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ABSTRACT

Let GG be a simple simply connected algebraic group scheme defined over an algebraically
closed field of characteristic p > 0. Let T be a maximal split torus in G, B D T be a Borel
subgroup of G and U its unipotent radical. Let F' : G — G be the Frobenius morphism. For
r > 1 define the Frobenius kernel, GG, to be the kernel of F'iterated with itself r times. Define
U, (respectively B,.) to be the kernel of the Frobenius map restricted to U (respectively B).
Let X (T') be the integral weight lattice and X (7"); be the dominant integral weights.

It is well known that the representations for G; are equivalent to the restricted repre-
sentations for g = Lie(G). Over the past 25 years, there has been a lot of progress in the
computations of cohomology groups for Frobenius kernels, H*(G,., H°()\)). Historically, the
computations were done for fields of characteristic p > h, where h is the Coxeter number.

The computations of particular importance are H*(Uy, k), H*(B,,\) for A € X(T),
H*(G,, H°(\)) for A € X(T),, and H*(B, \) for A\ € X(T). The above cohomology groups for
the case when the field has characteristic 2 one computed in this thesis. These computations
complete the picture started by Bendel, Nakano, and Pillen for p > 3 [BNP2].
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CHAPTER 1

INTRODUCTION

1.1 PRELIMINARIES

Throughout the thesis, we will follow the basic conventions provided in [Janl]. Let G be a
connected semisimple algebraic group over an algebraically closed field, k, of prime charac-
teristic, p > 0; assume that G is simply connected. Let g = Lie(G) be the Lie algebra of G.
For r > 1, let GG, be the rth Frobenius kernel of G. Let T' be a maximal split torus in G and
® be the root system associated to (G, T). The positive (respectively negative) roots are &
(respectively @), and A is the set of simple roots. Let B D T be the Borel subgroup of G
corresponding to the negative roots and let U be the unipotent radical of B. For a given root
system of rank n denote the simple roots aq, as, ..., a,, adhering to the ordering used in
[Jan2] (following Bourbaki). In particular, for type B,, a, denotes the unique short simple
root; for type C,,, a,, denotes the unique long simple root; for type Fy a; and asy are the short
simple roots; for type G, a; is the unique short simple root. If & € ®, and o = > | m;ay
then the height of « is defined by ht(a): =>"1" |, m;.

Let E be the Euclidean space associated with ®, and the inner product on E will be

denoted by (,). For any root o denote the dual root by a" = . Let wy,wq,...,w, be

the fundamental weights and X (7") be the integral weight latti%ye’ Zﬁ)anned by these funda-
mental weights. The set of dominant integral weights is denoted by X (T'), and the set of
p’-restricted weights is X, (7"). The simple modules for G are indexed by the set X (T');
and denoted by L(\), A € X(T), with L(\) = socg H°()\), where goc. H()) is the socle of
the G-module H°(\). where H%()\) = ind%\. Here \ denotes the one-dimensional B-module

obtained by extending the character A € X(T'), to U trivially.
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Given a G-module, M, then composing a representation of M with F' results in a new
representation where G, acts trivially, where M) denotes the new module. For any X in
X(T), the A weight space of M is the p”"\ weight space of M (). One the other hand if V is
a G-module on which G, acts trivially, then there is a unique G-module M, with V = M ("),
We denote M = V"),

1.2 EXAMPLE

Let G = GL,(F), the group of n x n invertible matrices. The Lie algebra, g = Lie(G) = sl,,,
the n x n matrices with determinant 1, corresponding to Type A,,_;. The maximal split torus
inGisT = {diagonal matrices}- The Borel subgroup of G is B = {jower triangular matrices}-

The unipotent radical of B is U = {lower triangular matrices, with 1 on the diagonal}-

Let V = k™ and ey, ..., e, denote the canonical basis of k. Note that e; is an eigenvector
for T'. Let ¢; be the corresponding weight associated to e;. Then {e, €s, ..., €,} form a basis
for X (T).

W, the Weyl group, permutes {ey,...,€,}; thus, W = S, the symmetric group on
n letters. @ = {e — ¢l < i,j < mn, i # j} and ®F = {e —¢|]1 < i < j < n}.

A:{OéiZEZ‘—EH_l“_ SZSTL}

1.3 HisTORY

A central question in representation theory of algebraic groups is to understand the structure
and the vanishing of the line bundle cohomology, H"(\) = H"(G/B, L()\)) for A € X(T).
The computation of the rational cohomology groups is fundamental in the understanding of
the line bundle cohomology, in particular the calculation of H*(B, \). It is well known that
the representations for (G; are equivalent to the restricted representations for g = Lie G.
Over the past 25 years, there has been a lot of progress in the computations of cohomology

groups of Frobenius kernels. The calculations that are of significant importance are:



(1) H"(u, k)

(2) H*(Uy, k)

(3) H'(By, A), for A € X(T)

(4) H'(B,,)), for A € X(T)

(5) H'(B, \), for A € X(T)

(6) H™(Gy, HO(N)), for X € X(T).

(7) H"(G,, H(N)), for A € X(T),

Historically, these computations were realized for large primes. In 1983, Friedlander and Par-
shall [FP1] calculated various cohomology groups of algebraic groups. They started with the
special case when G is the general linear group with coefficients in the adjoint representation.
They extended the idea further to general algebraic groups with coefficients in V"), where
V' is a G-module. Also in this paper, they calculated G,-cohomology groups of degrees 1 and
2 with coefficients over the trivial module and p # 2, 3.

These results were later extended by Andersen and Jantzen [AJ], determining (6) for
p > h, where h is the Coxeter number (i.e. h = (p,a") + 1, more precisely, h =the height
of the highest root + 1). In this paper, Andersen and Jantzen also determined (3) for
A=w-0+pv for p > h, where w € W and v € X(T'). Their results originally had
restrictions on the type of root system involved, which were removed by Kumar, Lauritzen,
and Thomsen [KLT].

A fundamental computation related to understanding line bundle cohomology is the cal-
culation of H*(B, \). In [BNP2], the authors calculated H*(B, \) using the H*-calculations
for Frobenius kernels and Lie algebras. In 1984, Andersen [And| began to study the B-
cohomology. In particular he calculated H*(B, w-0), where w € W. More recently, Andersen

and Rian [AR] proved some general results on the behavior of H*(B, A) and developed some



new techniques to enable the calculation of all B-cohomology in degree at most 3 when
p > h. They calculated H*(B, \) and H*(B, ) explicitly for A € X(T) and p > h. For higher

cohomology groups, they proved the following theorem [AR; 3.1,6.1]:
Theorem 1.3.1. Suppose p > h. Let w € W,v € X(T'). Then we have for all i
(a) H(B,w -0+ pv) 2 H™)(B,v)

(b) H'(B,pA\) =0 fori > —2- ht()\)

In the past 15 years, the computations of the cohomology listed in (1)—(7) has focused
on small primes. In 1991, Jantzen [Jan2] calculated (1)—(3), (6) for n = 1 and all primes.
Jantzen used basic facts about the structure of the root systems and isomorphisms relating
the different cohomology groups. Bendel, Nakano, and Pillen used Jantzen’s results to get
(4),(7) for n = 1 and all p in [BNP1]. In 2004, Bendel, Nakano, and Pillen [BNP2] worked
out (1)—(7) for n =2 and p > 3.

Knowledge about the second cohomology groups is important because of the information

it gives us about central extensions of the underlying algebraic structures.

1.4 OUTLINE OF COMPUTATIONS

In recent work, Bendel, Nakano, and Pillen [BNP2] calculated H*(G,, H°(\)) for p > 3
by reducing the calculations down to H?(u, k). We will use similar strategies as [BNP2] to
calculate H*(G,., H°()\)) when p = 2. For this calculation, we will first obtain some other
calculations. The first step uses the following isomorphism to reduce the calculation to the

B,-cohomology.
H*(G,, H°(\)" = ind$(H*(B,, \)). (1.4.1)

The use of the Lyndon-Hochschild-Serre spectral sequence reduces the problem to the Bi-
cohomology. The problem is further reduced to the computation of HQ(Ul, k) via the isomor-

phism

H?(By,)\) = (H* (U, k) @\ (1.4.2)



This isomorphism tells us that the B;-cohomology can easily be determined by looking at
particular weight spaces of H?(Uy, k). That is H*(By, \) = H*(Uy, k) _».

The B-cohomology completes the calculations for the second cohomology groups for
p = 2. In [BNP1] the authors found that H'(B, )\) is at most one-dimensional as is the case
for H*(B, ). The second B-cohomology group was first determined in [BNP2] for p > 3 and

for p > h by [And] using a different method.
Theorem 1.4.1. Letp > 3 and A € X(T).

(a) Suppose p > 3 or ® is not of type Gy. Then

(

ko dif A=plw-0, with0 <1, forweW andl(w) =2,
ko if A= —pla, with0 <l and a € A,
H*(B,\) & / P
Eoif A= —p"B—pla, with0 <1<k and a, 3 € A,
0 else.
\

(b) Suppose p =3 and ® is of type Go. Then

;

ko if x=plw-0, with0 <[, l(w) =2,

ko if = —pla, with0 <l and a € A,

2

H*(B, ) E if A= —p"8—pa, with0<Il<kanda,B e A,

where k # 1+ 1 if B = a1 and o = s

\ 0 else.

In [BNP2] the authors explicitly determined H?(u, k), H*(Uy, k), H*(B,, \), H*(G,, \), and
H?(B, \) for p > 3. For p = 2, a similar strategy will be used by using the above isomor-
phisms.

The thesis will first start by reminding the reader of some results of Lie algebra coho-
mology. In [BNP2] the authors determined possible weights that occur involving sums of
positive roots that arise in the calculations, which also hold for p = 2. This calculation

then allows us to calculate the Bj-cohomology as both a T-module and a B-module as



described in Section 5. These results can be used to give a complete answer for H*(B,., \) for
p = 2. The results for the B,-cohomology are used to calculate both the B-cohomology and
the G,-cohomology. First, by applying the inverse limit to the B,-cohomology results, we
can calculate H*(B, \) in Section 6. In Section 7, by applying the induction functor to the
B,-cohomology results, we can find H*(G,., H°(\)). Finishing off the p = 2 calculations com-

pletes the entire picture for the second cohomology groups of Frobenius kernels for all primes.

H?(u, k)

Friedlander-Parshall
Spectral sequence, p > 3

H*(U,, k)
H*(B1, \) = H*(Uy, k)
H?(By, \)

LHS Spectral sequence

H*(B,, \)

Inverse Limit Induction

H?(B, \) H*(G,, H°()\))

Figure 1.1: Summary of the process for the calculations



CHAPTER 2

RESTRICTED LIE ALGEBRA COHOMOLOGY

2.1 OBSERVATIONS ON U;-COHOMOLOGY

Recall that H'(u, k) is computed by using the exterior algebra and the following complex:
k3w B A2 B A3 ) — L

However, this only works when p > 3. When p > 3, then H' (U, k) can be computed from
H (u, k) by using the Friedlander-Parshall spectral. However, this spectral sequence only
holds for p > 3. To calculate H*(Uy, k), for p = 2, we must take a different approach. For
p = 2, the restricted Lie algebra cohomology is computed by the following complex [Janl,
9.15).

kS B 2w B Sy —
The differential d; is a derivation on S*®(u*) and is thus determined by its restriction to u*.

We will look at the following composition of maps
d s *
s S2 )t 5 A% (u)
where 7 is a surjection with kernel {f? : f € u*} and 9 = 7o f being the coboundary operator

for the ordinary Lie algebra cohomology, i.e. the dual of A%(u) — u with a A b+ [a,b]. The

differentials are given as follows: dy = 0 and d; : u* — S?(u)* with

(did) (21 ® x9) = —d([71, 2))

where ¢ € u* and x1, 9 € u. For the higher differentials, we identify S™(u)* = S™(u*). Then

the differentials are determined by the following product rule:

divj (0 @ V) = di(¢) @ ¥ + (—1)'¢ @ d;(¥).

7



2.2 BASIC RESULTS

In [BNP2], the authors calculated the ordinary Lie algebra cohomology, then used the first

quadrant spectral sequence
By = S'(u)V @ W (u, k) = H*V(Uy, k)

to calculate the restricted Lie algebra cohomology. However, this spectral sequence is only
valid for p > 3. Our approach will start with the calculations of the restricted Lie algebra
cohomology.

The following results will help identify some limitations on which tensor products ¢, ® ¢z
or linear combinations can represent cohomology classes when char k£ = 2. Using the additive
property of differentials and the fact that differentials preserve the T' action, then we are
interested in tensor products that have the same weight. Recall the following theorem from

Jantzen, [Jan2]
Theorem 2.2.1. H' (U, k) = H'(u, k)
Recall the following definition from [BNP2].

Definition 2.2.2. An expression Y ¢, 00 ® ¢ € S%(u*) is in reduced form if co 5 # 0 and

for each pair (o, B) co 3 appears at most once.

Proposition 2.2.3. Let © = Y. cap ¢a @ dg be an element in S*(u*) in reduced form of
weight v for some v € X(T) and v € 2X(T). If dy(x) = 0, then di(ps) = 0 for at least one

a appearing in the sum.

Proof. Observe for any o € &, if dy(¢o) = D €505 ® ¢+, then ht(d) < ht(«) and ht(y) <
ht («) for all §,~. For all @ and 3 appearing in the sum for x, choose a root ¢ with ht(o)
being maximal. Without loss of generality, we may assume ¢, appears in the second factor
of the tensor product. Consider the corresponding term ¢, ,¢o ® ¢,. Computing ds(z), one
of the components will be ¢, »d1(¢a) ® ¢,. By height considerations, ¢, appears in no other

terms. So it is not a linear combination of the other terms and we must have d;(¢,) =0. 0o



Corollary 2.2.4. (a) Let x € H*(Uy, k) be a representative cohomology class in reduced
form having weight v for some v € X(T'), v € 2X(T). Then one of the components of
x s of the form ¢, @ ¢ for some simple root a € A and positive root § € O (with

at+f=7)

(b) Suppose ¢, @ ¢ represents a cohomology class in H*(Uy, k). Then one of three things

must happen either

(i) a,B € A,
(i) a € A, then dy(¢pg) = Zal+02:ﬁ Coy.00 P01 ® 09, then ¢y, 5, = £2 for all decompo-

sitions of [ (that is the structure constant is even), or

(i1i)) a = and o € T,

Proof. Part (a) follows immediately from the previous proposition and Jantzen’s theorem
since the first cohomology is generated by the simple roots. For part (b) let’s first assume

that o = 3, then

d2(¢a ® Qba) - dl(gba) ® ¢a + ¢a Y d1(¢a) - 2d1<¢a) Y ¢a =0.

Now, assume that a # (3, then « is simple. By assumption ds(¢, ® ¢3) = 0. We have

dQ(qba ® ¢ﬁ) = dl(ﬁba) & Cbﬁ + ¢o¢ X d1(¢6) = gba ® d1(¢ﬁ>

Hence, di(¢s) = 0, and so either 5 € A or if § = 0y + 09 then ¢, ,, = £2, for all decompo-

sitions of . O

2.3 RooT SumMs

As mentioned in the introduction, the computation of H*(Uy, k) involves information about
B;- and B-cohomology. In this process, certain sums involving positive roots arise. Suppose
r € H*(Uy, k) has weight v € X(T). Then by Corollary 2.2.4, v = o + 3 for o € A and

B € &t and a # (. Given such roots a and 3, we want to know whether there exists a
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weight 0 € X(T), (1,02 € A, and integers 0 < ¢ < p — 1 and m > 0 such that any of the

following hold:

a+pB=20 (2.3.1)
a+p=p0+20 (2.3.2)
a+ =108 + 203y + 20. (2.3.3)

Given 7 a weight of H?(Uy, k), then there is a weight v € X (T') such that H*(B, —y+pv) # 0,
as seen stated in the introduction from [And]. Using information on B-cohomology from
Andersen [And], then v must satisfy equation (2.3.3). Note that (2.3.2) are special cases of

(2.3.3) (i.e. when i = 0 and m = 0. For more details on how these equations arise see [BNP2].

Equation (2.3.1) arises from the reduction H*(By, k) = H*(Uy, k)™

Remark 2.3.1. These sums noted above are only valid when 2 does not divide the index of

connection.

2.4 U;-COHOMOLOGY

We state the theorem which describes H*(Uy, k) when p = 2. In the next chapter, we explain
the proof for each type. In the following theorem, the right hand side is a list of T weights,

except for u*, that occur in our T-module, H*(Uy, k).

Theorem 2.4.1. As a T-module,

(a) If & = A, then

H2(Uy, k) =2 ()Y @ @ (sasg) -0 @ @ —(Sasp) - 0+ 2y
a,BEA a,B,yeA
a+pB¢dt a+ﬁ€<1>+

a+p+yedt



(b) If ® = B, then

H2(U1a k) = @ @ Socsﬁ -0 & @ _(Socsﬁ) -0+ 27
a,BEA a,B,7yEA
a+Bgd+ atpget
a+fB+yedt
@ @ —(Sa;Say_1) - 0+ 2cr, & @ 2(a; + aip1 + ...+ ap)
1<i<n—3 1<i<n—1

(c) If = C,, then

H?(Uy, k) & ) @ EB (Sasg) -0 @ @ —(8483) - 0427y
a,BEA a,B,7€A
a+ﬁ§z¢+ at+Bget
atp+yedT

S5 @ (Sa;San) - 0+ 2041 @ @ 2(a; + aip1 + ..+ ap)

1<i<n—3 1<i<n-—1

@ _(san_lsan) ' 0
(d) If ® = D, n > 4, then

H2(Uy, k) = ()Y @ @ (Sasp) -0 & @ —(sasp) - 0+ 2y

a,BEA a,B,yEA
atBge+ a+Bget
o+f+yedt

D —(Sap_sSan_1) 0+ 2(n—2 + an) & —(Sa,_35a,) 0+ 2(n—2 + an)

® @ —(Sap_15am) - 0+ 2(c; + ... + ap2)

1<i<n—3
(e) If & = Eg, then
H*(Uy, k) = ) @ @ (Sas5) -0 @ @ —(5a53) - 0+ 2y
a,BEA a,B,yEA
a+ﬂ§Z<1>+ atBgst
atf+yedt

B —(SazSas) - 0+ 2(ag + a5) & —(SasSas) - 0+ 2(as + a5 + ap)
D —(SanSas) - 0+ 2(as + @) B —(SazSas) - 0+ 2(ae + ay)

D _<80628066) -0+ 2(0&1 + ag + oy + CY5)

11



(f) If ® = E;, then

H*(Uy, k) &

D
D

D

(9) If & = Eg, then

H?(Uy, k) =

S
D
D

D

(h) If & = Fy, then

H*(Uy, k) =

2]

' & P —(sasp) 0@ B —(sasp)-0+2y

a,BEA a,B,yEA
a+ﬂ§z<1>+ atBget
a+p+yedt

—(SagSas) - 0+ 2(a1 + ag + a1) B —(SazSas) - 0+ 2(ae + ay)
—(SapSaz) - 0+ 2(ag + ag) & —(SaySas) - 0+ 2(ay + a5 + )

—(SapSas) - 0+ 2(ay + a5 + ag + a7) & —(SaySas) - 0+ 2(as + o)

) @ EB (Sasg) -0 & EB —(Sasp) - 0+ 2y

a,BEA o,B,7EA
a+pgoT atpgdt
a+p+yedt

—(SapSas) - 0+ 2(an + ag + ay) & —(SaySas) - 0+ 2(ag + a5 + )
—(SagSas) - 0+ 2(as + a5 + ag + a7) ® —(SasSas) - 0+ 2(an + ay)
—(SaySag) - 0+ 2(aq + a5 + ag + ar + as)

—(SapSaz) - 0+ 2(ay + as)

) @ @ (5a58) - 0 @ —(SaySas) - 0+ 20

a,BEA
a+pgeT

—(SaySas) - 0+ 2(ag + a3) & 2(ax+ az) ® 2(a; + az + a3)

@2(0[2—{—0634—064) @2(041 + Qo +Oé3 +Oé4) @2(0&1 —+ Qi +20é3—|—064)

® 2(ay + az + o)

(i) If ® = Gy, then

HA(Uy, k) = (w)Y @ 2(aq + as).

12



CHAPTER 3

PROOF OF THEOREM 2.4.1

3.1 TYPE A,, pfn+1

Since A, is simply laced and p = 2, so all the structure constants are +1. Suppose = €
H?(Uy, k) has weight v € X(T). From the above corollary, we know that v = a + 3 for
some roots « € A and § € 1, with a # (3. Since p t n + 1, then we can use equations,

(2.3.1)-(2.3.3).

Proposition 3.1.1. Let p = 2, a € A, B € ®*, and o # (. Then there is no weight
o€ X(T) such that o+ 3 = 20.

Proof. Consider a4+ 3 = 2 mya. Since all coefficients of the positive roots are 0 or 1 in

type A,, then a = 3, which contradicts the hypothesis. 0

Proposition 3.1.2. Letp =2, a € A, € 1, and o # (3. Then, there is no simple root
61 €A and o € X(T) such that o + 3 = 1 + 20.

Proof. Consider a + 3 = (31 + 2> my«;. Since a = «; for some i, then ¢ € A. Thus the
only possibility for £ is a; + a;_1 or a; + ;1. Then x € Hz(Ul, k) has only one component
and by Corollary 2.2.4(a) 8 € A. So, there does not exist #; € A and o € X(T) such that
a+ b =p+20. 0
Proposition 3.1.3. Letp =2, a € A, € &, and a # 3. If a+ 3 is a weight of H* (U, k)

and there ezists 51,0, € A, 0 € X(T),0 < i < p, and m > 0 such that
a+ B =1iby + 26y + 20,

then one of the following holds

13
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(a) o+ [ is a solution to equation (2.3.1) or (2.3.2)

(b) If n > 3, then a + = ;1 + a1 + 20 or a+ = ;1 + a9+ 205 or a+ =

Qi1+ Qio + 204 fori <n — 2.

Proof. First note that we only have to consider the cases i = 0, 1 since p = 2, and the o will
absorb part of 3. Furthermore, since p = 2 if m > 2, then by choosing a different o € X (T),
these equation reduce down to m < 1. Also, if i = 0 = m, then the equation is the same as
(2.3.2), which is done. If i = 0,m = 1, then we have that o+ = 2(;+0¢) and so ¢ = 0, but
then we are back into equation (2.3.1). If i = 1,m = 1, then ¢ = 0, which is a specific case
of equation (2.3.2). So, the only thing we have to check is the case when i = 1,m = 0. Since
a=q;, theno € Aand = ;2 + i1+, B = + i1 + g, or B = a1 + a; + ayq1,
which are the cases above. So 3; and 35 are either the 2 simple roots on either side of o or

to the right (left) of . 0

3.2 pn+1

Note that X (T")/Z® = Z,,+1 and n is odd. Moreover, X(T')/Z® = {tu1+ZP : t =0,1,...,n}.

Now

twy = (nog + (n— Dag + ... + ay).

n+1
By revising (3.1)-(3.3), we are now looking for « € A, 5 € ®* satisfying

a+ B =2tw + 20 (3.2.1)
a+ 8 =B+ 2w + 20 (3.2.2)
o+ ﬂ = 161 + 2m62 + 2tw1 + 20', (323)

where o € Z®. Since 2tw; must lie in Z®, HQ—Jfl € Z and 2|n + 1, it follows that i € 7,
where s := 2L If 2|1 then we are done because (3.2.1)-(3.2.3) would reduce to the orig-
inal (2.3.1)-(2.3.3) with o lying in the root lattice, and the above arguments apply. So, we

can assume that £ # 0 (mod 2). Consider a + 3 = > m;q;, then m; € {0,1,2} for
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1 = 1,2,...,n and m; can be 2 for at most one 7. To examine the possibilities, reduce

1 (nag + (n— Dag + ... + 20,1 + @) mod 2, so that we are looking at sequences of
0’s and 1’s, looking like (1,0,1,0,...,0,1). One of the zeroes is a 2, and at most two other

zeroes can be made into a one by using the above equations. So, we have the following:
> mia; =if + 2"+ (1,0,1,0,...,0,1) (mod 2).

Since the roots of A,, are those when the 1’s are consecutive, then n > 9 has a trivial solution.
Looking at As, A5, and A; separately it is easy to check that no additional cohomology
classes occur, and the only classes that occur are weights of the form o + 8 = s,s5 - 0 and

a+ 27+ 3 = 5453 + 27, where o + 3 is not a root and « + v + (3 is a root.

3.3 TvypE B,

Consider the case when ® = B,. The Lie algebra, u, associated with the root system
B,, has some structure constants that are 2 so we have to consider these when looking
at the proof. After examining the structure of the Lie algebra with the structure con-
stants, we noticed that the structure constant is 2 when the resulting root has a coef-
ficient of 2 in the the «, spot and «, is broken up between the two other roots, i.e.
[, o + i1 + .0+ ] = 2(; + @1 + ... 4+ 2ay). For B, X(T)/72$ = Z,
where w, = 3(a; + 205 + ... + nay,) is a generator, which forces us to revise (3.2.1)-(3.2.3)

in the following way. We are looking for a, 3 € ®* satisfying

a+ (= 2tw, + 20 (3.3.1)
a+ (=0 + 2w, + 20 (3.3.2)
a+ B =16 +2M06y + 2tw, + 20, (3.3.3)

where 0 € Z® and ¢t = 0, 1. In the resulting weight, (which is written with respect to the
simple root basis), we must have at least 2 odd numbers. For simplicity, the weight will be

written in the following form: (iy,%s,...,1%,), where i; is the coefficients of the «; term. If 4;
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is even for all 7, then our weight is a multiple of 2 times a weight, which it is easy to check
that is always in the kernel, with extra classes. If there is only one odd number, then clearly
there must be some 2’s in the weight. If all of the two’s occur after the odd number, then
this is a root and thus it is in the previous image. On the other hand if all of the 2’s occur
before the odd number, then because of the pattern of the roots we can only have one 2
before it. In which case, there is only one term in the class, ¢o, ® @a,+a;,,- Also, there can’t
be more than one 2 between the 2 odd numbers in the weight. This comes from the fact that
there is no way to break up this weight into a sum of a simple root and a positive root.

For the other possibilities, consider the following weight, (0,0,...,0,1,0,...,0,1,2) with
the first 1 in the ¢th spot, which is given by ¢,, ® @a,_,+2a, - Using the above observation
about the structure constants, this is in the kernel because the structure constant is 2 when
we take the differential. Now, besides this weight, then the 1’s, 2’s, and 3’s that show up
in the weight must all be connected. In particular, the 2’s and 3’s must all be connected,
which follows from Proposition 2.2.3 and the observation about the structure constants. In
the weight, we can only have one 3, which follows from Corollary 2.2.4 and the structure of
the roots. The way the roots are structured in B, if a 3 occurs, then if it’s not in the «,,
spot, then 2’s must follow it and a 1 must occur before the 3 with 2 between the 1 and the 3.
So that leaves us with a weight looking like (0,...,0,1,2,3,2,...,2). say the 3 is in the ith
spot. If there is more than one 2 that appears after the 3, then after taking the differential
of ¢o; @ ¢s,, you see that the term p,, ® ¢, ® ¢, for some z, and x, can’t cancel out and
thus not in the kernel. So, we have that the only possible class is (0, ...,0,1,2,3,2) and this
is in the kernel.

If t = 0, then the arguments in Section 3.1 apply, the only difference we have now is that
in the roots, 2’s exist and so 3’s can appear in the weights. We also know that (0,...,0,1,2,3)
can also happen and it’s easy to check that it is in the kernel.

Including the weights that occur when ® is of type A,, B, also includes the weights of

the form o; + a1+ ...+, for 1 <i<n—1.



17

3.4 TvypE C,

Again, X(T')/Z.® = Zy. Using w1 = a1 +ag + ... + a1 + %an as a generator, which forces

us to revise (3.2.1)-(3.2.3) in the following way. We are looking for «, 5 € ®* satisfying

a+ 3 =2tw + 20 (3.4.1)
a+ 3= P+ 2tw; + 20 (3.4.2)
a+ B =161+ 2"By + 2tw; + 20, (3.4.3)

where 0 € Z® and t = 0, 1. Like we did with type B,, we have to check when ¢ =0 and ¢t = 1.
First, besides the weight (0,...,0,1,0,...,2,1), (with cohomology class ¢, ® ¢2a,_,+a, 1S in
the kernel because [a;,_1, a1 + ] =0 (mod 2)), then all the 1’s, 2’s, and 3’s in the weight
must be connected. First, if it satisfies (3.4.1), then the weight is twice a root. And it is easy
to check that there are extra terms in the class besides ¢, ® ¢, and is in the kernel. If there is
one odd number in the weight, then it must be a 1 and 2’s must appear. If the 2’s only appear
before or after the 1, then there can only be one 2 because of the structure of the roots, and
there is only one term in the class with 3 not simple and [«, 3] Z 0 (mod 2). If the 2’s occur
before and after then it must look like (0,...,0,2,1,2,0,...,0), which you can’t write as a
sum of a simple root and a positive root. Unless we had (0,...,0,2,1,2), where there is only
one way to write this, which doesn’t satisfy Corollary 2.2.4. So, there must be at least two
odd numbers appearing in the weight. Note that (0,...,0,1,2,...,2,1,0,...,0) can’t occur
and if the last 1 were in the «,, spot, then it would be a root, and thus in the previous image.
If there are no 3’s in the weight and there is more than one 2 in the weight, then because
of the structure of the roots, the last 2 must be in the a,,_; spot and a 1 must be in the «,,
spot, which is a root. If 3’s do appear in the weight, then there can only be one 3 and it must
be in the a,,_1 spot with a 1 in the «,, spot. If it’s not in the «,,_; spot, then by calculating
differentials it’s easy to see that a 1 can’t occur before the 3 and it were just 2’s then you
have a a;®a; in the term that can’t be cancelled (with a 3 in the «; spot and the first 2 in the

a; spot). So we have that a 3 must appear in the a,,_; spot. Now putting all of this together
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than the only possibilities for roots are (i) (0,...,0,3,1), which is in the cohomology since
the structure constant is 2; (i) (0,...,0,1,3,1) which isn’t in the kernel because there is
only one way to write it and doesn’t satisfy corollary 3.1; (iii) (0,...,1,2,3,1) which isn’t in
the kernel after taking the differential; or (iv) (0,...1,2,...,2,3,1) but there are only two
ways to write this and after taking the differential only one way to get ¢, | ® o, , ® ¢p
with the structure constant not 2. So the only classes that appear in this cohomology group
are those stated in Theorem 2.4.1.

Including the weights that occur when @ is of type A, type C,, also includes the weights

of the form a; + ;11 + ...+, for 1 <i<n—1and s,, ,Sa, 0.

3.5 TypE D,

When ® = D, |X(T)/Z®| = 4. If n is odd then X(T)/Z® = Z, and if n is even then
X(T)])Z® = Zy x Zs, again forcing us to revise equations (2.3.1)-(2.3.3).

First let’s look at the case when n is odd.

1 n—2 n
wn:5(0&1+20&2+...+<7L-2)C¥2+TOén,1+§Oén>

is a generator and we are looking for a, § € @7 satisfying

a+ 3 =2tw, + 20 (3.5.1)

a+ [ =0+ 2w, + 20 (3.5.2)

a+ B =161+ 26y + 2tw, + 20, (3.5.3)

where ¢ € Z® and t = 0,1. Now, since we need @ € Z, then t = 0 (mod 2), and then

need to look at the particular cases when ¢ = 0,2. Let’s first look at the case when ¢t = 0.
Note that the weight can have a maximum of one 3 in it because the largest coefficient is a
2, and so by using the above equations and looking at the roots there is only one 3; also, the
last 2 in the weight must be in the a,, or «,_; spot, but can’t both be 2’s. We claim that

if there are no 3’s involved in the weight, then there can be at most two 2’s involved. First
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we can see that there can’t be any 2’s prior to the first 1 involved in the weight because
there would be no way to write the weight as a sum of a positive root and a simple root.
So, there can be only 2’s after the first 1 in the weight. Now, again by the root structure
we have that there must be another 1 and must occur in either the «, or the «a,_; spot.
So, there are two possibilities for weights (i) (0,...,0,1,2,...,2,1) with @ = «,,_1 and (ii)
0,...,0,1,2,...,2,1,2) with @ = «a,,. Now when we split up all the ways of writing these
weights as a sum of two positive roots, then after taking the differential, we find that in (i)
Dan_ 1 ® G, @ ¢ but this can’t show up again because o,_1 + «; isn’t a root except when
i = n — 2. Similarly for (ii) ¢a, ® ¢a, ® ¢g, where the first 2 shows up in the «; spot, but
this can’t show up again because «,, + «; isn’t a root except when ¢ = n — 2. Thus the only
extra classes that show up are (0,...,0,1,2,2,1) and (0,...,0,1,2,1,2).

Now, let’s consider the case when ¢ = 2, then 4+ 5 = (0,...,0,1,1) mod 2. Again the
root structure tells us that there can only be at most one 3 in the weight, and there must be
a 1 preceding the 3, which follows by the fact that we have to write the weight as a sum of a
simple root and a positive root. So, the only possibilities are (1) (0,...,0,1,3,2,...,2,1,1),
(2) (0,...,0,1,2,...,2,3,2,...,2,1) or (3) (0,...,0,1,2,...,2,3,1,1), where the 3 is in the
1th position. In each of these cases, after taking the differential, we have the following factor
Ga; @ Doy +ai+ai, @ @p, but this only shows up once and so can’t cancel out with anything
and thus not in the kernel. So, no weight in the cohomology involves a 3. So, now we are
left with one of 3 possibilities left if the weight involves any 2’s: (i)(0,...,0,2,...,2,1,1),
(ii)(0,...,0,1,2,...,2,1,1), or (iii)(0,...,0,1,1,2,...,2,1,1). The last two cases the weight
is in the previous image. And is easy to check that the first case is in the kernel and thus
gives us an extra cohomology class.

When n is even, then things become a little more difficult. Now we have 2 generators,
Wy =Qa1+...+ap_o+ %Ozn,l + %Oén and w,, = %(041 +2a0+...+(n—2)a,_2)+ ”T_Qan,l + Gy,

Then we must revise our equations (3.5.1)-(3.5.3) in the following way.

a+ [ = 2tw, + 25w, + 20 (3.5.4)
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a+ 3= B+ 2twy + 25w, + 20 (3.5.5)
a+ 0 =1if + 2™ By + 2tw, + 25w, + 20, (3.5.6)

where 1 =0,1,m >0,s,t =0,1,0 € Z®, and o, 3 € OT.
When s =t = 0, then this brings us up to the same case when ¢ = 0 when n is odd. Let’s
first look at the case when s = 1,¢ = 0, which reduces down to the case when n is odd and
t=2.Ift=1,5s =0, then n < 12 because otherwise there are too many odd numbers in the
weight. However the root structure tells us that if there are any 3’s in the weight, then there
must be 1’s in the «,, and the a,,_; spots, then we have that n < 6, but since n is even, then
n =4,6. When n = 4, then this is reduced down to the case when s =t = 0. When n = 6,
then we are reduced down to the case when s = 1,¢ = 0. Now if s =t = 1, then notice that
the only thing that changes are the a,, and the a,,_; spots in the weight and we have already
considered these cases previously.

Including the weights that occur when @ is of type A,,, D,, also includes the weights of the
form sa, ;5a, , +2(Qn_2+0n), Sa,_55a, +2(Qn_2F0y,), and s, Sa,_ F2(i+ip1+. . A0 _o)

forl1 <i<n-3.

3.6 THE EXCEPTIONAL CASES

If @ is one of the exceptional root systems (i.e., Fg, Fr, Eg, Fy, or Gs), then determining the
U, cohomology reduces to looking at finitely many cases. To do this, a program in GAP
was written to calculate all different weights that satisfy equations (2.3.1)-(2.3.3). Then
calculating all the differentials of the cohomology classes that satisfy the possible weights to
see if they were in the kernel. Note that if ® = F;, this is the only case where the index of
connection is even. So, instead of running the program once (when ¢ = 0), then we had to
run it twice, the other time letting t = 1. Note, that the long simple roots in type F, are
a3, ay and the long simple root in type G5 is as. A complete list of the possible weights and

classes for the exceptional cases is seen in Appendix 2.



CHAPTER 4

Bi-COHOMOLOGY

4.1 T-MODULE STRUCTURE

In this section, we compute H*(Bj, \) for all A € X(T) as both a T-module and as a B-
module. The By cohomology is related to the U; cohomology by the Lyndon-Hochschild-Serre
spectral sequence for U; < B;. Using the spectral sequence and the fact that 7} = B, /U,

the following characterization follows
H?(By, \) = H* (U, )™ = (H*(U, k) @ A1

So, it suffices to determine the —\ weight space of H*(Uy, k) relative to T}. So, we have that
H?(By, \) 2 H*(Uy, k) 5, where A = {\ +pv € H*(U}, k) | v € X(T)}.
Furthermore it is enough to compute H*(By, \) for A € X;(T'), which follows from the fact

that if A = A\g 4+ pAq, then
H2(Bla >‘) = HQ(Bla >\O +p)\1) = H2(B17 )\0) ®p/\17

for unique weights \g € X1(T") and \; € X(T).

42 CASEIL: A=0

We will first calculate H*(By, \) as a T-module, when \ = 0.

21
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Theorem 4.2.1. Letp = 2. Then as a T-module, H*(By, k) = (u*)W), except in the following

cases:
(a) If & = As, then

H?(By, k) 2 (W) @ (w1 — wy +w3)V @ wh.

(b) If ® = Bs, then
H2(By, k) = (u) Y @ o) @ (—wi +ws) V.

(c) If & = By, then

HQ(Bl, k‘) = (u*)(l) @& (wl — Wwg + w3z — w4)(1) © (LUQ — LU4)(1) 5> (—wg + W3)(1)

B (—wi +wo)V @ wf).

(d) If ® = B,, for n # 3,4, then

B =) e P (e tw)V o’

2<i<n-—1

(e) If = C,, then
H2(Bl, /{) & (u*)(l) D @ (—wi,l +Ww; — Wp_1 + wn)(l)
2<i<n—2

D <_wn—2 + wn)(l) D (wl — Wp—1 + wn)(l)‘

(f) If ® = Dy, then

H?(By, k) = (u*)(l) @ (wg —wy + w;g)(l) @ (wy — w4)(1) @ (wy — Cdg)(l)

® (w1 —ws + w4)(1) b (—wy + w3 + w4)(1) @ (—wp + wQ)(l)
(g9) If ® = D,,, forn > 5, then

n—3
H?(By, k) = (u)M @ P (—wi + wi)V @ (W) & (~wns + wpr +wp) Y

i=1
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(h) If ® = Fy, then

1‘12(317 k) = (u*)(l) P (—w1 =+ Wy — w4)(1) P (—w1 + Wy — W3 + w4)(1)

® (w1 —ws + w4)(1) @ (w1 —wa + w3)(1) @ (wy — w3)(1) @ (wy — w4)(1).

(i) If ® = Gy, then
H2(B1, ]{3) = (U*) () <—W1 + WQ)(I)

Proof. Once the weights from Theorem 2.4.1 are expressed in terms of the fundamental
weights, then check which ones are T} invariant (i.e. multiples of 2). For example, in type
As, the weight a1 + a3 = 2w — 2wy + 2ws g + 29 + ag = 2ws. Therefore, the weights

Q1 + O3 = 8o, S0 - 0 and ay + 20 + a3 = Sq, Sa; + 209 are in the H*(By, k) cohomology. o

4.3 CASE II: A ARBITRARY

Recall the fact that if A # 0 and H*(By, \) # 0, then A is of the form A = w -0+ 2v for some
w € W and v € X(T). (In our case, [(w) = 2.) The following lemma gives the unique weight

v such that A =w -0+ 2v € X (7).
Lemma 4.3.1. Let p=2. For w = 54,5, € W with i < j we define

wi —wp +wj;, if oy, 0 separated by a single vertes, oy,
Vy =
w; + wj, otherwise

except in the following cases:

(

Wp—3 — Wnp—2 + Wnp—1 — W, Zf O = Bnu W = Sq,_3Say,_1
Wi + Wn1 — W, if ® = B, w = S4,5, 1, L ¥ —3
Vy =
Wi — Wp_1 + Wn, if ® =C,,w = S4,5,, t #n —2
L —Wp—2 + 2wn—17 Zf ¢ = Onv W = Sa,,_15ay

Then sq,8q4; - 0+ 21y € X1(T).
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Proof. We are only interested in weights A in H?(Uy, k) that could add to the B;-cohomology.
For A a weight in H2(U1,k:), then write A\ = 54,54, - 0 + 2v. Note that a; and a; are not
connected except when @ is of type C,, and w = s,, _,54,. Without loss of generality we can

assume i < j. The v, is determined after writing w - 0 in the fundamental weight basis. g
Now that the unique v, is identified, H2(Bl, A) can easily be calculated for arbitrary A.

Theorem 4.3.2. If p =2, then as a T-module,
H?(By,\) =0
except in the following cases.
(a) If A= 84;5q; - 0+ 2vy, € Xi(T) for a;, o ot separated by a single vertex, then

H%(By, \) = vV,

(b) X = 54;5q; - 0+ 2v, € X\(T) for oy, a; separated by a single vertex, (i.e. j=i+2) then
H2(B, \) = vV @ wi(i)l.
except in the following cases
(i) If ® = B,, and j = n, then
H*(By, \) 2 vV @ (wp1 — wy)W
(ii) If & = B, and w = S4, ,5a, ,, then
H(By,\) 2 vl @ (wp_g — wn)W

(i1i) If ® = B, and w = 54,Sa, _, fori#n—3, then

H%(By, \) 2 v @ (w; 4+ w,)W.



() If & = C,, and w = $4,Sa, fori#n—1, then
H2(B1,\) =2 v & (w; — wnes 4+ wa1)W.
(v) If ® = C,, and w = S,,_,Sa,, then
H?(By, \) = vV,
(vi) If ® = D,, and w = sS4, _4Sa,_,, then
H2(B1,\) 2 vV @ (wn2 — wp)W @ (w,)W
(vii) If ® = D,, and w = S,, ,Sa,, then
H?(B1,A) 2 vl @ (W2 — w0 1)D @ (w1) Y
(viit) If ® = Eg and w = Sa, 544, then
H2(B1,\) 2 vV @ (g — ws)V @ (w5 — we)V @ wél)
(iz) If ® = Eg, E7, Es and w = Sa,545, then
H*(B1, A) 2 v @ (wy — w3) M @ (w3 — w)V @ wi!
(x) If ® = Eg, E7, Eg and w = S4,Sas, then
H2(By, \) 2 v @ (wy — wy)V @ wl
(zi) If ® = E7 and w = S4,Sa,, then
H2(B1,\) 2 v @ (wg — w5) VD @ (w5 — we) P @ (wg —wr)P @ wgl)
(zii) If ® = Eg and w = Sa,Sa,, then

H2(By, \) 2 v @ (ws — ws)M @ (w5 — we) ™ @ (we — wr)™

D (w7 — u)g)(l) D Wél)

25
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(ziit) If ® = Fy and w = Su,Sa;, then
H2(B1, )\) = I/,L(Ul) D (CUQ — W3)(1) D (u)3 — W4)(1)

Proof. The relationship between the U; and the B; cohomology (as a T-module), as given

in equation 1.4.2, gives us,
H%(B1, A) = H2 (U, k) _5 = @H (U1, k) -xpw

for A € X{(T). From Lemma 4.3.1, the unique weight v, such that A = s, 54, +pr, € X1(T).

So we now have that

Bla @H Ula A-20-

We want to find o such that A = —(sa,54,) + 20 is a weight of H*(Uy, k).
For example, if ® is of type By and w = S,,S4,, then A\ = s,,54, - 0 + 2v,,. Writing the
weights oy + a4 and ay +2a5+ a4 in terms of A, we have s,, S0, + 214, and Sq, Sa, + 204 + 2a3.

So, o0 = v, for the first term and o = v,, + 2a3 = w3 — w, for the second term.

4.4 B-MODULE STRUCTURE

Now the T structure of H?(B;, ) can be used to determine the B-module structure. Recall
that H*(By, \) is a subquotient of S?(u*)_y. Since B acts on u by the adjoint action, then
for a € @, Dist(B) = <(fn), %> acts on u*. Where H; = (d¢;)(1) where ¢; are a basis for

Hom(G,,,T) = Z" [Janl, II.1.11]. In particular since u corresponds to the negative roots,

then it’s only necessary to look at % for « € ®~. The action from [Hum, 26.3] is defined by

);n( ®v) = Z(%u@ (i(i k)!v). (4.4.1)

Using the results in the previous section. If H*(B;, \) has an answer consisting of only one
factor, then this forms a 1-dimensional module. However, it remains to be determined if the
cohomology m-dimensional submodule, and whether it is an indecomposable module. As

before, we will first look at this with the trivial module, then move on to arbitrary weights.
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CASEI: A =0

Theorem 4.5.1. Let p = 2 then as a B-module, H*(By, k) = (u*)1). Except in the following

cases:

(a)

(b)

(c)

(d)

(¢)

()

® = As, then H*(By, k) = (u)V @ M, where M is a 2-dimensional indecomposable

B-module with factors (w1 — wa + w3)M) and wél)

If ® = B3, then H*(By, k) = (u)Y @ M, where M is a 2-dimensional indecomposable

B-module with factors (w)M and (—w; + wy)M

If ® = By, then H*(By, k) = (u*)M) @ M, @ M,, where M is a 2-dimensional indecom-
posable B-module with factors (wy — wg)W, and (w1 — wy + ws — wy) Y, and M, is a

3-dimensional indecomposable B-module with factors wgl), (—wi + wy) W, (—wy + w3)M

If ® = B,, then
H?(By, k) = (W)Y © M

where M is an (n — 1)-dimensional indecomposable B-module with factors,

w%l), (—wi +we) W, (—wy +w3)D, L (—wp_g 4+ wp_y) W

If ® =C,, then
H?(Bi, k) = ()M & M

where M is an (n — 1)-dimensional indecomposable B-module with factors
(w1 — wne1 + wn) W, (—w1 + wa — w1+ wa) W, (—wo + ws —wpoy +wp)®, L

(_wn—?) + Wp—2 — Wn-1 + wn)(l)a (_wn—2 + wn)(l)-

If ® = Dy, then
H2(By, k) = (w)Y @ My ® My, @ Ms,

where My is a 2-dimensional indecomposable B-module with factors (we — w4)(1) and

(w1 — we + wg)(l); Ms is an a 2-dimensional indecomposable B-module with factors
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(wo — w3)M and (W — wy + wy)Y; My is a 3-dimensional indecomposable B-module

with factors wgl), (—wi + we) W, (—wy + ws + wg)W.

(9) If ® = D,,, then H*(By, k) = (u)Y @& M, where M is a (n — 1)-dimensional indecom-
posable B-module with factors

wﬁl), (—wy + wz)(l), (—wa + ws)(l), ooy (Fwp_s + wnf2)(1)7 (—wn—2 + wn-1 + wn)(1)~

(h) If & = Fy then
H*(By, k) = ()Y @ M

where M 1s a 6-dimensional indecomposable module with factors

1) 1)

(wg — w3) V(w1 — wy 4+ ws) W, (w1 — wg + W))W, (—wy + ws — ws + wy)D,

(w1 — wa)®, (—w1 + wa — wy) .
(i) If ® = G, then H2(By, k) = ()D& (—w; + wy)D.

Proof. Using 4.4.1 and Theorem 4.2.1, then we can determine which weights combine as the
factors of an indecomposable module. For example, consider the case when ® is of type Ay

and w = 54,544. The cohomology classes for this w are

¢Oé1 ® ¢a1+a2+013 + ¢a1+a2 ® ¢a2+a3 and
¢a1 ® ¢043

XEO(Q(QSOU ® ¢a1+a2+a3 + ¢a1+a2 ® ¢a2+a3) = ¢a1 ® ¢a3

and

Xzaz(gbm ® (bas) =0

Since I can get from one cohomology class to the other class, then these factors form an

indecomposable module. 0
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4.6 CASE II: A\ ARBITRARY

Now, let’s consider the cohomology for arbitrary .
Theorem 4.6.1. Let p =2 and A\ = w - 0 + pv,, where w = s4,8q,,,, then
HQ(Bla )‘) = M7

where M is a 2-dimensional indecomposable B-module with hdg M = wﬁ)l and

socg M = . Except in the following cases:

(a) If ® = B,, with w = 54, ,Sa, , then
H*(B;,\) = M

where M is a 2-dimensional indecomposable B-module with hdg M = (w,—1 — wn)(l)

and socg M = 1/8).

(b) If ® = B, and w = S4, _4Sa,_,, then
H2(Bla>\) = M7

where M is a 2-dimensional indecomposable B-module with hdg M = (w,_5 — w,)V

and socg M = yq(ul).

(¢c) If ® = B, and w = 54,54, , with i #n — 3, then
H?(By, \) = M,

where M is a 2-dimensional indecomposable B-module with hdg M = (w; +w,)Y and

socg M = Vful).

(d) If = C,, and w = S4,54, with i # n —2, then
H?(B1, \) & M,

where M 1s a 2-dimensional indecomposable B-module with

th M = (w, — Wn—2 + wn_l)(l) and socg M = l/z(ul).



(e) If ® = D,, and w = S4, 454, , then
H?(B1,\) & M,
where M is a 3-dimensional indecomposable B-module with factors
(W)W, (Wn—g — )W, (Wp_g — Wp_g + wp_1)WY.
(f) If ® = D,, and w = s,,_4Sa, then
H?(By, \) = M,

where M s a 3-dimensional indecomposable B-module with factors

w(l)la (wn—Q - wn—l)(l)a (wn—3 — Wnp—2 + Wn)(l)-

n—

(9) If ® = Es and w = Sq,Sa4, then
H?(By, \) = M,

where M s a 4-dimensional indecomposable B-module with factors

Wi (ws — we) D, (wy — ws) W, wD.

(h) If ® = Eg, E7, Es and w = S4,Sa., then
H2(Bla>‘) = M7

where M s a 4-dimensional indecomposable B-module with factors

wﬁl), (W3 - Wl)(1)7 (w4 - w3)(1)7 Vq(vl)-

(i) If ® = Eg, E7, Es and w = S5, then
H2(B17)\> = M7

where M is a 3-dimensional indecomposable B-module with factors

Wél)a (w4 - w2)(1); V’l(vl)'

30
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(j) If ® = E7 and w = Sa, 54, then
HQ(BD)\> = M7

where M s a 5-dimensional indecomposable B-module with factors

(1) (1) (1) M,

wy s (we —wr), (ws — we)', (wa —ws)', 1y,

(k) If ® = Eg and w = S4,Sa,, then
H?(B;, \) & M,

where M is a 6-dimensional indecomposable B-module with factors

wél), (w7 - ws)(l), (wﬁ - w?)(l), (w5 - w6)(1)7 (W4 - w5)(1), Vq(ul)-

(1) If ® = Fy and w = 54, Sas, then
HQ(BM)\) = M7

where M s a 3-dimensional indecomposable B-module with factors

(w3 — wa)™, (wa — w3) W, (w1 — wa + ws) M.

Proof. For (i), this comes from the previous theorem for H*( By, k) as a B-module. Following
the setup found in the beginning of the section. For example, consider the case when ® = Ay

and w = S,,54,. Then, the cohomology classes for this w are

¢a1 ® ¢a1+042+043 + ¢a1+a2 ® ¢a2+043 and
(bal ® ¢a3'

Consider

X2,
T(¢a1 ® ¢a1+a2+a3 + ¢a1+a2 ® ¢a2+a3> = ¢a1 ® ¢a3

and

2

)(_CL2
ol <¢0¢1 ® ¢a3> =0
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Since I can get from one cohomology class to another, then this forms an indecomposable
module. A similar calculation is done with the other cases. All of the cohomology classes are

found in Appendix A. The factors in the modules are those in Theorem 4.3.2. O

Remark 4.6.2. For the indecomposable B-modules in the preceding theorems, the factors

are listed in order with the first factor listed is the head and the last factor listed is the socle.
Corollary 4.6.3. Let p =2 and \,v € X (7).

(a) If X & pX(T) and X\ # w - 0+ po for some w € W with [(w) = 2 and o € X(T), then
H?(By, \) = 0.

(b) If « € A, then H*(By,py — a) = 0.



CHAPTER 5

B,-COHOMOLOGY

To calculate H*(B,, \) for r > 1, we will first state a few lemmas for specific weights before

stating the final theorem.

51 CASEIL: A=0

To calculate the B,-cohomology, we will first look at the case when A = 0.
Lemma 5.1.1. Let p=2 and A € X(T'). Then

Py, ifA=pTly—a, a€ A, ye X(T),
HomBr/Bl(ksz(Bla k)(lfl) ®pl)\> ~ v Y ( )

0 otherwise

except in the following cases:

(a) If ® = A3, then

P, ifA=pTly—a, a€ A ye X(T),
HomBr/Bl(ka HQ(BM k)(lil) ®pl)\> = prf% Zf/\ = pril’y —w2, ¥ &€ X(T)7

0 otherwise
(b) If ® = Bj, then

Py, ifA=pTly—a, a€ A ye X(T),
Homp, /5, (k, H*(B1, k)™ @ p'A) 2 < pray, if A = prly — (wo — w1), 7 € X(T),

0 otherwise

33



(c) If ® = By, then

HomBT/Bl(kv H2(B1, k})(l_l) ® pZA) o

(d) If ® = B, then

Homp, /5, (k, H?(By, k) @ pa) =

(6) [f(I) = Cn; then

HomBT/Bl (k) HQ(Bl, ]{j)(l_l) ®pl/\) o

(f) If ® = Dy, then

Homp, /p, (k, H*(By, k)™ Vap'a) = o

P,
P,

P,

(

P,

P,

0

P,
P,
0

P,

P,

P,

34

FA=p "y~ a €A, yeX(T),
ifAN=p"ly = (—wr +ws), v e X(T),
ifA=p "y — (w1 — wo + w3 — wy),

T X(D)

otherwise

frx=p 'y —a, ac A, yeX(T),
Zf)\ = pril'y _ (_ujn_2 + wn_1)7
v € X(T),

otherwise

fA=p 'y —a, acl, ve X(T),
Zf)\ - pT—l")/ — (_wn72 —|—wn) ,-)/ c X(T)’

otherwise

ifA=p "y —a, ac A, ye X(T),
ifA=p "y — (W —we +w;), 1 € {3,4},
v € X(T),
if A =p" "y — (—wy + w3 + wy),
v € X(T),

otherwise



(9) If ® = D,,, then

Homp, /5, (k, H*(By, k)Y @ p'\) =

(h) If & = Fy, then

Homp, /5, (k, H*(By, k)Y @ p'\) =

(i) If ® = Gy, then

HOIHBT/BZ(]{?, HQ(Bl, k’)(l_l) ® pl)\) =

Proof. We have

P,

P,

P,

P,

P,
P,
0
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fA=ply—a, ac A, yve X(T),
ifA=p "y — (~wn_2 + Wn1 + wy),
v e X(T),

otherwise

fA=p 'y —a, ac A, yeX(T),
if A =p 7y — (w1 +wy — wy),
v € X(T),

otherwise

if)‘:pr_l’)/_oﬁ a €A, ’VGX(T)a
Zf)‘ :pr_l7 - (_wl +w2)7 S X(T)7

otherwise

HomB,,./Bl (/{Z, H2(Bl, ]{?)(l_l) ® pl)\> = HOl’IlBril (k?, H2(B1, ]{?)(_1) ® )\)(l)

>~ Homp, _,(—\,H?(By, k).

with H*(By, k) stated in Theorem 5.3, it’s necessary to consider the B-socle of H*(Bj, k). In

general, this is the B-socle of u*, which is } ;. \ ks by [Jan2]. However, when the cohomology

is not u*, then this accounts for the additional weights. (These extra cases come from the

special cases in Theorem 4.5.1.)

g

With the use of this lemma gives us an easy formula to compute H*(B,, k) from H?(By, k).

However, to define this, the use the Lyndon-Hochschild-Serre (LHS) spectral sequence is

necessary, which is defined for B,<B, as follows:

EY = HY(B, /By, H/(By,\)) = H'"(B,, \).
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Proposition 5.1.2. Let p = 2. Then H*(B,, k) = H*(By, k)Y,

Proof. To prove this, we will use induction on . Assume that » > 1. Now, let’s look at Eé’l =
H'(B,/B;,H'(By, k)). By [Jan2] we know that H'(By, k) = 0 and thus E5' = 0. Now applying
the previous lemma with [ = 1 and \ = 0, we have ES* = Homp, 5, (k, H*(B,/Bi, k)) = 0.
Since all differentials going into and out of E§’O are zero, and by the induction hypothesis

we have that

H2(B,, k) = E2° = H(B, 1, k)" = H3(By, k).

5.2 CASE I1I: A =plo

Lemma 5.2.1. Let 0 <[ <r, and o € A.

(a) Then
k ifl>0
H2(Bra _pla> = f
0 otherwise

(b) Suppose ® is of type As. Then

k ifl >0
H2<Br> _plw2) =
0 otherwise

(c) Suppose ® is of type Bs. Then

koifl>0

12

H2(Bra _pl(w2 - Wl))
0 otherwise

(d) Suppose ® is of type By and X = —p'(—wy +w3) or A\ = —p'(w; — wo + ws — wy). Then

T LA L

0 otherwise
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(e) Suppose ® is of type B,,. Then

) o N E o ifl >0
H (Br7 P ( Wn—2 + Wn—l)) —
0 otherwise

(f) Suppose ® is of type C,,. Then

koifl>0

2

H2(B7"7 _pl(_wn—Q + Wn))
0 otherwise

(9) Suppose ® is of type Dy and X = —p'(w; — wy +w;) fori € {3,4}

or A = —p'(—wy + w3 + wy). Then

ko ifl>0

I

H?*(B,, \)
0 otherwise

(h) Suppose ® is of type D,,. Then

ko ifl>0

12

HQ(BM _pl(_wan +wn-1+ wn))
0 otherwise

(i) Suppose ® is of type Fy. Then

) l k ifl>0
H*(B,, —p (—w1 + w2 —wy)) =
0 otherwise

(j) Suppose @ is of type G3. Then

ko ifl>0
HQ(BW _pl(w2 - Wl)) =

0 otherwise

Proof. (a) When r = 1, H*(By, —a) = 0 by Corollary 4.6.3. Now assume 7 > 1 and consider

the case that [ = 0. We will use the LHS spectral sequence

EY = H*(B,/By,H (B, —a)) = H"(B,, —a).
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E3° = HY(B,/By,Homp(k, —a)) = 0 and Ey* = H(B, /By, H*(B;, —a)) = 0, from Theorem
4.6.1. Consider Ey' = H'(B, /By, H'(By, —a)). Let’s first look at H(B;, —a), which is given
to us in [Jan2, 3.5]. In general H' (B}, —a) = k except when ® is of type As, Dy, D, in the
following cases.
(i) If & = A, then

HY(B), —a1) =k @ (—w; +wz)P
and

H1<B1, —063) = k’ @ (wl — u)3>(1)

(i) If ® = Dy, then
H'Y (B, —ay) = k@ (—w1 + w3)V & (—w; +wy)®,

HY(By, —a3) = k@ (w — u)3)(1) @ (—ws + w4)(1),

and

H'(By, —ay) = k& (w1 — wa)V & (ws —wy) .

(iii) If & = D,,, then

Hl(Bl, Q1) =k ® (—wp—1 + wn)(l)

and

HI(BI, —a,) =k & (w1 — wn)(l).

So, now we can apply [BNP1, Thm 2.8(C)] and we have that E}! vanishes. Hence
EY° = Ey' = EY? = 0 in all cases and so H?(B,, —a) = 0.

Now assume [ > 0. We use the LHS spectral sequence again.

Ey = H(B,/B;, W (B, —p'a)) = H™(B,, —pla).
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First consider Ey' = HY(B,/B;,H'(B;, k) ® —p'a). By [BNP1, Thm 2.8(C)] we have that

E4' = 0. From the case [ = 0, we have
Ey° = H*(B,/B;, —p'a) = H*(B,_;, —a)® = 0.
So, H*(B,, —p'a) = EY*. From Lemma 5.1.1, one can conclude
Ey? = Homgp, p,(k, H*(By, k) ® p'a) = Homp, /5, (k, H*(By, k) @ —pla) = k.

Hence, the result follows.
For (b)-(j) the argument is analogous. As before, the case r = 1 follows from Corollary

4.6.3. For r > 1 and [ = 0, we use the spectral sequence
Ey) =H'(B,/By,H(By,—\)) = H"(B,, -\)

for A\ defined as in the statement of the theorem for these cases. Note that in all of these
cases, H'(By, —w;) = 0 and so one immediately gets Ey" = 0 and as before E5° = 0 = Ey”.

For the case [ > 0, the same argument is used as the —p'a case. O

5.3 CASE III: A\ ARBITRARY

To compute H*(B,, \) for A & p" X (7)), let’s first start with some special computations when
® is not simply laced. Define the following indecomposable B-modules, where all of the

factors are listed from top to bottom:

e Np is the two-dimensional indecomposable B-module with factors a3 and k.
Furthermore, N, = H'(B;, —a, 1) [Jan2, 3.6].

e N¢, is the n-dimensional indecomposable B-module with factors

W1, We — W1, W3 — Wa,y ..., Wy — Wp1.

Furthermore, N¢, = HY(By, k)Y, [Jan2, 3.6]

e Np, is the three-dimensional indecomposable B-module with factors ag + ay, as, k.

Furthermore Np, = H' (B, —ay) ™Y [Jan2, 3.6].
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e Ng, is the two-dimensional indecomposable B-module with factors as and &.

Furthermore Ng, = H' (B, —ay)™Y [Jan2, 3.7].

Notice that if N is one of the above modules, then N ® A remains indecomposable for

any weight \.

Lemma 5.3.1. (a) If ® is of type B, Fy, G, then H' (U, N) = H'(u, N), where N is one

of the modules defined above.
(b) If ® is of type By, Fy, Gy, then H(Uy, N) is defined as follows:

(i) HY(Uy, Np,) has a T-basis {ai, aa, ..., 0p_1, Qp_1 + Qp, 200, 0p_1 + 200}
(ii) H'(Uy, Ne,) has a T-basis
{ag, a9, ... ap_9, apny 1 + Qi 2001, 2001 + Qiyy Qo + 20,1}
(i) H*(Uy, Ng,) has a T-basis {ay, aa, ay, g + i, 200, vy + 2003, 203 + g}

(iv) HY (U1, Ng,) has a T-basis {1, a1 + ag, 20, 201 + s}

Proof. (a) Consider the following exact sequence:
0 — H'(U;, N) — H'(u, N) — Hom*(u, N*)

where Hom®(u, N') is the set of all maps that are additive and satisfy the property:

p(ax) = aPp(z). In our case we have that Hom®(u, N*) = (u*)!) So, we now have the
following exact sequence: 0 — H' (U, N) — A'(u*) ® N — (u*)) Since u* is spanned by
the negative roots, then this last map is the 0O-map. Therefore, H' (U, N) = H'(u, N).

(b) To calculate H'(u, N), we use [Janl, 1.9.15]: k@ N — u*®@ N — A*(u*) ® N.

So, it is first necessary to calculate ker(u* @ N — A?(u*) ® N) by [Jan2, 1.9.17]

di(m ® ) = Zm] (65 AY) +m @ d; (¥),
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where d} is the differential defined in Section 2.1 and ¢ € ®. For example, when ® is of
type Bz, then N is an indecomposable B-module with factors a3 = m; and & = mg. Then
Ty -mg =0 and

mo Y= —Q3

Ty -y =
0 else

*

Therefore, do(mo) = 0 and do(m1) = 2*,, ® mg. Furthermore, we get that
di(mo ® V) = me®d|(¢) and di (M1 ®@Y) = Mm@ (T_a; AY) + m1@d| (). It is necessary to
determine when any linear combination of these maps (both with the same map) returns 0.
After checking all possible weights, the possible weights are {ay, ag, ag, ag+ag, ag+2as, 2as}.
Now it is necessary to check which weights are in the previous image k @ N — u* ® N. The

weight a3 is in the previous image because a3 is one of the factors of our module and

1® a3 = a3 ® 1. The other calculations are similar. 0

Theorem 5.3.2. (a) If © is of type B, then

/

v ifA=pv—paacAN0<I<randa €A
forl#r—1ifa=a, 1, andl #0 if a = «,

v if A=p" — (a1 + ay,

H2(BT, NBH®)\)(—T) ~ f ( 1 )

M®v ifAX=pv—p o,

M ®v ifA=pv

0 otherwise

\

where M s an indecomposable module with factors o, and k.
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(b) If ® is of type C,

v if\=pv—pa, withac A, 0<1 <7 and
where l r — 1 if « = ap, oo and [ # 0 if
o=, 1

H*(B,,N¢, @A) = ¢y, ifA=pv— (a1 + o)

Mev if \=pv—pta where a € {a, 2, an}

M@v ifA=pv

0 else
\

where M s an indecomposable module with factors c,,_1 and k.

(c) If ® is of type Fy

v if A\ =pv—7pa, with <l<randacA
l#r—1 when a € {ag, ayu}

v if A=p" — (a2 + as)

H(B,, N, @ )7 2 ¢y if A=p" — (a3 + )

Mev ifA=pv—pla for a € {a, as}

v if A=7pv

\ 0 otherwise

where M s the two-dimensional indecomposable module with factors as and k.
(d) If ® is of type G
v ifA=pv—paacA0<I<r—1,
Il #0 when o = ay
v fA=p — (o +«
H2<BT,NG2 ® /\)(77') ~ ( 1 2)
M ® v ifA=pv—p " lay

v if A=p'v

0 otherwise
\

where My is the two-dimensional indecomposable module with factors aq and k.
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With the use of the previous calculations, we can compute H*(B,, \) for any r and A € X,.(T)).

Theorem 5.4.1. Let p=2 and A € X,.(T). Then

(a) If ® is not of type As, By, Cy, Dy, Fy, or Gy, then

H%(B,, \) =

(

\

H%(By,w - 04 pr)—Y

(b) If @ is of type As, then

H?(B,, \) =

(

H?(By,w - 0 + pr)—Y

)

(v +w)™ @ (7 + ws)"

if A =p""Hw -0+ pr) with [(w) =2 or 0,
if X =p'v+plw -0, with l(w) = 2,
0<l<r—1,

ifA=pv—pa, with0<l<ra€A

ifA=pv—p'B—pa, withd<Il<t<r,

a, e
else
ifA=pv

if A =p'v+plw -0, with l(w) = 2,
0<l<r—1,

ifA=pv—pa, with0<l<r,a€A
if \=pv—p'B—pa, wih
0<l<t<ra el

if A\ =pv+p oy — pla, with
0<l<r—1la€eA

if A\ =p'v+p " lwy — pla, with
0<l<r—1l,aeA

else



(c) If ® is of type Bs. Then,

H?(B,, \) =

(

H?(By,w -0+ pv)r—Y

)

()

()

(v+w) @ (v+ws)™

L)

Mg) ® v

3

Mg) ® v

3
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if A =p"" w0+ pr) with l(w) = 0,2

if X =p'v+plw -0, with l(w) = 2,
0<l<r-—1

if A\=p'v—p'B—pa, wih
0<li<t<ra,peA

A=pv—pawth0<l<r ac€A

A=pv—p lay — pla, with
0<l<r—1l,aeA

A =p"v—pt (s + a3) — plag, with
0<l<r-—1

A=pv—p oy — pla, with
0<l<r—1l,aeA

A=p'v—p " las—pay with

0<l<r-—1,

else



(d) If ® is of type By. Then,

(

H?*(By,w - 0+ pr)r=Y

()
()

()

H3(B,, \) = {
(Wl @ MB4)(T) ® l/(T)

Mg;) ® v
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if A=p "Hw -0+ pv) with l(w) = 0,2

if A\ =p"v+pw-0, with l(w) = 2,
0<l<r—1

ifAN=pv—pf—pa, with0<Il<t<r,
a, e

A=pv—pauwthdo<l<r acA

A =pv—ptaz + ay) — plas, with
0<li<r-—1

A=pv—p~tay —pla, withie {1,3},
0<li<r—1l,aeA

A=pv—p " las—pas with

0<li<r—1,

else



(e) If ® is of type B,,. Then,

H?(B,, \) =

/

H?*(By,w - 0+ pr)r=Y

()
()
()
()
M) 00

M) @ 40
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if A=p w0+ pv) with l(w) = 0,2

if A\ =p'v+pw-0, with l(w) = 2,
0<l<r-—1

ifAN=pv—pf—pa, with0<Il<t<r,
a, e

A=pv—pawithd<l<r ac,
and l #r—1if a = a,_1

A=p'v—p T a, 1+ an) — pla,_1 with

0<li<r-—1

A=pv—p " la, i —pa, with
0<l<r—1,

A=pv—p o, —pa,_1, with

0<li<r—-1l,aeA

else



(f) If ® is of type C,,. Then,

(

H2(Bl, w0+ py)(’")

()

()

()

H*(B,, \) =2 { 0

M) & )

M(T) ® V(T)

HY(B,_,, MY @ \) @

H2(Br—17 )\1)
0

with M defined as in Theorem 5.3.2.
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if A=p"" w0+ pv) with l(w) = 0,2

ifA=pv+p(w-0) with0 <l <r—1,

l(w) =2

ifA\=pv—pawth)<l<racA

and l #r —1ifa=a,

if \=p'v —ptf — pla with

0<i<t<rapfeA

A=pv—pan_1+ ay,) with

0<l<r—1,

fA=pv—p

r—1

a, — pla with

0<li<r—1l,aeA

ifA=pv—p
A= p>\1
else

r—1

a where a € {a,_1,a,}
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(g9) If ® is of type Dy, then

H2(By,w -0+ pv)™ ifA=p " (w-0+pv)

with l(w) = 2,0

) if A\ =p"v+plw -0, with l(w) = 2,
0<l<r—1,
(7 if \=pv—pa, with0<I<r,
a€cA
H2(B,,\) 2 { L0 ifA=pv—pp—rpa,

with0<Il<t<rapfeA
(") ifA=pv+p tay —pa,

with0<Il<r—1a€eA

(v + wl)(r)@ if A =p'v+p " lwy — pla,
(u+w3)(7)®(u+w4)(’") with0<l<r—1,aeA
0 else

\

(h) If ® is of type D,, n > 5, then

H?(By,w -0+ pv)" if A =p"" w0+ pr) with l[(w) =2,0

(7 if \=p'v+plw -0, with l(w) = 2,
0<li<r—1,

() ifA=pv—pa, with0<l<r acA

() ifA\=pv—pf—pa with0<Il<t<r,

H2(B, . \) = a,feA

() if A\ =p'v+p "l — pla, with
0<li<r—1,
aceANi#n—1n

(v + wn_l)(r) @ v+ wn)(” if AN =pv+p w,_o — pla,

with)0<l<r—laeA
0 else




(i) If ® is of type Fy. Then

H?(B,, \) =

;

H?*(By,w - 0 + pr)r=Y

\

with M defined as in Lemma 5.3.1(b)

(j) If ® is of type Gy. Then,

H*(B,, \) =

)
H?(By,w- 04 pv)=
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if A =p " Hw -0+ pv) with l(w) = 0,2

if A= p"v+ plw - 0 with [(w) = 2,
0<li<r-—1

ifA=pv—pawith0<I<r—1, a €A

ifAN=pv—pB—pawthd<l<t<r
a,feN

if A= p'v—p(az + B) — plag with
0<l<r—1,0€{a,a}

if A\ =p'v —p " tay — pla with

0<li<r—1l,aeA

if \=pr'v —p" Loy — plag with
0<li<r-—1
else

if A=p"" w0+ pr) with l(w) = 0,2

if A= p"v+ plw - 0 with l(w) = 2,
0<l<r-1

ifA=pv—pawthd0<l<r a€A

ifA=pv—pB—pawithdo<l<t<r
a, €N

if A\ =p'v—pag + a) — play with
0<l<r-1

if A=p'v—p " tay — pla with

0<l<r—1l,aeA

else
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Proof. We will use induction on r. For » = 1, the claim reduces to Theorem 4.6.1. Suppose

r > 1. Set A = Ao+ pA; where \g € X1(T") and A\; € X(7T'). From the LHS spectral sequence
By’ = H'(B,/B1, W (B, \o) ® phi) = HH(B,, A).

Case 1: \g # 0 and \g # —a mod pX(T'), with a € A.

In this case we have Ey° = 0 and E5" = 0 [Jan2, 3.2]. Then, we have
H*(B,,\) = E* = Ey* = Homp, /p, (k, H*(B1, ) ® pA1.

by Lemma 5.1.1 this expression is zero unless \g = w - 0 + pv,, for some w € W with
l(w) = 2 and v, as given in Lemma 4.3.1. Assume ) is of this form. Then by Theorem
4.6.1, the B-module H?(By, \o) has simple socle of weight pv, and ES’Q vanishes unless
p(Vw + A1) € p"X(T'). This implies \g = w - 0+ p"v with {(w) = 2 and v € X (T'). Moreover,
H?(B,, \) = v for such weights. To summarize: if Ay #Z 0 and A\g Z —a mod pX(T), with

a € A, and r > 1 then

v it A\=pv+4+w-0, with [(w) = 2,
(B, )) = p (w)

0 else

Case 2: Suppose \g = —a mod pX(T), with a € A.
Then A\g = pw, — a by [Jan2, 3.3|, except in the following cases:

e ® is of type B, with a = a,_1, then \g = 2(w,_1 — wy,) — ap_1.

e ® is of type C, with @ = a,, then \g = 2(—2w,,_1 + wy,) — an.

e ® is of type Fy with oo = v, then A\g = 2(ws — w3) — aa.

e ® is of type Gy with a = ay, then \g = 2(—wy + wy) — as.
If & # C, with A = —«,, mod pX(T), then E;’O = 0. By Corollary 4.6.3, it follows that
E;"? = 0. Therefore

H(B,, \) = By = H'(B,/By, H! (B, Ao) @ pAs).
Now assume that ® is of type C,,. Then by [Jan2, 3.5] we have

Ey' 2 H'(B,/B1,p(wa + M) 2 H(B,_1,w, + A1)V,
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Now, [BNP2, 2.8] implies that F," = 0 unless wy + Ay = p"'v — p#~13 for some § € A and
some 0 < k < 7. Moreover, in this case H*(B,, \) = v("), except in the following cases:

oif ® =B, n#4,03=a,and k=r — 1; in which case H*(B,, \) = ng ® v

oif ® =By, =a,icl,3and k=r—1; in which case H(B,,\) = MY @ v

oif ®=C,, 3= 0, and k =7 — 1; in which case H*(B,,\) = Mg, @ v

o if ® = F), 3= ay and k = r — 1; in which case H*(B,,\) & Mp, ® v(")

o if ® = Gy, 3=y and k = r — 1; in which case H*(B,, \) = Mg, ® v(")

If ® is of type As. Here pw; — a; = wy for i € {1,3}. Now applying [Jan2, 3.5(b)| yields
Ey' = HY(B,/By, p(w1 ®ws) @ pAr) = H'(B,_y, w1 + M)W @ H (Bo_1,ws + A1) As before,
by [BNP2, 2.8] the cohomology vanishes unless A = p"v—pFa; —a where i € {1, 3}. Moreover,

H*(B,,\) =2~ unless k = r — 1, in which case
H2 (B, A7 2y @ (v + (=1) (w1 — wy))-

Adding p"y, as defined in Lemma 4.3.1 to A results in the more symmetric statement
H2(B,,p™y + 0" twy — @) 2 (v +w1)™ @ (7 + wy) .

If ® is of type D,,, then by similar computations as to type As, it follows that if ® = D,
then H*(B,,p"y 4+ p" 'ws — ) = (v +w1)W & (v + w3) & (v +wy)" and if ® = D, for
n > 5 we have H*(B,,p"y + p" 'wn_g — @) = (v + wne1) @ (7 + wy,) .

If & is of type B, with Ay = «,_1 (mod pX(T)), or ® is of type Fy with Ay =
(mod pX(T)), or @ is of type Gy with Ay = s (mod pX(T)). Then, define v € X(T)
via A = pv — a,_1. Then from [Jan2, 3.6] H(B;,\) & M® @ v and so H*(B,,\) =
HY(B,_1,M ® v)") and apply Theorem 5.3.2.

Furthermore, if ® is of type Bs, then by similar computations from above, we have that
H?(B,,\) 2 (y+w) " @ (y+ws)™ when A = p'w; —p" tay —a = prws—p" " lag —a. If @ is of
type By, then by the same computations as in case Az and the results for B,, above show that
H?(B,, \) = (w1 +7)" @ (Mp, ®7)™ when A = p'w; —p" oy —a = p'(ws—ws) —p" oz —a

If & =C), and a = a,, then \y =0 (mod pX (7)), which is excluded.
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Case 3: Now assume Ay = 0. First assume that ® is not of type C,. Then Ey' = 0 for
all 7 by [Jan2, 3.3]. From Lemma 5.1.1 one obtains that ES’Q = 0 unless A = p"y — pa, with
a € A or if A is one of those listed in (i)-(iv) or (vi)-(viii), then by Lemma 5.1.1(B), then

H?(B,, \) = v, as claimed. Now if Ey"* = 0. This implies that
E? = E3Y =~ H%(B, /By, p\) = H*(B,_1, \) Y.
If ® is of type C,,, then by Lemma 5.1.1
Ey® = Homp, /g, (k, H*(By, k)M @ pA\;) = Homp, ,(k, H*(By, k) @ \)® = 0.

Now, consider, ES’O = H*(B, /By, Hompg, (k,pA1)) = H*(B,_1, A1) and

Ey' = Homgp, /g, (k, H'(By, k) ® p\1) = Homp, ,(k, M @ A;)™") and the map

dy 1 EY' — E3°. We want to show that dy is the O-map. But, Ey"' # 0 if and only if
A =p v — (W, —wp_1), and EQQ’O ~ H*(B,_1,p" 'V — (wy — wn_1)) = 0, by our previous
calculations with case (i).

Now, consider Ey"' = H(B, /By, HY(By, k)®pA1) = HY(B,_1, M®X;), where M is defined
as in Section 5.3 (as in [Jan2]). Since Ey" # 0, then we must consider E5°. We want to show
dy : Byt — B3 is the zero-map. Note that the factors of M are not in the root lattice, and
so for By # 0, then \; & Z®. For A\, ¢ Z®, then E5° = H*(B,_1,\;) = 0 by [Jan1, 11.4.10].

Therefore, ds is the zero-map. 0O



CHAPTER 6

B—-COHOMOLOGY

6.1

Using the B,—cohomology results, the B-cohomology and the GG,—cohomology can both be
computed. Here, we will calculate H*(B, \) for all A € X (T'). Cline, Parshall, and Scott [CPS]

gives a relationship between the B,-cohomology and the B-cohomology:
H?(B, \) = @HQ(BT, A).
Assume that A € X(T) with H*(B, \) # 0, then A # 0. Choose s > 0 such that
(i) the natural map H"(B, A) — H"(B,, \) is nonzero for all r > s.

By choosing a possibly larger s, we can further assume that
(i) [ (N aY)| < p*! for all @ € A.

From Theorem 5.4.1 and condition (i), then H*(B,, \) is one-dimensional for all r > s.
Furthermore, since H?(B, \) has trivial B-action, condition (i) implies that H*(B,,\) = k
for all r > s.

On the other hand, if there exists an integer s such that H*(B,,\) = k for all » > s, then

H?(B, \) & lim H*(B,, \) = k. Therefore, Theorem 5.4.1 yields:

93
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Theorem 6.1.1. Let p =2 and A € X(T).

(a) If ® is simply laced, then

;

if A= plw-0, with0 <1, l(w) = 2,

if A\ = —pla, with 0 <1 and o € A,

1%

H?(B, \)
if A= —p'B—pa, with0<Il<tanda,B €A,

(o -

else.
\

(b) If ® is of type B, then

;

ko if x=plw-0, with0 <1, l(w) =2,
E o if = —pa, with0 <l and a € A,
H*(B,X\) = § k if A= —p'B —pla, with0 <l <t and o, € A,
ko if A= —p"Han 1+ an) — plag_1 with 0 <,
0 else.

\

(c) If @ is of type C,,, then

;

ko ifx=plw-0, with0 <1, l(w) =2,
ko if = —pa, with0 <l and a € A,
H?(B,\) = ¢ if A= —p'B—pla, with0 <l <t and o, € A,
kEoif A= —p" ™ an_1 + an) with 0 <1,
0 else.

\

(d) If ® is of type Fy, then

;

if A= plw -0, with 0 <1, l(w) = 2,
if A= —pla, with 0 <1 and o € A,
H*(B, ) if A= —p'B—pla, with0 <1<t and o, € A,

if A= —p(az + B) — plag with 0 <1 and B € {az, a4},

I1e
o x> = ™™

else.
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(e) If @ is of type Go, then

(

ko if A=plw-0, with0<I, l(w) =2,
ko if A= —pa, with0 <l and a € A,
H?(B,A) = ¢ if A\ = —p'B—pa, with0<Il<tanda,B€EA,
Eoif A= —p"as + as) — plag with 0 <1,
0 else

\

Proof. We want condition (ii) above to be satisfied, that is:

[\, o) | <p*!foralaeA

r—1

For example, consider the case when ® = A5 and A\ = p"v +p"'ay — p' 5. Fix s large enough

such that s < r. We want the following inequality to be satisfied.

|(pv+p as —p'B,aV)|

=[p" (v,a") +p"Hag, o) —p (B,a")| < pt

Therefore,

|prfs+1 <V, a\/> _i_prfs (ch,ozv> _plferl <ﬁ,0¢v> | <1

Note that (v,a) € Z, (g, ") = —1,2, and (5, ") = 0, —1,2. Since the left hand side

must be < 1, then we have that v = 0. And, so we are left with
P {ag, @) = P! (BaY) | < 1.

But, since r > s then if (az,a¥) = —1 and I am subtracting something to result in the
left hand side being greater than 1, then the inequality is not satisfied for any value of
< (ag, a’ee).

Now consider, {as,@") = 2 then the second term, (s, V), is never greater than 1 and
thus |p" =% {an, @) —p' =1 (B,a") | £ 1. Therefore, A doesn’t satisfy condition (ii) above, and

so for this particular A\, H*(B, \) = 0. A similar computation is used for the other cases. o



CHAPTER 7

G,-COHOMOLOGY

Now that the B,-cohomology has been calculated, the G,-cohomology of induced modules
(H°(\), where A € X(T),) can be determined. From [Janl, 11.12.2], one has the following

isomorphism, which holds independently of the prime:
HY(G,, H°(\)"" = ind§ HY(B,, \)"

for any A € X(7),. Recall the following theorem from [BNP2, 6.1], which generalizes the

above isomorphism.

Theorem 7.0.2. Let A € X(T'); and p be an arbitrary prime. Then

H2(G,, HO(\) ) 2 ind$ H2(B,, ).

7.1 r =1 CASE

In particular, one has the following isomorphism H*(Gy, HO(A\))Y 22 ind§(H?(By, \)Y).

Using the results from the Bj-cohomology, the G;-cohomology can easily be determined.
Theorem 7.1.1. Let p =2

(a) Let X\ = pv, then
H(Gy, H'(\)) = ind§ (uw* @ v)V

except when ® is of type Az, B,,C,,, D,, Fy, or Gy. Then
H?(Gy, HO(\)) 2 ind$(H*(By, k) @ v)W.

o6
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(b) If \ & pX(T) and H*(Gy, H°(A\)) # 0 then A = w -0+ pv with [(w) = 2 and v € X(T).

(¢) Let A = so83 - 0+ pv where a, 5 € A are not connected and are not separated by a
single vertex. Furthermore suppose ® is not of type B,, with w = 54,54, , and ® is not

of type C,, with w = S,,S,,,, then

H?(Gy, H'(\)) = H(v)W.

If the B,-cohomology involves an indecomposable B-module, then it is necessary to deter-
mine the (G1-cohomology structure separately. First consider the following modules, with the

factors listed from top to bottom.

e M has factors o; and k corresponding to w = 5,5 where «, 3 are separated by a single

vertex, unless otherwise noted in one of the following modules.
o If ® =5, and w = s,,_,Sa,, then M has factors a,,—; and k
o If b= DB, and w = s,, ,S4,_, then M has factors a,,_5 and k
o If ® =B, and w = s,,54,_, with ¢ # n — 3 then M has factors a,, and k.
o If & =C), and w = 54,54, With i #n — 2 then M has factors o,—; and k.
o If =D, and w = 5,4, _,Sa,_, then M has factors o, s + v, a,—2 and k.
o If ® =D, and w = s,,_,Sa, then M has factors a,,—o + a;,—1, 2 and k.
o If & = Fg and w = 54,54, then M has factors ay + a5 + ag, ag + a5, ay and k.

o If & is of type Eg, B7, Es and w = s,,54, then M has factors oy + as + ay, as + ay, oy
and k.

o If @ is of type Ejg, b7, Es and w = 54,54, then M has factors as + ay, ay and k.

o If ® = E; and w = s,,54, then M has factors ay+as+ag+ a7, as+ a5 + g, s+ as, oy

and k.
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o If ® = Fg and w = 54,54, then M has factors ay + a5 + o + a7 + ag, as + a5 + ag +

a7, 0y + as + g, oy + s, a4 and k.
o If & = F, and w = 5,,54, then M has factors ay + ag, ay and k.
fA=w-0+pve X(T); for we W where w is one of the reflections listed above, then
H?(Gy, H'(\)) 2 ind§G(M @ v) W,

The structure of these modules are listed in Appendix C.

7.2 GENERAL CASE

For » > 1, using the isomorphism in Theorem 7.0.2, we can use the B, cohomology results,

found in Theorem 5.11 and apply the induction functor to get the following theorem.

Theorem 7.2.1. Letp=2,7>1 and A\ € X(T)y. Then

(a) If ® is not of type As, By, Cp, Dy, Fy, or Go, then

)
indG H2(By,w - 04 pv)™™ Y if X = p"Yw - 0+ pv) with l(w) = 0,2,

H(v)™ if A= p'v+pw -0, with l(w) = 2,
0<l<r—1,
H*(G,, \) = HO(I/)(T) ifA\=pv—7pa, withd<l<r,acA
H(v)®) if \=pv—pB-pa

with0<Il<t<r a,fe€A

0 else



(b) If ® = A, then

H?(G,, \)

12

(

ind% H?(By,w - 0 4 pr)=Y
HO (V)('r)

HO (y>(r)

HO (V)(r)

HO (V)(T)

H(v 4 w)® @ H(v 4 ws)™
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if A =p w0+ pv)

if A= p'v+plw -0, with [(w) = 2,
0<l<r-—1,

if A=pv—pa, with0<I<r,
ae A

if A =pv—p'3—pa,
with0<Il<t<r, oo €eA

ifA=pv+ptay — pla,
with0<Il<r—1, a €A

fA=pv+p  w —pla,
with0<Il<r—1, «a€A

else



(c) If ® is of type Bs. Then,

H*(G,, \) &

(

ind§ H?(By, w - 0 4 p)—b
HO(v))

HO(V)(r)

HO(v)™)

HO(v 4 w) ™ @ HO(v 4 w;)™)
HO(V)(T)
indg(M]g;) ®v)"

indg(Mg;) ® v))
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ifA=p Hw-0+pv),l[(w) =0,2

if A =p'v+plw -0, with l(w) = 2,
0<l<r—1

if \=p'v—pp-rpa,
with 0 <l <t<r, a,feA

A=pv—pawthd<l<r acA

A=pv—play —pa, wih
0<l<r—1l,aeA

A=pv—pTay + az) — play with
0<l<r-—1

A=pv—p " lay —pa, with
0<l<r—1l,aeA

A=pv—p las—pas with

0<l<r—1,

else



(d) If ® is of type By. Then,

H*(G,, \) =

(

H*(By,w - 0+ pr)r=b
HU(V)(T)

HO (V)(r)
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if A =p""Hw-0+ pr) with [(w) = 0,2

if A =p'v+plw -0, with l(w) = 2,
0<l<r-1

if X=pv—p'3-pa,
with 0 <l<t<r a €A

A=pv—pawthd<l<r acA

A=pv—pTas+ o) —play
with 0 <l<r-—1

A=pv—pla; — pla with i € {1,3},
0<li<r—1,aceA

A=pv—ptag—pas
with 0 <l <r—1,

else



(e) If ® is of type B,,. Then,

H*(G,, \) &

(
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lndg HQ(Bl’w . O +py)(r_1) Zf)\ — pr_l(w . O —|—py) thh l(w) - O, 2

HO(V)(T‘)
HO(V>(7”)

HO(U)(T)
HO(V)(T)

indg(Mgz ® )"

ind§ (M gn) ®v)m

if A\ =p'v+pw-0,
with l(w) =2, 0 <l <r—1
if \=pv—p'B-pa,
with0<Il<t<r a,fe€A
A=pv—pauwithd<l<r acA
A=p'v— Pt a1 + an) — Plom_i
with 0 <l<r—1

r—1

)‘ :pry —-p Q1 _pla7

with0<Il<r—1 a€A

1 !
Qp — P Qp—1

A=pv—p~
with 0 <l <r—1,

else
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(f) If ® is of type C,. Then,

§
indG H?(By,w - 04 pv)) if X =p" " (w - 0 + pv) with [(w) = 0,2

HO ()™ ifX=pv+p(w-0) with0 <l <r—1,
l(w) =2
HO(v)™ ifA\=pv—pawth)<l<racA

andl #r—1ifa=aq,

HO(v)™ ifAN=pv—pf—pawithd<l<t<r
a, e
HQ(GT, )\) o HO(I/)(T) = prl/ _ pl+1(an_1 + Oén) _ plOén—l

with 0 <l <r—1
ind§(M ® v)" if A\ =p'v—p " la, — pla with
0<li<r—1l,aeA
ind§(M ® v)") if \=p'v—p ta where a € {a, 1, a,}
indg HY(B,_1, MY @ X)) X =p)\;, where \; € X,_1(T)
@®ind% H?(B,_1, \)

0 else

\

with M defined in Lemma 5.3.1.



(g9) If ® is of type Dy, then

H*(G,, \) =

(

ind% H?(By,w - 0+ pv)")
HO(V)(T)

HO (y>(r)

HO ()™

HO (V>('r)

H(v 4 w)® @ H(v 4 ws)™

@HO(V + w4)(7")
0

\

(h) If ® is of type D,, n > 5, then

H?(G,, \)

12

7

ind% H*(By,w - 0 + pv)"
H(v)™

HO (V) (r)

HO ()™

if A=p" Y w-0+pv),l(w)=2,0
if A\ =p'v+plw - 0 with [(w) = 2,

0<li<r—1,
ifA=pv—pawith0<l<r,
a €A,

if \=p'v—p'f — pla with
0<i<t<rapfeA

if A =p"y +p lay — pla with
0<li<r—1l,aeA

if A= p"y + p"lwy — pla with

0<l<r—1l,aeA

else
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ifA=p " Hw-0+pv),l(w) =2,0

if A\ =p'v+pw-0, with l(w) =

0<l<r-—1,

if A\ =pv—pa, with0<Il<r,

a €A
if A\ =p'v —p'B — pla with
0<l<t<ra el

if A\ =p'v+p lay — pla with

2,

0<Il<r—l,acelA i#n—1n

fA=p"y+p was — pla,
with0<Il<r—1 a€A

else



(i) If ® is of type Fy. Then

H*(G,, \) &

(
ind§ H?(By, w - 0 4 pr)"=b

HO(v))
HO(v)™)
HO(v)™)
HO ()™
ind§ (M g) ®v)"
ind§(M® @ )™

0

\

(j) If ® is of type Go. Then,

H*(G,, \) =

(
indG H?(By, w - 0 4 pr)r—1

HO ()™

indg(]\/[g; ® )"
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if A=p""Hw- 0+ pv) with [(w) = 0,2
if A= p'v+plw - 0 with [(w) = 2,
0<l<r-—1
ifA=pv—pawth)<I<r—1,
a€ A
if A =pv—p'B — pla with
0<li<t<ra,feA
ifA=pv—pTHaz+ ) —plag
with 0 <l <r—1, f € {az, as}
r—1

if A\ =p'v—p " tay — pla with

0<li<r—1l,aeA
if A=pr'v —p oy — plas
with 0 <l<r—1

else

if A=p"" w0+ pr) with l(w) = 0,2

if A= p"v+ plw - 0 with [(w) = 2,
0<l<r-—1

ifA\=pv—pawthd<l<r acA

if A\ =p'v —p'B — pla with
0<li<t<rapBeA

if A =p'v—pTHar+az) —play
with0<l<r-—1

if A =pv—p " lay — pla with
0<l<r—1l,aeA

else
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The structure of the induced modules in the above theorems are described in Section
7.1 and Appendix C. This appendix demonstrates that H*(G,, H°()\)) does have a good

filtration.



[And]

[AR]

[AJ]

[BNP1]

[BNP2]

[CPS]

[FP1]

[FP2]

[Hum]

BIBLIOGRAPHY

H.H. Andersen, Extensions of modules for algebraic groups, Amer. J. Math., 106,
(1984), 489-504.

H.H. Andersen and T. Rian, B-cohomology, Journal of Pure and Applied Algebra,
209, (2007), 537-549.

H.H. Andersen and J.C. Jantzen, Cohomology of induced representations for alge-

braic groups, Math. Ann., 269, (1984), 487-525.

C.P. Bendel, D.K. Nakano, and C. Pillen, Extensions for Frobenius kernels, J.
Algebra, 272, (2004), 476-511.

C.P. Bendel, D.K. Nakano, and C. Pillen, Second cohomology groups for Frobenius

kernels and related structures, Advances in Mathematics, 209, 2007, 162-197.

E. Cline, B.J. Parshall, L. Scott, Cohomology, hyperalgebras, and representations,
J. Algebra, 63, (1980), 98-123.

E.M. Friedlander and B.J. Parshall, On the cohomology of algebraic and related
finite groups, Invent. Math., 74, (1983), 85-117.

E.M. Friedlander and B.J. Parshall, Cohomology of Lie algebras and algebraic
groups, Amer. J. Math, 108, (1986), 235-253.

James E. Humphreys, Introduction to Lie Algebras and Representation Theory,

Graduate Texts in Mathematics, 9, Springer, New York, NY, 1972

67



[Janl]

[Jan2]

[KLT]

VdK]

68

J.C. Jantzen, Representations of Algebraic Groups, Second Edition, Mathematical
Surveys and Monographs, 107, AMS, Providence, RI, 2003

J.C. Jantzen, First cohomology groups for classical Lie algebras, Progress in Math-

ematics, 95, Birkhauser, 1991, 289-315.

S. Kumar, N. Lauritzen, J. Thomsen, Frobenius splitting of cotangent bundles of

flag varieties, Invent. Math, 136, (1999), 603-621.

W. Van der Kallen, Infinitesimal fixed points in modules with good filtration,

Math. Z., 212 (1993), 157-159.



APPENDIX A

CoHOMOLOGY CLASSES

Table A.1: The following table is a list of the explicit

cohomology classes that show up in the U;-cohomology

w cohomology class
An Sa;Saiyo ¢ai+1 & ¢ai+ai+l+ai+2 + ¢ai+ai+1 & ¢ai+1+ai+2
1<i<n-2 | ¢o; ® oy,
Sa; Saz+2 ¢ai+1 o2 ¢ai+ai+1+ai+2 + ¢ai+ai+1 @ ¢ai+1+ai+2
1<i<n-2 | ¢o; @ oy,
Bn Sai San_1 ¢o¢i ® ¢an_1+2an
1<i<n-3 | ¢n; @ Gq,_,
€ Qsai ® ¢ai+2ai+1+20¢i+2+---+20¢n + ¢ai+ai+l ® ¢ai+ai+1+2@i+2+---+2an
+...+ ¢ai+ai+1.--+an_1 ® ¢ai+ai+1-~.+an—1+2an
+¢a¢+ai+1-..+anf1+an ® ¢a¢+a¢+1...+anf1+an
3041' S(X1+2 ¢o¢i+1 & ¢ai+ai+1+o¢i+2 + ¢ai+ai+1 & ¢ai+1+o¢i+2
1<i<n—3 | Pa; @ Pays
Sap—25ay Pan_s ® Pan,
Cn San_1San ¢o¢n_1 & ¢2an_1+an

Sai San (bai ® ¢2an_1+an
1<i<n—3 | ¢o, @ P,
€ ¢Oén ® ¢2@i+2ai+1+---+20¢n—1+0¢n + ¢ai+---+an & ¢Oci+---+oén

69




70

Sa;Saiio

1<i<n-—4

¢Oéi+1 ® ¢ai+ai+l+0¢i+2 + ¢04i+04i+1 ® ¢ai+l+ai+2

d)oci ® ¢ai+2

30677.—380471—1

gban ® ¢an73+2an72+an71+an + ¢an72+an ® ¢a'rL73+an72+anfl+an

+¢O‘n73 +an—2+an ® ¢an72+anfl +an

¢O¢n—2 ® ¢O¢n—3+an—2+an—1 + ¢Oén—3+05n—2 ® ¢0¢n—2+0¢n—1

(banfS ® (banfl

¢an71 ® ¢an73+2an72+an71+an + ¢an72+an71 ® ¢an73+0‘n72+an71+an

+¢an—3+an—2+an—1 ® ¢an—2+an—1+0¢n

Dn San_gsan (bOén—2 ® ¢an_3+an_2+an + (ban_ngan_g ® ¢an_2+an
¢an—3 ® gban
¢O¢i ® ¢ai+2ai+1+---+2an—2+an—1+an+
¢a¢+0¢i+1 ® ¢ai+ai+1+2ai+2+~--+201n—2+05n—1+01n
Som_15an + ..+ Pajttans @ Paitotan_stan, 1Si<n—3
Pan_y ® Pay,
5a1 5a4 (bag ® ¢a1+a3+a4 + ¢a1+a3 ® ¢a3+a4
Pay ® Pay
SasSag ¢o¢5 ® ¢o¢4+045+a6 + ¢a4+a5 ® ¢a5+046
P © Pag
¢OC6 ® ¢a2+a3+2a4+2a5+a6 + ¢a5+oc6 ® ¢a2+a3+2a4+a5+a6
¢044+045+046 ® ¢052+043+044+045+0¢6 + ¢062+054+0¢5+046 ® ¢043+Ol4+065+046
Eg | SazSas Pas ® Pastaz+2as+as T Pastas ® Pagtastastas

+¢a2+a4+a5 ® ¢a3+a4+a5

¢Oé4 ® ¢a2+043+0¢4 + ¢a2+o¢4 ® ¢a3+044

Par ® Pay
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SasSas

¢Oé1 ® ¢041+042+2043+2014+045 + ¢041+Oé3 ® ¢a1+a2+a3+2a4+a5

¢a1+a3+a4 ® ¢a1+a2+a3+a4+a5 + ¢a1+a2+a3+a4 ® ¢a1+a3+a4+a5

¢a3 ® ¢a2+a3+2a4+a5 + ¢a3+a4 & ¢a2+a3+a4+a5

¢OC2+043+044 ® ¢a3+a4+a5

¢044 ® ¢a2+a4+a5 + ¢042+a4 ® ¢a4+a5

Paz @ Pas

SasSas

¢062 ® ¢062+043+2044+045 + ¢042+Oé4 ® ¢a2+043+0¢4+065 + ¢Oé2+013+044 ® ¢0¢2+Oé4+015

¢044 ® ¢a3+a4+a5 + ¢a3+a4 ® ¢a4+a5

Paz @ Pas

Sa1Say

¢043 ® ¢a1 +az+taq

Par @ Doy

SauSag

¢o¢5 ® ¢a4+0c5+066 + ¢a4+oc5 ® ¢O¢5+O¢6

Pas ® Pag

SasSar

¢046 ® ¢a5+a6+a7 + ¢C¥5+0¢6 ® ¢a6+a7

Pas @ Par

SasSas

¢Oé1 ® ¢a1+042+2043+2044+045 + ¢041+Oé3 ® ¢a1+a2+a3+2a4+o¢5

¢a1+a3+a4 ® ¢a1+a2+a3+a4+a5 + ¢a1+a2+a3+a4 ® ¢a1+a3+a4+a5

¢oc3 ® ¢a2+a3+2a4+a5 + ¢a3+oc4 ® ¢a2+a3+a4+a5 + ¢a2+a3+a4 ® ¢a3+a4+a5

¢a4 ® ¢a2+a4+a5 + ¢a2+a4 ® ¢a4+a5

Par ® Pas

SasSas

¢a2 ® ¢a2+a3+2a4+a5 + ¢a2+a4 & ¢a2+a3+a4+a5 + ¢a2+a3+a4 ® ¢a2+a4+a5

¢a4 ® ¢a3+a4+a5 + ¢a3+a4 ® ¢a4+a5

Paz ® Pas




72

SasSas

¢Oé7 ® ¢042+043+2044+2015+2016+a7 + ¢046+047 ® ¢062+013+2054+2a5+046+047
+¢a5+as+a7 ® ¢a2+a3+2a4+a5+a6+a7
+¢a4+a5+a6+a7 ® ¢a2+a3+a4+a5+a6+a7

+¢a2 +ostas+as ® ¢a3 +ostas+astar

(bae ® ¢a2+a3+2a4+2&5+a6 + ¢a5+a6 ® ¢a2+a3+2&4+a5+a6

¢Oé4+0<5+a6 ® ¢a2+a3+a4+a5+a6 + ¢a2+a4+a5+a6 & ¢O¢3+O¢4+Oé5+046

¢065 ® ¢062+043+2044+045 + ¢044+065 ® ¢062+043+0¢4+065 + ¢o¢2+a4+a5 ® ¢043+Oé4+015

¢a4 ® ¢a2+a3+a4 + ¢a2+a4 ® ¢a3+a4

Paz @ Pay

Es

Sa1Say

¢043 ® ¢a1+a3+a4 + ¢a1+a3 ® ¢a3+044

Par @ Pay

SauSag

¢o¢5 ® ¢oz4+oc5+a6 + ¢a4+oc5 ® ¢O¢5+O¢6

Pas ® Pag

SasSar

¢046 ® ¢a5+a6+a7 + ¢C¥5+0¢6 ® ¢a6+a7

Pas @ Par

SagSas

¢o¢7 X ¢a6+o¢7+as + ¢a6+a7 ® ¢a7+o¢g

Pas ® Pag

SasSas

¢a1 ® ¢a1+a2+2a3+2a4+a5 + ¢a1+oc3 & ¢a1+a2+a3+2a4+a5

+¢Oé1+043+a4 ® ¢Ot1+a2+043+a4+065 + ¢O¢1+a2+a3+a4 ® ¢O¢1+013+a4+045

(bas ® ¢a2+a3+2a4+a5 + ¢a3+a4 ® ¢a2+a3+a4+a5 + ¢a2+a3+a4 ® ¢a3+a4+a5

¢a4 ® ¢a2+a4+a5 + ¢a2+a4 ® ¢a4+a5

Par ® Pas

Sas5as

(baz ® ¢0¢2+a3+2a4+a5 + ¢a2+a4 ® ¢a2+a3+a4+a5 + ¢a2+as+a4 ® ¢a2+a4+a5

¢oz4 ® ¢a3+a4+a5 + ¢a3+a4 ® ¢a4+a5

Paz @ Pas
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¢OCS & ¢a2+a3+2a4+20¢5+2a6+2a7+a8 + ¢Oé7+068 & ¢a2+0t3+20¢4+20£5+2046+047+0¢8
+¢0¢6+047+018 ® ¢012+043+2044+20¢5+046+a7+048
+¢a5+a6+a7+a8 ® ¢a2+a3+2a4+a5+ae+a7+as
+¢a4+a5+a6+a7+a8 ® ¢a2+a3+a4+a5+ae+a7+a8

+¢a2 +astas+tastartas ® (bag +as+astastartas

ES Sag Sag (bow ® ¢a2+a3+2a4+2a5+2a6+a7 + ¢a6+a7 ® ¢a2+a3+2a4+2a5+a6+a7
+¢a5+046+a7 ® ¢a2+a3+2a4+a5+a6+a7
+¢Oé4+065+046+047 ® ¢a2+a3+a4+a5+a6+a7
+¢a2+a4+a5+0¢6+0¢7 & ¢a3+a4+a5+a6+a7
¢Oé6 ® ¢a2+0<3+2014+20¢5+a6 + ¢a5+o¢6 ® ¢0¢2+¢13+20¢4+C¥5+0¢6
+¢a4+a5+a6 ® ¢a2+a3+a4+a5+ae + ¢az+a4+a5+a6 & ¢a3+a4+a5+a6
¢045 ® ¢a2+a3+2a4+a5 + ¢a4+a5 ® ¢a2+a3+a4+a5 + ¢a2+a4+a5 & ¢a3+a4+a5
¢a4 ® ¢a2+a3+a4 + ¢a2+a4 ® ¢a3+a4
Doz ® Pay
(baS ® ¢a1+20¢2+2a3 + ¢a2+aa ® ¢a1+a2+2as + ¢a1+a2+as ® ¢a2+20é3
SaiSas Pas ® Par+asrtas T Partas @ Pastas
Pay @ Pay
(bag ® ¢2a1+3a2+4a3+2a4 + ¢a1+a2 ® ¢a1+3a2+4a3+2a4
+¢a1+2a2+2a3 ® ¢a1+2a2+2a3+2a4 + ¢a1+2a2+2a3+a4 & ¢a1+2a2+20¢3+a4
F4 d)oq X ¢a1+2o¢2+4o¢3+2o¢4 + ¢o¢1+a2+2a3 X ¢o¢1+a2+2a3+2a4
+¢a1+a2+2a3+a4 ® ¢a1+a2+2a3+a4
€ ¢a1 ® ¢a1+2a2+2a3+2a4 + ¢a1+a2 ® ¢a1+a2+2a3+2a4 + ¢a1+a2+a3+a4
¢o¢1 X ¢a1+20¢2+20¢3 + ¢a1+a2 X ¢o¢1+a2+2a3 + ¢a1+o¢2+a3 ® ¢o¢1+a2+o¢3
(baz ® ¢a2+2a3+2a4 + ¢a2+a3+a4 ® ¢a2+a3+a4
¢a2 ® ¢a2+2a3 + ¢a2+a3 ® ¢a2+a3
GZ € (boq ® ¢a1+2a2
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Remark A.0.2. In the above table, e denotes the identity element. When w = s,,5,, when
7 and 7 are not connected and aren’t separated by a single vertex, then in all of the classical
types, there is a single cohomology class: ¢q, ® ¢q,. In the exceptional cases, there are some

other classes that occur, and are demonstrated in Appendix B.



APPENDIX B

WEIGHTS AND COHOMOLOGY CLASSES IN EXCEPTIONAL CASES

Table B.1: The extra cohomology classes in H?*(Uy, k),

explicitly written out, for the exception groups.

® | cohomology class weight
Bavs @ Py tast2astas + Postas @ Postastastos (0,1,1,2,2,0)
FPastastas @ Pagtas+as
Pag ® Pastas+2as+2as+as T Pastas ® Pagtas+2as+astag (0,1,1,2,2,2)
+Pastastas ® Pastagtastastas
+Pastastastas ® Pag+astas+ag
E6 | ¢az ® Pastast2aitas T Pagtas ® Pastagtastas (0,1,2,2,1,0)
+Pastastas ® Pagtastas
Pay @ Paytas+2a5+2a4+as T Par+as ® Poy+agtas+2astas (2,1,2,2,1,0)
+Par+aztas ® Partastastastas T Par+astastas ® Pai+astastas
Pay ® Partas+2astas T Pag+as ® Pag+agtastas (0,2,1,2,1,0)
+Pastastas ® Pastastas
Pas ® Pastaz+2astas T Pastas ® Pagtastastas (0,1,1,2,2,0,0)
Er +Pastastas ® Pagtastas

¢0¢6 ® ¢02+063+2Oé4+2065+046 + ¢a5+a6 ® ¢a2+a3+2a4+a5+a6 (O> 17 1a 27 2> 27 O)
+¢a4+a5+a6 ® ¢a2+a3+a4+a5+a6

+¢a2 +ast+as+tas ® ¢a3+a4 +as+tas
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¢a7 ® ¢a2+a3+2a4+2a5+2a6+a7
+¢a6+0¢7 ® ¢a2+a3+2a4+2a5+06+a7
+¢Ol5+046+047 ® ¢Oé2+013+2054+0¢5+046+017
+¢a4+a5+a6+a7 ® ¢a2+a3+a4+a5+a6+a7

_Hbaz +agtas+tastar ® ¢a3 +agtastastar

(0,1,1,2,2,2,2)

¢043 ® ¢02+O¢3+20¢4+045 + ¢a3+a4 ® ¢012+063+044+045

+¢a2+a3 +ay ® ¢a3 +agt+as

(0,1,2,2,1,0,0)

gbal ® ¢a1+a2+2a3+2a4+0¢5 + ¢a1+a3 ® ¢a1+a2+a3+2a4+a5
+¢a1+a3+a4 ® ¢a1+a2+a3+a4+a5

+¢011 +az+taz+aq ® ¢Oll +azt+agtas

(2,1,2,2,1,0,0)

¢a2 X ¢a2+a3+2a4+a5 + ¢a2+a4 ® ¢a2+a3+cx4+a5

+¢a2 +aztay & ¢O¢2 +oy+tas

(0,2,1,2,1,0,0)

¢a5 ® ¢az+a3+2a4+a5 + ¢Ot4+a5 ® ¢a2+a3+a4+a5

_Hbaz +as+as ® ¢oc3 +agtas

(0,1,1,2,2,0,0,0)

¢046 ® ¢a2+a3+2a4+2a5+046 + ¢015+a6 ® ¢a2+0¢3+2a4+(15+0¢6
+¢a4+a5+a6 ® ¢a2+a3+a4+a5+a6

_Hbaz +astas+tas ® ¢a3 +astas+tas

(0,1,1,2,2,2,0,0)

¢a7 ® ¢a2+a3+2a4+2a5+2a6+a7
+¢a6+a7 ® ¢az+a3+2a4+2a5+a6+a7
+¢a5+ae+a7 ® ¢a2+a3+2a4+a5+a6+a7
+¢Ol4+0¢5+066+017 ® ¢a2+a3+a4+a5+a6+a7

+¢a2+a4 +astas+ar ® ¢a3 +ogtas+astar

(0,1,1,2,2,2,2,0)

¢a3 ® ¢a2+a3+2a4+a5 + ¢a3+a4 ® ¢a2+a3+a4+a5

+¢Ol2+043 +ay ® ¢Oé3 +agtas

(0,1,2,2,1,0,0,0)




7

¢a8 ® Qbaz+a3+2a4+2a5+2a6+2a7+a8
+¢a7+as ® ¢a2+a3+2a4+2a5+2a6+a7+a8
+¢a6+a7+a8 ® ¢062+013+2054+2055+0¢6+047+048
+¢as+ae+a7+as ® ¢a2+a3+2a4+a5+a6+a7+as
+¢a4+a5+a6+a7+as ® ¢a2+063+014+045+016+047+0¢8

+¢a2+a4+a5 +ast+artasg ® ¢a3+a4 +as+asgtartas

(0,1,1,2,2,2,2,2)

Es | $a; ® Paitast2as+204+a5 T Par+as @ Pay+astas+2as+as (2,1,2,2,1,0,0,0)
+ G0 +astas ® Pastas+astastas
+Par+astastas ® Postastastas
Py ® Partas+2astas T Pag+as ® Pag+agtastas (0,2,1,2,1,0,0,0)
+Pastastas ® Pastastas
Py ® Pay+az+as T Partas ® Pastas (1,2,1,0)
Pas ® Part+2a2+205 T Pastas @ Pastas+2as + Partastas @ Pazt2as | (1,2,3,0)
Fy | ¢ay @ Payt2as (0,2,2,0)
Doy ® Par+2a5+204 (0,2,2,2)
Pay ® Pay+205+205 T Pas+as ® Pay+as+2as (2,2,2,0)
Pay @ Pay+2a5+2a5+2as T Partas @ Paytas+2as+204 (2,2,2,2)
Pa; ® Pai+205+4a5+20s T Partas+2as @ Pay+as+2as+2a4 (2,2,4,2)
Pay ® P201+3as+4a3+20s T Par+az ® P2a1+205+4a3+204 (2,4,4,2)
+Pai+202+2a5 ® Pay+202+203+204
G2 | oy @ Pay+2as (2,4)
Par ® Par 30z + Pas+as @ Part2az (2,3)




APPENDIX C

(G,-COHOMOLOGY MODULE STRUCTURE

C.1

The following lemma gives the module structure for the (G;-cohomology, with all factors

listed from top to bottom.

Lemma C.1.1. Let p =2 and M be a module as above with corresponding w € W. Suppose
veX(T) withw-0+pve X(T)y.

(a) Suppose w = sos5 with o+ ¢ &% and a + f+ v € ®T. Then (v,a)) > 0 for
a; =, By, (v,a¥)y > 1,(v,yY) > —1,(v,5Y) > 1. Let 6 € A be such that § + a € o+
and 6 # ~y. Further,

(i) If (v,v") = —1, then ind%(M @ v) = 0.
(ii) If (v,7") = 0, then ind%(M ® v) = HO(v).
(iii) If (v,7") > 1, (v, 6%) =0, then ind5(M @ v) = HO(v).
(i) If (v,yY) > 1,(r,6%) > 1, then ind$(M ® v) has factors H*(a + v) and HO(v).
b) ® is of type B, with w = S4, ,S4,- Then (v,af) > 0 for 1 < i < n — 3,
n—2 (3
<V, 047\1/—2> >1, <1/, ozrvl_1> > —1,{v,a,)) > 1. Further,
(i) If {v,ay_)) = =1 and (v,a) = 1, then ind%(M ® v) = 0.
(ii) If (v,a)_1) = —1 and (v,a)) > 2, then ind§(M @ v) = H (a1 + v).

(iii) If (v,a¥_;) >0 and (v,a)) = 1, then ind§(M @ v) = HO(v).
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(iv) If (v,a_1) > 0 and (v,a)) > 2, then ind§(M ®@v) has factors H*(c,—1 +v) and
HO(v).

(c) @ is of type B, with w = Sa, 3Sa,_,- Then (v,a)y > 0 for 1 < i < n — 4,
(v,a)_5) > 1,(v,a)_o) > —1,{v,a)_1) > 1 and (v,a)]) > —1. Further,
(i) If (v,aY) = —1, then ind%(M ® v) = 0.
(i) If (v, o) > 0 and (v,a0/_,) = —1, then ind§(M @ v) = H (o0 + v/).
(iii) If (v, ) >0 and (v,a_y) > 0, then ind§(M ®v) has factors H'(ap—o+v) and

HO(v).

(d) @ is of type B, withw = 54,54, _, with j # n—=3. Then (v,oy’) > 0 for1 <i<n—2,i# j,
(v,of ) > 1,{v,ap_y) > 1 and (v,a))) > —1. Further,
(i) If (v,a)) = —1, then ind$(M ® v) = H(a, + v).
(ii) If (v,a)) >0, then ind%(M ® v) has factors H%(o,, +v) and HO(v).

(e) ® is of type C,, with w = 54,54, with j #n —2. Then (v,o’) >0 for 1 <i<n—2

and i # j, <V, a]V> > 1, <V, ax_1> > —1, and (v,a;)) > 1. Further,

> 1 and (v,o_;) = —1, then indG(M ® v) = H(o_1 + v).

)
)

(iii) If <V, oz;b/72> =0 and <1/, Ofxf1> >0, then indg(M ®@v) = Hv).
)

> 1 and {(v,oy_;) > 0 then ind%(N¢, ® v) has factors H(cp,—y + v)

(f) ® is of type C, with w = 5S4, ,54,- Then (v,o)y > 0 for 1 < i < n — 3,

(v,ay o) > 1,{v,a;_) > =1, and (v, ) > 1. Further,

(i) If {v,ay_|) = —1, then ind%(M ®@ v) = 0.

(i) If (v,a_3) =0 or (v,ay_|) =0, then ind§(M ® v) = HO(v).
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(iii) If (v,ay_5) > 1 and {v,a)Y_,) > 1, then ind§(M ® v) has factors H*(cv,—s + v)
and H°(v).

(9) ® is of type D, with w = S4, 4S84, ,- Then (v,af) > 0 for 1 < i < n — 4,
(v,a0_5) > 1,{v,a) o) > =1, (v,a_1) > 1, and (v,oy) > 0. Further,
(i) If {v,a)_,) = =1 and (v,a) = 0, then ind%G(M ®@ v) = H*(y—s + i + v/).

(i) If {v,a)_,) = =1 and (v,a)) > 1, then ind5(M ®v) has factors H (v, 2+, +v)

and H(a,_o +v).

(iii) If {v,a_5) > 0 and (v,a)) = 0, then ind%(M ®@v) has factors HO(cv,—o+ a, +v)
and H°(v).
(iv) If (v, ) > 0 and (v, ) > 1, then ind§(M ® v) has factors

H(p o+ ap +v), H(an_o +v) and H°(v).

(h) ® is of type D, with w = Sa, 3Sa,.- Then (v,a)) > 0 for 1 < ¢ < n — 4,

(v,a0_5) > 1,(v,a)_5) > =1, (v,a_1) >0, and (v,oy) > 1. Further,

(i) If {v,ay_)) = =1 and (v,a) = 0, then ind%(M ®@ v) = H*(y—s + a1 + v).

(it) If {v,ay,_y) = —1 and (v,a)) > 1, then ind$(M ® v) has factors
H 9+ a1 +v) and H(a,, o + ).

(iii) If (v,ay_1) >0 and (v,a)) = 0, then ind%(M ®&v) has factors H*(c,—a+an_1+v)
and H(v).

(iv) If (v,o) ) > 0 and (v, ) > 1, then ind§(M ® v) has factors

H(ap 2+ an1+v), H(an_o +v) and H(v).

(i) ® is of type Eg with w = SaySas.- Then (v,af) > 0,(v,ay) > 1,(v,ay) > 1,

(v,a) > =1, {(v,af) >0, and (v, o) > 0. Further,

(i) If (v,ay) = =1, {(v,a) =0 and (v,aq) = 0. Then

ind§(M ® v) = H(ay 4 as + ag + ).
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(ii) If (v,a)) = —1,{v,a)) = 0 and (v,a) > 1. Then ind%(M ® v) has factors
H(ay + as + ag +v) and H(ay + a5 + v).

(iii) If (v,a)) = —1,(v,aY) > 1 and (v,a) = 0. Then ind%(M ® v) has factors
H% oy + a5 + ag + v) and H(ay + v).
(i) If (v,a)) = —1,{v,a)) > 1 and (v,a)) > 1. Then indG(M ® v) has factors
H% oy + a5 +as+v), H(ay + a5+ v) and H(ay +v).
(v) If (v,a)) > 0,{v,a) =0 and (v, o) = 0. Then indG(M @ v) has factors
H%ay + a5+ ag +v) and H(v).
(vi) If (v,af) >0, (v,a) = 0 and (v, ay) > 1. Then indG(M @ v) has factors
H oy + a5+ ag +v), H(ay + a5 +v) and H(v).
(vii) If (v,a)) >0, (v, ay) > 1 and (v, ) = 0. Then ind%(M ® v) has factors
H(oy + a5+ ag +v), H(ay +v) and H°(v).
(viii) If (v, af) >0, (v,a) > 1 and (v,ay) > 1. Then ind% (M ®v) has factors H*(oy+

a5+ ag +v), H (o + a5 +v), H (g +v) and H°(v).

(j) ® is of type Eg, E7, Es with w = S4,84,. Then (v,o)) > 0, if i € {1,3,6,7,8},

(v,ay) > 1,{v,ay) > —1, and (v,a)) > 1. Further,
(i) If (v, o) = 0,(v,a) =0 and (v,a)) = —1. Then
ind§(M ® v) = H(ay 4+ as + a, + ).

(ii) If (v,ay) = 0,{r,ay) > 1 and (v,a)) = —1. Then ind%(M ® v) has factors
H°(ay + as +ay +v) and H(ay + v).

(iii) If (v,a)) > 1,{v,ay) = 0 and (v,ay) = —1. Then ind%(M ® v) has factors
H oy +as+ag+v) and H (a3 + oy +v).

() If (v,a) > 1,(v,ay) > 1 and (v,a) = —1. Then ind%(M & v)has factors

H%oq +as+as+v), H (a3 + s+ v) and H(ay + v).
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() If (v,a)) =0, (v,ay) =0 and (v,a}) > 0. Then indG(M @ v) has factors

H(oy + as + ay +v) and H(v).

(vi) If (v,af) = 0,{v,a) > 1 and (v,a) > 0. Then ind(M ® v) has factors

H% oy + a3 +as +v), H(as +v) and HO(v).

(vii) If (v,a)) > 1, (v,ay) = 0 and (v, ay) > 0. Then ind4(M ® v) has factors
H(oy +as+ay +v), H (a3 + ay +v) and H(v).
(viii) If (v, a)) > 1, (v,a) > 1 and (v,a)) > 0. Then ind% (M ®v) has factors H*(ay +

az+ay+v), H (a3 + ay +v), H (s +v) and H(v).

(k) @ is of type FEg, E7, Es with w = S438a5- Then (v,a)) > 0, if i € {1,2,6,7,8},
(v,ay) > 1,{v,a) > —1, and (v,a)) > 1. Further,
(i) If (v,a) = 0 and (v,a)) = —1. Then ind%(M ® v) = H(ay + oy + v).

(i) If (v,a¥) > 1 and (v,a)) = —1. Then ind%(M ® v) has factors H(ay + ay + v)

and H(ay + v).

(iii) If (v, ay) = 0 and (v,a) > 0. Then ind%(M @ v) has factors H'(ay + ay + v)
and H°(v).
(w) If (v,ay) > 1 and (v,a) > 0. Then ind%G(M @ v)has factors H(ay + ay + v),

H oy +v), and H(v).

(1) ® is of type Eg, Er, By with w = Su,54- Then (v,af) > 0 for i € {1,2,3,7,8},
(v,afy > 1, < (v,a¥) > =1, and (v,a) > 1. Further,
(i) If (v,aY) = —1, then ind%(M ® v) = 0.
(i) If (v,aY) =0, then ind§(M @ v) = HO(v).
(iii) If (v,a¥) > 1 and ((v,ay) =0 or (v,ay) =0), then ind%G(M ® v) = HO(v).

(iv) If (v, a)) > 1,(v,a¥) > 1 and (v, o) > 1 then indG (M ®@v) has factors H*(oy+v)
and H°(v).



83

(m) ® is of type Er with w = S4,8as- Then (v,a)) >0, if i € {1,5,6,7}, (v,ay) > 1,

(v,ay) > 1, and (v,ay) > —1. Further,

(i) If (v,af) = =1, {v,a) = 0,(v,a8) =0 and (v,ay) = 0. Then
ind§(M ® v) = H(ay 4+ a5 + ag + ar + v).
(i) If (v,a)) = =1, (v,aY) = 0,{v,af) = 0 and (v,aY) > 1. Then ind%(M ® v) has
factors H(ay + as + ag + a7 +v) and H(ay + a5 + ag + v).
(iii) If (v,a)) = =1, (v,a) = 0, (v, o) > 1 and (v,aY) = 0. Then ind%(M ® v) has
factors H(ay + a5 + o + ar + v) and H(ay + a5 + ).
() If (v, o) = =1, (v,aY) > 1, (v, 0f) = 0 and (v,a) = 0. Then ind%(M @ v) has
factors H(ay + as + ag + a7 + v) and H(ay + v).
() If (v,a) = =1, (v,a)) = 0, (v,a) > 1 and (v, ) > 1. Then indG(M ® v) has
factors H(ay + s + ag + a7 +v), H(ay + a5 + ag + v), and H(ay + ).
(vi) If (v, o)) = =1, (v, a) > 1, (v, a) = 0 and (v,a) > 1. Then ind%(M @ v) has
factors H(ay + a5 + ag + a7 + 1), H(ay + a5 + ag + 1) and HO(ay + v).

(vii) If (v,a)) = =1, (v,aY) > 1,{v,af) > 1 and (v,a) = 0. Then ind%(M ® v) has
factors H(ay + as + ag + a7 +v), H(ay + a5 + v) and H°(ay + v).

(viii) If (v,a)) = —1,(v,a¥) > 1,(v,a) > 1 and (v,a¥) > 1. Then ind4(M ® v) has
factors H(ay + as + ag + a7 + v), H(ay + as + ag + v), H(ay + a5 + v) and
Hay +v).

(iz) If (v,ay) > 0,(v,a)) = 0,(v,af) = 0 and (v,ay) = 0. Then indG(M ® v) has
factors H(ay + a5 + ag + a7 +v) and H(v).

(x) If (v,a)) > 0,{v,a)) = 0,{r,ay) = 0 and (v,a¥) > 1. Then ind4(M ® v) has
factors H(ay + a5 + o + a7 + ), H(ay + as + ag + ) and HO(v).

(zi) If (v,a) > 0,(v,a)) = 0,{v,af) > 1 and (v,ay) = 0. Then indG(M ® v) has

factors H(ay + a5 + ag + a7 +v), H(ay + a5 + v) and H(v).



84

10 v,ay) = 0(v,ad) > 1, (v,af) = 0 and (v,ar) = 0. en n ® v)has
i) 1 ) >0 Yy > 1 J) =0 and Yy = 0. Then ind$(M h
factors H(ay + a5 + ag + ar + ), H(ay + v) and H°(v).
(ziii) If (v,a)) > 0,(v,a)) = 0,{v,af) > 1 and (v,a¥) > 1. Then indG(M ® v) has
factors HO (o + a5 + ag + a7 + ), H(ay+ a5 +ag +v), H (g + 5) and H(v).
T v,ay) 2 0(v,ag) 2 1,(v,af) =0 and (v,a~) > 1. en n Q v) has
) I V) >0 VY >1 Yy =0 and Y)Y > 1. Then ind%(M h
actors oy + oy +ag +ar+v), o4+ o5+ g+ V), ay+v) an V).
H° H° H° d H°
v v,ay) > 0(v,af) > 1,(v,a8) > 1 and (v,ar) = 0. en in Q v) has
I ) >0 N> Yy > 1 and Yy = 0. Then ind§(M h
actors oy + as + ag + ar +v), oy + a5+ ), ay + V) an V).
f H° H° H° d H°
(zvi) If (v, o) = =1, (v,a) > 1, (v, af) > 1 and (v,a) > 1. Then ind%(M @ v) has
factors HY(au+as+as+ar+v), H(ay+as+ag+v), H(au+as+v), H (s +v),
and H°(v).

(n) ® is of type Eg with w = $4,8a5- Then (v, o)) >0, ifi € {1,5,6,7,8}, (v,ay) > 1,

(v,ay) > 1, and (v,ay) > —1. Further,

(i) If (v,a)) = —1,(v,af) = 0,(v,f) = 0,(v,ay) = 0 and (v,ay) = 0. Then
ind§(M ® v) = H(ay 4+ a5 + ag + a7 + as + v).

(i) If (v,a)) = —1,{(v,af) = 0,(v,f) = 0,(v,a¥) = 0 and (v,a) > 1. Then
ind%(M®v) has factors H'(ay+as+as+ar+as+v) and H(ay+as+as+ag+v).

(i) If (v,a)) = —1,(v,af) = 0,(v,af) = 0,(v,a) > 1 and (v,ay) = 0. Then
ind§(M ®v) has factors H(ay + as+ o+ ar +ag +v) and HO(oy + a5+ ag +v).

() If (v,afy = =1, (v,a) = 0,{(v,a8) > 1,{(v,ay) = 0 and (v,af) = 0. Then
ind%(M @ v)has factors H(cy + s + g + o + ag +v) and H(ay + a5 +v).

(v) If w,af) = =1, {r,a5) > L{r,a5) = 0,(v,a7) = 0, and (v,ag) = 0. Then

ind§(M ® v) has factors H(ay 4+ a5 + ag 4+ a7 + ag +v) and HO(ay + v).
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If (v, = =1, (v,a) = 0,(v,af) = 0,(v,a¥) > 1, and (v,a8) > 1. Then
ind§(M ®v) has factors H(ay + as 4+ g+ o +ag +v), H(ay 4 a5 + ag + a7 + 1)

and H(ay + a5 + ag + V).

If (v,a) = =1, (v,af) = 0,(v,f) > 1,{v,af) = 0 and (v,ag) > 1. Then
ind§(M ®v) has factors H(ay + as + g+ o +ag +v), H(ay+ a5 + ag + a7 + 1)

and H®(ay + a5 + v).

If (v,af) = =1, (v,a¥) > 1,{(v,a) = 0,{(v,ef) = 0, and (v,ag) > 1. Then
ind%(M ®@v) has factors HO(cu+as+ag+ a7 +ag+v), H(ay+as+ag+ar+v),
and H(ay + v).

If (v, = =1, (v,a)y = 0,(v,af) > 1,(v,a) > 1, and (v,a) = 0. Then
ind%(M@u) has factors H®(ay + a5 + ag + a7 + ag + v), H(ay + as + ag + v),
and H%(oy + a5 + v).

If (v,a) = =1,(v,ad) > 1,{(v,f) = 0,{(v,y) > 1, and (v,af) = 0. Then
ind§(M ® v) has factors HO(oy + a5 + ag + a7 + as + ), H(oq + a5 + ag + 1),
and H(ay + v).

If (v,af) = =1, (v,a¥) > 1,{(v,a) > 1,{v,ad) = 0, and (v,af) = 0. Then
ind%(M ® v) has factors HO(oy + a5 + ag + oz + ag +v), H(ay + a5 +v), and
HY(ay +v).

If (v,af) = =1, (v,af) = 0,(v,a) > 1,{v,ef) > 1, and (v,a) > 1. Then
ind%(M ® v) has factors

H oy + a5+ ag+ar+ag+v), H (g + a5+ ag + a7 +v), H(ay + as + ag + v)

and H°(ay + a5 + v).
If (v,af) = —1,(v,a¥) > 1,(v,a) = 0,{v,ef) > 1, and (v,ag) > 1. Then
indG(M @ v) has factors

H oy + a5+ ag+ar+ag+v), H (g + as + ag + a7 +v), H(ag + as + ag + v)
and H®(ay + v).
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If (v,a) = =1, (v,aY) > 1, (v,a) => 1,(v,y) = 0, and (v,ad) > 1. Then
ind§(M ® v) has factors

H% oy + a5 + ag + a7 + ag + v), H(ay + a5 + ag + v), H(ay + a5 + v) and
H0<044 + V).

If (v,afy = —1,(v,af)y > 1,(v,a8) > 1,(v,a) > 1, and (v,a) = 0. Then
ind§(M ® v) has factors

H% oy + a5 + ag + a7 + ag + v), H(ay + a5 + ag + v), H(ay + a5 + v) and
H0<C¥4 + V).

If (v,afy = =1, (v,f)y > 1,(v,af) > 1,(v,a) > 1, and (v,a) > 1. Then
indG(M @ v) has factors H*(ay + a5 + ag + o + ag + 1),
Hay+as+as+ar+v), H(as+as+ag+v), H(ay+as+v), and H(ay +v).
If (v,af) 2 0,(r,05) = 0,(ra5) = 0,{v,a7) = 0 and (v,ag) = 0. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + v) and HO(v).

If (v,af) > 0,(v,af) = 0,(v,a) = 0,(v,a¥) = 0 and (v,ag) > 1. Then
ind%(M@u) has factors H(ay+ as+ ag+ar+ag+v), H(ay + a5+ ag +ar +v)
and H°(v).

[f <V,O(X> = 0,<V,Oé}:)/> = O7<V7a>’)/> = 0,<V,Oé\7/> > 1, and <V,Oég/> = 0. Then
ind§(M ® v) has factors HO(oy + a5 + ag + o + ag + v), H(ay + a5 + ag + 1)
and H(v).

If (v,a) > 0,(v,ad) = 0,{v,ef) > 1,{v,ed) = 0 and (v,a) = 0. Then
ind%(M ® v)has factors H(ay + a5 + ag + a7 + ag +v), H(ay + a5 + v) and
HO(v).

If (v,a) > 0,(v,af) > 1,{(v,ef) = 0,{(v,a¥) = 0, and (v,ag) = 0. Then

indG(M ® v) has factors Ho(oy 4 a5 + o + a7 + ag + 1), HO(ay + 1) and HO(v).
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If (v,a) > 0,(v,af) = 0,(v,a) = 0,(v,af) > 1, and (v,a) > 1. Then
ind§(M ® v) has factors H(ay + as + ag + a7 + ag + 1),

H oy + a5 +ag+ar+v), H(ay + a5 + ag +v) and H(v).

If (v,a) > 0,(v,ad) = 0,{v,a) > 1,{v,ad) = 0 and (v,ay) > 1. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H(oay + as + ag +ar +v), H(ay + as + v) and H°(v).

If (vya) > 0,(v,af) > 1,{v,ef) = 0,{(v,a¥) = 0, and (v,ag) > 1. Then
indG(M @ v) has factors H*(ay 4+ a5 + o + ap + ag + 1),

H% oy + a5 + ag + a7 +v), H(ay + v) and HO(v).

If (v,a) > 0,(v,af)y = 0,(v,a) > 1,{(v,ady > 1, and (v,af) = 0. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H oy + a5+ ag +v), H(ay + a5 +v) and H(v).

If (v,af) > 0,(v,af) > 1,{v,a8) = 0,{v,af) > 1, and (v,ag) = 0. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H(ay + as + ag +v), H(ay +v) and H°(v).

If (vya) > 0,(v,af) > 1,{v,ef) > 1,(v,a¥) = 0, and (v,ag) = 0. Then
ind%(M ®v) has factors H(ay+as+ag+ar+ag+v), H(as+as+v), H(ay+v)
and H°(v).

If (vya) > 0,(v,af) = 0,(v,a) > 1,(v,¥) > 1, and (v,ag) > 1. Then
indG(M @ v) has factors H*(ay 4 a5 + ag + o + ag + 1),

H o+ a5+ ag + a7 + v), H (o + a5 + a6 + v), HY (o4 + a5 + v) and H(v).
If (v,af) > 0,(v,af) > 1,{v,ef) = 0,(v,y) > 1, and (v,ag) > 1. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H oy +as+asg+ar+v), H(ay + a5 + ag +v), H(ay + v) and H(v).
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(zzx) If (v, > 0,(v,ay) > 1,(v,a) => 1,(v,af) = 0, and (v,ay) > 1. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H o+ a5+ ag +v), H(ag + a5 + v), H(ag + v) and HO(v).

(zzxi) If (v,af) > 0,(v,af) > 1,(v,a) > 1,{v,ad) > 1, and (v,ag) = 0. Then
ind§(M ® v) has factors H(ay + a5 + ag + a7 + ag + 1),

H(ay + a5+ ag +v), H(ay + a5 + v), H(ay + v) and HO(v).

(zzxii) If (v,af) > 0,(v,af) > 1,{(v,a) > 1,{(v,a¥) > 1, and (v,ag) > 1. Then
indG(M @ v) has factors H*(ay 4 a5 + o + o + as + 1),
Has+as+as+ar+v), H(au+as+as+v), H(ay+ a5 +v), H (s +v) and
HO(v).

(o) If ® is of type Fy and w = SaySa,- Then (v,af) > 0,(v,ay) > 1,(v,af) > —1, and
(v,af) > 1. Further,
(i) If (v, ay) = —1 then ind%(Np, @ v) = 0.
(ii) If (v,ay) = 0,1 or (v,a%e) = 0 then ind%(Np, ® v) = H(v).
Wi v,ay) > 2 and (v,afee) > 1 then in 7, @ V) has factors H(an + v) an
i) If (v, o)) > 2 and (v,alee) > 1 then ind%(Np, has f H° d

H(v).

(p) If ® is of type Fy and w = S4,8as- Then (v,af) > 1,(v,ay) > —1,{(v,a) > 1, and
(v,af) > 0. Further,
(i) If (v,a8) = =1, (v,a¥) = 1 and (v, a) = 0 then ind%(Ng, @ v) = 0.
(i) If (v,a) = =1, (v,ay) = 1 and (v, ) > 1 then ind$(Ng, @v) = H(ax+az+v).
(iii) If (v, o) = —1,{v,ay) > 2 and (v,a) = 0 then ind§(Np, @ v) = H(ay + v).

() If (v,af) = —1,(v,ay) > 2 and (v,a)) > 1 then indG(Np, @ v) has factors

H(ay + as +v) and H(aq + v).

(v) If (v,aY) > 0,(v,ay) =1 and (v, o) = 0 then indG(Np, @ v) = HO(v).
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(vi) If (v, ) >0, (v,ay) =1 and (v, ay) > 1 then ind%(Ng, @ v) has factors

H° s + as +v) and H(v).

(vii) If (v,a) >0, (v, a¥) > 2 and (v,a)) = 0 then ind%(Ng, ® v) has factors

H% g +v) and H(v).

(viii) If (v, o)) > 0, (v, o) > 2 and (v,a)) > 1 then ind%(Np, ® v) has factors

H(ay + as +v), H(ap + v) and H(v).

Proof. The proof is similar for all these cases, so let’s just examine the general case when
w = 845 for any type. In particular, consider the case w = s4,54,,,. Then w -0 = w;_; —
2w; + 2wit1 — 2wipe + wivs. Let v = Y"1 quw;. If w- 0+ 2v is dominant, then ¢; > 0 for
J&{ivi+1,i4+2}, ¢ > 1,¢41 > —1 and ¢;19 > 1. To determine the structure of the induced
modules, the argument follows [BNP1, Proposition 3.4] with [BNP1, Lemma 3.3|, which
explains that it is necessary to determine precisely when our module factors are dominant.

The module M ® v has factors a; + v and v. Consider

[\

o +v = CjWj + (Ci—l — 1)&)1‘_1 + (Ci + 2)&]@ + (Ci+1 — 1)&)1‘_’_1 + Z CjWj
j=1 j=i+2

which is dominant precisely when ¢;_1 > 1 and ¢;;; > 1. Now, let’s look at the different
cases. If <1/, aiv+1> — —1, then v and a; + v aren’t dominant and indG(M ® v) = 0. If
(v,af,y) = 0 or (v,a;-1) = 0, then o; + v isn’t dominant, but v is, so using [BNP1] and
[Jan1, I1.4.5], then ind%(v) = H°(v); hence ind§(M ® v) = H°(v). If (v,a),;) > 1 and
(v,a;—1)and > 1, then both a; + v and v are dominant. Again using [Janl, 11.4.5] and
[BNP1, 3.4] then ind%(a; 4+ v) = H°(a; + v) and ind%(v) = H°(v). Hence ind%(M ® v) has
factors H%(;; + v) and H°(v). Thus (a) follows. O



