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Abstract

The advent of the age of big data poses challenges for statistical data analysis. On the

one hand, the ultra-large size of datasets renders the application of many classical statistical

methods computationally demanding. On the other hand, with the system studied getting

more complicated, the model set-up for some popular off-the-shelf methods may not be ap-

plicable anymore; modeling of model uncertainty, in particular, becomes important since it

is challenging to put one single (set of) assumption(s) on complicated systems. Develop-

ing new theoretically justifiable and computationally efficient methods for tackling big data

problems from computational and modeling perspectives is the primary motivation for my

research. The first focus of my work is on studying the theoretical properties of subsampling

methods for dealing with the sheer size of big data. In the framework of the linear model, I

show the asymptotic normality of subsampling estimators for both estimating the parame-

ter (unconditional inference) and approximating full sample estimate (conditional inference)

with certain regularity conditions satisfied. Based on these asymptotic results, I propose

optimal subsampling estimators under different scenarios. The second focus is to propose

a Bayesian hierarchical model for integrating the model uncertainty in statistical inference.

Under the smoothing spline model, I incorporate the uncertainty in model assumption, i.e.,

choice of penalty, as a mixture prior for the function to be estimated, and carefully choose

innovative (partially) noninformative priors for the parameters in the model. The propriety



of the resulting posterior distribution is established to provide theoretical underpinnings.

Advantages of the proposed methods are shown using both simulated and real-world exam-

ples. In the end, I also discuss the application part of my research in the generation of small

RNAs and their function in gene silencing in C. elegans.

Index words: subsampling estimator; asymptotic distribution; mean squared error;
Bayesian smoothing spline; model uncertainty.
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Chapter 1

Introduction

Chapter summary: With the rapid development of science and technology, large and complex

data have been generated in many areas, such as genomics, social media, economics, and neu-

roscience. The extraordinary amount of big and complicated datasets provide unprecedented

opportunities for data-driven knowledge discovery and decision making. However, the task

of analyzing these data itself becomes a significant challenge. On the one hand, the ultra-

large size of datasets renders the application of many statistical methods computationally

impossible. On the other hand, with the system being studied getting more complicated,

the model set-up for some popular off-the-shelf methods may not be applicable anymore.

In this chapter, I briefly summarize the large-scale computation through subsampling and

integrating model uncertainty problems in big and complex data.
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1.1 Subsampling for large-scale regression problems

The rapid advance in science and technology within the past few decades has brought an

extraordinary amount of previously inaccessible data. To deal with the sheer large size

of the data, one powerful family of methods is the subsampling methods. In subsampling

methods, instead of reading in and analyzing the full sample of huge size, one first takes a

random subsample from the original full sample, then uses this subsample as a surrogate in

the subsequent computation and estimation. The key to the success of subsampling methods

is to construct data-adaptive subsampling probability, which gives preference to those data

points that are influential to model fitting and statistical inference of interest. In this

section, we study the linear regression problem, one of the most fundamental problems in

statistics and machine learning.

Observe the response vector Y = (Y1, . . . , Yn)T ∈ Rn and the predictor matrix X =

(x1, . . . ,xn)T ∈ Rn×p, we consider the model

Y = Xβ0 + ε, (1.1)

where β0 ∈ Rp is the coefficient vector to be estimated, ε = (ε1, . . . , εn)T ∈ Rn, and εis are

independently and identically distributed with mean 0 and variance σ2(<∞) for i = 1, . . . , n.

We assume that sample size n is large and that the predictor matrix X has full column rank,

i.e., XTX is invertible. A popular method to fit model (1.1) to data is the least squares (LS)

method. The resulting ordinary least squares (OLS) estimator, β̂OLS, of β0 is

β̂OLS = arg min
β
‖Y −Xβ‖2 = (XTX)−1XTY, (1.2)

where ‖ · ‖ represents the Euclidean norm.

The computation cost for calculating β̂OLS is O(np2), which is daunting when n and/or p

are large. Algorithm 1 summarizes the steps of general subsampling methods for regression
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problems.

Algorithm 1 Random Subsampling Estimation Algorithm

• Step 1 (Subsampling) Subsample from the full data.
Draw a random subsample of size r � n with replacement from the full data us-
ing {πi}ni=1 as the subsampling probabilities. The resulting subsample is denoted as
(X∗,Y∗). The corresponding subsampling probability is recorded as {π∗i }ri=1.

• Step 2. (Estimation) Calculate the following weighted least squares using
the subsample to get the estimator β̃.

β̃ = arg min
β
‖Φ∗Y∗ −Φ∗X∗β‖2 = (X∗TΦ∗2X∗)−1X∗TΦ∗2Y∗, (1.3)

where Φ∗ = diag(1/
√
rπ∗i ).

Remark 1. It is worth mentioning that Algorithm 1 is also referred to as the weighted sub-

sampling algorithm. In contrast, Ma et al. (2014, 2015) developed unweighted subsampling

methods, in which one takes a subsample with certain subsampling probabilities and the

estimates in Step 2 are not weighted by the subsampling probability. Ma et al. (2014, 2015)

observed that unweighted subsampling estimators displayed some attractive properties, such

as smaller variances than those of the weighted leverage-based subsampling estimators. In

this thesis, we focus on studying the weighted subsampling estimators. Some discussion

of unweighted subsampling methods and the comparison between weighted and unweighted

estimators are provided in Appendix A.2.

Subsampling methods have received a significant amount of attention, both traditionally

within statistics and more recently within the area of Randomized Linear Algebra (RLA),

since they can achieve high-quality solutions at lower computation cost compared to tradi-

tional computing packages. With different subsampling probabilities, Algorithm 1 defines a

family of subsampling estimators. The uniform subsampling estimator (UNIF) uses uniform

subsampling probability, i.e., πUNIFi = 1/n for i = 1, . . . , n. Drineas et al. (2006, 2011) pro-

posed the basic leverage-based subsampling estimator (BLEV), and the sampling probability
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is proportional to the leverage score hii of the predictor matrix X, i.e.,

πBLEVi =
hii
n∑
i=1

hii

,

where hii = xTi (XTX)−1xi for i = 1, . . . , n. Within RLA, various subsampling methods with

leverage-score-based subsampling probability distributions have recently been proved, both

theoretically and empirically, to lead to estimators for approximating the full sample least

squares estimates in linear models (Drineas et al., 2006, 2011, 2012; Mahoney, 2011; Drineas

and Mahoney, 2016).

Most early efforts for the study of subsampling estimators focused on algorithmic as-

pects, e.g., running time bounds, independent of inferential bounds on the problem solution

(Drineas et al., 2006; Mahoney, 2011; Drineas et al., 2012; Woodruff et al., 2014; Yang et al.,

2015). Recently, a significant amount of efforts have been devoted to the study of statistical

properties of subsampling estimators. In the literature, there are two classes of approaches

to this study. The first class is based on finite sample concentration inequalities. Using con-

centration inequalities on a given data set, Drineas et al. (2006, 2011, 2012), Clarkson and

Woodruff (2013), and Meng and Mahoney (2013) showed that the approximation error of

subsampling estimators could be bounded. Raskutti and Mahoney (2015) designed criteria

of prediction efficiency (PE) and residual efficiency (RE) for the sketched LS estimator and

provided upper bounds for several types of random projection and random sampling algo-

rithms. The second class is based on the mean squared error (MSE). Ma et al. (2014, 2015),

in particular, employed a Taylor expansion to study the estimator’s MSE, based on which

they proposed improved subsampling estimators, i.e., shrinkage leverage estimator (SLEV)

with πi = λhii/
n∑
i=1

hii+(1−λ)/n, where λ is a constant weight between 0 and 1. In the course

to minimize the variance of the subsampling estimator, Wang et al. (2016) proposed relaxed

optimal criteria from the perspective of experiment design. They suggested a simplified ap-

proximation to the traditional A-optimality criterion. However, it is worth pointing out that
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the approximated A-optimality criterion in Wang et al. (2016) is based on considering the

conditional variance of subsampling estimator given a subsample; thus, the randomness from

subsampling is not considered in this criterion. Chen et al. (2016) employed the generalized

inverse of random matrices and provided new subsampling estimator for linear regression.

Their approach did incorporate the randomness of both subsampling and error in the model.

Unfortunately, their proposed estimator relies on the unknown true parameters β0 and σ2,

rendering their estimator impractical. Along with this line of thinking, it remains elusive

whether there exists a practically applicable optimal subsampling estimator in the sense of

minimizing MSE or its variants.

To answer this question, we need to have a deeper understanding of the statistical proper-

ties of the random subsampling estimators. The main challenge is that there are two sources

of randomness contributing to the statistical performance of subsampling estimators. The

first source of randomness is the random errors in the model, i.e., εis, which are typically

attributed to measurement error or random noise inherited in random observations Y. The

second source of randomness is the random subsampling procedure. Furthermore, these two

sources of randomness coupled together in the estimator, that is, the subsampling estimator

is expressed as β̃ = (X∗TΦ∗2X∗)−1X∗TΦ∗2Y∗, as in Algorithm 1. See the text above Eqn

(A.2) in Appendix A.1.1 for another representation of β̃. The term (X∗TΦ∗2X∗) involves the

random subsampling procedure, and it is engaged in the subsampling estimator in a nonlin-

ear fashion (inversion). Due to the presence of randomness introduced by subsampling and

its nonlinear involvement in the subsampling estimator, it is nontrivial to directly analyze

the exact distribution of subsampling estimator.

When dealing with estimators with complicated forms such as the case with subsampling

estimators, one common practice in statistics is to rely on asymptotic theory to simplify

the complicated analytical expressions of the quantity of interest based on the behavior of

estimators in large samples, i.e., the asymptotic theory. In our quest of optimal subsampling

estimators, we exploit the same strategy. In Chapter 2, we derive the asymptotic distribution
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of subsampling estimators for a large sample n with certain regularity conditions satisfied.

Aside from considering the subsampling estimator for estimating the true parameter, which

we refer to as the unconditional inference, we also consider the case of using subsampling

estimator for approximating the full sample estimates, which we refer to as the conditional

inference, in Chapter 3. In conditional inference, we consider the full sample as given, and

the goal of taking the subsample is to approximate any calculations based on the full sample,

e.g., the OLS estimate in (1.2). With the asymptotic results derived, we propose the optimal

subsampling estimators that minimize various versions of the asymptotic mean squared error

(AMSE).

1.2 Model uncertainty in smoothing spline

Model uncertainty is one of the challenging areas of statistical analysis, especially for big

data which are usually complicated and challenging to put a unified model assumption

on. In practice, when faced with multiple possible candidate models, the popular approach

nowadays is to perform model selection using criteria such as AIC, BIC and MSE, and make

statistical inference solely based on the selected model as if it were the true model. In

this case, the uncertainty in the previous model selection step is not reflected in statistical

inference. Conditioning on a single selected model ignores model uncertainty and thus leads

to a poor estimation of uncertainty in statistical inference. In this section, we study and

illustrate this problem of model uncertainty in the framework of smoothing spline, one of

the most popular nonparametric methods for flexible function estimation.

Consider a regression problem in which we observe xi (i = 1, . . . , n) on the domain X

and the response Yi that depends on xi through an unknown function η(·) defined on X ,

i.e.,

Yi = η(xi) + εi, xi ∈X , i = 1, . . . , n, (1.4)
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where εi
iid∼ N(0, σ2). One popular approach to estimating η is the smoothing spline method,

in which one minimizes the following penalized least squares

min
η

n∑
i=1

(Yi − η(xi))
2 + λJ(η), (1.5)

where the first term measures the goodness-of-fit of the model to the data, the second

term J(η) is a penalty functional on η, and λ is a finite nonnegative tuning parameter.

See Wahba (1990), Ramsay and Silverman (2005), Wang (2011), Gu (2013) and references

therein for comprehensive overviews of the vast field of nonparametric estimation through

spline smoothing.

In the classical application of the smoothing spline method, the functional J(η) in (1.5) is

pre-specified to reflect users’ assumptions on η. The form of J(η) defines the space in which

we carry out the minimization, i.e., HJ = {η : J(η) <∞} or a subspace of HJ . The choice of

λ determines an estimate by balancing the constraint specified by J and the goodness-of-fit

of the model to the observed data. Given a penalty functional J(η), a significant amount

of efforts have been devoted to the estimation of the λ (Wahba and Craven, 1978; Wahba,

1985; Gu and Wahba, 1991). As important as a good choice of λ is, it is worth noting that

the effectiveness of tuning λ in estimating η is subject to an appropriate choice of J(η) in

the first place. Thus the choice of the functional J(η) serves as a higher level of tuning

for the estimation of η and is of similar importance to the tuning of λ subsequently. In the

following, we discuss the choice of J(η) and the associated ambiguity penalty challenges from

two practical perspectives.

In the context of data smoothing using smoothing spline, the form of J(η) specifies a con-

straint on the roughness of η. When X is an interval of the real line, e.g., [0, 1], the penalty

J(η) =
∫ 1

0
(η′′)2dx and J(η) =

∫ 1

0
(η′)2dx are both popular choices. These yield the cubic

spline and linear spline estimates for η, respectively. More generally, we may use J(η) =∫ 1

0
(d

m
η

dxm +am−1
dm−1

η

dxm−1
+...+a1

dη
dx+a0)

2dx, where ais are constant coefficients. Using higher or-
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der splines penalty, i.e., larger m, implies that one tends to favor smoother functions. When

X is a product domain, e.g., [0, 1]d with d > 1, the tensor product cubic spline and thin-plate

spline are two popular approaches. In the tensor product cubic spline with d = 2, we take

J(η) = θ1
∫ 1

0
(
∫ 1

0
∂2η
∂x2〈1〉

dx〈2〉)2dx〈1〉+θ2
∫ 1

0
(
∫ 1

0
∂2η
∂x2〈2〉

dx〈1〉)2dx〈2〉+θ3
∫ 1

0
(
∫ 1

0
∂3η

∂x〈1〉∂x
2
〈2〉
dx〈1〉)2dx〈2〉+

θ4
∫ 1

0
(
∫ 1

0
∂3η

∂x2〈1〉∂x〈2〉
dx〈2〉)2dx〈1〉 + θ5

∫ 1

0

∫ 1

0
( ∂4η
∂x2〈1〉∂x

2
〈2〉

)2dx〈1〉dx〈2〉, where θ1, . . . , θ5 are tuning pa-

rameters like λ in (1.5). For m-th order thin-plate spline, the penalty functional J(η) is

of the form
∑

α1+...+αd=m
m!

α1!...αd!

∫
. . .
∫ (

∂mη

∂x
α1
〈1〉...∂x

αd
〈d〉

)2

dx〈1〉 . . . dx〈d〉. In this case, using the

thin plate spline explicitly implies that we assume η has rotational invariance, whereas using

the cubic spline does not. Taking different penalties implies different assumptions on the

smoothness of the function η. In practice, using different penalties may lead to different

conclusions.

Below we illustrate the influence of the choice of J using a toy example. A random sample

of size 100 is generated according to the model (1.4) and the scatter plot of raw data is shown

in the left panel of Figure 1.1. The scatter plot displays a general parabolic pattern with

a few repeated peaks and troughs. Based on the observation, we model the data through

penalized least squares using two reasonable choices of splines: periodic cubic spline with

J(η) =
∫ 1

0
(η′′)2dx and linear spline with J(η) =

∫ 1

0
(η′)2dx. The tuning parameters for both

splines are selected by generalized cross-validation (GCV) (Wahba and Craven, 1978). The

fitted curves are plotted in the middle and right panels of Figure 1.1, respectively. From the

periodic cubic spline fit, we conclude that the relationship is smooth and the data generating

system is noisy; from the linear spline fit, we conclude that the relationship is wiggly and

the data generating system is not too noisy. Based on the different choice of penalties,

the conclusions we make are totally different. For cases like this, there exists ambiguity

in choosing between the two estimates and there requires a unifying model for resolving

such conflicting results. Indeed, with limited information at hand, it is more reasonable to

take both functionals into consideration, rather than choosing one over the other. Another

motivation for considering multiple penalties in data smoothing problem is that using a

8



single penalty functional specifies a constraint on which family of basis function to be used.

It is expected that the estimation procedure using multiple penalties should benefit from a

variety of basis functions from multiple families and be able to adapt to the complex features

of the function to be estimated.

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●

●

●

●●
●
●

●●

●

●●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

●
●

●

●

●●
●
●
●

●

●

●

●

●

●

●

●

●

●

●●●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

raw data

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●

●

●

●●
●
●

●●

●

●●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

●
●

●

●

●●
●
●
●

●

●

●

●

●

●

●

●

●

●

●●●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

x

 

5−fold CV MSE=0.1121

per

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●

●

●

●●
●
●

●●

●

●●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

●
●

●

●

●●
●
●
●

●

●

●

●

●

●

●

●

●

●

●●●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

x

 

5−fold CV MSE=0.1186

linear

Figure 1.1: A toy example. From left to right: scatter plot of the raw data; curve fitted using
periodic cubic spline (per); curve fitted using linear spline (linear). For both of the spline fit,
the tuning parameter λ is selected by the generalized cross-validation (GCV) (Wahba and
Craven, 1978). We also calculated MSE based on five-fold cross-validation. The MSEs for
periodic cubic and linear spline are 0.1121 and 0.1186, respectively.

In the context of modeling a general dynamic system using smoothing spline, the choice

of J(η) is based on one’s belief in the mechanism of the data generating system, e.g., a

system of ordinary differential equations (ODEs). In some applications, there is definitive

guiding information. For example, the distribution of heat (or variation in temperature) in

a given region over time is governed by the heat equation. Using this information, technical

tools are available to define the penalty (Gu, 2013, Chapter 4). However, a suitable choice

of differential equation systems is often not unique. This is particularly true in biological,

ecological, and social and economic sciences, where the principles used to deduce the differ-

ential equation systems tend to be less exact than those used in physics and chemistry. There

might be multiple competitive ODE systems that can be used to describe the same under-

lying data generating system. In this case, our belief in the dynamic system is ambiguous.

Take the popular dynamic system of interacting predator and prey species as an example.

We use H and P to denote the population sizes of the prey and predator, respectively.
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There are two popular and well-studied models: the Lotka-Volterra model, which assumes

dH
dt = rH − aHP , and dP

dt = eHP − vP , and the predator-dependent functional response

model, which assumes dH
dt = rH−aHP/(1+zP ), and dP

dt = eHP/(1+zP )−vP , where r, a,

e, v, and z are pre-specified constants (Murdoch et al., 2003). Based on different ODEs, the

interpretation of the underlying dynamic system and estimation of the quantity of interest

will be different. Another example is the modeling of gene expression data. In the litera-

ture, there are efforts in modeling the time course gene expression data using ODEs (Chen

et al., 1999; Zhang et al., 2018). In a genome-wide analysis, a large number of genes will be

analyzed under the same assumption. There naturally exist genes associated with essential

periodic biological processes, such as cell cycle or circadian rhythm regulation known to be

rhythmic (Whitfield et al., 2002; Luan and Li, 2004); in the same time frame there are other

genes that can be non-periodically activated with irregular intervals in a living eukaryotic

cell, like pulses turning on and off rapidly and discontinuously (Chubb et al., 2006). In other

words, the genes do not necessarily follow the same set of ODEs. In both of the examples

described above, unified methods that reconcile different assumptions or beliefs for the same

dynamic system are in need.

To the best of our knowledge, the problem of dealing with two or more ambiguous penal-

ties is not well studied for nonparametric models. One possible solution to the problem of

ambiguous penalties, as mentioned in the beginning of this section, is through model selec-

tion. Direct application of classical criteria, such as AIC (Akaike, 1974) and BIC (Schwarz,

1978), is nontrivial since the dimensionality for smoothing spline fit is hard to define, mostly

because that the concept of degree of freedom for nonparametric models still remain illu-

sive. A practical approach is to evaluate the prediction performance of estimators based on

different penalties using cross-validation. However, this strategy can easily fail, especially

when the performance of estimators corresponding to different penalties are very similar. In

the toy example shown in Figure 1.1, we also evaluated the prediction performance of two

methods using five-fold cross-validation. The MSEs of the periodic cubic spline and linear

10



spline are 0.1121 and 0.1186, respectively. The prediction accuracy of different estimators

are close to each other; it is still unclear how to select among two candidate penalties. If we

proceed to choose a penalty with the lowest MSE in spite of the ambiguity, then great care

needs to be taken on the statistical inference made thereon. The topic of post-selection in-

ference is still an ongoing topic largely focusing on the problem of variable selection in linear

regression problems (Berk et al., 2013; Tibshirani et al., 2016; Lee et al., 2016). Currently

available results are not readily applicable to the nonparametric setting.

Besides model selection, another loosely related topic is the analysis of spatially inho-

mogeneous data. Luo and Wahba (1997) and Sklar et al. (2013) developed computation

algorithms using multiple libraries of basis to adapt to certain local structures of data.

Overall, a self-contained model for combining multiple penalties is still lacking.

In this thesis, instead of performing model selection, we aim to incorporate the ambiguity

in choosing penalty functional in model inference for smoothing spline. In Chapter 4, we take

a Bayesian perspective on the problem of ambiguous penalties, make use of the connection

between penalized least squares and Bayesian estimation, and build hierarchical Bayesian

model for properly integrating the model uncertainty in the context of a smoothing spline.
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Chapter 2

Optimal Subsampling Estimators in Un-

conditional Inference

Chapter summary: One popular method for dealing with the computational burden brought

by the sheer size of large-scale data sets is through random subsampling. While subsam-

pling methods have attracted a significant amount of attention in the literature in the past

few years, statistical works that study the large sample/asymptotic properties of these sub-

sampling methods are still lacking. In Section 2.1 we outline the regularity conditions and

establish the asymptotic normality of the subsampling estimator for estimating parameters

in linear regression, and we propose several criteria and optimal subsampling probability

distributions; and in Sections 2.2, we present some empirical results. All of the technical

proofs are listed in Appendix A.

12



In this chapter, we study the asymptotic properties of the subsampling estimator β̃ in the

scenario of unconditional inference, i.e., estimating the true model parameter β0. Then, we

evaluate the performance of subsampling estimators using AMSE under different scenarios

and propose the corresponding optimal estimators.

2.1 Asymptotic properties of subsampling estimators in

unconditional inference

In unconditional inference, we are interested in the setting where the subsample size r is

a fraction of full sample size n, thus we write the subsample size r = O(n1−α), where 0 ≤

α < 1. A larger α gives rise to a smaller r. Moreover, to satisfy
∑n

i=1 πi = 1, the minimum

subsampling probability should be less than or equal to 1/n, i.e., πmin = min{πi}ni=1 ≤ 1/n,

and we write πmin = O(n−γ0), where γ0 ≥ 1. A larger γ0 gives rise to a smaller πmin.

Using these notations, we show the asymptotic normality of β̃ in unconditional inference in

Theorem 1.

Theorem 1. We assume that the following regularity conditions hold.

(A1). There exist positive constants b and B such that

b ≤ λmin(XTX/n) ≤ λmax(X
TX/n) ≤ B,

where λmax(XTX/n) and λmin(XTX/n) denote the maximum and minimum eigenvalue of

matrix XTX/n.

(A2). γ0 + α < 2.

As n→∞, we have

(σ2Σ0)
− 1

2 (β̃ − β0)
d→ N(0, Ip), (2.1)
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where Σ0 = (XTX)−1[XT (I + Ω)X](XTX)−1, Ω = diag{1/rπi}ni=1, and Ip denotes a p × p

identity matrix. Thus, in unconditional inference, β̃ is an asymptotically unbiased estimator

of β0, i.e.,

AE(β̃) = β0, (2.2)

and the asymptotic variance-covariance matrix of β̃ is

AV ar(β̃) = σ2Σ0. (2.3)

The proof of Theorem 1 is provided in Appendix A.1.2.

The assumption in (A1) indicates that 1
n
XTX converges to a positive definite constant

matrix. This requires that predictor matrix X is of full column rank and the values of

elements in X are not overdispersed. This condition ensures the consistency of full sample

OLS estimator, and it is commonly used to help ease the technical handling of proof in

regression model (Lai et al., 1978; Zou, 2006).

The assumption in (A2) puts a constraint on the smallest subsampling probability and

subsample size. When γ0 + α < 2 holds, we have n−γ0 > n−(2−α), i.e., the smallest sub-

sampling probability cannot be too small and in particular it should be O(nα) away from

O(n−2). Condition (A2) can also be rewritten as n1−αn−γ0 > n−1, which states that when

the smallest subsampling probability is small, the subsample size needs to be large so that

data points with the smallest subsampling probability can get a fair chance to be selected

into the subsample. We also note that the asymptotic variance AV ar(β̃) in Theorem 1 has

a “sandwich-type” expression. The center term depends on the reciprocal subsampling prob-

abilities. Thus the direct constraint on the minimum subsampling probability is to avoid

blowing up the variance.

Using the asymptotic results in Theorem 1, we propose the following three estimators for

different purposes.

Estimating β0. We plug in the asymptotic variance and asymptotic squared bias in

14



Theorem 1 and get the AMSE(β̃;β0),

AMSE(β̃,β0) = σ2tr{(XTX)−1}+
1

r

n∑
i=1

σ2

πi
||(XTX)−1xi||2. (2.4)

Thus, AMSE(β̃,β0) can be considered as a function of {πi}ni=1. It is trivial to use the

Lagrange multipliers to find the minimizer of the right-hand side of (2.4) with the constraint∑n
i=1 πi = 1. The following proposition gives the minimum AMSE(β̃;β0) subsampling

estimator.

Proposition 1. The subsampling estimator with the subsampling probabilities

πi =
‖(XTX)−1xi‖∑n
i=1 ‖(XTX)−1xi‖

, i = 1, . . . , n, (2.5)

has the smallest AMSE(β̃;β0). The estimator with the subsampling probabilities in (2.5)

is referred to as inverse-covariance (IC) subsampling estimator.

Remark 2. Using the main Algorithm 1 in Drineas et al. (2012), the calculation of subsam-

pling probabilities in IC can be reduced to O(nplog(n)/ε), where ε is the desired approxima-

tion error parameter.

Other than making inference on β0, we are also interested in linear functions of β0 of the

form Lβ0, where L is any constant matrix of suitable dimension. In particular, we present

the inference on Xβ0 and XTXβ0.

Predicting Y (Estimating Xβ0). In regression analysis, prediction, i.e., inference on

the true regression line Xβ0, is crucially important. In this case, simple algebra yields that

AMSE(Xβ̃,Xβ0) = pσ2 +
1

r

n∑
i=1

σ2

πi
||X(XTX)−1xi||2. (2.6)

Thus, AMSE(Xβ̃,Xβ0) can be considered as a function of {πi}ni=1 and used to develop the

optimal subsample estimator. The following proposition gives the minimumAMSE(Xβ̃,Xβ0)

subsampling estimator using the Lagrange multiplier.
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Proposition 2. The subsampling estimator with the subsampling probabilities

πi =
‖X(XTX)−1xi‖∑n
i=1 ‖X(XTX)−1xi‖

=

√
hii∑n

i=1

√
hii
, i = 1, . . . , n, (2.7)

has the smallest AMSE(Xβ̃; Xβ0) and is referred to as root leverage (RLEV) subsampling

estimator.

The second equality in (2.7) is by

‖X(XTX)−1xi‖2 = (X(XTX)−1xi)
TX(XTX)−1xi = xTi (XTX)−1xi = hii.

Remark 3. Chen et al. (2016) proposed optimal sampling estimators for estimating β0 and

predicting Y. Their optimal sampling probability depends on the unknown parameters,

and they proposed to use (2.7) as a rough approximation of their subsampling probability

without any rigorous justification.

Estimating XTXβ0. In this case, we examine

AMSE(XTXβ̃,XTXβ0) = σ2tr(XTX) +
σ2

r

n∑
i=1

1

πi
||xi||2. (2.8)

Proposition 3. The subsampling estimator with the subsampling probabilities

πi =
‖xi‖∑n
i=1 ‖xi‖

, i = 1, . . . , n, (2.9)

has the smallest AMSE(XTXβ̃; XTXβ0) and is referred to as predictor-length (PL) sub-

sampling estimator.

The computation costs of BLEV and RLEV subsampling estimators using exact leverage

scores are in the order of O(np2). In contrast, the computation cost of PL subsample

estimate is only O(np), which is linear to both sample size and predictor size. This is the

lowest computation cost among all non-uniform subsample estimators to our knowledge.
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2.2 Empirical studies

To assess the performance of the proposed subsampling methods, we present the main results

of our empirical analysis in this section.

2.2.1 Simulation studies

Simulation setting

We generated synthetic data from yi = xTi β0 + εi, where xis and β0 are p × 1 predictor

vectors and p × 1 coefficient vector, and random error εi
iid∼ N(0, 1), i = 1, . . . , n. Here we

let p = 10, and sample size n = 5000. We set the first and last two entries of the coefficient

vector β0 to be 1, and rest to be 0.1. The predictor xis were independently generated from

one of the following multivariate distributions.

• Multivariate normal distribution N(1,D), where 1 is a p× 1 column vector of 1, and

the (i, j)th element of D is set to 1 × 0.7|i−j| for i, j = 1, . . . , p. We refer to it as MN

data.

• Multivariate noncentral t-distribution with 3 degrees of freedom, noncentrality param-

eter 1, and scale matrix D, i.e., t3(1,D). We refer to it as T3 data.

• Log-normal distribution LN(1,D). We refer to it as LN data.

• Multivariate noncentral t-distribution with 1 degree of freedom, noncentrality param-

eter 1, and scale matrix D, i.e., t1(1,D). We refer to it as T1 data.

MN and T3 are two commonly seen examples of symmetric distributions used for gen-

erating the data (predictors). We use LN as an example of nonsymmetric data generating

distributions. We use T1 as an example of distribution for which the expectation and vari-

ance do not exist, i.e., we do not expect the condition that XTX/n converges to a constant
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Figure 2.1: Box plots of the subsampling probabilities (in log scale) of all data points in IC,
RLEV, PL, SLEV, and BLEV (from left to right in each panel) in MN, T3, LN, and T1 data
for p=10 and n =5000. In each box plot, the red dot inside the box indicates the mean of
corresponding subsampling probabilities (in log scale).

matrix to be satisfied. This is beyond the scope of Theorem 1; thus the good asymptotic

performance of β̃ might not be guaranteed. In particular, the bias and variances might

not always be guaranteed to converge fast to zero as subsample sizes increase. Further, the

variances of Xβ̃ and XTXβ̃ might not be properly defined as subsample sizes increase.

In Figure 2.1, we present box plots of the subsampling probabilities (in log scale) of all

the data points in IC, RLEV, PL, SLEV, and BLEV (from left to right) in MN, T3, LN,

and T1. The subsampling probability distributions of BLEV are generally more dispersive

than those of other estimators. There exist a significant number of extremely small sampling

probabilities in BLEV, especially when the data distribution has an heavier tail, such as the

cases of LN and T1. These extremely small sampling probabilities in BLEV are effectively

augmented in SLEV. However, the medians of sampling probabilities in SLEV are still smaller

than the first quantiles of sampling probabilities in IC, RLEV, and PL in T3, LN, and T1.

The large number of relatively small subsampling probabilities in BLEV and SLEV will
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inflate the variances of subsampling estimators considering the expression of asymptotic

variances in Theorem 1. Thus it is expected that BLEV and SLEV give rise to estimates

with relatively large variances, especially when data was generated from distributions with

heavy tails, such as LN and T1. As the tails of generating distributions of xi get heavier

(from MN to T3 to LN to T1), the sampling probability distributions in all methods get

more dispersed. It is expected that the differences among different estimators, if any, will be

more significant in T3, LN, and T1 than in MN.

Subsampling estimators for estimating true parameter

In this section, we evaluate the performance of proposed subsampling estimators in estimat-

ing β0, Xβ0, and X
TXβ0. Following the simulation setting stated above, we generated

100 replicates of MN, T3, LN, and T1 data. We apply IC, RLEV, PL, SLEV, and BLEV to

each replicated data set to obtain β̃b at subsample sizes r = 100, 200, 500, 700, 1000. Then,

we calculated squared bias and variance for estimating β0 for each subsampling method.
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Figure 2.2: The squared biases (the first row) and the variances (the second row) of IC,
RLEV, PL, SLEV, and BLEV estimates in estimating β0 (in log scale) at different subsample
sizes.
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In Figure 2.2, we plot the squared biases (the first row) and the variances (the second

row) of IC, RLEV, PL, SLEV, and BLEV estimates in estimating β0 in MN, T3, LN and

T1 in log scale. First, both the squared biases and the variances show decreasing patterns

as subsample size increases, and the squared biases are much smaller than the correspond-

ing variances. These observations are within expectation since Theorem 1 states that the

weighted subsample estimators are asymptotic unbiased and consistent estimators of β0 pro-

vided that regularity conditions are satisfied. Second, the variances of estimates using IC,

whose subsampling probabilities minimize AMSE(β̃;β0), are slightly smaller than the vari-

ances of estimates using other methods in MN and T3 at most subsample sizes. It should

be noted that the variances of estimates using IC, RLEV, and PL are all smaller than those

of BLEV and SLEV estimates in T3 and LN. As mentioned below Figure 2.1, the larger

variances of BLEV estimates are caused by the existence of extremely small subsampling

probabilities in BLEV. Taking a weighted average of subsampling probability distributions

in BLEV and UNIF show a beneficial effect on the variances for SLEV estimators, but the

variances of SLEV estimators are still larger than those of IC in T3, LN, and T1. It is worth

mentioning that in T1, despite the violation of regularity conditions, the proposed estimators

IC, RL, and PL still outperform BLEV and SLEV in terms of variances when the subsample

size is greater than 200. Third, the squared biases and the variances of all estimates gets

smaller from MN to T3 to LN and T1. Besides, we note that the proposed estimators IC,

RL and PL perform extremely similar to each other. The close relationship among these

estimators and those proposed in the next chapter will be discussed in Section 3.2 altogether.

In Figure 2.3, we plot the variances of IC, RLEV, PL, SLEV, and BLEV in predicting

Y at different subsample sizes in MN, T3, LN, and T1. The variances of estimates using

RLEV, whose subsampling probabilities minimize AMSE(Xβ̃; Xβ0), are smaller than the

variances of estimates using other methods in LN and T1 consistently when subsample sizes

are larger than 200.

In Figure 2.4, we plot the variances of IC, RLEV, PL, SLEV, and BLEV estimates
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Figure 2.3: The variances of IC, RLEV, PL, SLEV, and BLEV estimates in predicting Y
(in log scale) at different subsample sizes.

in estimating XTXβ0 in MN, T3, LN, and T1. For estimating XTXβ0, the variances of

estimates using PL, IC, and RLEV are smaller than the variances of estimates using SLEV

and BLEV in T3 and LN at most subsample sizes.
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Figure 2.4: The variances of IC, RLEV, PL, SLEV, and BLEV estimates in estimating
XTXβ0 (in log scale) at different subsample sizes.

Next, we illustrate the performance of the proposed subsampling methods using two

real-world examples.

2.2.2 Real data analysis

Airline delay

We compiled a flight delay data set from the website of the US Department of Transporta-

tion (USDOT, 2017). The data set contains records of 3, 274, 894 US domestic flights during
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weekdays from Mondays to Thursdays in 2017. There are five variables for each flight record:

arrival delay (difference in minutes between scheduled and actual arrival time, and early ar-

rivals show negative numbers), arrival taxi in time (in minutes), departure taxi out time (in

minutes), departure delays (difference in minutes between scheduled and actual departure

time, and early departures show negative numbers), and computer reservation system based

elapsed time of the flight (in minutes; a measure for the distance of the flight). We are

interested in predicting the arrival delay of each flight using the rest variables. We fit the

linear regression model (1.1), with the response being flight arrival delay. In addition to the

four variables (other than arrival delay) in our data set as linear predictors, we also included

their quadratic and all pairwise interaction terms. We thus have 14 predictors in total. Con-

sidering the large number of flights, we used the subsampling methods for the estimation.

The response was centered, and predictors were standardized prior to the analysis.
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Figure 2.5: Exploratory analysis for Airline delay data. The left panel is the box plots of
subsampling probabilities (in log scale) of all data points in IC, RLEV, PL, SLEV, and
BLEV. The middle panel and right panel are the scatter plots of the 200 sampled response
and two predictors using the subsampling probability distribution in IC.

In the left panel of Figure 2.5, we present the box plots of subsampling probabilities

(in log scale) of all data points in IC, RLEV, PL, SLEV, and BLEV. We note that the

subsampling probability distributions are right-skewed, similar to those in Figure 2.1 in the

simulation study. Using the subsampling probability distribution in IC, we took a subsample

of size 200 from the full data. The middle and right panels in Figure 2.5 are the scatter plots

of the sampled response and the two predictors, respectively. These scatter plots provide a
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visual sketch of the full sample data. We observe a somewhat linear relationship between

the response and these two predictors, consolidating our linear model assumption.
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Figure 2.6: The variances of IC, RLEV, PL, SLEV, and BLEV estimates for estimating
β0 (the left panel), Xβ0 (the middle panel) and XTXβ0 (the right panel) (in log scale) at
different subsample sizes for airline delay data.

Next, we repeatedly apply IC, RLEV, PL, SLEV, and BLEV to this data set for 100

times at subsample size r = 20p, 50p, 70p, 100p, 200p with p = 14. Since we do not have

information on β0, we only present the variance of the resulting estimates for estimating β0,

Xβ0 and XTXβ0 for each method. The results are summarized in Figure 2.6. For estimating

β0, the estimates using IC, whose sampling probability minimizes the AMSE(β̃;β0), show

smaller variances and consistently outperform all other methods as subsample size increases.

For estimating Xβ0 and XTXβ0, the estimates using RLEV and PL show competitive

performance as subsample sizes increases. IC, PL, and RLEV, all consistently outperform

BLEV and SLEV in terms of variances at subsample sizes greater than 700.

“YearPredictionMSD"

The “YearPredictionMSD" data set (Bertin-Mahieux et al. (2011)) was downloaded from the

UCI machine learning repository (http://archive.ics.uci.edu/ml/). It consists of records of

515,345 songs released between the year 1922 and 2011. For each song, multiple segments are

taken, and each segment is characterized by 12 timbre features. These timbre features capture

timbral characteristics, such as brightness and flatness, of each segment. The mean and
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variance of each timbre feature, as well as the covariances between every two timbre features,

are calculated. Our primary interest for analysis is to use all timbre feature information to

predict the year of release. We fitted the linear regression model (1.1) to this data set, where

yi is the year of releasing of the i-th song in log scale, and xi is a 90× 1 vector containing all

timbre feature predictors, i = 1, . . . , 515, 345. The response was centered, and the predictors

were standardized before the analysis.
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Figure 2.7: Exploratory analysis for “YearPredictionMSD" data. The left panel is for the
box plots of subsampling probabilities of all data points (in log scale) for IC, RLEV, PL,
SLEV, and BLEV. A subsample of size 200 is taken from the full data using the subsampling
probabilities of IC. The middle panel and right panel are the scatter plots of sampled response
and two timbre feature predictors.

In the left panel of Figure 2.7, we present the box plots of subsampling probability distri-

butions in IC, RLEV, PL, SLEV, and BLEV in “YearPredictionMSD" data set. Inspecting

the box plots reveals that all sampling distributions are right-skewed. Using the subsam-

pling probability distribution in IC, we took a subsample of size 200 from the full data. The

middle and right panels of Figure 2.7 are the scatter plots of the sampled response and two

timbre features respectively. These scatter plots provide a visual sketch of the full sample

data.

We repeatedly apply IC, RLEV, PL, SLEV, and BLEV methods to the data set for

100 times at subsample sizes r = 10p, 20p, 50p, 70p, 100p, with p = 90. In Figure 2.8, we

plot the variances of the estimates for all subsample methods for estimating β0, Y β0, and

XTXβ0 in log scale. For estimating β0, the variances of IC, RLEV, and PL estimates are
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Figure 2.8: The variances of IC, RLEV, PL, SLEV, and BLEV estimates for estimating
β0 (the left panel), Xβ0 (the middle panel), and XTXβ0(the right panel) (in log scale) at
different subsample sizes for “YearPredictionMSD" data.

comparable to each other and consistently smaller than those of SLEV and BLEV estimates

at all subsample sizes. For estimating Y β0 and XTXβ0, the variances of RLEV and PL

estimates are consistently smaller the variances of estimates using other methods.

2.3 Summary and discussion

In this chapter, we study the properties of subsampling estimator for estimating parameters

in the linear model. We establish the asymptotic normality of subsampling estimators under

general regularity conditions. We show that subsampling estimators are asymptotically unbi-

ased estimators of the true coefficient, and obtain an explicit form of the asymptotic variance

in this case (Theorem 1). Since the normal distribution is uniquely determined by mean and

variance, we then seek to construct subsampling estimators with subsampling probability

distributions minimizing the AMSE. This leads us to propose two interesting subsampling

estimator, the root leverage (RLEV) estimator (Proposition 2), whose subsampling proba-

bility is constructed using the square root of leverage scores, and the predictor-length (PL)

estimator (Proposition 3), whose subsampling probability is constructed using the row norms

of the predictor matrix. The RLEV and PL estimator minimize the AMSE for estimating
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Xβ0 and XTXβ0, respectively. In particular, the computation cost of PL estimator is only

O(np), which is the best possible one. Our results are fundamentally different from previous

work on the statistical properties of the subsampling estimators since we provide asymptotic

distribution for the estimators, rather than finite-sample concentration inequality on how the

subsample estimators deviate from the full sample estimates based on the first two moments

of the estimators. Although not the focus of this paper, it is worth pointing out that the

asymptotic distribution can be used to perform statistical inference tasks such as hypothesis

testing and constructing confidence intervals, whereas finite sample concentration inequality

results may not.

We conduct a comprehensive empirical evaluation of the performance of subsampling

estimators for estimating the parameters on synthetic data sets. We use predictor matrices

generated from various distributions, including a heavy tail distribution and an asymmetric

distribution. For all settings under consideration, we calculate the squared bias and variance

of subsampling estimators. We demonstrate that the squared bias of subsampling estima-

tors are much smaller than the correspoinding variances, and the squared bias decreases as

subsample size increases. It is consistent with our theory’s conclusion that the subsampling

estimators are asymptotically unbiased. The variance of subsampling estimators decreases

as subsample size increases, indicating the consistent property of subsampling estimators.

In addition, we demonstrate that the novel estimators have better performance, i.e., smaller

variances, than existing ones, confirming the optimality results we proposed.
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Chapter 3

Optimal Subsampling Estimators in Con-

ditional Inference

Chapter summary: In this chapter, we focus on the conditional inference, in which the goal

of taking the subsample is to approximate the full sample estimates, e.g., the OLS estimate

β̂OLS. In Section 3.1, we outline the regularity conditions and establish the asymptotic

normality of the subsampling estimator for approximating the full sample estimate, and we

propose several criteria and optimal subsampling probability distributions. As a summary,

in Section 3.2, we discuss the relationship between all the proposed estimators in this and the

previous chapter, and several other subsampling estimators in the literature. In Sections 3.3,

we present empirical results on simulated and two real-world examples. All of the technical

proofs are listed in Appendix A.
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In this chapter, we are interested in the conditional inference using the data set, i.e., the

goal of the analysis is to approximate the full sample estimates, say β̂OLS.

3.1 Asymptotic properties of subsampling estimators in

conditional inference

In Theorem 2, we show the asymptotic properties of β̃ when the data set is given.

Theorem 2. Given the full sample data {X,Y}, we assume that X is of full column rank

and ‖xi‖ <∞ for i = 1, . . . , n, where xi is the ith row of X. If the subsampling probabilities

{πi}ni=1 are nonzero, i.e., πi > 0 for i = 1, . . . , n, then as subsample size r →∞, we have

(σ2Σc)
− 1

2 (β̃ − β̂OLS)
d→ N (0, Ip) , (3.1)

where Σc = 1
r
(XTX)−1[

∑n
i=1

e2i
πi

xix
T
i ](XTX)−1. Thus, in conditional inference, β̃ is an

asymptotically unbiased estimator for βOLS, i.e.,

AE(β̃) = β̂OLS, (3.2)

and the asymptotic variance-covariance matrix of β̃ is

AV ar(β̃) = σ2Σc. (3.3)

The proof is presented in Appendix A.1.3.

Theorem 2 shows that as subsample size r gets larger, the distribution of β̃ can be well ap-

proximated by a normal distribution. Subsampling estimator β̃ is asymptotically unbiased to

β̂OLS. Similar to the case of unconditional inference, the asymptotic variance AV ar(β̃) also

has “sandwich-type” expression, where both of side terms (XTX)−1 are free of the subsam-

pling probability, and the center term depends on the reciprocal subsampling probabilities.
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Thus, much like the case in Theorem 1 in unconditional inference, we also expect that the

extremely small probabilities may result in large variances of the corresponding estimators,

e.g., BLEV, and further the potential advantage of SLEV over BLEV for approximating full

sample OLS estimate.

Note that AVar(β̃) in conditional inference depends on the full sample least square residu-

als e2i s, which are not readily available from the subsample. We tackle this problem by taking

the expectation of e2i s. The metric we thus use in this case is Expected MASE (EAMSE),

EAMSE(β̃; β̂OLS) = EY(AMSE(β̃; β̂OLS)). (3.4)

Based on the asymptotic properties, we establish the EAMSE as a function of subsampling

probabilities {πi}ni=1 and propose the associated optimal subsampling estimators.

Approximating β̂OLS. To propose optimal subsampling estimator for approximating

β̂OLS, we use asymptotic results in Theorem 2 to get EAMSE(β̃; β̂OLS). Note that EY(e2i ) =

(1− hii)σ2, then

EAMSE(β̃; β̂OLS) = EY (tr(AV ar(β̃))) =
1

r

n∑
i=1

(1− hii)σ2

πi
||(XTX)−1xi||2. (3.5)

Using the Lagrange multipliers method, the following proposition gives subsampling estima-

tor that minimizes EAMSE(β̃; β̂OLS).

Proposition 4. The subsample estimator with the subsampling probabilities

πi =

√
1− hii‖(XTX)−1xi‖∑n

i=1

√
1− hii‖(XTX)−1xi‖

, i = 1, . . . , n (3.6)

has the smallest EAMSE(β̃; β̂OLS) and is referred to as the inverse-covariance negative-

leverage (ICNLEV) estimator.

Parallel to the inference on Xβ0 and XTXβ0 in unconditional inference, we present the

analysis for approximating Xβ̂OLS and XTXβ̂OLS.
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Approximating Ŷ (Xβ̂OLS). In this case, we propose optimal subsampling estimator

for approximating Xβ̂OLS, i.e., we want to approximate the full sample prediction. Using

asymptotic results in Theorem 2, we get

EAMSE(Xβ̃; Xβ̂OLS) =
1

r

n∑
i=1

(1− hii)σ2

πi
||X(XTX)−1xi||2. (3.7)

Proposition 5. The subsample estimator with the subsampling probabilities

πi =

√
1− hii‖X(XTX)−1xi‖∑n

i=1

√
1− hii‖X(XTX)−1xi‖

=

√
(1− hii)hii∑n

i=1

√
(1− hii)hii

, i = 1, . . . , n (3.8)

has the smallest EAMSE(Xβ̃; Xβ̂OLS)), and is referred to the estimator with sampling

probabilities in (3.8) as multiplication negative leveraging (MNLEV) estimator.

Approximating XTXβ̂OLS. In this case, we focus on approximating XTXβ̂OLS and

note

EAMSE(XTXβ̃; XTXβ̂OLS) =
1

r

n∑
i=1

(1− hii)σ2

πi
||xi||2. (3.9)

Proposition 6. The subsampling estimator with the subsampling probabilities

πi =

√
1− hii‖xi‖∑n

i=1

√
1− hii‖xi‖

, i = 1, . . . , n (3.10)

has the smallest EAMSE(XTXβ̃; XTXβ̂OLS) and is referred to as predictor-length negative-

leverage estimator (PLNLEV).

As a summary, the six proposed estimators (IC, RLEV, PL, ICNLEV, MNLEV, and

PLNLEV), along with three others (UNIF, BLEV, and SLEV ) that we include for com-

pleteness, are outlined in Table 3.1.
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Estimator
Sampling

Probabilities
Criterion Results

UNIF πi = 1
n

−− −−

BLEV πi = hii∑n
i=1 hii

−− –

SLEV πi = λ hii∑n
i=1 hii

+ (1− λ) 1
n

−− –

IC πi = ‖(XTX)−1xi‖∑n
i=1 ‖(XTX)−1xi‖ AMSE(β̃;β0) Eqn(2.5)

RLEV πi =
√
hii∑n

i=1

√
hii

AMSE(Xβ̃; Xβ0) Eqn(2.7)

PL πi = ‖xi‖∑n
i=1 ‖xi‖

AMSE(XTXβ̃;XTXβ0) Eqn(2.9)

ICNLEV πi =
√
1−hii‖(XTX)−1xi‖∑n

i=1

√
1−hii‖(XTX)−1xi‖

EAMSE(β̃; β̂OLS) Eqn(3.6)

MNLEV πi =

√
(1−hii)hii∑n

i=1

√
(1−hii)hii

EAMSE(Xβ̃; Xβ̂OLS) Eqn(3.8)

PLNLEV πi =
√
1−hii‖xi‖∑n

i=1

√
1−hii‖xi‖

EAMSE(XTXβ̃;XTXβ̂OLS) Eqn(3.10)

Table 3.1: A summary on three existing subsampling estimators (UNIF, BLEV, SLEV) and
six subsampling estimators (IC, RLEV, PL, ICNLEV, MNLEV, PLNLEV) proposed in this
work.

3.2 Relationship between the subsampling estimators

In this section, we elaborate on the relationships among IC, RLEV, PL, ICNLEV, MNLEV,

PLNLEV, SLEV, and BLEV.

“Shrinking" properties of proposed estimators. In this part, we illustrate the

“shrinking" property of proposed optimal subsampling estimators compared to the BLEV

estimator. For the convenience of description, in this section we refer the numerators of the

subsampling probabilities in subsampling estimators as scores, e.g., the RLEV score is
√
hii

and the MNLEV score is
√

(1− hii)hii. In Figure 3.1, we show the relationships between

leverage score hii (also named BLEV score in Figure 3.1) and RLEV score, MNLEV score,
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and SLEV score (0.9hii + 0.1p/n with p/n = 0.2). We observe that the MNLEV score√
(1− hii)hii amplifies small hiis but shrinks the hiis that are close to one back to zero. But

it is worth noting that since
∑n

i=1 hii = p, we expect hiis to be very small and bounded

away from 1. The MNLEV score slightly shrinks the large leverage and greatly amplifies the

moderate leverage scores. Both MNLEV and RLEV scores are nonlinear shrinkage of the

leverage scores. The SLEV score (0.9hii + 0.1p/n) also shrinks the small hiis and amplifies

the large hiis, but in a linear fashion.
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Figure 3.1: The relationship between the scores of subsampling methods. Left panel: MN-
LEV score

√
(1− hii)hii vs BLEV score hii. Middle panel: RLEV score

√
hii vs BLEV score

hii. Right panel: SLEV score 0.9hii + 0.1p/n, where p/n = 0.2, vs BLEV score hii.

The advantage of such “shrinking” is two-fold. On the one hand, the data with high

leverage scores could be “outliers”. Shrinking the subsampling probabilities of high leverage

data points helps reduce the risk of selecting outliers into subsamples. On the other hand,

amplifying the subsampling probabilities of low leverage data points reduces the variance of

the resulting subsampling estimator.

The role of hiis. If hiis are homogeneous, as in the case when xis are Gaussian distributed,

the subsampling probabilities of ICNLEV estimator (
√
1−hii‖(XTX)−1xi‖∑n

i=1

√
1−hii‖(XTX)−1xi‖

) and those of IC

estimator ( ‖(XTX)−1xi‖∑n
i=1 ‖(XTX)−1xi‖) will be similar to each other.
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(a) The scatterplots of data points generated from a bivariate normal distribution with colors coding
the subsampling probabilities in the IC (the left panel), PL (the middle panel), and BLEV (the
right panel). Below each scatterplot is the histogram of corresponding subsampling probabilities
with the dot representing the maximum value.
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(c) Same as in (a), except that the data points are generated from a two-dimensional noncentral t
distribution with one degree of freedom.

Figure 3.2: The scatter plots of 1000 data points generated from three distributions in
Example 2 in Section 3.2.
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Moreover, since
∑n

i=1 hii = p, given a fixed value of p, one expects that hiis will become

smaller as sample size n increases and that the subsampling probabilities of ICNLEV esti-

mator and those of IC estimator will also be similar to each other. Similarly, when hii = o(1)

for all i = 1, . . . , n, i.e., when hiis are extremely small compared to 1, the subsampling prob-

abilities of ICNLEV estimator and those of IC estimator will again also be similar to each

other. Analogous arguments also apply to the subsampling probabilities of PLNLEV and

PL, and RLEV and MNLEV.

Two Examples.

In the following, we use two examples to further illustrate the relationship between various

subsampling probabilities.

Example 1. Consider linear regression model with orthogonal predictor matrix, i.e.,

XTX = I. In this case, we have hii = xTi (XTX)−1xi = ‖xi‖2. Further, ICNLEV score,

MNLEV score and PLNLEV score all equal to
√

(1− hii)hii. Analogously, IC score coincides

with RLEV score and PL score, and they all equal to ‖xi‖.

Example 2. In practice, orthogonal predictor matrix in Example 1 is rare. Thus we

further consider a toy example of linear regression model with two correlated predictors. We

generate 1000 data points from a multivariate normal distribution, a multivariate noncentral

t distribution with three degrees of freedom, and a multivariate noncentral t distribution

with one degree of freedom, respectively.

We plot these data points in the top row of Figure 3.2. In each scatterplot, the color

of the point indicates the magnitude of subsampling probabilities in IC, PL and BLEV

methods from left to right. Below each scatterplot, we also show the histogram of the

corresponding subsampling probabilities. Examination of Figure 3.2 reveals a pattern shared

by all sampling distributions, i.e., the subsampling probabilities of data points in the center

are smaller than those of data points in the boundary. Also, it is worth noting that compared

to πPLi ∝ ‖xi‖, both πICi ∝ ‖(XTX)−1xi‖ and πBLEVi ∝ xTi (XTX)−1xi depends on (XTX)−1,
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which normalize the scale of predictors. Thus we notice that high probability points, i.e.,

the purple points, in PL scatter around the upper right and lower left corner while the high

probability points in IC and BLEV form a contour on the outer. The difference is caused

by the normalization using (XTX)−1. The histograms in each row also show the critical

difference between the subsampling probabilities of BLEV and those of IC and PL, i.e.,

the subsampling probability distribution of BLEV is more dispersed than others’. In other

words, there are a significant number of data points with a large number of extremely small

probabilities and a ver small number of extremely large probabilities in BLEV.

3.3 Empirical studies

3.3.1 Simulation studies

In this section, we following the setup in section 2.2.1 and assess the performance of the

proposed subsampling methods.
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Figure 3.3: Box plots of the subsampling probabilities (in log scale) of all data points in PL,
ICNLEV, PLNLEV, MNLEV, SLEV, and BLEV (from left to right in each panel) in MN,
T3, LN, and T1 data for p = 10 and n = 5000. In each box plot, the red dot represents the
mean of the corresponding subsampling probabilities (in log scale).
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In Figure 3.3, we present box plots of the subsampling probabilities (in log scale) of all

the data points in methods proposed in this chapter in MN, T3, LN, and T1 (from left to

right). In particular, we incorporate the subsampling probabilities in PL, SLEV, and BLEV

for comparison. We still observe that the distribution of subsampling probabilities (in log

scale) in all estimators are somewhat right-skewed, i.e., there exist some large probabilities

in the subsampling probability distributions. The subsampling probability distributions of

PL, ICNLEV, PLNLEV, and MNLEV are similar to each other. Analogous to the case

shown in Figure 2.1, the subsampling probability distributions of BLEV and SLEV are more

dispersive than those of other estimators in T3, LN and T1, and there exist a significant

amount of extremely small sampling probabilities. The medians of sampling probabilities

in SLEV are still lower than the first quantiles of sampling probabilities in PL, ICNLEV,

PLNLEV and MNLEV in T3, LN and T1.

Next, we evaluate the performance of the subsampling estimators for approximating

β̂OLS,Xβ̂OLS andXTXβ̂OLS. Following the simulation setting in Section 2.2.1, we generate

one MN data set, one T3 data set, one LN data set and one T1 data set. For each data set, the

full sample OLS estimate is calculated. We set subsample sizes r = 100, 200, 500, 700, 1000

and repeatedly apply ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV methods 100 times

at each subsample size to get subsampling estimates β̃b, where b = 1, . . . , 100. Using these

estimates, we calculate the squared bias and the variance of each method for approximating

β̂OLS.

In Figure 3.4, we plot squared biases and variances (in log scale) of ICNLEV, MNLEV,

PLNLEV, SLEV, and BLEV estimates for approximating β̂OLS at different subsample sizes

in all data sets. Several observations are worth noting in Figure 3.4. First, the squared biases

are negligible compared to the corresponding variances. For all subsampling methods, both

the squared biases and the variances generally decrease as subsample size increases. These

observations are in agreement with Theorem 2, which states that subsampling estimators are

asymptotical unbiased estimators of β̂OLS provided that regularity conditions are satisfied.
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Figure 3.4: The squared biases (the first row) and the variances (the second row) of ICNLEV,
MNLEV, PLNLEV, SLEV, and BLEV estimates in approximating β̂OLS (in log scale) at
different subsample sizes.

Second, the variances of estimates using ICNLEV, whose subsampling probabilities minimize

EAMSE(β̃; β̂OLS), are slightly smaller than the variances of estimates using other methods

in T3 and LN at most subsample sizes. The variances of estimates using ICNLEV, MNLEV

and PLNLEV are consistently smaller than those of SLEV and BLEV in LN and T1. Third,

all subsampling estimators perform better in LN than in T3 and MN, i.e., the squared biases

and the variances of all estimates in LN and T1 are smaller compared to those in T3 and

MN. Fourth, in T1, technically the definition of EAMSE is not proper, since the expectation

of predictors xis does not exist, but all the proposed estimators still outperform the BLEV

and SLEV.

To examine the performance of proposed subsampling estimators for approximating

ŶOLS(= Xβ̂OLS), we plot the variances (in log scale) of Xβ̃b at different subsample sizes for

all subsampling estimators in Figure 3.5. The variances of estimates using MNLEV, whose

subsampling probabilities minimize EAMSE(Xβ̃; Xβ̂OLS) are slightly smaller than those
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of estimates using other methods in T3 and LN at most subsample sizes. But in T1, the

abnormal behavior of predictors interferes with the performance of MNLEV and renders it

not optimal.
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Figure 3.5: The variances of ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV estimates in
approximating ŶOLS(= Xβ̃OLS) (in log scale) at different subsample sizes.
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Figure 3.6: The variances of ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV estimates in
approximating XTXβ̂OLS (in log scale) at different subsample sizes.

To assess the performance of various subsampling estimators for approximating XTXβ̂OLS.

We plot the variances of XTXβ̃b for all subsampling estimators in Figure 3.6. For all estima-

tors, the variances decrease as subsample size increases in all data sets. In T3, the variances of

estimates using PLNLEV, whose subsampling probabilities minimizeEAMSE(XTXβ̃; XTXβ̂OLS),

are smaller than the variances of estimates using other methods at most subsample sizes. In

this case, despite the violation of conditions for the proper definition of EMASE in T1, the

variance of PLNLEV estimates are still the smallest when the subsample size is greater than

200.

At the end of this section, we report the empirical computational costs of the subsampling
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p = 100 p = 200
subsample size 20p 50p 100p 20p 50p 100p

IC 41.6 41.7 41.8 93.9 93.9 95.1
RLEV 50.4 50.4 50.5 72.8 72.8 74.4
PL 9.2 9.3 9.4 12.3 12.3 13.9

ICNLEV 62.9 63.0 63.0 121.7 121.7 123.3
MNLEV 50.4 50.4 50.5 72.8 72.8 74.4
PLNLEV 52.0 52.1 52.1 82.7 82.7 84.3
SLEV 50.4 50.4 50.5 72.8 72.8 74.4
BLEV 50.4 50.4 50.5 72.8 72.8 74.4

Full Sample OLS 111.1 400.1

Table 3.2: The computing time of ICNLEV, IC, PLNLEV, PL, and BLEV in CPU seconds
in T3 using n = 1, 000, 000 and p = 100, 200.

estimators. We recorded the computing time in CPU seconds using T3 data with n =

1, 000, 000, p = 100 and 200. All computations were performed by R 3.2.2 on a Linux

operating system on a computer server, which has 256GB of RAM and 8TB of storage

space and two (each with ten cores) Intel Xeon E5-2670 v2 2.50GHz. The recorded CPU

seconds are summarized in Table 3.2. The computing time of full sample OLS is included

as a benchmark. We note that the CPU seconds for calculating all subsampling estimators

are less than that of full sample OLS. The advantage of subsampling estimators gets more

obvious as the number of predictors p increases. As subsample size increases, the change

in computing time is minimal. We note that ICNLEV shows significantly longer computing

time than IC, PLNLEV, SLEV, and BLEV since it requires calculating both (XTX)−1 and

hii, however, others require only one of these two. The table also shows the significant

computational advantage of PL over all other subsampling estimators. PL has the shortest

computing time in each case and scales better than other estimators as p increases.
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3.3.2 Real data analysis

In this part, we illustrate the performance of the proposed subsampling methods using two

real-world examples in the previous chapter.

Airline delay dataset revisited
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Figure 3.7: Exploratory analysis for the Airline delay data. The left panel is the box plots
of subsampling probabilities (in log scale) of all data points in PL, ICNLEV, MNLEV,
PLNLEV, and BLEV. The middle panel and right panel are the scatter plots of the 200
sampled response values and two predictors using the subsampling probability distribution
in ICNLEV.

In the left panel of Figure 3.7, we plot the box plots of subsampling probabilities (in log

scale) of all data points in PL, ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV. We note

that the subsampling probability distributions are right-skewed, similar to those in Figure 3.3

in simulation study. Using the subsampling probability distribution in ICNLEV, we took a

subsample of size 200 from the full data. The middle and right panels in Figure 3.7 are the

scatter plots of the sampled response and the first two predictors respectively. These scatter

plots provide a visual sketch of the full sample data.

Next, we repeatedly apply PL, ICNLEV, IC, PLNLEV, SLEV, and BLEV to this data

set for 100 times at subsample size r = 20p, 50p, 70p, 100p, 200p, where p = 14. Then we

calculated the squared bias and the variance of resulting estimates in approximating β̂OLS,

Ŷ OLS and XTXβ̂OLS for each method. The results are summarized in Figure 3.8. We notice
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Figure 3.8: The squared biases (the first row) and variances (the second row) of PL, ICNLEV,
MNLEV, PLNLEV, SLEV, and BLEV estimates for approximating β̂OLS (the first column),
Ŷ OLS (the second column) and XTXβ̂OLS (the third column) (in log scale) at different
subsample sizes for Airline Delay data.

that the squared biases of all methods are all much smaller compared to the corresponding

variances for all methods at all subsample sizes. For approximating β̂OLS, the estimates

using ICNLEV and MNLEV show consistently smaller variances than estimates using other

methods when subsample size is greater than 500. For approximating Ŷ OLS, the variances of

estimates using PLNLEV are among the smallest. PL, ICNLEV, MNLEV, and PLNLEV all

consistently outperform SLEV and BLEV in terms of variance at subsample sizes greater than

700. For approximating XTXβ̂OLS, the estimates using PLNLEV, and its approximation

PL, show competitive performance as subsample sizes gradually increases.
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Figure 3.9: Exploratory analysis for “YearPredictionMSD" data. The left panel is the box
plots of subsampling probabilities of all data points (in log scale) for PL, ICNLEV, MNLEV,
PLNLEV, SLEV, and BLEV. A subsample of size 200 is taken from the full data using the
subsampling probabilities of ICNLEV. The middle panel and right panel are the scatter plots
of sampled response versus two timbre feature predictors.

“YearPredictionMSD" dataset revisited

In the left panel of Figure 3.9, we present the box plots of subsampling probability distribu-

tions in PL, ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV in “YearPredictionMSD" data

set. Inspecting the box plots reveals that all sampling distributions are right-skewed. Using

the subsampling probability distribution in ICNLEV, we took a subsample of size 200 from

the full data. The middle and right panels of Figure 3.9 are the scatter plots of the sampled

response and two timbre features respectively. These scatter plots provide a visual sketch of

the full sample data.

We repeatedly apply ICNLEV, MNLEV, PLNLEV, SLEV, and BLEV methods to the

data set for 100 times at subsample sizes r = 10p, 20p, 50p, 70p, 100p, where p = 90. In

Figure 3.10, we plot the squared biases and the variances of the estimates for all weighted

subsample methods in approximating β̂OLS, Ŷ OLS, and XTXβ̂OLS in log scale. For all

three scenarios, the squared biases are much smaller than the corresponding variances for

all methods at all subsample sizes. For approximating β̂OLS, the variances of ICNLEV,

MNLEV, and PLNLEV estimates are comparable to each other and consistently smaller

than those of SLEV and BLEV estimates at all subsample sizes. For approximating Ŷ OLS
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and XTXβ̂OLS, the variances of PLNLEV and PL estimates are consistently smaller than

the variances of estimates using other methods when subsample size is greater than 1800.
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Figure 3.10: The squared biases (the first row) and variances (the second row) of PL, IC-
NLEV, MNLEV, PLNLEV, SLEV, and BLEV estimates for approximating β̂OLS (the first
column), Ŷ OLS (the second column), and XTXβ̂OLS(the third column) (in log scale) at
different subsample sizes for “YearPredictionMSD" data.

3.4 Summary and discussion

In this chapter, we study the performance of subsampling estimators in conditional inference,

in which the data is considered given, and the goal is to approximate the full sample estimate.

We establish the asymptotic normality of subsampling estimators for the linear model under

general regularity conditions. It is shown that subsampling estimators are asymptotically

unbiased and consistent estimators of the ordinary least squares (OLS) estimate when the

data is given and fixed. We obtain an explicit form of asymptotic variance and EAMSE of

subsampling estimators in this case (Theorem 2). We then seek to construct subsampling
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estimators with subsampling probability distributions aimed at minimizing the EAMSE.

This yields several interesting estimators. For example, we notice that the estimator for

minimizing the EAMSE for approximating Xβ̂OLS and XTXβ̂OLS both involve square root

of negative leverage scores (
√

1− hii), which are in significant contrast to basic leveraging

estimator whose sampling probability is proportional to leverage scores. In addition, we

also conduct a comprehensive empirical evaluation of the performance of subsampling esti-

mators for conditional inference, confirming the asymptotic unbiasedness, consistency, and

optimality.
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Chapter 4

Bayesian Spline Smoothing with Ambigu-

ous Penalties

Chapter summary: A popular method for flexible function estimation in nonparametric

models is the smoothing spline method. Much like any other statistical methods, when

applying this method, one needs to specify a set of model assumptions, penalty functional

in the case of smoothing spline method, which puts a soft constraint on the function to be

estimated, e.g., the J(η) =
∫ 1

0
(η′′)2 dx in the cubic spline, where η is the function to be

estimated. A reasonable choice of penalty functional, i.e., an appropriate set of assumptions

on the function to be estimated, is the key to the success of the smoothing spline method

discussed in this chapter. In practice, for many dynamic systems, there naturally exist

multiple sets of widely accepted assumptions. Thus, we have multiple applicable penalties.

We refer to this problem as the problem of ambiguous penalties. Neglecting the model

uncertainty in penalties and proceeding to model with any one of the candidates may produce

misleading results of statistical inference. In this chapter, we take a Bayesian perspective

and propose a fully Bayesian approach that takes into consideration all the penalties as well

as the ambiguity in choosing them in our inference. The outline of this chapter is as follows.

We describe the proposed Bayesian model and discuss the priors used in Section 4.2. In

Section 4.3, we provide the details of the algorithm for model estimation. Simulation and

real data analysis follow in Section 4.4. A few remarks in Section 4.5 conclude the chapter.
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4.1 Introduction

In smoothing spline models, as outlined in Section 1.2, the unknown function η in a regression

problem Yi = η(xi)+εi, xi ∈X , i = 1, . . . , n, where εi
iid∼ N(0, σ2), is estimated through

the following penalized least squares

min
η

n∑
i=1

(Yi − η(xi))
2 + λJ(η),

where the first term measures the goodness-of-fit of the model to the data, the second term

J(η) is a penalty functional on η, and λ is a finite nonnegative tuning parameter.

The penalized least squares method for function estimation has a convenient Bayesian

interpretation (Wahba, 1978, 1990; Gu, 1992; Berry et al., 2002). The term J(η) in penalized

least squares can be viewed as prior information about η in a Bayesian setup. It can be shown

that choosing the commonly used quadratic penalty, e.g., J(η) =
∫ 1

0
(η′′)2dx in cubic spline,

is equivalent to setting a partially improper Gaussian prior for the η (Wahba, 1978, 1990).

As a consequence, the smoothing spline estimator through penalized least squares with a

quadratic roughness penalty is equivalent to the posterior mean of the Gaussian posterior of

η. This results will be formally stated in Section 4.2.

Following this line of thinking, the ambiguity in choosing J(η) can be incorporated as

ambiguity in choosing the prior for η. In particular, we propose a mixture distribution as

prior for η. Although straightforward in principle, setup and practical implementations of

the full hierarchical model require attention to details. Prior information for the variance

parameters must be interpretable and computationally manageable. We discuss the details

in the next section.
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4.2 Accounting ambiguity of J using mixture distribu-

tion as a prior for η

We first present necessary notations for the Bayesian interpretation of smoothing spline

estimates through penalized least squares for one given penalty J .

For the smoothing spline model, the penalty functional J defines a seminorm inHJ = {η :

J(η) <∞} and the seminorm induces a semi-inner-product J(η) = J(η, η) on HJ . The null

space of J , defined as NJ = {η : J(η) = 0}, is a finite dimensional linear subspace of HJ . We

denote the dimension of NJ as m and let {φi}mi=1 be a basis of NJ . Given the nondegenerate

NJ , the semi-inner-product and seminorm can be made a full inner product and full norm in

HJ via augmentation by adding extra terms that define appropriate inner product and norm

for NJ . Provided that the evaluation functional in HJ is continuous, then the space HJ is

a reproducing kernel Hilbert space (RKHS). We denote the reproducing kernel associated

with HJ as R(·, ·). The form of R(·, ·) depends on the form of J . For the penalty that results

in cubic spline estimator, J(η) =
∫ 1

0
(η′′)2dx, its null space NJ is composed of polynomial

functions up to order 1. If we use the (h, g) =
∑1

j=0(
∫ 1

0
f (j)dx)(

∫ 1

0
g(j)dx) as the inner product

in NJ , then the full inner product on HJ is (h, g) =
∑1

j=0(
∫ 1

0
f (j)dx)(

∫ 1

0
g(j)dx) +

∫ 1

0
f ′′g′′dx.

The reproducing kernel R(·, ·) corresponding to this inner product can be analytically written

out using the scaled Bernoulli polynomials (Gu, 2013, Section 2.3.3). Using the definitions

above, we present the following lemma, which is adapted from Theorem 1.5.3 in Wahba

(1990).

Lemma 1. Consider model Yi = η(xi) + εi, where εi
iid∼ N(0, σ2), let

η(x) =
m∑
j=1

djφj(x) + b1/2Z(x),

dj ∼ N(0, τ 2), j = 1, . . . ,m, (4.1)
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where b and τ 2 are constants, φj(·)s are the basis functions of NJ , and Z(x) is a zero-mean

Gaussian stochastic process with covariance R(·, ·), the reproducing kernel of HJ . Denote

η̂τ2(x) = E(η(x)|Yi = yi, i = 1, . . . , n). For each fixed x, we have

lim
τ2→∞

η̂τ2(x) = ηλ(x), (4.2)

where ηλ(x) is the smoothing spline estimates in (1.5) through penalized least squares with

λ = σ2/b.

Lemma 1 establishes the equivalence between Bayesian estimates using Gaussian process

as prior and smoothing splines estimates through penalized least squares. It is worth men-

tioning that letting τ 2 → ∞ in (4.2) is equivalent to setting an improper prior for djs in

(4.1), i.e., f(dj) ∝ 1dj∈R.

Next, we adapt the prior settings in Lemma 1 to the case with two candidate penalties,

say J1 and J0. The generalization to multiple candidate penalties is immediate. We suppose

that with probability 0 < ν < 1, the prior of η has the same distribution as a Gaussian

process W(1)(x),

W(1)(x) =

p∑
j=1

djφj(x) +

p1∑
j=1

d1jφ1j(x) + b
1/2
1 Z(1)(x); (4.3)

and with probability 1 − ν, the prior of η has the same distribution as a Gaussian process

W(0)(x),

W(0)(x) =

p∑
j=1

djφj(x) +

p0∑
j=1

d0jφ0j(x) + b
1/2
0 Z(0)(x). (4.4)

In (4.3) and (4.4), {{φj(x)}pj=1, {φ1j(x)}p1j=1} is the basis for the null space of J1, and

{{φj(x)}pj=1, {φ0j(x)}p0j=1} is the basis for the null space of J0. In (4.3) and (4.4), Z(1)(x) and

Z(0)(x) are zero mean Gaussian stochastic processes with covariance functions R(1)(s, t) and

R(0)(s, t), which are the reproducing kernels of RKHSs defined using J1 and J0, respectively.

The probability ν represents our belief in choosing between the two stochastic processes as
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the prior for η. We now complete the setup by specifying the prior for d1 = (d11, . . . , d1p1)
T ,

d0 = (d01, . . . , d0p0)
T , d = (d1, . . . , dp)

T , σ2, b1, b0, and ν as

du|gu, σ2 ∼N (0, guσ
2(STuSu)

−1), u = 0, 1, (4.5)

f(gu) ∝ g−αu−1u exp

(
−βu
gu

)
, u = 0, 1, (4.6)

f(d, σ2, b1, b0, ν) ∝ 1d∈Rp10<ν<1

(σ2)s(b0 + b1)a
, (4.7)

where α1 > 0, α0 > 0, β1 > 0, β0 > 0, s, and a are given hyperparameters, S0 is the n× p0

matrix with (i, j)-th entry being φ0j(ti), and S1 is the n × p1 matrix with (i, j)-th entry

being φ1j(ti). Generally, p1, p0 and p are small integers. For example, if we use the cubic

spline penalty as J1(or J0), then p1 + p = 2 (or p0 + p = 2). Considering the ambiguity in

choosing among penalties, there might be significant overlap between the null space of J1

and J0. Thus it is often possible that p1 = 0, or p0 = 0. In that case, the parameters d1,

or d0 is not defined, thus we do not need to further introduce priors as we did in (4.5) and

(4.6).

The parameters in d are common parameters associated with both penalties. We choose

a flat prior in (4.7), and this is equivalent to the choice of djs in Lemma 1 after letting

τ 2 → ∞ in (4.2). Both d1 and d0 are associated with only one of the candidate penalties.

Independently giving d1 and d0 flat priors will render the posterior density function not

integrable. To circumvent this problem, in (4.5) we set the g priors, which are commonly

used priors for regression coefficients in Bayesian model selection (Tiao and Zellner, 1964a,b;

Zellner, 1986; Liang et al., 2008; Maruyama and George, 2011). In (4.6), we specify the

priors for g0 and g1, the scale parameters of the variance-covariance matrix of d0 and d1,

using the inverse gamma distribution. It is recommended to set the hyperparameters α0,

β0, α1, and β1 such that the mean for priors of g1 and g0, if exist, are greater than 1.

This implies that the scale of variances for priors of d1 and d0 is larger compared to σ2.

In particular, as default, we recommend setting α1 = 1/2, β1 = 1/2. In this case, the
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mean for the inverse gamma prior for g1 does not exist and the mode is 1/3. Furthermore,

using priors in (4.5) and (4.6) is equivalent to specifying a Cauchy prior for d1. Similar

argument applies to d0. Through introducing g1 and g0, we mimic flat priors for d1 and d0

using proper but reasonably flat distributions, and this choice can be seen as a compromise

between noninformative distribution and a stringent multivariate normal distribution.

Similar to the case of d1 and d0, the prior distribution for b1 and b0 is also of key

importance to the integrability of posterior density function. In this case, we specify a

partially proper distribution for b1 and b0. By a partially proper distribution function, we

mean that the function is only integrable with respect to b1 given b0, and vice versa. This

prior distribution allows either b1 or b0 to take values close to 0.

The prior of σ2 is based on the kernel of an inverse gamma distribution, which includes

the Jeffery’s prior for model variance parameter as a special case. For the choice of prior

for the parameter ν, we opt to use Uniform(0,1) giving no preference on the two penalties.

This can be modified if strong subjective preference information is available. For example,

we can modify so that ν follows a Beta distribution with known parameters, the sufficient

conditions provided in the following Theorem 3 will remain intact.

For hyper-parameters a and s involved in prior distributions of the variance parame-

ters b1, b0 and σ2 in (4.7), we discuss proper choices in Theorem 3 that ensure the re-

sulting posterior distribution from the proposed model being proper. Before that, we de-

fine a few necessary matrix notations. Denote S as the n × p matrix with (i, j)-th entry

being φj(xi), Q1 as the n × n matrix with (i, j)-th entry being R(1)(xi, xj), and Q0 the

as n × n matrix with (i, j)-th entry being R(0)(xi, xj). Further let S(1) = (s11, . . . , s1n)T

and S(0) = (s01, . . . , s0n)T , where s1i = (φ1(xi), . . . , φp(xi), φ11(xi), . . . , φ1p1(xi))
T and s0i =

(φ1(xi), . . . , φp(xi), φ01(xi), . . . , φ0p0(xi))
T , i = 1, . . . , n. In addition, we use Colsp(M ) to

denote the column space of matrix M .

Theorem 3. The posterior distribution from model (1.4) and prior distributions in (4.3) to

(4.7) is proper on the sample points if the following conditions are satisfied.
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Condition (I): 1 < a < 2;

Condition (II): N − p+ 2a+ 2s > 6;

Condition (III): for u = 0, 1, either

(a) if Colsp(S(u))
⊕

Colsp(Qu) ⊂ Rn, 2(ku − p)− pu + 4a > 8, or

(b) if Colsp(S(u))
⊕

Colsp(Qu) = Rn, 2(n− ku) + pu + 4s < 4.

In Theorem 3, we consider the case with no repeated measurements on each sample

point xi. In addition, we have incorporated the case with replicates on each distinct xi in

Appendix B. In that case, Yij = η(xi) + εij, xi ∈ X , i = 1, . . . , n, j = 1, . . . , ni. Denote

SSE =
∑n

i=1

∑ni
j=1(Yij − Ȳi)2. If SSE > 0, then Condition (III) can be relaxed as simply

min{2k1 − p1, 2k0 − p0} − 2p+ 4a > 8.

4.3 Algorithm for computing posterior probabilities

Due to the complex prior settings, the analytical form of posterior estimates is not read-

ily available. We resort to the Markov chain Monte Carlo (MCMC) method for posterior

inference. Denote V 1 and V 0 as n × k1 and n × k0 full column rank matrices such that

Q1 = V 1V
T
1 and Q0 = V 0V

T
0 . Note that given ν, d, d0, d1, b0 and b1, the prior distribution

of η(·) evaluated at n sample points is a mixture multivariate Gaussian distribution, i.e.,

νN (Sd+S0d0, b0Q0)+(1−ν)N (Sd+S1d1, b1Q1). We reparameterize and write the prior

distribution of η(·) evaluated at n sample points as the distribution of (Sd+S1d1 +V 1z1)

with probability ν, and as the distribution of (Sd + S0d0 + V 0z0) with probability 1 − ν,

where z1 ∼N (0, b1I) and z0 ∼N (0, b0I). Next, we write the full posterior after integrating

out ν as

f(d,d0,d1, σ
2, g0, g1, b0, b1, z1, z2|Y ) ∝ (f0 + f1)π (4.8)
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where

f0 = exp

(
−(Y − Sd− S0d0 − V 0z0)

T (Y − Sd− S0d0 − V 0z0)

2σ2

)
f1 = exp

(
−(Y − Sd− S1d1 − V 1z1)

T (Y − Sd− S1d1 − V 1z1)

2σ2

)
π =

1

(σ2)
n
2
+s(b1 + b0)a

g−α1−1
1 exp

(
−β1
g1

)
g−α0−1
0 exp

(
−β0
g0

)
1√

|g1σ2(ST1S1)−1|
exp

(
−d

T
1 (ST1S1)d1

2g1σ2

)
1√

|g0σ2(ST0S0)−1|
exp

(
−d

T
0 (ST0S0)d0

2g0σ2

)
1

b
k1/2
1

exp

(
−z

T
1 z1
2b1

)
1

b
k0/2
0

exp

(
−z

T
0 z0
2b0

)
.

Our choices of priors are mostly based on the kernel of conjugate priors; thus the im-

plementation of Gibbs sampler is convenient. However, because we introduce the mixture

prior for the η, the full conditional distributions of some parameters will also be mixture

distributions. This situation is problematic if vanilla Gibbs sampler is applied. Take the

parameters d and d1 as an example. The full conditional distribution of d is a mix-

ture of N ((STS)−1ST (Y − V 1z1 − S1d1), σ
2(STS)−1) and N ((STS)−1ST (Y − V 0z0 −

S0d0), σ
2(STS)−1). The full conditional distribution of d1 is a mixture of N ((1/σ2 +

1/(g1σ
2))−1(ST1S1)

−1ST1 (y−V 1z1−Sd)/σ2, (1/σ2+1/(g1σ
2))−1(ST1S1)

−1) andN (0, g1σ
2(ST1S1)

−1).

We observe that one of the mixture components of the full conditional distribution of d1 de-

pends solely on the priorN (0, g1σ
2(ST1S1)

−1), which contains no data information and taking

samples directly from this component lowers the efficiency of the algorithm. Another prob-

lem is that it is possible that in m-th run of Gibbs sampler, the value of d1, denoted as d(m)
1 ,

is sampled according to N ((1/σ2 + 1/(g1σ
2))−1(ST1S1)

−1ST1 (Y − V 1z1 − Sd)/σ2, (1/σ2 +

1/(g1σ
2))−1(ST1S1)

−1) while the value of d, denoted as d(m) is sampled according to the

N ((STS)−1ST (Y −V 0z0 −S0d0), σ
2(STS)−1). The estimate of posterior mean using this

sample contains Sd(m) + S1d
(m)
1 , and this is not reasonable.

To circumvent the problems above, we modify the Gibbs sampler so that we update the
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parameters by groups and avoid direct sampling from the component of mixture distributions

that consist of only prior distributions. We introduce a new indicator variable U , which

takes 0 or 1. The parameters in our model are grouped into two overlapping parts θU =

(d,dU , bU , gU , zU , σ
2), U = 0, 1. The parameters in θU are concerned in the model with only

penalty JU . The algorithm outlined below is used for effectively taking samples from the

posterior distribution p(d,d1,d0, b1, b0, g1, g0, z1, z0, σ
2|Y ), where Y = (Y1, . . . , Yn)T .

1. Set initial values for the parameters (d(0),d
(0)
1 ,d

(0)
0 , b

(0)
1 , b

(0)
0 , g

(0)
1 , g

(0)
0 , z

(0)
1 , z

(0)
0 , (σ2)(0), U (0)).

2. For m = 1, 2, . . ., iterate the following two steps.

(a) Given U = u, we use Gibbs sampler to update the parameters in θu according to

fuπ. The full conditional distributions for θu are deferred to the Appendix.

(b) Denote the indicator variable in current state as U = u. We move to the state

with indicator variable U = u′ with probability δ = min
{

1,
∫
fu′πdddd0dd1dz0dz1∫
fuπdddd0dd1dz0dz1

}
.

4.4 Empirical studies

4.4.1 Simulation studies

In this section, we present simulation studies to assess the performance of our proposed

method. We generate data according to model (1.4), in which the predictors are generated

uniformly from the domain of interest. In the following, we consider one-dimensional, two-

dimensional and three-dimensional functions. In each case, the function η(·) is randomly set

to be one of two different expressions with equal probability.

Case I: One-dimensional Data. The domain of interest is [0, 1] and sample size n = 100.

We randomly set η as one of the following two functions with equal probability:

(i) η(x) = (sin(2π(2x+ x2)) + 1)/2.

(ii) η(x) = (sin(16πx)− 8(x− 0.5)2 + 8(x− 0.5)31(0.5,1](x) + 297/128)/(13567/4096).
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Case II: Two-dimensional Data. The domain of interest is [0, 6]2, and sample size n =

100. We randomly set η as one of the following two functions with equal probability:

(i) η(x1, x2) = (exp(−(x − 32)
T (x − 32)/2) − exp(−9/2))/(1 − exp(−9/2)), where

x = (x1, x2)
T , and 32 = (3, 3)T .

(ii) η(x1, x2) = (sin(2πx1) + 1)/2.

Case III: Three-dimensional Data. The domain of interest is [0, 6]3, and sample size

n = 1000. We randomly set η as one of the following two functions with equal probability:

(i) η(x1, x2, x3) = (exp(−(x−33)
T (x−33)/2)− exp(−27/2))/(1− exp(−27/2)), where

x = (x1, x2, x3)
T , and 33 = (3, 3, 3)T .

(ii) η(x1, x2, x3) = (sin(2πx1) + 1)/2.

The functions in Case I are generated combining polynomial and trigonometric functions.

The function (i) in Case II and III are selected so that it is symmetric with respect to the

arguments, and the function (ii) in Case II and III are selected so that it is not symmetric

with respect to the arguments. For all functions considered, they are normalized so that the

range is 1. The true functions used in the first two cases are plotted in Figure 4.1. We set

the signal-to-noise ratio (SNR), defined as
∑n

i=1(ηi − η̄)2/(nσ2), to three levels: 3, 5, 7.

0.0 0.4 0.8

0.
0

0.
4

0.
8

x

η

Case I: Function (i)

0.0 0.4 0.8

0.
0

0.
4

0.
8

x

η

Case I: Function (ii)

x1

x2

eta

Case II: Function (i)

x1

x2

eta

Case II: Function (i)

Figure 4.1: True functions used in simulation Case I and Case II. The true functions in Case
III are the three-dimensional counterparts of the true functions in Case II.

In Case I, the two candidate penalties are the penalties for linear spline and periodic

cubic spline. In Case II and III, the two candidate penalties are the penalties for thin-

plate spline and tensor product cubic spline. For the three cases studied, we compare the
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performance of two smoothing spline estimators based on one of two chosen penalties and

our mixture prior estimator. In all three cases, p1 = p0 = 0. We opt to use a = 3/2, s = 1/4,

and α1 = α0 = β1 = β0 = 1/2, for the hyperparameters, which satisfy all the conditions

in Theorem 3. To assess the estimation accuracy of each method, we calculate the MSE,

which is defined as
∑n

j=1(η(xj)− η̂(xj))
2/n, where xjs are newly generated grid points on the

domain of interest. Figure 4.2 presents box plots of the MSEs based on 50 runs for each case

under three SNR levels. The estimates of all the smoothing spline methods using one penalty

term are carried out using the algorithms in Gu (2014). In all cases, for different SNR levels,

the median of MSEs of the proposed method is the lowest. The interquartile range of MSEs

of the proposed method is generally smaller than those of other methods, suggesting that our

method is more stable. This is expected since the data generating process implies that there

might not be one penalty choice that dominates the other. Therefore, the two estimators

that are based on solely one penalty tend to display larger variances. However, the proposed

method takes modeling uncertainty into consideration and performs closer to the estimator

of the penalty with better performance in each replicated data.

4.4.2 Tweet trend data

In the past decade, social media have experienced an explosive rise in our society. Upon

its wide popularity, the massive streaming social media service also provide an excellent

alternative data collection procedure for collecting information concerning peoples’ opinions

on many societal matters. Assisted by the wide usage of location aware mobile devices,

social media bear the advantage of generating data with exact location information and

updating data with a minimum time lag. Recent studies have demonstrated the power of

data generated by social media in many areas such as discovering influenza trend (Helwig

et al., 2015), predicting election results (Broersma and Graham, 2012) and studying financial

market (Bing et al., 2014). In this section, we use the Twitter trend data reported in Helwig
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Figure 4.2: Box plots of the MSEs after logarithm transformation for three cases based on
50 simulation runs under three SNR levels, 3, 5, 7. “per" stands for periodic cubic spline;
“lin" stands for linear spline; “cc" stands for cubic spline; “tp" stands for thin-plate spline;
“mp" stands for our method using mixture prior.

et al. (2015). Our primary interest for analyzing this data is to model the intensity of tweet

counts within a region as a function of its geographic information.

Our raw data contain a total of over 8 million of tweet records (with GPS information)

from the mainland of the United States of America, over a typical work week (Monday to
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Thursday) in January 2013. We first map all of the tweet timestamps recorded in central

standard time to local standard time. We bin the data according to both space and time.

In particular, we use 50 bins for longitude values, 25 bins for latitude values. We follow the

time binning in Helwig et al. (2015) and defined 13 time bins, denoted as 0:00, 2:00, 4:00,

· · · , 24:00, throughout the day.1 Using these spatial and temporal bin sizes, we end up with

n =8563 bins with tweet intensity, spatial and temporal information recorded.
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Figure 4.3: Tweet trend data. From left to right: Tweet intensity map at time bin 6:00;
Tweet intensity map at time bin 20:00; Tweet intensity for all time bins. The maps are
smoothed by a linear interpolation of the observed points. In the left and middle panels,
“Sea" is Seattle; “SF" is San Francisco; “LA" is Los Angeles; “Boi" is Boise; “LV" is Las Vegas;
“SLC" is Salt Lake City; “Phx" is Phenix City; “Den" is Denver; “SaF" is Santa Fe; “LC"
is Las Cruces; “Chi" is Chicago; “Clv" is Cleveland; “Atl" is Atlanta; “Chlt" is Charlotte;
“NYC" is New York City.

In Figure 4.3, we plot spatial patterns of tweet intensity using the raw data in time bin

6:00 and 20:00, as examples of the less busy and busy time bins of day, respectively. It is

expected that spatial patterns highlight big cities, the positions of which are indicated by

red letters on the map. In time bin 6:00, spatial patterns of tweet intensity are smoother

compared to that in time bin 20:00, especially in the north-western area. In Figure 4.3,

we also plot the temporal trend throughout the 13 time bins on the right panel. The total

number of tweets decrease from early morning and reached the minimum at time bin 6:00.

Then it starts to climb up in the afternoon and reach the maximum at midnight.

Given a time bin, we model the tweet trend intensity, defined as tweet counts after log
1The 13 time bins are 0:00-1:00, 1:00-3:00, 3:00-5:00, 5:00-7:00, 7:00-9:00, 9:00-11:00, 11:00-13:00, 13:00-

15:00, 15:00-17:00, 17:00-19:00, 19:00-21:00, 21:00-23:00, 23:00-24:00, denoted as 0:00, 2:00, 4:00, 6:00, 8:00,
10:00, 12:00, 14:00, 16:00, 18:00, 20:00, 22:00, 24:00 respectively.
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transformation, using model (1.4), in which the predictors are the longitude and latitude of

the center of each bin. Similar to Case II in the simulation study, both thin-plate spline and

cubic spline penalties are popular choices for the estimation of two-dimensional functions

in the Tweet trend data. Thus, we use the setting in Case II in the simulation study and

apply thin-plate spline, cubic spline, and proposed mixture prior method to all 13 time bins.

The MSEs of three methods are plotted in Figure 4.4. The MSEs of thin-plate spline and

cubic spline methods are mostly close to each other along all time bins. The mixture penalty

method outperformed both cubic spline and thin-plate spline in all 13 time bins.
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Figure 4.4: Twitter trend data: MSE of cubic spline (cc), thin-plate spline (tp), and mixture
prior method (mp) in 13 time bins of day.
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Figure 4.5: Tweet trend data in time bin 6:00. From left to right: fitted map using the cubic
spline (cc), thin-plate spline (tp), mixture prior method (mp).

In Figure 4.5 and Figure 4.6, we plot the fitted maps of cubic spline, thin-plate spline,
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Figure 4.6: Tweet trend data in time bin 20:00. From left to right: fitted maps using the
cubic spline (cc), thin-plate spline (tp), and mixture prior method (mp).

and mixture penalty methods in time bin 6:00 and 20:00. For both time bins, the fitted

maps of cubic spline and thin-plate spline differ slightly in the middle part around Santa Fe

and Denver area. Both thin-plate and cubic spline methods are over-smoothed in this case

and have failed to identify big cities such as Boise, Las Vegas, Santa Fe, Las Cruces, Phoenix

City, and Atlanta areas. All these big cities are identified by our method.

4.4.3 Methylation profiling in tomato

Tomato (Solanum lycopersicum) is an important vegetable crop. It is also one of the im-

portant model plants for studying the development of fleshy fruits, which are unique because

they typically go through a ripening process after seed maturation. Regulation of this process

ensures accurate and tissue-specific control of key developmental transitions (Zhong et al.,

2013). DNA methylation is one of several epigenetic mechanisms that cells use to control gene

expression without changing the DNA sequence. It is a process in which additional methyl

groups are added to the DNA molecules. For DNA’s four bases, cytosine(C), adenine(A),

guanine(G), and thymine(T), cytosine and adenine can be methylated. The methylation

of cytosine is widespread in both eukaryotes and prokaryotes. In the literature, Manning

et al. (2006) and Seymour et al. (2008) hypothesized that DNA methylation contributes

highly to the regulation of fruit ripening, e.g., the hypermethylation of the gene locus Cnr

(encoding the transcription factor colorless nonripening) arrests fruit development. It is of
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great interest to perform a precise whole genome methylation profiling to study the role of

methylation throughout the development of tomatos. In this project, we have acquired the

whole genome bisulfite sequencing data of a sample from colorless nonrippening (Cnr) fruits

at 60 dpa (days postanthesis). The goal of the analysis here is to estimate the methylation

level throughout the whole genome. In this study, we look at the methylation of cytosine in

the sequence context CHG, where H corresponds to A, T or C. The CHG methylation is one

type of the methylation that is commonly observed in plants but not in mammalians.

The genome of tomato has 12 chromosomes. The raw data, i.e., the methylation level,

is plotted in the band on the outmost of left panel in Figure 4.7. In the plot, we have also

included the density of genes. We notice that the methylation level is largely related to

the density of genes, i.e., in the areas where the genes are annotated, the methylation level

is relatively low. The patterns of methylation level throughout different chromosomes are

quite different. For example, the methylation level in chromosome 6 and 7 are much more

fluctuative than other chromosomes. Considering the different smoothness structures in 12

chromosomes, we consider using our mixture penalty method. In particular, we use periodic

cubic spline and linear spline as in the one-dimensional case in the simulation study. The

estimated whole genome methylation level using periodic cubic spline, linear spline, and mix-

ture penalty method are plotted in Figure 4.7. We notice that the two spline methods are all

over-smoothed and have overlooked some of the important hypermethylated/demetholated

regions. For example, on Chromosome 7, the mixture penalty method has identified the

demethylation area missed by both periodic spline and linear spline. In Figure 4.7, we have

plotted the MSEs on 12 chromosomes. The mixture penalty method has smaller MSE than

the other two methods in all but Chromosome 1. The precise profiling of whole genome

methylation level of Cnr fruits will be integrated into comparison with earlier stage of fruits

or sample of plants with other treatment, such as virus invaded plants, to identify differen-

tially methylated regions (DMRs) that contribute to fruit development.
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Figure 4.7: Genome-wide methylation profiling of tomato. Left: From inner to outer circle,
the heatmap plots the number of genes, the methylation level fitted using mixture penalty
method, the methylation level fitted using linear spline, the methylation level fitted using
periodic cubic spline, and raw data. Right: MSEs of linear spline, periodic cubic spline, and
mixture penalty method on 12 chromosomes.

4.5 Summary and discussion

In this chapter, we propose a Bayesian model for incorporating the ambiguity in choosing

penalties in smoothing spline models. In particular, we use a mixture distribution based on

the available choices of penalties as a prior for the function to be estimated. We propose

partial noninformative priors on the parameters involved and provided sufficient conditions

for the propriety of the resulting posterior distributions. The proposed estimator takes both

penalties into consideration instead of performing model selection. Our method outperforms

the methods that use only one penalty in both simulated and real-world data analysis.

61



Chapter 5

Small RNAs-Dependent Gene Silencing in

C. elegans

Chapter summary: A continuing theme of my research is applying classical statistical tools

to solve scientific problems arising from the bioinformatics disciplines. I have been actively

engaged in collaborative and interdisciplinary work with a focus on the studies related to

small RNAs. In this chapter, I present one topic in C. elegans. Small RNAs play an important

role in guiding Argonaute proteins to nascent RNA transcripts to induce co-transcriptional

gene silencing in C. elegans. The protein Aquarius helicase was known to be required to

initiate this small RNA-induced heritable gene silencing process, and in this chapter, we

demonstrate that this reliance is related to the existence of introns in the gene.
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5.1 Background

The RNA interference (RNAi) is a biological process in which RNA molecules participate

in the repressing of gene expression or translation. Small RNA pathways in eukaryotes are

related to RNAi mechanisms(Fire et al., 1998). In this process, small RNAs (sRNAs) of 21-

32 nucleotide (nt) long are bound by Argonaute superfamily proteins, interact with target

RNAs through Watson-Crick base-pairing and initiate silencing of these targets. Such sRNA-

mediated gene silencing can be post-transcriptional on mRNAs in the cytoplasm (PTGS)

or co-transcriptional on nascent transcripts in the nucleus (coTGS). In particular, the latter

provides the potential to couple sRNA-mediated silencing to DNA and chromatin-based gene

regulatory pathways.

It has been shown that C. elegans has coTGS mechanisms in the soma and the germline (We-

ick and Miska, 2014). C. elegans piRNAs are 21 nt RNAs with a 5′ uracil (21U-RNAs) that

are bound by the PRG-1 Piwi protein in the germline cytoplasm (Batista et al., 2008; Das

et al., 2008; Wang and Reinke, 2008). In the germline, sRNAs and piRNAs can initiate

coTGS through a two-step mechanism. First, a PRG-1 protein forms a complex with the

piRNA, and the complex recognizes its target RNAs through base pairing. Then, the com-

plex recruits an RNA-dependent RNA polymerase (RdRp)-containing complex to generate

the secondary 22 nt antisense sRNAs with a 5′ guanine (22G-RNAs) (Pak and Fire, 2007;

Bagijn et al., 2012). These secondary 22G siRNAs align antisense to the targets in a site close

to the direct target site for piRNAs, and they are then bound by the Argonaute HRDE-1

and imported back into the nucleus (Shirayama et al., 2012; Ashe et al., 2012; Buckley et al.,

2012). An HRDE-1/22G-RNA complex is then thought to directly interact with nascent

transcripts. During this process, additional 22G-RNAs (tertiary siRNAs) are generated.

These tertiary siRNAs align antisense to the targets in a site away from the direct target

site for piRNAs. This stage is also called 22G-RNAs spreading, as shown in left panel of

Figure 5.1. As tertiary sRNAs can promote the production of further 22G-RNAs, they could
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lead to potentially unlimited stages and even multi-generation of silencing (Sapetschnig et al.,

2015). However, the detailed molecular basis of this process of how HRDE-1 links sRNA-

mediated silencing to coTGS and chromatin modifications remains unclear. In this chapter,

we are interested in exploring the role of a conserved RNA helicase Aquarius/EMB-4, a

specific protein that interacts with HRDE-1, in small RNA pathways in C. elegans.

piRNA Target  Site

wild-­type

piRNA Target  Site

mutant

exon1   exon2  

exon1   exon2  

second
siRNA

second
siRNA

tertiary  
siRNA
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…..

…..

−
8

−
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−
4

−
2

0
exon area H2B piRNA binding site

−
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−
6

−
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−
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0

● wild
mutant

90% CI
90% CI

Figure 5.1: Left panel: An illustration of 22G RNA spreading: in wild-type samples, both
second and tertiary siRNA are produced at a normal level for piRNA to perform gene
silencing; in mutant samples, certain proteins necessary for the production of tertiary siRNA
is eliminated so the tertiary siRNAs have low abundance. Right panel: The expression
level of EMB-4 mutant and wild-type samples on a sensor gene. Circles and crosses are
observed expression level after normalization. The dataset was downloaded from Akay et al.
(2017). The solid lines are curves fitted by a generalized smoothing spline ANOVA model
(SSANOVA). The dashed lines are the 90% Bayesian confidence intervals. We note that the
fitted curves in the right panel faithfully recover the model suggested in the left panel.

Eukaryotic mRNA transcription is an elaborate and multi-step process in which the ge-

netic information in DNA is translated into complementary RNA. The first step is initiation.

The RNA polymerase II along with some general transcription factors assembles and binds

to transcription starting site. The second step is elongation, i.e., nascent transcripts are pro-

duced by the elongating RNA polymerase II. Third, nascent RNA transcripts are processed

to mature mRNAs through the assembly of multiple large ribonucleic acid protein (RNP)

complexes to perform tasks including 5′ capping, splicing and 3′ poly(A) tailing. All of these

steps are required to protect transcripts from degradation and to ensure that mRNAs are

successfully exported into the cytoplasm for downstream translation. Of these steps, RNA

splicing is probably the most complex of all. In this process, the newly made precursor mes-
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senger RNA (pre-mRNA) transcript is transformed into a mature messenger RNA (mRNA),

and it requires more than hundreds of proteins and many different non-coding RNAs func-

tioning in a delicate way (Nilsen, 2003; Wahl and Lührmann, 2015). Pre-mRNA splicing

by the spliceosome is immediately followed by the assembly of a set of proteins known as

the exon-junction complex (EJC). EJC functions in export, localization, and translation

of mRNAs. Assembly of different EJC components can determine the fate of mRNAs, and

EJC can be considered a regulatory hub between transcription and translation (Le Hir et al.,

2016).

In coTGS, one of the important HRDE-1 interacting factors is the conserved RNA helicase

Aquarius/EMB-4, which binds introns and recruits the EJC to newly spliced transcripts (Tyc

et al., 2017). As Aquarius is known to bind to introns and is required for RNP re-modeling

during spliceosome and EJC assembly, it is reasonable to hypothesize that nuclear RNAi

machinery needs to overcome the intronic barriers for efficient and complete silencing of

target sequences, and that introns can influence the function of Aquarius/EMB-4 during

gene silencing in a negative direction.

5.2 Preliminary data analysis

In order to examine the influence of introns, we used the data reported in Akay et al. (2017).

We first group the transcripts according to the number of exons and plot the 22G RNA

level in different groups in Figure 5.3. As shown, it is generally harder for transcripts with a

higher number of exons, i.e., more introns, to accumulate the 22G-RNA populations. This

indicates that introns can potentially form a barrier to nuclear RNAi by limiting 22G RNA

levels.

For studying the role of Aquarius/EMB-4, we focus on the transcripts that do somehow

show a decrease in 22G RNA levels in EMB-4 mutants. For each transcript, we divide

the total length into 20 equal bins, calculate a fold change for each bin, and identify the
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transcripts with at least one bin that has fold change less than 0.5. We plot the fold change

for corresponding 22G-RNA and RNA in Figure 5.3. Indeed, we observe that gene de-

silencing in EMB-4 mutants is correlated with 22G-RNA depletion in transcripts with more

introns. Furthermore, the negative correlation between 22G-RNA abundance and mRNA

levels is stronger as intron number increases in EMB-4 mutant animals.
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Figure 5.2: The level of 22G RNA, measured in log2 rpkm (read counts per million per
kilobase pair), in groups of genes with different numbers of exons in wild type C. elegans.

In fact, in a separate experiment, it is shown that the removal of introns from a coTGS

target removes the requirement for Aquarius/EMB-4 in sRNA-mediated silencing using the

piRNA sensor gene (Akay et al., 2017). These evidence corroborate a model where the RNA

helicase Aquarius/EMB-4 is essential for providing the co-transcriptional silencing complex

access to nascent transcripts, especially those undergoing splicing (Figure 5.3). In plants,

similar to our results, it has been shown that intron-containing transgenes are protected from

nuclear RNAi pathway in comparison to the strongly silenced intronless transgenes (Christie

et al., 2011). In summary, our results provide supporting evidence to the growing body of

literature showing that pre-mRNA processing is a powerful barrier to co-transcriptional gene

silencing in eukaryotes.
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Figure 5.3: mRNA expression levels correlate negatively with 22G-RNA abundance and
correlation increases when the transcripts have more exons. X-axis shows log2 fold change of
22G-RNAs in mutants/wild type, Y-axis shows log2 fold change of mRNA in mutants/wild
type ( correlation coefficient and p-values are shown on graphs). The correlation coefficients
refer to the Pearson correlation correlation, and all the correlation coefficients are significant
at the significant level of 0.05.
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Chapter 6

Concluding Remarks and Future Works

The emergence of massive and complex data in different fields of science has posted nu-

merous challenges and opportunities for statisticians. To deal with the computation issues

that come with large scale data, we studied the subsampling estimators and their asymp-

totic properties. We provided the asymptotic distribution of the subsampling estimators.

We showed that the subsampling estimators are unbiased and consistent estimators for ap-

proximating full sample OLS estimate and for estimating true coefficients provided certain

regularity conditions are satisfied. Using these asymptotic results, we proposed optimal cri-

teria and several optimal subsampling estimators under various settings for minimizing the

criteria. Compared to simple linear regression, the computation cost of smoothing spline is

much higher, at the order of O(n3), and the cost increases exponentially as the number of

predictors increases. Compared to the simple linear regression, the computation burden of

nonparametric regression model is even more pressing. Thus, some future topics along this

line of research would be studying the asymptotic properties of subsampling estimators in

smoothing spline and other nonparametric regression models.

Dealing with ambiguity/uncertainty in making model assumptions is a challenging prob-

lem for statistical analysis. We studied the case of choosing ambiguous penalties in smoothing

spline models. We used a mixture distribution based on the available choices of penalties

as a prior for the function to be estimated and partial noninformative priors on the param-

eters involved. The proposed estimator takes both penalties into consideration, and thus

achieve the goal of incorporating model uncertainty. It outperforms all the other methods

that use only one penalty in both simulated and real-world data analysis. One future exten-

sion is to apply our paradigm to the generalized nonparametric models. Chen and Ibrahim
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(2003), Bové and Held (2011) and many others have provided conjugate and extended g-prior

for regression coefficients in generalized linear models, which can be incorporated into the

Bayesian model for generalized nonparametric models. Further efficient MCMC algorithms

will be studied alongside.

As a second step for studying the small RNA related gene silencing, we are in the process

of developing a constrained multisample deconvolution method for simultaneously isoform

assembly and expression estimation using the tools of matrix decomposition. In the end, we

intend to build novel statistical models and estimation methods to integrate spatial patterns

of small RNA levels with isoform expressions.
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Appendix A

Proofs of Asymptotic Properties of Opti-

mal Subsampling Estimators

A.1 Proofs of Theorem 1 and Theorem 2

In this part, we collect the proofs of the Theorem 1 and Theorem 2.

A.1.1 Notation and technical preliminaries

Define (K1, . . . , Kn) as a random vector which follows a multinomial distribution, Mult(r, {πi}ni=1),

with the subsample size r being total number of trials, and {πi}ni=1 being the probability of

events. We use the random vector (K1, . . . , Kn) to denote the outcome of subsampling, i.e.,

Ki represents the number of times the i-th observation being subsampled.

Define K = diag{Ki}ni=1, Ω = diag{1/rπi}ni=1, and W = ΩK. For the ith diagonal

element of matrix W, denoted as Wi, we have

E(Wi) = 1, Var(Wi) =
(1− πi)
rπi

, Cov(Wi,Wj) = −1

r
, i 6= j, i, j = 1, . . . , n. (A.1)

Simple algebra yields that the subsampling estimator of Algorithm 1 can be written as

β̃ = (X∗TΦ∗2X∗)−1X∗TΦ∗2Y∗ = (XTWX)−1XTWY. (A.2)

Throughout the rest of the proof, for matrix A we write A = Op(n
δ) to denote that all

elements of A are in the order of Op(n
δ). The Cramer-Wold Device and Lemma 2 below
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govern the proof for Theorem 1 and Theorem 2.

Cramer-Wold Device. For random vectors Zn = (Zn1, . . . , Znp)
T and Z = (Z1, . . . , Zp)

T ,

a necessary and sufficient condition for Zn
d→ Z is that bTZn

d→ bTZ as n → ∞, for each

b ∈ Rp.

Remark 4. If the goal is to derive the asymptotic distribution of a random vector, then by

Cramer-Wold Device it suffices to derive the asymptotic distribution on any linear combina-

tions of the random vector, which is a scalar, i.e., one-dimensional case. Our estimator β̃ in

(A.2) is a vector of random variables, and we intend to derive the asymptotic distribution

of β̃. The Cramer-Wold device reduces derivation of asymptotic distribution for vectors to

the usual scalar case. See more details about the Cramer-Wold device in (Billingsley, 1995,

sec. 29).

Convergence of Geometric Series of Matrices. Let A be a n× n square matrix. We

use ρ(A) to denote the spectral radius of matrix A, i.e., ρ(A) = max {|λ1|, . . . , |λn|}, where

λ1, . . . , λn are the eigenvalues of matrix A. If ρ(A) < 1, then (I−A) is invertible, and the

series

S = I + A + A2 + . . .

converges to (I−A)−1.

Remark 5. The convergence of geometric series of matrices will be used in the proof of

Lemma 2 below. See more details and proof of this conclusion in (Hubbard and Hubbard,

1999, sec. 1.5).

Lemma 2. Assume that 0 < πi < 1 for i = 1, . . . , n. If

(XTX)−1XT (W − I)X = Op

(
1

r
δ
2

)
, (A.3)

where δ is a positive constant, then the weighted subsample estimator in (A.2) can be written
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as

β̃ = β̂OLS + (XTX)−1XTWe+Op(1/r
δ), (A.4)

where e = Y −Xβ̂OLS.

Proof. By (A.3), we have

((XTX)−1XT (W − I)X)2 = Op(1/r
δ). (A.5)

Therefore,

[I + (XTX)−1XT (W − I)X]−1 = I− (XTX)−1XT (W − I)X +Op(1/r
δ). (A.6)

We expand (A.2) as follows,

β̃ = (XTWX)−1(XTWY)

= [I + (XTX)−1XT (W − I)X]−1(XTX)−1(XTWY)

= [I− (XTX)−1XT (W − I)X +Op(1/r
δ)](XTX)−1(XTY + XT (W − I)Y) (A.7)

= [I− (XTX)−1XT (W − I)X +Op(1/r
δ)](β̂OLS + (XTX)−1XT (W − I)Y)

= β̂OLS + (XTX)−1XT (W − I)e+Op(1/r
δ)

= β̂OLS + (XTX)−1XTWe+Op(1/r
δ), (A.8)

where the expansion in (A.7) is by the convergence of geometric series of matrices and the

assumption δ > 0, and the equality in (A.8) holds since XTe = 0.

Remark 6. Lemma 2 relates the subsampling estimator β̃ to the β̂OLS with an order con-

straint on the residual term, i.e., Op(1/r
δ). In application of Lemma 2 to the proof of

Theorem 1 (asymptotic normality of β̃ for estimating β0), we subtract β0 from both sides of

(A.8) to relate β̃ to β0. Lemma 2 is directly applied in the proof of Theorem 2 (asymptotic

normality of β̃ for approximating β̂OLS).
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Remark 7. The assumption of δ > 0 implies that ρ((XTX)−1XT (W− I)X)→ 0 as r →∞.

By the convergence of geometric series of matrices, the inverse of [I+(XTX)−1XT (W−I)X],

i.e., XTWX, exists and the expansion in (A.7) is valid asymptotically. In the proof of

Theorems 1 and 2, we will verify the condition in Lemma 2, i.e., δ > 0. The exact magnitude

of δ depends on (W − I), and it differs in Theorems 1 and 2.

Hajek-Sidak Central Limit Theorem. Let X1, . . . , Xn be identical and independently

distributed (i.i.d.) random variables such that E(Xi) = µ and Var(Xi) = σ2 are both finite.

Define Tn = d1X1 + . . .+ dnXn, then

Tn − µ
∑n

i=1 di

σ
√∑n

i=1 d
2
i

d→ N (0, 1) , (A.9)

whenever the Noether condition

max1≤i≤n d
2
i∑n

i=1 d
2
i

→ 0, as n→∞, (A.10)

is satisfied.

Remark 8. The Hajek-Sidak Central Limit Theorem deals with the asymptotic normality

of a weighted average of identically and independently distributed random variables (Saleh,

2006). It is used in the proof of Lemma 3 below and thus facilitate the final proof of

Theorem 1.

For statement and proof of Lemma 3, Lemma 4, and Theorem 1 below, recall from main

text that we denote r = O(n1−α), where 0 ≤ α < 1 and πmin = O(n−γ0), γ0 ≥ 1. Also recall

that Ω = diag{1/rπi}ni=1.

Lemma 3. Define U = diag(U1, . . . , Un) such that Ui
iid∼ Poisson(rπi), i = 1, . . . , n, ε =

(ε1, . . . , εn)T , and εis follow independent and identical distribution with mean 0 and variance

σ2. If (A1) there exist b and B such that b ≤ λmin(XTX/n) ≤ λmax(X
TX/n) ≤ B, and
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(A2) γ0 + α < 2 holds, as n→∞,

Σ
− 1

2
0 (XTX)−1XTΩUε

d→ N(0, Ip), (A.11)

where Σ0 = σ2(XTX)−1XT (Ip + Ω)X(XTX)−1.

Proof. We establish the asymptotic normality of random vector (XTX)−1XTΩUε using

the Cramer-Wold device. That is, we first convert the random vector to a scalar random

variable as follows and show its asymptotic normality. For any constant vector b ∈ Rp such

that b 6= 0, we evaluate

bT (XTX)−1XTΩUε =
n∑
i=1

diζi, (A.12)

where di = bT (XTX)−1xi

√
rπi+r2π2

i

rπi
and ζi = Uiεi/

√
rπi + r2π2

i , E(ζi) = 0 and Var(ζi) = σ2.

Thus Equation (A.12) is a weighted average of independent random variables ζi, it suffices

to verify the Noether condition (A.10) of Hajek-Sidak central limit theorem to show the

asymptotic normality of bT (XTX)−1XTΩUε.

For d2i , we have

d2i ≤ (1 +
1

rπmin
)(aTxi)

2 ≤ (1 +
1

rπmin
)aTaMx, (A.13)

where a = (XTX)−1b, Mx = max{xTi xi}ni=1 and the last inequality is derived using Cauchy-

Schwarz inequality. Thus max1≤i≤n d
2
i ≤ (1 + 1

rπmin
)aTaMx.

For
∑n

i=1 d
2
i , we have

n∑
i=1

d2i =
n∑
i=1

(1 +
1

rπi
)aTxia

Txi ≥ (1 +
1

rπmax
)aTXTXa ≥ (n+

n

rπmax
)λ0a

Ta, (A.14)

where we use λ0 to denote the smallest eigenvalue of XTX/n for ease of notation.
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Combining (A.13) and (A.14), we have

lim
n→∞

max1≤i≤n d
2
i∑n

i=1 d
2
i

≤ lim
n→∞

(1 + 1
rπmin

)Mx

(n+ n
rπmax

)λ0
≤ Mx

λ0
lim
n→∞

1 + rπmin
(nrπmin + nπmin

πmax
)

= 0, (A.15)

where we used the condition α + γ0 < 2, i.e., nrπmin →∞ as n→∞. Since

n∑
i=1

Var(diζi) = σ2

n∑
i=1

(aTxi)
2(1 +

1

rπi
) = σ2aTXT (Ip + Ω)Xa,

by Cramer-Wold device, the proof is thus complete.

In the following statement and proof of Lemma 4 and Theorem 1, we use A|B to denote

the conditional distribution of random variable A given random variable B.

Lemma 4. Given fixed b ∈ Rp such that b 6= 0, where Ω, U, and Σ0 are defined as in

Lemma 3, as n→∞ we have

(bTΣ0b)
− 1

2bT (XTX)−1XTΩUε|
n∑
i=1

Ui = r
d→ N(0, 1). (A.16)

Proof. For i = 1, . . . , n,

Cov(bT (XTX)−1XTΩUiεi,
n∑
i=1

Ui) =
n∑
i=1

bT (XTX)−1XTΩCov(Uiεi, Ui) = 0, (A.17)

we have

Cov(bT (XTX)−1XTΩUε,
n∑
i=1

Ui) = 0.

Using the results in Lemma 3, we have

(bTΣ0b)
− 1

2bT (XTX)−1XTΩUε

1√
r
(
∑n

i=1 Ui − r)

 d→ N


0

0

 ,

1 0

0 1


 . (A.18)
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Further we have

(bTΣ0b)
− 1

2bT (XTX)−1XTΩUε|
n∑
i=1

Ui = r
d→ N(0, 1). (A.19)

Remark 9. The proof of above Lemma 4 is analogous to that of Lemma 2.2 and Theorem

2.1 in Morris (1975). The case in Morris (1975) is more complicated than our case here. The

simplification is that in (A.18) due to existence of ε in (bTΣ0b)
− 1

2bT (XTX)−1XTΩUε, the

covariance of 1√
r
(
∑n

i=1 Ui − r) and (bTΣ0b)
− 1

2bT (XTX)−1XTΩUε is naturally zero. Morris

(1975) has considered more complicated cases for construction of similar set of independent

random variables. In addition, we refer to Morris (1975) for the technical details for the

validity of getting asymptotic conditional distribution in (A.19) from the asymptotic joint

distribution in (A.18).

Remark 10. The key difference between the conclusion in Lemma 3 and Lemma 4 is that in

Lemma 4 we consider conditional distribution whereas in Lemma 3 we consider unconditional

distribution.

Lemma 5. If random variables Ui ∼ Poisson(λi), i = 1, . . . , n, then

(U1, . . . , Un)|
n∑
i=1

Ui = r ∼ Mult
(
r,

{
λi∑n
i=1 λi

}n
i=1

)
.

Proof. The key is to note that
∑n

i=1 Ui ∼ Poisson(
∑n

i=1 λi). Thus

P (U1 = u1, . . . , Un = un|
n∑
i=1

Ui = r) =
P (U1 = u1, . . . , Un = un,

∑n
i=1 Ui = r)

P (
∑n

i=1 Ui = r)

=
N !

u1! . . . un!
Πn
i=1

(
λi∑n
i=1 λi

)ui
, if.

n∑
i=1

ui = r.
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Remark 11. The random variables for denoting subsampling process in β̃ are (K1, . . . , Kn),

which form a random vector following a multinomial distribution. Lemma 3 and Lemma 4 are

results of U1, . . . , Un, which are random variables following Poisson distribution. Lemma 5

makes the connection between a multinomial distribution and a Poisson distribution.

In the following section A.1.2 and A.1.3 we provide the proof of Theorem 1 and Theo-

rem 2, respectively. The proof of Theorem 1 is substantially more complicated than that of

Theorem 2. In conditional inference, i.e., the case of Theorem 2, the data observed are consid-

ered as given and the only randomness comes from subsampling. However, in unconditional

inference, i.e., the case of Theorem 1, the analysis concerns the unobserved hypothetical data

as well as their subsampling probabilities, thus there exist more randomness to be quantified.

A.1.2 Proof of Theorem 1

In this section, we present the proof of Theorem 1 using results of aforementioned lemmas.

Proof. We first verify the condition of δ > 0 in Lemma 2. To do that, we give the magnitude

of δ in (A.3) in the condition of Lemma 2. Note

(XTX)−1XT (W − I)X = (XTX/n)−1XT (W − I)X/n,

where (XTX/n)−1 converges to a constant matrix by assumption (A1). Thus, the order of

(XTX)−1XT (W − I)X depends on the order of XT (W − I)X/n. We then derive the order

of the (s, t)th element of XT (W − I)X/n, i.e.,
∑n
i=1 xsixit(Wi−1)

n
. We have
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Var(
∑n

i=1 xsixit(Wi − 1)

n
) =

1

n2
Var(

n∑
i=1

xsixit(Wi − 1))

=
1

n2

(
n∑
i=1

(xsixit)
21− πi
rπi

− 2
∑
i<j

xsixitxsjxtj
1

r

)

=
1

rn2

 n∑
i=1

(xsixit)
21− πi

πi
−

( n∑
i=1

xsixit

)2

−
n∑
i=1

(xsixit)
2


=

1

r

 n∑
i=1

(xsixit)
2

n2πi
−

(
n∑
i=1

xsixit
n

)2


= Op

(
1

rn2

n∑
i=1

1

πi

)
. (A.20)

For
∑n

i=1
1
πi
, one has n2 ≤

∑n
i=1

1
πi
≤ n/πmin and plug these inequalities in (A.20) to note

0 < (2− γ0 − α) ≤ δ in (A.3). We have validated the assumption in Lemma 2.

We subtract β0 from both sides of equation (A.4) in Lemma 2 and get

β̃ − β0 = (XTX)−1XTWe+ β̂OLS − β0 +Op

(
1

rδ

)
, (A.21)

where we recall that e = Y − Xβ̂OLS. For the right-hand side of (A.21), we note that

Var(β̂OLS − β0) = O
(
1
n

)
, which is of higher order (i.e., smaller in magnitude) than the

residual term Op

(
1
rδ

)
, i.e., Op

(
1

n2−α−δ

)
. Thus both β̂OLS − β0 and the residual term can be

omitted and the asymptotic distribution of β̃−β0 is equivalent to that of (XTX)−1XTWe.

For the rest of the proof, we establish asymptotic normality of (XTX)−1XTWe.

Note that

(XTX)−1XTWe = (XTX)−1XTWε+ (XTX)−1XTW(e− ε), (A.22)

where recall that ε is the random noise in the model (1.1). The elements in vector ε are

uncorrelated and the elements in vector e are correlated. We will show that the order of
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(XTX)−1XTW(e − ε) by calculating the variances of the sth element of XTW(e − ε)/n.

We have

Var(
∑n

i=1 xsiWi(ei − εi)
n

)

=
1

n2

(
n∑
i=1

x2siVar(Wi(ei − εi)) + 2
∑
i<j

xsixsjCov [Wi(ei − εi),Wj(ej − εj)]

)
. (A.23)

Now we shall analyze the two components on the right-hand side of (A.23).

For the first component, we have

n∑
i=1

Var(Wi(ei − εi)) =
n∑
i=1

E(W 2
i (ei − εi)2) =

n∑
i=1

Var(Wi)Var(ei − εi) + (EWi)
2Var(ei − εi)

=
n∑
i=1

1− πi
rπi

hiiσ
2 + hiiσ

2 = Op

(
1

rπmin

)
, (A.24)

where the last equality holds since
∑n

i=1 hii = p.

For the second component, we have

∑
i<j

Cov (Wi(ei − εi),Wj(ej − εj)) =
∑
i<j

E(WiWj(ei − εi)(ej − εj))

=
∑
i<j

E(WiWj)E((ei − εi)(ej − εj)) = Op

(n
r

)
. (A.25)

Substituting (A.24) and (A.25) into (A.23),

Var(
∑n

i=1 xsiWi(ei − εi)
n

) = Op

(
1

n2rπmin

)
. (A.26)

Combining (A.22) and (A.26) we want to argue that (XTX)−1XTW(e− ε) is of higher order than

(XTX)−1XTWe. Thus, if we establish the asymptotic normality of (XTX)−1XTWε, then the

asymptotical normality of β̃ − β0 in (A.21) will follow directly.

Note that W can be written as W = ΩK. By Lemma 5, (K1, . . . ,Kn) and [(U1, . . . , Un)|∑n
i=1 Ui = r] are identically distributed. So (XTX)−1XTWε and (XTX)−1XTΩUε|

∑n
i=1 Ui are

identically distrubted. Thus, the conclusion from Lemma 4 can be applied.
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We then establish the asymptotic normality using the Cramer-Wold device. That is, for any

constant vector b ∈ Rp such that b 6= 0, we evaluate bT (XTX)−1XTWε.

Finally, combining (A.21), Lemma 3, and Lemma 4, we have

Σ
− 1

2
0 (β̃ − β0)

d→ N(0, Ip), as n→∞, (A.27)

where Σ0 = σ2(XTX)−1XT (Ip + Ω)X(XTX)−1.

A.1.3 Proof of Theorem 2

In this section, we provide the proof of Theorem 2. It is much easier than the proof of

Theorem 1 in the unconditional inference.

Proof. Given data {X,Y}, we first calculate δ in (A.3) so that we could apply Lemma 2. In

this case, since ‖xi‖ <∞, where xi is the i-th row of X, each element of XTX is considered

as finite by assumption. The (s, t)-th element of XT (W − I)X is
∑n

i=1 xisxit(Wi − 1).

Var(
n∑
i=1

xisxit(Wi − 1)) =
1

r

(
n∑
i=1

(xisxit)
21− πi

πi
− 2

∑
i<j

xisxitxjsxtj

)
= Op

(
1

r

)
,

(A.28)

i.e., δ = 1 in (A.3).

Note that K can be write as K =
∑r

j=1 K(j), where K(j) = Diag{K(j)
i }ni=1, (K

(j)
1 , . . . , K

(j)
n )

iid∼

Mult(1, {πi})ni=1 for j = 1, . . . , n. By (A.4) in Lemma 2 and (A.28), we can show

β̃ − β̂OLS = (XTX)−1XTWe+Op(1/r)

= (XTX)−1
r∑
j=1

XTΩK(j)e+Op(1/r).

Then, Cramer-Wold device is used to establish asymptotic normality of (XTX)−1
∑r

j=1 XTΩK(j)e,
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i.e., for any constant vector b ∈ Rp such that b 6= 0, we consider
∑r

j=1 b
T (XTX)−1XTΩK(j)e,

which is a summation of r independent random variables. Since the elements in X and e

are considered as finite numbers and πi > 0, the Noether condition in Hajek-Sidek CLT is

satisfied. Without loss of generality, verify

Var(bT (XTX)−1XTΩK(1)e)

= Var(
n∑
i=1

bT (XTX)−1xi
1

rπi
K

(1)
i ei)

=
n∑
i=1

(aTxiei
1− πi
rπi

eix
T
i a)− 2

∑
i≤j

aTxiei
1

r
ejx

T
j a

=
1

r
aT

(
n∑
i=1

e2i
πi

xix
T
i

)
a− 1

r
aT

(
n∑
i=1

xie
2
ix

T
i + 2

∑
i<j

xieiejx
T
j

)
a

=
1

r
aT

(
n∑
i=1

e2i
πi

xix
T
i

)
a− 1

r
aTXTeeTXa

=
1

r
aT

(
n∑
i=1

e2i
πi

xix
T
i

)
a, (A.29)

where a = (XTX)−1b, (A.29) is derived by the fact that XTe = 0. By CLT, we have

bT (XTX)−1
∑r

j=1 XTΩK(j)e
d→ N(0, bTΣcb), where Σc = (XTX)−1Σe(X

TX)−1, Σe =

1
r

∑n
i=1

e2i
πi

xix
T
i . Thus by the Cramer-Wold device, Theorem 2 follows.

A.2 Unweighted subsampling estimators

In this section, we focus on the unweighted subsampling method, which is presented in

Algorithm 2. Note that Equations (1.3) and (A.30) require that X∗TΦ∗2X∗ and X∗TX∗ are

invertible. If they are not invertible, generalized inverse may be used.

In the following, we study the properties of the unweighted subsampling estimators in

Algorithm 2. Theorem 4 establishes the asymptotic normality of the unweighted sampling

estimators β̃u for approximating the full sample OLS when the data {X,Y} are considered
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Algorithm 2 Unweighted Subsampling Estimation Algorithm

• Step 1. (Subsampling) Subsample with replacement from the full data. This
step is the same as Step 1 in weighted subsampling estimation Algorithm 1

• Step 2. (Estimation) Calculate unweighted least squares using the subsam-
ple. Solve unweighted least squares on the subsample to get the Unweighted Subsample
Estimator β̃

u
, i.e.,

β̃
u

= arg minβ‖Y∗ −X∗β‖2 = (X∗TX∗)−1X∗TY∗. (A.30)

as given. Theorem 5 establishes the asymptotic normality of β̃u for estimating β0.

Theorem 4. Given data {X,Y}, we assume that X is of full column rank, and {‖xi‖}ni=1 <

∞. Moreover, we assume that all sampling probabilities are nonzero. Then we have

(Vu
c )−

1
2 (β̃u − β̂WLS)

d→ N (0, Ip) , as r →∞, (A.31)

where the full sample weighted least squares (WLS) estimator β̂WLS is defined as

β̂WLS = (XTΩ−1X)−1(XTΩ−1Y),

Vu
c = (XTΩ−1X)−1Vu

e (XTΩ−1X)−1, Vu
e = r

∑n
i=1 πi(e

u
i )

2xix
T
i , eui = Yi − xTi β̂WLS.

Theorem 4 states that β̃u is an asymptotic unbiased estimator of the full sample weighted

least squares (WLS) estimator β̂WLS. Unless β̂WLS = β̂OLS, the unweighted subsampling

estimators are asymptotic biased for β̂OLS.

Theorem 5. Recall r = O(n1−α) and πmin = min{πi}ni=1 = O(n−γ0), where 0 ≤ α < 1, and

γ0 ≥ 1. Denote πmax = max{πi}ni=1 = O(n−γ1), λmin(XTΩ−1X) = O(nβ), where γ1 ≤ 1 and

β > 0. If

Condition UNW1: α + 2β > 1; α + γ1 > 1; α + 2γ0 − γ1 < 2
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hold, then we have

(Vu
0)−

1
2 (β̃

u − β0)
d→ N(0, Ip), as n→∞,

where Vu
0 = σ2(XTΩ−1X)−1Vu

p(XTΩ−1X)−1, Vu
p = XT (Ω−1 + Ω−2)X.

Theorem 5 states that β̃u is an asymptotic unbiased estimator of the true model param-

eter β0. Since both weighted and unweighted subsampling estimators are asymptotically

unbiased to the true model parameter, then the natural question is how to choose among

them. To answer this question, we compare their asymptotic variances.

Lemma 6. Define A = (XTX)−1XT − (XTΩ−1X)−1XTΩ−1, then

V0 −Vu
0 = A(Ω− In)AT .

If rπi < 1 for all i = 1, . . . , n, then V0 − Vu
0 is positive definite. Consequently, the

unweighted subsampling estimators have smaller asymptotic variances than the weighted

subsampling estimators. We thus recommend using the unweighted subsampling estimators

for estimating true model parameters.

A.2.1 Proof of Theorem 4

Proof. The proof of Theorem 4 is analogous to that of Theorem 2. In particular, analogous

to Equation (A.4), we have the following expansion for β̃
u
,

β̃
u

= (XTKX)−1(XTKY)

= β̂WLS + (XTΩ−1X)−1XTKeu +O(1/r2δ
u

), (A.32)

where eu = Y−XT β̂WLS and δu is similar to δ. The rest of the proof is straightforward by

following the steps in the poof of Theorem 2.
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Lemma 7. If the Condition UNW1 is satisfied, then β̂WLS is a consistent estimator of β0.

Proof. Let b ∈ Rp, we show that Var(bT β̂WLS)→ 0 if Condition UNW1 is satisfied. This is

true since

Var(bT β̂WLS) = bTVar(β̂WLS)b

= bT ((XTΩ−1X)−1XTΩ−2X(XTΩ−1X)−1)b

= O(λmax((X
TΩ−1X)−1XTΩ−2X(XTΩ−1X)−1)). (A.33)

For λmax((XTΩ−1X)−1XTΩ−2X(XTΩ−1X)−1),

λmax((X
TΩ−1X)−1XTΩ−2X(XTΩ−1X)−1) ≤ λmax(X

TΩ−2X)

λ2min(XTΩ−1X)
.

(A.34)

For the middle part of the sandwich type variance-covariance matrix, XTΩ−2X = r2
∑n

i=1 xix
T
i π

2
i ≤

Mx

∑n
i=1 r

2π2
i < Mx

∑n
i=1 rπi = Mxr. In Condition UNW1, 1− α− 2β < 0 implies that we

have λmax((XTΩ−1X)−1XTΩ−2X(XTΩ−1X)−1)→ 0, as n→∞.

A.2.2 Proof of Theorem 5

Proof. The proof here is similar to that of Theorem 1.

First, we verify the magnitude of δu by examining order of (XTΩ−1X)−1XT (K−Ω−1)X.

Var(
n∑
i=1

X̃si(K−Ω−1)Xit) =
n∑
i=1

rπi(1− πi)X̃2
siX

2
it − 2

∑
i<j

rπiπjX̃siXitX̃sjXjt

=
n∑
i=1

rπiX̃
2
siX

2
it − (

n∑
i=1

πiX̃siXit)
2

= O(r
n∑
i=1

πiX̃
2
si),
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where
∑n

i=1 rπiX̃
2
si ≤

∑n
i=1 rπi/λ

2
min(XTΩ−1X) = r/λ2min(XTΩ−1X)→ 0 as n→∞, r →∞

by assumption. Thus we have implicitly verified that δu > 0.

We subtract β0 from both side of (A.32) and get

β̃
u − β0 = β̂WLS − β0 + (XTΩ−1X)−1XTKeu +O(1/rδ

u

).

We have established the consistency of β̂WLS in Lemma 7, the variance of eu is bounded

and Var((XTΩ−1X)−1XT (K−Ω−1)eu) is of the same order of (XTΩ−1X)−1XT (K−Ω−1)X,

which isO(Mx

∑n
i=1 rπi/λ

2
min(XTΩ−1X)). For Var(β̂WLS−β0), we have shown thatO(Var(β̂WLS−

β0)) = O(Mx

∑n
i=1 r

2π2
i /λ

2
min(XTΩ−1X)). By α + γ1 > 1 in Condition UNW1, rπmax → 0,

thus Var((XTΩ−1X)−1XT (K−Ω−1)eu) is of lower order of Var(β̂WLS − β0).

Then we adopt similar approach in the proof of Theorem 1 and substitute eu and K

with ε and U , and prove the conclusion through establishing the asymptotic normality by

Cramer-Wold Device. That is, for any b ∈ Rp such that b 6= 0, we examine

bT (XTΩ−1X)−1XTUε. (A.35)

We also define independent random variables ζi = Uiεi/
√
rπi + r2π2

i such that E(ζi) = 0

and Var(ζi) = σ2. We then have

bT (XTΩ−1X)−1XTUε =
n∑
i=1

dui ζi,

where dui = bT (XTΩ−1X)−1xi
√
rπi + r2π2

i . To verify the Noether condition, we examine

max
1≤i≤n

(dui )
2 ≤ (rπmax + r2π2

max)a
T
uauMx, (A.36)

where au = (XTΩ−1X)−1b. We also have
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n∑
i=1

(dui )
2 =

n∑
i=1

au
Txi(rπi + r2π2

i )x
T
i au

≥ (rπmin + r2π2
min)aTuXTXau

≥ (nrπmin + nr2π2
min)λ0a

T
uau, (A.37)

where λ0 is the the smallest eigenvalue of XXT/n as defined in the proof of Theorem 1.

Combining (A.36), (A.37), and Condition UW1 in Theorem 5, we get

lim
n→∞

(dumax)
2∑n

i=1(d
u
i )

2
≤ lim

n→∞

Mx

λ0

(
rπmax + r2π2

max

nrπmin + nr2π2
min

)
<
Mx

λ0
lim
n→∞

(
πmax
nrπ2

min

)
= 0, (A.38)

since rπmin → 0 as n → ∞, r → ∞. We thus verified the Noether condition for Equation

(A.36).

The rest of the proof is analogous to that of Theorem 1.
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Appendix B

Proofs of Bayesian Spline Smoothing with

Ambiguous Penalties

B.1 Proof of Theorem 3

To facilitate the final proof of Theorem 3, we first state two useful lemmas.

Lemma 8. For a matrix X of dimension n×m and of full column rank, we define a matrix

R of dimension n × (n − m) such that XTR = 0 and RTR = I. We let Σ be a positive

definite matrix, then

Σ−1 −Σ−1X(XTΣ−1X)−1XTΣ−1

= R(RTΣR)−1RT = R(λRTQR+ I)−1RT . (B.1)

Proof. To see (B.1), we letK1 = Σ
1
2R(RTΣR)−1RTΣ

1
2 andK2 = Σ−

1
2X(XTΣ−1X)−1XΣ−

1
2 .

Note that both K1 and K2 are idempotent, and that K1K2 = 0, thus K1 +K2 is idempo-

tent. Since rank(K1 +K2) = trace(K1 +K2) = rank(K1) + rank(K2) = n−m+m = n,

we know that K1 +K2 = I, i.e.,

I = Σ
1
2R(RTΣR)−1RTΣ

1
2 + Σ−

1
2X(XTΣ−1X)−1XΣ−

1
2 . (B.2)

Then we pre and post multiply both sides of (B.2) by Σ−
1
2 and get (B.1).

Lemma 9. Given a n× p matrix S and a positive definite n× n matrix M̃ 1, we let H̃1 =

M̃ 1 − M̃ 1S(STM̃ 1S)−1STM̃ 1. Suppose we have another n× p1 matrix S1 of full column
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rank, if the columns in S and S1 are linearly independent, then matrix ST1 H̃1S1 is positive

definite.

Proof. Note that [ S S1 ]TM̃ 1[ S S1 ] =

 STM̃ 1S STM̃ 1S1

ST1 M̃ 1S ST1 M̃ 1S1

 is positive definite.

Let A11 = STM̃ 1S, A12 = AT
21 = STM̃ 1S1, A22 = ST1 M̃ 1S1. Then, A22 −A21A

−1
11A12 is

positive definite. However, A22 −A21A
−1
11A12 = ST1 H̃1S1.

In the following, we restate the model and prior settings in the main text and provide

the proof to Theorem 1. In particular, we incorporate the case of repeated observations at

distinct sample points, i.e.,

Yij = η(xi) + εij, (B.3)

where i = 1 . . . , n, j = 1, . . . , ni, and εij
iid∼ N(0, σ2). We denote y = (Ȳ1, . . . , Ȳn)T , where

Ȳi =
∑ni

j=1 Yij/ni. Further, let SSE =
∑n

i=1

∑ni
j=1(Yij − Ȳi)2 and N =

∑n
i=1 ni.

On n distinct sample points, we evaluate n×p matrix S of full column rank, n×p0 matrix

S0 of full column rank, n × p1 matrix S1 of full column rank, n × n nonnegative definite

matrix Q0 with rank k0 ≤ n, n × n nonnegative definite matrix Q1 with rank k1 ≤ n, as

described in Section 2 in the main text. By construction, the columns of S, S0, and S1

are linearly independent. To accommodate the possibility of reduced rank of Q1 and Q0,

we let V 1 and V 0 be full column rank n × k1 and n × k0 matrices such that Q1 = V 1V
T
1

and Q0 = V 0V
T
0 . We use W to denote the n-dimensional diagonal matrix with the i-th

diagonal element being 1/ni, and rewrite the model on n sample points as
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y|η, σ2 ∼N (η, σ2W ), (B.4)

Given d1,d0, z1, z0, ν, we let η =


Sd+ S1d1 + V 1z1, with probability ν,

Sd+ S0d0 + V 0z0, with probability 1− ν,
(B.5)

zu|bu ∼N (0, buI), u = 0, 1, (B.6)

du|gu, σ2 ∼N (0, guσ
2(STuSu)

−1), u = 0, 1, (B.7)

gu ∼ Inv-Gamma(αu, βu), u = 0, 1, (B.8)

f(d, σ2, τ 20 , τ
2
1 , b0, b1, ν) ∝

1ν∈[0,1]1σ2∈(0,∞)1b0∈(0,∞)1b1∈(0,∞)1ν∈[0,1]1d∈Rp

(σ2)s(b1 + b0)a
, (B.9)

where we use Inv-Gamma(αu, βu) to denote inverse gamma distribution with shape param-

eter αu and scale parameter βu, α0, α1, β0, β1, and a, s are all given hyperparameters.

We outline the sufficient conditions for the resulting posterior distribution from model in

(B.3) and prior settings in (B.5) to (B.9) to be proper on the sample points. In particular,

we consider two disjoint cases.

Case 1: SSE > 0. The conditions for propriety are

(1.1) 1 < a < 2,

(1.2) N − p+ 2a+ 2s > 6,

(1.3) min{2k1 − p1, 2k0 − p0} − 2p+ 4a > 8.

Case 2: SSE = 0. The conditions for propriety are

(2.1) Same as (1.1),

(2.2) Same as (1.2),

(2.3) For u=1,0, we further need to consider two cases:

(a) if Colsp(S(u))
⊕

Colsp(Qu) ⊂ Rn, 2(ku − p)− pu + 4a > 8;

(b) if Colsp(S(u))
⊕

Colsp(Qu) = Rn, 2(n− ku) + pu + 4s < 4.
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Proof. To begin with, we note

∫
f(d,d0,d1, σ

2, g0, g1, b0, b1,η, ν|Y )dz1dz0dηdν = C0(f0 + f1),

where C0 is a positive constant that does not concern parameters,

f0 =
1√

|b0Q0 + σ2W |
exp

(
−(y − Sd− S0d0)

T (b0Q0 + σ2W )−1(y − Sd− S0d0)

2
− SSE

2σ2

)
1

(g1σ2)p1/2
exp

(
−d

T
1 (ST1S1)d1

2g1σ2

)
1

(g0σ2)p0/2
exp

(
−d

T
0 (ST0S0)d0

2g0σ2

)
1

(σ2)
∑n
i=1

(ni−1)

2 (σ2)s(b1 + b0)a
g−α1−1
1 exp

(
−β1
g1

)
g−α0−1
0 exp

(
−β0
g0

)
, (B.10)

f1 =
1√

|b1Q1 + σ2W |
exp

(
−(y − Sd− S1d1)

T (b1Q1 + σ2W )−1(y − Sd− S1d1)

2
− SSE

2σ2

)
1

(g1σ2)p1/2
exp

(
−d

T
1 (ST1S1)d1

2g1σ2

)
1

(g0σ2)p0/2
exp

(
−d

T
0 (ST0S0)d0

2g0σ2

)
1

(σ2)
∑n
i=1

(ni−1)

2 (σ2)s(b1 + b0)a
g−α1−1
1 exp

(
−β1
g1

)
g−α0−1
0 exp

(
−β0
g0

)
. (B.11)

We only show
∫
f1dd0dg0db0dg1dd1dσ2db1 <∞ below. A similar argument can be made

for f0.

First, we integrate out d0, g0, b0 from right-hand side of (B.11). Let us denote M̃ 1 =

(b1Q1 + σ2W )−1. Given a > 1 in Condition (1.1) and Condition (2.1) we have

∫
f1dd0dg0db0

=
C√
|M̃−1

1 |
exp

(
−(y − Sd− S1d1)

TM̃ 1(y − Sd− S1d1)

2
− SSE

2σ2

)
1

(g1σ2)p1/2
exp

(
−d

T
1 (ST1S1)d1

2g1σ2

)
1

(σ2)s+
N−n

2 (b1)a−1
g−α1−1
1 exp

(
−β1
g1

)
, (B.12)

where C is a positive constant that does not concern parameters.

90



Second, we integrate out d from the right-hand side of (B.12).

∫
f1dd0dg0db0dd

=
C√

|M̃−1
1 |
√
|STM̃1S|

exp

(
−(y − S1d1)

T (M̃1 − M̃1S(S
TM̃1S)

−1STM̃1)(y − S1d1)

2
− SSE

2σ2

)

1

(g1σ2)p1/2
exp

(
−d

T
1 (S

T
1 S1)d1

2g1σ2

)
1

(σ2)s+
N−n

2 (b1)a−1
g−α1−1
1 exp

(
−β1
g1

)
. (B.13)

Third, we integrate out g1 from the right-hand side of (B.13).

∫
f1dd0dg0db0dddg1

=
C√

|M̃−1
1 |
√
|STM̃ 1S|

1

(
dT1 S

T
1 S1d1
2σ2 + β1)

p1+2α1
2 (σ2)s+

N−n+p1
2 (b1)a−1

exp

(
−(y − S1d1)

T (M̃ 1 − M̃ 1S(STM̃ 1S)−1STM̃ 1)(y − S1d1)

2
− SSE

2σ2

)
.(B.14)

Fourth, we integrate out d1 from the right-hand side of (B.14).

∫
f1dd0dg0db0dg1dd1

≤ C√
|M̃−1

1 |
√
|STM̃ 1S|(σ2)s+

N−n+p1
2 (b1)a−1

√∫
1

(
dT1 S

T
1 S1d1
2σ2 + β1)(p1+2α1)

dd1

√√√√∫ exp

(
−2(y − S1d1)T (M̃ 1 − M̃ 1S(STM̃ 1S)−1STM̃ 1)(y − S1d1)

2
− SSE

σ2

)
dd1

(B.15)

=
C√

|M̃−1
1 |
√
|STM̃ 1S| 4

√
|ST1 H̃1S1|(σ2)s+

N−n
2

+
p1
4 (b1)a−1

exp

(
−y

T (H̃1 − H̃1S1(S
T
1 H̃1S1)

−1S1H̃1)y

2
− SSE

2σ2

)
, (B.16)

where we use the Cauchy-Schwartz Inequality in (B.15), use the kernel of Multivariate t-

91



distribution in (B.16), and denote H̃1 = M̃ 1 − M̃ 1S(STM̃ 1S)−1STM̃ 1. From Lemma 9,

we know that the matrix ST1 H̃1S1 is positive definite in (B.16).

Fifth, we intend to integrate out σ2 from the right-hand side of (B.16). For this purpose,

we reparameterize (σ2, b1) to (σ2, λ1), where b1 = λ1σ
2. Denote M 1 = (λ1Q1 +W )−1 and

H1 = M 1 −M 1S(STM 1S)−1STM 1. Recall that S(1) = (S,S1), and it is trivial to verify

that H1 −H1S1(S
T
1H1S1)

−1ST1H1 = M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1ST(1)M 1. Using the

(σ2, λ1) parameterization, we have

∫
f1dd0dg0db0dg1dd1

≤ C√
|M−1

1 |
√
|STM 1S| 4

√
|ST1H1S1|(σ2)s+a+

N−p
2
−2(λ1)a−1

exp

(
−
yT (M 1 −M 1S(1)(S

T
(1)M 1S(1))

−1ST(1)M 1)y

2σ2
− SSE

2σ2

)
. (B.17)

Assuming s+ a+ N−p
2
− 2 > 1, i.e., N − p+ 2a+ 2s > 6 in Condition (2.1) and (2.2), we

now proceed to integrate out σ2.

∫
f1dd0dg0db0dg1dd1dσ2

≤ C√
|M−1

1 |
√
|STM 1S| 4

√
|ST1H1S1|(λ1)a−1(

yT (M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1ST(1)M 1)y + SSE

2

)−(s+a+N−p
2
−3)

. (B.18)

Finally, we integrate out λ1 from the right-hand side of (B.18).

1. SSE > 0.

In this case, the term
(
yT (M1−M1S(1)(S

T
(1)M1S(1))

−1ST(1)M1)y+SSE

2

)−(s+a+N−p
2
−3)

is a bounded

function of λ1.

For |STM 1S|, we notice that there exist some positive constants C1 and ξ1 such that

|STM 1S| ≥ C1(1 + ξ1λ1)
p. Next we consider |ST1H1S1|. We define R as n× (n− p)
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matrix such that RTR = I, RTS = 0. Note H1 = M 1−M 1S(STM 1S)−1STM 1 =

R(RTM−1
1 R)−1RT by (B.1) in Lemma 8.

Then, |ST1H1S1| = |ST1R(RTM−1
1 R)−1RTS1| = |ST1R(RTWR+λ1R

TQ1R)−1RTS1|.

It is obvious that RTWR is positive definite, there exists (n − p) × (n − p) positive

definite matrix U such that RTWR = UUT . Considering that the columns of S and

S1 are linearly independent, the matrix ST1R is of full row rank. (If not, then there

exists c such that RTS1c = 0. Moreover, by construction, R is such that RTS = 0.

Thus S1c is in the column space of S, which is a contradiction.) Thus there exist some

constants C2, and ξ2 such that

|ST1H1S1| = |ST1R(UT )−1(I + λ1U
−1RTQR(UT )−1)−1U−1RTS1|

≥ C2(1 + ξ2λ1)
−p1 .

Furthermore, there exist some positive constants C and ξ such that

∫
f1dd0dg0db0dg1dd1dσ2dλ1 (B.19)

≤
∫

C√
|M−1

1 |
√
|STM 1S| 4

√
|ST1H1S1|(λ1)a−1

dλ1 (B.20)

≤
∫

C

(1 + ξλ1)
k1
2
− p

2
− p1

4 (λ1)a−1
dλ1. (B.21)

For the integral on the right-hand side of (B.21) to be proper, we need a− 1 < 1, i.e.,

a < 2 and k1
2
− p

2
− p1

4
+ a− 1 > 1, i.e., 2(k1 − p)− p1 + 4a > 8.

2. SSE=0, and Colsp(S(1))
⊕

Colsp(V 1) ⊂ Rn.

Recall that we let V 1 be a full column rank matrix of dimension n × k1 such that

Q1 = V 1V
T
1 . When SSE=0, it is obvious that N = n and W = I. In this case,

the quadratic term yT (M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1ST(1)M 1)y requires more inves-

tigation. It is noted that in this case k1 < n − p − p1. We denote a matrix R1 of
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dimension n × (n − p − p1) such that RT
1R1 = I and RT

1S(1) = 0. Then there ex-

ist (p + p1) × k1 and (n − p − p1) × k1 dimensional matrices T 1 and T 2 such that

V 1 = S(1)T 1 +R1T 2. Then RT
1Q1R1 = RT

1V 1V
T
1R1 = T 2T

T
2 is rank deficient, i.e.,

there exist constants kj and orthonomal vectors αj, j = 1, . . . , l, l < (n − p − p1),

such that RT
1Q1R1 =

∑l
j=1 kjαjα

T
j . We further define orthonormal vectors αj′ ,

j′ = l + 1, . . . , n − p − p1, such that αTj′αj = 0,∀j′ = l + 1, . . . , n − p − p1 and

j = 1, . . . , l. Thus,

yT (M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1S(1)M 1)y

= yTR1(λ1R
T
1Q1R1 + I)−1RT

1 y
T

= yTR1

(
l∑

j=1

(λjkj + 1)αjα
T
j +

n−p−p1∑
j′=l+1

αj′α
T
j′

)−1
RT

1 y
T

> yTR1

(
n−p−p1∑
j′=l+1

αj′α
T
j′

)
RT

1 y.

Thus yT (M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1S(1)M 1)y > 0 with probability 1. It reduces

to the same case as in SSE > 0 and the discussion from (B.19) to (B.21) follows. The

integral on the right-hand side of (B.18) is proper if a < 2 and 2(k1− p)− p1 + 4a > 8.

3. SSE = 0, and Colsp(S(1))
⊕

Colsp(V 1) = Rn.

It is noted that in this case k1 ≥ n−p−p1. Recall that we definedR1 as an n×(n−p−p1)

matrix such that RT
1R1 = I and RT

1S(1) = 0. By (B.1),

M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1ST(1)M 1 = R1(λ1R
T
1Q1R1 + I)−1RT

1 . (B.22)

Next, we show that matrix RT
1Q1R1 is of full rank. Since Colsp(S(1))

⊕
Colsp(V 1) =

Rn, then there exist (p+ p1)× k1 and (n− p− p1)× k1 matrices A1 and A2 such that

R1 = S(1)A1 +V 1A2. Further, RT
1R1 = RT

1V 1A2, thus we know that rank(RT
1R1) =

(n − p − p1) ≤rank(RT
1V 1) ≤ (n − p − p1), i.e., rank (RT

1V 1) = n − p − p1. Then,
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RT
1Q1R1 = (RT

1V 1)(R
T
1V 1)

T is positive definite.

Using (B.22) and the fact that RT
1Q1R1 is positive definite, we know that there exist

some constants ξ′′ and δ′′ such that

yT (M 1 −M 1S(1)(S
T
(1)M 1S(1))

−1S(1)M 1)y ≥ δ′′

ξ′′ + λ1
(B.23)

and further

∫
f1dd0dg0db0dg1dd1dσ2dλ1 ≤

∫ ∞
0

C(ξ′′ + λ1)
(s+a+N−p

2
−3)√

|M−1
1 |
√
|STM 1S| 4

√
|ST1H1S1|(λ1)a−1

dλ1

(B.24)

For the integral on the right-hand side of (B.24) to be proper, we need a− 1 < 1, i.e.,

a < 2, and k1
2
− p

2
− p1

4
− (s+ a+ n−p

2
− 3) + a− 1 > 1, i.e., 2(n− k1) + p1 + 4s < 4.

Combining a similar argument for f0 in (B.10), the conclusion in Theorem 1 can be

obtained.

Full conditional distributions in Gibbs sampller

Suppose our current state variable U = 1. Gibbs sampler is used to generate sample of

θu according to fu. To do that, we derive the set of full conditional distributions from the

posterior joint density of (d,d1, z1, b1, σ
2) in the case of no repeated measurements as follows.

• d|. ∼N ((STS)−1ST (Y − V 1z1 − S1d1), σ
2(STS)−1).

• d1|. ∼N ((1/σ2+1/(g1σ
2))−1(ST1S1)

−1ST1 (y−V 1z1−Sd)/σ2, (1/σ2+1/(g1σ
2))−1(ST1S1)

−1).

• z1|. ∼N ((I/b1 + (V T
1V 1)/σ

2)−1V T
1 (y − S1d1 − Sd)/σ2, (I/b1 + (V T

1V 1)/σ
2)−1).

• g1|. ∼ Inv-Gamma(αg1 , βg1), where αg1 = αu + p1
2
, βg1 = βu +

dT1 (ST1 S1)−1d1
2σ2 .
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• σ2|. ∼ Inv-Gamma(ασ2 , βσ2), with ασ2 = n+p1
2

+s−1, βσ2 = (y−Sd−S1d1−V z1)TW−1(y−Sd−S1d1−V z1)
2

.

• f(b1|.) ∝ 1

(b1+b2)ab
k1/2
1

exp
(
−v

T
1 v1
2b1

)
. In order to take samples from the above distribu-

tion, we use the rejection sampling method. We use C0 to denote a predefined large

constant, e.g., 10000,

– If b1/(
vT1 v1

2
/(k1

2
− 2)) >= C0, we use the proposal distribution Inv-Gamma(k1

2
−

1,
vT1 v1

2
).

– If b1/(
vT1 v1

2
/(k1

2
− 2)) <= C0, we use the proposal distribution Inv-Gamma(k1

2
+

a− 1,
vT1 v1

2
).

The case with U = 0 can be similarly derived. The initial values of d, d1, z1, d0, and

z0 can be set as the respective ordinary least squares estimates. The initial values of b1, b0,

and σ2 can be provided using a random sample from Unif(0, 1). The initial values of U can

be provided using a random sample from Bernoulli(0.5).
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