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ABSTRACT

Regime Switching model was receiving increasing attention as researchers searching good
models to capture prices of financial assets. Using a regime switching model we study asset
allocation problem with one risk free asset and one risky asset. We characterize the value
function in terms of solutions of a partial differential equation. We use Viscosity solution
and Markov chain approximation for its numerical solution. The second part is concerned
with stock selling rule. We use our regime switching model to find the optimal timing to sell
under a logarithmic utility function.

A key component in this thesis is that we consider the models with partial information.
We resort to Wonham filter to recover necessary information required for optimal control of
the problems under consideration.
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CHAPTER 1

INTRODUCTION

When a person wants to invest her/his wealth, she/he has numerous choices. All these
choices can be categorized into two types: risky investments or risk-free investments. Risky
investments, such as stocks, bring the possibility for bigger profits as well as the risk of
possible loss. Risk-free investments, such as saving accounts, secure predictable amount of
profit but at a relatively low return rate. When making investment discussions, the problem of
balancing wealth between risk-free and risky investment, such as bonds and stocks, constantly
comes up. In this thesis, the first problem we will work on is to find the optimal proportion

¢

of these two different assets. The term “ asset allocation” refers to the process of spreading
wealth across different types of financial asset classes. The modern financial market offers the
opportunity of move money from one class to another. The decision of optimal investment
portfolio is not done only at the beginning of the investment. Instead, it can be done in
the duration of a long time investment, which makes a dynamic asset allocation strategy
possible.

Among the two types of investment, the price of a risk-free asset is easier to model. It
can be assumed to satisfy the ordinary differential equation for a continuous compounding
bank account. For the modeling of the price for a risky asset, such as a stock, we choose a
regime switching method.

Regime Switching model was gaining more attention as researchers try to find a good
model for the prices of financial products. Traditionally, a geometric Brownian motion (GBM)

has been widely used in finance to capture the movement of stock prices because of its

tractability. However, practitioners and researchers also noticed its imperfections. One of its



weakness is to keep the market parameters, such as return rate and volatility, constant, which
is only valid for a very short period of time. Therefore, we modify the geometric Brownian
motion with a regime-switching model, so that it is capable to characterize market behavior
in a longer time horizon. In the mean time, it still allows feasible mathematical analysis on
the related pricing model.

Regime-switching model assumes that the market has finite many modes. Under different
market mode, there are different sets of market parameters such as the rate of returns,
volatility or the risk-free interest rates. The market movement from one mode to another
mode over time is often assumed to follow a Markov process.

For example, the market is often characterized as bull or bear market which shows the
intuition behind the regime-switching model, see [11],[2].

Only recently have researchers started to recognize the importance of regime-switching
model in asset allocation. To name a few, we refer to [1],[3]. When the underlying Markov
process is observable, in [24], a closed form portfolio selection can be developed using a mean-
variance technique. For a hidden Markov model of a special structure, an optimal trading
strategy has been presented in [19]. In [15], nearly-optimal asset allocation strategies was
developed to maximize the expected returns.

In a regime switching model, the market mode can be assumed to be observable or
unobservable. When it is unobservable, certain technique has to be used to convert the
problem into an observable one. In many cases, a filter equation can be applied, see [20],
[21].

In this thesis, we consider a model where the underlying Markov process can only be
partially observed through stock prices. Our model is different from [19], because in this
paper the relationship between the instantaneous rates of return and the Markov chain is
not decided by a state matrix. Therefore, a different method of filtering has to be applied.

Due to the specific modeling of the stock price, we use the filter developed by Wonham

[23], which is referred to as Wonham filter and is given by the solution of a system of



stochastic differential equations. In their paper [21], similar method has been used and a
classical probabilistic solution is proved for the logarithmic utility and power utility function.

The associated partial differential equation that we use to characterize the value function
in this thesis has no available analytical solution for a general utility function. For its numer-
ical solution, we turn to the notion of viscosity solutions. The theory of viscosity solutions
applies to certain type of partial differential equations. It was first introduced by Crandall
and Lion [10]. We take advantage of the fact that the viscosity solution of partial differential
equations can be non-differentiable and merely continuous. We prove that the value func-
tion in this asset allocation problem is indeed a viscosity solution for the underlying partial
differential equation.

Finite difference method is often used to compute a viscosity solution. However, in our
problem, due to the specific degenerate feature of the stochastic differential equation, finite
difference method is not applicable. So we turned to alternative ways to calculate the value
function, the solution to the key partial differential equation. We use the Markov chain
approximation method, which was developed by Kushner [6], [7]. This is a very intuitive
solution to the classical HJB equation. It relates closely to the probabilistic interpretation
of the stochastic differential equations.

If the underlying Markov chain that governs the market mode has a large state space, the
generator matrix of the Markov chain can be very large and the resulting differential equation
can be very difficult to solve. A two-time-scale approach will be used to reduce computational
complexity, see [17]. We used the two-time-scale Wonham filter in [17], developed the limit
problem to reduce the dimension of the computation scheme and proved that the value
function of the original problem converges to that of the limit problem.

The second problem in this thesis concerns how to choose the optimal selling time for
a risky investment. In practice, if one wants to profit from speculation in the marketplace,
after buying a stock, the timing for selling it becomes crucial. Setting up a selling rule is a

practical strategy. This selling rule can be a target price range like in [16], or an optimal



selling time as in [18]. In [16], a policy based on a target price and a stop-loss price is obtained
by solving a set of two-point boundary value differential equations. In [18] , a strategy is
constructed for ”"bubble stocks” so that the investor can decide when to sell a stock that has
a rapid growth rate and then a rapid rate of decline by computing the probability of the
positive growth rate and sell the stock when this probability becomes too low.

Using a regime switching model to describe the stock price, we compute an optimal selling
rule through variational inequality sufficient condition and nonlinear filtering. The results
are similar with that of [18], but more general in a sense that it is not just for "bubble

stocks”.



CHAPTER 2

ASSET ALLOCATION: PROBLEM SETUP

When considering investment, the problem of balancing wealth between risk free investment
such as bonds, and risky investment such as stocks, constantly comes up. In this thesis,
we consider a continuous-time market setting with one risk free investment and one risky
investment. Their prices are denoted by P (t) and P,(t), respectively. The risk free investment
P, (t) pays a constant interest rate of r > 0. The risky investment P(t) is modeled according
to a revised Black-Scholes model. Black-Scholes model has been widely used in finance to
capture the movement of stock prices. It assumes that the stock price follows a geometric

Brownian motion. That is,
dPg(t) = ,LLPQ(t) dt + O'Pg(t) th,

where W; is a standard Brownian motion, p is a constant return rate of the stock and o is its
constant volatility. However, the assumption that the stock prices maintain constant rate of
return and volatility is generally not true in the market place. So, in order to better capture
the movement of the market and still maintain the tractability of Black-Scholes model, we

add a built-in regime-switching feature to Py(t). Namely, P;(t) and P»(t) satisfies

dP\(t) = Pi(t)rdt,

dPy
P,

where a(t) € M = {1,2,---,m} is a continuous-time Markov process that governs the

= p(a(t))dt + odW (t),

market mode, and p(7) is the return rate of the stock when the market mode is i. Note
that this is a model where the rate of return follows the market trend, but the volatility is

assumed to be constant. For notation simplicity, we use u(t) and pu; interchangeably.
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The wealth function of the investor is denoted £(t), and the portion that is applied for the
risky investment is u(t). At each time ¢, u(¢)&() is put into risky investment and (1 —wu(t))&(t)
is put in risk-free investment. We will assume self-financing, which means £(t) equals to the
sum of the values of the above investments and no external funds are transferred to it or

from it. There is no cash inflow or outflow and no short sell. Therefore we must have

CW) 4 uty)rdt + ult) (plalt))dt + odW (1)), (2.1)

§(t)

Suppose the initial time is s, and the initial wealth is £(s) = y. We assume the investor
did not consume any amount of the investment until a fixed future time 7. The investor’s
objective is to dynamically adjust u(t) over time to maximize the expectation of a utility
function ®(&(7)).

This type of asset allocation with regime switching have been studied in finance literature,
see [19]. However, up until now, the Markov process a(t) has been generally considered to
be observable, which is not the case in the marketplace. So our goal is to consider that the
information of «(t) is not directly available and develop a method for this type of asset
allocation problems.

In control theory, u(t) is considered a feedback control. Denote the filtration generated
by P»(t) as F;. The control u is admissible if u is progressively measurable with respect to

{F:} and u(t) € [0,1] for all ¢ € [0, T]. Denote the set of admissible control by \A.

Definition A process {X;};>0 is said to be progressively measurable with respect to the
filtration {F}i>o if, for all ¢ > 0, the mapping (s,w) € [0,¢] x Q@ — X(s,w) is By x F-

measurable.

The difficulty involved in this problem lies both in the underlying Markov chain with only
partial observation through the stock price P,(t) and the resulting complexity of the associ-
ated stochastic differential equations especially when the dimension of a(t) is large.

To be more specific, the price of the stock, we can observe it from the marketplace. But

the market mode, «(t), we can not observe. No one can know for sure if today is a bullish



market or a bearish market. «(t) is basically a ”"hidden Markov chain.” What we can do is
to observe P,(t) and make valid estimation of a(t), which is why we say we have ”partial”
observation of «(t). P5(t) is considered a function of a(t), and in order to estimate the state of
a(t) based on Py(t) we need an non-linear filter algorithm, which is why we turn to Wonham

filter. This is because the specific structure of Ps(t):
dPy(t) = Py(t)(p(a(t))dt + odW (1)),

fits perfectly into the Wonham filter theorem conditions. The results allows us to compute
the conditional probability of «(t) given the past observation F; = {Pa(r),s < r < t}.

The search for the optimal control results in a special type of partial differential equations,
for which an analytic solution is often not available. We turns to viscosity solutions and

Markov chain approximations for its numerical solutions.



CHAPTER 3

WONHAM FILTER

Since «(t) is not directly observable, we can not approach the asset allocation problem
directly. However, note that P»(t) is observable in the marketplace. Since P(t) is a function
of a(t), we can treat Py(t) as a ‘signal’ that may lead to useful information of «(t). Wonham
filter can offer a very good result for this type of nonlinear filtering. We will be using the
following result about the Wonham filter, which can be found in [23], [17], and [13].

Let a(t) be a continuous-time Markov chain having finite state space M = {1,...,m},
and generator (Q = (g;;) € R™ ™. Consider a function y(¢) of the Markov chain that is
observable with additive Gaussian noise. Let y(¢) denote the observation measurement given
by

dy(t) = f(a(t))dt + cdW(t),y(0) = 0, (3.1)

where o is a positive constant and W (t) is a standard Brownian motion. Let p;(t) denote

the conditional probability of «(t) = ¢ given the observations up to time t, i.e.,

pi(t) = P(a(t) = ily(s) : s <1);

for i =1,....,m. Let p(t) = (p1(t), ..., pm(t)) € R™™. Then the Wonham filter is given by

p(t) = p(O)Qit - (Z f<z'>pi<t>) POADE + pOADAD, (32

p(0) = po, being the initial probability, where

m

At) = diag(f(1), -y f(m)) = > FD)pi(t)].

=1

Here, I is the identity matrix of dimension m x m.

8



Recall that
APy /Py = p(af(t))dt + odW (t),

SO
2

dlog(Py) = [u(a(t)) = ]dt +od W (2),

Define y(t) = log(Py(t)). Then
o2
dy(t) = [p(a(t)) — S ldt + odW (),
Since log(P,) is observable, so is y(t). Using the Wonham filter result, we can set up a

Wonham filter for a(t) by the following

m 2

Aplt) = pl)Qit — (sz‘) - %]pxw) POAWE+ gpDADY().  (33)

2
g
=1

where p(0) = po being the initial probability, and

At) = diag(u(1) = T plm) = ) = 3 _[puli) = S Ipl0)]
= dlag( ()__’ >M(m)_2) Z pz I+_sz

= diag(p(1), ..., p(m)) — 332, w(@)ps(t)1.

2
Denote a(t) = >0 [u(i) — %]pi(t), we then have

dplt) = pQt — G (p(OAMdE + (1) A(1)dy(1)
a4 WUAW) (0 =iy 5

Let
dlog(P,) — adt
o

dv =

. 5(0) = 0.

Note that is called an innovation process.
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We next show that Eo(t) =0, E(0(t))? = t.

— adt

([M - %] dt + odW (t) — ddt)

([ 5 i3 - 5 )
e

p(a(t))dt + odW(t i ,u(i)pi(t)dt)

er—‘ QIH

Note that > 0" pu(i)p(t) = a(t)|y(s) : s < t]. Hence,

Bo(t) = E/ dv_Ea/ < (a(2))dz + od IV (z) — Z,u(i)pi(x)> dz = 0,

E(@(t))* = E([do)*

—E (f - (u(a(t))dt FodW () =Y u(i)pi(t)dt»

- p </ adW(t)>2 -

To prove v is also a standard Brownian motion, we define
Fi=ofy(r): s <r <t}
It follows that
E[o(t)|FY] - o(s) = E [ / (u(ale))dr + od W (x) — Elu(a())|F2]) del 72| = 0.

i.e. 0(t) is an F{ martingale.

From the definition of dv, we have

odi = dy(t) — adt.

Hence,

dy(t) = adt + odv.
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Or
dlog(Ps(t)) = adt + odo.

Therefore, we may rewrite the stock price equation of P, by the following

sz ~ 0'2 R

Notice that both &(t) and dv are observable.

Because
m m

alt) =Y lu(i) = o*/2lpi(t) = D u()pi(t) — o?/2,

i=1 =1

we can simplify our notation and obtain

dP,

by letting
a(t) = u(ipi(t).
i=1
Now the dynamic of the wealth function £(¢) can be reformulated by

——= = [1 — u(t)]rdt + u(t)(adt + odv)

= [(1 = w)r + ud)dt + uodd. (35)

We want to find the optimal control u which will maximize

J(s,y,u(-)) = Egy (®(E(T))),

where T is a specific future time. The optimal expected performance v is given by
U(S, y) - Sl(l})D ‘](87 Y, U())7
where £(s) = y is the initial data. v(s,y) is called a value function.
Note that in the dynamic of £(t), both &(t) and 0(t) are driven by p(¢). The state process
should include both £(t) and p(t). And the value function should have variables s, y, and p,

where p is the initial probability vector p(s).
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Denote Z(t) = log&(t) and z = logy, then we have

AZ(1) = [(1—u(®)r +u()alt) — (1/2)(u(t)o)2dt + u(t)odo,
anlt) = p0Qait+ L0 g5

Z(s) = z

p(s) = p.

Then

'](8’ 25 Ds 'LL()) = Esz(q)(exp(Z(T))))a

v(s, z,p) = sup J(s,z,p,u(-)),
u(-)eA

and v(T), z,p) = ®(e?).

Let Y(t) = (Z(t):p(t))’, where A" denote the transpose of the matrix (or vector) A. Then

v | AU | e
Q'p(t) M
Let
Ft, Y, u) = (1 —w)r +ud — (1/2)(uc)?
Q'p(t)
and
E(t, Y, U) _ uo
Aty
Then
dY (1) = f(t, Y (1), u(t))dt + Z(t, Y (1), u(t))do(?).
Define

HEY,P,G) = fP + %u{(zz/)g} (3.6)
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where P is an 1 x (m + 1) vector and G is an (m + 1) x (m + 1) matrix. Here, fP should
be understood as the inner product of two vectors.

By Dynkin’s formula,

T oo ov 0%
S,2,p _ 5,2,P -
BT (T)] = ol )+ B [ (G0 s Y2 S
And
sup E**?[o(T, Y (T))] = v(s, 2, p) +8 ES“’/ {—+H( y v —82”)}dt
lip U4, vis,z,p UP "9y Y2 .

Since

sup B*7[u(T, Y (T))] = v(s, 2.p).

we then have

(% v
sup E*=P {— + H(s 8Y 6Y2>}dt =0 forall sand 7.
So
ov ov 0%
Slip{% + H(s,Y, 7y _8Y2)} =0

Therefore, the value function v(s, Y') should satisfy the following Partial Differential Equation

2
a——|—supH( Ov 07

ds o aY 8Y2) 0 (3.7)

with the boundary condition v(T, z,p) = ®(e*), where z = log y, y is the initial wealth, and
p is the initial probability vector. Conventionally, this is called a Hamilton-Jacobi-Bellman

(HJB) equation.



CHAPTER 4

VISCOSITY SOLUTIONS

An analytical solution to equation (3.7) is difficult to obtain (if not impossible). It is not even
clear if the equation (3.7) has a classical solution. In this thesis, We use viscosity solution to
characterize the dynamics of the system.

The theory of viscosity solutions applies to partial differential equations of the form
F(x,u, Du, D*u) = 0 where F': RY x Rx RY x S(N) — R and S(N) is the set of symmetric
N x N matrices. The notion of viscosity solutions was first introduced by Crandall and Lion
for solving first-order Hamilton-Jacobi equations. The user’s guide by Crandall , Ishii and
Lion [10] offers a complete treatment of this topic. Readers are referred to [22] for applications
to deterministic and stochastic control theory. Viscosity solution is useful for characterizing
numerical solutions of partial differential equations of the form F(z,u, Du, D*u) = 0 where
Du is the gradient vector of u, D?u is its Hessian matrix. The condition on F is that it has

to be proper defined as follows.
Definition Function F' is proper if it satisfies
F(z,r,p,X) < F(z,s,p,Y) whenever r <s and ¥ < X.

Definition Let € be an open subset of RV, ' be proper and u : Q — R.
(a) u is a viscosity subsolution of F(z,u, Du, D*u) = 0 in € if it is upper semicontinuous

and for each ¢ € C?*(Q2) and local maximum point x¢ of u — ¢ we have

F(z0,u(z0), Do(x0), D*¢(20)) > 0.

14
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(b) w is a viscosity supersolution of F(x,u, Du, D*>u) = 0 in § if it is lower semicontinuous

and for each ¢ € C?(Q2) and local minimum point xy of u — ¢ we have
F (w9, u(x0), Dé(x0), D*¢(10)) < 0.

(c) u is a viscosity solution of F(z,u, Du, D*>u) = 0 in Q if it is both viscosity subsolution

and supersolution (hence continuous) of F(z,u, Du, D*u) = 0.

Clearly, a classical solution u € C?(Q2) of F(z,u, Du, D*u) = 0 is also a viscosity solution.
However, a viscosity solution does not necessarily have to be differentiable. The reason that
viscosity solutions are attractive is that it provides uniqueness theorems. It also allows a
function that is merely continuous to be the solution of the PDE.

Recall that the value function v(s, z, p) satisfies

@ ov 0%

H(s,Y, — —) =0. 4.1
85 + Slip (87 7ay7 ayz) O ( )
If we define
ov 0%
2N _ g Yy
F(}/,U,DU,D U) - SSPH(S7Y7 oY’ ay2)=
then

v, + F(Y,v, Dv, D*v) = 0

is the equation under consideration. It is a classical parabolic equation. Note that Dv = g—;j

and D?*v = % in this case.

Next, We first prove that the value function v(s, z,p) is a viscosity solution of equation
(3.7). Then we prove that the viscosity solution of equation (3.7) is unique. Therefore, a
numerical viscosity solution is indeed a numerical solution for the PDE (3.7).

According to the above definition, in order to prove that the value function v(s, z, p) is a
viscosity solution to (3.7), we have to prove it is continuous, and

d¢ dp 1 n 0%
== 4 Bl B
95 sgp{ oy T 2tr{(22 )8Y2 <0,
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for any ¢ € C%([0, 7] x R x [0, 1]) such that v — ¢ has a local minimum at (s, z,p); and

0 0 0?
6—f+sgp{fa¢ + Str {(EZ)@YCZ }20,

for any ¢ € C?([0,T] x R x [0,1]) such that v — ¢ has a local maximum at (s, z, p).

Before proving the continuity, we need the following condition for the utility function ®.
[@(y)| < K(1+[logy[™ +y™ +y~*),

for y € (0, 00), for some nonnegative constants K, k;,i = 1,2, 3.

Moreover, for any y;,y2 € (0,00), and some K; > 0, Either
|®(y1) — ®(y2)| < Ki|logys — log ys|
or, for some v < 1 and v # 0,
[©(y1) — (y2)| < Kalyl —y3l-

These conditions are often imposed in the literature. With these conditions, we are ready

to prove
Lemma 4.0.1. v(s, z,p) is continuous with respect to s, z, and p.

Proof. (1). v(s,-,p) is continuous with respect to z.

Fix (s,p). For given 2, 2o and u define
t 1 t
R(t) = / (1 —u(z))r +u(x)a(r) — §(u(x)0)2]dx +/ u(z)odo(x).
Let Z;(t),i = 1,2, be defined as Z;(t) = z; + R(t) then Z;(t) — Zs(t) = 21 — 22 and
[v(s, 21,p) = 0(s, 22, p)| < sup [ER(e” 1)) — EP(e=eD)]
< sup|B{[®(e") — ®(e™)]e" )}

< K|z — Z2|E(€R(T))7



Or

(s, z1,p) — v(s, z2,p)] < sup ’E@(ezleR(T)) _ E(I)(ezgeR(T))|

IN

sup [ E{[®(e™) — ®(e2)]efMY|

IN

B | (2D — (e

= Kjlem — 72| E(eRT)),
It suffices to show the boundedness of F(e"(1)).

By Ito’s differential rule, we have

2
A7 ™0 — PO dR(E) + T (ult)o)*d].

Taking expectation on both sides yields
FEe ) <14 C/t Ee"@) gy,
for some constant C' > 0. Then the Gronwall inequality implies
B < Cl=9) g <t < T

(2). v(+, z,p) is continuous with respect to s.

Fix (z,p). For a given s, As > 0, and u define
Z(t) = Z(t— As),
a(t) = wu(t— As),

pt) = p(t—As),

Write Z(-) in terms of (t):



Let
Z(t) =z+ /5+As(1 —u(x))r + a(z)a(x) — %(ﬂ(x)afdx
+ /S+As w(x)odo(x)
Then
J(s+ As, 2, p, @) = E®(eZ1)
Moreover,
t+As
Z(T) = 24(t) =2+ /t (1 —a(z))r + a(z)a(z) — %(a@)gydgc
t+As
+ /t w(z)odo(z),
T (s, z,p,u) — J(s + As, z,p,0)| = |E®(?D) — Bd(eZ0)|

either < K E|Z(T)— Z(T) < K1V/As

or < Ki|E(eY?(T) — 2D,
Note that E(e7?1) < K.

By Cauchy-Schwarz inequality, we have
|E(e72(T) — 212 < (e ZM-2(D) _1)2 < K As.

The last inequality follows by Ito’s rule.
(3). v(s, z,) is continuous with respect to p.

Fix (s, z). For given pq, po and u, define

R;i(t) = / (1 —u(x))r +u(x)d;(zr) — %uQ(x)aﬂdI +/ u(z)odo(x),

where &;(z) =Y 7", p(k)pi(x),i=1,2.
Since Zl(t) =z + Rl<t),2 = 1, 2, then Zl(t) — Z2<t) = R1<t) — Rg(t)

18



19

Either
[T(s,2,p1,0) = J (8,2, p2,u)| = [BE@(AT)) — E@(e”D)]
= |E(I>(ez+R1(T)) _ ECI)(62+R2(T))|

< K\E|Z\(T) — Zo(T)| = K1 E|R\(T) — Ry(T)|,

or

|J(s, 2, p1,u) — J(8, 2, po,u)| = |E®(eX D)) — EP(e?2(1))]
= ’Eq)(ez-l—lﬁ(T)) — E(I)(ez—l—Rz(T))‘
< K1E|(62+R1(T))'y _ (ez—i-Rg(T))'y‘

= Kl 672E|67R1 (T) — e’yRQ (T) | .

E|R\(T) — Ro(T)| = E [ u(x)[éu(x) — o)) do
= B[ u@) S5 e ph(e) — pi (o)) do

< |lpr — p2l|.

Now we are ready to prove the following theorem:
Theorem 4.0.2. The value function v(s, z, p) is the viscosity solution of HJB equation (3.7).

Proof. To prove that v(s, z, p) is a supersolution of the HJB equation, we recall the notation
Y (t) = (Z(t):p(t))'. Therefore, we can write Yy = (z:p)’. Here A’ stands for the transpose of
a matrix A.
Suppose v — ¢ has a local minimum at (s,Y;) in the neighborhood N(s,Y;). And let
(6,Yp) € N(s,Ys),
v(0,Yp) — #(0,Yp) > v(s, Ys) — (s, Y5).

We have
U(Qa YVQ) > gb(ea Yb) + U(S, Y:S) - ¢(87 }/s)
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Define

¢(t7 Y;f) = ¢(ta Y;f) + U(S, YS) - ¢<Sv YS)

It follows that

0(6, ) > (6, Y).

By Dynkin’s formula, we have

rp O 0%y

EsYh(60,Yy) — (s, Y,) = ES7YS/ (5 + f v T t {(=x )6Y2 )t
— [18,Ys a¢ a¢ 82¢
= F /S ( —|—f "‘ t {(22 )ayQ >dt

Notice that ¢(s,Y;) = v(s,Ys), and recall v(60,Yy) > (0, Yp). It follows that

E*Yo0(8,Yy) — v(s,Ys) > B8, Yy) — (s, Y.)

82
:ES’YS/( ¢+f ¢+ t{(zx)ayﬁ}mt

By optimality principle, E*Ysv(0,Yy) < v(s,Y;), or E5Ys0(0,Yy) — v(s,Y;) < 0, we have

hence
0%

E57Y/(—¢+f ¢+ Str {(22’)6Y2

dt <0.
ot Jdt <

Take u(t) = u, a constant function on [s, f]. The above inequality hold for all value of u.

Hence,
0%¢

B / CE +sup{f o + {8 S5 < 0

1
Multiplying 7 on both sides, and letting § — s, we have
—s

2
¢ + sup {fg—;ﬁ + %tr{(EZ’)% } <0.

This proves that v is a supersolution for the above PDE.

To justify that v is also a subsolution for the equation

v v 0*v
£+sgp{fa—~l— t{(ZZ)aY2 }:0
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we use dynamic programming principle. See page 176 in [22].
Suppose v — ¢ has a local maximum at (s,Y;) in the neighborhood N(s,Y;). And let
(6,Yp) € N(s,Y5),
0(0,Y3) — 6(0.Y) < v(s.Y) — 6(s.Y2).

We must have

0(0, Ys) < 6(0,Y9) + v(s,Y3) — 6(s, Ys).
Define a function

P, Yy) = o(t, Y1) + (s, Ye) — ¢(s, Vo).
It follows that

By Dynkin’s formula,

0 0 0?
o) vt v) =B [ (S B Lo 28y ) a

:E&Ys/ ( ¢+f ¢+ t{(EZ)gjfZ )dt

Notice ¥ (s, Ys) = v(s, Ys), and recall v(6,Yp) < ¢(6,Yp). Then

B 0(0,Yy) —v(s,Ys) < EV(0,Y5) — ¥(s,Yi)

— ES’YS/ <8¢ +/f3 ¢+ t{(zz)gx )dt. (4.2)

By dynamic programming principle, for every & > 0 there exists admissible control u’(-)
such that

(s, Ys) — 6 < B {u(0,Yy)},

where Yy = Yaué(') is under u’(-). Combined with the inequality (4.2) we see that

_5§E3,YSU<0’Y'9>_U<S’Y;) SES,YS/ (3¢+fa¢ + Ztr {(EZ)S;QZ )dt

Let 6 — 0. Then,
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This is true for all constant u. Consequently,

b0 0 0?
ES’YS/S <a—f+sup{fa¢+ t{(ZE)aYQZ })dtZO.

1
Multiplying 7

on both sides, and letting 6 — s, we have
s

O O 0%
E—i_sgp{fa_—i_ Str {(Ez)ayz } > 0.

This proves that v is a subsolution for the above PDE. O

Through this theorem we have obtained the existence for the solution of the HJB equa-

tion. The following concepts is needed in the proof of uniqueness of viscosity solution v:
Definition Let f(s,z): [0,T] x R™"!. Define the parabolic superjet by

P2 f(s,2) ={(a,q, X) E R x R™t x S(m+ 1) : f(t,2) < f(s,2) +a(t —s)+ q(z — 2)

+i(r—2)X(z—2)+o(|t — s| + |z — 2|%) as (t,z) — (s,2)},

N =

and its closure is

with (an, ¢n, Xn) € P> f(80, 20)

and lim,, . (Sn, 2,) = (s,2)}.
Similarly, we define the parabolic subjet P>~ f(s,z) = —P>T(—f)(s,z) and its closure
7527_.][.(57 Z) = _7527+(_f>(57 Z)'

We have the following result. Its proof can be found in Fleming and Soner [22].

Lemma 4.0.3. The P>T f(s,z) (resp. P>~ f(s, 2)) consist of the set of

0d(s,z) 9¢(s,z) 0%¢(s,2)
(83’62’8%)’

where ¢ € CH2([0,T] x R™1) and f — ¢ has a global mazimum (resp. minimum) at (s, z).
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We will use the following equivalent definition of viscosity solution.

Definition A continuous function v(s,Y’) with at most polynomial growth is a viscosity

solution of

if
1. for all (s,Y) € [0,7] x R™ and (a,q,X) € P*Tv(s,Y)

a+sup H(s,Y,q,X) <0 in this case v is a viscosity subsolution;
u

and

2.for all (s,Y) € [0,T] x R™ and (a,q, X) € P>Tv(s,Y)
a+sup H(s,Y,q,X) > 0 in this case v is a viscosity supersolution.

To prove the uniqueness of the viscosity solution for this PDE | we need to prove the
comparison principle (Theorem 4.0.5). Before we do that we will state an important result

needed in our proof.

Theorem 4.0.4. (Crandall, Lions and Ishii [10]) Fori = 1,2, let Q; be locally compact
subsets of R™™, and Q = Qi x Qo let v; be upper semi-continuous in [0,T] x €, and
]53;+vi(t,Y) the parabolic superjet of v;(t,Y), and ¢ be twice continuous differentiable in a

neighborhood of [0,T] x Q. Set
w(ta }/17 YQ) = Ul(ta Yi) + U2(t7 }/2)

for (t,Y1,Y3) € [0,T] x Q, and suppose (5,5}1,1?2) € [0, T] x Q is a local mazimum of w — ¢
relative to [0,T] x Q. Moreover let us assume that, there is an r > 0 such that for every

M > 0 there exists a C' such that fori=1,2

a; < C whenever (a;, q;, X;) € Pé’fvi(t,Y),

Y; = Vil + |t — 1| <r and |v(t,Y)] + |a| + | X:]] < M. (4.3)
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Then for each € > 0 there ezists X; € S(m + 1) such that

1.
(ai, Dy,¢(1,Y), X;) € Py ui(£,Y) fori=1,2,
2.
(i) 1< |77 | s ooy rantatir
0 X
3.
s+ ay = DETLYE), 45)

Now v(s,Y) = v(s,z,p) = sup J(s,z,p,u(:)) = sup E,(P(exp(Z(T)))). Since we
u(-)eA u(-)eA
assume ¢ has at most linear growth, then v has at most linear growth.
We can apply the idea in Flemming and Soner [22] and prove the following comparison

principle.

Theorem 4.0.5. If v1(s,Y) and vy(s,Y) are continuous in (s,Y) and are respectively vis-
cosity subsolution and supersolution of (3.7) with at most linear growth, namely, there ezists
K

vi(5,Y) < K(1+Y]) for all (s,Y) € [0,T] x R™*' i =1,2,

then

v1(5,Y) < wy(s,Y) for all (s,Y) € [0,T] x R™, (4.6)

Proof. First we observe that for p > 0,7, = vy — p/(T —t) is also a subsolution of (3.7) and

satisfies

. 0271 8’51 82271 1%
P R T . —
(O +HY 55 5y) < (T — 1) (47)

(17) ltlTr%l 01(t,Y) = —o0.

If we can prove that v; < vy for any p > 0 then v; < vy will follows by letting p — 0.



25

Hence it suffice to prove the comparison under the additional assumption

oy vy 0%y P
- 2 Yy« 2
o THEY 5y aye) S T

We want to prove v; < vy. Suppose this is not true. Then there exists

(t,Z) € (0,T) x Q and vy(t, Z) —vq(t, Z) = 6 > 0. (4.8)

We next prove that this leads to a contradiction.
For any 0 < a < 1 and 0 < v < 1, we define
1
@OW(*S?YhY?) = E|YI - Y2|2 + 7eT_S(YlQ + Y22)7
¢(87}/17}/2) :Ul(syl/l)_,UZ(S)}/Q)_@OW(SaYVla}/Q)'

Since v (s, Y1) and vy(s, Ys) satisfy the linear growth condition, we have

lim  ®(s,Y3,Y;) = —o0.
[Yi[+]Y2|—o0

Since ®(s, Y7, Y3) is continuous in (s, Y7, Y3) it has a global maximum at a point (s°, Y, Y.
Notice that

(s, V2, YY) + (s, VP, YY) < 20(s°, YL, V7).

By the definition of ® we have

vi(s0,Y2) — (5%, V) — 29e T (| 2) + 01 (s, Y7)
—0y(s”, Y3) = 29T (|VP[2) < 200(s°, YY) — 20a(s°, YY)
2
— SR - VP - 29T (VR + YD P).
8}

Then

—03(s%, YY) = 29T ([VP?) 4 01 (s, Y7) — 27T (YD)
2

<ui(s% YY) —0p(s0, YY) = =YY - Y,
«

2T (VO + VP,
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Consequently, we have

2
a\YlO =Yy < oi(s% YY) —on(s%, YY)+ va(s”, YY) — (s, YY), (4.9)
By the linear growth condition, there exists K
vi(5,Y) < K(1+|Y|) for all (s,Y) € [0,T] x R™ i =1,2.
So
Y0 - VPP < ak(1+ Y0 + V). (4.10)

In addition, the choice of (s°, Y, YY) implies ®(s°,0,0) < ®(s°, Y, Yy). Together with
D(s,0,0) < K(1+ |Y| + |Y3|) we then have

1
pelTIYPP HYPP) < on(s% YY) —ua(s,Y5) — ~Y =Y = 2(s",0,0)

< BK(14 P+ 7).

It follows that
_g0
BT VPP VP
(L+ Y9+ YD) —

Consequently, there exists C, such that
Y7+ Y2 < O (4.11)

This inequality implies that the sets {Y,°}, and {Y3'} are bounded by C., independent
of a. We can extract convergent subsequences also denote (s°, Y,?,YY). Moreover, from the

inequality (4.10) we conclude that there exists ty, Yy such that

lim V" = Yy = lim Y7’ and lim s° = ¢,.
a—0 a—0 a—0

Also, use the above limit and equation (4.9) we have

2
lim =Y, — Y2|* = 0. (4.12)

a—0 v
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Since ® achieves its maximum at (s°, Y, YY), Upon applying Theorem 4.0.4 we know

that there exists numbers aj, as and Ay, Ay € S(m + 1) such that

2 _
(a17 a(Yl() . }/20) + 2’76(T_80)}/10, Al) c P2’+'U1(SO, }/'10)7 and
2 _
(maa,— 240 = VD) + 26T~ y) € P (s, D).
By P2t —u,((s°, YY) = — P> 1,((s°, YY), we can obtain

2 —
(a2, (V) = Y7) = 27TV, A) € P27 un((7, 7).

By the equivalent definition of viscosity solution we have

ar + H(s%, Y2, = (YL = V) + 29e Y0 A)) < —,

as + H(s, YD, = (YL = Y3) — 29eT=yP, Ay) > 0,

Sl R0

where ¢ = p/T? > 0. Combine the above inequality, then we can get

¢ <ag—ay +H( YL, (Y2 = VD) — 29 T0YY ) Ay)

QI 2o

—H(, Y0, = (Y = V5) + 29TV, Ay).

In view of theorem 4.0.4, we have

90, (5,1, V)

S TN+ (1))

ap — a2 =

So, a; — as — 0 when v — 0.
Now denote
2
Ly = H(s", Yy, = (V) = V) = 29e"=Y), Ay)
Q
and
2
L= H(s" Y, (V) = V3) + 27"V, Ay)
«
then we obtain ¢ < a; — as + (Ly — Lq). we need to approximate Ly — L; to discover our

contradiction.
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To simplify our notation we denote

flzf(307Y107u)7 f2:f(807y207u)
¢y = E(Soayloau)a Coy = E(SO’Y207U)
and

2 . 0
07 =¥3), iy = 20e"NY, oy = 290V,

Pa = —
(6%

Then

L=t =swp (flpo = ) + (G0 ) =50 (o = ) + re{(CC AL )

<UD folpn — @20) — Fulpe — ) + Hr{(CoCE) A — (1O AL
< Sup(fs — u)pe — oty + fud) + r{(CaCE) A — (CLCAL).

Notice that fi, fo are bounded, p, — 0 as & — 0. ¢14,¢2y — 0 as v — 0.

0 Ot |4 0
tI‘{(CgCé)AQ — (010{)141} =1tr

010,2 C’lC{ 0 _Al

In view of Crandall-Ishii’s maximum principle (4.0.4), we have

A 0
i < D*0 (s, Y1, Y5) + €( DOy (s°, Y, V7).
0 —A
Now
o | 1 —I 10
D204, (s Y1, V) = = +2el ]
«



and

— 2 .2 0
(D2®a7(307}/107}/20))2 - ; + a + 47 € (t - S )
—I 1 —I 1
8+ 8yaet" | I — I 0
= 2 + 42 (t — &)
-1 I 0 I
So
; CQCé CQC{ AQ 0 < 2 CQCé CzCi I -1
g e’
016/2 ClC{ 0 —Al 016/2 ClC{ -1 I
CyClL Cy
+(27eT" + dey?e2(t — s°)) sz
010/2 0101

8_|_87a6T750 CQCé CQC{ I -1
+e—F— .

2
016/2 010{ -1 I
Letting v — 0, we have
CoCl Ol |4y 0
tr
010/2 010{ 0 —A1
< z CQCé OQO{ I -1 +€§ OQCé OQO{ 1 —1
T« a? '
010,2 C’lC{ -1 I 016/2 ClC{ -1 I
Taking € = ¢, we have
tr CQCé CQC{ AQ 0 <£ CQCé OQC{ I —1
= a 7

010/2 C’lC{ 0 —A1 010/2 C’lC{ —1 I
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CyCY CoCl| |4y 0 4
tr gam@@—QQ—q@+qqx

016/2 ClC{ 0 —Al

SO

CyCy CyC1| A2 O 4 , / 4
tr ? ! < atr([cz -GG, - ¢f]) = EHC2 —Culf?

010,2 C’lC{ 0 —Al
4 0 0 0 0 2 4 <o 0(2
= EHE(S 73/2 >u) - E(S 7Y1 ,U)H < Ca‘}/g _Y1 ’ :
In the above inequality we assume Lipschitz continuity on (s, Y, u). By equation (4.12) we

see that tr{(CyC)) Ay — (C1C)A1} — 0 when v — 0,a« — 0. This finishes the proof that

Ly —Ly —0asvy— 0,aa— 0. Now
c<ays—ay+Ly—L; —-0asvy—0and a — 0.

This contradicts the fact that ¢ > 0. We conclude that the assumption of vy (¢, Z) > v (t, Z)
for some time ¢ > 0 is false.

This proves the uniqueness of the value function. O



CHAPTER 5

MARKOV CHAIN APPROXIMATION

In the previous chapter, we have proved that the value function v is the unique viscosity

solution of the PDE
ov ov 0%
— 4+ H(s,Y, —, —) =
95 THY 55 573)

with the boundary condition v(T, z,p) = ®(e?), where z = logy, y is the initial wealth, and

(5.1)

p is the initial probability vector.

A common choice to compute the value function is to use finite difference approxima-
tion. It is proved in [7] that finite difference approximation typically leads to Markov chain
approximation. But finite difference method is not applicable in this problem. The obstacle
is due to the fact that the matrix a(u, p) = 33 is not diagonally dominant. To apply finite
difference method, one needs

ai(u,p) = Y lay(u,p)| > 0.
jijti
We can see that this is not satisfied in our setup. For example, if p(¢) is 2-dimensional

which means the markov chain «(t) has two states. Since

A)P(t) = pp—a 0 n) | (lm—a)n |
0 m-a pa(t) (12 — &)po
it follows that
uoc
uo
X(t,Y,u) = Al | L —a)p
g

L (s — &)po

31



So

uo
ny - (w0 = (11 — &)1 ~ (112 — &)po)
= %(/M—O?)pl UUJNl Oéplaﬂz a)p2),
%(Mz — Q)p2
u?o? u(p — a)pr u(pe — Q)p2
W = R N R R
u(pn — &)py 72 (1 — @)?p? 72 (1 = @)p1(pa — @)ps
u(piy — &)py (%(/vbl — a)p1(p2 — &)pa %(Mz - 07)2]9%

In order to have

azi(u,p) — Z |aij(u, p)| = 0,
jiji
we must have

uo® > |y — élpr + |2 — &|ps
2 (1 = @)%pt > ulpy — alpr + 35 (= @)pi(pa — @)ps

L (s — &)%p3 > ulps — &lpa + S (1 — &)p1(p2 — @)po.

Suppose 1 > po, hence pu; —a > 0, ps — @ < 0. We then hope to have

uo? > (g — &)p1 + (& — p2)po,
(1 — a)p1 > uo® + (g — &)pa,

(k2 — &)p2 < uo® + (1 — A)pr.
The third condition holds but in order to satisfy the first two condition, we must have

uo? = (g — &)py + (& — p2)pa.

However, u is the control function that should be varying between 0 and 1.
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We will apply Kushner’s Markov chain approximation method to numerically solve this
PDE. See [6].

The idea of the Markov chain approximation method is to discretize the control problem
so as to find numerical solutions. In particular, the continuous-time state variables of the
control problem are approximated by a discrete-time Markov chain so that the value function
corresponding to the discrete-time Markov chain converges to the value function of the
continuous-time control problem.

The key requirement in finding the proper Markov chain approximation is to satisfy the
“local consistency conditions,” which basically means that the approximating chain should
have local properties that are consistent with that of the original chain. Recall that we denote

Y (t) = (Z(t):p(t)), and Y (t) evolves according to the stochastic process
dY (t) = f(t,Y(t),u(t))dt + X(t, Y (t),u(t))do(t).

So the approximating chain Y () should satisfy the following "local consistency conditions”:

Ehu AV = f(t,Y (1), u(t))At"(Y,u) + o( At (Y, u))

Z7p’n

covar™ AYh =St Y (), u(t))S(t, Y (t),u(t)) At" (Y, u) + o(At" (Y, u))

Z7p7n

If we can find approximating chain Y"(t) whose transition probability P*(Y, Z|u) and
time step functions At"(Y, u) satisfy the “local consistency conditions” then we can use it to
compute the value function v"(s, Y") for the approximating chain. For a detailed discussion
of this method, see [6].

The value function is
(s, Yo) = sup E[d(exp(Z(T)))|Y (5) = Yo,
where Yy = (z,p) is the initial condition. By the principle of dynamic programming,

v(s — At")Y,) = sgp Elv(s,Y (s))|Y (s — At") = Y.
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The approximation function v” should have the same property
V(s — At Yy) = sup Eu"(s, Y (5))|Y (s — At") = Y.

The degenerate structure of the noise covariance matrix suggests that the part of the tran-
sitions of any approximating Markov chain which approximates the effects of the “noise”

would move the chain in the directions £%(s, Y, u). Let the state space S, be such that
Y + h¥(s,Y,u) € Sy, for Y € Sy,

and

Y +eheS,, forY €5,

We use the following steps to choose a set of transition probability P*(Y, Z|u) and time
step functions At"(Y,u) to satisfy the “local consistency conditions.” First we consider the

stochastic process
dY (t) = f(t,Y(t),u(t))dt + (¢, Y (t), u(t))do(t)
as having two different components, represented respectively by
dY (t) = X(t,Y(t),u(t))do(t)

and

dY (1) = (£, Y (), u(t))dt.

We choose two different sets of transition probability and time step functions, so these two
SDE’s individual “local consistency conditions” can be satisfied. Then we combine them to
obtain a choice that can satisfy the “local consistency conditions” for the original state Y (¢).
(1) One set of transition probabilities for a locally consistent chain for the component
represented by
dY (t) = X(t, Y (t),u(t))do(t)
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is PMY,Y £ h¥(s,Y,u)|u) = 1/2. With these transition probabilities, the covariance of the
state transition can be written as

Y (Z-Y)Z-Y)PMY, Z|u) = SX'B?

Then, if we define the interpolation interval At?(Y,u) = h?, P(Y,Y £hX(s, Y, u)|u) is locally
consistent.

(2) One possibility for the transition probability for the approximation to
dY (t) = f(t,Y (1), u(t))dt

is
PMY,Y £ e;hlu) = fE(t,Y, u) x normalization,

where the normalization is
1 1

Q3(Y,u) YA Y )
[t =max{f,0}, f~ = max{—f,0}. Define

h
Zﬁtl i<t7 Yv U)

The local consistency can be shown by the calculations

Aty(Y,u) =

> (Z =Y)PIY, Zlu) = f(t,Y,u) x Ath(Y, ),

Z

where Z € {Y +e;h,i =1,--- ,m}, and

Y (Z=YNZ = Y)Y, Z|u) = o( Aty (Y, u)).

Z
(3) Combine the above ”partial” transition probabilities from the diffusion and drift compo-

nent to get
1
PMY,Y + h¥(s,Y, -
( Y (87 7u)’u) QQh(Y7 u)?

h
P"(Y,Y & eshlu) = fE(t,Y, T
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where
m—+1
Q"(Y,u)=1+h>_[fi(Y,u)l,
i=1
and
h h?
A = Gr vy

To show that the local consistency is satisfied, we see that
2

— h u) = U)——
Z%(Z VPAY, Zlu) = (.Y, w) s

where Z € {Y £ e;h,i =1,Y £ h¥(s,Y,u),--- ,m}, and

h2
h _ h
N (Z-Y)Z-Y)P"(Y,Zu) = zz’m + o( At (Y, u)).
ZeSy
The numerical scheme for the value function is
V(s — MY, 0), V) = sup[ 3 PU(Y, ZJu)et (s, 2)] (5.2)
“ ZeSy
with
V(T z,p) = ®(e?), (2ip) € Sp. (5.3)

For calculation purposes, it will be better if we can find a constant interpolation intervals

At". This can be done by defining
Q" =sup Q"(Y,u).
u,p
Then the following are locally consistent:
Ath = 12/Q"
PMY,Y + h¥(s, Y, u)|u) = 1/2Q",
PMY,Y £ e;hlu) = fE(L, Y, u)h/Q,

PMY, Yu) = (@ — Q"(Y,u)/Q".
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Let
Fu(¢)(Y) = sup[ Y | P"(Y, Z|u)$(Z)).

v ZeSy

Then the scheme for computing the value function approximation can be rewritten as

(s, Y) = Fup(0"(s+ At"(Y,u),))(Y),Y € S,
v"(T,z,p) = ®(e?),(2ip) € Sh.

In order to use the Barles-Souganidis method [4] to prove the desired convergence, we need

to check the following condition:

Fin(p1) < Fin(p2) if ¢1 < ¢o(monotonicity).
For 0 < h < 1, there exists a solution v" to the computation scheme and a constant K such
that ||v"| < K (stability).
For every "test function” w € CH?(R™1),

lim A Fu(w(t + h, ) (q) — w(t, q)]

(t,9) h—lb(s,p)

Ow ow *w :
=—+ H(s,Y, B W) (consistency).

We have the consistency because

lim A Y FL(w(t + h,-))(q) — w(t,q)]

(t,9) ﬁo(s,p)

sup,[>>, P'(q, Z|uw)w(t + h, Z)] — w(t,q)

= lim

(t:0) > (5:2) h
i SWu [0 PN ZIw[w(t 4 b Z) — w(t £ heg)]] +w(t + Ry g) - w(tq)
(t:0) — (5:2) h
ow ow 0w
= — +H(s,Y, ——, ——).
gs T 1Y 5y av2)

Since P"(Y, Z|u) > 0, the monotonicity is immediate.



38

[Fn(d1)(Y) = Fu(o2) (V)| =

sup
u

> PMY, Z|w)[61(Z) — 62(2))

PESH

< sgp[z P(p, q)] |o1 — ¢all

h
PEL]

= sup [|é1 — o .
Therefore Fj, is a contraction mapping. The fixed point v" of this contraction mapping is
the solution of (5.2). This proves the stability.
Define

v*(5,Y) = limsup o"(¢,2)
(t.2) 2 (5Y)

v.(s,Y) = liminf o"(t,2)

(t2) = (5.Y)

Lemma 5.0.6. v* is a viscosity subsolution of equation (5.1), and v, is a viscosity superso-

lution.

Proof. In order to prove that v* is a viscosity subsolution, we suppose that ¢ is a test function
such that v* — ¢ has a strict local maximum at (s,Y’). Then there is a sequence converging
to zero denoted by h, such that v® — ¢ has a local maximum at (¢;,Y},) which converges to

(s,Y)ash|O.
0" (th, Ya) — ¢(th, Ya) = 0" (th + b, Y3) — o(tn + b, Y3),

¢(th + h, Yh) — gb(th, Yh) Z Uh<th —|— h, Yh) — Uh(th, Yh)

By the monotonicity we proved above,
Fu(@(tn + ) (Ya) — ¢(tn, Y2) = Fn(@"(tn + b, ) (Ya) — 0" (th, Ya)-

Since v" is the solution of (5.2), the right side is 0. We divide by h and let h | 0. By the

consistency, we have

¢ ¢ ¢
%‘FH(S,Y,@—Y,W) 2 0
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Therefore, v* is a viscosity subsolution.
Similarly, suppose that ¢ € C'? is a test function such that v, — ¢ has a strict local
minimum at (s,Y’). Then there is a sequence converging to zero denoted by h, such that

v" — ¢ has a local minimum at (¢;,Y}) which converges to (s,Y) as h | 0.
0" (th, Ya) — ¢(th, Ya) < 0" (th + b, Y3) — ¢(tn + b, Y3),
O(th + R, Y3) — ¢(tn, Ya) < 0"ty + h, Ys) — 0" (ty, V).
By the monotonicity we proved above,
Fu(@(tn + h,))(Yn) = d(tn, Ya) < Fa(v"(tn + h, ) (Ya) — 0" (tn, Ya).

Since v" is the solution of (5.2), the right side is 0. We divide both sides by h and let h | 0.

By the consistency, we have

0¢ oo 0?¢
— 4+ H(s,Y,—, —) <
gs THEY g ) <
Therefore, v, is a viscosity supersolution. O

Theorem 5.0.7. As h — 0 the solution v" of (5.2) converges locally uniformly to the unique

continuous viscosity v of (5.1).

Proof. By Lemma 5.0.6, v* is a viscosity subsolution of equation (5.1). By comparison result

for viscosity solutions, v* < v. Similarly, v, > v. Since v, < v*, we have proved

lim  o"(t,Z2) = v(s,Y).
o, V2 =)



CHAPTER 6

SEPARABLE CASE

We have proved that v is the unique viscosity solution of the PDE

v ov 0%

o5 THEY Gy gva) =

with the boundary condition v(7T, z, p) = ®(e*), where z = Iny, y is the initial wealth, and p

(6.1)

is the initial probability vector. When the utility function is of the form ®(z) = 2%, we can

simplify the numerical solution even further by variable separation.

Recall that

ov 0%
H(s,Y, 5 ay2> p{f + t (=% )8Y2}}
Let
- Y — 2
F(L,Y,u) = (1 —u)r +ua — (1/2)(uo)
Q'p(t)’
If we denote f(t,Y,u) = (fu, f,), then
av fu + fpa

ov

where f,5> is the inner product of the two vectors.

Recall that

uo

X(t,Y,u) =

Alt)p)’
o

We can denote X(t, Y, u) = (cy, ¢p)’, then
Y
(22>32 _ Cu  Culp 022 0z0p

2

b p Opdz  Op?
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So,
1 0*v 1/ ,0% v, O 1 0*v
2255 5(“%““?00 ”aa)+ tr( pa_p2)'

The PDE becomes

— Z4su f@+f@+— 200 g PV O +1t e
= s U T e Rl Yowr i L o P2
BT P a? 2 v +1t 0%

s WP T o pa TS0 "\ P2 )

Suppose that the value function has the form

v(s, z,p) = ykw(s,p) = ekzw(s,p).

Then
v o
ds 0s’
% = keP*w(s,p),
v 0w
dp op’
2
% = k*e"w(s, p),
Pv [P\ ok O
0z0p  \9pdz) op’
o
o> op*
It follows that
ov ov 0%
0= E—FH(’Y’@_Y’W)

k%" w (s, p)

b OW . 1
= 0w ke utn) +

ow ow 1 0?
+fpe kza—p + cucpkekza—} + tr(cp ’e’”a—f)
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Therefore, if the value function has the form v(s, z,p) = y*w(s, p) = e**w(s,p), then
1
g—;u + sup {fukw(s,p) + 5k w(s, p)
ow 1 , 0%w
+ fpa + cuCpk— I } + tr(cp p@ —5)=0. (6.2)

This is a reduced PDE that only contains the variables s and p.

Theorem 6.0.8. If w(s,p) is the viscosity solution of the PDE (6.2), then v(s,z,p) =

*w(s,p) is the viscosity solution of the HJB equation (3.7).
Proof. Suppose w(s,p) is the viscosity solution of the PDE (6.2), then

8¢ 1 271.2
5, TSuP {fuk‘W(s,p) + gk wis, p)

0¢ 0¢ !
—l—fpa—p + cucpka—p} + str(cyc pgp¢) < 0.

for all ¢ € C? such that w — ¢ has a local minimum at (s,p). Then w(s,p) — é(s,p) <

w(t7 q) - ¢(t7 Q)

Suppose v(s,z,p) = e**

w(s,p) and ¢ € C? such that v — ¢ has a local minimum at
(s,z,p). That is,

ePw(s,p) = ¥(s, z,p) < " w(t,q) = (t,z,q) (6.3)
for all (¢, x,q)in a neighborhood N (s, z, p).

(1) Let t = s,g = p,x = z+ Az in (6.3) we have

ekzw(sap) - 77/}(87 Z7p) < 6k(z+AZ)w(Sap) - ¢<Sa z+ AZ,p)?

or,
U(s, 2+ Az,p) = U(s, 2,p) < (s, p) — (s, p). (6.4)
Therefore,
P(s, z + AZXZ — (s, z,p) < ek(z+AAZ)Z— ek w(s,p).
Letting Az — 0, we have
Zf 8_ at (s, z,p). (6.5)
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Similarly, we have
¢(3a Z = AZ?])) - ¢(37 Z7p) < ek(z A2) (8 p) - ekzw(87p)' (66)
Add (6.4) and (6.6). We have

U(s, 24+ Az, p) —20(s, 2,p) + (s, 2 — Az, p) < FEHADy (s, p) + P2y (s, p) — 26w (s, p).

Hence
W(s, 2+ Az, p) — 2¢(s, 2,p) + (s, 2 — Az, p) < ebz+A2) _ 9ekz 4 —f—e’“(Z*Az)w(S’p).
(Az)? (Az)?
Letting Az — 0, we have
(8;;5 < W at (s,z,p). (6.7)

(2) Let z = 2z in (6.3). We also have
ePw(s, p) — (s, 2,p) < w(t,q) — P(t, 2, q).

Fix z and divide both sides by e**, we have
¥(s, z,p)

ekz

U(t, 2,q)

<w(tq) - ——p

w(s,p) -

)

for all (¢,q) in the neighborhood N(s,p). Because w is the viscosity solution of (6.2), we

must have
1 oy 1
7 B —|—supu(,){fuk:w(s, z,p) + 5037432@0(3, 2,p)
1 a¢ 1 o 0y
fp cucpkekz ap + §eTtr(CpC;°8_p2) <
Therefore,

0
o + supu(,){fukekzw(s, z,p) + 3cik*ew(s, z,p)

0s
oY 1 0%
+fpa_p+cucp }+ t(Pp82)<0'

This is true for all value of z. So

o ov 1 ,0%
% +Supu(){fu_ ua 2

2
+fpa_w+cu }+1t(ppgzzb)§0’
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Consider (6.5) and (6.7). We have

oY o 1 ,0%
0s 5Py Lfu 0z + 29,2
oY o, 1 , 0%
hak sl ikl G Z V<o,
+/p p + cucpk 8p} + 2tr(cpcp ap2) <0

k

This proves that v(s,z,p) = e€"w(s,p) is a viscosity subsolution of (3.7). The proof for

supersolution is similar. O

Recall that the numerical scheme for the value function is
V(s — ALY) =sup[>  PM(Y, Zu)v" (s, Z)] (6.8)
vz

with

V(T z,p) = ®(2), 2 € Sh. (6.9)

Now with v(s, 2, p) = e**w(s, p) we can simplify this scheme and have

w'(s — At,p) = Sgp[z P"(p, qlu)(q)w" (s, p)], (6.10)

q
with

w"(T,p) = 1. (6.11)

6.1 NUMERICAL EXAMPLE

In order to test the numerical scheme in this chapter, we compare the value function from
the Markov chain approximation and from the Monte Carlo simulation. To take advantage
of the separable case, we assume the utility function is ®(z) = /2.

Assume T = 0.5, a half year time frame. With initial investment of $1000, the value
function v(s,z,p) for different initial time s compared with the data from Monte Carlo
simulation is shown in Table 6.1 .

With initial investment of $1000, the value function v(s,z, p) for different initial proba-

bility p compared with the data from Monte Carlo simulation is shown in Table 6.2 .



Table 6.1: Different initial time

s w(s,10g(1000),0.8)  MC

0 33.5278 33.8943
0.1 33.2449 33.4353
0.2 32.8735 33.2977
0.3 32.4707 32.4048
0.4 32.0480 32.1506

Table 6.2: Different initial probability

p  v(0.2,log(1000),p)  MC

0 32.5956 32.9894
0.1 32.5964 32.7831
0.2 32.5981 32.8393
0.3 32.6024 32.8257
0.4 32.6140 32.9907
0.5 32.6511 32.9886
0.6 32.6963 33.0124
0.7 32.7415 33.1261
0.8 32.7868 33.1319
0.9 32.8321 33.2506
1.0 32.8588 33.2377
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CHAPTER 7

Two-TIME-SCALE APPROXIMATION

When the underlying Markov chain has a large state space, it is difficult to obtain an optimal
asset allocation. To deal with this problem, we use a method that is called two-time-scale
approximation. The method is effective for Markov chains whose states can be divided into
a number of weakly irreducible classes. The Markov chain fluctuates rapidly among different
states within a weakly irreducible class, but jumps less frequently from one weakly irreducible
class to another.

Let us first summarize the results of time-scale separation in Markov chains. Assume the

generator of the Markov chain is of the form:

where both @ and @ are generators. Let’s assume
@Z dlag (@17 7@l> .

For each k£ =1, --- |, @k is the weakly irreducible generator corresponding to the states
in My = {Sk1, - s Skm,, }, for k = 1,--- | [. The state space is, therefore, decomposed into
M = Ml u---u Ml = {5117 ) Slml} u---u {Sl17 SRR Slml}a

Note that @ governs the rapidly changing part and @ describes the slowly varying com-
ponents. As ¢ — 0, the underlying Markov chain jumps so fast within M, that it is no
longer useful to distinguish the states in Mj. That is why we can lump all the states in each

M, into one state. This reduces the number of states in the state space dramatically and

results in a aggregated process @°(-):
a(t) = k, when of(t) € M.

46
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Definition A generator ((t) is said to be weakly irreducible if, for each fixed ¢t > 0, the

system of equations

m

v()Q(t) =0,
() =1

: vi(t)

has a unique solution v(t) = (v1(t), -+ ,vn(t)) and v(t) > 0.

We are going to apply a couple of results from [15] and [17]. For convenience, the notation

here is also mostly consistent with these two papers.

Assuming @k to be weakly irreducible, the following results have been shown in [5] section

7.5.

(a) @°(-) converges weakly to @(-), which is a continuous-time Markov chain generated

by
Q = vQI,
v = diag(r!,---,vh), 1T =diag(ly,, -, 1Ly,),
where v* is the quasi-stationary distribution of @k, k=1,--- 01,1, = (1,---,1) € Rl is

an [-dimensional column vector with all components being equal to 1, diag(D*, - - -

block-diagonal matrix with appropriate dimensions.

(b) For any bounded deterministic 3(-),

2

T
E </O (I{as(t)zsij} — Vfﬁoﬁ(t)k})ﬁ(t)dt) = 0(8),

where I4 is the indicator function of a set A.

(¢) Let P(t) = T(exp Qt)v € R™*™ Then

Kkt

| exp(Q°t) — P(t)| = O(e + ¢ %),

for some k > 0.

, D7) is a

To apply the two-time-scale Wonham Filters, we state the result from Section 2.2 in [17].

Let a°(t) be a continuous-time Markov chain having finite state space M = M; U --- U
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M, = {si11, oy Sty F U -+ U{si, o, Sim, ), and generator °. Consider a function y°(t)
of the Markov chain that is observable with additive Gaussian noise. Let y*(¢) denote the

observation measurement given by
dy*(t) = f(a*(t))dt + odW(t),y*(0) = 0, (7.1)

where ¢ is a positive constant and W (t) is a standard Brownian motion. Let pf;(t) denote

the conditional probability of a(t) = s;; given the observations up to time t, i.e.,
pi;(t) = P(a®(t) = sily°(s) : s < 1)

fori=1,...,land j=1,--- m,;. Let

pa(t) = (pil(t)’ e 7pim1(t)v T pfl(t)’ T plEml(t)) S Rlxm'

Let

a0 = 305 Fls)5s 1)

i=1 j=1

Then the Wonham filter is given by

1
o

cW@Zﬁwgﬁ—ﬁﬁﬁﬁ@ﬁ@ﬁ+%ﬁ®ﬁ@@W% (7.2)

where
A*(t) = diag(f(s11), -+ 5 f(Stmy)s oo fsu), -+, flmy)) — as(¢) 1.

and p°(0) = po being the initial probability. Here, I is the identity matrix of dimension
mXm, m=my+mg+- - +m.

Let’s assume the Markov process that governs the market mode is represented by o ().
Then af(t) affects the stock price Ps which then affects the wealth function £°(¢). Recall
that

dP;
Pf = u(a(t))dt + ocdW (t).
2

So

2

dlog(P5) = [u(a®(t)) — %]dt + odW(t).



Since log(Ps) is observable, we can set up a Wonham filter for a(t) by the following

(1) = 1 ()@t — ~5° (09" (1) A°(£)dt + (1) A°(1)og( 5,

where
l my 2
=D lnlsy) = S Ip(8),
i=1 j=1
. o? o? o2
As(t) = dlag(MSn) W ;N(Sml) 5 s ,M(Sn) 5

and p*(0) = po being the initial probability.

Rewrite (7.3) as follows:

(D) = PO~ @ (1 A+

pe(1)A%(t)d log(P,)

= p°(t)Q°dt +

Let
dlog(Ps) — a°dt

g

dov® =

©° is an innovation process.

(1) A% (1) (dlog(Pg) - @E(t)dt) |

From the definition of di°, we have odo® = dlog(P5) — acdt. Hence,

dlog(Ps) = a°dt + odv®.

Therefore, we can replace the dynamic of P, by the following

P 2
P _ ey + %)dt + odiF.

Notice that both &° and d©° are observable.

Because

!
ZZ p(si;) pw ZZM sij)ps; (t
7=1

=1 =1 j5=1

dPs/Ps = ac(t)dt + odv®, where a°(t) = ZZ L Zj L 1(8i5)p55(t).

49
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Therefore, £%(t) has the following dynamics:

dg=(t)
& (1)

= (1 —u(t))rdt + u(t)(a®(t)dt + odv®), (7.5)
where £°(s) = y.
Denote Z%(t) = log&°(t) and z = logy, then we have
1
dZe(t) = [(1 —u(®)r +u(t)as(t) — §(u(t)0)2]dt + u(t)odb,
“(t) A= (t

dp(t) = pr(H)Q°dt + Md@(t).

We can write the reward and value functions in terms of the new state variables
J(s,2,p,u()) = Eee(®(exp(Z°(T)))),

v5(s,2,p) = sup J(s, z, p, u(+)),

and v*(T,z,p) = ®(e*). Let us refer to the problem of computing v¢ as problem P¢, the
original problem.

Let Ye(t) = (Z°(t):p°(t))’, where A’ denote the transpose of the matrix (or vector) A.

Then
_ re 2
V(1) = (1 —u)r +ud® — (1/2)(uo) s uo i
AE £ /
- st
Let
—_ AE 2
PV ) = (1 —w)r +ud® — (1/2)(uo)
Qelpa (t)/
and
uo
YE(t, Y, u) =
A(t)p*(t)’
o
Then

dY=(t) = f2(t, YE(t), u(t))dt + S5(t, YE(t), u(t))di® (t).
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Define

HE(L,Y, P,G) = sup{ f°P + %u{(z&ze’)e}} (7.6)

where P is an 1 x (m + 1) vector and G is an (m + 1) x (m + 1) matrix. Here, fP should
be understood as the inner product of two vectors.

By Ito’s formula, the value function v°(s,Y") should satisfy the following HJB Equation

e L e O 0%f
5s IO Gy aya) =0 1)

with the boundary condition v*(T), z,p) = ®(e*), where z = log y, y is the initial wealth, and
p is the initial probability vector. Using the same proof as in Chapter 3, we can see that

ve(s, z,p) is the unique viscosity solution of HJB equation (7.7).

It is shown in Section 3 of [17] that p®(t) — p°(¢) as € — 0, where
Pt = ' pi(t), - v'm(t) = p(t)v.
To determine p(t), we note the weak limit of y°(-) = log P5(-) is given by

Ay(t) = (@ (1)) — 5o°)dt + 0dIV (1), y(0) =0,

where
i) = ulsi)vi.
j=1
The corresponding conditional probability p(t) is decided by

) =50+ [ Q- = [ &A% [ st

with initial condition

p(0) = poll,
where
I
1
alt)y =Y u@)pi(t) — =0,
a0) = 3RO ~ 5o
and
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Using this filter, the SDE can be reformulated as

dZ(t) = [(1—ult))r +u®ft) — (1/2)(u(t)o))dt + u(t)od,

ant) = s+ 2,

where
dy(t) — a(t)dt

o

dw =
is an innovation process. And
at) = p(tu = p(t)vp.

Here o = (p1 - - - pn)" and the corresponding reward and value functions are
J%(s, 2,0, u()) = s (®(exp(Z(T)))),

@0(57 Zap) = Sup J0(87 Z,D, U()),
u()

with (T, z, p) = ®(e?). Let us refer to this problem as problem P° or the limit problem.

Let Y (t) = (Z(t)'p(t))’, where A’ denote the transpose of the matrix (or vector) A. Then

- | T A2l B uci dib,
w0 Ao
Let
F(0Y ) = (1 —w)r +upi(t) — (1/2)(uo)?

Q'p(t)

and
X(t,Y,u) = B v
At)p(t)’
Then
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Define

H(t,Y,P,G) = sup{FP + %n{(ﬁ’)a}} (7.8)

where P is an 1 x (I + 1) vector and G is an (I + 1) x (I + 1) matrix. Here, fP should be
understood as the inner product of two vectors.
By Ito’s formula, for the reformulated SDE, the value function ©°(s, Y") should satisfy the
following HJB Equation
o + H(s,Y, g—”;, %) =0, (7.9)
with the boundary condition v°(T, z, p) = ®(e?), where z = logy, y is the initial wealth, and

p = poi is the initial probability vector. Using the same proof as in Chapter 3, we can see

that v°(s, z, p) is the unique viscosity solution of HJB equation (7.9).

Define
pe(t) = p°(t)v,
t . 1 t . 1 t .
PO =0+ [ G- [ & reT e 5 [ F@ ),
0 0 0
with initial condition
7°(0) = pol,
where
I
1
E (1) = Iy c(t) — = 2
() = LR - 307
and
e . 1, _ 1, e
(1) = diag(p(1) — 507 -+ (D) — 50%) — 6 (1)1

The following theorem has been proved in [17]:

Theorem 7.0.1. The following hold.

(a) p°(t) is an approzimation to p*(t) for small e. More precisely,
Bl (1) = ()2 =0 (s +e %),

for some constant k > 0.



54

(b) p*(t) converges weakly to p(-) in C([0,T];R™), where C([0,T];R™) denotes the space

of R™-valued continuous functions defined on [0,T).

We notice that p*(t) has much lower dimension than p(¢) and the approximation can be
fairly accurate. So it is reasonable to consider computation of the value function using p(t)
instead of p*(t).

Through similar argument, the original SDE

dZe(t) = [(1 —u(t))r +u(t)as(t) — (1/2)(u(t)o)?]dt + u(t)odv,
dp(t) = p°(t)Q°dt+ wdﬁ(t).

can be reformulated into
dZE(t) = [(1—u(®)r +u)pst) — (1/2)(u(t)o)?]dt + u(t)odw®,
i) - reqar T e

o

where

_ dlogps(t) — as(t)dt
o

dw*®

is an innovation process. And
pe(t) = p" (= pvp.

Here 1= (p1 -+ pim)".

Recall that

J(s,2,p,u() = B (®(exp(2°(T)))),
(s, 2,p) = sup J*(s, z, p, u(-)),

and v°(T, z,p) = ®(e?).

Let Y (t) = (Z°(t):°(t))’, where A’ denote the transpose of the matrix (or vector) A.

Then

- | T SR P i di*.
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Let
T4V u) = (1 —w)r +uji® — (1/2)(uo)?
_’pa(t)/
and
Seyw=|
AT(6)pF (t)'
Then
AY " (t) = F (6, Y (t), u(t))dt + = (¢, Y (t), u(t))di®(t).
Define
(LY, P,G) = sup{FP + %u{(i’fie’)a}} (7.10)

where P is an 1 x (I + 1) vector and G is an (I + 1) x (I + 1) matrix. Here, fP should be
understood as the inner product of two vectors.
By Ito’s formula, for the reformulated SDE, the value function v°(s,Y") should satisfy the
following HJB Equation
o —= = OU° O*F

H (s,Y, — —
s + (87 76Y7872

) =0 (7.11)

with the boundary condition v*(7), z,p) = ®(e*), where z = logy, y is the initial wealth,
and p = poi is the initial probability vector. Using the same proof as in Chapter 3, we
can see that v°(s, z,p) is the unique viscosity solution of HJB equation (7.11). v°(s, z,p) is
an approximation for the original value function v°(s, z, p). Suppose the optimal control for

ve(s, z,p) is uf and the optimal control for v°(s, z,p) is @S then
v (s, 2,p) = sup E [(exp(Z°(T)))] = E [@(exp(Z5: (T1)))] ,

o (s,2,p) = Sup E [@(exp(Z°(T)))] = E [®(exp(Z,.(T)))] .



We have

vi(s, z,p) — (s, 2, p)

= sup B [®(exp(Z°(T)))] — sup E [@(exp(Z°(T)))]
— B [®(exp(ZE(T)))] — E [@(exp(Zo. (T)))]

< E[®(exp(Z(T)))] - E [®(exp(Z (T))))]

- B [<I>(e:><p(Zji (T))) — ‘I)(GXP(Z; (T)))}

IN

K\E|Z;.(T) = Z,.(T)|.

£
U

For the last inequality, we need the utility function to satisfy

Therefore,

IN

IN

|®(y1) — ®(y2)| < K1|logys — log ys|.

ve(s, z,p) — U°(8, 2, )

K\FE

K\FE

K\FE

T 1 T 1
/ ((1 ) Ul — §(ui0)2) dt — / ((1 ) T — i(uia)Q) dt‘

T
/Ui
S

<?—wm4

(ﬁm—ﬁ@»mﬂ

T
mE/1Mﬁ@—FWWMt

T
Ki [ GEW) - F )

0] (5 + 6’%> , by theorem 7.0.1.

o6



On the other hand,

0% (s, z,p) — v°(s, 2, P)

= s B [2(exp(Z ()] — sup B [B(exp(Z°(T)))

= E[®(exp(Zo.(T)))] — E [®(exp(Z5.(T)))]

< E[®(exp(Zo (T)))] — E [®(exp(Z5.(T)))]

= E[®(exp(Z: (T))) — ®(exp(Z5. (T)))]

< K\E|Z5.(T) - 25.(T)|

r 1 T 1
< KlE/ ((1—ai)r+ﬂia5——(ﬂia)2) dt—/ <(1—ﬁi)'r’+ﬂiu€—§(ﬂia

N}

T
_ KlE/ ai(af—ff)dt‘

_ fﬁE‘lTuﬂﬁu>—ﬁ%w>»m4

T
—&E/imﬁ@—ﬁwkmt

IN

T
m/"@Mﬁ@—ﬁwMMt
= 0 (6 + e’%) , by theorem 7.0.1.

Combine the above inequalities, we conclude

[v°(s,2,p) = 0°(5,2,8)| = O (e + ).

)4
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We are going to prove that ¢ — 9% as € — 0. Suppose that the optimal control for v° is

u® and the optimal control for #° is u°. Then

v°(s,2,p) — 1°(s, 2, P)

sup E®(exp(Z°(T))) - sup E®(exp(Z(T)))
E®(exp(Z,+(T))) — E®(exp(Zuo(T)))
E®(exp(Z,(T))) — E®(exp(Z.:(T)))

E [®(exp(Z,+(T))) — ®(exp(Ze (T)))]

K\E|Z o (T) — Ze(T)

@0(872’/’15) - @E(Sv Z,ZS)

sup Ed(exp(Z(T))) — sup Ed(exp(Z (T)))
E®(exp(Zu(T))) — E®(exp(Z,:(T)))
E®(exp(Z,s(T))) — E®(exp(Z,0(T)))
E [®(exp(Z,0(T))) — ®(exp(Z,0(T)))]

K\E|Z,o(T) — Zy(T)|.



29
It suffices to prove that E|Z,(T) — Z,(T)| — 0 as € — 0 for any u(t).

E|Z,(T) = Z,(T)|
= B[/ (0= +uf = Suo)) dt— [T (1= wr + ufi — $(uo)?) dif

= F

S uE -

IN

E [} |u(fE — fi)| dt
T ~ o~
< [, Elu(pF —p)dt

< [ Eul-1p°(t) = p(0)] - [v| - |uldt.

Note that

By Theorem 7.0.1, p°(t) converges weakly to p(-) in C([0,T];R!), as € — 0. This proves
E|Y,(T) =Y .(T)| — 0 as € — 0, which means that |7°(s, z, p) — 0°(s, z,7)| — 0 as € — 0.
As we discussed before, the limit problem has lower dimension, therefore, its optimal
control is much easier to obtain computationally. Once we know the optimal control, or
nearly-optimal control, for the limit problem, how do we decide the optimal control for the
original problem? We can construct a nearly-optimal control of the original asset allocation

problem from the nearly-optimal control of the limit problem. Suppose u(t, Z(t), p(t)) is the

nearly-optimal control for the limit problem such that

|J0(572aﬁ7ﬂ(')) - @0(8727?” < 5a

for any § > 0. Assume (¢, Z(t), p(t)) is Lipschitz we can prove that a nearly-optimal control

of the original problem can be constructed as the following

ult, Z°(0),p° (1)) = alt, Z° (), 7 (1)), (7.12)

where

pa(t) = (pih”' 7pim17'” 7pl617"' >pl€ml)7
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and

p(t) = (P + -+ Pignys 5 P+ Dli)-

Theorem 7.0.2. With the limit problem, the original problem, and the utility functions
stated as above, if the nearly-optimal control for the limit problem is Lipschitz, then the

control defined in (7.12) is 06— optimal for the original problem for sufficient small €.

Proof. Under the constructed control, the state Z°(t) satisfies

dz=(t) = [(1—a(t, 25(1), p°(1))r + ult, Z5(1), p(t))as (t) — %(ﬁ(tv ZE(t), p°(t))o)*Jdt
+u(t, Z¢(t), p*(t))odo,
dp*(t) = p°(tH)Q°dt + deﬁ.

For the limit problem, the corresponding system dynamics are given by

dZ(t) = [(1—a(t,z°(t), p(t))r +ult, Z°(t), p(t))i(t) — (1/2)(a(t, Z°(t), p(t))o)*|dt

+u(t, Z5(t), p(t))odo,

anlt) = @i+ 1%,

where @(t) = YL, S u(si)pS, (8) = pF (8, and fi(t) = p(t)vpe. Here ju is to demote the
column vector (1, pio, -+ , i)' Notice that
Az ()~ 7)) = (e, Z°(0), (1)) — alt, Z°(0), 57 (1))
Ve, 75(6), 57 (1) (1) — (t, Z°(6), p(0)A()
b (e, 720, p(0)0 ) — 5 (alt, Z°(0), 7°(0))o)? | di
(e, 79(6),5°(1)) — a(t, 7(1) p(1)) oo

Hence,

Z5(t) — Z(t) = /t A% (t)dt + /t B (t)dd,

s
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where

AS(t) = (alt, Z7,p) —alt, Z7,p7)) v+ alt, Z¢, p )0 — alt, 27, o) i

1 e — L e =¢
+§(u<t7 Z apt)U)Q - §(u(t7 Z; apt)a)z'

If u(t, z,p) is Lipschitz, then

|a(t, Z=(t), p~(8))as(t) — u(t, Z°(t), p(t))u(?)]

< ult, 25(8), p (1)) (t) — alt, Z5(t), pt))as ()]
+lu(t, 25(8), p(t))as (t) — alt, Z=(t), p(t))u(t)]
< K[p*(t) — p(t)] + [o(t) — k(D)

= Kl|p*(t) = p(O)] + [(p°(t) = p(O)¥)pa]-

Therefore,

|(@(t, Z5(t), p(1)))* — (u(t, Z°(t), p°(1)))?|
= a(t, Z25(t), p(t)) — alt, 25(t), p"(t)][a(t, Z°(t), p(t)) + ult, Z°(), p°(1))]]
< 2u(t, 25(t),p(t)) — alt, Z5(t), p* (1))

As proved in [17], p*(t) = p(t)v, p°(t) = p*(t)1 = p(t), as e — 0. Here "=" denote weakly
convergence. In view of Skorohod representation, we may assume p(t) — p(t)rv w.p.1, and
P°(t) — p(t) w.p.1.

Therefore,

E[Z:(t) - Z(t)] = /t A (B)dt — 0, as & — 0.

It follows that
|ED(Z" ™M) — E®(e?™M)| — 0, as e — 0.



Consequently, we have

<

[ J5(s, 2, 0%, u(-)) — v°(s, 2, %)
|J€(S7 Z7p€a u()) - J0(57 2, D, ﬂ())|

+|‘]0(87 27]376(')) - 1_}0(8727]3”

+|0%(s, 2, p) — v¥(s, 2, p%)| — 0, with p = el
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CHAPTER 8

OPTIMAL SELLING RULE

In practice, a key step in stock speculation is the timing for selling. Setting up a selling
rule is necessary for profitability. A selling rule can be given using a target price range like
in [16], or an optimal selling time as in [18]. In [16], a policy based on a target price and a
stop-loss price is obtained by solving a set of two-point boundary value differential equations.
In [18] , a strategy is constructed for "bubble stocks” so that the investor can decide when
to sell a stock that has a rapid growth rate and then a rapid rate of decline by computing
the probability of the positive growth rate and sell the stock when this probability becomes
lower.

Using a regime switching model to describe the stock price, we are going to compute an
optimal selling rule through variational inequality sufficient condition and nonlinear filtering
similar to what has been done in [18]. Our goal, however, is to extend the result in [18] to
incorporate more general case.

Since Wonham filter has proved to be quite efficient in turning a partially observable
problem into a completely observable one, in the rest of this paper, we will work on the
optimal selling problem with partial observation.

Let’s first state the variational inequality sufficient conditions for an optimal stopping
problem. Let z be an n-dimensional vector, F'(z) an n-dimensional vector valued function
and X(z) an (n x m)-dimensional matrix valued function of z. Let W (¢) be an m-dimensional
Brownian motion process. Suppose F(z) and ¥(z) are regular enough so that solutions of

the stochastic differential equation and initial condition

dz(t) = F(z(t))dt + S(=()dW (1), 2(0) = 2, (8.1)
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exist and are unique. Let F; denote the o—fields
Fi=o{z(r):0<r <t}

generated by the past of z(t). Let U(z) be a twice continuously differentiable utility function.
Let A denote a class of F; stopping times. For each stopping time 7 € A, consider the
expected utility

E[U((7))) (5.2

The optimal stopping problem is to find 7 in A which achieves maximum of (8.2).
We use the following variational inequality sufficient conditions for optimality for this

problem. This is a simpler version than the one given in [18].

Theorem 8.0.3. Let R be a region in E™. Assume for each z in R that the solution of (8.1)
with initial condition z is contained in R. Let V(2) be a scalar valued function defined on R.
Let V(2) be regular enough so that Ito’s stochastic differential rule holds for V(z(t)). Define
the differential operator A[V](z) by

AlV](2) = Va(2)F(2) + %tr(Z(z)Z(z)’V;z(z)).

Let V(z) be a solution of the variational inequality
AlV](z) <0, V(z) 2 U(2),

(V(z) = U(2))AlV](z) = 0. (8.3)

and let the condition
E [/OT IV2(=(0))S(2(2))[*dt| < oo (8.4)
hold for each stopping time T in A. For z(t) the solution of (8.1) with initial condition z, let

7(z) = first time z(t) hits {q: V(q) = U(q)}. (8.5)

Let
7(z) € A for each z € R. (8.6)
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Then

V(2) = ElU((7(2)))] = max E[U(=(7))].

That is, T(z) is an optimal stopping time in A and V (2) is the value function for the optimal

stopping problem.

To satisfy the boundary condition (8.4), we see that if
IVa(2()Z(=W)* < K, (8.7)

then
B| [ Wtyseora] < kem)
0
which mean the condition (8.4) is satisfied for stopping times with finite expectations as long

as (8.7) holds.

Let S(t) denote the price of a stock at time t. It satisfies

dS(t) = p(a(t)SE)dt + oSE)dW (¢),
S(0) = So, t>0,

where Sy > 0 is the initial price, p(7) is the expected return rate, o is a constant, representing
the stock volatility, «(t) is the markov process with generator @, and W(t) is a standard
Brownian motion. The processesa(t) and W (t) are independent.

Let U(S) be a utility function. Let
Fi=0{S(r):0<r <t}

denote the o—fields generated by the past of the process S(-) up to times t.
We consider the problem of finding a F; stopping time 7 which maximizes the expected
utility
E[U(S(7))]

This is an optimal stopping problem with partial observation.
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Let X (t) be the log price, i.e, S(t) = Spexp(X(¢)), then

0.2

dX(t) = [u(a(t))—?] dt + odW (t)

X(0) = 0, t>0

Let p;(t) denote the conditional probability of a(t) = i given the observations of X () up
to time t, i.e.,

pi(t) = P(a(t) = i|X(s) : s <1);

for i =1,...,m. Let p(t) = (p1(t), ..., pm(t)) € R**™.
Since the value of X () is observable and it is a function of a(t), we can set up a Wonham

filter for () by the following

Aplt) = p(1)Qdt — (Emjw) - U—Q]pxt)) POAWE+ “pDADIX(),  ($8)

, 2
=1
p(0) = p, being the initial probability, where

2 2

At) = diag(n(1) = o plm) = ) = D_[pui) -
= diag(p(l) — %, ey pt(m) — 02 ) — Z D)pi(t)] + — sz

= diag(p(1), ..., u(m)) — 3270 p(@)pi(t)1.

2
Denote a(t) = Y 0, [pu(i) — %]pi(t), we then have

dplt) = pQt — &AM + —5p(1) AMIX ()

— p()Qdt + ! t)f“) (dX ®) - 5‘“)‘“) | (8.9)

Let
dX(t) — adt

g

dv =
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As proved before, ¢ is an innovation process. Moreover, we can write both X and p in terms

A

of v.

dX(t) = a(t)dt + odo, X(0) =0,

dp(t) = p(t)Qdt+ chﬁ), p(0) = p. (8.10)

If the number of market modes is 2, M = {1,2} . Assume g, is the bull market rate

2

of return and ps is the bear market rate of return, 2u; > 0° > 2u,. Assume «(t) has a

generator
—)\1 )\1
Q= )
)\2 —/\2
then
Alt) = p — papi(t) — popa(t) 0
0 pr2 — papr(t) — papa(t)
Alt) = papa(t) — papa(t) 0 ,
0 p2p1(t) — papi(t)
Alf) = (1 — p2)pa(t) 0
0 — (1 — p2)p1(t)
Therefore,
—)\1 /\1
p()Q = [p1(t) pa(t) ] - [ —Aipi(t) + Aapa(t)  Aipa(t) — Aapa(t) |
)\2 —)\2 ]
(,Ul - M2)P2(t) 0
p(t)A(t) = [ p(t) pa(t) ]
_ 0 — (1 = p2)pa(t)
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2

a(t) = pap1(t) + papa(t) — %

It follows that

2

aX(t) = (ulpl (1) + papa(t) — & ) dt + ods,

2
An(t) = (=Mp(0) + Aapalt))dt + (1 — 2 )pa(E)pal0) .
Aalt) = (\pa(t) = Aapa(t))dt — (i — p)pa(E)pale)) i (8.11)
Since pi(t) + pa(t) = 1 we can replace py by 1 — py,
dX(t) = (ulpl(t) + gty — papi (t) — 0;) dt + odb, (8.12)

dpi(t) = (=Aipi(t) + A2 — Aapu(t))dt + %((#1 — p2)p1(t)(1 — pi(t))do.  (8.13)

In the notation of Theorem 8.0.3,

X o

p1 2((p1 = p2)pr () (1 = pa (1))

2

AVI(X,p1) = Vx <,u1p1(t) + po — popi(t) — %) + V(= Ap1(t) + A2 — Aopi(t))

%UQVXX + (1 = p2)pr(t)(1 = pa(t) Vxy

! (%) (1= pr()2p1(£)2V,

Va(2)3(2) = oVx (X, pr) + 2

(1= p1(®)p: )V,

The optimization problem is to choose the stopping time 7 to maximize
E[U(S(r))], or E[U(XM)]
subject to

dS(t) = S(t) (upi(t) + p2 — papa(t)) dt + S(t)odo,
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Recall the notation of Theorem 8.0.3,

2 (1 — p2)pr () (1 — pa (1))

We also have

A[V](S, p1) = VsS (Mlpl + f1o — pop1) + V}a(—)wpl + Ay — )\2291)

1
+55202ng + (11 — p2)p1(1 — p1)SVs,

L[ — o 2
RYCED

Va(2)5(2) = SaVs(S.p1) + 2 (1= pu()pa ()

Consider the utility function

U(S) = In(S)

and class of admissible F; stopping times 7 given by
A={7:E(T) < c0}.

First we need to know if there are conditions under which it is optimal to sell the stock
at 7 = 0 or it is optimal not to sell the stock at all. Suppose the rate of return is either p

or pig and pi3 > po. Then (8.12) implies that

0_2

Eln(S(0)] = In(S) = mpi(t) + p2 — papa(t) = = (8.15)

If 02/2 > py, then py — py < 02/2 — py. The right hand side of the above inequality will be

2 0,2 0,2 0.2

(i = p2)pa(t) + p2 = 5 < (G = p)ma(t) + 2 = 5 = (5 = ) (a(6) = 1) 0.

So E[In(S(t))] < In(S). In this case, it is optimal to sell the stock immediately.

If 02/2 < po, then the right hand side of the inequality (8.15) will be

o? o?

(Ml—ﬁbz)m(t)%—uz—gzm—?zo
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No matter what p;(¢) will be, a positive rate of return is guaranteed. So there is no reason
to sell the stock.
Assume p; > 0%/2 > sy and let us find the optimal selling time in class A for this

condition. We can assume V (S, p;) takes the form

V(Svpl) = ID(S) + f(pl)a

and try to find an appropriate f(z).

Alln(S) + f(p0)](S,p1) = pap1 + p2 — papr + f'(p1)(=Ap1 + X2 — Xap1) — %(;2

. 2
- (%) (1= )82 (0. (8.16)

Denote the right hand side as B[f](p1), the variational inequality reduces to

B[f](p1) <0, f(p1) >0, and f(p1)B[f](p1) = 0. (8.17)

Note that

V(2)S(2) = SoVs(S,p) + B2 (1= p)mV,

=0+ %(1 —p)pif (p), (8.18)

which is bounded if f’(p;) is bounded.

For Itd’s differential rule to hold for In(S(t)) + f(p1(t)), f(p1) must be at least once
continuously differentiable. This implies: If ¢ € (0,1), and if q is a boundary point of an
interval on which f(p;) =0, then f'(¢) = 0.

So we look for a continuously differentiable f(p;) of (8.17) for which f’(p;) is bounded
and f'(¢) = 0 at boundary points ¢ of intervals on which f(z) = 0.

Conditions (8.17) imply that if f(p1) # 0, then B[f](p1) = 0. From (8.16) this equation

is

1 1 —1p\?
papr + p2 — popr + (1) (—Aip1 + Aa — Aap1) — 502 + 5 (’ul . N2) (1- pl)zp%f”(pl) =0
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Since it is only involved f'(p1) and f”(p1), we will set r(p1) = f'(p1) and solve

1
papr + pio — propr + r(p1)(—Ap1 + A2 — Aapr) — 5‘72

1 — o\
+§ ( ! - 2> (1 —p1)*p3r' (p1) = 0.

Simplify this equation, then we have

1 (= p2? 1
2 (”1 o m) (L= pa)pr () (o) (=aps 40 = dapi) = 507 = pupn = g2 + g,

Denote h = ﬁ, k = A1 + Ao, c = 1 — po to shorten notation, we then have

1 — py)2p2 1
=) zl) By (1) + r(p1) (o — kp1) = 50% = epr = oo

2
Divide both sides by (1 — p;)*p?/h, we have a classical first order ODE

h()\g — /{Ip1> . O'2h — Qthl — 2h/,62
(1 —p1)?pi 2(1 — p1)?p7

' (p1) +7(p1)

The general solution for this equation is

() = ! ’(Lfi:)‘g’pl% dp1 {/ oh — 2hepy — 2hus o ’(’1(2;’“;’;%? dp1
2(1 = p1)*pi

In order to have the desired boundary condition, we have to compute on the integrations.

11 1
1-pp p 1-—p
1 (1+ 1 )2 1+ 1 +2+ 2
0, ————=(-+—-] =— 242
(1 —p)?p? p l—p PP (1-p? p 1-p

Therefore, the integral

1 1 1 %y — 1
———dp; = —— 21 —2In(1 — =—— +21
/ (1 _pl)zp% P1 n + 1 — + np n( pl) + n

On the other hand,

P _1(1)_1+1_1+1+1
(1—p2p? 1-p\(A-pp) @A-pp (@-p? p 1-p (1-p?
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So its indefinite integral is

D1 1 D1 1
—————dpi=Inp; —In(1 — py) + =In + .
/(1—171)217% ' ' ( 2 1 —p l—p1 1-—p

Therefore, combine the two integration above, we then have

h(X\y — kpy) ( 2p1 — 1 D1 ) < D1 1 )
— = Zdpy =h) | ————— +2In —hk|(In +
/ 1—p)2p2 \pi(1—p) 1—p l—-p 1—p

D1 h(2Xs — k)p1 — hAg
= (2h\y — hk)1n + )
( 2 ) I—pm p1<1 - pl)

Recall £ = A1 4+ g, So 2Xy — k = Ay — A;. We can further simplify the above integration as

follows
h()\z - kpl) b1 h()\2 - )\1)1)1 — hXy
— =  —Zd = h(Ay— M) In +
/ 1 —p2p2 (G2 =) 1—p pi(l —p1)
1—m I—pm pi(l—p1)
y4i h()\1 - )\2) 1
= h(Ay—A{)In — — hAg|————
( 2 1> I —p I—p 2[1?1(1—]71)
D1 h(A — X2) 1 1
= h(Ay— ) In — — hXy|— +
Pe =) I—m 1 —p 2[]?1 1—]71]
hA hA
= B — Ap)In L Lo

l—=p1 1-=p m
So the general solution is

h(A1—X2) A = O_Qh — 2hepy — 2h hQa—kp1) 4
r(p1) = ( = ) o [/ 2(1 —z]ji)zp% B2 it M ap, + O}

h(A=22) iy o2 —2¢ep — 2 —h(A1—X2) A RA

Since h > 0,

. p " +222
hm1 7 et-r1 P1 = 400.
p1— —P1

In order for r(p;) to be bounded at p; = 1, we must have

2 2 -9 —h(A1—=A2) _hAL hXg
lim [/hg b H2 ( P ) e — p12dp1+C'

=0.
p1—1 2(1 — py)?p? 1—m
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Define g(p1) by

1 2 —h(A1—A2)
0 —2cx — 29 x _hAL kg
g —h 11—z x d .
9(p1) /p1 2(1 — x)2%a? (1 — x) ¢ v

Let

h(A1—X2)
P hA; | hAg
r(p1) = (1 —lpl) e g(py).

Calculation using L’hospital rule shows that

) g(p1) —02+2c+ 21y 2uy — o2
fimy — TRy 2\ T2
pP1— (1 _ p1>h(x\17)\2)e 1—pq Pl 1 1
So
. 241 — 0
1 _
() = =0

To ensure that r(p;) is bounded and continuous, we look at the function g(p;)’s behavior.

Let denote the integrand of g(p;) as j(x). Then

j(x) =h

2(p1 — po)x + 249 — 02 g\ M) LS R ESY
e 1w =,
2(1 — x)%a? l—x

It is given by positive quantities times the linear term
2(p1 — po)T + 245 — 0. (8.19)

Now (8.19) will be positive on

0% — 2,

— <<l
2(p1 — p2)

Therefore,
? = 2py

<p1 <1
2(p1 — pi2)

Since 21 > 02, (8.19) is positive near = 1. Since 02 > 245, (8.19) is negative near z = 0.
Also notice that

lim j(z) = 0, lirr%j(x) = 0.

x—0

Denote z = (62 — 2u5) /[2(p1 — p2)], then 0 < z < 1.
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To decide if g(p;) has a root in (0, 1) we need to compare the value of I = le j(z)dz and
J=[;—j()de. Let u=1-—u,

1== 2(,&1 — ,UQ)(l — U) + 2#2 —0? (1—-u ~h(h=A2) _hA1 hAg
I = h e w Toudu.
0 2u?(1 — u)? u

Note that

lim g(p;) <0,

p1—0

if I < J. A sufficient condition for this to happen is z > %, which means

22 1
S e B
2(p — p2) 2
Simplifying this, we have
0% > piy + pla.

To see that I < J, we check

J= / p 7= 22 = 2 — po)u (1 - “)hmm om -2
0

2u%(1 — u)? u
I = /1_2 hQ,Ul —0?— 2(p1 — p2)u u o eihfil*%du-
; 2u2(1 — u)? 1—u

Both I and J has positive integrand. J has larger integrand and longer integration range if
z>1/2.

So under the condition 21 > 02 > 2y and 02 > u; + p, we have the following result:

Lemma 8.0.4. r(p1) has a unique root p* in (0,1) which satisfies

0% — 24y

0<p'<—"2,
2(p1 — pi2)

and r(p1) is positive on (p*, 1].

Proof. On the interval (0,1) the function r(p;) is given by positive quantities times g(p1),
its roots should be the same as those of g(p;). The integrand of g(p;) is given by positive

quantities times the linear term

2(py — po) + 249 — 0. (8.20)
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Now (8.19) will be positive on

<x <1
2(p1 — p2)
Therefore,
(p1) > 0 if o — 24 <p <1
g\p1 U= <n .
2(p1 — pi2)

Since 2u1 > o2, (8.19) is positive near z = 1. Since 0 > 2y, (8.19) is negative near = = 0.

Also

lim g(p1) < O.
p1—0

Thus g(p1) and 7(p;) must have a root p* in (0, 2‘51__25;)) Since g(p1) is monotone increasing
on this interval, p* is unique. This implies r(p;) is positive on (p*, 1]. O

Lemma 8.0.5. For q in (0,1), let
T(q) = first time p1(t) hits [0, q].

Then
E(T(q)) < oo.

Proof. We can assume the initial probability p > ¢; otherwise T'(¢q) = 0 and E[T'(q)] = 0.
For p;(t) given by

_ 1 —
(,Lbl M2)p1( pl)dﬁ

dp1 = (—A\ip1 + Ao — Aapr)dt + .

?

based on the proof of Theorem 2 on page 149 of [9], we have
Plp:(t) <1] = 1. (8.21)
A solution K (p;) of the differential equation
(=M1 + X2 — Xop1) K (p1) + %72(1 — )P K" (p1) +1=0 (8.22)

on [0,1] satisfying K (q) = 0 and K’(p;) bounded on [g, 1] is given by

2(A1—Ag) 2(A1—A2) 2 ( AL /\2)

P ARSI z r2 1 1— Yy 2 erz\ "1y Ty
RN ET R (e A
q 72 -2 z Yy (1 - y)2y2
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A derivation of this solution is included in the appendix.

Apply L’Hospital’s rule to K'(p;), then we have

1
lim K’ = —.
Jim, K (p1) = 53

So K'(p1) is bounded. Also note K(p;) > 0 for p; > q.

Let
T(q) =inf{t: pi(t) =q}, (8.23)
and for a fixed time T' greater than 0, define

r = min(7, T (q)).

From (8.21) and (8.23), we see that p;(s) is contained in [g, 1] for s < 7p. It6’s formula

implies that

K(pi(mr)) — K(p1) = i /OTT(l — p1(8))p1(s) K (p1(s))dW (s)

o

+ /OTT [(=Aip1 + A2 = Aapi () K (pa(s))

#3 (M52 (0 o) P ) .

Let r = #-£2 then K (p;) being the solution of (8.22 ) implies that

K(p(rr)) — K (pr) = —rp + 222 /OTT<1 — p1(3))p1(s) K" (p1(s))dW (s).

o

Since the integrand in the stochastic integral is bounded and 7 is bounded, the expected

value of the stochastic integral is zero. Therefore
Elrr] = K(p1) — E[K(py(77))]-
Let T'— oo, then we have 70 — T'(q). Since K (pi(7r)) is positive, we have

E[TT] S K(pl)
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Theorem 8.0.6. For f(p;) defined by

0 if 0 < p1 < p,
fp) = (8.24)

p1
/ r(z)dr  ifp* <pr <1
P

the function V(S,p1) = In(S) + f(p1) satisfies the conditions of Theorem 8.0.3, and
T(p*) = 1st time py(t) hits [0, p"] (8.25)
is an optimal stopping time in the class A.

Proof. Since r(p*) = 0, f(p1) is continuously differentiable and is twice continuously dif-
ferentiable, except at p*. Hence Itd’s differential rule holds for In(S) + f(p1). Lemma 8.0.4

implies that f(p;) > 0. Notice that

ppr + po — popr — 30°  if 0 < py < p¥,

B[f] (P1) =
0 it p* <p; <1
and since
* 02 - 2“2
p <o/
2(#1 - Mz)
we have that
B[f](p1) < 0.

Since f(p1) = 01if 0 < p1 < p* and B[f](p1) = 0 if p* < p1 < 1, f(p1)B[f](p1) = 0. Thus
all the conditions of (8.17) are satisfied, which are equivalent to the conditions (8.3) for the
function V' (S,p1) = In(S) + f(p1)-

Because 7(p ) is continuous on [0, 1) and has a finite limit at = = 1, it is bounded. Because
the boundedness of f'(p;) and equation (8.18), condition (8.4) is satisfied for stopping times
in A. Condition (8.6) follows from Lemma 8.0.5. Therefore, the conditions of Theorem 8.0.3

are satisfied and T'(p*) in (8.25) is an optimal stopping time in A. O
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Remark Letting Ay = 0, the results here identical to that of [18], which is fairly reasonable.
The price of “ bubble stock” can also be considered as being modulated by a Markov chain

process, but one with an absorbing state.



CHAPTER 9

APPENDIX

Definition The Markov chain or the generator () is weakly irreducible if the system of

equations

v@ =0, and iyizl

i=1

has a unique nonnegative solution. The nonnegative solution (row-vector-valued function)
v=(v1,...,Vy)is termed a quasi-stationary distribution. In addition, if v is strictly positive,

then we say the generator () is irreducible.

Lemma 9.0.7. (Gronwall’s inequality.) Given a bounded measurable function c(t), if
0<h(t) <c(t)+ K/t h(u)du,
0
then
h(t) < c(t) + K/Ot c(u)eX =y,
Proof of Theorem 8.0.3:

Proof. By 1to’s differential rule

V(1) = |VGONF((0) + J(EESEO) Valel)] de+ VeGS0 )

or,
t t
vmm—wa=£mwmmw+lm@@mmmmm»
This holds for each ¢, it also holds for a finite stopping time 7.

Condition (8.4) implies that for each stopping time 7 in A

B| [ viemares)] o
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Hence for each 7 in A,

From (8.3),

therefore for each 7 in A,

For
r(z) = first time =(¢) hits {g: V(q) = U(q)},
we have
A[V](2(s)) =0 on0<s < 7(z)
and

Therefore (9.1) implies

Remark To solve the ODE, we do the following simplification
1
(=Aap +do = Aop) K'(p) + 57°(1 = p)"p* K" (p) +1 =0
Since the equation involve only K'(p) and K”(p), let y(p) = K'(p), we then have

1
(=Aap +Xo = Aap)y(p) + 57* (L= p)°p’y (p) + 1 =0,

or

1
5 (=)D () + (= ap+ Ao = Aap)y(p) = 1.
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Divide both sides by r%(1 — p)?p?/2, then

2(=Mip + A2 — Aop) _ —2
r?(1—p)*p?

y'(p) +
A general solution for this is

_ 2(=2\1ptAa—Aop) — » 2(=A1p+Ag—Aop)
y(p) =e / r2(1-p)2p? dp —2 g/ r2(1-p)2p? dp +C|.
r*(1—p)*p’

To have K'(p) bounded in [g, 1], we set

2(A1—A2) 2(A1—A2) l( A /\2)

2 2,21 X r2 Lr1— 2 er?
— ﬁ(l_p""?) L —y —d
up) = e (1—p) / ( y ) e
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