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ABSTRACT

Because treatments can be compared on the same subject and fewer subjects are
needed to obtain the same number of observations as in a parallel trial, crossover
designs have been applied extensively in various fields. With the development and
application of crossover designs, researchers realized that one serious potential
problem involved in their use is the presence of carryover effects.

In this dissertation, in order to capture the variabilities due to different direct and
carryover treatments, we propose a model that includes interactions of subject by
treatment and subject by carryover effects. We assume subject effects to be random,
and therefore take these interaction terms to be random too. We study the identifia-
bility properties of the corresponding variance components and the conditions under
which the parameters of the model are identifiable. The REML estimation method
for those variance components and other model parameters is also considered. Some
special cases and practical applications of this model are studied as well.

A second objective of this dissertation is to investigate appropriate ways to
handle baseline measurements in crossover studies in different situations. Four dif-
ferent methods are considered to incorporate the baseline measurements in the 2 x 2
crossover design for both single measurements and repeated measurements. Analyt-
ical expressions of variances of the estimators of the treatment contrast from those
methods are derived and compared under different scenarios. Simulation studies are
conducted to evaluate the performance of each method when the variance compo-
nents are unknown. For the case of repeated measurements, graphical methods are
discussed to study the change in treatment effect over time; different types of base-
lines and different assumptions for the random error terms are also considered. The
methods are applied to real data analysis. Designs with more than two treatments
are discussed briefly.

INDEX WORDS: Crossover design; carryover effect; identifiability; REML
estimate; baseline measurements; single measurements;
repeated measurements.



MODELS WITH SUBJECT BY TREATMENT AND SUBJECT BY CARRYOVER

INTERACTIONS AND USE OF BASELINE MEASUREMENTS IN CROSSOVER TRIALS

by

LiNGLING HAN

M.S., University of Georgia, Athens, GA, 2002

A Dissertation Submitted to the Graduate Faculty

of The University of Georgia in Partial Fulfillment
of the

Requirements for the Degree

DOCTOR OF PHILOSOPHY

ATHENS, GEORGIA

2007



© 2007
Lingling Han
All Rights Reserved



MODELS WITH SUBJECT BY TREATMENT AND SUBJECT BY CARRYOVER

INTERACTIONS AND USE OF BASELINE MEASUREMENTS IN CROSSOVER TRIALS

by

LiNGLING HAN

Approved:

Major Professor:  John Stuftken

Committee: Daniel Hall
Abhyuday Mandal
Jaxk Reeves
Lynne Seymour

Electronic Version Approved:

Maureen Grasso

Dean of the Graduate School
The University of Georgia
May 2007



ACKNOWLEDGEMENTS

While the work for this dissertation has been challenging and at times trying, I am
greatly indebted to many people; without their help, support, trust and encourage-
ment, this dissertation would not have been possible.

First of all, I would like to express my sincere appreciation to my advisor, Dr.
John Stufken, for his insight, wise direction, constant encouragement, and for his
support in so many aspects. I would never have finished my dissertation without
his help. He is such a wonderful advisor: not only knowledgeable, enthusiastic and
confident, but he also truly cares for his students. He is a true mentor and it has
been such a rewarding time to work with him.

I would like to thank my committee members: Dr. Daniel Hall, Dr. Abhyuday
Mandal, Dr. Jaxk Reeves and Dr. Lynne Seymour for their assistance and valuable
suggestions for my dissertation and also for all the help they have offered to me for
the past five years. I also want to take this opportunity to thank all the professors,
staff, and graduate students in this department, who made my life enjoyable and
memorable. Special thanks go to Dr. Hui Xu and Dr. Haitao Zheng for their help
and encouragement on both my course work and dissertation; special thanks also go
to XiaoA Zhen for helping me run my programs.

I thank my family, in particular, my parents Rensheng Han and Juqgiu Shi, my
brothers Shiwei Han and Jianxin Han, and my boyfriend Ke Xu for their uncondi-
tional love and endless support to pursue my dream, and for always believing that

I am the best one in the world.

v



v

I truly thank my high school teacher Yongjian Lin; it is your words that made me
persist in working hard to obtain this degree. I am sorry that I am still like “iron”
and not like “steel” after so many years. Special thanks also go to my best friends:
Weiyi He, Saiping Liu, Linhuo Lai, Qiuyan Ying and Aiping Zhang, for their love

and support for so many years; I cherish our friendship forever.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS

CHAPTER

1 INTRODUCTION

1.1

REFERENCES

2 LITERATURE REVIEW .

2.1
2.2

2.3
2.4

2.5
2.6

INTRODUCTION

Page

v

DEFINITIONS, TERMINOLOGY AND DESIGN ISSUES IN CROSSOVER

DESIGNS .

TRADITIONAL MODEL AND NOTATION .

DIFFERENT MODELS TO HANDLE CARRYOVER EFFECTS AND
CORRESPONDING OPTIMAL DESIGNS

USE OF BASELINE MEASUREMENTS IN CROSSOVER STUDIES

REFERENCES

3 MODELS WITH SUBJECT BY CARRYOVER INTERACTION

3.1
3.2
3.3
3.4
3.5
3.6

INTRODUCTION

STATISTICAL MODELS AND THEIR PROPERTIES
SOME SPECIAL CASES OF MODEL 3.2
ESTIMATION OF THE PARAMETERS
SIMULATION STUDY .

NUMERICAL EXAMPLE

vi

12
14

16
24
28

36
36
38
44
45
47
51



3.7 DISCUSSION .

3.8

REFERENCES

4 USE OF BASELINE MEASUREMENTS IN THE 2X 2 CROSSOVER TRIAL

FOR THE CASE OF SINGLE MEASUREMENTS .

4.1
4.2
4.3
4.4
4.5
4.6

INTRODUCTION

METHODS AND MODELS

SIMULATION STUDIES .

REAL DATA ANALYSIS .

DISCUSSION, CONCLUSION AND RECOMMENDATION .

REFERENCES

5 USE OF BASELINE MEASUREMENTS IN THE 2x2 CROSSOVER TRIAL

FOR THE CASE OF REPEATED MEASUREMENTS .

5.1
5.2
5.3
5.4
5.5

5.6
5.7

INTRODUCTION
MOTIVATING EXAMPLES

STATISTICAL MODELS .

vii
52
53

56
o6
o8
62
71
73
76

78
78
80
81

GRAPHICAL METHODS FOR TREATMENT EFFECTS OVER TIME 85

METHODS TO INCORPORATE BASELINE MEASUREMENTS TO
STUDY AVERAGE TREATMENT EFFECTS
DISCUSSION, CONCLUSION AND RECOMMENDATION .

REFERENCES

6 DESIGNS WITH MORE THAN TwO TREATMENTS

6.1
6.2
6.3
6.4
6.5

INTRODUCTION

THREE TREATMENTS IN THREE PERIODS
FOUR TREATMENTS IN FOUR PERIODS .
DISCUSSION .

REFERENCES

89
110
116

118
118
119
122
127
128



CHAPTER 1

INTRODUCTION

A crossover design, also called change-over design, is a repeated measurements design
such that each subject receives different or identical treatments during different time
periods (Hedayat and Afsarinejad, 1975; Cheng and Wu, 1980; Bishop and Jones,
1984; Matthews, 1988).

Because treatments can be compared on the same subject and fewer subjects are
required to obtain the same number of observations as in a parallel trial (Grieve,
1985; Stufken, 1996), crossover designs have been applied extensively in various
fields, such as animal husbandry, food science, biological research, sensory testing,
marketing, psychological experiments, social engineering, educational studies as well
as medical sciences. Among these, the most prevalent use is no doubt in pharma-
ceutical studies and clinical trials in medical research (Brown, 1980), especially in
small clinical trials (Matthews, 1994).

With the development and application of crossover designs, researchers realized
that one serious potential problem involved in their use is the presence of carryover
effects, which are the lingering effects of treatments given in one of the previous
periods. Many different models have been introduced to incorporate these undesired
effects.

The simplest model with carryover effects is the traditional model (Cheng and

Wu, 1980; Hedayat and Afsarinejad, 1978), which assumes, starting from the second
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period, that a carryover effect from the treatment in the previous period (a first-
order carryover effect) always exists, and that it is additive and constant for that
treatment (Jones and Kenward, 2003).

The validity of this assumption has been questioned by many authors, for
example, Fleiss (1989) and Senn (2002). Perhaps in reaction to these criticisms,
Afsarinejad and Hedayat (2002) introduced self and simple mixed carryover effects,
allowing for two different carryover effects from each treatment depending on
whether the treatment is followed by itself or by another treatment. Bose and
Mukherjee (2000) studied the model with higher-order carryover effects and all
interactions between direct treatments and carryover treatments. Kempton, Ferris
and David (2001) considered a model with carryover effects that are proportional
to the direct treatment effects.

All of those papers emphasized theoretical derivations or identification and con-
struction of optimal designs under the model being focused on. But there is little
evidence based on data to support any of these models. In medical studies, some
treatments have obvious effects on some patients, but less on others; moreover, the
lingering effects also affect different patients differently. We would like to have a
model that captures this variability.

Jones, Kunert and Wynn (1992) tried a model with random carryover effects,
which were assumed to be randomly distributed with mean 0 and variance o2. How-
ever, in practice, since there is no infinite population of carryover effects from which
one is sampling, but just one carryover effect for each treatment in the design, this
formulation is rather questionable.

Instead, we propose a model that includes subject by treatment and subject by
carryover interactions. We assume subject effects to be random, and therefore take

these interaction terms to be random too.



3

Thus the model has three random terms in addition to the random error. First,
the identifiability properties of these variance components are investigated, and the
conditions under which the parameters of the model are identifiable are also deter-
mined. Next, some special cases and practical applications of this model are studied
as well. Finally, the estimation methods for those variance components and other
model parameters are considered. Thus, studying the new model which incorporates
the subject by carryover interaction is one of the objectives of this dissertation.

A second objective of this dissertation is to investigate appropriate ways to handle
baseline measurements in crossover studies in different situations.

By far the most prevalent crossover design in clinical trials is the 2 x 2 design (a
definition will be given in Chapter 2). However, it is also regarded by many statis-
ticians as particularly problematic because of the carryover effects and aliasing of
several effects (Senn, 2002; Jones and Kenward, 2003). Using baseline measurements
at the beginning of each period is introduced as a technique to rescue the AB/BA
design from its deficiencies and to provide additional information to eliminate nui-
sance effects from the treatment effects (Patel, 1983; Kenward and Jones, 1987).

But, contrary to some authors’ intuition and initial purposes, using baseline
measurements before each period to eliminate the carryover effects receives serious
criticism in many papers (Fleiss, Wallenstein and Rosenfeld, 1985; Willan and Pater,
1986; Fleiss,1989). Of course, the conclusions depend on different models, methods
and assumptions considered and all of those papers considered carryover effects on
the wash-out period. In a strict sense, the measurements from the wash-out period
are not true baselines, if they were affected by the treatments from the previous
period. Therefore, some authors, for example, Senn (2002), considered measurements
obtained prior to the second treatment period as baselines only when wash-out
periods are long enough to eliminate any carryover effects, and study how to use the

information provided by the baseline measurements effectively.
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In clinical trials, the 2 x 2 design is often used with a long enough wash-out
period to ensure no carryover effects. If baseline measurements are made, they may be
obtained at one time point or multiple time points (single measurements or repeated
measurements) before each period, which leads to the question of how to use this
information effectively. Four different methods are considered to incorporate the
baseline measurements for both single measurements and repeated measurements.
Analytical expressions of variances of the estimators of the treatment contrast from
those methods are derived and compared under different scenarios. For the case of
repeated measurements, different types of baselines and different assumptions for
the random error terms are considered.

Thus, this dissertation is organized as follows. Chapter 2 gives a literature review
of crossover designs: the traditional model and its limitations are presented; defini-
tions, terminology and special design issues for crossover designs are also discussed.
In particular, various models that incorporate carryover effects are investigated in
detail; different methods to handle baseline measurements in crossover studies are
reviewed. In Chapter 3, we propose a new model for carryover effects; the identifi-
ability problem for its variance components is investigated, flexibility of the model
is pointed out, and parameter estimation of the model is considered. A simulation
study is conducted to estimate the parameters for particular designs and to check
whether the new model performs better. At the end of Chapter 3, a real data example
is used to illustrate the results. We study the use of baseline measurements for the
2 x 2 crossover design for both single measurements and repeated measurements in
Chapter 4 and Chapter 5, respectively. Potential methods are proposed, variances
for estimators of a treatment contrast for each method are derived and compared. A
simulation study is conducted to evaluate the performance of each method, and real
data sets are used to illustrate our results. In addition, Chapter 5 gives a graphical

method to study the change in treatment effect over time if the treatment by time
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interaction is significant. We present studies for selected designs with more than two

treatments in Chapter 6.
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CHAPTER 2

LITERATURE REVIEW

2.1 INTRODUCTION

As mentioned in Chapter 1, in a crossover design, subjects are exposed to a sequence
of different or identical treatments. This design is different from a parallel design
under which each subject receives only one treatment during the entire experiment
(Grieve, 1990; Vonesh and Chinchilli, 1997; Jones and Kenward, 2003).

The subjects in a crossover design could be patients in clinical trials, animals
in animal husbandry experiments, plots of land in agricultural science, and so on.
The order of treatments assigned to a subject in a crossover experiment is called a
treatment sequence, with the first treatment to be used in the first period, the second
treatment in the second period, and so on. Normally, the treatments are denoted by
capital Latin letters, such as A, B, C, ect.

Typically, the main purpose of an experiment that uses a crossover design is the
comparison of treatment effects.

The simplest and most popular design in the crossover family is for two treat-
ments in two periods, which is also called a 2 x 2 crossover design and is sometimes
denoted by AB/BA. In that design, subjects randomized to the AB sequence receive
treatment A in the first period and treatment B in the second period, whereas sub-
jects randomized to the BA sequence receive the treatments A and B in reverse
order. This design has been applied in clinical trials extensively (Grizzle, 1965; Hills
and Armitage, 1979; Brown, 1980).
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Crossover designs were first applied in agricultural science, and can be traced
back to 1853 when Laws and Liebig applied the crossover idea on nutrition of crop
plants (Jones and Kenward, 2003). Since then, crossover designs have been widely
used in all kinds of fields. Nowadays the most common application of crossover
designs is in pharmaceutical studies and clinical trials in medical research. Detailed
description, explanations, discussion and examples can be found in several books,
such as Ratkowsky et al. (1992), Senn (2002), Jones and Kenward (2003); for models
and analysis, the reader may refer to the papers by Grizzle (1965) and Brown (1980);
Grieve (1985, 1994, 1995) used Bayesian methods to study crossover designs in clin-
ical trials. Good review papers for crossover designs include those by Hedayat and
Afsarinejad (1975); Hedayat (1981); Bishop and Jones (1984); Matthew (1988, 1994);
Afsarinejad (1990); Stutken (1996); Jones and Deppe (2001).

A compelling reason for using crossover designs is that different treatments can be
compared on the same subject, which, in general, facilitates more precise comparisons
of the treatments. This property makes crossover designs especially important when
there is large variability between subjects (Kershner and Federer, 1981).

Secondly, fewer subjects might be required in a crossover design in order to obtain
the same level of statistical power, precision and efficiency as in a parallel design.
So crossover designs are appealing for practical reasons when subjects are scarce or
costly. For example, a crossover design could be a better choice in a clinical trial,
when it is difficult and expensive to recruit more patients.

Thirdly, if the intent is to find the effect of different sequences of treatment
applications as in drug, nutrition or learning experiments, or to discover whether or
not a trend can be seen by successive applications of several treatments on the same
subject, crossover design is a natural choice (Hedayat and Afsarinejad, 1978).

Although crossover designs possess attractive advantages, they also have some

potential shortcomings.
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First of all, the application of crossover designs in clinical trials has some lim-
itations: it can be applied only if the treatments do not cure a disease but merely
alleviate its condition (Vonesh and Chinchilli, 1997).

Secondly, crossover designs tend to take longer to complete compared to parallel
designs (Stufken, 1996). The longer the duration of the experiment, the larger the
chance of a subject dropping out, which complicates the analysis and adversely
affects the information obtained.

In addition, the most serious disadvantage of a crossover design is the possibility
that the effect of a treatment given in one period is still present in a subsequent
period. This effect is called a carryover effect or residual effect. For example, in the
2 x 2 design, the observation in the second period for a subject that receives the
AB sequence could be affected by treatment B assigned in the second period, but
also by a carryover effect from treatment A from the first period. Sufficiently long
wash-out periods between treatment periods may be used to eliminate the carryover
effects. But it is not always possible to know what “sufficiently long” means or to
have long enough wash-out periods due to practical or ethical reasons.

Assuming subject effects to be random effects, Grizzle (1965) suggested a pre-
liminary test for the equality of carryover effects in the 2 x 2 design, and to use
observations from both periods only when there is no evidence of significant carryover
effects. But Freeman (1989) found that the power for this preliminary test is low;
also we would only use observations from the first period and lose the advantage of
the crossover design when carryover effects exist. Under certain model assumptions,
Willan and Pater (1986) observed that baseline measurements at the beginning of
each period can be used to eliminate the carryover effects, but it can also raise other
concerns.

Many authors even advise that a crossover design should not be used if carryover

effects may be present (Brown, 1980; Fleiss, 1989; Senn, 2002). Therefore, inves-
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tigators should make every effort to avoid these undesirable effects in the design
stage, but it is not always possible. Furthermore, carryover effects should not pro-
hibit experimenters from ever using a crossover design since the design’s advantages
may outweigh its flaws. Therefore, it is necessary and meaningful to use appropriate
models to study the carryover effects, and also study optimal and efficient designs
for models including carryover effects.

Among the papers that try to identify optimal or efficient crossover designs in
the presence of carryover effects we mention Cheng and Wu (1980), Magda (1980),
Kunert (1984, 1987), Sen and Mukerjee (1987), Matthews (1988, 1994), Afsarinejad
(1989, 1990), Hedayat and Zhao (1990), Carriere and Reinsel (1993), Stufken (1996),
Kushner (1998), Bose and Mukerjee (2000, 2003), Kempton, Ferris and David (2001),
Kunert and Stufken (2002), Afsarinejad and Hedayat (2002), Hedayat and Stufken
(2003) and Hedayat, Stufken and Yang (2006).

On the other hand, baseline measurements before each period are often available
for a simple 2 x 2 crossover trial. Different methods are used to incorporate the
baseline measurements in the analysis, including methods discussed by Patel (1983),
Fleiss, Wallenstein and Rosenfeld (1985), Willan and Pater (1986), Kenward and
Jones (1987), Grieve (1994), Senn (2002), Jones and Kenward (2003).

In this chapter, we present different ideas in the literature for modeling carryover
effects and different ways to handle baseline measurements in crossover studies. We
also provide a discussion about the traditional model and definitions, terminology
and special design issues of crossover trials. The response variable here is assumed
to be continuous. For the binary response case, the reader may refer to Koch (1972);

Armitage and Hill (1982); Farewell (1985); Jones and Kenward (2003).



12

2.2 DEFINITIONS, TERMINOLOGY AND DESIGN ISSUES IN CROSSOVER DESIGNS

Similar to other areas, crossover studies have their own special definitions and ter-
minology. Following are some basic concepts and terminology.

The effect that a treatment has on the response of a subject during the period in
which it is applied is called the direct treatment effect, also referred to as the direct
effect or treatment effect. An effect of a treatment that lasts beyond the period
of application is called a carryover or residual effect (Kershner and Federer, 1981).
First-order carryover effect refers to the effect from the treatment in the previous
period, second-order carryover effect to the effect from the treatment given two
periods ago, and so on.

A wash-out period is an intermittent, inactive period between two active periods,
which may be used to eliminate or reduce carryover effects.

A crossover design is said to be uniform on subjects, if each treatment appears
the same number of times for any subject; and it is said to be uniform on periods
if each treatment is assigned to the same number of subjects within each period.
If a crossover design is uniform on both subjects and periods then it is said to be
uniform.

A crossover design is said to be balanced with respect to first-order carryover
effects (or balanced for short), if each treatment immediately precedes every other
treatment the same number of times, and no treatment is immediately preceded
by itself. A design is said to be strongly balanced with respect to first-order carry-
over effects (or just strongly balanced) if each treatment immediately precedes every
treatment the same number of times, including itself. For a uniform balanced design
with an equal number of periods as treatments, a strongly balanced design can be

constructed by repeating the last period. For example, AB/BA is a uniform, bal-
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anced design, and ABB/BAA is the strongly balanced design obtained by repeating
the last period in the balanced design.

Optimality criteria used for crossover designs are usually a function of the infor-
mation matrix for the treatment effects or of the variance-covariance matrix V of
(t — 1) orthogonal and normalized contrasts between the ¢ treatments (Jones and
Kenward, 2003). A small value of this function of V is an indicator of a good design.

Some of the functions commonly used include:

D-optimality : A D-optimal design minimizes the determinant of V;

A-optimality : An A-optimal design minimizes the average variance of the best
linear unbiased estimator of all pairwise treatment comparisons;

E-optimality : An E-optimal design minimizes the maximum among the
variances of the best linear unbiased estimators for all nomalized

treatment contrasts.

If we use C,; and C’d to denote the information matrices for the direct and car-
ryover effects when a design d is used, then d is called ®-optimal for direct or
carryover effects if it minimizes ®(Cy) or ®(Cy) respectively, where ® is a function:
Bro — (—00,00), and [ is the collection of ¢ x ¢ nonnegative definite matrices
with zero row and column sums (Cheng and Wu, 1980).

Kiefer (1975) introduced the concept of universal optimality, which is an opti-
mality criterion that includes many other criteria as special cases. He also provided
sufficient conditions for a design d to be universally optimal. It suffices that d max-
imizes trace (Cy) (trace (Cy)) in addition to Cy ( Cy) being completely symmetric,
where a completely symmetric matrix is a matrix for which all the diagonal elements
are equal and all off diagonal elements are equal.

By the definition of universal optimality, it can be shown that a universally

optimal design is also D-, A-, and E-optimal.
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2.3 TRADITIONAL MODEL AND NOTATION

Let the collection of all crossover designs, which are based on ¢ treatments, n subjects
and p periods, be denoted by €, ,. If d is a design in €y, let d(i, j) denote the
treatment assigned by d to the j** subject in the i** period.

For the traditional model for crossover designs, it is assumed that the np obser-
vations from p periods and n subjects results from a continues random variable Y;,
which yields observed values y;; for the j* subject in the i*" period; furthermore, the
data are assumed to be uncorrelated with common variance o2. The model has been
introduced many years ago, the idea underlying this model was used by Cochran,
Autrey and Cannon (1941) to analyze the data from a crossover trial of different

feeds for dairy cattle, and the model can be written as

Yij = p+ i + B + Tagg) + Ya-1,5) + €ijs (2.1)

i=1,...,p,=1,...,n,%0; =0 Vj.

Here p is an overall mean, «; is an effect due to the i period, 3; is an effect due
to the j** subject, Tai,j) is a treatment effect due to treatment d(4, ), vau—1,) is a
first-order carryover effect due to treatment d(i — 1, j), and the ¢;; are random error
terms, which are assumed to be i.i.d.N (0, 02).

Let 1, and 0, indicate a x 1 vectors of 1’s and 0’s respectively, and let I, indicate

the a x a identity matrix. We write Model 2.1 in matrix notation as:
Y = plp, + Xjoo+ Xof8 + Xgs7 + Xauy + €.

Here Y = (Y11,Y01,....,Y,), @ = (o, ...,), B = (B1,..,0), 7 = (11, ..., 7%),
v = (Y1,-s%), € = (€11, €21, ..., €n)’, the matrices X;(pn x p) and Xy(pn x n) are

given by
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0
=p =P =P
L
) 0, 1, ... O,
Xi=1: :ln®]p7 Xy = ] ) ) :In®lp
‘[P
0, 0, - 1]

(® denotes the Kronecker product) and the matrices Xy3 and Xg4, both pn X t, are

of the form

Xd31 Xd41

Xaz2 Xaao
Xd3 - 3 Xd4 - ;

Xd?m Xd4n

where X3, is the p x ¢ period-treatment incidence matrix for subject j under design

d with Xg4; = LX43;, and L is the p x p matrix defined as

00 ...00
10 ...00
L=101...00
00 ... 10|

Optimal designs for this traditional model have been studied extensively, such
as in Hedayat and Afsarinejad (1975, 1978), Cheng and Wu (1980), Kunert (1983,
1984), Stufken (1991, 1996), Kushner (1998) and Hedayat and Yang (2003, 2004).

However, the traditional model has been criticized for being too simplistic in
assumptions about the carryover effects and the random error terms. Moreover,
there are many other concerns about the model. For example, the model assumes the
subject effects are fixed, which is inappropriate if these subjects are to be thought of

as representatives of a larger population; the model does not include any interaction
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terms, whose effects may be significant in some situations. Furthermore, if baseline
measurements are available at the beginning of each period, which is not uncommon,
then we would like to use a model and analysis that facilitate the incorporation of

such additional information.

2.4 DIFFERENT MODELS TO HANDLE CARRYOVER EFFECTS AND CORRE-

SPONDING OPTIMAL DESIGNS

For reasons mentioned in the last section, many different models have been pro-
posed to relax the implicit or explicit assumptions in the traditional model for dif-
ferent situations. For example, models with random subject effects have been studied
widely (Brown, 1980; Carriere and Reinsel, 1993; Jones and Kenward, 2003; Hedayat,
Stufken and Yang, 2006); models in which the errors are assumed to follow an autore-
gressive structure have been investigated extensively (Bora, 1984, 1985; Gill, 1992;
Bellavance and Stephens, 1996; Kunert and Martin, 2000) since first proposed by
Williams (1952).

Besides those alternatives, particular attention has been paid to the simplistic
assumptions about the carryover effects, with a number of different models with
alternative assumptions having been proposed in the literature. We will review those
models and corresponding optimal designs in the next subsections. However, for
detailed results on optimal designs, the reader should refer to the original papers.

The reader should be aware that no design is good for all models and for each

model there could be many good designs (Afsarinejad and Hedayat, 2002).

All of the terms in the models in the following subsections have the same inter-

pretation as they do in the traditional model, unless explicitly stated otherwise.
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2.4.1 CIRCULAR AND NON-CIRCULAR MODELS

If carryover effects exist in the initial period and these effects are thought to come
from the treatments in the last period, then a model that includes such kind of
carryover effects is called a circular model; models discussed so far are non-circular.

Carryover effects in the first period may sound unreasonable intuitively, but
Magda (1980) argued that there are practical situations where the carryover effects
in the first period come from the treatments in the last period. For example, in
agricultural experiments, if the same experiment is conducted repeatedly on the
same land, then the carryover effects in the first period can be assumed to come
from the treatments in the last period of the previous experiment (Hedayat, 1981).
Moreover, if no such effects exist in the first period, a pre-period (or period 0) could
be introduced in which treatments are given to the subjects only for the carryover
effects for the first period. If the treatments in this pre-period are taken to be the
same as in the last period, the carryover effects from the treatments in the last period
will be observed during the first period.

Magda (1980) studied circular models in the presence or absence of period and

subject effects, i.e. he considered the following four different models:

Yij = o+ 065+ Taw ) + Vdi-1,5) + €ijs (2.2)
Yij = i+ Tauy) + Yae-15) T €ijs (2.3)
Yij = 55+ Taag) + Vai-15) + €ijs (2.4)
Yij = Tauj) + Vai-1,5) + €ijs (2.5)

Ya(0,5) = Vdw.g) VI

Thus, instead of assuming 740 = 0 in the traditional model, we now have

Yd(0,5) = Vd(p.j)-
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Let di, d5, dj and dj (07, 65, 05 and 0}) denote a circular strongly balanced (bal-
anced) uniform crossover design, a circular strongly balanced (balanced) crossover
design that is uniform on subjects, a circular strongly balanced (balanced) crossover
design that is uniform on periods, and a circular strongly balanced (balanced)
crossover design, respectively. Here circular strongly balanced and circular balanced
are defined similarly as strongly balanced and balanced in Section 2.2, except that a
treatment in the last period has now carryover effect on a measurement in the first
period. Magda (1980) proved that whenever designs dj, d5, d and dj exist, they are
universally optimal for the estimation of direct as well as carryover effects over the
collection of designs with the same parameters under Models 2.2, 2.3, 2.4 and 2.5,
respectively; whenever designs 47, 05, 05 and J} exist, they are universally optimal
for the estimation of direct as well as carryover effects over the collection of designs
with the same parameters and the restriction that no treatment precedes itself under
Models 2.2, 2.3, 2.4 and 2.5 respectively.

Hedayat (1981) restated Magda’s results in a review paper, and discussed the
practical applicability of the four models in detail. Afsarinejad (1989) provided con-
structions of the circular balanced uniform designs.

The circular models avoid lack of carryover effects in the first period by assuming
a seemingly artificial carryover effect incurred from the last period, which brought
some technical advantages in proving results. But introducing a “pre-period” before
the first treatment period just for the carryover effects and without collecting or
using the data generated seems wasteful in practice. “In the medical context, it
would not only appear bizarre to clinical colleagues but would be ethically dubious”

(Matthews, 1994).
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2.4.2 MODELS WITH INTERACTION BETWEEN THE DIRECT TREATMENT AND

THE CARRYOVER TREATMENT

In the traditional model, a carryover effect depends only on the treatment assigned
in the previous period, no matter which treatment provides the direct effect. Con-
ceivably, in some situations, there could be an interaction between the treatment
in current period and the treatment from the previous period (i.e., an interaction
between the direct treatment and the carryover treatment).

Sen and Mukerjee (1987) considered a model with interaction between direct and
carryover treatment, such that each treatment is allowed to have a different carryover
effect depending on the treatment in the next period. They looked at both circular

and non-circular models:

Yij = p+a;+ 8+ &agijydi-1.5) + €ijs (2.6)

,U/+Oéi+ﬂ'+7—d(i,')+€i'a Zzl,
Y, = ’ ’ ’ (2.7)

w4 o; + ﬁj + 5d(i7j)d(i_17]‘) +é€y, 1=2,...,p,
where q; jyai—1,7) is the sum of a direct treatment effect, a carryover effect and an
interaction.

They investigated whether the optimality results under the traditional model
(Cheng and Wu, 1980) and the circular model (Magda, 1980) remain valid when the
interaction of the direct and carryover treatment is taken into account. They showed
that a strongly balanced uniform crossover design under the non-additive circular
model is still universally optimal over €, , , for the estimation of direct treatments
as well as for carryover effects. For the traditional model, this conclusion holds also
for the estimation of direct treatments, but for the estimation of carryover effects,
additional conditions on the design are needed. Furthermore, it is shown that the
optimality results for balanced uniform crossover designs are no longer valid under

this non-additive model.
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This model has however been criticized for containing too many parameters to

be practically useful, especially when the number of treatments is large.

2.4.3 MODEL WITH SELF AND SIMPLE MIXED CARRYOVER EFFECTS

Instead of allowing each treatment to have a different carryover effect depending
on the treatment in the next period, Afsarinejad and Hedayat (2002) allowed each
treatment to have two different types of carryover effects, the self and simple mixed
carryover effect. Here a self-carryover effect refers to a carryover effect that applies if
the treatment providing the direct effect is the same as that providing the carryover
effect, while a simple mixed carryover effect refers to a carryover effect that applies
if the two treatments are different.

The model used for the self and simple mixed carryover effects can be formulated

as

o + B + Taij) + Xdii—1,j) + €5, if d(i,7) = d(i —1,7),
v, — J J Y J (2.8)

& + B + Taj) + pai-15) + €5, i d(i,7) # d(i —1,7),
where x; and p; are the self-carryover effect and simple mixed carryover effect of
treatment [, respectively.

As Afsarinejad and Hedayat (2002) pointed out, studying and estimating the
self and simple mixed carryover effects can be very important in many fields. For
example, it will be very helpful to know the impact of the simple mixed-carryover
effects to arrange the best crop rotation schedule in agricultural science, and it will
be very meaningful to know the self-carryover effect of the drug for a patient in a
single drug study in medical science.

Afsarinejad and Hedayat (2002) were the first to investigate this model for two-
period crossover designs with two or more treatments. By using a statistical tool
developed by Hedayat and Zhao (1990), they connected the problem of optimal two-

period crossover designs with optimal block designs. They showed that if a study is
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designed properly, then unbiased and efficient estimators of all contrasts in direct
treatment effects can be obtained if ¢ > 3. However, the contrasts in both the
direct treatment effects and the simple mixed carryover effects cannot be unbiasedly
estimated if t = 2. Furthermore, if all treatments happened at least once for subjects
with the same treatment in the two periods, then all contrasts in self-carryover effects
are estimable.

Kunert and Stufken (2002) studied the same model for designs with more than
two treatments, and they showed that this model leads for ¢t > 3 to optimal designs
for direct treatment effects that have the attractive feature that they avoid pairs of
consecutive identical treatments.

So far the results we discussed for the self and simple mixed carryover effects are
for designs with more than two treatments. Results for two treatments are studied
by Kunert and Stufken (2007). They pointed out that the model with self and
simple mixed carryover effects for only two treatments is equivalent to the model
with interaction of the direct and carryover treatments. They identified the optimal
designs for the case of two treatments under this model. Meanwhile, they are very
strict about the model for the design with only two treatments and two periods,

since there is no unbiased estimator for the treatment contrast.

2.4.4 MODEL WITH CARRYOVER EFFECTS PROPORTIONAL TO DIRECT TREAT-

MENT EFFECTS

During crossover experiments, it seems plausible that a treatment with a large direct
effect should generally have a larger carryover effect. Based on this phenomenon,
Patterson and Lucas (1962) considered a model where carryover effects are propor-
tional to the direct treatment effects. They provided a test for common values of the
proportionality parameter for all the treatments. Sen and Sinha (1986) applied this

model for data analysis based on situations whether the proportionality parameter
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A¢ is known or unknown, and equal or unequal for all treatments ¢. Kempton, Ferris
and David (2001) studies the optimality of this model, where they assumed that the

proportionality parameter A is unknown. The model may be given by
}/@'j =M + o; + ﬁj + Td(i,5) + )\Td(z’—l,j) + €ij; (29)

where A7 is the carryover effect and A is the constant of proportionality. It would
normally be expected that |A| < 1.

The complication of this model is that it is nonlinear for the direct treatment
effects and the constant of proportionality. Kempton, Ferris and David (2001) con-
sidered least squares estimation for the parameters and used a linear approximation
of the model at the true values of the parameters. By using a combination of analyt-
ical results and computer search, they identified optimal designs for the estimation
of direct effects based on some extensions of the A-optimality criterion.

Bose and Stufken (2007) considered the same model but assumed that the con-
stant of proportionality A is a known constant. By doing so, they avoided the problem
raised by the nonlinearity of the direct treatment effects and the constant of propor-
tionality. They used the sufficient conditions introduced by Kiefer (1975) to search
for universally optimal designs, and gave a list of optimal designs for different com-
binations of the number of treatments and periods for 2 < p < 4.

However, in practice, it is impossible that the constant of proportionality A is
known. Considering the average performance over a distribution of unknown param-
eter 7y and small absolute value for \g, Bailey and Kunert (2006) studied this model
in determination of an A-optimal design, where a A-optimal design is a design that
minimizes the A-criterion averaged on the distribution of the unknown parameter

T0-
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2.4.5 MODELS WITH HIGHER-ORDER CARRYOVER EFFECTS

The models we have considered so far include only first-order carryover effects; some
authors have considered models that also include higher-order, often second-order
carryover effects (Kershner and Federer, 1981).

Carryover effects of each treatment on all succeeding periods were studied by
Lakatos and Raghavarao (1987), while Bose and Mukherjee (2000) introduced a
general model for possible carryover effects up to the £ order and interactions
among the successive treatments applied on a subject. Their model may be written

as

p+ o+ B+ Sagig)d(i-1.),..d(15) T €ij if1<i<k-—1,
v, — j j j j j (2.10)

e+ G+ B+ SdGi.g).di-1.4),dli—k+15) T €y TR <0< p,

where &, py nn (1 < m < k) stands for the effect due to the treatment h; being
applied in the current period, hy in the previous period, ..., h,, in the (m — 1)
preceding period (1 < hy, hy, ..., hy, <t). Thus, the term &, p,.. 5, is then modeled
as the direct treatment effect of hq, the first-order carryover effect of hs, ..., the
(m — 1) order carryover effect of h,,, together with interactions of these m factors.

This model can be viewed as a generalization of the traditional model by incor-
porating higher-order carryover effects and interaction between direct and carryover
treatment. It is more flexible in the sense that an experimenter can choose an appro-
priate value for k to allow carryover effects of different order and their interactions in
the model. By applying the calculus for factorial arrangements, Bose and Mukherjee
(2000) obtained a class of optimal designs under this model; they also provided one
method of constructing these optimal designs.

Bose and Mukherjee (2003) extended this model by considering random subject
effects, thereby relaxing a major assumption of the traditional model. They identified

some universally optimal designs under this model.
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Even if higher-order carryover effects exist, the modeling of such effects as in
Model 2.10 may be too simplistic. If the models are good approximations, we may
still wind up with rather inefficient estimators of the direct treatment effects (which
are typically of most interest) due to the presence of so many nuisance parameters.
Therefore, we should do everything possible at the design stage to avoid having to

deal with higher-order carryover effects.

The above is a brief review of the literature concerning various ways to model
carryover effects. There is also a considerable literature on the use of baseline mea-

surements in crossover trials; we consider this topic in the next section.

2.5 USE OF BASELINE MEASUREMENTS IN CROSSOVER STUDIES

Baselines are measurements made on the subjects to give general or background
information during non-treatment periods. These can be used to improve infer-
ences for direct treatment effects (Senn, 2002). Baseline measurements can often
be obtained before the beginning of each treatment period. Most of the research
done on baseline measurements in crossover trials is for two-period crossover trials.
Different models and methods have been introduced to use the information provided
by the baseline measurements. We review several of them in this section.

First, let us look at the different models that incorporate the baseline measure-
ments in the literature. The differences between those models can be characterized
by the different assumptions about fixed effects and random effects. Therefore, they
can be described by cell means and variance-covariance structures. In a two-period
crossover design, if baseline measurements are available at the beginning of each
period, each subject yields four measurements, and the corresponding time periods
may be referred to as the run-in period, the first treatment period, the wash-out

period and the second treatment period, respectively.
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Willan and Pater (1986) assumed that period effects of the run-in period are the
same as for the first treatment period, the wash-out period is the same as the second
treatment period, and carryover effects in wash-out period are identical to those in
the second treatment period. In addition to assuming random subject effects, they
also allowed for an interaction between subjects and periods. Fleiss, Wallenstein and
Rosenfeld (1985) had the same assumption for the period effects, but they allowed
for different carryover effects in the wash-out period and the second treatment period
and assumed the variance-covariance structure for observations on the same subject
to be compound symmetric. Different from those models, Chi (1993) and Kenward
and Jones (1987) assumed that the period effects in the periods of run-in, first
treatment, wash-out and second treatment are all different, and Chi (1993) assumed
that the carryover effects are the same in both wash-out period and second treatment
period, while Kenward and Jones (1987) made no assumption about the equality of
the carryover effects from those two periods. In addition to the random subject
effects, Chi (1993) considered an error structure following an autoregressive process
for each subject, while Kenward and Jones (1987) used an unstructured variance-
covariance matrix for the measurements from each subject. Kenward and Jones
(1987) also included a sequence effect in their model.

To summarize, we illustrate the cell means and variance-covariance structures
for these models in Tables 2.1 and 2.2, where we denote models proposed by Willan
and Pater (1986), Fleiss, Wallenstein and Rosenfeld (1985), Chi (1993) and Kenward
and Jones (1987) by models I, 11, III and IV, respectively.



Table 2.1 Cell Means for Models that Incorporate Baseline Measurements

Period 1 Period 2
Model Sequence Run-in First Treatment Wash-out Second Treatment
I AB W+ w+m+T w+me+ A w+me—74+ A
BA W+ w+m =T W+ me — A wH+me+T—A
II AB W+ w+m+T w~+mo + 60 W4T — T+ A
BA W+ T w4m -7 w—+me—0 wAme+T = A
111 AB W+ w+me+T w+m3+ A wmy =74+ A
BA J sl w+mo—T w4 Ty — A pA+ma+T—=A
v AB  p+v+m o p+y+me+T o p+y+m+0 p+y+ma—7+A
BA p—~v+m p—vy+m—7 p—y+m—0 p—y+ma+7—A

p: overall mean

~: sequence effect

Tt ith period effect

T: treatment effect

0: carryover

effect in wash-out period

A: carryover effect in the second treatment effect

Table 2.2 Covariance Structures for Models that Incorporate Baseline Measurements

Model Covariance Structure
11 11 1100 1 0 00
11 11 1100 0100
1 o2 + 02 + 02
1111 lo o 11 ‘1o 0 10
11 11 0 011 0 0 01
11 11 1 0 00
11 11 01 00
II o2 + o2
11 1 11 ‘lo o 10
11 11 0 0 01
1111 1 p pltw prtw
1111 1 Tw
111 o? +o2| [ P p
1111 plte  pv p
111 1 p2+w p1+w 1
v no assumptions about the covariance structure

c'g: variance of subject

p: autocorrelation parameter

o2

sp variance of subject by period interaction

w: time units for the wash-out period

: random error
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Next, let us look at the different methods which use the information provided by
the baseline measurements.

Based on their assumptions for the period effects, carryover effects as well as
random effects, Willan and Pater (1986) considered the analyses based on the out-
comes only as well as on the change from baselines. They obtained estimators for
the treatment contrast and their variances from both methods, and showed that
the analysis of change from baselines can eliminate the carryover effects for the
treatment comparison under their model and assumptions. However, after further
investigation of the power for the test of a difference in treatment effects and the rel-
ative precision of the estimators of the treatment contrast in terms of mean squared
error (MSE) under both methods, they concluded that the analysis of change from
baselines reduces the power and precision under many situations. They also derived
a condition to decide whether or not to include the baseline measurements in the
analysis.

Assuming that carryover effects are not equal in the wash-out period in two
sequences, but the total time duration until the end of the second treatment period
is long enough to eliminate any carryover effects, Fleiss, Wallenstein and Rosenfeld
(1985) showed that the analysis of change from baselines may produce different
carryover effects, when none actually exist if one analyzes the data from outcomes
only. Therefore, they also concluded that use of baseline measurements from both
periods should be undertaken cautiously.

Patel (1983) suggested that baseline measurements be used for a number of
preliminary tests to determine the validity of test of treatment contrast. If all of
the null hypotheses are not rejected, then one may use the baseline measurements
as a covariate in making inferences about the treatment effects. He also compared
the variances for the estimators of the treatment contrast from different methods.

However, his results for the method of using baseline measurements as a covariate
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were based on the assumption that the random terms from the two periods are
independent. When, actually, they are correlated under the model assumptions.

However, all the analyses discussed considered carryover effects on the wash-out
period. Therefore, in a strict sense, the measurements from the wash-out period are
not true baselines; they were affected by the treatments from the previous period.
Fleiss (1989) pointed out some problems with including baseline measurements made
at the start of the second period in the analysis. Kenward and Jones (1987) also
mentioned that there is no satisfactory statistical analysis for the 2 x 2 crossover
trial if there is any possible presence of carryover effects. Therefore, some authors, for
example Senn (2002), consider measurements obtained prior to the second treatment
period as baselines only when wash-out periods are long enough to eliminate any

carryover effects. We will also consider this case in Chapters 4-6.
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CHAPTER 3

MODELS WITH SUBJECT BY CARRYOVER INTERACTION

3.1 INTRODUCTION

Crossover designs, in which various treatments are applied to each subject over
different time periods of the study, have been widely used in different fields. The
primary goal of an experiment that uses crossover designs is typically to compare
the different treatment effects, which can be done on the same subject with these
designs. This characteristic makes crossover designs attractive especially when there
is substantial variability among the subjects.

The traditional model for crossover designs, which includes period, subject, direct
treatment and carryover effects, has been introduced in the early 40’s. In this model
carryover effects are assumed to exist only from the treatment in the previous period,
and it is assumed that they do not depend on the treatment applied in the current
period. This model has been adopted by many authors during the last four or five
decades, and optimal designs for this model have also been studied extensively by a
number of authors after the initial work of Hedayat and Afsarinejad (1978), Cheng
and Wu (1980), and Magda (1980).

However, more recently, this model has been criticized by many authors, espe-
cially for its simplistic and unrealistic assumptions about the carryover effects (Fleiss,
1989; Senn, 2002). Partly in reaction to these criticisms, several models with more

complicated assumptions about carryover effects have been investigated recently, for

36
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example, Kempton, Ferris and David (2001), Afsarinejad and Hedayat (2002) and
Bose and Mukherjee (2000, 2003).

But their contributions focused on theoretical aspects of the models or on iden-
tification and construction of optimal designs under these models. There is little
evidence based on data to support any of these models. In medical studies, some
treatments have obvious effects on the response in the current period or subsequent
periods for some patients, but less for others. It may be of importance to know that
treatment and carryover effects are different for different subjects.

Matthews (1988, 1994) mentioned that the interaction of subject by treatment
could be of interest, however he presented no further discussion about any research
on this topic. Chinchilli and Esinhart (1996), Ghosh and Fairchild (2000) and Ghosh
and Crosby (2005) studied the model with treatment by subject interactions, but
consideration of different carryover effects in different subjects does not seem to have
received any attention in the literature.

Jones, Kunert and Wynn (1992) considered a model with random carryover
effects, which were assumed normally distributed with mean 0 and variance o2, and
independent of the random errors. In their argument, crossover designs should only
be applied when carryover effects are small; treating carryover effects as random can
provide more efficient estimates in the sense of avoiding over-correcting for them.
However, their assumption seems to be rather ad hoc, since, conceptually, there is no
large or infinite population of carryover effects from which those in the experiment
were randomly selected. This paper, too, focused mostly on theoretical derivations.

In order to capture the mentioned variabilities, we formulate a model which
assumes random subject effects, and includes subject by treatment and subject
by carryover interactions. Since subject effects are assumed to be random, so are
these interactions. This yields a more general variance-covariance structure for the

responses from each subject.
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By introducing several additional random effects, we must deal with model iden-
tifiability. Estimation of the model parameters is another problem that we face, as
is a study of the flexibility and practical applicability of the model.

Our main goal in this chapter is to investigate basic statistical properties of this
model, demonstrate its flexibility, show its practical usefulness, and discuss methods
estimating the relevant parameters associated with the model.

This chapter is organized as follows. In Section 3.2, we propose models to incor-
porate the subject by carryover interaction and study identifiability of the random
components. The flexibility of the models is established in Section 3.3. Maximum
likelihood based estimations of the model parameters are discussed in Section 3.4.
In Section 3.5, a simulation study is conducted for particular designs to evaluate
the performance of REML estimation, and the AIC' model selection criterion is used
to compare the models with and without the random interaction terms. A data set
available in the literature is used to illustrate the methods in Section 3.6. Finally,

we provide a brief discussion in Section 3.7.

3.2 STATISTICAL MODELS AND THEIR PROPERTIES

Consider a crossover experiment in which ¢ treatments are allocated to n subjects in
p time periods. The response from the j** subject in the i** period will be denoted by
Yi;. A possible model to incorporate subject by carryover and subject by treatment

interactions may be written as:
Yij = 4w+ Taeg) + Yai-15) + 85+ (5T)jag ) + (87)jai-15) + €5, (3.1)
i=1,...,p;i=1...,n Ya05) =0 Vj; (87)jaosy =0 Vj
where p, m;, Tauj), Vai-1,5), S; and €; are, respectively, an overall mean, the ith

period effect, a treatment effect due to the treatment assigned to the j** subject in

the " period (i.e., treatment d(i, j)), a first-order carryover effect due to treatment



39

d(i — 1,7), the j subject effect, and a random error term. Terms (s7);q(,;) and
(57)jd(i—1,5) are the subject by treatment interaction and the subject by carryover
interaction, respectively.

In the most general form of the model, we assume that s;, (s7)jagj), (57)jd(—1,5)
and ¢;; are distributed as N(0,07), N(0,0%.), N(0,0%,) and N(0,0?), respectively,
and that the only non-zero covariances are those shown in the following variance-

covariance matrix:

o2 0 0 0 0
5; 02 Oy Os O 0
(s7)j1
UST 687’

var | (st)j | = o2 0 ... ... 0
(s7)51 0; Oy ... Oy
(3'7)3'15 Ug'y 93’7
ng

Thus, 0, and 0, are the covariances for different subject by treatment inter-
actions and subject by carryover interactions, respectively, belonging to the same
subject.

In matrix notation, Model 3.1 may be written as follows:

Y = uly, + Xom+ XanT + Xaoy + Z1S + Zar(s7) + Zao(s7) + €,

where
I Xan Xaz1
X, = =1, ® I, Xag = Xfm ) Xip = Xfm )
. : :




1, 0, ... 0,
0, 1 0
7, — b 1p v _ @1,
Op Op ]'p
Xg1 0O
0 X
Lo =
0 0
0 0

Ly =

Xa2(n-1)

0

40

0 0 0
Xa12 0 0

0 Xain-1y 0O

0 O Xdln

0

0

0
Xd2n

Here Xy, is the period-treatment incidence matrix for subject j under design d,

and Xgo; = LX g1, where L is the matrix defined as

and

var(Y)
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where

S =020y + 00 Xy Xy, + 00 LX a1 Xy, LT + 021,

05 (Jp — Xarj Xiy;) + 05y (LI, LT — LX 1 X1, L),

Since the model contains more than one random component, we will study
the identifiability problem for those variance components. If any two different sets
of values for the variance components result in two different variance-covariance
matrices, then the variance components of the model are identifiable. If we consider
the variance components of Model 3.1 as o2, 02, 02, 07, 0y and 0,,, then it is
easy to see from the variance-covariance structure that the sum of the coefficients

2

2 and 6, is equal to the coefficient for o2 for any design. This implies that

for o
two different sets of values for the variance components could result in the same
variance-covariance matrix, which indicates that the variance components in Model

3.1 are not identifiable for any design.

To alleviate this problem, we add constraints to the model:
Yij = 14 i+ Tatig) + Va1 + 8i + (57)jag) + (87)jai-15) + € (3.2)

where » 7, m; = 0, Z}t:l n =0, 25:1 Y =0, 25:1(37)1'1 =0 vy, 23:1(57)1'1 =
0 Vj.

As before, we assume that Var((s7);;) is constant and that the covariance of any
two of these terms is constant if they belong to the same subject. A similar assump-
tion is used for the subject by carryover interaction. Random effects pertaining
to different subjects are assumed to be uncorrelated. With these assumptions, we

obtain:

[\

o2 ifj=j
cov(s;, sj) = :

0  otherwise
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o2 ifj =4 1=1
cov((sT)ju, (s7)ju) = § =02 J(t —1) ifj=F 1#1"

0 if j # j

o2 ifj=j 1=
cov((s7)jis (57)50) = § =02 J(t —1) if j=j 1 £

0 if j # j

Thus, the variance-covariance structure for the random effects for any subject is:

o: 0 0 0 0
o2, o2,
5 oy - (t—1) T (-1) 0
(s7)j1 :
O-zfr (;7_371)
var | (s7);, | = o2 0 0 ;
(s7)j1 Ug’y Y =)
2 ol
(57)jt Ow ~TD)
o2,
and the variance for Y is:
. 0 0 0
0 X 0 0
var(Y) = ; (3.3)
0 O Y1 O
0 O 0 Y
where
S = ol + o2 (P Xa; X0, — 25 0) + 02 (A5 LX X0, LT — YL, LT) + 021,



43
Theorem 3.2.1 All the variance components in Model 3.2 are identifiable if and

only if the design contains a sequence with repeated treatments.

Proof: Since the variance-covariance structure is a block diagonal matrix with

each block corresponding to one subject, we focus on an arbitrary subject j. Con-

2 2 2 =2 =2 =2 ~2
510 Oy 0¢ and o3, o5, oy, and o;.

sider two sets of variance components, o2, o sr1 Osy
If 020, + 02 (5 Xa; X1, — 75Jp) + 00 (5L Xa; X, LT — 1LJ,L7) + 021, =
a2y + 02 (5 Xa; Xq, — A1) + 2. ( G LX X5, LT — 1LJ,L") + 621, implies

2 _ 2 2 _ =2 2 _ =2 —
that oy = o7, 0, = 05, 05, = 05, and 0% = G2, then all the variance components

are identifiable, and vice verse.
Therefore, suppose that o2 .J, +02, (75 Xa1; X1, — ; A1) +02 ( L X X, LT —

LI L) +021, = 62,462 (7 Xy X oy — 5 Jp) 462, (7 LX a1 X LT =L LI, L)+

t

521, from the first and second diagonal element of the variance-covariance structure,

we have (a) 02402 +0? = ¢2+62 +52 and (b) 040 +0s +0l = 6i+67, 407,407

Subtracting (a) from (b), we obtain o2, = 57, . Then we can ignore the terms o, and

027 from now on. If the design contains a sequence with repeated treatments, from
the off diagonal elements, once considering two observations for the same treatment

and once two observations for distinct treatments, we have (¢) o2 + 02 = G2 + 52,

and (d) o2 — 2502, =62 — 7562, respectively. Subtracting (d) from (c), we obtain

ST’

2 _ =2
Osr = O

and substituting that into (d), we also have o2 = 2. From (a) we now
also obtain o2 = ¢2.

Thus, we showed that all the variance components are identifiable if the design
contains a sequence with repeated treatments. However, if there is no such sequence
in the design, then we do not have (¢), and we cannot obtain o2 = 6%, 0% = 52
and 02 = G2, so that not all of the variance components are identifiable in that case.

Therefore, we emphasize that investigators should know objectives of the exper-

iment at the design stage. If one of the objectives of the crossover experiment is to
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estimate and compare all the variance components, then investigators should use a

crossover design with repeated treatments.

3.3 SOME SPECIAL CASES OF MODEL 3.2

Model 3.2 contains several other models used in the literature as special cases. For

example, if o2, = 0, then Model 3.2 reduces to:
Yij = p+ T & Taig) + Vati-14) + 85 + (T)jaig) + €ijy (3.4)

which is the model with only an interaction between subjects and treatments. If, in

addition, it is assumed that o2 = 0, then Model 3.2 becomes:
Yij = p+ i+ Tagij) + Yai-1,9) + 85+ €ij- (3.5)

For Model 3.5, we consider two extreme cases. If it is assumed that o2 = 0,
then the model corresponds to the situation of no subject effects. Conceptually, this
case may be thought of as the subjects being carbon copies of each other (Hedayat,

Stufken and Yang, 2006). The second case, 02 — oo, is considered in the next result.

Theorem 3.3.1 The traditional model, i.e., the model with fixed subject effects, is

obtained from Model 3.5 for o2 — oo.

Proof: Model 3.5 can be written in matrix notation as Y = pl,, + X174+ Xqi7 +
X+ Zos+e. Based on the model assumptions, we have var(Y) = 021,,,+02 2,7}, =
V. We rewrite the above model as Y = Dn + Xu7 + Zys + €, where n combines
the overall mean, and the period and carryover effects, while D is the corresponding

design matrix for those parameters. Then the information matrix Cy for the direct
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treatment effects 7 under Model 3.5 can be expressed as
Cq = (V7iXq)prt(VTiD)V~: Xy
= X, {V'=V'D(D'VD) D'V} Xy
= Xo{(02lnp + 0220 20) ™" — (02 L0y + 0520 Z) ™
D(D' (021, + 0220 Z,) D)~ D' (621, + 0220 2{) ' } X,
where pri(X) =1 — pr(X) and pr(X) = X(X'X)~X".

The information matrix for 7 under the model with fixed subject effect is

Ca, = Xppr™(ID, Zo]) Xm
= Xhyprt(D)Xg — Xypr* (D) Zo(Ziprt (D) Zo)~ Zypr+(D) X a1 .
Based on Proposition 1 of Jones, Kunert and Wynn (1992),
(0P Ly + T2 Z) " — (0P Ly + P2 2024) DD (0 oy + 0220 74) D) DV 0 Ly +
03 20Zy)"" = pri(D) — pri(D)Zo( 5 I + Zgpr* (D) Zo) ™' Zypr(D), which goes to
pri(D) — prt(D)Zo(Zprt (D) Zy)~ Zipr+(D) if 02 — oo. The result follows now

immediately.

3.4 ESTIMATION OF THE PARAMETERS

In this section, we discuss the estimation procedures for Model 3.2. Our interest lies
in estimating the variance components and the fixed effects for the direct treatment
and the carryover effects.

Since Model 3.2 is a linear mixed model, and the random terms are assumed
to be normally distributed, the commonly used efficient estimation methods are
the likelihood-based methods, such as, Maximum Likelihood (ML) and Restricted
Maximum Likelihood (REML) estimation. The validation of the ML and REML
estimation methods in the setting of a crossover design is discussed by Vonesh and
Chinchilli (1997). We also consider these methods to estimate the parameters for
Model 3.2.
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To distinguish the subjects in different sequences, in this and the next section,
instead of using j as the only index for the subjects, we use both j and k to denote
the k" subject in the j** sequence. So the outcome of the response variable for the k"
subject in the i" period in the j sequence is denoted by Yz, where i = 1,2,...,p,
j=12,...,s,and k =1,2,...,n;. Here s denotes the number of distinct sequences
in the design, and n; is the number of subjects in the j sequence.
Let Yjr = [Yijx Yoju ... Y] denote the p-vector of responses for the k™"

subject in the j sequence. Based on the normality assumptions, we obtain that
ijNNp(,u]‘,Zj), j:1,2,...,$; k:1,2,...,nj,

where ji; = (E(Y1;), E(Ya;), ..., E(Y,;)) and % is as in Equation 3.3.
Observations from different subjects are independent, so the joint density for Y
1s

s N1y

H H ! —5 (Y ji—p5) S5 (Y ji—h5)
L e jom |
J= =

and, thus, the log-likelihood function is

s Ty
Y [ toetam) - o8I~ 50X - )5 (Y -] (30)

j=1 k=1
The ML estimates for the parameters can be obtained by maximizing 3.6. But
the ML estimation takes no account for the degrees of freedom lost in estimating
the fixed effects when estimating the variance components, and we will instead use
Restricted Maximum Likelihood (REML) estimation. REML estimation was intro-
duced by Patterson and Thompson (1971), and is also referred to as a modified
maximum likelihood method. It improves ML estimators of the variance components
by taking into account the loss of degrees of freedom associated with estimating the

fixed effects parameters. Their ideas about using the error contrast instead of all the

data had been adapted by Harville (1977). Following Harville (1977), the restricted
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log-likelihood function can be written as

K[ p 1 1 .
>N [—5 log(2m) — §1Og(|2y‘|) - §(ij — 1) 27 (Y — 1)

j=1 k=1

1 -
— 5 log(IX'5; 1 X)),

where X is any n x rank(X) matrix such that C(X) = C(X) with X as the design

matrix [1,,|X71|Xa1|Xae] for the fixed effects and C'(X) as the column space of X.
Unfortunately, it is difficult to derive a closed form for the estimators of the

variance components for our model. Thus, the Newton-Raphson iteration algorithm

is applied to obtain the estimates.

3.5 SIMULATION STUDY

In this section, we consider designs AB/BA and ABB/BAA. AB/BA is a balanced
uniform design without repeated treatments; ABB/BAA is a strongly balanced
design with repeated treatments, which is formed by repeating the treatments in
the last period of the popular design AB/BA. For design AB/BA, if the carryover
effects from the two treatments are not equal, then we cannot obtain unbiased esti-
mators for the treatment contrast, so we consider the situation that the carryover
effects from the two treatments are equal in the simulation study. In addition, as
we proved in Section 3.2, since design AB/BA has no repeated treatment, there
is an identifiability problem for the variance components. We will therefore focus
on estimating functions of these variance components that are identifiable. Design
ABB/BAA is advocated by several authors to ameliorate the deficiencies of design
AB/BA.

The outcome of the response variable for the k' subject in the i period for the

J™ sequence is denoted by Yi;x, where i = 1,2 for design AB/BA and i = 1,2,3 for
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design ABB/BAA, j =1,2and k= 1,2,...,n;. The notation is illustrated in Table
3.1.

Table 3.1 Layout of Design ABB/BAA

Period 1 Period 2 Period 3
A B B
Sequence 1 Yi11 ... Vi1, Yoi1 - Youn, Y311 - Yain,
B A A
Sequence 2 Yio; ... Y9, Yoo1 ... Yoo, Y391 ... Yaon,

the layout of design AB/BA can be obtained from Table 3.1 by discarding Period 3.

A dual design refers to a design which contains a sequence and its dual, which
is formed by interchanging the treatment labels, equally often. It is clear that both
AB/BA and ABB/BAA are dual designs. According to assumptions of Model 3.2,
the variance-covariance matrix for the response variable from both designs is a block
diagonal matrix with the same block along the diagonal. The block under Model 3.2
with design AB/BA and ABB/BAA can be expressed as

oy + 05, + 0! oy — ol
Y =3, =
2 2 2 2 2 2
Os — Ogr O + Ogr + 0_57 + O
and
2 2 2 2 2 2 2
O + Osr + O Os — Ogr Os — Ogr
—y. 2 2 2 2 2 2 2 2 2
2 Ejk O Osr O + Osr + Oy + O O + Osr Osy ?
2 2 2 2 2 2 2 2 2
Os — Ogr O + Ogr — US'y O + Ogr + 037 + O
respectively.

Due to the identifiability problems for the estimation of variance components for

design AB/BA, we estimate only the terms 03 +02 +0?, 02—03, and 02 +02 +02 +0?
for that design, which can be interpreted as the variance for the observation for a
subject in the first period, the covariance between observations for a subject in the

first and second period, and the variance for an observation for a subject in the
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2

2
5 and o7

second period, respectively. For design ABB/BAA, we estimate o2, 02, o
individually.

We use the REML estimation method discussed in Section 3.4 to estimate those
variance components, as well as the fixed effect contrasts, 74 — 75 and v4 — v5.
Tables 3.2 - 3.4 present the results of the mean and variance of the estimates for 500

simulations for different numbers of subjects. The numbers in parentheses are the

true values, and n denotes the common number of subjects for each sequence.

Table 3.2 Simulation Results under Model 3.2 for Design AB/BA

ol t+ol ol oi-ol  oitol ol +ol  Ta—Tp YA — VB
(4.61) (-0.23) (6.3) (-1.0) (0.0)
mean var mean var mean var mean var mean var

n=20 4.4385 0.8715 -0.2516 0.8098 6.5660  1.8362  -1.0174 0.4256 -0.0047 0.9851
n=30 4.4742 0.5850 -0.2369 0.4927 6.5183  1.1698  -0.9981 0.3282 0.0055 0.6847
n=50 4.5259 0.4110 -0.2110 0.2992 6.3661  0.6796  -1.0068 0.1787 0.0002 0.4430
n=100 4.5887 0.2289 -0.2168 0.1497 6.2997  0.3640  -0.9909 0.0930 -0.0092 0.2014

Table 3.3 Simulation Results for Random Effects for Design ABB/BAA

o ol o3 ot
(1.21) (1.44) (1.69) (1.96)
mean var mean var mean var mean var

n=20 1.1480 0.2650 1.4243 0.3125 1.6743 0.4945 2.0328 0.9919
n=30 1.1806 0.2091 1.4240 0.2325 1.6943 0.3653 1.9991 0.8041
n=>50 1.1909 0.1531 1.4367 0.1766 1.6836 0.2928 2.0109 0.7147
n=100 1.2266 0.0873 1.4354 0.0949 1.6954 0.1685 1.9868 0.4835
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Table 3.4 Simulation Results for Fixed Effects for Design ABB/BAA

TA—TB YA — VB
(-1.0) (-0.5)
mean var mean var
n=20 -0.9999  0.2170  -0.5003  0.2949
n=30 -1.0065  0.1452  -0.4937  0.1776
n=>50 -1.0021  0.0788  -0.5035  0.1087
n=100 -0.9976  0.0404 -0.4923  0.0538

From the results of Tables 3.2 - 3.4, the estimates of both the random and fixed
terms for design ABB/BAA are fairly close to the true values, but the estimates of
the functions of the variance components for design AB/BA is not very close to the
true values. On average, the larger the sample size, the more precise the estimates.

To show that the model with subject by treatment and subject by carryover inter-
actions is better than the model without those terms, we should test the hypothesis
that o2, = 02, = 0. However, this hypothesis is on the boundary of the parameter
space and distribution under the null for the likelihood ratio test statistic is compli-
cated. Therefore, it is difficult to use standard statistical methods to test whether
one of the variance components is equal to 0. Instead, we use the model selection
criterion AIC' to compare Model 3.2 with Models 3.4 and 3.5 for design ABB/BAA.

The results are presented in Table 3.5.

Table 3.5 Model Selection Results under Design ABB/BAA

O Osr Oy O¢ AICdiffl <0 AICdifo <0

1.1 08 09 14 129/500 100/500
1.1 12 13 14 226/500 245 /500
1.1 22 23 14 420/500 475/500

Note, AICqy;ss1 is the difference in AIC values between Model 3.2 and Model
3.4, and AICy;ss2 is the difference in AIC values between Model 3.2 and Model 3.5.
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The number below “/” is the total number of tries, and the number above “/” is the
number of times that the difference of AIC is less than zero, which indicates Model
3.2 is better than Model 3.4 or Model 3.5.

From the results of Table 3.5, we can see that when the variances of the interac-
tion terms are smaller, there is no evidence that Model 3.2 is better based on the AIC'
criterion. However, when the variance of the interaction terms become larger, then
there is evidence to show that the models with the interaction terms perform better.
These results also tell us that in order for the model with the interaction terms to
be selected as the best model by AIC criterion, the variance of the interaction terms

should be relatively large.

3.6 NUMERICAL EXAMPLE

The data set in this example consists of systolic blood pressure measurements from
a trial on hypertension using a two-treatment three-period crossover design. In
the original study, subjects were randomly assigned to the four sequence groups
ABB/BAAJ/ABA/BAB. Each treatment period lasted for six weeks, and there
were no wash-out periods for ethical reasons. These data have been used by dif-
ferent authors as an example for the design ABB/BAA by only considering the
observations from the first two sequences (Ebbutt, 1984; Matthews, 1989; Jones and
Kenward, 2003). The complete data set can be found in Jones and Kenward (2003,
pages 232-233).

We also only use the observations from the first two sequences of this data set,
and the number of subjects in each sequence is 22. We obtain the following results

by fitting the data to Models 3.2, 3.4 and 3.5:
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Table 3.6 Summary of the Results for A Numerical Example

Estimates of Variance Components Model Selection Criteria

62 62, 62, 62 -2LogL AIC
Model 3.2 185.5166  35.6118 41.8076  88.1132 858.5978 876.5978
Model 3.4  162.0344  7.7089 - 167.4737 858.9144 874.9143
Model 3.5  160.7905 - - 177.1573 859.0850 873.0850

From the results in Table 3.6, we can see that Model 3.2 has a slightly smaller
—2LogL value than Models 3.4 and 3.5, but that all are very close. Since Model 3.2
has one more parameter than Model 3.4. and two more parameters than Model 3.5,
after taking account of the parameter penalty, Model 3.2 has a larger AIC value.

But that does not necessarily mean that Model 3.2 is not appropriate, since the

2

ST

estimates of o2, and o7, are not even close to zero. Also, notice that the sum of &
62, and 67 for Model 3.2 is close to the the sum of 62, and &7 of Model 3.4 and 67
for Model 3.5, but 62, and 62, are relatively small compared to 67 and 67. Because
the variances of the interaction terms are relatively small; it is not surprising that
we cannot select Model 3.2 is the best one with the model selection criteria, a result

which is supported by our simulation results.

3.7 DISCUSSION

We introduced a new model which incorporates the interactions of subject by treat-
ment and subject by carryover to capture the variabilities of direct treatment and
carryover effects on different subjects. We showed that the new model can be gen-
eralized to different models including the traditional model, and all of the variance
components for that model are identifiable if there are repeated treatments in the
design. We use model selection criteria AIC' to compare the model with and without

the random interaction terms, the reason we do not use BIC is that BIC tends to
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select too simple or parsimonious model for the data (Fitzmaurice, Laird and Ware,
2004). “In general, we do not recommend the use of BIC for covariance model selec-
tion as it entails a high risk of selecting a model that is too simple or parsimonious
for the data at hand.” However, if based only on the model selection criteria, the
model with interactions can not demonstrate that it is superior to the model without

interactions, if the variability due to the interaction is not significantly great.
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CHAPTER 4

USE OF BASELINE MEASUREMENTS IN THE 2 X 2 CROSSOVER TRIAL FOR THE

CASE OF SINGLE MEASUREMENTS

4.1 INTRODUCTION

The 2 x 2 crossover design (two treatments in two periods, using the sequences
AB and BA) is the simplest crossover design and is extremely popular in clinical
trials (Grizzle, 1965; Brown, 1980; Armitage and Hill, 1982). However, it is also
regarded by many statisticians as particularly problematic because of the carryover
effects and aliasing of several effects (Senn, 1994; Jones and Kenward, 2003). Using
baseline measurements at the beginning of each period is introduced as a technique to
rescue the AB/BA design from its deficiencies and to provide additional information
to eliminate nuisance effects from the treatment effects (Patel, 1983; Kenward and
Jones, 1987).

However, contrary to some authors’ intuition and initial purposes, using base-
line measurements at the beginning of each period to eliminate the carryover effects
receives serious criticism in many papers (Fleiss, Wallenstein and Rosenfeld, 1985;
Willan and Pater, 1986; Fleiss,1989). Of course, the conclusions depend on different
models and assumptions considered. For example, Willan and Pater (1986) consid-
ered a model with fixed period, treatment and carryover effects, and random subject
and subject by period interaction effects as well as random error. Assuming that the
carryover effects in the wash-out period and the second treatment period are the

same, they found that analyzing change from baselines can eliminate the carryover

o6
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effects but at the cost of reducing the power and precision for inferences about the
treatment contrast under many situations. Assuming that there is a carryover effect
in the wash-out period but not in the second treatment period and that carryover
effect is proportional to the direct treatment effect, Fleiss, Wallenstein and Rosen-
feld (1985) showed that analysis of change from baselines created a carryover effect
where none would have existed if only observations from treatment period (we use
term outcomes later) had been used. In addition, the contrast of carryover effects is
opposite in sign to the treatment contrast.

According to Ratkowsky et al. (1993) and Kenward and Jones (2003), the mea-
surements taken at the beginning of the second treatment period as discussed in the
previous paragraph are not true baselines, since they are affected by the treatments
in the previous period. Kenward and Jones (1987) also argued that there is no sat-
isfactory statistical analysis for the AB/BA crossover trial if carryover effects from
treatments A and B are different. So, in the pharmaceutical industry, an adequate
wash-out period is usually conducted between two active periods to eliminate any
carryover effects, but investigators often also collect measurements before the active
treatment periods. In that situation, measurements taken at the beginning of both
periods can be viewed as baselines (Senn, 2002). How to incorporate those baseline
measurements in the analysis is the problem we intend to investigate in this chapter.

In a clinical trial in the pharmaceutical industry, data can be collected at a single
time or at different time points (repeated measurements, which will be discussed in
Chapters 5 and 6) before the treatments are assigned (off-drug day) and during the
treatment periods (on-drug day). The data from the off-drug day can be viewed as
baseline measurements, while the data from the on-drug day are outcomes of the
response variable. We assume that the wash-out periods are sufficiently long so that
there is no carryover effect and the baseline measurements are not affected by the

treatments.
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Unlike in parallel design, where it is recommended to collect baseline measure-
ments and to use them as a covariate, there is no general consensus on how to prop-
erly handle baseline measurements in crossover trials. Different models and assump-
tions can lead to different conclusions. In this chapter, we will investigate various
potential methods to handle baseline measurements for the case of measurements at
a single time point in each period, and compare the variances for the estimators of
the treatment contrast under various scenarios by using the relative efficiency (RE).
The RE for a method is defined as the ratio of the minimum standard error (SE) of
the estimators of the treatment contrast from all considered methods and the SE for
the particular method. Since the primary goal of an experiment using a crossover
design is to compare the treatment effects, we will also discuss testing the hypothesis
of equal treatment effects.

This chapter is organized as follows. In Section 4.2, potential methods and models
to handle baseline measurements in crossover studies are discussed, and analytical
expressions of variances of the estimators of the treatment contrast from different
methods are derived and compared. In Section 4.3, a thorough simulation study is
conducted for the AB/BA crossover design to evaluate the performance of different
methods under different scenarios. A real data example is analyzed for illustration
purposes in Section 4.4. We conclude this chapter with a discussion, conclusion and

recommendation in Section 4.5.

We focus on the 2 x 2 crossover design in Chapters 4 and 5, and will extend our

study to more general designs in Chapter 6.

4.2 METHODS AND MODELS

Suppose that we have a single observation for each subject from both the off-drug

day and the on-drug day in both periods in a AB/BA crossover trial. Denote these
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by Xjjr and Yj;; respectively, where i = 1,2, j = 1,2 and k = 1,2,...,n; are the
indices for period, sequence and subject within the j** sequence, respectively. The

data layout is presented in Table 4.1.

Table 4.1 A Two-period Crossover Trial with Baseline Measurements

Sequence AB Sequence BA
Period 1 off-drug day X111 ... Xiiy X1 oo Xiong
on-drug day  Yiy cor Yiig, Yio1 oo Yiop,
Period 2 off-drug day  Xo11 ...  Xoip, Xoor oo Xoop,
on-drug day  Ya1;1 ... Yo, Yoor ... Yo,

From Table 4.1, each subject has four observations, which are from four different
days (two from each period). Part of the variation can be attributable to differences
in subjects (between subjects), while other parts can result from differences between
periods and days within periods. In order to capture all of these sources of vari-
ability, we include random subject and subject by period interaction effects as well
as random error in the model. As explained in Section 4.1, we assume that there is
no carryover effect, but include other commonly considered fixed effects in crossover
trials, such as an overall mean, period effects and treatment effects, as well as day
effects. A similar model, which includes the carryover effects as well, was considered
by Willan and Pater (1986).

Following the notations from the traditional model, the model for the observa-

tions can be written as

Yhije = pt+ 7 + Dpi + b7y j) + Sjk + Gijie + €nijr, (4.1)
i=1,2 j=12 k=12...,n;, h=0,1,

where Y}, corresponds to X, when h = 0 and to Yj;, when i = 1. The terms p,

i, Dp; and 7y j) represent an overall mean, the i'" period effect, the h'" day effect
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in the " period and the direct treatment effect due to the treatment assigned to
the i period in the j" sequence, respectively. The remaining three terms s, Gk
and €;;, are random subject effects, subject by period interaction and random error,
and they are assumed to be mutually independently distributed as s;; ~ N(0,02),
Gijie ~ N (0, ng) and ep;;x ~ N(0,02), respectively.

From the model assumptions, we obtain

(02 +02)/(0? + 02 + 02) = Puwsp i i =17,
Corr(Xijk, Yirjk) = b P P

o2/(02 402, + 02) = pup if i £ 7/,

where p,,/, is a within period correlation, while py/, is a between period correlation.
Notice that ng > 0 indicates p,/, is greater than py, , which implies that the
correlation between the baseline measurements and the outcomes is greater when
they are from the same period. From the assumptions, the correlation between the
first baseline measurements and the second outcomes is the same as the correlation
between the first outcomes and the second baseline measurements, which is not
unreasonable if the wash-out periods are relatively long compared to the treatment
periods.

For a given subject, the within period correlation can be denoted as p =
Corr(Xijr, Yijelsjr) = 02,/ (02, + 02), and is referred to as partial correlation (Senn,
2002; Jones and Kenward, 2003). Senn (2002) suggested that methods of incorpo-
rating baseline measurements can be chosen based on the value of p. We consider
Model 4.1 to retain the baseline measurements as part of the response vector, and
compare it with the other three commonly used methods at different values for p.
Therefore, we consider four ways for handling the baseline measurements:

1) Retain the baseline measurements as part of the response vector as described

in Model 4.1.
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2) Ignore the baseline measurements, and use the observations for outcomes only:
Yije = po+ ™ + 7o) + Sjk + €ijk- (4.2)
3) Use change from baseline measurements as the response variable:
Yij — Xije = p+ ™ + Te) + €iji- (4.3)

4) Use baseline measurements as a covariate and model the outcomes conditional

on the covariate:
Yijk = p+ 7 + Tagig) + Bxijr + Sjk + €. (4.4)

The assumptions for the random effects in Models 4.2-4.4 are identical to those
for Model 4.1. It is clear that Models 4.2 and 4.3 are consistent with the assumptions
for baseline measurements and outcomes postulated by Model 4.1. However, this is
less obvious for Model 4.4. It is however easy to show that Y;;; and X,;; in Model
4.1 follow a bivariate normal distribution, and the form of Model 4.4 emerges by
considering the conditional distribution of Y;;, given X = x4, with the value of
B being the ratio of the covariance between Yj;;, and X;;, and the variance of Xjjy.

Assuming that the variance components are known, we can obtain the Best Linear
Unbiased Estimators (BLUE) of the treatment contrast and the corresponding vari-

ances for Models 4.1 - 4.4. We summarize the results in Table 4.2.

Table 4.2 BLUEs and their Variances for Estimating the Treatment Contrast

Model Estimator Variance
4.1 %[Yu + Yoo — Yio. — Yor. — p(Xu1. + Xpg. — X1o. — Xo1)] %(1 + p)o?
4.2 %(Yn + Yoo, — Yio. — Yo ) %fpaf
4.3 %[3711 + Yoo, — Vi — Yo — (Xi1. 4 Xoo. — X1, — Xo1)] %203
4.4 %[711. + Yoo, — Y1, — You, — B(Z11. + oo, — T1. — T21.) ’;ﬂ,:—;‘j(l + a)o?

o2 oitol, _ (023402,)* 402,02

P=Fia B=omeria 0= (mgiar
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It can be shown that p < a < 1, and the minimum and maximum value of a can
be obtained when o2 = 0 and o2 = 0, respectively. So the differences between the
variances for the estimators of the treatment contrast from different models can be
roughly expressed as a function of the partial correlation p.

From Table 4.2, we can see that only the variance from the method of using
baseline measurements as a covariate (Model 4.4) depends on the subject variability
o2, and the value is between the variances for the method of retaining the baseline
measurements as part of the response vector (Model 4.1) and the method of analyzing
change from baselines (Model 4.3). Furthermore, the variance for the method of
retaining the baseline measurements as part of the response vector is the smallest
as long as p is not equal to zero. If p = 0, then this variance is the same as that
from the method of ignoring baseline measurements (Model 4.2), which is only 50%
of that for the method of analyzing change from baselines. When p is equal to 0.5,
the variance for the method of ignoring baseline measurements is the same as that
for the method of analyzing change from baselines, but is almost 25% greater than
that for the methods of retaining the baseline measurements as part of the response
vector and using baseline measurements as a covariate. When p is around 1, the
variances for the three methods of using baseline measurements are close to each
other, but ignoring baseline measurements could in that case result in a very large

variance.

4.3 SIMULATION STUDIES

In the last section, the theoretical derivations and comparisons of the variances for
the different methods under different scenarios for the variance components were

made under the assumption that the variance components are known. However,
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in practice, variance components are typically unknown and need to be estimated
from the data. Thus, in this section, we conduct a simulation study for the AB/BA
crossover design to evaluate the performance of the discussed methods.

As discussed in Section 4.2, we obtain the measurements from both the off-drug
day and the on-drug day within each period, and we analyze the data by the various
methods discussed. The primary purpose of the simulation study is to compare the
relative efficiencies (RE) of the methods for estimating of the treatment contrast at
different values of the partial correlation p. Since the main purpose of an experiment
which uses a crossover design is to compare the treatment effects, we may also be
interested in testing the hypothesis of equal treatment effects. Thus, we will compute
the type I error rate for testing 74 = 75 in the simulation study.

In the simulation study, we generate the data based on Model 4.1. We set
T4 — 7 = 0 and 74 — 73 = 0.5 for the evaluation of type I error rate and power,

respectively, for testing HO : 74 = 75. We set i = 100 and set all other fixed effects

2

€)

to be zero. The relative efficiencies depend on the relative value of o2, 02, to o

and we can set 0 = 1. We let the subject variance o2 take the values 0.2, 0.5, 1, 2,

2

s> We select each

5 and 10, which then correspond to the ratio of o2 and o?2. For o
time a different value so that the partial correlations p between the data from the
off-drug day and on-drug day are 0, 0.2, 0.4, 0.5, 0.6, 0.8. We consider 6, 12 and
24 subjects in each sequence, which are common numbers in phase I clinical trials.
Each scenario is simulated 5000 times.

We analyze the simulated data by using PROC MIXED in SAS with “KR” degree
of freedom adjustment for all the methods mentioned in Section 4.2. We estimate the
treatment contrast 74 — 75, compute the standard error (SE) for the estimators of the

treatment contrasts, and convert SE to relative efficiency (RE). We also investigate

the type I error rate and power for testing the hypothesis of equal treatment effects.
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The results of REs for different methods does not depend on the value of 74 — 75,
therefore, we do not present the results from the case of 74 — 75 here. Table 4.3
presents the results for 24 subjects per sequence when 02/c? = 1. In Table 4.3,
T4 — Tg is the mean of the treatment contrast estimates, SE_est is the mean of the
estimated standard errors for 74 — 75, and the numbers in parentheses under column
called SE_true are theoretical results of the standard errors calculated from Table
4.2 based on the values of the variance components used in the simulation. With
SE_MC as the Monte Carlo standard deviation, i.e. the standard deviation of the
5000 estimates of 74 — 75, SE_rediff is the relative difference between SE_est and

SE_MC and is computed as W x 100%. RE is the relative efficiency, which
is the ratio of the minimum SE_est of all methods for that scenario and SE_est for
that particular method. Type I error rate is calculated by recording the percentage

of times out of 5000 that the test of no treatment difference is rejected at the level

of 0.05.
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Table 4.3 Results for 24 Subjects when o2/0% = 1

p  Methods 74 — 7p SE_est(SE_true) SE_rediff RE Type I error

0.0 Baselines in response vector -0.0014 0.2064(0.2041)  1.10 98.27 4.96
Ignore baselines -0.0015 0.2028(0.2041) -0.29 100 4.72
Change from baselines -0.0025 0.2880(0.2887) -0.01 70.44 5.24

Baselines as a covariate -0.0022 0.2214(0.2282) -0.99 91.59 5.06

0.2 Baselines in response vector 0.0032 0.2250(0.2236) -0.94 100 5.10
Ignore baselines 0.0039 0.2273(0.2282) -1.44 98.99 5.24
Change from baselines 0.0025 0.2879(0.2887) -0.92 78.15 5.06
Baselines as a covariate 0.0030 0.2334(0.2379) -1.88 96.37 5.12

0.4 Baselines in response vector 0.0042 0.2430(0.2415) -1.20 100 5.46
Ignore baselines 0.0040 0.2625(0.2635) -1.39 92.59 5.86
Change from baselines 0.0052 0.2884(0.2887) -0.41 84.26 5.38
Baselines as a covariate 0.0050 0.2447

2487)  -2.55  99.30 5.78

1.09  99.57 4.98
Ignore baselines -0.0019 0.2868(0.2887 1.22 87.1 4.56
Change from baselines 0.0047 0.2880(0.2887 1.84 86.74 4.64

Baselines as a covariate 0.0026 0.2498(0.2546 -0.56 100 4.52

0.6 Baselines in response vector -0.0006 0.2590(0.2582 -0.31 98.66 5.02

Change from baselines 0.0009 0.2879(0.2887) -0.92 88.75 5.00

Baselines as a covariate 0.0002 0.2555(0.2608 -2.61 100 5.28

0.8 Baselines in response vector -0.0037 0.2742(0.2739 1.42  97.59 4.88

Ignore baselines -0.0054 0.4520(0.4564 -2.34  59.19 5.62
Change from baselines -0.0033 0.2881(0.2887 141 92.86 4.56

Baselines as a covariate -0.0041 0.2676(0.2743

(
(
(
(
(
(
(
(
(
(
(
(0
0.5 Baselines in response vector 0.0015 0.2509(0.2500
(
(
(
(
(
(
(
(
(
(
( 138 100 5.24

)
)
)
)
)
)
Ignore baselines -0.0041 0.3204(0.3227) -0.46 79.75 4.94
)
)
)
)
)
)
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From Table 4.3, we can see that the estimates of the treatment contrast are close
to the true values, and the estimates of the standard errors are close to the theoretical
values under all scenarios. The small value of SE_rediff indicates that SE_est is
close to SE_MC. However, the SE_rediff when using the baseline measurements as a
covariate is relatively larger than that for other methods. In addition, SE_rediff for
smaller sample sizes is relatively larger (results are not shown here). Furthermore,
we can see that the type I error rate maintains the nominal level of 5%.
We present the pattern of relative efficiencies (RE) at different values of the
partial correlation p for different numbers of subjects when ¢%/02? = 1 in Figure
4.1, where REs in the top, middle and lower panel correspond to the REs based on

SE_est, SE_true and SE_MC, respectively.
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Relative Efficiencies Under Different Scenarios
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Figure 4.1: Relative Efficiencies for Each Method at Different Values of the Partial
Correlation for Different Sample Sizes when 02/0? =1 (REs in the top, middle and
lower panel correspond to REs based on SE_est, SE_true and SE_MC, respectively)

For the middle panels (based on the theoretical SE), the REs do not depend on
the numbers of subjects, as is also immediately clear from Table 4.2. The pattern for
RE based on SE_MC from the simulation study is closer to the theoretical result than
that based on SE_est. This is especially clear at the smaller sample size. This reflects
that it is more difficult to obtain precise estimates for the variance components at
smaller sample sizes. The larger the sample size, the smaller the values for SE _rediff,
and the closer SE_est is to the theoretical results.

If we look at the RE for one particular sample size in Figure 4.1 (say 24 subjects

per sequence), then the results confirm the theoretical results we derived in Section
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4.2. For example, we can see that retaining baselines as part of the response vector
has 100% relative efficiency (RE) almost all the time, the RE for baselines as a
covariate and change from baselines increases as the partial correlation p increases,
and the RE for ignoring baseline measurements decreases. The RE for baselines as
a covariate is greater than that for change from baselines for all values of p.

When the partial correlation p is around zero, which indicates that o2, is small
compared to o2, then the observations on the same subject in the same period are
no more correlated than the observations on the same subject in different periods,
and ignoring baseline measurements has the largest RE, i.e. the smallest standard
error. Retaining baseline measurements in the response vector has a similar RE,
while incorporating baseline measurements as a covariate results in almost 10%
reduction of RE and change from baselines reduces the RE dramatically. The RE
for ignoring baseline measurements is close to that of using change from baselines
as the response variable when p is around 0.5, but is smaller than that of using
baseline measurements as a covariate and retaining baseline measurements as part
of the response vector. When p is greater than 0.5, all of the methods, which include
baseline measurements in the analysis, has a higher RE than ignoring baselines.
This is especially true when p is close to 1, where using baseline measurements has
a significantly larger RE than ignoring baseline measurements. In addition, using
baseline measurements as a covariate and retaining baseline measurements as part
of the response vector are comparable, and both methods have more efficiency than
using change from baselines as the response variable.

Since the variance for baseline measurements as a covariate also depends on
the subject variance, we display the relative efficiencies of the different methods for

different values of 02 /02 in Figure 4.2.
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Relative Efficiencies Under Different Scenarios
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Figure 4.2: Relative Efficiencies at Different Values for the Partial Correlation for
Six Values of the Ratio of Subject Variance to Random Error

From Figure 4.2, we see confirmation that the general pattern of relative efficien-
cies (RE) for three of the methods is similar for different values of 02/c2. However,
the RE for baseline measurements as a covariate depends dramatically on the ratio
of 02/a%. The RE for baseline measurements as a covariate decreases as the ratio
increases, especially when the partial correlation p is small. When the ratio of o2 /o2
is larger, we can see that using baseline measurements as a covariate has a similar
efficiency as using change from baselines. That is because 3 is close to 1 at larger
ratio of 02/c?, then these two methods are similar to each other.

Figure 4.3 displays the standard errors of the estimators of the treatment contrast

for different methods at different values of o2/02.
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Standard Errors Under Different Scenarios
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Figure 4.3: Standard Errors for Estimating 74 — 75 for Different Values of the Ratio
of Subject Variance and Random Error as a function of the Partial Correlation

As expected, the standard errors (SE) from the methods of retaining the baseline
measurements as part of the response vector, ignoring baseline measurements and
analysis of change from baselines remain the same as the ratio of 02/0? changes.
However, for the method of using baseline measurements as a covariate, the SE
increases as the ratio of 62/0? increases, and the change is more pronounced when
p is small, with almost no change when p is large. That is why the method of using
baseline measurements as a covariate is not as efficient for large values of the ratio

of 02/0? as it is for small values for small p.
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4.4 REAL DATA ANALYSIS

We now present a real data example for the case of single measurements to illustrate

our methods.

4.4.1 COMPARISON OF TRANSDERMAL NITRATE AND ISOSORBIDE DINITRATE IN

CHRONIC STABLE ANGINA

Nicholls et al. (1986) carried out a study to compare the treatment effects of trans-
dermal nitrate (TN) with isosorbide dinitrate (ISDN) for angina in a group of 20
patients with chronic stable angina pectoris. Half of the patients were randomly
allocated to the sequence consisting of treatment with TN for 4 weeks followed by
treatment with ISDN for 4 weeks, whereas the other half of the patients received
the treatments in reversed order. Before each treatment period, there was a 2-week
period in which no treatment was administrated to obtain the baseline measure-
ments, so that the trial lasted 12 weeks for each patient. The measurements are the

weekly anginal attack rates and the data are displayed in Table 4.4.

Table 4.4 Weekly Anginal Attack Rates

Period 1 Period 2
Sequence Patient Baseline Outcomes Baseline Outcomes
TN — ISDN 1 1.00 2.00 2.00 1.25
4 41.50 30.00 31.50 27.00
10 20.50 20.50 21.00 25.50
12 15.50 14.50 14.50 13.25
14 16.00 18.00 12.50 9.00
15 2.00 3.50 3.00 2.25
17 10.00 9.00 7.50 5.50
20 10.00 8.50 6.00 4.25
22 14.00 2.00 2.00 1.25
24 5.50 2.50 1.50 2.50
ISDN — TN 3 17.50 19.25 19.00 21.25
5 11.00 6.50 7.50 6.50
7 4.00 2.00 1.50 3.00
9 11.00 16.50 10.00 18.25
13 6.50 4.25 0.50 1.25
16 6.00 3.25 2.00 4.00
18 1.00 0.00 0.00 0.00
21 3.00 0.75 3.00 5.25
23 9.50 1.00 0.50 8.50

25 10.50 14.00 11.00 17.25




72

From Table 4.4, it is easy to notice that there is substantial variability among
subjects. Crossover designs are especially important in such situations, since each
subject receives both treatments so that the between-subject variability can be elim-
inated when comparing the treatment effects.

From Nicholls et al. (1986), there was no evidence of any carry-over effects in
the second active treatment period. We analyzed the data by the various methods
discussed in Section 4.2, and we obtained 62 = 65.3032, &gp = 0 and 62 = 8.9099
based on Model 4.1, so the partial correlation p = 0/(0 + 8.9099) = 0. Since the
partial correlation equals zero, we would expect that ignoring baseline measurements
will have the smallest variance for the estimator of the treatment comparison.

We present the results from the different methods in Table 4.5, where we also
include a 95% confidence interval and a p-value for the treatment difference between

TN and ISDN.

Table 4.5 Analysis Results for Anginal Attack Rates

95% CI
Method Estimate StdErr RE Lower Upper P-value
1) Baselines in response vector 2.3200 0.9439 90.97 0.4291 4.2109 0.0171
2) Ignoring baselines 2.3200 0.8587 100 0.5159 4.1241 0.0146
3) Change from baselines 1.8450 1.3982 61.41 -0.9881 4.6781 0.1951
4) Baselines as a covariate 1.9387 1.1078 77.52 -0.4013 4.2787 0.0984

From Table 4.5, in terms of the relative efficiency (RE), for ignoring baseline mea-
surements, retaining baseline measurements in the response vector, using baseline
measurements as a covariate and using change from baseline measurements presents
the methods in decreasing order. Using change from baselines as the response vari-

able has only 61% efficiency compared to ignoring baseline measurements, and the
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RE of using baseline measurements as a covariate is also low. This is because the
ratio of 02 /0? is relatively large for these data, and this observation agrees with our
simulation results. Notice that treatment effect is significant under only two of the
methods. By using Grizzle (1965) and Koch (1972)’s method, Nicholls et al. (1986)
concluded that there are significant differences between TN and ISDN.

In addition, for the method of using baseline measurements as a covariate, based
on the estimated variance components and the formula for 5 in Table 4.2, B is equal
to 0.8799. Estimating this coefficient directly from the data, we obtain an estimate
of 0.8027, with a standard error 0.08997. This indicates that these two estimates are

close.

4.5 DISCUSSION, CONCLUSION AND RECOMMENDATION

It is common that baseline measurements are obtained prior to each treatment period
in 2 x 2 crossover trials in clinical studies. Different methods under various models
have been suggested to incorporate the baseline measurements in the analysis (Hills
and Armitage, 1979; Patel, 1983; Fleiss, Wallenstein and Rosenfeld, 1985; Willan
and Pater, 1986; Kenward and Jones, 1987; Chi, 1993; Grieve, 1994; Grieve and
Senn, 1998).

However, all of these papers allowed for carryover effects in the wash-out period.
Fleiss (1989) pointed out some issues associated with this topic. Moreover, there is a
debate about whether, in the case of carryover effects, such measurements should be
used as baselines at all. That is why Senn (2002) suggested the the second baseline
measurements should be used only when there is no carryover effect from the previous
period. In addition, he suggested to use whether p is greater or less than 0.5 to decide
whether to use change from baselines as the response variable or ignore baseline

measurements.
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In clinical trials, the FDA accepts the results of experiments using crossover
designs only when there is no carryover effect. Therefore, long wash-out periods are
usually applied, and data are often obtained on both the off-drug and on-drug days,
because pharmacologists believe that there maybe some diurnal variation. In this
chapter, we studied the problem of how to incorporate the baseline measurements
for this situation. We proposed a method, retaining the baseline measurements as
part of the response variable, which is new in the crossover setting. We compared it
with three other commonly used methods. The variances of the treatment contrast
estimators for the different methods are derived and compared at different values of
p in the range from 0 to 1. We also conducted a simulation study to evaluate the
performance of four methods.

Our theoretical results, which were obtained under the assumption of known
variances, are confirmed by our simulation results, which do not make this assump-
tion. From both results, we can conclude that different methods can be compared
based on the partial correlation p. Among the four methods, only the variance of the
contrast estimator from the method that uses baseline measurements as a covariate
depends on the subject variance. However, the general pattern of the RE for the
different methods at different partial correlations p is consistent for a broad range of
true values of the subject variance. In general, the RE of ignoring baseline measure-
ments decreases as p increases, whereas the RE of using baseline measurements, no
matter which method is used, increases as p increases. This is not surprising, since
larger values of p imply a stronger correlation between the baseline measurements
and outcomes. On average, our new method, retaining baseline measurements as
part of the response vector has the largest RE, as long as p is not near 0. If p is
very small, then ignoring baseline measurements has a relatively large RE. The RE
of using baseline measurements as a covariate is also high as long as the subject

variance is not large. However, for the analysis of change from baselines, the RE can
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be considerably smaller and it is best to avoid this method. That agrees with the
recommendation in earlier work (Fleiss, 1989; Senn, 2002).

There are some implicit assumptions in our study, and changing those could
lead to different conclusions. For example, the fact that the same effects p1 and s,
are assumed for both baselines and outcomes implies that these measurements are
comparable and on the same scale, which is reasonable for most cases. Moreover,
we assume that the period effect for baselines and the corresponding outcomes are
the same, but we also include the day effects to capture the difference between data
from off-drug and on-drug day. We also assume that the variance of the baseline
measurements is equal to that for the outcomes. For a detailed discussion of the
validation of the assumptions made in the baseline analysis, the reader may refer to
Grieve and Senn (1998).

Based on our results, we formulate the following recommendations:

First, the experimenter must use whatever information is available from earlier
studies with the product (drug) to design the experiment appropriately. For example,
appropriate lengths for treatment wash-out periods should be selected. If significant
unequal carryover effects are suspected, then a crossover design should not be used.

Second, if there is no prior knowledge about the partial correlation from previous
data analysis in past experiences, collect the baseline measurements and retain the
baseline measurements as part of the response vector in the analysis.

Third, if there is evidence from previous data analysis in past experiences that
partial correlation p is very small, there is no benefit to collect baselines, including
baseline measurements as a covariate can result in substantial SE inflation especially
when subject variance is large.

Fourth, if baseline measurements are obtained, and the partial correlation is

relatively large and subject variance is relatively small then we should use them
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as a covariate; however, analysis of change from baseline measurements should be

avoided at all times.

4.6
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CHAPTER 5

USE OF BASELINE MEASUREMENTS IN THE 2 X 2 CROSSOVER TRIAL FOR THE

CASE OF REPEATED MEASUREMENTS

5.1 INTRODUCTION

The discussion of baseline measurements in Chapter 4 deals with the case of a single
measurement on each day within each period. However, very often, in practice, the
response in a clinical trial is measured repeatedly over time for each day within each
period. In this case, each subject produces a set of profiles of repeated measurements
in each period. Similar to Putt and Chinchilli (1999), we refer to this as a repeated
measurements crossover design to emphasize that repeated measures are collected
at different time points under the same treatment within each period. A crossover
design with one observation per treatment period has been called a basic crossover
design by Wallenstein and Fisher (1977).

There can be many reasons to collect measurements over time, for example, to
obtain as much information about the effects of the treatments as possible; to inves-
tigate dynamic changes in treatment effects over time, and so on. How to approach
the statistical analysis may depend on the reasons for collecting such data. Jones and
Kenward (2003) observed that summary statistics, such as particular end point, the
area under the profile and the average slope of the profile, may be used to reduce the
repeated measurements crossover design to the basic crossover design. This will sim-
plify the problem, and summary statistics may provide useful information in some

situations. However, it is neither always possible, nor always desirable, depending on

78
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the objective, to base the analysis on a summary statistic. Direct methods of analysis
for repeated measurements with no baseline measurements in crossover design have
been discussed by many authors. For example, by using the sum and difference of the
observations from two periods, both Wallenstein and Fisher (1977) and Jones and
Kenward (2003) applied the conventional split-plot approach for this design, while
both Patel and Hearne (1980) and Grender and Johnson (1993) discussed a multi-
variate linear model approach. Dunsmore (1981) compared two approaches to study
the repeated measurements crossover design: one applied Wallenstein and Fisher’s
(1977) model, the other adapted Fearn (1975)’s Bayesian analysis of growth curves
for a quadratic curve over time. Putt and Chinchilli (1999) presented a mixed effects
model to analyze repeated measures crossover studies.

However, to our knowledge, the analysis of the repeated measurements crossover
design including the baseline measurements has not been formally described. To
motivate our work, we introduce studies in which data were collected at different
time points on both the off-drug and on-drug day in both periods. We consider
both time-matched baselines and averaged baselines. Time-matched baselines refer
to the situation where each measurement on an off-drug day is the baseline for the
measurement on the on-drug day at the same time point, whereas averaged baselines
refer to the average of the measurements from all time points on an off-drug day as
the baseline for each on-drug day measurement in that period.

The goal of our study in this chapter is twofold. As a preliminary step in the anal-
ysis, we suggest a test for the treatment by time interaction by retaining the baseline
measurements as part of the response vector. If this interaction is statistically sig-
nificant, we wish to develop graphical methods to detect the trend of treatment
changes over time. Alternatively, if this interaction is not significant, we wish to
determine appropriate methods to incorporate the information from the baseline

measurements to compare the average treatment contrast for different methods and
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different types of baselines considered. In repeated measurements crossover designs,
random errors are commonly assumed to be independent, such as in Wallenstein
and Fisher (1977). However, the measurements taken closer together in time could
be more highly correlated than measurements further apart in time, such as for an
autocorrelation structure, or maybe even more complicated. We would like to con-
sider different assumptions for the random errors to study the treatment contrast.
For the theoretical results, we will focus on independent random errors and random
errors that follow an AR(1) structure.

Therefore, this chapter is organized as follows. In Section 5.2, examples are intro-
duced to illustrate the motivation of the study. In Section 5.3, potential models for
the repeated measurements crossover design are discussed, and the effect of treat-
ment by time interaction is tested. If the interaction effect is significant, graphical
methods are discussed in Section 5.4 to visualize the treatment effect changes over
time. Otherwise, different methods and models to handle baseline measurements
are discussed in Section 5.5, and analytical expressions of variances of the estima-
tors of the treatment contrast from different methods are derived and compared.
A thorough simulation study is conducted to evaluate the performance of different
methods. A numerical example discussed in Section 5.2 is analyzed for illustration
purposes. Section 5.6 provides some discussion for this chapter. The proofs for the

results in Section 5.5 are deferred to the Appendix.

5.2 MOTIVATING EXAMPLES

Numerical examples of repeated measurements crossover experiments from the phar-
maceutical industry are used to motivate our study. Because these data are from real
studies, due to confidentiality issues, we can describe the studies only abstractly, and

we can not report the original data here either.
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The first example (Study I) is from a single-center, randomized, double-blind 2
x 2 crossover trial. In that experiment, 12 healthy males were randomly assigned
to one of two sequences, 6 in each sequence. The subjects in sequence AB received
treatment A first then followed by treatment B; the subjects in sequence B A received
the treatments in the reverse order. Between two periods, there were 14 days of wash-
out period. The data were collected repeatedly at 3 different time points (equally
spaced) before the treatments were assigned (off-drug day) and during the treatment
periods (on-drug day) for both periods.

The second example (Study II) is also from a single-center, randomized, double-
blind, but 4 x 4 crossover trial. There are 4 subjects in each sequences. Since period
effects are not significant, we will extract a 2 x 2 design by using two treatments
only for illustration purpose. So it is realized similarly as Study I except that the
data were collected repeatedly at 10 different time points (not equally spaced) on
both days in each period.

The goal of Study I is to compare the treatment contrast averaged over time,
and the goal of Study II is to detect trend of treatment changes over time. The
question is how to use the information provided by the baseline measurements more

efficiently in such studies.

5.3 STATISTICAL MODELS

For designs described in Section 5.2, in general, we assume that measurements are
obtained at ¢ (m = 1,2,...,¢) time points on both off-drug and on-drug days in
both periods in a AB/BA crossover trial, and we denote them by Xjjxm and Yijxm
respectively, where ¢ = 1,2, j = 1,2, k = 1,2,...,n; and m = 1,2,...,q are
the indices for period, sequence, subject within the j** sequence and time point,

respectively. Schematically, the data can be displayed as in Table 5.1.



Table 5.1 A Two-Period Crossover Trial with Repeated Measurements
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Sequence AB

Sequence BA

Period 1 off-drug day time 1 X111 Xiing1 X211 Xi2n,1
time 2 X112 Xiing2 X212 Xi2n,2
time q X111q Xllnlq X121q X12n2q

on-drug day time 1 Y11y Yitn1 Yion Yian,1
time 2 Y3110 Yiin,2 Yio12 Yion,2
time q }/111(] }/11711(1 Y121q Yianq

Period 2 off-drug day time 1 Xyq; Xotng1 Xoo11 Xoony1
time 2 Xoi9 Xoin,2 Xoo12 Xoon,2
time ¢ X211q X21n1q X221q X227L2q

on-drug day time 1 Yoy Yoin,1 Yoou1 Yoon,1
time 2 Yo119 Yo1n,2 Y010 Yo2n,2
time ¢ Y211q Y21n1q Y221q Y22n2q

From Table 5.1, each subject has 4¢q observations, which are from ¢ different

time points on four different days within two different periods. Here we assume

that days are nested in periods, but that times are crossed with days and periods.

So, besides the possible variations discussed in the case of single measurements,

additional sources of random variation may be due to different time points. Possible

additional fixed effects could be time effects and a treatment by time interaction.

Although the primary purpose of an experiment which uses crossover design is to

compare the treatment effects, if the treatment by time interaction is significant, it

is usually not meaningful to compare the average treatment effects. So we consider

a model with a treatment by time interaction to examine the change in treatment
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difference over time. If this interaction is not significant, then we ignore it to study
the average treatment effects. Thus, one possible model, with treatment by time
interaction, for the observations in the case of repeated measurements may be written

as

Yhijkm =u+m+ Dy, + 1T, + hTt(w‘) + h(TT)t(iJ)m (51)
+5jk + Cijk + Wikm + nijk + €hijim,

i=1,2 j=12 k=1,2...,n;, m=1,2,...,q, h=0,1,

where Y, i corresponds to Xk, when h = 0 and to Yijr, when h = 1, respectively.

Model 5.1 without treatment by time interaction can be written as
Yaijkm = i+ T + Dpi + T + A7y g) + ik + ik + Wikm + Ehijk + €nijkm-  (5.2)

The terms T, and (774, jym stand for a fixed time effect and treatment by time
interaction, respectively. The subject by time interaction wj, is the random effect
due to the k' subject in the j** sequence at the m** time point, and we assume that
Wjkm ~ N(0,0%). The term &% is the random effect of the k™ subject in the j™
sequence at the i period on the h'" day, and we assume that ;1 ~ N(0,02;). The
random terms s;; and (;;; have same distribution as in Chapter 4. For the random
eITor terms €p;jkm 'S, we consider two different assumptions for theoretical derivations.
First, as usual, we assume that the error terms are independently distributed as ep;jim
~ N(0,02). Second, as discussed in Section 5.1, we assume that random error terms
follow the first-order autocorrelated structure (AR(1)) for the different time points
m (equally spaced) for the same subject on the same day in the same period with
variance o2 and autocorrelation coefficient r. It is assumed that the random errors
and all other random terms are independent to each other. Other model terms have

the same interpretations as in Chapter 4.



From the model assumptions, we obtain

COI“I“(Xijkm, Y%/jkm) =

o +0%)/(02 + 02 + 0%+ 02+ 0?)

5.3.1 TESTING FOR THE TREATMENT BY TIME INTERACTION

First, we would like to use Model 5.1 to test for a possible treatment by time inter-
action. We use the motivating examples, and fit the data with different variance-

covariance structures for the random errors. Tables 5.2 and 5.3 present the results.

(o2 + afp +0%) /(0% + a§p +o04 +o2,+ 0% ifi=17,

if § £ 4.

Table 5.2 Results of Test for Treatment by Time Interaction for Study I

Var-cov F-value ProbF AIC AICC BIC
IND 1.68 0.1656 -142.5% -142.1%* -140.1°%*
AR(1) 1.63 0.1804 -140.6 -139.9 -137.6
CS 1.68 0.1656 -140.5 -139.9 -137.6
TOEP 1.68 0.1684 -140.6 -139.9 -137.6
ANTE(1) 1.57 0.2016 -135.1 -133.7 -130.8
SP(POW)(t) 1.81 0.1395 -140.6 -139.9 -137.6
SP(EXP)(t) 1.28 0.2883 -140.6 -139.9 -137.6

Table 5.3 Results of Test for Treatment by Time Interaction for Study II

Var-cov F-value ProbF  AIC AICC BIC
IND 3.77 < .0001 4159.5 4159.6 4162.6
AR(1) 3.21 < .0001 4156.5 4156.6 4160.3
CS 3.77 < .0001 4161.5 4161.6 4165.4
TOEP 3.37 < .0001 4164.7 4165.3 4174.0
ANTE(1) 2.76 0.0004  4170.9 4172.6 4187.9
SP(POW)(t)  3.24  <.0001 4152.1*  4152.2%  4156.0 *
SP(EXP)(t) 325  <.0001 4152.1%  41522%  4156.0 *

In Tables 5.2 and 5.3, the abbreviated names of the variance-covariance structure

“IND”, “AR(1)”, “CS”, “TOEP”, “ANTE(1)”, “SP(POW)(t)” and “SP(EXP)(t)”
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7

stand for “Independent”, “Autoregressive (1)”, “Compound Symmetry”, “Toeplitz”,
“Ante-dependence (1)”, “Spatial Power (t)” and “Spatial Exponential (t)”, respec-
tively. The examples for the structures “ANTE(1)”, “TOEP” and “SP(POW)” can

be displayed as

) o2 o1 09 O3 1 pd12 pd13 pd14
o 0102p1 01030102 ) J J J
) oy 0° o0, 09 102 pra 1 pras ptan
010201 o 0203pP2 | > ) and o . . a
) oy 01 O0° 0 pL a2 1 pras
030102P1 030202 03 ) p p p
o3 0y 01 O P 41 p 42 p 43 1

respectively, where d;; is the absolute distance between the i and gt observations.

“F-value” and “ProbF” are the values of the test statistic and p-values for tests
for a treatment by time interaction. “AIC”, “AICC” and “BIC” are model selection
criteria. From the tables, models with independent variance-covariance structure for
Study I and Spatial structure for Study II have the smallest AIC, AICC and BIC.
However, different variance-covariance structures lead to the same conclusion for
the significance of treatment by time interaction. Clearly, the treatment by time
interaction is not significant for Study I, but it is for Study II. So we will use Study
IT as an example to demonstrate the graphical methods to study the treatment effect
changes over time, and use Study I to study treatment effects averaged over time by

using different methods to incorporate the baseline measurements.

5.4 GRAPHICAL METHODS FOR TREATMENT EFFECTS OVER TIME

As seen in Section 5.3, the treatment by time interaction from Study II is significant.
We will use graphical methods to display how the treatment effects change over time.
Most often in repeated measurements crossover designs with no baselines, profile
plots are used of the response versus time points for each period for each individual
(Putt and Chinchilli, 1999; Jones and Kenward, 2003). The latter also mentioned

the possibility of plotting treatment differences from the original data, against the
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different time points for each treatment group, either individually or averaged over
each sequence.

In the presence of the baseline measurements, every subject has four observations
at each time point. By focusing on a fixed time point, we are back to a situation
similar to that in Chapter 4 and estimators obtained there suggest now how to esti-
mate the treatment difference at that time points. As an illustration, we consider the
method of retaining baseline measurements as part of the response vector. Based on
the results from Chapter 4, we use coefficients (p,,, —1, —pm, 1) and (—ppm, 1, pm, —1)
for the first and second sequence, respectively, for estimating 75 — 74 at a particular
time point, where p,, can be obtained by estimating o2,/(c2, + 0?7), 02, and o7 are
estimated based on the measurements on time point m. These linear combinations
are calculated for each subject at each time point, and the resulting values can be

plotted against time for each subject or averaged over each sequence.
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Treatment Effect Changes over Time for Each Subject
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Figure 5.1: Treatment Effect Changes over Time for Each Subject

Figure 5.1 shows the plot for each subject, where subjects 1-8 belong to sequence
AB and subjects 9-16 to sequence BA. However, from Figure 5.1, it is difficult to
recognize any trend of change in treatment differences over time. Figure 5.2 displays

averages over each sequemnce.
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Treatment Effect Changes over Time for Each Sequence
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Figure 5.2: Treatment Effect Changes over Time for Each Sequence

From Figure 5.2, there is a clearer pattern of treatment effect change over time.
Most of the plotted points are greater than zero, which indicates that the effect
of treatment B is larger than the effect of treatment A. In addition, in general, the
treatment effect first increases with time, and then decreases after reaching a peak at
the middle time points. A polynomial growth curve might be appropriate to study
the overall trend of treatment effect changes over time, and the estimates of the
parameters of the growth curves can be obtained by the same approach used in the

analysis of variance for basic designs.
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5.5 METHODS TO INCORPORATE BASELINE MEASUREMENTS TO STUDY AVERAGE

TREATMENT EFFECTS

5.5.1 METHODS AND MODELS

If the treatment by time interaction is not significant, we consider Model 5.2 to study
the average treatment effects. Similar to the case of single measurements, we consider
four different methods to incorporate the baseline measurements in the analysis. We
start from Model 5.2, and obtain the corresponding models for the other methods.
In addition, we consider both time-matched baselines and averaged baselines when
using either change from baseline measurements or using baseline measurements as
a covariate in this section.
Thus, the various models are:
1) Retain the baseline measurements as part of the response vector as in Model 5.2;

2) Ignore the baseline measurements, and use the observations for outcomes only:
Yijkm = 0+ 7 + Doy + Tugig) + Sjk + Gk + Wikm + €ijim (5.3)

3) Use change from baseline measurements as the response variable:

3a) Time-matched baselines:
Yijkm — Xijkm = b+ T + Teig) + CGigk + €ijkm (5.4)

3b) Averaged baselines:

Yijem — Xijk. = p+ m + Ty + Toii gy + Gijke + Wikm + €ijkm (5.5)

4) Use baseline measurements as a covariate and model the outcomes conditional on
the covariate:

4a) Time-matched baselines:

Yijkm = p+ 7 + T + Tigig) + BTijrm + Sk + Cijk + Wikm + €ijim (5.6)
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4b) Averaged baselines:

Yijkm = b+ 7 + T + Tugig) + BTijr. + Sjk + Cijk + Wikm + €ijkm (5.7)

In Models 5.5 and 5.7, the wjy,’s follow a compound symmetric correlation struc-
ture, while the €;;1,,’s follow a compound symmetric structure or Toeplitz correlation
structure for an independent or AR(1) structure in Model 5.2, respectively. All other
random terms in Models 5.3-5.7 have the same distribution as they do in Model 5.2.

Assuming that variance components are known, we can obtain the Best Linear
Unbiased Estimators (BLUE) of the treatment contrast for Models 5.2-5.7. The
results are presented in Tables 5.4 and 5.5 for independent and autocorrelated

random errors respectively. The proofs of the results are deferred to the Appendix.

Table 5.4 BLUESs for Estimating the Treatment Contrast

(random error terms are independent)

Model Estimator

5.2 ! [5711 + Yoo, — Yio, — Yoy — P(Xn.. + Xoo. — X2, — X21..)]

2
5.3 %(Yn + Yoo — Vi — YQL.)
5.4 & 5.5 %[Yn + Yoo — Yio, — Yor. — (X115, + Xop. — X190, — Xo1.)]
5.6 %[5711 + Yoo = Yio. = Yo = Bi(ZTu1. + Toa. — Tra. — To1 )]
5.7 %[_11.. + Yoo, = Yio. = Yo — Bo(T11. + oo — T2, — T )]

2 2 2 2 2 2
s +Usp+ast T +Usp+gst/q

p: —ng ﬁ = /6 =
oo to2/a’  PL T otvof 4o+l 02’ 2T 02402402 4 (0% +02)/a
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Table 5.5 BLUEs for Estimating the Treatment Contrast

(random error terms follow AR(1))

Model Estimator
5.2 %{Z(r]nzl G [YVirm + Yoo — Yizm — Yarm — p(Xi1m + Xozm — Xi2.m — Xovm)]}
5.3 %{22:1 G (Yirm + Yoom — Yizm — Yorm)}
5.4 %{Z?n:l G Yir.m + Yoo — Yiom — Yorm — (Xi1m + Xoom — Xizm — Xo1.m)]}
55 {37 i[om(Yitm + Yoo — Yiowm — Yorm)] — (X114 Xoo. — X120, — Xo1.)}
5.6 %{Zgnzl G [Yit.m + Yooun — Yizm — Yorm — B1(Z11m + Ta2.m — T12.m — Ta1m)|}
5.7 %{23,1:1[¢m(?11.m + Yaom — Yioam — Yorm)] — Bo(Z11.. + Toa. — T1z. — T21.)}

p= ng+agd+q—(1;_j2)ra€2, Om = L ) ’
o iftm=2,---,q—1
ﬁl _ U§+U§p+‘7§t 62 — U§+U§p+agt/q

— 52452 2 2 2 2
02402 40, +0s +o o 1—r2)g—2r(1—r4
S p st T sd e o3+03p U?d gt : q%%17r§2 : i

When random errors are independent, we can see from Table 5.4 that the BLUE
for the treatment contrast is comparable to the results in Table 4.2, and it is a
linear combination of the averages over subjects and different time points for the
two periods and two sequences. However, when random errors follow the AR(1)
structure, as we can see from Table 5.5, the BLUE of the treatment contrast is no
longer a linear combination of the }_Qj,,’s and Xij,,’s, but becomes a weighted average
of the Yj;,,’s and X,;,,’s. In addition, the weight is 1/[q¢ — (¢ — 2)r] for the first and
last time points, and is (1 — r)/[q — (¢ — 2)r] for all other points.

Tables 5.6 and 5.7 present the results for the corresponding variances of the
BLUE:S for the treatment contrast for independent and AR(1) random errors, respec-

tively.



Table 5.6 Variances of BLUEs for the Treatment Contrast

(random error terms are independent)

Model Variance
52 e Cr T et
5.3 e (05 + 00+ 02/4)
54 & 5.5 7%“—;‘22[2(0301 +0%/q)]
5.6 a2 [(1 = B1)%0l, + (1 + BY) (0% + 02/q)]
5.7 S (L = B2)?02, + (1 + 53) (0% + 02/q)]

Table 5.7 Variances of BLUEs for the Treatment Contrast

(random error terms follow AR(1))
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Model Variance

1 1
(202, 402+ —5-02) (02 )+ — 5 02)

5.9 ni+tng q—(q—2)r : q—(q—2)r
2niny 02ty t (a0l

nitna ( 12 2 1+r 2
5.3 G2 (o, + 05+ o?)

2ning q—(q=2)r "€
5.4 BR[04 i 0?)]
5.5 umy(p? 4 Lt g2)] 4 mutm Ros(gmrnthor
5.6 SEER[(1— B)*os, + (14 B) (0% + s 5:00)]

2n1no

nitn r ni4no 201 (g—2m)r(m+1) g2
5T BRI — )0, + (1+ B)(0% + o)) + s Bt

q—(q—2)r "€ ning

To compare the variances for different models, similar to the case of single mea-

surements, we can write some of variances as a function of p in Table 5.8. We also

rewrite the variances that are more complicated and are not easily written as a

function of p in the similar forms in Table 4.2 by using a; — ay.
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Table 5.8 Variances of BLUEs for the Treatment Contrast

Model Independent AR(1)
5.2 Zﬂﬁj (14 p)(02+02/q) Z;TZ; (14 p)(oZ;+ q,}jfg)m?)
5.3 gtmil(02,+02/q) St (03 + o 00)
54 5205 +0l/q) 52203, + i n00)]
5.5 GinE2(ol+0l/q) e 2005+ ol o
5.6 (1t a)(oh+olfa) BRI+ as)(0d + = 500)]
5.7 SE(1+ ay)(02; + 02/q) S (1 + aa) (0% + 00 +
_ nitng Sy (a=2m)r(m o2
€1~ in ?la—(g=2)r]

In Table 5.8, aj-a4 are very complicated and depend on the values of the vari-
ance components. As seen from Tables 5.4 and 5.5, for using change from baseline
measurements, the BLUEs of the treatment contrast for time-matched baselines and
averaged baselines are the same when random errors are independently distributed;
however, they are different when random errors follow an AR(1) structure. This is
also true for the corresponding variances for these estimators. In addition, for the case

of AR(1) random errors, compared to the variance from time-matched baselines, the

ni+ng 23{:11 (q—2m)7"(m+1>052
ninz ?lg—(q—2)r]

variance from averaged baselines has the additional term
This additional term can be shown to be nonnegative if r is nonnegative. This indi-
cates that the variance using averaged baselines is larger than the variance using
time-matched baselines. However, for using baseline measurements as a covariate,
the results are more complicated because of different 3; and (5 in Models 5.6 and
5.7.

From Table 5.8, we see that the general patten of the variances is similar to
the case of single measurements in Table 4.2. However, when random errors are
independent, the parameter p is 02,/(03, + 02, + 02/q) and o7 in Table 4.2 is now

replaced by 02,402 /q. When random errors follow an AR(1) structure, the parameter
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pis o2, /(o2 402+ qi;g)r 0?) and 02 in Table 4.2 is now replaced by 02,4+ qf%;;g)r o2,

Furthermore, when random errors follows an AR(1) structure, the comparison is
rather complicated because of the additional term for the averaged baselines, though
this is relatively small. Moreover, the a;’s in Table 5.8 are different and complicated.
Therefore, in a repeated measurements crossover design, it is not possible to compare

the variances of different methods simply based on the values of the parameter p.

5.5.2 SIMULATION STUDY

In this section, we conduct a simulation study for an AB/BA crossover design with
repeated measurements to evaluate the performance of the discussed methods for
incorporating the baseline measurements.

As discussed in Section 5.2, we consider two different assumptions for the random
error terms to generate the data. That is, we generate data based on Model 5.2
both for independent and autocorrelated random errors. As in the case of single
measurements, we generate the data by setting ¢ = 100 and taking other fixed
effects equal to zero. We also set 74 — 73 = 0 and 74 — 73 = 0.5 for the evaluation

of type I error rate and power, respectively, for testing HO : 74 = 75. The relative

2 2

2 2 2
o:, 05 and oz, to o2, and we can

efficiencies depend on the relative value of o3, o7,

set 02 = 1. We let 02, 0% and o2, all take the values 0.1, 1 and 10. Therefore, we

2

have 27 combinations (see Table 5.9) for the variance components o2, 02, o2, and

2

2
o;. For o,

we select each time a value so that the parameter p is 0, 0.2, 0.4, 0.5, 0.6
and 0.8. If the random error follows an AR(1) structure, then we consider values for
the autocorrelation coefficient r of 0.2, 0.5 and 0.8. We also consider different time

points g of 3, 6 and 10. For each sequence we use 24 subjects.
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Table 5.9 Values of 02, 02, 0% and o2, for the Simulation Study

ER

Case o? o2 o2 o2
1 1 1 1 1
2 1 10 1 1
3 1 0.1 1 1
4 1 1 10 1
5) 1 10 10 1
6 1 0.1 10 1
7 1 1 0.1 1
8 1 10 0.1 1
9 1 0.1 0.1 1
10 1 1 1 10
11 1 10 10
12 1 0.1 1 10
13 1 1 10 10
14 1 10 10 10
15 1 0.1 10 10
16 1 1 0.1 10
17 1 10 0.1 10
18 1 0.1 0.1 10
19 1 1 0.1
20 1 10 0.1
21 1 0.1 0.1
22 1 1 10 0.1
23 1 10 10 0.1
24 1 0.1 10 0.1
25 1 1 0.1 0.1
26 1 10 0.1 0.1
27 1 0.1 0.1 0.1

Each time the simulated data are analyzed by using PROC MIXED in SAS for
each of the methods discussed in Section 5.2. With 24 subjects in each sequence, we
do not use any degree freedom adjustment. Due to the complication of the variance-

covariance structure, there is a convergence problem. More than 5000 times are
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simulated for each scenario. The results for the first 5000 times in which convergence
occurs for all methods are used as the simulation results.

The results of REs for different methods does not depend on the value of 74 — 75,
therefore, we do not present the results from the case of 74 — 75 here. Table 5.10
presents the results of Case 1 in Table 5.9 for independent random errors when ¢ = 6.
The variables in each column have the same interpretation as they do in the case
of single measurements. Recall from Chapter 4, SE _est is the mean of the estimated

standard errors for 74 — 75, SE_rediff is the relative difference between SE_est and

SE_MC and is computed as SE=<t=8EMC 5 100%.
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Table 5.10 Results of Case 1 for Independent Random Errors when ¢ = 6

p Methods 74 — 7 SE_est SE_rediff RE Type I error
0 Baselines in response vector -0.0010 0.2211 -0.25 99.34 4.78
Ignore baselines -0.0005 0.2196 -0.40 100 5.34

Change from baselines (T-match) 0.0018 0.3107 -0.75 70.67 5.52
Change from baselines (Average) 0.0018 0.3104 -0.84 70.74 5.78
Baselines as a covariate (T-match) 0.0005 0.2388 -1.17 91.97 5.62
Baselines as a covariate (Average) 0.0002 0.2412 -1.00 91.05 5.42

0.2 Baselines in response vector -0.0016 0.2393 -2.33 100 6.10
Ignore baselines -0.0017 0.2456 -0.73 97.42 5.68
Change from baselines (T-match) -0.0032 0.3108 -1.73  76.99 5.68
Change from baselines (Average) -0.0032 0.3100 -2.00 77.2 5.88
Baselines as a covariate (T-match) -0.0025 0.2473 -2.33  96.76 6.12
Baselines as a covariate (Average) -0.0024 0.2544 -2.04 94.07 6.20

0.4 Baselines in response vector 0.0018 0.2584 -1.60 100 5.78
Ignore baselines 0.0047 0.2830 -1.28 91.33 5.76
Change from baselines (T-match) -0.0006 0.3106 0.69  83.19 5.04
Change from baselines (Average) -0.0006 0.3095 0.34  83.49 5.36
Baselines as a covariate (T-match) 0.0020 0.2585 -1.11  99.97 5.66
Baselines as a covariate (Average) 0.0009 0.2670 -0.26  96.80 5.38

0.5 Baselines in response vector -0.001 0.2678 -0.74 99.47 5.12
Ignore baselines -0.0041 0.3091 0.04 86.16 5.70
Change from baselines (T-match) 0.0024 0.3110 0.18  85.64 5.00
Change from baselines (Average) 0.0024 0.3103 -0.06 85.84 5.12
Baselines as a covariate (T-match) -0.0012 0.2663 -0.93 100 5.78
Baselines as a covariate (Average) -0.0002 0.2740 0.10  97.20 5.34

0.6 Baselines in response vector 0.0030 0.2766 -0.49 99.90 5.36
Ignore baselines 0.0033 0.3457 -0.25 79.92 5.62
Change from baselines (T-match) 0.0024 0.3107 -0.29 88.93 5.20
Change from baselines (Average) 0.0024 0.3097 -0.62 89.22 5.54
Baselines as a covariate (T-match) 0.0029 0.2763 -0.90 100 5.38
Baselines as a covariate (Average) 0.0029 0.2806 -0.22 98.45 5.44

0.8 Baselines in response vector -0.0012 0.2939 -2.01 100 6.02
Ignore baselines -0.0030 0.4866 -2.15 60.40 5.64
Change from baselines (T-match) -0.0005 0.3107 -1.15  94.58 5.48
Change from baselines (Average) -0.0005 0.3097 -1.48 94.91 5.72
Baselines as a covariate (T-match) -0.0019 0.3100 -3.65 94.82 6.48
Baselines as a covariate (Average) -0.0007 0.2956 -1.61  99.44 6.02
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From Table 5.10, we can see that the averages of the estimates of the treatment
contrast are close to the true value of 0. Small values of SE_rediff indicates that
SE_est is close to SE_MC, and the type I error rate maintains the nominal level of
5%. The estimates of the treatment contrast are the same for time-matched and
averaged baselines when using change from baseline measurements as the response
variable, as anticipated from Table 5.4.
We display the relative efficiencies for the different methods at each combination
of the variance components in Figures 5.3-5.5.

Relative Efficiencies Under Different Scenarios
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Figure 5.3: Relative Efficiencies for Each Method at Different Values of the Param-
eter p for the First 9 Cases (02;/02 = 1) in Table 5.9 when ¢ = 6 and Independent
Random Errors
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Relative Efficiencies Under Different Scenarios
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Figure 5.4: Relative Efficiencies for Each Method at Different Values of the Param-
eter p for the Second 9 Cases (02,/0? = 10) in Table 5.9 when ¢ = 6 and Independent
Random Errors
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Relative Efficiencies Under Different Scenarios
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Figure 5.5: Relative Efficiencies for Each Method at Different Values of the Param-
eter p for the Last 9 Cases (02;/02 = 0.1) in Table 5.9 when ¢ = 6 and Independent

Random Errors
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From Figures 5.3-5.5, we can see that the relative efficiencies of Models 5.2-5.5
are similar for all 27 choices of the variance components, reflecting that they are
only a function of p. The general pattern for these efficiencies is also similar to
what for the case of single measurements, regardless of the different values for the
variance components. It is virtually impossible to recognize the plot for Model 5.4,
since it is coincides with that for Model 5.5. The same performance of time-matched
(Model 5.4) and averaged baselines (Model 5.5) for using change from baselines as the
response variable is as expected. However, the change of REs is complicated for using
baseline measurements as a covariate: time-matched baselines and averaged baselines
demonstrated differently not only at different values for the parameter p, but also
for different ratios of the variance components. For example, the RE of using time-
matched baselines as a covariate (Model 5.6) performs similarly for different values of
02,/0? and 02, /02, but demonstrates differently for different values of 02/0?. The RE
does not change very much at different values of the parameter p when ¢2/0? = 1,
but increases significantly as p increases when 02 /02 = 10, and decreases significantly
as p increases when 02/0? = 0.1. In addition, the RE at small and larger value of p
could be relatively small for 02/02 = 10 and ¢2/0? = 0.1, respectively. However, the
RE of using averaged baselines as a covariate (Model 5.7) increases as p increases,
and it is relatively larger when ¢2,/0? = 10. When ¢%;/02 = 1 and ¢?%;/0? = 0.1,
the RE of using averaged baselines increases dramatically as p increases except for
Cases 3, 9, 21 and 27.
To see the effect of a different number of time points ¢, we display the relative

efficiencies for Cases 1, 15 and 27 in Table 5.9 at ¢ =3, 6 and 10 in Figure 5.6.
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Relative Efficiencies Under Different Scenarios
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Figure 5.6: Relative Efficiencies for Each Method at Different Values for the Param-
eter p and with Different Number of Time Points for Cases 1, 15 and 27 in Table
5.9

From Figure 5.6, for these particular choices of the random components, we can
see that the relative efficiencies are similar for various methods at different time
points except when using time-matched baselines as a covariate. The RE for using
time-matched baseline measurements as a covariate decreases as the number of time
points increases when p is larger for Cases 1 and 27. There is almost no difference
for Case 15.

Next, we present the results of a simulation study for the case that random
errors follow an AR(1) structure. First, we focus on ¢ = 6 and r = 0.8 for the 27
combinations in Table 5.9. Then we study at different values for ¢ and r for one
particular choice. Table 5.11 presents the results for Case 1 in Table 5.9 when ¢ = 6
and r = 0.8.
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Table 5.11 Results for Case 1 in Table 5.9 for AR(1) Random Errors (¢ = 6,7 = 0.8)

p  Methods 74 — 7 SE_est SE rediff RE Type I error
0.0 Baselines in response vector -0.0012 0.2625 -0.03 99.42 5.02
Ignore baselines -0.0009 0.2610 -0.09 100 5.86

Change from baselines (T-match) -0.0007 0.3692 0.11  70.68 4.80
Change from baselines (Average)  0.0000 0.3719 0.17  70.17 5.08
Baselines as a covariate (T-match) -0.0008 0.3193 -2.45 81.72 5.50
Baselines as a covariate (Average) -0.0006 0.2785 -0.38 93.71 5.34

0.2 Baselines in response vector -0.0004 0.2838 -0.90 100 4.86
Ignore baselines -0.0009 0.2907  0.40 97.64 4.94
Change from baselines (T-match) -0.0040 0.3689 -1.11  76.94 5.26
Change from baselines (Average) -0.0049 0.3713 -1.01 76.44 5.38
Baselines as a covariate (T-match) -0.0032 0.3208 -3.31 88.47 5.54
Baselines as a covariate (Average) -0.0027 0.2968 -0.59  95.62 5.40

0.4 Baselines in response vector 0.0045 0.3069 -3.30 100 6.14
Ignore baselines 0.0044 0.3355 -2.23 91.46 6.10
Change from baselines (T-match) 0.0043 0.3691 -2.27 83.13 5.64
Change from baselines (Average)  0.0047 0.3712 -2.38  82.67 5.72
Baselines as a covariate (T-match) 0.0039 0.3241 -4.70 94.70 6.42
Baselines as a covariate (Average) 0.0043 0.3155 -2.46 97.26 5.94

0.5 Baselines in response vector 0.0002 0.3183 -1.45 100 5.52
Ignore baselines 0.0029 0.3684 -0.87 86.41 5.72
Change from baselines (T-match) -0.0013 0.3695 0.09  86.14 5.12
Change from baselines (Average) -0.0014 0.3723 0.13  85.5 5.56
Baselines as a covariate (T-match) -0.0004 0.3273 -2.65 97.25 6.12
Baselines as a covariate (Average) -0.0004 0.3255 -0.49 97.78 5.74

0.6 Baselines in response vector 0.0022 0.3284 -0.23 100 5.52
Ignore baselines -0.0045 0.4105 -1.25 80.00 5.68
Change from baselines (T-match) 0.0063 0.3689 0.99  89.03 4.94
Change from baselines (Average) 0.0061 0.3706 0.41  88.61 5.50
Baselines as a covariate (T-match) 0.0036 0.3292 -1.69 99.76 5.92
Baselines as a covariate (Average) 0.0031 0.3338  0.04  98.37 5.98

0.8 Baselines in response vector -0.0034 0.3492 -0.19 97.76 4.98
Ignore baselines 0.0019 0.5756 -1.29 59.31 5.58
Change from baselines (T-match) -0.0052 0.3692 0.36  92.45 5.02
Change from baselines (Average) -0.0043 0.3717 0.24  91.83 4.94
Baselines as a covariate (T-match) -0.0034 0.3414 -2.25 100 5.74
Baselines as a covariate (Average) -0.0028 0.3537 0.41  96.51 5.00
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As anticipated from Table 5.5, the estimates of the treatment contrast from time-
matched and averaged baselines are different both for using change from baselines as
the response variable and for using baseline measurements as a covariate. When using
change from baselines as the response variable, SE_est of time-matched baselines is
slightly smaller than averaged baselines.
We present the relative efficiencies of the different methods at each combination
of the variance components when ¢ = 6 and r = 0.8 in Figures 5.7-5.9.
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Figure 5.7: Relative Efficiencies at Different Values of the Parameter p for the First
9 Cases (0%;/0? = 1) in Table 5.9 of the Variance Components when ¢ = 6 and
AR(1) Random Errors with » = 0.8
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Figure 5.8: Relative Efficiencies at Different Values of the Parameter p for the Second
9 Cases (02,/0% = 10) in Table 5.9 of the Variance Components when ¢ = 6 and
AR(1) Random Errors with » = 0.8
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From the simulation results, when using change from baseline measurements as a
response variable, SE_est of time-matched baselines is slightly smaller than averaged
baselines. However, from Figures 5.7-5.9, we can only recognize the difference for
some cases. That is because that the additional term ¢; is too small to be detected
in the figures. This results are confirmed by our theoretical results. For using baseline
measurements as a covariate, the comparison is complicated as already seen for the
case of independent random errors, and the pattern of the REs at different values
of variance components is similar to the pattern in the case of independent random
errors except when o2, /02 = 1, where the RE of using time-matched baselines also
increases as p increases.
Next, we present the relative efficiencies at different values for the number of
time points ¢ for Cases 1 and 27 in Table 5.9 when r = 0.8 in Figure 5.10.

Relative Efficiencies Under Different Scenarios
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Figure 5.10: Relative Efficiencies for Each Method at Different Values of the Param-
eter p at Different Values for the Number of Time Points
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From Figure 5.10, we cannot see much difference for the general pattern of RE

at different time points for Case 1. However, for Case 27, the RE of using averaged

baselines as a covariate decreases as time points increases at larger values of p. For the

method of using change from baseline measurements as a response variable, time-

matched baselines performance slightly better than averaged baselines, especially
when the number of the time points is larger.

Figure 5.11 shows the effect of different autocorrelation coefficients on the RE.

The number of time points and the values of the variance components were fixed at

g = 6 and the combination for Cases 1 and 27 in Table 5.9.
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Figure 5.11: Relative Efficiencies for Each Method at Different Values of the Param-
eter p for Different Autocorrelation Coefficients

From Figure 5.11, there is no much difference for the general pattern of RE at

different autocorrelation coefficients r except for using time-matched baselines as a
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covariate. The RE of time-matched baselines increases as r increases at large value

of p, and decreases as r increases at small value of p for Cases 1 and 27, respectively.

5.5.3 NUMERICAL EXAMPLES

We return to the numerical example from Study I that we introduced in Section 5.3.
From the results in Section 5.3, the treatment by time interaction is not significant, so
we will compare the discussed methods for incorporating the baseline measurements.

The results in Table 5.2 suggested that independent variance-covariance struc-
ture is the best for the random errors. From the data analysis based on Model
5.2 with independent variance-covariance structure, we obtained 62 = 0.02235,
62, = 0.00031, 62 = 0.00033, 62, = 0.00085 and 6> = 0.01060. So the parameter
p = 0.00031/(0.00031 4 0.00086 + 0.01060/3) = 0.0659, which is close to zero. We
would thus expect that retaining the baseline measurements as part of the response
vector and ignoring baseline measurements would have high relative efficiencies. We

present the results for the different methods in Table 5.12.

Table 5.12 Analysis Results for the Example with Repeated Measurements

95%CI
Methods Estimate SE RE  Lower Upper P-value
Baselines in response vector 0.0629 0.0298 93.13 0.0020 0.1238 0.0433
Ignore baselines 0.0618 0.0277 100.00 -0.0000 0.1236 0.0500

Change from baselines (T-match)  0.0787 0.0385 72.04 -0.0014 0.1588 0.0537
Change from baselines (Average)  0.0787 0.0359 77.19 -0.0014 0.1588 0.0533
Baselines as a covariate (T-match) 0.0678 0.0284 97.76 0.0045 0.1312 0.0383
Baselines as a covariate (Average) 0.0758 0.0334 82.96 0.0005 0.1511 0.0487

From Table 5.12, the RE when ignoring baseline measurements is 100 %, while
the REs for retaining baseline measurements as part of the response vector and

for time-matched baselines as a covariate are also high. However, the RE for using
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change from baseline measurements is relatively low for either type of baselines.
The results indicate that we should either ignore the baseline measurements or use
time-matched baselines as a covariate, or retain baseline measurements as part of
the response vector. For this example, the number of time points is 3, which is
relative small; the parameter p is also relative small. For the variance components,

the estimates of the ratio of 02, ¢% and o2, to o2 are around 2, 0.03, and 0.08

respectively. This is close to Case 25 in Table 5.9, and the RE for Case 25 in Figure
5.5 indicates that the time-matched baselines as a covariate has high RE at small

value of p. So the results of RE in this study are confirmed from our simulation

results.

5.6 DISCUSSION, CONCLUSION AND RECOMMENDATION

In this chapter, we extended our study in Chapter 4 to accommodate repeated mea-
surements within each period both for the baseline measurements and the response
variable. We introduced a preliminary test for the treatment by time interaction,
and considered different analyses based on whether this interaction term is statisti-
cally significant. When the interaction term is significant, we proposed a graphical
method to study the change in treatment differences over time. Alternatively, if
the interaction term is not significant, we studied different methods to incorporate
baseline measurements for estimating the treatment contrast. We considered two
assumptions for the random error terms.

In general, similar to the case of single measurements, we find that retaining
baseline measurements as part of the response vector has the largest relative effi-
ciency among all the methods as long as the parameter p is not vary small. When the
parameter p is close to zero, ignoring baseline measurements has a larger relative effi-

ciency. However, when the parameter p increases, the relative efficiency for ignoring
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baseline measurements decreases dramatically. When using change from baseline
measurements as the response variable, time-matched baselines perform better than
averaged baselines for an AR(1) random error structure, especially when the number
of time points is large and the autocorrelation coefficient is large. When using base-
line measurements as a covariate, the comparison is complicated, since it depends
on the estimator of 3, which in turn depends on ¢, ¢% and o2,. Using baselines
as a covariate can be more or less efficient than other methods depending on the
variance components. Regardless of whether time-matched or averaged baselines are
used, the RE for using change from baselines can be clearly less than for retaining
baselines in the response vector, and is never much more.

In general, if possible, we would suggest to collect the baseline measurements,
and retain them as part of the response vector to do the analysis. Using change from

baseline measurements should be avoided.

APPENDIX

We now present details for a proof of the results in Table 5.5.
Theorem 5.1 Under the Aitken model E(Y) = X3, Var(Y) = 02V, where V is p.d.,
a®Y is the BLUE of its expected value (i.e., of a X 3) if and only if Cov(a’Y,ITY) =

0 for all vectors [ for which 7Y is an unbiased estimator of 0 (i.e. E(I"Y) = 0).

Theorem 5.2 For Model 5.2, under the assumptions that the random error terms
follow an AR(1) process, variance components and autocorrelation coefficient r

are known and all the time points are equally spaced, the BLUE of 74 — 75 is

%{anzl Om D_/llm —Yo1.m — Yiom + Yoom — p(Xll.m — Xo1m— Xiom+ X22.m)] }, where

1 .
ifm=1
Do = q—(q—2) 4 and p = o2
" 1-r oG tolat i ar0f

itm=2,--- ,g—1
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Proof: When random error terms follow an AR(1) process, Model 5.2 can be

written in matrix notation as follows:
Y = ,u14nq + X17T + XQD + X3T + XdT + Z0$ + Z1C + ZQS + Zgw + €,
where

X1:1n®[2®12q7 X2:1n®14®1q7 X3:1n®14®jq7

T T

- . - 01 00 00 01
Xa= (X1 X+ Xaon,)” @1y, Xak= and X o= ;
0 0 01 01 00

Zo=1,®1y, Z1=1,00LQ1y, Z=0L81L®1l, Z3=I1,81,®I,

and s, ¢, £ and w are independently normally distributed with their elements being

2 2 2 2
os, 05, and o,

independently normally distributed with mean 0 and variances 0%, 0%,

respectively, Var(e¢) = o(I, ® I, ® A). Here the ¢ X ¢ matrix A is given by A

1 rooe paTl
T 1 . a2

e Lo I

Let the proposed estimator of 74 — 75 in the statement of Theorem 5.2 be a”Y
with a”=(afy, -+, af,,, a3y, ---, a3,,), Where a, = (ady;p, Of 15, Ohojn A1a;p,)- Thus
aniji is the g X 1 vector (apije1, -, Qhijkg)” With apijem = %A(—l)“*”%gbm where
A=1for h=1and A\ = —p for h = 0. It is easy to verify that a’Y is a linear
unbiased estimator for 74 — 75. To prove that a’Y is also the BLUE of 74 — 75, by
Theorem 5.1 we need to show that Cov(a’Y,I"Y) = 0 for all [ such that E(ITY) = 0.

Let I" = (Ify, -+, U5 131, -+, 13,,), where ljj';c = (lgljka l1T1jk7 loszka lﬂjk) and lpij

is a ¢ x 1 vector. Based on Model 5.2, we have that E(I"Y) = 0 if and only if

"X, =07, 1" X3 = 07 and "X, = 07, i.e., we have
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"X,

"X,
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lT(l ®I4®1)

ZZZ (I, ®1,)

71=1 k=1

2 n;

ZZ(lgljk1q7 115k q7l52jk q’llTQJqu)

=1 k=1

07, (5.8)

lT(l ®14®1)

ZZZ (14, ® 1)

=1 k=1

Sy

Jj=1 k=1 h=0 i=

o (5.9)

2

lhz]k
1

ZT(Xglla Xc%iQ? o 'Xg2n2>T ® 1q

2 n;
Z Z lng<dek ® 1q)

=1 k=1
T T
s 01 00 12 0 001
Z I( ®1,) + Z Lo ( ®1,)
k=1 00 01 k=1 01 00

lellkl +Zl122k qullmkl +lel2k

oT. (5.10)
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Based on the model assumptions for the random components and using that

subjects are independent to each other, we have

Cov(a™Y,ITY)
=a’Var(Y)l

=o2(a" ZyZl'1) + Jgp(aTZlZlTl) + 0%, (aT ZoZ11) + 02 (a* Z3ZT1) + o2[a”

= o2[a” (I, ® Ju,)l] + ng[aT([n ® I, @ Jog)l| + o2y[a” (I, @ [y ® J,)]]
+o2[al (I, ® Jy ® I)l] + o[a” (I, ® I @ A)]]

=Y el

(a ]kJ4q Lik) + (7 [ jk(IQ ® Jog)ljr] + Ugd[a?k([4 ® Jy)ljx]

+oiaj(Jo @ I)l] + o2[aj, (I @ A)ljil}

Because ao1jkm = —ao2jkm and @iijkm = —a12jkm, it is easy to obtain that

Z_] 1Zk o3 (a gk;J4qle) 0 and 2] 121«: 1 0%[a jk(’]4 ® I)ljr] = 0. Furthermore,

we have

25:1 ZZ;[%Tk:(& ® Jaq)Lji]

= 2371 an—

[(agljk + allek)JQ<l01jk + lige) + (ag2jk + alTij)Jq(lmjk + ligji)]

= Z] Dy W(ade + afie) Jolone + Lok — logjr — ligjn)]
= Ylil(adiie + afi) JoUorik + liank — lozwk — liaa)]

+ o 1[(%1% + af190) Jq(lorze + liiok — lozok — li2ok)]

_ 1 ni
- 2n1q k=1
1 n2
" 2ng k=1

DD
= 23:1 >
25

2 .
=1 ZZJ:].

[(1 — ) lor1km — lo2ikm + linikm — li21km)]

[(1 — p)(lor2km — lo22km + li12km — lizokm)],

w5 (Ls © Jg)Lji]

nj T T T T
k1 (@016 Tolonn + aiypdline + agonJolozjr + aiaJolizjn]

[ag1j6Ta(lorjk — lozjr) + @ty Ty (lnje — lioji)]

= el ladiidg otk — looar) + adyypdy(linik — li2ik)]

+ Y w2 [adion g otz — lozar) + afyop Jq(liaok — li2ok)]

1 ni
- 2n1 k=1

__1 5~
2n2 k=1

g [=pUorikem — lozikm) + (li11kem — li21km)]

! [=p(lor2km + loozkm) + (La2km — lizokm)]

(I, ® I, @ A)l]
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S el (1 ® A)lyl
= z] 1 Zk 1[a01]kAl01]k + a’lljkAllljk + a02]kA102]k + a12]k14l12]k]
= Z] 1 >ohl 1[a01JkA(l01Jk — lozji) + an]kA(llljk — bizjn)]
ni

= Yobilafi Aok — loaik) + afyyp Al — how)]

+ >0 [adion Allorzk — lozzk) + afy9p A1z — lizaw)]

= q_%;TQ {2n1 e 28 [=pUoriem — lozikm) + (li11km — li2ikm)]

1 n2 q [

T ong 2ak=12um=1 —p(lor2km + lo22km) + (Lir2km — li22km)] }-

The last equality holds because m(l, 1—r---,1—=r1) x Ais equal to
{rm Pt (1 =)D P > o 271}, By some algebra, we can
show that this is equal to ﬁ(l +re, 147).

Thus,
Cov(a®Y,ITY)
= 02,(a" 21 Z]1) + 02y(a” 2,25 l) + o2[aT(I ® A)]]

= (ng + o2+ 1q+rz r e){gnl e > hakm — boikem — p(lotikm — lo21km)]

27112 Zil %:1[(1112% — lLiookm) — P(lor2km — lozokm)] }

—02 {5 2onty Yo [P (lnnkm — liaakm) — (lovikm — lo2rkm))]

2,112 Zzzl qmzl p[(l112km - l122km) - (l012km - l022km)]}

= [ng - p(agp + de + 1;T2)T e)]{gnl k=1 Zgnzﬁlonkm — lo21km)
271@ Zil f,]n:l(ZOIka — lo22km) }
+(O_§p + Jgd + a— %;Tg)r 5>{2n1 k=1 Zmzl(llllkm — li21km)

_ﬁ 22:1 ZZn:l(hl?km - l122km)}
_ng{ﬁ 221:1 ;Inzl[p(llllkm - llQlkzm)] - ﬁ 22:1 ?71:1[9(111214:771 — llZka)]}
= (1= )02, + 0%+ o Sl (el = Houel)) + 35 i [(ranly = o)1}
=0.

The second to last equality holds because 02, — p(02, + 03, + z;g)r 0?) = 0 since

p= ozp (asp+osd+ %;TQ)T 0?). The last equality holds because from Equation 5.8, we
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have 25:1 > il 111 = 0, which indicates that ;% 1T}, 1 + D002 1151 = 05

from Equation 5.10, we have Y .1, If1,.1, + > 02 ool = 0 and >0 1451, +

w2 o1, = 0. By separately subtracting each of the latter two equations from

the former, we obtain that > 0 (17, 14— 15 1e) = 0and Y12 (1T, 14— 1150,14) = 0.

Therefore, we show that Cov(a’Y, 1Y) = 0 for all [ such that E(ITY) = 0. Thus,
a”Y is the BLUE for 74 — 75.

Similar arguments can be used to prove the results for the other models.
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CHAPTER 6

DESIGNS WITH MORE THAN TwO TREATMENTS

6.1 INTRODUCTION

In Chapters 4 and 5, we focused on the 2 x 2 crossover design. However, in some
applications, it is of interest to compare three or more treatments in a crossover
design with one of them possibly being a placebo. The primary interest of such a
design could be in all pairwise comparisons, in comparing each treatment to the
placebo (Pigeon and Raghavarao, 1987), or in comparing the active treatments first,
and then test whether the active treatments are better than the placebo (Koch et
al., 1989). The optimality and efficiency of designs with purpose of comparing more
than two active treatments and a placebo treatment have been studied by Hedayat
and Yang (2005, 2006), Yang and Park (2007) and Yang and Stufken (2007). Often,
a uniform design with equal numbers of treatments and periods is adopted. In this
chapter, we discuss some of those designs.

As explained above, the analysis of data from a crossover design with more than
two treatments is typically still focused on comparisons between two treatments.
Since we will only consider designs for which the comparison of any two treatments
has the same precision, we will focus on the comparison between treatments A and
B. Furthermore, since the results for single measurements can be obtained as a
special case from the results for repeated measurements, and the results for the
independent random error can be obtained as a special case from the results for an

AR(1) random error, we only consider the repeated measurements with an AR(1)
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random error structure in this chapter. In particular, we present the results of BLUE
of the treatment contrast when retaining the baseline measurements as part of the
response vector. Sections 6.2 and 6.3 provide the results for selected 3 x 3 and 4 x 4

designs, respectively. We provide some discussion in Section 6.4.

6.2 THREE TREATMENTS IN THREE PERIODS

A uniform design with three periods, three treatments and three sequences must be

one of the following two (rows are sequences):

A B C A C B
B C A or B A C .
C A B C B A

Following the discussion for the 2 x 2 design in Chapter 5, a model for retaining
the baseline measurements as part of the response vector for 3 x 3 designs can be

formulated as:

Yaijem = i+ T + Dpi + T + A7) + Sk + Gijie + Wikm + Enijre + €nijim,  (6.1)

i=1,23,j=1,23 k=12....n;, m=1,2...,q, h=0,1,

where Y, jxm corresponds to Xjjx,, when h = 0 and to Y, when h = 1, respectively.
All the random terms have the same distribution as in Model 5.2, and all the fixed
effects have the same interpretation as in Model 5.2 too.

We focus on the design ABC/BCA/CAB to study the BLUEs of 74 — 75. The
results for the design ACB/BAC/CBA can be obtained similarly.

Theorem 6.1 For Model 6.1, we assume that the random error terms follow an
AR(1) process, variance components and autocorrelation coefficient r are known
and all the time points are equally spaced. We denote ni, no and n3 as the num-

bers of subjects for sequences 1, 2 and 3 respectively and n; + ny + n3 = n.



120

Then, we can obtain the BLUE of 74 — 75 for design ABC/BCA/CAB as

2

1 q 3 3 \/ % — Tsp
3(nin2+nins+nang) m=1 gbm Ziil Zjil ¢ZJ(Y;Jm_pXZ]m>’ Where p= 02 402 + 1tr 529
sp sd ' g—(qg—2)r €

m iftm=1, q
Om = and v;; is shown in Table 6.1.
Tty fm=2, -1

Table 6.1 Coeflicients 1;; of the BLUE of 74 — 75 for Design ABC/BCA/CAB

Period i
Sequence j 1 2 3
1 (ABC) ni(ng —ni+n) ni(ng—ng—n) ny(ng—na)
2 (BCA) na(ne —mny —n)  ne(ng —ng) na(ng — ng +n)
3 (CAB) | ns(ny—mny) ng(n1 —ns+n)  ns(ng —ng —n)

Notice here, if ny = ny = n3, the BLUE of 74 —75 will reduce to %{Zfﬂzl G [Yi1.m—

1721.m—3712.m+3732.m+5723.m—ES.m—P(Xn.m—XQLm—Xlz.m‘i‘)_(szm‘i‘)?za.m—Xss.m)]}-

Proof: For design ABC/BCA/CAB, when random error terms follow an AR(1)

process, Model 6.1 can be written in matrix notation as follows:
Y = pleng + Xam + XoD + XsT + X7 + Zos + Z1( + Z2€ + Zsw + ¢, (6.2)
where
X1:1n®13®12q7 X2:1n®16®1q7 X3:1n®16®]q7
Xq = (Xgll? Xgma o 'Xg;%n:),)T ® 1, with

00>T
01 ) ,
00

Zo=1,01eq, Z1 =1, 031y, Zy=0L,0I[R1,, Z3=1,81® I,

T T
01 000001 00
X (§38080) - X (§ER7ED) ond Y= (3

oo

0
1
0

[elelen)
e ==
[elelen)

1
0
0

and s, ¢, £ and w are independently normally distributed with their elements being

independently normally distributed with mean 0 and variances o7, o3,, 02; and
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02, respectively. Furthermore, the variance of the random error terms Var(e) =
1 rooee L
1 ... pq4—2
02(I, ® Is ® A) and the ¢ X ¢ matrix A is given by A = '
rq'fl rq;2 1

Let the proposed estimator of 74 — 75 in the statement of Theorem 6.1

T : T _ (T T T T T T T _
be aY with a* = (ayy, -+, ai,,, 31, ***, gy, 31, *+, Q3,,), Where aj =
T T T T T T ~ T
(amjk, 11k Qoajk> D124k Qo3jks a13jk). Thus api, is the ¢ x 1 vector (anijr1, -+, Qhijig)
: R 1 Yij — — _ _
with apjiem = 3(n1n2+n1n3+n2n3))\ Y Om, where A =1 for h=1and A = —p for h = 0.

It is easy to verify that a’Y is a linear unbiased estimator for 74 — 75. To prove
that a’Y is also the BLUE of 74 — 75, by Theorem 5.1 we need to show that
Cov(a™Y, 1Y) = 0 for all [ such that E(I"Y) = 0.

Let 1" = (Ify, -+, Uy B1s o0 Boge G174 15,,), where ljj';c (lgljk7 lﬂ;m ngjkv
11231@7 lg;,)]k, l13jk) and lp;;, is a ¢ x 1 vector. Based on Model 6.2, we have that
E(TY) = 0 if and only if "X, = 07, [TX3 = 07 and [T X,; = 0. Similar to the
proof for Theorem 5.2, we have

3

ZZ louk 11]k:1 l02]k1 l12jk l03]k1 llng ):0T7 (6-3)
7j=1 k=1

3 m; 1 3

2222 hip =

7j=1 k=1 h=0 =1

Zlnml + Zl132k1 + Zl123k1 (6.4)
Zlmml + Zln%l + Zl133k (6.5)
Z l131k1q + Z l122k1 + Z l113k

Furthermore, Cov(a’Y,ITY) = Z?Zl Sonii{o2(ali Jeqlin) + 02,0l (I3 ® Jog) k] +
o2lal (Te® Jg) ]+ 02 [aly (Js@1o) k] +02[a) (Is @ A)ly] }. Again, it is easy to obtain
that Z] > ok (a aliJogljx) = 0 and Z] S 0da al(Js ® I;)l;r] = 0 because

the coefficients of the proposed estimator add to zero for each subject.
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Furthermore, after some algebraic manipulations as in the proof for Theorem 5.2

2

ag
and use the results that p = ——5—2——, we have
O-Sp—i_o-sd-i_qf(q72)7'0-6

Cov(aY,ITY)

_ 1 2 2 1+r 2
~ 3(nin2+ninz+nansg) [(1 o IO)O'SP + 05+ qf(q72)r0-6]
{221:1[(”2 —nyp + ”)Z1T11k1q + (n1 —n3 — ”)11T21k1q + (n3 — ”ﬂﬁ:ﬂqu)]
+ 222:1[@2 —n1— ”)l{l%lq + (n1 — n3)l1T22k1q + (n3 —ng + n)lfg%lq)]

+ 302 [(ng = n)lfi5,1q + (n1 — ng + n)liy3. 10 + (n3 — ng — n)l{55,14)]}

= s (L — P02, + 03 + 0]
{ijl ZZ;[(W — )l g + (n1 = n3)lo 1 + (n3 — n2)liy; 1]
A3l Hiwle + 20020 Haonle + 20420 Hasele)
—n( L Hoelg + 3l L Hiorde + D e l{33k1Q)}

= 0.
The last equality holds because 22:12 kle = 0, z] L oni Hale =

0 and Z] Dy 13]k ; = 0 from Equation 6.3, > ;1 1,1, + Z Iaor 1y +

* 1 s lg = 0 from Equation 6.4, and Y0 1y, 1g+> 002 Hiople+Don2 l1T33k:1q =

0 from Equation 6.5.
Therefore, we have shown that Cov(a®Y,7Y) = 0 for all [ such that E(ITY) = 0.
Thus, aY is the BLUE for 74 — 75.

6.3 FOUR TREATMENTS IN FOUR PERIODS

For uniform designs with four periods, four treatments and four sequences, we use

the following design as an example (rows are sequences):

A B CD
BC D A
C D AB
D ABC
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The model for retaining the baseline measurements as part of the response vector

for this 4 x 4 design can be formulated as:

Yaijkm = i+ T + Dpi + T + A7) + Sk + Gijie + Wikm + Enijre + €nijim,  (6.6)

i=1,2,34, j=1,234, k=1,2...,n;, m=1,2,...,q, h=0,1,

where Y,k corresponds to Xk, when h = 0 and to Yz, when h = 1, respectively.
All the random terms have the same distribution as in Model 5.2, and all the fixed

effects have the same interpretation as in Model 5.2 too.

Theorem 6.2 For Model 6.6, we assume that the random error terms follow
an AR(1) process, variance components and autocorrelation coefficient r are
known and all the time points are equally spaced. We denote ni, ns, nsg and
ny as the numbers of subjects for sequences 1, 2, 3 and 4, respectively and
n1 + ny + ng + ng = n. Then, we can obtain the BLUE of 74 — 75 for this
design as > 1 | o, Z?Zl Z?:l ©0i; (Yijm — pXijm), where

L if j=1,3

4(2ninenz+2ninena+2ninzna+2nanzng +n2n%+2n3n% +n4n%+2n1n§+n2ng+n4n§)

Yi =

! if =2 4

4(2n1n2n3+2n1n2n4+2n1n3n4+2n2n3n4+n1n%+n3n§+2n4n§+n1n2+2n2nﬁ+n3nﬁ) )
: if m=1
2 —(g=2)r m=1,4q
_ Tsp . q9—\q d . h .
p= 02 +ol 4 1Fr 2 (bm - an wij 1S shown 1n
sp sd T g—(g—2)r"€ 1—p f 2 1
1 m fr— PN J—
q—(q—2) ) 4

Table 6.2.
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Table 6.2 Coeflicients 1;; of the BLUE of 74 — 75 for design

ABCD/BCDA/CDAB/DABC
Sequence Period (o
j=1 i=1 |n;(3ning + 4nins + ning + 3ngnz + 2ngony + n3ny + 2n3)
i=2 |—ny(ning + 4ninz + 3ning + nang + 2nany + 3nzng + 2n3)
i=3 |—ni(ning — ning + nang — 2nany — nany + 2n3)
i=4 |—ni(ning — ning + nang + 2nany — ngng — 2n2)
j=2 i=1 |—na(3niny + 2n1n3 + 3niny + nang + 4ngny + nzng + 2n3)
i=2 |na(ning + 2n1n3 + nyng — nanz — n3ng — 2n3)
i=3 |no(ning — 2ny1n3 + nyny — nang — nang + 2n3)
i=4 |ny(ning + 2ninz + ning + 3ngng + 4dnany + 3nzny + 2n3)
j=3 i=1 |—nz(—ning + ning — nans — 2ngny + nzng + 2n?)
i=2 |nz(ning — ning + nang — 2nony — nang + 2n?)
i=3 |n3(ning + 4ninz + 3ning + nang + 2nong + 3nzny + 2n?)
i=4 | —n3(3niny + 4ning + ning + 3ngng + 2n9ny + nzng + 2n3)
j=4 i=1 |—n4(ning + 2nins + ning — nans — ngng — 2n3)
i=2 |ng(3ning + 2n1n3 + 3ning + ngng + 4nong + nany + 2n3)
i=3 | —n4(ning + 2ninz + ning + 3nang + 4ngny + 3nzng + 2n3)
i=4 | —ng(ning — 2n1n3 + ning — nong — nzny + 2n3)
Notice here, if ny = ny = n3 = nyg, the BLUE of 74 — 75 will reduce to

%{Zgn:l ¢m [Yfllm - Y/r21.m - }712.m + }742.m + }733.m - }743.m + }724.m - 1734.m - p(Xll.m -
Xotm — Xizom + Xaom + Xz — Xazgm + Xoam — Xaam)]}-

Proof: For design ABCD/BCDA/CDAB/DABC, when random error terms

follow an AR(1) process, Model 6.6 can be written in matrix notation as follows:

Y = plgng + Xam + XoD + X3T + Xy7 + Zos + Z1C + Zo€ + Zsw + €, (6.7)

where

X1 =1,® 14 ® 1y, Xo=1,® [ ®1,, X;3=1,®1s® I,
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01
Xa= (Xgna Xgma o 'Xg:hu)T ® 1, with Xdlk:<§ §

00000008 00000a00\" FEEYITIAN
Xak=| 00010000 | » Xask={ 01000000 | »and Xaw=( 00000001 ) »
00000100 00010000 01000000

Zo=1,®1gy, Z1=1,01, @1y, Zo=1,01x]1,, Z3=1,®13® I,

and s, ¢, £ and w are independently normally distributed with their elements being

2

independently normally distributed with mean 0 and variance o2, Ogps O

d and ast,

respectively. Furthermore, the variance of the random error terms Var(e) = 02(I,, ®

1 R
r 1 - a2

Iy ® A) and the ¢ X ¢ matrix A is given by A =

rq'fl quQ 1
Let the proposed estimator of 74 — 75 in the statement of Theorem 6.2 be

T “h T (T T T T T T T T
a'Y with a” =(ayy, -+, ai,,, Gy, "=+, Aoy, A31, ", A3y, Gy, -+, Gy, ), Where

T .
i =(a81jk0 AT1jks Wo2jkr ks Wsjks isjks Qoajkr Aiaje)- ThUS angp is the ¢ x 1 vector

(Qhijirs » Qhijrg)” With Gpijkm = A, qfl” Om, where A =1 for h =1 and A = —p for
J

h = 0. It is easy to verify that a’Y is a linear unbiased estimator for 74 — 75. To

prove that a’Y is also the BLUE of 74 — 75, by Theorem 5.1 we need to show that

Cov(a™Y, 1Y) = 0 for all [ such that E(I"Y) = 0.

Let ZT (l1T17 ’ l{mv lgl7 ’ lgn27 lgla : l§n37 l:{l? o lz{m) where lek (lgljk7

lujk, lo2;k’ lm;k» l03jk, lmk, l04jk, lMJk) and lp;j1, is a ¢ X 1 vector. Based on Model
6.7, we have that E(ITY) = 0 if and only if 7 X, = 07, (T X3 = 0T and ITX,; = 07.
Similar to the proof for Theorem 6.1, we have

4 nj

Z Ol]k: lljk‘ q7l02]k1 ll?]k]' l03]]€ Q’l13]k1 l04jk Q’l14gk ) 0T7 (68)
7j=1 k=1

nj 1

D)

j=1 k=1 h=0 i=1

Zlnml +Zl142k1 +Zl133k1 +Zl124k 0, (6.9)
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lezml +Zl112k1 +Zl143k1 +Zl134k (6.10)
Zl131k1 +Zl{22k1 +Zl113k1 +le44k (6.11)
lezﬂkl ‘1‘2[13%1 +le23k1 +Zl114k

We also have
Cov(a’Y,ITY)

=3 ol Jsgli) + 0% ah (I ® Jag) ] + 0%l (Is @ Jo)l)
+olal(Js @ 1)) + o2[al,(Is @ A)lji]}

=i i {02 [ah (1a @ Jag)lji] + 02 [ak (Is ® J)lin] + o2[al(Is @ A)lji]}.

Similarly, after some algebraic manipulations, we have

Cov(a’Y,ITY)
=[(1 = p)oz, + 05+ 5707

{3001 ¢1l(3ning + 4nyng + nind + 3ngng + 2nang + ngng + 2n3%)11,,,.1,

—(n1ng + 4ning + 3nind + nang + 2nang + 3nzng + 2n3%)iy. 1,
—(nang — nang + nang — 2ngny — ngng + 2n3)1{5, 1,
—(n1ng — nyng + nang + 2ngngy — ngny — 2”%)5?4%1(1]
+ > 021 a[—(3ning + 2ning + 3nang + nong + 4nany + nang + 2n3) {19114
+(ning + 2ning + ning — nong — ngng — 2n3) 50,1,
+(ning — 2ning + ming — nang — ngng + 203l 1,
+(ning + 2n1nz + ning + 3nang + 4nang + 3nzng + 2n3) 7501,

+ 2k

27T
3[—(—ning + ning — nang — 2nany + nang + 2n7)1014,.1,

hS

+(ning — ning + nang — 2ngng — nzng + 2n3)li, 1,
+(ning + 4nins + 3ning + nang + 2nang + 3nsng + 2”%)1?3%1(1
(

—(3ning + 4ning + ning + 3ngns + 2ngny + ngng + 2n2)15,1,]1
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+ 30ty pal—(nang + 2ning + nyng — ngng — nang — 2n3)l 4,1
+(3n1ng + 2n1ng + 3ning + nang + 4nang + nang + 2n3)ll,,,1,
—(ning + 2ning + ning + 3nang + 4ngng + 3nzng + 2n3)llu1,
(

27T
—(ning — 2nyn3 + nyng — nang — ngng + 2n3) 4 le)

= [(1 = p)od, + 0%+ 5707

4 nj T
{ ©4(N1ng — Ning + nang + 2nany — ngng — 2”3 Zj:l Z k=1 llljqu

+

)
+ips(niny — 2nang + nang — nang — ngny +2n3) Y1y Sl Ul
7

P2(n1ng — Ning + Nang — 2ngnyg — nang + 2n Z] 1 Z 13]13 q

_l_

1 lllk1 + Z 142k1 + Z 133k1 + Z l{24k1Q)
nl 121k1q + Z 112k1 + Z 143k1 + Z 134k: )
131k q + Z 122k1 + Z 113k1q + Z l?44k1Q)}7

n n
_— a f—
4(n1+n3)(natna)’ 2 2(n1n2+2n1n3+ninat+nenz+2nana+2n3ng)
nan?—2n3n?+nani+ning+nand—2n4n3 —2n1ni+noni+nani+ning —2non3+nang
4(n1+n3)[nin3+nsni+2nani+ninj+2noni+nsni+2(ninanz+ninans+ningnstnonsgng)|”

(
(
(
—p1(ning + 2nyng + ning — nong — ngny — 2n3) Zj:l ijﬂ l1T4jk1q
ay (
— s
—as(

where oy

and a3 =

By applying Equations 6.8 and 6.9 - 6.11, if follows that the last expression
equals zero. Therefore, we have shown that Cov(a’Y,I7Y) = 0 for all [ such that

E("Y) = 0. Thus, a’Y is the BLUE for 74 — 5.

6.4 DISCUSSION

In this chapter, we studied selected 3 x 3 and 4 x 4 uniform crossover designs. We
obtained the BLUEs of a treatment contrast for the method of retaining baseline
measurements as part of the response vector. Similar results can also be obtained for
other methods discussed in Chapter 5. Even though we did not provide a comparison
for the different methods for designs with more than two treatments in this chapter,
we would still expect that retaining baseline measurements as part of the response

vector will have the highest efficiency for most of the scenarios.
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For the designs with three treatments and three periods, we could also use all
six sequences in Section 6.2. However, the closed form for the BLUE of 74 — 75 for
that design is rather complicated unless that the numbers of the subjects in each
sequence are the same. So, if the numbers of subjects for each sequence are different,
simply using the average from the corresponding observations for the particular
treatment contrast will lead to incorrect results. Of course, nowadays, we can use
PROC MIXED in SAS to obtain the estimate for the treatment contrast of interest,
and SAS will take care of unequal sequence replications.

Lack of balance resulting from unequal numbers of subjects in each sequence is,
however, not uncommon in clinical trials. Even when the design calls for the same
number of subjects for each sequence, we may wind up with unequal numbers due
to dropout of subjects. This is especially true for designs with a larger number of
periods. Thus, crossover designs with large number of periods should be avoided at

the design stage.
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