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ABSTRACT

This dissertation studies bifurcating time series models. Our motivation comes from
cell lineage data, in which each individual in a generation gives rise to two individuals
in the next generation. For general bifurcating autoregressive models, asymptotic normality
of least squares estimators of model parameters is established. An application to integer-
valued autoregression is given. For the first-order bifurcating autoregressive process with
exponential innovations, exact and asymptotic distributions of the maximum likelihood esti-
mator of the autoregressive parameter are derived. Limit distributions for stationary, critical
and explosive cases are unified via a single pivot using a random normalization. The pivot
is shown to be asymptotically exponential for all values of the autoregressive parameter.
Finally, a general class of Markovian non-Gaussian bifurcating models is studied. Examples
include bifurcating autoregression, random coefficient autoregression, bivariate exponential,
bivariate gamma, and bivariate Poisson models. Quasilikelihood estimation for the model
parameters and large-sample properties of the estimates are discussed.
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CHAPTER 1

INTRODUCTION

Bifurcating models are concerned with modeling data on descendants of an initial individual,
in which each individual in a generation gives rise to two individuals in the next generation.
Cell lineage data, such as Escherichia coli by Powell (1955), EMT6 cells by Collyn d’"Hooge et
al. (1977), are typically of this kind. The most important features of cell lineage data include
the bifurcating tree structure and correlation of sister or cousin cells. For biological details
of cell lineage data, see Powell (1955, 1956, 1958), Collyn d’'Hooge et al. (1977), Brooks et
al. (1980), Hola and Riley (1987), and Staudte et al. (1996).

To analyze cell lineage data, Cowan (1984) and Cowan and Staudte (1986) proposed the
bifurcating autoregressive (BAR) model. If X; denotes a measurement on some characteristic

of individual ¢, the first-order BAR model is given by
Xt:¢X[t/2]+eta t:2a37"'7

where |¢p| < 1 is assumed for causality of the model, {(€x,€a41)} is a sequence of inde-
pendently and identically distributed (iid) bivariate random vectors with common mean p,
common variance o2 and correlation p. Here [u] denotes the largest integer less than or equal
to u. The motivation for this correlation is that sister cells grow in a similar environment
and hence one expects an environmental correlation between sisters.

Staudte et al. (1984) proposed an additive model which allows for positive correlation
between sister cells but arbitrary correlation between mother and daughter cells. Staudte
(1992) extended the BAR model to allow for variable generation means. Huggins and Staudte

(1994) introduced variance components models to allow for measurement error and between



tree variability. Huggins (1995) derived asymptotic properties of both robust and maximum
likelihood estimators. The problem of identifiability of measurement error was discussed by
Huggins (1996). A bivariate BAR model was proposed by Bui and Huggins (1998) to analyze
bivariate cell data. A random coefficient BAR model was introduced by Bui and Huggins
(1999) to allow for environmental factors. Robust inference of BAR models was discussed by
Huggins and Marschner (1991), Huggins and Staudte (1994), Huggins (1996), and Bui and
Huggins (1998).

Huggins and Basawa (1999) extended BAR models to higher order bifurcating autore-
gressive and moving average (BARMA) models and fitted models to data from independent
trees. A distance model was also introduced by Huggins and Basawa (1999) to account for
correlation between cousins. Huggins and Basawa (2000) studied asymptotic properties of
maximum likelihood estimators for BAR(p) models.

Most of the work on bifurcating models mentioned above retained the normality assump-
tion. In many applications, the normality assumption may not be realistic. For instance, if
X; denotes the life time of the ¢th individual, a non-negative random variable, a gamma or
an exponential model may be more appropriate. If X; denotes the number of certain type of
genes present, a Poisson model may be considered.

The dissertation is organized as follows. Chapter 2 contains a literature review. In Chapter
3, we discuss general bifurcating autoregressive models, without imposing any specific dis-
tributional assumption on errors. Asymptotic normality of least squares estimators of the
model parameters is established. An application to bifurcating integer-valued autoregression
is given. Chapter 4 introduces a first-order bifurcating autoregressive process with exponen-
tial innovations. Exact and asymptotic distributions of the maximum likelihood estimator
of the autoregressive parameter are derived. Limit distributions for stationary, critical and
explosive cases are unified via a single pivot using a random normalization. The pivot is shown
to be asymptotically exponential for all values of the autoregressive parameter. Chapter 5

presents a general class of Markovian non-Gaussian bifurcating models. Examples include



bifurcating autoregression, random coefficient autoregression, bivariate exponential, bivariate
gamma, and bivariate Poisson models. Quasilikelihood estimation for the model parameters
and large-sample properties of the estimates are discussed. In Chapter 6, we discuss several
future topics, including bifurcating random walk, asymptotic properties of quasilikelihood

estimates and multiple-splitting models.



CHAPTER 2

LITERATURE REVIEW

2.1 CELL LINEAGE DATA AND BIFURCATING MODELS

Cell lineage data consist of measurements on characteristics of the descendants of an initial
cell, where each cell in one generation gives rise to two cells in the next generation. This
type of data includes Escherichia coli data by Powell (1955), EMT6 cells data by Collyn
d’Hooge et al. (1977), 3T3 cells data by Brooks et al. (1980), and epithelial cells data by
Hola and Riley (1987). These data are obtained by methods of direct observation, time-lapse
photography, or more advanced image analyzers and computer software. Measurements on
characteristics of the initial cell and its offspring, such as the cell lifetimes and cell size at
division, form a bifurcating tree of dependent data. The objective is to determine the extent
to which the characteristic is influenced by environmental and inherited factors. A typical
lineage of such data is shown in Figure 1.

The most important feature of cell lineage data lies in its inherent bifurcating structure
and the dependence of sister or cousin cells. This feature requires extensions of classical
models for statistical analysis of cell lineage data. The bifurcating autoregressive (BAR)
model was introduced by Cowan (1984) and developed by Cowan and Staudte (1986) to
analyze cell lineage data. Suppose in the cell division of a cell lineage tree, individual ¢
produces daughter cells 2t and 2¢ + 1. Let X; denote an observation on some characteristic

of individual ¢. The BAR(1) model is given by

Xt:¢X[t/2]+€ta t:2,3,..., (211)



where |¢| < 1, {(€a, €2141) } is a sequence of iid bivariate normal random vector with common
mean g, common variance o2 and correlation p. Here [u] denotes the largest integer less than

or equal to u. Another form of BAR(1) model is
Xt = o + 01 X[ty9 + €, t=23,.., (2.1.2)

where the assumptions are the same as in (2.1.1) except that {eg, €241} has mean 0. Max-

imum likelihood estimators are developed and compared via a simulation study in Cowan

and Staudte (1986).
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Figure 1: Cell lifetimes of E. Coli in minutes (Cowan & Staudte (1986)).

2.2 EXTENDED BAR MODELS AND INFERENCE

Huggins and Basawa (1999) extended the BAR(1) model to the BARMA(p, ¢) model, which
is defined by
(D)X, = 0(be,, t=0,£1,+2, ..., (2.2.1)



where
o(z)=1— ¢z — Bo2? — e p2?
0(2) =1+ 012+ 022" + ... + 0,27

and b denotes the bifurcating operator

Ut/27] s if ¢ 2 2"
b uy = upar) = Ulog, (t/27)]+1° if 0<t<?2"
u[t_r] s if ¢ S 0

Note that t can be negative in BARMA(p, ¢) model, where descendants of the initial cell
are labeled according to their position in the tree but ancestors of the initial cell are labeled

0, -1, -2, ... . In this sense, the BAR(1) model in (2.1.1) can be rewritten as
X, = ¢Xpj + 6, t=0,£1,£2 .. (2.2.2)
As a special case of BARMA(p, ¢) model, BAR(p) model is defined by
Xy = 01 Xy + 2 Xpyapr + oo+ 0pXjpjan + €, t=0,+1,42,... (2.2.3)

When the BARMA (p, ¢) process is causal and invertible in each descendant line in the

sense of Brockwell and Davis (1987), it has the stationary solution

Xy = Z?/)jﬁ[t/zj]*, (2.2.4)
=0
where
ijz] = 9—? for |z| <1.

Let ¢(s,t) = max{v : for some r and ¢,v = [t/2"]* and v = [s/29]*}, so c(s,t) repre-
sents the most recent common ancestor of in individuals ¢ and s. Also define ¢;(s,t) and
gs(s,t) to satisfy c(s,t) = [t/29:(D] and c(s,t) = [t/29(D] simultaneously, so that g,(s,t)
and g¢4(s,t) represents the number of generations since the most recent common ancestor of

t and s. For notational simplicity, write g, = g;(s,t) and g5 = gs(s,1).



To obtain a general form for the covariance between any two individuals, Huggins and

Basawa (1999) gave the following lemma.

Lemma 2.1. For any ¢ and s,

00 gt—1
X =) Uiracictsnyo + Y Uiy (2.2.5)
J=0 j=0

According to Lemma 2.1, the covariance between individuals ¢ and s is
cov(Xi, X) = 02> WjiqPjtg, + PO Vg 110, 1 (2.2.6)
j=0

where ¢_; = 0, so that for individuals on the same line of descent, i.e., min(g;, gs) = 0,

COV(Xta Xs) =o? Z]oio wj+gt¢j+gs'

For the BAR(1) model, the stationary solution is
Xt = Zw]'E[t/Qj]* = Z(ﬁth/gj]*, t= O,:|:1,2|:2,
r=0 =0

With regard to the covariance structure of BAR(1) model, if individuals s and ¢ are on
different lines, i.e., min(gs, gs) > 0, then according to (2.2.6),
cov(Xy, X,) = o2 Z¢j+9t¢j+gs + polg st
=0
2

— vo gt+9gs—2 29
e (2.2.7)

and hence p(X;, X,) = @¢9T9:72 where ¢ = ¢* + (1 — ¢?)p, which is the unconditional

correlation between sisters. If s and ¢ are on the same line, i.e., min(g,, g;) = 0, then

2

COV(Xt, Xs) = 1_—¢2

por+o: (2.2.8)

and p(Xy, X) = ¢979s.

One notable point is that in the analysis of stationary solution and covariance structure,
{€at, €9111} is assumed to be only iid, without any specific distributional assumption. In the
following analysis of this section, BAR(p) models are assumed to be Gaussian, which means

the error term {ey, €911} has a bivariate normal distribution.



Suppose in the BAR(p) model defined in (2.2.3), {€a, €241} forms a sequence of iid
bivariate normal random vectors with common mean g, common variance o2 and correlation
p. A bifurcating tree consisting of complete mother-daughter triples (X, Xo, Xoi11), t =
1,2,...,n is observed. Let X; = (Xj0,7 = 1,2,...,p)" denote the vector of the most
recent p ancestors of Xy and Xy q. Then the likelihood of Gaussian BAR(p) model is
the product of the conditional densities of (Xo, Xo;11) given Xy, by the Markovian prop-
erty of BAR(p) model. These conditional distributions are bivariate normal with means

Mot = Nops1 = Z?:l ¢ X|t/2:+ and covariance matrix

1
Vipot)=o*| "
p 1
Thus the log-likelihood is
InL = —lnlna4 - 1nln(l —p?) — li ztv=z (2.2.9)
2 2 2 ! " -

t=1
where 7, = (Ztla ZtQ)T = (X2t — M2t X2t+1 - 772t+1>T-

Let v = (¢1, ..., ¢p, 02, p)T denote the vector of parameters. Define

A
() = | —L 4 izIv1yv-iz, |,
—Ls + 32/ VISV,
so that the maximum likelihood estimating function is S, (v) = > 7 | p(v).

Huggins and Basawa (2000) gave the following theorem.

Theorem 2.1. If X; is a BARMA(p,0) process, E(ef(Hé)) < oo for some § > 0, then there
exists a sequence @, such that S, (0,) = 0, 0, — v and n"/2(d, — v) — N(0, 17 (v)).
The information matrix /(v) used in Theorem 2.1 is given by
A0

I(v) = :
0 B



where A is the p X p matrix with (i, k)th element A;, = ﬁ > o Ytk and

1 =P
B=| o?(1-p?)
—p 14p?
o?(1-p?)  (1-p?)?

With regard to the maximum likelihood estimating function of BAR(1) model, the MLE

of ¢ is given by

2 anl XUy
oL = Lo 2.2.10
Zt:1 Xt2 ( )
where Ut = (th + X2t+1)/2-
From Theorem 2.1, we have
. d 1
Vn(our — ¢) —— N(0, 5(1 +p)(1 — ¢?)). (2.2.11)

The explicit forms of MLEs of 02 and p are not easy to find, but we can get their

asymptotic marginal distributions by Theorem 2.1, which are
V62, — o) -5 N0, 0 (1 + p?)) (2.2.12)

and
Viparn — p) == N(0, (1= p?)?). (2.2.13)

Moreover, (63,;, par) are asymptotically independent of L.

Other extensions of BAR models include Staudte (1992), which allowed for non-stationary
generation means, and Huggins and Staudte (1994), where a variance component model was
proposed to allow for additional sources of variation, namely measurement error and between
tree variation.

Huggins and Marschner (1999) proposed a robust estimation procedure for the Cowan-
Staudte BAR(1) model. Some conditions for the consistency and asymptotic normality of
the robust estimators were given for an estimating function of a general type.

Huggins and Staudte (1994) considered the variance component model and gave asymp-
totic properties of the robust estimators for a large number of trees. Huggins (1996) derived

the asymptotic properties of robust estimators when the data set arises from a single tree.
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The derivation of asymptotic properties of estimators for the BARMA(p, ¢) models and

the more complex covariance structure of Huggins and Basawa (1999) remains open.

2.3 NON-GAUSSIAN CONDITIONAL LINEAR AR(1) MODELS

Let {Y;},t = 0,1,2,... denote a Markov process. Grunwald et al. (2000) have studied non-
Gaussian Markov models for which the conditional mean E(Y;|Y;—1) = m(Y;—1) is of the

linear form

m(Yio1) = 6Yi1 + A (2.3.1)

Grunwald et al. (2000) refer to the model satisfying (2.3.1) as a first-order conditional
linear autoregressive (CLAR(1)) model. More than 30 models which were summarized in
Grunwald et al. (2000) belong to the CLAR(1) models.

To construct CLAR(1) models, several general methods can be used. The innovation
method yields the usual autoregressive (AR) model Y; = ¢Y; 1 + Z; where innovation Z; has
a specified distribution. Alternatively, one could specify a conditional distribution of Y; given
Y1 to be of a particular form, with mean m(Y;_;) given by (2.3.1). A random coefficient
model is an extension of the AR model where ¢ is replaced by ¢;, an iid sequence of random
coefficients such that E¢; = ¢ and {¢,} is independent of {Z;}. A thinning model is of the
form Y; = ¢ * Y;_1 + A and the thinning operation denoted by * is defined as

N(X)

=1

where N(z) is an integer valued random variable and {W;} is a sequence of iid random vari-
ables, independent of N(x), such that E(N(x)W;|X = z) = ¢x. Finally, random coefficients
combined with thinning can be used to construct CLAR(1) models.

Under mild assumptions, Grunwald et al. (2000) derive the stationary mean and sta-
tionary variance, using the convergence of geometric series. Furthermore, sufficient but not

necessary conditions for the ergodicity of the Markov process {Y;} are given.
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The exponentially decaying autocorrelation function (ACF), p. = corr(Y,,Y; ) =
#F (k=1,2,...), appears in many special models. Grunwald et al. (2000) show that under
mild conditions the exponentially decaying ACF is implied by the CLAR(1) model and holds
very generally. Thus, the exponentially decaying ACF can be used as a model diagnostic for
CLAR(1) structure. Some data sets were analyzed in Grunwald et al. (2000) via an approach

developed by Tsay (1992) based on bootstrap samples.

2.4 ESTIMATING FUNCTIONS AND QUASILIKELIHOOD ESTIMATION

Let g(x,0) be areal valued function of the data  and unknown parameter 6. Then g(z,6) =0
is referred to as an estimating equation, while g(z, ) itself is termed an estimating function.

Godambe (1960) derived the Cramer-Rao type inequality

g(x,0) 1
g = i

where g(z,6) is any unbiased estimating function, i.e., Eg(x,0) = 0 and i(f) is the Fisher’s

information. The optimal estimating function, in the sense of minimizing Var(E(’g(j—é?g))), is
g = %, the likelihood score function.

When the underlying distribution is unknown, the optimal estimating function (i.e., the
likelihood score function), is not known. However, by restricting attention to an appropriate
subclass G of the class of unbiased estimating functions, an optimal estimating function
within this subclass can be obtained. Godambe (1985) derived such optimal estimating
functions which depend only on the conditional means and variances. These estimating
functions are known as quasilikelihood score functions.

Consider a score function S, (0) = > g(@ k), 0) hk—1(2®k-1), #) where g is known, unbiased
and hy is unknown. Here, z(t) denotes (¢, ;_1, ..., x1). For the Godambe criterion function

Var( B ())) to be minimized, the optimal score function is given by

= k(@) 0) Bror9)(Br197) ™ (2.4.1)

99k

where Ej_; denotes conditional expectation given z(._;) and g; = 55
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Under the multiparameter context, similar optimality criterion can be defined. Let
{Xi,t < T} be a sample of data whose distribution depends on unknown parameter 6 of p
dimensions. If G is the class of unbiased, square integrable estimating functions Gr(Xr,0)

and H is a subclass of G, then G is said to be optimal within H if
E(G3) (EGyGy) ™ E(Gy) — E(Gr) (EGrGr) ™ E(Gr)

is non-negative definite for all Gy € H, where Gy = ((E%)),

1,7 =1,...,p. See Heyde
(1997).

If 6, is a consistent solution of an estimating equation, the asymptotic normality of
6, can be easily established in the context of independent observations. When the data
are dependent, consistency and asymptotic normality are usually derived via martingale
limit theory (Hall and Heyde (1980)). See, for instance, Heyde (1997). We shall use the

quasilikelihood method to estimate the parameters of non-Gaussian bifurcating models.



CHAPTER 3

LEAST SQUARES ESTIMATION FOR BIFURCATING AUTOREGRESSIVE PROCESSES!

1J. Zhou and 1. V. Basawa. Submitted to Statistics and Probability Letters. 2/15/2004.

13
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Abstract
Bifurcating autoregressive processes are used to model each line of descent in a binary
tree as a standard AR(p) process, allowing for correlations between nodes which share the
same parent. Limit distributions of the least squares estimators of the model parameters
for a pth-order bifurcating autoregressive process (BAR(p)) are derived. An application to

bifurcating integer-valued autoregression is given. A Poisson bifurcating model is introduced.

Keywords: Cell Lineage Data; Tree-indexed Time Series; Bifurcating Autoregression; Least

Squares Estimators; Limit Distributions; Integer-valued Autoregression.

3.1 INTRODUCTION

Bifurcating autoregressive models were introduced by Cowan and Staudte (1986) for cell
lineage data where each individual in one generation gives rise to two offspring in the next
generation. The Cowan-Staudte model views each line of descent as a first-order autoregres-
sive (AR(1)) process with the added complication that the observations on the two sister
cells who share the same parent are allowed to be correlated. Staudte et al. (1996) studied
data sets in which the observed correlations between cousin cells were significant, thus neces-
sitating higher order models. Huggins and Basawa (1999) proposed bifurcating ARMA(p, q)
models to accommodate this extended dependence in the family tree. Huggins and Basawa
(2000) discussed maximum likelihood estimation for a Gaussian bifurcating AR(p) process
and established the consistency and asymptotic normality of the maximum likelihood estima-
tors of the model parameters. Recently, Basawa and Zhou (2004) introduced non-Gaussian
bifurcating autoregressive models and studied some preliminary estimation problems. Zhou
and Basawa (2003) have discussed maximum likelihood estimation for an exponential bifur-
cating AR(1) process. In this paper, we consider the asymptotic properties of the least
squares estimators of parameters in a bifurcating AR(p) (BAR(p)) process.

The rest of the paper is organized as follows. The BAR(p) model and the least squares

estimators of the model parameters are presented in Section 2. The limit distributions of the
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least squares estimators are derived in Section 3. Section 4 is concerned with an application
to a bifurcating integer-valued AR(1) process. A Poisson bifurcating model is introduced in

Section 5.

3.2 LEAST SQUARES ESTIMATION FOR BAR(p) PROCESSES

The pth order bifurcating autoregressive process (BAR(p)) is defined by the equation

Xt:¢0+¢1X[ }+¢2X[ }—F"'—i—qpr[%p]—l—Et, (3.2.1)

3 i
where {(€y,€241)} i a sequence of independent identically distributed (i.i.d.) bivariate
random variables with F(ey) = F(eg1) = 0, Var(ey) = Var(egs1) = 02, and Corr(ea, €9041) =

p. The notation [u] denotes the largest integer less than or equal to u. As in Huggins and

Basawa (1999), the bifurcating operator b is defined by

bTUt = 2
Ut —p, if t<0

where []* = [&] if () > 1, and [£]* = [log,(5)] + 1, if () < 1. This notation implies
that the descendants of the initial cell are labeled according to their position in the binary
tree and the ancestors of the initial cell are labeled 0, —1,—2,... . The BAR(p) process in

(6.1.1) can then be represented as
¢(b) X = € + oo, (3.2.2)

where ¢(z) =1 — ¢12 — ¢92? — - -+ — ¢2P. We assume that the roots of ¢(z) = 0 are greater

than 1 in absolute value, so that we can write

o0

Xy = Z(e[#* + ¢o)¥; (3.2.3)

J=0

where {¢;} are the coefficients of 27 in the expansion of ¢~!(z). Moreover, > |1;| < oo.
=0
The coefficients 1; can be determined recursively as in Huggins and Basawa (1999). The

autocovariances Cov(X;, X) are determined as discussed in Huggins and Basawa (1999).
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In particular, it is seen that
o P
E(Xy) = pn=¢o Z%’ = ¢o(1 — Z o), (3.2.4)
Jj=0 i=1
Var(X,) = ~(0)=o? Z@DJQ-, and
j=0

Cov(Xy, X 1)) = Y(k) =0 ik, k>0, (3.2.5)

j=0

Huggins and Basawa (2000) have discussed the consistency and asymptotic normality
of the maximum likelihood estimators of the parameters in a BAR(p) process assuming
Gaussian errors. Here, we consider the asymptotic properties of the least squares estimators
of ¢ = (¢o, P1,-..,¢,), and o without imposing any specific distributional assumption on
{e:}. Let Y; = (1, Xpe) - X)), t = 27 Then the least squares (LS) estimator ¢ of ¢ based

on the observations {X;,t = 2P, 2P +1,...,n} is seen to be

¢ = (i YY)~ i Vi X, (3.2.6)

t=92p t=29p
Define
1 “ R
~2 Z 2
0- — m (Xt - Yz€,¢) . (3.2.7)

t=2p

We will derive the limit distributions of qg and 62 in the next section. A consistent estimator
of p is given by

p=6"25(Xos — Y3,0)(Xorp1 — Yoru19).
3.3 LiMIiT DISTRIBUTIONS

Consider the following conditions:
(C.1) All the roots of ¢(z) = 0 are greater than 1 in absolute value.
(C.2) E(€}) < oo, for all ¢.

Lemma 3.1. Under (C.1), we have, as n — oo,

(D) 52 Xe == p
t=1



(i) £ 20X — ? - 5(0)
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(i) + > (X, — (X e — 1) L y(k), for k > 0, where p and (k) are defined in (3.2.4)

and (3.2.5), respectively.

Proof: Note that {E[L_]*}, j = 0,1,2,..., are i.i.d. random variables with mean 0 and
27

variance 2. The results then follow, via (3.2.3), as shown in Huggins and Basawa (2000).

Also, see Brockwell and Davis (1987).
2

_ / _ n—1
Deﬁne Zt = <1’Xt’X[%]’7X[2p%1]>’ and let m =
(X, Xot, Xoi11) observed. We then have

Lemma 3.2. Under (C.1)

1 m
— Z 7,7 L5 A, as m — oo,
m

t=2p—1

where Ais a (p+ 1) x (p+ 1) matrix defined by

1 7 Y p

po a(0) a(1) a(p—1)
A= pu a(1) a(0) a(p—2) |-

poalp—1) alp—2) ...  a(0)

O

= the number of triplets

with p defined in (3.2.4), a(k) = u? + vy(k), and (k) given by (3.2.5).

Proof: The result follows from Lemma 3.1 after noting that

£X, 2X? SX. X1
DIVAVARES Xt Y XX,y Y X2
(5] (2] 5]

op—1 2p—1 op—1

2X|

t
op—1

VX X
17

op—1

t
T

X2,

[

2p—1

(3.3.1)

(3.3.2)
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OJ
The following version of the martingale central limit theorem will be used in the derivation

of the limit distribution of the least-squares estimator.

Lemma 3.3. Let {Y;}, ¢ =1,2,..., be a sequence of zero-mean vector martingale differences

satisfying the following conditions:

n
(a) E(Y;Y/) =, a positive definite matrix, and L >~ Q; — Q, a positive definite matrix.
=1

(b) E(YuY;YiYy:) < oo for all ¢, and all 4, j,1, m, where Y;, denotes the rth element of

the vector Y;.
(©) 1y vy, L
=1
Then, &= 3" ¥, - N(0,9).
t=1
Proof: See, for instance, Proposition 7.9 in Hamilton (1994). O

Lemma 3.4. Under (C.1) and (C.2), as m — oo,
1
vm

where A is defined in Lemma 3.2, and V; = \%(@t + €9¢11)-

N7 2V, -5 N(0,0%(1+ p)A),

t=2p—1

Proof: Let 7, = ofe; : j < 2t + 1}. It can be verified that > Z;V; is a zero-mean
t=2pr—1
martingale with respect to F;. In order to verify the central limit theorem for martingales,

we now check the conditions of Lemma 3.3.

(a) From (3.2.5), we have F(Z,Z]V?) = E(Z,Z})E(V?) = Ac?(1 + p), where A is defined
in Lemma 3.2. It can be verified that A is a positive definite matrix. Hence, condition

(a) is satisfied.

(b) BE(VAZyZyZyZy) < oo, for all 4, j, k, 1, where Z,, is the rth element of the vector Z;.
Condition (b) holds from Proposition 7.10 of Hamilton (1994) under the assumption

(C.2).
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(c) = > V2ZZ, 2. 6%(1 + p)A. In order to verify (c), consider

t=2r—1

1 m

~ 22 VEZ, 7 = = 22 o*(1+ p)|ZZ) + o*(1 + p)— 22 Z,7!
t=2p—1 M e M

= U1m+U2m, say.

We have Uy, = = > W, where W, = (V2 — 0*(1 + p))ZZ,. For any (p + 1)-vector
t=2r—1

A, we have MU, A = % > NWiA. Tt is easily verified that E(NWA|F,—1) = 0, and

t=2p—1

{NW;\} is a stationary martingale difference sequence with E(NW;)\)? < oo (see (b) above).
Consequently, by the law of large numbers for martingales (see Hall and Heyde (1980)) we
conclude that NUp,\ —2— 0, and hence Uy, 2.0.

From Lemma 3.2, %EZtZt’ 2. A, and hence Us,,, = ¢(1+p)A. Consequently, condition

(c) is verified. The desired limit in Lemma 3.4 then follows from Lemma 3.3. O
The limit distribution of ngS is given below.

Theorem 3.1. Under (C.1) and (C.2), we have

V(o —¢) =5 N(0,0*(1+ p)A™Y), as n — oo,

Proof: We have

Vio-0) = E3 vy fzm

+=92p t=2P
1 m
= (- > 2z Z ZVi] + o,(1
t=2p—1 t 2pr—1
The result then follows from Lemmas 3.2, 3.4 and Slutsky’s theorem. O

The next theorem gives the limit distribution of &2.

Theorem 3.2. Under (C.1) and (C.2), we have, as n — oo,

Vn(6* — o?) LN N(0, ug + ugy — 20%),
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where uy = E(ef) and ugy = E<6%t6%t+1)'

Proof: We have

é(xt ~Y/9) = ép(Xt ~Y{o-Y/(6-0))
= é;ﬁ—2@—¢w§;nq+@—¢ﬂ§;nwxé—@
= Z & —(6— ¢>’<i YY) (¢ — ¢).
Hence, - =
N R IR ENCCERICO MR

Note that Wy, —— 0, since 2 >~ ;¥ -~ A, and V(o — ¢) = 0,(1).

t=2p
We have
W 1 Zn:( 2 2) 1 Xm: <€§t+€%t+1_202>
n = —F= € — 0 ~ —
Vn =, vm = V2
i> N(O,U4+U22—20'4).
This completes the proof. O

The limit distribution of p can be obtained in a similar manner which is omitted. We

now illustrate Theorem 3.1 by two examples.

Example 1 BAR(1) Model

Consider the model

X, = Qbo + (le[%} + €, ¢0 7£ 0, and ‘¢1’ < 1.

The least squares estimators are given by

> Ui X, = X) m

. — X X _ 1

o1 = = , where U; = %, and X = — g X,
S (X, - X2 =

t=1

. _ 1 &
b0 = U—¢1 X, where U:EZUt.
t=1



21

From Theorem 3.1, we have

~

Vil —¢) 5 N(0,02(1+ p)AY),

A( 1 60/ (1— 1) )
/(1= 1) 125 + (%)

If ¢o = 0, we have ¢y = S U, X,/ > X2 and A = EX? = -—_ Consequently, we have,
i=1 i=1

where

m.
for QZS() = 07
V(g — 1) —5 N(0, (1 + p)(1 — ¢2)).

Example 2. BAR(2) Model
For the model

Xi = ¢o + 01X + 02 X1 + €,

we have under (C.1) and (C.2),

Vil — ¢) 5 N(0,02(1+ p)A™Y),

where
L o p
A= 1 a(0) a(l)

poa(l) a(0)

In particular, when ¢y = 0, and ¢ = (¢4, ¢2)’, we have

V(e — ¢) —5 N(0, (1 + p)B),

B ( 1 —¢3 —¢1(1—¢2))
—¢1(1 — ¢2) 1—¢3

Mean-Centered Process

where
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We now consider the mean-centered version of the model in (6.1.1). Model (6.1.1) can be

rewritten as

Xi—p =Xy =) + (X gy = p) + - + (X g) — ) + 6,

p

where 1 = go(1 — 3 ).
i=1
Define

Let 5= (i, ¢1, d2, - .., ¢p)'. We then have

where ¢ = (¢o, 1, .-, ),

c cu o cp cl
0 1 O 0

D=10 0 1 0 )
0 0 O 1

p .
and ¢ = (1 — Y_ ¢;)~'. The limit distribution of 3 is given next.
i=1

Theorem 3.3. Under (C.1) and (C.2), we have
V(B — B8) = N(0,0%(1 + p)DAT'D'), as n — oo,

where A is defined in (3.3.2), and D in (3.3.6).
Proof: The result follows from Theorem 3.1 and (3.3.5).
Remark: It is easily verified that

Az 0
DA™'D =
0 !

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)
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where
7(0) (1) v(p—1)
. ﬂD 70) ... vp—2) | (338)
yp—-1) v(p-2) ... ~(0)

In order to check (3.3.7), first note that

1 u’
A= a — P'SP,
pu T+ pPuu
where u = (1,1,...,1), is a (p x 1) unit vector,
1 10
P = and X =
0o I or
Also,
¢ cuu
D= M Zop
0o I
where
c 0
Q =
0 I

We thus have

DA™'D' = (QP)(P'SP)(QP)

2

c 0
= Q¥ 'Q = : (3.3.9)

0 It

Hence, the result in (3.3.7) is verified.
It then follows that
N d
V(i — i) == N(0,c%0*(1+ p)),

and

Vit — ¢*) 5 N(0,0%(1+ p)I 7Y,
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where ¢* = (¢1, @2, . .., ¢p)'. Moreover, ji is asymptotically independent of ¢*. It can further

be noted that

1+ p2uT'u —pu/T!
At =Pl (P = : 1 : 1 : (3.3.10)
—ul'"u =

Example 1 (Continued)

The centered version of the BAR(1) model is

Xy —p=¢1(Xjyy — ) + &, where = go(1—¢1)"

t
2

It follows from Theorem 3.3 that

V(i — p) ~5 N(0, 021+ p)(1 — ¢1)72),

and
V(g —é1) —5 N(0, (1+p)(1 — ¢?)).

Moreover, i is asymptotically independent of quSl.

3.4 INTEGER-VALUED BIFURCATING AUTOREGRESSIVE MODEL

In this section, we introduce an extension of the first-order integer-valued autoregression
(INAR(1)) (see Al-Osh and Alzaid (1987)) to a binary tree-indexed process and discuss
least squares estimation for the model parameters. Consider the process {X;} satisfying the
relation:

Xt = ¢10X[%} + €, 0< d)l < 1, (341)

where ¢10X 4] denotes the binomial thinning operation defined by

Xy

GroXp =YY, (3.4.2)
i=1

where {Y;}, i = 1,2,..., are i.i.d. Bernoulli random variables with P(Y; = 1) = ¢; and

P(Y;, =0) =1—¢1, 0 < ¢; < 1. The error process {e:} is characterized by the fact
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that {(eg, €241)}, t = 1,2,..., are i.i.d. integer-valued bivariate random variables with
E(e) = E(eg1) = ¢o, Var(ea) = Var(exyr1) = 0® and Corr(ey, €a:41) = p. It is readily
verified from (3.4.1) that

E(X|X1) = ¢o + d1Xz), do >0 (3.4.3)

and

Var(Xy| X)) = ¢1(1 — ¢1) Xy + 0”. (3.4.4)

i
2
The conditional least squares (CLS) estimators of ¢y and ¢; are obtained by minimizing

n

> Xy —do— gzﬁlX[;])Q with respect to ¢y and ¢y, and these are the same as the LS estimators
t=2 2
qgo and qgl for the BAR(1) model given in Example 1 in Section 3. It can be verified from

(3.4.3) and (3.4.4) that the unconditional stationary moments are given by

p=FE(X,) = ¢o(1 — 1), (3.4.5)

and
7(0) = Var(X:) = (up1(1 — ¢1) + 02)(1 - Qb%)_l- (3.4.6)

Using basically similar arguments as those for the centered BAR(1) example at the end

of Section 3, one can verify that
. d _
\/ﬁ(ﬂ_ﬂ) H]\[(0702(1—1_p)(1_¢1) 2)7

and
Vildr — ¢1) —5 N(0,0%(1 + p)y1(0)),

where v(0) is given by (3.4.6). Moreover, [i is asymptotically independent of 1. Even though
some of the time series asymptotics used in the previous section are not directly applicable for
the model in (3.4.1), one can use the fact that {X;} is an ergodic Markov chain (see Grunwald
et al. (2000)) and standard Markov chain asymptotics can then be used to establish the above

results. The details are omitted.
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3.5 BIFURCATING Po0I1ssoN MODEL

As an example of the bifurcating INAR(1) model of Section 4, we present here a Poisson
bifurcating model, and study some of its properties. Consider the model in (3.4.1) with

{(€at, €2¢4+1) } having a bivariate Poisson distribution defined by

Y1hy2 eyl—ieyz—iei
Pex = Y1, €01 = o) = e D1H0246s) Z

(y1 — ) (yp — 2)l5’ (3.5.1)

where y; A yo = min(y1,y2), 6; > 0,i=1,2,3, and y; =0,1,2,...,(j = 1,2). The marginal
distributions of €y and €941 are then Poisson with means 6; + 03 and 65 + 63 respectively,

and Cov(€y, €9;11) = 03. The joint moment generating function of (e, €2:11) is seen to be
M (t1,t2) = exp[f3(e" ™ — 1) + 01 (e — 1) + Oo(e” — 1)]. (3.5.2)
See, for instance, Johnson et al. (1997). We now choose the following parameterization:
01 =0,=(1—p)og, and 05 = ppy, with 0 < p <1, ¢¢ > 0.

We then get E(ey) = E(ear1) = Var(ey) = Var(egyr1) = ¢o, and Corr(ey, €g11) = p.

The conditional distribution of X; given X[ is obtained from (3.4.1) and (3.5.1), and it

t
2

is seen to be
a:t/\x[%]

—et R R RV N
p(xt\x[%]) =e (0 = 2)'( Vo1 (1 — @p) 12 L (3.5.3)
i=0 7t '

We have, from (3.4.3) and (3.4.4),
E(Xt’X[%]) = ¢o + ¢1X[%]>

and
VCLT(Xt‘X% ) ¢1(1 — (]51)X[%] + ¢0.
The conditional least squares estimators of ¢y and ¢; are then obtained as discussed in

Section 4.

The likelihood function is given by

La(¢0: 01, p) = p(w1) [ [ p(war, wa4a]s),
t=1
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where m is the total number of triplets (z, xo;, xoi11) observed, and p(xoy, xori1|z:) is the
conditional distribution of (Xg;, Xo;11) given X;. However, p(xos, oi11|2¢) does not have a
simple form. The conditional moment generating function of (Xg;, Xot41) given X is given

below.

Lemma 5.1. The conditional moment generating function of (Xg;, Xo;11) given X; is

t1,t
M = 016772+ (1= )] Mgy a1y (1. 12),
where Me,, e0r, 1) (t1, t2) is given by (3.5.2).
Proof: We have

E[6t1X2t+t2X2t+l |Xt]

X X
_ E[etl St Yidtiear+ia Dot Yittoeor |Xt]

E[e(t1+t2) Zj(:tl Y; Xt]E(et1€2t+t2€2t+l )

= [¢l€tl+t2 + (1 - ¢1)]XtM(€2t,62t+l)(t17 t2)7
Xt

since conditional on X3, > Y; is a binomial random variable with parameters (X, ¢;). O
i=1

Next, we obtain the unconditional joint distribution of (X, Xo;41) for the model given

by (3.4.1) and (3.5.1). This turns out to be a bivariate Poisson distribution.

Lemma 5.2. The joint distribution of (X, Xoi11) is a bivariate Poisson with E(Xy) =

E(Xat11) = 1?3,17 and Cov(Xa, Xor1) = (p + 1?;1)%-

Proof: The joint moment generating function of (X, Xosy1) is given by

M(Xzz,Xzz-H) (tb t2) = E[M(X2t,X2t+1) (tlv t2) ‘Xt]

= M(Ezt,ﬁzt-«—l)(tl: tQ)E[((bletH—tQ + (1 - ¢1)Xt]' (354)
Next, note that the marginal distribution of X, is Poisson with mean 1i¢3>1 . This is seen from

representing X; in (3.4.1) in terms of {e;«,}, j =0,1,...,
27
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and noting that {€ ¢}, 7 =0,1,2,..., is a sequence of i.i.d. Poisson random variables with
27

mean ¢q. Consequently,

E[(¢1e"" + (1 — ¢1))™]

— E[e™], where s =log(¢ie" ™ + (1 - 1))

~ el % (e~ 1) = ey %o (et = )] (3.5.5)

Substituting (3.5.5) in (3.5.4), and simplifying, we get the moment generating function of

the bivariate Poisson distribution given in (3.5.2) with

1

91:92:(1—p)¢0, and 93:(1 ¢
- @1

+ p)o-

The result in the lemma then follows. O
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Abstract
Exact and asymptotic distributions of the maximum likelihood estimator of the autore-
gressive parameter in a first-order bifurcating autoregressive process with exponential inno-
vations are derived. The limit distributions for the stationary, critical and explosive cases are
unified via a single pivot using a random normalization. The pivot is shown to be asymptot-

ically exponential for all values of the autoregressive parameter.

Keywords: Bifurcating Autoregression; Exponential Innovations; Maximum Likelihood;

Exact Distribution; Limit Distribution; Non-standard Asymptotics.

4.1 INTRODUCTION

Consider the first-order autoregressive process
Xt = ¢Xt—1 + € (411)

where {¢;} is a sequence of independent exponential random errors with mean A > 0, and
¢ > 0. Nielsen and Shephard (2003) have derived the exact distribution of the maximum

likelihood (ML) estimator ggn of ¢, conditioning on some initial value X,

2 . X
S o

). (4.1.2)

Davis and McCormick have studied the limit distribution of ¢, when 0 < ¢ < 1 and {¢}
has a more general class of distributions of which exponential distribution is a special case.
Nielsen and Shephard (2003) have also derived the limit distribution of ¢n for the exponential

innovations. In particular, they have shown that, for 0 < ¢ < 1 (non-explosive cases),
2 d
Cn(pn — @) — Exp(1) (4.1.3)

where Exp(1) denotes an exponential random variable with mean 1, and

(1—¢)n, for 0<¢p<1

Cp =

n(n—1)/2, for ¢=1.
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They further show that

" (fn — @) = O,(1), for ¢ > 1. (4.1.4)
Nielsen and Shephard (2003) also derive the limit distribution of the likelihood ratio statistic
for all values of ¢ > 0. In the derivation of the limit distribution of the likelihood ratio
statistic, Nielsen and Shephard (2003) show that, for ¢ > 1,

Z¢" - J
m(% —¢) -5 Bap(1), (4.1.5)

where Z = Xo+ 3222, ¢7¢;.

A careful reading of their proof of Theorem 3 reveals that

i A for 0<p<1
U P AR =¢ (4.1.6)
t=1 A, for ¢ =1,
where
n, 0<op<1
d, = X ¢
ne) g =1,
We also have
. Z
NTX, 2 T for 6> 1. 4.1.7
¢ ; t—1 51 o) ( )
From (4.1.3), (4.1.5), (4.1.6) and (4.1.7), it readily follows that
A X)) (b — ¢) =5 Eap(1), for all ¢ > 0. (4.1.8)
t=1
The pivot
T =20 Xi-1)(dn — ), (4.1.9)
t=1
where
R 1 <& .
A=~ D (Xi = dnXi), (4.1.10)
t=1

can, therefore, be used for constructing asymptotic tests and confidence intervals for ¢
without the prior knowledge as to which of the three regions, viz., ¢ <1, ¢ =1, ¢ > 1, the

parameter ¢ belongs to. It is to be further noted that

2T, -4 \2(2), forall ¢ >0, (4.1.11)
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which unifies all the three cases. The unifying limit result in (4.1.8), though not noted
explicitly by Nielsen and Shephard, can nevertheless be deduced from a careful reading of
their proof of Theorem 3.

The main purpose of this paper is to derive the exact and asymptotic distributions of
the maximum likelihood estimator of ¢ for the first-order bifurcating autoregressive process
defined by

thqﬁX[%}—i—et, t>2,¢2>0, (4.1.12)

where [u] denotes the largest integer < w, and {(eg, €2441)}, t > 1, are independent bivariate
exponential random variables. Bifurcating autoregressive processes are used to model data
indexed by a binary tree where each individual at any node gives rise to two individuals.
The model in (4.1.12) with Gaussian errors was orginally introduced by Cowan and Staudte
(1986) in the context of modeling cell lineage data. See also, Huggins and Staudte (1994)
and Huggins and Basawa (1999, 2000) for various extensions. Basawa and Zhou (2003) have
discussed non-Gaussian bifurcating models with 0 < ¢ < 1.

The exact distribution of the maximum likelihood estimator of ¢ in (4.1.12) with bivariate
exponential innovations, is derived in Section 2. Section 3 contains the derivation of the limit
distributions of the ML estimator in the three cases (i) ¢ < 1, (ii) ¢ = 1 and (iii) ¢ > 1.
These results are unified via a single pivot using a random normalizing sequence in Section
4. Some simulation results on the comparison of the maximum likelihood and least squares

estimators are reported in Section 5.

4.2 EXAcCT DISTRIBUTION OF THE MAXIMUM LIKELIHOOD ESTIMATOR

Consider the model in (4.1.12) with {(ea, €2¢41)}, ¢ = 1,2,..., independent with bivariate

exponential distribution defined by

P(egr > uy, €941 > Ug) = exp[—aqu; — agus — apg max(uy, ug)], u; >0, ug >0, (4.2.1)
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where aq, as and a5 are the model parameters satisfying a; > 0, as > 0 and a5 > 0.
See Mardia (1970) and Kotz, et al (2000). The marginal distributions of ey and ey are
exponential with means (o + a;2) ™! and (as + a12) ™! respectively with correlation between
€or and €941 given by apa(a; + as + a2)”t. We have chosen this particular form of the
bivariate exponential distribution for its simplicity. It also happens to be the only bivariate
exponential distribution which possesses the (bivariate) lack of memory property. We now
choose the parameters as follows

2p
(1+p)A’

I—p

s (4.2.2)

] = g = and oy =

where A > 0 and 0 < p < 1. With this parametrization, the marginal distributions of ey
and €941 are both exponential with mean A and correlation p. Note also that when p = 0,
the innovations {¢} in (1.12) will be independent and identically distributed exponential
random variables with mean A, which corresponds to the assumption in the AR(1) model
(4.1.1).

In order to derive the likelihood function based on the sample (X7, ..., X,,) we need the

bivariate density function corresponding to (4.2.1). It is seen that
sy + aq2) exp|—(aq + ag2)u; — agus], 0 < ug < uy
f(52t:52t+1)<u17 u2) = Oél(OéQ + 0412) exp[—a1u1 — (042 + 0612>u2], 0<u; <ug (4.2.3)
a9 exp[—(aq + as + aqa)ul, UL = Uy = U.
The likelihood function, conditional on X7, is then given by

L, = HP(iUzt, Tot+1 ‘l’t)

t=1
m

= H f(€2t7€2t+1)(x2t - d)Xta Tot41 — ¢Xt)7 (424)
t=1
where m denotes the number of triplets (x4, o, To;11) observed and p(xg, Topy1|z:) denotes
the conditional density of (Xo;, Xo;11) given X; = z;,. Note that n = 2m + 1.

After substituting (4.2.2) and (4.2.3) in (4.2.4) and some simplification, we have

m . X
Ln = [E 9e(A, p, &, X, Xog, Xopy1)[I(¢ < 22&1%1n(X[; ), (4.2.5)
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where I(-) denotes the indicator function and g,(-) is an increasing function of ¢. Let ¢y,
denote the maximizer of L, (¢) with respect to ¢. Since L,, is an increasing function of ¢, it
follows that

2 . ¢
Owe =000 5
2

), (4.2.6)

which does not depend on A and p. We will treat A and p as unknown nuisance parameters.
Our primary goal in this section is to derive the exact distribution of é vz in (4.2.6).
Consider

P(oarr — ¢ >u) = P(min (2

2st<n X|1)
2

) > u)

In order to evaluate the multiple integral in (4.2.7), we first arrange the observations
(X¢,t = 1,...,n) into k generations, the jth generation consisting of 2/~! observations,
j=1,2,...,k, and zk: 2071 = 2% — 1 = n, the total number of observations. Let A; denote
the set of observatiojn:s1 in the jth generation. Note that t € A; implies j = [log, ] + 1. Also,
define B; to be the set of all observations contained in the first j generations. For n = 15,

the grouping of the observations {X;}, ¢ = 1,...,15 into k = 4 generations is illustrated

below.

11
Xy

1 2 3 4 > generations

The connecting lines indicate the branches in the binary tree. Here, A; = {Xi},
A2 = {XQ,X3}, A3 = {X4,X5,X6,X7} and A4 = {Xg,...,X15}. 1AISO7 Bl = {Xl},
BQ = {Xl,XQ,Xg}, Bg = {Xl, SN ,X7} and B4 = {Xl, PN ,X15}. The model in (4112)



36

implies (i) Markovity of observations between successive generations and (ii) conditional

independence within each generation given the observations in the previous generation. In

the above illustration the Markovity implies, for instance, that the conditional distribution

of any observation in the set A4 given all the previous observations in Bs depends only on

the observation on the same path in As. Also, conditional on all the observations in As,

conditional independence implies that the pairs (Xg, Xo), ..., (X4, X15) are independent.
From (4.2.7), we have

k
(QbML — (25 > u H WJ (4.2.8)
j=
where W; = [] I(X: > (¢ + u)X[%]). For any triplet (X¢, Xor, Xor41), we have, from (4.2.1)
teA;
and (4.2.2),
2
P(th > (¢ + 'U/).',Ut, X2t+1 > ((b + U).fl;t|Xt = xt) = exp(—ﬁxt). (429)
Consider the last two generations (k — 1)th and kth. We have
E(Wlek_l) = E(Wk|Ak_1) by Markovity,
= 4.2.1
exp(— 1 FADY Z 1), ( 0)

teA,_
by conditional independence, and using (4.2.9). In order to proceed further we need the

following result which is proved in the appendix.

Lemma 2.1. For any constant b, and any triplet (X;, Xot, Xoi41), we have

2ub

EI( Xy > (¢ + u)zs, Xogpr > (¢ + u)wy) exp(—m

(Xot + Xo141))| Xy = 24

1+ (14 2ub)p ) exp(— 2uwy
Ar2a)d 2w+ ) ST

= ( 1+ b(2u + 29))). (4.2.11)

In what follows the notation ) X; is used to denote the sum of all observations in the
tEAj

jth generation.
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For the jth generation, for constant b;, we have

E[W; exp(— ZXt |Bj-1]
teA
2ub; i
= E[VV] exp(—m Z Xt)‘Ajfl], by markowty
teA,
2ub;_
= q eXp(—m Xy), (4.2.12)

tEAjfl

where a; = ((1+211;g1)2r12f32)1)€+p))2j—27 and b1 = 1+ b;(2¢ + 2u). The result in (4.2.12) is
obtained from (2.11) and using conditional independence. Recall that 2972 is the number of
observations in the (j — 1)th generation. The exact distribution of the ML estimator b is

given below.

Theorem 2.1. Conditional on X7, for any u > 0, the exact distribution is given by

- 2ub
Py — ¢ > ulXy) = Haj exp(— i ;)AX ) (4.2.13)
h _ 14+(142ubj)p  \2i-2 B s s
where a; = ((1+2ubj)(1+2ubj+p)) and b; = 52::0 (20 +2u)*, j=1,...,k—1.

Proof: From (4.2.8), we have

k k—1 k—1
P(our — ¢ >w) = E[[[W)] = E[EW, [[W;lBia)] = E[EWi|Bey) ([ [ W)
h 2u e h
= E p(_(Hp)Atg;lXt)(jr[QW])]’ from (4.2.10)
= E[E(exp( (?f';)& Xt)Wm!Bkz)ﬁWg], b1 =1,
teAR_1 =2
= gy Elexp(——240k=2 3 Xt)’ﬁwj], from (4.2.12)
(AR
— g E[B(exp(— 202 3 Xt)wk2)|3k1)ﬁwj]
(14+p)A T s
- ak_lak_gE[eXp(—(?ﬁ)—kp;)\ 3 Xt)’ﬁwj], from (4.2.12).

t€AL_3 Jj=2
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Continuing this process iteratively and using (4.2.12) repeatedly, we finally obtain

R 2ub
P<¢ML — (b > 'I,L’Xl) = Ap—1Qk_—92,... ,agE[eXp(—m Z Xt)WQ}
teAs

2'Lbbl
= Ag-10k—2,...,0302 exp(—<

—X f 4.2.12).
1+p))\ 1)7 I'OHI( )

The process stops at X; since X is assumed fixed. The expression for b; is obtained by

solving the recursive equation b;_1 = 1+ 0;(2¢ + 2u), for j =k, k —1,...,2, with by =1,
k—j—1

. u k—1__
to get b; = Sz::O (290 +2u)®, j =1,2,...,k — 1, and hence, by = (22212)1‘)71 1 UJ

Corollary 2.1. If p = 0 (i.e. when {¢} are ii.d. exponential with mean \), the exact

distribution of ¢z, conditional on X, is given by (4.2.13) with a; = (1 + 2ubj)‘2j_1 and
k—j—1
b= 3 (20+2u)

s=0

Proof: This follows readily from Theorem 2.1, by setting p = 0 in the expression for a;. U

Corollary 2.2. If X; is a random variable with moment generating function M, (¢), then

the unconditional exact distribution of ¢y, is given by

k
P(oyr — ¢ >u) = ([ [ aj) Mx, (—

|
—

2Ubl

T (4.2.14)

.
||
N

Proof: The result follows by taking expectations with respect to X; on both sides of (4.2.13)

and noting that the a;’s do not depend on Xj. 0

4.3 ASYMPTOTIC DISTRIBUTIONS

In this section we derive the limit distribution of QASML in the three cases (i) 0 < ¢ < 1
(stationary), (ii) ¢ = 1 (critical) and (iii) ¢ > 1 (explosive).
Recall that if n is the total number of observations in k generations, we have n = 2% — 1

or k =logy(n + 1). The limit distributions of dur1, in the three cases are summarized below.

Theorem 3.1. As k — 00, we have

ae(drir — @) LN Exp(1), forall ¢ >0, (4.3.1)
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where Exp(1) is an exponential random variable with mean 1, and

ok
m, for O§¢<1

k
Qp = 12T];v for ¢p=1

2k¢k71W
Nita@e 1 for ¢>1,

W being a positive random variable defined by
W=>Y ¢+ Xy, (4.3.2)
j=2

with €; = 2701 3" ¢, = average of ¢’s corresponding to the jth generation.
tGA]‘

Proof: First, consider the non-explosive cases, 0 < ¢ < 1. The exact distribution in (4.2.13)

can be rewritten as

A 2uX; A U
P(oyr — ¢ > u) = exp[—ﬁ — N " 9kitlog 7)), (4.3.3)
i=2
i—2
where log Z; = log(1 + 2uA;) + log(1 + %Ai) —log(1 + %Ai), and A; = > (29 + 2u)® =

. s=0
%. The main work involved in finding the limit of the right hand side of (4.3.3)

after replacing u by a,;lx, for > 0, is to determine the limiting behaviour of

k=1
Vi = >0 2811 og(1 4 2uA;), as k — oo (and hence n — 00).
i=2

Since
2
c—3 <log(l+¢)<c, ¢>0,
we have
k-1 k-1 (2ud;)? k-1
2P (Qudy) = ) 2P <V <y 2V (2ud,). 4.34
ZZ_; (2uA;) Z:; 5 k Z:; (2ud;) (4.3.4)
(i) For 0 < ¢ < 1, choose u = 5. It can be verified that
k—1 9 k—1
Y k—i—1 T
=2 1=2
Hence, it follows from (4.3.4) that Vj, — 30g- 1t is then straightforward to see that with
u =5,
-1l -
> 2 og Z; — (4.3.5)

par (1=¢)(1+p)
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It is also easy to verify that

2UX1Ak . z
—— —0 th v=—. 4.3.6

From (4.3.3), (4.3.5) and (4.3.6), it follows that, for 0 < ¢ < 1, we have the desired result

oy x
PR Gu = 6) > 7) = (=)
Hence, the result in the theorem follows.
(ii) For ¢ = 1, choose u = 5¢;. It can then be verified that V;, — 7, and hence
k-1 - -
;2 log Z; — s (4.3.7)
It is seen that
% 0, with u= % (4.3.8)

Hence the result for ¢ = 1 follows from (4.3.3), (4.3.7) and (4.3.8).

(iii) For ¢ > 1, we will derive the limit distribution more directly. From (1.12), we have

[logy t]—1 .
> e+ ol (4.3.9)
= 27
Hence
> X = Z 20) () e) + (20)' X, (4.3.10)
te A Jj=2 tEAj
and
k
(2¢) " Z Xy = Z(2¢)_(j_1) Z €+ X1
te Ay j=2 tCA;
Since
ZE' 26) 0 Y | = S (20) 0 V21
LEA; j=2
=AY ¢ U <o,
j=2
we have
C RN R 1 (4.3.11)

teAg
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where W is defined in (4.3.2). Let

g 2 (G — AW
EEEDCEAICE Y

(4.3.12)

We need to show that Hj — Ezp(1), as k — oo. We will now follow analogous arguments

to those used by Nielsen and Shephard (2003), p 343. We have

: ya A1 +p)(260 = 1)
P(H — Py —b>—2% ) where a—=
( k >y) (¢ML ¢> ((2¢)k,1W))7 where a 9
yaXyy)
= P(Gt > W, t:2,,n)
k
yaXiy
= E[g[(€t>(2)k—fv[/, tGAJ)]
k
yaXy
= E[E{; I(e; > (2¢)T12W’ t € Aj)|Bi-1}]
= E[l(e > _very) t € By_1)ex (—ZL( > X);)]
- CTEITA FUEPT R 2= YT )
k—1
yaXy —2ya
> Bl ——2 L€ By —_— 4.3.1
since Y. X;/(2¢)*2 < W, a.s.. Continuing the process in (4.3.13) iteratively, we have
tEAL_1
2ya 1 1 1
P(Hy, > y) > exp[—————(— + R et
ez ) 2 P35 T aep T T e
— exp(—y), as k — oo. (4.3.14)
Let % = . Then, by (4.3.11), ng 25 1. Egorov’s theorem (see Lieb and Loss (2001))

then implies that for any d;, d2 > 0, there exists a set 21, with P(€2;) = 1 —J; and a kg such

that, for w € Q; and k > ko, we have Z[];EZB > 1 — 9y (i.e. my converges to W uniformly on
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;). We have

P(Hy,>y) = P(H,>y,Q)+P(H,>y )

< P(Q)+ P(H >y, )

yaXiy
te ANI())

k
= (51+EjH2(I<€t>(2¢)TIVV,

CLXE a teA,_ 1 Xt
= 0+ E[(I(e > (2?;5)%;%/[/’ te Bk_l))exp(—(l?p))\ %QS)’“*W VI(2)]
k—1 CLXL a
2ya(1 —-9), 1 1 1
< drexp(— ﬁ(% (20)2 +"'+W))

~ exp(—y), (4.3.15)

since d; and dy are arbitrarily small. From (4.3.14) and (4.3.15), the desired result follows. [J

4.4 A UNIFIED LIMIT THEOREM

In Theorem 3.1 we had to use different normalizing sequences for the three cases to get the
limiting exponential distribution. In this section we will show that the three normalizing
sequences oy, can be replaced by a single random normalizing sequence. The result is given

below.

Theorem 4.1. As k£ — oo,

2

m( Z Xt)(ﬁgML — ) 4, Exp(1), For all ¢ > 0. (4.4.1)

teBL_1

Proof: The desired result in (4.4.1) will follow from Theorem 3.1 if we show that

A
(k1) PN
>ox 5 (1_¢), for 0<¢ <1, (4.4.2)
teB_1
(2507 > X oA, for ¢ =1, (4.4.3)

teBk_1
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and

(20)7¢D 37 X, 25 % for ¢ > 1. (4.4.4)

The results in (4.4.2)-(4.4.4) then lead to the common normalizing random sequence

teBr_1

2\ (14 p)) =" >oiep, , Xi for all the three cases, proving (4.4.1). We now proceed to verify
(4.4.2)-(4.4.4).
From (4.3.10), we have

k—1 k=1 j
D Xe=D > Xoo= 3D (2077 et (207X
teEBE_1 7j=1 tEAj =1 i=2 teA;
k=3 k—1
_ Z 5 (* 12¢2¢ ) D tea, €+ = §2—<]§2)¢ Xy, for ¢#3
ST (k=) Yien, @ + (k= 1) X, for ¢=1.
(4.4.5)
For 0 < ¢ < 1, one can verify, via (4.4.5), that
A X
Z 9~ (k= 1)X — T and Var(—Zte;;k_ll t) -0
tEBL_1
giving the result in (4.4.2). Similarly, (4.4.3) can be verified by checking
—1\— Zt By X
E( Y (k2"17'X,) — A and Var(%) — 0.
teB_1
For ¢ > 1, we have, from (4.4.5) with ¢ # %,
k-1
(20-1) Y X0 = D (@07 -1 Y e+ (20 - D)X,
teBL_1 Jj=2 teA;
= ZXt_(Z e+ X1). (4.4.6)
tEAk tEBk

From (4.3.11), (4.4.6) and noting that (2¢)~ (=1 > ieB, €t 2% 0, the result in (4.4) follows.
This completes the proof of the Theorem. 0

Define the pivot

2 A
T, = m(tGBZ“ Xo)(Pmr — b) (4.4.7)



44

where \ and p are any consistent estimates of A and p. For instance, one can choose

o A > (Xat = OunXe = N (X1 — durnXe = A)
A= EZ(Xt_¢MLX[%])7 and p = — = R R R R :
t=1 (32 (Kot — oarrXe — A)2) (2 (Xorr — o Xy — A)?)JH/2
t=1
(4.4.8)
It then follows that
2T, -4 \2(2), for all ¢ > 0. (4.4.9)

The pivot T,, can therefore be used for constructing confidence intervals and tests for ¢
without prior knowledge as to which of the three regions the true value of ¢ belongs to. The
result in (4.4.9) thus extends (4.1.11) for the AR(1) model to the bifurcating AR(1) model.

Suppose ¢EML is based on observations in the last two generations only, i.e. in Ax_; and

Ay, and denote the estimate by gZa(f}L. We have

@) Xy
¢ML*{2E( [;])’ (4.4.10)
and
P(d\p — ¢ >u) = P(Xi> (p+u)Xpyy, te Ay
= E(Wi) = EIE(Wi|Bg-1)]
2u
= Elexp(———— »_ Xi)], from (4.2.10).
T+ 5
If we now choose u = ((23,.,, , Xo)z/(1+ p)A)~", we have
2Zt€A Xy 2(2)
P~ T —$) > 1] = exp(—z), forall ¢ >0, 4411
[( T Nbnp — @) > 2] = exp(—x), forall ¢ > ( )

4 teAL_q X

and for any k. Thus, the exact distribution of the pivot (Z(H—p)/\)(ég\%—gb) is x%(2) for any
¢ > 0. Consequently, the asymptotic distribution of this pivot is also x?(2). The asymptotic
relative efficiency of 95551)1; with respect to g%ML (based on all the generations) is obtained
by the limit in probability of the ratio (3,4, Xt/ D e, , Xt) of the two corresponding
normalizing sequences. It can be verified that

A
9—(k=2) Z X, 2 s for 0 <o <1, (4.4.12)

teAK_1
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(B25)70 Y Xy 2o A, for ¢ =1, (4.4.13)

t€EAK_1

and, from (4.3.11), we have

(20)"%2D 3" X, BB W, for ¢ > 1. (4.4.14)

t€Ar_1

Comparing (4.4.12)-(4.4.14) with (4.4.2)-(4.4.4), we can conclude that the relative efficiency
of gfsg\?L with respect to ¢y is sfor0<¢<1,and 1 — (2¢)"" for ¢ > 1.
Extrapolating this argument, let QASS\Q ;, denotes the estimate based on the observations in
Ak, Ag_1, ..., Ag_111 (i.e. in the last [ < k) generations, the asymptotic relative efficiency of
ML, for fixed [ and as k — oo, is seen to be 1 — 271 for 0 < ¢ < 1 and 1 — (2¢) ! for
¢ > 1. Thus, the efficiency increases as we include more generations.
Consider now the special case when p = 0, i.e. when {¢} are ii.d. Exzp(\) random

variables. The likelihood function (4.2.5) then simplifies to

Lo(X, @) = A Dexp(—A~ Z — X)) (¢ < Iiniq( ). (4.4.15)

The maximum likelihood estimates of ¢ and A from (4.4.15) are given by

n

X . B .
darp = Join ( X[f] ), and Ay =(n—1)" ;(Xt — S X)) (4.4.16)

The likelihood ratio (LR) statistic for testing ¢ = ¢ is given by
Lo(hoido)  _ Moty

Ln(Anrr, dumir) Ao

where Ay = (n — 1)~ Yo (X — qﬁOX[%]). Note that

(GarL — do) Yy Xy 2( e, , X0 (Snir — o)
> o Xi — doX [g}) D ieo €t

From Theorem 4.1, and (4.4.18) it is easy to verify that, for ¢ = ¢, ¢o > 0,

Qn = Y (4.4.17)

™t (4.4.18)

Qn:[l_ ]nilz[l_

(i) Qn —%, Uniform (0,1),

(i) —logQn —— Eap(1),

and (i) —2logQn —= y3(2). (4.4.19)
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The results in (4.4.19) generalize those of Nielsen and Shephard (2003) for the AR(1) model
to the bifurcating AR(1) model. For p # 0, the LR statistic does not have a simple form.
However, we can always use the simpler statistic 7}, in (4.4.7) which corresponds to the Wald

statistic.

4.5 SIMULATION RESULTS

The least-squares (LS) estimators of ¢ and A for the model in (4.1.12), obtained by mini-

mizing > (Xoy — 0 X — A2 + > (Xopy1 — ¢ X; — N\)?, are given by
t=1 =1

drs = 2y Xi(Ur = U)
2 (X = X)2

and ;\LS = U - QBLsX, (451)

NFE

m
X X = v
where U, = 2252251 [ = LS [, and X =
=1

5 X, and m = number of triplets observed.

1
m

t=1

t=
Recall that n = 2m + 1. Denote

Ap =U — o X (4.5.2)

where ¢z is given by (4.2.6). Note that Ay in (4.5.2) is the ML estimate of A, when p = 0,
and it is not quite the ML estimate when p # 0. However, we shall denote the estimate in
(4.5.2) as S\ML for all 0 < p < 1, by an abuse of the notation.

In this section, we first report the results of a simulation study to compare ¢EML with
<;A5L5, and A\, with S\LS~ We simulated observations {X;} from the model in (4.1.12) with
bivariate exponential errors and parameters A = 1, p = 0.5, ¢ = {0,0.5,0.9,1,2}, and
number of generations k = {5,6,...,10}. The estimates QASML, quSLS, S\ML and S\Ls were com-
puted. The process was replicated 1000 times. The means and mean-squared errors (MSE)
of the estimates over 1000 replications were computed. Also, the relative efficiency of the
LS estimate with respect to the ML estimate is computed as the ratio MSE(ML)/MSE(LS).
The results for the comparison for qAB M and (% rs are given in Table 1. It may be noted, from
Table 1, that the MSE’s for both ngML and qﬁLs descrease as the number of generations k

increases. For all k, MSE (¢y) < MSE (¢1s). The relative efficiency of the LS estimate
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with respect to the ML estimate approaches zero very quickly as k increases. The reason for
this behaviour is that QAS wmr has a much larger rate of convergence than &LS.

Table 2 summarizes the comparison of A ar and A Ls. Again, the MSE’s of both A v and
ALg decrease with MSE (A1) < MSE (ALg) for each k. However, the relative efficiency of
ALs with respect to Az does not approach zero since the rates of convergence for both the
estimates are the same.

In order to study the convergence of the pivot 27}, to x*(2)-distribution where T}, is given
by (4.4.7), we computed p,(2T,, > x2(2)) where p,(-) denotes the proportion out of 1000
values, and x%(2) denotes the value such that P(Chi-square(2) < x2(2)) = a. The results
are summarized in Table 3. It is seen that p, (27T, > x2(2)) approaches 1 — « for all ¢, as k

increases.



0 | k| our | dus | MSE(dur) | MSE(os) | Jrp )
0.0 5 | 0.05104 | -0.06442 | .005245731 0.09222 0.056881
0.0 6 | 0.02385 | -0.02698 | .001134474 0.02905 0.039048
0.0 | 7 ]0.01112 | -0.00921 | .000237704 0.01281 0.018556
0.0 | 8 |0.00578 | -0.00671 | .000064087 0.00598 0.010717
0.0 | 9 |0.00293 | -0.00503 | .000016964 0.00286 0.005928
0.0 | 10 | 0.00144 | -0.00198 | .000004222 0.00147 0.002882
0.5] 5 | 0.53033 | 0.38985 | .001890812 0.12790 0.014784
0.5] 6 | 0.51285 | 0.44987 | .000330809 0.03058 0.010818
0.5 ] 7 | 0.50603 | 0.47659 | .000070483 0.01146 0.006150
0.5 ] 8 |0.50296 | 0.48543 | .000016863 0.00517 0.003264
0.5 ] 9 |0.50153 | 0.49166 | .000004721 0.00239 0.001972
0.5 | 10 | 0.50073 | 0.49607 | .000001101 0.00114 0.000970
0.9 1] 5 1091843 | 0.86511 | .000708221 0.06374 0.011111
0.9 ] 6 | 0.90683 | 0.87502 | .000094902 0.01672 0.005677
0.9 ] 7 1090286 | 0.88707 | .000015997 0.00566 0.002827
0.9 ] 8 | 090125 | 0.89095 | .000003046 0.00229 0.001331
0.9 ] 9 |0.90059 | 0.89469 | .000000720 0.00094 0.000770
0.9 | 10 | 0.90026 | 0.89711 | .000000140 0.00041 0.000339
1.0 | 5 | 1.01622 | 0.98562 | .000548891 0.04435 0.012377
1.0 | 6 | 1.00578 | 0.98674 | .000068449 0.01109 0.006171
1.0 | 7 ]1.00232 | 0.99353 | .000010565 0.00355 0.002977
1.0 | 8 | 1.00097 | 0.99521 | .000001827 0.00139 0.001318
1.0 | 9 | 1.00044 | 0.99721 | .000000401 0.00052 0.000769
1.0 | 10 | 1.00019 | 0.99848 | .000000072 0.00022 0.000326
2.0 5 | 2.00504 | 2.00518 | .000052061 0.00195 0.026709
20| 6 | 2.00115 | 2.00139 | .000002667 0.00020 0.013418
2.0 | 7 ]2.00028 | 2.00028 | .000000165 0.00002 0.007087
2.0 | 8 |2.00007 | 2.00007 | .000000011 0.00000 0.003659
2.0 | 9 | 2.00002 | 2.00002 | 7.3376E-10 0.00000 0.002168
2.0 | 10 | 2.00000 | 2.00001 | 4.7961E-11 0.00000 0.001130

Table 4.1: Comparison of ng 7, and qBLS
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MSE(Ar)

o | k AML ALs MSEAur) | MSE(ALs) MSE(ALs)
0.0 5 | 0.94884 | 1.06084 0.049185 0.12984 0.37881
0.0 6 | 0.97981 | 1.03294 0.023058 0.05509 0.41853
0.0 7 | 0.98621 | 1.00554 0.011283 0.02180 0.51750
0.0 8 |0.99402 | 1.00622 0.005483 0.01076 0.50970
0.0 9 | 0.99837 | 1.00640 0.002976 0.00573 0.51940
0.0 | 10 | 0.99878 | 1.00224 0.001472 0.00291 0.50573
0.5 ] 5 | 0.94851 | 1.21576 0.049626 0.37730 0.13153
0.5 ] 6 | 0.98024 | 1.10859 0.022898 0.13120 0.17453
0.5 1] 7 | 0.98595 | 1.04435 0.011278 0.04869 0.23162
0.5 8 |0.99407 | 1.02851 0.005494 0.02403 0.22858
05 9 | 0.99828 | 1.01816 0.002970 0.01202 0.24708
0.5 | 10 | 0.99879 | 1.00825 0.001473 0.00593 0.24838
0.9 5 | 0.94828 | 1.20887 0.049758 0.64264 0.07743
0.9 6 | 0.98025 | 1.14837 0.022801 0.31761 0.07179
0.9 1] 7 | 0.98588 | 1.07921 0.011293 0.12762 0.08849
0.9 8 | 0.99408 | 1.05684 0.005483 0.06116 0.08965
0.9 9 | 0.99827 | 1.03572 0.002965 0.02907 0.10199
0.9 10| 0.99878 | 1.02115 0.001476 0.01525 0.09674
1.0 | 5 | 0.94825 | 1.16139 0.049754 0.57351 0.08675
1.0 ] 6 | 0.98019 | 1.11982 0.022778 0.28369 0.08029
1.0 | 7 | 0.98589 | 1.06314 0.011291 0.12176 0.09274
1.0 | 8 ]0.99406 | 1.04728 0.005479 0.06128 0.08942
1.0 9 | 0.99826 | 1.02979 0.002965 0.02951 0.10047
1.0 | 10 | 0.99877 | 1.01868 0.001476 0.01628 0.09067

2 5 | 0.94823 | 1.00640 0.049458 0.24710 0.20016

2 6 | 0.98006 | 1.00393 0.022711 0.10194 0.22279

2 7 1 0.98599 | 1.00076 0.011241 0.04807 0.23386

2 & 10.99387 | 1.00283 0.005453 0.02413 0.22597

2 9 1 0.99823 | 1.00121 0.002970 0.01106 0.26852

2 |10 ] 0.99873 | 0.99974 0.001472 0.00567 0.25952

Table 4.2: Comparison of Mz and Mg (with A =1)




«
¢ | k| ¢upr | 05 | 10 | 30 | 50 | .70 | .90 | .95
0.0 | 5 | 0.05104 | 0.947 | 0.895 | 0.687 | 0.475 | 0.277 | 0.102 | 0.050
0.0 | 6 |0.02385 | 0.953 | 0.907 | 0.695 | 0.497 | 0.287 | 0.084 | 0.039
0.0 | 7 [ 0.01112 | 0.957 | 0.895 | 0.693 | 0.481 | 0.268 | 0.081 | 0.040
0.0 | 8 | 0.00578 | 0.948 | 0.906 | 0.706 | 0.507 | 0.295 | 0.095 | 0.048
0.0 | 9 |0.00293 | 0.954 | 0.896 | 0.693 | 0.502 | 0.309 | 0.102 | 0.042
0.0 | 10 | 0.00144 | 0.955 | 0.895 | 0.716 | 0.488 | 0.291 | 0.091 | 0.051
0.5 | 5 | 0.53033 | 0.953 | 0.899 | 0.699 | 0.493 | 0.282 | 0.095 | 0.052
0.5 6 | 0.51285 | 0.950 | 0.909 | 0.699 | 0.507 | 0.270 | 0.079 | 0.040
0.5 7 | 0.50603 | 0.955 | 0.909 | 0.702 | 0.480 | 0.283 | 0.085 | 0.041
0.5 8 | 0.50296 | 0.953 | 0.906 | 0.709 | 0.494 | 0.300 | 0.083 | 0.041
0.5 9 | 0.50153 | 0.960 | 0.893 | 0.701 | 0.487 | 0.315 | 0.112 | 0.050
0.5 | 10 | 0.50073 | 0.954 | 0.902 | 0.689 | 0.484 | 0.292 | 0.088 | 0.049
0.9 | 5 | 0.91843 | 0.955 | 0.906 | 0.696 | 0.499 | 0.293 | 0.098 | 0.052
0.9 | 6 |0.90683 | 0.956 | 0.905 | 0.710 | 0.491 | 0.271 | 0.082 | 0.036
0.9 | 7 |0.90286 | 0.960 | 0.908 | 0.696 | 0.474 | 0.294 | 0.090 | 0.046
0.9 | 8 |0.90125 | 0.952 | 0.906 | 0.706 | 0.496 | 0.286 | 0.084 | 0.038
0.9 9 |0.90059 | 0.960 | 0.899 | 0.702 | 0.492 | 0.304 | 0.111 | 0.052
0.9 | 10 | 0.90026 | 0.952 | 0.902 | 0.694 | 0.481 | 0.293 | 0.094 | 0.043
1.0 | 5 | 1.01622 | 0.955 | 0.906 | 0.702 | 0.499 | 0.286 | 0.098 | 0.050
1.0 | 6 | 1.00578 | 0.956 | 0.906 | 0.711 | 0.489 | 0.277 | 0.079 | 0.040
1.0 | 7 | 1.00232 | 0.958 | 0.909 | 0.697 | 0.478 | 0.295 | 0.088 | 0.045
1.0 | 8 | 1.00097 | 0.952 | 0.906 | 0.710 | 0.504 | 0.290 | 0.087 | 0.041
1.0 | 9 | 1.00044 | 0.960 | 0.902 | 0.709 | 0.492 | 0.297 | 0.113 | 0.053
1.0 | 10 | 1.00019 | 0.953 | 0.903 | 0.693 | 0.481 | 0.291 | 0.100 | 0.049
2.0 | 5 | 2.00504 | 0.956 | 0.904 | 0.707 | 0.509 | 0.293 | 0.095 | 0.053
2.0 | 6 |2.00115 | 0.956 | 0.911 | 0.704 | 0.500 | 0.278 | 0.087 | 0.040
2.0 | 7 [2.00028 | 0.960 | 0.909 | 0.681 | 0.478 | 0.288 | 0.087 | 0.033
2.0 | 8 |2.00007 | 0.954 | 0.913 | 0.707 | 0.509 | 0.312 | 0.103 | 0.046
2.0 | 9 |2.00002 | 0.955 | 0.913 | 0.716 | 0.520 | 0.305 | 0.112 | 0.052
2.0 | 10 | 2.00000 | 0.948 | 0.902 | 0.698 | 0.495 | 0.282 | 0.106 | 0.058

Table 4.3: The proportion of 27;, > x(2) in 1000 simulations
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APPENDIX: PROOF OF LEMMA 2.1

From (4.2.3), we have

p($2t, $2t+1|$t) = f@t,thH)(xzt — QT4 Topy1 — ¢l’t)

exp( fff)§/\)[(1+p 5 exp(— % — %)], Tarp1 < Ty, ¢ < min(22, EE)
= eXp( ]-in;)\)[(l'i‘p 22 eXp( (%1_5233/? - x2t_)\+1)], Lot < Tota1, ¢ < mln(mzt 12;:1) (Al)
exp( lzfiﬁ/\)[(ler exp(— (1+9;,),\)]a Top = Ty = T, ¢ < min(P4, =),

We thus have
2ub

BlI( Xy > (¢ +u) Xy, Xorp1 > (¢ +u) Xy) eXp(_mO(% + Xop11)) | Xe = @]
29z,
= — L+ 1+ 1 A9
RAEIITERE (A2
where I} =
2ub L—p T (1= p)ryss

Tot + T ) exXp(——~ — ) dTdr 4,
/¢+u)xt /¢+u)zt 1 + p)A( 2 2t+1)>((1 + ,0))\2> ( A (1 + p))\ ) 2241

oo T2+l 2ub 1— 1—p)x T
/ eXp )(x2t+x2t+1))(—p)exp(—( p) 2 2t+1)d$2tdx2t+la
o+u)xy

(p-+u)ae (L4 p)A (14 p)A2 (T+pA A
Y excn(— 2ub . 2p exn(— 2x N

Note that I) = I, =

o0 2ub+ 1+ ot 1-— 2ub+ 1 —
[ o B, e 0
( (

e ~ (2ub+1+p) 1—p - (2ub+1-p) -
= o T e 0+
(2ub+1—p)
eXP(—W%tﬂdﬂUzt

B I—p ox 2ub+1-—p . o ox —QUb+1+p1: .
B ((2ub+1—p))\) p(=( (1+p)A )¢+ >t)/(¢+u)mt p( (—(1—1—/)))\ )Tar)do

1—p * 2(2ub + 1)95 .
—( p)/\)/( exp(——l 20) Ao

(2ub+1 - du)a (1+p)A
_ l—p 1+p 2(2ub + 1)
— (2ub+1+p)(2(2ub+1)>exp(_m(¢+u)xt)‘ (A.3)



Also,

o 2 oo 22ubtl)
I —/( ( exp(— o0t g

srwee (L P)A (1+p)A
p 2(2ub+ 1)
= <2ub—|—1)eXp<_—(1+p))\ (¢ + u)zy).

Substituting (A.3) and (A.4) in (A.2) we have the desired result.
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Abstract
A general class of Markovian non-Gaussian bifurcating models for cell lineage data is
presented. Examples include bifurcating autoregression, random coefficient autoregression,
bivariate exponential, bivariate gamma, and bivariate Poisson models. Quasilikelihood esti-

mation for the model parameters and large-sample properties of the estimates are discussed.

Keywords: Tree-Indexed Data; Bifurcating Autoregressive Models; Maximum Likelihood;

Quasilikelihood Estimation; Markovian Models.

5.1 INTRODUCTION

Binary-splitting or bifurcating models are concerned with modeling data on the descendants
of an initial individual, where each individual in one generation gives rise to two offspring in
the next generation. Cell lineage data (e.g. Powell (1955)) are typically of this kind. Cowan
(1984) and Cowan and Staudte (1986) introduced an important model which regarded each
line of descent as an autoregressive process and allowed correlations between sister cells.
These models are now known as bifurcating autoregressive (BAR) models. If X; denotes an
observation on some characteristic on individual ¢, the BAR(1) model is specified by the
relation

Xt:¢X[ }—{—Gt, t:2,3,..., (511)

3
where [u] denotes the largest integer < wu. Cowan and Staudte (1986) assumed that
{(€a,€2011)} form a sequence of independent and identically distributed bivariate normal
random variables with means zero, variances both equal to o2, and correlation p. Huggins
and Basawa (1999, 2000) extended the Cowan-Staudte model to higher order autoregression
and moving average (ARMA) models and studied the asymptotic properties of the max-
imum likelihood estimates of the model parameters for BAR(p) models via the time series
methods. Huggins and Basawa (2000), however, retained the normality assumption on the

CITrors.
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In many applications, the normality assumption may not be realistic. For instance, if X,
denotes the life time of the ¢th individual, a non-negative random variable, a gamma or an
exponential model may be more appropriate. If X; denotes the number of certain type of
genes present, a Poisson model may be considered. In this paper, we introduce a general
class of Markovian bifurcating models which includes the BAR model as a special case. If
the model is non-Gaussian, the likelihood function would, in general, be complicated, or not
even be known. We therefore, use quasilikelihood methodology for estimation

The goal of this paper is to present an exploratory general modeling strategy with some
examples. More rigorous treatment with proofs and theoretical considerations along with
data analysis will be pursued elsewhere. Section 2 is concerned with model specification. Some
examples are presented in Section 3. An outline of asymptotic properties of the estimates
is given in Section 4. Quasilikelihood estimation for specific conditional linear bifurcating
models is discussed in Section 5. Section 6 contains comments on some extensions of the

model.

5.2 SPECIFICATION OF THE MODEL: LIKELIHOOD AND QUASILIKELIHOOD ESTIMATION

In binary cell lineage trees, individual ¢ gives rise to two daughter cells 2t and 2¢ + 1, upon
cell division. Let X; denote an observation on some characteristic on individual ¢. Suppose
we observe complete mother-daughter triplets (X, Xos, Xot41), t = 1,2,...,n. Let X(t) =
(X[ﬁ]’ j = 0,1,2,...) denote the vector of observations on the ancestors of individuals
(2t,2t + 1). Consider the following assumptions:

(A.1) (Markovity): f((Xat, Xor1)| X (1)) = f((Xat, Xory1)|Xe), where f(-) denotes the
appropriate conditional density.

(A.2) (Conditional Independence): Conditional on (X (t), X(s)), (Xas, Xot+1) is indepen-
dent of (Xas, Xosy1), for t # s.
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The likelihood function is then given by

21) [ (X, Xaein) |1 X0).
t=1

Suppose the conditional bivariate density f((Xat, Xoi11)|X¢) depends on an unknown vector
of parameters [ and denote the conditional density by fs((Xat, Xory1)|X:). Conditional on

the initial observation X; = x1, the likelihood is then defined as

Ln(ﬁ) = Hfﬁ((X2t7X2t+1)|Xt)~ (5.2.1)

The conditional bivariate density of (X, Xo;11) may not be known precisely. One may then
consider models based on only second-order moment assumptions. Consider the assumptions
(B.1) E(Xo|Xy) = BE(Xar1| Xe) = mu(X4;6),
(B.2) Var(Xo|X:) = Var(Xo1|Xe) = v(Xe; 6, ),
(B.3) Cov((Xap, Xoti1)| Xt) = 7(Xy; 0, ),

where my, v; and =, are known functions and (0, &) are unknown parameters. Denote 5 =

Xoy — my( Xy 0 v (X 0, X0, «
(0", a). Let Z,(0) = * o(Xe:6) ,and Vi(0, ) = (e ) e )
Xopp1 — my(Xy; 0) V(X3 0,a) v (X3 0, )
If a is known, the quasilikelihood estimating equation for 6 is given by
A
S (v 9,0y 2000 = 0 (5.2.2)

t=1

See Godambe (1985) and Heyde (1997) for a background on quasilikelihood estimation. If
a is an unknown nuisance parameter, one typically replaces « in V;(6,«) by a consistent

estimate &, and obtains an approximate quasilikelihood estimate from (5.2.2).

5.3 EXAMPLES

We present some examples to illustrate the model.
Example 3.1. Bifurcating Autoregression

Cowan and Staudte (1986) introduced the bifurcating autoregressive model defined by

Xoy = 90X + €
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and

Xoty1 = 0 X¢ + €211, |0] < 1, (5.3.1)

where (eg,€2:11)", t = 1,2,..., are independent identically distributed bivariate normal vec-
+ Y

tors with means (0,0)" and the covariance matrix

L p
V(p,0®) = o? : (5.3.2)
p 1
Here, m; = ¢X;, vy = 02 and y; = 0p. Huggins and Basawa (2000) derived the asymptotic

properties of the maximum likelihood estimators of the parameters of a pth order Gaussian

bifurcating autoregressive model defined by

Xo = 01X+ Qo Xy -+ 0p X 1) + &, (5.3.3)

2P
where (€a, €2.41)" are i.i.d. bivariate normal with the covariance structure given by (5.3.2).
Example 3.2. Random Coefficient Autoregression

Counsider the model

Xot = A+ (0 + V)X + e

and

X2t+1 = + ((b + }/t)Xt + €2t1+1 (534)

where {Y;} are i.i.d. with E(Y;) = 0, Var(Y;) = 72, ¢* + 72 < 1, (€qr, €2111)" are i.i.d. with
E(eg) = E(ey41) = 0 and covariance matrix given by (5.3.2). It is assumed that {Y;} is

independent of (g, €9,11)". Here, we have
mt:)\+¢Xt7 vt:Xt27—2+0_27

and

v = X}7° + o?p. (5.3.5)

In this example, no specific distributional assumptions are made apart from second-order

moment, assumptions.
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Example 3.3. Bivariate Exponential

Consider the bivariate exponential distribution with the distribution function given by

F(U,’U) -1 e—(a1+a3)u . e—(a2+a3)v + ea1u—azvtas max(u,v)’ (536)

uw,v >0, a; >0, ay>0 az3>0.

See Mardia (1970). Here, U and V have marginal exponential distributions with means

(a1 + az)™! and (ag + a3)™! respectively and Corr(U,V) = Now, suppose that

Qg -I-az +asz”

conditional on Xy, (Xa;, Xory1) has the bivariate exponential density given by (5.3.6) with

1 _
o] = Qg = m;l(Xt) — 3 = mtl(Xt)(—Z), and a3 = Qm;l(Xt)(—), 0<p<l.

P
1+ IL+p

If we take m(X;) = ¢X; + X\, A > 0, we have v; = (¢X; + A\)?, and v = (¢ X; + \)?p

Example 3.4. Bivariate Gamma
Consider the bivariate gamma density

e (u+v)
(o) (a2)T

min(u,v)
p(u,v) = (o) /0 W (u — w)* (v — w)*? e dw, (5.3.7)

u,v > 0 and aq, ag, ag > 0. See Kotz et al. (2000). The marginal distributions of U and V'
are gamma with parameters (a; +as, 1) and (ae+as, 1) respectively with E(U) = Var(U) =
a;+asg, E(V)=Var(V) = as + as, and Cov(U, V') = az. Suppose now that conditional on

Xy, (Xop, Xopy1) has the bivariate gamma density in (5.3.7) with
a; =ay = (1—p)my(X;) and asz = pm(X;), 0<p< 1.

If we take my(X;) = ¢X; + A\, A > 0, we have vy = ¢ Xy + A, and v = (¢ X; + A)p.

Example 3.5. Bivariate Poisson
Suppose (U, V') have a bivariate Poisson distribution with density
min(u,v)

eu 'LG'U 'LQ’L
p(u,v) = e~ @1 +0240) Z © (5.3.8)

— —)(v =)l
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w,v€(0,1,2,...),6; >0, j =1,2,3. See Johnson et al. (1997). The marginal distributions
of U and V are Poisson with means 6; + 05 and 60y + 603 respectively, and Cov(U,V) = 65.
Conditional on X;, suppose (X2, Xo;11) has a bivariate Poisson distribution with 6, = 6, =
(1 — p)my(Xy) and 63 = pmy(Xy), 0 < p < 1.

If my(X;) =0 Xy + A, A > 0, we have

v =A+0X; and v = (A + o Xy)p.

Notice the similarity of expressions for m;, v; and 7, for Examples 3.4 and 3.5.

5.4 REMARKS ON ASYMPTOTIC PROPERTIES

If the conditional density f3(Xar, Xor41|X¢) is known, one may derive the maximum likelihood

(ML) estimate 35,1, of 3 as a consistent solution of the likelihood equation

Z dlog fs _ . (5.4.1)

Under appropriate regularity conditions, see, for instance, Billingsley (1961), and Basawa
and Prakasa Rao (1980), one can establish the consistency and asymptotic normality of the

ML estimate BML. In particular, we have

V(B — 8) % N(0,174(8)), (5.4.2)

where I(3) = E((%)(%)’), and the expectation is with respect to the stationary dis-
tribution. Huggins and Basawa (2000) have established the result in (5.4.2) for the Gaussian
model (see Ex. 3.1). The same techniques can be used for the non-Gaussian models.

Let éQ 1 denote a consistent solution of the (approximate) quasilikelihood equation

S (00,6, 2.00) =0, (5.4.3)

where Z;(6) and V;(6, «) are as defined in Section 2 and &, is a /n-consistent estimate of a.
Under appropriate regularity conditions, see, for instance, Heyde (1997), one can established
the result

Vilbor —0) =5 N(0, A71(6, ), (5.4.4)
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where A(0,a) = E[(dzjée))"/t_l(é’, a)(%a(a))], and the expectation is with respect to the
stationary distribution and hence A does not depend on t.

Even though the ML estimate is asymptotically more efficient than the quasilikelihood
estimate in most cases, we may choose to use quasilikelihood estimate when the likelihood
function is too unwieldy (as happens in the non-Gaussian examples presented in Section 3) or
when only information on conditional second-order moments is available. A class of models
for which the quasilikelihood method can be applied readily is discussed in the next section.
Note that in the ML method, both the parameters, 8 and « are estimated simultaneously,
where as in the QL method, we are mainly interested in estimating 6 treating a as an

unknown nuisance parameter. Even though it is possible to estimate 6 and « simultaneously

via an extended version of the QL method, we will not address such an extension in this

paper.

5.5 NON-GAUSSIAN CONDITIONAL LINEAR BIFURCATING MODELS

Let {Y;}, t = 0,1,2,..., denote a Markov process. Grunwald, et al. (2000) have studied
non-Gaussian Markov models for which the conditional mean E(Y;|Y;—1) = m(Y;—1) is of the
linear form

m(Yi1) = oY1 + A\ (5.5.1)

Grunwald, et al. (2000) refer to the model satisfying (5.1) as a first-order conditional linear
autoregressive (CLAR(1)) model. They show that a surprisingly large number of models
in the literature belong to the CLAR(1) family. Grunwald, et al. (2000) have established
simple sufficient conditions for the ergodicity of the Markov process {Y;} satisfying (5.5.1).
If Y denotes the state space of {Y;}, the key conditions for ergodicity are given by

Case 1: E[|Y; — m(Y;—1)|Yi1 = y] < B, for all y, and some finite B and |¢| < 1, for
Y =R=(—00,00), and,

Case 2: 0 < ¢ < 1, for Y C [0, 00).
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Note, in particular, that the boundedness condition on (Y; — m(Y;_1)) is not needed for
Case 2 (non-negative process {Y;}).

These results can readily be extended to the bifurcating models in an obvious way. On any
ancestral path {X, X[%], X[ﬂ, ... } we assume a first-order Markov process. Set Y;_; = X%},
j=0,1,2,..., and apply the results of Grunwald, et al. (2000) to establish ergodicity. It will
now be assumed that the process {X;} is ergodic along each ancentral path. It will further
be assumed that the stationary distribution along each path is the same.

Consider the Markovian bifurcating model {X;} specified by the second-order moment

assumptions (B.1) to (B.3) in Section 2. In particular, suppose we further require the mean

function my to satisfy
my (X3 0) = E(Xoy| Xy) = E(Xoi1|Xy) = 60Xy + A (5.5.2)
Here, 6 = (¢, \)". Recall the notation from Section 2
Var(Xe|X:) = Var(Xo1|X:) = v(0, ) (5.5.3)

and

COU((X2t+1,X2t+1)’Xt> = ’}/t(e,Oé>, (554)

where « is an unknown nuisance parameter. See Section 3 for examples. Suppose our main
goal is to estimate #. We now present a two-step method of estimating the nuisance parameter

«, which in turn, will be needed for estimating 6.

Step 1. Find the conditional least squares (CLS) estimate of # by minimizing

n

Qi =) (KXot — X — N2+ (Xorp1 — 06X, — N2, (5.5.5)

t=1 t=1

We have

Jo = 2 Xo(Ur = U)
Z?=1(Xt B X)2 ’

where U = %, U=2%U,and X =23 X;. Let B0 = (G0, Xo)'-

and A\ = U — ¢oX, (5.5.6)
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Step 2. Find the (approximate) conditional least squares estimate of « by minimizing

n

Q2 = Z((th —Xo— ngXt)Z - Ut(ém ) + Z((XQH-I —Xo — Q;[)Xt)2 - Ut(éOa a))?

t=1 t=1

+ Z((X% — X0 — G0 Xe) (Xors1 — Ao — $oXe) — (00, ). (5.5.7)

t=1

Let &y denote the estimate of « so obtained. It can be shown, via the techniques similar
to the ones used by Klimko and Nelson (1978) that dg is a y/n-consistent estimate. An
approximate quasilikelihood estimate éQ 1 of 0 is then obtained by solving equation (5.2.2),
with « replaced by ¢&g. The limit distribution of éQ 1 is given by (5.4.4). A consistent estimate

of the quasi-information matrix A(6, «) appearing in (5.4.4) is given by

R (e AT L] (558)

We now return to the estimation problem for the examples discussed in Section 3.
For any model satisfying (5.5.2) to (5.5.4) with A = 0 (for simplicity), it can be verified
that (5.2.2) leads to the equation

QZBQL _ Yoy (v 4+ %) XU
Doy (Ve ) TIXE

(5.5.9)

where U, = %(th + X941). Note that v; + 74 may depend on unknown parameters. From

(5.4.4) we have

g

5 w+%D4% (5.5.10)

V(oL — ¢) = N(0,

where the expectation E(-) is with respect to the stationary distribution. In all the examples
discussed below, the right hand side of eqn. (5.5.9) is free from ¢. Except for Ex 3.2, ¢ZQ L is
also free from the nuisance parameter o. In Ex 3.2, (;3Q 1, depends on the nuisance parameter
a which needs to be estimated before using (5.5.9) as an estimate of ¢.

The result in (5.5.10) can be verified as follows. From (5.5.9) we have

n

Vildar =) = [= 3w+ X2 Z M)

t=1
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where
n

My = (v +5) ' XU - 6X,).

t=1

Note that {M,;} is a zero-mean martingale-difference sequence with respect to the o-field

generated by X(t) = {X;+), j=0,1,2,...}. It is seen that
27
1
Var(M|X(#)) = 5 (v + v) X7

Suppose that
1 n
ﬁ E (Ut‘i‘/yt)_lXEL)B, 0< B < oo.

t=1

One can identify, via ergodicity, that B = FE|[(v; + ;) ' X}?] where the expectation is with
respect to the stationary distribution. Under regularity conditions (see Hall and Heyde
(1980)), it follows, by martingale central limit theorem, that

% zn: M, -5 N(0, %B).
t=1

This result together with Slutsky’s theorem finally yields (5.5.10).

Example 3.1 (Contd.)
Consider the model defined by (5.3.1) and (5.3.2) without the assumption of normality
of errors.

We have m; = ¢X;, |¢] < 1, vy, = 0% and v, = o?p. It is seen that the quasilikelihood

equation
A
Z<d_t)v_12t =0
= 4o
leads to
N XX, U,
= — 5.5.11

where U; = %(th + Xos11). Here, the quasilikelihood estimate reduces to the simple condi-
tional least squares (CLS) estimate which does not depend on ¢? and p. The CLS estimates
of the nuisance parameters 02 and v = 02p are given by

52 = > (Kot — bor X0)? + 3 (Xauss — dr Xo)?),

t=1 t=1
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and
n

-1 2 5
o= > (Xor = GoLXy)(Xarr — dgrXo).

t=1

Consequently, gy = o/52.

The quasilikelihood information corresponding to ¢ is given by

Az, . _1,dZ; _,, EX? B -
E[(=YV (=] =202 (—L ) =2(1 + 11— ¢H) 1,
(V) = 20 () =200+ ) (1= 67
since EX? = ﬁ See Huggins and Basawa (1999, 2000).
We thus have
- 1
Vi(bar — ) == N(0,5(1 + p)(1 — 6%). (5.5.12)

2

The asymptotic variance in (5.5.12) coincides with the corresponding asymptotic variance
of ¢prr, for the BAR(1) Gaussian model obtained by Huggins and Basawa (2000). Hence, if

the errors are normal, QASQ 1, has the same limit distribution as (ﬁM I.

Example 3.2 (Contd.)
For the random coefficient BAR(1) model, my, v; and 7, are given by (5.3.5). Note that no
distributional assumptions on the errors are made. Set A = 0 for simplicity. If the nuisance

parameters o2, 72 and p are known, the quasilikelihood estimate of ¢ is seen to be

for - Sa X
2 XEW

where Uy = §(Xo+ Xoi41) and Wy = 2X272+0%(1+p). If 72 = 0, (5.5.13) reduces to (5.5.11)

(5.5.13)

as it should. The quasi-information is given by

dz;.,.._,dZ, B
El(=) V' =] =2B(X; W
[( d¢) t d¢] ( t t )a
where the expectation is with respect to the stationary distribution. Consequently, we have
“ d 1 e
Vi(dar — ¢) == N(0, S (E(XFW, )™, (5.5.14)

The CLS estimates of the nuisance parameters o2 and 72 are given by
-1
52 N EX? > M,
— , (5.5.15)
72 X2 TX =M, X2
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where M, = 3[(Xor — ¢oX0)? + (Xovr1 — 0Xy)?, and ¢o = (X, XoUp) (X, X2)~ L. The

estimates in (5.5.15) are obtained by minimizing
S[(Xae — 0 Xe)? — 70)]” + B[(Xatp1 — doXe)® — )

ignoring the covariance term. Finally, a consistent estimate of p is

o =50 3 (Xor = X)) (Xoss — GuXo). (5.5.16)

t=1

Substituting 62, 72 and po for 02, 72 and p in (5.5.13) we obtain an approximate quasilike-
lihood estimate whose limit distribution is again given by (5.5.14). A consistent estimate of
E(X2W) in (5.14) is seen to be 1 i X2W, ! where W, = 2X272 + 62(1 + po).
Example 3.3 (Contd.) -

Recall that m; = ¢X; + A\, vy = (¢X; + A\)? and v = (¢X; + X)?p. Assume A > 0 and

0 < ¢ < 1. The quasilikelihood estimating equation for § = (¢, A) is seen to be

S(Uy — my) Xym; 2 0
(U= me)Xem =) , (5.5.17)
Y(Uy — my)m; 2 0
which is free from the nuisance parameters p. From (5.4.4) we have
Vilfar = 0) == N(0, A7(0))
where
2 E(X?m;?) E(Xym;*
A(6) = (Xem™) E(Xem,) , (5.5.18)

1 _ _
WEO\ Bxam®) Emi?)
the expectation being with respect to the stationary distribution.

Estimation for Examples 3.4 and 3.5 can be carried out in a similar manner and we omit

the details.

5.6 CONCLUDING REMARKS

In this paper, we have considered first order bifurcating models where (Xy;, Xo;11) depend
only on the immediate parent observation X;. These models can be extended to higher order

models representing dependence on the past p ancestors as in Huggins and Basawa (2000).



67

Covariates can be introduced by considering a mean function satisfying
E(Xy|Xt) = 0Xi + A+ ¢y — dcyy,

and

E(Xo1]|Xy) = ¢ Xt + X+ yy — o,

where ¢; is a vector of known covariates associated with individual ¢, and ~ is the regression
parameter.

We have assumed in this paper that complete (balanced) data, viz., (Xy, Xor, Xosi1),
t = 1,2,...,n, are available. If some data are missing, appropriate modifications of the
estimation procedure can be made as indicated by Cowan and Staudte (1986).

Finally, generalized linear models can be used to model m;. For instance, for a given link
function g¢(-), one may consider the model g(m;) = ¢X; + A. Conditions for stationarity for

such models need to be explored.
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CHAPTER 6

FuTUurE ToPICS

There are several topics that we are interested in and intend to develop in the future.

6.1 BIFURCATING RANDOM WALK WITH DRIFT

In Chapter 3 we discussed the least squares (LS) estimation of BAR(p) model

Xi=¢o+ 01X+ G2 Xy + -+ 9 X1y + e, (6.1.1)

: : &

where the roots of ¢(z) = 0 are assumed to be greater than 1 in absolute value. Specifically,
in the BAR(1) model X; = Go+¢1.X|1)+€, We assume |¢1] < 1. A natural question is whether
the asymptotic properties of LS estimators can be extended to the critical case where ¢; = 1.
In this section, we will discuss the least squares estimation of bifurcating random walk with

drift, i.e. BAR(1) model with ¢ # 0 and ¢; = 1.

Consider the bifurcating random walk with drift model
Xe=do+ o Xy +e, t=23..n, (6.1.2)

with assumption that X is constant, ¢g # 0, ¢ = 1, and {(eg, €2441)} is a sequence of inde-
pendent identically distributed (i.i.d.) bivariate random variables with F(eg;) = E(€g41) = 0,
Var(ey) = Var(eys1) = o2, and Corr(eg, €2411) = p. The least squares estimators of ¢y and
¢y are given by
n -1 n
| . 2 . (6.1.3)
1 DX DXy 2 XX
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or 1
T n—1 Xt €
L e (614
b1 — b1 DXy XA > X
2 [2] 2 [2] 2 2
i.e.

¢ — ¢ = . do— o=~ (¢1 — 1) X, (6.1.5)

where X = iX[g]/(n— 1)and €= > ¢/(n—1).
2 2

[lOg t]—l _ n _ n
Define W; = 22 et W =2 Wy/n, and W* = ZW[%]/(TL — 1), where [u] denotes
j=0 2 1 2

the largest integer less than or equal to u. We can write, for example, » (X

- ] —X)Q, and

t
2
n —

(X Ok X)e;, as sum of several terms including ¢q, W; and t respectively. Our guess is that
2

the terms including ¢g dominate the other terms with respect to asymptotic properties. We

provide the following two conjectures which are the main keys to further work and need to

be proved (or disproved) in the future.

Conjecture 1. > (W, — W)? = 0,(n)
1

Conjecture 2. > (W1 — W*)er = o,(v/n)
2

Under Conjecture 1 and Conjecture 2, we have

MMS

2
(X[%] X)

. p
Proposition 1. — 202

MM:X

Xig=De
Proposition 2. *———— — N(0,2¢20%(1 + p))

Proposition 3. Valbo—go) _ —ov/n(dr — ¢1) + op(1)

logo m

From Proposition 1, 2 and 3, we have

Theorem 1.

V($o—¢o) 1
log(;no LN 0 02(1+,0) 1 %0

Vi - 6) 2o\ 2 o
1 1 $o 2



71

It is to be noted that the asymptotic covariance matrix in Theorem 1 is singular.
Simulation study can be done to provide some support for the above theorem, but the

final result will depend on the verification of the two conjectures.

6.2 CONSISTENCY AND ASYMPTOTIC NORMALITY OF QL ESTIMATES

In section 5.2, we get the estimating function

5:0) = S (20 yv 0,0 2,00) (6:2.1)

where Z,(0) and V, (6, a) are defined as in section 5.2. If v is an unknown nuisance param-
eter, one typically replaces « in V;(6, ) by a \/n-consistent estimate a,.

Consider the class of estimating functions S, (0) = >0 | Wi(Xt, 0) Zy(Xor, Xor1, X3, 0),
where Ey(Z;) = 0, and Et(%y)) # 0. Then the optimum weights {W/}, according to the

Godambe (1985) criterion, are given by

dZ,(9)
db

dZ,(6)

Wt* = [Et( de

NV (2 = ( )V, (0, a), (6.2.2)

where E; denotes the conditional expectation with respect to X(;). Hence we see that S (6)
is the optimal estimating function in the class of S, (6). Let 6, be a consistent solution of

the equation S} (#) = 0. By Taylor’s expansion, we have

dSZ(Q))
do 05 5

53(6n) = S;(6) + (6, — 0)(

where 07 lies in the circle {0 : ||0 — 0,|| < €}. Setting S*(6,) = 0, we have

Vi, — ) = X

n

(B0 1o sz (6:23)

By the central limit theorem for martingales,

S*(6) —% N(0, A(0)), (6.2.4)

n

s Sl-

where A(0) = E[(%ﬁ)"ffl(@(ﬂéaw

))] and the expectation is with respect to the stationary

distribution and hence A(f) does not depend on t. By the law of large numbers for Markov
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processes,
1 .dS;(0), » dZ(0) .\, 1, dZi0),,
(=g ) 7 Bl )V O (—5 )l = A0), (6.2.5)
Assuming %[dsgle(e) _ (dsc%(e))g;] N 0,we get

Vb, —0) % N(0, A7(6)). (6.2.6)

The general methodology indicated above can be used to establish the consistency and

asymptotic normality of the QL estimates.

6.3 MULTIPLE-SPLITTING MODEL

The multiple-splitting model is a generalization of the bifurcating model. Suppose in
cell division, each individual produces k daughter cells. Let X; denote an observation on
some characteristic on individual ¢, then observations on its daughter cells are denoted as
Xty Xktat, -, Xpror—1. Here k is a positive integer greater than 2 and is fixed.

We can make the following assumptions:

(A1) (Markovity): f((Xkt, -, Xitaon—1)|X (&) = f((Xkty ooy Xitar—1)|Xs), where f(-)
denotes the appropriate conditional density and X (t) = (X}, = 0,1,2,...) denotes the
vector of observations on the ancestors of individuals (kt, ..., kt + k — 1).

(A’.2)(Conditional Independence): Conditional on (X (t), X (s)), (Xgts .-y Xge4x—1) is inde-
pendent of (X, ..., Xgsix_1), for t # s.

When the likelihood function is not known precisely, one may consider models based on
only second-order moment assumptions. Consider the assumptions:

(B'.1) E(Xkerj| Xt) = me(X;0), j=0,1,..,k—1,

(B'.2) Var(Xg|Xe) = vi(Xi;60,0) j=0,1,....k—1,

(B'.3) Cov((Xotti, Xow)| Xy) = (X 0,0), 1#5,0<4,j<k-1.
where my, v, and 7y, are known functions and (6, o) are unknown parameters.

A noticeable point here is that we assume the correlations of daughters of one individual

are the same, which is reasonable since daughters live in a similar environment.
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Using the same approach as in Chapter 5, we can get the quasilikelihood estimating
equation for 6 and hence the quasilikelihood estmator. The asymptotic properties will be
studied subsequently.

Some examples of multiple-splitting models are as follows.

Example 1 Multiple-Splitting Autoregression

A mutiple-splitting autoregressive (MSAR) model is defined by
XtZQbX[t/k]—‘—Et,t: 1,2,7|¢| < 1 (631)

where (€xs, €xtat, o €trr—1), t = 1,2,..., are independent identically distributed k-
dimensional vectors with & x 1 mean vector (u,...,u) and k x k covariance matrix V'
with diagonal elements % and off-diagonal elements yo?.

Example 2 Multivariate Gamma

Consider the multivariate gamma density

—Yiaw pu) k
p(u1, ug, ..., uy,) ‘ ) / wao_l{H(Uz‘ - w)ai_l}e(k_l)wdw (6.3.2)
0 i=0

e
where ) = min(ug, ug, ..., ug), U1, U, ..., ury > 0 and ag, ai,..., o > 0. See Kotz et al.
(2000). The marginal distribution of U;, 7 = 1,2, ..., k, is gamma with parameters (a; + g, 1).
EU;) = Var(U;) = o + ap and Cov(U;, U;j) = . Suppose now that conditional on X,

(Xkts Xktt1, -, Xktrk—1) has the above multivariate gamma density with
ap=ay=..=a=(1—p)my(X;) and oy =emy(X;), 0<¢p<1.

If we take my(X;) = ¢ Xy + A\, A > 0, we have v; = ¢X; + A, and vy = (¢ Xy + N)o.
Example 3 Multivariate Poisson

A version of multivariate Poisson distribution is defined by setting
U=Y,+Y ;i=12 ..k,

where Y, Y7, ..., Y} are mutually independent Poisson random variables with means 6, 61, ..., 0y,

respectively. Clearly, Uy, U,, ..., U marginally have Poisson distributions with means 6; +
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0,0+ 0,...,0, + 0, respectively, and the covariance between U; and Uj is 6. Suppose now

that conditional on Xy, (Xgs, Xkit1, -, Xgerk—1) has the multivariate Poisson density with
0 =0,=..=0,=(1—¢)m(X;) and 0 =emi(X;), 0<p <l

If we take my(X;) = ¢ X + A\, A > 0, we have v; = ¢X; + A, and vy = (¢ Xy + N)o.
Until now we assume that k is fixed. A more realistic assumption is that k is a random
variable with some specified distribution. This question remains open and will be studied in

the future.
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