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ABSTRACT

The paper deals with the following Northeastern Puerto Rico Ecosystem
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Our aim is to approach the existence of periodic solution under nonautonomous assumption
by using the method of Leray-Schauder degree, and the global asymptotically stable under
autonomous assumption. Our global asymptotically stable results partly generalized [Patrick
De Leenheer, Simon A. Levin, Eduardo D. Sontag, Christopher A. Klausmeier, Global sta-
bility in a chemostat with multiple nutrients, J. Math. Biol. 52 (2006), 419-438] from v = D
tov>D.
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CHAPTER 1

INTRODUCTION

Ecosystem is an interesting topic. Recently, it attracted more and more interesting along
with the global climate change and enhence of circumstance protection. In this paper, we

discuss the following Northeastern Puerto Rico Ecosystem,

AN __ ay [ChIN
@ == N)v—
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dt PAR.. +PAR' N§__ F|Ng|®
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where N is the inorganic Nitrogen in water, [Chl] is Chlorophyll in water plants, Np is
the Nitrogen concentration in water plant, PAR is the sunlight function; (I, v, &, «, ay,
Ky, pt, PARiny NBmin, d, v, D) are parameters, where v is the velocity of water, I is
the Nitrogen concentration in upstream water, d is the deepth of water, constants ay and
Ky are the units of periphyton maximum uptake rate and half saturation constant, D
is the mortality and scouring rate, for example, passed away or consumption by aquatic
insects and their subsequent consumption by shrimp and fish. This paper investigates the
existence of periodic solution under nonautonomous assumption by Leray-Schauder degree,
and the global asymptotically stable under autonomous assumption. Moreover, our global
asymptotically stable results partly generalized the main results of [3] from v = D tov > D.

The rest of the thesis is organized as follows. Chapter 2 introduce some preliminary.
Chapter 3 gives the existence of periodic solutions for non-autonomous system. Chapter 4
mainly discuss global asymptotic stability of the Nontrivial equilibrium point. Chapter 5
introduce the future work: the application of the Ecosystem to the Northeastern Puerto

Rico data.



CHAPTER 2

PRELIMINARY

At first, we discuss the sign of solutions, because the natural phenomenon should be a positive
solution. So in this chapter we assume that the initial value is positive.
If (S) has a solution (N, [C'hl], Ng), then [Chl] must be a solution of the following ordinary

differential equation:

d[Chl] PAR |Ng|*" Np
= [Chl —¢) - DJ.
U <PARgﬁn T PAR NG AN C
Solving it, we get
t PARY |Ng|*™" N
= . — - D
[Chl|(t) = [Chl](0) exp/O 1 <PARZnin FPAR NG+ [Ng[" § ds,

which implies that [Chl](tf) must be the production of initial value [C'hl](0) and an expo-
nential function. Thus [C'hl|(t) will always keep the same sign or zero with its initial value.
Based on the biology interesting, we may assume that [C'hl] > 0.

From the first equation of (S) and the positivity of [Chl], we have

dN

an [ChIN
e (I—N)v—

— ———>1v>0when N <0

d Ky +|N| =077V =m

so it is not hard to check that N(t) is an ultimate positive function, i.e. N(t) > 0 for large
enough ¢. Therefore, if N(0) > 0, then N(t) > 0 for any ¢ > 0.

From the third equation, we have

dNg  axN PAR |Np|*" Np ayN
= — i 7 a—&|Np> —rp >
dt ~ Ky+N PAR!. + PARY NS . + |Np| Ky+ N

min

0

when Np = 0. Therefore, if Ng(0) > 0, then Ng(t) > 0 for any ¢ > 0.
Therefore, in the following, we only need to discuss the positive solutions of (S) unless

otherwise specified.



2.1 DEFINITION OF STABLE

Definition 2.1 (Limit Cycle): Limit cycle is a closed trajectory in phase space.

Definition 2.2 (Equilibrium): Equilibrium is the condition of a system in which all

competing influences are balanced.
In this chapter, we mainly focus on the nonautonomous system.

Definition 2.3 (Stable Property): An equilibrium is considered stable (for simplicity
we will consider asymptotic stability only) if the system always returns to it after small
disturbances. If the system moves away from the equilibrium after small disturbances, then

the equilibrium is unstable.

On the existence and stable property of Equilibrium Point and Limit Cycle, we prefer

the following two Theorems (see [2]).

Proposition 2.4 (see [2, Theorem 1]) (First order averaging method) Consider the

differential system
d

%x(t) =cf(t,z) + &gt z,¢), (2.1.1)

where f: R xQ = R" g: R x Q x (—¢f,e7) — R"™ are continuous functions, 7T-periodic in

the first variable, and €2 is an open subset of R™. Define f°: Q) — R" by

PE =g | s

and assume that

(i) f and g are locally Lipschitz with respect to x;



(ii) there exists b € Q such that f°(b) = 0 and a neighborhood V' C Q of b in which
fO(z) # 0 for all z € V\{b} and dp(f°,V,b) # 0 (where dg(f°,V,b) denotes the Brouwer
degree of f° in the neighborhood V' of b).

Then, for |e] > 0 sufficiently small, there exists an isolated T-periodic solution ¢(-,¢) of

system (2.1.1) such that ¢(b,0) = b.

Proposition 2.5 (see [2, Theorem 2]) Assume that the functions f and g of (2.1.1) are
C' and Lipschitz respectively in a neighborhood of the limit cycle ¢(-, &) given in Theorem
1 by the simple zero b of f° then for |¢|] > 0 sufficiently small if the eigenvalues of the
Jacobian matrix of f© at b all have negative (respectively positive) real part, then the limit

cycle ¢(-, €) is asymptotically stable (respectively unstable).

Sometimes, we consider stable of the following n dimensional autonomous problem,

dz
— = R" 2.1.2
and its Equilibrium Point x = p € R".

In our system, (N, [Chl], Ng) = (a1, az, az) is an Equilibrium Point if and only if

(I-N)vy— [ChIN

d KntIN|] —

1 (T PARY INg|*"'Np ¢\ _ _
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Consider the system (2.1.2), and we denote the solution as x = ¢(t, q).

Definition 2.6 (Lyapunov Stability): The equilibrium point p is said to be stable if
given € > 0 there is a § > 0 such that || ¢(¢,q) — p ||< € for all £ > 0 and for all ¢ such that
| p—q ||[< . If  can be chosen not only so that the solution p is stable but also so that
¢(t,q) — p as t — oo, then p is said to be asymptotically stable. If p is not stable it is said

to be unstable.



Proposition 2.7 (see [1, Theorem 8.4.3]) Suppose the C! system (2.1.2) possesses the
equilibrium point p and put G = f,(p). The origin is asymptotically stable if the real part of

every eigenvalue of GG is negative. It is unstable if any eigenvalue of GG has a positive real part.

Note: If a linear system has a zero real part, then it is stable, but it is not asymptotically

stable.

2.2 NECESSARY CONDITIONS FOR THE STABLE PROPERTY OF SYSTEM ()

In this section, we consider the stable property of system (.5).
We discuss the stable property of (S) in the following two cases:
Case (i) We assume the lightness PAR € [PARg, PAR] is a constant, where

PARg = min PAR(t) and PAR;, = max PAR(t).

te[0,T] te[0,T]

Case (ii) We assume the lightness PAR is a function of normal sunlight.

Notice that in the Case (ii), we consider of applying f°(z) = T fo (s,2)ds to replace
f(s,2), so we only need to consider PAR (sunlight) is a constant value function, and take
value in the interval [PARg, PARy).

Let us consider the equilibrium point of (S) at first,

ay [CRIN
(I = N)v = remm =0,

(D)3 [Chl] [u (C% - g) - D] — 0,

B min

ayN INg|*"'Ng _
Kn+IN] “(C*Na e &) Ne =0,

B min

where C, € [PARg, PARy) is a constant.

T PARY dt
T 0 PAR’. +PARY

min

In this section, we assume C, =

Notice that we consider positive solutions here. We make the following assumptions

C. > &+ D/p, (2.2.1)
1/«
ay > D ((gji{’“‘) DB/I:H> , (2.2.2)



Ky

€+D/wnNg Y
CYN/D <—C*—€—DB//J > -1

>

(2.2.3)

Note that [C'hl] # 0. Solving (I), we obtain the equilibrium point as follows

Na o Ngmin _ (5 + D//‘L>N§m1n
B - C* - — — ’

Ny = ((5 + D/M)Ngmin>1/a (by (2.2.1)),

Ci—&—D/p
(€+D/wNg 0\
KNDNB KND( C*—g—DB/,u )
N = oA = o= (by (2:22)),
an B, _D<(§+D/H)N§min)
N C.—&—D/u
dv(I — N) _ dv(l — J00)
Ch = —p5—= A (by (2.2.3))

ol 1 K
- “\DN;  an— DNj

J I Ky
= v —_
(€+D/wNg .\ (€+D/wNg o\
D ( Co—¢-D/i ) any =D < Co—¢-D/n )
Denote I' = p (C'*NQN—%NQ — §>. Use the notation similar to (2.1.2), the Jacobian matrix
B min B

is as follows

ofr of1 of
ON O[Chl] ONg

J = fs _0fs  Of
N 9[Chl] 8Np

9fs Ofs Ofs
ON O[Chl] ONp

_p— on [CMIEN _an N 0
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(Kn+N)? (NG min +NB)?

We consider the following eigenvalue problem

] — M| = 0.



Note that u <C’*ﬁ — §> = D at the equilibrium point, we have
ay |[ChllK a N
U= Rz A T RN 0
Odvﬁ(_ljv&min —
0 —A [ChluC, (N]‘;‘,Bmin-&-ﬁ/g)? =0,
ay K CraNg . N3
K+ V)? 0 —D — g B — A
i.e.
an [Chl]KN < ,LLC*OKNE : Ng )
0 = (—1v————7""—-N) (=N |—-D— i - A
o e v MY (N + N5)?
anKy ay N aNg 'Ng .
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we have
AA+21)(A+22) +=0. (2.2.5)

If £ = 0, we can see that (2.2.5) has three nonpositive real solutions, 0, —x; and —xs.
Without loss of generality, we may assume that x5 > z1(> 0).

If e > 0 is very small, (2.2.5) has three nonpositive real solutions around 0, —z; and —zs,
but the largest one is a little smaller than 0, the smallest one is a little smaller than —z5.

Take the first derivative with respect to A on the left hand side of (2.2.5) and let it be 0,

we have

3/\2 + 2(1‘1 + .172))\ + 2129 = O,



and we obtain the local minimum and local maximum point of A(A+z1)(A+ ) as following

—(z1 + 39) £ /22 + 23 — 7177

A= 3
Let A\, = _(m1+x2)+\ém(< 0) and
g1 =M\ + 1)\ + 29), (2.2.6)
it is easy to see that (2.2.5) becomes
A=X)A=X)?+e—¢g =0, (2.2.7)

where Ao(< A1 < 0) is another solution of A(A + z1)(A 4+ z2) + &1 = 0.

Further analysis will show that, if e —&; > 0 is very small, (2.2.7) will have two conjugate
complex solutions both have negative real part.

In fact, (2.2.7) will have two conjugate complex solutions a + ib and a negative solution

A3, if e — &1 > 0. So we have

0 = (A=X)(A— (a+ib)(\— (a—ib))
= (= A)((A—a) —ib)((\ — a) +1id)
= = A)((A—a)?+b?)

= AN — (2a + M)A\ + (a® + b* + 2a03)\ — Az(a® + b?).
Compare the coefficients of the above express and (2.2.7), we have

2a—|—/\3 = )\2"‘2)\1,
a? + 0% +2ads = A 42\ ),

)\3(@2 + b2) = )\%)\2 — (E — 81).

When e —¢; = 0, it is easy to see that b = 0 and a = A\ (< 0), A3 = A\2(< 0). Ife—g; > 01is
very small, then A3 < Ay, but A3 > Ay +2); since a < 0. It is easy to see that dA3/de < 0 and

A3 — —00 as € — +00. So there exists a €9 > 1 > 0 such that, if € > &9, then a becomes



positive. Thus (2.2.7) haves two conjugate complex solutions both have positive real part.

And if € = g5 (< &2), then we will have a = 0 (< 0). That means

Az = Ag+ 2,
o= A2,

/\3[)2 = )\%)\2 — (62 — 51).
So we have
€9 =¢€1 + )\%)\2 — ()\2 + 2)\1)()\% + 2/\1)\2) = &1 — 2)\1(/\2 + /\1)2. (228)

Thus, we have the following lemma.

Lemma 2.8. Assume (2.2.1)-(2.2.3) satisfied. There exist two critical values, £, and &9
which satisfy

(i) If 0 < & < &4, there are three negative eigenvalues, then system (S) is asymptotically
stable near the equilibrium point provided (S) is autonomous.

(i) If &1 < € < &9, there are one negative eigenvalue, and two conjugate complex eigen-
values a £ ib both have negative real part a, then system (S) is asymptotically stable near
the equilibrium point provided (S) is autonomous.

(iii) If € > e9, there are one negative eigenvalue, and two conjugate complex eigenvalues
a £ ib both have positive real part, then system (S) is unstable near the equilibrium point

provided (S) is autonomous.



CHAPTER 3

THE EXISTENCE OF PERIODIC SOLUTIONS FOR NON-AUTONOMOUS SYSTEM

In this chapter, we will discuss the existence of periodic solution of (S) by Leray-Schauder

degree method.

3.1 PRELIMINARY

In this section, we do some preparative for the existence of periodic solution.

At first, let us consider the following simple system periodic solution

dd_];[:hb
(S1)4 e _p,
5 =,

where h = (hy, hy, hs) € (C[0,T])*. Denote

mn@:Av@MWEMﬂ.

The periodic condition implies that

1
FF(h)(T) =0,i=1,2,3,

Let us denote C' = (C[0,T])*, and define

1 T
P:C—>C,u|—>u(0);Q:C—>C’,h|—>?/ h(s)ds, 1;: C — C, h — h,
0

and we denote

K(h)(t) = F((Ia — Q)h)(t), vt € [0,T].

10
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Also, denote Cr = {u € C'| u(0) = u(T)}.

Lemma 3.1 The operator K is continuous and send bounded sets in C' into relatively
compact sets in C.

Proof. It is easy to check that K(h) € Cr. Since
KY(1) = (I — Q)h. ¥t € [0.7),

K is a continuous operator from C' to Cr .

Let U be an bounded set in ', then there exists p € C, such that, for any u € C'

lu(t)| < p(t) on [0, T].

We want to show that K(U) C Cr is a compact set.

Let {u,} is a sequence in K (U), then there exists a sequence {h, }€ U such that u, =

/ p(t)dt‘ + T / p(t)dt .
t1 0

Hence the sequence {F((I; — @)h,)} is uniformly bounded and equi-continuous. By Ascoli-

K (hy,). For t1,t5 € [0,T], we have that

[F((Ia = @)hn)(t1) = F((Ia = Q)hn)(t2)] <

Arzela theorem, there exists a subsequence of {F'((I; — Q)h,)} which we rename the same,

which is convergent in C. This completes the proof. [

Denote u = (N, [Chl], Ng). We denote Ny(u) : C' x [0,T] — C the Nemytskii operator

associated to f defined by
Ni(u)(t) = f(t,u(t)) , a.e. on [0, 77, (3.1.1)

where f(t,u(t) = (f1(t,u(t)), folt. u(®)), fo(t,u(t))) and

ay [ChIN

filt,u(t)) = (I—N)U—jm,

PARY INp|*' N
2 Y o o 5 -D )
PAR). + PARYN&_. +|Njg

min

fa(tu(t)) = [Chi]
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ayN PARY [Np|" ™ Np
oy N — & Np.
b)) = o w (PARLHJFPAR” Nt N5 0) 7

Lemma 3.2 u is a solution of (S) if and only if u is a solution of the following abstract
equation

u=P(u)+ QNs(u) + K(Ng(u)). (3.1.2)

Proof. If u is a solution of (5), it is clear that u is a solution of (3.1.2).

Conversely, if u is a solution of (3.1.2), by the condition of the mapping P, we have
u(0) = P(u) + QNy(u) + K(Ny(u))(0) = u(0) + QN (u),
then QNy(u) =0, and by the definition of K, we have
u(T) = P(u) + QN¢(u) + K(Ny(u))(T) = u(0) + QNy(u) + 0 = u(0),

and

du

7 (la — Q)Ny(u) = Ny(u).

Therefore u is a periodic solution of (5). O

3.2 EXISTENCE OF PERIODIC SOLUTION

In this section, we give the existence of periodic solution.

Lemma 3.3 (see [4, Theorem 3.1]) Assume that €2 is an open bounded set in C' such
that the following conditions hold.

(1°) For each A € (0,1] the problem (S) has no solution on 9.

(2°) The equation

w(a) == %/OT f(t,a)dt =0, (3.2.1)

has no solution on 9Q N R3.

(3°) The Brouwer degree dg|w, 2 NR3, 0] # 0.

Then (S) has a solution in 2.
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Proof. Let us consider

U = AN () + (1~ NJQN; (u). (322

For any A € (0, 1], observe that, if u is a periodic solution to (5), we have necessarily
QNy(u) = 0.

It means that (3.2.2) and % = ANy(u) has the same solutions for A € [0, 1].

We denote N(-,-) : C' x [0,1] — C defined by
N(u, ) = ANy (u) + (1 — N)QNy(u),
where Ny(u) is defined in (3.1.1). Let

Qp(u,\) = Pu) +QN(u,\) + (K oN(u,\))

= P(u) + QNy(u) + (K o [AMIa — Q)Ny + QNy])(u),

the fixed point of ®¢(u, 1) is a solution for (S). Also, the problem (3.2.2) can be written in
the equivalent form

u=Pr(u,\). (3.2.3)

Since f is continuous, it is easy to see that N(-,-) is continuous and send bounded sets
into relative compact sets. According to Lemma 3.1 we can conclude that ®; is continuous
and compact for any A € [0,1]. Now from hypothesis (1°) it follows that (3.2.3) has no

solutions for (u, ) € 99 x (0,1] . For A = 0, (3.2.2) is equivalent to the problem

du

and if u is a solution to this problem, we must have

[ s upa=o (52.4)

Hence
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where | € R? is a constant. Thus, by (3.2.4)

T
| sea=o,
0

which together with hypothesis (2°), implies that u = [ ¢ 9. Thus we have proved that
(3.2.3) has no solution (u, A) on 02 x [0, 1], then we get that for each A € [0, 1], the Leray-
Schauder degree drs[Ii—P (-, A), 2, 0] is well defined and, from the properties of that degree,

we have

dps[ly — ®;(-,1),9,0] = dps[Is — (-, 0),,0]. (3.2.5)

Now it is clear that the following problem
u=ds(u,1) (3.2.6)

is equivalent to system (5), and (3.2.5) tell us that problem (3.2.6) will have a solution if we
can show that

dslla — ®y(-,0),9,0] # 0.
Since
Or(u,0) = P(u) + QNy(u) + K(0) = P(u) + QNy(u),
and then

u— Dy, 0) = u — P(u) — QNy(u) = QNy(u).

By the properties of the Leray-Schauder degree, we have
dLS[Id - q)f(v 0)7 Qa O} = (_1>3dB[w7 an RS? 0]7

where the function w is defined in (3.2.1) and dp denotes the Brouwer degree. Since by

hypothesis (3°), this last degree is different from zero. This completes the proof. [J

Lemma 3.4 All the periodic solutions of (3.2.2) are uniformly bounded.

Proof. We suppose, on the contrary, i.e., we have an unbounded solution sequence

{tn, A}
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We prove our result in two steps.
Step 1. We assume {[Chl],,} is unbounded in C[0, 7.

By the second equation, we have

min min

PARY |Ng,|*" Ny, ¢\ -pla
P\ PAR +PAR' N3+ |Npi|° (-

[Chll,,(t) = [Chl],(0) - exp {/\n /Ot

Obviously, exp {)\n fg [u ( 5 ARf Af;p T ]\‘,]ZB”:]IVJETQ — 5) — D} ds} is bounded and

min B min
strictly positive on [0,7]. So we must have a subsequence (which we still denote it as
[Chl],,) satisfies [Chl],(0) — 4o0.

From the first equation, we can see that

ay [Chl].N,

I —N,)p— 2N 0t
( Jv d Ky +|N,|

= 0 at some point ¢, € (0,T).
Rewriting it, we have
N2+ (Ky — I+ Z—N[Chl]n)Nn — I Ky = 0 at some point t,, € (0,7),
v

so we get

N, = {— (KN I+ Z—Z[Ohl]n> + \/ (Kny — 1+ Z—Z[thw v 4IKN} /2,

then the positive solution is

N, = [4IKN/ <(KN — I+ Z—Z[Chl]n) + \/(KN I+ fl—g[ohz]n)z + 4[KN>} /2
~ IKy/ (Z—N[C’hl]n> at some point ¢, € (0,7)).
v

When [y — @ [ChnNn 0, we have

d Kn+|Ny| =
ay [Chl],N,
I —Npy)v— ———"7"7—< —N,yv <0,
so, N, must decrease, we get
d Ky + |Ny|
which implies
TvdK 2Ivd K
N, < veAN vasn when n is large enough.

"= ay|[Chl], — Ivd — ay|Chl],
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Based on the above inequality, it is easy to check that

Chl|,,N, .
Nyv < O?TN%W when n is large enough.
N n
When n is large enough and %I v — ‘“TN% > 0, it is easy to check
ay [ChlIN, 1 ay [ChlIN, 1
I-N)v————7"—= =l ——— —Iv—Nyv | >0,
( Jv d Ky +|N,| 2T Td Ky + [N, G °
then N, increase. So we conclude that
N > IUdKN

"= 2an[Chl), + Tvd

Therefore, we have
I’UdKN 2I’UdKN

N <N, <
3an[Chil, = "~ an[Chi],

which implies
Cl C'2
—— <N, < ———.
[Chi].(0) =" = [Chi],(0)

Now, we analysis the third equation. If

EN[ChI],(0) = "\ PARy, + PARY Ng o + [Npul"

anCs  _ ( PAR |Nga |t Ng,, 5) N,

then we have

Ky + [N, "\ PAR). + PAR'Ng&_. + |Ng,|*

min

N, PARY Ng,|“ ' Ng,
oy M( | Bl b €>N3n§07

and Npg, should decrease, then we get

Ng, < ——N>2 3.2.7
PAR) .+ PAR' N2 _. + |Np,|* Br = Ky [Chl],(0) (3.2.7)

PARY |Npa|*™" Ng, 205 Ch
[ —¢

. . PARY INgn|* "'Npn
We claim that llln_lwsrgopu (PARg,inJrPARv NE o TN ¢) <0on[0,T].

We suppose the contrary. Without loss of generality, we may assume that there exists

{t,} C [0,T] and a positive constant &y such that

PARY Npn|* ' Ng,
K Y |aB | £ a(tn)_£ > €o,
PARmin + PARW NBmin + |NB7L|
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then it is easy to check that

PAR!. + PAR 3 le . o
NBn(tn> > ( PARY (tn)NBmin€0/M) > (NBmingo/:u)l/ .

Thus

PARY |Ng, | Ng,
P\ PAR + PARY NG+ [Npa|®

min

- 5) NBn(tn) Z €o (Ngminfo/u)l/a .

min

This is a contradiction with (3.2.7).

Therefore lim supu PARY Nl ¢} <0 on [0,T].
n—+00 PAR i, +PARY N i, +H N -

This is impossible for a periodic solution, because in the second equation, [C'hl] will keep
decrease when n is large enough.

Step 2. We assume {[Chl],} is bounded in C0,T].

It is easy to see that N,, < I, then {N,} is bounded in C|0, 7.

Since {u, } is unbounded, { Np, } must be unbounded. We assume N, (t}) = H[lil%]N Bn(t),
telo,

Npn(t,) = II%&%{]N pn(t) — 400 as t, — +oo. Without loss of generality, we may assume
telo,

<t

By the third equation, we have

dNBn < CYNN O[N]

N < N0
@ S Ry NS T

4 11€Ngy := a + bNp,,.

Notice that Np,, > 0. Thus

dNpy, b <
dt a—+ bNBn -
Integrate from ¢} to t,, we have
Thus
a+ bNBn(t;kl) o
namely

a+bNp,(t,) < e la+bNp,(t)].
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Since Np,(t,) = 400 as t, — +00, we have
Npn(t:) — 400 as t, — +00. (3.2.8)

By the third equation it is easy to check that

‘NB’a_l NB ZOéNI
C, __¢|Ng< . 3.2.9
ﬂ( NE min + [ V5] : P Ky+1 (3:2.9)

Note that & < C, by (2.2.1). We get a contradiction from (3.2.8) and (3.2.9).

Therefore, all the solutions of (3.2.2) are uniformly bounded. [J

Remark 1. In the proof of Lemma 3.4, if we always have ¢} > t,,, we can integrate from

tr tot, +T. For the periodic solution, we will get the same result.

Theorem 3.5 (S) has a periodic solution if PAR(0) = PAR(T) and (2.2.1)-(2.2.3) are
satisfied for C, = % OT %dt.

Proof. Denote ) = (]RJF)3 N B(0, R) where R is a large enough positive constant. By
Lemma 3.4, we know that (3.2.2) has no solution on 99 for any A € (0,1]. For A = 0,
we know that w(a) = %fOT f(t,a)dt = 0 has only one solution. Therefore w(a) = 0 has
no solution on 02, and dglw, §2,0] # 0. According to Lemma 3.3, (S) has a solution u on
[0, T]. Since the system is nonautonomous, the equilibrium is not a solution, the solution is
a nonconstant solution which satisfies u(0) = u(T"). Since PAR(0) = PAR(T) and the other

coefficient in this system are constant (periodic-T"), so we have u'(0) = u/(T), then u is a

periodic solution of (S). Obviously, the periodic solution is a limit cycle. O



CHAPTER 4

THE GLOBAL ASYMPTOTIC STABILITY FOR AUTONOMOUS SYSTEM

In this chapter, we discuss the stability for autonomous system, namely, we assume PAR
is a constant-valued function, and discuss the stability for solutions of (S). We show that
system (S) has at most 2 equilibria, one corresponding to extinction of the organism which
always exists, and possibly a second one corresponding to the presence of the organism.

Denote

P = {(N,[Chl],Ng) € R*|N,[Chl], Ns > 0},
Pt = {(N,[Chi],Np) € R*|N,[Chl], Ng > 0},
PHM > Z)={(M,Z,[Chl]) € R*M > Z > 0,[Chl] > 0},

P, = {(N,[Chl], Ng) € R}N,Ng > 0,[Chl] = 0}.

4.1 UNIQUE EXTINCTION EQUILIBRIUM POINT

In this section we consider (S) on P;.
Lemma 4.1. System (S) has a unique extinction equilibrium point on P;.

Proof. We assume [Chl] = 0, then (S5) becomes

2
dNg _  anN INg|* !N
i = KNN+|N| — K (C* Ngjinwv;a - 5) Np.

Solving it, we get the unique equilibrium point

N =1I,Ng = Np,

19
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where N} is the unique nonegative solution of

I Ngl“ ' N
an M<CyB| 5 g)sz:o.

Ky+1 NG o+ INg[*

B min
Theorem 4.2. The unique extinction equilibrium point of system (S) on P; is locally
asymptotically stable.

Proof. By computation, we get the Jacobian at the quilibrium point as following

y —v 0
0 — «@ 2
oCNI<N _ (a+1)Ngmin|NE| +|NE
(Kn+I)* HC. (N5 mintN5[7)? g

We consider the following eigenvalue problem
|Jo — M| =0,

i.e.
—U— A 0

an KN —uC' (O‘+1)Ngmin|NE|a+|N§ 2
Ent1)? T (NG i tINE[)2

B min

=0,

+puE— A

i.e.
(0 + NG in NS + [N ™
(—U _ )\) —/LC* ! min —
(NG min T [NB[7)?

B min

+,u£—)\) =0.

Thus we get two eigenvalues

(@ + 1)Ng i N[ + N5 N3
)\ = — ,/\ = — C* mm a + S - C* o )
1= U= (NG, + N2 e s i\ Gy NS

B min B min

both are negative. By Lemma 2.8, the unique extinction equilibrium point (I, Nj) on Py is

locally asymptotically stable on P;. [J

4.2 NONTRIVIAL EQUILIBRIUM POINT

In this section, we consider nontrivial equilibria of system (5), i.e. equilibria with [Chi] # 0.

Lemma 4.3. System (5) has at most one nontrivial equilibrium point in P*.
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Proof. Similar to the analysis of section 2.2, we can see that (S) has at most one

nontrivial equilibrium point in P*. [J

Lemma 4.4. The nontrivial equilibrium point of system (S) in P+ is locally asymptot-
ically stable if € < 9, and it is unstable if £ > €5, where € and e are defined in (2.2.4) and
(2.2.8).

Proof. According to Lemma 2.7 and Lemma 2.8, all of the three eigenvalues at nontrivial
equilibrium point of system (S) in P+ have negative real part, so it is locally asymptotically

stable provided € < e5; and two eigenvalues have positive real part provided € > 5, then

(S) is unstable. OJ

Lemma 4.5. If D is large enough, then every solution of (S) tends to P;. Moreover, (.S)

has no periodic solution.

Proof. By the first equation of (S), we have N < I. By the third equation, we have

% * a =
Ng .+ |N 1 .
Bmin | B‘ uc*m, if Np <1
1
< 2 Co—.
N OéN_Fu ‘]ngin—i_1

If D> 2oy + MC*W, we have

‘NB|0¢—1NB
C. 5 — - D <0.
'U/< Ngmin+’NB| 6

By the second equation of (5), we have

d[Chl] INg|"™" Ng
g~ Ch] [“ (C*NO‘ e ) TP

B min

so it is a contradiction with the property of periodic solution for any initial value in P+.

Therefore, there is no periodic solution. [
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Lemma 4.6. For any positive solution of (5), we have the following estimations:
(i) There exists a to > 0 such that N(¢) < 21 for any t > t;

(ii) If ¢ is large enough, then C*% ¢ > 0 provided (2.2.1);
Bmln

(iii) There exists a point t; > 0 such that

Np|*™ ' N
7 (C’ Nla Bl . |N§|a — 5) Ng(t1) < 2ay.

B min

Proof. (i) We claim that there exists a ¢ty > 0 such that N(ty) < 21.
We suppose the contrary. Assume N(t) > 2I for ¢ > 0. By the first equation of (5), we

can see
dN

T <({I—-N)v=—=(N-=1)v,Vt > 0.

Dividing by (N — I) and integrate from 0 to ¢, we have
(In(N = 1)) |§ < —vt,Vt > 0.
Rewriting it, we have
N(t) <I+e "(N()—1I) for any t > 0.

When t is large enough, it is easy to see that N(¢) < 2I. It is a contrary. Therefore, there
exists a to > 0 such that N(t) < 21.

By the first equation of (.5), it is easy to see that

@y:%I—AUv—%%

[ChI]N
dt Kx

<0if N> 1.
+ |V

Thus, N(t) < 21 for t > t,.

ii) Note that we only consider positive solution. If C, |iVB| = 0 at some point
N +\N \
B min
to, then
dNB CVNN ’NB|Q71NB 5 No>0att "
= — /,L - B a = lo,
dt KN+|N| N§m1n+|NB|a
and it is easy to see that C N'foB‘ " N | — &> 0 for t > ty. So it only remains to prove that
B min

there exists a point ¢; such that C’*]\,'fBl—MX( 1) —&>0.

B min
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We suppose the contrary. We assume

‘NBla—l NB
C, = —¢<0fort>0. 4.2.1
Ngmin—i_ ’NB| 5 ( )
Thus
N
B 0 for t >0,
dt
and
d
M <0fort>0.
dt

Thus it is easy to see that N has positive lower bound N;,. Therefore

dNp S N Nin
dt — Ky + Nyin

Therefore Ngp — +00 as t — +00. This combine (2.2.1) get a contradiction with (4.2.1).

a—1 a—1
Therefore there exists a point ¢; such that C' INBI" Np _ —& >0, then C;'NE"—NB —&£>0

* NgmierNB‘a NgmilfHNBI&
for large enough t.
(ili) By the third equation of (), we have
dNg |Ng|*" Ng
— < — C. = — Npg,Vt > 0.
o < ay M( Ngmin+’NB’ § B =
We claim that there exists a point t; > 0 such that
|NB’CM71 NB
C, = — Np(t1) < 2ap.
M( Ngmin+|NB| 5 B( 1>_ o
We assume the contrary, i.e.
|NB|a71 NB
C, = — Np > 2apy,Vt > 0. 4.2.2
u( N5 min + |N| ¢) Vo = zax 422)

By the third equation of (.5), we have
dNp |Np|* ! Npg
— < —u | C. = —&¢| N
= anN — < Ng [N § B

B min
< anN — 20&]\] = —&N,Vt 2 0.

Integrating from 0 to ¢, we have

NB(t) < NB(O) — aNt,‘v’t Z 0.
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It is a contradiction with (4.2.2).

Thus, there exists a point t; > 0 such that

Np|*' N
0 (C [N | LR 5) Np(t1) < 2ap,

*Na +’NB‘CM

B min

and it is easy to see that

( |NB|04—1 NB

*Na "“NB’Q_

B min

5) NB(t) < QOZN,Vt > tl.

So, there exists a positive constant C; such that
Np(t) < Cy,Vt > t. (4.2.3)

Lemma 4.7. The w—limit set of solution [C'hl] is bounded provided (2.2.1)-(2.2.3).
Proof. We prove this result in two steps.

Step A. We prove the existence of finite upper bound.

Step B. We prove the existence of positive lower bound.

Step A. We prove the existence of finite upper bound.

We assume the contrary, i.e. @w[Chl] (t) = +o0, then there exists a sequence {t,}

t—

satisfies: (1°) ¢, > n® and increase, (2°) [Chl](t,) = max [ChI](t), (3°) [CRI](t,) > netC-"".

te[0,tn]
We get a contradiction in three steps.

Step A-(i) [CRI](t) > n,Vt € (t, —n>, t,).

Step A-(ii) N(t) < %,Vt € (t, —n® + 2,t,), when n is large enough.

Step A-(iii) nhjgou <C*% — f) =0 for t € (t, — n® + 2 4+ n? t,) uniformly.
Step A-(i). We prove [Chl](t) > n,Vt € (t, —n>,t,).

From the second equation of (S), we have

d[Chl]
dt

< [ChpCy, Yt > 0.
Dividing by [Chl] and integrating from ¢ to ¢, we have

(In[Chl)) |im < pCy(t, —t),Vt < .
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Rewriting it, we have
[CRhI)(t) > [Chl](t,)e #Crtn=D) > perCen®c=nCan® — it e (£, —n® t,). (4.2.4)

Step A-(ii). We prove N(t) < %,Vt € (t, —n® + 2,t,), when n is large enough.
When n is large enough, for each interval (t, — n®,t,), if there exists t# € (¢, — n3t,)

such that
B 3lvdKyn
N non ’

N(t)

then (4.2.4) and the first equation of () implies

3TvdK Chl 3IvdK N
Ny = (- 2y, on O et
nayn d Ky + ;:TNN
(I SIUdKN) an TL%
e — U i S—
- noy d Ky+ %
3IvdKy 31v
= (I- Yo — s7g < —Iv when n is large enough.
no N 1 + m
Thus
3lvdK
N(t) < 292N v e (t#,1,).

noyn

Similarly, if there exists t# € (¢, — n?,t,) such that

N < 2Ry

noan

then

3lvdK
N(t) < T2 i e (#,t,).

no N

We claim that there exists t# € (t, — n3 t, —n® + %) such that

< 3lvdKyn

N(t7) , when n is large enough.

non
We assume the contrary, i.e.

3lvdK
s VAN
noan

2
N(t) vt € (t, —n® t, —n® + =), when n is large enough.
v



By the first equation of (5), we have

& S 0 Ky o Bk

noay

AN _ (,_ 3IvdKy ay [Chl]PTers
no N

3IvdKy
3IUdKN an TLT
non
3IvdK 31
= (I- ;}aNN)v 1T ;)Iﬂ < —Iv when n is large enough.
noyn

Integrating from ¢, — n® to t, we have

2
N(t) < Nltn =) = v [t = (tn = n*)] Yt € (ty =0ty =1 + =),

Notice that N(t) < 2I when n is large enough. The above inequality means
2 2
N(t,—n®+ =) <2l — Tv=<0.
v v

It is a contradiction.
Thus, there exists t# € (t, —n® ¢, — n® + 2) such that

3lvdKyn

N(t#) < =——=, when n is large enough.
noy
Therefore
3lvdK 2
N(t) < M,Vt € (t, —n* + =, t,), when n is large enough.
nay v
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(4.2.5)

Step A-(iit). We prove lim p <C’ INpI* N —§> =0fort € (t, —n*+ 2+ nt,)
n—oo

*NE _ FINg|”

min

uniformly.

When n is large enough, we claim that there exists t7# € (¢, — n® + 2,t, —n® + % + n?)

v
such that

3lvdK N

N a = 3IvdK
NB in + | NB| Ky + ==&

nay

N a—lN «
" (C’ |V B 5) Np(t#) < A, when n is large enough.

We assume the contrary, i.e. when n is large enough

3IvdK Ny

*
a
NBmin

—|—|NB|a KN"‘M?

u(C [N| b —§> Np(t) > —— 198 __ e (t, —n® + = t, —n® + = +n?).
(% v

noyn



By (4.2.5), when n is large enough, the third equation of () implies

AN anN Np|*™' Ng
Do = o (e e Ny
t KN+’N| NBmin—i_‘NBl
3IvdK y 9y n 3TV N
< non - nan
= Kut 31:;12@ Ky + 3I:Z§N
3IvdK y
N oy 2 2
— N e (=P o b — 0Pt = ).
KN + TNN v v

Integrating from t, — n® + 2 to ¢, — n® 4+ 2 +n?, we have

2
Ng(t, —n® + = +n?)

v
3IvdKy
2 ON = on
< Np(t,—n’+>)— ——22_—n?
3IvdKy
< O — M+—%n2 < 0 when n is large enough (by Lemma 4.6-(iii)).
noN

It is a contradiction. Thus, there exists t# € (¢, —n3 + %, tn —m® + % + n?) such that

3IvdK n

INg|*™" N 4 2oNTog
/.L(C*Na —|—|NB’a_€ NB(tn)S KN+3IUZKN’

B min nay

when n is large enough. Combining this and (4.2.5) we have

3IvdKn

N a—lN 200
M(C P 5>N3(t)< _rax

* Na + |NB|a - = Ky + 3IvdKy ’

B min nan
for any t € (¢, —n® + 2 + n? t,). This combines Lemma 4.6-(ii) implies

) |NB’a_1 Np
lim C. = — =0
noco ( Ng in + | NB] )

B min
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for t € (t, —n3+ % +n?,t,) uniformly. Substituting this into the second equation of (S), we

have

[Ng|"™' Np
C, = — —-D<0
“( N + INaI”

B min

for any t € (t, —n3 + % + n?,t,), when n is large enough. This is a contradiction with

[ChI](t,) = max [Chl](t). Therefore, lim [ChI](t) < +oo.

t€[0,tn] t—+o00
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Step B. We prove the existence of positive lower bound.

We assume the contrary, i.e.

lim [ChI)(t) = 0.

t—+o00

Since this is a positive solution and lim [Chl](t) = 0, there exists a sequence {t¢,} sat-
t——+o00

isfies: (1°) ¢, > n and increase, (2°) [Chl](t,) = min [ChI](t), (3°) [Chl](t,) < Le=(PHun,

te[0,tn]
We get a contradiction in three steps.
Step B-(i) [ChI](t) < L.Vt € (t, —n,ty).
Step B-(ii) N(t) > I, := 1+a[ for any t € (t, —n+ Z1nn,t,).
Step B-(iii) p (0% _ 5) > D, for any t € (t, — 2,t,).
Step B-(i). We prove [Chi|(t) < L.Vt € (t, —n,ty).
By the second equation of (S), we have
d[Chl]
dt

—[ChI] (D + p€) , ¥t > 0.

Dividing both side by [Chl] and integrating from ¢ to t,,

(In[CRI) [i* = — (D + pg) (ta — 1), Yt < 1.

Therefore

[ChUE) o (D)t
> HE(tn=t) it < ¢
Crij(t) ~° e

then

1
[ChI)(t) < [Chl](t,)ePTHEn=t) < <D+ﬂf>"e<D+ﬂ€>"=E,we(tn—n,tn). (4.2.6)

3|*—‘

Step B-(ii). We prove N(t) > I, == ;—é[, for any t € (t, —n + %lnn,tn).
By (4.2.6), the first equation of () implies

AN ax [ChIN
S (I- Ny ¥
dt ( e I e

> (I N1+ ndUKN)) V= (1 ~ N(1+ %)) UV E (ty —myty).  (4.2.7)
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1
We claim that there exists a point t}, € [t, — n,t, —n+ % Inn] such that N(&}) > Ly

We assume the contary,

1

1 1
N(t) < IVt € [t, —n,t, —n+ —lnnl.
1+ﬁ v

Rewriting (4.2.7), we have

d[(1+2)N —1I] /dt " 1
T—ronn 2 UHw Ve t—nty—nt Jlon).

Integrating from ¢, — n to t, we have

i (T (U IN) > (4 Solt = (b= )] VE € (=t =t ! “inn).

Rewriting it we have

I—(+2N(t) < ettt [ (14 2)N(t, —n)
n n
1
< ettty vy e (t, —n, (t, —n,t, — n + Inn)).
Therefore
(1 — e-vlt—(tn—n))) .
N(sp+71)> 079 LVt € (t, —n, (t, — n,t, —n+ — lnn))

It is a contradiction. Thus, there exists a point ¢} € [t, —n

Nwm_17

tn —n + 1nn] such that

We claim that N(t ( ) >

—1+7 t, —n+ Llnn,t,].

Assume N(t}) = 1+a £ Tt is easy to see that

dN a
I—(1+—)N(t; = — :
> (1= W+ DN () ) v == >0

Assume N (1}) > 1 +a 1% 1. If there exists ton € (t%,t,) such that

1-1
N(to,) = ] = in N(t).
(fon) = el = Jain, N )
Then N'(to,) < 0. It is easy to see that
dN a Iv
al >1-1-Nﬁ>:—>0
i, = (1= A+ DN ) v ==
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1
w ] for any t € t, —n+ Llnn,t,].

It is a contradiction. Therefore, N(t) > 1

Denote

1
sy =t, —n+—Inn. (4.2.8)
v

We have t,, —s; =n — %lnn — +00. Thus

1

nT Ve (55 t,). 429
e € (sp,tn) (4.2.9)

n

N(t) > I, :=

Step B-(iii). We prove p (C*% — §) > D, for any t € (t, — %,t,), when n is
large enough.

Now, let us consider the third equation of (5).
By (4.2.9) and the third equation of (5), we have

dN I, Ng|* ' N
B an — (C’ [Ny B f) Np, for any t € (s;,t,).

> * a
e — KN+[” Ngmin—i_‘NBl
Denote by C,, the positive solution of (C*#jﬂa —¢& ) x=(1— \/LH)I;"NN—& Obviously,
C, } is bounded. We claim that there exists t* € (s, s’ + WnEN+1)Cn ) qych that
n n’°n anln
|NB|OC_1 NB 1 OéN]n

C, s —&¢|Ng(t)>(1— —=)——.

”( N 1N ) Vo) 2 0= D00 0

We assume the contrary.

It

IN5|*' Np 1. anl, 2n(Ky + 1,)C,
C, ~—&|Ng<(l-—=)—"- Vte (s, + ,
M( Ngmin+|NB| § o ( \/H>KN+In ( anly, )

(4.2.10)
then the third equation of (S) implies

dNB 1 OéNIn

S 2y/n(Ky + 1,,)C,
dt — 2y/nKy+1,

aNIn

),

NVt e (s, sh +
then
Np(t) > Ng(t) — Ns(s;)

1 CMNIn
2\/ﬁKN + 1,

2yn(Ky + 1,)C,

aNIn

(t—sy),Vte (s, s+
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This means
2vn(Ky + 1,,)C,

N *
B(S + anl

n

By the definition of C,,, it is easy to see that

|Ng|* " N 20/n(Ky + 1,)C, 1. anl,
" = — & | Np(sh + >(1—-—=)——.
M( Ngmin+|NB| 5 B< aNIn ) ( \/_)KN+In
This contradict with (4.2.10).
Thus, there exists t* € (s, st + M(Iofz—;rf)c") such that
|]VB|OC_1 NB 1 OéNIn
C. s —&¢|Np(t) > (1 — —=)———,
“( N 1N ) Vo) 2 0= R0 0

and then

|NB|a_1NB 1 OéN]n
C. S Np> (1 — —=) = Ve (8t
”< N2 4 |Ng| §)Np = ( \/ﬁ)KNJrIn (tn, tn)

B min

Therefore, when n is large enough, we have

Nzl ' N anl 2v/n(Ky + I1,)C,
H * |a B| Ba_§ B~ al ,VtE(SZJF \/_( al )
NBmin+|NB| KN+‘[

By (2.2.3), we have

avl <<s+ D/u)Ngmm)”“_

.. . * n n)Chn
Combining above results, when n is large enough, for any ¢ € (s + w@fﬁ—ﬁ), tn), we
have
[Ng|"™' Np an! ((5 + D/p)NG )Ua
C. = — ¢ | N = > D T ) 4.2.11
Iu( Ngmin—i_‘NB‘ g b KN+I C*—f—D/lu ( )
Denote
xr = C* a )
a ( Ngmin + |NB| g
then

Ny = ((£+x/u)N}§mm)”a
7 Ci—&—x/p '
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Thus we can rewrite (4.2.11) as

(£+x/u)N§min Ve (€+D/M)Ngm1n
x( C.—€—/p ) >D< C.— - D/u

Obviously, x > D, Vt € (s} + M(KN—H")O", tn,) when n is large enough. Therefore

anln

Ngl“ ' N o0/n(Ky + 1,)C,
xzu(C | N| b g>>D,Vte(s;;+ V(K + )C,tn),

2vn(Ky + 1,,)C,
OZN[n

1/a
) Yt e (s; + ).

"N+ [NB[* anl,
when n is large enough.

Thus [Chl] should strictly increase in the interval (s + M(?;—;'fm,tn), where s is
defined in (4.2.8). This is a contradiction with (2°): [Chl](t,) = tér[%)%g][Chl] ().

In conclusion, lim [Chl](t) > 0. O

t—+oo
Lemma 4.8. The w—limit set of N and N are bounded provided (2.2.1)-(2.2.3).
Proof. According to Lemma 4.6 and the Step A of proof of Lemma 4.7, N and Np

have finite upper bound. According to the analysis of Lemma 4.7, [C'hl] has an upper bound
M > 1.

We claim that there exists t; > 0 such that
1 MN
U< <NU + a—N—> (t2).

We assume the contrary, i.e.

%” > NU—l—O?TNK.NM—]\?]\”,Vt>O
Then we have
%: (I =N) _%NK[STCTW = _%U_ Izv
Thus
N(t) > N(0) + %Ut.
Therefore

N————
=
(V4

4
=
=
Vv
E
o
~
vV
~
<
<C
o~
V
< |
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It is a contradiction. Therefore, there exists to > 0 such that

Iv an MN
U (N AN Y gy,
2-( +dKN+|N|>(2)

It is easy to check that

I MN MN
Y < (NHO‘—N—) (t) < (NU+Q—N—) (t),V > ta.

2 d Ky + |N]| d Ky
Thus
N(t) > Iv V>t (4.2.12)
= P , V. = 19. /R
2(v + 4 )

By the third equation of (S) and (4.2.12), when ¢ is large enough, we have

+
),
Nl ' N 1 N
M(C | B| B f)NB S = QN

Iv
L 1 meEED
2KN+W

Similar to the proof of Lemma 4.6, we can get a positive lower bound of Ng such that
I (C*% — §) also has positive lower bound when ¢ is large enough. [J

B min

Theorem 4.9. For any initial value in P, every orbit has compact closure in P*
provided (2.2.1)-(2.2.3).

Proof. Combining Lemma 4.7 and Lemma 4.8 get this result. [

Proposition 4.10 (see [5, Theorem BJ). Suppose that the following conditions hold:
(a) X =R, or R, or [[p, q]],

(b) f is monotone, i.e. % >0 for i # 7,

(c) every forward semi-orbit has compact closure in X; and
(d

) there is a unique equilibrium p of (2.1.2), and it is asymptotically stable.

Then the equilibrium point p is globally asymptotically stable.
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Theorem 4.11. If v > D, and the unique equilibrium point of (S) is asymptotically
stable, then it is global asymptotically stable provided (2.2.1)-(2.2.3).

Proof. We make the transformation,

Npg - [Chl]
d )

Z = Ng-[Chl].

M = N+

So, we have

dM v—D
S =1Iv—uM + =7,

(83){ % =—DZ+ [Chllan 50 %73

8 00 [ (s )]

Let us check the conditions of Proposition 4.10 one by one.

It is easy to check that the map P* — P*(M > Z) : (N, Ng, [Chl]))—(M, Z,[Chl)) is
one to one and inversable, so (a) is satisfied.

Notice that v > D. It is easy to see that (S3) is monotone, so (b) is satisfied.

According to the Theorem 4.9, (c) is satisfied.

According to the Lemma 4.3, (d) is satisfied.

In conclusion, (M, Z, [Chl]) is global asymptotically stable in PT(M > Z). Therefore,
(N, Ng, [Chl]) is global asymptotically stable in P*. [J

Remark 2. (i) If D = 0 = &, it is easy to see that % doesn’t change sign, so the
system will blowup as t — +00, i.e. [Chl|(t) — 400 as t — 400 for any positive initial value
of [Ch].

(ii) According to the continuity of the solutions dependent on the parameters, it’s hard

to get a periodic solution for (S) under autonomous assumption.

4.3 BOUNDEDNESS OF SOLUTIONS

In this section we assume & = 0. Similar to the proof of section 3, we prove that all the

solution of (3.2.2) are uniformly bounded.
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Proposition 4.12. All the solution of (3.2.2) are uniformly bounded.

Proof. We suppose, on the contrary. If we have an unbounded solution sequence
{(un, An)}-

We prove our result in two steps.

Step 1. We assume {[Chl],,} is unbounded in C10,T].

By the second equation, we have

"N& .+ |Npp|*

B min

ds}.

Obviously, exp {)\n fot [,u (C’ w) . D] ds} is bounded and strictly positive on

[Chl],(t) = [Chl]n(())-exp{)\n/t [ ((J [Npul™™ N ) -D

*NE min I NBn [

B min

[0, T']. So we must have a subsequence (which we still denote it as [C'hl],,) satisfies [Chl],(0) —
oo. If [Chl],,(0) — 400, based on the proof of Lemma 3.4, it is impossible. Without loss of
generality, we may assume that [C'hl],(0) — —oc.

From the first equation, we can see that

ay [Chl].N,

J—N,)p— N 0t
( Jv d Ky +|N,|

= 0 at some point ¢, € (0,7).

Notice that there is no sign change periodic solution of N. If we get a negative solution
of N,. Substituting it into the third equation, there is no solution Np.

Now, we consider positive solution. Rewriting it, we have
N>+ (Ky — I+ Z—N[Chl]n)Nn — I K = 0 at some point t,, € (0,7),
v

we get

N, = {— (KN I+ Z—Z[Chl]n> + \/(KN I+ %[Ohl]m Y ARy | /2
then the positive solution is
N, = Z—g |[Chl],| at some point ¢, € (0,7T).

It is easy to check that: If N, is a little larger, then N,, decrease, and if N, is a little

smaller, then NN, increase. Thus

N, ~ ‘;‘Z—N I[Chll,| for all t € (0,T). (4.3.1)
v
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Consider the third equation, we have

aNNn —u ( |]\/'Bn|0471 NBn

—_— « = | N, = 0 for some ¢, € (0,7).
KN+|Nn| Ngmin+|NBn| ) b ° ( )

Solving the following equation,

OéNNn |NBn’a_1 NBn
—r e, _ | Ng, =0 4.3.2
KN"HNn’ : < Ngmin‘i_‘NBn’ " ( )

we get the positive solution Np, = F (NV,) (No sign change solution for Ng). We have: If
Np, is a little larger, then Np, decrease, and if N, is a little smaller, then Npg, increase.
So, N, = F (N,,) when n is large enough.

Combining (4.3.1) and (4.3.2), we have

Np,|*"! Np,
OzN—u<C’ [N B )NBn%OWhenniSIargeenough.

*Ngmin—i_ |NBn’a
Denote
|]\/VBn|a71 NBn
Tr = O* a )
M( Ngmin+|NBn|
we have
N _ ((g—i_‘r/lu’)Ngmin)l/a
Bn — 3
Ci—a/p
then

ay &z <(5 ZT/_“?E]/VEM)W ~D <(€ Ef)i“g/vfmi“)w (by (2.2.2)).

a—1
Thus p (C*%) = x > D keep positive. This is impossible.

B min

If we get the negative solution Np, then substitute it into the second equation, it is easy
to see that it is not a periodic solution.

Step 2. We assume {[Chl],} is bounded in C[0,T], and |[Chl],| < B.

So it is easy to see that { N, } is bounded in C'[0, T']. Especially, we have 0 < N,, < I+2XB.

Let’s consider the third equation. Notice that £ = 0. It is not hard to check that

’NBn|a

1.5axN,  L5ay(I +22B)
v < 1.5ay. 4.3.3
+ |NBn’ N ( )

C, <
H Ne Kn+|Na =~ Kn+1+%B ~

B min

a |NBn| S
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It is easy to see that {|Np,|} is bounded in C10,T].

In conclusion, all the solution of (3.2.2) are bounded in C. [J

Remark 3. In the proof of Proposition 4.12, the initial value is belong to R3, not

restricted in PT.



CHAPTER 5

FUTURE WORK

We plan to apply the Ecosystem to the Northeastern Puerto Rico data. The data are currently
being collected and organized. We can apply the Markov Chain Monte Carlo (MCMC)

methods to obtain the solutions in the system.
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