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Chapter 1

Introduction and Preliminaries

Let G be a connected, complex, simple algebraic group of classical type. Let 6 be a (holo-
morphic) involution of G - that is, # is an automorphism of G whose square is the identity.
Fix T C B, a §-stable maximal torus and Borel subgroup of G, respectively. Let K = G? be
the subgroup of elements of G' which are fixed by 6. Such a subgroup of G is referred to as
a symmetric subgroup.

K acts on the flag variety G/B with finitely many orbits ([Mat79]), and the geometry
of these orbits and their closures plays an important role in the theory of Harish-Chandra
modules for a certain real form Ggr of the group G — namely, one containing a maximal
compact subgroup Kr whose complexification is K. For this reason, the geometry of K-
orbits and their closures have been studied extensively, primarily in representation-theoretic
contexts.

Their role in the representation theory of real groups aside, K-orbit closures can be
thought of as generalizations of Schubert varieties, and, in principle, any question one has
about Schubert varieties may also be posed about K-orbit closures. With this in mind, we
note here that our work is motivated by earlier work of Fulton ([Ful92, Ful96b, Ful96al)

on Schubert loci in flag bundles, their role as universal degeneracy loci of maps of flagged



vector bundles, and by connections between this work and the T-equivariant cohomology of
the flag variety, H3.(G/B), discovered by Graham ([Gra97]). We briefly describe this earlier
work. Suppose V is a vector bundle over a variety X, and suppose that F, and F, are two

complete flags of subbundles of V. Let w € .S,, be given, and consider the locus

Q, = {r € X | rank(E;(x) N Fj(z)) > r,(3, ) for all 4,5},

where 7,(7,j) is a non-negative integer depending on w, i, and j. Fulton considered the
problem of finding a formula for the fundamental class [Q,] € H*(X) in terms of the Chern
classes of the bundles involved. Assuming that the flags F,, F, are “sufficiently generic”
(in a sense that can be made precise), the problem reduces to the universal case of finding
formulas for the fundamental classes of Schubert loci in the flag bundle FI(V'). Moreover, it
is enough to find a formula for the smallest Schubert locus (that corresponding to a point
in every fiber). One may then deduce formulas for larger loci from this formula by applying
“divided difference operators”, moving inductively up the (weak) Bruhat order.

Graham considered this problem in a more universal and Lie-theoretic setting. Let G be
a reductive algebraic group over C, with 7' C B C G a maximal torus and Borel subgroup,
respectively. Denote by E the total space of a universal principal G-bundle. This is a
contractible space with a free action of G (hence also a free action of B, by restriction).
Let BB and BG denote the spaces F/B and E/G, respectively. Then BB and BG are
classifying spaces for the groups B and G. In the setting of [Gra97], the primary object of
interest is the diagonal A C BB x gg BB. After a translation between H*(BB X g BB) and
the T-equivariant cohomology H5(G/B) of G/B, one sees that the problem of describing
[A] € H*(BB X pg BB) is equivalent to that of describing the T-equivariant class of a point.
In the setting of T-equivariant cohomology, one has use of the localization theorem, which

allows one to verify the correctness of a formula for the class of a point simply by checking



that it restricts correctly at all of the T-fixed points. The observation is that had a formula
for this class not already been discovered by Fulton using other methods, it might have been
determined simply by identifying how it should restrict at each fixed point and attempting
to guess a class which restricts as required.

With this in mind, we return now to the setting of symmetric subgroups. Let S = KNT,
a maximal torus of K contained in 7. (When rank(K) = rank(G), we have S = T, but in
general, S may be strictly smaller than 7'.) In the present paper, we apply equivariant local-
ization and divided difference operators as described above to discover previously unknown
formulas for the S-equivariant fundamental classes of K-orbit closures on G/B. We do so
for all symmetric pairs (G, K) when G = SL(n,C), SO(n,C), or Sp(2n,C). As a means to
this end, along the way we also partially handle some pairs (G, K) with G = Spin(n, C).

In each case, this is done in two steps. First, we identify the closed orbits and their
restrictions at the various S-fixed points. Using this information, we produce polynomi-
als in the generators of Hj(G/B) which restrict at the S-fixed points as required. We
then conclude by the localization theorem that these polynomials represent the equivariant
fundamental classes of the closed K-orbits. (As an interesting aside, we remark that the
aforementioned work of Fulton turns out to be vital to this step in two cases, namely the
cases (Sp(2n,C),GL(n,C)) and (SO(2n,C), GL(n,C)). Indeed, our formulas for the closed
orbits in those cases are “determinantal” in nature, and are very similar to corresponding
formulas of Fulton for the smallest Schubert locus in the type C' and type D flag bundles.
Moreover, some algebraic properties of these determinants established in [Ful96b] turn out
to amount precisely to a proof of the correctness of our formulas.)

Second, we outline how divided difference operators can be used to deduce formulas
for the fundamental classes of the remaining orbit closures. This is analogous to what is
done for Schubert varieties. However, combinatorial parametrizations of K\G/B, as well as

descriptions of its weak closure order in terms of such parametrizations, are typically more



complicated than the weak Bruhat order on Schubert varieties. We refer to known results
on these combinatorics ([MO90, MT09, RS90, Yam97]). Although these parametrizations
are likely familiar to experts on the representation theory of real groups, proofs of their
correctness have not appeared in the literature in all cases. As such, we have written down
the details here for lack of a suitable reference.

One application of our formulas is that they allow one to deduce Chern class formulas for
varieties analogous to the degeneracy loci considered by Fulton. In general, such loci involve
a vector bundle V' on a scheme X equipped with a complete flag of subbundles and a further
structure determined by K. Given such a setup, degeneracy loci can be defined by conditions
on the “relative position” of the flag and the extra structure over various points of X. In the
type A cases, this extra structure is either a splitting as a direct sum of subbundles of ranks
p and ¢ (corresponding to K = S(GL(p,C) x GL(q,C)), or a non-degenerate bilinear form
taking values in the trivial bundle. The form is symmetric in the case of K = SO(n, C), and
skew-symmetric in the case of K = Sp(2n,C). K-orbit closures are universal cases of such
loci, in exactly the same way that Schubert varieties are universal cases of the degeneracy
loci studied by Fulton. We describe the dictionary between these two viewpoints explicitly
in the type A cases, and indicate our thoughts on how this should extend to cases where GG
is of type BCD.

After giving preliminary background in Chapter 1, we treat the various examples in types
ABCD in Chapters 2, 3, 4, and 5, respectively. Each of these chapters is organized as follows:
For each symmetric pair (G, K), we realize K explicitly as a subgroup of G, and describe
the corresponding embeddings of Weyl groups and root systems. We then identify the
closed orbits explicitly — their number, and the fixed points contained in each. Using this
information, we determine formulas for each closed K-orbit using equivariant localization
as described above. The identification of the closed orbits is straightforward in the cases

where K is connected, but we do deal with some cases where K is disconnected. In those

10



cases, we actually compute formulas for the closed orbits of the identity component of K
(or, equivalently, for the closed orbits of a corresponding symmetric subgroup of the simply
connected cover of GG, which is connected). In such cases, we must then identify how the
closed K-orbits break up as unions of these, and add the formulas accordingly. Once this is
sorted out, we describe a parametrization of the orbit set, as well as the combinatorics of the
weak order on the level of that parametrization. (To avoid overly cluttering the exposition,
detailed proofs of the correctness of these parametrizations are relegated to an appendix.)
We conclude in each case with an example calculation.

We end by describing the degeneracy locus picture in Chapter 6. We give the full details
for all cases in type A, and indicate some brief thoughts on the remaining cases, leaving

some details for future work.

1.1 Notation

Here we define some notations which will be used throughout the paper.
We denote by I, the n x n identity matrix, and by I, ,,, the block matrix which has I,,

in the upper-left block, —I,,, in the lower-right block, and 0’s elsewhere. That is,

I, .. will denote the block matrix which has I, in the upper-left block, —1I;, in the middle

block, and /. in the lower-right block, like so:

I, 0 O
Ia,b,c = 0 _[b 0
0 0 I

11



We denote by J, the n x n matrix with 1’s on the antidiagonal and 0’s elsewhere, i.e. the
matrix (e;;) = 0int1—j. Jnm shall denote the block matrix which has J,, in the upper-right

block, —.J,, in the lower-left block, and 0’s elsewhere. That is,

For any group G with g € G, int(g) shall denote the inner automorphism “conjugation
by g”.

We will use both “one-line” notation and cycle notation for permutations. When giving
a permutation in one-line notation, the sequence of values will be listed with no delimiters,
while for cycle notation, parentheses and commas will be used. Hopefully this will remove
any possibility for confusion on the part of the reader. So, for example, the permutation
m € S4 which sends 1 to 2, 2 to 3, 3 to 1, and 4 to 4 will be given in one-line notation as
2314 and in cycle notation as (1,2, 3).

We shall often have occasion to consider “signed permutations”, which are bijections o

from the set {£1,£2 ..., +n} to itself having the property that

o(—i) = —o(i)

for all i. We define the absolute value of such a permutation, denoted |o|, to be the permu-
tation of {1,...,n} given by

lo](@) = lo (@)1

Signed permutations will usually be written in one-line notation with bars over some of
the numbers to indicate negative values. For instance, the signed permutation o = 132 is

defined by o(1) =1, 0(2) = 3, and ¢(3) = —2.

12



We will at times view signed permutations of {1,...,n} as being embedded in a larger
symmetric group (usually Ss, or Sa,.1). To avoid any confusion in terminology, an element

2

o € S, will be called a “signed element of .S,,,” if and only if it has the property that

om+1—i)=m+1—o0(i)

fori=1,...,m. Signed permutations of {1,...,n} can be embedded as signed elements of
So,, as follows: Given a signed permutation 7, define the first n values of the signed element
o € Sy, by

(1) if m(i) >0

2n+1—|n(i)| if7(i) <O,
and then define the remaining values of ¢ to be what they are required to be: o(2n+1—1i) =
2n+1—o(i).

Embedding signed permutations in Ss,,1 works very similarly. Define the first n values

of the signed element o € Sy, 1 by

(1) if 7(i) >0
2n+2 —|n(i)] if7(i) <O,
then insist that o(2n +2 — 1) = 2n 4+ 2 — o(i) for ¢ = 1,...,n. Note that this forces
on+1)=n+1
We will also deal often with flags, i.e. chains of subspaces of a given vector space V. A

flag
{0} chCcFKcCc...CF,,CF,=V

will often be denoted by F,. When we wish to specify the components F; of a given flag F,

13



explicitly, we will typically use the shorthand notation

which shall mean that Fj is the linear span C - (vy, ..., v;) for each i.

We will always be dealing with characters of tori S (the maximal torus of K) and T'
(the maximal torus of G). To avoid confusing and ambiguous notation, these characters will
generally be thought of as living in separate places, even in the event that S and 71" coincide.
Characters of S will generally be denoted by capital X variables, while characters of T" will
be denoted by capital Y variables. Equivariant cohomology classes, on the other hand, will
be represented by polynomials in lower-case x and y variables, where the lower-case variable
x; means X; ® 1, and where the lower-case variable y; means 1 ® Y;. (See Proposition 1.2.1.)

Unless stated otherwise, H*(—) shall always mean cohomology with C-coefficients.

Lastly, we note here once and for all that K'\G/B should always be taken to mean the
set of K-orbits on GG/B, unless explicitly stated otherwise. (This as opposed to B-orbits on
K\G, or B x K-orbits on G.)

1.2 Equivariant cohomology (of the flag variety), and
the localization theorem

Our primary cohomology theory is equivariant cohomology with respect to the action of a

maximal torus S of K. The S-equivariant cohomology of an S-variety X is, by definition,

H5(X) == H*(ES x X)/S).

14



Here, E'S denotes the total space of a universal principal S-bundle (a contractible space
with a free S-action), as in the introduction. In the next section, we will also briefly refer to
S-equivariant homology, which is by definition the Borel-Moore homology H.((ES x X)/S).
(For information on Borel-Moore homology, see e.g. [Ful97, §B.2].) For smooth X, which is
all we shall be concerned with here, the two theories are identified via Poincaré duality, so
we work almost exclusively with cohomology.

Note that H§(X) is always an algebra for the ring Ag := H§({pt.}), the S-equivariant
cohomology of a 1-point space (equipped with trivial S-action). The algebra structure is
given by pullback through the constant map X — {pt.}.

Taking X to be the flag variety G/B, we now describe H§(X) explicitly. Let R = S(t*),
the C-symmetric algebra on the dual to the Lie algebra t of a maximal torus 7" of G. Let
R' = S(s*), the C-symmetric algebra on the dual to the Lie algebra s of S. It is a standard
fact that R = Ay, and R’ = Ag. Let n be the dimension of T, and let r be the dimension
of S. (In many cases, S = T, and r = n, but in some cases, S is a proper subtorus of T,
and r < n.) Let Y7,...,Y, denote coordinates on t*, taken as generators for the algebra R.
Likewise, let X7, ..., X, denote coordinates on s*, algebra generators for R'.

Note that there is a map R — R’ induced by restriction of characters, whence R’ is a
module for R. Note also that WW acts on R, since it acts naturally on the characters Y;. Then
it makes sense to form the tensor product R’ ® zw R. As it turns out, this is the S-equivariant

cohomology of X.
Proposition 1.2.1. With notation as above, H5(X) = R' ®gw R. Thus elements of H5(X)
are represented by polynomials in variables r; == X; ® 1 and y; := 1R Y;.

Proof. For the case S = T, this is the well-known fact that H}.(X) = R ®gw R, for which a
proof can be found in [Bri98]. For lack of a reference in the more general case, when S may

be a strict subtorus of T', we provide a proof here, which of course applies also to the case

S=T.

15



It is easy to see that H$(X) is free over R’ of rank |W|. Indeed, we have a flag bundle
E x% (G/B) — BS. This is a locally trivial fibration with fiber isomorphic to G/B. On
the space E x° (G/B), for any character \ € T, we have a line bundle £, which restricts
to the line bundle L) = G x®Z C, over the fiber G/B. Express the |IW| Schubert classes (a
basis for H*(G/B)) as polynomials in the Chern classes of these line bundles. Then those
same polynomials evaluated at the Chern classes of the line bundles £, give |WW| classes in
H*(E x% G/B) which restrict to a basis for the cohomology of H*(G/B). The claim now
follows from the Leray-Hirsch Theorem.

Now, note that there is a map R’ ®@c R — H§(G/B). The map is the tensor product of
two maps, p: R — H4(G/B) and ¢ : R — H(G/B). The map p is pullback through the
map to a point, as described above. The map ¢ takes a character A to ¢;(Ly). The map p®gq
is surjective, since the S-equivariant Schubert classes are hit by the map ¢ on the second
factor.

Since R is free over RV of rank |[W|, R'®zw R is free over R’ of rank |W|, hence H%(G/B)
and R’ ® pw R are both free R'-modules of the same rank. Consider the possibility that p® ¢
factors through R’ ® pw R — that is, suppose that z ® y — p(z)q(y) is a well-defined map
R ®@zrw R — HY(G/B). If so, then this map is clearly surjective, since p ® ¢ is, so it is
injective as well, being a map of free R’-modules of the same rank. The map is moreover a
ring homomorphism, and so it is in fact an isomorphism of rings.

Thus we need only see that the map ¢ : R ®gw R — H§(G/B) given by ¢(a ® ) =
p(a)q(B) is well-defined. To see this, note first that the space E x° (G/B) is isomorphic to
the space BS X pg BB. Indeed, the map E x G — E xpg F given by (e, g) — (e, eg) is an
isomorphism, since £ — BG is a principal G-bundle. This map is S x B-equivariant, where
Sx B actson ExG by (e, g).(s,b) = (es, s 'gb), and on Ex g E by (e1,e3).(s,b) = (15, ezb).
Thus the isomorphism descends to quotients, and (E x G)/(S x B) = E x° (G/B), while
(E xpe E)/(Sx B)= BS xpg BB.

16



Now, we have a map ¢ : H*(BS) ®u+e) H*(BB) — H*(BS X BB) given by a® 3
75 ()5 (), where 7y, o are the projections from BS X pg BB onto BS and BB, respectively.
There is no question of this map being well-defined; that it is well-defined is immediate given
commutativity of the square

BS xpg BB— BB

L

BS BG

It is well-known that H*(BS) = R', H*(BB) = R, and H*(BG) = R", so clearly H*(BS)®u-+(5c)
H*(BB) = R ®gw R. Thus to see that ¢ is well-defined, we can simply observe that it

is precisely the map 5 when H*(BS) ®pu+pe) H*(BB) is identified with R’ ®gw R, and
H*(BS x g BB) is identified with H%(G/B) = H*(E x° (G/B)) via the isomorphism de-
scribed above.

On the first factor R, the map ¢ maps a character \ of S to ¢;((E x*Cy) x (G/B)). The
bundle (E x° C,) x G/B is the line bundle associated to the principal S-bundle E x G/B —
E x5 (G/B) and the 1-dimensional representation Cy of S. On the other hand, the map ¢
maps A to ¢y (75 (Ly)). The bundle 7Ly = (E x°C,) x pg BB is the line bundle associated to
the principal S-bundle F X g BB — BS X g BB and the same 1-dimensional representation
C, of S. Since these two line bundles are associated to principal S-bundles which correspond
via our isomorphism, and to the same representation of S, they are in fact the same line
bundle when the two spaces are identified. Thus ¢ and 5 agree on the R’ factor.

The story on the second factor is much the same. The map ¢ maps a character A of T’
to c1(E x° (G xB C,)), the first Chern class of the line bundle associated to the principal
B-bundle E x° G — E x% (G/B) and the 1-dimensional representation Cy of B (where, as
usual, the T-action on C, is extended to B by letting the unipotent radical act trivially).
The map ¢ maps A to ¢ (73L,), with 3L, = BS X g (E xB C,) the line bundle associated

to the principal B-bundle BS xXgg E — BS Xpg BB and the same representation of B.
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Since these principal bundles correspond via our identification, and since the line bundles
are associated to these principal bundles and the same representations of B, they are the

same line bundle. Thus ¢ and gAb/ agree on the R factor as well. O

As mentioned, the S-equivariant cohomology of any S-variety X is an algebra for Ag, the
S-equivariant cohomology of a point. We have the following standard localization theorem

for actions of tori, one reference for which is [Bri98]:

Theorem 1.2.2. Let X be an S-variety, and let i : X° < X be the inclusion of the S-fized

locus of X. The pullback map of As-modules
it HY(X) — HE(XS)

1s an isomorphism after a localization which inverts finitely many characters of S. In par-

ticular, if H5(X) is free over Ag, then i* is injective.

The last statement is what is relevant for us, since when X is the flag variety, H§(X) =
R ®@pw R is free over R'. Thus in the case of the flag variety, the localization theorem tells
us that any equivariant class is entirely determined by its image under i*. As noted in the
next section (cf. Proposition 1.3.1), the locus of S-fixed points is finite, and indexed by the
Weyl group W, even in the event that S is a proper subtorus of the maximal torus T of G.

Thus in our setup,

H5(X®) = @ As,

weW
so that in fact a class in HZ(X) is determined by its image under ¥, for each w € W, where
here i,, denotes the inclusion of the S-fixed point wB. Given a class f € H$(X) and an
S-fixed point wB, we will typically denote the restriction i’ (3) at wB by f[|.p, or simply
by 5|, if no confusion seems likely to arise.

Suppose that Y is a closed K-orbit. We denote by [Y] € HE(X) its S-equivariant
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fundamental class. For the sake of clarity, we explain this abuse of notation. To be precise,
by [Y] we mean the Poincaré dual to the direct image of the fundamental (equivariant)
homology class of Y in HZ(X). This is the unique equivariant cohomology class o € H%(X)
having the property that a N [X] = [Y].

We describe in the next section how to compute [Y]|,,5 for w € W. Since [Y] is completely
determined by these restrictions, the idea is to compute them and then try to “guess” a

b

formula for [Y] based on them. For us, a “formula for [Y]” is a polynomial in the variables
x; and y; (defined in the statement of Proposition 1.2.1) which represents [Y]. Note that
such a formula amounts to a particular choice of lift of [Y] from R’ @ zw R to R’ ®c¢ R.

To be able to tell whether a given guess at a formula for [Y] is correct, we must understand

how the restriction maps ¢;, work. That is the content of the next proposition.

Proposition 1.2.3. Suppose that € H(X) is represented by the polynomial f = f(x,y)
in the x; and y;. Then Blyp € Ag is the polynomial f(X,p(wY)). Here, p denotes the

restriction t* — s*.

Proof. Tt suffices to check that

$i|wB =X,

and that

yi|wB = P(UJYi)-

For the first, recall that the class z; € H{(X) is 7%(X;), where 7 : X — {pt.} is the map
to a point, and X; € s* is a coordinate on s. Letting 7,, denote the inclusion of the fixed
point wB into X, we have that 7 o i, = id, so that i}, o 7* is the identity on H({wB}).
Thus i (z;) =i (7*(X;)) = X;, which is what is being claimed.

For the second, recall that y; is the S-equivariant Chern class ¢;(Ly;) = ¢1(E x5 Ly;),
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with Y; € t*. Thus

ir(yi) = is(c1(E x° Ly,)) = 1 (i, (E x” Ly,)).

The bundle ¥ (E x* Ly,) over BS is pulled back from the bundle ¥ (E xT Ly.) over BT
through the natural map BS — BT'. The bundle %, (E x” Ly,) corresponds to a T-equivariant
bundle over {wB} (i.e. a representation of T') having weight wY;, as one easily checks. Thus
the bundle i%,(E x Ly.) corresponds to an S-equivariant bundle over {w B} having S-weight
p(wY;), since the pullback Ar — Ag through the map BS — BT is determined by restriction

of characters. 0

1.3 Closed orbits

Let G,B,T,K,S,W be as in the introduction. Let & = ®(G,T) denote the roots of G.
Let ®* denote the positive system of ® such that the roots of B are negative, and denote
P~ = -9t = P(B,T). Let X = G/B be the flag variety.

In our computations of equivariant classes, the closed orbits play a key role. These are
the orbits for whose classes we give formulas explicitly. We use equivariant localization as
described in the previous section to verify the correctness of these formulas. Taking such
formulas as a starting point, formulas for classes of remaining orbit closures can then be
computed using divided difference operators, as explained in the next section.

In this subsection, we give the general facts regarding the closed orbits which we use to
compute their equivariant classes. By equivariant localization, to determine a formula for
the S-equivariant class of a closed orbit, it suffices, at least in principle, to compute the
restriction of this class at each S-fixed point. We start by identifying the S-fixed points. We

know that the T-fixed points are finite, and indexed by W. The question is whether X can
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be larger than this, in the event that S is a proper subtorus of 7. In fact, it cannot. We

refer to [Bri99] for the following result:

Proposition 1.3.1 ([Bri99]). If K = G? is a symmetric subgroup of G, T is a 0-stable

mazimal torus of G, and S is a mazimal torus of K contained in T, then (G/B)° = (G/B)T.

With the S-fixed locus described, we now outline how the restriction of the class of a
closed orbit to an S-fixed point can be computed explicitly. The key fact that we use is the
self-intersection formula. To show that the self-intersection formula even applies, we first

need the following easy result:

Proposition 1.3.2. Suppose that K is a connected symmetric subgroup of G. Then each
closed K-orbit is isomorphic to the flag variety for the group K. In particular, any closed

K-orbit is smooth.

Proof. Suppose that K - gB is a closed orbit. Then K - gB = K/Stabg(gB), and clearly,
Stabg(gB) = g 'BgN K. Because K - gB is a closed subvariety of G/B and because G/B
is complete, K - gB is complete as well. Thus ¢g~'Bg N K is a parabolic subgroup of K
([Hum75, §21.3]). Since it is contained in the Borel subgroup g~!Bg of G, it is solvable, and
so it is in fact a Borel subgroup of K. Thus K - gB is isomorphic to a quotient of K by a
Borel. O

Let Y be a closed K-orbit, with Y 'y X the inclusion. Recall that what we are trying
to compute is a formula for the Poincaré dual « to the equivariant homology class . ([Y]) €
H?(X). (By abuse of notation, we will generally denote the class a by [Y].) By equivariant
localization, this class is determined by knowing «f,p for each w € W. Suppose that

wB €Y. Denote by j, the inclusion of wB into Y, and by ¢, the inclusion of wB into X,

so that i, =i 0 j,,. Then in H?(X), we have the following:

G (Y1) = (G, 0 1) (@([Y]) = 70 (" 0 2)([Y]) =

21



Juled(Ny X) N [Y]) = cf (Ny X|wp) N 7u([Y]) = ¢i(Ny X |up) N [wB],

where d is the codimension of Y in X. Here we have used some basic facts of intersection
theory regarding pushforwards and pullbacks, for which the standard reference is [Ful98].
Note that we are able to use the self-intersection formula because Y is smooth, and hence
E x5Y is regularly embedded in £ x° X.

On the other hand,

i (ix([Y])) = i3, (e O [X]) = el 0, ([X]) = atluwp O [wB].

w

Then in HE(X), we have

alwp = ¢ (Ny X|up)-

Thus computing the restriction of the class a at each S-fixed point amounts to com-
puting ¢ (NyX|,p) € Hi({pt.}) = C[X;,...,X,]. We want to compute this Chern class
explicitly, as a polynomial in the X;. Note that the S-equivariant bundle Ny X|,,p is simply
a representation of the torus S, and its top Chern class is the product of the weights of this
representation. We now compute these weights.

The S-module Ny X|,p is simply T,,X/T,Y, so we determine the weights of S on T, X

and T,Y, then subtract the weights of T,,Y from those of T,,X. It is standard that

TwX = g/Ad(w)(b).

Since B has been taken to correspond to the negative roots, the weights of S on T, X are

the restrictions of the following weights of 7" on T, X:

O\ wd” = wd".
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A similar computation can be made for T,,Y. We know that

T,Y =€/(en Ad(w)(b)),

so the weights of S on T,,)Y are as follows:

q)K \ ((I)K N UJ(I)_),

where @ denotes the roots of K. Subtracting this set of weights from those on T, X, we

conclude the following:

Proposition 1.3.3. The weights of S on Ny X|,p are p(w®*) \ (p(wdP) N Pg), where p

denotes restriction t* — s*.

Now that we have explained how the restrictions of the equivariant classes of closed orbits
are computed, the next matter which must be dealt with is how to answer the following two

questions for a given symmetric pair (G, K):

1. How many closed orbits are there?

2. Which S-fixed points are contained in which closed orbits?

It follows from Borel’s fixed point theorem that any closed orbit must contain an S-fixed
point. Better yet, it follows from Proposition 1.3.2 that for connected K, each closed orbit
must contain |Wy| S-fixed points, where Wy = Nk (S)/S is the Weyl group for K. However,
for a given S-fixed point wB, it need not be the case that K - wB is a closed orbit.

To describe precisely which K -wB are closed in the way which will be most useful to us
in our examples, we must first define twisted involutions and the Richardson-Springer map.
The references for what follows are [RS90, RS93].

First, observe that because T is a f-stable torus, Ng(T') is also #-stable, and hence there

is an induced map (which we also call #) on W.
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Definition 1.3.4. A twisted involution is an element w € W such that w = 6(w)~'. We

shall denote the set of twisted involutions by Z.

We now describe a map from K\G/B to Z. First, define the map

7:G—= G

by 7(g) = g0(g)~!. Next, define the set

Vi={geG|gllg)" € No(T)} =7 ' (Na(T)).

The set V has a left T-action and a right K-action, and the orbit set V = T\V/K is in
bijective correspondence with K\G/B. (One direction of this bijection is given by TgK
K -g7'B.) Given an element v = T'gK of V, we denote the corresponding K-orbit K - g~'B
by O(v). The map

oV =W

given by ¢(g9) = m(7(g)) (where 7 is the natural projection Ng(T) — W) is constant on
T x K orbits, so we have a map (which we also call ¢) ¢ : V — W. It is easy to check that

¢ actually maps V into Z.

Remark 1.3.5. Obviously, the map ¢ can also be thought of as a map K\G/B — Z, defined
by ¢(O(v)) = ¢(v). From this point forward, we will generally think of ¢ in this way, and
will use notation such as ¢(Q) for Q@ € K\G/B an orbit, without explicitly mentioning a

corresponding element of V.

Definition 1.3.6. We will refer to the map ¢ : K\G/B — Z defined above as the Richardson-

Springer map.

With these definitions made, we now give the following characterization of the closed
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orbits.

Proposition 1.3.7 ([RS93, Proposition 1.4.2]). Let w € W be given. The K-orbit Q) =
K -wB is closed if and only if ¢(Q) = 1.

Note that if Wy is the Weyl group for K, then Wi is naturally a subgroup of W. This
is obvious in the event that rank(K) = rank(G), so that S = T'. Then Ng(T') is obviously
a subgroup of Ng(T'), and Wx = Ngk(T)/T is obviously a subgroup of W = Ng(T)/T.
It is less obvious in the event that S C T, since it is not a priori clear that Ng(S) is a
subgroup of N (7). That it is follows from that fact that 7" can be recovered as Zg(S),
the centralizer of S in G (see [Spr85, Bri99]). Since any element of G normalizing S must
also normalize Z5(S) = T, we have an inclusion Ng(S) C Ng(7T'). This gives a map
Wy = Nk(5)/S — Ng(T)/T = W defined by nS +— nT. The kernel of this map is
{nS|ne Nkg(S)NT}. Since S = K NT, the group Ng(S)NT is simply S:

Ng(S)NT =Ng(SYN(TNK)=Ng(S)NS=S.

Thus the kernel of the map Wy — W is {1}, and so it is an inclusion.

With this in mind, note that if K - wB is a closed orbit, the S-fixed points it contains
correspond to elements of W having the form w'w, with w' € W (viewed as an element of
W via the inclusion of Weyl groups we have just described). Thus, by Proposition 1.3.7, the
number of closed orbits is N/|W/|, where N is the number of w € W with ¢(w) = 1.

In particular, we have the following easy corollary of Proposition 1.3.7, which applies to

the majority of the cases that we consider in this paper.

Corollary 1.3.8. Suppose that rank(K) = rank(G), so that S =T. Then K - wB is closed
for allw € W. Thus the number of closed K -orbits is |W|/|Wk|. Each orbit K -wB contains

the |Wg| S-fixzed points corresponding to the elements of the left coset Wi w.
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Proof. The equal rank condition is equivalent to the condition that # be an inner involution
([Spr87, 1.8]). An inner involution acts trivially on W, meaning that ¢(w) = 1 for all
weWw. 0

Finally, we mention another characterization of the closed orbits from [RS93], which we

will make use of in one example.

Proposition 1.3.9 ([RS93, Proposition 1.4.3]). For w € W, the K-orbit K - wB is closed

1

if and only if wBw™" is a 0-stable Borel.

1.4 Other orbits

As alluded to in the previous section, there is an ordering on K'\G/B with respect to which
the closed orbits are minimal ([RS90, Theorem 4.6]). We describe this ordering. Let o € A
be a simple root, and let P, be the minimal parabolic subgroup of G of type a containing

B. Consider the canonical map

7o : G/B — G/P,.

This is a P!-bundle. Letting Q € K\G/B be given, consider the set Z,(Q) := 7, (7.(Q)).
The map 7, is K-equivariant, so Z,(Q) is K-stable. Assuming K is connected, Z,(Q) is
also irreducible, so it has a dense K-orbit. In the event that K is disconnected, one sees
that the component group of K acts transitively on the irreducible components of Z,(Q),
and from this it again follows that Z,(Q) has a dense K-orbit.

If dim(7,(Q)) < dim(Q), then the dense orbit on Z,(Q) is @ itself. However, if
dim(7m,(Q)) = dim(Q), the dense K-orbit will be another orbit Q" of one dimension higher.

In either event, using notation as in [MT09], we make the following definition:

Definition 1.4.1. With notation as above, s, - @) shall denote the dense K-orbit on Z,(Q).
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Definition 1.4.2. The partial ordering on K\G/B generated by relations of the form @ < @’
if and only if Q' = s, - @ (with dim(Q’) = dim(Q) + 1) for some o € A is referred to as the

weak closure order, or simply the weak order.

Let Y, Y’ denote the closures of Q, ', respectively. Assume that Q' = s,-@Q, and define an
operator d, on HE(X), known as a “divided difference operator” or a “Demazure operator”,

as follows:

Let d denote the degree of m,|y over its image. Using standard facts from intersection
theory, along with the fact that 9, = 7, 0 (4 )., it is easy to see that [Y'] = 20,([Y]).
Putting all of this together, we see that we can recursively determine formulas for the

equivariant classes of all orbit closures given the following data:
1. Formulas for classes of the closed orbits.
2. The weak closure order on K\G/B.

3. For any two orbits @, Q)', with closures Y, Y’, and with the property that Q' = s, - Q,

the degree d of 7,|y over its image.

In fact, the aforementioned degree d is always either 1 or 2, and this can be determined
combinatorially based on the orbit () and the simple root «, as we now describe. Before giving
the precise statement, we will require some more preliminary definitions and observations.
All of what follows can be found in [RS90, RS93].

Let T" be any #-stable maximal torus. Then € induces a map on the root system ®(7”, )

defined by T7". We say that a root a of T” is
e Real if O(cr) = —av.

o Complex if 0(«) # +a.
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e Imaginary if 6(a) = o. Within this case, there are two subcases: « is compact imagi-

nary if the root subgroup G, C K, and non-compact imaginary otherwise.

Let a € A be a simple root of our fixed torus 7. Given any K-orbit @), it is possible to find

a representative gB € @ such that Tg = gTg™!

is a f-stable torus. The automorphism int(g)
defines an isomorphism between the root systems ®(7, G) and ®(Ty, G), and we categorize
the root «v as real, complez, etc. for @ if the root o/ = int(g)(a) has that property as a root
of Ty, as defined above. (One checks that this is independent of the choice of representative
9B.)

Next, we define the cross-action of W on K\G/B:

Definition 1.4.3. The cross-action of W on K\G/B, denoted X, is defined by

wx (K-gB) =K -guw 'B.

With the cross-action defined, we can define non-compact imaginary roots of type I and

II:

Definition 1.4.4. Suppose « is a non-compact imaginary root for the orbit ). Then « is

of type I'if s, x Q # @, and of type Il if s, x Q = Q.

With these initial observations and definitions made, we can now state the following result
on the weak closure order on K'\G /B, which tells us in particular how to determine the degree
d of the map m,|y. (Recall that ¢ denotes the Richardson-Springer map K\G/B — Z, see
Definition 1.3.6.)

Proposition 1.4.5. Suppose Q is a K-orbit on G/B with closure Y. Let a = ¢(Q) € Z,
and let o € A be given. Then s, - Q # Q (and hence dim(s, - Q) = dim(Q) + 1) if and only

if one of the two following scenarios occurs:
1. « is complex for Q and l(s,a0(sq)) = l(a) + 2; or
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2. « 1s non-compact imaginary for Q).

In case (1) above, the map m,|y has degree 1 (i.e. is birational). In case (2), Ta|y
1s birational if o is non-compact imaginary type I, and has degree 2 if o is non-compact

imaginary type 11

Proof. We only briefly sketch what is involved in the proof. A more detailed exposition can
be found in [RS90, Section 4].

One first establishes a correspondence between K-orbits on Z,(Q) and the orbits of
K(g,a) := K N gP,g~" on the fiber 7,'(gP,). This fiber being isomorphic to P!, there
are only a few possibilities for the orbit structure. This structure depends on the image of
h: K(g,a) — Aut(P') determined by the action of K(g,«). In the event that a is complex
for the orbit @), this image contains a non-trivial unipotent subgroup, and there are two
orbits on the P! fiber: one dense orbit and one fixed point. The dense orbit corresponds to
Q itself if I(s,af(s,)) = l(a) — 2, but to an orbit one dimension higher in the event that
[(3400(s4)) = l(a) + 2.

If « is non-compact imaginary, then one of two cases occurs. In case 1, the image
h(K(g,«)) is a maximal torus. In this case, there are three orbits on the fiber - one dense
orbit and two fixed points. In case 2, h(K (g, «)) is the normalizer of a maximal torus. In
this case, there are two orbits - one dense orbit and a two-point orbit. Each point of the
two-point orbit is fixed by the identity component K (g, «)?, and the two points are permuted
by K(g,a). Which case we are in depends on whether « is type I or type II. If « is type I,
we are in case 1, and if « is type II, we are in case 2.

These various cases give us information about the K-orbits on Z,(Q), and we can see
what the degree of m,|y over its image is in each case. Indeed, when « is complex and
[(sqab(sq)) = l(a) + 2, or when « is non-compact imaginary type I, @ corresponds to a
1-point orbit on P! (the lone fixed point in the former case, and one of the two fixed points

in the latter). When « is non-compact imaginary type II, @) corresponds to the two-point
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orbit on P!. The number of points in the K (g, a)-orbit corresponding to @ is easily seen to
be the number of pre-images in @) of any point of 7,(Q) C G/P,. The conclusion regarding

the degree of m,|y follows. O

In [Bri01], the graph for the weak order on K-orbit closures is endowed with additional
data, as follows: If Y/ = s,-Y £ Y, then the directed edge originating at Y and terminating
at Y is labelled by the simple root «, or perhaps by an index 7 if & = «; for some predeter-
mined ordering of the simple roots. Additionally, if the degree of m,|y is 2, then this edge is
double. (In other cases, the edge is simple.) We modify this convention as follows: Rather
than use simple and double edges, in our diagrams we distinguish the degree two covers
by blue edges, as opposed to the usual black. (We do this simply because our weak order
graphs were created using GraphViz, which does not, as far as the author can ascertain, have
a mechanism for creating a reasonable-looking double edge. On the other hand, coloring the

edges is straightforward.)

1.5 Symbolic parametrization of orbits

In each individual case we consider, a symbolic parametrization of the orbit set, as well as
a combinatorial description of the weak ordering in terms of this parametrization, is given.
This allows us to determine formulas for the classes of all orbit closures, starting with the
closed orbits at the bottom of the ordering, and moving up by applying divided difference
operators.

The details of individual cases are given in the corresponding sections, but here we give
some general information and definitions which will be relevant when discussing each of the

various cases.
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1.5.1 Twisted involutions

Recall the set Z of twisted involutions and the Richardson-Springer map ¢ defined in Sub-
section 1.3. These play an important role in the combinatorial description of K\G/B in
some of the cases we consider — namely, the three non-equal rank cases in type A, these
being K = SO(2n 4+ 1,C), K = SO(2n,C), and K = Sp(2n,C). (When K is the special
orthogonal group, the analysis differs depending on whether the rank of G is even or odd,
so we treat these as separate cases.)

At least in these cases, the weak ordering on K'\G/B can be deduced combinatorially
from an analogous “weak Bruhat ordering” on Z. To describe this, we must make a few

more definitions. First, define the “twisted action” of (the group) W on (the set) W by

a*xw = awd(a)"".

One checks easily that Z is stable under the twisted action, whereby we have a W-action on
T

Next, we define a monoid M = M (W) associated to the Weyl group W. As a set, the
elements of M are symbols m(w), one for each w € W. The multiplication on M is defined

as follows: Given w € W and s € S a simple reflection,

m(sw) if [(sw l(w),
(s)m(w) = (sw) (sw) > l(w)

m(w)  otherwise.
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There is an action of M on the set Z. Given s € S and a € Z, define

a if [(sa) < l(a),
m(s) *a = q sa if [(sa) > l(a) and s *xa = a,

s*a otherwise.

The weak Bruhat order on twisted involutions can now be defined as follows: Given
twisted involutions a, b, we say that a < bif b € M % a (and a # b). In the event that
b =m(s;) * a # a for some simple reflection s; € S, we will use the notation a <; b.

There is also an M-action on K\G/B given simply by

m(s;) *xQ =s;- Q.

(Recall Definition 1.4.1.) However, the map Richardson-Springer map ¢ (cf. Definition

1.3.6) need not be M-equivariant for general G and K. The precise statement is as follows:

Proposition 1.5.1 ([RS93, Proposition 3.3.3]). Let Q,Q" € K\G/B and s; € S be given.
Let a = ¢(Q) and o’ = ¢(Q'). Then

1. If Q' =s;-Q, then a <; d'.

2. If a <; d, then Q' = s; - QQ unless s; is compact imaginary for the orbit Q.

In particular, if m(s;) * a = o/, and s; is compact imaginary for ) (which means that
m(s;) * Q@ = Q), the map ¢ does not respect the M-action of m(s;). The upshot is that in
general, the weak order on K'\G/B and the weak Bruhat order on Z need not correspond
as perfectly as one might hope, since it can occur that two twisted involutions a and
are related in the weak Bruhat ordering on Z, while orbits @ and @’ (mapping to a,d’,
respectively) are not related in the weak ordering on K'\G/B. However, the following result

implies that at least when the map ¢ is injective, this does not happen.

32



Proposition 1.5.2 ([RS90, Proposition 7.9, Part (i)]). Let Q@ € K\G/B be given, with
a = ¢(Q). Suppose that

1d <iy ay <iy G2 <ig .. <4, Qp = Q.

in

Then there exists some closed K-orbit ()" such that

Q=-si, (si, (85, (55,-Q))...).

In particular, when ¢ is injective, we have the following:

Corollary 1.5.3. Suppose ¢ : K\G/B — T is injective. Let Q1, Q2 be any two orbits, with
a; = ¢(Q1) and ay = ¢(Q2). Then Q1 < Qo if and only if a; < ay. Thus the weak order on
K\G/B corresponds precisely to the order on ¢(K\G/B) induced by the weak order on I.

Proof. That Q1 < Q3 = a1 < ay follows from Proposition 1.5.1, part (1). So we prove only
the direction < here.

We first note that for any ¢, it is impossible to have three distinct twisted involutions
ai,as,b with a1 <; b and ay <; b. Suppose by contradiction that we have such a situation.

Let s = s;. By definition of the M (W)-action on Z, the possible ways this could happen are

1. s*xa; = aq, s*ay = as: In this case, we would have that
m(s) x a3 = sa; = sag = m(s) * ag,
and this contradicts a; # as.
2. s*ay # ay, S * as # as: In this case, we have

1

m(s) * a; = sa10(s) " = saxf(s)”! = m(s) * as,

again contradicting a; # as.
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3. s*a; = aj, s*ay # ay: In this case, we would have b = sa; = sa»0(s)™!, so that

1

a; = a20(s)~!. Recalling that a;,ay are twisted involutions, so that a; = 0(a;)~" and
g

az = 0(ay) ™", this says

0(ay') = 0(ay")0(s™") = 0(ay's),

so that

al_l = az_ls = SG1 = Q3.

But this contradicts that sa; = b.

With this preliminary observation made, the proof is by induction on dim(Q3) —dim(Q).
Suppose first that this quantity is 1, and suppose that a; <; as for some simple root «;. By
Proposition 1.5.2, there is some orbit Q with Q2 = s; - Q. By Proposition 1.5.1 part (1),
#(Q) <; as. By our initial observation, this implies that ¢(Q) = ¢(Q1) = a;. Since ¢ is
injective, () = @1, so Q2 = s; - (1, as required.

Now suppose that dim(Q2) —dim(@;) > 1, and suppose that a; < as. Then by definition
of the weak Bruhat order on Z, there exists a € Z with a; < a <; as for some simple root «;.
By Proposition 1.5.2, there is an orbit () with Q)5 = s;- Q). Using our preliminary observation

again, ¢(Q) = a. By induction, @; < @, and Q) < Q2 by definition, so Q; < Q. O

The map ¢ is injective for the pairs (SL(2n+1,C), SO(2n+1,C)) and (SL(2n,C), Sp(2n, C)),
so in these cases, we are able to describe K\G/B and its weak order entirely in terms of the
combinatorics of Z.

Next, we describe how to categorize simple roots as complex or non-compact imaginary

(type I or type II) for a given orbit on the level of twisted involutions.

Proposition 1.5.4 ([RS93, Section 2.4]). Let Q be a K-orbit on G/B, with a = ¢(Q). Let

a simple root a € A be given, with s € S the corresponding simple reflection. Then
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1. s (or a) is complex for Q if and only if af(a) # +a.
2. s (or ) is imaginary for Q if and only if af(a) = a.

Recall that given a non-compact imaginary root, to determine whether it is type I or
type II, we must compute the cross action of the appropriate simple reflection on the orbit
in question. The following proposition relates the cross action of W on the set of orbits to

the twisted action of W on Z:

Proposition 1.5.5 ([RS93, Proposition 1.4.4]). The map ¢ : K\G/B — I is W -equivariant

with respect to the cross action of W on K\G/B and the twisted action of W on I.

Finally, we record one other fact from [RS90] regarding the full closure order on K\G/B

and its relation to the induced Bruhat order on Z in the event that the map ¢ is injective:

Proposition 1.5.6 ([RS90, Proposition 9.14]). Suppose that the map ¢ : K\G/B — T is
injective. Then K\G/B, equipped with the full closure order, is isomorphic as a partially
ordered set to its image under ¢, when this image is given the partial order induced by the

Bruhat order on T.

Remark 1.5.7. It is worth mentioning that the “Bruhat order on Z” referred to in Propo-
sition 1.5.6 is defined in [RS90], not as the order on Z induced by the usual Bruhat order on
W, but as the weakest order on Z which is “compatible,” in a certain sense, with the weak
order on Z defined above. In fact, it is (incorrectly) stated in [RS90] that these two “Bruhat
orders” are not necessarily the same. This misstatement is corrected in [RS93], with a proof
that the two Bruhat orders in fact are the same appearing in [RS94]. Thus we think of the
“Bruhat order” on the image of ¢ to be induced by the usual Bruhat order on W. That it

is valid to do so will be important in Subsection 6.1.2.

35



1.5.2 Clans

The information of the previous section is used primarily in the non-equal rank type A cases,
where K = Sp(2n,C), SO(2n + 1,C), or SO(2n,C). In all other cases, the parametrization
of K\G/B is in terms of what are called “clans”. These are first defined for K-orbits on
G/B where G = SL(n,C) and K = S(GL(p,C) xGL(q,C)) for p+q = n. Then a (p, q)-clan
is a string of n characters, each either a +, a —, or a natural number. Each natural number
which appears must appear exactly twice, and the difference between the number of +’s and
the number of —’s appearing in the string must be precisely p — ¢. The set of (p, ¢)-clans
parametrizes K\G/B. (See Subsection 2.1.2 for more precise details.)

For all other symmetric pairs (G, K) (that is, for all cases where G is of type BC'D), it
turns out that K is a subgroup of K’ = GL(p,C) x GL(q,C) for some appropriate choice of
p and ¢q. Further, G is a subgroup of G’ = GL(n,C) for some n, and the flag variety X for
G naturally embeds in the flag variety X’ for G’. As such, the intersection of a K’-orbit on
X’ with X, if non-empty, is stable under K and hence is a union of K-orbits.

In general, such an intersection need not be a single K-orbit. Indeed, it could either
be a single K-orbit or a union of 2 K-orbits, and this depends critically on the chosen
representative of the isogeny class of (G, which in turn can affect the connectedness of K. In
the cases we consider, we choose G (and the corresponding K) so that the intersection of
a K’-orbit on X’ is always a single K-orbit. In fact, we take this opportunity to state this

now as a theorem:

Theorem 1.5.8. For each symmetric pair (G, K) in types BC'D considered in this paper,
each K -orbit on G/B is exactly the intersection of a GL(p,C) x GL(q, C)-orbit on the type A

flag variety with the smaller flag variety of the appropriate type, for some appropriate choice

of p and q.
The proof of Theorem 1.5.8 will be given in Appendix A. The upshot of the theorem is

36



that in each of the cases outside of type A, the set of K-orbits can be parametrized by a subset
of the (p, ¢)-clans (for appropriate p, q) possessing some additional combinatorial properties
which amount to the corresponding GL(p,C) x GL(q,C)-orbits meeting the smaller flag
variety non-trivially. Generally, these combinatorial properties involve at least a symmetry
condition. We make the following definitions now for later reference. Let v = (cq,...,¢,) be

a clan.

Definition 1.5.9. We say that v is symmetric if the clan (¢, ..., ¢) obtained from ~ by

reversing its characters is equal to v as a clan. Specifically, we require

1. If ¢; is a sign, then ¢, 1_; is the same sign.
2. If ¢; is a number, then c¢,41_; is also a number, and if ¢,11-; = ¢;, then ¢,11-; = ¢;.

Definition 1.5.10. We say that v is skew-symmetric if the clan (¢,,...,¢;) is the “neg-

ative” of v, meaning it is the same clan, except with all signs changed. Specifically,
1. If ¢; is a sign, then ¢, 1_; is the opposite sign.
2. If ¢; is a number, then c¢,41_; is also a number, and if ¢,11-; = ¢;, then ¢,11-; = ¢;.

Note that condition (2) of each of the above definitions allows for the possibility that
¢;i = cpe1—;- However, this is not necessary for a clan to be symmetric or skew-symmetric.
Indeed, the clan (1,2,1,2) is symmetric (and also skew-symmetric), since its reverse (2,1,2,1)
is the same clan (this is explained in Subsection 2.1.2), but there are no matching natural
numbers in positions (i,n + 1 — i) for any 1.

Once it is established that the K’-orbit corresponding to v meets X if and only if 7
possesses one of these properties (and perhaps meets some additional criteria), showing that
each non-empty intersection of a K’-orbit on X’ with X is a single K-orbit on X requires a
counting argument, the setup for which is a bit involved. The details of this are described

in Appendix A.
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Chapter 2

Examples in Type A

We consider first the group G = SL(n, C), the group of nxn complex matrices of determinant
1.

For a maximal torus T" of G, let Y; denote coordinates on t, so that
= {Yi—Y; i}
We choose the “standard” positive system
Ot =YY, i < i),

and let &= = —®*. Take B to be the Borel subgroup containing 7' and whose roots
are ¢~. (Concretely, we may take T to be the diagonal elements of G, and B to be the
lower-triangular elements of G. Then t is the set of all trace-zero diagonal matrices, and
Yi(diag(aq, . ..,a,)) = a; for each i.)

In this case, the Weyl group W is isomorphic to the symmetric group .5, and elements

of W act on the coordinates Y; by permutation of the indices.

38



2.1 K = S(GL(p,C) x GL(q,C))

Suppose that p + ¢ = n. Consider the involution 6 of GG given by
0(A) = I, g AL,
(Refer to Subsection 1.1 for this notation.) Then

0 KH 0 Kll € GL(pv C)
K=G"= € SL(n,C) = S(GL(p,C) x GL(q,C)).
0 KQQ K22 < GL(q,(C)

In the notation of the introduction, this choice of K corresponds to the real form Gr =
SU(p,q) of G.

This is an equal rank case, so that the maximal torus S of K can be taken to be exactly
T. We still refer to the torus of K as S, even in the cases where S = T. We also refer to
coordinates on s by capital X variables, here Xi,...,X,,. In this notation, the restriction
map p : t* — s* is given by p(Y;) = X; for i = 1,...,n. Although this may seem a bit silly
in the equal rank examples, the distinction is necessary in the non-equal rank cases, and it
is helpful to keep our notational conventions consistent across all of the cases we consider.

The roots of K are as follows:
QO ={X;,— X, |i,j<pori,j>p}

Wy embeds in W as those permutations of {1,...,n} which act separately on the subsets

{1,...,p}and {p+1,...,n}, ie. Wx =S5, x S,.
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2.1.1 Formulas for the closed orbits

By Corollary 1.3.8 and the above observation regarding Wi, there are

Wi al <n>
Wkl plgt \p
closed orbits, each containing |Wy| = plq! S-fixed points.

Given any w € W, denote by [,(w) the number

bp(w) == #{(,7) | 1 <i <j <n,w(j) <p <w(@}

Then we have the following formula for the S-equivariant class of the closed orbit K -wB:

Proposition 2.1.1. Let Q € K\G/B be a closed K-orbit containing the T-fized point w.

Then [Q)] is represented by the polynomial

P(w,y = lp (w) H yw—l(J

1<p<g

Proof. First, we observe that this formula is independent of the choice of S-fixed point w
representing the orbit. Indeed, any other S-fixed point w € @ is of the form w = cw for

some o € Wk. Since o preserves the sets {1,...,p} and {p+ 1,...,n}, we see that

(ow)(7) < p < (ow)(i) & w(j) <p <w(i),

and so l,(w) = l,(w). Further, the set {w™'(j) | j > p} (that is, the set of indices on the y’s
in our proposed formula) is clearly the same as {w™*(j) | j > p} = {(w™ ') (4) | 7 > p},
again because o~! permutes those j which are greater than p.

With that established, we now use Proposition 1.3.3 to identify the restriction of [Q] at
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each S-fixed point. The set p(w®™") is

p({wa | a € (I)+}) = {Xw(i) — Xw(j) | 1< ]}

Subtracting roots of K, we are left with precisely one of £(X; — X;) for each i, j with

i < p < j. The number of remaining roots of the form —(X; — X;) is precisely [,(w). Thus

S
=
||
g
s
i

(=0 T = X))
i<p<j
(We remark that because [, is constant on cosets Wyw, the restriction [Q]|,, is actually
the same at every S-fixed point w € Q).)
So for any v € W,

F(X) ifueq,
Q] =

0 otherwise.

Recalling the precise definition of the restriction maps i} given in Proposition 1.2.3, we see
that we are looking for a polynomial p in the x; and y; such that p(X,ocw(X)) = F(X) for
any o € W, and such that p(X,w' (X)) = 0 for any w’ € W such that w'w™! ¢ W.

It is straightforward to check that P has these properties. Indeed, for o € Wk, we see
that

P(X,ow(X)) = (=" T] (Xi = Xo5),

1<p<j
and since o permutes {p + 1,...,n}, this is precisely F'(X).

On the other hand, given w’ with w'w™! ¢ Wi,
P(X,w'(X)) = (=) T (X = Xurm15) =0,
1<p<j

1

since w'w™!, not being an element of Wy, necessarily sends some j > p to some 7 < p. We
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conclude that P(x,y) represents [Q)]. O

2.1.2 Parametrization of K\G/B and the weak order

We remark here at the outset that the references we use for this parametrization typ-
ically refer to GL(p,C) x GL(q,C)-orbits on the flag variety GL(n,C)/B, rather than
S(GL(p,C) x GL(q,C))-orbits on SL(n,C)/B. However, these are the same, since any
element of GL(p,C) x GL(q,C) differs from an element of S(GL(p,C) x GL(q,C)) only by
a scalar matrix, which acts trivially on the flag variety. So if the reader prefers, he may just
as well think of GL(p,C) x GL(q,C)-orbits on GL(n,C)/B.

The results detailed in this subsection appeared for the first time in [MO90]. Proofs and
further details appear in [Yam97]. The combinatorics are also given a nice exposition in
[IMT09], and much of our description is taken from there.

In this case, as mentioned briefly in the Subsection 1.5.2, the orbits are parametrized by

what are referred to as clans of signature (p,q) (or (p,q)-clans).

Definition 2.1.2. A (p, ¢)-clan is a string (cy, . .., ¢,) of n = p+ ¢ characters, each of which

is a +, a —, or a natural number, subject to the following conditions:

1. Every natural number which appears must appear exactly twice.

2. The difference in the number of 4 signs and the number of — signs must be p — ¢. (If

q > p, there are ¢ — p more minus signs than plus signs.)

We consider such strings only up to an equivalence which says, essentially, that it is the
position of matching natural numbers, and not the numbers themselves, which determine
the clan. For instance, the clans (1,2,1,2), (2,1,2,1), and (5,7,5,7) are all the same, since
they all have matching natural numbers in positions 1 and 3, and also in positions 2 and 4.
On the other hand, (1,2,2,1) is a different clan, since it has matching natural numbers in

positions 1 and 4, and in positions 2 and 3.
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As an example, suppose n = 4, and p = ¢ = 2. Then we must consider all clans of length
4 where the number of +’s and the number of —’s is the same (since p — ¢ = 0). There are

21 of these, and they are as follows:
(+7 +7 B _)a (+a B +7 _)7 (+7 R +)7 (_7 +a +7 _)a (_a +7 ] +)7 (_7 ] +a +)7

(17 17 +7 _)7 (17 17 _7+)7 (L +a 17 _)7 (L R 17 +)a (17 +7 ) 1>a (17 ) +a 1)7
(+7 17 17 _)7 (_7 17 17+)7 (+7 17 R 1)7 <_7 17 +7 1)7 (+7 B 17 1)7 (_7 +7 17 1)7
(1,1,2,2);(1,2,1,2);(1,2,2,1)

We spell out precisely the correspondence between clans and K-orbits. Let E, = C -
(e1,...,ep) be the span of the first p standard basis vectors, and let qu =C-(ept1,---,€n)
be the span of the last ¢ standard basis vectors. Let 7 : C* — E, be the projection onto E,.

For any clan v = (¢y,...,¢,), and for any ¢, j with ¢ < j, define the following quantities:

1. v(i;+) = the total number of plus signs and pairs of equal natural numbers occurring

among (¢q,...,¢);

2. y(i; —) = the total number of minus signs and pairs of equal natural numbers occurring

among (cq,...,¢;); and
3. v(i;j) = the number of pairs of equal natural numbers ¢, = ¢; € N with s <1i < j < t.
For example, for the (2,2)-clan v = (1,+, 1, —),
1. ~v(i;+)=0,1,2,2 for i = 1,2,3,4;
2. y(i;—) =0,0,1,2 for i = 1,2,3,4; and

3. v(i;7) = 1,0,0,0,0,0 for (i,5) = (1,2),(1,3),(1,4),(2,3),(2,4),(3,4).
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With all of this notation defined, we have the following theorem on K-orbits on G/B:

Theorem 2.1.3 ([Yam97]). Suppose p + q =n. For a (p,q)-clan v, define )., to be the set

of all flags Fy having the following three properties for all i,j (i < j):

1. dim(F; N E,) = ~(i; +)

2. dim(F; N E,) = ~(i; —)
3. dim(w(F) + Fj) = j +~(i;5)

For each (p,q)-clan v, Q. is nonempty and stable under K. In fact, Q is a single
K-orbit on G/B.

Conversely, every K-orbit on G/B is of the form Q. for some (p,q)-clan . Hence
the association v — Q. defines a bijection between the set of all (p,q)-clans and the set of

K -orbits on G/B.

As in the statement of the above theorem, we will typically denote a clan by =, and the
corresponding orbit by 5.

Next, we outline an algorithm, described in [Yam97], for producing a representative of
Q. given the clan ~.

First, for each pair of matching natural numbers of ~, assign one number a “signature”
of +, and assign the other a signature of —. Each character ¢; in « is then said to have a
signature of + if ¢; is either a + or a natural number which is assigned a signature of 4, and
a signature of — otherwise. Having done this, choose a permutation o of 1,...,n with the

following properties for all i = 1,...,n:

1. 1 < o(i) < p if the signature of ¢; is +.

2. p+1<o0(i) <n if the signature of ¢; is —.
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Having determined such a permutation o, take Fy = (vy,...,v,) to be the flag specified

as follows:
(
€o(i) if ¢; =+,
Vi = 3 €si) + €o(j) if ¢; € N, ¢; has signature +, and ¢; = ¢;,
\—eg(i) +es() if ¢ € N, ¢; has signature —, and ¢; = ¢;.
For example, for the orbit corresponding to the clan (+,4+,+,—, —, —), we could take

o = 1, which would give the standard flag (eq,...,es). For (1,—,+,1), we could assign
signatures to the 1’s as follows: (14, —,+,1_). We could then take o to be the permutation
1324. This would give the flag

F. = <€1 +64,€37€2,€1 - €4> .

The closed orbits being those whose clans consist only of +’s and —’s, this algorithm
tells us in particular how to determine an S-fixed point contained in such an orbit. Indeed,
any representative determined by the algorithm above for an orbit whose clan consists only
of +’s and —’s necessarily produces an S-fixed flag corresponding to a permutation which
assigns to the positions of the +’s the numbers 1, ..., p, and to the positions of the —’s the
numbers p+1,...,n.

We now give a combinatorial description of the weak ordering on the orbit set in terms
of this parametrization. Let v = (cy, ..., ¢,). The simple root a; = X; — X;11 is complex for

the orbit O, with s,, - O, # O,, if and only if one of the following occurs:

1. ¢; and ¢;; are unequal natural numbers, and the mate of ¢; is to the left of the mate

of ¢it1;
2. ¢; is a sign, ¢; 41 is a natural number, and the mate of ¢;y; is to the right of ¢;,1;
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3. ¢; is a natural number, ¢;;; is a sign, and the mate of ¢; is to the left of ¢;.

So, for example, taking p = 3, ¢ = 2, and letting ¢ = 2, (1,1, 2, +, 2) satisfies the first con-
dition; (+, —, 1,1, +) satisfies the second; (1,1, +, —, +) satisfies the third; and (1,+,1,2,2)
satisfies none of them (since the mate of the 1 in the 3rd slot occurs to its left, rather than
to its right).

On the other hand, «; is non-compact imaginary for the orbit @), if and only if ¢; and
Ci+1 are opposite signs.

Furthermore, one sees that the clan ' for s,, - O, is obtained from v by interchanging
¢; and ¢; 41 in the complex case, and by replacing the opposite signs in the ¢; and ¢;;1 slots
by a pair of equal natural numbers in the non-compact imaginary case. So, again taking

p=3,q=2,i =2, we have, for example,
hd Sa2'(171727_{—72):(172717+72);
hd SOQ'(—’_7_71’1’—1—):<+717_717+);
hd 8042'(171a+7_7+):<1a+71a_7+);
hd 8042.(17+7_a]-7+):<1a272717+)'

Finally, we describe the cross action of W = S, on the orbits in terms of this parametriza-
tion. In fact, the action is the obvious one, given by permuting the symbols of any clan
according to the underlying permutation of any w € W. (The most straightforward way
to see this is to note the effect of simple transpositions on the representatives specified in
[Yam97].)

Thus we see that if «; is non-compact imaginary for the orbit @, then v has (¢;, ¢i11)
equal to either (+, —) or (—,+), and the action of s,, (the simple transposition (7,74 1)) on

7 is to switch these signs. In particular, s,, X @, # @), and so we see that all non-compact
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imaginary roots are of type I in this case. This means that the weak order graph consists

only of black edges, and no factors of % are required in our divided difference computations.

2.1.3 Example

With this parametrization in hand, we now do an example, giving formulas for the classes
of all orbit closures in the case where n =4, p = ¢ = 2. (The clans parametrizing the orbits
in this case are written down in the previous subsection.)

As we have noted, the method of [Yam97| for producing representatives of the orbits
always produces an S-fixed point when applied to a closed orbit. This allows us to easily
determine the formulas for the closed orbits using Proposition 2.1.1. The closed orbit cor-
responding to (+,+, —, —), as noted above, contains the S-fixed point corresponding to the
identity element of W, so by Proposition 2.1.1, its class is represented by (x; — y3)(x; —
ys)(zo — y3)(xe — y4). The closed orbit corresponding to (+, —,+, —) contains the S-fixed
point corresponding to 1324, so its class is represented by —(x1 —y2) (21 —y4) (22 —y2) (T2 —Ys).
Formulas for the remaining closed orbits are obtained similarly.

Consider the orbit closure Y, 11y = Q(+1,1,-). Because we have sq, - (+,+,—,—) =

(+,1,1,—), we know that

Y119 = 0, ([Q 14— )

Since

Bus (f(,1)) = flz,y) — Jy:)(w_?; Y3, Y2, Ys)

)

we see that

[Y(+,1,1,—)] = (21 — ya) (22 — ya)(z1 + 22 — Y2 — Y3).
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Similarly, since s,, - (+,—, 4+, —) = (1,1, 4, —), we have

[Y(1,1,+,—)] = aﬂél([Q("r,—d‘,—)])v

which one computes to be

(1,1 +, =) = = (21 = ya) (22 = ya) (21 + 22 = 1 — 4a)

With knowledge of the weak order in hand, we can compute formulas for the classes of all
orbit closures in a similar manner, moving recursively up from the closed orbits. The weak
order graph, along with formulas for all orbit closures, appear as Figure B.1 and Table B.1

of Appendix B.

2.2 K2 SO(2n+1,C)

We realize K = SO(2n + 1, C) as the subgroup of G preserving the quadratic form given by

the antidiagonal matrix J = J,1. That is, K = G? where 6 is the involution

0(g) = J(g~)" .

This choice of K corresponds to the real form Gg = SL(2n + 1,R) of G.

This realization of K is in fact conjugate to the “usual” one, that being the fixed point
set of the involution ¢'(g) = (g7 !)!. We prefer our choice of realization because we can take a
maximal torus S = K'NT consisting of diagonal elements, and a Borel subgroup B consisting
of lower-triangular elements.

The torus s = Lie(S) has the form diag(ay, ..., a,,0,—ay,,...,—ay). Thusif Yy,... Yo,y

represent coordinates on t, restricting to s we have p(Y,.1) = 0, and p(Y;) = X;, p(Yonio—i) =
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—X,fort=1,...,n.

The roots of K are as follows:

e +X; (1=1,...,n)

o £(X;+X;) (1<i<j<n)

o (X, —X;) (1<i<j<n)

The Weyl group Wik of K should be thought of as consisting of signed permutations of

{1,...,n} (changing any number of signs). This is the action of Wx on the coordinates

X, € 5*. Wk is embedded in W as signed elements of Sy, 1, as described in Subsection 1.1.

2.2.1 A formula for the closed orbit
As it turns out, there is a unique closed orbit in this case.

Proposition 2.2.1. There is precisely one closed K -orbit on G/B. In our chosen realization,
it 1s the orbit K - 1B, and contains the S-fized points corresponding to elements of Wi,

embedded as signed elements of Sopy1.

Proof. We use Proposition 1.3.7. Note that given our particular choice of 6, the induced
map on W is w — wowwy. By Proposition 1.3.7, K - wB is closed if and only if §(w) = w.
The condition that

WoWWy = W

is clearly equivalent to the condition that w(2n+2—1i) = 2n+2—w(i), since wy(i) = 2n+2—1
by definition. This is precisely the definition of a signed element of Sy, 1. As we have noted,
the signed elements of Sy, ;1 are precisely the images of elements of Wy under the embedding

Wi CW. O
We now give a formula for the S-equivariant class of the lone closed orbit.
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Proposition 2.2.2. Let () = K - 1B be the closed K-orbit of the previous proposition. Then

Q] is represented by

n

Pz, y) == (=2)" H(Z/z’ + Y1) (Ynt1 + Yonsa—i) H (Wi + 43) Wi + Yonta—j)-

i=1 1<i<j<n

Proof. We once again apply Proposition 1.3.3 to determine the restriction [Q]|, at a fixed
point w € Q. To compute the set p(wdP™), we determine the restrictions of the positive roots
®* to s, then apply the signed permutation corresponding to w to that set of weights. (The
result is the same as if we viewed w as a signed element of Sy, 1, applied that permutation
to the elements of ®*, and then restricted the resulting roots to s.)

Restricting the positive roots {Y; =Y, | 1 <1i < j < 2n+ 1} to s, we get the following

set of weights:

1. X; — Xj, 1 <i<j<n,each with multiplicity 2 (one is the restriction of ¥; — Y}, the

other the restriction of 5,42 — Yo, 10-;)

2. X;+ X, 1<i<j<n,each with multiplicity 2 (one is the restriction of ¥; — Yo, 4o_;,

the other the restriction of Y; — Y5, 10_)

3. X;, 1 < i < n, each with multiplicity 2 (one is the restriction of Y; — Y,,;1, the other

the restriction of Y, 1 — Yoni0-4)

4. 2X;, 1 < i < n, each with multiplicity 1 (the restriction of Y; — Y2, 12 ;)

Now, consider applying a signed permutation w to this set of weights. The resulting set

of weights will be

1. Foreachi,j (1 <i < j <n),either X; —X; or —(X; —X}), occurring with multiplicity

2 (these weights come from applying w to weights of either type (1) or (2) above);
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2. Foreachi,j (1 <i < j<mn),either X;+ X, or —(X;+Xj), occurring with multiplicity

2 (these weights also come from applying w to weights of either type (1) or (2) above);

3. For each i (1 <i <mn), either X; or —X;, occurring with multiplicity 2 (these weights

come from applying w to weights of type (3) above);

4. For each i (1 < i < n), either 2X; or —2X;, ocurring with multiplicity 1 (these weights

come from applying w to weights of type (4) above).
Discarding roots of K, we are left with the following weights:

1. Foreachi,j (1 <i < j <n),either X; —X; or —(X; —X}), occurring with multiplicity

1;

2. Foreachi,j (1 <i < j<mn),either X;+ X, or —(X;+Xj), occurring with multiplicity

1.

3. For each i (1 <i < n), either X; or —Xj, occurring with multiplicity 1;

4. For each i (1 < i < n), either 2X; or —2X;, occurring with multiplicity 1.

It is clear that the number of weights of the form —X; and the number of weights of
the form —2X; are the same, so weights of those two forms account for an even number of
negative signs. So in computing the restriction, to get the sign right, we need only concern
ourselves with the signs of the weights of types (1) and (2) above.

We claim that the number of X; £ X, (i < j) occurring with a negative sign is congruent
mod 2 to [(Jw]). (Cf. Subsection 1.1 for this notation.) Indeed, suppose first that |w| does

not invert ¢ and j, so that k = |w(i)| < |w(j)| = [. Then there are four possibilities:

1. w(i), w(j) are both positive. In this case, Xy ) + Xw() = Xi+ X, and Xy — X =

X — X;. Neither of these is a negative root.
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2. w(i) is negative, and w(j) is positive. Then X, + Xy = —(Xi — Xi), and X5 —

Xuw(j) = —(Xk + X;). Both of these are negative roots.

3. w(7) is positive, and w(j) is negative. Then X+ Xy = Xi—Xi, and Xy — Xy =

X + X;. Neither of these is a negative root.

4. w(i), w(j) are both negative. Then X,y + Xy = —(Xie + Xi), and Xy — Xug) =

— (X, — X)). Both of these are negative roots.

All this is to say that if |w| does not invert ¢ and j, then this accounts for an even number
of negative signs occurring in the restriction. On the other hand, if |w| does invert ¢ and j,

so that k = |w(j)| < |w(i)| =1, then again there are four possibilities:

1. w(i), w(j) are both positive. In this case, Xy ;) + Xuw) = Xk +Xi, and X4y — X)) =

—(X), — X)). One of these is a negative root.

2. w(i) is negative, and w(y) is positive. Then X, ;)+Xy(j) = Xp—X;, and X6y — Xy =

—(Xk + X;). One of these is a negative root.

3. w(i) is positive, and w(j) is negative. Then X, + Xy = —(Xi — Xi), and X5 —

Xu) = Xk + X;. One of these is a negative root.

4. w(i), w(j) are both negative. Then X,y + Xy = —(Xi + Xi), and Xy — Xug) =

X5 — X;. One of these is a negative root.

The upshot is that if w € @ is an S-fixed point, then

Qe = F(X) = (-1)!*D2" ﬁXf [T &6+ x)06- X))

1<i<j<n

So we seek a polynomial in xq,...,2,,¥1,...,Y2ns1, Say p, with the property that
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F(X) ifwe Wi
p(X, p(wY)) =

0 otherwise.

It is straightforward to check that P(x,y) has these properties. Indeed, suppose first that
w € Wig. (We should think of w here as a signed element of S,,1, since this is how w acts
on the Y;.) Consider first the factors y; + y,+1 and y,11 4 Yons2—i for i = 1,...,n. Supposing
w(i) < n, Y; + Yo gives Yy4) + Yoy1, which restricts to X, + 0 = Xy). On the other
hand, Y, 11 + Yony0- gives Y1 + Yoy 2n42-i), which restricts to 0 — X5 = — Xy, so the
product (¥; + Ynt1)(Ynt1 + Yonia—i) restricts to —Xfu(z.). If w(i) > n+ 1, then the product of

these two terms restricts to — X2

Sn+2—w(i)> with the negative term coming from y; + y,1, and

the positive term coming from the 4,11 + y2,42_;. As @ runs from 1 to n, the product of all
these terms restricts to (—1)" [[;_; X?. This explains the factor of (—2)" in our formula, as
opposed to just 2. The (—1)" is to account for a possible sign flip coming from terms of this
type. So the terms (—2)" [T, (Yi + Yn+1) (Ynt1 + Y2nt2—:) of our putative formula contribute
the 2" [, X7 portion of the required restriction.

Next, consider the terms y; +y; and y; + Ya2,+2—;. Applying w and restricting, these give
(up to sign) all required terms of the form X; + X, and X; — X; (i < j). Writing each such
term as either +1 or —1 times a positive root by factoring out negative signs as necessary,
we effectively introduce the sign of (—1)"*D as required.

On the other hand, given any w ¢ W (i.e. a non-signed element of Sy, 1), there are
two possibilities:

Case 1: w does not firn + 1

In this case, w moves n + 1 to some ¢ such that 1 < i < 2n+ 1, and i # n+ 1. Let
j=w1(2n+2—1). (Note, of course, that j # n + 1.) Applying w to y; + Y11, we get
Yonio_i + Y;, which restricts to 0.

Case 2: w firesn+1
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In this case, w(2n +2 — 1) # 2n + 2 — w(i) for some 1 <i < n. Let j = 2n+ 2 — w(i),
and let k = w™(j). Clearly, k # i, 2n + 2 — i, or n + 1, so the factor y; + y appears in P.
Applying w to this factor gives Yy, ) + Yan12-w(i), which restricts to zero.

We see that in either case, applying w then restricting kills one of the factors appearing

in P, and so the result is zero for any w ¢ Wy, as desired. This completes the proof. O

Remark 2.2.3. An alternate representative of [Q)] is

n

P(z,y) ==2" H(%‘ + Ynt1)(Ti — Ynt1) H (vi + Y5) (Y + Yonr2—j)-

i=1 1<i<j<n

Indeed, this was the first representative discovered by the author. However, the represen-
tative of the previous proposition is preferable from our perspective, essentially because a
formula involving only the y; will pull back to a Chern class formula for the class of a certain
degeneracy locus. It is not clear that the representative involving the x; should have such

an interpretation.

2.2.2 Parametrization of K\G/B and the weak order

We shall refer freely to the definitions and notation of Subsection 1.5.1.

We can consider either the symmetric pair (SL(2n + 1,C),SO(2n + 1,C)) or (GL(2n +
1,C),0(2n + 1,C)). These orbits coincide, since in the odd case, one can pass from one
component of O(2n + 1,C) to the other by multiplication by —1, which acts trivially on the
flag variety. If one thinks of the case (GL(2n+1,C),O(2n+1,C)), then the parametrization
we describe here applies equally well to the even case (GL(2n,C),0(2n,C)). However, in
the even case, SO(2n, C)-orbits on the flag variety no longer coincide with O(2n, C)-orbits,
so parametrizing those orbits is slightly more complicated. (See Subsection 2.3.2.)

Whichever (G, K) one prefers, in this case the Richardson-Springer map ¢ : K\G/B — T

is a bijection ([RS90, Examples 10.2,10.3]). By Corollary 1.5.3, then, the weak ordering can
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be determined solely in terms of the twisted action of M (W) on Z. Since the map induced
by # on W (which we also call #) is given by 8(w) = wowwy ' (wy the longest element of W),

we have

IT={weW |wwwy'=w"}
As for the weak ordering, we have the following:

Proposition 2.2.4. Suppose that s; € S, and that a € T is such that m(s;) x a # a (i.e.
I(s;a) > 1(a)). Letv= ¢ (a). If s; *xa # a, then s; is complex for O(v), and if s; x a = a,

s; 1s mon-compact imaginary type II for O(v).

Proof. Note first that the map induced by 6 on the roots ®(G,T) (which we also denote by
0) is determined by 6(Y;) = —Ya,.9_;. Also note that the twisted action of W on Z is given
by w * a = wawew  wy ' = wawew ™ w.

We first show that s; is complex for O(v) if and only if s; * a # a. This follows from
Proposition 1.5.4 and elementary combinatorics. We know by Proposition 1.5.4 that s; is
complex if and only if af(«;) # £a;. Well, 0(a;) = 0(Y; — Yii1) = Yoniy1-i — Yopio—i. Then

af(«;) is equal to +ay if and only if {a(2n 4+ 1 —4),a(2n+2 — 1)} = {i,i + 1}.

Since
S; ka4 = S;aWyS; Wy,
and since
s;i=(i,i+ 1)
and

wo = (1,2n+1)(2,2n)...(n,n + 2),

95



if s; * a = a, then in particular,

(s;awps;wo)(2n +2 —1i) = s;a(2n+1—14) = a(2n + 2 — 1),

and

(sjawps;wp)(2n+1—1) = s;a(2n+2 — 1) = a(2n+ 1 —13).

(Note that either of these implies the other.) This happens if and only if {a(2n + 1 —
i),a(2n+2 — 1)} = {i,i + 1}, showing that s; is complex for O(v) if and only if s; * a # a.
Now, since ¢ is a bijection, it follows from Corollary 1.5.3 that if m(s;) *x a # a, as we
have assumed, then s; - O(v) # O(v), meaning that s; is either complex or non-compact
imaginary for O(v) (Proposition 1.4.5). So if s; % a = a, since s; is not complex, it must be
non-compact imaginary. The fact that it is type Il follows from Proposition 1.5.5, combined

with the fact that s; x a = a. O

This description of K\G/B and the weak order allows for explicit computations on the
level of twisted involutions, simply by starting at the bottom (the identity twisted involution,
which corresponds to the unique closed orbit) and computing the M-action all the way up.

One can also parametrize the set of orbits by honest involutions in the Weyl group. This
parametrization is preferable, in part because it allows for a straightforward linear algebraic
description of the orbits and their closures in terms of rank conditions on the form used to
define G (see below).

The translation between twisted involutions and honest involutions is made simply by
multiplying on the right by wy. We know from Proposition 1.5.6 that the full closure order
on the set of K\G/B in this case corresponds precisely to the induced Bruhat order on
Z, and since right multiplication by wq inverts this order, it follows that when we describe

K\G/B by the set of honest involutions in W, the full closure order is given by the reverse
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Bruhat order. So in this setting, wy corresponds to the unique closed orbit.

Further, if a € 7 is a twisted involution, then checking whether s; * a = a, i.e. whether

S;AWpS; Wy = @,

obviously amounts to checking whether the involution b = awy is fixed under conjugation by
S;-

siawys;wy = a < s;(awy)s; = awy < s;bs; = b.
In light of these easy observations and Proposition 2.2.4 above, we have the following:

Corollary 2.2.5. When K\G/B is parametrized by the set of involutions in W, the unique
closed orbit corresponds to wy. The weak order can be generated inductively, starting at wy
and moving up, as follows: Given an involution b € W and a simple reflection s; such that
I(s;b) < I(b), we have one of the following two scenarios (recall our conventions on black/blue

edges, described immediately after the proof of Proposition 1.4.5):
1. s;bs; # b, in which case b <; s;bs;, and the edge in the weak order graph is black.
2. s;bs; = b, in which case b <; s;b, and the edge in the weak order graph is blue.

We remark that the material of this subsection either appears explicitly in [RS90], or
follows easily from the content of that paper. Further, the parametrization and description
of the weak order given here is easily seen to be equivalent to that of [MO90]. However, the
question of black/blue edges is not directly addressed in either paper.

The parametrization of K'\G/B by involutions is convenient because an involution b € W
encodes a linear algebraic description of the orbit corresponding to b in a straightforward

way. Namely, given an involution b, define, for any ¢ and j,

ro(i, J) = #{k < i | b(k) < j}.
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Let V = C**! and let v: V ® V — C denote the orthogonal form with isometry group K.

For any flag Fy = (F} C ... C Fy,41) € X, denote by

F;xF; the restriction of «y to pairs of
the form (v, w) with v € F; and w € F}. The claim is that if b € W is an involution, then
the set

Oy = {F, € X | rank(Y|p,xr;) = r5(4,7) for all 7, j}

is a K-orbit on G/B, and that the association b — Oj, defines a bijection between involutions
in W and K-orbits.

Since any permutation w is uniquely determined by the set of numbers (1, j), it is clear
by definition that the O, are mutually disjoint. It is also clear that each set Oy, if non-empty,
is stable under K and hence is at least a union of K-orbits. If we can see that every O, is
non-empty, it will follow that each must be a single K-orbit. Indeed, by the results of [RS90],
we know that the orbits are in bijection with the involutions of W. If each Oy is non-empty,
then it is impossible for any one of them to be anything other than a single K-orbit, for then
there would be more K-orbits than involutions.

Thus we show that each set O, is non-empty by producing an explicit representative
satisfying the appropriate rank conditions. It suffices to produce a basis {vy, ..., vo,41} for
C?"*! such that the matrix for the form v relative to this basis is a monomial matrix (that
is, a matrix such that each row and column has exactly one non-zero entry) whose image in
W is b. Then we can simply take our flag F, to be (v1,...,v2n41)-

We choose such a basis as follows. (Recall that the form v is defined by (e;,e;) =
i on+2—j.) First, for each i such that b(z) # 4, choose v; and vy(;) to be e, and egpyo—y for
some k # n + 1. (Of course, we should choose a different such k for each such i.) There
are an odd number of i such that b(7) = ¢ — for one such 4, choose v; to be e,1, and for
all other pairs iy, 49 of such ¢, choose v;, to be e + 9,10 for some k # n + 1 (and not yet

used in the first step above), and choose v;, to be e — ea,12 for the same k. (We should
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choose a different such k for each such pair iy, is.)
Proposition 2.2.6. With vy, ..., va,41 defined as above, the flag (v1, ..., vony1) lies in Oy.

Proof. We first note that the matrix for the form ~ relative to this basis is indeed a monomial
matrix whose image in W is b. This means precisely that for each ¢, (v;,v;) is non-zero if
and only if j = b(7).

For any i with b(i) # ¢, this is clear. Indeed, v; = ey for some k, while vy;) = eanya—i-
Meanwhile, e, appears with coefficient 0 in all other v; by design. Since (e;, €;) = 6; 2n12—j,
we see that (v;,v;) = ;53

Now suppose that b(:) = i. Then either v; = e, 11, or v; = e £ eg, 19k for some k # n+1

(and not equal to any k used to define v; with b(i) # 4). In the former case, we have

<Uz’>Ub(i)> = (03, V;) = (€nt1, €nt1) = 1,

while (v;,v;) = 0 for any other j, since e, 1 appears with coefficient 0 in all other v;. In the

latter case, supposing that v; = ey + eop19_k, We have

(Vi Vo)) = (Ui, vi) = (e, €anyak) + (Cantok, €k)) = 2.

If v; = e} — eany2_k, the corresponding computation shows that <vi, vb(i)> = -2
For j # b(7), either ey appears with coefficient 0 in v; (in which case (v;,v;) = 0), or

v; = e F eant2—k, and in that case,

<Uia vj> = <ek7 62n+27k> - <62n+2*k’ €k>) =0.

This establishes that the matrix for v relative to the basis {v;} is indeed monomial, with
image b in W. Now, note that if F, = (v1,...,va,41), then rank(y|r,xr;) is, by definition,

the rank of the upper-left ¢ x j rectangle of this matrix. For any monomial matrix with
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image b in W, the rank of the upper-left ¢ x j rectangle is precisely (4, 7). This proves the

claim. =

We illustrate with two examples. Suppose n = 2, so we are dealing with G = SL(5,C),
K = SO(5,C). First consider the involution b = (2,4). Since b moves 2 and 4, we first
choose vy = e; and v4 = e5. Since b fixes 1, 3, and 5, we first choose v; = e3, then we choose

U3 = e9 + e4 and vs = ey — e4. Our ordered basis is thus

{63, €1, €2 + €4,€5,€2 — 64}‘

Relative to this ordered basis, the form v has matrix

1000 O
0001 O
0020 0/,
0100 O
0000 -2

and one checks that if Fy = (v1,...,vs), then the rank conditions specified by b = (2,4) are
satisfied.
Next, consider b = (1,3)(2,5). We first choose v; = €1, v3 = €5, vo = €3, and v5; = ey4.

Finally, since b fixes only 4, we choose vy = e3. So our ordered basis is (€1, es, €5, €3, €4), and
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the form ~, relative to this basis, has matrix

One again checks easily that if Fy = (vy,...,v5), the rank conditions encoded by b =

(1,3)(2,5) are satisfied.

2.2.3 Example

We now work out a very small example in detail, the case n = 1. (So G = SL(3,C),
K = 50(3,C).) Here, there are 4 involutions, and hence 4 orbits.
We start from the minimal element wy = (1,3), and work our way up as described in

Corollary 2.2.5. Since

S1WpS1 = (1, 2)(1,3)(1, 2) = (2, 3) 7& Wo,

we have wy <3 (2,3), and the edge is black.
Similarly,

SoWpSg = (2,3)(1,3)(2,3) = (1, 2) 7é Wo,

so wy <3 (1,2), and again the edge is black.
Now, we move up to the orbits corresponding to (1,2) and (2, 3). Start with (2,3) = s,.
Since I(s152) > [(s2), there is no edge originating at (2, 3) with label 1 and going up. However,

I(s3) < I(s2), so we will obviously have that sy <5 id. (Since id is the only involution left,
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this is the only possibility.) Let us check this directly:

S§28282 = Sa,

so instead of conjugating by s, we multiply on the left by it to get s3 = id, and in this case
the edge is blue.

The situation with (1,2) = s; is similar. Since [(s2(1,2)) = I(s251) > (s1), so there is
no edge originating at s; with label 2 and going up. But I(s?) < I(sq), so we will have that
s1 <j id. Again, s; is fixed by conjugation by s;, and so we multiply on the left to get id,
and the edge connecting s; and id has label 1 and is blue. The weak order graph appears as
Figure B.2 of Appendix B.

With this complete, we now determine formulas for the S-equivariant classes of all orbit
closures. By Proposition 2.2.2 above, the class of the closed orbit corresponding to wy is

given by the formula [Q] = —2(y1 + y2)(y2 + y3). The class [Y{2,3)] is given by

Yeg] = a(1Q]),

and since

- z, ) )
al(f(x>ylay27y3)) = f f< vz y3>7
Y1 — Y2

we have [Yio3)] = 2(y1 + y2). Similarly, [Y(12)] = 6:([Q]) = —2(y2 + ys).

Finally, we can compute [Y;4] either as 105([Y(23)), or as $01([Y{12)]). Using either
formula, we get that [Yi4] = 1, as expected.

The results are summarized in Table B.2 of Appendix B. The weak order graph and the
list of formulas for the larger case n = 5 appear in Figure B.3 and Table B.3. (In that case,

there are 26 orbits.)
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2.3 K =50(2n,C)

We now treat the case of the even special orthogonal group.

As before, we realize K as the subgroup of SL(2n,C) preserving the orthogonal form
given by the antidiagonal matrix J = Jy,.

Once again, if Y; (i = 1,...,2n) are coordinates on t, restriction to s is given by p(Y;) = X;
and p(Yop41-i) = —X; foreach i =1,... n.

The roots of K are

Qp ={(X; £ X;) | i<}

In this case, the Weyl group Wy of K acts on torus characters by signed permutations
which change an even number of signs. The inclusion of Wy into W is as signed elements

o € Sy, (defined in Subsection 1.1) having the further property that

o(i) > n for an even number of i =1,...,n. (2.1)

2.3.1 Formulas for the closed orbits

With conventions fixed as in the previous subsection, we have the following:

Proposition 2.3.1. There are precisely 2 closed K-orbits on G/B. The first, Q1, is the
orbit K -1B. The S-fized points contained in Q1 are signed elements of So,, and correspond
to elements of Wi under the embedding Wy C W described above.

The second, Qa, is the orbit K - s,B, where s, is the simple transposition (n,n + 1).
Fized points in this orbit are signed elements of So, that correspond to signed permutations

of {1,...,n} changing an odd number of signs.

Proof. As in the previous case, the map induced on W by 6 is w — wowwy. So as in that

case, we see using Proposition 1.3.7 that K -wB is closed if and only if w is a signed element
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of Sgn.
These fixed points correspond to elements of Sy, which constitute 2 (left) Wix-cosets —
namely, Wg -1 and Wi - s,,. Thus there are two closed orbits, as follows from the discussion

immediately following the statement of Proposition 1.3.7. [

With the closed orbits determined, we now give a formula for the S-equivariant class of

each:

Proposition 2.3.2. With Q)1 and Q3 as in the previous proposition, [Q1] is represented by

the polynomial Py(x,y), and [Q2] by the polynomial Py(z,y), where

Piz,y)=2"" o mn+yrvn) [ 4 0) 0+ vania));

1<i<j<n

and

Pz(% y) = —anl(xl Ty — Y1 ?Jn) H (yz + y])<yz + y2n+1fj)-
1<i<j<n

Proof. We demonstrate the correctness of the formula for [Q1]. The argument is similar to
that given in the previous case for the lone closed orbit of the odd orthogonal group.

As stated, (), consists of those S-fixed points corresponding to elements of Wy — that
is, signed permutations with an even number of sign changes. Take w € (), to be such a
fixed point. We use Proposition 1.3.3 to compute the restriction [@Q1]],. As in the previous
example, we first determine the restriction of the positive roots ®* to s, then apply the
signed permutation w to that set of weights.

Restricting the positive roots {Y; —Y; | 1 <1i < j < 2n} to s, we get the following set of

weights:

1. X; — Xj, 1 <i<j<n,each with multiplicity 2 (one is the restriction of ¥; — Y}, the

other the restriction of Y5,11_; — Yo 41-4)
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2. X;+ X, 1<i<j<n,each with multiplicity 2 (one is the restriction of ¥; — Yo, 41_;,

the other the restriction of Y; — Y5, 41-)
3. 2X;, 1 <i < n, each with multiplicity 1 (the restriction of Y; — Y5,11_;)

Now, consider applying a signed permutation w € W to this set of weights. The

resulting set of weights will be

1. £(X; — X;), 1 <i < j <n, each occurring with either a plus or minus sign, and with
multiplicity 2 (these weights come from applying w to weights of either type (1) or (2)

above)

2. £(X; + Xj), 1 <i<j<n, each occurring with either a plus or minus sign, and with
multiplicity 2 (these weights also come from applying w to weights of either type (1)
or (2) above)

3. £2X;, 1 <i < n, each ocurring with either a plus or minus sign, and with multiplicity

1 (these weights come from applying w to weights of type (3) above)
Subtracting roots of K, we are left with the following weights:

1. £(X; — X;), 1 <i < j <n, each occurring with either a plus or minus sign, and with

multiplicity 1

2. £(X; + Xj), 1 <i < j<n, each occurring with either a plus or minus sign, and with

multiplicity 1

3. £2X;, 1 <1 < n, each occurring with either a plus or minus sign, and with multiplicity

1

The number of weights of the form —2X; is even, since w changes an even number of
signs. So in computing the restriction, to get the sign right, we need only concern ourselves

with the signs of the weights of types (1) and (2) above.
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We may argue just as in the proof of Proposition 2.2.2 that the number of X; X, (i < j)
occurring with a negative sign is congruent mod 2 to I(Jw|). As such, if w € Q) is an S-fixed

point, then

S
=
||
3
=
i

(D horxy X, [ (X + X)X = X)),

1<i<j<n

So we seek a polynomial in xq,...,Z,,y1,..., Y2, say f, with the property that

F(X) ifwe Wk
f(X, p(wY)) =

0 otherwise.

It is straightforward to verify that P, has these properties. Indeed, first take w € Wi.
Then applying w to the term xy ...z, + y1 ...y, gives 2X; ... X, since w permutes the Y;
with an even number of sign changes, and each restricts to the corresponding X;. Multiplying
this by 2" gives us the 2" X} ... X,, part of F'. The terms y; +y; and y; +yan11-; give, up to
sign, all terms of the form X; + X; and X; — X; (¢ < j). Rewriting each such term as either
+1 or —1 times a positive root by factoring out negative signs as necessary, we effectively
introduce the sign of (—1)"1*D " as required.

On the other hand, if w ¢ Wy, then there are two possibilities:

Case 1: w is a signed element of Sa, corresponding to a signed permutation with an odd
number of sign changes.

In this case, w clearly kills the term x; ... 2, + ¥y ...y, and hence f(X, p(wY’)) = 0.

Case 2: w 1is not a signed element of Say,.

In this case, then w(2n+1—1) # 2n+1—w(i) for some 1 < i < n. Let j = 2n+1—w(7),
and let k = w!(j). Clearly, k # i or 2n+1—1. So the factor y; +y appears in P;. Applying
w to this factor gives Y, ) + Yant1—w(i), Which then restricts to zero.

We see that in either case, f(X, p(wY)) = 0. This proves that P;(x,y) represents [Q1].
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The verification of the formula for [(Qs] is similar. The orbit Q2 consists of those S-fixed
points corresponding to signed elements of S,,, corresponding to signed permutations which
change an odd number of signs. Take w € ()2 to be such a fixed point. We compute the

restriction [@Qs],. The set p(w®™)) is as follows:

1. For each 1 <i < j <n, exactly one of £(X; — Xj), occurring with multiplicity 2
2. For each 1 <i < j < n, exactly one of (X, + X;) occurring with multiplicity 2

3. For each i = 1,...,n, exactly one of +2X;, with multiplicity 1

Subtracting roots of K, we are left with

1. £(X; — X;), 1 <i < j <n, each occurring with either a plus or minus sign, and with

multiplicity 1

2. £(X; + Xj), 1 <i < j<n, each occurring with either a plus or minus sign, and with

multiplicity 1

3. £2X;, 1 < i < n, each occurring with either a plus or minus sign, and with multiplicity

1

The number of weights of the form —2z; is odd, since w changes an odd number of signs.
The number of roots of types (1) or (2) occurring with a minus sign is again congruent mod

2 to [(|w]) (the argument is identical). So in this case, we see that

(Qa]lw = F(X) == (=102 Xy X, T (X + X)X — X)).

1<i<j<n

So now we seek a polynomial f in the variables z1,...,x,,y1,...,Yon, such that
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F(X) if w is signed and changes an odd number of signs
F(X pwY)) =
0 otherwise.

Again, the verification that P, fits the bill is routine. Given w € (@)s, it clearly sends
X,...X, —Y;...Y, to 2X; ... X, and multiplication by —2"~! gives the first part of F
above. And just as was the case for @)y, the terms y; + y; and y; + yon41—; give the second
part, with the appropriate sign of (—1)4vD,

For w ¢ ()2, again there are two possibilities:

Case 1: w is signed and and changes an even number of signs (i.e. w € Wy )

Then clearly w kills the term z1 ... 2, —y1 ... Yn.

Case 2: w 1is not a signed permutation

Then we may argue just as in the case of (); that w kills a factor of the form y; + y; or
Yi + Yont1—5-

So in either case, f(X, p(wY)) = 0. Thus P, represents [(Qs], as claimed. O

Remark 2.3.3. Note that the representatives for [@1] and [Q)2] involve both the z and y
variables. Unlike the odd case, there don’t seem to be representatives involving only the
y-variables (at least not that the author was able to find). However, note that if we consider
the lone closed orbit of O(2n,C) on X (the union of @); and @Q-), its class (being the sum
of [@1] and [@2]) involves only the y-variables. This reflects the fact that the fundamental
classes of degeneracy loci parametrized by O(2n,C)-orbit closures are expressible in the
Chern classes of a flag of vector subbundles of a given vector bundle V' over a variety X. By
contrast, the fundamental classes of the irreducible components of such loci, parametrized
by SO(2n, C)-orbit closures, are only expressible in these Chern classes together with the

FEuler class of the bundle V', see Subsection 6.1.2.
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2.3.2 Parametrization of K\G/B and the weak order

Again we refer to [RS90, Examples 10.2,10.3]. Let ¢ be the Richardson-Springer map for
the symmetric pair (SL(2n,C),SO(2n,C)), and ¢’ the Richardson-Springer map for the
symmetric pair (GL(2n,C),O(2n,C)). As mentioned in Subsection 2.2.2, the analysis given
there for the odd orthogonal group carries over to the even orthogonal group: ¢’ is still a
bijection, O(2n, C)-orbits are parametrized by involutions in W, representatives of orbits are
found in the same way, and the combinatorics of the weak order are described identically.
However, when one considers the SO(2n, C)-orbits on G/B, things are a bit more compli-
cated. The map ¢ is still surjective, but is no longer injective. When twisted involutions are
identified with honest involutions (i.e. when ¢ is followed by right multiplication by wy), the

result is as follows:

1. If a € W is an involution with fixed points, then ¢~!(a) is a single SO(2n, C)-orbit,

which coincides with (¢")~!(a).

2. If a € W is an involution without fixed points, then ¢~'(a) consists of two SO(2n, C)-

orbits, which are components of the single O(2n, C)-orbit (¢')~*(a).

Thus some of the O(2n, C)-orbits split as a union of two SO(2n, C)-orbits, while others do
not.

If b is an involution with fixed points, then one can determine a representative of the
SO(2n, C)-orbit Oy just as described in Subsection 2.2.2. If b is fixed point-free, then one can
determine a representative of the O(2n, C)-orbit corresponding to b using the same procedure.
This gives a representative of one of the two SO(2n, C)-orbits which correspond to b. Note
that this representative is always a T-fixed flag, corresponding to a permutation in Sy,. To
get a representative of the other SO(2n, C)-orbit corresponding to b, one can multiply this
permutation by the transposition (n,n + 1) and take the T-fixed flag corresponding to the

resulting element of S,,.
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The two closed orbits are particular examples of this. Indeed, the closed orbits are
the two components of the O(2n,C)-orbit corresponding to the involution wg, which is
fixed point-free. To get a representative of one component, one follows the procedure of
Subsection 2.2.2 to obtain the standard flag (e,...,es,). Then, to get a representative
of the other component, we apply the permutation (n,n + 1) (note that this is the signed
element of Sy, corresponding to the signed permutation which interchanges n and —n) to
obtain (e1,...,€n 1, €nt1,€n,s €niay- -, E2m).

The weak closure order on SO(2n, C)-orbits, as well as whether edges of the weak order
graph are black or blue, require a bit more care to get right when dealing with orbits which
are components of O(2n,C)-orbits. Given two O(2n,C)-orbits O; <; O, supposing that
either @; or O, (or both) splits as a union of two SO(2n, C)-orbits, how does one describe
the weak closure order on the components?

Note that there are two possible ways this can occur: Either O; and O, both split, or O
splits and O; does not. Each possibility can occur, as we see in the case n = 2. Indeed, when
considering O(4, C)-orbits, parametrized by involutions, we have wy <; (1,3)(2,4), each of
which is fixed point-free. Thus both of these orbits split. We also have wy < (1,4), and
(1,4) has fixed points, so it does not split. The third “possibility”, where O; does not split
while Oy does, is clearly not possible either from a geometric or a combinatorial standpoint.
Indeed, it cannot happen that two different components of O are both dense in 7' (7,(O;))
for @« = «a; € A. This is reflected combinatorially by the the fact that if b € W is an

involution with fixed points, and if I(s;0) < [(b), then both of the following must hold:

1. s;bs; has fixed points. Indeed, if b fixes any value other than ¢ or i + 1, then s;bs; fixes
that same value. Otherwise, if b(i) = 4, then s;bs;(i+1) =i+ 1, and if b(i +1) =i+ 1,

then s;bs; (i) = i.

2. If s;bs; = b, then s;b also has fixed points. Indeed, if s;bs; = b, then b must preserve
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the set {i,i + 1}, as well as its complement. If b fails to fix any value other than i
and i + 1, then it must fix both ¢ and ¢ 4+ 1, since b is assumed to have fixed points.
But in this case, we have [(s;b) > [(b), since s;b has one more inversion than b, namely
(i,9+ 1) — (i + 1,4). This contradicts our assumption that [(s;b) < I(b), thus b must

fix some value outside of {i,7+ 1}. Then s;b necessarily fixes the same value.

Let us consider the two possible cases. Take first the case when O; splits while O, does
not. Then by the results of Subsection 2.2.2, in the weak order graph for O(2n, C)-orbits,
any edge joining O; to Oy must be blue. Indeed, if the involution corresponding to O; is
fixed point-free, then s;bs; is also fixed point-free. Since O does not split, it corresponds to
an involution with fixed points, which obviously cannot be s;bs;. The only conclusion is that
s;bs; = b, and that the involution corresponding to Oy is s;b. This implies that any edge
joining O to O, is blue.

Let O] and Of denote the two SO(2n, C)-orbits whose union is O;. Let ¢(O7) = ¢(O7) =
a, and ¢(Oz) = b. We have a <; b, since s; - O1 = Oy as O(2n, C)-orbits. So by Proposition
1.5.1, we must have either s; - O] = Oy or s; - O] = O]. Likewise, either s; - O] = Oa,
or s; - Of = OF. Since O} and Of are the only SO(2n, C)-orbits mapping to a, it follows

moreover from Proposition 1.5.2 that at least one of the following is true:
1. S; Oll = OQ, or
2. 5,-0] = 0.

But in fact, both of these must be true. To see this, recall how we determine whether a simple
reflection is complex or non-compact imaginary for a given orbit: We take a representative
of the orbit gB having the property that ¢g='0(g) € Ng(T'), so that T" = gTg~! is a f-stable
maximal torus, and we examine the properties of the root int(g)(c;) of T" relative to 6.
This is independent of the choice of representative gB. Take any such representative gB

of the O(2n, C)-orbit O;. Suppose it lies in O]. We obtain a different representative of O
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lying in O7 by multiplying by the permutation matrix = corresponding to the transposition
(n,n+1). But if g7'0(g) € Ng(T), (7g)~*0(rg) € No(T) as well, so for the O(2n, C)-orbit
01, the analysis described above may be carried out with either representative. Since «y; is
non-compact imaginary for Oy, carrying out the analysis for O] using the representative g B
shows that «; is non-compact imaginary for O}, and carrying out the analysis for O} using
the representative mgB shows that «; is non-compact imaginary for Of.

Now, it should be clear that «; is in fact a non-compact imaginary root of type I for both
O} and O, whereas it was a type Il root for O;. Indeed, since s;- 07 = O and s;- O = Os,
both O] and O] cover their images in G/P,, either 1-to-1 or 2-to-1. Since O; = O] U Of
covers its image 2-to-1, the only possibility is that each of O] and Of covers its image 1-to-1.
Thus whereas the edge joining O; to Oy in the weak order graph for O(2n, C)-orbits was blue,
now the edges joining O] and Of to O, are each black. (Note that this says in particular
that while O; was fixed by the cross action of s,,, the orbits O] and Of are interchanged by
it.)

The geometry here is simple: The restriction of the map 7o, : G/B — G/P,, to O, is
generically 2-to-1. Over a generic point ¢gF,, in the image, one of the two preimage points
will lie in O}, and the other will lie in Of. Thus the further restriction of m,, to either
component of O; is birational.

Now consider the second case, where both O; and O, split (say as O, OF and O, OF).
In this case, we can see combinatorially that any edge joining O; to Qs must be black.
Indeed, O; corresponds to a fixed point-free involution b, while Oy corresponds to a fixed
point-free involution ¢ = m(s;) x b for some s;. If s;bs; = b, then s;b must have fixed points.
Since c¢ is assumed not to have fixed points, we must have that s;bs; = ¢. Thus any edge
joining O to O is black.

It follows from Proposition 1.5.2 that we should have one of the following two cases:
1. O] <; O} and Of <; OF (both edges black)
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2. O] <; OF and 07 <; O} (both edges black).

However, it is not obvious (at least to the author) how to tell which is the case once we
have fixed our choices of O, O, O}, and O}. As a simple example, consider the case n = 2,
with O the bottom orbit corresponding to wy, and O, the orbit corresponding to (1,3)(2,4).
As noted above, we have O; <1 O,. Tt is also the case that szwgs3 = (1,3)(2,4), so O <3 Oy
as well. If we declare, say, that O], Of, O}, and Of are represented by (eq, ez, e3,¢e4),

(e1,e3,69,¢e4), (€1,€2,€4,€3), and (€1, €3, €4, €3), respectively, how does one know which of the

following four sets of closure relations is correct?
1. O] <1 04, 0 <3 0y, O <1 OF, O <3 O
2. 01 <104, 0] <305, 07 <1 O0F, O <3 O,
3. 01 <105, 0] <305, 0] <4 O, O <3 O,
4. 0] <1 04, 0] <3 04, O <1 Of, O <3 OF

Ultimately, we can answer this question by examining the formulas for the equivariant
fundamental classes of these orbit closures and computing their restrictions at S-fixed points
contained in one orbit closure or another. In the example given above, we know that the
orbit O] is represented by the polynomial 2(z122+1192)(y1 +v2)(y1+ys3). Applying 0; to this
polynomial, we get 2(x1x + y1y2)(y1 + y2). This polynomial must represent either [O}] or
[OF]. As chosen above, O} is represented by the S-fixed point corresponding to 1243, while
Oy is represented by the S-fixed point corresponding to 1342. Computing the restriction of

the class 0,(]O}]) at the fixed point 1243, we get

2(X1Xo + X1 X0) (X1 + Xo) = 4X1 X0(X) + Xo).
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On the other hand, when we compute the restriction of the class 9;([O}]) at the fixed point

1342, we get

2(X1X2 + X1X3)<X1 + Xg) - 2(X1X2 — X1X2)<X1 - XQ) - 0

This tells us that we must have O] <; O} (and hence also O] <; O}). Indeed, the computa-
tion shows that the S-fixed point 1243 must be contained in the closure of the orbit s; - O,
or else the restriction of [s; - O}] at 1243 would necessarily be zero. This says s; - O = O5.
A similar computation involving d5([0}]) shows also that O] <3 O} and O] <3 Of. Thus

option (1) above is the correct one.

2.3.3 Example

We give the results of the remainder of the computation for the case n = 2, some of which
was worked out in the previous subsection to enhance the clarity of the exposition there.
(We treat both the cases G = GL(4,C), K = O(4,C) and G = SL(4,C), K = SO(4,C).)

There are 10 involutions in W:

id; (1,2); (1,3); (1,4); (2,3); (2,4); (3,4); (1,2)(3,4); (1, 3)(2,4); (1,4)(2, 3).

The weak order graph for O(4, C)-orbits on X is given in Figure B.4 of Appendix B, with
formulas shown in Table B.4. The only comment we offer on that computation is simply to
point out that the formula for the bottom orbit corresponding to wy is obtained by adding
the formulas for the classes of the two irreducible components, those being the two closed
SO(4, C)-orbits.

The weak order graph for SO(4, C)-orbits on X is given in Figure B.5, with formulas

shown in Table B.5. All the ideas required for the computation are discussed in the previous
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subsection, so we offer no further comment here.

2.4 K = Sp2n,C)

The final K to consider in type A is K = Sp(2n,C), which corresponds to the real form
Gr = SL(n,H) of SL(2n,C). (H denotes the quaternions.) We realize K as the isometry
group of the skew form given by J,, (cf. Subsection 1.1) — that is, K is the fixed point

subgroup of the involution

As was the case with the orthogonal groups, one checks easily that given this realization
of K, the diagonal elements S = K N7 are a maximal torus of K, and the lower-triangular
elements B’ = B N K are a Borel subgroup of K. Also as with the orthogonal groups, we
have rank(K) < rank(G), so we have a proper inclusion of tori S C 7T, and we work over
S-equivariant cohomology H§(X). If Yi,...,Ys, € t* are coordinates on t, restriction to s is
given by p(Y;) = X, p(Yops1—i) = =X fori=1,... n.

The roots of K are the following:

The Weyl group Wy acts on s* as signed permutations of the coordinate functions
{X1,..., X, } with any number of sign changes. As we have seen in previous examples,

Wk embeds into W as the signed elements of S,.

2.4.1 A formula for the closed orbit
As was the case with K = SO(2n + 1, C), here there is only one closed orbit:

Proposition 2.4.1. There is precisely 1 closed K-orbit Q on G/B - namely, Q = K - 1B,
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the orbit of the S-fixed point corresponding to the identity of W. The S-fixed points contained

in Q correspond to the images of elements of Wi in W, i.e. to signed elements of So,.

Proof. The exact same proof given for the case K = SO(2n+ 1, C) goes through here, since

the induced map on W is once again w — wowwy. O
@ being the only closed K-orbit, we give a formula for its S-equivariant class.

Proposition 2.4.2. Let Q be the closed K-orbit of the previous proposition. Then [Q] is

represented by

P(z,y) = H (Yi +Yi) Wi + Y2nt1-5)-

1<i<j<n
Proof. The proof here is very similar to the orthogonal cases, except a bit simpler. We start

by computing [Q]|,, for a fixed point w € Q. The set p(w®™) is as follows:
1. For each 1 <i < j < n, exactly one of £(X; — X), with multiplicity 2
2. For each 1 <i < j <mn, exactly one of =(X; + X;), with multiplicity 2
3. For each i =1,...,n, exactly one of £2X;, with multiplicity 1
Subtracting roots of K, here we are left with the following weights:
1. For each 1 <i < j <mn, exactly one of £(X; — X;), with multiplicity 1
2. For each 1 <i < j < n, exactly one of +(X; + X;), with multiplicity 1

Just as in the orthogonal cases, the number of X; £ X (i < j) occurring with a negative

sign is congruent mod 2 to [(|w]). We conclude that if w € @ is an S-fixed point, then

(DD T (X6 + X)) (X - X5),

1<i<j<n

S
=
I
g
=
i

So we seek a polynomial in x1,...,Z,,Y1,..., Y2, say f, with the property that

76



F(X) ifwe Wi
f(X,p(wY)) =
0 otherwise.

The arguments needed to show that P has these properties have already been made in
the case of the even orthogonal group. Indeed, there we saw that whether w € W, changed
an even or an odd number of signs (the cases were considered separately for two orbits @4
and )2), restricting the terms y; +y; and y; +y2,41-; to X; +X; and X; — X, then applying

the signed permutation w, we got

(=DM T (X + X)X = X5),
1<i<j<n
as required. On the other hand, it was also argued in the case of the even orthogonal
group that if w is not a signed permutation (in this case, this is equivalent to the statement

that w ¢ Wy ), then restricting and applying w to P gives zero. This completes the proof. [

2.4.2 Parametrization of K\G/B and the weak order

We are again able to describe the orbit set and the weak order on the level of twisted
involutions. We refer the reader to [RS90, Example 10.4].

In this case, the map ¢ is not bijective, but it is injective. Thus the orbits are in one-to-one
correspondence with twisted involutions in the image ¢(K\G/B). Moreover, it follows once
again from the facts stated in Subsection 1.5.1 (namely, from Corollary 1.5.3 and Proposition
1.5.6) that the weak (respectively, full) closure order on K\G/B is given precisely by the
restriction of the weak (respectively, full) Bruhat order on Z to the set ¢(K\G/B).

Observe that as with the orthogonal groups, the map induced by 6 on W is 8(w) =
WoWW, ! hence the twisted involutions Z, and the weak Bruhat order on them, are the same

as in that case. In particular, elements of Z correspond, after right multiplication by wy, to
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the honest involutions in W. In the case at hand, the image ¢(K\G/B) is then the set of
all twisted involutions a € Z such that awg is a fized point-free involution. Because the full
closure order is given by the reverse Bruhat order on such involutions, and because wy is
fixed point-free, we see that wy again corresponds to the unique closed orbit. (Note, however,
that 1 no longer corresponds to the dense orbit, since 1 has fixed points. Indeed, the dense
orbit in this case corresponds to the involution (1,2)(3,4)...,(2n —1,2n).)

Recall from our discussion of the orthogonal case that the weak Bruhat order on Z is
generated by inductively applying the following rules to an involution b € W, starting with

the unique minimal element wy (assuming that I(s;b) < I(b)):
1. If s;bs; # b, then b <; s;bs;.
2. If SibSi = b, then b <; Sib.

Suppose here, though, that the condition of (1) fails, i.e. assume that s;bs; = b. As
noted in Subsection 2.3.2, this implies that b preserves the set {i,i + 1}. If b is assumed
fixed point-free, then it must interchange 7 and ¢ + 1. Thus we see that s;b has fixed points
(namely, s;b(i) =i and s;b(i + 1) = i+ 1). This means that the M-action of s; on b actually
takes us out of the set ¢(K\G/B). In this event, there is simply no edge originating at b
with label ¢, since the weak order on K'\G/B coincides with the restriction of the weak order
on Z to ¢(K\G/B).

Finally, as for the issue of black or blue edges, one easily checks that in this case, the
map on the roots ®(G,T) induced by 6 is the same as in the orthogonal cases — namely,
it is defined by 6(Y;) = —Y5,41_;. This means that deciding whether a root is complex or
non-compact imaginary for a given orbit works just as in those cases. (We refer the reader
back to the proof of Proposition 2.2.4.) Recall that with the orthogonal groups, in case (1)
above, the root a; was complex for the orbit corresponding to b, and so the edge originating

at b with label ¢ was black. In case (2), the root was non-compact imaginary type II, and so
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the corresponding edge was blue, but as we have just noted, case (2) does not occur when
we restrict our attention to involutions which actually correspond to Sp(2n,C)-orbits. The
upshot is that in the present case, all roots are complex. In particular, there are no blue
edges in the weak order graph.

We sum up the discussion as follows:

Proposition 2.4.3. The weak order on K\G/B corresponds to the order on fixed point-free
imvolutions given inductively as follows: Starting with wq, for any fized point-free involution
b, and for any s; such that 1(s;b) < I(b), b <; s;bs; if and only if s;bs; # b. All roots are

complex, and hence all edges are black.

The parametrization of K\G/B by fixed point-free involutions encodes precisely the same
linear algebraic description of the orbits in this case as it does in the case of the orthogonal
groups. Namely, letting v denote the symplectic form with isometry group K, if we define
O, to be

{F, € X | rank(Y|rp,xr,) = rs(i,7) for all 4, 5},

then O, is a single K-orbit on GG/B, and the association b — O, defines a bijection between
the set of fixed point-free involutions and K\G/B.

This can be seen in the same way as in the orthogonal case, and a representative of each
orbit may be produced by the same procedure. Because the argument is identical, we omit

the details.

2.4.3 Example

We give the details of the computation in the very small case n = 2 (so (G, K) = (SL(4,C), Sp(4,C))).
Here, there are 3 fixed point-free involutions, and hence 3 orbits. The involutions are

(1,2)(3,4), (1,3)(2,4), and (1,4)(2,3).
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We start at wy = (1,4)(2, 3) and work upward, applying the rule of the previous subsec-
tion:

sqwps1 = (1,3)(2,4),
SoWpsS2 = Wy,
szwosz = (1,3)(2,4),

so wy <1 (1,3)(2,4) and wy <3 (1,3)(2,4). Next, we move up to (1, 3)(2,4), noting that

we only need to compute the M-action of ss:

32(17 3)(27 4)52 = (17 2)(37 4)7

and we are done. The weak order graph appears as Figure B.6 of Appendix B.

By Proposition 2.4.2, the formula for [Y,,] is (y1 + v2)(y1 + y3). We obtain [Y{1 3)(2,4)] by
applying either 0; or 0s. In either case, the result is [Y(1 3)2,.4)] = y1 + y2. Finally, we obtain
[Y(1,2)(3,4)] by applying 0a to [Y{13)2,4)], and of course the result is [Y(12y3.4)] = 1. These
formulas appear in Table B.6.

The weak order graph and formulas for the larger example n = 3 appear in Figure B.7

and Table B.7, respectively. (In that case, there are 15 orbits.)
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Chapter 3

Examples in Type B

As was our preference in the type A case (G, K) = (SL(2n+1,C),SO(2n + 1,C)), here we
realize SO(2n+ 1, C) as the subgroup of SL(2n+ 1, C) preserving the orthogonal form given

by the antidiagonal matrix J = J,,,1. That is,

SO(2n+1,C) = {ge SL(2n+1,C) | gJg' = J}.

Fix a maximal torus 7" of G, and let Y; (i = 1,...,n) denote coordinates on t. In this

case, the roots are
P={£(Y;2Y))|1<i<j<nju{zxY;|1<i<n}
We choose the “standard” positive system
Ot = Yk Y; i <ULV |i=1,...m),

and take B to be the Borel subgroup containing 7" and corresponding to the negative roots.
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Again, to make things concrete, one may take T' to be the diagonal elements of G, let
Yi(diag(ay, ..., an, 0, —ap, ..., —ay) = a;,

and take B to be the lower-triangular elements of G.
Let X = G/B be the flag variety. X identifies with the set of flags which are isotropic

with respect to the quadratic form

2n+1

(z,y) = Z TiYon42—i-
i=1
Thus a point of X can be thought of as a partial flag of the form
{0y =wcvic...CV,,

with dim V; = ¢ and each V; isotropic with respect to (,). Such a flag is canonically extended
to a complete flag Vo C Vi C ... C Va,yy by defining Vo, 1 ; = Vit fori =0,...,n.

The Weyl group W acts on the Y; as the 2"n! signed permutations of {1,...,n} which
change any number of signs. The T-fixed points of X then correspond to such permutations,

as usual.

3.1 K =50(2p,C)x 02+ 1,C))

In type B, there is only one family of symmetric subgroups K to consider, up to conjugacy.

Suppose p + ¢ = n, and take 6 to be the involution

0(g) = Ip2g+1,p91p 2 +1,p-
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One checks easily that G is stable under 6, and that

( \

Ki1, K3, K31, K33 € Mat(p, p)

0 K 0 Ki Ku Ki € 0(2p.C)
K=d¢

k=10 Ky 0 K31 Ks3

K1 0 Ky Ky € O(2q+1,C)

det(k) =1

>~ 5(0(2p,C) x O(2¢ + 1,C)).

This choice of K corresponds to the real form Ggr = SO(2p,2q + 1) of G.

Let S C K be a maximal torus of K contained in 7. This is an equal rank case, so in
fact S = T. We formally distinguish coordinates on s (labeled by X variables) from those
on t (labelled by Y variables), with restriction given by p(Y;) = X.

This is the first time that we have encountered a K which is not connected. We handle
this by considering the connected components of the closed orbits separately. As we will see,
each closed orbit has two components. Each is a single K%-orbit, with K° = SO(2p,C) x
SO(2q + 1,C) the identity component of K. These K%orbits coincide with the closed K-
orbits, with K = S(Pin(2p, C) x Pin(2q + 1,C)) the corresponding (connected) symmetric
subgroup of the simply connected cover G = Spin(2n + 1,C) of G. Since S C K, each
such component is stable under S, and hence has a S-equivariant class. We apply our usual
method to find formulas for these S-equivariant classes. Having done so, we next identify
exactly how the closed K-orbits break up as unions of these components. We find a formula
for each closed K-orbit by simply adding the formulas for the two components. Finally, we
parametrize the K-orbits by (2p,2q + 1)-clans satisfying a certain additional combinatorial
property, and describe the weak closure order on K'\G/B in terms of this parametrization.

This allows us to perform the rest of the computation as in the type A cases.
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Identifying the connected components of all K-orbits would amount to a parametrization
of the K-orbits on X. Given such a parametrization, along with a description of the weak
closure order, one could find formulas for the classes of all K-orbit closures, which would
then give formulas for the classes of irreducible components of K-orbit closures. Formulas
for K-orbit closures would follow by adding the formulas for the irreducible components.
One might say that this would be a more complete solution to the problem at hand.

We justify our approach as follows: First, the K-orbits on X are simpler to parametrize,
since they are precisely the intersections of K = GL(2p,C) x GL(2q + 1,C)-orbits on the
type A flag variety X’ with the smaller flag variety X. Such intersections need not be single
K-orbits on X ; some are, while others (e.g. the closed orbits) are unions of two K-orbits. It
is not completely obvious how to determine precisely which intersections are single K -orbits,
and which are not.

Second, due to the fact that the K-orbits are intersections of K’-orbits on X’ with X,
formulas for the classes of their closures pull back to Chern class formulas for degeneracy loci
which admit identical linear algebraic descriptions to those in the type A case, but which
involve a vector bundle equipped with a quadratic form and an isotropic flag of subbundles.
So from this standpoint, our type B formulas have similar applications to those obtained in
the type A case, where the symmetric subgroup in question was connected.

The author acknowledges, however, that it would be nice to have the K-orbit picture
sorted out, since formulas for these classes would pull back to formulas for irreducible com-
ponents of such degeneracy loci, giving more refined information. Thus describing the com-
binatorics of those orbits would likely be a worthwhile question to consider. However, we do
not attempt to solve the problem in this generality here.

With all of these preliminary comments made, we turn our attention now to the (S-stable)
connected components of closed K-orbits on X. As stated, these coincide with the closed

K-orbits on X. We will denote the Weyl group for K (alternatively, for K, or for Lie(K))
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by 17[/7( 171/7( embeds in W as those signed permutations of {1,...,n} which act separately
as signed permutations of {1,...p} (changing an even number of signs) and {p+ 1,...,n}

(changing any number of signs). There are 2"~ !plq! such permutations.

3.1.1 Formulas for the closed K-orbits

Because we are in an equal rank case, and because K is connected, it follows from Corollary
1.3.8 that the number of closed orbits is |W/WNK| = 2(;), each containing |T/I/7;\ S-fixed
points.

Define a function f on W by

fw) =#{ie{l,....,n} | w(i) <0, w(@)] < p}.

(So, for example, if

then f(w) =1.)
Recall also the definition of the function /,, given in Subsection 2.1.1.

Then we have the following proposition:

Proposition 3.1.1. Let () € I?\G/B be a closed I?—orbz’t, and suppose it contains the S-fixed

point w. Then [Q] is represented by (—1)7@ (WD P (3 y) where

1
P(ZB7 y) = 5(1‘1 e Tp + Yw=1(1) - - - wal(p)) H (xz - wal(j))(xi + wal(j))'
1<p<j

Proof. Before giving the proof, we first clarify that for a signed permutation w € W, the
notation y,-1(;) means yj,-1(;) if w(j) > 0, and —y,-1(;) if w(j) < 0. We prefer this
notation to, say, w'(y;), because it is more compact, and also because it is consistent with

the notation used in the type A cases.
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We verify first that this formula is independent of the choice of w. First, we note that
the function f is constant modulo 2 on right cosets W;(w, since elements of T/I/7[/( permute
{1,...,p} with an even number of sign changes. Considering [,(|w|), note that if w' =
wrw, then |w'| = |wg||w|, and |wy| is a permutation of {1,...,n} which acts separately on
{1,...,p} and {p+1,...,n}. This says that [,(|w']) = [,(Jw]).

Next, consider the term

Tl Tp+ Yu-1(1) - - - Yw=1(p)-

Replacing w by wiw, we get

T1...Tp+ Yu1(w ) -+ - Yot (wi i (p) = F1--- Tp + Yu-1(1) - - - Yw—1(p)>

since wy permutes {1,...,p} with an even number of sign changes. Finally, to see that

the product

H (@i = Y1) (Ti + Yu-17))

1<p<y

also does not depend on the choice of w, it is perhaps easiest to note that this expression
is unchanged if we replace w by |w|. This reduces matters to the same type argument given
in the (SL(n,C),S(GL(p,C) x GL(q,C))) case.

With that established, we now apply Proposition 1.3.3 to compute the restriction [Q]].,-
Applying w to positive roots of the form Y;, we obtain Y,,;) = £Y; for j = 1,...,n. Applying
w to Y; Y}, we obtain, for each k < [, exactly one of £(Y;+Y]), and exactly one of £(Y;,—Y]).
Restricting to s (i.e. replacing Y’s with X’s) and eliminating roots of K, we are left with
+X; with j < p, along with, for each £ < p < [, exactly one of £(X} + X;), and exactly one
of £(Xx — X)).
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The number of weights of the form +X; occurring with a negative sign is clearly f(w). We
may argue as in the proof of Proposition 2.3.2 to determine (modulo 2) how many roots of the
latter types occur with a negative sign. The only difference between that case and this one is
that here, we are only concerned with the inversions of pairs ¢ < j where |w(j)| < p < |w(i)].
That is, the number of such roots occurring with a minus sign is congruent mod 2 to I,,(|w|)
(as opposed to [(|w]), as we saw in the proof of Proposition 2.3.2).

The upshot is that for any S-fixed point w € @,

S
=
H
i)
s
i

(-1 ereleD Xy x, T (X + X)(XG = X5).

1<p<j

(In particular, we see again that the class [@Q] actually restricts identically at every S-fixed

point of @Q.)

Thus we must prove that

F(X) if o =w'w for some w' € W,
P(X,0X) =

0 if ow! ¢ Wi,

First, we establish this when @ is the orbit containing the S-fixed point corresponding to
the identity. The general case follows easily. Suppose first that w € T/I/7;/< Since w permutes

{1,...,p} with an even number of sign changes, we have
Xy - Xup) = X1... X,
Further, since w also permutes {p + 1,...,n}, we see that

T (X + X)) (X — Xuiy) = [ X+ X)X — X)),

i<p<j 1<p<j
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(Note that w can change any number of signs, but this is taken care of by the presence

of both X; + X,y(jy and X; — X,,(j) in the expression.) All this is to say that

P(X,wX)=X... X, [] (Xi+X))(X; - X})

1<p<J

for w € V[/Z(

Now, suppose w ¢ 171/\1/( Then one of two things is true: Either w is separately a signed
permutation of {1,...,p} and {p+1,...,n}, but permutes {1,...,p} with an odd number
of sign changes, or w is not separately a signed permutation of {1,...,p} and {p+1,...,n},

in which case w sends some j > p to £¢ for some ¢ < p. In the former case, we see that
Xl...Xp—i-Xw(l)...Xw(p) =0,
while in the latter case, either X; + X,,;) = 0, or X; — X,y = 0, whence

[T (X + Xu)(Xi = Xugy) =0.

1<p<j

Together, these two facts say that
P(X,wX)=0

whenever w ¢ Wg. We conclude that P(z,y) represents [Q].
Now, suppose that @ is another closed K-orbit, containing the S-fixed point w ¢ I/I/7I/<
All S-fixed points contained in @ are then of the form w'w for w’" € VI/}; So for any w'w € @,

we have

1
P(X, w'w(X)) = 5(X1 X+ Xy - X)) [ (X = X)) (X + X)) =

1<p<j
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X1 X [ (X + X)X - X)),

1<p<j
by our previous argument, since w’ € Wx. Noting that this is precisely what P(X, w'w (X))
is to be up to sign, and noting that we have corrected the sign by the appropriate factor
of (—1)f@+h(wl) in the statement of the proposition, we see that our proposed expression
restricts correctly at S-fixed points contained in @
On the other hand, for any S-fixed point w mot contained in @, we may write w = w'w
for w' ¢ Wi. Then
P(X,w(X))=P(X,v'w(X)) =
1
S (X0 X+ Xy X)) [ (K6 = X)) (X5 + X)) =0,
1<p<j
again by our previous argument, since w’ ¢ I/I/Z(

This completes the proof. O

3.1.2 Parametrization of K\ X and the weak order

Recall the definition of a symmetric clan, given in Subsection 1.5.2. The following fact can

be found in [MO90):
Fact. The K-orbits on X are parametrized by the set of all symmetric (2p, 2q + 1)-clans.

In fact, as stated in Theorem 1.5.8, the K-orbits on X are precisely the intersections
of the K = GL(2p,C) x GL(2q + 1,C)-orbits on the type A flag variety which meet X
non-trivially. These K’-orbits are precisely those whose clans are symmetric. Proofs are
given in Appendix A.

We now describe the weak order on K\ X in terms of its parametrization by symmetric
(2p, 2q + 1)-clans. The reference is [MO90].

Order the simple roots as follows: o, =Y; — Y4y fori=1,....,n—1, and o, = Y},.
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Suppose that v = (¢, . .., con11) 18 @ symmetric (2p, 2¢+1)-clan. Thenfori=1,... ,n—1,

a; is complex for @), (and s,, - @ # ()4) if and only if one of the following holds:

1. ¢; is a sign, ¢;;1 is a number, and the mate of ¢;;; occurs to the right of ¢; ;.
2. ¢; is a number, ¢;;; is a sign, and the mate of ¢; occurs to the left of ¢;.

3. ¢; and ¢;41 are unequal natural numbers, the mate of ¢; occurs to the left of the mate

of Cit1, and (Ci70i+1) 7§ (CQn—iach—i—‘rl)-

In the above cases, s,, - Q4 = @, where 7/ is the clan obtained from v by interchanging
¢; and ¢; 41, and also co,—; and cop_ji1-
On the other hand, «; (i < n) is non-compact imaginary for @, if and only if one of the

following two conditions holds:
1. ¢; and ¢;41 (and, by symmetry, ¢a,_; and ¢g,_;+1) are opposite signs.
2. ¢; and ¢; 41 are unequal natural numbers, with (¢;, ¢;11) = (Con_s, Con—iz1)-

In case (1), Sq, - @y = @, where ¥" is obtained from v by replacing the signs in positions
1,7+ 1 by a pair of matching natural numbers, and the signs in positions 2n —¢,2n — ¢+ 1
by a second pair of matching natural numbers. In case (2), so, - Q@ = Q,», where 7" is
obtained from ~ by interchanging ¢; and ¢;;1 (but not cs, ; and cop,_i11).

Note that in case (1), «; is a type I root, since the cross action of s,, is to interchange the
opposite signs in positions 7,741 and in positions 2n—¢, 2n—i+1, so that s,, X Q5 # . On
the other hand, in case (2), a; is a type II root, since the cross action of s,, is to interchange
the numbers in positions ¢,7 + 1 and the numbers in positions 2n — i,2n — ¢ + 1. Since
(¢, civ1) = (C2n—i, Can—it1), this does not change the clan v. Thus s,, x Q, = @, and «; is
type II.

Now, consider a,,. This root is complex for @), (and s,, - Q, # @) if and only if ¢, and

Cnio are unequal natural numbers, with the mate for ¢, occurring to the left of the mate
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for ¢,12. (Note that by symmetry, this implies that the mate for ¢, occurs to the left of ¢,
and the mate for ¢, o occurs to the right of ¢,15.) In this event, s,, - Q, = Qs, where 9§ is

obtained from v by interchanging ¢, and ¢, o (but not their mates). For example,
Sas * (17 +7 17 ) 27 +a 2) - (17 +a 27 ) 1a +a 2)

The root «,, is non-compact imaginary for @), if and only ¢, and ¢, are opposite signs.
(By symmetry, this says that (¢, ¢pt1, Cny2) is (+, —, +) or (—,+, —).) Then s,, - Q, = Qs,
where ¢’ is obtained from 7 by replacing the matching signs in positions n,n + 2 by a pair of
matching natural numbers, and flipping the sign in position n + 1. In this case, «,, is a type
IT root, since the cross-action of s,, on a (2p,2g+ 1)-clan is to interchange the characters in
positions (n,n + 2). Because these characters are matching signs, s,, X Q = @, 50 @, is

type IL.

3.1.3 Formulas for the closed K-orbits

Having described a parametrization of the K-orbits, we now describe the closed K-orbits
as unions of closed K-orbits. This will enable us to give formulas for the classes of closed
K-orbits by simply adding the formulas for the appropriate closed K -orbits, which were
obtained in Subsection 3.1.1.

The closed K-orbits correspond to the symmetric (2p, 2¢+ 1)-clans consisting only of +’s
and —’s. These are symmetric clans consisting of 2p plus signs and 2¢ + 1 minus signs. Note
that any such clan has a minus sign in position n 4 1, and is completely determined by the
first n characters. Among these first n characters, p are plus signs, while ¢ are minus signs.
Thus there are (’;) closed K-orbits. Since there are 2(;) closed K -orbits, this justifies our
earlier claim that each closed K-orbit is a union of two connected components, each of which

is a closed K-orbit.
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We now identify the components of closed K-orbits. Recall the algorithm of Subsection
2.1.2 for producing representatives of K’ = GL(2p,C) x GL(2q + 1,C)-orbits on GL(2n +
1,C)/B. For a closed K'-orbit, it is easy to see that this algorithm produces an isotropic flag
precisely when the permutation o is chosen to be a signed element of S5, .1, cf. Subsection
1.1. That this representative is an S-fixed point is clear given how the algorithm is defined.
Based on this, one sees that for a symmetric (2p, 2q + 1)-clan 7 consisting only of +’s and
—’s, the S-fixed points contained in ()., correspond to all signed permutations of {1,...,n}
which can be assigned to ~ in the following way: Considering only the first n characters of
v , one assigns either +j (j = 1,...,p) to the positions of the p plus signs, and either +k
(k=p+1,...,n) to the positions of the ¢ minus signs.

Now, recall that if w € W is an S-fixed point, the S-fixed points contained in the closed
orbit K - wB are 17[/va, and that WNK consists of signed permutations which act separately
on {l,...,p} and {p+1,...,n}, with an even number of sign changes on the first set. On
the other hand, the above characterization of S-fixed points contained in a closed K-orbit
says that they are of the form ow, where o is a signed permutation which acts separately on
{1,...,p} and {p + 1,...,n}, changing any number of signs on either set. The conclusion
is that the closed K-orbit K - wB is the union of K - wB and K - mwB, where m € W is the
signed permutation 12...n. (More generally, 7 could be taken to be any signed permutation
which acts separately on {1,...,p} and {p+1,...,n}, and which changes an odd number
of signs on the first set. This particular choice of 7™ seems to the author to be the simplest
such choice.)

With this observed, we have the following corollary of Proposition 3.1.1:

Corollary 3.1.2. Suppose ) is a closed K-orbit containing the S-fixed point w. Then

Q= (=" "Dy ) [T @ = Y1) (@ + Y 17)-

1<p<j
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Proof. This follows from Proposition 3.1.1, simply by adding the formulas for K - wB and

K - 7wB. This sum simplifies to the above expression when one makes the following easy

observations:
1. f(mw) = f(w)+1
2. p(|w]) = ly(|mwl)
3 Yu1(1) - Ywi(p) T ~Y(mw) (1) -+ Ylrw) 1 (p)

4 (=D ) Y1) = Yl ) - Yl )

3.1.4 Example

With a parametrization of K\G/B and a description of the weak order in hand, we give the
weak order graph and table of formulas for the casep = 2,¢ = 1 ((G, K) = (SO(7,C), S(O(4,C) x
0(3,C))) in Figure B.8 and Table B.8 of Appendix B. There are 25 orbits.
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Chapter 4

Examples in Type C

Next, consider the group G = Sp(2n,C). We realize G as the group of matrices which

preserve the exterior form
T /\ZEQn+ZE2/\£L‘2n_1 +...+$n/\$n+1.

That is,
Sp(2n,C) = {g € GL(2n,C) | ¢'Jnng = Jnn} -

Let T be a maximal torus of G, and let Y; denote coordinates on t = Lie(7"). The roots

® are of the form
O={£(Y;£Y)) |1<i<j<nju{£2Y;|i=1,...,n}.

Take the positive roots to be those of the form Y; £+ Y;(: < j) and 2Y;(1 < ¢ < n), and take
B D T to be the Borel subgroup such that the roots of b = Lie(B) are negative. For example,
we can take T' to be the diagonal elements of G, define Y;(diag(as, ..., an, —an,...,—ay)) =

a;, and take B to be the lower-triangular elements of G.
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The T-fixed points of G/B are parametrized by the elements of W, which once again can
be thought of as the 2"n! signed permutations of {1,...,n}, changing any number of signs.

(This is the action of W on the coordinates Y;.)

4.1 K = Sp(2p,C) x Sp(2q,C)

Let p+ ¢ = n. Consider the involution § = int(I,9,,) of G. (Refer to Subsection 1.1 for this
notation.)

One checks that

4 )\
K1, K13, K31, K33 € Mat(p, p)
Ky 0 K -
K = Ge = 0 K22 0 . v € Sp(2p7 C)
K3 Kss
K3 0 Kas
L Ky € Sp(2¢,C) J

=~ Sp(2p,C) x Sp(2¢,C).

In the notation of the introduction, this choice of K corresponds to the real form Gr =

Sp(p. q) of G.
Since this is another equal rank case, S = T. We label coordinates on s by X; (i =
1,...,n), with restriction t — s given by p(Y;) = X,.

The roots of K are as follows:

Qp ={£2X,JU{x(X; £ X;)|i<j<porp<i<j}

Note that the Weyl group Wx embeds in W as those signed permutations of {1,...,n}
which act separately on {1,...,p} and {p+1,...,n}, with any number of sign changes on

each set. There are 2"plq! such permutations.
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4.1.1 Formulas for the closed orbits

By Corollary 1.3.8, there are |W/Wg| = (Z) closed K-orbits, each containing |Wx| = 2"plq!
S-fixed points. These S-fixed points correspond to the elements of some left coset Wi - w.

We have the following formulas for the equivariant classes of closed K-orbits.

Proposition 4.1.1. Let Q € K\G/B be a closed K -orbit, and suppose it contains the S-fized

point w. Then

Q)= Pe,y) = (=11 T (5 = yum10) (@i + 9um1s)-

1<p<j

Proof. The proof is very similar to the proof of Proposition 3.1.1. The arguments needed to
see that this formula is independent of the choice of w have already been given there.
Using Proposition 1.3.3 and arguing as in the proof of Proposition 3.1.1, we find that the

restriction [@]|, is as follows:

[Qllw = F(X) = (1)) T (X = X)(X: + X5).

1<p<j

Again, we remark that [@] restricts identically at all S-fixed points contained in the orbit
Q.

So we are seeking a polynomial f(x,y) such that f(X,cwX) = F(X) whenever 0 € W,
and such that f(X,w'X) = 0 whenever w'w™! ¢ Wy. It is straightforward to verify that P

has these properties. For o € W, we have that

f(X, owX) = (—1)(wD H (Xi = Xowuw-103)(Xi + Xowu1() =

1<p<J

(=10 T (X = Xo() (X + Xog) = F(X),

1<p<j

since o, being an element of Wi, preserves the sets {£1,...,£p} and {£(p+1),...,£n}.
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On the other hand, if w'w™ ¢ Wy, then

FX ' X) = (=100 T (X = X 1) (Xi + X 1) = 0,

1<p<j
since w'w™!, not being an element of Wy, necessarily sends some j > p to either +i for
some ¢ < p, resulting in either the X; — X,,-1¢;) or the X; + X,,-1(;) factor being zero.

J

We conclude that P(z,y) represents [Q]. O

4.1.2 Parametrization of K\ X and the weak order

The following parametrization of K\ X is described in [MO90]:

Fact. The K-orbits on X are parametrized by symmetric (2p, 2q)-clans  having the follow-

ing additional property: If v = (¢1,...,ca,), and if ¢; € N, then ¢; # copi1--

As indicated by Theorem 1.5.8, the K-orbits on X are precisely the nonempty intersec-
tions of the GL(2p, C) x GL(2q, C)-orbits on the type A flag variety with X. See Appendix
A for the proof.

We now describe the weak order on K\ X combinatorially in terms of this parametriza-
tion. References are [Yam97, MT09, MO90).

Order the simple roots as follows: o; = Y; — Y4 fori =1,...,n— 1, and a,, = 2Y,,.
Let v = (c1,...,con) be a (2p,2q)-clan satisfying the conditions listed above. Then for
i=1,...,n—1, a; is complex for @, (and s,, - Q@ # )-) if and only if one of the following
holds:

1. ¢; is a sign, ¢;11 is a natural number, and the mate for ¢;;; occurs to the right of ¢; 1.
2. ¢; is a number, ¢;;; is a sign, and the mate for ¢; occurs to the left of ¢;.

3. ¢; and ¢;11 are unequal natural numbers, the mate for ¢; occurs to the left of the mate
for i1, and (Cm Cz’+1) # (CQTL*M C2n7i+1)~
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In these cases, s,, - Q)4 = Q,, where 7' is obtained from v by interchanging ¢; and ¢4,
and con_; and cop_jiq-

On the other hand, «a; is non-compact imaginary for @, if and only if ¢; and ¢;41 (and,
by symmetry, ¢o,—; and c2,_;41) are opposite signs. In this event, s,, - Q, = Q», where 7" is
obtained from = by replacing the signs in positions ¢ and ¢+ 1 by matching natural numbers,
and the signs in positions 2n —¢ and 2n—¢+ 1 by a second pair of matching natural numbers.

The root «,, = 2Y,, is complex for @), (and s,, - Q, # Q),) if and only if ¢, and ¢,4; are
unequal natural numbers, with the mate for ¢, occurring to the left of the mate for ¢, 1. In
this event, s,,, - Q4 = Q», where 7" is obtained from + by interchanging ¢, and ¢,11. «, is
never a non-compact imaginary root.

Finally, we note that all bonds in the weak order graph are single. Indeed, the only
time «; is non-compact imaginary for (), is when ~ has opposite signs in the (7,7 + 1) and
(2n — 4,2n — i + 1) positions. The cross action of s,, on @, in that case is to switch each
pair of signs. Thus whenever «; is non-compact imaginary for @), we have s,, X Q # Q,

meaning that all non-compact imaginary roots are of type I.

4.1.3 Example

With this parametrization and combinatorial description of the weak order in hand, we now
give an example. Take p = 2,9 =1, so (G, K) = (Sp(6,C), Sp(4,C) x Sp(2,C)). There are
9 orbits in this case. The weak order graph is given as Figure B.9 of Appendix B.

To obtain a representative of each closed orbit, we use the method of [Yam97, Theorem
4.3.12]. In the case of closed orbits, whose clans consist only of signs, this amounts to the

following: First, fix a permutation ¢” € S,, such that

1 < 0"(i) < p if the ith character is +,
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p+1<0"(i) < nif the ith character is —.

Next, define a permutation o’ € Sy, with the property that
(i) ifi<n
2n+1—0"2n+1—14) ifi>n.

Finally, take the representative Fy = (vq,...,vs,), With v; = e,(;) for each i. Note that
any flag so obtained is S-fixed, so it is straightforward to apply Proposition 4.1.1 once a
representative is chosen in this way. Divided difference operators then give the remaining

formulas. The results are given in Table B.9 of Appendix B.

4.2 K=~ GL(n,C)

Now, let § = int(i - I,,,,). One checks that

— 9 _ g 0 o
K=G"= g€ GL(n,C) p = GL(n,C).

0 J, (¢H)~ ',

This symmetric subgroup corresponds to the real form Gg = Sp(2n,R) of G.
Let S be a maximal torus of K contained in 7. Again, S = T, but we again denote
coordinates on s by X;, with restriction t — s given by p(¥;) = X;.

Roots of K are as follows:

Wy = S, is embedded in W as ordinary permutations of {1,...,n} — that is, signed

permutations of {1,...,n} which change no signs.
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4.2.1 Formulas for the closed orbits

Again, we are in an equal rank case, so by Corollary 1.3.8, the K-orbit of every S-fixed point
is closed. There are |W/Wp| = 2" such orbits, each containing |Wy| = n! S-fixed points.
Given w € W, define

An<x7 Y, w) = det<cn+1+j72i)7

where

C = ek(xl, Ce ,xn) -+ €k<yw—1(1), C. 7yw—1(n)>7

er denoting the kth elementary symmetric function in the inputs. Again, we remind the
reader that the elements of W are signed permutations, and that in the event that w=!(:) < 0,
the notation Yuw—1(;) MEANS —Y|yy—1(;)|-

Next, for each w € W, define the set

Neg(w) := {i | w(i) < 0},

and define N-valued functions f,g on W by

f(w) = #Neg(w),
and

1€Neg(w)

Then formulas for the equivariant classes of closed K-orbits are as follows:

Proposition 4.2.1. Let Q = K -wB be a closed K-orbit on G /B represented by the S-fized

point w. Then [Q] is represented by the polynomial

P(l‘,y) = (_1)f(w)+g(w)An($7va)'
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Proof. We start by noting that P(z,y) is independent of the choice of fixed point w repre-
senting (). Because fixed points contained in @) are all (left) Wiy translates of w, they all
have the same “sign pattern” (i.e. the set Neg(w) is the same regardless of the choice of
w). This follows because elements of Wiy change no signs. To illustrate, note that when
n = 2, the 4 closed K-orbits on G/B contain S-fixed points {12,21}, {12,21}, {12,21}, and
}.

It follows that the functions f, g are constant on Wxw, so that (—1)7®)+9®) is indepen-

{12,

=l
—

dent of the choice of w. It is also easy to see that A, (z,y,w) is independent of this choice.

Indeed, replacing w by w'w for w’ € Wy, each ¢, becomes

ek(xl, . ,ZL’n) + €k(yw—1(wl—l(1)), . >yw*1(w’*1(n)))-

But because w’ is just an ordinary permutation of {1,...,n}, the effect is simply to permute
the y,-1(;), and because e, is invariant under permutation of the variables y;, each ¢ is
unchanged.

With this established, we now apply Proposition 1.3.3 to compute the restriction [Q]].,-
Applying w to positive roots of the form 2Y; and restricting to s, we get weights of the form
2X,) = £2X;. The number of such weights occurring with a minus sign is f(w).

Applying w to positive roots of the form Y; £ Y, (i < j) and then restricting, we get
weights of the form X,,;) £ X, (;), and these two weights together are of the form X + X,
+ X F X, for some k,[. Those of the latter form X, F X, are roots of K, while those of
the former are not. The number of such roots which are negative (i.e. of the form —X; — X))
is precisely g(w). To see this, note that if w(i) is positive, then applying w to any pair of
roots Y; + Y, Y; —Y; with 7« < j and then restricting is going to necessarily give a positive
root of the form Xy + X;, where k = w(i), [ = |w(j)|. If w(7) is negative, then applying w

to any such pair will necessarily give a negative root of the form —X; — X;. For any fixed ¢,
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the number of pairs {Y; £ Y} with ¢ < j is precisely n —i. So for each ¢ with w() negative,
n — i negative roots occur, for a total of g(w) negative roots.

All of this adds up to the following conclusion: For any S-fixed point w € @, we have

S
=
||
g
=
i

(_1)f(w)+9(w)2"X1 X, H(Xz + Xj).

1<j

(Once again, we remark that [@Q)] restricts identically at each S-fixed point contained in

Q.)
So for any u € W,

F(X) ifuw! e Wk,

0 otherwise.

Thus the claim is that P(X,uX) is F(X) if uw™! € Wy, and 0 otherwise. Write u = w'w.

Noting that A, (z,y,w) = A(x,wy,id), we have
P(X,uX) = (=1)/WH@A (X w0/ X, 1).

If uw™! € Wk, then w' is an ordinary permutation (a signed permutation with no sign
changes), whereas if uw™" ¢ Wi, w' has at least one sign change. So our claim that P(z,y)

represents [()] amounts to the claim that A, (z,y,id) has the following two properties:
1. It is invariant under permutations of the x;, y;.

2. If ¢, = £1, then
An((Xl, Ce 7Xn)7 (61X1, ceey Ean), Zd)

is zero unless all ¢; are equal to 1, in which case it is equal to

Xy X [ (X + X)),

1<j
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That A, (x,y,id) has these properties is proved directly in [Ful96b, §3]. [

Remark 4.2.2. It may seem surprising that formulas for classes of closed K-orbits are so
closely related to Fulton’s formula for the smallest Schubert locus in the flag bundle. (Ful-
ton’s representative is a polynomial of higher degree, but has the determinant A, (z,y, id) as
a factor.) In fact, this is not an accident. As has been observed by the author ([Wysl1b]),
a number of the orbit closures in this case are Richardson varieties — intersections of Schu-
bert varieties with opposite Schubert varieties. In particular, all of the closed K-orbits
are Richardson varieties. See [Wysllb] for an application of this fact to type C' Schubert

calculus.

4.2.2 Parametrization of K\ X and the weak order

Recall the definition of a skew-symmetric (n,n)-clan (Definition 1.5.10). The following
parametrization of K\ X is described in [MO90]:

Fact. K-orbits on X are parametrized by the set of skew-symmetric (n,n)-clans.

As indicated by Theorem 1.5.8, these orbits are precisely the nonempty intersections of
the GL(n,C) x GL(n,C)-orbits on the type A flag variety with X. See Appendix A.

We give a combinatorial description of the weak order on K\G/B in terms of this
parametrization. References are [MO90, MT09, Yam97).

Order the simple roots as we did in the case of (Sp(2n,C), Sp(2p,C) x Sp(2q,C)): a; =

Vi =Y fori=1,....,n—1, and o, = 2Y,,. Let v = (c1,...,c2,) be a skew-symmetric
(n,n)-clan.
The situation for the roots oy, ..., a,_1 is exactly the same as was described in the case

of the pair (G, K) = (SO(2n + 1,C), S(O(2p,C) x O(2q + 1,C))). Rather than repeat that

description verbatim here, we refer the reader back to Subsection 3.1.2.
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Thus we need only describe the situation for c,. This root is complex for @), (and
San - Qv # Q) if and only if ¢, and ¢,+1 are unequal natural numbers, with the mate for ¢,
to the left of the mate for ¢,4. In this case, s,, - @4 = @5, where 0 is obtained from ~ by
interchanging ¢, and ¢, 1.

On the other hand, o, is non-compact imaginary for @, if and only if ¢, and ¢, are
opposite signs. In this case, s,, - @, = Qs, where ¢’ is obtained from 7 by replacing ¢, and
Cne1 by a pair of matching natural numbers. In this case, «,, is of type I, since the cross

action of s, is to interchange the opposite signs in positions n,n+1, so that s,, X @, # Q.

4.2.3 Example

With the parametrization and ordering spelled out, consider the example n = 2. There are
11 orbits. The weak order graph appears as Figure B.10 of Appendix B.

To obtain a representative of each closed orbit, we use the method of [Yam97, Theorem
3.2.11]. In the case of closed orbits, whose clans once again consist only of signs, this amounts
to the following: Letting v = (cy, ..., c2,), choose a permutation o € S, with the following

properties:
1. If i <nand ¢, =+, o(i) < n.
2. Ifi <nand¢=—,0o(i) >n.
3. Fori=1,....n,02n+1—1i)=2n+1—0(i).

Having chosen such a o, the flag Fy = (vi,...,ve), With v; = €4, is a representative
of @,. Note that any representative so obtained is S-fixed, so it is straightforward to apply
Proposition 4.2.1 to compute the class [(),]. Divided difference operators (scaled by factors

of % where appropriate) then give the remaining formulas. The results are given in Table

B.10 of Appendix B.
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Chapter 5

Examples in Type D

Now let G = SO(2n,C). We realize G as the subgroup of SL(2n,C) preserving the orthog-

onal form given by the antidiagonal matrix J5,, as we did in type B. That is,

SO(2n,C) = {g € SL(2n,C) | ' Jong = Jgn}.

Let T be a maximal torus of GG, and let Y; denote coordinates on t = Lie(7T"). The roots

® are of the form

O={£(Y;+Y))|1<i<j<n}

We take the positive roots to be those of the form Y; £Y;(i < j), and take B D T to be such
that the roots of b = Lie(B) are negative. Concretely, given our chosen realization of G, we
can take T' to be the diagonal elements of G, define Y;(diag(as, ..., an, —an,...,—a1)) = a;,
and take B to be the lower-triangular elements of G.

Consider the variety V of flags on C?" which are isotropic with respect to the quadratic

form whose matrix is Jo,:

2n
<I7 y> = Z TiYon+1—i-
i=1

Unlike in types B and C, here V is not a homogeneous space for G. Indeed, V is
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disconnected, with two isomorphic components, each of which is a single SO(2n, C)-orbit.
(V' is a homogeneous space for O(2n,C).) To obtain a homogeneous space for G, we must
choose one of these two components. We choose the component containing the “standard”
isotropic flag Fo = (e1,...,€2,). Then X = G/B can be identified with the set of flags F,

on C?" having the following properties:
1. dim F; = 4;
2. Fy,..., F, are isotropic subspaces with respect to (-, -);
3. Fy, ;=Ftfori=0,1,...,n.
4. dim(F, N E,) =n (mod 2).

Note that conditions (1)-(3) above simply say that F, is isotropic, while condition (4) is
needed to guarantee that Fy, lies in the correct component of V. See [EG95] for more details.
Let W be the Weyl group for Lie(G). We think of W as the 2"~'n! signed permutations of
{1,...,n} which change an even number of signs. This is the action of W on the coordinates

Y;. The T-fixed points on G/B are then in one-to-one correspondence with W as usual.

51 K= S(02p,C)x0(2,C))

Let 6 = int(/,2,,). Then G is stable under 0, and

( \

K1, Ki3, K31, K33 € Mat(p, p)

Kll 0 K13 Kll K13
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~ S(0(2p,C) x O(24,C)).

This choice of K corresponds to the real form Ggr = SO(2p,2q) of G.

Let S =T be the maximal torus of K, with X;,..., X,, coordinates on s and restriction
t — s given by p(Y;) = X,.

As in the type B case, this symmetric subgroup is disconnected. We handle this issue
just as we did in that case, by analyzing the components of each closed K-orbit separately.
We then obtain formulas for the closed K-orbits by adding the formulas for each component.
Since the components of the closed K-orbits are stable under K = SO(2p, C) x SO(2q,C),
and since S C K°, it makes sense to talk about the S-equivariant class of the components of
the closed K-orbits. The K°-stable components of the closed K-orbits are again closed K-
orbits, where K = S(Pin(2p, C) x Pin(2q,C)) is the corresponding (connected) symmetric
subgroup of the simply connected cover G = Spin(2n,C) of G.

Let Wx be the Weyl group for K, (equivalently, for K, or for Lie(K)). Wx embeds into
W as signed permutations which act separately on {1,...,p} and {p+1,...,n}, changing

an even number of signs on each set. There are 2" 2?plg! such permutations.

5.1.1 Formulas for the closed K-orbits

We are once again in an equal rank case, so by Corollary 1.3.8, there are |W/Wk| = 2(;)
closed K-orbits, cach containing [Wy| S-fixed points.

We have the following formulas for the closed orbits. We omit the proof, since it is
virtually identical to the corresponding proofs in the cases (SO(2n + 1,C), S(O(2p,C) x
O(2q¢ + 1,C))) and (Sp(2n,C), Sp(2p,C) x Sp(2¢,C))), the only difference being that it is

simpler.
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Proposition 5.1.1. Let Q) be a closed IN(—orbit, containing the S-fived point w. Then

Q) = P(z,y) = (=1 TT (@i = v 1) (@i + gu1)-

1<p<j

5.1.2 Parametrization of K\ X

The following parametrization of K\ X is described in [MO90]:
Fact. K\ X is parametrized by the set of symmetric (2p, 2¢)-clans.

Indeed, as indicated by Theorem 1.5.8, these orbits are precisely the nonempty intersec-
tions of the GL(2p, C) x GL(2q,C)-orbits on the type A flag variety with X. See Appendix

A for more details.

5.1.3 Formulas for closed K-orbits

The argument here proceeds nearly identically to that given in the type B case (cf. Subsec-
tion 3.1.3). The closed K-orbits once again correspond to symmetric (2p, 2¢)-clans consisting
only of signs. Such a clan is determined by its first n symbols, of which p are + signs and
q are — signs. There are (Z) such clans, and thus (Z) closed K-orbits. Since there are 2(;)
closed K -orbits, we see that each closed K-orbit is a union of two closed K-orbits.

We identify the components of closed K-orbits. Once again, using the algorithm of
[YamO97| (cf. Subsection 2.1.2), we can determine an S-fixed isotropic representative wB of
the GL(2p,C) x GL(2q, C)-orbit corresponding to a symmetric (2p, 2q)-clan 7 by taking the
permutation o to be a signed element of Sy,, meaning that o(2n +1 —i) = 2n+ 1 — o(7)
for ©+ = 1,...,n. Then the S-fixed points of the closed orbit K - wB corresponding to
v =(c1,...,cop) are signed permutations of the form w'w, where w’ assigns +j5 (j = 1,...,p)

to the positions of the p plus signs among (ci,...,¢,), and £k (K = p+ 1,...,n) to the

positions of the ¢ minus signs among (cy,...,¢,). Note that each w’ must change an even
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number of signs in total, but could change either an even or an odd number of signs on each
of the individual sets {1,...,p} and {p + 1,...,n}. By contrast, S-fixed points contained
in K - wB are of the form w” w, where w” € I/I/Z(, meaning that w” is required to change an
even number of signs on both the set {1,...,p} and the set {p+1,...,n}. The conclusion is
that the closed orbit K -wB is the union of K -wB and K - 7wB, where 7 € W is the signed
permutation which interchanges 1 and —1, and p+ 1 and —(p + 1). (Actually, 7 could be
taken to be any signed permutation which acts separately on {1,...,p} and {p+1,...,n},
and changes an odd number of signs on each set. Our particular choice of 7 strikes us as the
simplest such permutation.)

We then have the following corollary of Proposition 5.1.1:

Corollary 5.1.2. Suppose () is a closed K-orbit containing the S-fixed point w. Then

Q) = (=)D 2 TT (2 = yw10)) (@i + Yu1(5))-
1<p<j
Proof. This follows from Proposition 5.1.1, simply by adding the formulas for K -wB and
K - mwB. This sum simplifies to the above expression when one makes the easy observation

that L,(Jw|) = L,(|7w]). O

5.1.4 The weak order

We describe the weak closure order on K'\G/B in terms of its parametrization by symmetric
(2p, 2q)-clans. The reference is [MO90].

Ordering the simple roots a; = Y; — Y,y fori=1,...,n—1, and o, = Y,,_1 + Y, the
situation for the roots a; with ¢ < n is identical to that described in the type B case. Rather
than repeat that description here, we refer the reader back to Subsection 3.1.2.

Thus we need only focus on «,,. If v = (cy,...,co,) is a symmetric (2p, 2q)-clan, there is

a fairly long list of possibilities which define when «,, is complex for (), (and s,, - Q, # Q).
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They are as follows:
1. (a1, Cn,s Cpi1, Coao) form the pattern (£, 1,1, +).

2. (Cn—1,Cn, Cnt1, Cnre) form the pattern (&, 1,2, £); the mate for ¢, occurs to the left of

¢n—1; and the mate for ¢,;1 occurs to the right of ¢, .

3. (¢n-1,Cn, Cnr1, Cnyo) form the pattern (1,4, £, 2); the mate for ¢,_; occurs to the left

of ¢,,_1; and the mate for ¢, 5 occurs to the right of ¢, 5.

4. (¢n_1,Cn,Cnr1, Cnyz2) form the pattern (1,2,2,3); the mate for ¢,_; occurs to the left of

¢n—1; and the mate for ¢, o occurs to the right of ¢, .

5. (Cn—1,Cn, Cnt1, Cnre) form the pattern (1,2,3,1); the mate for ¢, occurs to the left of

¢n—1; and the mate for ¢, occurs to the right of ¢, .

6. (Cn_1,Cn,Cns1,Cnyo) form the pattern (1,2,3,4), the mates for ¢,_; and ¢, each occur

to the left of ¢,_1; and the mates for ¢,1 and ¢, o each occur to the right of ¢, 15.

7. (Ca_1, Cn, Cnt1, Cnre) form the pattern (1,2, 3,4); the mates for ¢,,_; and ¢,,1 each occur
to the left of ¢,_1; the mates for ¢, and ¢,,2 each occur to the right of ¢, o; and the

mate for ¢,_; occurs further from the center of the clan than the mate for c,.

8. (Cn—1,Cn, Cnt1, Cnr2) form the pattern (1,2, 3,4); the mates for ¢, and ¢, each occur
to the left of ¢,_1; the mates for ¢,,_; and ¢,,11 each occur to the right of ¢, 2; and the

mate for ¢,_; occurs closer to the center of the clan than the mate for ¢,.

In each case, s,, - @y = @, where 7/ is obtained from v by interchanging c,_; with ¢, 41,
and ¢, with ¢, 2.

On the other hand, «, is non-compact imaginary if and only if one of the following holds:

1. (CTL—17 Cny Cn+1, Cn+2) - (+7 Ty T +)
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2. (Cn—lu Cny Cn+1, Cn+2) - (_7 +a +7 _)
3. (¢n-1,Cn, Cns1, Cnyo) form the pattern (1,1,2,2).

In cases (1) and (2) above, s,, - Q@ = @47, where 4" is obtained from v by replacing
(¢n—1,Cn+1) by a pair of matching natural numbers, and (¢, ¢,12) by a second pair of natural
numbers. The effect is to replace (¢,_1,Cn, Cni1, Cnio) by the pattern (1,2,1,2). In these
cases, ay, is a type I root, since the cross action of s,, is to interchange c,_1 with ¢,41,
and ¢, with ¢,,2, which sends (+, —, —,+) to (—,+,+, —), and (—,+, 4+, —) to (+, —, —, +).
Thus s,, X @ # @+, meaning «,, is of type I.

In case (3), Sa, - @y = @, where v is obtained from v by interchanging c¢,_; and
Cni1 (but not ¢, and c¢,49). The effect is to replace the pattern (c,_1,¢n, Cot1, Cag2) =
(1,1,2,2) by the pattern (1,2,2,1). In this case, «, is a type II root, since the cross action
of s,, interchanges the natural numbers in positions ¢, and ¢,41, and the natural numbers
in positions ¢, and ¢,12. This sends the pattern (c,_1,¢n,Cnt1,Cnr2) = (1,1,2,2) to the
equivalent pattern (2,2,1,1), and so does not change the clan v. Thus s,, x @, = Q., and

o, is type IL

5.1.5 Example

With formulas for the closed orbits in hand, along with a combinatorial parametrization of
the orbits and the above description of the weak order, consider the casen =3, p =2, ¢ =1,
i.e. the symmetric pair (SO(6,C), S(O(4,C) x O(2,C))). There are 12 orbits. The weak
order graph appears in Figure B.11 of Appendix B.

S-fixed representatives of a closed orbit, corresponding to a clan ~ consisting of only +’s
and —’s, can once again be produced by choosing a signed permutation which sends the
coordinates of the + signs among the first n characters of v to 1,...,p, and the coordinates

of the — signs among the first n characters of v to p+1,...,n. For example, the closed orbit
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corresponding to v = (+, +, —, —, +, +) contains the standard S-fixed flag (e, ..., eg), which
corresponds to w = 1. Thus [Y{4 1 _ 1 })] is represented by the polynomial (21 — y3)(z1 +
ys3) (w2 —ys3)(x2+ys). Similarly, Q. — 4 1 — ) is represented by the S-fixed flag corresponding
tow =132, 50 Y4 _ + + _ 1] is represented by — (21 —y2)(21+y2) (22 —y2) (€2 +y2). The final
closed orbit, corresponding to (—,+,+, +,+, —), contains the S-fixed point corresponding
to w = 312, so [Y(_ 4 4 4,+,)] is represented by (1 — y1)(z1 + y1)(x2 — y1) (@2 + 11)-
Formulas for the remaining orbit closures are found using divided difference operators,

as usual. The complete list of formulas can be found in Table B.11 of Appendix B.

5.2 K = GL(n,C)
This case is very similar to that of the type C pair (G, K) = (Sp(2n,C),GL(n,C)). Let
¢ =int(i- I,,). One checks that

— (0 _ g 0 o
K=G"= g € GL(n,C) » =2 GL(n,C).

0 J, (¢") ',

This choice of K corresponds to the real form Gg = SO*(2n) of G.
Once again, we are in an equal rank case, so S = T. We label coordinates on S as
X1, ..., X,, with restriction t — s given by p(Y;) = X;.

Roots of K are as follows:

As was the case with (Sp(2n,C), GL(n,C)), Wg embeds into W as ordinary permuta-

tions, i.e. as signed permutations of {1,...,n} which change no signs.
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5.2.1 Formulas for the closed orbits

It once again follows from Corollary 1.3.8 that there are |W/Wy| = 2"~ closed orbits, each
containing |Wx| = n! S-fixed points.

For w € W, define the (n — 1) x (n — 1) determinant
Ap_i(z,y, w) == det(cpyj—2i),

where

1
Crp = 5(6k(x1, s @) F e (Yur(1)s -5 Yui(m)s

ex, denoting the kth elementary symmetric function in the inputs. As usual, if w™(i) < 0,

Yw—1 () means _y|w—1 (@)]-

As in Subsection 4.2.1, for each w € W, define
Neg(w) := {i | w(i) <0},
and define the function ¢ : W — N by

glw)=">_ (n—1.

1€Neg(w)
Then formulas for the classes of closed K-orbits are as follows:

Proposition 5.2.1. Let Q) be a closed K-orbit on G/B represented by the S-fized point w.

Then [Q)] is represented by the polynomial
P(z,y) = (=1)YWA,_(z,y,w).

Proof. The proof is very similar to that for Proposition 4.2.1, except it is simpler, since we
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no longer have roots of the form 2Y; to deal with.
That P(z,y) is independent of the choice of w is argued identically. Also by a nearly
identical (but simpler) argument to the one given in the proof of Proposition 4.2.1, we see

that for any S-fixed point w € @),

Then for any u € W,

F(X) ifuw?t e Wk,

0 otherwise.

Arguing as in the proof of Proposition 4.2.1, the claim that P(xz,y) represents [()] can

then be seen to amount to the following claim regarding A,,_(x,y, id):
1. Tt is invariant under permutations of the x;, y;.

2. If ¢, = £1, then
An_l((Xl,...,Xn),<61X1,...,€an)7’id)

is zero unless all ¢; are equal to 1, in which case it is equal to

[+ x5).

i<j
That A,_1(z,y,id) has these properties is noted in [Ful96b]. O

Remark 5.2.2. We remark once again that the similarity between these formulas and the
formulas of [Ful96b] for classes of Schubert loci in flag bundles is not a coincidence. Indeed,

as in the type C case, it is observed in [Wysllb] that certain of the K-orbit closures in
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this case, including all of the closed K-orbits, are Richardson varieties. This is applied in

[Wys11b] to give some limited information on type D Schubert calculus.

5.2.2 Parametrization of K\ X and the weak order
The following parametrization of K\ X is described in [MT09, MO90]:

Fact. K\ X is parametrized by the set of all skew-symmetric (n, n)-clans having the following

two further properties: If v = (¢y,...,ca,) is such a clan, then we require
1. ¢; # copi1-; whenever ¢; € N.

2. Among (cy,...,c,), the total number of — signs and pairs of equal natural numbers is

even.

Indeed, as indicated by Theorem 1.5.8, these orbits are precisely the nonempty intersec-
tions of the GL(n,C) x GL(n, C)-orbits on the type A flag variety with X. Proofs are given
in Appendix A.

We now describe the weak order on K\ X in terms of this parametrization. For this, we
refer again to [MT09, MO90].

Order the simple roots as follows: o; =Y; =Y,y fort=1,....,.n—1,and o, = Y,,_1+Y,,.
Let v = (c1,...,c2,) be an (n,n)-clan having properties (1)-(3) of the previous proposition.
The situation for the simple roots aq, ..., a,_ is identical to that described for the type C'
pair (Sp(2n,C), Sp(2p,C) x Sp(2¢,C)). Rather than repeat that description verbatim, we
refer the reader back to Subsection 4.1.2.

Thus we need only consider the root «,,. The most concise way to describe the monoidal
action of s,, on @), is as follows: Let Flip(y) denote the clan obtained from +y by interchanging

the characters in positions n,n + 1. Then s,, - Q, = @+, where

v = Flip(sq,_, - Flip(7)).
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When n = 3, we have the following examples:

1. sy (+,+,+,——,—) = (+,1,2,1,2,4). We apply Flip to obtain (+,+,—,+, —, —),
act by ss on the result to obtain (+,1,1,2,2,4), and finally apply Flip once more to
obtain (+,1,2,1,2, +).

2. s3-(1,—,1,2,+,2) = (1,2,4, —,1,2). We apply Flip to obtain (1,—,2,1,+,2), apply

S9 to obtain (1,2, —,+,1,2), and apply Flip again to obtain (1,2, +,—,1,2).

3. 83+ (—,1,1,2,2,+) = (—,1,1,2,2,4). We Flip to obtain (—,1,2,1,2,+), apply s to
the result (which does nothing), and Flip again, which returns us to the clan we started

with.

In terms of complex and non-compact imaginary roots, this amounts to the following:

o, is complex for @, if and only if (¢,—1, ¢n, Cpy1, Cng2) satisfy one of the following:

1. ¢,_1 is a number, ¢,,5 is a (different) number, ¢, and ¢, are opposite signs, and the
mate for ¢,_; lies to the left of ¢,y (implying, by skew-symmetry, that the mate for

Cni2 lies to the right of ¢,42).

2. ¢,_1 and ¢, 4o are opposite signs, ¢, is a number, ¢, is a (different) number, and the
mate for ¢, lies to the left of ¢, (implying, by skew-symmetry, that the mate for ¢4

lies to the right of ¢,41).

3. Cn—1,Cn,y Cni1, Cnao are 4 distinct numbers, with the mate of ¢,,_; lying to the left of the
mate of ¢, (implying, by skew-symmetry, that the mate of ¢, lies to the left of the

mate of ¢,12).

On the other hand, «, is non-compact imaginary for @, if and only if (¢,—1, ¢», Crt1, Cny2) =

(+7+a I _> or (_7 ] +7+)
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From this, we can see once again that all edges in the weak order graph must be black.
Indeed, we can argue just as in Subsection 4.1.2 that for ¢ < n, if a; is a non-compact
imaginary root, it must be of type I. And since the cross action of s, is to interchange ¢,
with ¢,42, and ¢, with c¢,41, Sa, reverses one of the two above strings of four consecutive
signs in the event that a,, is non-compact imaginary for @,. Thus s,, x @, # @, and so

all non-compact imaginary roots are of type I.

5.2.3 Example

With this combinatorial description of the orbit structure and the weak ordering in hand,
consider the example n = 3. There are 10 orbits. See Figure B.12 of Appendix B for the
weak order graph.

As usual, the closed orbits are parametrized by the clans consisting only of signs. To
obtain an S-fixed representative of each, we simply take w € S5, to be the permutation which
assigns {1,...,n}, in ascending order, to the coordinates of the + signs, and {n+1,...,2n},
also in ascending order, to the coordinates of the — signs. The skew-symmetry of the clan
dictates that this gives a signed element of Ss,,, which corresponds to flag <ew(1), e ew@n)> €
X. We then take the signed permutation in W which corresponds to this signed element of
So,. This signed permutation is the one which assigns, for ¢ = 1,...,n, ¢ — =+, depending
on whether the sign in position ¢ is a 4+ or a —.

Since our formulas for classes of closed orbits are a bit complicated, we give a couple of

examples. For the orbit (+,+, 4, —, —, —), take w = id. Since g(w) = 0,
Cy C3
Qe +4-—0)] =
Co C1
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In this case, we have that
1
Cy = 5(551@ + 2123 + T3 + Y1y2 + Y1Y3 + Yays),

1
Cc3 = 5(%1’2373 + Y1Y2y3),
co=1, and
1
¢ = 5(331 + 2o + 23+ Y1 + Y2 + U3).

Thus we conclude that

[Q(+,+,+,—,—,—)] -

1 1
Z<x1332 + 2123 + Toks + Y1Ye + Y1ys + Y2us) (1 + o+ T3+ Y1 + Y2 +y3) — 5(9313623?3 + Y142ys3)-

In the case of [Q(— — 4 -+, taking w = 321, we have g(w) = 3. Thus

Cy C3
[Q(,7,7+’,,+7+)] ==
Co C1

Here,
1
Co = 5(;51@ + 1123 + ToT3 + Y1Y2 — Y1Y3 — Y2V3),
1
c3 = 5(561952373 + y1Y2y3),
Cyp = 1, and
1
c1 = §($1+$2+$3_y1 _y2+y3)'

Thus

[Q(—,—,-l—,—,-h-&-)] =
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1 1
—Z(%% + 2103+ ToT3 +Y1Y2 — Y1Ys — You3) (T1 T2+ T3 — Y1 — Y2 +Y3) + §($1$2x3 + Y112Y3)-

Formulas for the other two closed orbits are found similarly, and formulas for the higher
orbit closures are found by applying divided difference operators, as usual. All formulas

appear in Table B.12 of Appendix B.

53 K= S(02p+1,C)x0(2q—1,C))

We come now to our final example. For this case, we change our realization of G. We
now take G = SO(2n,C) to be the subgroup of SL(2n,C) which preserves the standard

(diagonal) quadratic form on C** given by

2n
i=1

Thus G is now the set of determinant 1 matrices g such that gg' = I,.
With this realization of G, the diagonal elements no longer form a maximal torus. We
take T' C G to be the maximal torus of G such that Lie(7T") = t consists of matrices of the

following form:

—Qaq 0

—Qa2 0

—a, | 0
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Let Y; € t* be the function defined by Y;(t) = a;, with ¢t a matrix of the above form. As

before, take the positive roots to be
o ={Yi£Y; | (i <))},

and let B C G be chosen so that the roots of Lie(B) are negative.
Let X = G/B be the flag variety, now one component of the variety of flags which are
isotropic with respect to the diagonal form (-, ).

We take K = GY to be the fixed points of the involution

0(9) = Iopt1.29-1912p+12g-1-

One checks easily that our chosen realization of G is stable under 0, that T is stable under

0, and that
A0
K=<k= AeO2p+1,C),Be€0O(2q—1,C),det(k) =1

>~ 5(0(2p +1,C) x O(2g — 1,C)).

This choice of K corresponds to the real form Gg = SO(2p+ 1,2¢ — 1) of G.
Note here that we are in an unequal rank case, with rank(K) =n — 1. We take S C T

to be the maximal torus of K such that s = Lie(.S) consists of matrices of the form
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—Qaq 0

0 Ap+2

—apy2 | 0

One checks easily that S is also stable under . We label coordinates on s as

le"'aXp7Xp+27"'aXna

with X;(s) = a; when s is a matrix of the above block form. With this choice of labelling,
the restriction map p : t* — §* is given by p(Y;) = X, for i # p + 1, and p(Y,+1) = 0.

The roots of K are as follows:

Pp ={xX; |i#p+1}U{E(X; £ X)) |i<j<porp+1<i<ij}

Just as in the examples of Subsections 3.1 and 5.1, this K is disconnected. However,

unlike in those cases, this time the closed K-orbits are nonetheless connected. Thus it
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will turn out that there is no need to concern ourselves with closed K-orbits versus closed
K = S(Pin(2p + 1,C) x Pin(2q — 1,C))-orbits, as here they coincide. However, because
we have not yet proved this, we concern ourselves first with the closed K-orbits. Each is a
closed K%-orbit, with K° = SO(2p + 1,C) x SO(2¢ — 1,C) the identity component of K.
Since S C K°, each is stable under S, and so has an S-equivariant class. We use our usual
methods to find formulas for these classes. We then concern ourselves with parametrizing
the K-orbits, at which point we will see that the closed K-orbits coincide with the closed
K9 orbits, or the closed K-orbits.

Let Wx be the Weyl group of K (or of K°, or of Lie(K)). Wx embeds in W as those
signed permutations of {1,...,n} which act separately on the first p elements {1,...,p}
and the last ¢ — 1 elements {p + 2,...,n}, changing any number of signs on each set, and
which either fix p + 1 or send it to its negative, whichever is necessary to guarantee that
the resulting signed permutation changes an even number of signs. There are 2" 'p!(g — 1)!

such signed permutations.

5.3.1 Formulas for the closed orbits

Since this is an unequal rank case, there will not be |W/Wk| closed orbits. We first use
Proposition 1.3.9 to determine how many closed K -orbits there are, and which S-fixed points

they contain.

Proposition 5.3.1. Let wB be an S-fixed point, with w € W. Then K -wB is closed if and

only if w(n) = £(p+1). There are (ngl) closed K -orbits.

Proof. We use the characterization of closed orbits given in Proposition 1.3.9. Since we have
chosen B to be the negative Borel, the condition that wBw™! be f-stable is equivalent to
the condition that w®~ is a #-stable subset of ®. One checks easily that the action of 6 on

® is defined by 0(Y;) =Y, for i # p+1, and 0(Y,41) = —Y,4+1. Any positive system contains,
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for each 7 < j, exactly one of ¥; + Y and —Y; — Y, and exactly one of ¥; — Y, and —Y; + Y.
For 7, j # p+1, all such roots are fixed by 6. Thus for #-stability, it suffices to focus on roots
of the form +Y; =Y, 1,, with  # p+ 1. It is easy to check that a positive system is #-stable
if and only if it contains either {Y; — Y,41,Y; + Y41} or {=Yi 4+ Y,11, —Yi — Y, 41} for each
t#p+ 1.

This holds if and only if w(n) = £(p + 1). Recall that w®~ = {—wY; £ wY; | i < j}.
Suppose that w(n) = £(p+1). Let i # p+1 be given, with k = |w|™'(7). Then —wY}, £wY,
is either the set {Y; +Y,41,Y; — Y1} or {—Yi+ Y11, =Y, — Y, 1}, as required. Conversely,
suppose that |w(n)| = j # p+ 1. Let k = |w|~'(p +1). Then —wY} + wY,, is either the
set {=Yp11 +Y), =Y =Y} or {Yp11 + Y}, Y, — Y}, and thus w®™ is not A-stable. This
establishes the first claim.

To establish the claim on the number of closed orbits, note that any element v € W such
that u(n) = £(p + 1) is in the same left Wx-coset as a unique element w € W having the

following properties:
1. w changes no signs.
2. w(n)=p+ 1
3. w 1) <w H2) < ... <wi(p).
4. wtp+2) <wtp+3) <...<w Hn).

Recall that all elements of Wy are separately signed permutations of {1,...,p} and
{p +2,...,n}, which either fix p + 1 or send it to its negative so as to ensure that the
entire signed permutation changes an even number of signs. Supposing that, in the one-
line notation for w, the values 1,...,p (possibly with signs) are “scrambled”, then there is
precisely one signed permutation of {1,...,p} which will unscramble them and remove all

negative signs, and likewise for the set {p +2,...,n}. Taking w' € Wy to be the unique
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element which separately acts on {1,...,p} and {p + 2,...,n} as required, we have that
w'u = w.

As an example, suppose that p = ¢ = 3, and let u be the signed permutation 316254. To
unscramble the 312, we must multiply on the left by 1 + 2, 2 — 3, 3 — 1, and to unscramble
the 65 we must multiply on the left by 5 — 6,6 +— 5. Thus we multiply v on the left by
w' = 231465 to get w'u = w = 125364.

Note that a permutation w having the properties above is completely determined by the
positions (in the one-line notation) of 1,...,p among the first n — 1 spots, which can be

chosen freely. Thus there are (";1) such w, and hence (";1) closed K -orbits, as claimed. [

Definition 5.3.2. Let Q) € l~(\X be a closed orbit. Call the flag wB € @), where w has the

properties listed in the proof of Proposition 5.3.1, the standard representative of ().

For w € W such that wB is the standard representative of some closed orbit (), define
I, ={ie{l,...,n—1} |w(i) > p+1}.
For each 7 € I, define
Cl)=#{jli<j<n—-1w() <p}
Finally, define

flw) =) Cli).

1€ly

Then we have the following formula for the S-equivariant class of the closed orbit Q:

Proposition 5.3.3. Let () = K-wB be any closed orbit, with wB the standard representative.
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With f(w) defined as above, [Q] is represented by the polynomial

P(;p’ y) = (_1)f(w)y1 e UYn—1 H (ZL‘Z —+ wal(j))(ﬁi — wal(j)).
1<p<p+1<j

Proof. First consider p(w®™), the elements of s* obtained by first applying the standard

representative w to the positive roots, then restricting to s. They are as follows:

e X; (i # p+1), with multiplicity 2. (One is the restriction of w(Y; +Y,) = Yi,) + Yp11,

the other the restriction of w(Y; = Y,) = Yuu) — Yp41.)
o X;+ X, (1<j,1,7#p+1), with multiplicity 1.
e For each i < j with i,j # p+ 1, exactly one of £(X; — X), with multiplicity 1.
Removing roots of K, we have the following set of weights:
e X; (i # p—+1), with multiplicity 1.
o X;+ X, (1 <p<p+1<j), with multiplicity 1.
e For each i < j with i <p < p+1 < j, exactly one of £(X; — X;), with multiplicity 1.

Recall that w is an honest permutation, with no sign changes. This means that the
only way to get a weight of the form —(X; — X;) by the action of w is to apply w to some
Y =Y, (k <) with w(k) > w(l). (Clearly, we want k,[ # n.) For this root to remain after
discarding roots of K, it must be the case that w(k) > p + 1, while w(l) < p. Thus for
each k < n such that w(k) > p + 1 (this says that k € I,,), we count the number of [ with
k <1 < n—1 such that w(l) < p (this says that [ € C(k)). Adding up the total number
of such pairs as we let k range over I, we arrive at f(w). This says that the number of
weights of the form —(Y; —Y;) contained in p(w®™) \ (p(w®*) N k) is f(w).

Now we consider the set p(w'w®™) \ (p(w'wdt) N @k ) with w' € Wy, and compute the

restriction [@]|. at an arbitrary S-fixed point. Since the action of w’ on t commutes with
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restriction to s, and since w’ acts on the roots of K (and hence also on p(®) \ ), we can
simply apply w’ to the set of weights described in the previous paragraph. We temporarily
forget that some of those roots are of the form —(X; — X;) (i < j), and add the sign of
(—1)/™) back in at the end. So consider the action of w’ € Wg on the following set of

weights, each with multiplicity 1:
e X;(i#p+1)
e X, X, i<p<p+1<y)

Since w’ acts separately as signed permutations on {1,...,p} and {p + 2,...,n}, it
clearly sends the set of weights X; £ X; to itself, except possibly with some sign changes.
We observe that the number of sign changes must be even. Suppose first that w'(X; + X;)
is a negative root. Then it is either of the form —X; — X; or — X} + X, with £ = |w(i)|
and [ = |w(j)|. In the former case, w'(X; — X;) = —Xj + X, also a negative root. In the
latter, w'(X; — X;) = — X}, — X, again a negative root. Likewise, if w'(X; — X;) is a negative
root of the form —Xj, — X; or — X}, + X, then w'(X; + X) is also a negative root, equal to
— X 4+ X; in the former case, and — X — X, in the latter. Thus the negative roots arising
from the action of w’ on roots of the form X; + X; occur in pairs.

Now consider roots of the form X;, ¢ # p + 1. The action of w’ again preserves this
set of roots, except possibly with some sign changes. The number of sign changes could be
either even or odd. (Recall that w’ acts with any number of sign changes on {1,...,p} and
{p+2,...,n}, and sends p + 1 either to itself or to —(p + 1), whichever ensures that the
total number of sign changes for w’ is even.)

This discussion all adds up to the following. The product of the weights p(w'w®™) \

(p(wW'wdT) N Pg) is

Ol = (DO T x [ (G + X)X - Xp),

i#p+1 i<p<p+1<j
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where Neg(w') denotes the number of sign changes of w’ on the set {1,...,p,p+2,...,n}.
Thus we wish to prove that the polynomial P(x,y) has the properties that P(X, p(w'w(Y")))
is equal to this restriction for all w’ € Wi, and that P(X, p(uw(Y))) = 0 whenever u ¢ Wk.
Consider first the action of w'w on P(z,y) for w' € Wi. Since w sends the set {1,...,n—
1} to the set {1,...,p,p+2,...,n} with no sign changes, the action of w'w on y;...y,_1
is clearly to send it to (—1)Nes(") H Y;. Thus applying w'w to (—1)f®y, ... y,_; gives us

i#p+1
the portion

(_1)f(”~U)+Neg(w/) H X;
i#p+1

of the required restriction. Now consider the action of w'w on the term

I Gty )@= pe).

i<p<p+1<j

We get
[T X+ X)) (X = Xug):
1<p<p+1<j
Since w' acts as a signed permutation on {p + 2,...,n}, this is clearly the same as

[T &+x)06-X)),
i<p<p+1<j
giving us the remaining part of the required restriction.

Now, consider the action of uw on P(z,y) for u ¢ Wg. Suppose first that u(p + 1) #
+(p+1). Then u(i) = £(p+ 1) for some i # p+ 1. Let j = w=*(7). Then the action of uw
sends the term y; to £Y,.1, which restricts to zero. Now suppose that u(p+1) = £(p+1).
Then since u ¢ Wi, v must send some j > p+ 1 to i for some ¢ < p. If it sends j to ¢,
then uw applied to the term x; — y,,-1(;) is zero. If it sends j to —i, then uw applied to the

term x; + y,-1(;) is zero. This shows that P(X, p(uw(Y'))) = 0 for u ¢ W, and completes
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the proof. O]

5.3.2 Parametrization of K\ X and the weak order
The following parametrization of K\ X is described in [MO90)]:
Fact. The K-orbits on X are parametrized by the set of all symmetric (2p+1,2¢ — 1)-clans.

Indeed, as indicated by Theorem 1.5.8, these orbits are precisely the nonempty intersec-
tions of the K’ = GL(2p + 1,C) x GL(2q — 1,C)-orbits on the type A flag variety X’ with
X. See Appendix A.

Consider the closed K-orbits. In all cases prior to this one outside of type A, the closed
orbits have been parametrized by clans (satisfying some further combinatorial conditions)
consisting only of signs. This said that the closed orbits in those cases were the intersec-
tions of closed K’-orbits on X’ with X. Note here, though, that there are no symmetric
(2p + 1,2q — 1)-clans consisting only of signs. Thus no closed K’-orbits on X’ intersect X.
The lowest orbits in the closure order on K’\ X’ which intersect X lie one step above the
closed orbits in the order, and correspond to symmetric (2p + 1,2¢ — 1)-clans of the form
(1. yCn1, 1,1, Cpn, ...y Copn), With ¢q,...,¢,1 consisting of p +’s and ¢ — 1 —’s. The
closed K-orbits on X are parametrized by symmetric clans of this form. Note that there
are (”;1) such clans, thus (";1) closed K-orbits. This number is the same as the number
of closed K-orbits (see Proposition 5.3.1). This establishes our earlier claim that the closed
K-orbits coincide with the closed K-orbits. Thus there is no need in this case to describe
closed K-orbits as unions of K-orbits and add the appropriate formulas, as we have done in

other cases. Summarizing, we have the following result:

Proposition 5.3.4. The closed K-orbits on X coincide with the closed K -orbits on X.
Thus formulas for the S-equivariant fundamental classes of closed K-orbits are given by

Proposition 5.3.3.
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The weak order on K-orbits in this case corresponds to the weak order on symmetric
(2p + 1,2¢q — 1)-clans described in [MO90]. The combinatorics of this order are exactly the
same as those described in Subsection 5.1.4. We refer the reader back to that section, rather

than repeat the description here.

5.3.3 Example

Consider now the example p = 1, ¢ = 2, n = 3. The corresponding symmetric pair is
(SO(6,C),S(0(3,C) x O(3,C))). There are two closed orbits, corresponding to the clans
(+,—,1,1,—,+) and (—,+,1,1,4, —). One checks (for general p, ¢q) that the standard rep-
resentative of the closed orbit corresponding to v is wB, where w is the permutation which
assigns 1,...,p, in order, to the positions of the + signs among the first n characters of ~;
p—+2,...,n, in order, to the positions of the — signs among the first n characters of v; and
p+ 1 to position n. Thus the standard representatives of the closed orbits correspond to the

following permutations:
o (+,—,1,1,—,+): 132
o (— +,1,1,+,—): 312
By Proposition 5.3.3, formulas for the closed orbits are as follows:
* Q11— = nya(r1 +y2) (21 — 12)

o Q- 111,49 = —wmye(x1 +11)(x1 —11)

There are 13 orbits in all. The weak order graph appears as Figure B.13 of Appendix B.
The formulas for the remaining orbit closures, obtained using divided difference operators,

are given in Table B.13.
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Chapter 6

K-orbit Closures as Universal

Degeneracy Loci

In this chapter, we describe our main application of the formulas of Chapters 2-5. Namely,
in the type A cases, we realize the K-orbit closures as universal degeneracy loci of a certain
type determined by K. We describe a translation between our formulas for equivariant
fundamental classes of K-orbit closures and Chern class formulas for the fundamental classes
of such degeneracy loci. Lastly, we indicate that similar results should hold for the symmetric
pairs considered in types BC' D, given explicit linear algebraic descriptions of K-orbit closures
in those cases.

Before handling the specifics of each case, we first describe the general setup. Denote by
E a contractible space with a free action of G. Then F also has a free action of B, and of
K, by restriction of the G-action. We shall use the same space £ = EG = EB = EFK as
the total space of a universal principal G, B, or K-bundle, as appropriate. Denote by BG,
BB, and BK the quotients of E by the actions of GG, B, and K, respectively. These are
classifying spaces for the respective groups.

The reason we have worked in S-equivariant cohomology H§(G/B) throughout is to take
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advantage of the localization theorem. However, the equivariant fundamental classes of K-
orbit closures in fact live in K-equivariant cohomology Hj.(G/B). (In the event that K
is disconnected, this should be interpreted as Hj.(G/B), where K° denotes the identity
component of K.) Indeed, for a K-orbit closure Y, the S-equivariant class [Y]g is simply

the image 7*([Y]x) under the pullback by the natural map

7 Ex%(G/B) — E x* (G/B).

It is a basic fact about equivariant cohomology that this pullback is injective, and embeds
Hj(G/B) in H{(G/B) as the Wg-invariants ([Bri98]). Thus Hj;(G/B) is a subring of
H$(G/B), and the S-equivariant fundamental classes of K-orbit closures live in this subring.

Now, Hj(G/B) is, by definition, the cohomology of the space E x¥ (G /B), and this space
is easily seen to be isomorphic to the fiber product BK X g BB. (The argument is identical
to that given in the proof of Proposition 1.2.1 to show that E x° (G/B) = BS xpg BB —
simply replace S by K.)

Now, suppose that X is a scheme, and that V' — X is a complex vector bundle of rank
n. In type A, no further structure on V is presumed, while in types BC'D, V is assumed
to be equipped with an orthogonal (BD) or symplectic (C') form. In any event, we have
a classifying map X -2+ BG such that V is the pullback p*(V), where V¥ = E x¢ C" is a
universal vector bundle over BG, with C™ carrying the natural representation of G.

For any closed subgroup H of G, BH — BG is a fiber bundle with fiber isomorphic to
G/H. A lift of the classifying map p to BH corresponds to a reduction of structure group
to H of the bundle V. Such a reduction of structure group can often be seen to amount to
some additional structure on V. For instance, in type A, reduction of the structure group of
V from GL(n,C) to the Borel subgroup B of upper-triangular matrices is well-known to be

equivalent to V' being equipped with a complete flag of subbundles. (In Types BCD, this
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flag is required to be isotropic with respect to the form on V')

We will be concerned with certain structures on V' which amount to a reduction of
structure group to K. Such a reduction gives us a lift of the classifying map p to BK.
Suppose that we know what this structure is, and that V possesses this structure, along
with a single flag of subbundles F, (assumed isotropic in types BC'D). Then we have two

separate lifts of p, one to BK, and one to BB. Taken together, these two lifts give us a map
X -% BK xpg BB.

Our general thought is to consider a subscheme D of X which is defined as a set by linear
algebraic conditions imposed on fibers over points in X. These linear algebraic conditions
describe the “relative position” of a flag of subbundles of V' and the additional structure
on V amounting to the lift of the classifying map to BK. The varieties we consider are
precisely those which are set-theoretic inverse images under ¢ of (isomorphic images of)
K-orbit closures in BK xpg BB = E xX (G/B). The linear algebraic descriptions of such
a subscheme D come directly from similar linear algebraic descriptions of a corresponding
K-orbit closure Y. We also realize various bundles on X as pullbacks by ¢ of certain
tautological bundles on the universal space, so that the Chern classes of the various bundles
on X are pullbacks of S-equivariant classes represented by the variables z; and y; (or perhaps
polynomials in these classes), which we worked with in Chapters 2-5.

As explained in [Ful92, FP98], D can be given a scheme structure, simply as the scheme-
theoretic inverse image under the map ¢ above. When the setup is “suitably generic”, we

have

(D] =[67" (V)] = ¢"([Y]), (6.1)

and so our equivariant formula for [Y] gives us, in the end, a formula for [D] in terms of

the Chern classes of the bundles involved. The phrase “suitably generic” should be thought
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of as a requirement that the various structures on V' be in general position with respect
to one another. See [Ful92, FP98] for more details on the intersection-theoretic arguments
regarding precisely when (6.1) holds.

With the general picture painted, we now proceed to our specific examples.

6.1 Examples in type A

6.1.1 K =S(GL(p,C) x GL(q,C))

Suppose that we are given an n-dimensional vector space V', a complete flag
E.={EyCE,C...CE,}

of subspaces of V', and a splitting of V' as a direct sum of subspaces of dimensions p and
qg,ie. V=V @ V" Let m:V — V' be the projection onto V'. Let v = (¢1,...,¢,) be
a (p, q)-clan. Recalling the notation and results of Subsection 2.1.2, we make the following

definitions:

Definition 6.1.1. Let V = V' & V" be as described. We say that a flag F, on V is in

position v relative to the splitting V' ® V" if the following three conditions hold for all
1,7:

1. dim(E; N V') = ~(i;4)

2. dim(E; NV") = ~(i; —)

3. dim(m(E;) + E;) = j +7(i; j)

We say furthermore that a flag F, on V is in position at most v relative to the

splitting V' & V" if the following three inequalities hold for all 4, j:
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1. dim(E; N V') > ~(i;+)
2. dim(E; N V") > ~(i;—)
3. dim(n(FE;) + E;) < 5 +7(i; )

Recall (Subsection 2.1.2) that given a (p, ¢)-clan +, the corresponding orbit @), is precisely

Qy = {E. | E, is in position vy relative to C (e, ..., e,) & C(eps1, ..., en)}

We conjecture here, without proof, the following set-theoretic description of the orbit

closure Y, = Q_7:

Conjecture 6.1.2. Given a (p,q)-clan v, the orbit closure Y, is precisely

Y, ={E. | E. is in position at most y relative to C (ey,...,e,) & Clepi1,...,en)}.

Remark 6.1.3. Conjecture 6.1.2 has been verified to be true using Sage through p+ ¢ = 8.
(The method used is to actually build the full Bruhat order graph consisting of (p, ¢)-clans,
and check whether relation of clans 1,7, in this Bruhat order graph is equivalent to the
conditions on the numbers 7, (i;+), 72(7; +), etc. which amount to Conjecture 6.1.2 being

true.)

Assuming Conjecture 6.1.2, we now wish to define a set of degeneracy loci occurring
as set-theoretic inverse images of such K-orbit closures. The setup in this case involves a
scheme X equipped with a vector bundle V' carrying a complete flag of subbundles and a
splitting as a direct sum of subbundles of ranks p and ¢, i.e. V = V' & V”. The latter
structure is relevant because it amounts to a reduction of the structure group of V' from G

to K:
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Proposition 6.1.4. Suppose X is a scheme and suppose that V- — X 1is a vector bundle.
The classifying map X —2- BSL(n,C) lifts to BK if and only if V' splits as a direct sum of

subbundles of ranks p and q.

Proof. (<): Suppose that V = V' @ V" with V' of rank p, and V" of rank ¢. Let {U,}
be an open cover of X over which both V' and V" are locally trivial (say by taking the
common refinement of the open covers associated to atlases of V' and V). Over each U,,
we can choose a basis of sections s1,, ..., 5, for V' and a basis of sections sp.1,4,--.,Sn.a
for V", with s; 4(z) = (z,¢;) for x € U, (ey,..., e, the standard basis for C"). Then s, , for
i =1,...,n are a basis of sections for V. The gluing data for V' and V" dictates that for

.TEUang,

p
sia(2) = Xijs;s(x)
=1

fori=1,...,p, and

sialz) = D Aijsjs(x)

Jj=p+1
for i = p+1,...,n. This defines a family of transition functions for V', associating to x €
U, NUg the matrix (\; ;) € GL(p,C) x GL(q,C). Thus the classifying map for V =V'@ V"
lifts to BK.

(=): Conversely, suppose that V' admits a reduction of structure group to K. Let
{Uq, ha} be an atlas for V' whose transition functions take values in K. Then there are sec-
tions S1.4,...,8pq a0d Spi1q, ..., Sy satisfying linear relations of the above form, more or
less by definition. Taking the sections s1 4, ..., Spq, together with gluing information deter-
mined by composing the transition functions 7, g of V' with projection to GL(p,C), we have
the data of a rank p subbundle of V. Likewise, taking the sections sp;1q, ..., Sy together
with gluing information determined by composing the 7, g with projection to GL(q,C), we
have the data of a rank ¢ subbundle V”. Clearly, V' and V" are in direct sum, by construc-

tion. -
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With this established, let V' — X be a vector bundle possessing a complete flag of
subbundles F, and a splitting V =V’ & V" as a direct sum of subbundles of ranks p and q.

Let v be a (p, g)-clan, and define
D, :={zx € X | Fy(x) is in position at most v relative to the splitting V'(z) & V" (z)}.

We now describe how to use the formula for the equivariant class [Y,] to obtain a formula
for the fundamental class [D.,] of this locus in terms of the Chern classes of V', V" and
F/Fiy (i=1,...,n).

As described in the introduction to this chapter, the splitting of V' as a direct sum of

subbundles, together with the complete flag of subbundles, gives us a map
X -2 BK xpg BB.

Our first task is to see that D, is precisely qb’l(?;), where i/: denotes the isomorphic
image of £ x® Y, in BK Xpg BB.

First, note that G/K can naturally be identified with the space of splittings of C™ as
a direct sum of subspaces of dimensions p and ¢, respectively. Indeed, G acts transitively
on the space of such splittings, and K is precisely the isotropy group of the “standard”
splitting of C" as C(ey,...,e,) & C(epi1,...,€,). Now BK is a G/K-bundle over BG, and
a point of BK lying over eG € BG should be thought of as a splitting of the fiber V.,
where V = E x% C" is the universal rank n vector bundle over BG. Specifically, the point

egK € BK over eGG € BG is the splitting of V.4 as the direct sum

C([eug ' 61]7 SR [679 ' ep]> @C<[€,g : ep—i—l])' s [eag ' en]> .
Note that BK carries two tautological bundles, say S” and S”, of ranks p and ¢ respectively,
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which sum directly to 73V, where mg is the projection BK — BB. The fiber of &’ (resp.
S") over a point egK is the p-dimensional (resp. ¢-dimensional) summand of the splitting
of V.o determined by that point.

Similarly, BB is a G/B-bundle over BG, with a point of BB representing a complete

flag on V.. Specifically, the point egB € BB is the flag

<[€a9‘€1],---,[e,g-en]).

The space BB carries a complete tautological flag of subbundles of 75V (75 the projection
BB — BG), say T,. The fiber of 7; over a point egB € BB is simply the ith subspace of
the flag on V,.s determined by that point.

Thus a point of BK X gg BB should be thought of concretely as a pair consisting of a
splitting and a flag of a fiber of V. Now let v be a (p, ¢)-clan, with Y, the corresponding
K-orbit closure on G/B. Assuming Conjecture 6.1.2, we now note that the isomorphic image
of E x¥Y, is precisely the set of points consisting of splittings and flags where the flag is
in position at most v relative to the splitting. Indeed, a point [e, gB] € E xX Y, (with the
flag gB = (g -e1,...,9 - e,) in position at most 7 relative to the standard splitting of C") is
carried by the isomorphism E x% G/B — BK xpg BB to the point (eK,egB). This point
represents the standard splitting of V., along with the flag gB on V.g. Thus the flag is in
position at most 7y relative to the splitting, since gB € Y,. On the other hand, any such
point in BK Xpg BB is of the form (eK,egB) for some e € F and g € GG, which is then
carried back to the point [e,¢gB] € E x* Y, by the inverse isomorphism.

Now, consider the map ¢. If p is the classifying map X — BG for V', denote by px and
pp the lifts of p to BK and BB, respectively. The subbundles V' and V" are the pullbacks

S, p3S” of the tautological bundles on BK mentioned above. Likewise, the flag E, is
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p5Te. The map ¢ sends x € X to the pair
(8 (px(x)) ® S"(px (2)), To(pp(x)) = (V'(z) & V" (2), Fo(2)).

In light of this, we see that ¢(z) € i\/; if and only if F,(x) is in position at most 7 relative
to the splitting V'(z) @ V”(x). This says that gzﬁ_l(?:,) is precisely the locus D, defined
above. Thus, assuming the situation is suitably generic, as described in the introduction to
this chapter, we have that [D,]| = qb*([?;]) Again we mention that the genericity should be
thought of as requiring that our splitting and our flag of subbundles are in general position
with respect to one another.

Our next task is to relate the classes xy,...,2pn,Y1,...,¥Yn, in terms of which we have
expressed the equivariant classes of K-orbit closures, to the Chern classes of the bundles V",
V" and F;/F;_; (i=1,...,n) on X. The space (G/B)x = E x¥ G/B carries two bundles
St and S%- of ranks p and ¢, respectively. Explicitly, the bundle S is (E x5 C (ey, ..., €,)) X
G/ B, while the bundle S%. is (Ex®XC (€41, . .., e,)) x G/B. When pulled back to (G/B)s via
the natural map (G/B)s — (G/B)k, these two bundles split as direct sums of line bundles.
St splits as a direct sum of (E x° Cx,) x G/B fori = 1,...,p, while S} splits as a direct
sum of (E x° Cy,) x G/B for i = p+1,...,n. Recall that the classes 7; € H%(G/B) are
the first Chern classes of these line bundles. So the pullbacks of the Chern classes of S} and
St are the elementary symmetric polynomials in z4,...,x, and x,41,...,2,, respectively.

Since the pullback is an injection, when we consider Hj(G/B) as a subring of H%(G/B),

the Chern classes ¢1(S%), ..., ¢, (S%) are identically ey (z1,...,2,),...,ey(z1,...,2,), while
the Chern classes ¢1(Sy), ..., c,(Sk) are e;(Tpi1, .., 2p), ..., €q(Tps1,- .., Ty). The bundles

St and S7. are identified with the bundles &’ and §” on the isomorphic space BK X pg BB,
and as we have noted, the latter two bundles pull back to V' and V", respectively. Thus

pulling back elementary symmetric polynomials in the x; to X gives us the Chern classes of
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the bundles V'’ and V.

Now, consider the classes y;. G/B has a tautological flag of bundles T,. Each bundle in
this flag is K-equivariant, so that we get a flag of bundles (T,)x = E x% T, on (G/B)g.
This flag pulls back to a tautological flag (T3)s on (G/B)s whose subquotients (7;)s/(Ti-1)s
are the line bundles E x° (G xBZ Cy,). Recall that the classes y; are precisely the first Chern
classes of the latter line bundles. The bundles (7,)x match up with the bundles 7, on
BK X pg BB via our isomorphism, and as we have noted, the latter bundles pull back to the
flag F, of bundles on X. Thus when we pull back to X, the class y; is sent to ¢ (F;/Fi_1)
fori=1,...,n.

As an illustration, suppose we have a scheme X and a rank 4 vector bundle V" — X.
Suppose that V' splits as a direct sum of rank 2 subbundles (V = V' @ V"), and suppose
further that V' is equipped with a complete flag of subbundles (Fy C F, C F3 C V).
Let z1, 29, 23,24 be c1(V'), co(V"), c1(V"), co(V"), respectively. Let y; = ¢(F;/F;,_y) for
i=1,2,3,4. For any (2, 2)-clan 7, we can use the example of Subsection 2.1.3 to give Chern
class formulas for the class of any locus D, in terms of the z; and y;.

For instance, consider the clan v = (+,+, —.—). The formula for [Y,], when expanded

and regrouped conveniently, gives

(129)* — (21 422) (2122) (Ys+ya) +(2122) (y3+4a)* — (21422) (y3ya) (Y3 ) +(2T+23) (y3y2) + Y503 -

We have seen that, through all our identifications, x; + x5 pulls back to zy, and zi25 pulls

back to zo. Thus the conclusion is that

(D)) =25 — z122(y3 + ya) + 22(y3 + ya)* — 219394 (ys + ya) + (27 — 222) (Y3ya) + Y3Y5-
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One checks that this factors as

[D(+,+,—,—)] = (Zly4 — Z2 — yi)(21y3 — 22 — yg)

Remark 6.1.5. The author wonders whether loci of this type occur “in nature”. That is,
are there interesting varieties which can be realized as loci of the type we have described
here? In particular, is condition (3) of Definition 6.1.1 an interesting geometric condition to
place on a degeneracy locus of this type?

There are some instances in which condition (3) turns out to be redundant. Indeed,
in [Wyslla], it is noted that a number of the K-orbit closures can be described without
need of condition (3). Such orbit closures are Richardson varieties, intersections of Schubert
varieties with opposite Schubert varieties. In such cases, formulas for the corresponding
loci can actually be deduced from the results of [Ful92], since they are (proper, reduced)
intersections of two degeneracy loci treated by the results of that paper. We note, however,
that the Chern class formulas one gets from doing the computation that way are different
from those we obtain here using our K-orbit formulas.

In cases where condition (3) is needed, the author sees no apparent way to deduce
formulas for the corresponding locus from Fulton’s results, since condition (3) is not really

a “Schubert-like” condition.

6.1.2 Other symmetric subgroups in type A

Here, we treat the remaining cases in type A. Because they are all so similar, we describe
them here together rather than giving each example its own subsection.

We start first with the full orthogonal group. Recall (Subsections 2.2.2, 2.3.2) the
parametrization of K-orbits in this case. Namely, the orbits are parametrized by involu-

tions in S,,. Moreover, if v is the quadratic form for which K is the isometry group, and if
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b € S, is an involution, then the orbit O, admits the following linear algebraic description:

Oy :={F, € G/B | rank(y|r,xr;) = r5(i, j) for all 4, j}.

We now give linear algebraic descriptions of the orbit closures. Recall (Proposition 1.5.6,
Remark 1.5.7) that when the Richardson-Springer map is injective, the full closure order on
the set of twisted involutions is precisely the restricted Bruhat order. Recall also (Subsection
2.2.2) that one passes from the set of twisted involutions to the set of honest involutions via
multiplication by the long element wy, which inverts the Bruhat order. From this it follows
that when K\G/B is identified with the set of involutions in S,,, its closure order is precisely
given by the reverse Bruhat order on these involutions. Given this, it is easy to see that O,
is precisely

Oy := {F. € G/B | rank(y|r,xr,) < 15(i, ) for all i, j}. (6.2)

Indeed, one need only use the definition of the Bruhat order on S, given in [Ful97,
§10.5], formulated in terms of the rank numbers 74(4, j). This definition is easily seen to be
equivalent to other, more “standard” definitions of the Bruhat order ([Ful97, §10.5, Exercises
8-9]).

For the sake of brevity, given a form v on a vector space V', together with a flag F, on
V', we say that v “has rank at most b on the flag F,” if the flag satisfies the conditions of
(6.2) relative to .

The space BK is a G/K-bundle over BG, with G/K the space of all nondegenerate,
symmetric bilinear forms on C". This correspondence associates to the coset K € G/K the
form g - 7, with

g-(,w) =7(g""v, g7 w).
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The form ~ is the one associated to the coset 1K, and is defined by

7(61‘7 ej) = Oin41—j

where ey, ..., e, is the standard basis for C*. Then a point e € BK can naturally be
identified with a quadratic form on the fiber V.5 in the following way: Let vq,...,v, =

le,eq],...,[e,en] € E X% C" be a basis for Vg, and define the form associated to eK by

</Ui7 Uj> = 5i,n+1fj-

It is a standard fact that a vector bundle V' — X of rank n admits a reduction of structure
group to O(n,C) if and only if the bundle carries a nondegenerate quadratic form. By this
we mean a bundle map Sym?(V) — X x C which restricts to a nondegenerate quadratic
form on every fiber. (We will always assume our forms take values in the trivial line bundle.)
If p: X — BG is a classifying map for the bundle V| then the lift of p to BK sends
z € X to the point of BK which represents the form [y, = 7|y, ,, on the fiber V,). Then
7 is effectively pulled back from a corresponding “tautological” form 7 on 7*V — BK (w
the projection BK — BG), whose values on the fiber of 7*V over every point of BK are
identified by the point itself.

A lift of p to BB is equivalent, as in the last subsection, to a flag F, of subbundles of the
bundle V. Thus we see that given a vector bundle V' (with classifying map p) equipped with
a quadratic form v and a complete flag of subbundles F,, we get amap ¢ : X — BK xgo BB
which sends x € X to the point (7|,@), (Te)p@) = (Y|vi, (Ea)a)-

We now note that if Y, = O, C G//B is a K-orbit closure, then the isomorphism between
E x¥(G/B) and BK x g BB carries E xXY}, to the set of all (Form, Flag) pairs where the
form has rank at most b on the flag. Indeed, given gB € Y}, the point [e,gB] € E xX Y} is

carried to the point (eK,egB) € BK X pg BB. This point represents the antidiagonal form
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on Vg relative to the basis [e,eq], ..., [e, e,], together with the flag gB on V.g relative to
that same basis. Then the form has rank at most b on the flag, by choice of gB. On the
other hand, any point (eK,egB) € BK Xpg BB where the antidiagonal form on V.o has
rank at most b on the flag gB is matched up with the point [e, gB], clearly an element of
E xKY,.

Given this, along with our description of the map ¢, we see that given a vector bundle

V over X with a form and a flag, and an involution b, the locus
Dy = {z € X | 7|y, has rank at most b on (F,),} (6.3)

is precisely ¢_1(l7},), with Y; the isomorphic image of E xX Y, in BK xpg BB. Thus
generically, the class of such a locus is given by [Dy] = qﬁ*(?},) As explained in the previous
subsection, the classes y; € Hy(G/B) pull back through ¢ to the Chern classes ¢;(F;/F;_1).
Thus a formula for the equivariant classes of the K-orbit closure Y}, which we note involves
only the y variables, can be viewed as giving a formula for [Dy] in terms of the Chern classes
c1(F;/F;_q).

Note that the above analysis applies to the case G = GL(n,C), K = O(n,C). The case
G = SL(n,C), K = SO(n,C) is identical in the event that n is odd, but a bit different in
the case that n is even. We address this in a moment. First, we point out that the above
analysis applies equally well to the case of G = SL(2n,C), K = Sp(2n,C), with only very
minor modifications. The orbit closures in that case are parametrized by fized point-free
involutions, and descriptions of their closures are identical to those of (6.2) when + is taken
to be the skew form for which K is the isometry group. A lift of the classifying map to
BK then amounts to a nondegenerate skew form on the bundle V| by which we mean a
bundle map /\2(V) — X x C which restricts to a nondegenerate skew form on each fiber.

Given such a form, along with a flag of subbundles of V', one can define a degeneracy locus
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D, C X associated to a fixed point-free involution b just as in (6.3) above. And just as
above, our formulas for the equivariant classes of K-orbit closures (which again involve only
the y variables) pull back to a formula for [Dy] in the Chern classes of the subquotients of
the flag.

We now address the case of (SL(2n,C),SO(2n,C)). In the even case, each O(2n,C)-
orbit on GL(n,C)/B associated to a fixed point-free involution splits as a union of two
SO(2n, C)-orbits, so that each O(2n, C)-orbit closure has two irreducible components, each
the closure of a distinct SO(2n, C)-orbit. Thus a formula for the class of an SO(2n,C)-
orbit closure associated to a fixed point-free involution b should pull back to a formula for
an irreducible component of the locus Dy, defined as in (6.3). Note (see, e.g., Table B.5)
that our formulas for equivariant classes of SO(2n, C)-orbit closures associated to involutions
with fixed points involve the y-variables only, but the formulas for equivariant classes of orbit
closures associated to fixed point-free involutions typically also involve the class 1 ...x,.
We now identify this class as pulling back to an “Euler class” e € H*(X) associated to our
bundle with quadratic form.

The Euler class of a rank 2n complex vector bundle V' — X with nondegenerate quadratic
form is a class e € H*"(X) which is uniquely defined up to sign by the following property: If
W — Y is any rank 2n complex vector bundle with nondegenerate quadratic form, possessing
a maximal (rank n) isotropic subbundle F, and if p : Y — X is a map for which W = p*V,
then p*(e) = +c¢,(FE). In particular, the space BK carries the bundle V (omitting the
pullback notation), equipped with a “tautological” nondegenerate quadratic form, as we
have already noted, so there is an associated Euler class in H**(BK). (For the interested
reader, we mention that this class is the Euler class — in the sense of [MS74, §9] — of a rank
2n real bundle on BK whose complexification is V. The real bundle in question is pulled
back, through a homotopy equivalence BSO(2n,C) — BSO(2n,R), from the canonical rank

2n real bundle Vi on the latter classifying space.) The Euler class of V' — X is the pullback
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of this class in H*"(BK) through the classifying map. Note that it exists even in cases where
V' does not carry a maximal isotropic subbundle. This class is not a polynomial in the Chern
classes of V. (This could indicate that the equivariant classes of SO(2n, C)-orbit closures on
G/ B associated to fixed point-free involutions are not expressible in the y-variables alone.)
These facts are explained further in [EG95] where, among other results, the existence of an
algebraic Euler class of a Zariski-locally trivial bundle with quadratic form is established.

Now, note that the class z; ...z, € H5(G/B) is (the pullback to H5(G/B) of) ¢,(B;_, Lx,)
in the notation of Subsection 1.2, Proposition 1.2.1 (again omitting pullback notation). The
bundle @, Ly, is a maximal isotropic subbundle of the pullback of V to BS through the
projection BS — BK. Thus z; ...x,, viewed as a class in Hj;(G/B), is an Euler class for
V. Pulling all the way back to X through the classifying map, we see that ¢*(x...xz,) is
an Euler class for the bundle V' — X.

Summarizing, our formulas for the equivariant classes of SO(2n, C)-orbit closures can be
interpreted as formulas for the fundamental classes of irreducible components of degeneracy
loci Dy, (b a fixed point-free involution) defined as above, expressed in the first Chern classes
of the subquotients of the flag of subbundles, together with an Euler class for the bundle

with quadratic form.

6.2 Notes on other types

Each of the symmetric pairs we have considered in types BC'D should give similar degeneracy
locus formulas to those we have described above in type A. The setup should be roughly as
follows: One starts with a vector bundle V' over a scheme X, equipped with a non-degenerate
quadratic (types BD) or skew (type C) form, along with a flag of subbundles which is
isotropic/Lagrangian with respect to that form. The form amounts to V' having structure

group G = SO(n,C) or Sp(2n,C), as we have discussed, while the flag corresponds to a
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lift of the classifying map for the bundle to BB. One should then determine the additional
structure on the bundle which amounts to a lift of the classifying map to BK. In the cases
where K is S(O(p,C) x O(q,C)) or Sp(2p,C) x Sp(2¢,C), this should be a splitting of
the bundle as a direct sum of two subbundles of the appropriate ranks such that the form
restricts to each summand non-degenerately. In the cases where K = GL(n,C), it should
be a splitting of the bundle as a direct sum of two rank n subbundles which are orthogonal
complements with respect to the form.

Given such a setup, one should be able to parametrize subvarieties of X determined by
imposing linear algebraic conditions on the fibers of V' relative to all of these structures, as
we have just described in type A. The linear algebraic conditions one must impose should
correspond to the linear algebraic conditions defining K-orbit closures. We do not carry this
out explicitly here, since it is not clear at this time exactly what linear algebraic conditions
define the K-orbit closures in the cases outside of type A. As we have noted, in all cases
outside of type A, the K-orbits are the intersections of GL(p,C) x GL(q,C)-orbits on the
type A flag variety with a smaller flag variety of type BC'D (for some appropriate choice of

p,q). One would hope that this carries over to orbit closures — i.e.

Question 1. For K a symmetric subgroup in types BC'D, are the K-orbit closures in-
tersections of the corresponding GL(p,C) x GL(q,C)-orbit closures with the smaller flag

variety?

The answer to this question is not obvious. In fact, if one considers the analogous question
for Schubert varieties, the answer is “yes” in types BC', but “no” in type D. Combinatorially,

we are asking the following question:

Question 2. For K a symmetric subgroup in types BCD, is the poset K\G/B (equipped
with the full closure order) poset-isomorphic to the corresponding subposet of GL(p,C) x
GL(q, C)-orbits?
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Approaching the matter from this combinatorial perspective would be one possible ap-
proach to answering Question 1. Question 2 should be relatively easy to answer in the
affirmative in cases where the weak closure order on K\G/B is visibly the restriction of the
weak closure order on GL(p, C) x GL(g, C)-orbits.

However, this is not the case in all examples. Indeed, consider the pair (G, K) =
(SO(2n,C),GL(n,C)). The K-orbits corresponding to (1,1, —,+,2,2) and (1,+,2,1, —,2)
are related in the weak order. Indeed, the simple reflection s,, raises (1,1,—,+,2,2) to
(1,+,2,1,—,2). On the other hand, the GL(3,C) x GL(3,C)-orbits corresponding to these
(3, 3)-clans are not related in the weak order on GL(3,C) x GL(3,C)-orbits. It is the case,
however, that (1,1, —,+,2,2) is below (1,+,2,1, —,2) in the full closure order, so this does
not provide a negative answer to Question 2. Symmetric pairs where the weak order on
K\G/B does not correspond to the restricted weak order on GL(p,C) x GL(q,C)-orbits
may be a bit more difficult to analyze combinatorially.

In cases where the answer to Question 1 turns out to be “yes”, then assuming Conjec-
ture 6.1.2 is true, the K-orbit closures would be described exactly by the linear algebraic
conditions of Conjecture 6.1.2, simply restricting attention to flags which were isotropic or
Lagrangian with respect to the appropriate form. In cases where the answer to Question 1
is “no” (if, indeed, there are any such cases), then one would hope to be able to give some
alternative linear algebraic description of the orbit closures as sets of isotropic/Lagrangian
flags, and then describe degeneracy loci by compatible linear algebraic conditions on fibers
of a vector bundle over a scheme. Assuming such cases even exist, it is not at all clear what
these linear algebraic descriptions might be.

We leave these questions open for now, and hope to address them in future work.
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Appendix A

Proofs of the correctness of the orbit

parametrizations in types BCD

In this appendix, we give a case-by-case proof of the correctness of the parametrizations of
orbit sets described in all cases outside of type A. This includes the proof of Theorem 1.5.8.
In each of these cases, we have made the claim that the K-orbits on G/B are parametrized
by some subset of the (p, ¢)-clans (for some appropriate p, q) possessing one or more special
combinatorial properties. We now indicate how this can be proved.

In all of these cases, the involution # on G for which K = G? is the restriction of an
involution # on G’ = GL(n, C) for some n, for which K’ = (G")? = GL(p,C) x GL(q, C) for
some p,q. Then K = GN K, so that the intersection of a K'-orbit on X’ = G'/B’ with X, if
non-empty, is clearly stable under K and hence a priori is a union of K-orbits. The K’-orbits
on X' being parametrized by (p, ¢)-clans, one may ask for combinatorial conditions on the
(p, q)-clan ~ which amount to @) N X # (). Once one has determined such combinatorial
conditions, then the next question is, given a clan v satisfying these combinatorial conditions,
is the K-stable set (), NX a single K-orbit, or a union of multiple K-orbits? If it is always a

single K-orbit, then the K-orbits are clearly in 1-to-1 correspondence with the K’-orbits on
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X" which meet X, and thus are parametrized by the (p, ¢)-clans satisfying the appropriate
combinatorial conditions. As indicated in the introduction, we have chosen our symmetric
pairs (G, K) precisely so that this is always the case.

By what we have said so far, then, it is clear that to prove the correctness of the

parametrizations of K\ X in any case in type BC'D, we must do the following two things:

1. Prove that a K'-orbit ), intersects X if and only if the corresponding clan « has the

specified combinatorial properties.
2. Prove that each such non-empty intersection is a single K-orbit.
We first establish (1) on a case-by-case basis, then we deal with (2).

Proposition A.0.1. In each case outside of type A, the K'-orbit ), corresponding to the
clan ~ intersects X if and only if v has the combinatorial properties specified in all of our

parametrizations.

A.1 Case-by-case proof of Proposition A.0.1

We indicate the details of each case. We start with the type C' pairs, since adequate proofs
for those cases have already appeared in the literature. For these, we simply indicate the
appropriate reference. We then move on to the type B case, which is a bit complicated, and
then handle the type D cases, each of which is very similar to either a type C case or the

type B case.

A.1.1 (Sp(2n,C),Sp(2p,C) x Sp(2¢,C))

Here, the goal is to prove that the GL(2p,C) x GL(2¢,C)-orbit @), corresponding to the

(2p, 2q)-clan v = (¢q, . .., c2,) meets X if and only if
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1. v is symmetric; and
2. ¢; # Copy1—; Whenever ¢; € N.

The “only if” portion is [Yam97, Proposition 4.3.2], while the “if” portion is [Yam97, The-
orem 4.3.12]. The statement of the latter result also spells out how to find a representative
of @, N X. It amounts to choosing a representative of (), using the algorithm described in

Subsection 2.1.2, in a certain way so as to always produce a Lagrangian flag.

A.1.2 (Sp(2n,C),GL(n,C))

Here, we must prove that the GL(n,C) x GL(n, C)-orbit (), corresponding to the (n, n)-clan
~v meets X if and only if v is skew-symmetric.

The “only if” portion is [Yam97, Proposition 3.2.2]. The “if” portion follows from [Yam97,
Theorem 3.2.11]. Again, the latter result indicates how one can choose a representative of

@, using the algorithm of Subsection 2.1.2, so as to always produce a Lagrangian flag.

A.1.3 (SO(2n+1,C),S(0(2p,C) x O(2¢ +1,C)))

Here, we must prove that the K’ = GL(2p,C) x GL(2¢q + 1,C)-orbit )., corresponding to
the (2p,2q + 1)-clan v meets X if and only if 7 is symmetric. In this case, K’ should be
realized as the fixed points of the involution int(,2411,)-

The proof that v must be symmetric is identical to the one given in [Yam97, Proposition
4.3.2] for the case (G, K) = (Sp(2n,C), Sp(2p, C) x Sp(2q,C)), alluded to above. Of course,
in the proof of that proposition, the (2p, 2¢)-clan v = (¢y, . . ., ¢2,,) representing a G L(2p, C) x
GL(2q,C)-orbit is also shown to have the additional property that ¢; # c9,.1-; whenever
¢; € N. This does not hold in the present case; in fact, all symmetric (2p,2q + 1)-clans
correspond to orbits which meet X, even those containing matching natural numbers in

positions (i,2n + 2 — i) for some (or for many) i. We see this presently.
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The other implication involves finding an isotropic representative of the K’-orbit ), in
the event that v is symmetric. One might naively hope that it is possible, as in other cases,
to choose an isotropic representative of (), using the algorithm of [Yam97] described in
Subsection 2.1.2. However, this is not the case, as one can see even in very small examples.
Thus we must describe a way to take one of these representatives and “move” it by an
element of K’ to produce a flag that is isotropic. This is easier to do in the more typical
setting, where G = SO(2n + 1,C) is realized as the isometry group of the diagonal form -
that is,

G={geSL22n+1,C) | g¢' = Id}. (A.1)

So until further notice, let
G'=GL(2n +1,C);0 = int(Iypsqs1); K = (G") = GL(2p,C) x GL(2q + 1,C)

(as in Subsection 2.1); and let
G=8S02n+1,C);0=0|a; K =G’ =GnK' = 5(0(2p,C) x O(2¢+ 1,C)),

with SO(2n + 1,C) realized as in (A.1) above. We will describe how to move one of the
representatives of [Yam97] by K’ to produce an isotropic flag (with respect to the diagonal
form). After doing so, we will describe how to conjugate everything back to our preferred
realization.

Suppose that we are given a symmetric (2p,2q + 1)-clan «, and suppose that from that

clan we produce the representative

‘/. = <’U17 e ;U2n+1>
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using Yamamoto’s algorithm. We shall say how to modify each vector v; so as to produce
an isotropic representative of the orbit ),. Our modification of each v; is accomplished
by specifying a way to send each standard basis vector e; to a linear combination of basis

vectors
2n+1

ej Z AL€,
k=1
where A\, = 0 for k£ > 2p if j < 2p, and where A\, = 0 for & < 2p if j > 2p. (Note that this
simply specifies an element of K’ by which to act on the flag V, to produce an isotropic flag.)

Where to send each vector v; will depend upon the character in the ¢th position of the
clan. Further, if that character is a natural number, it will also depend upon the position in
which the matching natural number appears. We break this down by cases:

Case 1: ¢; = £. First, note that because the clan ~ is symmetric, either a + or a - must
appear in position n + 1. So, in the event that ¢ = n 4 1, we know that v; = e; for some j.
In this case, we simply leave e; alone: e; — e;.

If ¢ # n + 1, then again we have v; = e; for some j, and also that vy,42_; = €j for some
k. If ¢; = +, then 7,k < 2p, and if ¢; = —, then j,k > 2p + 1. In either event, we should
send

ej — e; +ieg, and
ey —r € — i€y,

Thus, if 4 7A n —+ 1, Vi = €5 + z'ek, and Von42—i —7 €5 — 1€).
Case 2: ¢, € N, and copp2-; = ¢;. In this case, we know that v; = e; + e;, and

Vont2—i = €; — e, for some j < 2p and kK > 2p + 1. Then we should send
ej — e, and

e > e,
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hence sending

v; > €5 + 1ey, and
Vopt2—i F7 €5 — 1€).

Case 3: ¢; € N, and copio_; # ¢;. We may assume that ¢ < j for whichever j is such that
¢; = ¢;. Let’s say that ¢; = a € N. Then, because the clan in question is symmetric, there
is a different natural number, say b, in position 2n + 2 — . Further, if the other occurrence
of a occurs in position 7, then the other occurrence of b occurs in position 2n 4+ 2 — 5. We
know that v; = e, + ¢, and v; = e — ¢; for some k < 2p, j > 2p + 1. We also know that
Ugnto—; and von 4o, are e, + e5 and e, — e, respectively, for some r < 2p, s > 2p 4+ 1. Then
we should send

er — er +1e.;
e — e +ieg;
e, — e, +1eg; and
es — —eg — 1ey.

It is clear that the flag so obtained is isotropic with respect to the chosen bilinear form.
Indeed, our form is characterized by the fact that (e;,e;) = J; ;. This being the case, it is
obvious by construction that the vectors {v;}!; are all isotropic and pairwise orthogonal. It
is also clear that v, ; is orthogonal to each of vq,... ,v,,1; for each ¢ = 1,... n. This says
that the flag is isotropic.

Having obtained an isotropic representative of the K’-orbit on X’ corresponding to each
symmetric clan, we now describe how to translate this back to our chosen setting, where
SO(2n+1,C) is realized as the group of linear automorphisms of C?"*! preserving the anti-

diagonal form. For clarity, let us now say that G is the realization of SO(2n + 1,C) given
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by the anti-diagonal form (those matrices with gJg' = J), and that G5 is the realization
of SO(2n 4 1,C) given by the diagonal form (those matrices with gg' = Id). Let K; C Gy
be the fixed points of the involution int(l,2,+1,), and let Ky C G5 be the fixed points of
int(lop2g+1)-

Consider the matrix g given as follows:

1 if j=n+1,
95,5 = )

1

T otherwise.

2

1 if j=n+1,

9jom+2—5 = .
1—12 .
— otherwise.

gin=0ifk #j2n+2— 7.

Then ¢ is a symmetric square root of the anti-diagonal matrix J. This means that it

conjugates G5 to G, since if hh' = Id, we have

(ghg ") J(ghg™") = g 'h'(gJg)hg ' = g% = J.

However, the problem with this ¢ is that while it conjugates Gy to Gy, it does not
conjugate Ky to K;. To remedy this, we modify g a bit. If p is even, then let © be the
symmetric permutation matrix which corresponds to the involution given in cycle notation
by

p+1,2n+1)(p+2,2n)...(2p,2n + 2 —p).

If p is odd, then let 7 be the negative of this permutation matrix. Then 7 € G,. It is clear,

then, that gm still conjugates G5 to GG;. However, we claim that gm also conjugates K5 to
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K. Tt is actually a bit easier to see (equivalently) that 7g~! conjugates K; to K,. Suppose
that k € K4, so that

Ip72q+1,pk’1—p,2q+1,p =k.

Then since g commutes with [}, 9541, we have

(91, ,2q+1,pg71)k‘(g[ ,2q+1,pg71) =k,

SO

[p729+1,p(g_lkg)IP,Zq—i-l,p = g_lkg'

Now, since 71, 24+1,m™ = I2p24+1, and since 72 = 1d, we have

(WIP72CI+17P7T)(nglkgﬂ-)(ﬂ-jpﬂ(fkl,pﬂ-) = nglkgw,

SO

Lopogi1 (Mg kgm) Iopogs1 = mg~ kg

This says that mg~'kgr € K,. Thus gr conjugates K, to K.

Now, with that established, given a representative F, of the Ks-orbit on X given by some
symmetric (2p,2q + 1)-clan, to get a representative of the Kj-orbit corresponding to that
same clan, we just act on the flag F, by the matrix gm to get the new flag F, = gnF,. The
flag F, is isotropic with respect to the diagonal form, so the flag F] is isotropic with respect
to the anti-diagonal form.

Let us look at a small example which illustrates the method just described for finding
an isotropic representative of the K’-orbit @), corresponding to a symmetric (2p,2q + 1)-
clan 7. Take p = ¢ = 1, so that n = 2, and so that we are dealing with G = SO(5,C),
K =85(0(2,C) x O(3,C)). Take the symmetric (2, 3)-clan v = (1, —,+, —, 1). None of the
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possible representatives produced by the algorithm of [Yam97| are isotropic. To produce an
isotropic representative of this orbit by the method just described, though, we do take one

of these representatives as a starting point. So assign + signatures to the 1’s as follows:

(1+7 ) +> R 17)

Choose the permutation o = 13245. This gives us the following representative of @), €
K\X"

<€1 + €5,€3,€2,€4,€61 — 65) .

We next move this representative by K’ to obtain a flag isotropic with respect to the

diagonal form. The result is the flag

F. = <€1 + Z'€5, €3 + i64, €9,€3 — i64, €1 — i65> .

This flag is isotropic with respect to the diagonal form. Now, we must move this flag by

the matrix gm, where

oo 0 0 &
0 F o0 o0
g=10 0 1 0 0|,
0 &40 0
=0 0 0

and

(e s

o o o O
(@]

o o O
—

™= 1 0
0 010
1000
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Thus

H
=

_
i
[@»)
o
[@»)

2 ' 2

0 0 0 F
gr=10 0 1 0 0

0 0 0 & F

SE 0 0000

Applying this matrix to the flag F, above, and multiplying all coefficients by 2 just to

clean things up, we get the flag

1+ 0 1— 0 1+
—(1—1) 1+ 0 —(1+14) 1—3i

PY=< 0 : 2 1 o |, 2 0 >
1+ —(1—14) 0 1—i —(1+14)
1—i 0 1+ 0 1—i

One checks that this flag is isotropic with respect to the anti-diagonal form, and by con-

struction it lies in the K’-orbit on X’ corresponding to the clan (1, —,+, —,1).

A.1.4 (50(2n,C),S(0(2p,C) x O(2¢,C)))

We must show that the K’ = GL(2p,C) x GL(2q, C)-orbit (), corresponding to the (2p, 2q)-
clan v meets X if and only if v is symmetric. (K’ should be realized in this case as the fixed
points of the involution int(,s,,) on GL(2n,C).)

The proof is virtually the same as the one given in the type B case above. There is
only one issue which bears mentioning, and that is that it isn’t clear that the representative
produced by the procedure described above should necessarily produce a flag lying in the
correct component of the variety of isotropic flags. Indeed, it may not. However, K’ does

contain elements of the determinant —1 component of O(2n, C). For instance, it contains the
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permutation matrix corresponding to the transposition (n,n 4+ 1). Thus if the representative
obtained by the procedure described above for the type B case does not live in the correct
component, it can then be moved to the other component by the action of such an element
of K'. This simply says that every K’-orbit on X’ which intersects the variety of isotropic

flags intersects both components of it, so in particular it intersects X.

A.1.5 (S0(2n,C),GL(n,C))

Here, the goal is to prove that the K’ = GL(n,C) x GL(n, C)-orbit )., corresponding to the

(n,n)-clan v = (¢q,. .., c9,) meets X if and only if
1. v is skew-symmetric;
2. ¢; # copy1—i for any ¢; € N; and

3. Among ¢y, ..., c,, the total number of — signs and pairs of equal natural numbers is

even.

In this case, the group K’ should be realized as the fixed points of the involution int(Z,,,).

The proof that v should be skew-symmetric is word-for-word the same as that given in
[Yam97] for the case (Sp(2n,C),GL(n,C)) ([Yam97, Proposition 3.2.2]). The proof that we
cannot have (¢;, canr1-i) = (a,a) for a € N is nearly identical to the corresponding proof
in the case of (Sp(2n,C),Sp(2p,C) x Sp(2q,C)). (See part (3) of the proof of [Yam97,
Proposition 4.3.2].) And an isotropic representative of ), can be produced by the same
method described in [Yam97, Theorem 3.2.11].

As in the previous example, though, we must consider the question of whether the rep-
resentative so obtained lies in our chosen component of the variety of isotropic flags. This
explains the need for the parity condition (3). Whereas in the previous example, any K’-orbit

on X' meeting the variety of isotropic flags met both components of it, here any K’-orbit
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on X' containing an isotropic flag meets one component or the other, but not both. This
follows from the fact that when K’ is realized as the fixed points of int(/,, ), any element of
K'NO(2n,C) has determinant 1, which is an easy computation. Thus one cannot pass from
one component to the other by the action of an element of K’. Condition (3), then, is what
guarantees that an isotropic representative of (), lives in X, rather than in the opposite

component of the variety of isotropic flags.

A.1.6 (SO(2n,C),S(0(2p+1,C) x O(2q — 1,C)))

For the last case, we must prove that a K’ = GL(2p + 1,C) x GL(2¢ — 1,C)-orbit @,
corresponding to the (2p+1,2¢ — 1)-clan v meets X if and only if 7 is symmetric. The proof
here is exactly the same as that for the pairs (SO(2n + 1,C), S(O(2p,C) x O(2¢ + 1,C)))
and (SO(2n,C), S(O(2p,C) x O(2q,C))). Note, though, that once we find a representative
for (), which is isotropic with respect to the diagonal form, we are done, since in Subsection
5.3, we chose to realize SO(2n,C) as the isometry group of the diagonal form. Thus there
is no need to conjugate over to another realization of SO(2n, C).

As with the pair (SO(2n,C), S(O(2p, C) x O(2q,C))), we remark that if the isotropic flag
produced by the method described in the type B case does not lie in our chosen component
of the variety of isotropic flags, it can be moved by K’ to the correct component, since K’
does contain determinant —1 elements of O(2n,C). This says once again that every K'-orbit

on X’ which intersects the variety of isotropic flags intersects both components of it.
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A.2 Proof of Theorem 1.5.8

Having established the combinatorial conditions on clans which amount to K’-orbits on X’

meeting X, in each example we now have a surjective map

K\X — {Clans satisfying some combinatorial conditions}.

Indeed, if v is a clan in the target, with associated K'-orbit (), the fiber over « is the
collection of K-orbits whose union is the nonempty, K-stable subset ), N X. However, we
want this map to be a bijection. This amounts to the fact that @), N X is in fact a single
K-orbit, and not a union of multiple K-orbits.

As alluded to in Subsection 1.5.2; one way to establish this involves a fairly intricate
counting argument, the principles of which were explained to the author by Peter Trapa.

Before making this argument in each of our examples, we describe the general setup.

A.2.1 The one-sided parameter space X

For any complex reductive algebraic group G, consider the exact sequence

1 — Int(G) — Aut(G) — Out(G) — 1,

where Int(G) = G/Z(G) is the group of inner automorphisms, and Out(G) is the quotient.
Two automorphisms f1, fo are said to be in the same inner class if they have the same image
in Out(G). By an inner class of involutions, we shall mean the set of all involutions in a
given inner class.

It is a fact (see [AdCO09]) that for any inner class of involutions, there exists a “distin-
guished” representative which fixes a chosen pinning of the group G. (A pinning is the data

of a maximal torus 7', a Borel subgroup B containing 7', and a choice of positive root vectors
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X, corresponding to the positive system defined by B.) This distinguished involution is the
image of the chosen outer automorphism ~ under a canonical splitting of the exact sequence
above.

Associated to the inner class of any involution @ is the so-called one-sided parameter
space, which we denote by X'. For our purposes, we define it as follows: Let 6,...,60, be

the inner class of involutions containing 6, and let K; = G%. Then we define
X =[] K\G/B.
i=1

The set X' plays a prominent role in an algorithm (implemented in the software known
as ATLAS) which computes (among other things) the space of admissible representations of
a given real reductive group Gg. See [AdC09, Ada08] for details. We remark that in those
references, a different definition of X’ is given, after which it is established as a theorem that
X is in bijection with the set above. However, because we are only concerned here with
counting K-orbits, and not with the deeper representation-theoretic significance of the set
X, it is more convenient for our purposes to simply take this as our definition.

The key feature of X from our point of view is that it comes equipped with a map to the
set Z of twisted involutions. In fact, this map is simply the Richardson-Springer map ¢ (cf.
Subsection 1.3) “spread out” to the K; = G%-orbits as #; runs over an entire inner class of
involutions. While the map ¢ is not surjective in general when we restrict attention to one
K at a time, the map from X that we get when considering at once all K associated to a
given inner class of involutions s surjective. Moreover, for any given 7 € Z, the cardinality
of the fiber over 7 (which we denote X ) is explicitly computable. Indeed, letting 7' C G be

our fixed f-stable maximal torus, define
T, ={teT|tr(t) € Z(G)},
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and

T = {teT|tr(t) = 1}.

In the above definitions, the action of 7 on T is twisted by the distinguished involution
0. That is,
T(t) = 7.0(1),

where 7.t denotes the usual action of W on 7. In all cases of interest to us save one (the
non-equal rank case in type D), the distinguished involution is simply the identity, and so
the action of 7 is the usual one. At any rate, with these definitions given, we have the

following result:

Proposition A.2.1. With notation as abowve,

|XT| = |TT/T0_T|-

For a proof, see [AdC09, Proposition 11.2 and Remark 11.5] or [dC05, Proposition 2.4].

In our examples, this result allows us to compute the cardinality of X', and then compare it
to the total number of clans which correspond to K-orbits intersecting X, where K; = GNK],
the groups K; are the fixed point subgroups of an entire inner class of involutions, and each
K is isomorphic to an appropriate GL(p, C) x GL(q,C). Since we have already established
combinatorial descriptions of such clans in the previous subsection, the latter number is
computable.

If these two counts turn out to be equal, then for each K;, it is impossible for the
intersection of any Kl-orbit on X’ with X to split as a union of multiple K;-orbits — if
it did, the cardinality of X would necessarily be greater than the clan count. Making this

counting argument thus establishes in one fell swoop that for any K; in the inner class, each
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K;-orbit is precisely the intersection of a K!-orbit with X.

Before proceeding to make this argument explicit in each of our examples, we offer some
basic comments regarding the computation of inner classes of involutions, and the corre-
sponding family of symmetric subgroups. An excellent reference for these facts is [Ada09].
First, it is a fact [Ada09, Lemma 4.9] that for a semisimple algebraic group G, the group
Out(G) is a subgroup of the automorphism group of its Dynkin diagram. These two groups
are equal if G is simply connected or adjoint. This says already that Out(G) = {1} if G is of
type B or C'. Thus for those two groups, there is only one inner class of involutions, namely

the inner involutions

{int(g) | g* € Z(G)}.

The inner class of involutions of this form is referred to as the “compact” inner class, so
named because it contains the identity involution, which corresponds to the compact real
form of the complex group. Describing the compact inner class for the groups SO(2n+1,C),
Sp(2n,C), and SO(2n,C) is an elementary matrix computation in each case; the answers
can all be found in [Ada09]. As we have already noted, in types B and C, the compact
inner class is the only inner class that there is to consider. In type D, there is the compact
inner class, along with one additional inner class, called the “unequal rank” inner class.
(Note that the automorphism group of the Dynkin diagram of type D, is Z/27Z if n > 5,
and S3 if n = 4. Thus one should expect for there to be more than one inner class of
involutions.) This inner class consists of all involutions whose fixed groups are of the form
S(O(2p +1,C) x O(2q — 1,C)), as p,q range over all possibilities with p > 0, ¢ > 1, and
p+ q = n. See [Ada09, Exercise 4.12].

It is noteworthy that the family of symmetric subgroups associated to an inner class of
involutions consists of conjugacy classes of symmetric subgroups, as opposed to isomorphism

classes. For instance, it is easy to see that in type A, the compact inner class contains
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all inner involutions whose fixed groups are of the form GL(p,C) x GL(q,C) as p,q > 0
run over all possibilities with p + ¢ = n. From this perspective, the symmetric subgroups
GL(2,C) x GL(3,C) and GL(3,C) x GL(2,C) (for example) are considered different; these
groups are isomorphic, but they are not conjugate.

We now proceed to make the counting argument described above in each of our examples.

A.2.2 Type B, compact inner class

As alluded to above, since Out(SO(2n 4 1,C)) = {1}, there is only one inner class of
involutions in type B, which consists of all inner involutions. The symmetric subgroups
K; corresponding to this inner class are S(O(2p,C) x O(2¢ + 1,C)) as p,q > 0 run over
all possibilities with p + ¢ = n. The distinguished representative of this inner class is the
identity, so the the twisted involutions in this case are honest involutions in W, and action
of a (twisted) involution on 7' is the usual one, induced by the W-action on T.

Now, note that Z(SO(2n+1,C)) is trivial, so in the notation of the previous subsection,
T, =T77. Thus T, /T, is simply the component group of T;.

We wish to prove, then, that the number of symmetric (2p, 2¢q + 1)-clans (as p,q > 0 run
over all possibilities with p + ¢ = n) is equal to the cardinality of the one-sided parameter

space X. To see this, first recall that we have a bijection
Z := Involutions in W <+—

J := Involutions o € Sy, such that o(2n+2 — i) =2n+2 — o (i)

via the embedding of W into S5,,1 as signed elements, cf. Subsection 1.1. Moreover, each
symmetric (2p, 2¢+1)-clan is clearly associated to precisely one element of 7 in a natural way:
The positions of matching numbers in such a clan give transpositions, while the positions of

signs give fixed points. (The symmetry property of such a clan is precisely what guarantees
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that the associated involution is a signed element of Sy, 11.) So, for example, if p = ¢ = 1, the
symmetric (2,3)-clan (1, —, 4, —, 1) gives the involution (1,5), while the clan (1,2,—,1,2)
gives the involution (1,4)(2,5).

With this noted, we must simply see that for each element ¢ of 7, the total number of
symmetric (2p, 2q + 1)-clans (p, ¢ running over all possibilities) corresponding to o is equal
to the cardinality of the fiber X, of X over ¢’, the element of Z which corresponds to o.

So let o € J be given. Any (2p,2q + 1)-clan associated to ¢ has the positions of its
matching natural numbers prescribed by the transpositions of ¢. Thus the only choice one
has in constructing such a clan is in assigning + and — signs to the fixed points of o. It is
clear that for a given n, once the cycle structure of o is decided upon, the middle sign (that
in position n + 1) for any clan associated to o is completely determined. Further, since we
are restricting attention to those clans which are symmetric, one only has free choice of signs
occupying the fixed points of ¢ in positions up to n, which (by symmetry) determine the

signs assigned to the fixed points of ¢ in positions beyond n + 2. This says that if

k=#{ie{l,....n}|o() =i},

then the number of symmetric clans associated to o is 2*.

Now, consider |X,/|. As noted above, this is equal to the number of components of

T, ={teT|ts(t) =1}

Given t = diag(ay, ..., an,1,a;', ..., a;"), one has that

Y )

to'(t) = diag(a1Go(1); - - -, Anlo(m), 1, (anag(n))_l, o (alao(l))_l),

where o is the permutation in Ss,.; associated to ¢’. This is equal to the identity matrix
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precisely when, for any 1 =1,...,n,

+1  ifo(i) =1,
a; =

1 .
Aoiy otherwise.

Thus T, is a product of C*’s and Z/2Z’s, with one Z/2Z for each i € {1,...,n} such
that o(i) = i. As such, it has 2¥ components.

This completes the proof that |X| is equal to the total number of symmetric (2p, 2q+ 1)-
clans as p,q > 0 run over all possibilities with p + ¢ = n. Thus we have established that

it is impossible for the intersection of a K’-orbit with X to be anything more than a single

K-orbit on X.

A.2.3 Type C, compact inner class

Once again, we have only one inner class of involutions, consisting solely of inner involutions.
The corresponding symmetric subgroups are those of the form Sp(2p, C) x Sp(2q,C) (p,q >0
running over all possibilities with p+ ¢ = n), along with the one additional group GL(n,C).
Thus here, we must compare | X| to the total number of symmetric (2p, 2¢)-clans (p, ¢ running
over all possibilities) satisfying the additional “anti-reflexive” condition of Subsection A.1.1,
plus the number of skew-symmetric (n, n)-clans.

As before, we perform the count of |X'| fiber-by-fiber. As in Type B, the twisted involu-
tions Z amount to honest involutions in . Using the embedding of W into Sy, as signed
elements, these are once again in bijection with the set of all involutions in Sy, which are
signed elements.

Let 7 € S5, be such an involution. We first compute the total number of clans naturally
associated to 7. Then we compute |X;|. There are two cases: Either 7 switches i and

2n 4+ 1 — ¢ for some 7, or not.
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In the former case, there will be no (2p, 2¢)-clans corresponding to Sp(2p, C) x Sp(2q, C)-
orbits associated to 7. This is because any clan associated to such a 7 cannot have the anti-
reflexive property. Thus we need only count the skew-symmetric (n, n)-clans. The positions
of matching natural numbers in a clan corresponding to 7 being entirely determined by 7,
our only freedom is in assigning + signs to the fixed points of 7. This amounts to assigning
any configuration of + signs to those i € {1,...,n} fixed by 7. The signs on the fixed points
of 7 from {n+1,...,2n} are then determined by skew-symmetry. Thus if & is the number
of elements of {1,...,n} fixed by 7, then the number of clans associated to 7 is 2*.

On the other hand, if 7 does not switch ¢ and 2n + 1 — ¢ for any ¢, then there will be
(2p, 2q)-clans corresponding to Sp(2p, C) x Sp(2q, C)-orbits associated to 7, for such a clan
would have the anti-reflexive property. The total number of such clans is 2% (k as in the
previous paragraph), since we assign =+ signs to the fixed points of 7 from {1,...,n}, while
the remaining signs are determined by symmetry. Counting the skew-symmetric (n, n)-clans
associated to 7, we again get 2¥, by the same argument as before. Thus in this case, the
total number of clans associated to 7 is 2 - 28 = 2k+1,

Now, we must see that |X,| = 2* or 281 depending on which of the two cases we are in.
Recall that

’XT’ = |TT/ToiT’a

where

T, ={teT|tr(t) € Z(Q)},

and

T ={teT|tr(t) = 1}.

In type B, Z(G) was trivial, so this amounted simply to counting the components of 7.
However, here, Z(G) = {£1}, so this computation is a bit different. First, suppose that

7(i) # 2n + 1 — i for any 4. Then if t = diag(as, ..., an, Gni,-- -, a2,) (With ag, 15 = a; '),
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we have that

tT(t) = diag(ala‘r’(l)a ooy QnQri(n)y Apt1 Q! (ng1)y - - - 7a2na7’(2n))'

For each i = 1,...,n such that 7/(i) = i, this gives a? in the ith diagonal position (and a;*
in the (2n + 1 — ¢)th diagonal position). The other positions simply have a;a, ;).

Now, if this is to be equal to 1, then we have a choice of £1 for each positioni =1,...,n
such that 7/(7) = i. (The number in position 2n + 1 — i is then determined.) We also have a
completely free choice of the other a;, which then determine the a,/(;.

On the other hand, if t7(¢) were to equal —1, then we would have a choice of ++/—1 for
each a; such that 7/(i) = 4. (Again, this choice determines the value of ag,,1_;). We again
have a completely free choice of the other a;, which in turn determine the a,(;.

Thus T’ can be thought of like this: First, decide whether ¢7(¢) is going to be 1 or —1.
Having decided that, choose the a; on the fixed points i to be either -1 or £1/—1 (depending
on the first choice that was made), and choose arbitrary values in C* for the remaining a;.
This shows that

T, = 7./27 x ((Z/2Z)* x (C*)**),

where k represents the number of values fixed by 7 (or the number of ¢ = 1,...,n fixed by
7') as above.
Now, we turn to 7, 7. Here, t7(t) takes the same form, but now we insist that t7(¢) = 1.

Thus T~" (by the same analysis of the previous paragraph) is of the form

(Z)27)% x (C*)"*.

However, in considering only the identity component, we get rid of the factors of Z/2Z. The
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upshot is that 7{;" is made up of just the C* factors of 7;:
TO—T — (C*)n—k

Then it is clear that the order of the quotient T} /T, ™ is 281, which is the same as the
number of total clans associated to 7, calculated above.

Now, suppose that there is some i for which 7(i) = 2n + 1 — i. Consider T,. For any
.,a;"), we now have that the value in the ith position of ¢7(t) is

t = diag(ay, ..., a,,a,"

n 9

a 1. This removes the option of t7(t) being —1, so in this case we see that
T, = (Z)27)F x (C*)"*,

by the same analysis given for the previous case. And T, is (C*)"7*, as it was in the
previous case, so here we see that the quotient |1, /T, | has order 2¥, which again matches

the number of clans associated to 7. This completes the argument.

A.2.4 Type D, compact inner class

In type D, Out(G) has two elements, so there are actually two inner classes of involutions
to consider. The first is the compact inner class, consisting of inner involutions, and is
similar to what we saw in type C. The corresponding symmetric subgroups are of the form
K = S(O(2p,C) x O(2¢,C)) (p,q > 0 running over all possibilities with p + ¢ = n), plus
two symmetric subgroups isomorphic to GL(n,C). One of these is the group considered in
Subsection 5.2, the fixed points of § = int(i - I, ,). The other, which we will call K, is the

fixed point subgroup of the involution

0~ = int(diag(i, ..., i, —i,i, —i,...,—0).
—— —_———

n—1 n—1
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The group K~ is also isomorphic to GL(n,C), but is not conjugate to K. Thus its orbits
must be considered separately to get an accurate count of X'. Its orbits on X are in bijection
with those of K, however, so it suffices to simply double the count of clans associated to the
K-orbits to account for the extra K ~-orbits comprising X.

With all of that said, the argument here is very similar to the type C' case. The twisted
involutions Z are once again simply honest involutions of W. These can be thought of
either as signed permutations of {1,...,n} changing an even number of signs, or as signed
elements of Sy, with an even number of i < n sent to some 7 > n. Each symmetric (2p, 2¢)-
clan (p + ¢ = n) and each skew-symmetric (n,n)-clan (satisfying the further conditions
described in Subsection A.1.5) is naturally associated to such a signed element of Sy, with
the positions of matching natural numbers defining 2-cycles, and with the signs ascribed
to fixed points. Letting 7 € Sy, be such an element, there two possible cases: Either 7
interchanges 7 and 2n + 1 — ¢ for some 4, or not. In the former case, there are no skew-
symmetric (n,n)-clans satisfying the anti-reflexive condition. If k£ is the number of fixed
points of 7 among {1,...,n}, then there are 2* associated symmetric (2p,2q)-clans, each
obtained by assigning + signs to those fixed points (the signs on the remaining fixed points
being determined by symmetry). In the latter case, again letting k be the number of fixed
points of 7 among {1,...,n}, there are again 2* associated symmetric (2p,2¢)-clans. There
are only 28! skew-symmetric (n,n)-clans satisfying the conditions of Subsection A.1.5, due
to the extra parity condition. However, as indicated above, this number should be doubled
to also account for the K~ -orbits, giving a total of 2¥. Combining the 2*¥ symmetric clans
with the 2% skew-symmetric clans, we have a total of 2! associated clans.

To conclude, then, we need to see that if 7 € Sy, is an involution of the former type,
then |X,| = 2%, and if it is an involution of the latter type, then |X,| = 25!, That argument

is identical to that already given in type C, so we do not repeat it here.
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A.2.5 Type D, unequal rank inner class

The symmetric subgroups corresponding to the other inner class of involutions in type D
are those of the form S(O(2p+ 1,C) x O(2¢ — 1,C)), p, ¢ running over all possibilities with
p>0,¢g>1,and p+qg=n.

When dealing with this class of symmetric subgroups in Section 5.3, we chose a realization
of SO(2n,C) which had no diagonal elements. However, it is simpler notationally to make
the relevant counting argument when the torus 7' consists of diagonal matrices. For this
reason, here we will assume that SO(2n,C) is the group of linear automorphisms of C*"
preserving the anti-diagonal form. Take T" to be the diagonal elements of this group, which
are of the form

- —1 —1
t =diag(ay,...,an,a, ,...,ay ).

This is the first (and only) case we consider where the distinguished representative 6
of our inner class of involutions is not the identity. Indeed, the distinguished involution
representing this inner class is 0(g) = lon-119l2,—11. As we have seen in type B, to pass
from the usual realization of G to the one we now wish to consider, we can conjugate by the
element 7, where
LHif i =5
Tij =4y ifi=2n+1—3

0 otherwise.

When we perform this conjugation, the distinguished involution 6 then becomes

g Ion_119lon—11,
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where

T -1
I2n71,1 = 7Tf2n71,17T =

44 0

Since elements of W are represented (for this choice of realization of GG, and for this choice
of maximal torus 7") by monomial matrices corresponding to signed permutations changing

an even number of signs, the map on W induced by 6 is visibly

w — vwv,

where v = (1,—1) is the signed permutation which interchanges 1 and —1. The set Z of
twisted involutions, then, is no longer the set of honest involutions, but rather is the set of
elements of w sent to their inverses by this map. Note, though, that elements w € W having
the property that

vwy = w

correspond 1-to-1 with signed permutations which are (honest) involutions and which change
an odd number of signs. Indeed, given such a signed permutation o, let w = vo. Then w is

a signed permutation which changes an even number of signs, and

(rwv)w = (vw)(vw) = o* =1,

so w is a twisted involution. On the other hand, given a twisted involution w € W, the
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permutation ¢ = wvr changes an odd number of signs, and is an involution, since

o? = (wv)(wv) = w(vwr) = 1.

Now, let us note that each symmetric (2p+ 1, 2g — 1)-clan corresponds in a natural way to
a unique signed involution ¢ changing an odd number of signs. Indeed, the correspondence
here is the same as it has been all along: The positions of matching natural numbers in such a
clan determine the transpositions of such a permutation, while the signs determine the fixed
points. The only observation that needs to be made is that the involution corresponding to a
symmetric (2p+ 1,2q — 1)-clan in this way necessarily changes an odd number of signs. The
number of sign changes of the signed involution corresponding to a symmetric (2p+1,2¢—1)-
clan « is clearly the number of natural numbers occurring in positions 1,...,n of v whose
mate occurs at or beyond position n + 1. The claim, then, is that this number must be odd.

Suppose first that n is even. Then p — ¢ is even as well. Suppose by contradiction that
there are an even number of natural numbers occurring in positions 1,...,n whose mates
occur at or beyond position n + 1. This means that among the first n symbols of the clan,
the combined number of + and — signs must be even. Thus the total number of + and —
signs comprising the entire clan v must divisible by 4. Let a be the number of + signs, and

let b be the number of — signs. Then we have that

a+b=0 (mod 4),

while

a—b=2p+1—-(2¢—1)=2(p—q)+2=2 (mod 4).

But this implies that a is odd. However, a cannot be odd if v is symmetric, and so we have

a contradiction.
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If n is odd, a similar contradiction can be reached. Here, p — ¢ is odd, and using similar

reasoning we obtain the congruences

a+b=2 (mod 4)

and

a—b=0 (mod 4),

again a contradiction.

The upshot is that here the cardinality of the fiber X, (7 a twisted involution) can be
compared to the number of symmetric (2p + 1,2¢ — 1)-clans corresponding to the signed
involution 7v.

So let 7 € W be any twisted involution. Recall from the description of Subsection 1.5.2

that in the definitions of T, and T~", the action of 7 on T is twisted by the map 6, so that

T(t) = 7.0(1),

where 7.t indicates the usual action of 7 on T (by permutation of the diagonal entries).

1

Given a diagonal element t = diag(ay,...,an,a;t,...,a;"), one checks easily that

0(t) = diag(afl,ag, . ,an,agl, . ,a;l,al).

This amounts to applying the signed permutation v to the coordinates of ¢. In light of this,
it is clear that 7(¢) amounts to acting on ¢ by the signed involution 7v corresponding to 7.

Next, let us note that any signed involution ¢ which changes an odd number of signs
must send some j to its negative. Indeed, suppose that j > 0, and that o(j) < 0 but that

0(j) # —j. Then o(j) = —i for some i > 0, and so o(i) = o(—(—i)) = —o(—i) = —j. This
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says that o can have only an even number of sign changes of the form o(j) # —j, and so if
o has an odd number of sign changes, at least one (and indeed, an odd number) must be of
the form o(j) = —j.

The point of this observation is that when ¢t = diag(ay,...,a,,a;',...,a;') € T, and
when 7 is a twisted involution, the action of 7 on ¢ must interchange at least one a; with a;l.
That is, there must be at least one j between 1 and n such that the jth and (2n + 1 — j)th
entries of 7(t) are a; ' and a;, respectively. This being the case, we must have that ¢7(¢) has

I’s in these positions. The upshot is that while Z(G) = +£1, it can never be the case that
tr(t) = —1. Thus

T,={teT|tr(t) e Z(G)}={t T |tr(t) =1} =T7".

So in computing the cardinality of the fiber X over 7, we simply have to count the compo-
nents of T-..

So consider t' = t7(t). For each fixed point j of the signed involution o = 7v, t' has a?
in the jth position (and a;? in the (2n + 1 — j)th). For each j such that o(j) = —j, ¢’ has
a 1 in the jth and (2n + 1 — j)th positions. And for any other j, ¢ simply has a;a;"" in the
ith position for some [ (and a; 'af' in the (2n + 1 — i)th position). Based on this, if we let

k be the number of fixed points of o, it is clear that
T, = (Z)27Z)% x (C*)*

for some a. (It is easy to check that a = Z(n + d — k), where d is the number of j such that

1
2
o(j) = —j.) Thus |X,| = 2*. On the other hand, the number of symmetric (2p + 1,2q — 1)-
clans associated to the involution o is also 2¥, since we have free choice of assigning + signs

to the fixed points of o between 1 and n, while the signs in positions n 4+ 1 through 2n are

then determined by symmetry. This completes the argument.
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Appendix B

Figures and Tables

Figure B.1: (GL(4,C),GL(2,C) x GL(2,C))
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Figure B.2: (SL(3,C),SO(3,C))

Table B.1: Formulas for (GL(4,C),GL(2,C) x GL(2,C))

(2,2)-clan v | Formula for [Y;]

(‘|‘, + - _) (1‘1 - yS)(xl - 94)(x2 - y3)($2 — y4)
(=4 =) | =1 — o) (21 — ya) (w2 — y2) (T2 — ya)
(+, = =) | (@1 —y2)(x1 — ys) (@2 — y2) (22 — ¥3)
(=4 =) | @1 —y) (@1 — ya) (@2 — y1) (22 — ya)
(=4, — ) | —(@1 —y1) (@1 — ys) (w2 — y1) (22 — y3)
(= =+ ) | (@1 —y)(@1 — y2) (32 — y1) (72 — y2)
(+: 1,1, =) | (w1 — ya)(xa — ya) (1 + T2 — Y2 — y3)
(L1, +,—) | —(21 —ya) (@2 — ya)(T1 + T2 — y1 — Y2)
(+,—,1,1) —(z1 — y2) (22 — y2) (X1 + T2 — Y3 — Y4)
(LL,—+) | (w1 —y3) (w2 —y3)(¥1 + 12 — 41 — ¥o)
(= + L1 | (71 —y)(@2—y1) (@1 + T2 — Y3 — ya)
(= 1,1,4) —(x1 —y1) (@2 — 1) (21 + 22 — Y2 — Ys3)
(1,+,1,=) | (21— ya) (72 — ya)

(1, =, 1) [ 2+ 210 — 21y — 1y — T1Ya + T3 — Tays — TaYs — TaYa + YaYs + Y2y + Ysya
(1,1,2,2) —(z1 + 22 — Y3 —ya)(T1 + 22 — Y1 — Y2)
(1, =, 1,4) | o] + @120 — 1Y) — T1Yp — T1Ys + T3 — ToY1 — TaYs — Toys + Y1¥2 + Y1ys + Ya¥s
(_717+71) (‘Tl —91)(332—3/1)

(17+7771) T1+To— Y3 — Ys

(172;17 ) Y1 — Ya

(1, = +,1) | —(x14+ 22— 11 — 1)

(1,2,2,1) 1

Table B.2: Formulas for (SL(3,C), SO(3,C))

Involution 7

Formula for [Y]

(1,3) —2(y1 + y2) (2 + ¥3)
(17 2) _2(y2 + yS)

(2,3) 2(y1 + y2)

id 1
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Figure B.7: (SL(6,C), Sp(6,C))
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Figure B.8: (SO(7,C), S(0(4,C) x O(3,0C)))
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Figure B.9: (Sp(6,C ) x Sp(2,C))
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Figure B.11: (SO(6,C), S(O(4,C) x O(2,C)))
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Figure B.13: (SO(6,C), S(O(3,C) x O(3,C)))
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Table B.3: Formulas for (SL(5,C), SO(5,C))

Involution

Formula for [Y]

(1,5)(2,4) 4(y1 + y3) (Y3 + ys) (2 + y3) (s + ya) (Y1 + v2) (Y1 + va)
(1,5)(3,4) | =41 +y2) (1 +v3) (Y1 + ya) (Yo + y3) (Y2 + Y3 + Ya + ys)
(1,4)(2,5) 4y + y2) (W1 + ys) (W2 + y3) (Y3 + ya) (s + ¥5)

(1,5)(2,3) 4y + y2) (1 +y3) (W1 + va) (Y3 + ya) (Y2 + Y3 + ya + ys)
(2,5)(3,4) | —4(y1 +y2) (Y1 +y3)(y2 + y3) (y3 + ys)

(1,4)(3,5) —4(y1 + y2) (Y1 +y3) (Y2 + y3) (2 + Y3 + ya + ys)

(1,5) —2(y1 +y2) (Y1 +y3) (Y1 + ya) (Y2 + Y3 + Y4 + ys)
(1,3)(2,5) |4+ ) +y)@B+vi+ D vy

1<i<j<5

4y + o)y +y3) (1 + Y3 + ya + y5) (Y2 + Y3 + ya + y5)

4y + y2) (Y1 + y3) (Y2 + y3)

—4(y1 + y2) (1 + v2 + Y3+ ya) (W2 + y3 + ya + ys)

—2(y1 + y2) (1Y + Y1Y3 + Y1Ys + V15 + Yo2Us + YoUs + YoUs + Y2 + Y3Ya + Y3Ys + Y5 + Yays)

—2(y1 + y2) (1 + y3) (Y2 + Y3 + Ya + 5)

5 5

(1,2)(3,5) | —4(y3ys + y203 — v2uf — Youays — Ysui — Ysyays — Y3 — Uiys + (U7 + 0y2) D vi + 915 Y i)
=2 1=3

(1,3)(2,4) 4y + y2)(n + Y3 + ya + ys) (Y2 + Y3 + Ya + ys)

(2,3)(4,5) | 4w +y2)(y1 + 2 +ys +ya)

(1,3) —2(y1 +y2) (Yo + Y3 + Ys + Ys)

(1,2)(4,5) —4(y1 + v+ ys +ya) (Yo + Y3+ ya + ys5)

(2,4) —2(y1 + y2)(Ya + 5)

(3,5) —2(ys +ys)(y1 + Y2 + Y3 + ya)

(1,2)(3,4) 4(ys + y5) (Y2 + y3 + ya + ys)

(2,3) 2(y1 + y2)

(4,5) 2(y1 + Yo + ys + ya)

(1,2) —2(y2 + Y3+ ya + ys)

(3,4) —2(y4 + ys5)

a

1

Table B.4: Formulas for (GL(4,C),0(4,C))

Involution

Formula for [Y]

4)(2,3)

dy1y2 (1 4 v2) (1 + y3)

(2,4)

dy1y2(y1 + 12)

2y1(y1 + y2) (1 + y3)

(3,4)

4yr (y1 + y2 + ys3)

2y1(y1 + yo2)

2(y1 + v2)(y1 + y2 + ys3)

291

2(y1 + y2 + y3)

(1,
(1,3)
(1,4)
(1,2)
(1,3)
(2,4)
(1,2)
(3,4)
(2,3)

2(y1 + o)

id

1
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Table B.5: Formulas for (SL(4

,C),50(4,0C))

Parameter for @

Representative for @)

Formula for [Y]

+(1,4)(2,3) (e1,eq,€3,€4) 2(x122 4+ y1y2) (Y1 + y2) (Y1 + y3)
(17 4)<2’ ) <6 €3, €2, e4> _2(371332 - ylyZ)(yl + yZ)(?/l + y3)
(1,3)(2,4) (e1, €, €4, €3) 2(x129 + 112) (Y1 + y2)

_(173)<27 ) <€ 63764’62> _2(le2 — ylyQ)(yl +y2)

(1,4) (e1,e2 + 3,09 — €3, ¢4) 2y1 (1 + y2) (1 + y3)

+(172)(374> <€ 64762763> 2($1JJ2 +y% +y1y2 +y1y3>

—(1,2)(3,4) (€1, €4, €3, €2) —2(2129 — Y — Y1Y2 — Y1Y3)

(1,3) (€1, €9 + €3,€4, €9 — €3) 2y1(y1 + o)

(2,4) (ea +e3,€1,€9 — €3,€4) 2(y1 +y2) (1 + 42 + u3)

(1,2) (e1,e4,69 + €3,69 — €3) 211

(3,4) (€2 +e3,e0 —e3,€1, €4) 2(y1 + yo + y3)

(2,3) (€9 + €3, €1, €4, €0 — €3) 2(y1 + y2)

id (e1 4 e4,61 —ey,69 + 3,60 —e3) | 1

Table B.6: Formulas for (SL(4,C), Sp(4,C))

Involution 7 | Formula for [Y;]
(1,4)(2,3) | (1 +42) (51 + y3)
(1,3)(2,4) | v+
(1,2)(3,4) |1

Table B.7: Formulas for (SL(6,C), Sp(6

,C))

Involution 7

Formula for [Y]

(1,6)(2,4)(3,5) | (y1 +y2) (w1 +y5) (Y1 + ys) (Y1 + ya) (Y2 + y3) (Y2 + ya)
(1,5)(2,6)(3,4) | (v1 +y2)(y1 +y3) (1 + ya)(y2 + y3) (Y2 + ya)
(1,6)(2,4)(3,5) | (y1 +y2) (w1 +ys) (W1 + y3) (W1 + ya) (Y2 + y3)
(1,4)(2,6)(3,5) | (y1 +w2) (1 +y3) (Y2 + y3) (1 + Y2 + ya + ys)
(1,5)(2,4)(3,6) | (y1 +y2) (W1 +y3) (W1 + ya) (42 + y3)

(1,6)(2,3)(4,5) | (g1 +y2) (W1 +vs) (W1 + y3) (1 + ya)

(1,4)(2,5)(3,6) | (y1 +y2)(y1 +y3)(y2 + y3)

(17 3)<27 6)<4> 5) (yl + y2)<y1 + y2 + Z ylyj

(1,5)(2,3)(4,6) | (1 +y2)(y1 + y3)(y1 + y4)
(1,2)(3,6)(4,5) | (Y1 + vy +y3 + ya) (Y1 + y2 + Y3 + Ys)
(1,3)(2,5)(4,6) | (y1 + y2)(y1 + Yo + Y3 + Ya)
(174)(273)(576) ( 1+y2)( 1+y3)

(1,2)(3,5)(4,6) | y1 + y2 + ys + ya

(173)(274)(5v6) Y1 "‘92

(1,2)(3,4)(5,6) | 1
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Table B.8: Formulas for (SO(7,C), S(O(4,C) x O(3,C)))

Symmetric (4, 3)-clan v

Formula for [Y,]

(+,+,— —, =+ +) | yiye(er —ys) (@1 + y3) (22 — y3) (22 + ys3)
(+, — + ,+, )| —yiys(en — ve) (@1 + o) (22 — y2) (22 + 42)
(= ++ =+t =) | vays(zr —yi) (@1 +y1) (T2 — y1) (T2 + 11)
(+’ 17 17 B 27 2 +) yl({E%ZE% + ?/2y3($% + ZE% _ y% — Y23 — y?%))
(1717+ -+ 72) _yS(x%‘xg—i—ylyQ(x%—’_I%_y%_y1y2_y§))
(+7 ) 17 =+, 17 7+) —y1($1 + y2)(x1 — y2)(x2 + y2)(x2 — yQ)

(_7 +7 17 +7 17 _'_7 _>

Yoy + 91)(x1 — y1) (@2 4+ y1) (w2 — 31)

(17 +,1,—,2,+, 2) m%x% + y1y2(y1y3 + Y23 + y?,)
(+7172>_71727+) 291y2($%+9€% _yg —?Jg)
(+717_a+7_717+) y1<y2+y3)<x%+$%_yg_y§)

(1,1,3,+,3,2,2)

—(zi23 + 1y (@ + 25 — Yy — iy — 43))

(_7 17+7 +7 +7 17 _)

(z1 +y) (@1 — y1) (T2 + y1) (22 — 1)

(1,4,2,—,1,+,2) 2y192(y1 + y2)
(+7172 2717+) y1<x%+x%_y§_y§)
L+ —+—+1) T1Ys + T3Ys + Y1y + Y1Ys + V1Yeys — Vs
(1, 3, 1, +,2 3, 2) —y1 (@ + 23 — Y7 — Y12 — Y1Ys — Y5 — Yoz — U3)
(1,—+ + + 1) | = +ye) (@t + 75 — yi — )
(1,2,+, L2) | 2yi(y1 + 2 +3)
(1,+,2,— ,2, 1) T34 25+ y1y2 — Y3
(173727 it 7 ) 2y1(y1 +y2)
(371717 727 3) _(x%—i_x%_y%_ylyQ_ylyB_y%_y2y3_y§)
(1,2,+,—,+,2,1) Y1+ Y2 + Y3
(1,2,3,+,3,1,2) 211
(3,1,2,+,1,2,3) 2(y1 + y2)
(1,2,3,+,3,2,1) 1

Table B.9: Formulas for (Sp(6,C), Sp(4,C) x Sp(2,C))
Symmetric ( 2)-clan « | Formula for [Y,]
(+,+,—,—,+,+) (21 +y3) (21 — y3) (@2 + y3) (T2 — y3)
(+7 ) 7+7 ) ) —(5(31 + yz)(l’1 - y2)<I2 -+ y2)<x2 — y2>
(_7_'_7 ;5 ) (551—1-3/1)(551 —y1)<$2+y1)($2—y1)
(+717172727+) (y2+y3)(x%+x§—y§—y§)
(171’+7+>272) _(y1+?/2)(x%+xg_y%_y%)
(1,+,1,2,+,2) —(@? + 23—y} — iy — 1Ys — Y3 — Yays — V3)
(+.1,2,1,2,+) af + 23— yi — v
(1,+,2,1,+,2) Y1+ Yo
(1,2,4+,4+,1,2) 1
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Table B.10: Formulas for (Sp(4,C), GL(2,C))

Skew-symmetric (2,2)-clan v | Formula for [Y,]

(+,+, — ) (21 + @2 + Y1 + yo) (122 + Y1Y2)
(+,—+,—) — (21 + 2 4+ Y1 — y2) (0122 — Y1Y2)
(—+,—,+) (1 + 22 — Y1 + y2) (2172 — Y112)
(——,+,+) — (1 + 22 — Y1 — y2) (2172 + Y1%2))
(+71>17_) ("L‘l—l—yl)(l‘?_"yl)

(17 1, 2, 2) —Z(Ill’g — ylyg)

(_71717+> (1‘1 _yl)(x2_y1)

(17+7—71> 1+ T+ Y1+ Y2

(1, 2,1, ) 21

(1,—,+,1) —(x1 4+ 22 — Y1 — y2)

(1,2,2,1) 1

Table B.11: Formulas for (SO(6,C), S(O(4,C) x O(2,C)))

Symmetric (4, 2)-clan v | Formula for [Y,]

(++ ==+ 1) (21— y3)(z1 + y3) (T2 — y3) (T2 + ¥3)

(—I—? -+ + -, +) ( yz)($1 + yg)(l’g - yg)($2 + yQ)
(_7+v+7+7+’_) (ml _yl)(‘rl —|—y1)(I2 _y1)<x2+y1)
(+717172727+) (y2+y3)(l‘f+x§—y§—y§)

(+717271727+) ( )(x%—i_x%_y%_y?%)

(1>17+7+72?2) (y1+y2)(x%+x§—y%—y§)

(17 +,1,2,+, 2) —(l’% + x% - y% —Y1Y2 — Y1Ys — y% — Yoys — y%)
(+.1,2,2,1,+) ot + 25 — Y5 — v

(1,+,2,1,+,2) — (@3 + 23—y} — iy + y1ys — U3 + Yays — ¥)
(1,2,4,+,1,2) 291

(1,+,2,2,4,1) Y1+ o

(1,2,4+,4+,2,1) 1
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Table B.12: Formulas for (SO(6,C), GL(3,C))

Skew-symmetric (3, 3)-clan « | Formula for [Y,]

(+,+,+,— = —) Ay (,y,id)

(_7_7 7+7+) —Ag(l',y, (T§3>)

(_a+7 a+7 a+) A2(xvya (T2§))

(_'_7_7 s, — ) _AZ(x:yv(l §§)>

(+,1,2,1,2,—) 5(@1@2 + 2123 + T1Y1 + D23 + Toys + Tzyr + Y7 + Yoys)
(—1,1,2,2,+) %(xl@ + X103 — T1Y1 + Toky — Toy1 — T3Y1 + YT — Y2U3)
(1,1, —,+,2,2) —%(371952 + X103 — T1Y3 + Toly — Toys — T3Ysz — Y1Y2 + Y3)
(1,+,2,1,—,2) %(3:1+x2+x3+y1+y2—y3)

(1,—,1,2,+,2) —%(x1+x2+x3—y1—y2—yg)

(1,2,4+,—,1,2) 1

Table B.13: Formulas for (SO(6,C), S(O(3,C) x O(3,C)))

Symmetric (3, 3)-clan v

Formula for [Y,]

(+—11,—4) y1y2(21 + yo) (21 — y2)
(_ +>1717+ ) _ylyZ(xl +y1)(x1 _yl)
(17 1,2,2,3,3) 3/13/2(y1 +3/2)

(+71> ) ’1’+) yl(x%—yg—ygyg—yg)
(_’17+ +71’_) —y1($1 _yl)(xl+yl)
(17 ’3 2 3) yl(?/l +y2 +y3>

(1,2, ,1,2 3) vi(ys + 32 — us)
(L,+,—,—,+,1) T+ 1ye — Y3

(1, - - 1) —T] + YT iy + 4
(1,2,2,331) Y1+ Y2 +u3
(1,2,3,3,1,2) 21

(1,2,3,2,3,1) Y1+Y2— Y3
(1,2,3,3,2,1) 1
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