116) 1/27F 1115.7 kK »(1193) 1/27F 1193 kR
A(1405) 1/2~ 1406 50 Hokokk $(1385) 3/2F 1385 37 ok
A(1520) 3/2~ 1520 16 Hokokk
A(1600) 1/2+ 1600 150 ok 4.2 $(1660) 1/2F 1660 100 ok 2.5
A(1670) 1/2~ 1670 35 Hokokk 0.3 $(1670) 3/2~ 1670 60 ok 2.8
A(1690) 3/2~ 1690 60 Hokokk 4.0 $(1750) 1/2~ 1750 90 Hokck 0.5
A(1800) 1/2~ 1800 300 ook 1.0 $(1775) 5/2~ 1775 120 ok
A(1810) 1/2+ 1810 150 ok 2.8 (1915) 5/2F 1915 120 ok
A(1820) 5/2Jr 1820 80 HAHA 3(1940) 3/2~ 1940 220 Hok < 2.8
A(1830) 5/2~ 1830 95 Hokokk $(2030) 7/2% 2030 180 ok
A(1890) 3/2F 1890 100 ok 0.8 u(2250) 77 2250 100 ok
A(2100) 7/2~ 2100 200 Hokokk
A(2110) 5/2+ 2110 200 ok
A(2350) 9/2+ 2350 150 Hoxk

resonances, also give rise to a total cross section which keeps increasing with energy, a feature that
is not supported by the data which reaches a peak and then falls off as a function of energy. Indeed,
our model calculation, when those hyperon resonances are considered but without the contact term,
exhibits exactly this feature owing to the increasing contribution of the u-channel diagrams with
energy. This means that the rescattering term (VNPGTNP) in the non-pole T-matrix 7N should
somehow cancel the increasing contribution from the u-channel resonance amplitudes. Or, perhaps,
one needs to consider the u-channel Regge trajectories instead of individual resonances. In the
present work, we do not attempt the difficult task of extracting the contributions of these many sub-
threshold resonances but, instead, we account for their combined effects with the phenomenological
contact term. In any case, it seems that the problem has two scales, one corresponding to the
long-range and the other to the short-range dynamics. The latter is, of course, sensitive to the
form factors used at the meson-baryon coupling vertices to account for the composite nature of the
hadrons and we somehow account for it through the phenomenological contact terms. Problems
with two scales have been addressed in the past, where some authors have introduced two form
factors, one soft and other hard, to account for such effects [106]. Also, in effective field theories

the unknown short-range dynamics is accounted for by contact terms.
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We note that the recent calculations by other authors reported in Refs. [94, 95] within usual
effective Lagrangian approaches, have dealt with this problem by suppressing the high-energy u-
channel contributions. In Ref. [94], this is done by introducing an ad-hoc energy-dependent damping
factor in the u-channel resonance diagrams. In Ref. [95] (see, also Ref. [107]) the form factor used
in the u-channel diagrams is not an off-shell form factor in that it is not a function of the “off-
shellness” (p? — m?2) of the propagating hyperon. Moreover, by using a different form of the form
factor in the w-channel as compared to that in the s-channel amplitudes, it violates the crossing

symmetry already at the tree-level.

2.2.2 Results

In this section, we present our results for the reaction K + N — K +Z in different isospin channels.
More specifically, we investigate the reactions K~ +p — Kt + 27, K~ +p — K% + 2% and
K~ +4+n — K%+ EZ~ considering all the available data on the total and differential cross sections as
well as recoil polarization asymmetries.

Before we present our results, we briefly remark on the experimental data considered in this
work on total cross sections, differential cross sections, and recoil polarization asymmetries. These
data come from different sources of Refs. [70-76,82] and are available in various forms. Some of
them are not in the tabular (numerical) form that can be readily used but are given only in graphical
form or as parametrization in terms of the Legendre polynomial expansions. In Ref. [94], Sharov
et al. have carefully considered the data extraction from these papers. We have checked that the
extracted data are consistent with those in the original papers within the permitted accuracy of the
check. In the present work, we use these data and no cross sections resulting from the expansion
coefficients are considered here.

As mentioned before, there are a number of 3- and 4-star A and ¥ resonances, including those
low-mass sub-threshold ones that contribute, in principle, to the reaction (2.1). A list for these
hyperon resonances and some of their properties is shown in Table 2.1. However, apart from the
ground state A(1116) and X(1193), for most of these resonances, the required information on the

resonance parameters such as the coupling strength (including their signs) to = and/or N are
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largely unknown. Therefore, the strategy adopted in this work is to consider these parameters as
fit parameters and consider the minimum number of resonances required to reproduce the existing
data. In particular, we have considered only those resonances that give rise to a considerable
contribution to the cross section within a physically reasonable range of the resonance parameter
values. More specifically, during the fitting procedure, resonances were added one by one to the
model and the quality of fit was checked. It should be mentioned that we have also checked the
influence of various combinations of resonances at a time (and not just one by one) to the fit quality.
The resonances kept in the presented calculation were those that increased the quality of the fit
by a noticeable amount with the variation in x? per data points N, namely, 6x2/N > 0.1. An
example of this procedure is shown in Table 2.2 where the results of adding one more resonance
to the current model, as specified later, is shown. We see that some of these resonances improve
somewhat the fit quality of the total cross section but not much the other observables or even
worsen the fit quality slightly. We have not included these resonances into our model because the

total cross sections suffer from a relatively large uncertainties.
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Whenever appropriate, for each resonance considered in this work, the corresponding coupling
constants gy and gpy= were constrained in such way that the sum of the branching ratios
By kN + By k= not to exceed unit. Because, within our model, the data are sensitive only to
the product of the coupling constants gxyNgry=, setting |9y x| = |95y=| for the purpose of es-
timating the individual branching ratios, and only for this purpose, is a simple way of keeping our
coupling constant values within a physically acceptable range. Admittedly, the currently existing
data are limited and suffer from large uncertainties, thus an accurate determination of the reso-
nance parameters are not possible at this stage. For this, one needs to wait for new more precise
data, possibly including more spin polarization data. In this regard, the multi-strangeness baryon
spectroscopy program using the anti-kaon beam at J-PARC will be of particular relevance. For the
ground states A(1116) and 3(1193), the corresponding coupling constants are estimated based on
the flavor SU(3) symmetry relations [53].

The phenomenological contact amplitude M, contains two sets of free parameters, {glLT,off}
and {g&7, BT}, to be fixed by adjusting to reproduce the experimental data, for a given set of {L, T}
as shown in Eq. (2.53). In order to reduce the number of free parameters, we have assumed the
parameter off to be equal to ﬁTLF and independent on T and L, i.e., off = 5% = «. The scale param-
eter Ag has been fixed as Ag = 1 GeV. Note that the phenomenological contact amplitude can and
should be complex in principle, since it accounts for the rescattering contribution (VNP GT NP) of
the non-pole T-matrix which is complex in general. Accordingly, the coupling strength parameters
g™ and glT are complex quantities. In order to reduce the number of free parameters, we take
their phases to be independent on L and 7T, so that, {¢,}] = ¢, and {¢y}L = ¢y, for all the sets
{L,T}. Also, in the present calculation, we find that it suffices to consider partial waves up to
L = 2 in the contact amplitude to reproduce the existing data.

The resonances included in the present model calculations and the corresponding resonance
parameters are displayed in Table 2.3 as well as the parameters of the phenomenological contact
term M.. We do not give the associated uncertainties here because they are not well constrained.
In the present calculation, resonances with J < 7/2 were considered. The masses and the total

widths of the resonances are taken to be those quoted in PDG [6] and are given in Table 2.1, except
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Table 2.3: Fitted parameter values of the current model. For the details of the resonance param-
eters, see Appendix 2.4.5. For the contact amplitude, see Eq. (2.53). The entries in boldface are
taken from Ref. [53] and they are not fit parameters. Here, it is assumed that {¢, :£ = ¢, and
{6}t = ¢y, in addition to ot = T = a.

Y INAK  ANAK I=AK A=Ak A (MeV)
A(1116) 3T —13.24 1.0 3.52 1.0 900
s(1193) 1+ 3.58 1.0 -13.26 1.0 900
INARI=A  ANaLK - deare A (MeV) L a7 al 3 b bq by
A(1890) 3 0.11 900 0 028  _1.18
$(1385)3 T 18.76 1.0 1.0 900 1 3.22 —4.84 3.40  —0.60
$(2030) £ F 0.49 900 2 3.06 21.08 ~9.40 2.28
$(2250) 3~ —0.033 900 Ag =1 GeV a=3.62 0.22 -0.16

for the mass of the 3(2250) resonance. Currently, the ¥(2250) resonance is not well established
and have a three-star status [6]. In fact, the PDG doesn’t even assign the spin-parity quantum
numbers for this resonance. The analyses of Ref. [78], actually show as two possible resonances, one
with J = 5/27 at about 2270+ 50 MeV and another with J¥ = 9/2 at about 2210+ 30 MeV. In
the present work we have assumed ¥(2250) to have J¥ = 5/27 with the mass of 2265 MeV. This
is motivated by the fact that the total cross section in K~ 4+ p — KT + =~ shows a small bump
structure at around 2300 MeV, which is well reproduced in our model with the mass of ¥(2250)
adjusted to be at 2265 MeV. For the corresponding width, we have adopted the value quoted in
PDG as shown in Table 2.1.

All the parameters of the present model calculation are determined as described above and
we now present the results obtained in our model. The overall fit quality is quite good with
x2/N = 1.49 as displayed in Table 2.2. There we also show the partial x?/N; evaluated for a given
type of observable specified by the index ¢ as explained in the caption of Table 2.2. In Fig. 2.3 we
show the results for the total cross section in the charged = production reaction from the proton
target, i.e., K~ +p — K~ + =7, for the center-of-mass energies up to W = 3 GeV. Figure 2.3(a)
displays the total contribution which reproduces the data rather well. The dynamical content of
the present model is also shown in the same figure. We find that the contact term rises quickly from
threshold peaking at around 2.1 GeV and falls off more slowly as energy increases. It dominates
largely the cross section except for energies very close to threshold and above ~ 2.7 GeV, where

the hyperon resonance contributions are comparable. The A hyperons contribution is strongest
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Figure 2.3: (Color online) Total cross section for the K~ +p — KT+EZ" reaction. (a) The solid blue
line represents the result of the full calculation of the present model. The red dashed line shows the
combined A hyperons contribution. The magenta dash-dotted line shows the combined ¥ hyperons
contribution. The brown dotted line shows the combined A and ¥ hyperons contribution. The
green dash-dash-dotted line corresponds to the contact term. (b) The solid red line represents the
combined A hyperons contribution that is the same as the red dashed line in (a). The dotted and
dashed lines show the A(1116) and A(1890) contributions, respectively. (c¢) The solid magenta line
represents the combined Y hyperons contribution that is the same as the magenta dash-dotted line
in (a). The dotted, dashed, dot-dashed, and dot-dot-dashed lines show the contributions from the
¥(1193), X(1385), %(2250), and ¥(2030), respectively. The experimental data (black circles) are
the digitized version as quoted in Ref. [94] from the original work of Refs. [69-81].

near threshold and dies off very slowly as energy increases. The X contribution is relatively small
over the entire energy range considered, except in the interval of 2.0-2.3 GeV, where it becomes
comparable to the A contribution. Near threshold, there is a strong destructive interference between
the contact term and (mainly) the A hyperons contribution. At higher energies, the data indicates
an existence of a bump structure at W ~ 2.3 GeV. Our model reproduces this feature due to a
delicate destructive and constructive interference of the contact term and the hyperon resonance
contributions as the energy increases. We also mention that we have explored the possibility
of a much smaller contact amplitude contribution than shown in Fig. 2.3(a) considering various
different sets of hyperon resonances from Table 2.1; however, we were unable to find a solution with
a comparable fit quality to that of Fig. 2.3(a).

Figure 2.3(b) displays the individual A hyperon contributions. We see that the ground state
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Figure 2.4: (Color online) Same as Fig. 2.3 for the K~ +p — K + =0 reaction. The experimental
data (black circles) are the digitized version as quoted in Ref. [94] from the original work of Refs. [70,
76-78,81,82].

A(1116) is, by far, the dominant contribution which is due to the tail of the corresponding u-channel
process. Analogously, the individual ¥ hyperon contributions are shown in Fig. 2.3(c). Here, the
relatively small cross section near threshold is due to the destructive interference between the
¥(1192) and ¥(1385). The enhancement of the cross section in the energy interval of 2.0-2.3 GeV
is basically due to the 3(2030) resonance. The 3(2250) leads to a little shoulder in the total 3
contribution. We note that any non-negligible contribution from the hyperons for energies above
~ 2.3 GeV is due to the u-channel processes.

In Fig. 2.4 we show the total cross section results for the neutral = production process, K~ +p —
K9 + =0 Here, the data are of such poor quality that they impose much less constraint on
the model parameters than the corresponding data in the charged =~ production. Here, the
resulting dynamical content shown in Fig. 2.4(a) is similar to that for the charged =~ production
discussed above, i.e., it is largely dominated by the contact term. However, we see a quite different
feature in the A and ¥ resonance contributions as compared to that for the charged =~ production
[cf. Fig. 2.3(a)]. One notable difference between the charged and neutral = production reactions
considered here is that the u-channel A hyperon contribution is absent in the =Z° production case.

Also, the relative contribution of the ¥ hyperons is much larger in the neutral Z° production than
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Figure 2.5: (Color online) Total cross section results with individual resonances switched off (a) for
K= +4p— Kt +Z and (b) for K~ +p — K°+Z° The blue lines represent the full result shown in
Figs. 2.3 and 2.4. The red dashed lines, which almost coincide with the blue lines represent the result
with A(1890) switched off. The green dash-dotted lines represent the result with ¥(2030) switched
off and the magenta dash-dash-dotted lines represent the result with ¥(2250)5/2~ switched off.

in the charged =~ production, especially, in the near threshold region.

Figures 2.4(b) and 2.4(c) show the individual hyperon contributions. As mentioned before, due
to the absence of the u-channel A exchange in the neutral Z° production, the A(1116) contribution
is insignificant, leading to a negligible contribution of the A hyperons. Due to the isospin factors,
here, the ¥(1192) and X(1385) hyperons interfere constructively, especially, near the threshold.
Recall that, for charged =~ production, these hyperons interfere destructively [cf. Fig. 2.3(c)].

In Fig. 2.5 we illustrate the amount of the above-threshold resonance contributions of the
present model to the total cross sections by switching them off one by one with respect to the
full results shown in Figs. 2.3(a) and 2.4(a). We see in Fig. 2.5(a) that the 3(2030) affects most
the cross sections in the range of W ~ 2.0 to 2.4 GeV. This resonance is clearly needed in our
model to reproduce the data. It also affects the recoil polarization as will be discussed later. It
should be mentioned that this resonance also helps to reproduce the measured K™=~ invariant
mass distribution in yp — KTKT=" [54], by filling in the valley in the otherwise double-bump
structured invariant mass distribution, a feature that is not observed in the data [108]. The A(1890)

affects the total cross section in the range of W ~ 1.9 to 2.1 GeV and the ¥(2250)5/2~ around
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Figure 2.6: Kaon angular distributions in the center-of-mass frame (a) for K~ +p — KT +Z~ and
(b) for K~ +p — K° + =0 The blue lines represent the full model results. The red dashed lines
show the combined A hyperons contribution. The magenta dash-dotted lines show the combined
> hyperons contribution. The green dash-dash-dotted line corresponds to the contact term. The
numbers in the upper right corners correspond to the centroid total energy of the system W. Note
the different scales used. The experimental data (black circles) are the digitized version as quoted
in Ref. [94] from the original work of Refs. [71-76] for the K~ +p — KT + =~ reaction and of
Ref. [70,74,76,82] for the K~ 4+ p — K% + Z° reaction.

W ~ 2.2 GeV to reproduce the observed bump structure. A more accurate data set is clearly needed
for a more definitive answer about the role of the A(1890) and ¥(2250) resonances. Figure 2.5(b)
for the neutral Z° production shows also a similar feature observed in the =~ case for the $(2030)
resonance. Here, the influence of the ¥(2250)5/27 is smaller and that of the A(1890) is hardly
seen. Recall that there is no u-channel A contribution in the neutral Z° production.

The results for differential cross sections in both K~ +p — KT+ =~ and K~ +p — K% 4+ =°
are shown in Figs. 2.6(a) and 2.6(b), respectively, in the energy domain up to W = 2.8 GeV for
the former and up to W = 2.5 GeV for the latter reaction. Overall, the model reproduces the
data quite well. There seem to be some discrepancies for energies W = 2.33 to 2.48 GeV in the
charged =~ production. Our model underpredicts the yield around cos @ = 0. As in the total cross

sections, the data for the neutral Z° production are fewer and less accurate than for the charged
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=~ production. In particular, the Z° production data at W = 2.15 GeV seems incompatible with
those at nearby lower energies and that the present model is unable to reproduce the observed
shape at backward angles. It is clear from Figs. 2.6(a) and 2.6(b) that the charged channel shows
a backward peaked angular distributions, while the neutral channel shows enhancement for both
backward and forward scattering angles (more symmetric around cosf = 0) for all but perhaps
the highest energies. In the charged =~ production, both the resonance and contact amplitude
contributions are backward angle peaked and, as the energy increases, they get smaller and smaller
at forward angles. In Z° production, both the ¥ resonance and contact amplitude contributions
also exhibit an enhancement for forward angles. Note that the A resonance contribution here is
negligible due to the absence of the u-channel process. The interference pattern in the forward
angular region depends on energy. At lower energies the interfere is constructive and it becomes
destructive at higher energies. The behavior of the angular distributions in terms of the partial
waves will be discussed later in connection to the results of Figs. 2.7(b) and 2.9(b).

The partial-wave content in the cross sections for the charged Z~ production process arising
from the present model is shown in Figs. 2.7(a) and 2.7(b). As can be seen in Fig. 2.7(a), the total
cross section is dominated by the P and D waves in almost the entire range of energy considered,
even at energies very close to threshold where one sees a strongly raising P-wave contribution. The
S-wave contribution is very small. This peculiar feature is caused by the ground state A(1116),
whose contribution cancels to a large extent the otherwise dominant S-wave contribution close
to threshold, in addition to enhancing the P-wave contribution. One way of probing the S-wave
content close to threshold in a model-independent manner is to look at the quantity o/p’ as a
function of p'?, where p’ is the relative momentum of the final K= state. The reason to look at this
quantity is that, for hard processes, the partial wave reaction amplitude goes basically with p'” for
a given orbital angular momentum L as mentioned in Sec. 2.2.1. This leads to

;=

o
p =cot+ep?tept ., (2.54)

where c¢;’s are constants. Figure 2.8 illustrates this point. Although the existing experimental

data are of poor quality, they reveal the general features just mentioned. In particular, for the

43



250 ———— ——r —— ———————
[ 6of
200+ 40+t
[ 20D
150 60
i = a0
5‘ ] B 20+ 1 jE
© 100l 7 % 40 PR P oy
i ! ] B + ]
[ > ] - 4 ]
50| ol ettt N e de
[ il 248 1 279 11005 0 05 1
L . ] 20 N T Full
07 r 15 S+P
. ——- S+P+D
s . 22 24 . ' ' kY S o'slbo 05+"10 7T SHPeDeE
wave -1 -0. 5 -1 0. .
W (GeV) cos 8

Figure 2.7: Partial wave decomposition of the total cross section and the angular distribution for
K~ +p— KT +Z7. (a) Total cross section sectioned by contributions from each partial wave L.
The red shaded area indicates the S-wave contribution, while the green area corresponds to the
P-wave. Magenta indicates the D-wave and maroon the F-wave. (b) KT angular distribution: the
solid blue lines are the full results, while the dotted green lines represent the sum of S + P waves,
the red dashed lines represent the S + P 4+ D waves and the dash-dotted magenta lines represent
the S+ P+ D + F waves. For lower energies, the S + P + D waves already saturate the full cross
section results so that the F- and higher-wave contributions cannot be distinguished from the full
result.

charged =~ production process, the data indicate a linear dependence of o/p’ close to threshold
implying a strong P-wave contribution. The present model result is consistent with this behavior.
The corresponding results for the neutral Z° production are also shown in Fig. 2.8. There, the data
are scattered around but are consistent with the S-wave dominance and our model just shows this
feature [see also Fig. 2.9(a)]. In Fig. 2.7(a) we also see a small F-wave contribution above W ~ 2.0
GeV and practically saturates the total cross section for energies considered. Note that since
our contact term includes the partial waves through the D waves only, the F-wave contribution
is entirely due to the hyperon resonances. The enhancement of the D-wave contribution around
W = 2.3 GeV as well as the little shoulder in the P-wave contribution are due to the 3(2250)
hyperon. Of course, the partial wave contributions are constrained dominantly by the differential
cross section and they are shown in Fig. 2.7(b). As mentioned before, the shape of the angular

distribution is backward-angle peaked and that the cross section is very small at forward angles.
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Figure 2.8: Ratio of the measured total cross section ¢ and the final state K= relative momentum
p’ as a function of p’2. The blue square data correspond to K~ +p — K+ + =", while the red circle
data to K~ 4+ p — K%+ =% The blue solid and red dashed curves are the present model results
corresponding to K~ +p — K+ +Z~ and K~ 4+ p — K" 4+ Z°, respectively.

This behavior is a direct consequence of the very significant interference between the P and D
waves. This can be seen by expanding the cross section in partial waves. Considering the partial
waves through L = 2 and following Ref. [101] and Appendix 2.4.1, the differential cross section may

be expressed as

do

_ 2
ol [‘%2‘2 + (\a1]2 + a02a’2‘) cos? 0 + |y |* cos? 0 + <\Bl\2 + ‘,82‘ cos? 9) sin? 0}

+2Re |:CY020[>{ + ayaj cos® 0 + B, B sin’ 9] cos b, (2.55)
where the coefficients o (8;) denotes a linear combination of the partial-wave matrix elements
corresponding to the spin-non-flip (spin flip) process with a given orbital angular momentum L [see

Eq. (2.52)]. Here, oy = oy — %aQ and B2 = 26,. In the above equation, the last term on the right

hand side which involves an interference between the P and D waves is an odd function in cos 6,
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Figure 2.9: Same as in Fig. 2.7 but for K~ +p — K 4 =0,

while the other term (in big brackets) is an even function. These two terms cancel each other to
a large extent at forward angles while at backward angles they add up. Note that these partial
waves are comparable in strength as shown in Fig. 2.7(a) so that their interference term leading to
an odd function part can largely cancel the even term at forward angles.

Figures 2.9(a) and 2.9(b) display the partial wave content in the cross sections for the neutral
=0 production process. In contrast to the charged =~ production, here one sees that the largest
contribution to the total cross section is the D-wave and that the P-wave is largely suppressed,
which is a direct consequence of the shape of the observed angular distribution whose partial
wave contributions are shown in Fig. 2.9(b). There, compared to that for charged ==, one sees
a more symmetric angular shape about cos = 0 that is dominated by the D-wave. The present
model reproduces the observed behavior of the K9 angular distribution by suppressing the P-wave
contribution as can be easily understood from Eq. (2.55). The rather drastic suppression of the
P wave can be better seen in Fig. 2.9(a). For energies very close to threshold, the cross section is
dominated by the S-wave as seen also in Fig. 2.9(a).

The results for the recoil polarization asymmetry multiplied by the cross section are shown in

Fig. 2.10 in the energy interval of W = 2.1 to 2.5 GeV. Overall, we reproduce the data reasonably
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Figure 2.10: The recoil asymmetry j—gP for both the K~ +p —- KT +=" and K~ +p — K+ =
reactions. The blue solid lines represent the full results of the current model. Data are from
Refs. [73,76].

well. We also find that the results shown at W = 2.11 GeV are still significantly affected by
¥(2030). This corroborates the findings of Ref. [94]. We recall that the recoil asymmetry is
proportional to the imaginary part of the product of the non-spin-flip matrix element (Ms) with
the complex conjugate of the spin-flip matrix element (M, with s’ # s) [101], so that it vanishes
identically unless these matrix elements are complex with non-vanishing real and imaginary parts.
We can therefore expect the recoil polarization to be sensitive to the complex nature of the reaction
amplitude, in particular, to the phenomenological contact amplitude M, introduced in the present
model. Indeed, if one forces the coupling strength parameters g-7 and g&7 in Eq. (2.53) to be
purely real during the fitting procedure, the X%: /Np deteriorates, e.g., from 1.85 to 2.25 for the
K~ +p— KT + Z reaction, although the quality of fit for cross sections is nearly unchanged.
In Fig. 2.11 we show the present model predictions for the target-beam asymmetries K., and
K., multiplied by the unpolarized cross section, i.e., g—gKm and g—gKm for both the charged

=~ and neutral Z° production processes. Note that these target-recoil asymmetries, together
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Figure 2.11: Target-recoil asymmetries K,, (green dashed curves) and K, (blue solid curves) as
defined in Ref. [101] for the reactions (a) K~ +p — KT +Z~ and (b) K~ +p — K +Z% The
numbers in the upper right corners represent the total energy of the system W in units of GeV.

with Ky,, are the only three independent double-spin observables in the reaction of Eq. (2.1)
as discussed in Ref. [101] and Section 2.1. Indeed, the only two other non-vanishing target-recoil
asymmetries are related by K,, = K,, and K,, = —K,..5 We mention that j—gKm is proportional
to the difference of the magnitude squared of the spin-non-flip and spin-flip matrix elements, while
g—gKm is proportional to the real part of the product of the spin-non-flip matrix element with the
complex conjugate of the spin-flip matrix element. Therefore, unlike the recoil asymmetry, these
spin observables do not vanish even if the reaction amplitude is purely real or purely imaginary.
This means that they are, like the cross section, much less sensitive to the complex nature of the
phenomenological contact amplitude.

To gain some insight into the angular dependence exhibited by these target-recoil asymmetries

SNote that the symmetry of the reaction leads to K,, = m= independent on the scattering angle 6 [87, 101].
Here, mz stands for the parity of the produced = which is taken to be mz = +1 for the ground state Z. Also,
Ko = KZZ|COS gogq = T=- The target asymmetry is identical to the recoil asymmetry in the present reaction.
Therefore, we exhaust all the independent observables available in the reaction processes considered here.
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in Fig. 2.11, we express them in terms of partial waves with L < 2. We have

d <12
d_?ZKm = [|a02|2 + <|oz1|2 + a02a§> cos? 0 + |ary|? cos 6 — <|51|2 + ‘52‘ cos® 9) sin? 0]
+ 2Re [ama’f + ay o cos? 6 — B, B3 sin? 6] cosf, (2.56a)
d _ _ _
d_?ZKm =2Re [04026{ + <a1ﬁ§ + a2ﬁf> cos® 0 + <a0255 + alﬁf) cos 0 4 a5 cos® 6] sin 6.

(2.56b)

Note that the only difference between g—gKm given above and differential cross section given by
Eq. (2.55) is the sign change of the terms involving ;. These terms are, however, proportional to
sin? @. Therefore, this spin observable behaves like the differential cross section at very forward and
backward angles, where sin? < 1. At cosf = 0, the difference is due to the term of +|3;|> which
is a P-wave contribution in the spin-flip amplitude. Now, if we ignore the P-wave contribution
— which is relatively very small in the neutral Z° production over the nearly entire energy region
considered as seen in Fig. 2.9(a) — it is immediate to see that Eq. (2.56a) involves only terms that
are symmetric about cos# = 0. We see in Fig. 2.11(b) that g—gKm exhibits roughly this symmetry.

For g—gKm, Eq. (2.56b) reveals a rather complicated angular dependence in general, and
no particular feature is apparent in the results shown in Fig. 2.11, especially for the charged
=~ production process. Neglecting the P-wave contribution, Eq. (2.56b) reduces to j—gKm =
Re [(0402 + avy cos? 0) BS } sin 26, which is roughly the angular dependence exhibited in Fig. 2.11(b).

The present model predictions for the K~ 4+ n — K° + =~ reaction are shown in Fig. 2.12.
Here, the experimental data are extremely scarce and they were not included in the present fitting
procedure. Nevertheless, the current model is seen to predict those few data quite reasonably. Both
the total and differential cross sections exhibit a very similar feature to those of the K~ 4+ p —
KT + Z~ reaction with a noticeable small enhancement in the differential cross sections as seen in
Fig. 2.12(b) for forward angles near cos@ = 0 in K~ +n — K°+Z~. We see, however, some bigger
differences in the individual amplitude contributions, more clearly seen in the total cross sections
that are given in Fig. 2.12(a). There, the ¥ hyperon contribution is larger than the A contribution

over the entire energy region up to W ~ 2.3 GeV, in particular, at low energies near threshold.
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Figure 2.12: Same as Figs. 2.3(a) and 2.6 for the K~ +n — K~ + Z% reaction. The experimental
data are from Refs. [70,77].

This is due to the absence of the strong destructive interference between the 3(1385) and »(1192)
(not shown), since the latter hyperon contribution is suppressed to a large extent compared to the
case of K~ +p — Kt + Z~. Moreover, there is a constructive interference with the A hyperon,

which makes the sum of the hyperons contribution relatively large in the low energy region.

2.3 Chapter Summary

A model-independent analysis of the K + N — K + = reaction has been performed. Following
the method of Ref. [83], the most general spin structure of the reaction amplitude, consistent with
basic symmetries, for Z baryons of J = %i and %i has been derived. The coefficients multiplying
each spin structure have been presented in partial-wave-decomposed form, thus permitting partial-
wave analyses, once sufficient data become available for these reactions. The method of Ref. [83] is
general, and can be applied, in principle, to derive the structure of the reaction amplitude involving
higher-spin = production.

Furthermore, a minimal set of independent observables required to determine completely the

reaction amplitude has been identified. In addition to the unpolarized cross sections, one also needs

single- and double-spin observables, which poses a formidable experimental challenge, in particular,
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since one needs to measure the polarization of the outgoing Z. Note that, for the = of spin-1/2,
there are two complex amplitudes to be determined, whereas for the = of spin-3/2, there are four
complex amplitudes. We then formulated the problem using the SDM approach and expressed
the spin observables in terms of the SDM elements. Following Ref. [91,92], it was shown that the
latter can be extracted from the moments associated with the = decay processes in conjunction
with the self-analyzing nature of the hyperon (A or =) resulting from the subsequent decay of the =
produced in the primary reaction. The moments, in turn, can be extracted from the measurement
of the angular distribution of the decay products.

Since the determination of the spin and parity quantum numbers is a fundamental part of any
spectroscopy study, reflection symmetry about the reaction plane has been exploited, in particular,
to show that, apart from the spin-transfer coefficient K,,, the ratio of the SDM elements given
by Eq. (2.36) determines the parity of a = resonance with an arbitrary spin. Furthermore, the
moments given by Eq. (2.40) determine the spin and parity of the E resonance simultaneously [92].

We also mention that the present analysis applies as given only to = resonances that are suf-
ficiently narrow to permit them being treated like on-shell particles. For broad resonances, a
partial-wave analysis would be required to extract them from experimental data.

In summary, the present analysis provides the model-independent framework for developing
reliable reaction theories of = production to help in the planning of future experimental efforts in
= baryon spectroscopy. This will also help in analyzing the data to understand the production
mechanisms of = baryons.

We have also presented our analysis on the reaction of K~ 4+ N — K + = within an effective
Lagrangian approach that includes a phenomenological contact term to account for the rescattering
contribution of the non-pole part of the reaction amplitude in the Bethe-Salpeter equation and for
other possible (short-range) dynamics that are not taken into account explicitly in the model.
By introducing the phenomenological contact term, we avoid the problem of a strong u-channel
hyperon contribution which keeps growing as a function of energy leading to ever increasing cross
sections, a common feature of the effective Lagrangian approaches. The present model also includes

the A(1890), ¥(1385), £(2030), and ¥(2250) resonance contributions apart from the ground states
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A(1116) and >(1193).

The available total and differential cross sections, as well as the recoil asymmetry data, in both
the K~ +p — KT 4+Z" and K~ +p — K°+ZY processes are well reproduced by the present model.
We have found that the above-threshold resonances A(1890), ¥(2030), and 3(2250) are required to
achieve a good fit quality of the data. Among them, the ¥(2030) resonance is the most critical one.
This resonance affects not only the cross sections but also the recoil asymmetry. In addition, it also
brings a model calculation of Ref. [54] into an agreement with the observed K=" invariant mass
distribution in = photoproduction [108]. The A(1890) is also required to improve the fit quality in
the present model, especially in the energy dependence of the total cross sections of the charged
=~ production around W = 1.9 GeV. The total cross section data in the charged =~ production
seems to indicate a bump structure at around W = 2.3 GeV, which is accounted for by the 3(2250)
resonance with J© = 5/2— and a mass of 2265 MeV in the present model. More accurate data
are required before a more definitive answer can be provided for the role of these two resonances.
In this regard, the multi-strangess hyperon production programs using an intense anti-Kaon beam
at J-PARC is of particular relevance in providing the much needed higher-precision data for the
present reaction.

Apart from the recoil asymmetry, we have also predicted the target-recoil asymmetries for which
there are no experimental data currently. In contrast to the recoil polarization — which are small
—- these observables are quite sizable and may help impose more stringent constraints on the
model parameters. In principle, one requires four independent observables to model-independently
determine the reaction amplitude for spin-1/2 = production [101]. As said before, measurements
of these spin observables are challenging experimentally by any standard, but one can exploit the
self-analyzing nature of the produced hyperon to extract these observables [101,124]. Of course,
for the target-recoil asymmetry measurements, one requires a polarized target in addition o spin
measurements of the produced =Z. The measurement of the spin of the cascade is possible by
exploiting the self-analyzing nature of the cascade as mentioned before. The polarized targets are
nowadays available at some of the major laboratories worldwide. Combined with the availability of

intense beams, measuring these spin observables is no longer out of reach. In fact, various single-
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and double-polarization observables in photoproduction reactions are currently being measured at
the major facilities such as JLab, ELSA, and MAMI, aiming at the so-called complete experiments
in order to model-independently determine the photoproduction amplitudes.

There is some controversy about the role of particular resonances among the recent calculations
of the K~ + N — K + = reaction, in particular, those based on effective Lagrangians as mentioned
in the Introduction [94,95] and now including the present work. The common feature among these
calculations, including that based on the Unitarized Chiral Perturbation approach [41], is that some
S = —1 hyperon resonances seem to be required to reproduce the existing data. To pin down the
role of a particular resonance among them requires more precise and complete data, in addition
to a more complete theoretical model. Anyway, the present reaction is very suited for studying
S = —1 hyperon resonances.

Finally, the present work is our first step toward building a more complete reaction theory in
a DCC approach to help analyze the data and extract the properties of = resonances in future

experimental efforts in = baryon spectroscopy.
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2.4 Appendixes

2.4.1 Appendix A: Expansion of K + N — K + = Spin Coefficients

In this Appendix, we give the partial wave decomposition of the coefficients multiplying each spin

structure of the reaction amplitudes in Eqs. (2.4) and (2.14) for = with spin-parity JZ = %i and

§:|:

5 . The partial-wave expansion of the (plane-wave) matrix element M in Eqgs. (2.4) and (2.14) is

(S'"Mg/|M(p', p)|SMg) = S i" V' (S Mg L My|J My) (S' Mg L' My/|J M)

A

XMLJ;’%,(p,vp)YL’ML/ (ﬁ/)YEML (ﬁ) Pr, (257)

where S, L, J,T stand for the total spin, orbital angular momentum, total angular momentum,
and the total isospin, respectively, of the initial KN state. The corresponding projection quantum
numbers are denoted by Mg, My, and M;. The primed quantities represent the corresponding
quantum numbers of the final K= state. The summation runs over all quantum numbers not
specified in the left-hand side of Eq. (3.33). The relative momenta of the initial KN and final K=
states are denoted by p and p’, respectively, and p = |p|, p’ = |p|. In the following, without loss
of generality, we choose 15 along the momentum p of the nucleon in the CM system, i.e., ns = p

as specified in Fig. 2.1. In Eq. (3.33), Pp stands for the total isospin projection operator onto the

isospin singlet (7" = 0) and isospin triplet (7' = 1) states,
. 1 . 1
Py = Z(l —T-Ty) and P = 1(3 +7 7)), (2.58)

where the 7, (i = 1,2) are the usual vectors made out of isospin Pauli matrices.
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For a = of JF' = %i, following Ref. [83], the coefficients M; in Eq. (2.4) are given by

=

|
|-
g

(L' + 1) ML (6 p) + L' M (00)| Pue - 8) Pr

N
N

A

TJ_ TJ A A
ML) = MU )| PLGB-#) Pr

S
Il
£~
]

Iy
H

=
Il

|~

]

M WP+ ML )| PL G B) Pr

&
N

=

|
£~
g

N
N

_(L/ + 1) ML,I;/J[J;_Fl( ! ) L/ ML/ L/ — l(p p):| PL’(ﬁ . ﬁ/) pT )

where JL = L' &

(2.59a)

(2.59D)

(2.59¢)

(2.59d)

3, and Pp/(z) and P},(x) denote the Legendre and associated Legendre functions,

respectively.” The amplitudes M; here are operators in isospin space whose actions are specified

by the projectors Pr defined in Eq. (2.58).

Likewise, for a = of J = %i, following Ref. [8

given by
1 /
3 / (L' 3 L J JT [ 1/ A
F=i— Z (—1)L I [J] My, (0, p)PL/(p - p) Pr,
ST o AN VA
1 LI J+1r 2 % LJ
B=— iV ()73 M p)ag, Pr .
J,L/,L,T L 3 2
1 L-L J+irn2 : LJ
Fy = W (=) MW p) by, Pr
V2 T L2 2
1 L—1L’ J+1lr 9 % LJ JT (.1 5
Fi=— i (1)) M (psp) ey Pr
JL\L,T L 3 2
"Here, the phase convention for the associated Legendre function is such that P (z) = + sin(z).
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3], the coefficients F; and G; in Eq. (2.14) are

(2.60a)

(2.60D)

(2.60c¢)

(2.60d)



and

1
1 , 1L g )
G = 55 L1 (_1)J+%[J]2 2, 3 ML (5 p) dyy Pr (2.61a)
JL\LT L 3 2
1 1 s L i
G2 = 53 ZL—L (_1)J+§[J]2 o Mg’ji(plvp) blL’L PT ’ (2.61b)
J7L/7L7T L 5
31 , LL L rJ
Gs = \ﬁ— it (—1)‘”%[(7]2% (LoL'1]11){ ?
24m L= (L +1) R
x M{ (0, p)PL (B - B) Pr (2.61c)
V3 L-r’ J+3r 27 7/ / % IT e
Gi=3= > M) IR (Lo L 0)0) MIT () Pud D) Pr
J,L',L,T L/ % 1

(2.61d)

where we introduced the notation [J] = v/2J + 1 and [j172] = [71] [j2]. The summations extend over
all the quantum numbers J, L', L and T. Note that total parity conservation imposes the condition

(—1)L’+L = £1 as the parity of the = baryon is mz = £1. The coefficients a;,;, b;,;, etc, are given

[LL] / (L =2 o
=2 LOL 2|22 -—— P75, . 2.62
ar, ,L A < 0 | > (L/ +2)| L (p p) ) ( 6 a)
_,[LL] / =0
)

by

[LL,] l (L/ —2)! 2 (Al oo \/g l ~/ A
= LOL 2|22)| —= Pf/(p - —(LOL 20) Pr/(p - 2.62
ey = |{L0L°2]22) D) w0 P) +1/5(LOL0[20) Py (P -p)| . (2.62c)
alL/’L = Z.bL’,L s (262d)
/L’,L = _iaL’,L . (262@)
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The Tt matrices take the form

1 0 1 0 0 0
o | v o | 7 o J2 (2.63)
l_ﬁ 1 9 2—5 1 ; 3 = g . .
L 0 L0 0 1
0 1 0 1 0 0

2.4.2 Appendix B: Details of the SDM Formalism

A density operator can be used to describe an ensemble of quantum states. It is defined as

p= Z[d, |4) (¥ (2.64)

where I, denotes the probability of finding an element of the ensemble in the state 1, subject to
the condition Zw I, = 1. For the present application, the states |¢)) are the spin states of the

initial state, IV, or the final state, =. For the initial nucleon state, the spin-density operator reads

p— N =D Iy ) (]
Yy
1

—§(JI+P-U) , (2.65)
where o = (0,05, 03) denotes the vector formed of Pauli spin matrices and P is the polarization
vector of the nucleon which is the difference between the probability of finding the nucleon in the
my = —I—% spin state and the probability of finding the nucleon in the my = —% state (my is the
spin projection quantum number along the P direction) or symbolically I, — I, | = |P|.

An unpolarized ensemble has P = 0. The trace of this spin—% density matrix is normalized to

1. By introducing the notation oy = 1 and Py = 1, the nucleon SDM in Eq. (2.65) can be rewritten

as

3
1+ P. .
AN = + Z-S"pp (2.66)
=0
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with

AN,

DO | =

(2.67)

fori=0,...,3.

The spin-density operator for a produced = particle, p=, can be expressed in terms of the
production amplitude M which is an operator that maps the initial nucleon spin state 15 into a
spin-state of the =. In the helicity basis for the produced =, the corresponding spin-density matrix

elements read

P (Wn) = (N M [y (| M), (2.68)

where X and N enumerate the Z’s helicities.
When the beam of anti-Kaons scatters off an ensemble of nucleons, one needs to average over

all nucleon spin states with their appropriate probability weights, i.e.,

Pi,\/ = Z IwNP,:T,\'(wN)
Y

- Z Iy (N M |p) (| MTIN)
YN

= (A MpN AT |N)

= (AIAZIN) (2.69)
where Eq. (2.64) was used to show that the = spin-density operator is given by [109]
o= = MpyN Mt (2.70)

Using Eq. (2.66), we may write

3
pm =Y P, (2.71)

where

Mo, M" | (2.72)
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and polarized initial nucleons.

For a = baryon of spin-1/2, comparing Eqs. (2.7) and (2.72) gives

3—; - %Tr MMT ] =Tr [79] (2.73a)
3—;@ - %Tr MJMT] =Tr 5] , (2.73b)
j—ga = %Tr WLy =T [20)] (2.73¢)

g—gmj - %Tr Mooy =T [®a] (2.73d)

When a = baryon of spin-3/2 (or higher-spin) is involved, there will be many more possible
degrees of polarization than the spin-1/2 case. For the particular case of the spin-transfer coefficient,
Kj, discussed in connection to the parity of =, its definition given in Eq. (2.6d) has to be generalized.

For this purpose, we first introduce the operator Q(J - n) as

+J
QI -a)= Y (-1 M e (2.74)
M=—J

where P;]L’M denotes the spin-projection operator onto an arbitrary direction n for an arbitrary

half-integer spin J. It can be explicitly calculated as

pIM _ H’ mm__JM" 7 (2.75)

m=—

where the prime indicates that the factor with m = M is omitted. Here, J = (Jy, Jo, J3) stands
for the generator of spin-J rotation. This expression provides a rotationally invariant polynomial
of order 2J in J - n that is a generalization to arbitrary spin of the usual (1 4+ o - n)/2 projectors
for spin-1/2.

With the spin-projection operator defined above, the spin-transfer coefficient involving a =

baryon with an arbitrary spin J is now generalized to

do

1 R .
Ky, =-Tr|Mao-bM QJ-a 2.
40 ba 2 o (J a’) ) ( 76)
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where b and @ are the spin directions. For .J = 1 /2, in view of Q(J -a) — o - a, this reduces to the

/

;» In particular,

familiar expression (2.6d), of course. For Cartesian directions b = n, and a = n
Eq. (2.76) may be written as
do

d—QKij, =Tr [p='Q)], (2.77)

where Qj, =Q(J -nf).
For the Cartesian frame {n},n, = n,, n4 = p'} aligned with the momentum p’ of the outgoing

= (see Fig. 2.1), explicit expressions for Q}’, are found as

0o 0 0 -1 0 0 0 —i -1 0 0 O
3 0O 0 -1 0 3 0 0 ¢ O 3 0 1 0 0
02 = , Q;,: , Q2 = , (2.78a)
0 -1 0 O 0 — 0 O 0 0 -1 0
-1 0 0 O i 0 0 O 0 0 0 1
which were derived with the help of the spin-3/2 generators in their spinor representation,
0 ¥ 0 0 0 -1 0 0 30 0 0
39 1 0 =2
311 0 0 110 1 0 O
3 2
0o 1 0 % 0 7 0 -1 00 -1 0
0 0 X 0 00 1 0 00 0 -3
(2.79a)
For arbitrary spin of =, Kj, of Eq. (2.76) becomes
Zovon_godd
Kba = Eg?/on Eg?id ’ (280)
ba + ba
where
d
Zg;en/()dd = Z % , Mg —my = even/odd , (2.81)
Ma,Myp

denotes the sum of all polarized differential cross sections such that the differences of all possible

combinations of initial and final spin projections m, and m; along a and 13, respectively, are an
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even or odd number.

2.4.3 Appendix C: Explicit form of the SDM’s

In this section, we list the SDM elements of each p* (i = 0, ..., 3) in terms of the helicity amplitudes,

H,;. The Hermitian p’ matrices are arranged according to

Pry  Pri-1 Py—J
p= P10 Pi-1g-1 -+ Pi-1-J . (2.82)
pi—J,J pi—J,J—l e Pi—J,—J

For J = %, the matrices read explicitly

Lo PR 2w
P : , (2.83a)
“2imo Im [HoH]]  [Ha]? + Mo
1 2Re [HQHl] Tz <|H1| - |H2| >
el , (2.83D)
me (1H1? — [#al?) ~2Re[HoHj]
1 —21Im [HoH]] —iWE(‘Hl‘z + [Hal?)
2= : , (2.83¢)
ims(|H|* + [Hal?) —2Im [HoH]]
L1 Pl el —2mz Re [HaH1]
el 7 (2.83d)
—2m= Re [HaHj] — [Ha|* + [Ha/?

where 7z is the parity of the =.
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2.4.4 Appendix D: Measuring the SDM Elements

In Sec. 2.1.3, we identified a set of SDM elements that determines the reaction amplitude completely.
A standard way of measuring the SDM elements is via the subsequent decay of the produced particle
in a primary reaction by exploiting the self-analyzing property of the decay-product particle.

In the present work, the reaction in Eq. (2.1) is the primary (or production) reaction, where
the = baryon is produced. If the produced = is a ground state =, then, it decays via a single weak
decay process into

E—= A+, (2.85)

whose associated = decay-asymmetry parameters, o=, are known to be [46]

azo = —0.406 +0.013 (2.862)

az = —0.458 +0.012 . (2.86D)

An excited = resonance, =Z*, on the other hand, may undergo a double-decay process

B =247 or = A+ K

LA+, LN+7. (2.87a)

The associated A decay-asymmetry parameter for the second-step process A — N + 7 is [46]

oy =406424+0013 (A" spta),

apng = +0.650 £0.015  (A° - n+ 7). (2.88)

The E production process (2.1) is described in the CM frame of the reaction. The = decay
processes of Egs. (2.85) and (2.87), on the other hand, are described in the rest frame of the
produced =, whose right-handed Cartesian coordinate system {n},n5 = n,,ny = p'} is fully
specified in Fig. 2.1.

In the double-decay processes (2.87), the subsequent A decay process is described in the rest
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frame of the decaying A denoted by {n{,nJ,n}}, with nj = p,, where p, describes the direction

of the A’s momentum in the {n},n)H, ns} frame (see Fig. 2.1); the other two axes are given by

ny = (g X py) /10 x P,| and = ng X Ay

Single-decay process: Ground state =

The ground-state = decays weakly almost entirely into A + 7. We define the amplitude describing
the Z production process K + N — K + =, followed by the subsequent weak decay of the produced
E,E—= A+, as [91,92]

A= AQz,Qa, A=, A, )

= (Qa, M| Mp A=) (=, A=| M [Ax) (2.89)

with (Q=, Az| M |Ax) denoting the production reaction amplitude (in the corresponding CM frame)
and
2J +1

(Qa, M| Mp |Az) = TFAEAD{;AA(QA), (2.90)

denoting the subsequent = decay amplitude (in the rest frame of Z). Here, Q= and Q) are short-
hand notations, respectively, for the polar and azimuthal angles of the produced Z in the CM frame
of the production, Q= = (0, ¢ = 0), and for the polar and azimuthal angles of the A in the rest frame
of the produced Z, Q5 = (0a, ¢a). A=(Aa) is the helicity of the =(A) in the respective frame, while .J
denotes the spin of the decaying =. F )\EA stands for the helicity Z-decay amplitude and D{E An (Qn)
is the usual Wigner rotation matrix. Here, the argument 25 in D{E’ An (€24) is to be understood as
the set of Euler angles {a, 3,7}, such that, D{E)\A(QA) = DXE)\A(Q = ¢n, B = 0Op,v = 0) in the
conventions defined in Ref. [110].

The angular distribution of the A hyperon, I(2,), in the = — A 4+ 7 decay (for fixed = angle
Q=) is given by

3
I(Q) => PI'(Q), (2.91)
=0
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where

') =) A(QEaQA,AEaAA,AN)ngAkfr(QEaQA,AéaAAaA&)
all N's

= T D FRFR Moz 03 s, Mi g, D32, (Q4) D3, (Q4)
all \'s
(2J +1) FEx
T Z F)\A )\ )\/ D}\_ )\A(QA)D)\/ )\/ (QA) (292)
all \'s

Here, pf\VNZ Xy = (An|p™V¥|Ny) denotes the target nucleon SDM element with 5™+ given by Eq. (2.66),
and Eq. (2.70) was used in the last step. Also, we note that the explicit reference to the Q=
dependence of the angular distribution I* in Eqs. (2.91) and (2.92) has been suppressed for the
sake of simplicity of notation. The same holds for the angular distribution in Egs. (2.103) and
(3.46) in the next subsection.

We now define the moments, H'(L, M), of this distribution as

HY(L,M) = /dQA I'(Q0) Dy 0(Qn)

= ti’MZF/\A “(JANLO[J Ay, (2.93)

where dQ2p = sinfy dfp d¢. The quantity tﬁ/[ here is related to the SDM elements of the = by [91]

i = Prose (TN LM|T Xs) (2.94)
PEDYA

whose inversion produces

PE;’)\/: = Z J)‘/ L M|J A= > LM ) (2.95)
- L
where M = A5 — /\’E_
Introducing further the quantities
I=FE L 2.96
9+ :I:% :I:% ) ( )



we can re-express the moments in Eq. (2.93) as
HY(L,M) =t71, (JSL0|T L) [6F + (1)) (2.97)

We note that g introduced in Eq. (2.96) are related to the = decay-asymmetry parameter, oz,
given in Eq. (2.86) by [111,112]

B9 s (2.98)
9% + 9=

Then, taking the ratio of the moments H*(L, M) (i = 1,2,3) and H°(0,0), we obtain

Hi(Lv IM) tfli\d 1 1
= JsLO|J 5 2.99
HO(O, 0) (L tgb() < 2 | 2> ) ( )

where (; =1 for even L and ¢; = az for odd L.

Now, from Eq. (2.94) and the definition of p=° in Eq. (2.72), we get

do

to = Tr [p=°] = ol

(2.100)
One can now use Eq. (2.99) to extract ti;\/[ Once ti;\/[ is known, the SDM elements ,OEEZ », are
obtained by making use of Eq. (2.95). Note that the non-vanishing moments H*(LM) are restricted
to L <2J and [M| < L.

Double-decay process: Excited E resonance

The double-decay processes shown in Eq. (2.87) are treated analogously to the single-decay process
of the previous subsection. Here, we discuss the decay chain with the subsequent decay of the A
hyperon, A — p + 7~, but the results apply to any decay chain that is a strong decay followed by
a weak decay and containing a single pseudoscalar meson at each step of the decay.

As for the single-decay process case discussed in the previous subsection, we begin by defining

the amplitude describing the Z* production process K + N — K +=*, followed by the strong decay

66



of the produced =%, = — A + K, and the subsequent weak decay of A, A — N + 7, as [91,92]

A= A(Qz,Q, Qs Av, Az, Ans Ap)

= (2 Ap VT IA) (0, Ml NTpIAZ) (Q2. Az VT |AN) (2.101)

where (Q=, A=| M |Ay) stands for the Z* production amplitude and

. 2J+1 = .

{2, A Mp [Az) =/ —— FL D2, () (2.102a)
- 2 Ly

(Qp, A\p| My | An) = o FAAPDAZW(QP) , (2.102b)

denote the subsequent =*

strong-decay and A weak-decay amplitudes, respectively. We note that
the = production and decay amplitudes are calculated in the CM frame of the production reaction
and the rest frame of the produced Z, respectively, exactly in the same way as for the single-decay
case discussed in the previous subsection. The subsequent A-decay amplitude, (€, \,| Mb [Ap), is
calculated in the rest frame of the decaying A denoted by {nf],n5,n%} [cf. the second paragraph
just below Eq. (2.88)], where Q, = (6,,¢,) is a short-hand notation for the polar and azimuthal

angles 0, and ¢,, respectively, of the decay-product proton measured in the A rest frame.

The angular distribution of the entire double decay process (for fixed = production angle Q=)

is given as
3 .
I(Qa, ) = > PI'(Q4,Q) (2.103)
=0
where
I'(Qp, Q) = Y A=, Q0,0 v, Az, AL A )pA AT (22,24, 2, Ny, Ne, Xy, )
all X's
2(2J +1) =i 1x 3 I J
T 1672 Z Pres g)‘P g)‘/\v AD)‘A )\p(Qp)Dif\Jp(QP)D)\E,AA(QA)DA’E)\A(QA) )
all N's
(2.104)
with
gr, = Fy FY* and gi\’)\;\ = I}, FE,A* . (2.105)
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To arrive at the last equality in Eq. (3.46), we have made use of Eq. (2.70).

We now define the moments H*(l,m, L, M) as

Hi(l,m,L,M) = / dQAdQ,TH (0, Q) D]%/Lm(QA)Dfn,O(Qp)

=t D Gy (TN LmITAN) (GNImIEAN) D g8 (341015 A,) 5 (2:106)
YO Ap

with ¢4, given by Eq. (2.94).

The different gi\ N, are related to each other by

9c_ =95, (2.107a)

= = 1 =
9G_ =g, =m= (1245, . (2.107b)

[1]

The gf\\p terms can be related to the A decay asymmetry parameter, a,, by [111,112]

gy — g*

T g, (2.108)
gh + gt

Note that the non-vanishing moments H*(l,m, L, M) are restricted to |m| < 1,1 <1, |M| < L
and L < 2J, as can be read off from Eq. (2.106). The moments H*(0,0, L, M) and H*(1,m, L, M)
vanish identically for odd and even L, respectively, due to Eqs. (2.106) and (2.107). Analogously
to the single-decay case, the ratios of the moments

H(0,0,L,M) _t}y
H0(0,0,0,0) 20

(J3LOlJ3) (2.109a)

for even L and

H(1L,0,L,M) oy ty,

H°(0,0,0,0) 3 ¢

(J$LO|J ) (2.109b)

for odd L allow us to determine tﬁ/l Since tOJbO = do /dQQ, once tﬁw is extracted, the SDM elements

pii ,,. can be determined via Eq. (2.95).
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2.4.5 Appendix E: Lagrangians, Propagators

In this Appendix, we give the effective Lagrangians and phenomenological dressed baryon propaga-
tors from which the s- and u-channel amplitudes My and M, discussed in Sec. 2.2.1 are constructed.
We follow Refs. [53,54,113-115] and consider not only the spin-1/2 ground state A and 3 but also
their respective excited states with spin up to 7/2. In the following we use the notations for the

iso-doublet fields

=
[1]
<
=
+
=
=

N = ., E= . K= . K= . (2.110)

and for the iso-triplet fields

»=| wo |. (2.111)

We also introduce the auxiliary operators in Dirac space

1—A

DY) = @) gy -2 2.112

B'BM M—I_mB/imBa ; ( a)
D3?H) =1y, | (2.112b)
D) = —ir®,0, , (2.112c)
DI2E) = —15)9,0,0, (2.112d)

where I'(H) = v5 and I'®) = 1. Here, mp stands for the mass of the baryon B. The parameter A

has been introduced to interpolate between the pseudovector (A = 0) and the pseudoscalar (A = 1)
couplings. Note that in the above equation the order of the subscript indices in Dg,igj]f/[) is important,
. 1/2() 1/2(%)
i.e., Dg'pyi # Dgpin -

The effective Lagrangians for spin-1/2 hyperons A and ¥ (or their resonances) are, then, given
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L = aan MDD R N+ Hee, (2.113a)
LAV = gmni B {Dgﬁ%)f( } TN + H.c., (2.113b)
LU = genre E{DERE Ko A+ He (2.113¢)

B = geow 2T {DLF K} D 4 e, (2.113d)

where the superscripts & refer to the positive (4) and negative (—) relative parity of the baryons.
Flavor SU(3) symmetry relates the coupling constants among the members of the octet J© = 1/2+

ground state baryons and J© = 0~ pseudoscalar mesons and we have

14 2«
= — , 2.114a
IANK gs \/§ ( )
gsnk = 9s(1 —2a), (2.114b)
1 4o
e = — , 2.114c
J=AK, 9gs \/g ( )
9=sKk. = Y8 (2.114d)

where g3 = gyn, = 13.45 empirically and the D/F mixing parameter o = 2/5 from SU(6)
considerations.

For spin-3/2 hyperons, we have

L2 _ gleK A { D32 g } N + H.c (2.115a)
K
L2 giLNK S { D3/2) K} N+ He. (2.115b)
K
3/2(x) _ YEAK. = 3/2(+
) = Ees {D }A (2.115¢)
£ - ganKc = { DB, } > + He. (2.115d)
K
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where m, denotes the kaon mass. For spin-5/2 hyperons [54,116],

L3245 _ Q;JgK AAv { D32 f(} N +Hec., (2.116a)
K

£ _ ging S {Dzl/f(i)f(} TN + Hec., (2.116b)
K

) = = (g e, 21109
K

320E) _ JESK. = { D3/2) K} SR 4+ He. . (2.116d)
mie

And for spin-7/2 hyperons we have [54,116]

L2 gng Nz { D7) K} N +H.c., (2.117a)
K
L2 gigK o | { D7) f(} TN + Hec., (2.117b)
K
7/2(x 9= K. = v
Dk = e s DR A e e
7/2(% 9=x K. = v
Lk = e (DR 2 e e

K

The coupling constants in the above Lagrangians corresponding to A and X resonances are free
parameters adjusted to reproduce the existing data. For those resonances considered in the present
work, they are given in Table 2.3.

The M Br vertices f‘;\/[ Br(f‘ mpr) in Eq. (2.50) are obtained from the above Lagrangians. In

addition, each M Br vertex is multiplied by an off-shell form factor given by

F@2me,A) = ( n, )2>n, (2.118)

nAz + (pf —mi

where p? and m, are the square of the 4-momentum and mass of the exchanged hyperon, respec-
tively. The cutoff parameter A, is chosen to have a common value A, = A = 900 MeV for all
the M Br vertices in order to keep the number of free parameters to a minimum. Also, we choose
n = 1.

For the propagators of the dressed hyperons in Eq. (2.50), we could in principle adopt the
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forms used in our previous work [54,113-115]. However, in view of the limited amount of currently
available data for the present reaction and the rather poor quality of these data, here we adopt the

simpler forms as given in the following. For a spin-1/2 baryon propagator, we use

1

-~ 2.119
pr—mr—i-i% ( )

Srl/2 (pr) =

where T, is the baryon width assumed to be constant, independent of energy. For a stable (ground
state) baryon, I', — € with € being positive infinitesimal.

For spin-3/2, the dressed propagator reads in a schematic matrix notation

1

33/2(pr) — ‘ , (2.120)
' pr - my + Z%
where A is the Rarita-Schwinger tensor given by
1 L S Ay e
A= AW — _gw/ + _,}/M,}/V + + . (2121)
3 3m? 3m,.
Similarly, the propagator for a spin-5/2 resonance is given by
A 1
S (pr) = ————A, (2.122)
pr —my + ZTT
where [116]
A = AR
L s B8, , B8 |
= 5 (gaigaé + gaiga;> - 5904104295162
Lo B Be = ~BoBi o n < Pa |~ ~ByiB
~ 1 (’Yaﬂﬁlgai + V0, 772 Goh + 7o, 71 Ga? + ’Yaﬂﬁzgai) (2.123)
with
[V 1
g;u/ = g/u/ . pmp2 , ,7/1 = 7/1 — I:nf X (2124)
T T
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The propagator for a spin-7/2 resonance is given by

1

' ﬁr - my + Z%
where [116]
A = AR
! By By By B g 3 .oas 3. .
=% X {gaigaigai = 2001 00y0,0 7 = 270,77 G000+ 55 Ta, T Taya, 0

P(a),P(8)
(2.126)

and the summation runs over all possible permutations of {ay, ay, a5} and of {5y, By, 85}
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Chapter 3

v+ N —- K+ K+=

Because resonances couple differently to different channels, studying the =, =*, and Y™* mass spec-
tra requires measurements involving different reaction processes. Different reaction channels also
expand our experimental reach to different kinematic regions. Indeed, studying v+ N — K+ K+Z=
alone may lead to erroneous conclusions concerning the contribution from the hyperon resonances,
Y* due to the large kinematic region surveyed and the more complicated description required to
explain a 3-body process. For example, at tree level, K resonances and K* exchanges contribute
to the v+ N — K + K + = amplitude. Disentangling these ’background’ amplitudes from Y*
contributions can become very difficult. Only when we study different production processes, for
Z in this work, using a consistent approach, can we begin to gain confidence that we are truly
understanding the reaction mechanisms that are responsible for the observed results.

The photoproduction reaction may not be the most ideal place to produce = because of the
lack of strangeness in the initial state. But because of advancements in detection techniques and
the availability of machines capable of delivering intense beams, this reaction has been measured
and new experiments are planned for the very near future. Currently available data include total
and differential cross sections, as well as K K and KZ invariant mass distributions, for the v+ p —
KT+ K*+Z" channel [47]. New data for some spin observables was recently released as well [50,51].
In addition to studying = and =* these new experiments plan to study exclusive 2~ photoproduction

for the first time [52].
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In this chapter we first show how to build a gauge invariant amplitude, M*, for v+ N —
K+ K + E from the N - K + K + = amplitude. Gauge-invariance requires M* to satisfy the
Ward-Takahashi Identity (WTI) [117,118]. In our formulation, we employ full local gauge-invariance
as demanded by generalized WTI, in contrast to the global gauge-invariance used by many authors.
This procedure is shown in Section 3.1. In Section 3.2, the most general spin-structure is derived
and the issue of parity determination of the = via photoproduction is explored. Our model for
v+ N — K + K + = is derived in Section 3.3. Such an approach will provide a consistent model
which to study both the K- and photon-induced reactions. Cross section formulas in terms of the

amplitude M* above are derived in Appendix 3.5.5.

3.1 Gauge-Invariant Photoproduction Amplitude

To obtain the amplitude for the photoproduction reaction (k) + N(p) — K(q1) + K(q2) + E(p'),
we attach the photon everywhere in the amplitude T of the N — K + K + = process. This is done
by means of gauge derivative technique introduced in Ref. [119]. Using the notation G; for the

propagator of the particle 7, we have

WSS ( - G;l{G,-TGN}MG]—Vl)
= (-GyHGI'T) - T{GN}'GY —{T}"
= [-GTHGHI'GY G T+ TGy [-GRMH{GN ISy — T}

=T G=T + Tl o, G T+ T 1, Gy T+ TGNTR o+ TH (3.1)

EEy

where Fé‘m = —G;YG;}G; " denotes the iiy vertex (i = N,Z, K). Note that the first four terms
on the right-hand-side of the above equation correspond to the photon attaching to the external
four legs of T. TH = —{T}* is the interaction current where the photon is attached to the internal

structure of 7. Each term on the right-hand-side of Eq. (3.1) is represented diagrammatically in
Fig. 3.1.

75



s - /\/\/V\/>// - /\/\/\/\/\/\//\// s ~ s -
TH

TGNThxy TGk Uy TG r,yrcn TG=I=,

Figure 3.1: Diagrammatic representation of each term on the r.h.s. of Eq. (3.36). The blob
represents the interaction T'= T, + T, of Eq. (3.32). Symmetrization of the two kaons is implied.

Now, the gauge invariance condition of the two-meson photoproduction amplitude is given by

the generalized Ward-Takahashi identity
k‘uM“ = GglégGET + Gl_(i QKl GK1T + G[_éQAKzGKQT - TGNQANG_1 ) (3’2)

where QZ stands for the charge operator of particle ¢ and, at the same time, changes the momentum
argument of the propagator G; and of T to its left by +k. For G; and T appearing on its right,
the charge operator changes their momentum arguments by —k.

Taking the four-divergence of the photoproduction amplitude given by Eq. (3.1), we have

kuM" =k Tee G=T + kT o Gy T+ kUl e, G T+ TGNk, + iy TH
= {[GEIQE — Q=G='1G=T + [G¢ Qx, — Qi GGk, T + (Gt Qr, — Qru G 1G i, T
+TGNGH Oy — QNG;&]} + k"
_ {G;QEGET + G 0k, G, T + G Qi G, T — TGNQNG]‘Vl}

_{Q

where we have made use of the Ward-Takahashi identity for the three-point vertex

(1]

kT =G7'Qi— QiGTt . (3.4)

iy
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Figure 3.2: Details of the interaction current T* (last diagram in Fig. 3.1). The first three terms
comprise the interaction current arising from 7. Tgl and T, gl are the generalized four-point contact
currents due to the presence of hadronic form factors in 7T}; they also include the usual Kroll-
Ruderman contact currents. 7. # is the intermediate-state hyperon resonance current. The last
term is the five-point contact current arising from 7,.. Symmetrization of the two kaons is implied.

Comparing Eqgs. (3.2,3.3), we see that the interaction current T# should obey

~ —

k" = Q=T + Qr, T + Qr, T — TQy (3.5)

The major difficulty in deriving a full two-meson photo production amplitude, M*, lays on

the derivation of the interaction current T* for its determination requires the knowledge of the

underlying microscopic structure of the amplitude 7. Note that the reaction N — K + K + =

involves three bodies in the final states and as such, it should obey the (three-body) Faddeev

equation. An exact determination of the interaction current, T*, is therefore impractical and one
needs to resort for some approximation(s) to determine it [120,121].

In this work, we derive the interaction current, T#, consistently with our model presented in

Section 2.2.1 for the reaction K + N — K + Z. This is done in Section 3.3.

3.2 Spin structure

In this section we derive the most general structure of the reaction amplitude for two scalar meson

production in the photon-induced reaction,

Yy+N—-M+M +B. (3.6)
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We consider B to be a J=1/2 baryon and do distinguish the two mesons, M and M’. We use
this notation to emphasis that this is a general procedure but this calculation will be applied to
a K + K + = final state. With those considerations, there are four reaction channels to consider,
Y4p = Kt + KT +E27  v+p > KT+ K420 y4+n - KO+ K4+ 2% and y4+n — KT+ KO+ =",
and two of them have identical Kaons in the final state, K = K’ = K+ or K°. Symmetrization of
the two Kaons is required for these cases .

Here, we follow Ref. [83] closely. We start by making a partial-wave expansion of the reaction

amplitude

(S"Mgi| M(q.p"s k) [SMg) = i X M7 57 (q, 05 k)Y, (@) Yraz,, (B) Vi, (k)

X (SMsLML|JMJ)(SIMS/L,ML/|J’MJ/)(J’MJ/Z’I7L[|JMJ) s (37)

where S, L, J stand for the total spin, total orbital angular momentum and the total angular
momentum, respectively, of the initial y/N state. Mg, My and M; denote the corresponding
projection quantum numbers. The primed quantities stand for the corresponding quantum numbers
of the final M M'B state. | and m; denote the orbital angular momentum of one of the emitted
mesons, M, and its projection, respectively, relative to the center-of-mass of the other meson and
baryon (M’'B) subsystem. The summation runs over all quantum numbers not specified in the
Lh.s. of Eq.(3.7). k and " denote the relative momenta of the vN and M’'B in the initial and final
states, respectively. ¢ denotes the momentum of the other emitted meson (M) with respect to the
center-of-mass of M’'B in the final state. We note that, in Eq.(3.7), apart from the restrictions on
the quantum numbers encoded in the geometrical factors, total parity conservation imposes that

(— )L+ = (=)FEHL = 41 in the case of a

—1 in the case of a positive parity baryon B and
negative parity B if the mesons M and M’ have the same parity, i.e., they both are either scalar

(_)l+L+L’

or pseudoscalar mesons. If they have opposite parities, then, = +1 for a positive parity

baryon B and (—)"*E+E = —1 for a negative parity B.
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Eq.(3.7) can be inverted to solve for the partial-wave matrix element M, ISL,‘]LS T(q,p'; k). We have

' 872 2L +1
M5557( k) L/ AL SMgLO|JM
S (g p k) =i 571\ i (SMgLO|J M)

X (S/MS/L,ML/’J,MJ/)(J,MJ/lml‘JMJ)

+1 . o
[ a0 Vg, @) [ dlcos )V, (0,00 (S M @ 7 F)ISMs) . (3:)

where, without loss of generality, the z-axis is chosen along k and ¢ in the zz-plane; cos(f,) = ¢ - k.
The summation is over all quantum numbers not specified in the Lh.s. of the equation.

The most general structure of the reaction amplitude can be extracted from Eq.(3.7) as

MG k) = > |8 Mg) (S'"Mg/|M(,"'; k)|SMs) (SMs| . (3.9)
S'SMsMg

Inserting Eq.(3.7) into Eq.(3.9) and re-coupling gives !
—» —»/ Z L— L—l L+l+2J+2S J/ [ MIL’LSJ q p k’)

S L/ S L J
x > 1] } 5 g [Bs @ Ag']* - [ XL (zypl® . (3.10)
«

where we have used the notations Bg_jp, = (—)%FMs (SMg], Asim,, = |S'Mgr), and [J] =

V2J + 1. Also, [X[, (11)s]® is defined as
(X1 wnsl” = |Yitk) @ D' (0, 9)| (3.11)

where

DEY = DEL @ 4) = Yo () © Yi@)l}; . (3.12)

and contains all the information on the angular dependence of the reaction amplitude.

The outer summation in Eq. (3.10) is over the quantum numbers S, L, L', [, and J. In the

In Eq. (50) of Ref. [83], a factor of [B] is missing. The following equations are, however, correct. Also, the
difference in the phase factors is due to the different coupling scheme adopted here for convenience [(J' M j:lm;|J M)
as compared to (ImyJ' My |JMy), [Bs®As/]* as compared to [As:@Bs|, and [X 1, (11)5]" as compared to [ X1 1]
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above equation S is either 1/2 or 3/2 so that « takes the values 0, 1, and 2, and denotes the rank of
the corresponding tensor. In the above equation it should be understood that the matrix elements
of the meson creation and photon annihilation operators have already been taken.

The rest of this calculation is done for the J = 1/2 Z which means S’ = 1/2, but the procedure
extends to = of any spin. We now expand [Bg ® A %]O‘, for each tensor of rank «, in terms of the
complete set of available spin operators in the problem, i.e., the photon polarization vector € and

the Pauli spin matrix & together with the identity matrix. The result is [83]

1
[Bs®A%]0:%O_"€7
1 1 i
1 L Sy L S, vs
[BS®A%] —\/6(537%{ E+i(d x )} \/3557% {6+2(U><e},
1
2 _ = 2
[Bs@A%] ——\/5[0(85] , (3.13)

where the numerical factors are uniquely determined such that the spin matrix elements of the
right-hand side (r.h.s.) in the above equations equal the corresponding matrix elements of the Lh.s.

Analogously, [X, ar) 3]* can be expressed in terms of the three momenta available in the prob-
lem, namely, the photon-nucleon relative momentum /5, meson momentum ¢, and the K'= relative
momentum p’. Here a remark is in order concerning the choice of the set of momenta to form
a basis. Since there exist three momenta in the problem, we have a choice of taking any two of
them to form a basis of three momentum-vectors. Here, we choose the pair (k, §) with k in the

+z-direction and ¢ in the xz-plane, such that,

]; ~ - R ]; A~
ﬁlz(f“f) g x k=4, o= oL =g (3.14)
|[(k x q) x k| L]

and k = % form a basis of mutually orthogonal vectors. Of course, in principle, any choice of the
pair of available momenta to form a basis is equally valid. In practice, however, the suitability of
the choice to define the basis vectors depends on the particular kinematical situation of the problem
at hand. If we are looking at the limit of p” — 0, then, the choice of the pair (E, q), as above,

is the appropriate one, while for ¢ — 0, the appropriate choice would be the pair (E, p’'). As we
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discuss in Sec. 3.2.3, the transformation from one choice to another is straightforward and trivial.
When ¢ = p’ = 0 or both of them are non-vanishing, either of the choices is equally suited. As

mentioned above, in this section we consider the choice (E, 7). From Eq. (3.11), we, then, have

0
[XL (L'l)ﬁ]o = ag([/l) )

1_ Bl 3, B . 81 .
(Xpwosl = ap oy b+ Ve M+ epppy 2

[XL (L’l)ﬁ]2 — a?jL’l) []AC & ]27]2 + bi%[/l) [ﬁl ® ﬁ1]2 + Ci%[/l) [k ® n1]2

+ afé,l) [k @ fg)® + b’ffL,l) [ ® fig)? (3.15)

: 0 1 1
where the coefficients ag(L,l), ag(L,l), bi(Lfl)?

coefficients aﬁ%L,l), bi%L’l)’ etc, in Appendix 3.5.2. Note that [fias ® 7] is not independent from

and cﬁ Ly are derived in Appendix 3.5.1 and the

those appearing in the last equality above.

Inserting Eqs.(3.13,3.15) into Eq.(3.10) we have

M(G, 55 k) = MiE- G + Mok + M3E- iy + My i
+ My (k % &) + M3+ (7 X &) + MyE- (fg X &)
FMs[F R [k @k + Mol ® &% [y @ i)? + Myold @ &% - [k ® iny)?

+ MG ®a?% [k g4+ Mpld®d?- [iy @ ngl? . (3.16)
Using the identity
[G-a€-b+3d-be-a]—(a-b)F-e, (3.17)

where @ and b stand for arbitrary unit vectors, Eq. (3.16) can be rewritten as

M(G,p k) =F\G €+ Fo& k4 F3¢-ny + Fyé-ng+ FsG-ké-k+ FgG -y € iy
+ B[ kE tn) 4 Fy [0 - @ k] + Fy [ - gé- k] + Fig [0 - ke - 7o)

+ Fq [E'ﬁlg-ﬁg]—i-Flg [Eﬁggﬁl] s (318)
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where

1
FlEMl—g(Mg-l-Mg) ,
EEMZ (2227374)7

Fs6 = Mgy

1 ~
F78 = 5./\/110 :|:M4

1 -

Fy10 = 5/\411 + M3
1 -

Fi1120 = 5./\/(12 + My

(3.19)

Equation (3.18) is the most general form of the two spinless-meson production amplitude in
photon-induced reaction, consistent with symmetry principles. It is valid for both real and virtual
photons. The coefficients FZ(FZ) are functions of the energy of the system and scattering angle 6, of
one of the two mesons (K) relative to the photon direction, in addition to the relative momentum p”
of the other meson with baryon, K'=. These coefficients are different for a positive- and negative-

parity = as seen in Appendix 3.5.4. For certain scattering angles, half of these amplitudes are

identically zero and the parity of the produce = can be deduced.

3.2.1 Two-meson photoproduction

For photoproduction, due to the transversality of the photon, the amplitude in Eq. (3.18) reduces

to eight structures with eight independent amplitudes,

M=F0 €+ Fs¢-n1+ Fy€-ng+ Fgd-ni€-ny

+ Fr (G- k€ t] 4 Fig [0 - k€ ag) + Fi1 [ - 0@ Nio) + Fia [0 - 7o€- 1] (3.20)
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For a linearly polarized photon with € = €, = 7o, we have

3
M*=Fy+ Fioy+ Froy+ Fioos = Y Mo (3.21)
i=0
with four independent amplitudes. og = 1, 01 = 0, etc.
For € = €” = ’le,
3
M” :F3+(F1+F6)0'1+F120'2+F70'3EZMZ-HO'Z' (322)
i=0

with five amplitudes. Here, one cannot measure F; and Fg individually, only F} 4+ Fg without
using different photon polarization. Combining both M+ and M results in eight of the original
twelve amplitudes being measurable. In electro-production with a virtual photon with longitudinal
polarization would be able to access the other four amplitudes in Eq. 3.18.

From the amplitudes in the form given by Eqgs. (3.21,3.22), we can calculate all the observables

in this reaction straightforwardly with the help of the results in Appendix 3.5.5. We have (A =1, ||)

do?
a0 = | Mg >+ |M} P + | M3 * + | M3 |,
da)‘
G0 K = DRP + DR~ DR~ PR
do’/\ A2 A2 A2
dQ = |Mg|* — | M} + [ M3 |* — | M3 [*
da
20K = [ My |* = [MP]? — [Ma|* + | M3
d d
d% (T? + P)) = ARe[M} MM d% (T} — P) = 4Im[M} M)
d * d *

where 14, j, k can be any of (z,y,z) = (1,2, 3).
The above results reveal that one is required to measure the single- and double-spin observables
for each of the two photon polarization states (€, and €) in order to determine the amplitudes

MZ?‘. This is, of course, an extremely difficult task experimentally.

83



3.2.2 Parity Determination

Here we will discuss the consequences of the = parity on the spin structure, F;. Egs. 3.11, 3.15,
3.16, and 3.19 show that F; depends on Dé}& The tensor Dé}& is complex in general but each
F; only depends on Re [ngl\l/[] or Im [Dé;\ﬂ, and never on both. In fact, for each possibility of
the parity of the =, n=, half the F; depend on Re [Dé;\l/[] and the other half on Im [Dé;\l/[] See
Appendix 3.5.4 for more detail. Table 3.1 displays the dependence of each spin structure coefficient.

There are now two cases to consider, identical kaon production and non-identical kaon production.

Non-identical Kaons

We first discuss the case with non-identical kaons. Here, Im [Dé]’\ﬂ = 0 when all three final particles
are produced in the same plane, i.e., the scattering plane. To make this more explicit, p’' - g = 0,

or ¢,y = 0. The result is that all the F}’s which depended on Im [ngl‘l/[} are identically zero. This

means that
3
MJ':FH 01—|—F100'3EZM2~J'0'2' (324)
i=0
and
3
Ml = F3+ Py =Y Mo, (3.25)
i=0

for 7= = +1. Here it is obvious to see that M=+ and M/ have the same spin structure as K + N —
K + = for J =1/2 E. Here, M and M+ share the spin structure of m= = +1 and —1 respectively,

ie., My = Md‘ = M1” = My = (0. This can be seen in Egs. 2.4.

The case for 7= = —1 results in
X 3
M*=Fi+Filoy=Y Mo, (3.26)
i=0
and
3
M = (R + Fo) oy + Fros =Y Mo, (3.27)
i=0
Again, the structures of Eqs. 2.4 are seen but now M and M~ share the 7=z = —1 and 7= result

respectively, i.e., ]\41L = ]\43L = Mo” = M2” = 0 here.
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Table 3.1: Here we show which spin structure coefficients, F;, depend on the real or imaginary part
of Dé}& for a given parity, 7=, of the produced Z=.

| Re [ DY Im | D&
=+1 | Iy, F3, Fy, I, P11, Fio Iy, Fy, Fs, Fg, Fr, Fy
=-—1| I, Fy, F5, Fg, F7, Fg  F>, F3, Fy, Fio, Fi1, Fi2

30N

[ [

This means that the parity of = can be analyzed in the same way that it was in Section 2.1.

For a photon beam with polarization A = {L, |},

A

where ¢/l = 1 and ¢+ = —1. These results are the same as in Ref. [125] for one meson photopro-

duction. The spin-density matrix elements of Section 2.1 obey

Al . A2
P p
(-1 = (—1)r R = e (3.29)
Pr1,—o Pri,—o

Here pif A, Tepresents the SDM elements associated with a photon beam of polarization €\ = € or
€) and the initial nucleon polarized in the n; direction. The set of subscripts A1, A2 represent which
SDM element you are dealing with and are related to the = helicity. In fact, Eq. 2.36 applies here

as well for arbitrary J.

A1 . A2
Py Py
(—1)7 e = (1) = (3.30)
Pri,=xe Pri,=As

It should be restated that this spin structure and therefore these results are only valid when all
three particles in the final state are produced in the same reaction plane but are independent of
their direction in the plane. This structure is a direct result of the mirror symmetry discussed in

Section 2.1.
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Identical Kaons

If the reaction includes identical kaons in the final state, the amplitude should be symmetric under
their exchange. This added symmetry means that the findings for non-identical kaons can be
extended to production angles where the relative momentum of the two kaons is perpendicular to
the reaction plane, i.e., p’ - g = +1. This symmetry is most clearly seen if one couples the kaons,
KK, in the final state instead of coupling the cascade with a kaon, K'=. Once the amplitude has
been made symmetric, all terms with odd L’ must be zero. Because of this, Im [Dé;\l/[} = 0 when
P’ -fig = &1 and the results of Eq. 3.28 are valid again. Note that Eq. 3.28 is still true for scattering
in the reaction plane, p’ - iy = 0. Production of identical kaons is therefore more readily analyzed

in this way because it offers additional kinematic regions to employ these results.

3.2.3 Hard and soft meson photoproductions

In the previous section, we have considered two-meson photoproduction off a nucleon in its gen-
erality. In this section, we consider the case of a hard and a soft kaon production. Hard kaon
production means that one of the two kaons, K, carries most of the momentum and, consequently,
the (other) kaon-cascade pair (K'Z) is in the S-wave (p” — 0). The soft meson production means
the other way around, i.e., one of the two kaons has low momentum (¢ — 0), basically in the
s-wave, and the kaon-cascade pair (K'Z) carries most of the momentum. These correspond to the
low- and high-energy region, respectively, in the K’'Z invariant mass distribution.

Let’s first consider the hard meson production case. From the considerations in Appendix 3.5.4,
we see that the coefficients ai?L,l) (Eq. (3.76)), Cl‘ﬁyl) (Eq. (3.83)) ai%L,l), b/‘z%w) and Ci%m)
(Eq. (3.88)), all vanish when p’ — 0, i.e., they contain no L' = 0 partial waves. These lead to
F;i=0 (i=1,4,8,9,10) and F;, = 0 in Eq. (3.20). So, in this limit, the two-kaon photoproduction

amplitude reduces to

M:Fgg'ﬁl—i-ﬁ’gg-(/%x&)—i-ﬁ’gg-(ﬁlX5)+F11&'];€'ﬁ2+F12 [E-ﬁlg'Ag—F&'ﬁgg-Al], (331)
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and we are left with only four independent amplitudes {F;} to be determined. 2

As discussed in Sec. 3.2, in the case of ¢ = 0 and p’ # 0, we should use the vectors k and
p’ to form a basis of three mutually orthogonal vectors instead of the vectors k and ¢ as have
been used so far in the present note. This means that the soft kaon production amplitude is given
by Eq. (3.31) with the momenta ¢ and p’ interchanged everywhere (¢ <> p’), including in the
definitions of 71 and 72 given by Eq. (3.14). Alternatively, we may just call p’ the momentum of
one of the produced kaons (K) and, ¢ the relative momentum of the other meson with the cascade

(K'Z) in all the expressions in this note.

3.3 Modeling the Photoproduction Amplitude

3.3.1 Modeling the Reaction N — K + K + =

In the present work, the amplitude, 7', for the reaction N(p) — K(q1) + K(gq2) + Z(p') is simply
obtained from the K-induced reaction process of the previous section, by first turning the K leg
around in the amplitude given by Eq. (3.33) (cf. Fig. 3.4), in addition to reversing the direction of

the arrow. Then, the corresponding reaction amplitude is given as

T=T+T.. (3.32)

A diagrammatic representation of T is given in Fig. 3.3.

The operation of turning one of the kaon legs and reversing the direction of the arrow corre-
sponds to |jm) — (=)7~™ (j —m|, where j = 1/2 and m denote the isospin and its projection of
that kaon, so that, |[K~) — — (KT | and |[K?) — (K°|. In addition, one should reverse the direction
of the kaon momentum corresponding to the leg turned around. The amplitude 7, may be obtained
directly by calculating the Feynman diagram of Fig. 3.3.

Let’s now derive explicitly the amplitude 7' from T of the previous section. To this end we start

2The structure in Eq. (3.31) is equivalent (as it should be) to that given in Eq. (16) of Ref. [83] for a single
pseudoscalar-meson photoproduction when the final state baryon B has a negative parity. Note that, in Ref. [83],
the amplitude has been expanded using the set of momenta (lAc7 G, n2) instead of the set (lAc7 f1,M2) used in this work.
The two sets are related to each other by ¢ = cos 9ql; + sin 0401 .
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- / / / -
A 7 y _
4
4
O = /A,z ! + 7
&
N =
T T, T.

Figure 3.3: T,: A and X hyperon exchange amplitude obtained from 7} of Fig. 3.4. T.: contact
amplitude obtained from T, of Fig. 3.4. Symmetrization of the two kaons are not shown but it is
implied.

with the reaction K + N — K + = and write the amplitude 7" as

T=T,+T,, (3.33)

where 7). stands for the sum of the s- and u-channel Feynman diagrams as depicted in Fig. 3.4 and,

T, for the phenomenological contact term also depicted in Fig. 3.4.

\ / \\ // \ /
AN / < _ \ /
K\ A K ~ X A

\ ALY / T N
N =
T, T.

Figure 3.4: Diagrams included in the model of Ref. [122] and Section 2.2.1. T, : s- plus u-channel
A and ¥ hyperon exchange amplitude. T,: contact amplitude.

The partial wave decomposition of T in the center-of-momentum (c.m.) frame of the system is

1

o1 1 1 o )
<§msf|T(p’7p)|§ms> = Z(gmst’ML/ JMJ)(§msLML\JMJ) Y, ®) Yia, (0) TEL 0, ) Pr

(3.34)
where the summation in Eq. (3.34) runs over all the quantum numbers not appearing on the

left-hand-side of the equation. It should be noted that L’ = L by symmetry, but we keep them
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distinguished for later convenience. Py stands for the total isospin projection operator. Explicitly,

, 1 R
Pr—o = 7 B-—71-7), Proi==-(1+7-7) , (3.35)

1
4
for the total isospin 7" = 0 and 1" = 1, respectively. Note that the spin matrix element given by
Eq. (3.34) is still an operator in isospin space. Now we perform the appropriate angular momenta
recouplings and reverse the sign of the K momentum whose leg is turned around to obtain 7. We

begin by writing

SV 1 1 TS| 1
T(plap): Z |=mg) (—mS/|T(p,,ﬁ)‘—m5> (zms]
L 12 2 2 2
= |IM) T (0 p) (TMy | Pr (3.36)
where
M) = ) (1m0 I My | TMy) Yioag,, () [5my)
~ 2 S ! 2 S 9
mgr, My
— 1 .1
(M= > (5msLMLITM ) Yiag, (B) (5msl - (3.37)
m57ML
Using the identity
Var R 47 R .
(lOl’O]LO)m Y, (P) = ] > (@l my | LML) Yin, (5) Yirm, ()
my,mys
47 ’ ~ ~
= —(=)" Y (@ ml'my|LML) Yig, (5) Yirm,, (—P) , (3.38)

']

mp,mys
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with [j1...5n] = 27 + 1...4/27, + 1, the last quantity in Eq. (3.37) can be rewritten as

_\
<JMJ|E¢4—EL) S (gmaLMLLIMy) (gmal S (0 mil'my| LM2) Vi (5) ¥, ()

T / /
1] QOrojL0) | & o
_ L (o)
— / A ~
0] WZ(LMLL - ML|00)[ > (G mul'my | LML) Yin, (5) Yirm,, (=)
my,my
X Z(%msJMﬂL ~ My) By, . (3.39)

where we have introduced the notation Bi1,, = (—)%_ms (% — mg|.
2 S

Inserting Eq. (3.39) into Eq. (3.36), we obtain

+1
(p’,p) Var T/T (o p) P LML — M;|00
Z ll/ lOl/O‘LO) 7L p) T%:( L 1£|00)
L

) ) 1
x [ S (Lomil'my | LML) Yim, (5) Yl,ml,(_p)][ > (GmeMy|L = My) By, |My)

my,mys ms, My

(3.40)

The above form of T is suited for angular momenta recouplings. Performing the appropriate

recouplings, we have

7", 7) e L0 L GO B 7PN I -
Z [l] (101'0|L0) L/L(p p)JL] s ; Z(]m]] —m;|00)
2 m;

) . 1 . .
< |2 W dMyljmg) Yom, (<5) 1IM) | [ 32 (migmilj = m;) Y (5) By, | Pr

ml/M(] mpms

) L] (=) T+ L
_Z\/E[jll’] (070 0) Ty (', p)[iL] §

L
1L
ST [ ST W Myljmg) Yiew, (~9)17M)) ][Z Smalmlims) i, () (3ms|| Pr

mj  my My

(3.41)

Finally, to obtain T from T given above, we reverse the direction of the K momentum (note

that in the c.m. frame of KN, p'is the nucleon momentum and, —p, the K momentum). This is
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A~

done by using the relation Yy, , (—p) = (—)l/Yl/ml, (p). We then have

VR 1 1 A1 R .
TG, 5) = 3 || (gl | P LML Vs, () (e IO i)

~ 1 - * AN\
X Y}/ml/(ql) (émslml\jm])}/}ml (p) Tl]/i}?(QMQLP/aP) ) (342)

with ¢ = p denoting the momentum of the outgoing kaon (in the c.m. frame of the final K=
subsystem) obtained by turning the K from the initial state to the final state. ¢ = —p”’ is the
momentum of the other kaon. We have also used Eq. (3.37) for |JMj). The partial-wave matrix

element Tf,i,[l (q1,q2,p"; p) in the above equation is given by

_)—J+l’+L+j JT( L) I ' L (
T (0 )l : 3.43)
(1010 LO) J 1L

y JL
T (a1, 42,93 p) = VT Y {ju% (
L

Note that T}/ (p',p) is non-vanishing only for L = L', so the summation over L reduces actually
to a single term.

Taking the spin matrix element of T in Eq. (3.42), we have

S | 1 . ) )
<§msf|T(q1,q2,p/;p)|§ms> = Z(gmst’MleMJ) Y, (0) ('mp JMy|jm;) Yim, (G1)
. 1 ) T
x T) T (a1, 2,05 p) (gmstmulimg) Yi,, (9) Pr - (3.44)

3.3.2 Current from 7,

As discussed in Section 3.1, the photoproduction amplitude is found by attaching the photon
everywhere in the N — K + K +Z amplitude, 7. This amplitude was decomposed into T = T} +T,.
The process of attaching a photon everywhere in 7T} has been done in Ref. [54] and here we briefly
discuss what was done there.

Attaching to the external kaon legs is done via diagrams (a) and (b) in Figure 3.5. Attaching
to the external baryon legs is shown in diagrams (c) and (e) with N’ = N and Z’ = Z. Attaching
the photon to the internal structure of T, is shown in diagrams (f), (g), and (d) with Y/ =Y.

It should be pointed out that diagrams with N’ # N, 2/ # Z, Y’ # Y, and K* exchanges can
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Figure 3.5: Diagrams included in Ref. [54]. The intermediate baryon states are denoted as N’ for
the nucleon and A resonances, Y, Y’ for the A and ¥ resonances, and =’ for Z(1318) and Z(1530).
The intermediate mesons in the t channel are K [(a) and (b)] and K* [(h) and (i)]. The diagrams
(f) and (g) contain the generalized contact currents that maintain gauge invariance of 7,.. Diagrams
corresponding to (a)—(i) with K (q;) < K(g2) are also understood.

not be obtained by the gauge derivative technique described in Section 3.1 but are transverse

amplitudes, k,M*" = 0, and therefore do not disturb the Ward-Takahashi identity. These diagrams



are easily identifiable and are included by hand. The contact terms C; and Cy of (f) and (g) are
the generalized 4-point contact terms which arise from form-factors used in the vertices and also

include the usual Kroll-Ruderman contact currents. For further detail, see Ref. [54].

3.3.3 External Current from 7,

Here, we calculate the external currents arising from the photon attaching to the external legs of 7.,
(cf. Fig. 3.1). Since T is obtained from a direct parametrization of the (physical) on-shell amplitude
T., there is no information on the matrix elements of T, involving wave functions corresponding to
negative-energy particle propagations. We therefore set those contributions to be identically zero
in the c.m. frame of the K= pair in the N — K K= subsystem. Note that this implies that we must
evaluate the photoproduction amplitude MY arising from 7T, in that frame, where we can drop the
negative-energy baryon and kaon propagations in their propagators.

The spin-1/2 baryon propagator can be decomposed into a positive- and a negative-energy

propagation part as

N (.m |u; (0, ms)) (U (B, ms)| | o (=P, ms)) (0 (=P, ms)|
Sir) = <€j(p)>;< po—e;p) +in | pote(p) — i > ' (3.45)

Analogously, the pseudoscalar-meson propagator can be decomposed as

Alg) = — < ! ! ) (3.46)

2w(g) \@o —w(q) +in  qo+w(q) —in

Using the above decomposition of the propagators, we have, for the external currents in the

c.m. frame of the KZ pair in the N — K KZ subsystem, the following:

T!y = (ﬁz(ﬁlyms’)ﬁc iSN P/vay‘uN(ﬁ’ ms))

. MmN 1
— i Y (g
N(p”) mern 2

E]

1
pg —en(p"”)+in

R |
Tc(Q17Q27p/;P”)|§ms”>

™

(A (5", mgr) [T s () [un (5, ms)) (3.47)

where the intermediate nucleon four-momentum is p” = p + k. Note that, here, ¢ = —p”.
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TéuKl = (ﬂa(ﬁ/’mszﬂflf(le iAKlfc"LLN(ﬁ, ms))
1 1 1

— 1
=j——T¥ " —my|T.(7", G, P P)|= 3.48
Z2W(q”) K1K1’y(q17q )qg o W(q”) +Z77 <2m8 | C(q 7Q27 7p)‘2m8> 9 ( )

where the four-momentum of the intermediate kaon is ¢” = ¢; — k. Here also, ¢o = —p”.

Ty, = (=0, ma) [T i, i85 Te|un (7, ms))
1 1 1

=i——T" " —mgy|T.(q1, 7", 0" 7)| = 3.49
Z2(/‘)(q/l) KgKg*y(q27q )qg_w(q,/)+17] <2ms| C(q17q P 7p)‘ ms> ; ( )

where the four-momentum of the intermediate kaon is ¢ = ¢ — k. Note here that ¢; = p.

:E = <ﬂ5(ﬁ,,m51) Fé:,y iS= T, |UN(]5; ms))
. M= I 1 /1 1
=1 us(p’,mg)|le= (k) |u=z(p”, mg .
sa(p”)mzs;< (7', mo) [Tz, (R)|uz(@” ms )>p6’—sa(p”)+m
1 A |
X (Gms |Te(@1, @, 575 P) | 5ms) (3.50)

where the intermediate = four-momentum is p” = p’ — k. Also, ¢ = p.
Note that the TC“Z- (i = N, K1, K>,Z) above is Lorentz invariant since T is Lorentz invariant.
Thus, it can be readily obtained in any Lorentz frame once it is evaluated in the c.m. frame of the

KZ= pair in the N — K K= subsystem.

3.3.4 Phenomenological five-point contact current

In Ref. [53], T} has been constructed (see Fig. 3.1) which satisfies Eq. (3.5). To construct the five

point contact current T} — corresponding to the pure phenomenological contact amplitude 7T, —
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that obeys Eq. (3.5), we follow Ref. [123] and make the ansatz

. _ 2p + k)*
o _l7 y - o ] QNP+ R
. [ (a1, g2, psp + k) W(q1,q2,p7p,k‘)] (p+ k)2 -2
Q=z(2p" — k)! 1= 1174
G e T —hip) = W (a0,
Qk,2q — k)" 15 /. /.
o e | Telas =k, g,9'p) = W ar, 2.9 p: k)|
24y — k) [~
- Q"Q(q—zz)z [Tc(q1,q2 — k,p'sp) = Wiar, 2,05 p, k‘)] , (3.51)
(g2 = k)* — g3

where @Q; denotes the charge operator for particle i and W is a function to be chosen to ensure that
each term here is free of propagator singularities. It is trivial to verify that T} given above satisfies
Eq. (3.5) due to total charge conservation Qn — Q= — Qk, — Qk, = 0.

The simplest choice of the function W in Eq. (3.51) may be

Wi(q1,q2,0"sp. k) =Te(q1, G2, 9'; )

+ [+ k) =p° [0 = k)* = ] [(@r — k) — ¢i] [(@2 — k)* — @3] R(aq1, 42,5, )

(3.52)

where R(q1,q2,p’;p, k), except for symmetry constraints, is largely arbitrary (and may be equal to
7Z€ro).

Finally, we should mention that there are diagrams contributing to the photoproduction am-
plitude that cannot be obtained by the gauge derivative method employed here. However, those
diagrams are all transverse currents and, therefore, do not affect gauge invariance of the full am-

plitude. They are included in our model [53].

3.4 Chapter Summary

The Ward-Takahashi Identity must be satisfied for an amplitude to be gauge invariant. Because our
model for K+ N — K+Z had several independent amplitudes, namely 7} and T}, the corresponding

interaction currents are expected to satisfy the WTI individually for interaction currents and are
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thereby constrained by the gauge invariance condition. A general photoproduction model consistent
with the K +N — K +Z= model used in the previous chapter was presented. The interaction current
associated with 7, has been developed in Ref. [53] and this model was adopted here. Following
Ref. [123], an interaction current associated with the phenomenological contact amplitude, T, was
given.

It was shown in the previous chapter that spin observables are important in discerning the

spin and parity of produced Z or =*.

To that end, we decompose the production amplitude for
v+ N — K + K + Z(Z*) into it’s most general spin structures and derive the angular dependence
of each of these. Parity conservation puts a restriction on the angular dependence of each spin
amplitude. Because the reaction has a 3-body final state, this angular dependence is much more
complicated than the two-body K-induced reaction and the reflection symmetry is not as easily
exploited. Nonetheless, for certain production angles, this symmetry has serious consequences,
especially for the case where two identical Kaons are created. The spin observables are calculated
based on these spin amplitudes and a set of observables that is sensitive to the = or =* parity is

given. This analysis is only done for spin-1/2 Zs but is a general procedure and may be extended

to higher spin resonances.
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3.5 Appendixes

: . B0 Bl 51 51
3.5.1 Appendix F: Ay Oy bL(L,l s Lo

The quantity ag(()L, ) in Eq. (3.15) can be calculated directly from the definition of [X;(1/;)g]* given
by Eq. (3.11). We have

L]

\/—4_7TDL'I 5/3L( i DEL (3.53)

B0 _
aL(L’l) = 66L(LOL0|00) =

To extract the coefficients aﬁm), bﬁm) and Cl‘ﬁyl) in Eq.(3.55), we start by expanding [ X[, (L/l)ﬁ]l

in terms of the complete set of mutually orthogonal vectors {é,,} (m = 0,+1), i.e

(XL (s Z am €m 5 (3.54)

m=—1

where a,, = [X, (L/l)g]l - ém. It is, then, immediate that

L / /
(X1 st = \[/Tiw {(LOBO|10)D501 éo — (LOB1[11)DE é_q — (LOB — 1|1 — 1)DE, é+1}
_ \[/% {(LOﬁoym)Dg()l éo — (LOB1[11) [ Lle | 4 (—)F+E+pLt é+1”
_ L] v 1
- i {(LOﬁO]lO)DBO ki \/E(LOBl\ll)

% [(Déil _ (_)L—l-L’-HDé/il*) Ay —i (Déil + (_)L+L’+lDéil*) ﬁ2} } . (3.55)
where we have used the property

DYy, = (—)FH-seMplil” (3.56)
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From Eq. (3.55), the coefficients aﬁ}L,l) bﬁ%L’l) and cﬁm) in Eq. (3.15) can be identified as
81 [L]
= 2L (L0B0[10)DET
Arny = \/4—( 50[10) BO
L ’ /7%
\[/—i(LOﬂOHO) (Dgol+wBDgol> ,
b2 =~ (Login DE! — (=) EH DL
Ly = /—( A1 )\/— () 5 )
— L popipny L (k! 4+ gD
- \/4—( 6| )\/’ £l + 7B B1 )
L / 17%
Sl = —[4] (Lomm)7 (D + () HEHDETY
ﬂ LOB1|11)—= — DL 3.57

In Appendix 3.5.4, the above results are particularized for the case of a positive and negative

baryon B.

32 52 162 /52
3.5.2 Appendix G: aL(L,l b L s ALy bL(L,l)

Taking the scalar product of the last equality in Eq.(3.15) with [k®k]2, [ ®@71)2, k@712, [k@ns]?

and [A ® fi9]?, respectively, and using the results

kok? hok? = [m@m]?-[m@m]?:;,
@ h?- [ @] = _é,
@ an]? k) = %
i@ ho? - [k @hg® = %
(11 @ Ng)® - [y @ Ng)® = % (3.58)
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with all the other scalar products vanishing identically (because they involve a pair of different

parity tensors), we have

ai%m) = 2u+wv,
bﬁ%m) = u-+2v,
C?jm) = 2w,
af(szz) = 2r,
bILB(Qsz) = 2,
(3.59)
where
uw = [Yi(k)@ DF'@, QP ko k],
v = [Yi(k)® DEYH,§)? - [y © m)?
w = [Yi(k)® D, q)2 - [k @ i)
ro= [Vi(k)® DE'(H,4) - [k @ nol®,
t = [Yi(k) @ DE' (R, 9 - [ @ nol
(3.60)

Choosing the quantization axis Z along k and ¢ in the xz-plane, the quantities u, v, w, r and t

can be expressed without loss of generality as (using the relations given in the following subsection

in this Appendix)
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\/_\/7 J(L030]20) D5y .

— /2 (L0B0|20 D - D“*>,
L1\t oo (D — s
2

v =/ 22 L1 D ()M (LOBMI2M) DE Yoo (i)
M
= /2211 [(£080120) Yao () D — (L01121) Yan () (D + () DE")
+(L0B2122) Yaa(in) (DE + (- HDE)]
T[ (L0B0J20) D%, (L0ﬁ2]22) (Dg;l —wBDé;’*)} :
72 M(LOBM[2M)(101M |2M) D Vi (i)
M
ET][(LO/aoym)(lom\zow (Yio(n) — (£01121)(1011[21) ( DA + (<) HDE) vis ()|
- _\[/_i%(Lom\zl) (Dé{l —~ WBDé{l*> :
72 M(LOBM[2M)(101M |2M) Dl Vi (722)
M
%[(LOﬁOBO)(lOlO\QO)D Yio(fg) — (LOB1[21)(1011]21) (Dgf—(—)”L'”Dé{l*) Yn(ﬁz)} :
- i\[/%%(mmm) (Dé{l + wBDéil*> :
Var
t:T[L]Z( )M (LOBM [2M) Dy (Y1 (1) @ Y1 (7)) o
M
_ @[L] [(LOﬂO\zo)Dggl [V1(711) ® Yi(fa)]3 — (LOSL|21) (Déil - (—)”L’”Dé{l*) [Yi(7n) @ Y1 (72)]t
+(£052(22) (DY — (=) H DY) (Vi) @ Ya (o) ]
:—z’%%(m&lﬂ)( +7rBD“*) :

(3.61)

In Appendix 3.5.4, the above results are particularized for the case of a hyperon Z(Z*) with

parity mp.
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3.5.3 Appendix H: M,

The coefficients M, in Eq. (3.16) are given by

1
B Z'L—L’—l J+lrmin2ars? st p)
=—=) 1 (=) T2 [ T[J1P M2 (g, 05 k)
V3 z
/ lrsg
ZZL L' l L"rl"rl J/HJ] Ml2L/L (q,p,7k)
1
1 )5 L J 1
X R ) 1+ —
2, }%{Ml}%ﬁ
_ ' ] 158
Iy 1
3 1 s L J 1
XZ[/B] ’ = 5sl+_
2
E l _\/6 g g 1 V3
/ lysg
M4 _ZZL L' l L"rl"rl J/HJ] Ml2L/L (q,p,7k)
L J 1|3 L J 1
XZ[ﬁ] T = 551“‘_
5 J 5} \/é{ﬁ Lo Vs
_ ' 1ysg
ZZL L l L+l+ [J/][J]2M12L/L (qu/’k)
;LT 1|3 L J 5 1
<20 v P Kt
B L J B i B 5 1
~ I—I/— / L5y
Mg = it R I ME T (g,05 k)
% L J 1 % L J 5 1
XZW] 76 . 5,%—m
C A R AR
~ I — rgal 1ysg
My =Y it PRI M, (0.5 k)
x> 1] R D G
9,1
Ea AN B LR AR B

101

Ll

= ol = vl = Nw =™ Nw = Nw

™ wlw

J/

D=

N[

D=

D=

D[ —

D=

N

(NI

L0
ar(rLn >

51
Arrny o

81
bL(L’l) y

81
Arry o

51
Ay o

81
€Ly

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)



, LrJglls L oJ
Z b= L_l L+l[']/] [J] l%/sLJ q p k Z ’ L a?jL’l) )
5 I J B 5 2
(3.69)
, LrJglls L oJ
Z L= L_l L+l[']/”‘]] l%/sLJ q p k Z 2 1 bB%L/l)
8 LJ B8 2 2
(3.70)
, LrJglls LoJ
Z L= L_l L+l[']/”‘]] l%/sLJ q p k Z 2 1 Cﬁ%l/l)
8 LJ B8 2 2
(3.71)
, rJglls L oJ
Z it L_l L+l[']/] [J] l%/sLJ q p k Z 2 L alLﬁlel) )
5 I J p 5 2
(3.72)
, rJglls L oJ
Z it L_l L+l[']/] [J] l%/sLJ q p k Z 2 L b,LB(lel) ’
5 I J B 5 2
(3.73)

where the coeflicients ag(&,l), bg(g‘L,l), etc, are derived in Appendices A and B, and particularized

for the case of a positive- and negative-parity baryon B in Appendix 3.5.4.

3.5.4 Appendix I: Coefficients for Positive and Negative Parity =

In the following, we choose the quantization axis Z along k and ¢ to be in the xz-plane, as have
been chosen in Eq. (3.8), without loss of generality.

As stated at the end of the paragraph below Eq. (3.7), for a positive parity baryon B, total

L+L'+1 _

parity conservation demands that (—) —1. Likewise, for a negative parity B, we have

(=)L = 41, Let’s see what do these conditions imply for [X, arnpl® in Eq. (3.11).

For ao =0 (Eq. (3.53)) :
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We see from Eq. (3.56) that Dﬂ]l must be purely imaginary for a positive parity baryon B.
Note that Y, () = Yim, (0g, ¢q = 0) is real, so the complex nature of Dgol is determined solely by
Yo, (') alone. Now, Yry,, (p' = 2) (= bnr, 0L/ V4r), Y, (O s ¢pr = 0) and Yrio(p') are all

real. This implies that

Dig = (L'Mpl — My|LO)Ypar,, (5)Yienr,, (4) - (3.74)
My,
vanishes when p' = 2, ¢y = 0 or M = 0 for a positive parity baryon. For Dﬂ)l not to vanish
for ¢, # 0, one should necessarily have My, # 0 and, consequently, L’,1 > 0. Note also that Dﬂ)l
vanishes identically unless L > 0. These features of Dgol for a positive parity baryon can be made
explicit by rewriting it as

/ 1 /
DLl _ DLl A ) )
Lo sin 6, sin ¢,y Lo (B 2) (3.75)

On the other hand, for a negative parity baryon B, Dﬂ)l must be purely real, which implies just
the opposite conditions discussed above for a positive parity baryon. In particular, L, L',l = 0 are
allowed. We, therefore, leave Dﬂ)l in the original form given by Eq. (3.74).

Summarizing, for a positive parity baryon B, we write

L
o _ o (2) 1 LU o o
o = %t VAr [sinf,y sin ¢, Lo| (- 72) (3.76)
and, for a negative parity baryon,
a0, =5 L—(_)LDL’I . (3.77)
L(L'D) B T Lo

For a =1 (Eq. (3.55)) :

First, for the coefficient aﬁ}m) in Eq. (3.57), we see that (L0B0|10) # 0 only for 8 = L £ 1.
Combining this with Eq. (3.56), it implies that Dg(')l is purely real(imaginary) for a positive(negative)
parity baryon B. Therefore, for a positive parity B, Déél in Eq. (3.57) is left in its original form,

while, for a negative parity B, it is rewritten in the form given by Eq. (3.76) (with L replaced by

103



B), i.e.,
1

/
Di} = | ———
A0 sin 6, sin ¢,y

DES| (- 7). (3.78)

Note that since § = L + 1, one difference from Dgol discussed above for o = 0 is that, here, Déél
does allow L = 0.

Next, the coefficients bg% L) and cﬁ% oy i Eq. (3.57) involve the terms of the form

N * A My,
[YL/ML’ () + Yiin, (p/)] = V2N, Py " (cosO,) cos(Mp )

SIS -

[YL,ML, #) ~ Yo, (p’)] — V2Npa, PEY (cos By) sin( M) | (3.79)

where
(L] (L' — Myp)!
N ’ = . .
LMy, i\ (T ). (3.80)

Equation (3.79), then, can be rewritten as

[Dé1l + D! ] = Af,

SIL S

[Déil — DE! ] =Sk (9 o) (3.81)

where

/ ~ M,
ARy = V2| > (L Mpbmy| BM)Yin, (§)Niiag,, Pry ™ (cos ) cos(Mpidy) |

| Mprmy

1
sin 0, sin ¢,y

shh=v2 S (L Myl BM)Yin, (@) Niar,, Pri ¥ (cos 6) sin(Mps )

Ly

(3.82)

104



Therefore, summarizing, for a positive parity baryon B, we have

81 L]
aL(L’l) T<L050|10)D60 s
(L

oo _ L]
bL(L’l) = \/——(Loﬁllll)flm )
L A, A
Ci}yz) = \[/—i(LOﬁllll) L Rg) (3.83)
and for a negative baryon B,

Ay = i(L050|10) ;D L (@ - )

L) = /ar sin 6, sin ¢,y ’

pL [L] L'l

Ly = —E(Loﬁlm)«‘tm : (3.84)

Eq

We note that SBL{Z does allow both [ =0 and L = 0.

For a =2 (Egs. (3.59,3.61)) :

For u in Eq. (3.61), we see that (L0/0]|20) # 0 only for 8 = L,L 4+ 2. Combining this with

. (3.56), it implies that Dé(')l is purely imaginary(real) for a positive(negative) parity baryon B,

like in the case of o = 0. Therefore, for a positive parity B, Déél in Eq. (3.61) is rewritten in the

form given by Eq. (3.78), while for a negative parity B, it left in its original form. Dé(l)l appears

also in v and ¢.

In Eq. (3.61), the same combinations of Déil as given by Eq. (3.81) also appear in w and r,

while similar combinations of Déél appear in v and ¢t. They are

1
= [D + Dk ] AL
—1 ’ 17% / . R
% D — DE| =SB 7o) (3.85)

where the quantities in the Lh.s. are defined in Eq. (3.82).
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Putting together, for a positive-parity baryon B, we have

1 Ll
\/—\/7 ](L030[20) [ml) } (0 - na),
v = _%\/L_ g[L] [(L050|20) [m%&l] —iV3(L0B2122)Sky' | (7' o)

\/7\/— (LOA12)S5' (B - 7).,
\/7\/_ (L0p1)21) ALl

t=— (L0p2|22) A%}

L[]
In V2

(3.86)
and, for a negative-parity baryon,
u = \/_\/7 J(L0BOJ20) Dy
11 2 L'l
v=—5 V5l J [ (2080120)DE — v3(L0g2122).A| |
\/7\/_ (L0B1I21) Agl )
\/7r LOB121)Sk! (7' - o)
LO 2/22)S p' o) .
(3.87)
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The respective coefficients aL(L,l) bL%L,l) etc, are, then, (from Eq. (3.59))

1 1 / /
p2 L'l - L'U| (o o
aL(L/l) \/g [L] |:\/§(L0ﬁ0|20) [sin le sin ¢p/ DBO + Z(L052|22)Sﬁ2 (p n2) s

o1 .
bﬁ%m)_z = (LI(L052|22) 5! (5 - o)

CL(L’l \/ \/7 LI(LOBL21)SH (7 - aa)
/BQ
b =i\ 4= \[ L)(L0B121) AL

82 _
blL(L’l) Z\/% (L052\22)Aﬁ2 ;
(3.88)
for a positive-parity baryon B, and
_1 /
@i = =l [VB(L0S0[20) D + (L0p2122) A%
by L 111(20p2122) AL
Ly = \/——[ J(L0B2]22) A%
Py =\ \f LI(LOB1I21) AL
Ly =\ 1= \/7 L)(L0B120)SEL (7 - 1y) |
b/Lﬁ(Qsz)_ \/ﬁ[ 1(L0B2|22)Sh (1 - a)
(3.89)

for a negative-parity baryon.

The coefficients, aﬁ?ﬂl)’ have been determined to be either purely real or purely imaginary
for a given m=. Egs. 3.76(3.77), 3.83(3.84), and 3.88(3.89), for positive(negative) 7=, along with
Eqgs. 3.62-3.73 can be applied to Eq. 3.19 to determine which spin-structure coefficients, F;, depend

on Re [Dé],&] or Im [Dé],&] These results are shown in Table 3.1.
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3.5.5 Appendix J: Spin Observables

Using the photoproduction amplitude in the form

3
M= " Myom (3.90)

m=0

with o9 = 1, 01 = o,, etc, any observable corresponding to the photon polarization €, can be
calculated straightforwardly. The cross section with the polarization of the photon €) incident on

an unpolarized target is given by

do?

3
- Tr [MAM”] - n;me . (3.91)

N | —

For a given photon polarization €\, and target nucleon spin in the i-direction (i = x,y, z), the

corresponding spin-correlation coefficient TZ-A can be expressed as

1 N ~
— T} = 5Tr[MAaZ-M”]

= 2Re[MyM] + 2Im[M} MR*] , (3.92)

where the subscripts (i, j, k) run cyclically, i.e., (1,2,3), (2,3,1), (3,1,2).
Similarly, the polarization, PZ-’\, of the outgoing nucleon in the i-direction induced by a photon
beam with polarization €) is given by

a7 s
o "t

1 NI
5" (MMM o)

= 2Re[MyM*] — 2Im[M; M}"] (3.93)

where the subscripts (4, j, k) run cyclically.

Another spin observable is the spin transfer coefficient induced by a polarized photon beam,
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Kf}, which is given by

d)\

1 ~ A
dQK)\ = §TT’[M)\O'Z'M>\TO']‘]

do A
- <2|M6\|2 10 > 8ij + 2Re[ M) M) — 2€5 Im[ M M) (3.94)

where ¢;;;, denotes the Levi-Civita antisymmetric tensor and (4, j, k) may take any of the values

(1,2,3). The diagonal terms reduce to

da’\

0 K0y = MG+ (M2 = > MR (3.95)

k#j

In terms of the individual cross sections K ])‘] may be written as

(3.96)

where 0’]/-\(—1—, —), for example, corresponds to the cross section induced by a photon beam with
polarization €, on a target nucleon spin in the positive(+) j-direction and leading to the recoil
nucleon spin in the negative(—) j-direction. Given the spin structure of the amplitude, Eq. (3.96)
is often helpful in determining the characteristics of K2

Egs. (3.91,3.92,3.93,3.94) exhaust all the possible observables in photoproduction with a polar-
ized photon beam. Other observables may be constructed by appropriate linear combinations of

them. The completely unpolarized cross section is given by

do _ (1. [MMT} _ ot 3 : M2 (3.97)
aQ — \2 N aQ mh )
A A m=0
The photon asymmetry is given by
do o _ do™M B do™?
aa dQ dQ)
= > (= pae) (3.98)
m=0
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where A\; and Ay stands for the two independent state of polarization of the photon, €, and €),,
to be specified. Note that the factor 1/2 in the above equation is due to the fact that we have
multiplied the beam asymmetry ¥ by the completely unpolarized cross section do/d2. The same
observation holds for the spin observables defined below. In Refs. [83,125] do/dS2 is defined without
the factor of 1/2.

The target nucleon asymmetry, 7;, obtained using an unpolarized photon beam on a target

nucleon polarized in the i-direction, is given by

do 1 NN
—T;, = =Tr[Mo;M!
o y TriMoiM]
do* A A7 r s A s
= Y ST = Z(ZRe[MOMi ] + 2m[M} M} ]) , (3.99)
A A

where again, the subscripts (i, 7, k) run cyclically.
Similarly, the polarization observable, P;, of the recoil nucleon with an unpolarized photon

beam is given by

do 1 ~
P = STr(M)
do* A A7 A o
= YR =) <2Re[MOM,- | — 2Im[ MM} ]) . (3.100)
A A

The spin transfer coefficient using an unpolarized photon beam is given by

do

aa™

1 N
§TT[MO'Z'MTO']'] s

do? do? . .
— EKQ => { <21M3\2 - E) 8ij + 2Re[ M} M) — 2¢;j, Im[ M My {%.101)
A A

where (i, j, k) may take any of the values (1,2,3) as in Eq.(3.94). The diagonal terms reduce to

do

2o Kis = IMof* + (M2 = [ Mi* (3.102)

k]

with [M;[? = Y, [MM .
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Chapter 4

Summary and Outlook

There is a global effort to understand confinement. To that end, hadronic resonances offer a unique
opportunity to study the non-perturbative region of QCD. To compare scattering data with fun-
damental QCD-based quark calculations, a good reaction theory is needed. Such a reaction theory
should distill resonance properties, such as mass, width, spin, parity, among others, from scatter-
ing data. It is these properties that are compared with the QCD calculations. This work focuses
on the S = —2 hyperon sector. The K + N — K + Z(Z*) reaction was studied via a model-
independent analysis. This analysis allowed us to list a minimum set of spin observables which
determine the reaction amplitude completely and the J of the produced = or Z*. A model calcu-
lation for this same reaction was conducted and contributions from Y* hyperons were investigated.
A number of Y* states were needed to reproduce the existing data and their parameters were
reported. In addition, yet-to-be-measured spin observables were predicted based on these results.
The v+ N — K + K + = reaction was also investigated in a model-independent manner and its
spin structure analyzed. Again, the parity of the produced Z can be determined by analyzing the
spin observables in certain angular regions. Gauge-invariance of the photoproduction amplitude
was discussed and its constraints on our model were determined.

A continuation of this work would be the model calculation of the y+ N — K+ K 4= according
to the model described in Section 3.3. Past work has concluded that high spin resonances were

necessary to fit existing photoproduction data [54]. While these results appear to be consistent
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with our findings for K + N — K + Z, a simultaneous analysis of both reactions is called for and
underway. Also, new data is expected in the coming years for both these reactions and others,
and should be analyzed along the same lines described in this work. In addition, the simple
model described here violates unitarity. A general procedure for guaranteeing unitary within the
models based on Effective Lagrangian approaches has been developed by our group [126] and could
be implemented in the present model calculations. In this method, a complex phase would be
introduced in a systematic way to ensure unitarity and spin-observables will be very sensitive to
this phase. This will shed light on the contributions from coupled channels that we are currently
excluding. Because resonances couple to different channels, the ultimate goal should still be a full
dynamical coupled-channel (DCC) calculation.

In addition to improving our calculation toward a full DCC approach, new data is expected
soon in these reactions and others. K-induced reactions at J-PARC will offer new and improved
data for K= as well as other S = —1 channels. The newly upgraded facility at J-Lab will be
providing new data on v+ N — K+ K+ = as well as K+ K + K+ Q~. This new data for K=, wA,
w2, KK=Z, KKKSQ™ and other final states should provide new insights into the multi-strangeness

hyperon physics.
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