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ABSTRACT

Contemporary datasets are becoming increasingly larger and more complex, while tech-
niques to analyse them are becoming more and more inadequate. Thus, new methods
are needed to handle these new types of data. This study introduces methods to cluster
histogram-valued data. However, histogram-valued data are difficult to handle computation-
ally because observations typically have a different number and length of subintervals. Thus,
a transformation for histogram data is proposed as a technique for handling them more
easily computationally. From this technique, three new dissimilarity measures for histogram
data are proposed. Then, how the monothetic clustering algorithm based on Chavent (1998,
2000) can be extended to histogram data is shown, and a polythetic clustering algorithm
for symbolic objects is developed (based on all p variables). Validity criteria to aid in the
selection of the optimal number of clusters are described and verified by some simulation
studies. The new methodology is illustrated on a large dataset collected from the US Forestry
Service.
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CHAPTER 1

INTRODUCTION

Nowadays with contemporary computer capacity, the size of datasets is rapidly increasing in
many areas with an increase of both the number of objects and variables. Under this trend,
methods of summarizing and extracting information from large datasets are becoming more
and more important.

One approach to handling very large datasets is to aggregate the data in some meaningful
way. When we are interested in classes or groups of individuals, the data for individuals can
be aggregated as classes or groups. The form of the aggregated data can be a range, list,
and distribution, etc. These types of data are called symbolic data; Diday (1987), Bock and
Diday (2000), and Billard and Diday (2006). In order to analyse symbolic data, we need new
methods which are different from classical methods in many aspects, and in particular in
cluster analysis as well. Our focus is on clustering methods for symbolic data, particularly
histogram data.

For clustering histogram data, we need new dissimilarity measures and clustering algo-
rithms. Gowda and Diday (1991a, 1992) suggested similarity and dissimilarity measures for
multi-valued and interval-valued variables and a hierarchical agglomerative clustering algo-
rithm. Also, Ichino and Yaguchi (1994) proposed dissimilarity measures for multi-valued and
interval-valued data and extensions to Minkowski distances.

An agglomerative clustering method starts with clusters which are equal in number to
the number of objects. In other words, each cluster has one object at the first stage. It merges
successively two clusters until all objects are in a cluster. In contrast, a divisive method starts

with a cluster containing all objects, and then bisects successively into two clusters until there



is one object in each cluster. That is, a divisive clustering is the reverse of an agglomerative
clustering. Although the divisive method is less popular than the agglomerative method,
Kaufman and Rousseeuw (1990) indicated that it has the advantage which it shows the
main structure in the data. Chavent (1998, 2000) suggested a hierarchical monothetic divisive
clustering algorithm for interval data. A monothetic algorithm uses a single variable to bisect
a cluster at each stage. In contrast, a polythetic algorithm uses all the variables at each stage.
MacNaughton-Smith et al. (1964) proposed a polythetic method using an iterative procedure
based on an average dissimilarity between an object and a group of objects.

While an interval-valued random variable is defined by the lower and upper limits [a, b),
a histogram-valued random variable is defined by a finite number of non-overlapping subin-
tervals and relative frequencies {[ag, ax+1); pr, k= 1,...,v}. A histogram-valued variable is
more informative than an interval-valued variable because the former provides estimates of
the shape and location for the distribution but the latter gives only lower and upper limits.
Therefore, clustering for histogram-valued data gives more precise outcomes than that for
interval-valued objects. However, such methods are not available since there are no existing
dissimilarity measures for histogram-valued data. Moreover, it is not easy to handle his-
togram data in a computer because each observation has different lengths of subintervals as
well as a different number of subintervals.

In general, we do not have any prior information about the number of clusters in the data.
Moreover, since the clusters are often indistinguishable in the aspect of dissimilarity measures
and different dissimilarity measures often lead to different clustering outcomes, it is not easy
to detect the optimal number of clusters. To solve this, many different cluster validity indexes
have been proposed, such as Dunn’s index (1974), Davis-Bouldin’s index (1979), and Xie-
Beni’s index (1991), among others. However, since these indexes were developed for classical
or fuzzy datasets, they would not work well for symbolic data.

In this study, we develop clustering methodology for histogram-valued data. In Chapter

2, dissimilarity measures for interval data and the monothetic algorithm are reviewed. In



Chapter 3, we propose a transformation of histogram data to enable the new methodologies
to be handled more easily computationally. From this technique, we develop dissimilarity
measures for histogram data based on the Gowda-Diday and Ichino-Yaguchi measures and
cumulative relative frequencies. In addition, we show how the monothetic algorithm based on
Chavent (1998, 2000) can be extended to histogram data and propose a polythetic algorithm
to produce new divisive hierarchical clusterings for symbolic objects. Cluster validity indexes
that are concerned with determining the optimal number of clusters are discussed in Chapter
4; simulation studies are also executed to study their properties. The methodology proposed

herein is illustrated on a forestry cover type dataset of 581,012 observations, in Chapter 5.



CHAPTER 2

LITERATURE REVIEW

In this chapter, we review the literature on dissimilarity /distance measures and clustering
methods for interval-valued data. In Section 2.1, methods to deal with large datasets such
as data squashing, boosting, and data mining, etc., are reviewed, and the difference between
these methods and symbolic data is explained. The definitions of symbolic data and their var-
ious examples are presented in Section 2.2. The clustering methodologies for interval-valued
data are reviewed in Section 2.3 and 2.4. In Section 2.3, various similarity and dissimilarity
measures for interval-valued data are introduced. In Section 2.4, the monothetic algorithm
for interval-valued data proposed by Chavent (1988, 2000) is explained and this algorithm

is illustrated using the Ruspini (1970) data.

2.1 LARGE DATASETS

Datasets are becoming larger and larger and more complex with contemporary computer
capacity. On the contrary, techniques to analyse them have been overwhelmed by the pace
of the data collection. It is evident that classical methods are often unable to handle very
large datasets. Thus, new methods to analyse them such as data squashing, boosting, and
data mining, etc., have been introduced in many studies.

Data squashing, introduced by DuMouchel et al. (1999), produces a small sample from
a large dataset by aggregating the data into clusters and taking from each cluster a sample
with similar characteristics as determined by pseudodata points and weights. This sample
represents the large original dataset. Madigan et al. (2002) extends the moment matching

of DuMouchel et al. to likelihood-based squashing. In addition, Owen (2003) proposes data

4



squashing by empirical likelihood, but shows that data squashing does not always give good
results, and suggests the methods need to be applied to more extensive datasets before
conclusions can be drawn. Owen also considers boosted classification and decision trees along
the lines of multiple adaptive regression trees for constructing boosted tree classifications.
Inatani and Suzuki (2002) combine data squashing and boosting methods in the computation
of outlier detection. Kaufman and Rousseeuw (1990) use the CLARA (Clustering LARge
Applications) algorithm to reduce the dataset to a sample. Another technique that deals
with large datasets is data mining; this method is interested in discovering patterns and
extracting knowledge from the dataset.

Symbolic data methods produce smaller datasets by the summarization of very large
datasets. It seems that the symbolic data methodology is similar to data squashing from
the point of view of producing smaller datasets. However, the symbolic data method as
a result of aggregation is different from data squashing because the former uses all the
original data but the latter uses just a sample. Since data squashing uses a sample, it can
use standard statistical methods to analyse a resulting data set. In contrast, symbolic data
require new statistical techniques because they are new types of data such as lists, intervals,
histograms, models, etc. In addition, some problems in data mining and knowledge discovery
lead naturally to symbolic data.

The different methods being proposed in this section will have a key role to play in
differing contexts, and equally each overlaps the others with common issues serving all fields.
Symbolic data methods also will help to play a role in analyzing large datasets. The concept
of symbolic data was first introduced by Diday (1987), and are described in Bock and Diday
(2000), and Billard and Diday (2006).

2.2 SyMBOLIC DATA

In the past decade, information technology has developed remarkably. Consequently, large

and complex datasets are now common due to routine collection of systematically generated



data. For example, databases of credit card companies record all transactions for all card
users, and mobile companies keep the records of all cell phone calls. A huge amount of records
are routinely generated everyday. These datasets have billions of observations and hundreds
of variables. Since datasets are too large to be stored in the primary memory of a computer,
it is difficult to calculate statistics from large datasets by the usual statistical algorithms
and methodologies.

One approach is to summarize large datasets in a meaningful way. In the mobile company
example, a summary of the calls per user can be made instead of hundreds as specific calls for
each user over time. One such summary format could be a range of time for each call (e.g.,
2 — 67 minutes); or, it could be a list of received calls (e.g., Home, Mary, Mother,...); or, it
could be by type and calling time (e.g., {received call, 2 — 35 minutes}, {dialed call, 5 — 67
minutes}); or, it could be a histogram by calling time and relative frequencies for the number
of calls (e.g., {0 — 10 minutes, 0.5}, {10 — 20 minutes, 0.3},{20 — 30 minutes, 0.2}); or, etc.
Like these examples, the summarized data can be ranges, lists, histograms, distributions,
and models, etc., and these types of data are called symbolic data. These symbolic datasets

have a manageable size in a computer.

Notation 2.1 For the random wvariable Y;, j = 1,...,p, a symbolic value or realization

i=1,...,n, will be denoted by y;;. Also, a symbolic object (or observation) will be denoted

byyi = (yij, 7=1,...,p) € Q.

Based on the attendant research questions, classical large datasets are aggregated into
classes or groups. The outcomes aggregated by classes or groups are symbolic objects y;, ¢ =
L,...,n € Q, where Q = {y1,...,yn}. Each symbolic object consists of symbolic values
Yij, J = 1,...,p, and symbolic values can be lists, intervals, histograms, and models, etc.
For example, suppose we have a dataset including individual records for pitchers such as
innings pitched and earned runs. Then, we might be interested in the pitching performance
of baseball teams rather than individual players. To solve this question, first of all, we would

aggregate the data over individual players who make up each team. The summarized data



Table 2.1: Bird colors.

Bird Major Colors

Anhinga {black, green}

Bananaquit {black, white, yellow}

Blue Jay {blue, gray, black}
Common Redpoll | {red, gray, black, brown}
Budgerigar {green, blue, white, yellow }

would be intervals and histograms. For example, suppose that the data are aggregated as
intervals on Y; =innings pitched and Y; =earned runs, and there are 30 baseball teams.
Then, symbolic objects y; are baseball teams and can be denoted by y; € Q = {y1,...,¥30},
where y; = {yi1 = [ai1,bi1), Yo = [ai2,bi2)}. The symbolic objects can be referred to as
categories or classes. In this example, categories are baseball teams. Therefore, the data for
individuals can be reduced to the data for teams by the research question.

Although symbolic data analysis is a method to deal with large datasets, symbolic data
can exist regardless of dataset size. For example, suppose we are interested in bird colors.
Most birds have two or more colors. Thus, since a classical value takes a single value, it
cannot express colors of a bird. In contrast, since symbolic data have internal structure, it
is possible to express the colors as shown in Table 2.1. Thus, e.g., a blue jay has the three
colors blue, gray, and black. Table 2.1 does not come from a large dataset. In this case, the

type of symbolic data is a list of single values, and it is called multi-valued data.

Definition 2.1 A multi-valued random variable Y takes one or more values from the list

of values in its domain ).

Definition 2.2 An interval-valued random variable Y takes values in an interval [a,b] C

R, where a < b, a,b € R. The interval can be closed or open.

Often, symbolic data naturally arise. For example, a pulse rate usually fluctuates over the

interval. (e.g., [64+2]); or, in a weather forecast, daily temperature can be usually expressed



Table 2.2: Histograms for weight by age-groups.

Age | Weight
20s | {[70,96),0.08; [96,108),0.24; [108,120),0.30; [120,144),0.30; [144,160),0.08}

[
30s | {[100,116),0.08; [116,124),0.40; [124,132),0.24; [132,140),0.24; [140,150),0.04}
40s | {[110,135),0.18; [135,145),0.20; [145,155),0.42; [155,165),0.14; [165,185),0.06}
50s | {[100,126),0.10; [126,138),0.20; [138,150),0.26; [150,162),0.28; [162,190),0.16}
60s | {[125,144),0.18; [144,160),0.60; [160,168),0.16; [168,180),0.06}

by the lowest and highest temperature in a day (e.g., [45,78]), etc. In such examples, classical
methods usually use midpoints for each interval. However, it causes a loss of information
especially since the internal variation is ignored. Consider the following simple example where
we have three samples on the random variable Y =weight. Suppose Y; = 130, Y, = [127,133],
and Y; = [124, 136]. Also, assume that an interval has an uniform distribution. Then, means
for all three samples are the same, i.e., Y; = Y, = Y3 = 130, but they have different internal
variations, i.e., Var(Y;) =0, Var(Yz) = 3, Var(Ys) = 12. Classical analysis using midpoint
values give the same results for the three samples. In contrast, symbolic analysis can provide

more informative results because it considers the internal variation for each sample.

Definition 2.3 Let Y be a random wvariable that takes values on a finite number of non-
overlapping intervals {|ax, ar+1), k= 1,...,v} with relative frequencies py, corresponding to
each subinterval, where ar < agy1. Then, Y is called a histogram-valued random variable.

The i observation y; for a histogram-valued random variable is given by
Yi = {[aik, @igs1), pie; k=1,... v},
where Y )" pi, = 1.

A type of data that is more informative than interval-valued data is histograms.

Histogram-valued data consist of a finite number of non-overlapping subintervals and



Table 2.3: Distribution of monthly water usage for households.

Household Water usage (gallon)
A Normal (u = 2730, o = 347)
B Normal (u = 1882, o = 672)
C Normal (pu = 3472, o = 245)
D Normal (p = 4324, o = 781)
E Normal (u = 2320, o = 145)

relative frequencies corresponding to each subinterval as shown in Table 2.2. Since his-
tograms with well defined subintervals can be a good density estimate, it is a useful way to
summarize large datasets.

Furthermore, in the symbolic data context, histogram-valued observations could be speci-
fied distributions. Distribution data could be known parametric distributions such as normal,
exponential, and gamma distributions; or they could be empirical distributions with the
parameter values estimated from data. Table 2.3 shows an example with distributions as
symbolic data. Suppose monthly water usage for households has a normal distribution. Then,
parameters of normal distributions are estimated from the original data, and water usage
for each household can be summarized by the distributions.

Models also can be used as symbolic data. For example, suppose a trend for the price of
a stock of each company has autoregressive moving average (ARMA) models as shown in
Table 2.4. Then, in this case the time series data for the price of a stock of each company
can be summarized by ARMA models with parameters, and we can use these models as
symbolic data for each company.

In summary, the form of symbolic data can be lists, intervals, distributions, and models,
etc. While classical data on p random variables are expressed by single points in p-dimensional
space, symbolic data on p random variables are p-dimensional hypercubes, or a Cartesian

product of p distributions, broadly defined. In addition, each symbolic observation has
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Table 2.4: Model of the price of a stock for companies.

Company | Model

Company 1 | AR(2); ¢y = 0.7, ¢ = —0.2

Company 2 | ARMA(1,1); ¢; =0.3, 6, =0.1
Company 3 | AR(1); ¢1 = 0.5

Company 4 | AR(2,1); ¢1 = 0.3, ¢ = —0.1, 6, =0.2

internal variation, but a classical observation does not. Thus, classical analyses deal with
variation between observations only. In contrast, analyses of symbolic data have to explain
both the internal variations and the variations between observations. More detailed descrip-

tions of symbolic data along with numerous examples can be found in Billard and Diday

(2003, 2006).

2.3 AN OVERVIEW OF SIMILARITY AND DISSIMILARITY MEASURES FOR INTERVAL-

VALUED DATA

Clustering is an exploratory procedure to understand data with complex structure and mul-
tivariate relationships. In general, there are two main parts that have important roles in
clustering. One is similarity or dissimilarity (or distance) measures, and another is clustering
algorithms. Usually, clustering is performed by various criteria such as the smallest distance
(single linkage), the farthest distance (complete linkage), Ward criterion (1963), and the
minimum within-cluster variance, etc. While a few methods exist which use the observations
directly (e.g., Brito 1995), most criteria are based on similarity or dissimilarity measures.
Thus, it is very important to define similarity or dissimilarity measures between two objects.
In this section, we review similarity and dissimilarity measures for interval-valued data. While
classical point values are special cases of symbolic data, these measures are very different for

symbolic data than are those for classical data. An extensive summary of classical measures
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can be found in Gordon (1999), such as the Minkowski metrics, the Canberra metric (Lance
and Williams, 1966), the angular separation, and the correlation coefficient, etc.
Before reviewing similarity and dissimilarity measures for interval-valued data, we give

definitions of similarity, dissimilarity, and distance measures.

Definition 2.4 Let x andy be any two objects in Q. Then, a similarity measure S(X,y)

between the objects x and y has the following properties:
<i> S(x,y)=S(y,x);
<it > S(x,x) = S(y,y) > S(x,y) forallx #y;

Property < ¢ > shows the symmetric property of similarity measures, and < 74 > means

that the similarity between the same objects has the largest value.

Definition 2.5 A dissimilarity measure D(x,y) between the objects x and'y is a mea-

sure that satisfies
(1) D(x,y) = D(y, x);
(i) D(x,x) = D(y,y) < D(x,y) for all x #y;
(#i) D(x,x) =0 for all x € (.

Property (7) represents the symmetric property of dissimilarity measures. From (i7) and
(7ii), we can know that the dissimilarity value between the same two objects is zero, and
a dissimilarity value is always positive. Typically, the relationship between similarity and
dissimilarity measures is inverse functional. For example, similarity measures can be easily

transformed to dissimilarity measures by D(x,y) =1 — S(x,y).

Definition 2.6 A distance measure has the properties of a dissimilarity measure as

defined in (i), (i), and (iii), and further satisfies

(iv) D(x,y) =0 implies x =y;
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(v) D(x,y) < D(x,z) + D(z,y) for allx, y, z €.

Property (v) in the definition of a distance measure is called the triangular inequality.
Since dissimilarity measures do not satisfy the triangular inequality, unlike distances, dis-
similarity cannot be geometrically explained.

As mentioned in Section 2.2, classical data are single points in p—dimensional space. Thus,
since classical data only have information for location and satisfy the triangular inequality,
they can be geometrically explained in p—dimensional space. Therefore, the dissimilarity
of classical data can be measured by distance measures. In contrast, since symbolic data
have information for internal variation as well as location, dissimilarity should explain both
location and internal variation of symbolic objects. Thus, Nieddu and Rizzi (2003) indicated
that dissimilarities for symbolic data do not always satisfy the triangular inequality.

Finally, for the collection of objects yi,...,y, in €, the n X n matrix D with elements
D(yi,y;), i,j =1,...,nis called the dissimilarity matriz or distance matriz.

There exist many similarity and dissimilarity measures for interval-valued data. Let Y =
(Y1,...,Y,) be a vector of p interval-valued variables. Then, the interval-valued observation

y; for i object is given by

Yi = (yij7 ]: 1,,])) :{[aij,bij), ]: ]_,...,p}, 1= 1,...,71. (21)

Now, we review these similarity and dissimilarity measures and their properties. Gowda
and Diday (1991b) proposed a similarity measure for interval-valued data. The Gowda-Diday

similarity measure between two interval-valued objects y;, and y;, is given by

p

Sap(Yiy, Yi,) = Z [S1(Yirss Ying) + S2(Yirss Ying) + S3(Yirss Yinj)] (2.2)

j=1
where for the j** variable, each component of the measure is
|bz i — Q; |+|b1 i — Q; |
Sy (Wi Vi) = 1] 1] 2J 2]
s i) 2| max(bi,j, biyj) — min(asj, aiy)|’

Niyinj

| max(b;,j, biy;) — min(a,;, ai,;)|’

52(%1]'7 yizj)
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where

A | maX(ailj7 aizj) - min<bilj7 bi2j)’? if max(ai1j7 aizj) < min(bi1j> biﬂ)?
i192j —
0, otherwise,

i.e., Aji,; is the length of the overlapped interval between y;,; and y;,;; and

@iy — iyl

B maxz-(bij) — mini(aij) ’

S3 (yi1j7 yi2j) -

The denominator in S5(y;,;, ¥i,;) equals the total length spanned by all of the observations
of variable Y.

As shown in Equation (2.2), the Gowda-Diday similarity measure consists of three compo-
nents. The first component, S1(y;,;, ¥i,;), measures the relative sizes of two objects without
referring to common parts between them. The second component, Sa(vi,;,¥i,j), indicates
the common parts of two objects. The last component, S3(vi,;, ¥i,;), measures the relative
position of two objects. All three components have normalized values between 0 and 1.

The Gowda-Diday dissimilarity measure for interval-valued data was introduced in
Gowda and Diday (1991a). Similarly to the Gowda-Diday similarity measure, the Gowda-
Diday dissimilarity measure between two interval-valued objects y;, and y;, can be defined
by

p
DGD Yigs y22 Z D1 yllw ylzj + D, (ylljvylzj) + D3(ylljv yl2])} (2'3>
7=1

where for the j* variable, each component of the measure is

| ’bh] all]‘ ’bizj — iy ’ ‘

’ max(bm, bZQJ) min(ailj, Clin)‘

D1 (Yirj> Yioj) =

Y

|biyj — @iyj] + iy — iyj| — 20iy;

| max(bs,j, bi,j) — min(a,;, ai,j)|

D, (yiljv yizj) =

)
where

A | max(a;,j, @iyj) — min(bi,j, biys)|,  if max(aij, ai,;) < min(by,;, biyj),
i1iaj —
0, otherwise,

i.e., Aji,; is the length of the overlapped interval between y;,; and y;,;; and

|@iyj — iy
max,-(bij) — mini(aij)

D3(yi1j7 yi2j> -



14

Similarly to Equation (2.2), the Gowda-Diday dissimilarity measure is constituted by
three components. The first component, D;(y;,;,i,;), corresponds to the relative size of
Yi,; and y,,; including common parts between them. The Dy(y;, ;, yi,;) indicates the relative
content excluding common parts between them. Finally, D3(v;,;, ¥i,;) is a measure of their
relative positions.

Gowda and Ravi (1995) introduced a modified version for both Gowda-Diday similarity
and dissimilarity measures. They indicated that the similarity and dissimilarity measures
for interval-valued data introduced by Gowda-Diday (1991a,b) have several disadvantages as
follows: Firstly, when there is no overlapping part between two interval-valued objects, the
dissimilarity measure is greater than the similarity measure. Secondly, when the lengths of
two intervals are the same, the similarity measure is greater than the dissimilarity measure.
Thirdly, the third component in the similarity measure, Ss5(y;, ;, ¥i,;), is just another aspect of
that component in the dissimilarity measure, D3(y;,;, ¥i,;)- To overcome these disadvantages,
Gowda and Ravi (1995) modified both the similarity and dissimilarity measures for interval-
valued objects. The Gowda-Ravi similarity measure between two interval-valued objects y;,

and y;, is defined using a sine function as follows:

p
SGR yhaym Z S* y11j7y12] +S (yzuvylzj)} (24)
7=1
where
. |biyj — @iyj| + |biny — iyl
S* i i) = 90 1] 1] 2] 2]
1005, ig) = sin [ (2|m3~><(bz‘1jabz‘zj) — min(a;,j, ai,j)| ) |
and

S5 (45 1g) = i [90(1 ey —ay )] |

max;(b;;) — min,(a;;)
Unlike the Gowda-Diday similarity measure of Equation (2.2), this measure consists of two
components, relative size and position between two interval-valued objects. The first compo-
nent S5 (yi,;, Yi,j) Measures the relative size between two objects, and the second component
S5 (Yirj, Yin;) indicates the relative position. That is, this modified measure does not consider

the component of relative content.
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The Gowda-Ravi dissimilarity measure between two interval-valued objects y;, and y;,

is given using a cosine function as follows:

p

DGR(Yi1>Yi2> = Z [DI (yi1j7 yzéj) + D; (yi1j7 yi2j)] ) (2'5)
j=1
where
|biyj — @iyj| + |biny — @iy
D3 (i Yig) = cos |90 1 . ,
(Y13 Yiay) = o8 [ <2| max (by, j, bi,;) — min(a;,j, ai;)|
and

D;(yi1j>yi2j> = Cos [90 (1 — |ai1]‘ — ai2j| >] _

max;(b;;) — min;(a;;)

The Gowda-Ravi dissimilarity measure is also constituted by two components, but it uses a
cosine function instead of a sine function. By using sine and cosine functions, Gowda-Ravi
similarity and dissimilarity measures can overcome the disadvantages of the Gowda-Diday
measures mentioned above.

The Ichino-Yaguchi dissimilarity measure, proposed by Ichino and Yaguchi (1994), is
defined using the Cartesian operators ‘join’ and ‘meet’ between two sets. For the interval-
valued variable Y;, the Ichino-Yaguchi dissimilarity measure between objects y;, and y;, is,

for variable Y;, 7 =1,...,p,
O(Yirjs Yiag) = [Yirj © Yiaj| = Ui @ Yinsl + Y 2Yirs ® Yinj| — lirs| — liosl),  (2.6)
where the Cartesian join y;,; ® v;,; for interval-valued objects is
Yirj D Yigj = [min(ai1j7 inj ) max(by, j, bm‘)), (2.7)
and the Cartesian meet y;,; ® y;,; for interval-valued observations is

| max(ai,j, aiyy), min(by, 5, biy)),  if max(ag,j, ai,;) < minbs;, bi,;),
0, otherwise,

where | - | is the length of the interval (e.g., |yi;| = bij — a;;), and v is a prespecified constant
between 0 and 0.5 (0 < v < 0.5). Unlike the Gowda-Diday dissimilarity measure, since the

Ichino-Yaguchi measure is not a normalized measure, it has different scales for each variable.
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If an unnormalized measure is used, its value might depend on variables with large scales. In
order to solve this problem, the total length spanned by observations for variable Y; is used
as a normalized factor. Therefore, the normalized Ichino-Yaguchi measure for Y; is given by

¢(yi1j7 yzéj)
maxi(bij) — mini(aij) )

O (Yinj» Yinj) = (2.9)

This normalized Ichino-Yaguchi measure has a value between 0 and 1.

Malerba et al. (2001) in their empirical study proposed that when |y;,; ® vi,;| = 0, v be
set to 0.5 to prevent nullifying the contribution of the Cartesian meet operator. In addition,
they recommended generally to use an intermediate value between 0 and 0.5.

Ichino and Yaguchi (1994) also suggested extensions to Minkowski distances for their dis-
similarity measure. The generalized Minkowski distance between two interval-valued objects

yi, and y;, is defined by

P 1/q
Dy (¥irs¥ia) = | D2 Sligovias)?| (2.10)
j=1
where @(y;, 7, ¥ip;) 1S given in Equation (2.6), and ¢ > 1 is a prespecified order. According to
various values of order ¢, this provides various measures. If order ¢ = 1, this becomes the city
block distance (also called the Manhattan distance); and a generalized Minkowski distance
with order ¢ = 2 is called the Euclidean distance.

If Equation (2.9) is applied to the generalized Minkowski distance, its normalized version

can be obtained as follows:

P 1/q
Dy (Yin, ¥in) = |:Z¢*(yi1j7yi2j>q : (2.11)
j=1

When we want to consider the relative importance of variables, we can apply weights to

Equation (2.11). This further extension is given by

1/q
DNWM y“7YZ2 = [ij{¢ yup%gg } ] 5 (212)

where w; is a weight with w; >0 and >27_, w; = 1.
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De Carvalho (1994, 1998) proposed two extensions of the Ichino-Yaguchi dissimilarity
measure. In the first extension, De Carvalho introduced five comparison functions and an
aggregation function such as the generalized Minkowski distance, and the second extension
proposed the concept of a description potential.

Firstly, we review the first extension of the Ichino-Yaguchi measure introduced by De
Carvalho (1994). The first extension uses comparison functions and an aggregation function.
To define comparison functions, De Carvalho suggested agreement and disagreement indexes.
For variable Y}, the agreement and disagreement indexes between two interval-valued objects

yi, and y;, are summarized in Table 2.5.

Table 2.5: Agreement and disagreement indexes.

Agreement Disagreement Total
Agreement o= ‘yhj N yin‘ ﬁ = ‘yhj N C(yin)’ ‘yhj'
Disagreement | x = |¢(yiy3) N isl | 0 = [e(yirs) N c(Wing)| | |c(yin)]
Total |Yinj | |c(yin;)] Vil

In Table 2.5, |y;;| is the length of the interval y;; = [a;j, b;;), YV} is the domain of variable Y},
and c(y;;) is the complementary set of y;; in the domain. For interval-valued data, the domain
Y); is the interval spanned by all observations of variable Y}, i.e., Y; = [min;(a;;), max;(b;;)).
Thus, the complementary set of y;; means c(y;;) = V; — yij-

De Carvalho proposed five comparison functions, cfx, k = 1,...,5, using these agreement

and disagreement indexes «, (3, x, 0 defined in Table 2.5, as follows:

(0%

Cf1 = m, (213)
200

Cf2 = m, (214)
(0%

cfs = TR (2.15)

1| « «
cfy = sasstarsl (2.16)
cfs = a (2.17)

Vie+3)(a+x)
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These comparison functions are defined using the similarity measures for classical binary
variables and have a value between 0 and 1. Thus, since these functions have the properties
of similarity measures, dissimilarity functions dfj corresponding to each comparison function
are defined by

dfp, =1—cfx, k=1,...,5. (2.18)

Since comparison functions have a value between 0 and 1 regardless of scale of variable Y,
comparison functions are normalized measures. Therefore, since dissimilarity functions are
a linear transformation of comparison functions, they are also normalized measures.

De Carvalho’s dissimilarity measure are defined using dissimilarity functions dfy, instead
of ¢ or ¢* of the Ichino-Yaguchi measure, and the generalized Minkowski distance as an
aggregation function. These dissimilarity measures between two interval-valued objects y;,
and y;, are given by

1/q
DYy (i, ¥ia) = Z{w]dfk i Ying 3| k=1,...,5, (2.19)
where w; is a weight with w; > 0 and >27_, w; = 1.

The second extension of the Ichino-Yaguchi measure introduced by De Carvalho (1998)
is defined using the description potential and an extension of Cartesian operators. Unlike
the first extension, this measure does not need an aggregation function. The description

potential for an interval-valued object, 7(y;), is defined by

p
=[[lwsl i=1....n, (2.20)

7j=1

where | - | is a length of the interval. That is, the description potential for an interval-
valued object equals the product of lengths of intervals for each variable. Also, De Carvalho
defined the Cartesian operators ‘join’ and ‘meet’ between two symbolic objects. While the
Cartesian operators of Equation (2.7) and (2.8) are defined for a single variable, the Cartesian
operators extended by De Carvalho include all p variables. Thus, the Cartesian join between

two interval-valued objects y;, and y;,, ¥i, © ¥i,, is defined by

Yi @y’LQ - {yzlj @yizjv .] = ]-7 s 7p}’ (221)
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where y;,; @ v;,; is defined in Equation (2.7). And, the Cartesian meet between two interval-

valued objects y;, and yi,, yi;, ® ¥i,, is given by

Yi, ®y12 = {yi1j ®yi2j7 ] = 17 oo 7p}7 (222)

where y;,; ® y;,; is defined in Equation (2.8). That is, the Cartesian join (or meet) between
two symbolic objects is a set of the Cartesian join (or meet) of observations of two objects
for each variable. Using these extensions, the Ichino-Yaguchi dissimilarity measure between

two interval-valued objects y;, and y;,, ¢.(¥i,,¥i,), can be extended as follows:

¢C(yi1ayi2) = W(Yil D yz'z) - 71-(yil ® Yiz) + /7(27T(yn ® yiz) - W(Yﬁ) - W(YQ))’ (2'23)

where 7 is a prespecified constant and 0 < v < 0.5, as usual. As shown in Equation (2.23),
this measure does not use the aggregation function such as the Minkowski distance. De
Carvalho (1998) also proposed two normalized measures of ¢.(y;,,¥i,). The first normalized

measure is obtained by

Ge(Vir, Vis)
m(Y)

where ) = {yj, j=1,... ,p} is the domain of variable Yj, i.e., J; = max;(b;;) — min;(a;;).

¢: (yi17yi2) = (2'24)
The second normalized measure is given by

_ ¢C<Yi1 ) Yi2)

(Yirs ¥in) = By (2.25)

Another distance measure for interval-valued data is the Hausdorff distance (Hausdorft,
1937). For variable Y;, the Hausdorff distance between two interval-valued observations y;, ;

and y;,; is given by

O (Yirj» Yinj) = max [|a;,; — iy, |bij — binjl]- (2.26)

In the case of classical data, this measure reduces to the absolute difference between two data

points. From Equation (2.26), the Fuclidean Hausdorff distance can be defined as follows:

» 1/2
Dy(yi,yi,) = [Z {<P(yz'1j7yz‘2j)}2] : (2.27)
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There are two alternative normalizations of the Euclidean Hausdorff distance (see Chavent

(2000) or Billard and Diday (2006)). The first normalized version can be defined as follows:

p 2 1/2
DNH1(yi17yi2) = [Z {W} ] ? (228)

j=1 J

where
1 &
H; = oz Z Z {@(yilpyizj)}Q'
i1=1142=1

The second version is given using the length of the domain Y; as follows:

N
Dy, (yir,¥i) = | Y {#} , (2.29)
= V]
where V; = [min;(a;;), max;(b;;)) and | - | is the length of the interval.

In this section, we reviewed various types of similarity and dissimilarity measures for
interval-valued data. Gowda and Diday (1991a,b) proposed both similarity and dissimilarity
measures for symbolic objects. Both measures consist of three components representing rela-
tive size, content, and position. However, Gowda and Ravi (1995) indicated that there exists
an inbalance between the Gowda-Diday similarity and dissimilarity measures, and introduced
the modified version of Gowda-Diday similarity and dissimilarity measures to overcome the
inbalance by using the sine and cosine functions. Ichino and Yaguchi (1994) also proposed a
dissimilarity measure for symbolic objects using the Cartesian operators, and extended it to
the Minkowski distance. De Carvalho (1994, 1998) suggested two extensions of the Ichino-
Yaguchi dissimilarity measure. The first extension uses five comparison functions and an
aggregation function such as the generalized Minkowski distance, and the second extension
is defined using the description potential. In the first extension, comparison functions are
defined using the agreement and disagreement indexes proposed by De Carvalho and have
the types of the similarity measures for classical binary variables. In the second extension,
De Carvalho defined the description potential and extended the Cartesian operators.

There exist several dis/similarity measures for histogram-valued data. Irpino and Verde

(2006) proposed a distance measure for histogram data based on the Wasserstein metric,
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and Arroyo and Maté (2009) developed a method to forecast histogram time series using
this distance measure. Also, Strelkov (2008) introduced a similarity measure focussing on
the peaks of a histogram, and Cha and Srihari (2002) developed another distance measure
considering correlations between ordered univariate histograms.

However, since the distance measure proposed by Irpino and Verde (2006) uses inverse
functions of cumulative density functions, this measure may have some computational
problems due to the invertibility of cumulative density functions. The similarity measure
introduced by Strelkov (2008) accompanies complicated computations. In addition, these
measures are not applicable to mixed datasets including interval-valued, multi-valued, and
histogram-valued data because Irpino and Verde’s measure does not provide distances
for multi-valued data and Strelkov’s measure cannot be extended into distances for both
interval-valued and multi-valued data. The distance measure developed by Cha and Sri-
hari (2002) deals with histograms for discrete variables. However, this study focuses on
histograms for continuous variables.

Thus, to date, no dis/similarity or distance measures that are readily computable and
applicable to mixed datasets exist for multivariate histogram-valued data. Therefore, in this
study, we propose extended Gowda-Diday, extended Ichino-Yaguchi, and cumulative density

function (CDF) dissimilarity measures for histogram-valued data, in Chapter 3.

2.4 AN OVERVIEW OF HIERARCHICAL DIVISIVE MONOTHETIC CLUSTERING METHOD

One of the common issues in large dataset analysis is to detect and construct homogeneous
groups from all objects in those datasets. To solve this issue, we need techniques to mea-
sure dissimilarity between objects and to classify objects. Various dissimilarity measures for
interval-valued data were reviewed in Section 2.3, and in this section, we review the mono-
thetic method that is a hierarchical divisive clustering algorithm of symbolic objects. Before

reviewing the monothetic algorithm, some basics for clustering methods are explained.
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Definition 2.7 Suppose we have p random variables {Y;, j = 1,...,p} with symbolic objects
yvi,i=1,....n,y; € Q={y1,...,yn}. Then, the r'"* partition of Q, P,, is a set of subsets

{Cy, w=1,... 1} that satisfies
<i1>C,NC, =09, forallutv=1,...,r;
<it> -, Cu =%

That is, the subsets {C1,...,C,} of the r'" partition P, are disjoint, and exhaustive of
the entire set €). Sometimes the subsets, C,, u =1,...,r, are called clusters or classes.
We deal with hierarchical divisive clustering methods in this study. A hierarchy is a

clustering structure.

Definition 2.8 A hierarchy on Q is a set of subsets H ={C,, u=1,...,r} that satisfies

the following properties:
(i) Qe H;
(1) for all single objects y; in Q, {y;} € H;

(#i) for all C,, C, € Hy u#v=1,...,r, C,NC, € {p,C,,C,}.

That is, property (7i7) means that either any two clusters C, and C, are disjoint, or one
cluster is contained in the other one. A hierarchical clustering consists of a series of partitions.
The clusters of a hierarchical classification can be displayed by a rooted tree where the root
is the entire set 2 and n clusters with a single object as the leaves of the tree. This tree
structured plot is called a dendrogram.

A hierarchical clustering is typically performed in a recursive way that either goes ‘from
top to bottom’ by successive splitting of clusters or ‘from bottom to top’ by successive
agglomeration of clusters. The former is called the divisive clustering method, and the latter
is called the agglomerative clustering method. In general, the agglomerative clustering method

starts with n clusters each with a single object, and successively merges two clusters using
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some clustering criteria. Finally, it reaches the entire set 2. In contrast, the divisive clustering
method starts from a single cluster containing all objects in 2. At each stage, a cluster is
partitioned into two clusters. This is repeated until all clusters have only one object.

In this study, we focus on the divisive clustering method. In hierarchical clustering
methods, the agglomerative clustering method is more widely used than the divisive clus-
tering method because the divisive clustering has too many possible bipartitions (2"~ — 1)
and computationally spends much more time and costs. However, the divisive clustering has
some advantages. It shows the main structure in datasets and avoids unfortunate decisions
at earlier stages. In addition, the monothetic and polythetic algorithms to be introduced in
this section and Chapter 3, respectively, can reduce the number of possible bipartitions to
be examined.

Clustering criteria are also important in cluster analysis because they measure the quality
of a partition and affect outcomes of clustering. That is, different clustering criteria can lead
to different clustering outcomes. There are various clustering criteria such as minimum dis-
tance (or, single linkage), maximum distance (complete linkage), average distance, and Ward
criterion, etc. One well-known criterion is the variance criterion. In the variance criterion,
the optimal partition has the minimum variance.

In this study, we focus on divisive clustering methods of symbolic objects. There are
various divisive clustering methods for classical data. Edward and Cavalli-Sforza (1965)
introduced a divisive clustering method that finds the optimal bipartition among the 2"~ —1
possible bipartitions for a cluster with n objects using the within-cluster sum of squares as a
clustering criterion. Since this method considers all possible bipartitions in a cluster, it always
gives a global optimal bipartition but is not computationally efficient. MacNaughton-Smith
et al. (1964) proposed a method that iteratively uses an average distance between an object
and a group of objects. Also, Har-even and Brailovsky (1995) introduced a probabilistic

validation approach for divisive clustering.
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Williams and Lambert (1959) and Lance and Williams (1968) have first proposed mono-
thetic divisive clustering methods for classical binary data. For symbolic data, Chavent
(1998, 2000) developed a divisive clustering method for interval data using a hierarchy of a
set of objects and a monothetic characteristic of each cluster of the hierarchy. At each step,
bipartitioning is performed by minimizing the within-cluster variance, and a binary question
corresponding to a monothetic characteristic can be found. A brief description of Chavent’s
method follows.

Suppose that there are p interval-valued random variables {Y;, 7 = 1,...,p} with obser-
vations y; = {yin, ..., Yip} € Qfori=1,...,n, and let P, be a r*" stage partition. Then, a
partition of Q at the 7" stage, P,, can be represented by a set of subsets {Cy, u=1,...,7}.
The subset, C,, is called a cluster. At the (r + 1) stage a single cluster C, in the partition

P, is bisected into C! and C?. Thus, a new partition can be written as
Poi = (P U{CL C2Y) —{Cu}.

To perform divisive hierarchical clustering, Chavent (1998, 2000) proposed the within-
cluster variance as a criterion partitioning a cluster. For a cluster C, = {y1,...,yn,}, the

within-cluster variance 1(C,,) is defined by

Ny Nuy

1
I(Cy) = o7 Z Zwilwi2D2(yi1>yi2)a (2.30)

i1=1ip=1
where D(y;,,yi,) is a dissimilarity or distance measure between the objects y;, and y;, in
C, and w; is the weight for the y;, and where 7 = ™ w;. The I(C,) is a homogeneity
measure for the cluster C,. Often, it is desired to weight each object according to its size. In
that case, w; can be the proportion of the size of an object to the total size over all objects.
However, if the weight for each observation is equivalent, w; = 1/n, where n is the total
number of objects in Q@ (n =Y. _, n,). The total within-cluster variance for a partition P,

is the sum of within-cluster variances for all clusters in P,. It is written as

W(P,) = Z 1(CL). (2.31)
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The between-cluster variance for the partition P, is defined by

where 2 = P;. The P, means there is only one cluster in the partition and includes all
objects. From (2.32), we know that minimizing the within-cluster variance is equivalent to
maximizing the between-cluster variance.

A characteristic of the divisive monothetic clustering is that the partition can be bisected
by a binary question for a single variable at each stage because it considers bipartitions sorted
by each variable to find a bipartition (C!, C?) minimizing the total within-cluster variance.
The form of a binary question is ‘Is Y¥; < ¢?’, where c is the cut point. For the interval-
valued variable Y; taking values [a;;,b;;), i =1,...,n, 7 =1,...,p, suppose that the cluster
Cu={y1,---,¥n.} is bisected into C, and C2. Then, candidates c,; for the cut point ¢ for

a variable Y; are obtained by

Coj = Waj + Ugr15)/2, a=1,... . nu — 1, (2.33)

where 7,; is the value sorted by ascending values of g;;, where g;; = (a;; +b;;)/2. Thus, there
exist p(n, — 1) candidates for the cut point in the cluster C,. This means that the (C}, C?)
minimizing the total within-cluster variance can be chosen among the p(n, — 1) bipartitions
corresponding to each candidate for cut point, and the cut point ¢ is the ¢;; corresponding
to the selected (C!,C?). Therefore, each object is classified into C! or C? by whether the

answer for the detected binary question ‘Is Y; < ¢7’ is ‘yes’ or ‘no’.

Table 2.6: Interval-valued data for Ruspini data.

y Y Yy

Y1 [4,36] [49,88]
Yo 28,63] [124,156]
V3 74,117 [94,132]
Vi [58,83] [4,31]

To understand the monothetic algorithm, we see an example for the Ruspini (1970) data

well known in cluster analysis. The classical Ruspini dataset is artificial data and consists of
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Figure 2.1: 4 interval-valued objects for Ruspini data.

75 observations with two variables; and it is also well known that there are four clusters in
this dataset. In our example, we use these four clusters as interval-valued objects to explain
the monothetic algorithm. Thus, we have four interval-valued objects (i.e., y1,...,y4) with
two variables (i.e., Y7 and Y3) as shown in Table 2.6, and the plot for these interval-valued
data, represented by rectangles, is shown in Figure 2.1.

Since this is a divisive clustering method, we start with all four objects. In addition, since
there are four objects (n = 4), the number of all possible biparitions is seven (= 247! —1) at
the first stage. However, seven possible bipartitions can be reduced to six possible bipartitions
(=2(4—1)) by the monothetic method. In this example, the number of possible bipartitions
to be reduced by the monothetic method is small becasue the number of objects is also small.

In general, that number would be much larger for a large number of objects.
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Table 2.7: y;; values for Ruspini interval-valued data.

Yij Y Y,

Y1 Y11 = 20 Y12 = 68.5
Y2 Y21 = 45.5 22 = 140
y3 U1 = 95.5 Uz = 113
Y4 §41 =70.5 §42 =175

Table 2.7 shows the mid-point values for intervals, g;; = (a;;+b;;)/2, i =1,...,4, j =1,2.
From this table, ascending orders of objects for each variable can be obtained by ascending
values of y;;. For the variable Y7, y1 < y2 < y1 < y3, and for the variable Y5, y4s < y1 <

y3 < y2. Using these orders, possible bipartitions for the variable Y; are {(yl), (y2,¥4, yg)},

{(}’1; y2)7 (Y47 YS)}; {(Yh y2, Y4>7 (y3)}) and for the variable }/27 we have {(y4)7 (Yh Y3, Y2)}7

{(y,y1), (y3,¥2)}, {(ya- y1,¥3), (y2) }-

Suppose that the bipartition {(y4, vi1), (¥3, yg)} made by the variable Y5 has the minimum
value of the sum of within-cluster variance in Equation (2.31). Then, the cut point at the

first stage can be obtained by
¢ = (tha + ¥32)/2 = (68.5 + 113)/2 = 90.75,

and the binary question is ‘Is Y5 < 90.757". If for a given object the answer for this binary
question is ‘Yes’, that object goes to the cluster {y4, yl}, and if ‘No’, it goes to the cluster
{}’373’2}~

Let cluster C = {y4,y1} and Cy = {yg,yg}. Then, either C or C5 is bipartitioned
at the second stage. For the variable Yi, ascending orders for each cluster are C; y; <
vy and Cy; yo < ys3, and for the variable Y5, C; y4 < y; and Cs; y3 < ys. Although
these ascending orders are meaningless (in the present example) because there are only two
objects in each cluster, this procedure is necessary if there are more than two objects in
a cluster. Thus, in this case, we have less than four possible bipartitions (= 2(2 — 1) +

2(2 — 1)) from the monothetic method, and the actual number of possible bipartitions is
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Figure 2.2: Dendrogram for Ruspini interval-valued data.

two, {(y1), (y4), (¥2,¥3)} and {(y1,¥4), (y2), (ys)}. Suppose that the optimal bipartition is
{(y1), (y4), (y2,y3)}, i.e., Ci is bipartitioned into C! = {y1} and C} = {y4}. Then, there
are two possible binary questions because the orders for variables Y; and Y5 are the same.

For the variable Y7,

c= (1 +9a1)/2 = (20 + 70.5) /2 = 45.25,
and for the variable Y3,
¢ = (jho + 7a2)/2 = (68.5+17.5) /2 = 43.

Thus, there are two possible binary questions, ‘Is Y} < 45.257” and ‘Is Yy < 437", but we
have to choose one of them by using the dissimilarity or distance measure values between y;

and y, for each variable. That is, we compare the distance between two observations y;; and
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Ya1, D(y11,y41) with the distance between yio and ys9, D(y12, Ys2). Suppose that D(y11,ya1)
is larger than D(yi2, y42); then the binary question of the second stage is ‘Is Y7 < 45.257".

Since the third stage is the last stage, {yQ,yg} should be bipartitioned into {yg} and
{ys}. Similarly to the second stage, suppose the distance D(ya1,ys1) is larger than D(yss, ys2);
then the binary question of the third stage is ‘Is Y7 < 70.57". These results are shown using
the dendrogram in Figure 2.2. From Figure 2.2 if the answer for the binary question of the
first stage is ‘Yes’, then we ask ‘Is Y7 < 45.257". If ‘No’, then we ask ‘Is Y; < 70.57".

In summary, Chavent’s monothetic method uses the within-cluster variance as a clustering
criterion. This monothetic method reduces the amount of calculation to detect the optimal
(Cl,C?) in the C,. That is, suppose that we want to find the optimal bipartition at the (r +
1) stage from the partition P, = {C,, u = 1,...,7}; then there exist a total of 3/ _, (2" '~
1) possible bipartitions. However, the monothetic method needs to examine only Y. _, p(n,—
1) bipartitions to find the optimal bipartition. When the number of objects is large, the
number of possible bipartitions is even further reduced by the monothetic method. However,
since the monothetic method is based on a single variable to detect the optimal bipartition
at each stage, it performs poorly in a structure that depends on combinations of variables.

Our new proposed polythetic algorithm (in Section 3.4.2) overcomes this deficiency.



CHAPTER 3

CLUSTERING FOR HISTOGRAM-VALUED DATA

In this chapter, we focus on dissimilarity measures and divisive clustering methods for
histogram-valued data. In Section 3.1, the histogram-valued random variable is defined; and
a transformation for histogram-valued data to enable the new methodologies to be handled
more easily computationally is proposed in Section 3.2. To perform clustering, basically we
need a dissimilarity /distance measure, a clustering criterion, and an algorithm. Thus, three
dissimilarity measures using transformed histogram-valued data are introduced in Section
3.3. In Section 3.4, we show how to extend the monothetic method to histogram-valued

observations. A polythetic clustering method based on all p variables is proposed in Section

3.4.

3.1 HISTOGRAM-VALUED DATA

A histogram is a useful tool to summarize data graphically. It includes information for the
approximate shape and location for data and is specified by non-overlapping subintervals

and their frequency. Thus, a histogram-valued random variable can be defined as follows.

Definition 3.1 Let Y be a random wvariable that takes values on a finite number of non-
overlapping intervals {|ax,ary1), k = 1,... v} with relative frequencies py corresponding
to each subinterval, where aj < apr1. Then, Y is called a histogram-valued random

variable. The i'" observation y; for a histogram-valued random variable is given by

Yi = {[aikaai,k—i-l)a pi; k=1,... ,vi}, (3.1)

where Y pa, =1, i=1,...,n.

30
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Definition 3.2 Let Y = (Y1,...,Y,) be a p-dimensional histogram-valued random variable.
Then, the i" observation y; can be written in the form, for eachi =1,...,n,
y: = ([az’jkaaz’j,k-i-l)a pijk; J=1,...,p, k=1,... 7Uij), (3.2)

where >°,2  pijr = 1.
3.2 DATA TRANSFORMATION

Unlike interval-valued data, it is not easy to deal with histogram-valued data computationally
nor to apply existing dissimilarity measures to them because each observation has different
lengths and numbers of subintervals. If we transform them so as to have the same length
and number of subintervals for each variable, handling such data in a computer would be
easier and existing dissimilarity measures could be extended to histogram-valued data. Thus,
we try to transform the observations into a form which has the same length and number
of subintervals. Once transformed subintervals are set up, then relative frequencies can be

calculated for the new subintervals.

Definition 3.3 Let {[bjx,bjk+1), j=1,...,p, k=1,...,t;} be a transformed subinterval

for the j™" variable. Then, we can define

bj1 = miin{aijl}, (3.3)
bty = max{au 41}, (3.4)
and
bik1 =bpn + kY, /t;, k=1,...,1, (3.5)
where
W) = bjt;41 — by, (3.6)

= [ Y J | (3.7)

min; x{aij k41 — @ik}
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where [-| is rounding off a number to the nearest integer. Thus, a transformed histogram-

valued observation can be written as

y::{ygjv j:17"'7p}:{[bjk>bj,k+l)> pijlw jzla"'>p7 kzla"'7tj}a izla"wn?
(3.8)

where p;,. is a transformed relative frequency corresponding to a transformed subinterval,

and ijzl p’ijk = 1.

This subinterval does not depend on any one observation. That is, each observation has
the same subintervals (i.e., same subinterval and points) and the same number of subintervals
for each variable; but can differ for different variables. Only relative frequency values are
different for the observations. The lengths of the transformed subinterval for each variable
are the same (i.e., bj y4+1 —bjr = bj 41 —bjpr, for all k, k' =1,...,¢;). In addition, the length
of the transformed subinterval for each variable is approximate or equal to the minimum
length of the original subintervals as shown in Equation (3.7).

As the length of a subinterval increases, the number of subintervals decreases but the
loss of information increases. On the contrary, if the length of a subinterval is small, we can
minimize the loss of information for the original histogram-valued data. However, if most
objects for a variable Y; have similar lengths of subintervals and only a few objects have
relatively very small lengths, the number of transformed subintervals would be very large.
This has a consequence that calculations become computationally very expensive. In that
case, we might consider the average or mode of lengths of the original subintervals, instead
of the minimum length.

For example, consider histogram-valued data for a variable Y; as shown in Table 3.1.
The lengths of subintervals for all objects have a value between 0.1 and 4. In contrast, the
lengths of subintervals except for y; have a value between 1 and 4. Suppose the object ys5 is
excluded in the dataset. That is, the dataset has histogram-valued objects yy, ..., ys. Then,

using Definition 3.3,



Table 3.1: An example for histogram-valued data with different subintervals.

Y
v1 || {4,6),0.08; [6,10),0.24; [10,12),0.30; [12,18),0.30; [18,20),0.08}
va || 1[6,8),0.08; [8,9),0.40; [9,12),0.24; [12,14),0.24; [14,15),0.04}
vs || 1[1,3),0.18; [3,5),0.20; [5,8),0.42; [8,10),0.14; [10,14),0.06}
va | {[2,4),0.18; [4,8),0.60; [8,12),0.16; [12,15),0.06}
vs || 1[0,0.1),0.10; [0.1,0.3),0.20; [0.3,0.6),0.26; [0.6,0.8),0.28; [0.8,1.0),0.16}

b1y = min{a;;1 } = min{4,6,1,2} =1,

and
bi 41 = max{a ¢, 41} = max{20, 15, 14,15} = 20.
Thus,
Uy =big41 — b =20 —-1=19,
v 19
N v R
min; j{an k+1 — Gitk} 1
and

b17k+1 :bll—f—k?\ljl/tl - 1+]{?, l{: 1,,19
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Thus, in this case we have 19 transformed subintervals with length 1. In contrast, if the

dataset includes the object ys5, then
bll = min{am} = min{4, 6, ].7 2, 0} = 0,

and

b1t +1 = max{a;1 4, +1} = max{20,15,14, 15,1} = 20.

Thus,

Uy =by441 — bin =20 — 0 = 20,

Y 20
tlz[ . . J:[—Jzzoo,
min; p{a;1 k41 — Gk} 0.1
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and

bips1 = buy + kWt = k(0.1), k=1,...,200.

In this case, we have 200 transformed subintervals with length 0.1. Since the minimum length
of y5 is relatively very small to other objects, the number of subintervals for including ys5 is
10 times more than that for excluding y5. This has a consequence that the cost for computing
steeply increases. Thus, in this case, it might be better to consider the average or mode of
lengths of the original subintervals, rather than the minimum length.

Now, we should calculate the transformed relative frequencies for each observation
because the subintervals are changed. The relative frequencies for the transformed subin-
tervals are calculated from the overlapping proportion between the original and the new
subintervals. The relative frequency for any non-overlapped portion is assigned to zero. This

is illustrated through the following example.
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Figure 3.1: Two-dimensional plot for the iris data
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Table 3.2: Petal width and petal length for iris species.

y | Species | Y; =Petal Width Y, =Petal Length
y1 | versi- | {[1.0,1.5),0.90; [1.5,2.0),0.10} | {[3.0,4.0),0.32; [4.0,5.0),0.66;
color [5.0,6.0),0.02}

ya | virgi- | {[1.2,1.6),0.08; [1.6,2.0),0.46; | {|4.5,5.5),0.50; [5.5,6.5),0.42;
nica | [2.0,2.4),0.40; [2.4,2.8),0.06} | [6.5,7.5),0.08}
ys | setosa | {[0.0,0.4),0.96; [0.4,0.8),0.04} | {[1.0,1.5),0.74; [L.5,2.0),0.26}

Example 3.1 Consider the three sets of observations from Fisher’s (1936) iris data shown
i Table 3.2 obtained by aggregating observations by species. This gives histogram values
for Y1 =‘Petal Width’ and Yy =‘Petal Length’ for the three species of iris, iris versicolor
(object y1), virginica (y2), and setosa (ys3). Figure 3.1 shows the classical data points for
the complete dataset of 150 observations. Now, we calculate the transformed subinterval and
relative frequency. From Equation (3.3), (3.4), (3.5) and (3.7), the transformed subinterval

for Yy is given by

by = min{1,1.2,0} =0, by, 1 = max{2,2.8,0.8} =28,

. 2.8 -0 .
"7 | min{0.5,0.4,04} | "

and
28—-0 2.8 2.8
b12:O—|—1 204, 613:0+2 - 20.8,..., b17:O—|—6 e = 2.4.
7 7 7
Thus, the transformed subinterval for Y is {[0,0.4), [0.4,0.8),..., [2.4,2.8)}. For the obser-

vation yy11, the relative frequency corresponding to the transformed subinterval is obtained

by

F =0, P =0, pi.=0.9 12-1 —0.36
P11 =Y, P12 =Y, Pz =Y. 15-1/) """

15— 1.2 16— 15
=09 =22=2) 401 (=222 =056
P <1.5—1>+ (2—1.5) ’
2-1.6
Phis = 0.1 <2 1 5) =0.08, piyg=0, py;=0.




Table 3.3: The transformed histogram values for the data of Table 3.2.

y’ | Species | Y; =Petal Width Y5 =Petal Length
y! | versi- | {[0.0,0.4),0.00; [0.4,0.8),0.00; | {|[L.0, 1.5),0.00; [L.5,2.0),0.00;
color [0.8,1.2),0.36; [1.2,1.6),0.56; | [2.0,2.5),0.00; [2.5,3.0),0.00;
[1.6,2.0),0.08; [2.0,2.4),0.00; | [3.0,3.5),0.16; [3.5,4.0),0.16;
[2.4,2.8),0.00} [4.0,4.5),0.33; [4.5,5.0),0.33;
5.0,5.5),0.01; [5.5,6.0),0.01;
(6.0,6.5),0.00; [6.5,7.0),0.00;

7.0,7.5),0.00}
v, | virgi- | {[0.0,0.4),0.00; [0.4,0.8),0.00; | {[L.0,1.5),0.00; [L.5,2.0),0.00;
nica | [0.8,1.2),0.00; [1.2,1.6),0.08; | [2.0,2.5),0.00; [2.5,3.0),0.00;
[1.6,2.0),0.46; [2.0,2.4),0.40; | [3.0,3.5),0.00; [3.5,4.0),0.00;
2.4.2.8). 0.06} [4.0,4.5),0.00; [4.5,5.0),0.25;
5.0,5.5),0.25; [5.5,6.0),0.21;
16.0,6.5),0.21; [6.5,7.0),0.04;

7.0,7.5),0.04}
y5 | setosa | {[0.0,0.4),0.96; [0.4,0.8),0.04; | {[1.0,1.5),0.74; [1.5,2.0),0.26;
0.8,1.2),0.00; [1.2,1.6),0.00; | [2.0,2.5),0.00; [2.5,3.0),0.00;
[1.6,2.0),0.00; [2.0,2.4),0.00; | [3.0,3.5),0.00; [3.5,4.0),0.00;
[2.4.2.8).0.00) [4.0,4.5),0.00; [4.5,5.0),0.00;
5.0,5.5),0.00; [5.5,6.0),0.00;
[6.0,6.5),0.00; [6.5,7.0),0.00;

7.0,7.5),0.00}
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Thus, the transformed histogram value foryq is {[0.0,0.4),0.00; [0.4,0.8),0.00; [0.8,1.2),0.36;

[1.2,1.6),0.56; [1.6,2.0),0.08; [2.0,2.4),0.00 [2.4,2.8),0.00}. Note, the sum of transformed

relative frequencies is 1 (=

p’llk)’ k - 1,

result is shown in Table 3.3 for both Y, and Yy and all three observations.

szzlpgjk). Figure 3.2 illustrates the procedure to obtain

, 7. Stmilarly, we can transform all the data of Table 3.2. This completed
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Figure 3.2: The transformed relative frequencies for yy;.

3.3 DISSIMILARITY AND DISTANCE MEASURES

In this section, we introduce dissimilarity and distance measures for histogram-valued data.
Usually we judge how far an object is from another object using these measures. Since basi-
cally most clustering methods depend on them, it is very important to measure dissimilarity
or distance accurately and reasonably.

For continuous variables, the dissimilarity for classical data is interpreted as the distance
between two objects based on their location in p-dimensional space. In contrast, even when
the centers of two symbolic objects are located in the same point, we cannot say they are
similar because the degree of their dispersion may be different. Thus, the dissimilarity for
histogram-valued data should reflect both their location and dispersion. We first propose
dissimilarity or distance measures for histogram-valued data in this section by extending
two particular measures developed for the case of interval-valued data by Gowda and Diday
(1991a) and Ichino and Yaguchi (1994). There are followed by a measure based on the

cumulative density function for histogram data (see Definition 3.12).
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In order to define dissimilarity measures, first of all, we define the union and intersection
between two histogram-valued objects, and the mean and standard deviation for histogram-

valued data.

Definition 3.4 Let y, be a transformed histogram-valued observation, corresponding to y;,
with subintervals and relative frequencies ([bjk, bik+1), p;jk; j=1....p, k=1,... ,tj) , 1=
1,...,n; and let yziluiz) be the unton between two transformed histogram-valued observations
yi, andy;,. Then, yEilUiQ) is

/

y(i1Ui2) = {[bjk, bj,k-l—l)? p/(iluig)jk§ ] = 1, o P, k= 1, ce ,tj}, il,’ig = 17 o,y (39)

where

/

Pliyvin)jk = max{pgljk,p;ﬁk}, k=1,...,1t. (3.10)

Also, let y’( ) be the intersection between two histogram-valued observations yi, andyj,.

11MNig

Then, y’(imm s given by

yzilﬂié) = {[bjk7 bj,k+1)7 p,(i1ﬁi2)jk:; j = 1, oD, k‘ = 1, e ,tj}, il,ig = ]_, o, Ny (311)
where

Note that in Equations (3.10) and (3.12), Z%;lp'(iIUiQ)jk > 1 and Z%;lp’(ilmiQ)jk < 1, respec-
tively.

Figure 3.3 displays an example of the union and intersection, respectively, of two
histogram-valued observations for a variable Y.

From Billard and Diday (2003), we have the descriptive statistics, empirical mean and

variance for histogram-valued data, as follows:

Definition 3.5 Let y;; be a transformed histogram-valued observation for a wvariable Y;.

Then, the mean for y;; is defined by

Y b+ b
M;; = (%) p;jkv (3.13)
k=1
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Y (iyuiy)

y'(ilﬁiz)j

Figure 3.3: An example of the union and intersection between two histogram-valued data.

and the standard deviation for y;; is given by

tj

R )2 R .. . _ .. . _ )2
Sij — \IZ { (bj Mz ) + (bj Mz])(bjg,k—i-l Mz ) + (bj,k—i-l Mz ) }p;jk . (3'14)
k=1

However, the means for the union and intersection between two objects are different
from that of Definition 3.5. For two single observations y; ; and y;_;, if we use p’(iIUiz)jk or

>1

/ . . t; /
Plirniz)jie t0 obtain the mean, it is not a measure of the mean because >, Plirvin)jk =

and ij:l p’(ilnh)jk < 1. Thus, the sum of p’(iIUiZ)jk and p’(ilmz)jk, respectively, need to be

standardized to 1. This leads to the following definitions for the empirical mean and variance

of the union and intersection of histogram-valued data.
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Definition 3.6 Let y )i be the union between two transformed histogram-valued obser-

(11Ui2
vations y; ; and y;,;. Then, the mean of their union y ;.\, is
(bt b
. _ ik T Ojk1) .
LATAEDS (T) Plirvin)jk> (3.15)
k=1
where
Plasiag
* 1112
P(iyUi)jk (3.16)

S et
k=1 P (i, Uiz)jk

Also, the mean for the intersection yE can be written as

ilﬂiz)j
Y (b +b
* ik ,k+1 %
Minig); = (%) Plixniz) k> (3.17)
k=1
where
« Plisnin)jk
P(iinig)jk = ()] (3.18)

ZII;J:I pl(ilﬂig)jk .
Note that ij:l Pliuin)jk = 22:1 Pliniyjs = 1. On the contrary, the standard deviations
of both union and intersection use p’(iIUiQ) i and p'(z.lmé) ik respectively, because they should
satisfy Sgi,uip); = max{S; ;, Si,;} and S(iniy); < min{S; ;, Si,;}, respectively, to be used as

components of dissimilarity measures.

Definition 3.7 Let yE )i be the union between two transformed histogram-valued obser-

11Ut

15 defined by

vations y; ; and y;,;. Then, the standard deviation of their union y(; ,.,;

t
_ (bjr — M) + (bjr — M) (bjkr — ME) + (bjeea — ME)* |
S(hUiz)j - Z 3 p(iluiQ)jk )
k=1
(3.19)
where M} = M(t'luiQ)j; and the standard deviation of the intersection is given by
2
_ (bjr — M3)* + (bjr — M) (k1 — MR) + (bjer — M2\
S(ilﬁiz)j - Z 3 p(ilﬂig)jk )
k=1
(3.20)
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Now we can extend the Gowda-Diday (1991a) and Ichino-Yaguchi (1994) dissimilarity

measures originally developed for interval-valued data to histogram-valued data.

Definition 3.8 The extended Gowda-Diday dissimilarity measure between the two

transformed histogram-valued observations y; andy;, is given by

p

J=1

where for the variable Y;, each component of the measure is

[Sinj = S|
J 1] 2] Silj +Si2j
Doj(yl yl) = Sing  Siag = 2ania)j.
1] 2] Szlj +S@2J
| M;,; — My
D3j(y;1ja nyQj) %,

J

where Sj is the standard deviation for y;; of Equation (3.14) and Sg,niy); is the standard
deviation of the intersection between y; ; and y;,; of Equation (3.20), M;; is the mean of Yij

of Equation (8.13), and where W; = b;; 41 — bj1.

Similarly to the case of interval-valued data, the extension of the Gowda-Diday dissim-
ilarity measure to histogram-valued data is also comprised of three components. The first
component, Dy;(y; i, ¥i,;), relates to the relative size, Da;(y;, ;, ¥i,;) indicates the relative con-
tent, and Ds;(y;, ;, i,;) measures the relative location. However, unlike interval-valued data,
histogram-valued data use the standard deviations (S;,;, Si,j, S(i1nip)j) to measure relative
size and relative content, and the means (M,, ;, M,,;) as a relative location measure. It is rea-
sonable to use these standard deviations and means because a histogram-valued observation
has information for the distribution such as center and dispersion. For each variable, each
component has a value between 0 and 1. In addition, as the degree of similarity between two

objects increases, the extended Gowda-Diday measure for each variable is closer to 0.

Example 3.2 Consider the transformed histogram-valued data of Table 3.3. We calculate

the extended Gowda-Diday dissimilarity measure for the three species of iris. In order to
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obtain the three components of this measure, we first have to compute the intersection of

yi, = y1 and y; =y5. For the variable Y; = Y1,

forin=1,1i=2 j=1 k=1, p/(ilﬂig)jk = p/(mz)n = min{0,0} = 0.

where subscripts iy and iy are the i and if' observations, respectively, j is the j variable,

and k is the k' subinterval or relative frequency. Similarly,

Pliaya = min{0.56,0.08} = 0.08, plyng15 = min{0.08,0.46} = 0.08,

Thus, forii =1, i =2, j =1, Y ni); = Yz 1S

Yanzn = 100,0.4),0; [0.4,0.8),0; [0.8,1.2),0; [1.2,1.6),0.08;

[1.6,2.0),0.08; [2.0,2.4),0; [2.4,2.8),0}.
Now we calculate the mean and standard deviation of y;, ; = yi,. These are, respectively,
1
M;,; = My, = 5{(0 +0.4)0 4 (0.4 4 0.8)0 + (0.8 + 1.2)0.36 + - - - + (2.4 + 2.8)0} = 1.288,

and

= 0.267.

Sz’milarly, Migj = M21 == 1976, Sigj = 521 = 0.312.

In order to compute S nir); = San2), first of all, we obtain p?i1ﬁi2)jk = p?lﬁZ)lk’ k =

1,...,7; and then calculate M,

(1rin)j = M{ing)1 using Equation (5.17). Thus,

7

> Plnykr =0+0+0+0.08+0.08+0+0=0.16.
k=1
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Hence, from Equation (3.18), the standardized relative frequencies pz‘imiz)jk = p>(k102)1k7 k=

1,...,7, are
. 0 . . » 0.08
Pan2ynn = 016 0, Danzy2 = 0, Plingyz =0, Pan2ya = 016 0.5,
. 0.08 . .
Pan2)is = 0.16 = 0.5, Pan2)1s = 0, Pan2yir = 0,
and
* * 1
M miy; = M{inon = 5{o + 4 (1.2+ 1.6)0.5 + (1.6 + 2.0)0.5 + 0} = 1.6.
Hence, the standard deviation for the intersection of y; ; = yi, and yi,; = yy, 1is, from

Equation (3.20),

1.2—-16)2+0+0
Stiiniz)j = San2)1 = {0 + -+ (( ?3 ) 0.08

1/2
040+ (2—1.6)2
+< ki +(3 ))0.08+---+O}

= 0.092.

By using these mean and standard deviation values, the three components in Equation (3.21)
of the extended Gowda-Diday measure between observations y| and y4 for variable Yy can be

obtained as follows:

10.267 — 0.312]

Dy o) 0267 + 0312 U
0.267 + 0.312 — 2(0.092)

Dor(y11, Y1) = 0967 0312 = 0.681,
1.288 — 1.976

Dar(yhrovh) = | 5850 |~ 0.246.

Similarly, the three components for variable Yo are Dia(Yie, Yhs) = 0.094, Dao(yie, Yhs) =
0.794, and Dss(yy9,Yhy) = 0.212. Thus, the extended Gowda-Diday dissimilarity measure

between y' and y), is given by, from Equation (3.21),

Deply), yh) = (0.079 4 0.681 + 0.246) + (0.094 + 0.794 + 0.212) = 2.106.
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Similarly, we can calculate these dissimilarities Dap(yj, ,y;,) for all iy, iy = 1,2,3. Hence,
we can complete the dissimilarity matrix. The extended Gowda-Diday dissimilarity matrix

for the data of Table 3.3 is

0 2106 3.505
Dep=1 2106 0 4.110
3.505 4.110 0

Let us now consider an Ichino-Yaguchi dissimilarity measure for histogram-valued data.
For interval-valued data, the Ichino-Yaguchi dissimilarity measure is defined using the Carte-
sian ‘join’ and ‘meet’ functions. In contrast, our extension of the Ichino-Yaguchi measure to
histogram-valued data uses the standard deviation of the ‘union’ and ‘intersection’ between

transformed histogram-valued objects given in Definition 3.7.

Definition 3.9 The extended Ichino-Yaguchi dissimilarity measure of the two

transformed histogram-valued observations y; ; and y;,; on the variable Y; is
D(Yi s Ying) = Stirvin)j — Stianin)i + V(2S(i1min)j — Sirj — Sinj); (3.22)

where S(i,uis)js Siinis)j, and Si; are the standard deviations defined in Equation (3.19),

(8.20), and (3.14), respectively, and where 0 < v < 0.5 is a prespecified constant.

Since the extended Ichino-Yaguchi dissimilarity measure is not normalized, it has different
units of measurement for each variable and may depend on a large scale variable. Thus, we

often need a normalized version.

Definition 3.10 Let ¢(y; ;,yi,;) be the extended Ichino-Yaguchi dissimilarity measure for
the two transformed histogram-valued observations y; ; and y;,; on the variable Y; as given in
Equation (3.22). Then, a normalized extended Ichino-Yaguchi dissimilarity mea-

sure is given by
¢(yglj’ yl{zj)

3.23
v (3.23)
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where
5A1; +2A5 — 6A3;
V; = J J J 3.24
J \/ 24 ) ( )
where
Ay o= 05+ b5 + b5+ b7, 4,
Agj = bjibjo + bji; 05441,
Azj = bjbj, + b1y 41 + bjobji, + bjabji 41
where b, and b ki1, kK =1,...,t;, are lower and upper limits for transformed subintervals,

respectively, defined in Definition 3.3.

In order to normalize the extended Ichino-Yaguchi measure, we use the maximum stan-
dard deviation value of the union between two single histogram-valued observations for
a variable Y;. That is, for a variable Y}, consider the union of two single observations,
y(ilUiQ)j, with transformed subintervals [bj,bjx+1), & = 1,...,t;. Then, when the trans-
formed relative frequencies corresponding to the first and last subintervals are one (i.e.,
p’(ilul.Q) 1= p’(ilul.Q) it = 1) and the others are zero, the standard deviation of the union,
S(iUis)j» 18 maximized and this maximum value is the V; of Equation (3.24). By dividing the
extended Ichino-Yaguchi measure by Vj}, the normalized measure can be obtained and it has
a value between 0 and 1.

The extended Ichino-Yaguchi dissimilarity measure can be extended to Minkowski dis-

tances. The form of the Minkowski distance is the same as in Equation (2.10).

Definition 3.11 The generalized Minkowski distance between the two transformed

histogram-valued objects y;, and y;, is
& 1/q
D (v, y,) = [§:¢%w%w} : (3.25)
7j=1

where ¢(y;,,yi,) is the extended Ichino-Yaguchi dissimilarity measure. The city block dis-

tance is a Minkowsk: distance with order ¢ =1,
p

DM y“a ym Z ¢ yzlju yT,QJ (326)



46

Also, when a Minkowski distance has order ¢ = 2, it is called the Fuclidean distance and

becomes

1/2
D2 y’Ll?y'LQ [Z¢ y'LIJ?yzQ] :| . (327)

If Equation (3.23) is applied to the generalized Minkowski distance, it becomes the nor-
malized Minkowski distance which takes account of the scale of measurement on each variable

Y; as follows:

AR
D?VM yZlayzQ |:Z¢ yzljaymg ) (328)

where ¢*(-,-) is given by Equation (3.23). When the relative importance of variables is
considered in a Minkowski distance, we can use a weight for each variable. This measure is

called the normalized and weighted Minkowski distance, viz.,
q / / . *( ! q 1/q
DNWM(yiNyiz) = [Z%‘{¢ (yhj?yizj)} ] ) (3.29)
j=1
where w; is a weight with w; >0 and 77 w; = 1.

Example 3.3 Consider the transformed histogram-valued data of Table 3.3. We calculate
the extended Ichino-Yaguchi dissimilarity measure for the three species of iris. To calculate
the extended Ichino-Yaguchi measure, we first obtain the union between two transformed

histogram-valued objects y;, =y} and y;, = ya. For the variable Y; = Y1,

foriv=1,42=2, j=1, k=1, p,ui,);x = Plizyn = max{0,0} =0,

where subscripts iy and iy are the i and if' observations, respectively, j is the j variable,

and k is the k" subinterval or relative frequency. Similarly,

Plaays = max{0.56,0.08} = 0.56, pl_ )15 = max{0.08,0.46} = 0.46,
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Thus, the union y(Z i) yE1u2)1 is

Yauey = {10,0.4),0; [0.4,0.8),0; [0.8,1.2),0.36; [1.2,1.6),0.56;

[1.6,2.0),0.46; [2.0,2.4),0.40; [2.4,2.8),0.06}.

In order to compute the standard deviation of union S, ui,); = Saue)1, first of all, we obtain

— M*

= p?luZ)lk’ k=1,...,7; and then calculate the mean of union M( (1u2)1

*
D(1,ui0) 5k i1Uiz)j

using Equation (3.15). Hence,
7
S Plaaye =0+ 0+ 0.36 + 0.56 + 0.46 + 0.40 + 0.06 = 1.84.
k=1

Therefore, from Equation (3.16), the standardized relative frequencies p?ilu@)jk = p?lu2)1k7 k=

1,...,7, are
X N . ~0.36
Pau2in = 0, Pau2yiz = 0, Priu2)13 = 1=1 = 0.196,
. 0.56 0.46
Pau2yia = 184 = 0.304, p(1u2) 5= 781 = 0.250,
« 0.40 . 0.06
Plu2)ie = @ =0.217, Phuzyir = @ = 0.033,

and the mean of union is , from Equation (3.15),
* * 1
MG Ui = M{uen = 3 [0+0+ (0.8+1.2)0.196 + - - - + (2.4 + 2.8)0.033] = 1.635.

Thus, the standard deviation for the union of y; ; = yi, and y;,; = Yy, is, from Equation

(3.19),
—0.835)2 4+ (—0.835)(—0.435) + (—0.435)?
Stirvis); = Sau2n = { (( Uil )3( )+ ) ) 0.36
2.834 s
+ -+ <T) 0.06} = 0.630.

From Ezample 3.2, we know Si; = Si1, Si,j = So1, and Sy nis); = Sanzn. Thus, if we
assume v = 0.5, then the extended Ichino-Yaguchi measure ¢(yiy, vy ) 1S, from Equation
(8.22),

O(Y11, yay) = 0.630 — 0.092 + 0.5(2 x 0.092 — 0.267 — 0.312) = 0.340.
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Similarly, ¢(yye, Yhe) = 0.686.
Now we compute the normalized extended Ichino-Yaguchi measure for ¢(yiy, b, ). First,
from Equation (3.24),
A=A, = 024042 +24% + 2.8 = 13.76,
Agj = Agl = 0x04424%x28= 672,

Asj=A31 = 0x24+0x28+04x24404x28=2.08.

Thus,

= 1.705.

13. 2% 6.72— 6 x 2.
Vj:%:\/sm 3.76 + >;467 6 x 2.08

Therefore, substituting into Equation (3.23), we obtain

0.340
Wi, vh) = —— = 0.200.
¢ (y117y21) 1705

Similarly, ¢*(Y1a, Yhe) = 0.162.
By using ¢*(y11, y5;) = 0.200 and ¢*(ys, Yhe) = 0.162, the normalized Fuclidean distance

of ¥ and yl, can be computed, from Equation (3.28) with ¢ = 2, as follows:
D2(y1, y2) = [0.200% +0.1622] % = 0.257.

Similarly, the normalized Fuclidean distances for all 11,15 = 1,2,3 can be calculated. Hence,

the normalized Fuclidean distance matriz can be completed to give

0 0257 0.533
Dy =| 0257 0 0871
0.533 0.871 0

As indicated, the extended Gowda-Diday and extended Ichino-Yaguchi measures for
histogram-valued data are extensions of their counterparts for interval-valued data. We now
introduce a new measure based on histogram-valued data, as follows. Since histogram-valued
data can be considered as probability density functions, cumulative density functions can
be obtained from the data. Thus, the area between two cumulative density functions can be

used as a dissimilarity measure.
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Definition 3.12 The Cumulative Density Function (CDF) dissimilarity measure

between the two histogram-valued objects, y;, and y.,, is defined by

p P tj
Dopr(yi,¥i,) =Y Dopr(Wh vi;) = Y [Z {Tg | Fivji — Figjk}} , (3.30)
j=1 j=1 Lk=1
where T; is the length of a transformed subinterval (i.e., T; = b1 — bjr), and Fij =

22:1 pgjk which is a cumulative relative frequency. The normalized CDF dissimilarity

measure which does not depend on units of measurement for variables is given by

tj

\I]j_l Z {T] }thk - Fizjk|}

k=1

p p
Dnepr(Yi,,¥i,) = Z DNCDF(y§1j7 yzl-Qj) = Z , (3.31)

j=1 j=1

where \Ijj = bj,t]-—l-l — bjl’

The dissimilarity measure Dycpr(¥i,,Yi,) has a value between 0 and p, where p is the

number of variables.

Example 3.4 From the transformed histogram-valued data of Table 3.3, we calculate the
CDF' dissimilarity measure for the three species of iris. First of all, the cumulative relative

frequencies for y; ; = y;, are obtained by
foriv=1, j=1, k=1, Fj = Fin = pj;; =0,

where subscripts iy is the i observation, j is the j'* variable, and k is the k'™ subinterval

or relative frequency. Similarly,

Fiia=Fi1+pi,=0+0=0,

Fi13 = Fi1a + ply3 = 0+ 0.36 = 0.36,
Fiig = Fug + phyy = 0.36 +0.56 = 0.92,
Fiis = Fiia + plys = 0.92 4 0.08 = 1,
Fig = Fus +pg=1+0=1,

Fii7 = Fiie +p/117 =140=1.
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Figure 3.4: Plot of the CDF dissimilarity value between v}, and ;.

Similarly, cumulative relative frequencies for y;,; = vy, are
Fo11 =0, Fo10 =0, F3 =0, F214 =0.08, Fp15 =0.54, Fy6 =0.94, Fo7 =1

Thus, since T; =Ty = by 41 — b1y = 0.4 for k =1,...,t1, the CDF dissimilarity measure of

Yy, and yh, is obtained by
Depp(¥he: vhr) = 0.4[0+ 0+ [0.36 — 0] +[0.92 = 0.08] + -+ [1 = 1] | = 0.688.

The shaded area of Figure 3.4 is the CDF dissimilarity measure of y; ; = 41, and yi,j = Y.

Similarly, Depr(Yys,Yss) = 1.38. Thus, the CDF dissimilarity measure of y;, = y1 and
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Vi, = Yo 1, from Equation (3.30),
Depr(y,,yh) = 0.688 + 1.38 = 2.068.

In addition, from Equation (3.31), the normalized CDF dissimilarity measure of y', and

v 1s calculated as follows:

0.688 1.38
D Fyl)y = —— —— ) = 0.458.
nepr(Y1, Ys) ( 53 ) + < 65 )

Similarly, we can calculate these distances Dyopr(yi,,yi,) for all iy,ia = 1,2,3. Hence,
we can complete the normalized CDF' dissimilarity measure for the histogram-valued data of

Table 3.2 as follows:
0 0458 0.817

Dycpr = 0.458 0 1.275
0.817 1.275 0

3.4 HIERARCHICAL DI1VISIVE CLUSTERING METHODS

In this section, we show how to extend the Chavent (1998, 2000) monothetic method reviewed
in Section 2.4 to histogram-valued data (see Section 3.4.1), and introduce a polythetic method
for symbolic objects (in Section 3.4.2). Both the monothetic and polythetic algorithms are
hierarchical divisive clustering methods. The difference between the two algorithms is in the
strategy used to find the bipartition minimizing the within-cluster variance. The former uses
a single variable at each stage. In contrast, the latter uses all variables simultaneously at
each stage.

Suppose that there are p-dimensional histogram-valued random variables {Y;, j =
1,...,p} with observations y; € Q = {y1,...,y.} with y; = {yij, j=1,... ,p} and P, is a
partition of  at the r** stage. Then, P, = {C,, u=1,...,7}, where C,, = {y1,...,¥n,} is
a cluster of size n,,, where Y. _ n, = n. At the (r + 1)™ stage, a single cluster C,, in P, is

bisected into C! and C?2. Thus, a new partition can be written as

Py = (B U{C,,C2}) — {Cu} (3.32)
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Now our interest is which cluster C,, is bisected and how to find the optimal C} and C?
for that C,,. If we have a partition P,, there are > _ (2™~ —1) = z (say) possible (r + 1)
bipartitions of P,.. Since the number of possible bipartitions exponentially increases as the
number of objects increases, we may not be able to examine all possible bipartitions due to
computational time and cost. In order to solve this problem, we need a criterion and strategy
which can find the optimal C} and C? without having to consider all z possibilities. The
criterion used in this study is minimizing the within-cluster variance and maximizing the

between-cluster variance.

Definition 3.13 For a cluster C,, = {y1,...,¥Yn,}, the within-cluster variance 1(C,)

is, foru=1,...,r,

1 O o
I(Cu) ZZwilwhD%yil,yig), 11,19 = 1,...,nu, (333)

T or

i1=11i2=1
where D(yi,,yi,) s a dissimilarity or distance measure between the observation y;, and y;,

in Cy, and where w; is the weight for the object y;, and where T = """ w;.

If the weight is the same for each observation, the weight w; is equal to 1 or equal to 1/n,
where n is the total number of objects in Q. If w; = 1 for all i, the within-cluster variance

can be written as

Ny

I(Cy) = % Z Zu D*(yi,, ¥i,)- (3.34)

i1=112=1
If w; = 1/n, the 1(C,) is

Lz

1C) = 3% D(ya.ya). (3.35)

2nn,

i1=112=1
Definition 3.14 For a partition P, = (Cy,...,C,) at the r'" stage, the total within-

cluster variance is given by, forr=1,...,n—1,

W(P,) = Z 1(C,). (3.36)
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Definition 3.15 For a partition P, = (C4,...,C,) at the r'" stage, where Q = Py, the

between-cluster variance is defined by, forr=1,...,n—1,
B(P,) =W(Q) —W(FR,). (3.37)
From Equation (3.32), the total within-cluster variance for P..; can be written as
W(Po1) = W(F) —{I(C.) — I(C,) — 1(C})}- (3.38)

Thus, minimizing W(P,11) is equivalent to maximizing the decrement value of the within-

cluster variance A,, where
A, = {1(C) — 1(CY) - 1(C2)}. (3.39)

Therefore, when we want to minimize W (P, 1), we have to find the bipartition (C!, C?) that

maximizes A,,.

3.4.1 MONOTHETIC ALGORITHM

A monothetic algorithm uses a single variable to find the bipartition that minimizes the
within-cluster variance. It can also find a binary question for a single variable which shows a
monothetic characteristic at each stage. The form of a binary question is ‘Is Y; < ¢,7’, where
¢, is the cut point at the r** stage.

Suppose that there are p-dimensional histogram-valued random variables {Y;, j =
1,...,p} with observations y; € Q = {y1,...,yn} with y; = {yij, j=1,... ,p} =
{[aijk, Qijk+1)s Dijk, J = 1,....p, bk = 1,... ,vij}. Then, we can obtain transformed
histogram-valued observations y, = {y;j, j = 1,... ,p} = {[bijk, bijkt1), Dijrr J
1,....p, k = 1,...,tj}, 1 = 1,...,n, from the original histogram-valued observations
vi, © = 1,...,n, using Definition 3.3; and from these transformed histogram-valued observa-
tions, we can calculate distance or dissimilarity values among all observations such as, the

extended Gowda-Diday, the extended Ichino-Yaguchi, and the CDF dissimilarity measures
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proposed in Section 3.3. Using these transformed observations and dissimilarity values, the
monothetic clustering method can be achieved.

The monothetic algorithm for histogram-valued data is very similar to the case of interval-
valued data introduced in Section 2.4. By adapting that algorithm (developed by Chavent,

1998), we obtain an extension of the algorithm for histogram-valued data as follows:

- Step 1: Start with P, = Q = {y1,...,¥»}. Then, r = 1.

- Step 2: At the 7" stage, we have a partition P, = {C,, u=1,...,r}, and each cluster

contains histogram-valued objects (i.e., C,, = {yi, i = 1,...,n,}).

- Step 3: For a variable Y}, calculate the mean M;; for the transformed observations y;;
of all objects in each cluster using Equation (3.13); and then sort the objects in C,, in
ascending order using the value of M;;. Let {y{i), i=1,...,n,} be the sorted objects
in C, for the variable Y}, and let C} = {ygl), . >y€1)} and C? = {yZlH), . ,yinu)},
l=1,...,n, — 1. Then, there are >, _(n, — 1) possible bipartitions in the partition

P.. For the variable Y}, find the C, and its bipartition (C}}, C2) with the smallest total

T

+—1(ny — 1) possible bipartitions by maximizing A,

within-cluster variance of the )

defined in Equation (3.39); and then set CY = C,, ClJ = C! and C¥ = C2.

u

- Step 4: For all the variables Y;,j = 1,...,p, repeat Step 3. Then, we can find the

optimal (C!,C?) and j satisfying

mJaX{I(CZ) — I(C) — I(C¥)}.

- Step 5: In order to obtain the cut point ¢,, calculate the mean of the union between
Yqy; and Yy, q); for the identified (Cl,C?) and j in Step 4 using Equation (3.15). That
is, the cut point ¢, is

Cr = M&Ul+1)j' (340)

Thus, the binary question at the r' stage is ‘Is ¥; < ¢,7".
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Figure 3.5: The flow chart for the monothetic algorithm.
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Table 3.4: Ruspini histogram-valued data.

Y Yo
y1 | {10,5),0.100; [, 10),0.100; [10, 15), 0.200; {[45,50),0.050; [50,55),0.150; [55, 60),0.200;
[15,20),0.100; [20,25),0.100; [25,30),0.250; [60,65),0.200; [65,70),0.050; [70,75),0.200;
[30,35),0.100; [35,40),0.050} [75,80),0.100; [80,85),0.000; [85,90),0.050}
y2 | {125,30),0.044; [30,35),0.217; [35,40),0.130; | {[120, 125),0.044; [125, 130),0.000; [130, 135), 0.000;
[40,45),0.174; [45,50),0.174; [50, 55),0.174; [135, 140), 0.087; [140,145),0.348; [145,150),0.217;
[55,60),0.044; [60,65),0.044} [150, 155),0.261; [155,160),0.044}
ya | {[70,80),0.118; [80,90),0.177; [90, 100),0.294; | {[90,95),0.059; [95,100),0.118; [100, 105),0.000;
(100, 110),0.235; [110,120),0.177} [105,110),0.000; [110,115),0.294; [115,120),0.235;

[120,125),0.118; [125,130),0.118; [130,135), 0.059;
va | {[55,60),0.067; [60,65),0.267; [65,70),0.333; | {[0,5),0.067; [5,10),0.000; [10,15),0.267;
[70,75),0.067; [75,80),0.200; [80,85),0.067} [15,20),0.200; [20,25),0.267; [25,30),0.133;
[30,35),0.067}

- Step 6: Repeat Steps 2-5 until » = R or r = n, where R is a prespecified value and n

is the number of objects.
Figure 3.5 shows the process of the monothetic algorithm.

Example 3.5 Consider the Ruspini (1970) histogram-valued data shown in Table 3.4. This
classical Ruspini dataset is artificial data and has 75 observations with two variables and
it is well known that there are four clusters in this dataset. In this example, we use these
four clusters as histogram-valued objects to illustrate the monothetic method. First of all, we
transform the histogram-valued data of Table 3.4 using Definition 3.3. These transformed
histogram-valued data are shown in Table 3.5. Now we have four transformed histogram-
valued objects (i.e., {y’l,y’z,yg,yg}) with two variables Y1 and Ys.

From these transformed data, we can calculate dissimilarity values between two objects.
In this example, we use the CDF dissimilarity measure defined in Equation (3.30). Since Y;
and Yy have a similar range of values, we do not use the normalized measure. To obtain the

CDF dissimilarity measure for four objects, first of all, the cumulative relative frequencies



Table 3.5: Ruspini transformed histogram-valued data.

Y1 Yi Yy Yy Y Vi Yi Yy Yy Vi
[b1r,bies1) | Pl Phie Phin Pag || i bies) | Pl Phie Paie Phik
[0, 5) 0.100 0.000 0.000 0.000 [5, 10) 0.100 0.000 0.000 0.000
[10, 15) 0.200 0.000 0.000 0.000 [15, 20) 0.100 0.000 0.000 0.000
[20, 25) 0.100 0.000 0.000 0.000 [25, 30) 0.250 0.043 0.000 0.000
[30, 35) 0.100 0.217 0.000 0.000 [35, 40) 0.050 0.130 0.000 0.000
[40, 45) 0.000 0.174 0.000 0.000 [45,50) 0.000 0.174 0.000 0.000
[50, 55) 0.000 0.174 0.000 0.000 [55, 60) 0.000 0.043 0.000 0.067
[60, 65) 0.000 0.043 0.000 0.267 [65,70) 0.000 0.000 0.000 0.333
[70, 75) 0.000 0.000 0.059 0.067 [75, 8()) 0.000 0.000 0.059 0.200
[80, 85) 0.000 0.000 0.088 0.067 [85,90) 0.000 0.000 0.088 0.000
[90, 95) 0.000 0.000 0.147 0.000 [95, 100) 0.000 0.000 0.147 0.000
[100,105) | 0.000 0.000 0.118 0.000 || [105,110) | 0.000 0.000 0.118 0.000
[110, 115) 0.000 0.000 0.088 0.000 [115, 120) 0.000 0.000 0.088 0.000
Ys Yi Yy Yy Y Ys Yi Yy Yy Vi

[bak, b k1) | Plox  Phor  Phor  Paop || [02kb2ks1) | Plor  Phor Do Plok
[0, 5) 0.000 0.000 0.000 0.067 [5, 10) 0.000 0.000 0.000 0.000
[10, 15) 0.000 0.000 0.000 0.267 [15, 20) 0.000 0.000 0.000 0.200
[20, 25) 0.000 0.000 0.000 0.267 [25, 30) 0.000 0.000 0.000 0.133
[30, 35) 0.000 0.000 0.000 0.067 [35, 40) 0.000 0.000 0.000 0.000
[40, 45) 0.000 0.000 0.000 0.000 [45,50) 0.050 0.000 0.000 0.000
[50, 55) 0.150 0.000 0.000 0.000 [55, 6()) 0.200 0.000 0.000 0.000
[60, 65) 0.200 0.000 0.000 0.000 [65,70) 0.050 0.000 0.000 0.000
[70, 75) 0.200 0.000 0.000 0.000 [75, 8()) 0.100 0.000 0.000 0.000
[80, 85) 0.000 0.000 0.000 0.000 [85,90) 0.050 0.000 0.000 0.000
[90, 95) 0.000 0.000 0.059 0.000 [95, 100) 0.000 0.000 0.118 0.000
[100,105) | 0.000 0.000 0.000 0.000 || [105,110) | 0.000 0.000 0.000 0.000
[110, 115) 0.000 0.000 0.294 0.000 [115, 120) 0.000 0.000 0.235 0.000
[120, 125) 0.000 0.043 0.118 0.000 [125, 130) 0.000 0.000 0.118 0.000
[130, 135) 0.000 0.000 0.059 0.000 [135, 140) 0.000 0.087 0.000 0.000
[140, 145) 0.000 0.348 0.000 0.000 [145, 150) 0.000 0.217 0.000 0.000
[150,155) | 0.000 0.261 0.000 0.000 | [155,160) | 0.000 0.043 0.000 0.000

57
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for yi. i = yi1, Fiyjr = Fug, are calculated by

Fi1 =01, Fi1o=0.140.1=0.2, Fi;3=0.2+0.2= 0.4,
F114 - 04 + 01 = 05, F115 - 05 + 01 = 06, F116 == 06 —|— 025 - 085,

Fi17 =0854+0.1=0.95, F113=0.95+0.05=1,..., Fi10¢ = 1.
Similarly, the cumulative relative frequencies for yi,; = ysy, Fiyjx = Faix, are

F211:07 F212:0; F213:07 F214:07 F215:07

F216 - 0043, F217 - 0261, F218 == 0391, ey F21,24 - 1

Thus, since T =Ty = 5, the CDF dissimilarity measure of y; ; = yy; and yi,; =y, 18

Depr(¥inth) = 5x {]01=0]+]0.2= 0]+ 0.4~ 0] + 0.5~ 0
+}0.6—0|+\0.85—0.043|+\0.95—0.261|+---+}1—1|}

= 23.652.

Similarly, Dopr(Yls, Yhy) = 81.293. Thus, the CDF dissimilarity measure between y and y}
18
Depr(y,,yh) = 23.652 + 81.293 = 104.946.

Similarly, we can calculate these distances Dopr(y,y5) for all iy,iy = 1,2,3,4. Hence, we

can complete the CDF dissimilarity matriz as follows:

0 104.946 127.868 94.750

104946 0 84303 152.391
Depr = . (3.41)
127.868 84.303 0 123.951

94.750 152.391 123.951 0

Now, we perform clustering using the monothetic method. At the first stage, we have

P=Q= {yl,yQ,yg,y4}. To obtain the order of objects, the means of the observations for
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each variable are calculated using Equation (3.13). The mean of ygj =1y, My, is

0+5 5+ 10 115+ 120

Similarly, M;;, 1 = 1,2,3,4, 7 = 1,2, can be calculated; Table 3.6 shows the mean values
for each wvariable and each object. From these mean values, the ascending order of objects
can be obtained. For variable Yy, we have the order y; < ys < y4 < y3, and for variable
Y, the order is y, < y1 < y3 < ys2. Thus, the number of possible bipartitions for variable

le is three (: Ny — I =4-— 1)7 these are ({Y1}>{Y2>Y4>Y3}); ({Y1,Y2},{Y4,Y3}); and

({y1.y2,y4}, {ys}). Similarly, we can obtain the possible bipartitions for variable Ya, viz.,

({Y4},{Y1>Y37Y2})7 ({Y4aY1}={Y3,Y2}); and ({Y4,Y1,Y3}a{3’2})'

Table 3.6: Mean values for each variable and each object.

Variable Object (i) Y1 Y2 Y3 Y4
Y Mean (M) 19.50 43.15 96.76 68.83
Yy Mean (M) 64.25 145.54 114.85 18.83

To find the optimal bipartition, we use these possible bipartitions and the decrement value
of the within-cluster variance, A, defined in Equation (3.39). The optimal bipartition has
the mazimum A, value. For example, suppose we have a cluster Cy = {y1,y2,y3, ¥4} and a
bipartition (C1,C?) = ({y1,¥2},{y3,y4}). From the dissimilarity matriz in Equation (3.41),
the within-cluster variances I1(Cy), I(C}), and I(C?) are, using Equation (3.35) with weights

w; = 1/n,
1
Ho = 4{104.9462 +127.868> + 94.750% + 84.303° + 152.391% 4 123.951%}
= 5127.203

1
I(C}) = m{104.9462}:1376.699

1
I(03) = ——{123.951%} = 1920.481.
(C3) 4><2{ 3.951%} = 1920.48
Thus, the decrement value Ay is

Ay = I(Cy) — I(C}) — I(C?) = 5127.203 — 1376.699 — 1920.481 = 1830.023.
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Similarly, the decrement values for all the possible bipartitions can be calculated as given in

Table 3.7.
Table 3.7: Decrement values for the first stage.
Variable (CL.C?) Ich 1D [ IC)—I(ch) — 10D
(v {y2yeys})) | 000  3307.83 1319.37
Y] {y1,y2}, {ys,y3}) | 1376.70  1920.48 1830.02
({yl,yg,y4}, {yg}) 3601.19 0.00 1526.02
({y4}, {yl, Y3, yg}) 0.00 2872.56 2254.642
Ys (ysyih {ys,y2}) | 112220 888.38 3116.63
({y4,y1,y3}, {yQ}) 3390.96 0.00 1736.24

From Table 3.7, we know the bipartition ({ys,y1},{ys,y2}) has the largest decrement
value (3116.63). Note that this bipartition is detected by variable Ys. Thus, the form of the
binary question is ‘Is Yo < ¢12°. From Equation (3.40), the cut point at the first stage, cq, is
the mean of the union of the two transformed observations y and y% for variable Ys. Thus,
from Equation (3.15), the cut point ¢; = M(*iluig)j = J\4(*1u3)2 = 89.55, and the binary question
at the first stage is ‘Is Yo < 89.559".

At the second stage, we have the partition P, = {01,02}, where Cy = {y4,y1} and
Cy = {ys,y2}, and either Cy or Cy is bipartitioned. Similarly to the first stage, we find the
optimal bipartition by sorting objects in each cluster by the mean values M;; and by using

the decrement value of the within-cluster variance defined in Equation (3.39). This result is

shown in Table 3.8.

Table 3.8: Decrement values for the second stage.

Variable (CL.c? I(chy 1(C? | 1(C,) —I(CL) —I(C?)
Y {y1}, {ys}) | 0.00 0.00 1122.20
({y2},{ys}) | 0.00 0.00 888.38
Ys ({ya}.{y1}) | 0.00 0.00 1122.20
({ys},{y2}) | 0.00 0.00 888.38

From Table 3.8, we know the optimal bipartition at the second stage is ({y1},{yas}). Unlike
the first stage, this optimal bipartition is detected by both variables Yy and Ys. In this case,

to obtain a unique binary question, we choose a variable using dissimilarity values for each
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Y2 <=89.55

Y1<=[44.17

Y1 <=[69.96

yl y4 y2 y3

Left: YES, Right: NO

Figure 3.6: Dendrogram for Ruspini data using the monothetic method.

variable. That is, we compare Depr (Y11, Ya) with Depp(Yis, Yie)- Since Depp(yiy, ) =
49.33 > Depr(Yig, Yy) = 45.42, the form of the binary question at the second stage is ‘Is

Y1 < e ?. Using Equation (3.15), the cut point is co = M

(i1Uig)j —

]\4(*1U4)1 = 44.17, and the
binary question at the second stage is ‘Is Y1 < 44.177".

Similarly, we can find the optimal bipartition and binary question for the third stage. The
dendrogram for the complete clustering result is shown in Figure 3.6. For the first binary
question ‘Is Yo < 89.557°, if the answer is ‘Yes’, then the observations fall into cluster

{yl,y4}, and if ‘No’ then observations fall into cluster {yQ,yg}.

As mentioned in Section 3.4, there exist Y. _, (2"+~! — 1) possible bipartitions at the 7"
stage. However, in the monothetic method, we have )" _, p(n, — 1) bipartitions because for
each cluster, there are n, — 1 bipartitions for each variable due to the fact that objects are
sorted in ascending order using the mean; see Step 3. Thus, in order to obtain the optimal

bipartition, we need ) _, p(n, — 1) repetitions of the Step 3 at each stage.
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There is a binary question at every stage. This binary question is interpreted to mean
that if an object y; has ‘Yes’ as a response for ‘Is Y; < ¢, 7", then y; € C,, and if ‘No’,
then y; € C2. The prespecified number of clusters is R. In Chapter 4, we propose a rule to
select the number of clusters. An application of this algorithm is given in Chapter 5; and the

program code in software R is provided in the Appendix C.

3.4.2 POLYTHETIC ALGORITHM

In this section, we propose a polythetic method for clustering symbolic objects including
interval-valued, histogram-valued, and multi-valued objects, etc. As explained in Section
3.4.1, the monothetic method depends on a single variable to find the optimal bipartition
because it uses objects sorted in ascending mean values for each variable. Thus, this method
is simple and has the advantages that it gives both a hierarchy on a dataset and a simple
interpretation (i.e., binary questions) for clustering results. However, Chavent (1998) indi-
cated that since it uses a single variable at a time, it might perform poorly in those situations
where the cluster structure depends on combinations of variables. In contrast, the polythetic
method uses all variables simultaneously through dissimilarity or distance values. That is,
this method does not depend on orders of single variables but completely depends on dis-
similarity or distance values, and these dissimilarity values consider the dissimilarity for all
variables simultaneously.

To avoid considering all possible bipartitions, the method starts by finding the object
that is farthest away from the others within clusters C,, uw =1,...,r, in a partition P,. The
farthest object would be used as the seed. Let y* be a seed and C be the cluster with y* that
is one of clusters C,,, u=1,...,7, in P,; then C would be bipartitioned into (C', C?). At the
beginning, the seed y* automatically goes to C?. That is, C* = C — {y*} and C? = {y*}.
Then, the cluster C! is called the main cluster (or group) and cluster C? is the splinter
cluster. The method compares whether each object is closer to the main cluster C* or to the

splinter cluster C?. If an object is closer to the splinter cluster, it moves into that cluster C2.
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This comparison is iterated until there are no more objects that are closer to the splinter
cluster at each stage.

The polythetic algorithm for classical data proposed by MacNaughton-Smith et al. (1964)
iteratively uses an average distance between an object and a group of objects. In their
method, the object with the maximum average distance between objects in the same cluster
is used as a seed and automatically goes into a splinter cluster. Each object in the cluster
is compared using average distance between an object in the main cluster and objects in
the splinter cluster whether it is close to the main cluster or the splinter cluster, and any
objects that are closer to the splinter cluster are moved into the splinter cluster. This step is
repeated while, in the main cluster, there are objects that are closer to the splinter cluster.

On the contrary, we propose the polythetic method of symbolic objects using an iterative

procedure by a within-cluster variance, instead of an average distance as follows:

- Step 1: Let y; be a symbolic object. Then, start with P, = Q = {y1,...,yn}. Then,

r=1.

- Step 2: At the r* stage, we have a partition P, = {C,, u=1,...,r}, and each cluster

has histogram-valued objects (i.e., C,, = {yi, i =1,...,n,}).

- Step 3: Let D,(y;) be an average weighted dissimilarity of y; for C,,. Then, D,(y;) is

defined by

= v QWi D(yi, yir
Du(y) = 22 = _w('y Y 1 (3.42)

where D(y;,y«) is the dissimilarity or distance measure between two symbolic objects
y; and y;, y;, yo € C, and where w; is the weight for the y; and 7, = Z?;l w;. Let
MAD, be the maximum value of D, (y;) for a cluster C, (i.e., the maximum average

dissimilarity). Then, the M AD,, is given by

MAD, = max{D,(y;), i=1,...,n,}. (3.43)
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Figure 3.7: The flow chart for the polythetic algorithm.
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Let MM AD be the maximum value of M AD,, for all clusters, C,, u=1,...,7, in P,.
Then, MMAD is defined as

MMAD = max{MAD,, u=1,...,r}. (3.44)

Step 4: Let y* be the object with MM AD value in P,, and let y* € C,,. Then, this
object y* is used as the seed for the bipartition of C,, and the cluster C, is bisected
into (Cg,C2). First of all, set Cy. = {yq),..., ¥} and C2 = {y*}, where t = n, — 1.

The C} is called the main cluster and C? with y* is called the splinter cluster.

Step 5: Set T'C' = C}) and T'C? = C?, and let one of the objects in TC", y(;), move into
TC?. That is, now TC' = TC' — {y(;} and TC*? = TC* U {y(;)}. Then, calculate the
difference of the sums of the within-cluster variances between (C!, C?) and (T'C*, TC?)

that results from moving y ;). That is, this difference, H;, is
Hay = {1(Cy) + 1(C)} = {I(TCY) + I(TC?)}. (3.45)

After H) for moving y(; is calculated, y(; goes back to TC'. That is, now TC' =
TC'U{yu}t and TC* =TC? — {yu} (i.e., TC' = C} and TC? = C).

Step 6: Repeat Step 5 for all objects in TC* (i.e., for all y(;y, ¢ =1,...,¢). Then, we

have t H ;) values corresponding to each y;), ¢ =1,...,%.

Step 7: Let MH = max;{H;, i =1,...,t} and y™¥ be the object corresponding to
the M H value in TC'. Then, if M H > 0, the object y# moves from C! into C? (i.e.,

Cl=Cl —{yMH} and C? = C2U {yMH}); and set t =t — 1.

Step 8: Repeat Steps 5-7 while MH > 0. If MH < 0, go to the (r + 1) stage (i.e,

r=r+1).

Step 9: Repeat Steps 2-8 until » = R or r = n, where R is a prespecified number of

clusters and n is the number of objects.
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In Step 7, M H > 0 indicates that the difference of the sums of the within-cluster variances
for moving of the object corresponding to the M H value is also positive because M H =
max;{H;, i = 1,...,t}. For example, suppose that the object y) in the cluster C, has
the M H value and M H is positive. Then, the difference of the sums of the within-cluster
variance for y(9), H(g), is also positive. This means that the sum of within-cluster variances
is decreased due to moving the object y sy into the splinter cluster. This coincides with our
clustering criterion to minimize the total within-cluster variance of Equation (3.36). Thus, if
M H is larger than zero, the object corresponding to the M H value moves into the splinter
cluster. In contrast, if the M H value is negative, this means that the sum of within-cluster
variances is increased due to moving the object with the M H value into the splinter cluster.
In this case, that object stays in the main cluster. Figure 3.7 shows the process of the

polythetic algorithm.

Example 3.6 Consider the Ruspini (1970) histogram-valued data shown in Table 3.4 again.
We illustrate the polythetic method using this dataset. At the first stage, we have Q) = P, =
{C1} = {yl,yg,yg,y4}. First of all, we find a seed using the CDF dissimilarity matrix in
Equation (3.41) and average weighted dissimilarity in Equation (3.42). If we use weights

w; = 1/n in Equation (3.42), then the average weighted dissimilarity for object yy is

D,(y:) = Di(y1) = ) (104.946 + 127.868 4 94.750) = 27.297.

44 -1
Similarly, D(y,) = 28.470, D;(y3) = 28.010, and D;(y4) = 30.924. Thus, since there is
only one cluster at the first stage (P, = C1), from Equation (3.43) and (3.44), MMAD =
MAD; = 30.924 and the seed y* = y,4. Therefore, the seed y, automatically goes into the
splinter cluster C%, and we currently have the bipartition (C},C}?) = ({y1,y2,y3},{y4})-
Now, in turn, each object in the cluster Ct moves into the splinter cluster C?, one at
a time; and then we calculate the difference of the sums of the within-cluster variance in
Equation (8.45). For example, suppose the object y1y = y1 moves into the splinter group;

then the temporary bipartition (TCY, TC?) = ({}’2, vs}, {¥1, y4}) and the current bipartition
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(CL,C3) = ({yl,yg,yg},{y4}). From these bipartitions, the the difference of the sums of

the within-cluster variance for yay = y1, Hy, can be calculated using Equation (3.45) as

follows:
1
I(C}) = m(104.9462 + 127.868" + 84.303%) = 2872.56,
I<012) = )
1
I(TCY)Y = ——(84.303%) =888.38
(TCh) = 5 (84.303%) :
1
I(TC?* = ——(94.750%) = 1122.20.
(TC?) = (94750
Thus,

Hpy = (2872.56 + 0) — (888.38 + 1122.20) = 861.98.

Stmilarly, we can calculate the H;) values for the other objects and this result is shown in

Table 3.9.

Table 3.9: H(; values for Cf = {y1,y2,ys} and C} = {y4}.

Yoy =Yz | ({y1,y3}, {y2, ya}) | 2043.77 | 2902.89 -2074.10
yoy =ys | ({yn,ye}, {ys,ya}) | 1376.70 | 192048 | -424.62

From Table 3.9, we know the maximum H gy value, M H is 861.98. Since M H = 861.98 >
0, the current bipartition of cluster Cy, (C},C%), is ({ya2,y3},{y1,y4}). Again, one of the
objects in cluster Ci moves into the splinter cluster C} at a time, and then the H; values

are calculated. This procedure is similar to that used in obtaining Table 3.9. The result is

shown in Table 3.10.

Table 3.10: H; values for Cf = {ys,y3} and C} = {y1,yas}.

Y =Yy (TCl, TCQ) [(T01> [(TCQ) H(i)
yaoy=y2 | ({ysh {y2, y1,y4}) 0.00 3601.19 | -1590.62
Yoy =ys | ({y2}, {ys y1,y4}) 0.00 3390.96 | -1380.39
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From Table 3.10, since the mazimum H ;) value, M H is -1580.39 and the M H value is
less than zero, there is no object to move into the splinter cluster C? in this step. Thus, the
optimal bipartition at the first stage is (C},C?) = ({y2,y3}, {y1,y4})-

At the second stage, we have a partition Py = (C1, Cs) = ({y2,y3}, {y1,ya}). Similarly to
the first stage, we find the seed using the average weighted dissimilarity in Equation (3.42).

The average weighted dissimilarity for object yo is

D, (y:) = Di(y2) = (84.303) = 21.076.

42-1)
Similarly, D;(ys) = 21.076, Do(y1) = 23.688, and Dy(y,) = 23.688. Thus, since MAD;, =
21.076 and MAD, = 23.688, the MMAD wvalue for the current partition is 23.688. This
means the cluster Cy is bipartitioned at this step. Since the cluster Cy has only two objects
and either object automatically moves into the splinter cluster, the optimal bipartition at
the second stage is (C3,C%) = ({y1},{ya}). Thus, at the third stage, we have a partition
Py = (C,C5,C3) = ({yg,yg},{yl},{y4}). Similarly, we can find the optimal bipartition
and binary question for the third stage. The dendrogram for the complete clustering result is

shown in Figure 3.8.

The polythetic method has at most N, bipartitions, where
Ny = {ng(n, —1)}/2 -1, (3.46)

where n} is the number of objects in the cluster that includes the object y* with MMAD
value at the r*" stage. Thus, we need at most N, repetitions for the Steps 5-7 at each stage,
and this means there are at most N, possible bipartitions to be considered at the r** stage.

As mentioned in Section 3.4.1, the monothetic method evaluates > . _, p(n, — 1) possible
bipartitions to find the optimal bipartition at the r** stage. From this, we know the number
of possible bipartitions for the monothetic method depends on the number of variables p. In
contrast, NV, in Equation (3.46) does not depend on the number of variables p. Thus, as the

number of variables increases, the number of possible bipartitions for the monothetic method
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y3 y2 y4 yl

Right : Splinter group

Figure 3.8: Dendrogram for Ruspini data using the polythetic method.

increases, but this number for the polythetic method does not change. In addition, to find
the optimal bipartition, the monothetic method has to consider all ! _, p(n, — 1) possible
bipartitions at the r*" stage. In contrast, since the polythetic method stops the process for
the r'" stage when the M H value is less than zero, the number of possible bipartitions for
the polythetic method is, in practice, less than N,. Therefore, when the number of variables
is large, the polythetic method is more efficient in computing time than is the monothetic
method. An application of this algorithm is shown in Chapter 5; and the program code in

software R is provided in the Appendix C.



CHAPTER 4

SELECTION OF THE OPTIMAL NUMBER OF CLUSTERS

In any clustering approach, the entire set of objects is partitioned into r classes or clusters.
To date, the literature does not provide details of how to find r in the clustering of symbolic
objects. Thus, in these clustering methods, r is typically pre-defined, with the methodology
applied to a range of possible r values. After providing some background in Section 4.1, we
present in Section 4.2 some cluster validity indexes used to select an optimal r value. Then,

in Section 4.3, these are evaluated and compared on some simulated data.

4.1 BACKGROUND

The clustering methodology summarizes a collection of objects into a small number of classes
by grouping objects with similar characteristics and separating objects with different char-
acteristics. In general, we do not have any prior information about the number of clusters in
the data. Kim and Ramakrishna (2005) indicated that the objects in each cluster are often
indistinguishable under some criterion of similarity or dissimilarity. In addition, Everitt et al.
(2001) indicated that different dissimilarity measures often lead to different groupings. Under
this situation, we need to find the optimal number of clusters » and to evaluate clustering
outcomes. Cluster validity indexes help to solve these problems.

Many different cluster validity indexes for classical data have been proposed in the lit-
erature, such as Dunn’s (1974) index, Davis-Bouldin’s (1979) index, and Xie-Beni’s (1991)
index, etc.; Milligan and Cooper (1985) has an extensive review of such indexes for clas-

sical data. The quality of the clustering outcomes depends on compactness and separability
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of clusters. Compactness means closeness of objects within a cluster, and separability indi-
cates distinctness of between clusters. Berry and Linoff (1997) indicated that most cluster
validity indexes are usually defined by combining these two properties. Compactness and sep-
arability are measured by within-cluster and between-cluster measures, respectively. Thus,
small within-cluster and large between-cluster measures are deemed to give good clustering
results.

Usually, since these indexes were developed for hierarchical clustering algorithms for
classical or fuzzy datasets, they use the minimum (also called single linkage), maximum
(or, complete linkage), and/or average dissimilarity values such as within or between-cluster
measures. Since, unlike the case of classical data, the divisive clustering methods for sym-
bolic objects proposed in Chapter 3 use the variance as within or between-cluster measures,
existing cluster validity indexes would not be expected to work well for hierarchical divi-
sive clustering algorithms for symbolic objects. Thus, cluster validity indexes for symbolic
clustering should be different from those for classical data. Therefore, validity indexes for
symbolic data such as interval-valued and histogram-valued data are developed in Section

4.2 and their properties studied through some simulation studies in Section 4.3.

4.2 CLUSTER VALIDITY INDEXES

Let y;, ¢ = 1,...,n, be symbolic objects with p-dimensional random variables {Y;, j =
1,...,p} and y; € Q = {y1,...,yn}. Also, let P, be a partition of Q at the r'" stage.
Then, P. = {C,, u =1,...,r}, where C, = {y1,...,¥n,} is a cluster of size n,, where
S ny, = n. At the (r + 1) stage, a single cluster C,, in P, is bisected into C} and CZ.

Thus, a new partition can be written as

Py = (PTU{C%:OS}) - {Cu} (4'1)
For a cluster C, = {y1,...,¥n, }, the within-cluster variance I(C,) is, for u =1,...,r,
1 O o
[(Cu) = Z Z Z wilwi2D2<yi17yi2>7 11,722 = 17 ey N, (42>

i1=1149=1
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where D(y;,,y:,) is a dissimilarity or distance measure between the observation y;, and y;,
in C, and where w; is the weight for the object y;, and where 7 = 3 w;. For a partition

P, = (C,...,C,) at the r'" stage, the total within-cluster variance is, for r =1,...,n — 1,
W(P) = 3 1(C), (4.3)
u=1
Also, the between-cluster variance is defined by, for r =1,...,n — 1,
B(F) = W(Q) = W(F,), (4.4)

where ) = P;.

The divisive hierarchical clustering methods proposed in Chapter 3 use a within-cluster
variance criterion. At each stage, our goal is to find the bipartition, (Ci, Ci) of Cy, u =
1,...,r, minimizing the total within-cluster variance, W(P,). Since, at the r'* stage, we
have r clusters and one of the clusters is split into two clusters, we have r + 1 clusters at
the (r + 1) stage. Thus, as the procedure goes into the next stage, the number of clusters
increases and the total within-cluster variance, W (P,), decreases. In addition, if the number
of clusters is equal to the number of objects, then the total within-cluster variance is zero.
That is, W(P,41) < W(P,) and W(P,) = 0. In contrast, as the total within-cluster variance

decreases, the between-cluster variance increases. Thus, the simplest index to find the optimal

number of clusters would be the explained rate E,. given by, for r =1,...,n,
B(P. Q) —W(P.
5 B _ W@ -wr) (45)
w(€) W(€)

where Q = {y1,...,yn}, and where W(P,) is the total within-cluster variance for the par-
tition P, defined in Equation (4.3) and B(P,) is the between-cluster variance for the par-
tition P, defined in Equation (4.4). The explained rate, E,, is the ratio of the decrement
of the within-cluster variance for the 7" stage and the total within-cluster variance of §2,
i.e., the proportion of the total variation explained by the variation between clusters. As
the number of clusters increases, the explained rate increases because the total within-

cluster variance,W(P,), decreases and the between-cluster variance, B(P,), increases. Let
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0, = F,.1 — E,. Then, if §, suddenly becomes small relatively to ¢,_1, it indicates that the
explained rate at the (r+ 1) stage, E,, 1, has small increases relatively to E,, and the effect
of the bipartition from the r** stage to the (r + 1) stage is weak. Thus, r = r* can be the
optimal number of clusters.

However, through their simulation study, Milligan and Cooper (1985) showed that validity
indexes such as the explained rate are not appropriate as a solution for determining the
optimal number of clusters. They conducted a comparative evaluation of 30 validity indexes
for classical data within a simulation framework and showed that such kinds of indexes
using the decrement of the within-cluster inertia poorly perform relatively to other indexes.
Chavent (1998) also refers to this fact. Thus, in this section we introduce two validity indexes
for hierarchical divisive clustering for symbolic objects. These new indexes are based on
Dunn’s (1974) index and Davis-Bouldin’s (1979) index developed for classical data.

For classical data, suppose that a partition P, has r clusters (i.e., P, = (Cy, u=1,...,1))
at the 7" stage. Then, the index introduced by Dunn (1974) is defined by

DI = rninwl min { d(C:, C) }] (4.6)

u=1,... t=1,...,rit#u maXlzl’..A,r{ZU(C[)}

where

and
w(C)) = max{D(yi,y;) | ¥i.y; € Ci},

where D(y;,y;) is the distance measure between two classical objects y; and y;. Dunn’s index
is a function of the ratio of the minimum distance d(Cy, C),) between two clusters Cy and C,,
and the maximum diameter w(C;) of clusters Cy, I = 1,...,r. That is, d(Cy, C,) indicates
the minimum distance between two clusters as a between-cluster measure, and w(Cj) shows
the maximum diameter of clusters as a within-cluster measure. Since well-separated clusters
have large distances between clusters and small diameters within clusters, the partition with

the higher Dunn’s index value implies there is a better clustering result.
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Davis and Bouldin (1979) proposed a cluster validity index that measures the ratio of

the average of similarity measures between each cluster. It is defined as

1w St + Sy
PB=22 [mi{ | 4D
where
dyy, = D(Vtavu)a
and

Ny

Su = niu ; D(yi, Vu),
where D(vy, v,) is the distance measure between v, and v,,, where v; and v, are the centroids
of the cluster C, and C} respectively, and n, is the number of objects in C\,. That is, dy,
is the distance between two centroids of C; and C, and plays a role as the between-cluster
measure. In contrast, s, represents the dispersion of each cluster and is used as the within-
cluster measure. A lower Davis-Bouldin’s index value means that the clusters are compact
and well-separated.

As mentioned in Chapter 3, the divisive clustering algorithms for symbolic objects use
the within-cluster variance as a clustering criterion. Thus, we propose two cluster validity
indexes for symbolic objects that use within-cluster and between-cluster variances. They are
similar in concept to the Dunn and Davis-Bouldin’s indexes. The within-cluster variance
measures the compactness of each cluster and the between-cluster variance represents the

separability between two clusters.

Definition 4.1 For a partition P, = (C4,...,C,) at the r'" stage, the Dunn index for

symbolic objects, DI, for the partition P, is given by

DIf = min [ min {[(CtUCu)—I(Ct)—I(Cu)}

_ =2,...,n—1, 4.8
t=1,...,r;t#u maXlzl,...,r{[(Cl)} . b ( )

u=1,...,r

where 1(-) is the within-cluster variance from Definition 3.15.

This index consists of the ratio of the minimum between-cluster variance for all possible

combinations of two clusters in the partition P, and the maximum within-cluster variance for
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all clusters in P,.. As such, the index has the same design principles as does the Dunn index
of Equation (4.6) for classical data. The between-cluster variance, I(C;UC,,) —I(Cy) —I1(C,),
measures how far apart two clusters are, and the term 7(C}) represents how close the objects
are in each cluster. Since a good clustering result has small within-cluster measures and
large between-cluster measures, to obtain a good clustering outcome, the denominator of the
Dunn index in Equation (4.8) should be large and the numerator should be small. Thus, a
higher DI} value means a better clustering outcome has occurred.

Now, we propose the Davis-Bouldin index for symbolic objects. This index is defined by

the average of cluster evaluation for all clusters in a partition.

Definition 4.2 For a partition P, = (Ci,...,C,) at the r'" stage, the Davis-Bouldin

index for symbolic objects, DB;, for the partition P, is defined as

1< maxi—1,_izu{l(Ct) + I(Cu)}
DB ==%" |— Cr=2.
r r — mlnlzl,,..m,l#u{I(Cl U Cu) — I(C[) — [(Cu)}

where I(-) is the within-cluster variance from Definition 3.13.

This index consists of the average of ratios for each cluster in P, of the maximum sum
of two within-cluster variances and the minimum between-cluster measure for two clusters.
Unlike the Dunn index for symbolic objects in Equation (4.8), the Davis-Bouldin index in
Equation (4.9) uses average values of ratios of the within-cluster and the between-cluster
measures. In addition, the ratio in Equation (4.9) is a little bit different from the that of
the original Davis-Bouldin index in Equation (4.7). The original index uses the maximum
ratio of the within-cluster and the between-cluster measures for each cluster. In contrast,
the index of Equation (4.9) obtains the ratio of the maximum within-cluster measure and
the minimum between-cluster measure. Similarly to the original index, a lower value of the
Davis-Bouldin index for symbolic objects implies better results for the clustering outcome.

We illustrate the procedure calculating the Dunn and Davis-Bouldin indexes for symbolic

objects in detail in Example 4.1.
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Figure 4.1: Struyf et al. (1997) data.

Example 4.1 Consider the Struyf et al. (1997) classical dataset consisting of artificial data,
with 3000 observations with two variables and three well-separated clusters as shown in Figure
4.1. The three clusters have 900, 1150, and 950 observations, respectively. We divide each
cluster into two parts with equal size. For example, the first cluster is divided by two parts.
One part has the 15 to the 450" observations, and the other part has the 451° to the 900"
observations. Similarly, we can divide the second and third clusters by two parts, respectively.
Then, we have a total of siz parts (i.e., siz objects) and generate sixz histogram-valued objects

from the individual observations in each of the six parts. These histogram-valued data are
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shown in Table 4.1. From Table 4.1, transformed histogram-valued data can be obtained using

Definition 3.3. These transformed histogram-valued data are shown in Table 4.2.

Table 4.1: Struyf et al. (1997) histogram-valued data.

Y, Y

y1 {[-30,—20),0.004; [—20,—10),0.022; {[-30,—20),0.002; [—20, —10),0.018;
[~10,0),0.164; [0,10),0.327; [—10,0),0.129; [0,10),0.353;
[10,20), 0.320; [20,30),0.129; [10,20), 0.318; [20,30),0.160;
[30,40), 0. 033} [30,40),0.018; [40, 50),0. 002}

Yo {[- 2 10),0.020; [—10,0),0.164; {[-30,-20),0.004; [—20,—10),0.004;
[0, ) 0.331; [10,20),0.338; [~10,0),0.111; [0,10),0.327;

[20 30),0.127; [30,40),0.018; [10,20),0.396; [20,30),0.131;
[40, 50), 0.000; [50,60),0. 002} [30, 40), 0. 027}

V3 {[0,10),0.002; [10,20),0.016; {[20 30),0.002; [30,40),0.031;
[20,30), 0.129; [30,40),0.325; [40,50),0.155; [50,60),0.348;
[40,50), 0.357; [50,60),0.153; [60,70),0.336; [70,80),0.113;
[60,70),0.017; [70,80),0.002} (80, 90),0.016 }

Y4 {[10,20), 0.026; [20,30),0.146; {[30,40), 0.016; [40,50),0.106;
[30,40), 0.270; [40,50), 0.369; [50, 60), 0.332; [60,70),0.410;
[50,60),0.169; [60,70),0.021} [70,80), 0.120; [80,90),0.016}

Vs {[30,40), 0.002; [40,50),0.017; {[-40, - 3 ),0.023; [—30, —20),0.158;
[50,60),0.131; [60,70),0.360; [—20, —10),0.314; [—10,0),0.339;
[70,80),0.337; [80,90),0.128; 0,1 ) 0.147; [10,20),0.017;
[90,100),0.023; [100,110),0.002} 20,30), 0.002}

Y6 {[30,40), 0.002; [40,50),0.023; {[~40,-30),0.032; [—30, —20),0.143;

)
50, 60),0.147; [60, 70), 0.343;
[70,80),0.291; [80,90),0.166;
[90,100),0.025; [100,110),0.002}

[—20,—10),0.322; [—10,0),0.345;
[0,10),0.128; [10,20),0.029}

Firstly, we illustrate the procedure calculating the Dunn and Davis-Bouldin indexes for

symbolic objects using the extended Gowda-Diday measure and the polythetic algorithm; and

then, we verify the Dunn and Davis-Bouldin indexes using the normalized city block distance

and normalized Fuclidean distance based on the extended Ichino-Yaguchi measure, and the

normalized CDF' distance, for both the monothetic and polythetic algorithms.



Table 4.2: Transformed histogram-valued data for Struyf et al. (1997) data.

Y ¥ ¥h e Y4 Y5 Y6
[b1k; b1k+1) Plik Phuy Iz m Plik P51y Po1k
[-30,-20) | 0.004 0 0 0 0 0
[£20,-10) | 0.022  0.02 0 0 0 0

[~10,0) 0.164  0.164 0 0 0 0
[0, 10) 0.327 0.331 0.002 0 0 0
[10, 20) 0.32 0.338 0.016 0.026 0 0
120, 30) 0120 0127 0129  0.146 0 0
[30, 40) 0.033 0.018 0.325 0.27 0.002 0.002
[40, 50) 0 0 0.357 0.369 0.017 0.023
[50, 60) 0 0.002 0.153 0.169 0.131 0.147
[60, 70) 0 0 0.017 0.021 0.36 0.343
[70, 80) 0 0 0.002 0 0.337 0.291
[80,90) 0 0 0 0 0.128 0.166

[90, 100) 0 0 0 0 0.023 0.025

[100, 110) 0 0 0 0 0.002 0.002

Y5 i Y5 e Y4 Y5 Y6
b2k, b2 k1) Plok Phoy, Py, Pliok P, P
[—40, —30) 0 0 0 0 0.023 0.032
[—30, —20) 0.002 0.004 0 0 0.158 0.143
[—20, —10) 0.018 0.004 0 0 0.314 0.322

[—10,0) 0.129 0.111 0 0 0.339 0.345
[0, 10) 0353 0.327 0 0 0.147  0.128
[10,20) 0.318 0.396 0 0 0.017 0.029
[20, 30) 0.16 0.131 0.002 0 0.002 0
[30, 40) 0.018 0.027 0.031 0.016 0 0
[40, 50) 0.002 0 0.155 0.106 0 0
[50, 60) 0 0 0.348 0.332 0 0
[60, 70) 0 0 0.336 0.41 0 0
[70, 80) 0 0 0.113 0.12 0 0
[80,90) 0 0 0.016 0.016 0 0
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From the transformed histogram-valued data of Table 4.2, the extended Gowda-Diday
dissimilarity measure can be calculated by using Equation (3.21). Thus, the extended Gowda-
Diday dissimilarity matriz for all variables of the transformed histogram-valued data of Table

4.2 1s given by

0 0.184 2.325 2.371 2.207 2.176
0.184 0 2.313 2.344 2.184 2.201
2.325 2.313 0 0.196 2.506 2.551
Dep = . (4.10)
2.371 2.344 0.196 0 2.604 2.596

2.207 2.184 2506 2.604 0  0.133

2.176 2201 2.551 2596 0.133 O

Using the dissimilarity matriz in Equation (4.10), the polythetic method introduced in
Section 3.4.2 can be performed for clustering the six objects, y1,...,ys. The clustering result
1s shown in Table 4.3 and the hierarchy in Figure 4.2. From Figure 4.2, we see that the
cluster {y1,...,ys} is bipartitioned into {ye,ys,y2,¥1} and {ys,y3} at the first stage, and
the splinter cluster is {y4,ys}. At the second stage, the cluster {ys,ys,y2,y1} is split into

{ye,¥5} and {y2,y1}. Thus, the third partition, Ps, is ({yﬁ,y5},{yg,yl},{y4,y3}). This

result coincides with the attribute of the classical dataset.

Table 4.3: Clustering result using the polythetic method.

Partition P, Clusters (C4,...,C,)
P ({y1.¥2, Y3, ¥4 ¥5,¥6})
P ({y1.¥2,¥5. 56}, {y3 ya})
Py ({y1;YQ}a {ys,y4}, {YB>YG})
P {yi.y2}, {ys}, {ya}, {5 ¥6})
P; {y1}, {yv2}, {ys}, {yva}, {¥5,¥6})
Pﬁ ({Y1}7 {YQ}v {Y3}’ {Y4}7 {YS}> {y6})

Now, we can calculate the Dunn index for the clustering result of Table 4.3 using Equation

(4.8). For the second partition Py, we have two clusters (Cy, Cy) = ({yl, Y2, Y5, Y6 ), {¥3s y4}).
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y6 y5 y2 yl y4 y3

Right : Splinter group

Figure 4.2: Dendrogram obtained by using the extended Gowda-Diday measure and the
polythetic method.

The within-cluster variances for each cluster are given by, from Equation (3.35),

1
1(Cy) = m(o.m? +2.207% + 2.176° + 2.184% 4 2.201% + 0.1337)
= 0.803, (4.11)
1 2
I(Cy) = 6X—2(0.196 ) = 0.003. (4.12)
Thus,
gg%c{](c‘l)} = max{0.803,0.003} = 0.803. (4.13)

We calculate the between-cluster measure 1(Cy U Cy) — I(Cy) — I(Cy) as follows:

1
[(CLUCy) = m(0.1842 +2.325% +2.371° 4 - - - 4+ 2.596% + 0.133%)

— 1.875. (4.14)

Thus,
I(CLUCy) — I(Cy) — I(Cy) = 1.875 — 0.803 — 0.003 = 1.069. (4.15)
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Therefore, the Dunn index for the partition at the second stage, DI is obtained as, from

Equation (4.8),

1.
DI* = DI = % = 1.331. (4.16)

For the partition at the third stage P3, we have three clusters (Cy, Cy, C3) = ({yl, vo}, {¥3,ya},

{y5,y6}). The Dunn index for this partition is obtained as follows: From Equation (3.35)

and (4.10),
I(Cy) = 6%2(0.1842) = 0.003, (4.17)
I(Cy) = . i 5 (0.196%) = 0.003, (4.18)
I(Cs) = ¢ i 5 (0.133%) = 0.001. (4.19)
Thus,
lr:nl?fg{l(cl)} — max{0.003, 0.003, 0.001} = 0.003. (4.20)

Then, we consider all possible sets of union of any two clusters in the partition Ps, Cy U
Cyu, t,bu = 1,2,3, t # u. The within-cluster variances for these sets of union are, from

Equation (3.35) and (4.10),

[(ClLJCQ) = I({Y17Y2>YSaY4})

1
= m(o.m? +2.325% + 2.371° + 2.313% 4 2.344% + 0.1967)

= 0.914, (4.21)

I(CUCs) = I({y1,¥2:¥5 Ys})

1
= 674(0.1842 +2.2077 4 2.176° + 2.184% + 2.201% + 0.133?)

— 0.803, (4.22)

I(CoUCs) = I({ys ys,¥5 Y6})

1
= m(0.1962 +2.506% + 2.551° + 2.604° 4 2.596* + 0.1337)

= 1.098. (4.23)
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Thus, the between-cluster measures for all these possible sets of union are

I(CLUGCy) — I(Cy) — I(Cy) = 0.914 — 0.003 — 0.003 = 0.908, (4.24)
I(CLUC3) — I(Cy) — I(C5) = 0.803 —0.003 — 0.001 = 0.799, (4.25)
I(CoUC3) — I(Cy) — I(C5) = 1.098 —0.003 — 0.001 = 1.094. (4.26)

Hence, from Equation (4.8), the Dunn indez for symbolic objects for the partition Py is

0.003” 0.003" 0.003
= min{286.880, 251.881, 344.593}

0.908 0.799 1.094
DI} =DI; = min{ }

— 251.881. (4.27)

Similarly, we can obtain the Dunn index values for the partitions Py and Ps. The complete

set of results, forr =2,...,5, is shown in Table 4.4.

Table 4.4: Dunn index values
# of clusters r=2 r=3 r=4 r=>5
DI? 1.331 251.881 1.128 1.912

From Table 4.4, we know that the Dunn index for the partition P3 has the largest value.
This means the optimal number of clusters is three. This result coincides with the attribute
of the original dataset.

Now, we illustrate the Davis-Bouldin index in Equation (4.9) using the extended Gowda-
Diday dissimilarity matriz Equation (4.10) and the divisive polythetic clustering result in
Table 4.3. From Table 4.3, we know the partition at the second stage Py = (C1,Cy) =
({y1,y2, Y5, Y6}, {y3: ya})-

Since there are only two clusters (r = 2) in the partition, and I(Cy) + I(C2) = 0.806 and
I(CLUCy) — I(Cy) — I(Cy) = 1.069 from Equation (4.11), (4.12), and (4.15), the Davis-
Bouldin index for the partition at the second stage, DBS, is obtained, from Equation (4.9),

as
max{0.806} max{0.806}
min{1.069} = min{1.069}

1
DB} = DB} =5 { } — 0.754. (4.28)
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For the partition at the third stage Ps, we have three clusters (C’l = {y1,y2},Cy =
{ys3,y4}, C5 = {y5,y6}). The Davis-Bouldin index for this partition is obtained as follows:
For the cluster Cy, from Equation (4.17), (4.18), and (4.19),

I(Cy) + I(Cy) = 0.003 4 0.003 = 0.006, (4.29)
I(Cy) + I(C3) = 0.003+ 0.001 = 0.004. (4.30)
Thus, the mazimum within-cluster measure for Cy (i.e., the denominator of Equation (4.9)
when uw = 1) is
max {1(Cy) +1(Ch)} = max {0.006, 0.004} = 0.006. (4.31)
Similarly, the mazimum within-cluster measures for Cy and Cs are max;—; 3 {I (Cy) +
I(Cs)} = 0.006 and max,—; 2 {I1(C;) + I(C3)} = 0.004, respectively.

The minimum between-cluster measure for Cy (i.e., the numerator of Equation (4.9) when

u=1) s, from Equation (4.24) and (4.25),

min {I1(C,uCy) —I(C)) — I(Cy)} = min {0.908, 0.799} = 0.799. (4.32)
Similarly, the minimum between-cluster measures for Cy and Cs are min;—; 3 {I (CruCy) —
I(C)) — I(C5)} = 0.908 and mini_; » {I(C; U C3) — I(Cy) — I(C3)} = 0.799, respectively.

Hence, from Equation (4.9), the Davis-Bouldin indez for symbolic objects for the partition
Py, DB;, is

1{0.006 0.006  0.004

DB* = DB = =
r 37310.799 + 0.908 + 0.799

Similarly, we can obtain the Davis-Bouldin index values for the partitions Py and Ps. The

} = 0.006. (4.33)

complete set of results, for r =2,...,5, is shown in Table 4.5.

Table 4.5: Davis-Bouldin index values
# of clusters r=2 r=3 r=4 r=>5
DB 0.754 0.006 0.447 0.395

From Table 4.5, we know that the Davis-Bouldin index for the partition P3 has the smallest
value. This means the optimal number of clusters is three. This identification of the optimal

r = 3 is the same as the result for the Dunn index.
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Now, we verify the performance of cluster validity indexes using the city block distance of
FEquation (3.26) and Euclidean distances of Equation (3.27) based on the normalized extended
Ichino-Yaguchi measure for v = 0.25 defined in Equation (3.22) and (3.23), and the normal-
ized CDF measure of Equation (3.31). Figure 4.1 shows that this dataset has obviously three
clusters. Thus, for all distance or dissimilarity measures and clustering methods, the Dunn
and Davis-Bouldin indexes should detect that the optimal number of clusters in this dataset
1s three.

From the transformed histogram-valued data of Table 4.2, we can calculate the normalized
city block distance, the normalized Fuclidean distance, and the normalized CDF measure.

The normalized city block distance is the normalized Minkowski distance of Equation
(3.28) when q = 1, where, in this example, this measure is obtained by using the normalized
extended Ichino-Yaguchi measure with v = 0.25. Thus, we first calculate the normalized
extended Ichino-Yaguchi measure for each variable. The normalized extended Ichino-Yaguchi
dissimilarity matriz with v = 0.25 for variable Y7 is, from Equation (3.23),

0 0.008 0.217 0.218 0.434 0.434

0.008 0 0.216 0.217 0.431 0.432

L 0.217 0216 0  0.009 0.206 0.207
¢; =1 = : (4.34)
0.218 0.217 0.009 0  0.207 0.208

0.434 0.431 0.206 0.207 0 0.007

0.434 0.432 0.207 0.208 0.007 0
The normalized extended Ichino-Yaguchi dissimilarity matrixz with v = 0.25 for variable Ys

is, from Equation (3.23),

0 0.014 0.374 0.388 0.153 0.152
0.014 O 0.369 0.384 0.158 0.158
N . 0.374 0.369 O 0.012 0.537 0.538
;= @5 = . (4.35)
0.388 0.384 0.012 0 0552 0.553

0.153 0.158 0.537 0.552 0 0.010

0.152 0.158 0.538 0.553 0.010 0
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The sum of Equation (4.34) and (4.35) is the normalized city block distance matriz. Thus,

the normalized city block distance matrix is given by

0 0.022 0.591 0.606 0.586 0.587
0.022 0 0.585 0.601 0.589 0.589
1 0.591 0.585 0 0.021 0.744 0.745
DY, = . (4.36)
0.606 0.601 0.021 0 0.759 0.760

0.586 0.589 0.744 0.759 0 0.017

0.587 0.589 0.745 0.760 0.017 O

The normalized Euclidean distance is the normalized Minkowski distance of Equation
(3.28) when q = 2, where, in this example, this measure is obtained by using the normalized
extended Ichino-Yaguchi dissimilarity matrices with v = 0.25 for each variable as given in
Equation (4.34) and (4.35). From Equation (3.27) and (3.28), the normalized Euclidean

distance matrix is

0 0.016 0.433 0.445 0.460 0.460
0.016 0 0.427 0.441 0.459 0.459
9 0.433 0.427 0 0.015 0.576 0.577
0.445 0.441 0.015 0 0.590 0.590

0.460 0.459 0.576 0.590 0  0.012

0.460 0.459 0.577 0.590 0.012 O

The normalized CDF measure is obtained by using Equation (3.31). Thus, the normalized

CDF dissimilarity matriz is

0 0.014 0.595 0.609 0.589 0.590
0.014 0 0.590 0.604 0.595 0.596
0.595 0.590 0 0.020 0.741 0.742
DNCDF = . (438)
0.609 0.604 0.020 0 0.753 0.754

0.589 0.595 0.741 0.753 0  0.008

0.590 0.596 0.742 0.754 0.008 0
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Using these distance or dissimilarity matrices, we can perform the divisive monothetic

and polythetic clustering methods. The clustering results for each distance or dissimilarity

measure and clustering method are shown in Table 4.6.

Table 4.6: Clustering results for each measure and method.

Monothetic method

Polythetic method

Measure | P, |Clusters (Cy,...,C) Clusters (Cq,...,Cy)
Pl ({y1,y2:¥3. Y4, ¥5.¥6}) ({¥1,¥2:¥3: ¥4, ¥5.¥6})
Py | ({y1,y2,¥5. 6}, {y3,y4}) ({y1,¥2,¥5,¥6}, {¥3,y4})
Extended | P3| ({y1,y2} {¥3, ¥4}, {¥5,¥6}) ({y1,y2} {ys, ¥4} {y5.¥6})
Gowda-Diday | Py | ({y1. 2}, {ys}. {ya}, {5 ¥6}) ({y1,y2} {ys} {ya}, {ys,¥6})
Ps| ({y1}, {y2}, {ys} {ya}. {ys,¥6}) |({y1} {ye} {ys} {va}, {y5,¥6})
Ps| ({y1}: {v2}, {ys} {va}, {ys} {ve}) | {y1}, {ye)s {ys}, {yal, {ys}, {ys})
Pl ({y1,y2:¥3: Y4, ¥5.Y6}) ({y1,¥2,¥3. ¥4, ¥5.¥6})
Py ({y1,y2.¥5 ¥}, {y3, y4}) ({y1,¥2,¥5 ¥6}, {¥3, y4})
Normalized |Ps|({y1,y2},{y3,y4},{¥5,¥6}) ({y1,y2}, {y3,ya}. {y5,¥6})
city block | Py| ({y1}, {y2}. {y3, ¥4}, {¥5,¥6}) ({y1}. {y2} {y3, ya}, {y5.y6})
Ps|({y1}. {y2}. {ys} {ya}- {ys,y6}) | ({yv1}, {v2}, {ys}, {ya}, {¥5.¥6})
Ps| ({y1}. {y2} {ys} {ya}, {ys} {ve}) | {y1}: {ye}. {ys} {ya}. {ys}, {ye})
Pi{({y1,¥2,¥3. Y4, ¥5,¥6}) ({y1,¥2,¥3: ¥4, 5. ¥6})
Pyl ({y1,¥2,¥3, ¥4}, {¥5.¥6}) ({y1.v2,¥3, ¥4} {ys5. ¥6})
Normalized |Ps|({y1,y2},{y3, ¥4}, {y5 ¥6}) ({y1,y2} {ys. vy} {ys ¥6})
Euclidean | Py | ({y1}, {y2}, {y3,y4}, {ys ¥6}) ({y1} {y2} {ys, ya}, {ys5,¥6})
Ps| ({y1} Ay} {ysh {vad {ys.ve}) | ({vad {ve}s {ysh {val. {ys, ye})
Ps| ({y1}: {y2}: {ys}: {yab {ysh Aye}) | (v}, {v2d {ys), {yva} {vs ) {ye})
P ({y1,¥2,¥3. ¥4, ¥5,¥6}) ({y1,¥2,¥3. ¥4:¥5.¥6})
Pyl ({y1,y2,¥5. 6}, {y3 y4}) ({y1,¥2,¥5,¥6}, {¥3,y4})
Normalized | P3| ({y1,y2},{y3, ¥4}, {ys5 ¥6}) ({y1,y2}, {ys, vy} {ys y6})
CDF Pyl ({y1,y2}, {ys}, {ya}. {y5,¥6}) ({y1,y2} {ys} {ya}. {5, ¥6})
Ps| ({y1}, {y2}, {ys} {ya}. {ys,y6}) | ({y1} {ye} {ys} {va}, {y5,¥6})
Ps| ({y1}: {y2}, {y3}, {ya}, {ys} {yve}) | {yi}, {ye} {ys) {yva) {ys}: {ve})

We see from

Table 4.6 that both the monothetic and polythetic methods give the same

clustering results for each given distance/dissimilarity measure. In contrast, the clustering

results for each dissimilarity measure are a little bit different depending on which measure

was used in the clustering method. However, the partitions at the third stage are all the same

regardless of measures and methods (i.e., Py =

({y1,y2}. {ys. ya}. {¥s,¥6}) ). This partition

coincides with the attribute of the original classical dataset. From the distance or dissimilarity
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matrices in Equation (4.56), (4.37), and (4.38) and clustering outcomes in Table 4.6, we can

calculate the Dunn and Davis-Bouldin indexes using Equation (4.8) and (4.9), respectively.

Table 4.7: Cluster validity index values for Example 4.1

Monothetic method Polythetic method
Measure Validity | r =2 r=3 r=4 r=5|r=2 r=3 r=4 r=>5
Extended DI? 1.331  250.531 1.128 1.912 | 1.331  250.531 1.128 1.912

Gowda-Diday | DB} 0.754 0.007  0.447 0.395 | 0.754 0.007  0.447 0.395
Normalized DI} 1.442  1589.5382 1.157 1.477 | 1.442 1389.382 1.157 1.477
city block DB; 0.694 0.001 0.433 0.505 | 0.694 0.001 0.433 0.505
Normalized DI? 1.593  1440.352 1.204 1.486 | 1.593 1440.352 1.204 1.486
Euclidean DB; 0.628 0.001 0.416 0.493 | 0.628 0.001 0.416 0.493
Normalized DI? 1.411 1827749 2.037 2.620 | 1.411 1827.749 2.037 2.620
CDF DB; 0.709 0.001 0.246 0.228 | 0.709 0.001 0.246 0.228

Table 4.7 shows the Dunn and Davis-Bouldin index values for the extended Gowda-Diday
measure, the normalized city block distance and normalized Euclidean distance based on the
normalized extended Ichino-Yaguchi measure, and the normalized CDF' distance, for both the
divisive monothetic and polythetic clustering methods. For all measures and methods, when
the number of clusters are three, the Dunn index values, DI?, are relatively very large and
the Davis-Bouldin index values, DB;, are relatively very small. This means that the optimal

number of clusters is clearly identified as three.

4.3 SIMULATION STUDY

In this section, we evaluate the performance of the Dunn index and Davis-Bouldin index
for symbolic objects by a simulation study through three examples. For the simulation,
the true number of clusters for datasets is known. We also consider various dissimilarity
measures such as the extended Gowda-Diday measure, the normalized city block distance and
normalized Euclidean distance based on the normalized extended Ichino-Yaguchi measure,

and the normalized CDF measure, for both the monothetic and polythetic mehtods. To verify
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the cluster validity indexes proposed in Section 4.2, in Example 4.2, simulated histogram-
valued data are used; also, the cluster validity indexes are verified through Fisher’s (1936)

iris dataset in Example 4.3.

Example 4.2 We use the dataset of Table 4.8 shown in Figure 4.3 to verify that the cluster
validity indexes proposed in Section 4.2 can work well for the case of clustering for histogram-
valued data generated by bivariate normal random numbers. To obtain simulated histogram-
valued data with two variables, we generate random numbers from bivariate normal distribu-

tions as follows:

5 03 O
yiandy; ~ Ny ) ) (4-39)
5 0 0.3
5 1.0 0.8
ysandys ~ Ny ) ) (440)
5 0.8 1.0
10 03 0
Y5 ~ NQ s . (441)
5 0 0.3

Thus, 200 classical sample points for each object are generated from the bivariate normal
distributions, and then histogram-valued data are found from these generated classical sample
points. For example, to obtain the histogram-valued data for the object yi, we sample 200
classical points from the bivariate normal distribution of Equation (4.39), and then we find
histogram-valued data for object y1 from these 200 sample points. These histogram-valued
data for all objects are shown in Table 4.8. Plots of the individual classical data points are
shown in Figure 4.3.

As shown in Figure 4.3, there are three clusters, ({yl, o}, {y3, ¥4}, {y5}), in the dataset.
From Equation (4.39) and (4.40), the clusters {y1,y2} and {ys,ya} are generated from the
same mean vector and different variance-covariance matrices. In contrast, from FEquation
and (4.39) and and (4.41), the clusters {y1,y2} and {ys} have the same variance-covariance

matriz, but the mean vectors are different. Comparing Figure 4.1 and Figure 4.3, it is clear



Table 4.8: Simulated histogram-valued data for Example 4.2.

Y Vs

v {[3.5,4.0),0.020; [4.0,4.5),0.165; {[3.5,4.0),0.035; [4.0,4.5),0.160;
[4.5,5.0),0.325; [5.0,5.5),0.290; [4.5,5.0),0.345; [5.0,5.5),0.300;
[5.5,6.0),0.150; [6.0,6.5),0.050} [5.5,6.0),0.120; [6.0,6.5),0.025;

[6.5,7.0),0.015}

Yo {[3.0,3.5),0.005; [3.5,4.0),0.020; {[3.5,4.0),0.035; [4.0,4.5),0.165;
[4.0,4.5),0.160; [4.5,5.0),0.300; [4.5,5.0),0.275; [5.0,5.5),0.305;
5.0,5.5),0.340; [5.5,6.0),0.150; [5.5,6.0),0.165; [6.0,6.5),0.050;
6.0, 6.5),0.020; [6.5,7.0),0.005} [6.5,7.0),0.005}

y3 {[2.0,3.0),0.025; [3.0,4.0),0.135; {[2.0,3.0),0.020; [3.0,4.0),0.155;
[4.0,5.0),0.360; [5.0,6.0),0.345; [4.0,5.0),0.295; [5.0,6.0),0.345;
[6.0,7.0),0.125; [7.0,8.0),0.010; } 6.0,7.0),0.170; [7.0,8.0),0.015}

Y4 {[2.0,3.0),0.050; [3.0,4.0),0.130; {[2.0,3.0),0.030; [3.0,4.0),0.135;
[4.0,5.0),0.355; [5.0,6.0),0.290; [4.0,5.0),0.360; [5.0,6.0),0.330;
[6.0,7.0),0.145; [7.0,8.0),0.030; } [6.0,7.0),0.115; [7.0,8.0),0.025;

8.0,9.0),0.005}

Vs {[8.0,8.5),0.005; [8.5,9.0),0.020; {[3.0,3.5),0.005; [3.5,4.0),0.020;
9.0,9.5),0.205; [9.5,10.0),0.255; [4.0,4.5),0.150; [4.5,5.0),0.365;
[10.0,10.5),0.340; [10.5,11.0),0.155; [5.0,5.5),0.300; [5.5,6.0),0.135;
[11.0,11.5),0.015; [11.5,12.0),0.005} [6.0,6.5),0.020; [6.5,7.0),0.005}

89
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2 4 6 8 10 12

Figure 4.3: Simulated data for Example 4.2.

that the data in this example are different from the data of Example 4.1. The three clusters
i Example 4.1 are obuviously distinguishable because they do not overlap. In contrast, the
clusters {y1,y2} and {ys,ya} in the present ezample do overlap. Thus, in this example, the
cluster validity indezes are verified for the case where clusters overlap.

The transformed histogram-valued data for the data of Table 4.8 are obtained using Def-
wition 3.3 and are shown in Table 4.9. From these transformed histogram-valued data of
Table 4.9, we can calculate the extended Gowda-Diday measure of Equation (3.21), the city
block distance of Equation (3.26) and Fuclidean distances of Equation (3.27) based on the
normalized extended Ichino-Yaguchi measure for v = 0.25 defined in Equation (3.22) and
(3.23), and the normalized CDF measure of Equation (3.31).



Table 4.9: Transformed histogram-valued data for Example 4.2.

Vi ¥ NG ."//é i yﬁ—,
b1k, b1 k41) Pk Phig P31k Pk P51k
[2,2.5) 0 0 0.012  0.025 0
[2.5, 3) 0 0 0.012 0.025 0
[3, 3.5) 0 0.005 0.068 0.065 0
[3.5,4) 0.02 0.02 0.068 0.065 0
[4,4.5) 0.165 0.16 0.18 0.178 0
[4.5,5) 0.325 0.3 0.18 0.178 0
[5,5.5) 0.29 0.34 0.172 0.145 0
[5.5,6) 0.15 0.15 0.172 0.145 0
[6, 6.5) 0.05 0.02 0.062 0.072 0
[6.5,7) 0 0.005 0.062 0.072 0
[7, 7.5) 0 0 0.005 0.015 0
[7.57 8) 0 0 0.005 0.015 0
8,8.5) 0 0 0 0 0.005
8.5,9) 0 0 0 0 0.02
[9,9.5) 0 0 0 0 0.205
[9.5, 10) 0 0 0 0 0.255
[10,10.5) 0 0 0 0 0.34
[10.5,11) 0 0 0 0 0.155
[11,11.5) 0 0 0 0 0.015
[11.5, 12) 0 0 0 0 0.005
Ys | y’l .y’z :yé .yi; 3/”5
b2k, b2 k11 Piok Do P3ok Py Psok
[2,2.5) 0 0 0.01 0.015 0
2.5,3) 0 0 0.01 0.015 0
[3, 3.5) 0 0 0.078 0.068 0.005
[3.5,4) 0.035 0.035 0.078 0.068 0.02
[4,4.5) 0.16 0.165 0.148 0.18 0.15
[4.5,5) 0.345 0.275 0.148 0.18 0.365
[5, 5.5) 0.3 0.305 0.172 0.165 0.3
[5.5, 6) 0.12 0.165 0.172 0.165 0.135
[6,6.5) 0.025 0.05 0.085 0.058 0.02
[6.5, 7) 0.015 0.005 0.085 0.058 0.005
[7,7.5) 0 0 0.008 0.012 0
[7.5, 8) 0 0 0.008 0.012 0
8,8.5) 0 0 0 0.002 0
[8.5, 9) 0 0 0 0.002 0

91
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The extended Gowda-Diday dissimilarity matriz is given by, from Equation (3.8),

0 0.185 1.205 1.316 1.600
0185 0 1.180 1.304 1.659
Dep=| 1205 1.180 0  0.241 2.460 |- (4.42)
1.316 1.304 0.241 0 2517

1.600 1.659 2.460 2.517 O

The normalized city block distance is the normalized Minkowski distance of Equation
(3.28) when q = 1, where, in this example, this measure is obtained by using the normalized
extended Ichino-Yaguchi measure with v = 0.25. Thus, we first calculate the normalized
extended Ichino-Yaguchi measure for each variable. The normalized extended Ichino-Yaguchi

dissimilarity matriz with v = 0.25 for variable Y; is, from Equation (3.23),

0 0.008 0.052 0.068 0.493
0.008 0 0.054 0.070 0.494
o;=¢1=| 0052 0.054 0 0.019 0.498 |- (4.43)
0.068 0.070 0.019 0  0.499

0.493 0.494 0498 0499 O

The normalized extended Ichino-Yaguchi dissimilarity matrixz with v = 0.25 for variable Y,

is, from Equation (3.23),

0 0.014 0.087 0.087 0.013
0.014 0 0.082 0.082 0.017
¢ =¢3=1| 0087 0082 0 0.029 0.093 |- (4.44)
0.087 0.082 0.029 0  0.094

0.013 0.017 0.093 0.094 0
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The sum of Equation (4.43) and (4.44) is the normalized city block distance matriz. Thus,

the normalized city block distance matrix is given by

0
0.022
Djy = | 0.139
0.156

0.506

0.022 0.139 0.156
0 0.137 0.152
0.137 0 0.047
0.152 0.047 0
0.511 0.591 0.5930

0.506
0.511
0.591
0.593

(4.45)

The normalized Euclidean distance is the normalized Minkowski distance of Equation

(3.28) when q = 2, where, in this example, this measure is obtained by using the normalized

extended Ichino-Yaguchi dissimilarity matrices with v = 0.25 for each variable as given in

Equation (4.43) and (4.44). From Equation (3.27) and (3.28), the normalized Euclidean

distance matriz is

0
0.016
DYy = | 0.102
0.111

0.493

0.016 0.102 0.111
0 0.099 0.108
0.099 0 0.034
0.108 0.034 0
0.495 0.507 0.508

0.493

0.495

0.507

0.508
0

(4.46)

The normalized CDF measure is obtained by using Equation (3.31). Thus, the normalized

CDF dissimilarity matriz is

0
0.016
Dxepr= | 0.101
0.106

0.500

0.016 0.101 0.106
0 0.094 0.106
0.094 0 0.028
0.106 0.028 0
0.511 0.573 0.566

0.500

0.511

0.573

0.566
0

(4.47)

Using these distance or dissimilarity matrices, we can perform the divisive monothetic

and polythetic clustering methods. The clustering results for each distance or dissimilarity

measure and clustering method are shown in Table 4.10.



Table 4.10: Clustering results for each measure and method.

Monothetic method

Polythetic method

Measure P, | Clusters (C4,...,C}) Clusters (C4,...,C,)
P | ({y1,y2,¥3,y4,¥5}) ({¥1,¥2:¥3, Y4, ¥5})
Extended | P> | ({y1,¥2,¥3,y4},{y5}) ({y1,¥2,¥3, ¥4}, {y5})
Gowda-Diday | P | ({y1,y2}, {y3 ya},{ys}) ({y1,y2}, {y3,ya}, {¥5})
Py | ({yi, vt {ysh {vat- {ys}) | (v, y2} {ysh {ya}. {ys})
Ps | ({1} {ve) {ys} {ya}, {ys}) | (ya) {ye), {ys} {ya}, {ys})
P | ({y1,y2,¥3,y4,¥5}) ({y1,¥2,¥3, ¥4, ¥5})
Normalized | P2 | ({y1,y2,y3,¥4},{ys5}) ({y1,¥2,¥3, ¥4}, {y5})
City block | Ps | ({y1,y2}, {ys, ¥4}, {y5}) ({y1,y2}, {y3,ya}, {¥5})
Py | ({yi,yed {ysh {vat- {ys}) | (v, y2} {ysh {ya}. {ys})
Ps | ({1} {va) {ys}, {ya}, {ys}) | (i) {yve}, {ys} {ya}, {ys})
P | ({y1,y2,¥3,y4,¥5}) ({¥1,¥2,¥3,¥4.¥5})
Normalized | P2 | ({y1,y2,y3,y4},{ys5}) ({y1,¥2,¥3, ¥4}, {y5})
Euclidean | P53 | ({y1,y2},{y3 ya},{y5}) ({y1,y2}, {y3,ya}, {¥5})
Py | ({yi,yod {ysh {vat-{ys}) | (v, ye} {ysh {ya}. {ys})
Ps | ({1} {ve) {ys} {ya}, {ys}) | (i) {ye), {ys} {ya}, {ys})
P | ({y1,y2,¥3,y4,¥5}) ({¥1,¥2,¥3.¥4.¥5})
Normalized | P2 | ({y1,y2,y3,y4},{ys5}) ({y1,¥2,¥3, ¥4}, {y5})
CDF Py | ({y1,y2}, {ys ya}, {ys}) ({y1,y2}, {y3,ya}, {y5})
Py | ({y1, v}, {ys} {val: {ys}) | ({v1, v} {ys} {ya}: {ys})
Ps | ({y1ih {y2}b {ysh {val {ys)) | Uy} {ye} {ys) {ya}, {ys})
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From Table 4.10, we see that both the monothetic and polythetic methods give the

same clustering results for any one given distance/dissimilarity measures, and the four

distance/dissimilarity measures also give the same outcomes for both the monothetic and

polythetic algorithms.

For the distance or dissimilarity matrices in Equation (4.42), (4.45), (4.46), and (4.47)

and clustering outcomes in Table 4.10, we can calculate the Dunn and Davis-Bouldin indexes

using Equation (4.8) and (4.9).

Table 4.11 shows the Dunn and Davis-Bouldin index values for the extended Gowda-Diday

measure, the normalized city block distance and normalized Euclidean distance based on the

normalized extended Ichino-Yaguchi measure, and the normalized CDF' distance, for both
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Table 4.11: Cluster validity index values for Example 4.2

Monothetic method Polythetic method
Measure Validity | =2 r=3 r=4|r=2 r=3 r=4
Extended DI? 2.023 53.387 1.698 | 2.023 53.387 1.698

Gowda-Diday | DB; 0.494 0.025 0.301 | 0494 0.025 0.301
Normalized DI} 10.833 18.487 4.541 | 10.833 18.487 4.541
city block DB; 0.092 0.046 0.115| 0.092 0.046 0.115
Normalized DI? 17.436 18.197 4.453 | 17.436 18.197 4.453
Euclidean DB; 0.067 0.046 0.117 | 0.057  0.046 0.117
Normalized DI} 21.600 25.772 3.242 | 21.600 25.772 3.242
CDF DB; 0.046 0.035 0.159 | 0.046 0.035 0.159

the divisive monothetic and polythetic clustering methods. For all measures and methods,
when the number of clusters are three, the Dunn index values, DI, are largest and the
Davis-Bouldin index values, DB?, are smallest. From Table 4.10, the three clusters are
({yl,yg},{yg,y4},{y5}). Howewver, index values at r = 3 are relatively close to those at
r = 2. This can be explained by the fact that clusters {y1,ys2} and {ys,ys4} have the same
mean vector and overlap. Nevertheless, the validity indexes detect the optimal number of

clusters (three) in this example even with the overlap.

Example 4.3 In this example, we evaluate the proposed indexes for the Fisher’s (1936)
iris dataset used in Example 3.1. Originally, Fisher’s iris dataset has four variables, viz.,
Y, =‘Sepal Length’, Yo =‘Sepal Width’, Y3 =‘Petal Length’, and Yy =‘Petal Width’ and 150
individual observations from three species (setosa, versicolor, virginica), with each species
having 50 individual observations. However, in this example, we aggregate consecutive groups
of ten from the 150 observations. After aggregating, a histogram-valued dataset with 15 objects
can be generated (these are provided in the Appendiz A.1, Table A.1). Each iris species
15 represented by five symbolic objects. For example, object yi,...,ys are included in the
species ‘setosa’, yg,...,¥Y10 are in the species ‘versicolor’, and yio,...,¥y15 are in the species

‘virginica’.
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It 1s well known that the Fisher’s iris dataset has two or three clusters. Thus, the true
number of clusters for the histogram-valued iris dataset is also two or three. If it has three
clusters, each species constitutes one cluster. If two clusters, one cluster is the species ‘setosa’,
and another cluster has the species ‘versicolor’ and ‘virginica’.

The transformed histogram-valued data are obtained using Definition 3.3 and are given in
Table A.2 in Appendiz A.2. From these transformed histogram-valued data, we can calculate
the extended Gowda-Diday measure of Equation (3.21), the city block distance of Equation
(3.26) and Euclidean distances of Equation (3.27) based on the normalized extended Ichino-
Yaguchi measure for v = 0.25 defined in FEquation (3.22) and (3.23), and the normalized
CDF measure of Equation (3.31).

From Equation (3.8), the extended Gowda-Diday dissimilarity matriz is given in Table
4.12. The normalized city block distance is the normalized Minkowski distance of Equation
(3.28) when q = 1, where, in this example, this measure is obtained by using the normalized
extended Ichino-Yaguchi measure with v = 0.25. Thus, we first calculate the normalized
extended Ichino-Yaguchi measure for each variable. The normalized extended Ichino-Yaguchi
dissimilarity matrices with v = 0.25 for each variable (i.e., Y1,...,Yy) are, from Equation
(8.23), given in Table 4.13, 4.14, 4.15, and 4.16, respectively. The sum of the normalized
extended Ichino-Yaguchi dissimilarity matrices given in Table 4.13, 4.14, 4.15, and 4.16 is
the normalized city block distance matrix. Thus, the normalized city block distance matriz 1s
giwen in Table 4.17. The normalized Euclidean distance is the normalized Minkowsk: distance
of Equation (3.28) when q = 2, where this measure is obtained by using the normalized
extended Ichino-Yaguchi dissimilarity matrices of Equation (3.23) with v = 0.25 as given in
Table 4.13, 4.14, 4.15, and 4.16. From Equation (3.27) and (3.28), the normalized Euclidean
distance matriz s shown in Table 4.18. The normalized CDF measure is obtained by using
FEquation (3.31). Thus, the normalized CDF dissimilarity matriz is shown in Table 4.19.

Using these distance or dissimilarity matrices, we can perform the monothetic and poly-

thetic divisive clustering methods. The clustering results for each of the extended Gowda-



Table 4.12: The extended Gowda-Diday dissimilarity matrix.

Dcp Vi y2 Y3 Y4 Y5 Y6 y7 ys
Y1 0 2.34 3.14 1.89 2.68 6.36 6.51 6.73
Yo 2.34 0 3.35 2.09 3.15 5.87 5.91 6.73
& 3.14 3.35 0 3.95 3.06 6.53 6.63 6.48
V4 1.89 2.09 3.55 0 3.27 6.39 6.33 6.94
Vs 2.68 3.15 3.06 3.27 0 5.98 5.89 6.48
Y6 6.36 5.87 6.53 6.39 5.98 0 2.47 2.58
yr 6.51 5.91 6.63 6.33 5.89 2.47 0 2.52
ys 6.73 6.73 6.48 6.94 6.48 2.58 2.52 0
Yo 6.39 6.00 6.58 6.44 5.97 1.91 1.90 2.09
Yo 6.21 5.91 6.02 6.00 5.85 2.76 2.83 2.70
yu 7.25 7.03 7.66 7.60 7.18 4.03 4.93 4.46
Y12 7.42 6.94 7.68 7.60 6.67 4.08 4.42 4.47
Y13 7.46 7.18 7.27 7.67 7.42 4.08 4.78 3.93
Y14 7.34 6.80 7.11 7.52 7.03 4.08 4.86 4.25
Yis 6.71 6.80 6.66 6.97 6.53 4.67 4.29 3.45

Decp Yo Yio Y Yi2 Yi3 Yi4 Yis5
Vi 6.39 6.21 7.25 7.42 7.46 7.34 6.71
Yo 6.00 5.91 7.03 6.94 7.18 6.80 6.80
Y3 6.58 6.02 7.66 7.68 7.27 7.11 6.66
Y4 6.44 6.00 7.60 7.60 7.67 7.52 6.97
ys 5.97 5.85 7.18 6.67 7.42 7.03 6.53
Ve 1.91 2.76 4.03 4.08 4.08 4.08 4.67
yr 1.90 2.83 4.93 4.42 4.78 4.86 4.29
Vs 2.09 2.70 4.46 4.47 3.93 4.25 3.45
Yo 0 3.08 4.55 4.36 4.54 4.40 3.98
Yo 3.08 0 5.27 5.42 5.12 5.55 5.08
yu 4.55 5.27 0 2.24 2.01 2.01 3.32
Y12 4.36 5.42 2.24 0 3.12 2.17 3.49
Y13 4.54 5.12 2.51 3.12 0 2.23 3.62
Y14 4.40 5.55 2.01 2.17 2.23 0 3.11
Yis 3.98 5.08 3.32 3.49 3.62 3.11 0
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Table 4.13: The normalized extended Ichino-Yaguchi dissimilarity matrix for variable Y;.

P Y1 Y2 Y3 Y4 Y5 Y6 y7 ys

Y1 0 0.12 0.04 0.05 0.00 0.29 0.27 0.35

Yo 0.12 0 0.11 0.08 0.11 0.20 0.18 0.26

& 0.04 0.11 0 0.05 0.04 0.27 0.24 0.31

Y4 0.05 0.08 0.05 0 0.05 0.24 0.21 0.29

Vs 0.00 0.11 0.04 0.05 0 0.29 0.26 0.34

Ve 0.29 0.20 0.27 0.24 0.29 0 0.09 0.14

yr 0.27 0.18 0.24 0.21 0.26 0.09 0 0.09

Vs 0.35 0.26 0.31 0.29 0.34 0.14 0.09 0

Yo 0.25 0.17 0.22 0.20 0.25 0.13 0.07 0.08

Yo 0.20 0.13 0.17 0.14 0.20 0.15 0.09 0.15

Y1 0.44 0.32 0.42 0.38 0.43 0.14 0.22 0.20

Yi2 0.42 0.33 0.40 0.37 0.42 0.19 0.16 0.14

Y13 0.46 0.37 0.43 0.41 0.45 0.19 0.18 0.14

Y1 0.47 0.39 0.44 0.42 0.47 0.23 0.22 0.17

Yis 0.40 0.31 0.37 0.35 0.39 0.15 0.12 0.04
1 Yo Yio Y Yi2 Yi3 Yi4 Yis

Vi 0.25 0.20 0.44 0.42 0.46 0.47 0.40

Yo 0.17 0.13 0.32 0.33 0.37 0.39 0.31

V3 0.22 0.17 0.42 0.40 0.43 0.44 0.37

Y4 0.20 0.14 0.38 0.37 0.41 0.42 0.35

ys 0.25 0.20 0.43 0.42 0.45 0.47 0.39

Ve 0.13 0.15 0.14 0.19 0.19 0.23 0.15

yr 0.07 0.09 0.22 0.16 0.18 0.22 0.12

Vs 0.08 0.15 0.20 0.14 0.14 0.17 0.04

Yo 0 0.12 0.25 0.19 0.21 0.25 0.14

Yo 0.12 0 0.29 0.24 0.26 0.29 0.21

yu 0.25 0.29 0 0.13 0.08 0.13 0.19

Y12 0.19 0.24 0.13 0 0.07 0.06 0.14

Y13 0.21 0.26 0.08 0.07 0 0.06 0.12

Y14 0.25 0.29 0.13 0.06 0.06 0 0.14

Yis 0.14 0.21 0.19 0.14 0.12 0.14 0
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Table 4.14: The normalized extended Ichino-Yaguchi dissimilarity matrix for variable Y.

¢35 Y1 Y2 Y3 Y4 Y5 Y6 y7 ys

Y1 0 0.12 0.08 0.13 0.11 0.19 0.27 0.20

Yo 0.12 0 0.10 0.12 0.16 0.31 0.40 0.33

& 0.08 0.10 0 0.11 0.13 0.21 0.30 0.22

V4 0.13 0.12 0.11 0 0.19 0.26 0.34 0.28

Vs 0.11 0.16 0.13 0.19 0 0.19 0.25 0.22

Ve 0.19 0.31 0.21 0.26 0.19 0 0.16 0.10

yr 0.27 0.40 0.30 0.34 0.25 0.16 0 0.09

Vs 0.20 0.33 0.22 0.28 0.22 0.10 0.09 0

Yo 0.22 0.35 0.25 0.30 0.21 0.04 0.13 0.09

Yo 0.24 0.37 0.26 0.31 0.24 0.10 0.11 0.04

Y1 0.13 0.28 0.18 0.23 0.16 0.12 0.16 0.07

Yi2 0.17 0.28 0.21 0.27 0.11 0.12 0.14 0.14

Y13 0.16 0.28 0.17 0.23 0.21 0.10 0.17 0.08

Y1 0.15 0.23 0.12 0.22 0.15 0.10 0.19 0.11

Yis 0.12 0.25 0.15 0.20 0.16 0.09 0.15 0.07
5 Yo Yio Y Yi2 Yi3 Yi4 Yis

Vi 0.22 0.24 0.13 0.17 0.16 0.15 0.12

Yo 0.35 0.37 0.28 0.28 0.28 0.23 0.25

V3 0.25 0.26 0.18 0.21 0.17 0.12 0.15

Y4 0.30 0.31 0.23 0.27 0.23 0.22 0.20

ys 0.21 0.24 0.16 0.11 0.21 0.15 0.16

Ve 0.04 0.10 0.12 0.12 0.10 0.10 0.09

yr 0.13 0.11 0.16 0.14 0.17 0.19 0.15

Vs 0.09 0.04 0.07 0.14 0.08 0.11 0.07

Yo 0 0.08 0.10 0.12 0.12 0.13 0.10

Y10 0.08 0 0.10 0.14 0.12 0.15 0.11

yu 0.10 0.10 0 0.11 0.11 0.11 0.06

Y12 0.12 0.14 0.11 0 0.16 0.13 0.13

Y13 0.12 0.12 0.11 0.16 0 0.09 0.07

Y14 0.13 0.15 0.11 0.13 0.09 0 0.09

Yis 0.10 0.11 0.06 0.13 0.07 0.09 0
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Table 4.15: The normalized extended Ichino-Yaguchi dissimilarity matrix for variable Y3.

o3 Y1 y2 \E Y4 ¥s Y6 Y7 ys

Y1 0 0.01 0.03 0.02 0.02 0.47 0.44 0.49

Yo 0.01 0 0.03 0.02 0.03 0.47 0.44 0.49

Y3 0.03 0.03 0 0.03 0.03 0.45 0.41 0.46

V4 0.02 0.02 0.03 0 0.02 0.47 0.44 0.49

Vs 0.02 0.03 0.03 0.02 0 0.46 0.43 0.48

Ve 0.47 0.47 0.45 0.47 0.46 0 0.06 0.02

yr 0.44 0.44 0.41 0.44 0.43 0.06 0 0.05

Vs 0.49 0.49 0.46 0.49 0.48 0.02 0.05 0

Yo 0.46 0.46 0.44 0.46 0.45 0.07 0.05 0.05

Yo 0.43 0.43 0.41 0.43 0.42 0.05 0.05 0.07

Y1 0.72 0.72 0.69 0.72 0.71 0.24 0.27 0.22

Yi2 0.67 0.68 0.65 0.68 0.67 0.22 0.24 0.20

Y13 0.66 0.66 0.63 0.66 0.65 0.20 0.23 0.18

Y1 0.69 0.69 0.67 0.70 0.68 0.22 0.25 0.20

Yis 0.64 0.64 0.62 0.64 0.63 0.17 0.19 0.15
3 Yo Yio Y Yi2 Yi3 Yi4 Yis

Vi 0.46 0.43 0.72 0.67 0.66 0.69 0.64

Yo 0.46 0.43 0.72 0.68 0.66 0.69 0.64

V3 0.44 0.41 0.69 0.65 0.63 0.67 0.62

Y4 0.46 0.43 0.72 0.68 0.66 0.70 0.64

ys 0.45 0.42 0.71 0.67 0.65 0.68 0.63

Ve 0.07 0.05 0.24 0.22 0.20 0.22 0.17

yr 0.05 0.05 0.27 0.24 0.23 0.25 0.19

Vs 0.05 0.07 0.22 0.20 0.18 0.20 0.15

Yo 0 0.07 0.24 0.22 0.21 0.22 0.17

Y10 0.07 0 0.28 0.25 0.23 0.25 0.20

yu 0.24 0.28 0 0.07 0.05 0.03 0.10

Y12 0.22 0.25 0.07 0 0.11 0.11 0.10

Y13 0.21 0.23 0.05 0.11 0 0.09 0.10

Y14 0.22 0.25 0.03 0.11 0.09 0 0.07

Yis 0.17 0.20 0.10 0.10 0.10 0.07 0
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Table 4.16: The normalized extended Ichino-Yaguchi dissimilarity matrix for variable Y.

o1 Y1 Y2 Y3 Y4 Y5 Y6 y7 ys

Y1 0 0.01 0.04 0.00 0.05 0.46 0.42 0.48

Yo 0.01 0 0.04 0.01 0.05 0.44 0.41 0.46

& 0.04 0.04 0 0.05 0.03 0.40 0.36 0.41

V4 0.00 0.01 0.05 0 0.06 0.47 0.43 0.48

Vs 0.05 0.05 0.03 0.06 0 0.41 0.37 0.42

Ve 0.46 0.44 0.40 0.47 0.41 0 0.04 0.04

yr 0.42 0.41 0.36 0.43 0.37 0.04 0 0.07

Vs 0.48 0.46 0.41 0.48 0.42 0.04 0.07 0

Yo 0.44 0.43 0.38 0.45 0.39 0.02 0.04 0.05

Yo 0.40 0.38 0.34 0.41 0.35 0.05 0.04 0.08

Y1 0.72 0.71 0.65 0.73 0.66 0.27 0.30 0.25

Yi2 0.73 0.71 0.65 0.73 0.66 0.26 0.30 0.24

Y13 0.68 0.67 0.61 0.69 0.62 0.22 0.25 0.20

Y1 0.68 0.67 0.61 0.69 0.62 0.23 0.26 0.20

Yis 0.78 0.76 0.70 0.79 0.72 0.31 0.34 0.30
1 Yo Yio Y Yi2 Yi3 Yi4 Yis

Vi 0.44 0.40 0.72 0.73 0.68 0.68 0.78

Yo 0.43 0.38 0.71 0.71 0.67 0.67 0.76

V3 0.38 0.34 0.65 0.65 0.61 0.61 0.70

Y4 0.45 0.41 0.73 0.73 0.69 0.69 0.79

Vs 0.39 0.35 0.66 0.66 0.62 0.62 0.72

Ve 0.02 0.05 0.27 0.26 0.22 0.23 0.31

yr 0.04 0.04 0.30 0.30 0.25 0.26 0.34

Vs 0.05 0.08 0.25 0.24 0.20 0.20 0.30

Yo 0 0.05 0.29 0.27 0.24 0.24 0.33

Y10 0.05 0 0.33 0.32 0.27 0.29 0.37

yu 0.29 0.33 0 0.11 0.09 0.11 0.10

Y12 0.27 0.32 0.11 0 0.07 0.03 0.08

Y13 0.24 0.27 0.09 0.07 0 0.07 0.11

Y14 0.24 0.29 0.11 0.03 0.07 0 0.10

Yis 0.33 0.37 0.10 0.08 0.11 0.10 0




Table 4.17: The normalized city block distance matrix.

Dy | »i ¥ ¥ N ¥s Yo y7 ¥s
Y1 0 0.26 0.20 0.20 0.19 1.41 1.40 1.50
Yo 0.26 0 0.28 0.22 0.34 1.43 1.42 1.54
& 0.20 0.28 0 0.25 0.23 1.33 1.31 1.41
V4 0.20 0.22 0.25 0 0.32 1.44 1.42 1.54
Vs 0.19 0.34 0.23 0.32 0 1.34 1.31 1.46
N 1.41 1.43 1.33 1.44 1.34 0 0.35 0.30
V7 1.40 1.42 1.31 1.42 1.31 0.35 0 0.31
Vs 1.50 1.54 1.41 1.54 1.46 0.30 0.31 0
Yo 1.37 1.42 1.29 1.41 1.30 0.26 0.29 0.27
Yo 1.27 1.32 1.18 1.29 1.21 0.35 0.30 0.34
Y1 2.02 2.03 1.94 2.06 1.97 0.77 0.96 0.75
Yi2 1.99 2.00 1.91 2.06 1.86 0.79 0.84 0.72
Y13 1.96 1.97 1.84 1.99 1.93 0.70 0.83 0.60
Y1 2.00 1.98 1.84 2.03 1.92 0.78 0.92 0.68
Yis 1.94 1.97 1.83 1.98 1.90 0.73 0.81 0.56

D}VM Yo Yio Y Yi2 Yi3 Yi4 Yis
Vi 1.37 1.27 2.02 1.99 1.96 2.00 1.94
Yo 1.42 1.32 2.03 2.00 1.97 1.98 1.97
V3 1.29 1.18 1.94 1.91 1.84 1.84 1.83
Y4 1.41 1.29 2.06 2.06 1.99 2.03 1.98
V5 1.30 1.21 1.97 1.86 1.93 1.92 1.90
Ve 0.26 0.35 0.77 0.79 0.70 0.78 0.73
yr 0.29 0.30 0.96 0.84 0.83 0.92 0.81
Vs 0.27 0.34 0.75 0.72 0.60 0.68 0.56
Yo 0 0.32 0.88 0.81 0.78 0.84 0.73
Yo 0.32 0 0.99 0.95 0.89 0.99 0.90
Yi1 0.88 0.99 0 0.42 0.33 0.38 0.45
V12 0.81 0.95 0.42 0 0.42 0.33 0.45
Y13 0.78 0.89 0.33 0.42 0 0.30 0.40
Vi 0.84 0.99 0.38 0.33 0.30 0 0.41
Yis 0.73 0.90 0.45 0.45 0.40 0.41 0

102



Table 4.18: The normalized Euclidean distance matrix.

Dy | W y2 e Y4 Ys N y7 ¥s
V1 0 0.17 0.11 0.14 0.12 0.74 0.72 0.79
Yo 0.17 0 0.16 0.14 0.20 0.75 0.74 0.79
V3 0.11 0.16 0 0.14 0.14 0.69 0.67 0.73
V4 0.14 0.14 0.14 0 0.21 0.75 0.73 0.80
Y5 0.12 0.20 0.14 0.21 0 0.70 0.67 0.75
Y6 0.74 0.75 0.69 0.75 0.70 0 0.20 0.18
y7 0.72 0.74 0.67 0.73 0.67 0.20 0 0.16
Vs 0.79 0.79 0.73 0.80 0.75 0.18 0.16 0
Yo 0.72 0.74 0.67 0.74 0.68 0.15 0.16 0.14
Yo 0.67 0.70 0.62 0.69 0.63 0.19 0.16 0.19
Yu 1.12 1.10 1.05 1.12 1.07 0.41 0.49 0.40
Yi2 1.09 1.07 1.02 1.10 1.03 0.41 0.44 0.37
Y13 1.07 1.05 0.99 1.06 1.03 0.36 0.42 0.31
Y1 1.09 1.06 1.01 1.09 1.05 0.41 0.46 0.35
Yis5 1.09 1.08 1.01 1.09 1.04 0.40 0.44 0.34

D?\]M Yo Yio yu Yi2 Y13 Yi4 Yis5
V1 0.72 0.67 1.12 1.09 1.07 1.09 1.09
Yo 0.74 0.70 1.10 1.07 1.05 1.06 1.08
V3 0.67 0.62 1.05 1.02 0.99 1.01 1.01
V4 0.74 0.69 1.12 1.10 1.06 1.09 1.09
V5 0.68 0.63 1.07 1.03 1.03 1.05 1.04
Y6 0.15 0.19 0.41 0.41 0.36 0.41 0.40
y7 0.16 0.16 0.49 0.44 0.42 0.46 0.44
Vs 0.14 0.19 0.40 0.37 0.31 0.35 0.34
Yo 0 0.17 0.46 0.42 0.40 0.43 0.40
Yo 0.17 0 0.53 0.49 0.46 0.51 0.49
Vi1 0.46 0.53 0 0.21 0.17 0.21 0.24
\NAD) 0.42 0.49 0.21 0 0.22 0.18 0.23
Y3 0.40 0.46 0.17 0.22 0 0.15 0.20
Y14 0.43 0.51 0.21 0.18 0.15 0 0.21
Yis 0.40 0.49 0.24 0.23 0.20 0.21 0
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Table 4.19: The normalized CDF dissimilarity matrix.

Dnycpr Y1 y2 Y3 Ya Vs Y6 y7 ys
Y1 0 0.27 0.34 0.13 0.21 1.42 1.40 1.52
D) 0.27 0 0.43 0.17 0.38 1.45 1.43 1.55
& 0.34 0.43 0 0.35 0.23 1.35 1.34 1.42
Y4 0.13 0.17 0.35 0 0.28 1.43 1.42 1.54
Vs 0.21 0.38 0.23 0.28 0 1.36 1.35 1.46
Ve 1.42 1.45 1.35 1.43 1.36 0 0.24 0.17
yr 1.40 1.43 1.34 1.42 1.35 0.24 0 0.25
Vs 1.52 1.55 1.42 1.54 1.46 0.17 0.25 0
Yo 1.39 1.42 1.32 1.41 1.33 0.22 0.13 0.23
Yo 1.28 1.31 1.24 1.29 1.23 0.29 0.18 0.32
Vi1 2.04 2.07 1.81 2.05 1.91 0.70 0.89 0.67
V12 1.99 2.02 1.80 2.01 1.86 0.63 0.77 0.59
Y13 1.95 1.98 1.78 1.97 1.88 0.63 0.79 0.55
Y14 1.98 2.01 1.78 2.00 1.88 0.69 0.86 0.62
Yis 1.95 1.98 1.74 1.96 1.83 0.66 0.83 0.59

Dycpr Yo Y10 Y11 V12 Y13 Y14 Y15
Vi 1.39 1.28 2.04 1.99 1.95 1.98 1.95
Yo 1.42 1.31 2.07 2.02 1.98 2.01 1.98
V3 1.32 1.24 1.81 1.80 1.78 1.78 1.74
V4 1.41 1.29 2.05 2.01 1.97 2.00 1.96
ys 1.33 1.23 1.91 1.86 1.88 1.88 1.83
Y6 0.22 0.29 0.70 0.63 0.63 0.69 0.66
V7 0.13 0.18 0.89 0.77 0.79 0.86 0.83
Vs 0.23 0.32 0.67 0.59 0.55 0.62 0.59
Yo 0 0.18 0.85 0.73 0.74 0.81 0.78
Yio 0.18 0 0.95 0.87 0.87 0.94 0.91
Vi1 0.85 0.95 0 0.25 0.22 0.18 0.31
V12 0.73 0.87 0.25 0 0.28 0.22 0.29
yi3 0.74 0.87 0.22 0.28 0 0.16 0.28
Vi 0.81 0.94 0.18 0.22 0.16 0 0.29
Yis 0.78 0.91 0.31 0.29 0.28 0.29 0
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Diday measure, the normalized city block distance, the normalized Euclidean distance, and
the normalized CDF distance and the monothetic and polythetic clustering methods are shown
m Figure 4.4, 4.5, 4.6, and 4.7, respectively.

Figure 4.4 shows the clustering results for the extended Gowda-Diday measure, for the
monothetic and polythetic clustering methods. From Figure 4.4(a), we see that for the mono-
thetic method there are 14 binary questions, and the binary question at the first stage is ‘Is
Y3 < 2.797". This means that bipartiotioning is based on variable Y3 =’Petal Length’, and
the cut point for ‘Yes” or ‘No’ is 2.79. Thus, if the answer is ‘Yes’, the iris species goes to
the cluster {yi,...,ys}. Conversely, if ‘No’, it goes to {ys,...,y15}. That is, if the Petal
Length is equal or less than 2.79, then the iris species goes to the setosa, and if the Petal
Length s larger than 2.79, then it goes to the versicolor and virginica. For example, suppose
that there is a histogram-valued object for a new iris species and the mean for the variable
Y5 of this object, M;; = M,;3 = 2.2 of Equation (3.13). Then, since the mean of this new
iris species object is less than the cut point (2.79), the answer is ‘Yes’ and this new object is
classified into the cluster {yi,...,ys} (setosa). At the second stage, the binary question is
‘Is Y3 < 4.857". Similarly to the first stage, if the answer is ‘Yes’, then it goes to the cluster
{¥6,---,Y10}, and if ‘No’, then it goes to {yi1,...,y15} (virginica). For example, suppose
that we have a histogram-valued object for a new iris species, and the mean for the variable
Y3 of a new histogram-valued object is 4.0. Then, the answer for the first binary question,
‘Is Y3 < 2.797, is ‘No’, and the answer for the second binary question, ‘Is Y3 < 4.857, is
‘Yes’. Thus, this object is classified into the cluster {ys,...,y10} (versicolor).

As shown in Figure 4.4(b), the polythetic method does not provide binary questions because
it uses all p variables to find the optimal bipartition. From Figure 4.4(b), the right side of
each node represents the splinter cluster. The polythetic method proposed in Section 3.4.2
starts from finding the object that is the most different from the others within a cluster. That
object s called the seed, and the cluster including the seed is called the splinter cluster or

group. The polythetic method iteratively compares whether each object is close to a main
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cluster or a splinter cluster. Thus, from Figure 4.4(b), we know that the splinter cluster for
the first stage is {y1,...,¥s}. At the second stage, the cluster {ys,...,yi5} is bipartitioned
into {ye,...,y10} and {yi1,...,¥15}. In this case, {yi1,...,y15} is the main cluster and
{¥6,---, Y10} is the splinter cluster.

Figure 4.5 shows the dendrograms obtained when using the normalized city block distance
with ¢ = 1 in Equation (3.28). Figure 4.5(a) is obtained using the monothetic clustering
method and Figure 4.5(b) uses the polythetic method. The monothetic methods in Figure
4.5(b) provides the binary questions. At the first stage, Q = {y1,...,y15} is bipartitioned
into {y1,...,y5} and {ye,...,y15}. The first binary question is ‘Is Y3 < 2.79%°. This means
that if the Petal Length is less than 2.78, then it belongs to the cluster {yi,...,ys} (setosa),
and otherwise, it goes to {ye, ..., y15} (versicolor and virginica). The binary question for the
second stage is ‘Is Yy < 1.637°. The cluster {ys,...,y15} is bipartitioned into ({ye,...,y10}
(versicolor) and {y11,...,y15} (virginica) by the variable Yy = ‘Petal Width’. The bipartitions
for the first and second stage are the exactly same as those for the extended Gowda-Diday
measure as shown in Figure 4.4(a), but the binary questions for the second stage are different.

From Figure 4.5(b), we know that the splinter cluster for the first stage is {y1,...,ys}. At
the second stage, the cluster {ys, ..., y1s} is bipartitioned into ({yﬁ, Y0k Ay - ,y15}),
and the splinter cluster is {y11,...,y15}. The bipartitions for the first and second stage are
the same as those of the monothetic method of Figure 4.4(a).

Figure 4.6 shows the dendrograms obtained when using the normalized Fuclidean distance
with ¢ = 2 in Equation (3.28). Figure 4.6(a) is obtained using the monothetic clustering
algorithm and Figure 4.6(b) comes from the polythetic algorithm. From Figure 4.6(a) by
the monothetic method, the first binary question is ‘Is Y3 < 2.79?°, and Q = {y1,...,y15} is
bipartitioned into {y1,...,ys} and {ys,-..,y15} by this binary question. At the second stage,
the cluster {ys,...,y15} is split into ({yﬁ, oYk {yi, - ,y15}) by the binary question
Is Yy < 1.637°. For example, suppose that there is a new histogram-valued object, and the

mean for Y3 =‘Petal Length’ of this object is 3.5 and the mean for Y, =‘Petal Width’ is 2.0.
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Figure 4.4: Dendrogram for the extended Gowda-Diday measure.
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Figure 4.5: Dendrogram for the normalized city block measure.
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Figure 4.6: Dendrogram for the normalized Euclidean measure.
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Figure 4.7: Dendrogram for the normalized CDF measure.
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Then, this object goes to the cluster {y1,...,y15} (virginica). The partitions for the first and
second stage are the exactly same as those obtained for the extended Gowda-Diday measure
and for the normalized city block distance.

From Figure 4.6(b), we know that Q = {y1,...,y15} is bipartitioned into {y1,...,ys} and
{y6,---,Y15} at the first stage, and the splinter cluster is {y1,...,ys}. At the second stage,
the cluster {ys,...,y15} is split into ({y6, oY) {yi, - ,y15}). These bipartitions for
the first and second stage are the same as those obtained by the monothetic method shown
in Figure 4.6(a).

Figure 4.7 shows the dendrograms obtained when using the normalized CDF' dissimilarity
measure of Equation (3.31). Figure 4.7(a) is obtained using the monothetic clustering method
and Figure 4.7(b) uses the polythetic method. From Figure 4.7(a) for the monothetic method,
Q =A{y1,...,y15} is bipartitioned into {y1,...,ys} and {ye,...,y15} at the first stage, the
binary question for this stage is ‘Is Y3 < 2.79%°. At the second stage, the cluster {ys,...,y15}
is split into ({YG7 oY) Ay - ,y15}) by the binary question ‘Is Yy < 1.632°. These
bipartitions for the first and second stage are the same as those of the extended Gowda-Diday,
the normalized city block distance, and the normalized Euclidean distance. From Figure 4.7(b)
by the polythetic method, we also know that the partitions for the first and second stage are
same as those of the monothetic method shown in Figure 4.7(a).

Thus, when the numbers of clusters are two and three, we know that all dissimilarity
measures and clustering methods give the same results. That is, when r = 2, the clusters are
({Yh Y5 Ve, - - ,Y15}); and the clusters are ({Y17 Y5 AYes s Yi0) AV ,Y15})
when v = 3. This partition coincides with the attribute of the original classical iris dataset.
From the distance or dissimilarity matrices in Table 4.12, 4.17, 4.18, and 4.19 and the
clustering outcomes in Figure 4.4, 4.5, 4.6, and 4.7, we can calculate the Dunn and Davis-
Bouldin indexes for symbolic objects using Equation (4.8) and (4.9).

Table 4.20 shows the cluster validity index values for the extended Gowda-Diday measure,

the normalized city block distance, the normalized Euclidean distance, and the normalized



Table 4.20: Cluster validity index values for Example 4.3
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Measure Method | Index | r=2 r=3 r=4 r=5 r=6 r=7 r=
Mono- DI? | 1.797 2.216 0476  0.589  0.568  0.537 0.533
Extended thetic | DB; | 0.698 0.688§ 1.733 2.125 1985 2.064 1.936
Gowda-Diday | Poly- DI7 | 1.797  2.216 0442 0.589  0.370  0.537 0.533
thetic | DB? | 0.698 0.688 2.181  2.125 2416 2.064 1.936
Mono- DI? | 4.610 4.595 0.521 0450 0.552  0.541 0.812
Normalized thetic | DB; | 0.232 0.268 1.667 1.709 1.842 1.817 1.438
city block Poly- DI | 4.610 4.595 0.521  0.487 0.283  0.420 0.349
thetic | DB? | 0.232 0.268 1.667 1595 2283 2.045 2.191
Mono- DI? | 4.804 4.573 0493 0417 0393 0.662 0.814
Normalized thetic | DB; | 0.227 0.282 1.739 1.841 2530 1.930 1.508
Euclidean Poly- DI? | 4.804 4573 0493 0432 0379 0.334 0.304
thetic | DBZ | 0.227 0.282 1.739 1.778 2421  2.782 2.847
Mono- DI7 | 5556  7.909 0.822 0494 0.729 0.980 0.881
Normalized thetic DB: | 0.199 0.163 0.852 1.617 1.419 1.023 1.070
CDF Poly- DI? | 5556  7.909 0.822 0.515 0371 0.980 0.681
thetic | DB? | 0.199 0.163 0.852 1.653 1.967 1.023 1.261
Measure Method | Index | r=9 r=10 r=11 r=12 r=13 r=14
Mono- DI? | 0.704 0.587 0.578 1.265 1.124  1.008
Extended thetic | DB? | 1.457 1.562 1494 0814 0.735 0.714
Gowda-Diday | Poly- DI? | 0.704 0.587 0.575 1.265 1.124  1.008
thetic | DB? | 1.457 1.562 1.542 0814 0.735 0.714
Mono- DI7 | 0597 0.593 0.998 0.758 1.040  1.426
Normalized thetic DB; | 1.560 1.616 1.006 1.010 0.723  0.482
city block Poly- DI? | 0347 0.333 0998 0.758 0.574  1.426
thetic DB; | 2412 2479 1.006 1.010 1.113  0.482
Mono- DI? | 0928 0.797 0.740 1.012 1.028  1.640
Normalized thetic | DB; | 1.1,3 1.136  1.208 0.915 0.857  0.505
Euclidean Poly- DI? | 0.242 0.740 0.740 0.623  0.606  1.640
thetic DB; | 3.097 1.238 1.208 1.315 1.302  0.505
Mono- DI? | 0768 0.805 1.359 1.077 1.434 1.031
Normalized thetic DB; | 1.144 1.004 0.666 0.669  0.520  0.530
CDF Poly- DI? | 0768 0.805 1.359 1.077 1.434 1.031
thetic DB; | 1.144 1.004 0.666 0.669  0.520  0.530
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CDF measure, and the monothetic and polythetic divisive clustering methods. The monothetic
and polythetic methods give the same maximum value of the Dunn index and the same min-
imum value of the Davis-Bouldin index. The validity indexes for the extended Gowda-Diday
and normalized CDF measures show that the optimal number of clusters is three because the
Dunn index value for these measures is largest at r = 3 and the Dawvis-Bouldin index value
forr = 3 is smallest. On the contrary, the index values for the normalized city block distance
and the normalized Fuclidean distance indicate that there are two clusters in this dataset.
However, all index values at r = 2 are relatively very close to the inder values at r = 3. If
there are two clusters, the clusters are ({yl, o Ysh{Ye - - ,y15}), and if there are three
clusters, we have ({yl, s Ysh{Ye - Yi0) v, - - ,y15}). This result coincides with the
1ris species in the original dataset. This example shows that the monothetic and polythetic
divisive clustering methods, and the extended Gowda-Diday measure, the normalized city
block distance, the normalized Euclidean distance, and the normalized CDF measure give a
good result for clustering in this dataset, and the validity indezes find the optimal number of

clusters well.

From these examples, we know that the Dunn index, DI, and the Davais-Bouldin index,
DB, proposed in this chapter, work well for symbolic objects. They can be useful indexes
that give the information for the optimal number of clusters and help to choose well-separated

partitions.



CHAPTER 5

DATA ANALYSIS

In this chapter, the effectiveness of the divisive clustering methods proposed in this study is
demonstrated on the forest cover type dataset with cartographic variables (available in the
UCI Machine Learning Repository web site; http://www.ics.uci.edu/~mlearn/ MLReposi-
tory.html). This dataset includes 581,012 individual observations and ten numeric variables
with information for four wilderness areas, viz., the Rawah, Comanche Peak, Neota, and
Cache la Poudre in the Roosevelt National Forest, located in northern Colorado. The forest
cover type dataset came from the US Forest Service inventory information. The cartographic
variables in the dataset are the location information for seven cover types such as elevation,
aspect, and slope. Most variables were derived from standard digital spatial data precessed
in a geographical information system (GIS).

Originally, this dataset was made up for a discriminant analysis of cover types using the
geographical and environmental information. However, the goal of the analysis in this study is
to investigate which forest cover types have the most similar location and environment to each
other. Since this dataset has a huge number of individual observations and we are interested
in cover types, in order to obtain the answer for the research question it is appropriate that
data are aggregated by each cover type. This aggregation transforms the original data into
histogram-valued data. That is, each cover type is regarded as a histogram-valued object.
A more detailed description of the data is given in Section 5.1. Thus, we perform clustering
for histogram-valued data using various dissimilarity measures. Through the analysis for

the forest cover type data, we show in Section 5.2 and 5.3 how to apply the dissimilarity
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measures and the divisive clustering algorithms proposed in this study to real data sets.

Then, in Section 5.4, we examine whether they work well or not.

5.1 DATA DESCRIPTION

The cover type dataset consists of information for four wilderness areas in the Roosevelt
National Forest, Colorado. The dataset has 581,012 individual observations and ten numeric
variables including information for the place and environment where each cover type is
located. Each observation has one of seven mutually exclusive forest cover type classes.
Table 5.1 shows the cover type classes and the number of individual observations for each
class. For example, the Spruce-fir cover type has 211,840 observations. The lodgepole pine
and Spruce-fir have the largest number of observations relatively to the other cover types,
and the cottonwood/willow cover type has the smallest number of observations (at 2,747).
For the purposes of our analysis, we will not consider original frequencies for each object in
the symbolic data context. Thus, each cover type is treated as one observation. An extension

of our methodology could weight each observation, e.g., in proportion to these frequencies.

Table 5.1: Forest cover type classes.

Symbolic object Forest cover type # of obs.
Vi Spruce-fir 211,840

Yo Lodgepole pine 283,301

Y3 Ponderosa pine 35,754

V4 Cottonwood /Willow 2,747

NG Aspen 9,493

Y6 Douglas-fir 17,367

y7 Krummbholz 20,510

Total 581,012

The ten numeric variables in this dataset are digital spatial data obtained from the US
Geological Survey (USGS) and the US Forest Service (USFS). The description of each vari-
able is shown in Table 5.2; an expanded description is given in the UCI Machine Learning

Repository web site (http://archive.ics.uci.edu/ml/datasets/Covertype). Table 5.3 shows
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some basic descriptive statistics for each variable of the classical cover type data, viz., the
sample mean, standard deviation, and the minimum and maximum values. The measure-
ment scale of five of the variables is in meters, one is in degrees, another is azimuth (i.e.,
the horizontal angular distance from a fixed reference point), and three are index variables.
Since the measurement units of the variables in the dataset are not the same and the ranges

of the variables are different, normalized dissimilarity measures are used for clustering.

Table 5.2: Description of each variable in the cover type dataset.

Variable \ Measurement \ Description

Yi Meters Elevation

Y, Azimuth Aspect

Y;3 Degrees Slope

Yy Meters Horizontal distance to nearest surface water feature
Y Meters Vertical distance to nearest surface water feature
Ys Meters Horizontal distance to nearest roadway

Y, 0 to 255 index | A relative measure of incident sunlight at 09:00 A.M.
on the summer solstice

Ys 0 to 255 index | A relative measure of incident sunlight at noon
on the summer solstice

Yo 0 to 255 index | A relative measure of incident sunlight at 03:00 P.M.
on the summer solstice

Yio Meters Horizontal distance to nearest historic wildfire
ignition point

This dataset is transformed into a histogram-valued dataset with seven symbolic
objects and ten histogram-valued variables. To transform the classical cover type data
into histogram-valued dataset, we firstly aggregate classical data by each cover type. Then,
we have seven groups of aggregated data because there are seven cover types. From each

group of aggregated data, we generate one-dimensional histograms for each variable using the
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‘hist()’ function in statistical software ‘R’. The number of bins for each histogram is decided
by using a formula proposed by Sturges (1926). Sturges’ (1926) formula is [log, N + 1],
where N is the number of classical observations, and |[-] is the ceiling function mapping
a real number to the next largest integer. This histogram-valued dataset generated from
original classical cover type data is provided in Table B.1 of Appendix B.1. We use the
resulting histogram-valued dataset for our clustering methodology.

In Section 5.2 and 5.3, we analyse the forest cover type data by performing the clustering
methods for symbolic objects proposed in this study. As shown in Table B.1, the histogram-
valued data that come from the original cover type data set have different numbers and
lengths of subintervals for each object. Thus, in order to obtain the same number and length
of subintervals for each object, the histogram-valued data should be transformed using the
method introduced in Section 3.2. For each variable, we obtain the starting and ending
points of transformed subintervals using Equation (3.3) and (3.4). From the interval with

these starting and ending points, the transformed subintervals can be obtained by dividing

Table 5.3: Descriptive statistics for each variable.

Variable Minimum Maximum Mean Standard
Deviation

Y; 1859 3858 2959.36 279.98
Y, 0 360 155.65 111.91
Ys3 0 66 14.10 7.49
Y, 0 1397 269.43 212.55
Y5 -173 601 46.42 58.30
Ys 0 7117 2350.15 1559.25
Y, 0 254 212.15 26.77
Ys 0 254 223.32 19.77
Yy 0 254 142.53 38.27
Yio 0 7173 1980.29 1324.19
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this interval by the minimum length of original subintervals as defined in Equation (3.5) and
(3.7). For each object, the transformed relative frequencies corresponding to each transformed
subinterval are determined by the overlapping portion between the original and transformed
subintervals. Thus, we can obtain the transformed histogram-valued data from the original

histogram-valued data. These transformed data are shown in Table B.2 of Appendix B.2.

5.2  DISSIMILARITY MEASURES

From the transformed histogram-valued data of Table B.2, dissimilarity measure values for
pairs of objects can be calculated. For the analysis, we apply four different dissimilarity
measures to the transformed dataset, viz., the extended Gowda-Diday dissimilarity measure
(GD) of Equation (3.21), the city block distance (CB) of Equation (3.26) and the Euclidean
distances (EU) of Equation (3.27) (based on the normalized extended Ichino-Yaguchi measure
for v = 0.25 defined in Equation (3.22) and (3.23)), and the normalized CDF measure
(NCDF) of Equation (3.31). All four measures are normalized measures. Details of their
derivations are given in Appendix B.3; the corresponding complete dissimilarity/distance
matrices Dgp, DYy, D%/, and Dyopr are as follows:

The extended Gowda-Diday dissimilarity matrix for seven objects of cover types is given

by
0.000 1.341 6.454 7.305 4.300 6.354 2.953
0.000 6.201 7.239 3.891 6.285 3.593
0.000 4.037 4.775 2.077 7.042
Dep = 0.000 4.818 4.416 7.251 |- (5.1)
0.000 5.175 4.770

0.000 7.288

0.000
The normalized city block and Euclidean distances are based on the normalized extended
Ichino-Yaguchi measure (see Appendix B.3), and are special cases of the normalized

Minkowski distance of Equation (3.28). If ¢ = 1 in the normalized Minkowski distance,
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then it becomes the normalized city block distance, and if ¢ = 2, it becomes the normalized

Euclidean distance. The normalized city block distance matrix for seven objects of cover

types is

The normalized Euclidean distance matrix for seven objects of cover types is given by

2 —
DNM -

0.000 0.257 1.155 1.365
0.000 1.087 1.262
0.000 0.589

0.000

0.732
0.615
0.743
0.732
0.000

1.122
1.095
0.348
0.695
0.846
0.000

0.000 0.114 0.471 0.567 0.273 0.453

0.000 0.417 0.501
0.000 0.212

0.000

The normalized CDF dissimilarity matrix is

Dyepr =

0.000 0.225 1.112 1.354
0.000 1.016 1.221
0.000 0.596

0.000

0.223
0.279
0.326

0.000

0.727
0.590
0.702
0.674

0.000

0.406
0.133
0.276
0.315
0.000

1.107
1.042
0.330
0.714
0.806

0.000

0.472
0.626
1.323
1.475
0.925
1.364

0.000

0.174
0.263
0.568
0.664
0.369
0.565

0.000

0.380
0.492
1.291
1.478
0.868
1.364

0.000

(5.2)

(5.3)
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5.3 CLUSTERING

Both the monothetic and polythetic methods are used for divisive clustering, and clustering
outcomes are demonstrated using validity indexes (in Section 5.4). These clustering proce-
dures for this cover type dataset are described in Section 5.3.1 in detail; and a discussion of

the resulting partitions and dendrograms is in Section 5.3.2.

5.3.1 MONOTHETIC AND POLYTHETIC METHODS

In this section, we illustrate the monothetic and polythetic clustering procedures for the

cover type dataset using the extended Gowda-Diday dissimilarity matrix of Equation (5.1).

MONOTHETIC METHOD

We illustrate the clustering procedure for the cover type data by the monothetic method.
At the first stage, we have a cluster with seven histogram-valued objects for the cover type

data. That is,

Plzclz{ylu"'7Y7}7

where y; are as described in Table 5.1. First, we calculate the mean of each object for each
variable, M;;, using Equation (3.13), and then sort the objects in ascending order by their
mean values. The result is shown in Table B.3 in Appendix B.4. Let yfi) denote an object
with the " smallest mean for the variable Y;. Then, from this table, the object with the
smallest mean for the variable Y; = Elevation is y,4, and this object y, is denoted by y%l).
The second smallest mean for the variable Y; is 2394.2 corresponding to y (o) = y3. Also, the
object with the largest mean for Y} is y; and its mean is 3361.7. Thus, Table B.3 shows the
order of objects sorted by mean values for each variable.

In the monothetic context, the number of possible bipartitions for the r* stage is
> p(n,—1), where p is the number of variables and n,, is the number of objects in cluster

Cy, u=1,...,7. Thus, since we have seven objects in C1, there are 60 (= 10(7 —1)) possible
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bipartitions at the first stage. We have to examine the within-cluster variance for all 60 pos-

sible bipartitions. For example, from the first row of Table B.3 in Appendix B.4, the possible

bipartitions for variable Y; are ({y}, {¥s3,¥6,¥5:,¥2:¥1,¥7}), ({¥4. Y3} {¥6:¥5: Y2, Y1, ¥7}),

({Y47 Y3, yﬁ}a {Y5; Y2,¥1, y7})7 ({y47 Y3,¥Ye, Y5}? {y27 yi, Y7})7 ({Y4> Y3,¥6,¥5, Y2}; {yla Y7})7
and ({y4,¥3,¥6, Y5, Y2, Y1}, {y7}). For all 60 bipartitions, the decrement values of the within-

cluster variance are obtained by Equation(3.39), and the optimal bipartition can be found
by the maximum decrement value. For example, if the extended Gowda-Diday dissimilarity
matrix and weights w; = 1/n for the within-cluster variance are used, the decrement value
of the within-cluster variance for the partition ({y4,ys,¥s}, {¥5, Y2, ¥1,¥7}) can be obtained

as follows: Let Cl = {}’1aY27Y37Y47Y57Y6;Y7}; Cll = {y47Y37YG}7 and C112 = {Y57Y27Y1;Y7}-
Then,

1
1(C)) = m{mzu? +6.454% + 7.305> + - - - + 5.175* + 4.770° + 7.2882}
= 12.53,
chH = L 14037 4+ 44162 +2.0772) = 1.91
! — a3k . . 91,
1

1(C?) = m{3.8912 4 4.300% + 4.770 + 1.3412 + 3.503% + 2.9532}

= 2.85.

Thus,
Ay =1(Cy) = I(C}) — I(CF) = 12.53 — 1.91 — 2.85 = 7.77.

Similarly, we can obtain decrement values of the other possible bipartitions for the first stage,
and this result is shown in Table B.4 of Appendix B.4. From the Table B.4, we know that the
maximum decrement value is 7.77, and the optimal bipartition corresponding to this value
is ({ys, ¥4, ¥6}, {y1,¥2,¥5,y7})-

The important characteristic is that a binary question can be found at each stage. In the
case of histogram-valued data, cut points for binary questions can be obtained by the mean
value of the union between two objects on a boundary of the optimal bipartition. However,

at each stage, there can often exist more than one cut point. For example, as shown in
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Table B.4, the clustering outcomes based on the variables Y7, Y3, Yy, Y, Ys, Yig, respec-
tively, detect the same optimal bipartition, ({y1,¥2,¥s,¥7},{¥3,¥4,¥s}), corresponding to
the largest decrement value (7.77). Thus, there can be six cut points at the first stage because
six variables detect the optimal bipartition. To obtain a unique cut point and binary ques-
tion, we use dissimilarity values for these variables between two objects on the boundary
of the optimal bipartition. As shown in Table B.4, the optimal bipartition for the variable
Yiis ({¥4,¥3,¥6}, {¥5, ¥2,¥1,y7}). In this case, two objects on the boundary of the optimal
bipartition in ascending order by Y] are yg and ys. That is, the cluster {y1,...,y7} is split
into two clusters in the boundary between two objects yg and ys. Thus, the dissimilarity
value for variable Y; between two transformed objects yg and yt is considered. That is, from

Definition 3.8,

DGD(yéhyél) = [DH(yélv ?/él) + D21(?/£517 ?/él) + D31(?/é17 yél)]

= 0.319+0.725 4 0.180 = 1.223.

Similarly, the dissimilarity values for the other variables Y3, Yy, Y, Y, Yio that detect the

optimal bipartition at the first stage can be obtained as follows:

Ys i Dep(Yss, ysz) = 0.181,
Y, DGD(yézp yé4) = 0.260,
Yo+ Dap(Yes Yse) = 0.662,
Ys ' Dap(yis, yss) = 0.200,

Yip : DGD(yéJang,lO):O'?la

Since the dissimilarity based on the Y; variable has the largest value of 1.223, the binary
question for the first stage is based on the variable Y7, and from Equation (3.15), the cut
point can be obtained using the mean for the variable Y; of the union of two transformed
objects yg and y%. That is, the cut point is JW(*().US)1 = 2596.83. Thus, the binary question for

the first stage is ‘Is Y7 < 2596.837". As shown in Figure 5.1(a), if the answer of this question
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is ‘Yes’, then the observation goes into cluster C; = {y3,y4,ys}, but if ‘No’, then it goes
into cluster Cy = {y1,y2,¥s5,¥7}-

From the result of the first stage, we start the second stage with two clusters C) =
{ys,v¥4,¥6} and Cy = {y1,¥2,¥5,y7})- In this stage, either of these two clusters is biparti-
tioned. Similarly to the first stage, we first sort the objects for each cluster by mean values.
Using the mean values for the Y; variable in Table B.3, we can sort the objects in each cluster
for the Y; variable. For example, for the Y5 variable, the sorted result is C; = {y4,¥3,¥6}
and Cy = {ys,y2,¥7,¥1}. Similarly, we can sort the objects for the other variables. In this
stage, we have to examine five (= 2 + 3) possible biparitions for each variable. Thus, there
are a total of 50 possible bipartitions at this stage.

The within-cluster variance values for two clusters C7 = {ys3,ys1,¥6}) and Cy =
{¥1,¥2,¥5,y7} can be found in Table B.4 in columns 3 and 4, respectively. For example, in
Table B.4, the third row of the clustering result for variable Y; shows the optimal biparti-
tion, to be ({ya.¥3,¥6}, {¥5 ¥2.¥1,¥y7}). The I(C}) and I(C?) values (viz., 1.91 and 2.85,
respectively) corresponding to the optimal bipartition are the within-cluster variances for
the two clusters C; = {ys,y4,¥6}) and Co = {y1,¥2,¥5,y7} at the second stage. That is,
at the second stage, I(Cy) = 1.91 and I(Cy) = 2.85. Using these values, we can calculate
the decrement values for each possible bipartition. The results are shown in Table B.5 of
Appendix B.4.

From Table B.5, we see that the decrement value, I(C,) — I(C}) — I(C?), has the largest
value of 1.73 when the cluster Cy = {y1,y2,ys,y7} is split into ({ys} and {y1,y2,y7}). That
is, the optimal partition at the second stage is ({y1,y2,¥7}, {¥s}, {¥3,¥4,¥6}) Since, as
shown in Table B.5, all variables except for variable Y5 (i.e., 9 variables) detect the same
optimal bipartition for the second stage, there can be nine possible binary questions at this
stage. Thus, to obtain a unique binary question, we examine the extended Gowda-Diday
measure values for each variable that detect the optimal bipartition. That is, the variable

with the largest dissimilarity value becomes the unique binary question for this stage. For
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example, for variable Y3, the optimal bipartition is ({y1,y2,y7}, {ys}) in ascending order by
mean values for Y3. In this case, the two objects on the boundary of the optimal bipartition
are y7 and ys. That is, the cluster {yi,y2,ys5,¥7} is split into two clusters in the boundary
between two objects y; and ys. In this case, the dissimilarity value for variable Y3 between
two transformed histogram-valued objects y%, and y%, Dap(yrs, yss), should be examined.
Thus, we have to examine the dissimilarity values for nine variables except for Y5 between

two objects on the boundary, using Equation (3.21) as follows:

i+ Dep(Ys, Yar) = 0.773,
Yo+ Dap(ys, ya2) = 0.225,
Ys © Dap(yrs yss) = 0.224,
Yy © Dap(ysy, vhs) = 0.255,
Yo : Dap(sg, Yag) = 0.701,
Yr ' Dep(Yzr, vs7) = 0136,
Ys ¢+ Dap(yss yzs) = 0.284,
Yo i Dap(Ysg, Yre) = 0.320,

Yip : DGD(yé,1o7yi,1o):0-355-

Since the dissimilarity for the variable Y; has the largest value of 0.773, the cut point for the
second binary question should be the mean value of the union for the variable Y; between
the two transformed histogram-valued objects y; and y5. Thus, from Equation (3.15), the
cut point is M(*5u2)1 = 2875.28, and the second binary question becomes ‘Is Y; < 2875.287".
As shown in Figure 5.1(a), if the answer for this binary question is ‘Yes’, the object goes
into cluster {ys}. In contrast, if ‘No’, it goes into cluster {y1,y2,y7}

At the third stage, we start with three clusters (C; = {ys,y4,¥s}, Co = {ys}, C5 =
{¥1,¥2,¥7}). One of these three clusters would be bipartitioned, but we do not have to
examine cluster Cy because this cluster has only one object. Thus, in this stage, there are

four (= 24 0 4 2) possible bipartitions for each variable. Similarly to the first and second
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Table 5.4: Clustering results for four dissimilarity measures.

Partition Extended Gowda-Diday (Monothetic and Polythetic)

P {y1,y2,¥5y7}, {ys,y4,¥6})

P3 ({y17y27Y7}> {y37Y4>y6}7 {Y5})

Py {y1,y2, 57} {y3,¥6}, {yva}, {ys})

P; ({y1,y2}, {ys.ve}s {yats {ys} {y7})

Ps ({y1y2) {ysh, {va}, {ys}: {ve}, {y7})
Partition Normalized city block (Monothetic and Polythetic)

P2 ({Y17Y2,Y7}7 {YS7Y47Y57Y6})

P3 ({YLYZ,Y?]U {y37Y47y6}7 {Y5})

Py ({yny2,y7} {ys. e} {ya}, {ys})

P; ({y1.y2}, {ys.ve}. {va}, {ys} {y7})

P ({YIvYQ}’ {y3}a {}’4}, {Y5}, {y6}7 {Y7})
Partition Normalized Euclidean (Monothetic and Polythetic)

P2 ({YI7Y27Y57Y7}; {Y37Y47YG})

P3 ({y1,y2,y7}, {y3,y4, 56}, {ys})

P, ({y1.y2,y7} {vs.¥6} {ya}s {ys})

P; ({y1.y2}: {ys.ve}s {ya}: {ys} {v7})

Ps ({yuy2}, {ys}, {va}, {ys}, {ys}, {y7})
Partition Normalized CDF (Monothetic and Polythetic)

-P2 ({YhYQ,}"?}y {YS7Y47YBaYG})

P3 ({y1,y2.¥7}, {y3,y6}, {ya,¥y5})

P, ({y1.y2,y7} {vs,y6} {ya}s {ys})

P5 ({y17y2}7 {Y37YG}7 {Y4}7 {Y5}7 {Y7})

Ps ({y1y2) {ys}, {va}, {ys}: {ve}, {y7})
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Y1 <=2596.83

Y1 <=2875.28

Y1 <=2329.27
Y1 <= 3237.83
Y5 <=[55.01
Y1 <= 3020.51
y4 y6 y3 ys y2 yl y? y2 yl y7 y5 y3 y6 y4
| Left : YES, Right: NO |
(a) Monothetic algorithm (b) Polythetic algorithm

Figure 5.1: The clustering result for the extended Gowda-Diday dissimilarity measure.

stage, the optimal bipartition and binary question for the third stage can be calculated;
and all completed clustering outcomes shown in Table 5.4 and Figure 5.1(a) also can be
obtained. Similarly to the case of the extended Gowda-Diday dissimilarity measure of Equa-
tion (5.1), clustering results for the normalized city block distance, the normalized Euclidean
distance, and the normalized CDF dissimilarity measure of Equation (5.2), (5.3), and (5.4),

respectively, can be obtained and are shown in Table 5.4.

PoLyTHETIC METHOD

Let us now apply the polythetic method introduced in Section 3.4.2 to the forest cover
type dataset. We start the first stage with P, = (C7 = {y1,...,yr}). First, we calculate
the average weighted dissimilarity, D, (y;), for each object using the extended Gowda-Diday

dissimilarity matrix of Equation (5.1). For example, suppose that the weight w; = 1/n for all

objects. Then, the average weighted dissimilarity for the object y1, D;(y1), is, from Equation
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(3.42),
Diy) = —— i Dep(y1,yi)
n(ny —1) —
= 7716(0.000 + 1.341 + 6.454 + 7.305 + - - - + 2.953)
= 0.684,

where the dissimilarities Dgp(y),y;) are given in Equation (5.1), and where n is the number
of objects in the partition P, and n; is the number of objects in the cluster C4.
Similarly, we can obtain the average weighted dissimilarity values for the other objects,

and those values are as follows:

D1 (y2) = 0.680, D;(ys3) = 0.728, D;(y4) = 0.835,

Di(ys) = 0.660, D (ys) = 0.752, Di(y7) = 0.783.

From these values, we can obtain the maximum value of the Dy(y;), i = 1,---,7. Thus,
the object y4 has the maximum average dissimilarity value, and M AD; = max;{D(y;), i =
1,...,7} = 0.835 (where M AD; is the maximum average dissimilarity value for the cluster
Cy ={y1,...,y7}, see Equation (3.43)). At the first stage, since there is only one cluster,
MMAD = max,{MAD,} = MAD; (where MM AD is the maximum average dissimilarity
value for all clusters in the current partition, see Equation (3.44)). Therefore, the object
y4 plays a role as a seed, and it goes into the splinter cluster. That is, the splinter cluster
C? = {ys} = {y*} Then, C! = {y1,¥2,¥3,¥5 Y6 Y7} = (Y1), Y2, ¥Y3), Y@, Y5): Y6) }»
where y1 = ya), Y2 = ¥©2), Y3 = ¥3), Y5 = Y1), Y6 = ¥(5), and y7 = y(6). Note that, unlike
the monothetic method, the polythetic method does not consider the order of objects in each
cluster.

To obtain the difference of the sums of the within-cluster variances for each object of
Equation (3.45), H;, the within-cluster variance for C! = {y1,y2,¥3,¥5, Y6, y7} and for
C? = {y4} are first calculated. Since C7 has only one object at the current status, the

within-cluster variance I(C?) = 0. The within-cluster variance for the cluster Cf] is given as,
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from Equation (3.35),

1
I(C}) = ———31.341% + 6.454% +4.300% + - - - +4.770% + 7.288%}
! 7x6

= 9.44.

Let TC! and T'C? be temporary clusters for the clusters C; and C?, respectively. These
temporary clusters play a role as temporary storage corresponding to the clusters C and C?.
Now, we set TC' = C] and TC? = C%; then TC' = {y1,y2,¥3, Y5, Y6, y7} and TC? = {y,},
and one object of TC' moves into the cluster TC?. For example, if the object yq) = y1
moves into the splinter cluster, the cluster TC' = {y,ys,¥5,¥6, y7} and TC? = {y1,y4}.

Then, the H(;y value can be calculated as follows. From Equation (3.35),

1
nrcty = m{moﬁ + 3.891% + 6.285% + 3.593% 4 4.775°
+2.077% + 7.042* + 5.175% + 4.770% + 7.2882}} = 8.15,
1
I(TC?*) = ——17.305"=3.81.
( ) 7x2

Thus, from Equation (3.45),
Hy = (9.44 4 0.00) — (8.15 + 3.81) = —2.52.

Similarly, the H ;) values for the other objects can be obtained, and the results are shown in
Table B.6 of Appendix B.4.

From Table B.6, when the object yg goes into the splinter cluster TC?, we have the
maximum H; value. Let M H be the maximum H; value (i.e., MH = max,{H, i =
1,...,6}); then M H = 1.41. Since the M H value is positive, the object ys goes into the
cluster CZ. Thus, currently C! = {y1,y2,¥3,ys, y7} and C? = {y4,ys}. The within-cluster
variance values for these clusters C| and C? are 6.64 and 1.39, respectively. Again, we set
temporary clusters where now TC' = C! = {y,y2,¥3,¥5,y7} and TC? = C? = {y4,y6}-
And then, one object of TC' = {y1,y2,¥3,¥s5,y7} moves into the splinter cluster TC? =

{y4,¥6}, and H; values are calculated as shown in Table B.7 in Appendix B.4.
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From the results of Table B.7, when the object y3 goes into the splinter cluster T'C?,
we have the maximum H; value of 3.27. Since M H > 0, the object y3 moves from the
cluster C} into the cluster CZ. Thus, now C{ = {y1,y2,¥5,y7} and C? = {y3,y4,¥6}. The
within-cluster variance values for C} = {y1,y2,¥s5,y7} and C? = {y3,y4,¥s} are 2.85 and
2.91, respectively. Similarly to the previous step, we set TC' = C} = {y1,y2,¥5,y7} and
TC? = C? = {ys3,y1,¥6}; and then one object of TC' goes into the splinter cluster TC?.
Table B.8 (of Appendix B.4) shows this result.

Since M H = —0.39 < 0, there is no object to move from the cluster C] into the cluster
C?. Thus, we finally obtain the optimal bipartition for the first stage. That is, the optimal
partition for the first stage is C; = {y1,¥2,¥5,¥7} and Co = {y3,¥4,y6}. In order to find
the optimal bipartition using the polythetic algorithm at this first stage, we examined 15
possible bipartitions. This number of possible bipartitions is much less than that required
for the monothetic algorithm (60 possible bipartitions).

We start the second stage with two clusters, C7 = {y1,¥2,y5,y7} and Cy = {y3,y4,¥6}-
Similarly to the first stage, we have to calculate the average weighted dissimilarity values.
To obtain these values, it is more convenient to use the reduced extended Gowda-Diday
dissimilarity matrices. The reduced distance/dissimilarity matrix can be obtained from the
original distance/dissimilarity matrix corresponding to 2 = {y1,...,y.}. In this case, the
original extended Gowda-Diday dissimilarity matrix is given in Equation (5.1). To obtain the
reduced dissimilarity matrix corresponding to the cluster C; = {y1,y2,¥5,¥7}, we extract
the 1%, 274 5t and 7" rows and columns from the original dissimilarity matrix of Equation

(5.1). Then, the reduced extended Gowda-Diday dissimilarity matrix for the cluster C; =

{¥1,¥2,¥5,y7} is given as
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Y1 Yo Y5 y7
Vi 0.000 1.341 4.300 2.953

Yo 1.341 0.000 3.891 3.593
Depe, =
Y5 4.300 3.891 0.000 4.770

y7 2.953 3.593 4.770 0.000

Similarly, the reduced dissimilarity matrix for Cy = {y3,y4,ye} is

Y3 Y4 Yo
Y3 0.000 4.037 2.077
Depc, = y, |4.037 0.000 4.416
V6 2.077 4.416 0.000
For example, the average weighted dissimilarity value for the objects y; and ys3, respectively,

are, from Equation (3.35),

1
Di(y) = = 5(0.000+ 1.341 + 4.300 + 2.953)

= 0.409,

1
Dfys) = = (0.000+4.037 + 2.077)

= 0.437.

The other average dissimilarity values for C; are D;(y3) = 0.420, D:(ys) = 0.617, D1 (y;) =
0.539, and the other average dissimilarity values for Cy are Dy(y4) = 0.604, Dy(ys) =
0.464. Thus, the maximum value for C}, from Equation (3.43) is M AD; = 0.617, and the
maximum value for Cy is M ADy = 0.604. Finally, the maximum value of MAD,, u=1,2
is MMAD = 0.617, and the object corresponding to 0.617 is y5. Thus, ys5 is regarded as
a seed, and (] is bipartitioned into two clusters at this stage because y5 € ;. That is,
Ct ={y1,y2.y7} = {yu,ye),¥e}, and Cf = {ys} = {y*}. The within-cluster variance
for C} is I(C}) = 1.12, and for C} is I(C?) = 0.

Now, we set TC' = Cf = {y1,y2,y7} and TC? = C} = {ys}; and then H;, values for

each object of (' are calculated as shown in Table B.9 of Appendix B.4.
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Since the M H value is —0.59 and this value is negative, there is no object to move
from the cluster C] into the cluster C? at this stage. Thus, the optimal bipartition for the
second stage is O] = {y1,y2,y7} and Cf = {ys}, and P3 = (C1 = {y1,y2,y7}, Ca =
{y3,¥4,¥6}, C3 = {ys}). Similarly to the first and second stage, the clustering outcomes for
the other stages as shown in Table 5.4 and Figure 5.1(b) can be obtained.

Also, the clustering results based on the normalized city block distance, the normalized
Euclidean distance, and the normalized CDF dissimilarity measure of Equation (5.2), (5.3),
and (5.4), respectively, can be obtained by the similar procedure to the extended Gowda-

Diday matrix of Equation (5.1), and are shown in Figure 5.2, 5.3, and 5.4, respectively.

5.3.2 DISCUSSION

Figures 5.1, 5.2, 5.3, 5.4, and Table 5.4 show dendrograms and partitions of the clustering
results for each dissimilarity measure and clustering methods. Figure 5.1 gives the dendro-
grams obtained when the extended Gowda-Diday measure is used; Figure 5.1(a) is obtained
when using the monothetic method introduced in Section 3.4.1, and Figure 5.1(b) is given
by the polythetic method proposed in Section 3.4.2. Figure 5.2 shows the dendrograms
obtained when using the normalized city block distance and both the monothetic and poly-
thetic methods. Figure 5.3 comes from using the normalized Euclidean distance measure,
and Figure 5.4 results from using the normalized CDF measure of Equation (3.31). For these
dendrograms, the vertical axis represents the 7 stage. Also, dendrograms for the monothetic
method show the binary questions for each stage. For each binary question, the left side of
each node means ‘Yes’ for binary questions, and the right side represents ‘No’. The binary
question in the monothetic method identifies the criterion on which bipartitioning is made.

From Figure 5.1(a) obtained by the monothetic algorithm based on the extended Gowda-
Diday measure, we see there are six binary questions, with the binary question at the first
stage as ‘Is Y} < 2596.837". This means that bipartitioning is based on variable Y;, and the

cut point for ‘Yes’ or ‘No’ is 2596.83. Thus, if the answer is ‘Yes’, the cover type goes to the
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cluster {ys,y4,yes}. Conversely, if ‘No’, it goes to {y1,¥2,ys,y7}. That is, if the elevation is
equal or less than 2596.83 meters, then the cover type goes to the cluster {ys,y4,ys}, and
if the elevation is larger than 2596.83 meters, then it goes to {y1,y2,¥s,y7}. For example,
suppose that there is a histogram-valued object for a new cover type and the mean for the
variable Y] of this object, M;; = M;; of Equation (3.13), is 2200 meters. Then, since the
mean of this new cover type object is less than the cut point (2596.83), the answer is ‘Yes’
and this new cover type object is classified into the cluster {ys,y4,ys}-

At the second stage, the binary question is ‘Is Y} < 2875.287'. Similarly to the first
stage, if the answer is ‘Yes’, then it goes to the cluster {ys}, and if ‘No’, then it goes to
{y1,¥2,¥7}. For example, suppose that we have a histogram-valued object for a new cover
type, and the mean for the variable Y; of a new histogram-valued object is 2700 meters.
Then, the answer for the first binary question, ‘Is Y; < 2596.837’, is ‘No’, and the answer
for the second binary question, ‘Is Y7 < 2875.287  is ‘Yes’. Thus, this object is classified
into the cluster {ys}. As shown in Figure 5.1(a), all binary questions except for the fifth
binary question (‘Is Y5 < 55.017") are related to the variable Y] representing the elevation.
This means that objects are mainly classified by variable Y] in the clustering result obtained
using the extended Gowda-Diday measure. That is, the elevation is a important factor to
classify cover types when classification is based on the extended Gowda-Diday measure.

As shown in Figure 5.1(b), the polythetic method does not provide binary questions
because it uses all p variables to find the optimal bipartition. In the results for the extended
Gowda-Diday measure, for all stages, the clustering result of the polythetic method is exactly
the same as that of the monothetic method as shown in Figure 5.1(a) and 5.1(b). In Figure
5.1(b), the right side of each node corresponds to the splinter cluster. The polythetic method
proposed in Section 3.4.2 starts with finding the object that is the most different from the
others within a cluster. That object is called the seed, and the cluster including the seed
is called the splinter cluster or group. The polythetic method iteratively compares whether

each object is close to a main cluster or a splinter cluster. Thus, from Figure 5.1(b), we



131

know that the splinter cluster is {ys, y4,¥6} and the object y4, which is located in the end
of the right side in Figure 5.1(b), is the seed at the first stage. At the second stage, the
cluster {y1,y2,¥s,y7} is bipartitioned into {y1,y2,y7} and {ys}. In this case, {y1,y2,¥7}
is the main cluster and {ys} is the splinter cluster and the seed. In other words, in the
cluster {yi,...,y7}, the object y4 is the most different from the others, and in the cluster

{¥1,¥2,¥5,y7}, the object y5 is the most different in both location and dispersion.

Y6 <= 2033.73

Y1 <= 2596.83

Y7 <=Pp11.13
Y1 <=3237.83
Y2 <=[174.58
Y1 <=3020.51
y3 y6 y4 y5 y2 yl y7 F

y6 y3 y4 yS yl y2 y7

| Left: YES, Right : NO | Right : Splinter group

(a) Monothetic algorithm (b) Polythetic algorithm

Figure 5.2: The clustering result for the normalized city block distance measure.

Figure 5.2 shows the dendrograms obtained when using the normalized city block dis-
tance with ¢ = 1 in Equation (3.28). Figure 5.2(a) is obtained using the monothetic clustering
method and Figure 5.2(b) uses the polythetic method. The monothetic methods in Figure
5.2(a) provides the binary questions. At the first stage, P, = {y1, ..., yr} is bipartitioned into
{y1,¥2,¥7} and {y3,y4,¥s,¥e} This bipartition is a little bit different from the clustering
result for the extended Gowda-Diday measure as shown in Figure 5.1(a). The cluster of the
object y5 is changed. However, the third partition of the normalized city block distance is the

same as that of the extended Gowda-Diday measure, P; = ({yl, v, ¥7}, {¥3, ¥4, Y6}, {y5}).
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The first binary question is ‘Is Yy < 2033.737’. This means that if the horizontal dis-
tance to the nearest roadway is less than 2033.73 meters, then that object belongs to
the cluster {ys,y4,¥s,¥6}, and otherwise, it goes to {y1,y2,¥7}. The binary question for
the second stage is ‘Is Y7 < 2596.837". The cluster {ys,ys,¥s,¥6} is bipartitioned into
({¥3,¥4.¥6}, {ys}) by the variable Y;. The six binary questions for this clustering result
are related to the variables Y7, Y5, Y5 and Y7.

From Figure 5.2(b), we know that the splinter cluster for the first stage is {y1, y2,y7}. At
the second stage, The cluster {ys,y4,ys, ¥} is bipartitioned into ({ys,ys, ¥}, {ys}), and
the splinter cluster is {ys}. Similarly to the result for the extended Gowda-Diday measure
shown in Figure 5.1, the clustering result for the normalized city block distance by the
polythetic algorithm is the same as that by the monothetic algorithm.

Figure 5.3 shows the dendrograms obtained when using the normalized Euclidean distance
with ¢ = 2 in Equation (3.28). Figure 5.3(a) is obtained using the monothetic clustering
algorithm and Figure 5.2(b) comes from the polythetic algorithm. In Figure 5.3(a) by the
monothetic method, the first binary question is ‘Is Y} < 2596.837°, and P, = {yi,...,¥y7}
is bipartitioned into {y1,y2,¥s,y7} and {ys,y4,¥s} by this binary question. At the second
stage, the cluster {y1,y2,ys,y7} is bipartitioned into ({y1,y2,y7}, {ys}) by the binary
question ‘Is Y < 2033.737°. For example, suppose that there is a new histogram-valued
object, and the mean for Y] of this object is 2700 meters and the mean for Yj is 2200 meters.
Then, this object goes to the cluster {yi,y2,y7}. For another example, if the mean for Y}
of a new object is 2200 meters and the mean for Y is 2000 meters, then this object goes
to the cluster {ys3,y4,ye}. That is, this object is not affected by the second binary question
‘Is Ys < 2033.737°. The clustering outcome for the normalized Euclidean distance is the
exactly same as that for the extended Gowda-Diday measure, but their binary questions are
different. Although monothetic clustering results for each measures can be the same, binary

questions for each measure can be different.
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Y1 <= 2596.83

Y6 <= 2033.73

Y7<=Pp11.13
Y1 <= 3237.83
Y2 <=[174.58
Y1 <= 3020.51
y3 y6 y4 ys y2 yl y? y6 y3 y4 yl y2 y7 y5
| Left : YES, Right: NO |
(a) Monothetic algorithm (b) Polythetic algorithm

Figure 5.3: The clustering result for the normalized Euclidean distance measure.

Also, from Figure 5.3, we know that the clustering result for the normalized Euclidean
distance by the polythetic algorithm is the same as that by the monothetic algorithm. In
Figure 5.3(b), P, = {y1,...,yr} is bipartitioned into {y1,y2,ys,y7} and {ys,ys,¥s} at the
first stage, and the splinter cluster is {y1,y2,ys,y7}. This bipartition is the same as that of
the extended Gowda-Diday measure shown in Figure 5.1(b). However, the splinter cluster of
the extended Gowda-Diday measure is {ys, y4,y6} at the first stage, and this splinter cluster
is different from that of the normalized Euclidean distance shown in Figure 5.3(b). That is,
splinter clusters can be different for different distance/dissimilarity measures.

Figure 5.4 shows the dendrograms obtained when using the normalized CDF dissimilarity
measure of Equation (3.31). Figure 5.4(a) is obtained using the monothetic clustering method
and Figure 5.4(b) uses the polythetic method. From Figure 5.4(a) by the monothetic method,
Py ={yi,...,y7} is bipartitioned into {y1,ys,y7} and {ys,y4,ys, e} at the first stage, the

binary question for this stage is ‘Is Y < 2033.737". This second bipartition P, is the same as
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Y6 <= 2033.73
Y2 <=[159.28
Y1 <=p505.3
Y1 <=3237.83
Y2<=[174.58
Y1 <= 3020.51
y4 ys y3 y6 y2 yl y7 y’:_y‘l y7  y6 y3 y5  y4
| Left: YES, Right : NO |
(a) Monothetic algorithm (b) Polythetic algorithm

Figure 5.4: The clustering result for the normalized CDF dissimilarity measure.

that of the normalized city block distance. At the second stage, the cluster {ys,ys,¥s, Y6}
is split into {ys,ys} and {y4,ys} by the binary question ‘Is Y5 < 159.28?". That is, if the
elevation is less than 2596.83 meters and the aspect is also less than 159.28 azimuth, then
the object goes to the cluster {y4,y5}. Also, if the elevation is less than 2596.83 meters
and the aspect is also larger than 159.28 azimuth, then the object belongs to the cluster
{ys,¥6}- This partition Pj is different from the third partitions for the other measures.
The third partition P5 for the extended Gowda-Diday, normalized city block and Euclidean
measures is ({yl,yg,y7}, {¥3,¥4,¥6}, {y5}). However, the partitions P;, Ps and Py for all
four dissimilarity /distance measures give the same outcomes.

In Figure 5.4(b), the splinter cluster for the first stage is {ys, ¥4, ¥s,ys}, and the second
stage is {y4,¥5}. The clustering outcome by the polythetic algorithm is the same as that

obtained by the monothetic algorithm.
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In summary, Table 5.4 shows partitions of each stage by each distance/dissimilarity mea-
sure. For all four distance/dissimilarity measures, the monothetic and polythetic algorithms
have the same clustering outcomes at each stage as shown in Table 5.4. The clustering
results for the extended Gowda-Diday, normalized city block and Euclidean measures are
the same except for the partition P, when using the city block distance. The clustering
result when using the normalized CDF measure is different from the extended Gowda-Diday
and normalized Euclidean measures in P, and Ps. The partitions P, and P; for the extended
Gowda-Diday and normalized Euclidean measures are ({yl,y27y5,y7}, {yg,y4,y6}) and
({yl, V2, Y7}, {¥3,¥1,¥6}s {y5}), respectively. However, the partitions P, and P; are
({Y17Y27Y7}7 {Y37Y47Y57Y6}) and ({Y1,Y2,Y7}; {¥3,¥6}, {Y4,Y5})7 respectively. In con-
clusion, the partitions P, and P3 are different for the four distance/dissimilarity measures,
but for all four measures, the partitions Py, Ps, and Fs are the same. Thus, all measures
give very similar clustering results. Also, we see in Section 5.4 that the optimal number of
clusters is r = 5.

The cover type dataset includes the cartographic variables such as elevation, aspect, and
slope, etc. and all ten variables represent the information for location and circumstance of
each cover type. Since the clustering for the cover type dataset is based on these variables,
the clustering result is closely related to the areas where the seven cover types are located in.
Thus, we verify our clustering result through the the areas where each cover type inhabits.

The cover type data were investigated in four wilderness areas, viz., the Rawah (29,628
hectares), Comanche Peak (27,389 hectares), Neota (3,904 hectares), and Cache la Poudre
(3,817 hectares). The proportions and frequencies of each area by types of cover are shown
in Table 5.5. In our clustering, we do not consider weights for frequencies of each object.
That is, all objects have equal weights. Since all objects have equal weights, proportions of
cover types for each area should be considered.

From Table 5.5, Spruce-fir (y;) and lodgepole pine (y2) are primarily distributed in the

Rawah and Comanche Peak areas. 91.22% of Spruce-fir inhabit the Rawah and Comanche
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Table 5.5: Proportion for each cover type and wilderness area.

Symbolic | Cover Rawah Neota  Comanche Cache la
object Type Peak Poudre Total
NE Spruce-fir 49.90% 8.78% 41.32% 0.00% 100%
(105,717)  (18,595) (87,528) (0) || (211,840)
Vo Lodgepole 51.60% 3.17% 44.16% 1.07% 100%
Pine (146,197) (8,985) (125,093) (3,026) | (283,301)
V3 Ponderosa 0.00% 0.00% 40.00% 60.00% 100%
Pine (0) (0) (14,300)  (21,454) (35,754)
Vi Cottonwood/ 0.00% 0.00% 0.00%  100.00% 100%
Willow (0) (0) (0) (2,747) (2,747)
Vs Aspen 39.83% 0.00% 60.17% 0.00% 100%
(3,781) (0) (5,712) (0) (9,493)
NG Douglas-fir 0.00% 0.00% 43.91% 56.09% 100%
(0) (0) (7,626) (9,741) (17,367)
V7 Krummbholz 24.87% 11.23% 63.90% 0.00% 100%
(5,101) (2,304) (13,105) (0) (20,510)

Peak areas, and 95.76% of lodgepole pine are located in these areas. In addition, 49.90% and
41.32% of Spruce-fir are located in the Rawah and Comanche Peak, respectively, and 51.60%
and 44.16% of lodgepole pine inhabit the Rawah and Comanche Peak, respectively. Thus,
both Spruce-fir and lodgepole pine have similar proportions in the Rawah and Comanche
Peak areas. Also, a much lower proportion of these trees is located in the Neota area.
Although Krummbholz (y7) is also found in the Rawah, Comanche Peak, and Neota areas,
the proportion for the Comanche Peak (63.90%) is much larger than that for the Rawah area
(24.87%). Therefore, Spruce-fir and lodgepole pine can be a cluster, and Krummbholz can be
distinguished from this cluster.

Moreover, ponderosa pine (y3) and Douglas-fir (ys) are mainly distributed in the
Comanche Peak and Cache la Poudre areas. In addition, 40.00% and 60.00% of ponderosa
pine are located in the Comanche Peak and Cache la Poudre, respectively, and 43.91%

and 56.09% of Douglas-fir inhabit the Comanche Peak and Cache la Poudre, respectively.
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Thus, ponderosa pine and Douglas-fir have a similar distribution across the different areas.
Therefore, ponderosa pine and Douglas-fir can be a cluster.

On the contrary, cottonwood/willow (y4) is only in the Cache la Poudre area, and aspen
(y5) is only found in the Rawah and Comanche Peak. Thus, cottonwood/willow and aspen
can be a cluster, respectively. Thus, this result supports the conclusion that there are five

clusters in this dataset.

5.4 DIAGNOSTICS

For the cover type histogram-valued dataset, processing times for both monothetic and poly-
thetic algorithms (performed using R software, Windows XP with Intel Core2 Duo processor,
3.0GHz, and 2GB RAM) are shown in Table 5.6. These processing times are measured for
each distance/dissimilarity measure used, as indicated. As shown in Table 5.6, processing
times for each distance/dissimilarity measure are not largely different. The processing time
of the monothetic algorithm depends on both the number of objects and the number of vari-
ables, and the polythetic algorithm depends on only the number of objects. Thus, the type

of distance/dissimilarity measures does not affect processing time for clustering procedure.

Table 5.6: Processing time of clustering algorithms for each distance/dissimilarity measure.

Distance /Dissimilarity Monothetic Polythetic
Extended Gowda-Diday 0.0608 0.0084
Normalized city block 0.0607 0.0089
Normalized Euclidean 0.0627 0.0090
Normalized CDF 0.0642 0.0082

In the clustering for the cover type dataset, the processing time of the polythetic algorithm
is about seven times faster than that of the monothetic algorithm as shown in Table 5.6. As
mentioned in Section 3.4, for the monothetic algorithm, there are > _, p(n, — 1) possible
bipartitions at the r** stage, where p is the number of variables and n, is the number of
objects in a cluster C,. On the contrary, the polythetic algorithm has at most [{n’(n* —

1)}/2 — 1] possible bipartitions at the r'* stage, where n* is the number of objects in the
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Table 5.7: Validity index values for each dissimilarity measure and clustering algorithm.

Dissimilarity Validity r=2 r=3 r=4 r=>5 r==6

Algorithms Index

Extended Gowda-Diday | DI} 27239  0.9082 14355 3.2053  2.3972
Mono and Poly DB; 0.6013  1.4237 0.7699  0.2833  0.2146
Normalized city block DI? 27005  1.1711 1.1311 3.2054  1.8351
Mono and Poly DB 0.4923  1.2427 0.8989  0.3240  0.2905
Normalized Euclidean DI? 3.4310  1.2065 1.0048 3.5062  1.3569
Mono and Poly DB 0.4363  1.2459 0.9383 0.3293  0.3915
Normalized CDF DI? 2.8294 1.5889 1.5583  2.2186 2.1399
Mono and Poly DB; 0.4336  0.7052  0.6409  0.3769  0.2684

splinter cluster. The cover type dataset has ten variables (p = 10) and seven objects (n =
7). For example, at the first stage, the monothetic method has 60 (= 10(7 — 1)) possible
bipartitions. In contrast, the polythetic method has at most 20 (= {7(7—1)}/2—1) possible
bipartitions. That is, at the first stage, the number of possible bipartitions of the monothetic
method is three times larger than that of the polythetic method. For the clustering result for
the extended Gowda-Diday measure, the second partition is ({yl,yg, V5, Y7}, {yg,y4,y6})
as shown in Table 5.4. In this case, the monothetic method has 50 possible bipartitions
(=10(4 — 1) +10(3 — 1)). In contrast, since the splinter cluster is {ys,y4,¥6} as shown in
Figure 5.1(b), the polythetic method has at most 5 possible bipartitions (= {3(3—1)}/2—1).
This number is six times smaller than the number of possible biparitions of the monothetic
algorithm. Thus, from this dataset, we see that the polythetic method is much faster than
the monothetic method when the number of variables is large.

Now, the problem is to find the optimal partition and number of clusters. We investigate
these entities using the two cluster validity indexes proposed in Section 4.2. Table 5.7 shows
the Dunn and Davis-Bouldin index values for symbolic objects to find the optimal number

of clusters. The Dunn and Davis-Bouldin indexes are calculated from Equation (4.8) and
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(4.9), respectively. For these data, the monothetic and polythetic algorithms give the same
index values for each of the distance/dissimilarity measures and each r value because the
clustering outcomes for the monothetic and polythetic methods are exactly the same.

As mentioned in Section 4.2, a larger Dunn index and a smaller Davis-Bouldin index value
gives better clustering results. From Table 5.7, the Dunn index, DI;, has the largest value at
r =5 for each distance/dissimilarity measure except for the normalized CDF measure, and
the Davis-Bouldin index, DB?, has the smallest values at » = 6 except for the normalized
Euclidean distance. However, the Davis-Bouldin index values for the extended Gowda-Diday,
normalized city block and CDF measures have the second smallest value at r = 5. Especially,
the Davis-Bouldin index values for the extended Gowda-Diday and normalized city block
measures at r = 5 are similar to the values when r = 5 relatively to other values; while both
indexes for the normalized Euclidean distance indicate r = 5. Thus, we conclude that there
are five clusters in this dataset. Since all four distance/dissimilarity measures have the same
clustering outcome at r = 5, from Table 5.4, the five clusters are {Spruce-fir, Lodgepole
pine}, {Ponderosa pine, Douglas-fir}, {Cottonwood/Willow}, {Aspen}, and {Krummholz}.

Although this analysis is just one example, it shows that the distance/dissimilarity mea-
sures and clustering algorithms proposed in this study are a viable method for extracting
knowledge from large datasets and more important for data that are histogram-valued

objects.



CHAPTER 6

CONCLUSION AND FUTURE WORK

Histogram-valued data analytic methodology is one of the methods that deal with numeric
variables in huge datasets when we are interested in classes or groups of individuals, rather
than individual observations. Also, histogram-valued data are more informative than interval-
valued data because they include estimates of the shape and location of the distribution for
each class or group, while interval-valued data give only lower and upper limits. Therefore,
clustering methodology for histogram-valued data would generally be more precise than that
for interval-valued data. However, histogram-valued data are difficult to handle computation-
ally because observations typically have a different number and length of subintervals.

In this study, we propose a transformation for histogram data, as a technique for
handling them more easily computationally. From this technique, we developed new
distance/dissimilarity measures for histogram-valued data. Since some of the new dis-
tance/dissimilarity measures are based on the existing measures for interval-valued data
such as the Gowda-Diday and Ichino-Yaguchi measures, distance/dissimilarity values for
mixed datasets including multi-valued, interval-valued, and histogram-valued data can now
be obtained.

The monothetic algorithm based on a single variable at a time performs poorly in a struc-
ture that depends on combinations of variables. For this structure, the polythetic algorithm,
introduced in this study, as a new divisive clustering algorithm for symbolic objects is a
better approach because it is based on all p variables. Moreover, the polythetic algorithm is

much faster than is the monothetic algorithm when the number of variables are large.
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One of the important issues in clustering is how to find the optimal number of clusters.
For this issue, we propose two validity indexes for symbolic data based on Dunn’s index
and Davis-Bouldin’s index developed for classical data. Also, we showed that these indexes
detect well the number of clusters on the Fisher’s iris dataset and simulated datasets. We
believe that the methodology proposed in this paper can be a useful method for discovering
knowledge in large datasets.

Some future work may focus on dissimilarity measures for modal multi-valued data.
If dissimilarity measures for modal multi-valued data based on existing measures such as
the Gowda-Diday and Ichino-Yaguchi measures can be obtained, in the symbolic context,
we might extract more informative knowledge from large datasets. Another future work
may be related to supervised learning methods for histogram data such as the k—means
clustering method. The hierarchical clustering methods including the agglomerative and
divisive clustering methods are unsupervised learning methodologies because these methods
do not make use of class information about each object during clustering. However, when
class information in datasets such as the number of clusters is known, we need clustering
methods for symbolic objects that can use this information. Thus, this can be one of the
issues for clustering of histogram-valued objects.

Pyramid clustering for histogram-valued data also can be a future work. Pyramid clus-
tering is a agglomerative method, and the difference from usual hierarchical clustering
methods is that clusters of a pyramid can overlap. To date, the literature has pyramid
methods for classical data (e.g., Bertrand, 1992; and Bertrand and Diday, 1990) and for
intervals (Brito, 1995) only, and so far does not provide the pyramid clustering method for

histogram-valued data. Thus, this can be one of issues for clustering of symbolic data.
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APPENDIX A

FISHER’S IRIS DATA

HISTOGRAM-VALUED DATA

Table A.1: Histogram-valued data for iris data.

Y1 =Sepal Length

Y2 =Sepal Width

y2

y3

Y4

Y5

Y6

y7

ys

Y9

Y10

yi1

Y13

Y14

{[4.4,4.6),0.3; [4.6,4.8),0.1; [4.8,5.0),0.4;
[5.2,5.4),0.1}

{4.0,4.5),0.1; [4.5,5.0),0.2; [5.0,5.5),0.4;

{4.6,4.8),0.3; [4.8,5.0),0.2; [5.0,5.2),0.4;
{[4.4,4.6),0.1; [4.6,4.8),0.1;

[5.2,5.4),0.1; [5.4,5.6),0.2}

[4.8,5.0),0.3;

{[4.4,4.6),0.3; [4.6,4.8),0.1;
[5.2,5.4),0.1}

[4.8,5.0),0.3;

{[4.5,5.0),0.1; [5.0,5.5),0.2;
[6.5,7.0),0.3}

[5.5,6.0),0.1;
{5.0,5.5),0.1; [5.5,6.0),0.6; [6.0,6.5),0.2;

{[5.6,5.8),0.1; [5.8,6.0),0.1;
[6.4,6.6),0.1; [6.6,6.8),0.2}

[6.0,6.2),0.3;
{[5.4,5.6),0.5; [5.6,5.8),0.1; [5.8,6.0),0.2;
[6.2,6.4),0.1; [6.4,6.6),0.0; [6.6,6.8),0.1}

{[5.0,5.2),0.2; [5.2,5.4),0.0; [5.4,5.6),0.2;
[5.8,6.0),0.0; [6.0,6.2),0.2}

{[4.5,5.0),0.1; [5.0,5.5),0.0; [5.5,6.0),0.1;
[6.5,7.0),0.1; [7.0,7.5),0.3; [7.5,8.0),0.1}

{[5.5,6.0),0.3; [6.0,6.5),0.4; [6.5,7.0),0.1;
[7.5,8.0),0.2}

{[5.5,6.0),0.1; [6.0,6.5),0.4;
[7.5,8.0),0.1}

[6.5,7.0),0.2;
{[6.0,6.5),0.6; [6.5,7.0),0.1; [7.0,7.5),0.1;

{[5.8,6.0),0.2; [6.0,6.2),0.1;
[6.6,6.8),0.4; [6.8,7.0),0.1}

[6.2,6.4),0.1;

[5.0,5.2),0.1;

[5.5,6.0),0.3}
[5.2,5.4),0.1}

[5.0,5.2),0.2;

[5.0,5.2),0.2;

[6.0,6.5),0.3;

[6.5,7.0),0.1}

[6.2,6.4),0.2;

[6.0,6.2),0.0;

[5.6,5.8),0.4;

[6.0,6.5),0.3;

[7.0,7.5),0.0;

[7.0,7.5),0.2;

[7.5,8.0),0.2}

[6.4,6.6),0.1;

{[2:8,3.0),0.2; [3.0,3.2),0.3;
[3.6,3.8),0.0; [3.0,3.2),0.1}

3.2,3.4),0.2;

{[3.0,3.5),0.4; [3.5,4.0),0.5;
{[3.0,3.2),0.2; [3.2,3.4),0.5; [3.4,3.6),0.2;

{[3.0,3.2),0.4; [3.2,3.4),0.2;
[3.8,4.0),0.0; [4.0,4.2),0.2}

[3.4,3.6),0.2;
{[2.0,2.5),0.1; [2.5,3.0),0.1; [3.0,3.5),0.5;

{[2.2,2.4),0.2; [2.4,2.6),0.0;
[3.0,3.2),0.3; [3.2,3.4),0.1}

[2.6,2.8),0.3;

{[2.0,2.2),0.3; [2.2,2.4),0.0;
[2.8,3.0),0.4; [3.0,3.2),0.1}

[2.4,2.6),0.1;
{[2.4,2.6),0.4; [2.6,2.8),0.2; [2.8,3.0),0.2;

{[2.2,2.4),0.3; [2.4,2.6),0.1;
[3.0,3.2),0.1; [3.2,3.4),0.1}

[2.6,2.8),0.2;
{[2.2,2.4),0.1; [2.4,2.6),0.3; [2.6,2.8),0.2;

{[2.4,2.6),0.2; [2.6,2.8),0.1;
[3.2,3.4),0.1; [3.4,3.6),0.1}

[2.8,3.0),0.5;
{[2.0,2.5),0.2; [2.5,3.0),0.5; [3.0,3.5),0.2;

{[2.7,2.8),0.5; [2.8,2.9),0.0;
[3.1,3.2),0.2; [3.2,3.3),0.1}

[2.9,3.0),0.2;

{[2.6,2.8),0.4; [2.8,3.0),0.2;
[3.4,3.6),0.0; [3.6,3.8),0.1}

[3.0,3.2),0.2;

{[2.4,2.6),0.1; [2.6,2.8),0.1;
[3.2,3.4),0.2}

[2.8,3.0),0.3;

[4.0,4.5),0.1}

[3.4,3.6),0.2;

[3.6,3.8),0.1}

3.6,3.8),0.0;

[3.5,4.0),0.3}

[2.8,3.0),0.1;

[2.6,2.8),0.1;

[3.0,3.2),0.2}

[2.8,3.0),0.2;

[2.8,3.0),0.4}

[3.0,3.2),0.0;

[3.5,4.0),0.1}

[3.0,3.1),0.0;

[3.2,3.4),0.1;

[3.0,3.2),0.3;

(Continued)
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Y3 =Petal Length

Y4 =Petal Width

y2

Y3

Ya

Y5

Y6

y7

ys8

Yo

Y10

yi1

yi2

yi3

Yi4

yis

{[1.3,1.4),0.6; [1.4,1.5),0.3; [L.5,1.6),0.0; [1.6,1.7),0.1}

{[1.1,1.2),0.2; [1.2,1.3),0.1; [1.3,1.4),0.2; [1.4,1.5),0.3;
[1.5,1.6),0.1; [1.6,1.7),0.1}

{[1.0,1.2),0.1; [1.2,1.4),0.1; [1.4,1.6),0.5; [1.6,1.8),0.2;
[1.8,2.0),0.1}

{[1.2,1.3),0.3; [1.3,1.4),0.2; [1.4,1.5),0.4; [1.5,1.6),0.1}

{[1.3,1.4),0.6; [1.4,1.5),0.1; [1.5,1.6),0.2; [1.6,1.7),0.0;
[1.7,1.8),0.0; [1.8,1.9),0.1}

{[3.0,3.5),0.1; [3.5,4.0),0.2; [4.0,4.5),0.2; [4.5,5.0),0.5}

{[3.4,3.6),0.2; [3.6,3.8),0.0; [3.8,4.0),0.2; [4.0,4.2),0.2;
[4.2,4.4),0.1; [4.4,4.6),0.2; [4.6,4.8),0.1}

{[3.5,4.0),0.2; [4.0,4.5),0.3; [4.5,5.0),0.5}

{[3.6,3.8),0.2; [3.8,4.0),0.2; [4.0,4.2),0.1; [4.2,4.4),0.1;
[4.4,4.6),0.2; [4.6,4.8),0.1; [4.8,5.0),0.0; [5.0,5.2),0.1}

{3.0,3.5),0.2; [3.5,4.0),0.1; [4.0,4.5),0.6; [4.5,5.0),0.1}

{[4.5,5.0),0.1; [5.0,5.5),0.1; [5.5,6.0),0.5; [6.0,6.5),0.2;
[6.5,7.0),0.1}

{[5.0,5.5),0.8; [5.5,6.0),0.0; [6.0,6.5),0.0; [6.5,7.0),0.2}

{[4.5,5.0),0.4; [5.0,5.5),0.0; [5.5,6.0),0.5; [6.0,6.5),0.0;
[6.5,7.0),0.1}

{[4.5,5.0),0.1; [5.0,5.5),0.3; [5.5,6.0),0.3; [6.0,6.5),0.3}

{[5.0,5.2),0.6; [5.2,5.4),0.1; [5.4,5.6),0.1; [5.6,5.8),0.1;
[5.8,6.0),0.1}

{{0.1,0.2),0.8; [0.2,0.3),0.1; [0.3,0.4),0.1}

{]0.1,0.2),0.5; [0.2,0.3),0.3;

{[0.2,0.3),0.7; [0.3,0.4),0.2;

{]0.1,0.2),0.9; [0.2,0.3),0.0;

{[0.2,0.3),0.8; [0.3,0.4),0.1;

{[1.0,1.1),0.1; [1.1,1.2),0.0;
[1.4,1.5),0.3; [1.5,1.6),0.1}

{[1.0,1.1),0.4; [1.1,1.2),0.0;
(1.4,1.5),0.3}

{[1.0,1.2),0.2; [1.2,1.4),0.4;

{[1.0,1.1),0.2; [1.1,1.2),0.1;
[1.4,1.5),0.2; [1.5,1.6),0.2}

{[1.0,1.1),0.2; [1.1,1.2),0.3;

{[1.6,1.8),0.4; [1.8,2.0),0.1;
[2.4,2.6),0.2}

{[1.4,1.6),0.1; [1.6,1.8),0.1;
[2.2,2.4),0.3}

{[1.6,1.7),0.1; [1.7,1.8),0.4; [L.8,1.9),0.0;
[2.0,2.1),0.2; [2.1,2.2),0.0; [2.2,2.3),0.1}

{[1.4,1.6),0.2; [1.6,1.8),0.2; [1.8,2.0),0.2;

[2.2,2.4),0.2}

{[1.8,1.9),0.3; [1.9,2.0),0.1; [2.0,2.1),0.0;
[2.2,2.3),0.4; [2.3,2.4),0.1; [2.4,2.5),0.1}

[0.3,0.4),0.2}

[0.4,0.5),0.1}

[0.3,0.4),0.1}

[0.5,0.6),0.1}

[1.3,1.4),0.2;

[1.3,1.4),0.2;

[1.6,1.8),0.2}

[1.3,1.4),0.0;

[1.3,1.4),0.1}

[2.2,2.4),0.0;

[2.0,2.2),0.2;

[1.9,2.0),0.2;

[2.0,2.2),0.2;

[2.1,2.2),0.0;




A.2 TRANSFORMED HISTOGRAM-VALUED DATA

Table A.2: Transformed histogram-valued data for iris data.
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Trans?(l)rmcd Transformed relative frequency
subinterval | y3 ¥y Y3 ¥i Y5 Y6 Y7 Y& ¥o Yo Yu Yiz Yiz Yia Yis
[4,4.2) 0 0.04 0 0 0 0 0 0 0 0 0 0 0 0
[4.2,4.4) 0 0.04 0 0 0 0 0 0 0 0 0 0 0 0 0
[4.4,4.6) 0.3 0.06 0 0.1 0.3 0.02 0 0 0 0 0.02 0 0 0 0
[4.6,4.8) 0.1 008 03 01 01 0.04 0 0 0 0 0.04 0 0 0 0
[4.8,5) 0.4 008 02 03 03 0.04 0 0 0 0 0.04 0 0 0 0
[5,5.2) 0.1 016 04 02 0.2 0.08 0.04 0 0 0.2 0 0 0 0 0
[5.2,5.4) 0.1 016 01 01 0.1 0.08 0.04 0 0 0 0 0 0 0 0
[5.4,5.6) 0 0.14 0 0.2 0 0.06 0.14 0 0.5 0.2 002 0.06 0.02 0 0
[5.6,5.8) 0 0.12 0 0 0 0.04 024 01 01 04 004 0.12 0.04 0 0
[5.8,6) 0 0.12 0 0 0 0.04 024 02 02 0 0.04 0.12 0.04 0 0.2
(6,6.2) 0 0 0 0 0 0.12 0.08 0.2 0 0.2 0.12 0.16 0.16 024 0.1
[6.2,6.4) 0 0 0 0 0 0.12 0.08 0.2 0.1 0 0.12 0.16 0.16 024 0.1
[6.4,6.6) 0 0 0 0 0 0.12 0.06 0.1 0 0 0.08 0.1 012 0.14 0.1
[6.6,6.8) 0 0 0 0 0 0.12 0.04 02 0.1 0 0.04 0.04 0.08 0.04 04
(6.8,7) 0 0 0 0 0 0.12  0.04 0 0 0 0.04 0.04 0.08 0.04 0.1
[7,7.2) 0 0 0 0 0 0 0 0 0 0 0.12 0 0.08 0.04 0
[7.2,7.4) 0 0 0 0 0 0 0 0 0 0 0.12 0 0.08 0.04 0
[7.4,7.6) 0 0 0 0 0 0 0 0 0 0 0.08 0.04 0.06 0.06 0
[7.6,7.8) 0 0 0 0 0 0 0 0 0 0 0.04 0.08 0.04 0.08 0
[7.8,8) 0 0 0 0 0 0 0 0 0 0 0.04 0.08 0.04 0.08 0

(Continued)
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Trans??)rmed Transformed relative frequency

subinterval | yi ¥y vz ¥4 ¥5 ¥ Y7 ¥s Yo Yo Yu Yiz Yiz Y Vis
[2,2.1) 0 0 0 0 0.02 0 0.15 0 0 0 0 0.04 0 0 0
[2.1,2.2) 0 0 0 0 0.02 0 0.15 0 0 0 0 0.04 0 0 0
[2.2,2.3) 0 0 0 0 0.02 0.1 0 0 0.15 0.05 0 0.04 0 0 0
[2.3,2.4) 0 0 0 0 0.02 0.1 0 0 0.15 0.05 0 0.04 0 0 0
[2.4,2.5) 0 0 0 0 0.02 0 0.05 0.1 005 015 0.1 0.04 0 0 0.05
[2.5,2.6) 0 0 0 0 0.02 0 0.05 0.1 005 0.15 0.1 0.1 0 0 0.05
[2.6,2.7) 0 0 0 0 0.02 0.15 0.05 0.15 0.1 0.1 005 0.1 0 0.2  0.05
[2.7,2.8) 0 0 0 0 0.02 0.15 0.05 0.15 0.1 0.1 0.05 0.1 0.5 0.2 0.05
[2.8,2.9) 0.1 0 0 0 0.02 0.05 0.2 0.2 0.1 0.2 025 0.1 0 0.1 0.15
[2.9,3) 0.1 0 0 0 0.02 0.05 0.2 0.2 0.1 0.2 025 0.1 0.2 0.1 0.15
[3,3.1) 0.15 0.08 01 0.2 01 015 0.05 0.05 0.05 0 0 0.04 0 0.1 0.15
[3.1,3.2) 0.15 0.08 01 0.2 01 015 0.05 0.05 0.05 0 0 0.04 0.2 0.1 0.15
[3.2,3.3) 0.1 008 025 01 01 0.05 0 0 0.05 0 0.05 0.04 0.1 0.05 0.1
[3.3,3.4) 0.1 008 025 01 01 0.05 0 0 0.05 0 0.05 0.04 0 0.05 0.1
[3.4,3.5) 01 008 01 01 0.1 0 0 0 0 0 0.05 0.04 0 0 0
[3.5,3.6) 0.1 0.1 0.1 0.1 0.06 0 0 0 0 0 0.05 0.02 0 0 0
[3.6,3.7) 0 0.1 0.05 0 0.06 0 0 0 0 0 0 0.02 0 0.05 0
[3.7,3.8) 0 0.1 0.05 0 0.06 0 0 0 0 0 0 0.02 0 0.05 0
[3.8,3.9) 0.05 0.1 0 0 0.06 0 0 0 0 0 0 0.02 0 0 0
[3.9,4) 0.05 0.1 0 0 0.06 0 0 0 0 0 0 0.02 0 0 0
[4,4.1) 0 0.02 0 0.1 0 0 0 0 0 0 0 0 0 0 0
[4.1,4.2) 0 0.02 0 0.1 0 0 0 0 0 0 0 0 0 0 0
[4.2,4.3) 0 0.02 0 0 0 0 0 0 0 0 0 0 0 0 0
[4.3,4.4) 0 0.02 0 0 0 0 0 0 0 0 0 0 0 0 0
[4.4,4.5) 0 0.02 0 0 0 0 0 0 0 0 0 0 0 0 0

(Continued)
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Trans?irmed Transformed relative frequency

subinterval | yi ¥, ¥3 ¥4 ¥5 Y6  ¥7  ¥s  ¥o Yo Yu Y2 Y3z Yu Vi
[4,4.1) 0 0 0 0 0 0.04 0.1 0.06 0.05 0.12 0 0 0 0 0
[4.1,4.2) 0 0 0 0 0 0.04 0.1 0.06 0.05 0.12 0 0 0 0 0
[4.2,4.3) 0O 0 0 0 0 004 005 006 005 012 0 0 0 0 0
[4.3,4.4) 0 0 0 0 0 004 005 006 005 012 0 0 0 0 0
[4.4,4.5) 0 0 0 0 0 0.04 0.1 0.06 0.1 0.12 0 0 0 0 0
[4.5,4.6) 0 0 0 0 0 0.1 0.1 0.1 0.1 0.02  0.02 0 0.08 0.02 0
[4.6,4.7) 0 0 0 0 0 0.1 0.05 0.1 0.05 0.02 0.02 0 0.08 0.02 0
[4.7,4.8) 0 0 0 0 0 0.1 0.05 0.1 0.05 0.02 0.02 0 0.08 0.02 0
[4.8,4.9) 0 0 0 0 0 0.1 0 0.1 0 0.02  0.02 0 0.08 0.02 0
[4.9,5) 0 0 0 0 0 0.1 0 0.1 0 0.02  0.02 0 0.08 0.02 0
[5,5.1) 0 0 0 0 0 0 0 0 0.05 0 0.02 0.16 0 0.06 0.3
[5.1,5.2) 0 0 0 0 0 0 0 0 0.05 0 0.02 0.16 0 0.06 0.3
[5.2,5.3) 0 0 0 0 0 0 0 0 0 0 0.02 0.16 0 0.06 0.05
[5.3,5.4) 0 0 0 0 0 0 0 0 0 0 0.02 0.16 0 0.06 0.05
[5.4,5.5) 0 0 0 0 0 0 0 0 0 0 0.02 0.16 0 0.06 0.05
[5.5,5.6) 0 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0.06 0.05
[5.6,5.7) 0 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0.06 0.05
[5.7,5.8) 0 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0.06 0.05
[5.8,5.9) 0 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0.06 0.05
[5.9,6) 0o 0 0 0 O 0 0 0 0 0 0.1 0 0.1 0.06 0.05
[6,6.1) 0o 0 0 0 O 0 0 0 0 0 004 O 0 006 O
[6.1,6.2) 0o 0 0 0 O 0 0 0 0 0 004 O 0 006 O
[6.2,6.3) 0 0 0 0 0 0 0 0 0 0 0.04 0 0 0.06 0
[6.3,6.4) 0 0 0 0 0 0 0 0 0 0 0.04 0 0 0.06 0
[6.4,6.5) 0 0 0 0 0 0 0 0 0 0 0.04 0 0 0.06 0
[6.5,6.6) 0 0 0 0 0 0 0 0 0 0 0.02 0.04 0.02 0 0
[6.6,6.7) 0 0 0 0 0 0 0 0 0 0 0.02 0.04 0.02 0 0
[6.7,6.8) 0 0 0 0 0 0 0 0 0 0 0.02 0.04 0.02 0 0
[6.8,6.9) 0 0 0 0 0 0 0 0 0 0 0.02 0.04 0.02 0 0
[6.9,7) 0 0 0 0 0 0 0 0 0 0 0.02 0.04 0.02 0 0

(Continued)




Trans};?)rmed Transformed relative frequency
subinterval | ¥y ¥y ¥3 ¥i ¥5 ¥ ¥7 ¥s Yo Yo Yu Y2 Yz Yu Y5
[0.1,0.2) 0.8 0.5 0 0.9 0 0 0 0 0 0 0 0 0 0 0
[0.2,0.3) 01 03 07 0 0.8 0 0 0 0 0 0 0 0 0 0
[0.3,0.4) 0.1 0.2 0 0.1 0 0 0 0 0 0 0 0 0 0 0
[0.4,0.5) 0 0 0.1 0 0 0 0 0 0 0 0 0 0 0 0
[0.5,0.6) 0 0 0 0 0.1 0 0 0 0 0 0 0 0 0 0
[0.6,0.7) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
[0.7,0.8) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
[0.8,0.9) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
[0.9,1) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
[1,1.1) 0 0 0 0 0 01 04 01 02 02 0 0 0 0 0
[1.1,1.2) 0 0 0 0 0 0 0 0.1 0.1 0.3 0 0 0 0 0
[1.2,1.3) 0 0 0 0 0 03 01 02 0.3 0.4 0 0 0 0 0
[1.3,1.4) 0 0 0 0 0 02 02 0.2 0 0.1 0 0 0 0 0
[1.4,1.5) 0 0 0 0 0 03 03 01 0.2 0 0 0.05 0 0.1 0
[1.5,1.6) 0 0 0 0 0 0.1 0 0.1 0.2 0 0 0.05 0 0.1 0
[1.6,1.7) 0 0 0 0 0 0 0 0.1 0 0 0.2 0.05 0.1 0.1 0
[1.7,1.8) 0 0 0 0 0 0 0 0.1 0 0 0.2 0.05 0.4 0.1 0
[1.8,1.9) 0 0 0 0 0 0 0 0 0 0 0.05 0.15 0 0.1 0.3
[1.9,2) 0 0 0 0 0 0 0 0 0 0 0.05 0.15 0.2 0.1 0.1
(2,2.1) 0 0 0 0 0 0 0 0 0 0 0.15 0.1 0.2 0.1 0
[2.1,2.2) 0 0 0 0 0 0 0 0 0 0 0.15 0.1 0 0.1 0
[2.2,2.3) 0 0 0 0 0 0 0 0 0 0 0 0.15 0.1 0.1 0.4
[2.3,2.4) 0 0 0 0 0 0 0 0 0 0 0 0.15 0 0.1 0.1
[2.4,2.5) 0 0 0 0 0 0 0 0 0 0 0.1 0 0 0 0.1
[2.5,2.6) 0 0 0 0 0 0 0 0 0 0 0.1 0 0 0 0

155



APPENDIX B

FORESTRY COVER TYPE DATA

B.1 HISTOGRAM-VALUED DATA

Table B.1: Histogram data for forestry cover type data.

y ‘ Y1=Elevation

y1 | {[2450,2500),0.00004; [2500,2550),0.00070; [2550,2600),0.00169; [2600,2650),0.00285;
[2650,2700),0.00441; [2700,2750),0.01005; [2750,2800),0.01385; [2800,2850),0.02272;
[2850,2900),0.02643; [2900,2950),0.04330; [2950,3000),0.06893; [3000,3050),0.08873;
[3050,3100),0.10630; [3100,3150),0.12242; [3150,3200),0.13729; [3200,3250),0.13883;
[3250,3300),0.09751; [3300,3350),0.05452; [3350,3400),0.03426; [3400,3450),0.01391;
[3450,3500),0.00518; [3500,3550),0.00335; [3550,3600),0.00145; [3600,3650),0.00095;
[3650,3700),0.00034}

)

ya | {[2100,2150),0.00001; [2150,2200),0.00015; [2200,2250),0.00025; [2250,2300),0.00049;
[2300,2350),0.00067; [2350,2400),0.00083; [2400,2450),0.00180; [2450,2500),0.00522;
[2500,2550),0.01775; [2550,2600),0.02688; [2600,2650),0.03552; [2650,2700),0.04405;
[2700,2750),0.05751; [2750,2800),0.06760; [2800,2850),0.07280; [2850,2900),0.09077;
[2900,2950),0.11580; [2950,3000),0.12553; [3000,3050),0.10131; [3050,3100),0.06574;
[3100,3150),0.05454; [3150,3200),0.04528; [3200,3250),0.03369; [3250,3300),0.02581;
[ ) [ )s [ )

3300,3350),0.00765; [3350,3400),0.00210; [3400,3450),0.00026}

v3 | {[1850,1900),0.00064; [1900,1950),0.00579; [1950,2000),0.01454; [2000,2050),0.02937;
[2050,2100),0.03890; [2100,2150),0.04548; [2150,2200),0.04964; [2200,2250),0.05415;
[2250,2300),0.07020; [2300,2350),0.09384; [2350,2400),0.09034; [2400,2450),0.09526;
[2450,2500),0.08393; [2500,2550),0.08010; [2550,2600),0.08757; [2600,2650),0.07227;
[2650,2700),0.04262; [2700,2750),0.02327; [2750,2800),0.01390; [2800,2850),0.00646;
[2850,2900),0.00171}

)

)

~—

,0.13324;
,0.16163;
,0.00146}

,0.02950;
,0.20931;
,0.00063}

~—

,0.08227; [2100,2150
,0.17692; [2300,2350
,0.00692; [2500,2550

,0.03697; [2600,2650
,0.19404; [2800,2850
,0.02096; [3000,3050

va | {[1950,2000),0.00364; [2000,2050),0.04951; [2050,2100
[2150,2200),0.13069; [2200,2250),0.16199; [2250,2300
[2350,2400),0.07863; [2400,2450),0.01311; [2450,2500

vs | {[2450,2500),0.00748; [2500,2550),0.01243; [2550,2600
[2650,2700),0.05667; [2700,2750),0.18466; [2750,2800
[2850,2900),0.16022; [2900,2950),0.08712; [2950,3000

~— —
— —

~—
~—

~— —
— —

‘ (Continued)
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Yy

‘ Y;=Elevation

Y6

Y7

{[1850,1900),0.00403; [1900,1950),0.01134; [1950,2000),0.01416; [2000,2050),0.01434;
[2050,2100),0.02326; [2100,2150),0.03294; [2150,2200),0.02937; [2200,2250),0.03800;
[2250,2300),0.05620; [2300,2350),0.08637; [2350,2400),0.11464; [2400,2450),0.13624;
[2450,2500),0.11182; [2500,2550),0.08660; [2550,2600),0.07071; [2600,2650),0.06213;
[2650,2700),0.04474; [2700,2750),0.03478; [2750,2800),0.01710; [2800,2850),0.00818;
[2850,2900),0.00305}

{[2850,2900),0.00117; [2900,2950),0.00210; [2950,3000),0.00083; [3000,3050),0.00000;
3050,3100),0.00005; [3100,3150),0.00639; [3150,3200),0.02374; [3200,3250),0.08357;
3250,3300),0.13554;

[ ) ),

[ ) 3300,3350),0.18649; [3350,3400),0.26685; [3400,3450),0.17913;
[3450,3500),0.05471; ),

[ ) ),

[ )

);

); [ [ );
3500,3550),0.01814; [3550,3600),0.01043; [3600,3650),0.00449;
3700,3750),0.00873; [3750,3800),0.00507; [3800,3850),0.00712;

—

3650,3700),0.00507;
3850,3900),0.00039}

‘ Yo=Aspect

Y1

Y2

Y3

Y4

Y5

{[0,20),0.09491; [20,40),0.09745; [40,60),0.09417; [60,80),0.08232; [80,100),0.06844;
[100,120),0.05998; [120,140),0.04870; [140,160),0.03875; [160,180),0.03167;
[180,200),0.02961; [200,220),0.02648; [220,240),0.02211; [240,260),0.02440;
[260,280),0.03581; [280,300),0.04797; [300,320),0.06106; [320,340),0.06893;
340,360),0.06723}

{]0,20),0.08054; [20,40),0.08259; [40,60),0.08876; [60,80),0.08609; [80,100),0.07682;
100,120),0.06596; [120,140),0.05919; [140,160),0.05030; [160,180),0.04481;
180,200),0.03875; [200,220),0.03840; [220,240),0.03617; [240,260),0.03561;
260,280),0.03350; [280,300),0.03255; [300,320),0.04162; [320,340),0.05220;
340,360),0.05613}

{[0,20),0.05997; [20,40),0.05599; [40,60),0.05227; [60,80),0.05367; [80,100),0.06704;
100,120),0.07912; [120,140),0.07356; [140,160),0.06041; [160,180),0.05728;
180,200),0.04581; [200,220),0.04181; [220,240),0.03697; [240,260),0.02839;
260,280),0.03119; [280,300),0.04799; [300,320),0.06724; [320,340),0.07557;
340,360),0.06570}

{[0,20),0.04186; [20,40),0.04951; [40,60),0.06953; [60,80),0.07499; [80,100),0.10193;
[100,120),0.17801; [120,140),0.17546; [140,160),0.06225; [160,180),0.02912;
[180,200),0.03386; [200,220),0.02039; [220,240),0.01857; [240,260),0.01602;
[260,280),0.01383; [280,300),0.01129; [300,320),0.02657; [320,340),0.04077;
340,360),0.03604}

{[0,20),0.03813; [20,40),0.04814; [40,60),0.09080; [60,80),0.13526; [80,100),0.13599;
[100,120),0.09755; [120,140),0.06763; [140,160),0.05783; [160,180),0.05562;
[180,200),0.03877; [200,220),0.03234; [220,240),0.02370; [240,260),0.02602;
[260,280),0.03582; [280,300),0.02865; [300,320),0.02507; [320,340),0.03150;
[340,360),0.03118}

‘ (Continued)
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Yy

‘ Yo=Aspect

Y6

y7

{]0,20),0.11948; [20,40),0.11965; [40,60),0.0885; [60,80),0.05614; [30,100),0.04111;
[100,120),0.03374; [120,140),0.02263; [140,160),0.01117; [160,180),0.01273;
[180,200),0.01140; [200,220),0.01031; [220,240),0.01480; [240,260),0.02240;
[260,280),0.03553; [280,300),0.05384; [300,320),0.10745; [320,340),0.14084;
340,360),0.09829}

{[0,20),0.08947; [20,40),0.07084; [40,60),0.0705; [60,80),0.08279; [80,100),0.10336;
[100,120),0.07587; [120,140),0.05661; [140,160),0.05022; [160,180),0.07060;
[180,200),0.03784; [200,220),0.02613; [220,240),0.01638; [240,260),0.01253;
[260,280),0.01570; [280,300),0.03374; [300,320),0.04924; [320,340),0.05987;
340,360),0.0783}

‘ Ys=Slope

Y1

Y2

y3

Y4

Y5

Y6

y7

{10,5),0.11639; [5,10),0.27713; [10,15),0.28831; [15,20),0.17787; [20,25),0.08703;
25,30),0.03578; [30,35),0.01267; [35,40),0.00340; [40,45),0.00110; [45,50),0.00029;
[50,55),0.00003}

{[0,5),0.11125; [5,10),0.26495; [10,15),0.28129; [15,20),0.18366; [20,25),0.09282;
25,30),0.04280; [30,35),0.01707; [35,40),0.00508; [40,45),0.00072; [45,50),0.00018;
[50,55),0.00008; [55,60),0.00006; [60,65),0.00004}

{[0,5),0.03583; [5,10),0.10718; [10,15),0.16686; [15,20),0.18476; [20,25),0.18504;
[25,30),0.16555; [30,35),0.10270; [35,40),0.04274; [40,45),0.00828; [45,50),0.00106}

{[0,5),0.07463; [5,10),0.17073; [10,15),0.16199; [15,20),0.16600; [20,25),0.17037;
[25,30),0.13724; [30,35),0.08664; [35,40),0.02585; [40,45),0.00582; [45,50),0.00073}

{]0,5),0.07342; [5,10),0.19973; [10,15),0.20573; [15,20),0.20141; [20,25),0.16064;
25,30),0.10060; [30,35),0.05067; [35,40),0.00453; [40,45),0.00105; [45,50),0.00200;
50,55),0.00021}

{[0,5),0.04008; [5,10),0.11556; [10,15),0.18771; [15,20),0.22520; [20,25),0.21155;
25,30),0.13693; [30,35),0.06783; [35,40),0.01353; [40,45),0.00104; [45,50),0.00029;
[50,55),0.00029}

{[0,5),0.08708; [5,10),0.23974; [10,15),0.31589; [15,20),0.19488; [20,25),0.08406;
25,30),0.03788; [30,35),0.02116; [35,40),0.01365; [40,45),0.00405; [45,50),0.00151;
50,55),0.00010}

‘ (Continued)
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y ‘ Y,=Horizontal distance to nearest surface water feature

Y1

Y2

y3

Y4

Y5

Y6

y7

{]0,50),0.14387; [50,100),0.11947; [100,150),0.11343; [150,200),0.08039;
[200,250),0.09279; [250,300),0.08146; [300,350),0.06280; [350,400),0.05730;
[400,450),0.05257; [450,500),0.04144; [500,550),0.03380; [550,600),0.03122;
[600,650),0.02216; [650,700),0.01867; [700,750),0.01327; [750,800),0.01104;
[800,850),0.00854; [850,900),0.00552; [900,950),0.00389; [950,1000),0.00322;
[1000,1050),0.00179; [1050,1100),0.00095; [1100,1150),0.00035; [1150,1200),0.00008}

{[0,50),0.10166; [50,100),0.11049; [100,150),0.11885; [150,200),0.08855;
200,250),0.10710; [250,300),0.09490; [300,350),0.07191; [350,400),0.06516;
[400,450),0.05442; [450,500),0.04157; [500,550),0.03371; [550,600),0.02987;
[600,650),0.02104; [650,700),0.01645; [700,750),0.01096; [750,800),0.00893;
[800,850),0.00691; [850,900),0.00474; [900,950),0.00324; [950,1000),0.00264;
[1000,1050),0.00194; [1050,1100),0.00146; [1100,1150),0.00127; [1150,1200),0.00083;
[1200,1250),0.00071; [1250,1300),0.00040; [1300,1350),0.00021; [1350,1400),0.00007}

{[0,50),0.12555; [50,100),0.14762; [100,150),0.14684; [150,200),0.10374;
[200,250),0.11943; [250,300),0.10474; [300,350),0.07842; [350,400),0.06108;
[400,450),0.04581; [450,500),0.02959; [500,550),0.01770; [550,600),0.01225;
[600,650),0.00498; [650,700),0.00210; [700,750),0.00014}

{[0,50),0.57809; [50,100),0.06807; [100,150),0.06152; [150,200),0.04405;
[200,250),0.05752; [250,300),0.05934; [300,350),0.04296; [350,400),0.03859;
[400,450),0.02657; [450,500),0.01420; [500,550),0.00837; [550,600),0.00073}

{[0,100),0.31191; [100,200),0.24471; [200,300),0.20173; [300,400),0.10566;
[400,500),0.06320; [500,600),0.03424; [600,700),0.01728; [700,800),0.00874;
[800,900),0.00643; [900,1000),0.00358; [1000,1100),0.00253}

{[0,50),0.22560; [50,100),0.17297; [100,150),0.16088; [150,200),0.10244;
200,250),0.10958; [250,300),0.08862; [300,350),0.05130; [350,400),0.03950;
[400,450),0.02447; [450,500),0.01399; [500,550),0.00656; [550,600),0.00294;
[600,650),0.00115}

{[0,100),0.22355; [100,200),0.15978; [200,300),0.14222; [300,400),0.10566;
[400,500),0.09615; [500,600),0.08347; [600,700),0.05076; [700,800),0.03603;
[800,900),0.02999; [900,1000),0.02579; [1000,1100),0.02589; [1100,1200),0.01599;
[1200,1300),0.00458; [1300,1400),0.00015}

(Continued)
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y |

Ys;=Vertical distance to nearest surface water feature

Y1

y2

y3

Y4

Y5

Y6

y7

{[200,-150),0.00001; [-150,-100),0.00094; [-100,-50),0.00573; [-50,0),0.18038;
0,50),0.50471; [50,100),0.18037; [100,150),0.06997; [150,200),0.03492;
[200,250),0.01429; [250,300),0.00439; [300,350),0.00257; [350,400),0.00138;
[400,450),0.00034}

{]-200,-150),0.00011; [-150,-100),0.00134; [-100,-50),0.00739; [-50,0),0.13805;
0,50),0.51084; [50,100),0.20823; [100,150),0.07549; [150,200),0.03343;

[200,250),0.01469; [250,300),0.00654; [300,350),0.00244; [350,400),0.00071;
[400,450),0.00020; [450,500),0.00013; [500,550),0.00019; [550,600),0.00020}

{-140,-120),0.00020; [-120,-100),0.00103; [-100,-80),0.00190; [-80,-60),0.00266;
[-60,-40),0.00411; [-40,-20),0.01085; [-20,0),0.08077; [0,20),0.17053;
[20,40),0.16367; [40,60),0.13179; [60,80),0.11425; [80,100),0.09112;
[100,120),0.06696; [120,140),0.04794; [140,160),0.03672; [160,180),0.02646;
[180,200),0.01863; [200,220),0.01404; [220,240),0.00856; [240,260),0.00492;
[260,280),0.00221; [280,300),0.00059; [300,320),0.00008}

{[-40,-20),0.00109; [-20,0),0.44230; [0,20),0.15690; [20,40),0.06480; [40,60),0.05461;
(60,80),0.05096; [80,100),0.04223; [100,120),0.04077; [120,140),0.04623;
[140,160),0.04368; [160,180),0.02621; [180,200),0.01493; [200,220),0.00655;
[220,240),0.00400; [240,260),0.00364; [260,280),0.00109}

{[-140,-120),0.00021; [-120,-100),0.00158; [-100,-80),0.00221; [-80,-60),0.00411;
[-60,-40),0.00569; [-40,-20),0.01148; [-20,0),0.15348; [0,20),0.21964;
[20,40),0.13305; [40,60),0.11429; [60,80),0.09976; [80,100),0.07806;
[100,120),0.05320; [120,140),0.03676; [140,160),0.02697; [160,180),0.01917;
[180,200),0.01496; [200,220),0.01243; [220,240),0.00885; [240,260),0.00369;
260,280),0.00042}

{-140,-120),0.00017; [-120,-100),0.00035; [-100,-80),0.00063; [-80,-60),0.00161;
[-60,-40),0.00225; [-40,-20),0.00726; [-20,0),0.14890; [0,20),0.22595;
[20,40),0.16773; [40,60),0.12570; [60,80),0.10641; [80,100),0.08159;
[100,120),0.05672; [120,140),0.03104; [140,160),0.01825; [160,180),0.01198;
[180,200),0.00662; [200,220),0.00392; [220,240),0.00167; [240,260),0.00069;
[260,280),0.00046; [280,300),0.00012}

{[-100,-50),0.00463; [-50,0),0.15241; [0,50),0.38425; [50,100),0.18893;
[100,150),0.11224; [150,200),0.07518; [200,250),0.04247; [250,300),0.02199;
[300,350),0.01195; [350,400),0.00551; [400,450),0.00044}

(Continued)
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y ‘ Ys=Horizontal distance to nearest roadway

y1

Y2

y3

Y4

Y5

Y6

Y7

{[0,500),0.04487; [500,1000),0.09847; [1000,1500),0.13361; [1500,2000),0.12812;
[2000,2500),0.12070; [2500,3000),0.10438; [3000,3500),0.09860; [3500,4000),0.07088;
[4000,4500),0.06256; [4500,5000),0.04972; [5000,5500),0.04307; [5500,6000),0.03309;
[6000,6500),0.01163; [6500,7000),0.00032}

{[0,500),0.06916; [500,1000),0.13858; [1000,1500),0.15308; [1500,2000),0.13071;
[2000,2500),0.10419; [2500,3000),0.09182; [3000,3500),0.07236; [3500,4000),0.05029;
[4000,4500),0.04656; [4500,5000),0.03702; [5000,5500),0.04006; [5500,6000),0.04452;
[6000,6500),0.01731; [6500,7000),0.00415; [7000,7500),0.00019}

{[0,200),0.07230; [200,400),0.13131; [400,600),0.14650; [600,800),0.11884;
800,1000),0.12345; [1000,1200),0.11395; [1200,1400),0.09571; [1400,1600),0.06567;
1600,1800),0.03591; [1800,2000),0.02472; [2000,2200),0.02268; [2200,2400),0.01863;
2400,2600),0.01390; [2600,2800),0.00825; [2800,3000),0.00369; [3000,3200),0.00299;
3200,3400),0.00140; [3400,3600),0.00008}

{[0,100),0.00364; [100,200),0.01820; [200,300),0.03531; [300,400),0.05169;
400,500),0.06261; [500,600),0.06443; [600,700),0.06553; [700,800),0.07353;
800,900),0.08373; [900,1000),0.08810; [1000,1100),0.07754; [1100,1200),0.11067;
1200,1300),0.10339; [1300,1400),0.08482; [1400,1500),0.05461; [1500,1600),0.01529;
1600,1700),0.00655; [1700,1800),0.00036}

{[0,500),0.26261; [500,1000),0.16991; [1000,1500),0.14189; [1500,2000),0.19741;
[2000,2500),0.14284; [2500,3000),0.03877; [3000,3500),0.01001; [3500,4000),0.00000;
[4000,4500),0.00000; [4500,5000),0.02718; [5000,5500),0.00938}

{[0,200),0.03576; [200,400),0.09247; [400,600),0.12334; [600,800),0.14585;
[800,1000),0.12201; [1000,1200),0.12161; [1200,1400),0.11205; [1400,1600),0.07802;
[1600,1800),0.05326; [1800,2000),0.04284; [2000,2200),0.03985; [2200,2400),0.02136;
[2400,2600),0.00535; [2600,2800),0.00213; [2800,3000),0.00311; [3000,3200),0.00098}

{]0,500),0.00073; [500,1000),0.07138; [1000,1500),0.10478; [1500,2000),0.13915;
[2000,2500),0.13725; [2500,3000),0.14222; [3000,3500),0.10731; [3500,4000),0.11355;
[4000,4500),0.11024; [4500,5000),0.03613; [5000,5500),0.03725}

(Continued)
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y ‘ Y7=A relative measure of incident sunlight at 09:00A.M. on the summer solstice

Y1

Y2

Y3

Ya

Y5

Y6

Y7

{[0,10),0.00002; [10,20),0.00000; [20,30),0.00000; [30,40),0.00000; [40,50),0.00000;
[50,60),0.00005; [60,70),0.00009; [70,80),0.00027; [80,90),0.00043; [90,100),0.00065;
[100,110),0.00107; [110,120),0.00222; [120,130),0.00417; [130,140),0.00645;
[140,150),0.00895; [150,160),0.01431; [160,170),0.02378; [170,180),0.04274;
[180,190),0.06667; [190,200),0.09595; [200,210),0.13396; [210,220),0.17491;
[220,230),0.18921; [230,240),0.14581; [240,250),0.07561; [250,260),0.01265}

{[0,10),0.00002; [10,20),0.00000; [20,30),0.00000; [30,40),0.00000; [40,50),0.00000;
50,60),0.00005; [60,70),0.00006; [70,80),0.00018; [80,90),0.00034; [90,100),0.00073;
[100,110),0.00120; [110,120),0.00182; [120,130),0.00323; [130,140),0.00566;
[140,150),0.00998; [150,160),0.01522; [160,170),0.02335; [170,180),0.03966;
[180,190),0.05873; [190,200),0.08672; [200,210),0.11880; [210,220),0.16033;

[ ) [ ) [ )s [ ),

220,230),0.19822; [230,240),0.17427; [240,250),0.08956; [250,260),0.01187}

{[40,50),0.00003; [50,60),0.00011; [60,70),0.00078; [70,80),0.00159; [80,90),0.00372;
[90,100),0.00554; [100,110),0.01189; [110,120),0.01673; [120,130),0.02363;
[130,140),0.03370; [140,150),0.04128; [150,160),0.04570; [160,170),0.05166;
[170,180),0.05253; [180,190),0.05697; [190,200),0.06699; [200,210),0.07129;
[210,220),0.08318; [220,230),0.11448; [230,240),0.13232; [240,250),0.13464;
[250,260),0.05124}

{[120,130),0.00036; [130,140),0.00291; [140,150),0.00364; [150,160),0.00837;
[160,170),0.01638; [170,180),0.02330; [180,190),0.03058; [190,200),0.05315;
[200,210),0.06516; [210,220),0.10885; [220,230),0.13578; [230,240),0.14161;
[240,250),0.21478; [250,260),0.19512}

{[120,130),0.00042; [130,140),0.00200; [140,150),0.00348; [150,160),0.00737;
[160,170),0.01464; [170,180),0.02770; [180,190),0.04761; [190,200),0.06447;
[200,210),0.07405; [210,220),0.11472; [220,230),0.18951; [230,240),0.19277;
[240,250),0.20299; [250,260),0.05825}

{[0,20),0.00017; [20,40),0.00006; [40,60),0.00012; [60,80),0.00023; [80,100),0.00115;
[100,120),0.01457; [120,140),0.05551; [140,160),0.12006; [160,180),0.16704;
[180,200),0.18426; [200,220),0.20856; [220,240),0.19180; [240,260),0.05649}

{]80,90),0.00005; [90,100),0.00010; [100,110),0.00083; [110,120),0.00122;
[120,130),0.00141; [130,140),0.00254; [140,150),0.00531; [150,160),0.01009;
[160,170),0.01633; [170,180),0.03091; [180,190),0.06724; [190,200),0.10078;
[200,210),0.10843; [210,220),0.13993; [220,230),0.19430; [230,240),0.16568;
[240,250),0.12750; [250,260),0.02735}
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y ‘ Ys=A relative measure of incident sunlight at noon on the summer solstice

y1

y2

y3

Y4

Y5

Y6

y7

{[70,80),0.00001; [80,90),0.00003; [90,100),0.00007; [100,110),0.00011;
[110,120),0.00012; [120,130),0.00028; [130,140),0.00058; [140,150),0.00133;
[150,160),0.00278; [160,170),0.00576; [170,180),0.01282; [180,190),0.02866;
[190,200),0.05254; [200,210),0.10000; [210,220),0.17525; [220,230),0.23468;
[230,240),0.21813; [240,250),0.13426; [250,260),0.03260}

{[0,10),0.00002; [10,20),0.00000; [20,30),0.00000; [30,40),0.00000; [40,50),0.00001;
[50,60),0.00001; [60,70),0.00001; [70,80),0.00001; [80,90),0.00002; [90,100),0.00004;
[100,110),0.00006; [110,120),0.00012; [120,130),0.00024; [130,140),0.00040;
[140,150),0.00096; [150,160),0.00253; [160,170),0.00588; [170,180),0.01258;
[180,190),0.02334; [190,200),0.04702; [200,210),0.09411; [210,220),0.16101;
[220,230),0.22437; [230,240),0.20600; [240,250),0.16409; [250,260),0.05717}

{90,100),0.00011; [100,110),0.00039; [110,120),0.00078; [120,130),0.00336;
[130,140),0.00722; [140,150),0.01491; [150,160),0.02179; [160,170),0.03295;
[170,180),0.04416; [180,190),0.05474; [190,200),0.07585; [200,210),0.10667;
[210,220),0.13260; [220,230),0.14521; [230,240),0.14706; [240,250),0.14605;
[250,260),0.06615}

{130,140),0.00036; [140,150),0.00218; [150,160),0.00728; [160,170),0.01820;
[170,180),0.03203; [180,190),0.06079; [190,200),0.08518; [200,210),0.13287;
[210,220),0.17510; [220,230),0.22024; [230,240),0.13760; [240,250),0.09028;
[250,260),0.03786}

{[90,100),0.00084; [100,110),0.00053; [110,120),0.00126; [120,130),0.00053;
[130,140),0.00053; [140,150),0.00158; [150,160),0.01338; [160,170),0.03424;
[170,180),0.04245; [180,190),0.05594; [190,200),0.06426; [200,210),0.08311;
[210,220),0.13547; [220,230),0.18224; [230,240),0.17013; [240,250),0.16402;
[250,260),0.04951}

{[90,100),0.00006; [100,110),0.00012; [110,120),0.00046; [120,130),0.00063;
130,140),0.00432; [140,150),0.01296; [150,160),0.02603; [160,170),0.03501;
170,180),0.04629; [180,190),0.07186; [190,200),0.10998; [200,210),0.14919;
210,220),0.18293; [220,230),0.16065; [230,240),0.10520; [240,250),0.07474;
250,260),0.01958}

{[90,100),0.00020; [100,110),0.00029; [110,120),0.00088; [120,130),0.00200;
[130,140),0.00219; [140,150),0.00293; [150,160),0.00497; [160,170),0.00878;
[170,180),0.01531; [180,190),0.02477; [190,200),0.04993; [200,210),0.12335;
[210,220),0.19083; [220,230),0.21312; [230,240),0.18679; [240,250),0.15110;
[250,260),0.02257}
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y ‘ Yo=A relative measure of incident sunlight at 03:00P.M. on the summer solstice

Y1

Y2

y3

Y4

Y5

Y6

Y7

{]0,10),0.00192; [10,20),0.00048; [20,30),0.00108; [30,40),0.00220; [40,50),0.00396;
[50,60),0.00718; [60,70),0.01118; [70,80),0.01809; [80,90),0.02600; [90,100),0.03790;
[100,110),0.05530; [110,120),0.07487; [120,130),0.09748; [130,140),0.11494;
[140,150),0.12035; [150,160),0.10469; [160,170),0.08951; [170,180),0.07779;
[180,190),0.06034; [190,200),0.04186; [200,210),0.02637; [210,220),0.01489;
[220,230),0.00765; [230,240),0.00321; [240,250),0.00074; [250,260),0.00002}

{[0,10),0.00166; [10,20),0.00071; [20,30),0.00151; [30,40),0.00259; [40,50),0.00374;
[50,60),0.00624; [60,70),0.00987; [70,80),0.01631; [80,90),0.02460; [90,100),0.04025;
[100,110),0.06290; [110,120),0.08319; [120,130),0.10640; [130,140),0.11908;
[140,150),0.11900; [150,160),0.09753; [160,170),0.08047; [170,180),0.06765;
[180,190),0.05760; [190,200),0.04247; [200,210),0.02662; [210,220),0.01491;
[220,230),0.00832; [230,240),0.00466; [240,250),0.00159; [250,260),0.00012}

{]0,20),0.01222; [20,40),0.02036; [40,60),0.04072; [60,80),0.06830; [80,100),0.08942;
[100,120),0.11993; [120,140),0.14214; [140,160),0.13716; [160,180),0.11878;
[180,200),0.10751; [200,220),0.08528; [220,240),0.05082; [240,260),0.00736}

{]0,20),0.03240; [20,40),0.04878; [40,60),0.08336; [60,80),0.12887; [80,100),0.13287;
[100,120),0.12523; [120,140),0.13688; [140,160),0.13724; [160,180),0.09902;
[180,200),0.04878; [200,220),0.01929; [220,240),0.00728}

{]0,20),0.01949; [20,40),0.04667; [40,60),0.06342; [60,80),0.09818; [80,100),0.10060;
[100,120),0.11977; [120,140),0.16876; [140,160),0.15548; [160,180),0.10050;
[180,200),0.08501; [200,220),0.03655; [220,240),0.00558}

{[0,20),0.00029; [20,40),0.00846; [40,60),0.02223; [60,80),0.05038; [80,100),0.08315;
[100,120),0.11505; [120,140),0.14833; [140,160),0.14706; [160,180),0.14695;
[180,200),0.13906; [200,220),0.10336; [220,240),0.03512; [240,260),0.00058}

{[0,20),0.01560; [20,40),0.00941; [40,60),0.01760; [60,80),0.04276; [80,100),0.08108;
[100,120),0.14603; [120,140),0.18952; [140,160),0.24334; [160,180),0.15553;
[180,200),0.07782; [200,220),0.01897; [220,240),0.00234}
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y \ Yio=Horizontal distance to nearest historic wildfire ignition point

yi1

Y2

y3

Y4

Y5

Y6

y7

{[0,500),0.06696; [500,1000),0.15156; [1000,1500),0.17071; [1500,2000),0.16847;
[2000,2500),0.15370; [2500,3000),0.11807; [3000,3500),0.06625; [3500,4000),0.03612;
[4000,4500),0.02021; [4500,5000),0.01444; [5000,5500),0.01250; [5500,6000),0.00927;
[6000,6500),0.00782; [6500,7000),0.00372; [7000,7500),0.00021}

{[0,500),0.04930; [500,1000),0.13965; [1000,1500),0.18532; [1500,2000),0.17819;
[2000,2500),0.15398; [2500,3000),0.10811; [3000,3500),0.03936; [3500,4000),0.02231;
[4000,4500),0.02521; [4500,5000),0.02623; [5000,5500),0.02261; [5500,6000),0.02341;
[6000,6500),0.02176; [6500,7000),0.00434; [7000,7500),0.00022}

{[0,200),0.03658; [200,400),0.12032; [400,600),0.16658; [600,800),0.15939;
[800,1000),0.15044; [1000,1200),0.11663; [1200,1400),0.08824; [1400,1600),0.05552;
[1600,1800),0.03801; [1800,2000),0.02495; [2000,2200),0.01233; [2200,2400),0.01404;
[2400,2600),0.01133; [2600,2800),0.00464; [2800,3000),0.00098}

{[0,200),0.05934; [200,400),0.14234; [400,600),0.15399; [600,800),0.14379;
[800,1000),0.14671; [1000,1200),0.08118; [1200,1400),0.10339; [1400,1600),0.07972;
[1600,1800),0.06007; [1800,2000),0.02949}

{[0,500),0.06352; [500,1000),0.22891; [1000,1500),0.22332; [1500,2000),0.24302;
[2000,2500),0.17402; [2500,3000),0.02876; [3000,3500),0.00421; [3500,4000),0.00221;
[4000,4500),0.00000; [4500,5000),0.00000; [5000,5500),0.00790; [5500,6000),0.00938;
[6000,6500),0.01475}

{[0,200),0.02148; [200,400),0.07572; [400,600),0.11839; [600,800),0.16946;
[800,1000),0.15679; [1000,1200),0.11816; [1200,1400),0.11338; [1400,1600),0.07071;
[1600,1800),0.03921; [1800,2000),0.03340; [2000,2200),0.02821; [2200,2400),0.01831;
[2400,2600),0.01889; [2600,2800),0.01382; [2800,3000),0.00409}

{[0,500),0.06080; [500,1000),0.13774; [1000,1500),0.13876; [1500,2000),0.17367;
[2000,2500),0.15095; [2500,3000),0.10922; [3000,3500),0.09274; [3500,4000),0.09473;
[4000,4500),0.04096; [4500,5000),0.00044 }




B.2 TRANSFORMED HISTOGRAM-VALUED DATA

Table B.2: Transformed histogram-valued data for forestry cover type data.
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Vi vl Y5 5 Yi Y5 Y6 Y7
[b1k, b1,k+1) Plik 2 Pai Plik Psi Poik Prik
[1850, 1900) 0 0 0.00064 0 0 0.00403 0
[1900, 1950) 0 0 0.00579 0 0 0.01134 0
[1950, 2000) 0 0 0.01454 0.00364 0 0.01416 0
[2000, 2050) 0 0 0.02937 0.04951 0 0.01434 0
[2050, 2100) 0 0 0.0389 0.08227 0 0.02326 0
[2100, 2150) 0 0 0.04548 0.13324 0 0.03294 0
[2150, 2200) 0 0.00015 0.04964 0.13069 0 0.02937 0
[2200, 2250) 0 0.00025 0.05415 0.16199 0 0.038 0
[2250, 2300) 0 0.00049 0.0702 0.17692 0 0.0562 0
[2300, 2350) 0 0.00067 0.09384 0.16163 0 0.08637 0
[2350, 2400) 0 0.00083 0.09034 0.07863 0 0.11464 0
[2400, 2450) 0 0.0018 0.09526 0.01311 0 0.13624 0
[2450, 2500) 0 0.00522 0.08393 0.00692 0.00748 0.11182 0
[2500, 2550) 0.0007 0.01775 0.0801 0.00146 0.01243 0.0866 0
[2550, 2600) 0.00169 0.02688 0.08757 0 0.03697 0.07071 0
[2600, 2650) 0.00285 0.03552 0.07227 0 0.0295 0.06213 0
[2650, 2700) 0.00441 0.04405 0.04262 0 0.05667 0.04474 0
[2700, 2750) 0.01005 0.05751 0.02327 0 0.18466 0.03478 0
[2750, 2800) 0.01385 0.0676 0.0139 0 0.19404 0.0171 0
[2800, 2850) 0.02272 0.0728 0.00646 0 0.20931 0.00818 0
[2850, 2900) 0.02643 0.09077 0.00171 0 0.16022 0.00305 0.00117
[2900, 2950) 0.0433 0.1158 0 0 0.08712 0 0.0021
[2950, 3000) 0.06893 0.12553 0 0 0.02096 0 0.00083
[3000, 3050) 0.08873 0.10131 0 0 0.00063 0 0
[3050, 3100) 0.1063 0.06574 0 0 0 0 0.00001
[3100, 3150) 0.12242 0.05454 0 0 0 0 0.00639
[3150, 3200) 0.13729 0.04528 0 0 0 0 0.02374
[3200, 3250) 0.13883 0.03369 0 0 0 0 0.08357
[3250, 3300) 0.09751 0.02581 0 0 0 0 0.13554
[3300, 3350) 0.05452 0.00765 0 0 0 0 0.18649
[3350, 3400) 0.03426 0.0021 0 0 0 0 0.26685
[3400, 3450) 0.01391 0.00026 0 0 0 0 0.17913
[3450, 3500) 0.00518 0 0 0 0 0 0.05471
[3500, 3550) 0.00335 0 0 0 0 0 0.01814
[3550, 3600) 0.00145 0 0 0 0 0 0.01043
[3600, 3650) 0.00095 0 0 0 0 0 0.00449
[3650, 3700) 0.00034 0 0 0 0 0 0.00507
[3700, 3750) 0 0 0 0 0 0 0.00873
[3750, 3800) 0 0 0 0 0 0 0.00507
[3800, 3850) 0 0 0 0 0 0 0.00712
[3850, 3900) 0 0 0 0 0 0 0.00039
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Y2 vi Y5 v Y vh Yo y7
/ / / / / / /
[b2k s b2,k +1) Piog Pagg P3a Pyag Psap Pe2k Prok

[0,20) 0.09491 0.08054 0.05997 0.04186 0.03813 0.11948 0.08947
(20, 40) 0.09745 0.08259 0.05599 0.04951 0.04814 0.11965 0.07084
(40, 60) 0.09417 0.08876 0.05227 0.06953 0.0908 0.0885 0.0705
(60, 80) 0.08232 0.08609 0.05367 0.07499 0.13526 0.05614 0.08279
(80, 100) 0.06844 0.07682 0.06704 0.10193 0.13599 0.04111 0.10336
[100,120) 0.05998 0.06596 0.07912 0.17801 0.09755 0.03374 0.07587
[120,140) 0.0487 0.05919 0.07356 0.17546 0.06763 0.02263 0.05661
[140,160) 0.03875 0.0503 0.06041 0.06225 0.05783 0.01117 0.05022
[160, 180) 0.03167 0.04481 0.05728 0.02912 0.05562 0.01273 0.0706
[180,200) 0.02961 0.03875 0.04581 0.03386 0.03877 0.0114 0.03784
[200, 220) 0.02648 0.0384 0.04181 0.02039 0.03234 0.01031 0.02613
[220, 240) 0.02211 0.03617 0.03697 0.01857 0.0237 0.0148 0.01638
[240, 260) 0.0244 0.03561 0.02839 0.01602 0.02602 0.0224 0.01253
[260, 280) 0.03581 0.0335 0.03119 0.01383 0.03582 0.03553 0.0157
(280, 300) 0.04797 0.03255 0.04799 0.01129 0.02865 0.05384 0.03374
[300, 320) 0.06106 0.04162 0.06724 0.02657 0.02507 0.10745 0.04924
[320, 340) 0.06893 0.0522 0.07557 0.04077 0.0315 0.14084 0.05987
[340, 360) 0.06723 0.05613 0.0657 0.03604 0.03118 0.09829 0.0783

Y Y Y2 Y3 Yi Vs Ve y7

[b3k, b3, k+1) P13k Pask P33k Dy3k D53k D3k P73k
[0,5) 0.11639 0.11125 0.03583 0.07463 0.07342 0.04008 0.08708
[5,10) 0.27713 0.26495 0.10718 0.17073 0.19973 0.11556 0.23974
(10, 15) 0.28831 0.28129 0.16686 0.16199 0.20573 0.18771 0.31589
(15, 20) 0.17787 0.18366 0.18476 0.166 0.20141 0.2252 0.19488
(20, 25) 0.08703 0.09282 0.18504 0.17037 0.16064 0.21155 0.08406
(25, 30) 0.03578 0.0428 0.16555 0.13724 0.1006 0.13693 0.03788
(30, 35) 0.01267 0.01707 0.1027 0.08664 0.05067 0.06783 0.02116
(35, 40) 0.0034 0.00508 0.04274 0.02585 0.00453 0.01353 0.01365
[40,45) 0.0011 0.00072 0.00828 0.00582 0.00105 0.00104 0.00405
[45,50) 0.00029 0.00018 0.00106 0.00073 0.002 0.00029 0.00151
(50, 55) 3e-05 8e-05 0 0 0.00021 0.00029 le-04

(55, 60) 0 6e-05 0 0 0 0 0

(60, 65) 0 4e-05 0 0 0 0 0

(65, 70) 0 0 0 0 0 0 0
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Ya Yi Y3 Y3 Vi Vs Ve y7
[bak, ba,k+1) Plag Poag P34k Pk P54k Peak Pk
[0, 50) 0.14387 0.10166 0.12555 0.57809 0.15596 0.2256 0.11177
[50,100) 0.11947 0.11049 0.14762 0.06807 0.15596 0.17297 0.11177
[100,150) 0.11343 0.11885 0.14684 0.06152 0.12235 0.16088 0.07989
[1507 200) 0.08039 0.08855 0.10374 0.04405 0.12235 0.10244 0.07989
[2007 250) 0.09279 0.1071 0.11943 0.05752 0.10086 0.10958 0.07111
[250, 300) 0.08146 0.0949 0.10474 0.05934 0.10086 0.08862 0.07111
[300, 350) 0.0628 0.07191 0.07842 0.04296 0.05283 0.0513 0.05283
[350,400) 0.0573 0.06516 0.06108 0.03859 0.05283 0.0395 0.05283
[400, 450) 0.05257 0.05442 0.04581 0.02657 0.0316 0.02447 0.04807
[450, 500) 0.04144 0.04157 0.02959 0.0142 0.0316 0.01399 0.04807
[5007 550) 0.0338 0.03371 0.0177 0.00837 0.01712 0.00656 0.04174
[550, 600) 0.03122 0.02987 0.01225 0.00073 0.01712 0.00294 0.04174
[600, 650) 0.02216 0.02104 0.00498 0 0.00864 0.00115 0.02538
[650, 700) 0.01867 0.01645 0.0021 0 0.00864 0 0.02538
[700,750) 0.01327 0.01096 0.00014 0 0.00437 0 0.01802
[750,800) 0.01104 0.00893 0 0 0.00437 0 0.01802
[800, 850) 0.00854 0.00691 0 0 0.00321 0 0.01499
[8507 900) 0.00552 0.00474 0 0 0.00321 0 0.01499
[900, 950) 0.00389 0.00324 0 0 0.00179 0 0.0129
[950, 1000) 0.00322 0.00264 0 0 0.00179 0 0.0129
[1000, 1050) 0.00179 0.00194 0 0 0.00126 0 0.01294
[1050, 1100) 0.00095 0.00146 0 0 0.00126 0 0.01294
[1100, 1150) 0.00035 0.00127 0 0 0 0 0.008
[11507 1200) 8e-05 0.00083 0 0 0 0 0.008
[1200, 1250) 0 0.00071 0 0 0 0 0.00229
1250, 1 . .
250, 1300 0 4e-04 0 0 0 0 0.00229
1300, 1350 0 0.00021 0 0 0 0 e-05
7
[1350, 1400) 0 7e-05 0 0 0 0 7e-05
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Ys yi Y5 ¥ Y s Y6 Y7
b5k, b5, k+1) Plsk Phsy, Pasp, Plsik Phsi, Posi Prsk
[—200, —179.76) 0 5e-05 0 0 0 0 0
[-179.76, —159.52) 0 5e-05 0 0 0 0 0
[-159.52, —139.29) 2e-04 0.00031 le-05 0 le-05 le-05 0
[—139.29, —119.05) 0.00038 0.00054 0.00024 0 0.00028 0.00018 0
[-119.05, —98.81) 5e-04 0.00069 0.0011 0 0.00164 0.00037 0.00011
[—98.81, —78.57) 0.00232 0.00299 0.00198 0 0.00237 0.00071 0.00187
[-78.57,—58.33) 0.00232 0.00299 0.00281 0 0.00429 0.00168 0.00187
[—58.33,—38.1) 0.0439 0.0341 0.0048 le-04 0.00631 0.00275 0.03706
[—38.1,—17.86) 0.07301 0.05588 0.01847 0.04838 0.02683 0.02252 0.06169
[—17.86,2.38) 0.08846 0.07363 0.09242 0.41359 0.16318 0.15985 0.07273
[2.38,22.62) 0.20429 0.20677 0.17166 0.14671 0.21091 0.22101 0.15553
[22.62, 42.86) 0.20429 0.20677 0.16107 0.06411 0.13195 0.16372 0.15553
[42.86,63.1) 0.11934 0.12751 0.13064 0.05469 0.11341 0.12421 0.10438
[63.1,83.33) 0.07301 0.08428 0.11176 0.05012 0.09733 0.10354 0.07647
(83.33,103.57) 0.06512 0.0748 0.08789 0.04247 0.07455 0.07812 0.07099
[103.57,123.81) 0.02832 0.03055 0.06413 0.0423 0.0507 0.0525 0.04543
[123.81, 144.05) 0.02832 0.03055 0.04624 0.04627 0.03522 0.02882 0.04543
[144.05,164.29) 0.01831 0.01854 0.03496 0.04046 0.02562 0.01713 0.03484
[164.29,184.52) 0.01414 0.01353 0.025 0.02397 0.01845 0.01091 0.03043
[184.52,204.76) 0.01217 0.01175 0.01776 0.01311 0.01453 0.00606 0.02732
[204.76, 225) 0.00578 0.00595 0.01284 0.00599 0.01168 0.0034 0.01719
[225,245.24) 0.00578 0.00595 0.00771 0.00396 0.0076 0.00143 0.01719
[245.24, 265.48) 0.00272 0.00343 0.00424 0.00299 0.00284 0.00064 0.01085
[265.48,285.71) 0.00178 0.00265 0.00177 0.00079 0.00031 0.00037 0.0089
[285.71, 305.95) 0.00156 0.00216 0.00044 0 0 8e-05 0.0077
[305.95, 326.19) 0.00104 0.00099 6e-05 0 0 0 0.00484
[326.19, 346.43) 0.00104 0.00099 0 0 0 0 0.00484
[346.43, 366.67) 0.00064 0.00041 0 0 0 0 0.00269
[366.67, 386.9) 0.00056 0.00029 0 0 0 0 0.00223
(386.9,407.14) 0.00041 0.00021 0 0 0 0 0.00151
[407.14,427.38) 0.00014 8e-05 0 0 0 0 0.00018
[427.38,447.62) 0.00014 8e-05 0 0 0 0 0.00018
[447.62,467.86) 2e-05 5e-05 0 0 0 0 2e-05
[467.86,488.1) 0 5e-05 0 0 0 0 0
[488.1, 508.33) 0 6e-05 0 0 0 0 0
[508.33, 528.57) 0 8e-05 0 0 0 0 0
[528.57,548.81) 0 8e-05 0 0 0 0 0
[548.81, 569.05) 0 8e-05 0 0 0 0 0
[569.05, 589.29) 0 8e-05 0 0 0 0 0
[589.29, 609.52) 0 4e-05 0 0 0 0 0
[609.52, 629.76) 0 0 0 0 0 0 0
[629.76, 650) 0 0 0 0 0 0 0
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e % e e ya e o Y
[b6k, b6, k+1) Plek Poek P36k Py6k P56k Pg6k P76k
[0, 100) 0.00897 0.01383 0.03615 0.00364 0.05252 0.01788 0.00015
[100, 200) 0.00897 0.01383 0.03615 0.0182 0.05252 0.01788 0.00015
[200, 300) 0.00897 0.01383 0.06566 0.03531 0.05252 0.04624 0.00015
[300, 400) 0.00897 0.01383 0.06566 0.05169 0.05252 0.04624 0.00015
[400, 500) 0.00897 0.01383 0.07325 0.06261 0.05252 0.06167 0.00015
[500, 600) 0.01969 0.02772 0.07325 0.06443 0.03398 0.06167 0.01428
[600, 700) 0.01969 0.02772 0.05942 0.06553 0.03398 0.07293 0.01428
[700, 800) 0.01969 0.02772 0.05942 0.07353 0.03398 0.07293 0.01428
[800, 900) 0.01969 0.02772 0.06173 0.08373 0.03398 0.06101 0.01428
[900, 1000) 0.01969 0.02772 0.06173 0.0881 0.03398 0.06101 0.01428
[1000, 1100) 0.02672 0.03062 0.05697 0.07754 0.02838 0.0608 0.02096
[1100, 1200) 0.02672 0.03062 0.05697 0.11067 0.02838 0.0608 0.02096
[1200, 1300) 0.02672 0.03062 0.04785 0.10339 0.02838 0.05603 0.02096
[1300, 1400) 0.02672 0.03062 0.04785 0.08482 0.02838 0.05603 0.02096
[1400, 1500) 0.02672 0.03062 0.03284 0.05461 0.02838 0.03901 0.02096
[1500, 1600) 0.02562 0.02614 0.03284 0.01529 0.03948 0.03901 0.02783
[1600, 1700) 0.02562 0.02614 0.01796 0.00655 0.03948 0.02663 0.02783
[17007 1800) 0.02562 0.02614 0.01796 0.00036 0.03948 0.02663 0.02783
[1800, 1900) 0.02562 0.02614 0.01236 0 0.03948 0.02142 0.02783
[1900, 2000) 0.02562 0.02614 0.01236 0 0.03948 0.02142 0.02783
[20007 2100) 0.02414 0.02084 0.01134 0 0.02857 0.01992 0.02745
[2100, 2200) 0.02414 0.02084 0.01134 0 0.02857 0.01992 0.02745
[2200, 2300) 0.02414 0.02084 0.00931 0 0.02857 0.01068 0.02745
[23007 2400) 0.02414 0.02084 0.00931 0 0.02857 0.01068 0.02745
[2400, 2500) 0.02414 0.02084 0.00695 0 0.02857 0.00268 0.02745
[2500, 2600) 0.02088 0.01836 0.00695 0 0.00775 0.00268 0.02844
[26007 2700) 0.02088 0.01836 0.00413 0 0.00775 0.00107 0.02844
[2700, 2800) 0.02088 0.01836 0.00413 0 0.00775 0.00107 0.02844
[2800, 2900) 0.02088 0.01836 0.00185 0 0.00775 0.00155 0.02844
[29007 3000) 0.02088 0.01836 0.00185 0 0.00775 0.00155 0.02844
[3000, 3100) 0.01972 0.01447 0.0015 0 0.002 0.00049 0.02146
[3100, 3200) 0.01972 0.01447 0.0015 0 0.002 0.00049 0.02146
, . . e- . .
3200, 3300 0.01972 0.01447 Te-04 0 0.002 0 0.02146
3300, 3400 0.01972 0.01 e-0 0 0.002 0 0.02146
4 7 447 Te-04 4
[3400, 3500) 0.01972 0.01447 4e-05 0 0.002 0 0.02146
, . . e- .
3500, 3600 0.01418 0.01006 4e-05 0 0 0 0.02271
[3600, 3700) 0.01418 0.01006 0 0 0 0 0.02271
[3700, 3800) 0.01418 0.01006 0 0 0 0 0.02271
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b6k b6, k+1) Plek Pher P3en Plek Pher Poork Prek
[3800, 3900) 0.01418 0.01006 0 0 0 0 0.02271
[3900, 4000) 0.01418 0.01006 0 0 0 0 0.02271
[40007 4100) 0.01251 0.00931 0 0 0 0 0.02205
[4100, 4200) 0.01251 0.00931 0 0 0 0 0.02205
[4200, 4300) 0.01251 0.00931 0 0 0 0 0.02205
[4300, 4400) 0.01251 0.00931 0 0 0 0 0.02205
[4400, 4500) 0.01251 0.00931 0 0 0 0 0.02205
[4500, 4600) 0.00994 0.0074 0 0 0.00544 0 0.00723
[4600, 4700) 0.00994 0.0074 0 0 0.00544 0 0.00723
[4700, 4800) 0.00994 0.0074 0 0 0.00544 0 0.00723
[4800, 4900) 0.00994 0.0074 0 0 0.00544 0 0.00723
[4900, 5000) 0.00994 0.0074 0 0 0.00544 0 0.00723
[5000, 5100) 0.00861 0.00801 0 0 0.00188 0 0.00745
[5100, 5200) 0.00861 0.00801 0 0 0.00188 0 0.00745
[5200, 5300) 0.00861 0.00801 0 0 0.00188 0 0.00745
(5300, 5400) 0.00861 0.00801 0 0 0.00188 0 0.00745
[5400, 5500) 0.00861 0.00801 0 0 0.00188 0 0.00745
[56500, 5600) 0.00662 0.0089 0 0 0 0 0
[5600, 5700) 0.00662 0.0089 0 0 0 0 0
[5700, 5800) 0.00662 0.0089 0 0 0 0 0
[5800, 5900) 0.00662 0.0089 0 0 0 0 0
[5900, 6000) 0.00662 0.0089 0 0 0 0 0
[6000, 6100) 0.00233 0.00346 0 0 0 0 0
[6100, 6200) 0.00233 0.00346 0 0 0 0 0
(6200, 6300) 0.00233 0.00346 0 0 0 0 0
[6300, 6400) 0.00233 0.00346 0 0 0 0 0
[6400, 6500) 0.00233 0.00346 0 0 0 0 0
(6500, 6600) 6e-05 0.00083 0 0 0 0 0
[66007 6700) 6e-05 0.00083 0 0 0 0 0
[6700, 6800) 6e-05 0.00083 0 0 0 0 0
(6800, 6900) 6e-05 0.00083 0 0 0 0 0
[69007 7000) 6e-05 0.00083 0 0 0 0 0
[7000, 7100) 0 4e-05 0 0 0 0 0
[7100, 7200) 0 4e-05 0 0 0 0 0
[72007 7300) 0 4e-05 0 0 0 0 0
[7300, 7400) 0 4e-05 0 0 0 0 0
[7400, 7500) 0 4e-05 0 0 0 0 0
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!

!

Y7 Y1 Y2 Y3 Vi Vs Vs y7
b7k, b7,k +1) P17k Pa7k P37k Pyrk P57k Pe7k Pk
[0,10) 2e-05 2e-05 0 0 0 9e-05 0
(10, 20) 0 0 0 0 0 9e-05 0
(20, 30) 0 0 0 0 0 3e-05 0
(30, 40) 0 0 0 0 0 3e-05 0
[40, 50) 0 0 3e-05 0 0 6e-05 0
(50, 60) 5e-05 5e-05 0.00011 0 0 6e-05 0
(60, 70) 9e-05 6e-05 0.00078 0 0 0.00012 0
[70,80) 0.00027 0.00018 0.00159 0 0 0.00012 0
(80, 90) 0.00043 0.00034 0.00372 0 0 0.00058 5e-05
[90,100) 0.00065 0.00073 0.00554 0 0 0.00058 le-04
[100,110) 0.00107 0.0012 0.01189 0 0 0.00728 0.00083
[110,120) 0.00222 0.00182 0.01673 0 0 0.00728 0.00122
[120,130) 0.00417 0.00323 0.02363 0.00036 0.00042 0.02775 0.00141
[130,140) 0.00645 0.00566 0.0337 0.00291 0.002 0.02775 0.00254
[140,150) 0.00895 0.00998 0.04128 0.00364 0.00348 0.06003 0.00531
[150,160) 0.01431 0.01522 0.0457 0.00837 0.00737 0.06003 0.01009
[160,170) 0.02378 0.02335 0.05166 0.01638 0.01464 0.08352 0.01633
[170,180) 0.04274 0.03966 0.05253 0.0233 0.0277 0.08352 0.03091
[180,190) 0.06667 0.05873 0.05697 0.03058 0.04761 0.09213 0.06724
[190, 200) 0.09595 0.08672 0.06699 0.05315 0.06447 0.09213 0.10078
[200, 210) 0.13396 0.1188 0.07129 0.06516 0.07405 0.10428 0.10843
[210, 220) 0.17491 0.16033 0.08318 0.10885 0.11472 0.10428 0.13993
[220, 230) 0.18921 0.19822 0.11448 0.13578 0.18951 0.0959 0.1943
[230, 240) 0.14581 0.17427 0.13232 0.14161 0.19277 0.0959 0.16568
,25 . ) 1 21 ) ) 1
240, 250 0.07561 0.08956 0.13464 0.21478 0.20299 0.02824 0.1275
50, . 5 . .05 .1951 .05825 . . 5
250, 260 0.0126 0.01187 0.05124 0.19512 0.0582 0.02824 0.0273
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Ys Y1 Y2 Y3 Vi Vs Vs y7
[bsk, bs,k+1) Pisk Pagi P3sk Pysk P53k Pesi P78k
[0,10) 0 2e-05 0 0 0 0 0
(10, 20) 0 0 0 0 0 0 0
(20, 30) 0 0 0 0 0 0 0
(30, 40) 0 0 0 0 0 0 0
[40, 50) 0 le-05 0 0 0 0 0
(50, 60) 0 le-05 0 0 0 0 0
(60, 70) 0 le-05 0 0 0 0 0
[70, 80) 1e-05 le-05 0 0 0 0 0
[80, 90) 3e-05 2e-05 0 0 0 0 0
[90,100) Te-05 4e-05 0.00011 0 0.00084 6e-05 2e-04
[100,110) 0.00011 6e-05 0.00039 0 0.00053 0.00012 0.00029
[110,120) 0.00012 0.00012 0.00078 0 0.00126 0.00046 0.00088
[120,130) 0.00028 0.00024 0.00336 0 0.00053 0.00063 0.002
[130,140) 0.00058 4e-04 0.00722 0.00036 0.00053 0.00432 0.00219
[140,150) 0.00133 0.00096 0.01491 0.00218 0.00158 0.01296 0.00293
[150,160) 0.00278 0.00253 0.02179 0.00728 0.01338 0.02603 0.00497
[160,170) 0.00576 0.00588 0.03295 0.0182 0.03424 0.03501 0.00878
[170,180) 0.01282 0.01258 0.04416 0.03203 0.04245 0.04629 0.01531
[180,190) 0.02866 0.02334 0.05474 0.06079 0.05594 0.07186 0.02477
[190, 200) 0.05254 0.04702 0.07585 0.08518 0.06426 0.10998 0.04993
[200, 210) 0.1 0.09411 0.10667 0.13287 0.08311 0.14919 0.12335
[210, 220) 0.17525 0.16101 0.1326 0.1751 0.13547 0.18293 0.19083
[220, 230) 0.23468 0.22437 0.14521 0.22024 0.18224 0.16065 0.21312
[230, 240) 0.21813 0.206 0.14706 0.1376 0.17013 0.1052 0.18679
[240, 250) 0.13426 0.16409 0.14605 0.09028 0.16402 0.07474 0.1511
[250, 260) 0.0326 0.05717 0.06615 0.03786 0.04951 0.01958 0.02257
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Y9 % e e ye e e v
[bok, bo,k+1) Piok Pagg P39 Pygk Psgr Peor Prok

[0,10) 0.00192 0.00166 0.00611 0.0162 0.00974 0.00014 0.0078
(10, 20) 0.00048 0.00071 0.00611 0.0162 0.00974 0.00014 0.0078
(20, 30) 0.00108 0.00151 0.01018 0.02439 0.02333 0.00423 0.00471
(30, 40) 0.0022 0.00259 0.01018 0.02439 0.02333 0.00423 0.00471
[40, 50) 0.00396 0.00374 0.02036 0.04168 0.03171 0.01111 0.0088
(50, 60) 0.00718 0.00624 0.02036 0.04168 0.03171 0.01111 0.0088
(60, 70) 0.01118 0.00987 0.03415 0.06443 0.04909 0.02519 0.02138
[70,80) 0.01809 0.01631 0.03415 0.06443 0.04909 0.02519 0.02138
(80, 90) 0.026 0.0246 0.04471 0.06644 0.0503 0.04157 0.04054
[90,100) 0.0379 0.04025 0.04471 0.06644 0.0503 0.04157 0.04054
[100,110) 0.0553 0.0629 0.05997 0.06261 0.05989 0.05752 0.07301
[110,120) 0.07487 0.08319 0.05997 0.06261 0.05989 0.05752 0.07301
[120,130) 0.09748 0.1064 0.07107 0.06844 0.08438 0.07416 0.09476
[130,140) 0.11494 0.11908 0.07107 0.06844 0.08438 0.07416 0.09476
[140,150) 0.12035 0.119 0.06858 0.06862 0.07774 0.07353 0.12167
[150,160) 0.10469 0.09753 0.06858 0.06862 0.07774 0.07353 0.12167
[160,170) 0.08951 0.08047 0.05939 0.04951 0.05025 0.07347 0.07777
[170,180) 0.07779 0.06765 0.05939 0.04951 0.05025 0.07347 0.07777
[180,190) 0.06034 0.0576 0.05376 0.02439 0.04251 0.06953 0.03891
[190, 200) 0.04186 0.04247 0.05376 0.02439 0.04251 0.06953 0.03891
[200, 210) 0.02637 0.02662 0.04264 0.00965 0.01828 0.05168 0.00948
[210, 220) 0.01489 0.01491 0.04264 0.00965 0.01828 0.05168 0.00948
[220, 230) 0.00765 0.00832 0.02541 0.00364 0.00279 0.01756 0.00117
[230, 240) 0.00321 0.00466 0.02541 0.00364 0.00279 0.01756 0.00117

[240, 250) 0.00074 0.00159 0.00368 0 0 0.00029 0

[250, 260) 2e-05 0.00012 0.00368 0 0 0.00029 0
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Y10 v vh v Y v5 Y6 N
[b10,k>b10,k+1) p’1,1o,k p/2,10,k p/3,10,k ’Pi,lo,k p,5,10,k P%,m,k Pl7,1o,k
[0,197.37) 0.02643 0.01946 0.0361 0.05856 0.02507 0.02119 0.024
[197.37,394.74) 0.02643 0.01946 0.11764 0.13937 0.02507 0.07401 0.024
[394.74,592.11) 0.04202 0.03611 0.16317 0.15165 0.05554 0.1157 0.03817
[592.11,789.47) 0.05983 0.05513 0.15758 0.1423 0.09036 0.16521 0.05437
[789.47,986.84) 0.05983 0.05513 0.14894 0.14462 0.09036 0.1554 0.05437
[986.84,1184.21) 0.06688 0.07195 0.11732 0.08442 0.0883 0.11914 0.05475
[1184.21,1381.58) 0.06739 0.07315 0.08932 0.10027 0.08815 0.11226 0.05477
[1381.58,1578.95) 0.06703 0.07203 0.0578 0.08085 0.09126 0.07371 0.06029
[1578.95,1776.32) 0.0665 0.07034 0.03935 0.06134 0.09593 0.04201 0.06855
[1776.32,1973.68) 0.0665 0.07034 0.02617 0.03272 0.09593 0.03365 0.06855
[1973.68,2171.05) 0.06145 0.06206 0.01383 0.00388 0.07232 0.02853 0.06078
[2171.05, 2368.42) 0.06067 0.06078 0.01361 0 0.06869 0.0195 0.05959
[2368.42, 2565.79) 0.05598 0.05475 0.01161 0 0.04958 0.01855 0.05409
[2565.79,2763.16) 0.04661 0.04267 0.00573 0 0.01135 0.0145 0.04311
[2763.16,2960.53) 0.04661 0.04267 0.00164 0 0.01135 0.00583 0.04311
[2960.53, 3157.89) 0.03024 0.02097 0.00019 0 0.0036 0.00081 0.03791
[3157.89, 3355.26) 0.02615 0.01554 0 0 0.00166 0 0.03661
[3355.26, 3552.63) 0.02298 0.01374 0 0 0.00145 0 0.03682
[3552.63, 3750) 0.01426 0.00881 0 0 0.00087 0 0.0374
[3750,3947.37) 0.01426 0.00881 0 0 0.00087 0 0.0374
[3947.37,4144.74) 0.00965 0.00965 0 0 0.00023 0 0.02183
[4144.74,4342.11) 0.00798 0.00995 0 0 0 0 0.01617
[4342.11, 4539.47) 0.00752 0.01003 0 0 0 0 0.01297
[4539.47,4736.84) 0.0057 0.01035 0 0 0 0 0.00017
[4736.84,4934.21) 0.0057 0.01035 0 0 0 0 0.00017
[4934.21, 5131.58) 0.00519 0.0094 0 0 0.00208 0 6e-05
[5131.58,5328.95) 0.00493 0.00892 0 0 0.00312 0 0
[5328.95, 5526.32) 0.00476 0.00897 0 0 0.0032 0 0
[5526.32, 5723.68) 0.00366 0.00924 0 0 0.0037 0 0
[5723.68,5921.05) 0.00366 0.00924 0 0 0.0037 0 0
[5921.05,6118.42) 0.00332 0.00885 0 0 0.00497 0 0
[6118.42,6315.79) 0.00309 0.00859 0 0 0.00582 0 0
[6315.79,6513.16) 0.00298 0.00813 0 0 0.00543 0 0
[6513.16,6710.53) 0.00147 0.00171 0 0 0 0 0
[6710.53,6907.89) 0.00147 0.00171 0 0 0 0 0
[6907.89, 7105.26) 0.00073 0.00084 0 0 0 0 0
[7105.26, 7302.63) 8e-05 8e-05 0 0 0 0 0
[7302.63, 7500) 8e-05 8e-05 0 0 0 0 0
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B.3 DISSIMILARITY MATRICES

In order to obtain dissimilarity matrices, first of all, the histogram-valued data for the cover
type dataset shown in Table B.1 should be transformed using the method proposed in Section
3.2. These transformed histogram-valued data for seven objects with ten variables are shown
in Table B.2. By this transformation, observations have the same number and length of
subintervals for each variable as shown in Table B.2. We can calculate dissimilarity matrices
for the transformed histogram-valued cover type data. As mentioned in Section 5.2, for the
cluster analysis, we use four different dissimilarity measures, the extended Gowda-Diday
measure (GD), the city block (CB) and Euclidean distances (EU) (based on the normalized
extended Ichino-Yaguchi measure for v = 0.25), and the normalized CDF measure (NCDF).

Using Equation (3.8), we can calculate the extended Gowda-Diday dissimilarity measure
as follows: we first have to compute the intersection of y; = y} and y;, = y3 using the

transformed histogram-valued data of Table B.2. For the variable Y; = Y7,

p/(ilﬂig)jk = p,(102)11 = min{0,0} = 0.

where subscripts i, and iy are the it and i observations, respectively, j is the j* variable,

and k is the k™ subinterval or relative frequency. Similarly,

p/(1ﬂ2)12 =min{0,0} =0,..., p/(mg)ug = min{0, 0.00522} = 0,
Planzyi.1a = min{0.0007, 0.01775} = 0.0007,

Dlarzyi1s = min{0.00169,0.02688} = 0.00169, .. .,

Plinay1 32 = min{0.01391,0.00026} = 0.00026,

Plargy sz = min{0.00518,0} =0, ...,

P,(1m2)1,41 = min{0, 0} = 0.
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Thus, for iy =1, i, =2, =1, yzimiz) = yE1m2)1 is

J

Ve = {[1850,1900),0;- - ; [2450,2500),0; [2500,2550),0.0007;
2550, 2600), 0.00169; - - - ; [3400, 3450), 0.00026;
[3450, 3500), 0; - - - ; [3850,3900),0}.

Now, we calculate the mean and standard deviation of y; ; = y,. These are, respectively,

1
My =My = {0+ 40+ (2500 + 2550)0.0007 + (2550 + 2600)0.00169 + -
+ (3600 + 3650)0.00095 + ((3650 + 3700)0.0034 + 0 + - -- + 0}

= 3128.218,
and

Silj = Sn
{0 ot ((—625218)2 + (—625.218)(—575.218) + (—575.218)2

0.0007 + - - -
3 ) oouor +

. ((274.782)2 +(274.782)(324.782) + (324.782)

) 1/2
3 )0.00026+0+---+0}

= 159.140.

Similarly, M’izj = Mgl = 2920412, Sizj = Sgl = 187.599.

In order to compute S ni,); = Sin2), first of all, we obtain Plisinyik = Plin2)ie k =
1,...,41, and then calculate M(; ., \; = M|y, using Equation (3.17). Thus,

41

> Dargyue = 0+ -+ +0.0007 + 0.00169 + - - - + 0.00026 + 0 + - - - + 0 = 0519,
k=1

Hence, from Equation (3.18), the standardized relative frequencies Pliiz)jk = Plin2)ie k=

1,...,41, are
. 0 . . 0.0007
Paro1 = 5519 = 0, . Pan)113 = 0, Plingyia = 0519 0.001,
. 0.00169 . 0.00026
Pan2)115 = TR =0.003,..., Plre)se = 051 = 0.001,
0

P>(k1m2)1,33 = 0519 =0,..., ]9?102)1,41 =0,
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and
* * 1
MGiinizy; = Minen = 5{0 + -+ 4 (2500 + 2550)0.001 + (2550 + 2600)0.003 + - - -
+ (3400 4 3450)0.001 + - - - + 0} = 3035.174.
Hence, the standard deviation for the intersection of y; ; = yj; and y;,; = vy, is, from

Equation (3.20),

Sinia)i = S(n2)1
_ {0 . +((—535.174)2+(—535.174)(—485.174)+(—485.174)2

0.0007
; )

1/2
364.826)2 + (364.826)(414.826 414.826)?
+<( )+ ( >3( )+ ))0.00026+-~-+0}

= 105.528.

By using these mean and standard deviation values, the three components of the extended

Gowda-Diday measure between observations y; and yj for variable Y; can be obtained as

follows:
159.140 — 187.599)
D / / _ ’ = 0.082
(Y1) 159.140 + 187.599 ’
159.140 + 187.599 — 2(105.528)
_D ! / — = 0.391
21 (Y115 Yan) 159.140 + 187.599 ’
3128.218 — 2920.412|
D / / _ ’ = 0.101.
31(Y115 Yar) 3900 — 1850 010
Thus,

Dep (Y, yh,) = 0.082 4 0.391 4 0.101 = 0.575.

Similarly, the extended Gowda-Diday measure values between y; ; = yj; and y;,; = ys, for

variables Ya, ..., Y10, Dap(yy;,¥5;), J=2,...,10, are

Dap(Y19: Yap) = 0.105, Dap(yi3,Ys3) = 0.056, Dap(yhy, vas) = 0.073,
DGD(?/35>?/55) = 0.053, DGD(?J16>?J§6) = 0.138, DGD(?J/177ZJ§7) = 0.040,

Deap (Y1 Yas) = 0.063, Dap (g, Yag) = 0.030, DGD(yll,lovyé,w) = 0.208.
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Thus, the extended Gowda-Diday dissimilarity measure between y} and y} is given by, from

Equation (3.21),
Dep(y,,y) = 0.575 + 0.105 + 0.056 + - - - + 0.208 = 1.341.

Similarly, we can calculate these dissimilarities Dgp(y;,,y;,) for all 4;,i = 1,...,7. Hence,
we can complete the dissimilarity matrix. The extended Gowda-Diday dissimilarity matrix
for the data of Table B.2 is given in Equation (5.1).

Now, we calculate the normalized city block and Euclidean distances. To obtain these dis-
tances, we first calculate the extended Ichino-Yaguchi measure of Equation (3.22). To obtain
the extended Ichino-Yaguchi measure, we first compute the union between two transformed

histogram-valued objects y; =y} and y;j, = y2. For the variable Y; = Y1,

/

PiyUin)ik = p/(1u2)11 = max{0, 0} = 0.
Similarly,

Plaue = max{0,0} = 0,..., plyuz)7r = max{0,0.00015} = 0.00015,
Plaays = max{0,0.00025} = 0.00025, ..., ply g4 = max{0.00034, 0} = 0.00034,

pl(lu2)1,38 = max{0,0} =0,..., p,(1u2)1,41 = max{0,0} = 0.

Thus, ¥(;,u,); = Yauan 1

yE1U2)1 = {[1850, 1900),0; - - - ; [2150,2200),0.00015; [2200,2250),0.00025; - - -
[3650, 3700), 0.00034; [3700,3750),0;--- ; [3850,3900), 0}.
In order to compute S ui,); = Sauz), first of all, we obtain Pluinyike = Plav)ie k =
1,...,41, and then calculate M(*Z.lumj = ]\/AI'(*IUQ)1 using Equation (3.15). Hence,

41

> Phugye =0+ +0+0.00015+ - - +0.00034 + 0+ - - + 0 = 1.481.
k=1
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*

Therefore, from Equation (3.16), the standardized relative frequencies p

p?lu?)lkﬂ k=

(11Ui2)jk
1,...,41, are
. . . 0.00015
Paur = 0, Pau2yiz = 0,..., Pau2yir = 1481 = 0.0001,
. 0.00025 . 0.00034
Pau2)yis = 1481 = 0.0002,.. ., Pau2)yisr = 1481 = 0.0002,
pf1u2)1,38 =0,..., Pf1u2)1,41 =0,
and
MG,uiy; = Mo
1
= 3 [0+ -+ + (2150 + 2200)0.00015 + - - - + (3650 + 3700)0.00034 + - - - 4 0]
= 3020.512.

Thus, the standard deviation for the union of y; ; = ¥}, and y;,; = v, is, from Equation

(3.19),

S(iluiz)j = 5(1u2)1
_ {0 + 4 ((—870.512)2 + (—870.512)(—820.512) + (—820.512)2

0.0001
: )

1/2
629.488)2 + (629.488)(679.488) + (679.488 2
+<( )+ ( )3( l ))0.0002+---+0}

= 266.255.

From the calculation of the extended Gowda-Diday measure, we know S;,; = S1; = 159.140,
Sinj = S21 = 187.599, and S(;,ni,); = Sin2)1 = 105.528. Thus, since we assume 7 = 0.25, the

extended Ichino-Yaguchi measure ¢(y;, ;, ¥i,;) = ¢(¥11,¥2;) is, from Equation (3.22),
Sy, yby) = 266.255 — 105.528 + 0.25(2 x 105.528 — 159.140 — 187.599) = 126.806.

Similarly, for variables Y5, ..., Yiq, respectively,

D(Y1a, Yna) = 8.815, d(y13, yas) = 0.344, (Y14, yas) = 16.411,
¢(?/15ayé5) = 4.231, ¢(y16>y£6) = 176.315, Cb(y/nay;?) = 1.169,

925(938:%8) = 1.291, ﬁb(yigay;g) = 1.299, ¢(y/1,107yé,10) = 225.443.
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Now we compute the normalized extended Ichino-Yaguchi measure for ¢(y};, y5,). First,

from Equation (3.24),

Aj; = Ay = 1850° + 1900% + 3850* 4 3900° = 37065000,
Ay; = Ay = 1850 x 1900 + 3850 x 3900 = 18530000,

As; = Az = 1850 x 3850 + 1850 x 3900 4 1900 x 3850 + 1900 x 3900 = 29062500.

Thus,

= 1414.361.

5 x 37065000 + 2 x 18530000 — 6 x 29062500
Vi=h= 24

Therefore, substituting into Equation (3.23), we obtain

126.806
* (1 AN _
0" (W1 ¥or) = Tpp3a7 = 009
Similarly, for variables Y5, ..., Yiq, respectively,

¢*(y/12’y§2) = 0.037, Cb*(yi?,a yé:s) = 0.007, qb*(y/14,y§4) = 0.017,
(b* (y/157 y;5> = 00077 ¢*<y167 yé6) = 00347 (b* (y/177 yé7) = 00077

¢* (Y18, Yas) = 0.007, ¢*(yg, Yag) = 0.007, ¢* (¥ 10, Y510) = 0.044.

The complete results for the normalized extended Ichino-Yaguchi dissimilarity matrices for

each variable (i.e., Y}, j =1,...,10), ¢}, are as follows:

0 0.090 0.340 0.425 0.154 0.328 0.109
0.090 0 0.242 0.325 0.067 0.230 0.205
0.340 0.242 0 0.084 0.184 0.017 0.455
1= 0425 0325 0.084 0 0.263 0.096 0.541 |,
0.154 0.067 0.184 0.263 0  0.171 0.268
0.328 0.230 0.017 0.096 0.171 0  0.443

0.109 0.205 0.455 0.541 0.268 0.443 0



0
0.037
0.043
0.102
0.098
0.072
0.036

0.007
0.099
0.071
0.045
0.073
0.021

0.017
0.065
0.120
0.039
0.094
0.076

0.037

0.054
0.072
0.067
0.105
0.038

0.007

0.092
0.065
0.039
0.066
0.018

0.017

0.066
0.124
0.043
0.099
0.074

0.043
0.054

0.091
0.097
0.099
0.052

0.099
0.092

0.028
0.054
0.025
0.077

0.065
0.066

0.058
0.035
0.033
0.138

0.102
0.072
0.091

0.041
0.174
0.080

0.071
0.065
0.028

0.028
0.027
0.051

0.120
0.124
0.058

0.078
0.024
0.200

0.098
0.067
0.097
0.041

0.173
0.094

0.045
0.039
0.054
0.028

0.030
0.037

0.039
0.043
0.035
0.078

0.055
0.115

0.072
0.105
0.099
0.174
0.173

0.095

0.073
0.066
0.025
0.027
0.030

0.057

0.094
0.099
0.033
0.024
0.055

0.173

0.036
0.038
0.052
0.080
0.094
0.095

0.021
0.018
0.077
0.051
0.037
0.057

0.076
0.074
0.138
0.200
0.115
0.173

182



0
0.007
0.025
0.029
0.022
0.025
0.035

0.034
0.226
0.252
0.152
0.219
0.061

0.007
0.074
0.056
0.041
0.071
0.021

0.007
0
0.024
0.030
0.021
0.025
0.035

0.034
0
0.217
0.245
0.145
0.210
0.088

0.007
0
0.076
0.052
0.036
0.076
0.019

0.025
0.024

0.025
0.012
0.023
0.035

0.226
0.217

0.043
0.074
0.020
0.227

0.074
0.076

0.109
0.094
0.046
0.082

0.029
0.030
0.025

0.020
0.026
0.050

0.252
0.245
0.043

0.112
0.035
0.250

0.056
0.052
0.109

0.018
0.125
0.036

0.022
0.021
0.012
0.020

0.014
0.043

0.152
0.145
0.074
0.112

0.077
0.153

0.041
0.036
0.094
0.018

0.109
0.020

0.025
0.025
0.023
0.026
0.014

0.055

0.219
0.210
0.020
0.035
0.077
0
0.219

0.071
0.076
0.046
0.125
0.109

0.087

0.035
0.035
0.035
0.050
0.043
0.055

0.061
0.088
0.227
0.250
0.153
0.219

0.021
0.019
0.082
0.036
0.020
0.087
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0 0.007
0.007 0
0.046 0.045
¢z = | 0.024 0.030
0.032 0.031
0.050 0.057

0.013 0.016

0  0.007
0.007 0
0.078 0.076
dg= | 0.114 0.113
0.085 0.085
0.051 0.052

0.041 0.043

0 0.044
0.044 0
0.159 0.194
o= 0.172 0.206
0.064 0.081
0.141 0.175

0.058 0.090

0.046
0.045

0.032
0.020
0.023
0.038

0.078
0.076

0.099
0.068
0.044
0.070

0.159
0.194
0
0.021
0.106
0.019
0.150

0.024
0.030
0.032

0.022
0.028
0.026

0.114
0.113
0.099

0.032
0.127
0.078

0.172
0.206
0.021
0
0.118
0.034
0.162

0.032
0.031
0.020
0.022

0.031
0.030

0.085
0.085
0.068
0.032

0.095
0.059

0.064
0.081
0.106
0.118
0
0.090
0.106

0.050
0.057
0.023
0.028
0.031

0.043

0.051
0.052
0.044
0.127
0.095

0.061

0.141
0.175
0.019
0.034
0.090
0
0.130

0.013
0.016
0.038
0.026
0.030
0.043

0.041
0.043
0.070
0.078
0.059
0.061

0.058

0.090

0.150

0.162

0.106

0.130
0
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By using ¢*(y1;,v5;), j =1,...,10, the normalized city block distance of y} and y3 can

be computed, from Equation (3.28) with ¢ = 1, as follows:

Dy (y1,y2) = [0.090 + 0.037 + 0.007 + - - - + 0.007 + 0.044] = 0.257.
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Similarly, the normalized city block distances for all 41,75 = 1,...,7 can be calculated. Hence,
the normalized city block distance matrix is given in Equation (5.2).

From the normalized extended Ichino-Yaguchi measure values, ¢*(y};,v5;), j = 1,...,10,
the normalized Euclidean distance between y} and y) can be calculated, from Equation (3.28)

with ¢ = 2, as follows:

1/2

D3 (y1,¥2) = [0.090% + 0.037% + 0.007* + - - - + 0.007% + 0.044%] '~ = 0.114.

Similarly, the normalized Euclidean distances for all i,i, = 1,...,7 can be calculated. Hence,
the normalized Euclidean distance matrix is given in Equation (5.3).

From the transformed histogram-valued data of Table B.2, we calculate the normalized
CDF dissimilarity measure for seven cover types. First of all, the cumulative relative fre-

quencies for y; ; = ¢, are obtained by
Fijr = Fin = P =0,
Similarly,

Fiio=Fi1+pj,=04+0=0,...,

Fii13 = Fiiae +p/11,13 =0+0=0,

Firas = Fias + Py = 0+ 0.0007 = 0.0007,

Fiiss = Fiyaa + Phyas = 0.0007 + 0.00169 = 0.00239, ...,
Fiyar = Fiuss + Dy gr = 0.99966 +0.00034 = 1,

Fiig = Fun +p/11,4o =14+0=1.
Similarly, cumulative relative frequencies for y; ; = yy, are

Fgll - 0, ey F21713 - 000942, F21714 - 0027177

F21715 - 005405, ey F21737 - 1, ey F21’41 == ].
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Thus, since T; = 17 = by 41 — by, = 50 for k = 1,...,¢; from Equation (3.30), the CDF

dissimilarity measure of yj; and yj, is obtained by

Depr(yiyyh) = 50 [0 + -+ 4 |0 —0.00942| 4 |0.0007 — 0.02717

TR 1\} — 207.805.

Since ¥; = Uy = by 4,41 — b11 = 3900 — 1850 = 2050, the normalized CDF measure of yi,

and y5, is calculated as follows:

Dopr(Yi, Yo1) 207.805

D Iy — — = 0.101.
NepF(Yirs Yar) U, 2050

Similarly, for variables Y5, ..., Yiq, respectively,

Dnepr(Yias Yaz) = 0.029, Dyepr(Yis, Yas) = 0.006, Dnepr(Yias Yas) = 0.010,
Dnepr(Yis, Yas) = 0.005, Dnepr(Yie, Yas) = 0.032, Dyepr(Yiq, var) = 0.007,

Dnepr(y1s: ¥as) = 0.007, Dyepr(Yig, Yag) = 0.006, Dnepr(yy 105 ¥a10) = 0.021.
Thus, from Equation (3.31), the normalized CDF dissimilarity measure of y] and y} is
Dnepr(yy,ys) = 0.101 + 0.029 + 0.006 + - - - + 0.006 + 0.021 = 1.112.

Similarly, we can calculate these distances Dycpr(ys,,yi,) for all 4;,i3 = 1,...,7. Hence,
we can complete the normalized CDF dissimilarity measure for the histogram-valued data

of Table B.2, and this dissimilarity matrix is given in Equation (5.4).



B.4 CLUSTER ANALYSIS

Table B.3: Objects sorted by mean values for each variable.
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Sort Y1) Y2 Y(3) Y () Y(s) Y (6) Y

Y1 | Object Y4 y3 Y6 Y5 y2 Y1 y7
Mean | 2223.6 23942 24188 2786.8 29204 31282  3361.7
Sort Y i) Ys) Yy YE5) Y{o) i)

Ys | Object Y4 Y5 Y2 y7 yi y3 Y6
Mean 136.8 1389 1517 1529 1558  176.0  180.1
Sort Y Yiz) Y(s) Yia) Yi5) Y{s) Yir)

Y3 | Object Y1 Y2 y7 V5 Y4 Y6 y3
Mean 12.6 13.1 13.8 16.1 18.1 18.6 20.3
Sort Y Y2 Y(3) Y Ys) Y (o) Y

Yy | Object V4 Y6 y3 V5 yi Y2 y7
Mean 1155  160.1  209.3  216.3  270.3  279.2  358.4
Sort Y Yz Y(s) Y(a) Y(5) Y{e) Yin

Ys | Object Y4 Y1 Y6 Y2 Y5 y3 y7
Mean 37.1 42.0 44.2 46.1 49.6 61.7 68.6
Sort Y Y Yis Y Yis) Y(o) Yir

Ys | Object V4 y3 Y6 Y5 y2 yi y7
Mean 912.8  942.9  1037.3 1354.8 2429.6 26144 2738.4
Sort Y Y Yis) Y Ys) Y (o) Y

Y7 | Object Y6 y3 y1 y2 y7 Y5 y4
Mean 1924 2015 2115 2133 2165  223.0 2280
SOI‘t y8 y8 y8 y8 y8 y8 y8

(1) (2) (3) (4) (5) (6) )

Ys | Object Y6 y3 Y4 Y5 y7 y1 y2
Mean 209.3 2154 2165 2186  221.3 2230  224.9
Sort Y Y Y Y Yis) Y (o) Yin

Yy | Object V4 Y5 y7 Y3 y2 Y1 Yo
Mean 1109  121.3 1346 1399 1425 1434  147.7
Sort Y1) Y(2) Y(3) Y1) Y(5) Y (6) ()

Y10 | Object y4 y3 Y6 Y5 y1 y7 y2
Mean 860.9  911.4  1056.2 1572.1 2009.1 2068.8  2168.0




Table B.4: Decrement values for the first stage.

Variable (CL,CY) I(ChH  1(C% [ I(C1) —I(CH—1(C?)
{yat:{y3,y6,¥5,¥2,¥1,¥7}) 0.00 9.44 3.00
{ya,y3}. {ye,¥5,¥2,¥1,¥7}) 1.16 6.85 4.52

i {ya,¥3,¥6}, {ys, y2,¥1,¥7}) 1.91 2.85 T
({y4,¥3,56,¥5}: {y2, ¥y1,¥7}) 4.03 1.12 7.38
{ya,¥3,¥6,¥5,y2}, {y1,¥7}) 7.38 0.62 4.52
({y4,y3,¥6,¥5,y2,¥1}, {y7}) 9.86 0.00 2.67
{ya}: {ys,y2,¥7,¥1,¥3,¥6}) 0.00 9.44 3.00
({y4,y5},{y2,¥7,¥1,¥3,¥6}) 1.66 8.30 2.57

Ya ({y4,¥5,y2}:{y7,¥1,¥3,¥6}) 4.32 7.06 1.14
{ys,¥5,y2,y7} {y1,¥3,¥6}) 6.39 4.11 2.02
{y4,¥5.¥2,¥7,¥1},{¥3,¥6}) 7.47 0.31 4.75
({y4,¥5,¥2,¥7,¥1,¥3}, {y6}) 10.24 0.00 2.28
{y1},{y2,y7,¥5,y4,¥6,¥3}) 0.00 10.70 1.83
{y1,y2}{y7,¥5,¥4,¥6,¥3}) 0.13 8.31 4.08

Y3 {y1,y2, 7}, {y5, ¥4, ¥6,¥3}) 1.12 4.03 7.38
{y1.y2,y7,¥5}, {ya.¥6,¥3}) 2.85 1.91 777
{y1,y2,¥7,¥5.y4} {y6,¥3}) 7.47 0.31 4.75
{y1,¥2,¥7,¥5,¥4,¥6},{ys}) 10.49 0.00 2.03
({y1}, {y2,¥7,¥5,¥4,¥6,¥3}) 0.00 10.70 1.83
({ya}, {v6,¥3,¥5,¥1,¥2,¥7}) 0.00 9.44 3.01
{ya,y6}:{y3,¥5,¥1,¥2,¥7}) 1.39 6.64 4.50

Yy ({y4,v6,¥3}: {ys,y1,¥2,¥7}) 1.91 2.85 7T
({y4,¥6,¥3,¥5}, {y1,y2,¥7}) 4.03 1.12 7.38
{y4,¥6,¥3,¥5,¥1}, {y2,y7}) 7.62 0.92 3.98
({y4,¥6,¥3,¥5,y1,¥2}, {y7}) 9.86 0.00 2.67
{ya}. {y1,v6,y2,¥5,¥3,¥3}) 0.00 9.44 3.00
{y4,y1}:{ye,¥2,¥5,¥3,¥7}) 3.81 8.15 0.56

Y5 {ys,y1,¥6},{y2,¥5,¥3,¥7}) 5.39 5.77 1.36
{ya,y1,¥6,¥2}, {ys5,¥3,¥7}) 7.39 4.53 0.60
{ys,y1,¥6,¥2,¥5}, {ys,y7}) 8.30 3.54 0.68
({ys,¥1,¥6,¥2,¥5,¥3}, {y7}) 9.86 0.00 2.67
({ya},{y3,¥6,¥5,¥2,¥1,¥7}) 0.00 9.44 3.00
({y4,y3},{y6,¥5,¥2,¥1,¥7}) 1.16 6.85 4.52

Ys {ys,¥3,¥6},{y5,¥2,¥1,¥7}) 1.91 2.85 7.77
({y4,¥3,56,¥5}, {y2, ¥y1,¥7}) 4.03 1.12 7.38
{ys,¥3,¥6,¥5,y2}, {y1,y7}) 7.38 0.62 4.52
({ys,y3,¥6,¥5,y2,y1}, {y7}) 9.86 0.00 2.67
({y6}, {y3,y1,y2,¥7,¥5,y4}) 0.00 10.24 2.28
{ye,y3}, {y1,y2,¥7,¥5,y4}) 0.31 7.47 4.75

Y7 {y6,¥3,y1},{y2, ¥7,¥5,¥4}) 4.11 6.39 2.02
{ys,y3,y1,y2} {y7,¥5,y4}) 5.93 4.69 1.90
{y6,¥3,¥1,¥2,¥7},{y5,¥4}) 8.30 1.66 2.57
{ys,¥3,¥1,¥2,¥7,¥5}, {ya}) 9.44 0.00 3.01
({y6}, {y3,y4,¥5,¥7,¥1,¥2}) 0.00 10.24 2.28
{y6,¥3}, {y4,¥5,¥7,¥1,¥2}) 0.31 7.47 4.75

Ys ({ye,¥3, ¥4}, {ys,y7,¥1,¥2}) 1.91 2.85 ol
{ye,¥3,y4,y5}, {y7,¥1,¥2}) 4.03 1.12 7.38
{ye,¥3,y4,¥5,y7}, {y1,y2}) 8.31 0.13 4.08
({y6,¥3:¥4,¥5,¥7:¥1}: {y2}) 10.80 0.00 1.73
({ya}, {y5,¥7,¥3,¥2,¥1,¥6}) 0.00 9.44 3.09
{ys,ys}:{y7,¥3, ¥2,¥1,¥6}) 1.66 8.30 2.57

Yo {ya,y5, 7}, {y3,¥2,¥1,¥6}) 4.69 5.93 1.90
{y4,y5.y7,¥3}, {y2,¥y1,¥6}) 6.69 3.89 1.95
{ys,y5,y7,¥3,¥2}1, {y1,¥6}) 8.75 2.88 0.90
{y4,¥5,¥7,¥3,y2,¥1},{y6}) 10.24 0.00 2.28
({ya},{y3,¥6,¥5,¥1,¥7,¥2}) 0.00 9.44 3.00
{y4,y3},{y6,¥5,¥1,¥7,¥2}) 1.16 6.85 4.52

Y10 {ys,¥3,¥6}, {y5,¥1,¥7,¥2}) 1.91 2.85 7.77
({y4,¥3,56,¥5}, {y1,y7,¥2}) 4.03 1.12 7.38
{ya,¥3,¥6,¥5,y1}, {y7,¥2}) 7.62 0.92 3.98
({y4,¥3,¥6,¥5,¥1,¥7}, {y2}) 10.80 0.00 1.73
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Table B.5: Decrement values at the second stage.

Variable | Cluster (CL,C?), u=1,2 I(CD) I(C?) I(Cy) — I(CL) — I(C2)
& ({va}, {ys,v6}) 0.00 0.31 1.60
({ys,y3}: {ye}) 1.16 0.00 0.75
Y Ca {ys} {y2,y1,¥7}) 0.00 1.12 1.73
({ys, 2}, {y1,¥y7}) 1.08 0.62 1.15
({ys,y2,y1}, {y7}) 1.69 0.00 1.16
& ({va}, {ys,v6}) 0.00 0.31 1.60
({ys,y3}: {ye}) 1.16 0.00 0.75
Y2 C2 {ys} {y2,y7,y1}) 0.00 1.12 1.73
({ys, 2}, {y7,y1}) 1.08 0.62 1.15
(ys,y2,¥7}, {y1}) 2.42 0.00 0.43
a1 ({ya}:{ys,¥3}) 0.00 0.31 1.60
{ya,y6},{y3}) 1.39 0.00 0.52
Y3 Cs {y15{v2,y7,y5)) 0.00 2.42 043
vy, y2}{y7,¥5}) 0.13 1.63 1.10
Uy1,y2,¥7}, {ys}) 1.12 0.00 1.73
C1 ({ya}, {ye,¥3}) 0.00 0.31 1.60
({y4,¥6},{ys}) 1.39 0.00 0.52
Yy Ca {ysh v, y2,y70) 0.00 112 1.73
{ys,y1},{y2,¥y7}) 1.32 0.92 0.61
(ys,y1,¥2}, {y7}) 1.69 0.00 1.16
C1 ({ya},{ye,¥3}) 0.00 0.31 1.60
({ya,y6}{y3}) 1.39 0.00 0.52
Y5 Ca it {y2, 5, y70) 0.00 2.42 0.43
({y1,y2}. {ys,y7}) 0.13 1.63 1.10
{y1,y2,¥5}, {y7}) 1.69 0.00 1.16
i ({va}: {ys,v6}) 0.00 0.31 1.60
({ya,¥3}, {ye}) 1.16 0.00 0.75
Yo C ({ys} {y2,y1,¥7}) 0.00 112 1.73
({ys,y2}, {y1,y7}) 1.08 0.62 1.15
{ys,y2,¥1},{y7}) 1.69 0.00 1.16
& ({ye},{y3,y4}) 0.00 1.16 0.75
({ye6,y3}, {ya}) 0.31 0.00 1.60
Y7 C {y1}. {y2,y7,¥5}) 0.00 2.42 0.43
{y1,y2},{y7,¥5}) 0.13 1.63 1.10
{y1,y2,y7}, {ys}) 1.12 0.00 1.73
(O ({ve6}:{ys,va}) 0.00 1.16 0.75
({ye6,y3}, {ya}) 0.31 0.00 1.60
Ys C2 {ys} {y7, y1,¥2}) 0.00 1.12 1.73
{ys,y7} {y1,¥2}) 1.63 0.13 1.10
{ys,y7,y1}, {y2}) 2.38 0.00 0.47
(51 ({ya},{y3,¥6}) 0.00 0.31 1.60
({y4,¥3},{ys}) 1.16 0.00 0.75
Yo C2 Qysh {ym,y2,y1D) 0.00 112 1.73
({ys,y7},{y2,y1}) 1.63 0.13 1.10
({ys,y7, 2}, {y1}) 2.42 0.00 0.43
C1 ({ya}, {y3,v6}) 0.00 0.31 1.60
({y4,¥3},{ys}) 1.16 0.00 0.75
Yio Co {ys} {y1,y7,y2}) 0.00 T.12 173
{ys,y1},{y7,y2}) 1.32 0.92 0.61
{ys,y1,y7} {y2}) 2.38 0.00 0.47
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Table B.6: H; values for Cf = {y1,¥2,¥3 ¥5, Y6 ¥7} and C? = {y4}.

Yo = yo (TCT, TC?) I(TCY) | I(1C%) | H

Yoy =yi | ({y2,¥3¥5 Y6 Y7}, 1y1,ya}) 8.15 3.81 -2.52
Yo =y2 | {y1,¥3 Y5 Y6 y7 ) {y2, va}) | 825 3.74 -2.55
Yo =ys | ({y1,y2,¥5 Y6 Y7}, {ys, ya}) 6.85 1.16 +1.16
Yo =Ys | {¥y1,¥2, Y36 Y7}, {¥5. ¥4}) 8.30 1.66 -0.52
Yo =Ye | (Y1, ¥2,¥3,¥s Y75 {ye, ya}) | 6.64 1.39 | +1.41
Ye) =Y7 | ({¥y1,¥2,¥3,¥5, Y6}, 1y7, Ya}) 7.12 3.76 -1.44

Table B.7: H(;) values for C! = {y1,y2,¥3,¥5 y7} and C} = {y4,ys}-

Yi) =Yi (rct, rc?) I(TCY) | I(TC?) | Hg
Yo =y1 | {y2,¥3, 55 y7}5 {y1, 4. ¥6}) 5.77 5.39 -3.13
Yo = Y2 {y1,¥3,¥5.¥7}: {y2, ¥4,¥6}) 5.86 5.30 -3.13
Yo =¥s | ({y1,¥2,¥5 7} {¥3, Y1, ¥6}) 2.85 2.91 +3.27
Yo =Ys | {y1,¥2,¥3, 57} {¥s5 Y4, ¥6}) 5.47 3.31 -0.75
vy =y7r | {y1.y2.¥3. 550 {yr. ya.y6}) | 494 5.96 2.87

Table B.8: H; values for C! = {y1,y2,¥5, y7} and C} = {y3,y4,¥6}.

yoy=y1 | ({y2, ¥ y7h {y1,¥3, ¥4, ¥6}) 2.42 6.27 -3.93
Yo=Yz | {y1,¥5¥7} {y2, ¥3, ¥4, ¥6}) 2.38 6.09 -3.71
Yo =5 | ({yu,y2,¥7} {Ys: ¥3, ¥4, Y6 }) 1.16 4.03 | -0.39
vy =vyr | Gy, y2ys} {y7,¥3, ¥4, ¥6}) 1.69 6.98 | -3.91

Table B.9: H; values for C! = {y1,y2,y7} and C} = {ys}.

Yo =y (TC, TC?) I(TCY | I(TC?) | Hy
yo=y1 | {y2yrh{yiys}) | 092 132 | -1.13
Yo =y2 | {yuyrh {y2ys}) | 0.62 1.08 | -0.59
v =vy7 | {yiy2}{y7ys}) | 013 1.63 | -0.64




APPENDIX C

PRrROGRAM CODE IN R SOFTWARE

HHBHHHHHHBHFHHH B H R H R R R R R

#
Cluster Analysis for Histogram-valued Data #
By Jaejik Kim #

R : version 2.5.0 #

#

H OH O H OH H

FHEH R R R R
#==== Create a Histogram-valued Dataset from Classical Dataset.=====

histdata=function(x,v,c)
# x : data frame
# v . columns to be histogram-valued data
# c : column for a category variable

a=levels(factor(x[,cl))
m=length(a)

p=length(v)
nm=colnames (x) [v]

# Function to make ( , , , ) —————————————————-
addc=function(q)
# q : vector

{
k=length(q)
f=q[1]
if (k>=2)
{
for (i in 1:(k-1))
{
f=paste(f,",",ql[i+1])
+
}

f=paste("(",f, II)H)
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return(f)

br=matrix(nrow=m,ncol=p)
rf=matrix(nrow=m,ncol=p)
for (i in 1:m)

{

y=x[x[,cl==ali],]

for (j in 1:p)

{
z=hist(y[,v[j]],plot=FALSE)
b=z$breaks
r=z$counts/sum(z$counts)
br[i,jl=addc(b)
rf[i, jl=addc(r)

}

}

colnames (br)=nm

rownames (br)=a

colnames (rf)=nm

rownames (rf)=a
result=1list (br,rf)

names (result)=c("br","rf")
return(result)

Data Transformation

=+

hist.data = function(dt,fq,ls="M")
# dt : Break points data for intervals
# fq : Relative frequency for intervals
# 1s : the type of the length of transformed subintervals
# (M :minimum length, A : Average length)

dt=as.matrix(dt)

fq=as.matrix(fq)

ncl=nchar(dt)

nc2=nchar(fq)

dt=substr(dt,2,nc1-1)

fq=substr(fq,2,nc2-1)

rn=rownames (dt) # rn : name of obs.
cn=colnames (dt) # cn : name of variables

m=length(dt[,1]) # m : number of observations



p=length(dt[1,])
g=vector (length=p)
SINTV=vector (length=p)

p : number of variables
q : maximum number of intervals
SINTV : minimum or average length
of intervals
Detect the maximum number of intervals
for each variable

for (i in 1:p)

{

g : initial value for maximum number
of intervals

g=0

H OH H H R H H H

INTV=vector (length=m)

for (j in 1:m)

{ zl=unlist(strsplit(dtl[j,i], ",", fixed = TRUE))
zl=as.numeric(z1)
nl=length(z1)
if (n1 > g) g=ni
INTV[jl=abs(z1[2]-z1[1])

}

qlil=g

if (1s=="M") SINTV[i]=min(INTV)

if (1s=="A") SINTV[i]=mean(INTV)

cg=cumsum(q) # Assign the data to matrix
dtl=matrix(nrow=m,ncol=sum(q))
fql=matrix(nrow=m,ncol=sum(q)-p)
for (i in 1:p)
{ for (j in 1:m)
{ zl=unlist(strsplit(dtlj,i], ",", fixed
zl=as.numeric(z1)
nl=length(z1)
z2=unlist(strsplit(fqlj,i], ",", fixed
z2=as.numeric(z2)
n2=length(z2)
n3=n1-1
if (n3!=n2) # Error massage : check the data out!
stop ("The number of break points and relative
frequencies do NOT match")
if (i==1)
{dt1[j,1:n1]l=z1
fq1lj,1:n2]=22}
if (i>1)
{cql=cqli-1]+1
cq2=cql+ni-1
dt1[j,cql:cq2]=z1
cg3=cql[i-1]-i+2
cqé4=cq3+n2-1

TRUE) )

TRUE) )
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fql1lj,cq3:cqdl=z2}

+
}
minl=vector (length=p) # minl : minimum value of
# histogram-valued variable
maxl=vector (length=p) # maxl : maximum value of
# histogram-valued variable

for (i in 1:p)
{ if (i==1)

{min1[i]=min(dt1[,1:cqli]],na.rm=T)
max1[i]=max(dti[,1:cqli]],na.rm=T) }

if (i>1)

{cql=cqli-1]+1
minl[i]=min(dt1[,cql:cqlil],na.rm=T)
max1[i]=max(dti[,cql:cql[il],na.rm=T) }

}

ng=round (abs (max1-minl) /SINTV)+1
# Number of new intervals for each variable

cng=cumsum(nqg)
new=0
for (i in 1:p) # Construct new intervals
{ newl=seq(mini1[i],max1[i],length=nq[i])

new=append (new,newl)
}
new=new[2:1length(new)]
cfg=cumsum(qg-1)

for (j in 1:m)
{ new.fq1=0
for (i in 1:p)
{ if (i==1)
{z1=dt1[j,1:cqlil]
z2=fq1[j,1:cfqlil]
z3=new[1:cnq[il] }
if (i>1)
{cql=cqli-1]+1
cq2=cfqli-1]+1
cqg3=cnq[i-1]+1

z1=dt1[j,cql:cqlil] # z1 : 0ld break points
z2=fql[j,cq2:cfqlil] # z2 : 01d relative frequencies
z3=new[cq3:cnq[il] } # z3 : New break points

nl=length(z3)-1
n2=length(na.omit(z1))
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z4=vector(length=n1) # z4 : New relative frequencies
n=1
for (k in 1:n1)
{if (n==1)
{if (z1[n]>=z3[k+1]) z4[k]=0
if (z1[nl]>=z3[k] & z1[n]l<z3[k+1] & z1[n+1]>=z3[k+1])
{z4[k]=(abs(z3[k+1]-z1[n])/abs(z1l[n+1]-z1[n]))*z2[n]}
if (z1[nl]>=z3[k] & z1[n+1]1<z3[k+1])
{
if (z1[n2]>z3[k+1])
{t=n
while (z1[t+1]<z3[k+1] & t<=n2)
{t=t+1%}
z4 [k]=sum(z2[n: (t-1)]1)+(abs(z3[k+1]-z1[t])
/abs(zl[t+1]-z1[t]))*z2[t]}
if (z1[n2]<=z3[k+1]) z4[k]l=sum(z2[n: (n2-1)]1)
}
if (z1[nl<z3[k] & z1[n+1]>=z3[k+1])
{z4[k]=(abs(z3[k+1]-2z3[k])/abs(zl[n+1]-z1[n]))*z2[n]}

if (n>1 & n<n2)
{
if (z1[nl>=z3[k] & z1l[nl<z3[k+1] & z1[n+1]>=z3[k+1])
{z4[k]=((abs(z1[n]-z3[k])/abs(z1l[n]-z1[n-1]))*z2[n-1])
+((abs(z3[k+1]-z1[n])/abs(z1[n+1]-z1[n]))*z2[n])>}
if (z1l[nl>=z3[k] & zl1l[n+11<z3[k+1])
{
if (z1[n2]>z3[k+1])
{t=n
while (z1[t+1]<z3[k+1])
{t=t+1}
z4[k]=((abs(z1[n]-z3[k])/abs(z1[n]-z1[n-1]))*z2[n-1])
+sum(z2[n: (t-1)])+(abs(z3[k+1]-z1[t])
/abs(z1[t+1]-z1[t]))*z2[t]}
if (z1[n2]<=z3[k+1])
{z4[k]=((abs(z1[n]-z3[k])/abs(z1[n]-z1[n-1]))*z2[n-1])
+sum(z2[n: (n2-1)1)}
}
if (z1[nl<z3[k] & z1[n+1]>=z3[k+1])
{z4[k]=(abs(z3[k+1]-2z3[k])/abs(z1l[n+1]-z1[n]))*z2[n] }
by

if (n==n2)
{if (z1[nl>z3[k]) z4[kl=(abs(z1l[n]-z3[k])/abs(z1l[n]l-z1[n-1]1))*z2[n-1]
if (z1[n]<=z3[k]) z4[k]=0 }
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if (n>n2 | is.na(z1[n])) z4[k]=0

# Count for real interval values(zl)
if (n==n2) n=n+1
if (n<n2 & k<nl)
{if (z1[nl]l>=z3[kl&z1[n]<z3[k+1]&=z1[n+1]>=2z3[k+1]&z1[n+1]1<z3[k+2])
{n=n+1}}
if (n<n2)
{if (z1[n]>=z3[k] & z1l[n+1]1<z3[k+1] & z1[n2]>z3[k+1]) n=t+1
if (z1[n]>=z3[k] & zl[n+1]1<z3[k+1] & z1[n2]<=z3[k+1]) n=n2}
if (n<n2 & k<nl)
{if (z1[nl<z3[k] & z1[n+1]>=z3[k+1] & z1[n+1]<z3[k+2]) n=n+1}

} # End of for (k)
new.fql=append(new.fql,z4)
+ # End of for (i)

if (j==1) new.fg=new.fql

if (j>1) new.fg=rbind(new.fq,new.fql)
} # End of for (j)
n=ncol(new.fq)
new.fq=new.fql[,2:n]
rownames (new.fq)=rn
names (cng)=cn

result=1ist(new,new.fq,cnq)
names (result)=c("bp","rfq","cnq")
return(result)

++

Dissimilarity Measure

dissim <- function

(hdata,measure="E",gamma=0.5,Normal=TRUE,weight=FALSE,wj)

# hdata : object of fuction "hist.data"

# measure : Dissimilarity measures

# (Gowda-Diday(GD) ,city block(CB) ,Euclidean(E),CDF)

# gamma : Coefficient for Ichino-Yaguchi measure.(Default=0.5)

# Normal : Whether it gives a normalized value for Ichino-Yaguchi

# or CDF measure or not(Default=TRUE)

# weight : Whether it gives weights

# wj : weight for I-Y measure

# (Default: weight=TRUE -> wj=1/p, weight=FALSE -> wj=1)

bp=hdata$bp
rfg=hdata$rfq
cng=hdata$cnq
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m=nrow (rfq)
p=length(cnq)

cg=cng-1l:p
d.temp=array(0,dim=c(m,m,p)) # Distance matrix for each variable
MU=array(0,dim=c(m,m,p)) # Mean of Union

rn=rownames (rfq)
# (To obtain cut points in Monothetic algorithm)
cn=names (cnq)

mean.hv <- function (bp,f) # Mean of Histogram for an obs.
{ n=length(bp)

a=bp[1:(n-1)]

b=bp[2:n]

ml=sum(((b+a)*£f)/2)

return(ml) }

sd.hv <- function (bp,f) # Standard deviation for an histogram obs.
{ n=length(bp)

a=bp[1:(n-1)]

b=bp[2:n]

sf=sum(f)

if (sf!=0) fi1=f/sum(f)

if (sf==0) fi=f

M=sum(((b+a)*£1)/2)

v=sqrt (sum((((a-M) ~2+(a-M) * (b-M) + (b-M) ~2) /3) *f))

return(v) %}

for (i in 1:m)
{for (j in 1:m)

{if (§>1)
{
for (k in 1:p)
{if (k==1)

{f0=rfql,1:cql1]]
fi=rfqli,1:cql1]]
f2=rfqlj,1:cql1]]
z=bp[1:cnq[1]1] }

if (k>1)

{cql=cqlk-1]+1
cq2=cnq[k-1]+1
fO=rfql,cql:cqlk]]
fi1=rfqli,cql:cqlk]]
f2=rfqlj,cql:cqlk]]
z=bplcq2:cnqlk]] %}
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t=length(f1) # The number of subintervals
Psi=z[t+1]-z[1] # The length spanned by obs

fx=cbind(f1,£2)
fu=apply(fx,1,max)
fi=apply(fx,1,min)

# Mean of Union for cut points
fu.cut=fu/sum(fu)
MU[i,]j,k]=mean.hv(z,fu.cut)
MU[j,i,k]=MU[1,j,k]

if (measure!="CDF")
{
sl=sd.hv(z,f1) # Standard deviation for A
s2=sd.hv(z,f2) # Standard deviation for B
su=sd.hv(z,fu)
si=sd.hv(z,fi)
}

# Calculation for Measures(GD, CB, E, CDF)

if (measure=="GD") # Gowda-Diday Dissimilarity Measure
{
d.temp[i,j,k]=abs(s1-s2)/(s1+s2)+(s1+s2-2%si)/(s1+s2)
+abs(mean.hv(z,f1)-mean.hv(z,f2))/Psi
d.temp[j,i,k]=d.templ[i,j,k]
if (k==p) D=apply(d.temp,c(1,2),sum)

if (measure=="CB" | measure=="E" | missing(measure))
{
phi=su-sit+gamma* (2*si-s1-s2)
# Ichino-Yaguchi(r=0.5, 0=<r=<0.5)

if (Normal==T) # Normalized Ichino-Yaguchi measure
{

al=z[1]

b1l=z[2]

at=z[t]

bt=z[t+1]

V=sqrt ((5%(al"2+b1"2+at " 2+bt~2)+2* (al*bl+at*bt)

-6x (alxat+alxbt+at*bl+blxbt))/24)
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phi=phi/V
+
if (weight==F) wj=rep(l,p)
if (weight==T & missing(wj)) wj=rep(1/p,p)

if (measure=="CB") # City Block Distance
{
d.temp[i, j,k]=wj[k]*phi
d.templj,i,k]=d.templ[i,j,k]
if (k==p) D=apply(d.temp,c(1,2),sum)
}

if (measure=="E" | missing(measure))

{ # Normalized Euclidean Distance
d.templi, j,k]=wj[k]*phi~2
d.temp[j,i,k]=d.templ[i,j,k]

if (k==p) D=sqrt(apply(d.temp,c(1,2),sum))

if (measure=="CDF") # CDF Distance
{b=1length(z)
z1=z[1:(b-1)]
z2=z[2:b]
fa=cumsum(f1)
fb=cumsum(£2)
d.temp[i, j,k]=sum(abs(z2-z1)*abs(fa-fb))
d.temp[j,i,kl=d.templ[i,j,k]
if (Normal==T)
{
d.templi,j,k]=d.templ[i,j,k]/Psi
d.temp[j,i,k]=d.temp[j,i,k]/Psi
}
if (k==p) D=apply(d.temp,c(1,2),sum)

}
}
}
}

dp=apply(d.temp,3,sum)
dp=dp/sum(dp)
rownames (D)=rn
colnames(D)=rn
names (dp)=cn
dp=sort (dp,decreasing=TRUE)
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result=1ist(D,d.temp,MU,dp)
names (result)=c("dsm","dmv","MU","impt")

# dsm : distance matrix
# dmv : distance matrix for each variable
# MU : mean matrix of union (cut points)
# impt : relatively important degree for each variable
return(result)
+
# Divisive Clustering Method (Monothetic)
mdivclust <- function(hdata, dsmty)
# hdata : object of fuction "hist.data"
# dsmty : object of fuction "dissim"
{

bp=hdata$bp
rfg=hdata$rfq
cng=hdata$cnq
dsm=dsmty$dsm
dmv=dsmty$dmv
MU=dsmty$MU

m=nrow (dsm) # # of obs.
rn=rownames (dsm)

cn=names (cnq)

p=length(cnq)

cq=cng-1:p

mn=1:m

# Mean function for Histogram-valued data____________________
mean.hv <- function (bp,f) # Mean of Histogram for an obs.
{ n=length(bp)
a=bp[1:(n-1)]
b=bp[2:n]
ml=sum(((b+a)*£f)/2)
return(ml) %}
% End of Mean Function
### Mean for each obs and variable ###
hmean=matrix(nrow=m,ncol=p)
for (j in 1:p)
{ for (i in 1:m)
{if (j==1)
{f=rfqli,1:cql1]]
z=bp[1:cnq[1]]}
if (3>1)
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{cql=cqlj-1]+1
cg2=cnq[j-1]+1
f=rfqli,cql:cqljl]
z=bplcq2:cnql[jl] %

hmean[i, jl=mean.hv(z,f)
}

}

rownames (hmean)=mn

colnames (hmean)=cn

### Divisive clustering(Monothetic) ###

S Function for the part of the Within-Cluster variance
# dsm : Dissimilarity matrix, sn : elements of cluster
WCV <- function (dsm,sn)
{ mk=length(sn)
m=nrow (dsm)
if (mk==1) IC=0
if (mk>1)
{ IC=0
for (i in 1:mk)
{ for (j in 1:mk)
{ if (3>1)
{ ti=snli]
t2=sn[j]
IC=IC+(dsm[t1,t2])"2 } } }
IC=IC/(m*mk) }
return(IC) }
# End of the function WCV __________
m1=2*(m-1)+1
clus=matrix(nrow=ml,ncol=m) # Record for grouping
clus[1,]=mn # 1st row = all the observations
div=matrix(0,nrow=(m-1) ,ncol=6)
# column 1 : origin, column 2-3 : divided cluster
# column 4 : Total within-cluster variation
# column 5 : Total between-cluster variation
# column 6 : total variation explained by
# the differences between clusters

group=1 # Rows of matrix ’clus’
question=vector(length=(m-1))

WE=WCV (dsm,mn) # Total within-cluster variance for set E
for (i in 1:(m-1)) # i : Total number of steps

{ r=length(group)
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WCkO=0
for (j in 1:p) # j : Total number of variables
{ hm=hmean [, j]
for (k in 1:r) # k : Total number of clusters at each step

{ al=grouplk]

a2=na.omit(clus([al,])

a3=length(a2)

if (a3 > 1)

{ hmp=0 # Sorting for the mean
for (b in 1:a3)
{ hmp=rbind(hmp,hm[names(hm)==a2[b]]) }
hmp=hmp [2: (a3+1)]
names (hmp)=a2
sn=as.numeric (names (sort (hmp)))

IC=WCV(dsm,sn)

for (1 in 1:(a3-1))
{ snl=sn[1:1]
sn2=sn[(1+1) :a3]
IC1=WCV(dsm,snl)
IC2=WCV(dsm,sn2)
WCk=IC-IC1-IC2

if (round(WCk0,8) == round(WCk,8))
{

dvi=dmv[snli,snl2,vr]

dv2=dmv [sn[1],sn[1+1], j]

if (dv2 > dvi)

{
clusl=snl
clus2=sn2
divl=al
div2=2%i
div3=2%i+1
vr=j
snli=sn[1]
snl2=sn[1+1]
dvl=dv2
grp=append (group, c(2*i,2*i+1) ,after=k)
locat=which(grp==al)
grp=grp[-(grp=locat)]
variable=cn[j]
cut=MU[snli,snl2,vr]
cut=round(cut,4)
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if (round(WCk,8) > round(WCk0,8))
{ clusil=sni

clus2=sn2

divl=al

div2=2%1

div3=2%i+1

WCkO=WCk

vr=j

snll=sn[1]

snl2=sn[1+1]

grp=append (group,c(2*i,2xi+1) ,after=k)
locat=which(grp==al)
grp=grp[-(grp=locat)]
variable=cn[j]
cut=MU[snll,snl2,vr]
cut=round(cut,4)

11=length(clus1)

12=length(clus2)

clus[(2%i),1:11]=clus1l
clus[(2%i+1),1:12]=clus?2

div[i,1]=divil

div[i,2]=div2

div[i,3]=div3

question[i]=paste(variable,"<=" ,round(cut,2))
group=grp

WP=0
r=length(group)
for (o in 1:r)

{
al=group [o]
a2=na.omit(clus[al,])
WP=WP+WCV (dsm, a2)

}

div[i,4]=wP

div[i,5]=WE-WP
div[i,6]=(WE-WP)/WE



3

colnames(div)=c("Origin","YES","NO","Within", "Between", "Explained")

rownames (div)=paste("step",1: (m-1))

names (rn)=mn

result=1list(div,clus,rn,question)

names (result)=c("div","cluster","obs","question")
return(result)

#========= Divisive Clustering Method (Polyhetic)

pdivclust <- function(dsmty)

# dsmty : dissimilarity matrix
{
dsm=dsmty$dsm
m=nrow (dsm) # # of obs.
rn=rownames (dsm)
mn=1:m

### Divisive clustering(Polythetic) #i##

# Function for the part of the Within-Cluster variance

# dsm : Dissimilarity matrix, sn : vector for elements of cluster

WCV <- function (dsm,sn)
{ mk=length(sn)
m=nrow (dsm)
if (mk==1) IC=0
if (mk>1)
{ IC=0
for (i in 1:mk)
{ for (j in 1:mk)
{ if (3>1)

{ ti1=snl[i]
t2=sn[j]
IC=IC+(dsm[t1,t2])"2 } } 3}

IC=IC/ (m#*mk) }
return(IC) }
# End of the function WCV

# Function getting average dissimilarity or distance

# dsm : Dissimilarity matrix, sn : vector for elements of cluster

MAVD <- function (dsm,sn)
{

n=nrow (dsm)

204
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mk=length(sn)
if (mk==1)
{
mavd=0
seed=1
+
if (mk>1)
{
dsml=dsm[sn,sn]
avd=apply(dsml,1,sum)/((mk-1)*n)
mavd=max (avd)
seed=which(avd==mavd)
seed=sn[seed[1]]
}
result=1list (mavd,seed)
names (result)=c("maxd","seed") # maxd : maximum average distance
return(result) # seed : object that has maxd

# End of the function MAVD______
ml=2%(m-1)+1
clus=matrix(nrow=ml,ncol=m) # Record for grouping
clus[1,]=mn # 1st row = all the observations
div=matrix(0,nrow=(m-1) ,ncol=6)

# column 1 : origin, column 2-3 : divided cluster

# column 4 : Total within-cluster variation

# column 5 : Total between-cluster variation

6

# column : total variation explained

# by the differences between

clusters
group=1 # Rows of matrix ’clus’
WE=WCV (dsm,mn) # Total within-cluster variance for set E
for (i in 1:(m-1)) # i : Total number of steps
{

r=length(group)

maxg=1:r

Imax=1:r

for (k in 1:r)

{

al=group [k]
sn=na.omit(clus[al,])
ma=MAVD (dsm, sn)

maxg [k]=ma$maxd

1max [k]=ma$seed



206

id=which(maxg==max (maxg))
id=id[1]
mg=group[id] # mg : cluster which has maximum average distance
al=na.omit (clus[mg,])
a2=length(al)
if (a2>1)
{
C2=1max [id] # C2 : Splinter group
a3=which(a1==C2)
Cl=al[-a3] # C1 : Main group
+

if (a2>2)
{
MIC12=1
while(MIC12>0)
{
b=length(C1)
DIC=vector(length=b)
IC=WCV(dsm,C1)+WCV(dsm,C2)
for (j in 1:b)
{
TC2=c(C1[j],C2)
TC1=C1[-j]
DIC[j]=IC-WCV(dsm,TC1)-WCV(dsm,TC2)
}
MIC12=max (DIC)
if (MIC12>0)
{
a4=which(DIC==MIC12)
C2=c(C1[a4],C2)
C1=C1[-a4]
}
}
}
11=length(C1)
12=1ength(C2)
clus[(2%1),1:11]=C1
clus[(2%i+1),1:12]=C2
div[i,1]=mg
div[i,2]=2xi
div[i,3]=2%i+1

group=append (group, c(2*i,2*i+1) ,after=id)
locat=which(group==mg)
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group=group [~ (group=locat)]

WP=0
r=length(group)
for (o in 1:r)
{
al=group [o]
a2=na.omit(clus[al,])
WP=WP+WCV (dsm, a2)
+
div[i,4]=WP
div[i,5]=WE-WP
div[i,6]=(WE-WP)/WE

colnames(div)=c("Origin","Main","Splinter","Within",
"Between","Explained")
rownames (div)=paste("step",1:(m-1))

names (rn)=mn

result=1ist(div,clus,rn)

names (result)=c("div","cluster","obs")
return(result)

#
# Calculate a Validity Index(DB*, DI)

CVI <- function(clus, dsmty)

dsmty (object) : dissimilarity measure
clus (object) : Monothetic Method
pclus (object) : Polythetic Method

H O H H=

dsm=dsmty$dsm
clust=clus$cluster
merge=clus$div[,1]
yn=clus$div[,2:3]
obs=clus$obs
m=1length (obs)

# Function for the part of the Within-Cluster variance

# dsm : Dissimilarity matrix, sn : vector for elements of cluster
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WCV <- function (dsm,sn)
{ mk=length(sn)
m=nrow (dsm)
if (mk==1) IC=0
if (mk>1)
{ I1C=0
for (i in 1:mk)
{ for (j in 1:mk)
{ if (3>1)

{ ti=snl[il
t2=sn[j]
IC=IC+(dsm[t1,t2])"2 } I} }

IC=IC/(m*mk) }
return(IC) }
# End of the function WCV

# Calculate Cluster Validity Indeces (DB, DBx, DI, CS, Vsv)

result=matrix(nrow=2,ncol=(m-2))
rownames (result)=c("DB", "DI")
colnames (result)=2: (m-1)

for (k in 1:(m-2))
{

# Elements of each cluster at each stage

a=ynl[k,]

temp=clust[a,]

rownames (temp)=a

if (k==1) Pr=temp

if (k>=2)

{
Pr=rbind (Pr, temp)
al=which(rownames (Pr)==merge [k])
Pr=Pr[-al,]

+

r=nrow (Pr)
IC=vector(length=r)
for (i in 1:r)
{
tempO=na.omit (Pr[i,])
IC[i]1=WCV(dsm, tempO)
}
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t=1
ID=matrix(nrow=sum((r-1):1) ,ncol=2)
ICU=vector (length=sum((r-1):1))
T.DB=vector (length=sum((r-1):1))
T.DBl=vector(length=sum((r-1):1))
for(i in 1:1)
{
for(j in 1:r)
{
if (i<j)
{
ID[t,]=c(i,J)
Ci=na.omit(Pr[i,])
Cj=na.omit (Pr[j,])
iUj=c(Ci,Cj)
ICU[t]=WCV(dsm,iUj)-IC[i]-IC[j]
T.DB1[t]=IC[i]+IC[j]
t=t+1
}
}
}

ID1=ID[,1]
ID2=ID[,2]

DB1=vector(length=r)
DI=vector(length=r)
mxIC=max (IC)

for (i in 1:r)

{
t1=which(ID1==1i)
t2=which(ID2==1i)
t=c(t1,t2)

DB1[i]=(max(T.DB1[t]))/(min(ICU[t]))
DI[i]l=min(ICU[t]/mxIC)
}

result[1,k]=(sum(DB1))/r

result([2,k]=min(DI)
}

return(result)
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++

Dandrogram

divplot <- function(clus,method,tsize=1,tit)

# clus : object for function "divclust"

# mehtod : "M" monothetic , "P" : polythetic
# tsize : text size in the plot.

# tit : title of the plot

clust=clus$cluster
merge=clus$div[,1]
yn=clus$div[,2:3]

obs=clus$obs

if (method=="M") gs=clus$question
m=1length (obs)

ml=m-1

### Get the order for the observations in the dandrogram ###
for (i in 1:ml1)
{

if (i==1)

{ al=na.omit(clust[(2*1),])
a2=na.omit(clust[(2*i+1),])
odr=append(al,a2) }

if (i>1)

{ al=na.omit(clust[(2*i),])
a2=na.omit(clust[(2*i+1),])
temp=append (al,a2)
m2=length (temp)
loc=0

for (j in 1:m2)
{ a3=which(odr==temp[j])
loc=rbind(loc,a3) }
loc=loc[2: (m2+1)]
bl=min(loc)
b2=max(loc)
odr [bl:b2]=temp }

###H###### Drow the plot #H######HHEH#
x=c(0,0)

y=c(0,0)
plot(x,y,x1lim=c(-10,115) ,ylim=c(-15,110) ,type="1",
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axes=FALSE,xlab="",ylab="")
xy=seq (0,100, length=m)
vert=m:2
node=matrix(0,nrow=ml,ncol=2)

for (i in m1:1)
{ al=na.omit(clustlyn[i,1],])
a2=na.omit(clust([yn[i,2],])
if (length(al)==1 & length(a2)==1)
{
bil=which(odr==al)
b2=which(odr==a2)
x1=xy[b1]
x2=xy [b2]
hi=xy[vert[i]]
lines(c(x1,x1),c(0,h1))
lines(c(x2,x2),c(0,hl1))
lines(c(x1,x2),c(hl,hl))
}
if (length(al)==1 & length(a2)>1)
{
bil=which(odr==al)
b2=which(merge==ynl[i,2])
x1=xy[b1]
x2=node [b2,1]
hi=xy[vert[i]]
h2=node [b2, 2]
lines(c(x1,x1),c(0,hl1))
lines(c(x2,x2),c(h2,hl))
lines(c(x1,x2),c(hl,hl))
}
if (length(al)>1 & length(a2)==1)
{
bl=which(merge==ynl[i,1])
b2=which(odr==a2)
x1=node[bil, 1]
x2=xy [b2]
hi=xy[vert[i]]
h2=node[b1,2]
lines(c(x1,x1),c(h2,hl))
lines(c(x2,x2),c(0,hl1))
lines(c(x1,x2),c(hl1,hl))
}
if (length(al)>1 & length(a2)>1)
{
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bl=which(merge==ynl[i,1])
b2=which(merge==ynl[i,2])
x1=node[b1,1]
x2=node [b2, 1]
hil=xy[vert[i]]
h2=node [b1,2]
h3=node[b2, 2]
lines(c(x1,x1),c(h2,hl))
lines(c(x2,x2),c(h3,h1))
lines(c(x1,x2),c(hl,h1))
}
node[i,1]1=(x1+x2)/2
node[i,2]=h1
}
lines(c(node[1,1] ,node[1,1]),c(node[1,2]+5,n0de[1,2]))
odrname=vector (length=m)

for (i in 1:m)
{ odrname[i]=obs[odr[il] }

y=rep(-3,m)
text (x=xy,y=y,labels=odrname, cex=tsize)
nodel=nodel[, 1]
node2=node[,2]+3
if (Imissing(tit)) title(main=tit)
if (method=="M")
{

text (x=nodel,y=node2,labels=qs,cex=tsize,col=2)

legend (x=30,y=-10,legend="Left : YES , Right : NO",cex=0.7)
}
if (method=="P") legend(x=30,y=-10,

legend="Right : Splinter group",cex=0.7)



