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Abstract

The dissertation deals with the estimation of covariance and precision matrices for high-

dimensional time series with long-memory. In Chapter 2, we generalize part of the results of

[35] (i) from the spectral norm to the general vector norm induced matrix `v,w norm ‖·‖(v,w)

for any v, w ∈ [1,∞], (ii) from the Frobenius norm to the general entrywise matrix Lv,w norm

‖·‖Lv,w for any v, w ∈ [1,∞], and (iii) from p ≥ nc for some constant c > 0 to p ≥ (n/g2)
c

for some constant c > 0, where g2 is an upper bound of max1≤k≤p

∥∥∥(ρij[k])n×n

∥∥∥
2
. We also

generalize their minimax result by removing the restriction of p ≥ nβ for some β > 1. In

particular, we obtain the minimax result for the convergence rate of the precision matrix

estimator proposed by [11]. In Chapter 3, based on the results of [35], we investigate the

joint estimation of multiple precision matrices. We generalize the results of [27] from i.i.d.

data to long-memory data. Especially, we obtain the estimation of the entrywise L1 norm

and the Frobenius norm of risk, and their expectations. Our numerical experiment results

support our theory analysis. In Chapter 4, based on the results of [35], we investigate the

joint estimation of weighted multiple precision matrices. We generalize the results of [16]

from i.i.d. data to long-memory data. Especially, we obtain the estimation of the entrywise

L1 norm and the Frobenius norm of risk, and their expectations. Our numerical experiment

results support our theory analysis. In Chapter 5, based on the results of [35], we introduce



a new assumption to investigate the joint estimation of multiple precision matrices, and

generalize the results of [27] from i.i.d. data to long-memory data. Especially, we obtain the

estimation of the vector norm induced matrix `1 norm and the Frobenius norm of risk, and

their expectations.
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Chapter 1

Overview

1.1 Introduction

Multivariate time series data can be obtained in various fields, for example, prices in stock

markets, traffic flows on highways, outputs of solar power plants, and functional magnetic

resonance imaging (fMRI) data. One of main interests in multivariate time series analysis

is identifying relationships among multiple time series. For this purpose, the estimation of

covariance and precision (inverse of covariance matrix) matrices plays a key role in many

areas of statistical analysis such as graphical models, principal component analysis (PCA),

discriminant analysis, and canonical correlation analysis.

Let {X1, . . . ,Xn} be a sample of p-dimensional random vectors with mean µp, covariance

matrix Σ and precision matrix Ω = Σ−1. The estimation of Σ and Ω for high-dimensional

data has gained much attention in statistical and machine learning communities (see [1,

9, 17, 23, 25, 30, 38]). However, most of the studies have been focused on independent

and identically distributed (i.i.d.) observations, and few studies have been done for serially

correlated data, especially for long-memory time series data. For example, for resting-state

fMRI data, the number of voxels in a brain (p) is typically greater than the number of

subjects (n). Also, some voxel time series in a resting brain are known to exhibit a long-

memory property (see Figures 3.1-3.3); also see [10] and [32] for example.

Recently, Shu and Nan (see [35]) investigated the estimation of high-dimensional covari-

ance and precision matrices from long-memory time series. They extended the definition of

long-memory to multivariate time series, and proposed a new and straightforward temporal

dependence measure that solely depends on the Frobenius norm and the spectral norm of
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the autocorrelation matrices of {Xt}nt=1. Hence, long-memory multivariate time series can

be well dealt with based on their relaxed assumption.

Motivated by [35], this dissertation focuses on the estimation of covariance and precision

matrices from high-dimensional long-memory time series.

1.2 Useful bounds

We borrow formulation of the problems and the notation from [35] for easy comparisons with

their results. The following norms are used in this dissertation. For a real matrix A = (aij),

the spectral norm is defined as ‖A‖2 = [ϕmax(A
>A)]1/2 where ϕmax is the largest eigenvalue,

and ϕk and ϕmin are the k-th and the smallest eigenvalues of A, respectively. The Frobenius

norm is defined as ‖A‖F = (
∑

i

∑
j a

2
ij)

1/2, the entrywise L1 norm |A|1 =
∑

i,j |aij|, and its

off-diagonal version |A|1,off =
∑

i 6=j |aij|. The entrywise Lv,w norm is defined as ‖A‖Lv,w =(∑n
j=1 (

∑m
i=1 |aij|

v)
w/v
)1/w

, and the entrywise L∞ norm |A|∞ = maxi,j |aij|. The vector

norm induced matrix `w norm is defined as ‖A‖w = sup
x 6=0

|Ax|w
|x|w

, and vector norm induced

matrix `v,w norm ‖A‖(v,w) = sup
x 6=0

|Ax|w
|x|v

. Also, denote vec(A) = (A>
1 , · · · ,A>

n )
> where Aj is

the j-th column of A, and denote A � 0 if A is positive definite.

Let Xp×n = (x1, · · · ,xn). We assume that each column xi follows a distribution with the

same covariance matrix Σ = (σkl)p×p. Let x[1], · · · ,x[p] be the p row vectors of Xp×n, and

R[k] = (ρij[k])n×n be the correlation matrix of x[k], i.e., the autocorrelation matrix of the kth

time series. For all k, the following inequalities are valid:

1 ≤ 1

n

∥∥R[k]

∥∥2
F
≤
∥∥R[k]

∥∥
2
≤
∥∥R[k]

∥∥
1
≤ n. (1.2.1)

Define gF (n) and g2(n) as

max
1≤k≤p

1

n

∥∥R[k]

∥∥2
F
≤ gF (n), max

1≤k≤p

∥∥R[k]

∥∥
2
≤ g2(n). (1.2.2)

We note that 1 ≤ gF (n) ≤ g2(n) ≤ n by (1.2.1).

A multivariate time series is “long-memory” (see [35]) if and only if

max
1≤k≤p

∥∥R[k]

∥∥
1
= ∞ as n→ ∞. (1.2.3)
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In [35], Shu and Nan considered a Polynomial-dominated decay (PDD) model with parameter

α > 0. The model is long-memory if and only if α ≤ 1. They showed that the convergence

rates of the covariance/precision estimators they considered were characterized by the bounds

gF (n) and g2(n). In this dissertation, we also consider the following long-memory model,

which is not covered by PDD in [35].

Definition 1.2.1. (Log-Polynomial-dominated decay (LPDD) model) Xp×n has LPDD tem-

poral dependence if

max
1≤k≤p

∣∣∣ρij[k]∣∣∣ ≤ C0(log |i− j|)−α for all |i− j| > 1, α > 0.

For the LPDD model, the generalized harmonic number (see [15]) is given as

H(α)
n =

n∑
k=2

(log k)−α < 1 +
n

(log n)α
. (1.2.4)

Note that the model always allows at least one individual time series to be long-memory.

1.3 Data generating mechanism

As in [35], we assume that the vectorized data Xpn = vec(Xp×n) are obtained through the

following linear spatio-temporal model

Xpn = Hz+ µpn, (1.3.1)

where H = (hij)pn×m is a real non-random matrix, µpn = 1n ⊗µp where 1n = (1, 1, · · · , 1)>

with length n, ⊗ denotes the Kronecker product, and z = (z1, · · · , zm)> consists of m

independent random variables with E(zi) = 0 and E(z2i ) = 1 for i = 1, · · · ,m. We use Xp×n

and Xpn interchangeably.

1.4 Three types of moment conditions

We consider the following three types of moment conditions for the random variables

z1, · · · , zm in (1.3.1) as in [35]. Let W be a random variable, and K, ϑ and ηk be positive

constants.
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(C1) Sub-Gaussian tails: For all k ≥ 1, (E|W |k)1/k ≤ Kk1/2.

(C2) Generalized sub-exponential tails: For some ϑ ∈ (0, 2) and all k ≥ ϑ, (E|W |k)1/k ≤

K(k/ϑ)1/ϑ.

(C3) Polynomial-type tails: For some k ≥ 4, (E|W |k)1/k ≤ ηk.

1.5 The organization of this dissertation

In Chapter 2, we generalize part of the results in [35], (i) from the spectral norm to the

general vector norm induced matrix `v,w norm ‖·‖(v,w) for any v, w ∈ [1,∞], (ii) from the

Frobenius norm to the general entrywise matrix Lv,w norm ‖·‖Lv,w for any v, w ∈ [1,∞], and

(iii) from p ≥ nc for some constant c > 0 to p ≥ (n/g2)
c for some constant c > 0, where

g2 is an upper bound of max1≤k≤p

∥∥∥(ρij[k])n×n

∥∥∥
2
. We also generalize their minimax result by

removing the restriction of p ≥ nβ for some β > 1. In particular, we obtain the minimax

result for the convergence rate of the precision matrix estimator proposed by [11].

In Chapter 3, based on the results of [35], we investigate the joint estimation of multiple

precision matrices. We generalize the results of [27] from i.i.d. data to long-memory data.

Especially, we obtain the estimation of the entrywise L1 norm and the Frobenius norm of

risk, and their expectations. Our numerical experiment results support our theory analysis.

In Chapter 4, based on the results of [35], we investigate the joint estimation of weighted

multiple precision matrices. We generalize the results of [16] from i.i.d. data to long-memory

data. Especially, we obtain the estimation of the entrywise L1 norm and the Frobenius norm

of risk, and their expectations. Our numerical experiment results support our theory analysis.

In Chapter 5, based on the results of [35], we introduce a new assumption to investigate

the joint estimation of multiple precision matrices, and generalize the results of [27] from

i.i.d. data to long-memory data. Especially, we obtain the estimation of the vector norm

induced matrix `1 norm and the Frobenius norm of risk, and their expectations.
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Chapter 2

Estimation of covariance and precision matrices for high-dimensional time

series with long-memory

In this chapter, we focus on the estimation of covariance and precision matrices for high-

dimensional long-memory time series. In [18], Ding et al. proposed the rotational invariant

L2,1-norm (they call it R1-norm), ‖M‖R1
= ‖M‖L2,1 =

∑
j

(∑
im

2
ij

)1/2, for the objective

functions of PCA, which makes R1-PCA robust to outliers and rotational invariant. This

motivates us to generalize part of the results in [35] to different matrix norms. In this chapter,

we generalize part of the results of [35], (i) from spectral norm to general vector norm induced

matrix `v,w norm ‖·‖(v,w) for any v, w ∈ [1,∞], (ii) from Frobenius norm to general entrywise

matrix Lv,w norm ‖·‖Lv,w for any v, w ∈ [1,∞], and (iii) from p ≥ nc for some constant c > 0

to p ≥ (n/g2)
c for some constant c > 0, where g2 is an upper bound of max1≤k≤p

∥∥∥(ρij[k])n×n

∥∥∥
2
.

We also generalize their minimax result by removing the restriction of p ≥ nβ for some β > 1.

In particular, we obtain the minimax result for the convergence rate of the precision matrix

estimator proposed by [11].

2.1 Estimation of covariance and correlation matrices for sub-Gaussian

data

In this section, we extend the results in [35] for the generalized thresholding covariance

matrix estimators to various matrix norms for sub-Gaussian data in (C1).

As in [35], let us consider the `q-ball sparse covariance matrices

U(q, cp, υ0) =

{
Σ : max

1≤i≤p

p∑
j=1

|σij|q ≤ cp, max
1≤i≤p

σii ≤ υ0

}
,

5



where υ0 > 0 and 0 ≤ q < 1. Let Σ̂ := (σ̂ij)p×p be the sample covariance matrix of observation

Xp×n given by

Σ̂ =
1

n

n∑
i=1

xix
T
i − xxT (2.1.1)

where x = 1
n

∑n
i=1 xi, xi is the ith column of X.

For the covariance matrix estimation in high dimensional analysis, [35] considered the

generalized thresholding estimators of Σ, Sτ ( Σ̂) = (sτ (σ̂ij))p×p, where sτ : R → R is

a generalized thresholding function with thresholding parameter τ ≥ 0, and it satisfies

the following conditions for all z ∈ R: (i) |sτ (z)| ≤ |z|; (ii) sτ (z) = 0 for |z| ≤ τ ; (iii)

|sτ (z)− z| ≤ τ .

Define

u1 = max
{
(log p)g2(n)/n, [(log p)gF (n)/n]

1/2
}
, (2.1.2)

and we assume u1 → 0 as n→ ∞. The following theorem generalizes Theorem 1 of [35] from

the spectral and the Frobenius norms to various matrix norms based upon a mild assumption

p ≥ (n/g2)
ε for some constant ε > 0.

Theorem 2.1.1. Assume (i) Xp×n is generated from (1.3.1) and all zi satisfy condition

(C1) with the same K; (ii) Σ ∈ U(q, cp, υ0) and {R[k]}pk=1 subject to (1.2.2); (iii) u1 = o(1)

with u1 defined in (2.1.2). Then for sufficiently large constant M1 =M1(υ0, K, ε, q) > 0 with

τ =M1u1, uniformly on Σ ∈ U(q, cp, υ0), we have

(i) If p ≥ (n/g2)
ε for some constant ε > 0, then with sufficiently large M1 additionally

depending on ε and q, we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
= O(u21),

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O(c2pu

2−2q
1 max{p2/w−2/v, 1}),∀v, w ∈ [1,∞],

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
= O(c2/vp u

2−2q/v
1 ), ∀v, w ∈ [1,∞].

6



(ii) If p < (n/g2)
ε for any constant ε > 0, then with sufficiently large M1 additionally

depending on c∗ and q, we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
= O(p−c∗),

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O(p−c∗),∀v, w ∈ [1,∞],

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
= O(p−c∗),∀v, w ∈ [1,∞].

Moreover, if we also have p ≥ f(n/g2), where f(·) is positive nondecreasing and f(t) →

∞ as t→ ∞, then

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
= O

((
f(

1

u1
)

)−c∗
)
,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O

((
f(

1

u1
)

)−c∗
)
,∀v, w ∈ [1,∞],

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
= O

((
f(

1

u1
)

)−c∗
)
,∀v, w ∈ [1,∞].

Proof of Theorem 2.1.1. By Riesz–Thorin interpolation theorem (see [4, page 1], [12,

page 2406]), we have

‖A‖w ≤ max{‖A‖1 , ‖A‖2 , ‖A‖∞} for all w ∈ [1,∞).

If A is symmetric, we have

‖A‖w ≤ ‖A‖1 for all w ∈ [1,∞] (2.1.3)

since ‖A‖1 = ‖A‖∞ , ‖A‖2 ≤
√

‖A‖1 ‖A‖∞ = ‖A‖1 (see [21, Corollary 2.3.2]). Also, |x|w ≤

|x|v for any v, w ∈ [1,∞] with v ≤ w.

If Ap×p is symmetric, it can be shown by Hölder inequality that

‖A‖(v,w) = sup
x∈Rp\{0}

|Ax|w
|x|v

= sup
x∈Rp\{0}

|Ax|w
|x|w

|x|w
|x|v

≤ ‖A‖w sup
x∈Rp\{0}

|x|w
|x|v

≤ ‖A‖w max{p1/w−1/v, 1} ≤ ‖A‖1max{p1/w−1/v, 1},∀v, w ∈ [1,∞]. (2.1.4)

7



From the proof of Theorem 1 of [35],∥∥∥Sτ1(Σ̂)−Σ
∥∥∥
1
= OP (cpu

1−q
1 ).

Thus, we have∥∥∥Sτ1(Σ̂)−Σ
∥∥∥
(v,w)

≤
∥∥∥Sτ1(Σ̂)−Σ

∥∥∥
1
max{p1/w−1/v, 1}

= OP (cpu
1−q
1 max{p1/w−1/v, 1}),∀v, w ∈ [1,∞].

We recap the proof of Theorem 1 of [35]. By [21, (2.3.12) and (2.3.7)],∥∥∥Sτ1(Σ̂)−Σ
∥∥∥
1

≤ √
p
∥∥∥Sτ1(Σ̂)−Σ

∥∥∥
2
≤ √

p
∥∥∥Sτ1(Σ̂)−Σ

∥∥∥
F
,∣∣∣Sτ1(Σ̂)−Σ

∣∣∣
∞

≤
∥∥∥Sτ1(Σ̂)−Σ

∥∥∥
F
.

Similar to the proof of (S.35) of [36], we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
≤ p

[
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥4
F

)]1/2
O(p

−c1
2 ) + C2

1u
2
1,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
1

)
≤ p

[
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥4
F

)]1/2
O(p

−c1
2 ) + (C1cpu

1−q
1 )2.

By the above inequalities, (2.1.4) and (S.40) of [36]

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2d
F

)
= O(pC) for d = 1, 2, 3,

we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
≤ O(p

c5−c1
2 ) + C2

1u
2
1,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
≤ max{p2/w−2/v, 1}E

(∥∥∥Sτ1(Σ̂)−Σ
∥∥∥2
1

)
≤ O(p

c5−c1
2 ) + max{p2/w−2/v, 1}(C1cpu

1−q
1 )2,∀v, w ∈ [1,∞],

where C1 > 0 is a constant only dependent on M1, c5 > 0 is a constant, and c1 > 0 is a

sufficiently large constant.

(i) Since p ≥ (n/g2)
c for some constant c > 0, we have

p−1/c ≤ 1

n/g2
≤ log p

n/g2
≤ u1.

8



Thus, for sufficiently large c1 > 0, we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
≤ C2

1u
2
1,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
≤ (C1cpu

1−q
1 )2max{p2/w−2/v, 1},∀v, w ∈ [1,∞].

It is straightforward to check that

∥∥∥Sτ1(Σ̂)−Σ
∥∥∥
Lv,w

=

 p∑
j=1

(
p∑

i=1

|sτ1(σ̂ij)− σij|v
)w/v

1/w

≤

 p∑
j=1

(
p∑

i=1

max
ij

|sτ1(σ̂ij)− σij|v−1 |sτ1(σ̂ij)− σij|

)w/v
1/w

≤ max
ij

|sτ1(σ̂ij)− σij|(v−1)/v

 p∑
j=1

(
p∑

i=1

|sτ1(σ̂ij)− σij|

)w/v
1/w

≤
∣∣∣Sτ1(Σ̂)−Σ

∣∣∣(v−1)/v

∞

 p∑
j=1

(
max

j

p∑
i=1

|sτ1(σ̂ij)− σij|

)w/v
1/w

=
∣∣∣Sτ1(Σ̂)−Σ

∣∣∣(v−1)/v

∞

(
p
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥
1

)w/v
)1/w

=
∣∣∣Sτ1(Σ̂)−Σ

∣∣∣(v−1)/v

∞
p1/w

∥∥∥Sτ1(Σ̂)−Σ
∥∥∥1/v
1

, (2.1.5)

then by Hölder inequality, we have

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
≤ E

(∣∣∣Sτ1(Σ̂)−Σ
∣∣∣2(v−1)/v

∞

∥∥∥Sτ1(Σ̂)−Σ
∥∥∥2/v
1

)
≤ E

(∣∣∣Sτ1(Σ̂)−Σ
∣∣∣2
∞

)(v−1)/v

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
1

)1/v

≤ O(c2/vp u
2−2q/v
1 ).

(ii) Since p < (n/g2)
ε for any constant ε > 0, we have

p−1/(4ε) ≥ p−1/(2ε) ≥ p−1/ε log p ≥ log p

n/g2
, as p→ ∞,

and

p−1/(4ε) ≥

√
log p

n/g2
≥

√
log p

n/gF
, as p→ ∞,

9



then p−1/(4ε) ≥ u1.

Note that cp ≤ v0p. Thus, for small enough ε > 0, we have

p−
1−q
2ε

+2 = p2
(
p−1/(4ε)

)(1−q)2 ≥ (cpu
1−q
1 )2, as p→ ∞.

Therefore, we have

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
= O(p−c∗),

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O(p−c∗),∀v, w ∈ [1,∞],

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
= O(p−c∗),∀v, w ∈ [1,∞].

Moreover, if we also have p ≥ f(n/g2). Note that 1
u1

≤ n/g2
log p

. We have

f

(
1

u1

)
≤ f

(
n/g2
log p

)
≤ f (n/g2) ≤ p,

then

E
(∣∣∣Sτ1(Σ̂)−Σ

∣∣∣2
∞

)
= O

((
f(

1

u1
)

)−c∗
)
,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O

((
f(

1

u1
)

)−c∗
)
,∀v, w ∈ [1,∞],

1

p2/w
E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
Lv,w

)
= O

((
f(

1

u1
)

)−c∗
)
,∀v, w ∈ [1,∞].

The proof is completed. �

Remark 2.1.1. (i) ‖·‖(1,1) = ‖·‖1 and ‖·‖L2,2 = ‖·‖F .

(ii) If p ≥ [log(n/g2)]
c for some constant c > 0, we have(

log
1

u1

)c

≤
(
log

n/g2
log p

)c

≤ (log n/g2)
c ≤ p.

Thus,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O

((
log

1

u1

)−c∗
)
,∀v, w ∈ [1,∞].

10



(iii) If p ≥ [log log(n/g2)]
c for some constant c > 0, we have(

log log
1

u1

)c

≤
(
log log

n/g2
log p

)c

≤ (log log n/g2)
c ≤ p.

Thus,

E
(∥∥∥Sτ1(Σ̂)−Σ

∥∥∥2
(v,w)

)
= O

((
log log

1

u1

)−c∗
)
,∀v, w ∈ [1,∞].

(iv) For LPDD temporal dependence, we can set the bounds as

gF = O(n/(log n)2α), g2 = O(n/(log n)α),

then we have the following property

u1 . (log p)/(log n)α, α > 0,

by (1.2.4). Here, xn . yn if xn = O(yn) as n→ ∞.

Theorem 2.1.2. If we replace Σ̂, Σ, σ̂ij, σij, U(q, cp, υ0), τ1, and M1 by R̂, R, ρ̂ij, ρij,

R(q, cp), τ2, and M2 without depending on υ0, respectively, Theorems 2.1.1 holds.

The following theorem generalizes Theorem 3 of [35] from the spectral and the Frobenius

norms to various matrix norms based upon a mild assumption of cp and also by removing

the restriction of p ≥ nc1 with some constant c1 > 1. Denote xn � yn if xn = O(yn) and

yn = O(xn).

Theorem 2.1.3. (Minimax rates) Assume (i) Xp×n is generated from (1.3.1) and all zi

satisfy (C1) with constant K ≥ KG, where KG = supk≥1

√
2/k

[
Γ(1+k

2
)/
√
π
]1/k, and Γ(·)

is the gamma function; (ii) Σ ∈ U(q, cp, v0) and {R[k]}pk=1 subject to (1.2.2), (iii) u1 ≤

κ
√

(log p)/n with κ ≥ 1. Denote P1(q, cp, v0, gF , g2, K, κ) as the set of distributions of Xp×n,

and D denote the distribution of Xp×n. If
√

(log p)/n = o(1),

cp = cn,p ≤ min

{
1

2
εqn,pp

1
3β ,

C∗

27

log p

n
εq−3
n,p

}
(2.1.6)
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with some constants β > 1, C∗ =
β−1

(3β−1)β
, εn,p =

√
(log p)/n, then for any estimator, Σ̃, we

have

inf
Σ̃

sup
D∈P1

EXp×n|D

(∣∣∣Σ̃−Σ
∣∣∣2
∞

)
� u21,

inf
Σ̃

sup
D∈P1

EXp×n|D

(
‖Σ̃−Σ‖2(v,w)

)
� c2pu

2(1−q)
1 p2/w−2/v,∀v, w ∈ [1,∞] with w ≤ v,

inf
Σ̃

sup
D∈P1

1

p2/w
EXp×n|D

(∥∥∥Σ̃−Σ
∥∥∥2
Lv,w

)
� c2/vp u

2−2q/v
1 ,∀v, w ∈ [1,∞].

Additionally if cp > 1, then for any estimator R̃ we have

inf
R̃

sup
D∈P2

EXp×n|D

(∣∣∣R̃−R
∣∣∣2
∞

)
� u21,

inf
R̃

sup
D∈P2

EXp×n|D

(
‖R̃−R‖2(v,w)

)
� c2pu

2(1−q)
1 p2/w−2/v, ∀v, w ∈ [1,∞] with w ≤ v,

inf
R̃

sup
D∈P2

1

p2/w
EXp×n|D

(∥∥∥R̃−R
∥∥∥2
Lv,w

)
� c2/vp u

2−2q/v
1 ,∀v, w ∈ [1,∞].

Set τ1 = M1u1 and τ2 = M2u1 with sufficiently large positive constants M1 and M2, then

the generalized thresholding estimators Sτ1(Σ̂) and Sτ2(R̂) attain the above minimax optimal

rates, respectively.

Proof of Theorem 2.1.3. Our proof is similar to the proof of Theorem 3 of [35] and

Theorem 2 of [12].

For the upper bound, we only need to prove that

inf
Σ̃
max
θ∈Θ

EX|θ

∥∥∥Σ̃−Σ
∥∥∥2
1
≤ c2c

2
pu

2(1−q)
1 , (2.1.7)

and (2.1.7) is valid by Theorem 2.1.1.

For the lower bound of inf
Σ̃
max
θ∈Θ

EX|θ‖Σ̃ − Σ‖2(v,w) with v, w ∈ [1,∞], we only need to

calculate inf
Σ̃
max
θ∈Θ

EX|θ

∥∥∥Σ̃−Σ
∥∥∥
(v,w)

because EX|θ

∥∥∥Σ̃−Σ
∥∥∥
(v,w)

≤
(
EX|θ‖Σ̃−Σ‖2(v,w)

)1/2
by

the Lyapunov inequality .

We recap the proof of Theorem 2 of [12]. By applying Lemma 3 of [12] with s = 1, we

have

inf
Σ̃
max
θ∈Θ

2EX|θ

∥∥∥Σ̃−Σ
∥∥∥
(v,w)

≥ α · r
2
· min
1≤i≤r

∥∥Pi,0 ∧ Pi,1

∥∥ ,
12



where r = dp/2e, the smallest integer ≥ p/2, and

α = min
{(θ,θ′):H(γ(θ),γ(θ′))≥1}

‖Σ(θ)−Σ(θ′)‖(v,w)

H(γ(θ), γ(θ′))
,

and

min
1≤i≤r

∥∥Pi,0 ∧ Pi,1

∥∥ ≥ c2 > 0 (2.1.8)

which we will prove below. The notations Σ(θ),Pi,0,Pi,1, H, and γ are the same as in the

proof of Theorem 2 in [12].

Similar to the proof of Lemma 5 of [12], we have

‖Σ(θ)−Σ(θ′)‖(v,w) ≥
[H(γ(θ), γ(θ′))]1/w kεn,p

p1/v
.

Note that H(γ(θ), γ(θ′)) ≤ p. Thus

α ≥ min
{(θ,θ′):H(γ(θ),γ(θ′))≥1}

kεn,p

[H(γ(θ), γ(θ′))]1−1/w p1/v
≥ kεn,p
p1+1/v−1/w

.

Note also that k = max{
⌈
1
2
cn,pε

−q
n,p

⌉
− 1, 0} and v, w ≥ 1. Then,

inf
Σ̃
max
θ∈Θ

2EX|θ

∥∥∥Σ̃−Σ
∥∥∥
(v,w)

≥ α · r
2
· min
1≤i≤r

∥∥Pi,0 ∧ Pi,1

∥∥
≥ kεn,p

p1+1/v−1/w

p

4
c2

≥ 1

4
c2kεn,pp

1/w−1/v = c3(cpu
1−q
1 )p1/w−1/v.

Therefore,

inf
Σ̂
max
θ∈Θ

EX|θ

∥∥∥Σ̃−Σ
∥∥∥2
(v,w)

≥ c3c
2
n,pu

2(1−q)
1 p2/w−2/v = c3c

2
pu

2(1−q)
1 p2/w−2/v.

For the lower bound of inf
Σ̂
max
θ∈Θ

1
p2/w

EX|θ

∥∥∥Σ̃−Σ
∥∥∥2
Lv,w

, we have

‖Σ(θ)−Σ(θ′)‖Lv,w ≥ [H(γ(θ), γ(θ′))]
1/w

k1/vεn,p,

by following the proof of Lemma 5 of [12]. Then

inf
Σ̃
max
θ∈Θ

1

p2/w
EX|θ

∥∥∥Σ̃−Σ
∥∥∥2
Lv,w

≥
(
inf
Σ̃
max
θ∈Θ

1

p1/w
EX|θ

∥∥∥Σ̃−Σ
∥∥∥
Lv,w

)2
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≥
(
r · c2
2p1/w

· p
1/wk1/vεn,p

p

)2

≥ c4

(
p1−1/w · c

1/v
n,p ε

1−q/v
n,p

p1−1/w

)2

= c4c
2/v
n,pu

2−2q/v
1 .

Hence,

inf
Σ̃
max
θ∈Θ

1

p2/w
EX|θ

∥∥∥Σ̃−Σ
∥∥∥2
Lv,w

≥ c4c
2/v
n,pu

2−2q/v
1 = c4c

2/v
p u

2−2q/v
1 .

Similarly, for the lower bound of inf
Σ̃
max
θ∈Θ

1
p
EX|θ

∣∣∣Σ̃−Σ
∣∣∣2
∞

, we have

∣∣∣Σ̃−Σ
∣∣∣2
∞

≥ ε2n,p.

Thus,

inf
Σ̃
max
θ∈Θ

EX|θ

∣∣∣Σ̃−Σ
∣∣∣2
∞

≥ min
{(θ,θ′):H(γ(θ),γ(θ′))≥1}

ε2n,p
H(γ(θ), γ(θ′))

rc2 = c2u
2
1.

Then, it only remains to prove (2.1.8), which can be proven by Lemma 8 of [12]. In order

to check if Lemma 8 of [12] is valid in our setting, let us investigate Lemma 11 of [12].

According to the proof of Lemma 11 in [12], we only need to assume that

2kεn,p < 1/3, (2.1.9)

cn,pε
3−q
n,p → 0 as n→ ∞, (2.1.10)

27nkε3n,p = 27ncn,pε
3−q
n,p ≤ C∗ log p, (2.1.11)

(1 +
1

β
) log p =

β + 1

β − 1
(1− 1

β
) log p ≤

(
2β

β − 1
− 1

)
log

p/8− 1− k

k2
. (2.1.12)

Note that (log p)/n → 0 as n → ∞. Here, (2.1.9) and (2.1.10) must be true if (2.1.11) is

satisfied. Thus, we only need to assume that (2.1.11) and (2.1.12) are satisfied simultaneously,

i.e.  cn,p ≤ C∗
27

log p
n
εq−3
n,p ,

4k ≤ 2cn,pε
−q
n,p ≤ p

1
2β ,

which we can rewrite it as  cn,p ≤ C∗
27

log p
n
εq−3
n,p ,

cn,p ≤ 1
2
εqn,pp

1
2β .
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Then, we only need to assume

cn,p ≤ min

{
1

2
εqn,pp

1
2β ,

C∗

27

log p

n
εq−3
n,p

}
.

Note that u1 ≤ κ
√

(log p)/n, and then

u1 = max
{
(log p)g2(n)/n, [(log p)gF (n)/n]

1/2
}
� [(log p)/n]1/2 = εn,p.

If p ≥ nβ with some β > 1, we have C∗
27

log p
n
εq−3
n,p ≤ 1

2
εqn,pp

1
2β , and

cn,p ≤
C∗

27

log p

n
εq−3
n,p .

If p ≤ nβ0 with some positive β0 < β(> 1), we have C∗
27

log p
n
εq−3
n,p ≥ 1

2
εqn,pp

1
2β when n is large

enough, and

cn,p ≤
1

2
εqn,pp

1
2β .

Note that C∗ =
β−1

(3β−1)β
, then it is straightforward to have∫

t> 2β
β−1

exp

[
log(2p)− (t− 1) log

p/8− 1− k

k2
+ 27n(t+ 1)kε3n,p

]
dt

≤
∫
t> 2β

β−1

exp

[
log(2p)− (t− 1)(1− 1

β
) log p+ (t+ 1)C∗ log p

]
dt

= 2p1+2C∗

∫
t> 2β

β−1

exp

[
−(t− 1)(1− 1

β
− C∗) log p

]
dt

= 2p1+2C∗
exp

[
−( 2β

β−1
− 1)

(
1− 1

β
− C∗

)
log p

]
(
1− 1

β
− C∗

)
log p

=
2(

1− 1
β
− C∗

)
log p

→ 0.

Therefore, Lemma 11 of [12] is valid under our assumptions.

Now, let us check the proof of Lemma 8 of [12]. Since (2.1.12) implies that

k2

pλ−1 − k
≤ k2

p/4− k
≤ 1

p1−1/β
,

and (2.1.9) implies that

jε2n,p ≤ kε2n,p ≤
1

6
εn,p → 0 as n→ ∞,

Lemma 8 of [12] is valid under our assumption.

The proof is completed. �
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2.2 Estimation of precision matrix for sub-Gaussian data

In this section, we extend the results in [35] for the precision matrix estimator the con-

strained entrywise L1 minimization for inverse matrix estimation (CLIME) proposed by

[11], to various norms for sub-Gaussian data in (C1).

As in [35], we consider the following set of precision matrices

G1(q, c∗p,Mp, v0)=

{
Ω � 0 : max

1≤i≤p

p∑
j=1

|ωij|q ≤ c∗p, ‖Ω‖1 ≤Mp, max
1≤i≤p

σii ≤ v0

}
,

where 0 ≤ q < 1.

To obtain the CLIME estimate, let Θ̂ε,λ := (θ̂
(ε,λ)
ij )p×p be a solution to the following

optimization:

min |Θ|1 subject to |Σ̃εΘ− I|∞ ≤ λ, Θ ∈ Rp×p, (2.2.1)

where λ is a tuning parameter, Σ̃ε = Σ̂ + εI, Σ̂ is given in (2.1.1), ε ≥ 0 is a perturbation

parameter [11], and I is the p×p identity matrix. Because the solution to the above optimiza-

tion problem does not guarantee symmetry, the final CLIME estimator Ω̂ε,λ := (ω̂
(ε,λ)
ij )p×p is

obtained by the following symmetrization step:

ω̂
(ε,λ)
ij = ω̂

(ε,λ)
ji = θ̂

(ε,λ)
ij 1(|θ̂(ε,λ)ij | ≤ |θ̂(ε,λ)ji |) + θ̂

(ε,λ)
ji 1(|θ̂(ε,λ)ij | > |θ̂(ε,λ)ji |),

where 1(A) is the indicator function of event A, x+ = x1(x ≥ 0) and sign(x) = 1(x ≥

0)− 1(x ≤ 0).

The following theorem generalizes Theorem 4 of [35] from the spectral and the Frobenius

norms to various matrix norms based upon a mild assumption p ≥ (n/g2)
c for some constant

c > 0.

Theorem 2.2.1. Assume (i) Xp×n is generated from (1.3.1) and all zi satisfy condition (C1)

with the same K; (ii) Ω ∈ G1(q, c∗p,Mp, v0) and {R[k]}pk=1 subject to (1.2.2), (iii) u1 = o(1)

with u1 defined in (2.1.2); (iv) p ≥ (n/g2)
c and min{p−C , u1} ≤ ε ≤ u1 for some positive

constants c and C. Set λ =MMpu1 with sufficiently large constant M =M(v0, K, c, C, q) >
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0, uniformly on Ω ∈ G1(q, c∗p,Mp, v0), we have

E
(
|Ω̂ε,λ −Ω|2∞

)
= O

(
(M2

pu1)
2
)
,

E
(
‖Ω̂ε,λ −Ω‖2(v,w)

)
= O

(
c2∗p(M

2
pu1)

2−2q max{p2/w−2/v, 1}
)
,∀v, w ∈ [1,∞],

1

p2/w
E
(
‖Ω̂ε,λ −Ω‖2Lv,w

)
= O

(
c2/v∗p (M2

pu1)
2−2q/v

)
,∀v, w ∈ [1,∞].

Proof of Theorem 2.2.1. Similar to the proof of Theorem 4 of [35] we have

|Ω̂ε,λ −Ω|∞ = OP (M
2
pu1),

‖Ω̂ε,λ −Ω‖1 = OP

(
c∗p(M

2
pu1)

1−q
)
,

and then

‖Ω̂ε,λ −Ω‖(v,w) ≤ ‖Ω̂ε,λ −Ω‖1max{p1/w−1/v, 1}

= OP

(
c∗p(M

2
pu1)

1−q max{p1/w−1/v, 1}
)
, ∀v, w ∈ [1,∞].

Note that

‖Ω̂ε,λ‖1 ≤
∣∣∣Θ̂ε,λ

∣∣∣
1
≤
∣∣∣Σ̃−1

ε,λ

∣∣∣
1
≤ p‖Σ̃−1

ε,λ‖1 ≤ p2‖Σ̃−1
ε,λ‖2

≤ p2ϕmax(Σ̃
−1
ε,λ) = p2/ϕmin(Σ̃ε,λ) = p2/[ϕmin(Σ̂) + ε]

≤ p2/ε.

Similar to the proof of Theorem 2 of [11], we have

E
(
‖Ω̂ε,λ −Ω‖21

)
= O

(
c2∗p(M

2
pu1)

2−2q
)
+O

(
p4(1/u1)

2p−τ
)
.

If p ≥ (n/g2)
c for some c > 0, we have p4(1/u1)2p−τ = O

(
c2∗p(M

2
pu1)

2−2q
)
, then

E
(
‖Ω̂ε,λ −Ω‖21

)
= O

(
c2∗p(M

2
pu1)

2−2q
)
.

By Riesz–Thorin interpolation theorem (see [4, page 1], [12, page 2406]),

E
(
‖Ω̂ε,λ −Ω‖2(v,w)

)
≤ E

(
‖Ω̂ε,λ −Ω‖2w

)
max{p2/w−2/v, 1}
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≤ max{p2/w−2/v, 1}E
(
‖Ω̂ε,λ −Ω‖21

)
= O

(
c2∗p(M

2
pu1)

2−2q max{p2/w−2/v, 1}
)
,∀v, w ∈ [1,∞].

Note that |Ω̂ε,λ −Ω|∞ ≤ ‖Ω̂ε,λ −Ω‖1. Similarly, we have

E
(
|Ω̂ε,λ −Ω|2∞

)
= O

(
(M2

pu1)
2
)
+O

(
p4(1/u1)

2p−τ
)
.

If p ≥ (n/g2)
c for some c > 0, we have p4(1/u1)2p−τ = O

(
c2∗p(M

2
pu1)

2−2q
)
, then

E
(
|Ω̂ε,λ −Ω|2∞

)
= O

(
(M2

pu1)
2
)
.

Similar to (2.1.5), by Hölder inequality, we have

1

p2/w
E
(
‖Ω̂ε,λ −Ω‖2Lv,w

)
≤ E

(∣∣∣Ω̂ε,λ −Ω
∣∣∣2(v−1)/v

∞

∥∥∥Ω̂ε,λ −Ω
∥∥∥2/v
1

)
≤ E

(∣∣∣Ω̂ε,λ −Ω
∣∣∣2
∞

)(v−1)/v

E
(∥∥∥Ω̂ε,λ −Ω

∥∥∥2
1

)1/v

≤ O
(
c2/v∗p (M2

pu1)
2−2q/v

)
.

The proof is completed. �

Based on Theorem 2.2.1, we have the following minimax result for the precision matrix

estimation.

Theorem 2.2.2. (Minimax rates) Assume (i) Xp×n is generated from (1.3.1) and all zi

satisfy (C1) with same constant K ≥ KG, where KG = supk≥1

√
2/k

[
Γ(1+k

2
)/
√
π
]1/k, and

Γ(·) is the gamma function; (ii) Σ ∈ U(q, cp, v0), Ω ∈ G1(q, c∗p,Mp, v0) and {R[k]}pk=1 subject

to (1.2.2); (iii) u1 ≤ κ
√

(log p)/n. Let P1(q, cp, v0, gF , g2, K, κ) be the set of distributions of

Xp×n generated, and D denote the distribution of Xp×n. If
√
(log p)/n = o(1),

cp = cn,p ≤
1

2
εqn,pp

1
3β ,

with some constants β > 1, C∗ =
β−1

(3β−1)β
, εn,p =

√
(log p)/n, p ≤ nξ with ξ < 3β

3β+1
, then for

any estimator Ω̃ and any v, w ∈ [1,∞], we have

u21 . inf
Ω̃

sup
D∈P1∩G1

EXp×n|D

(∣∣∣Ω̃−Ω
∣∣∣2
∞

)
. (M2

pu1)
2,

18



c2pu
2(1−q)
1 p2/w−2/v . inf

Ω̃
sup

D∈P1∩G1

EXp×n|D

(
‖Ω̃−Ω‖2(v,w)

)
. c2∗p(M

2
pu1)

2−2q max{p2/w−2/v, 1},

c2/vp u
2−2q/v
1 . inf

Ω̃
sup

D∈P1∩G1

1

p2/w
EXp×n|D

(
‖Ω̃−Ω‖2Lv,w

)
= O

(
c2/v∗p (M2

pu1)
2−2q/v

)
.

Proof of Theorem 2.2.2. By Theorem 2.2.1, the upper bound is achieved.

For the lower bound of inf
Σ̂
max
θ∈Θ

EX|θ‖Ω̃ − Ω‖2(v,w) with v, w ∈ [1,∞], we only need to

calculate inf
Σ̂
max
θ∈Θ

EX|θ

∥∥∥Ω̃−Ω
∥∥∥
(v,w)

because EX|θ

∥∥∥Ω̃−Ω
∥∥∥
(v,w)

≤
(
EX|θ‖Ω̃−Ω‖2(v,w)

)1/2
by

the Lyapunov inequality.

By the definition of Σ(θ) in the proof of Theorem 2 in [12], we can partition Σ(θ) as

Σ(θ) =

 Ip−r A12

A21 Ir

 ,

where A21 = AT
12. By (2.50) of [34], we have

Σ(θ)−1 =

 Ip−r +A12B
−1A21 −A12B

−1

B−1A21 B−1

 ,

where B = Ir −A21A12 = Ir −AT
12A12. Using the definition of Σ(θ) again, we have

B−1 = (Ir −AT
12A12)

−1 = Ir +
∞∑
n=1

(AT
12A12)

n.

It is straightforward to check that every element a(n)ij of (AT
12A12)

n is nonnegative and

a
(n)
ij ≤ rn−1

(
2kε2n,p

)n ≤ pn−1
(
2kε2n,p

)n
,

thus every element aij of
∑∞

n=1(A
T
12A12)

n is nonnegative and

aij =
∞∑
n=1

a
(n)
ij ≤

∞∑
n=1

pn−1
(
2kε2n,p

)n
= 2kε2n,p

1

1− 2pkε2n,p
≤ 3kε2n,p,

provided

2pkε2n,p = 2pcn,pε
2−q
n,p = 2p

3β+1
3β

log p

n
→ 0.

This is guarranted by the assmuption p ≤ nξ with ξ < 3β
3β+1

. Since every element of A12 is

nonnegative, we can drop
∑∞

n=1(A
T
12A12)

n in the remaining lower bound computation, and

take Ir as the B−1. Similar to the proof of Theorem 2.1.3 we can obtain this result.
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For the lower bound of inf
Σ̂
max
θ∈Θ

EX|θ‖Ω̃ − Ω‖2Lv,w with v, w ∈ [1,∞], we only need to

compute inf
Σ̂
max
θ∈Θ

EX|θ

∥∥∥Ω̃−Ω
∥∥∥
Lv,w

due to the Lyapunov inequality. Hence, we can complete

the proof by following a similar path in the proof of Theorem 2.1.3. �

2.3 Extension to heavy tail data

In this section, we extend the results in [35] for the covariance and precision matrices esti-

mators to various norms for heavy-tailed data in (C2) and (C3).

Define

u2 = max
{
(log p)1+2/ϑg2/n, (log p)

1+2/ϑ(gF/n)
1/2
}
, (2.3.1)

and

u3 = max
{
p(2+2C)/kg2/n, p

(4+2C)/k(gF/n)
1/2
}
. (2.3.2)

Theorem 2.3.1. (Generalized sub-exponential tails) Assume condition (C1), parameter K,

and u1 are replaced by condition (C2), parameters {K,ϑ}, and u2, respectively, then Theo-

rems 2.1.1,2.1.2, and 2.2.1 hold.

Theorem 2.3.2. (Polynomial-type tails) Assume condition (C1), parameter K, and u1 are

replaced by condition (C3), parameters {k, ηk}, and u3, respectively.

(i) Under the conditions of Theorem 2.1.1, we have∣∣∣Sτ (Σ̂)−Σ
∣∣∣
∞

= OP (u3),∥∥∥Sτ (Σ̂)−Σ
∥∥∥
(v,w)

= OP (cpu
1−q
3 max{p1/w−1/v, 1}),∀v, w ∈ [1,∞],

1

p2/w

∥∥∥Sτ (Σ̂)−Σ
∥∥∥2
Lv,w

= OP (c
2/v
p u

2−2q/v
3 ),∀v, w ∈ [1,∞].

(ii) Under the conditions of Theorem 2.2.1, we have

|Ω̂ε,λ −Ω|∞ = OP

(
M2

pu3
)
,

‖Ω̂ε,λ −Ω‖(v,w) = OP

(
c∗p(M

2
pu3)

1−q max{p1/w−1/v, 1}
)
,∀v, w ∈ [1,∞],

1

p2/w
‖Ω̂ε,λ −Ω‖2Lv,w = OP

(
c2/v∗p (M2

pu3)
2−2q/v

)
,∀v, w ∈ [1,∞].
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The proofs of Theorems 2.3.1 and 2.3.2 are similar to those of the preceding theorems

by using the corresponding results given in Lemmas A.1, A.2 and A.3 of [35] for conditions

(C2) and (C3), respectively. Details are omitted.
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Chapter 3

Joint estimation of multiple precision matrices with common structures

for high-dimensional time series with long-memory

In [35], Shu and Nan investigated the precision matrix of long-memory rfMRI data for a

single subject, provided by the WU-Minn Human Connectome Project (www.humanconnec-

tome.org). Oftentimes, a group analysis rather than a single subject analysis is desirable

in fMRI studies to draw a general conclusion. Hence, simultaneous estimation of multiple

precision matrices from a group of subjects is of interest. In such case, it is reasonable to

expect that the precision matrices of the subjects within a group would share some common

characteristics, and also individual precision matrices would have their unique characteristics.

In this chapter, we study the joint estimation of multiple precision matrices rather than

the separate estimation of individual precision matrices for long-memory data. In [27], Lee

and Liu proposed the joint estimation of multiple precision matrices with common structure

(JEMP), but they only obtained the entriwise L∞ norm of the risk of the common structure

for i.i.d. data. Motivated by [27] and [35], this chapter focuses on investigating the properties

of the estimated precision matrices by JEMP for long-memory data. Our theory analysis

generalizes part of the results in [27], (i) from i.i.d. data to long-memory data; (ii) from the

entrywise L∞ norm of Ĉ − C0 to the entrywise L1 norm and the Frobenius norm where

C0 is the common structure of the target precision matrices and Ĉ is the estimator of C0;

and (iii) obtain the expectations of Ĉρ −C0, where Ĉρ is the modified estimator, which will

be defined below. We also deal with the Polynomial-type tail on top of sub-Gaussian and

sub-exponential tails.
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We borrow formulation of the problems and the notation from [27] for easy comparisons

with their results. We consider a data set with S different groups (e.g. subjects in our fMRI

example), and each group has a different distribution. For the sth group (s = 1, · · · , S), we

denote {x(s)
1 , · · · ,x(s)

ns } as a time series random sample of size ns, where x(s)
k = (x

(s)
k1 , · · · , x

(s)
kp )

T

is a p-dimensional random vector with the covariance matrix Σ
(s)
0 = (σ

(s)
ij,0), and precision

matrix Ω
(s)
0 := (Σ

(s)
0 )−1. For the sth group, Σ̂(s) :=

(
σ̂
(s)
ij

)
p×p

denotes the sample covariance

matrix of observations X(s) (p× ns dimension):

Σ̂(s) =
1

ns

ns∑
i=1

x
(s)
i x

(s)T
i − x(s)x(s)T ,

where x(s) = 1
ns

∑ns

i=1 x
(s)
i , x(s)

i is the ith colomn of X(s). Also denote Ω
(s)
0 = (ω

(s)
ij,0), s =

1, · · · , S.

Define the common structure C0 and the unique structure U
(s)
0 as

C0 :=
1

S

S∑
s=1

Ω
(s)
0 , and U

(s)
0 = Ω

(s)
0 −C0; s = 1, · · · , S.

Note that
∑S

s=1 U
(s)
0 = 0. In order to estimate {C0,U

(1)
0 , · · · ,U(S)

0 } for long-memory time

series, we investigate the following constrained entrywise L1 minimization problem [27]:

min

{
|C|1 + ν

S∑
s=1

∣∣U(s)
∣∣
1

}

s.t

∣∣∣∣∣ 1S
S∑

s=1

{
Σ̂(s)(C+U(s))− I

}∣∣∣∣∣
∞

≤ λ1,
∣∣∣Σ̂(s)(C+U(s))− I

∣∣∣
∞

≤ λ2,
S∑

s=1

U(s) = 0, (3.0.1)

where ν is a prespecified weight, and (λ1, λ2) are tuning parameters. If λ1 > λ2, it is easy

to see that the first inequality constraints does not work. Therefore, we always assume (λ1,

λ2) satisfying λ1 ≤ λ2.

We can also consider the following vector optimal problem for j = 1, · · · , p.

min

{∣∣∣∣∣ 1S
S∑

s=1

c
(s)
j

∣∣∣∣∣
1

+ ν

S∑
s=1

∣∣∣∣∣c(s)j − 1

S

S∑
s=1

c
(s)
j

∣∣∣∣∣
1

}
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s.t

∣∣∣∣∣ 1S
S∑

s=1

{
Σ̂(s)c

(s)
j − ej

}∣∣∣∣∣
∞

≤ λ1,
∣∣∣Σ̂(s)c

(s)
j − ej

∣∣∣
∞

≤ λ2, (3.0.2)

where c
(s)
j is a vector in Rp, ej is the jth colomn of the identity matrix Ip.

By the proof of Lemma 1 of [11], it can be seen that (3.0.1) and (3.0.2) have the same

solution set. This allows one to solve (3.0.1) by CLIME for data analysis.

Assume {Ĉ1, Û
(1)
1 , · · · , Û(S)

1 } is a solution of (3.0.1), and denote Ω̂
(s)
1 := Ĉ1 + Û

(s)
1 , s =

1, · · · , S. Because it is not guaranteed that {Ω̂(s)
1 , s = 1, · · · , S} is symmetric, [27] take

the following symmerization step. We define our final JEMP estimator {Ω̂(1), · · · , Ω̂(S)} of

{Ω(1)
0 , · · · ,Ω(S)

0 } as the symmetrized result of {Ω̂(1)
1 , · · · , Ω̂(S)

1 }, and denote Ω̂
(s)
1 = (ω̂

(s)
ij,1),

and Ω̂(s) = (ω̂
(s)
ij ), for s = 1, · · · , S, then

ω̂
(s)
ij = ω̂

(s)
ij,11{

S∑
s=1

∣∣∣ω̂(s)
ij,1

∣∣∣ ≤ S∑
s=1

∣∣∣ω̂(s)
ji,1

∣∣∣}+ ω̂
(s)
ji,11{

S∑
s=1

∣∣∣ω̂(s)
ij,1

∣∣∣ > S∑
s=1

∣∣∣ω̂(s)
ji,1

∣∣∣}. (3.0.3)

In what follows, we present the theoretical properties of the JEMP estimator. In this

chapter, we consider the following class of matrices:

U := {Ω : Ω � 0, ‖Ω‖1 ≤ CM , |Ω|1 ≤ C∗
M} .

We assume n = n1 = · · · = nS, and Ω
(s)
0 ∈ U for all s = 1, · · · , S. Denote E(x(s)) =

(µ
(s)
1 , · · · , µ(s)

p )T .

3.1 Estimation of Precision matrices for sub-Gaussian data

In this section, we extend the results in [27] for the precision matrix estimator from i.i.d to

long-memory for sub-Gaussian data in (C1).

Throughout this chapter, we define

1

nS
max
1≤k≤p

∥∥Cov(x[k])
∥∥2
F

≤ gF , max
1≤k≤p

∥∥Cov(x[k])
∥∥
2
≤ g2, (3.1.1)

1

n
max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F

≤ g
(s)
F , max

1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
≤ g

(s)
2 , (3.1.2)
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where x
(s)
[k] is the kth row vector of X(s), x[k] is the kth row vector of X = (X(1), · · · ,X(S)),

and we also define

ũ
(s)
1 = max

{
c2K

2(log p)g
(s)
2 /n, [c2K

4(log p)g
(s)
F /n]1/2

}
, (3.1.3)

ũ1 = max
{
c2K

2(log p)g2/Sn, [c2K
4(log p)gF/Sn]

1/2
}
, (3.1.4)

where c2 = (τ + 2)/c1 with τ > 0, c1 > 0 is an absolute constant. We assume ũ(s)1 , ũ1 → 0

as n → ∞. The following theorem generalizes Theorem 1 of [27] from i.i.d to long-memory

observations.

Theorem 3.1.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Let λ1 = λ2 = 6CM maxs ũ
(s)
1 . Set ν = S−1. Then

max
ij

(
1

S

S∑
s=1

∣∣∣ω̂(s)
ij − ω

(s)
ij,0

∣∣∣) ≤ 12C2
M max

s
ũ
(s)
1 ,

with probability greater than 1− 4Sp−τ , where ũ(s)1 is defined by (3.1.3).

Since λ1 = λ2 in this theorem, the first inequality constraint in (3.0.1) does not play

any role. In order to prove Theorem 3.1.1, we need the following lemma, which generalizes

Lemma 4 of [27] from i.i.d to long-memory observations.

Lemma 3.1.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. For any fixed s = 1, · · · , S, we have

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1

with probability greater than 1− 4p−τ , where ũ(s)1 is defined by (3.1.3)

Proof of Lemma 3.1.1. By the proof of the first part of Lemma A2 of [35], we have

P
[∣∣∣Σ̂(s) −Σ

(s)
0

∣∣∣
∞

≥ 2u
]

≤ 2p exp

{
− c1nu

K2g
(s)
2

}
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+2p2 exp

{
−c1min

(
nu2

K4g
(s)
F

,
nu

K2g
(s)
2

)}
,

where c1 > 0 is an absolute constant. Let

u = ũ
(s)
1 = max

{
c2K

2(log p)g
(s)
2 /n, [c2K

4(log p)g
(s)
F /n]1/2

}
,

with c2 = (τ + 2)/c1, then

P
[
|Σ̂(s) −Σ

(s)
0 |∞ ≥ 2ũ

(s)
1

]
≤ 2p−(c1c2−1) + 2p−(c1c2−2) ≤ 4p−τ = O(p−τ ).

�

Proof of Theorem 3.1.1. We recap the proof of Theorem 1 of [27]. Lemma 3.1.1 implies

that

|Σ̂(s) −Σ
(s)
0 |∞ ≤ 2ũ

(s)
1 for all s = 1, · · · , S, (3.1.5)

with probability greater than 1 − 4Sp−τ . In the proof below, we assume (3.1.5) holds. It is

straightforward to check that {C0,U
(1)
0 , · · · ,U(S)

0 } is a feasible solution of (3.0.1), because∣∣∣I− Σ̂(s)(C0 +U
(s)
0 )
∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s))Ω
(s)
0

∣∣∣
∞

≤
∥∥∥Ω(s)

0

∥∥∥
1
|Σ̂(s) −Σ

(s)
0 |∞

≤ CM2ũ
(s)
1 ≤ λ2/3.

Similar to the proof of Theorem 1 of [27], we have

S∑
s=1

|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤

S∑
s=1

∣∣∣Ω̂(s)
1 ej

∣∣∣
1
λ2/3 + SCMλ2

≤ S

{
|ĉj|1 + S−1

S∑
s=1

∣∣∣û(s)
j

∣∣∣
1

}
λ2/3 + SCMλ2

≤ S

{
|cj,0|1 + S−1

S∑
s=1

∣∣∣u(s)
j,0

∣∣∣
1

}
λ2/3 + SCMλ2

≤ 2SCMλ2 = 12SC2
M max

1≤s≤S
ũ
(s)
1 ,

where ĉj is the jth column of Ĉ1, and û
(s)
j is the jth column of Û(s)

1 , cj,0 is the jth column

of C0, u(s)
j,0 is the jth column of U(s)

0 .
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It is straightforward to check that

max
ij

(
1

S

S∑
s=1

∣∣∣ω̂(s)
ij − ω

(s)
ij,0

∣∣∣) ≤ max
j

1

S

S∑
s=1

|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤ 12C2

M max
1≤s≤S

ũ
(s)
1 .

The proof is completed. �

The following theorem generalizes Theorem 2 of [27] from i.i.d to long-memory observa-

tions. In Theorem 3.1.2, we obtain a faster convergence rate than Theorem 3.1.1 by properly

choosing λ1 and using more structure information of the data.

Theorem 3.1.2. Suppose that (i) Xp×nS is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii) there exists CU > 0 such that
∥∥∥U(s)

0

∥∥∥
1
≤ CU for all

s = 1, · · · , S and (
∑S

s=1

∥∥∥U(s)
0

∥∥∥
1
) ≤ CUS

1−θ where θ ∈ (0, 1). Let

ψ1 = CM

(
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

nS

)
+ CUS

−θ max
s

2ũ
(s)
1 ,

λ1 = ψ1, λ2 = 6CM max
s
ũ
(s)
1 .

Set ν = Sθ−1. Then∣∣∣Ĉ−C0

∣∣∣
∞

≤ (2CM + 4CU)max
{
ψ1, S

−θCM max
s

2ũ
(s)
1

}
with probability greater than 1− 2(2 + 3S)p−τ , where ũ(s)1 and ũ1 are defined in (3.1.3) and

(3.1.4).

In order to prove Theorem 3.1.2, we need the following lemma, which generalizes Lemma

5 of [27] from i.i.d to long-memory observations.

Lemma 3.1.2. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. With probability greater than 1− 2(1 + S)p−τ with τ > 0,

max
ij

∣∣∣∣∣
S∑

s=1

(σ̂
(s)
ij − σ

(s)
ij,0)

∣∣∣∣∣ ≤ Sũ1 +
S∑

s=1

c2K
2g

(s)
2

log p

n
,

where ũ1 is defined in (3.1.4).
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Proof of Lemma 3.1.2. We assume µ(s)
i = 0 for all i and s. Denote y(s)kij := x

(s)
ik x

(s)
jk −

E(x(s)ik x
(s)
jk ), and x

(s)
i =

∑n
k=1 x

(s)
ik /n. Similar to the proof of Lemma 5 of [27], we have

S∑
s=1

(
σ̂
(s)
ij − σ

(s)
ij,0

)
=

S∑
s=1

(
n∑

k=1

y
(s)
kij/n− x

(s)
i x

(s)
j

)
. (3.1.6)

We can define P
(s)
k such that x

(s)
[k] = P

(s)
k Hz, which is the transpose of the kth row of

X(s), where P
(s)
k to be the n× pnS matrix with 1 in the

(
j, k+ (j − 1)p

)
entries and 0 in all

other entries, j = 1, · · · , n.

Denote x[k] = PkHz =

((
x
(1)
[k]

)T
, · · · ,

(
x
(S)
[k]

)T)T

. It is easy to check that

Cov(x[k]) = Cov(PkHz) = PkHHTPT
k .

By Lemma A1-(i) of [35] and similar to the proof of the first part of Lemma A2 of [35],

we have

P

[
max
ij

∣∣∣∣∣ 1Sn
S∑

s=1

n∑
k=1

y
(s)
kij

∣∣∣∣∣ ≥ u

]
≤ 2p exp

{
−c1

nSu

K2g2

}
+2p2 exp

{
−c1min

(
nSu2

K4gF
,
nSu

K2g2

)}
,

where c1 > 0 is an absolute constant. Let

u = ũ1 = max
{
c2K

2(log p)g2/Sn, [c2K
4(log p)gF/Sn]

1/2
}
,

with c2 = (τ + 2)/c1, then

P

[
max
ij

∣∣∣∣∣ 1n
S∑

s=1

n∑
k=1

y
(s)
kij

∣∣∣∣∣ ≥ Sũ1

]
≤ 2p−(c1c2−2) + 2p−(c1c2−2) ≤ 4p−τ = O(p−τ ). (3.1.7)

By Lemma A1-(i) of [35] we have

P

[
max
ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ u2
]

= P

[
max

i

∣∣∣x(s)i

∣∣∣2 ≥ u2
]

= P
[
max

i

∣∣∣x(s)i

∣∣∣ ≥ u
]

≤ 2 exp

− c1u
2

K2 ‖b‖2F
∥∥∥P(s)

i HHTP
(s)T
i

∥∥∥
2


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= 2 exp

[
−c1nu

2

K2g2

]
.

Taking u =
(
c2K

2g
(s)
2

log p
n

)1/2
, we have

P

[
max
ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ c2K
2g

(s)
2

log p

n

]
≤ 2p−τ .

Using this result, we have

P

[
max
ij

∣∣∣∣∣
S∑

s=1

x
(s)
i x

(s)
j

∣∣∣∣∣ ≥
S∑

s=1

c2K
2g

(s)
2

log p

n

]

≤ P

[
S∑

s=1

max
ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ S∑
s=1

c2K
2g

(s)
2

log p

n

]

≤
S∑

s=1

P

[
max
ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ c2K
2g

(s)
2

log p

n

]
≤ 2Sp−τ . (3.1.8)

By (3.1.6), (3.1.7) and (3.1.8), we have

P

[
max
ij

∣∣∣∣∣
S∑

s=1

(
σ̂
(s)
ij − σ

(s)
ij,0

)∣∣∣∣∣ ≥ Sũ1 +
S∑

s=1

c2K
2g

(s)
2

log p

n

]

≤ P

[
max
ij

∣∣∣∣∣ 1n
S∑

s=1

n∑
k=1

y
(s)
kij

∣∣∣∣∣ ≥ Sũ1

]

+P

[
max
ij

∣∣∣∣∣
S∑

s=1

x
(s)
i x

(s)
j

∣∣∣∣∣ ≥
S∑

s=1

c2K
2g

(s)
2

log p

n

]
≤ 2(2 + S)p−τ .

The proof is completed. �

Proof of Theorem 3.1.2. We recap the proof of Theorem 2 of [27].

By Lemma 3.1.1 and Lemma 3.1.2, we have

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1 , max

ij

∣∣∣∣∣
S∑

s=1

(σ̂
(s)
ij − σ

(s)
ij,0)

∣∣∣∣∣ ≤ Sũ1 +
S∑

s=1

c2K
2g

(s)
2

log p

n
, (3.1.9)

for all s = 1, · · · , S with probability greater than 1 − 2(2 + 3S)p−τ . In the proof below, we

assume (3.1.9) holds.

It is straightforward to check that {C0,U
(1)
0 , · · · ,U(S)

0 } is a feasible solution of (3.0.1),

because ∣∣∣I− Σ̂(s)(C0 +U
(s)
0 )
∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s))Ω
(s)
0

∣∣∣
∞
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≤
∥∥∥Ω(s)

0

∥∥∥
1
|Σ̂(s) −Σ

(s)
0 |∞

≤ CM2ũ
(s)
1 ≤ λ2/3,

and ∣∣∣∣∣S−1

S∑
s=1

{
I− Σ̂(s)(C0 +U

(s)
0 )
}∣∣∣∣∣

∞

≤

∣∣∣∣∣S−1

S∑
s=1

(Σ
(s)
0 − Σ̂(s))C0

∣∣∣∣∣
∞

+

∣∣∣∣∣S−1

S∑
s=1

(Σ
(s)
0 − Σ̂(s))U

(s)
0

∣∣∣∣∣
∞

≤ ‖C0‖1

∣∣∣∣∣S−1

S∑
s=1

(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+ S−1

S∑
s=1

∥∥∥U(s)
0

∥∥∥
1

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞

≤ CM

(
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

nS

)
+ CUS

−θ max
s

2ũ
(s)
1 ≤ λ1.

Now, we estimate
∣∣∣S(Ĉ1 −C0)ej

∣∣∣
∞

=
∣∣∣∑S

s=1(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣
∞

. We have∣∣∣∣∣
S∑

s=1

(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))Ω̂

(s)
1 ej

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

. (3.1.10)

Similar to the discussion of Theorem 2 of [27], we have∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))Ω̂

(s)
1 ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))ĉj

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))û

(s)
j

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

C0(Σ
(s)
0 − Σ̂(s))ĉj

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

U
(s)
0 (Σ

(s)
0 − Σ̂(s))ĉj

∣∣∣∣∣
∞

+
S∑

s=1

∣∣∣Ω(s)
0 (Σ

(s)
0 − Σ̂(s))û

(s)
j

∣∣∣
∞

≤ CM

∣∣∣∣∣
S∑

s=1

(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

|ĉj|1 +max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

S∑
s=1

∥∥∥U(s)
0

∥∥∥
1
|ĉj|1

+CM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

S∑
s=1

∣∣∣û(s)
j

∣∣∣
1
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≤

(
CM

∣∣∣∣∣
S∑

s=1

(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ

)
|ĉj|1

+S1−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
Sθ−1

S∑
s=1

∣∣∣û(s)
j

∣∣∣
1

≤ max

{
CM

∣∣∣∣∣
S∑

s=1

(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ,

S1−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

}
×

(
|ĉj|1 + Sθ−1

S∑
s=1

∣∣∣û(s)
j

∣∣∣
1

)

≤ max

{
CM

∣∣∣∣∣
S∑

s=1

(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ,

S1−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

}
×

(
|cj,0|1 + Sθ−1

S∑
s=1

∣∣∣u(s)
j,0

∣∣∣
1

)
≤ (CM + CU)max

{
Sψ1, S

1−θCM max
s

2ũ
(s)
1

}
,

where ĉj is the jth column of Ĉ1, and û
(s)
j is the jth column of Û(s)

1 , cj,0 is the jth column

of C0, u(s)
j,0 is the jth column of U(s)

0 , and∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

C0(Σ̂
(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

U
(s)
0 (Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

≤ ‖C0‖1

∣∣∣∣∣
S∑

s=1

(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣∣∣
∞

+
S∑

s=1

∥∥∥U(s)
0

∥∥∥
1

∣∣∣(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣
∞

≤ CMSλ1 + CUS
1−θλ2

≤ CMSλ1 + CUS
1−θ6CM max

s
ũ
(s)
1

≤ (CM + 3CU)max
{
Sψ1, S

1−θCM max
s

2ũ
(s)
1

}
.

In sum, we have∣∣∣Ĉ−C0

∣∣∣
∞

≤
∣∣∣Ĉ1 −C0

∣∣∣
∞

≤ (2CM + 4CU)max
{
ψ1, S

−θCM max
s

2ũ
(s)
1

}
.

The proof is completed. �
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Define a threshold estimator Ω̃(s) = (ω̃
(s)
ij ) based on {Ω̂(1), · · · , Ω̂(S)} as

ω̃
(s)
ij = ω̂

(s)
ij 1

{∣∣∣ω̂(s)
ij

∣∣∣ ≥ δn

}
,

where δn ≥ 2CMSλ2 and λ2 is given in Theorem 3.1.1. Also define

S0 := {(i, j, s) : ω(s)
ij,0 6= 0}, Ŝ := {(i, j, s) : ω̃(s)

ij 6= 0} and θmin := min
(i,j,s)∈S0

∣∣∣ω(s)
ij,0

∣∣∣ .
Then, we have the following theorem which generalizes Theorem 3 of [27] from i.i.d to long-

memory observations. The proof is straightforward. Details are omitted.

Theorem 3.1.3. Suppose that (i) Xp×nS is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii) θmin > 2δn. Then

P (S0 = Ŝ) ≥ 1− 4Sp−τ .

3.2 Modified estimator Ω̂ρ

In this section, we focus on dealing with the expectation of the convergence rates, for example,

E
(∣∣∣Ĉ−C0

∣∣∣2
1

)
, motivated by [11]. Because the main interest is the inverse matrix, even the

existence of E
(∣∣∣Ĉ−C0

∣∣∣2
1

)
is a concern. Hence, we modify the estimator Ω̂ to ensure the

existence, and then consider the convergence rates.

Let {Ω̂(s)
1ρ } be the solution of the following optimization problem:

min

{
|C|1 + ν

S∑
s=1

∣∣U(s)
∣∣
1

}

s.t

∣∣∣∣∣ 1S
S∑

s=1

{
Σ̂(s)

ρ Ω(s) − I
}∣∣∣∣∣

∞

≤ λ1,
∣∣∣Σ̂(s)

ρ Ω(s) − I
∣∣∣
∞

≤ λ2,

S∑
s=1

U(s) = 0, (3.2.1)

where Σ̂
(s)
ρ = Σ̂(s)+ρI with ρ > 0. Denote Ω̂

(s)
1ρ =

(
ω
(s)
1ρij

)
. Define the symmetrized estimator

Ω̂
(s)
ρ as in (3.0.3).

Theorem 3.2.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Set ν = Sθ−1.
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(i) Let λ1 = 2ψ1, λ2 = 12CM maxs ũ
(s)
1 , where τ > 0. If there exists CU > 0 such that∥∥∥U(s)

0

∥∥∥
1
≤ CU for all s = 1, · · · , S and (

∑S
s=1

∥∥∥U(s)
0

∥∥∥
1
) ≤ CUS

1−θ where θ ∈ (0, 1) and

0 ≤ ρ ≤ min

{
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

Sn
, ũ

(1)
1 , · · · , ũ(S)1

}
,

with c > 0, if p ≥ nξ
s with ξ > 0, then∣∣∣Ĉρ −C0

∣∣∣
∞

=
∣∣∣Ĉ1ρ −C0

∣∣∣
∞

≤ 2(2CM + 4CU)max
{
ψ1, S

−θCM max
s

2ũ
(s)
1

}
with probability greater than 1− 2(1 + 3S)p−τ .

(ii) If there exists C∗
M , C

∗
U > 0 such that

∣∣Ω(s)
∣∣
1
≤ C∗

M ,
∣∣∣U(s)

0

∣∣∣
1
≤ C∗

U and

S∑
s=1

∣∣∣U(s)
0

∣∣∣
1
≤ S1−θC∗

U .

Let

ψ∗
1 = 2C∗

M

(
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

nS

)
+ 2C∗

US
−θ max

s
2ũ

(s)
1 ,

λ1 = ψ∗
1, λ2 = 12C∗

M max
s
ũ
(s)
1 ,

where τ > 0. Then∣∣∣Ĉρ −C0

∣∣∣
1
≤ 2

∣∣∣Ĉ1ρ −C0

∣∣∣
1
≤ 4p(CM +CU +C∗

M + 3C∗
U)max

{
ψ∗
1, S

−θC∗
M max

s
2ũ

(s)
1

}
with probability greater than 1− 2(2 + 3S)p−τ .

(iii) If there exists C#
U > 0 such that
p∑

i=1

p∑
j=1

∣∣∣u(s)ij,0

∣∣∣q ≤ C#
U and

S∑
s=1

p∑
i=1

p∑
j=1

∣∣∣u(s)ij,0

∣∣∣q ≤ C#
U S

1−θ

where θ ∈ (0, 1), then

1

S

S∑
s=1

∣∣∣(Û(s)
ρ −U

(s)
0

)∣∣∣
1
≤ 4(1 + 21−q + 31−q)t1−qC#

U /S
θ +

2

Sν

∣∣∣(Ĉ1ρ −C0)
∣∣∣
1

with probability greater than 1− 2(2 + 3S)p−τ , where t = maxijs

∣∣∣û(s)1ρij − u
(s)
ij,0

∣∣∣, Û(s)
1ρ =(

û
(s)
1ρij

)
,U

(s)
0 =

(
u
(s)
ij,0

)
.
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(iv) If the conditions in (i) and (ii) are satisfied and λ1 = ψ∗
1, λ2 = 12C∗

M maxs ũ
(s)
1 , then∥∥∥Ĉρ −C0

∥∥∥2
F
≤
∣∣∣Ĉρ −C0

∣∣∣
∞

∣∣∣Ĉρ −C0

∣∣∣
1

with probability greater than 1 − 2(2 + 3S)p−τ , and
∣∣∣Ĉρ −C0

∣∣∣
∞

and
∣∣∣Ĉρ −C0

∣∣∣
1

with

bound in (i) and (ii).

Proof of Theorem 3.2.1. (i) Similar to the proof of Theorem 3.1.2.

(ii) Similar to the proof of Theorem 3.1.2. Note that {C0,U
(1)
0 , · · · ,U(S)

0 } is a fea-

sible solution of (3.2.1). Now, we estimate the upper bound of
∣∣∣S(Ĉ1ρ −C0)ej

∣∣∣
1

=∣∣∣∑S
s=1(Ω̂

(s)
1ρ −Ω

(s)
0 )ej

∣∣∣
1
. Note that∣∣∣∣∣

S∑
s=1

(Ω̂
(s)
1ρ −Ω

(s)
0 )ej

∣∣∣∣∣
1

≤

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s)

ρ )Ω̂
(s)
1ρ ej

∣∣∣∣∣
1

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ̂(s)

ρ Ω̂
(s)
1ρ − I)ej

∣∣∣∣∣
1

. (3.2.2)

Similar to the discussion of Theorem 3.1.2, we have∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s)

ρ )Ω̂
(s)
1ρ ej

∣∣∣∣∣
1

≤

∣∣∣∣∣
S∑

s=1

C0(Σ
(s)
0 − Σ̂(s)

ρ )ĉj

∣∣∣∣∣
1

+

∣∣∣∣∣
S∑
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U
(s)
0 (Σ

(s)
0 − Σ̂(s)

ρ )ĉj

∣∣∣∣∣
1

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ

(s)
0 − Σ̂(s)

ρ )û
(s)
j

∣∣∣∣∣
1

≤ |C0|1

∣∣∣∣∣
S∑

s=1

(Σ
(s)
0 − Σ̂(s)

ρ )

∣∣∣∣∣
∞

|ĉj|1 +
S∑

s=1

∣∣∣U(s)
0

∣∣∣
1

∣∣∣(Σ(s)
0 − Σ̂(s)

ρ )
∣∣∣
∞
|ĉj|1

+max
s

∣∣∣Ω(s)
0

∣∣∣
1

S∑
s=1

∣∣∣(Σ(s)
0 − Σ̂(s)

ρ )
∣∣∣
∞

∣∣∣û(s)
j

∣∣∣
1

≤ max
{
Sψ∗

1, S
1−θC∗

M max
s

2ũ
(s)
1

}(
|cj,0|1 + Sθ−1

S∑
s=1

∣∣∣u(s)
j,0

∣∣∣
1

)
,

where ĉj is the jth column of Ĉ1ρ, and û
(s)
j is the jth column of Û(s)

1ρ with Ω̂
(s)
1ρ = Ĉ1ρ+ Û

(s)
1ρ ,

cj,0 is the jth column of C0, u(s)
j,0 is the jth column of U(s)

0 , and∣∣∣∣∣
S∑

s=1

Ω
(s)
0 (Σ̂(s)

ρ Ω̂
(s)
1 − I)ej

∣∣∣∣∣
1

≤ C∗
MSλ1 + S1−θC∗

Uλ2

= (C∗
M + 3C∗

U)Sψ
∗
1.
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In sum, we have∥∥∥Ĉ1ρ −C0

∥∥∥
1
≤ (CM + CU + C∗

M + 3C∗
U)max

{
ψ∗
1, S

−θC∗
M max

s
2ũ

(s)
1

}
,

and then ∣∣∣Ĉρ −C0

∣∣∣
1

≤ 2
∣∣∣Ĉ1ρ −C0

∣∣∣
1

≤ 2p
∥∥∥Ĉ1ρ −C0

∥∥∥
1

≤ 4p(CM + CU + C∗
M + 3C∗

U)max
{
ψ∗
1, S

−θC∗
M max

s
2ũ

(s)
1

}
.

(iii) We assume the solution Ω̂
(s)
1ρ is combined from the column solution set {ĉ(s)ρj } of

(3.0.2) with Σ̂(s) being replaced by Σ̂
(s)
ρ . By the definition of {Ω̂(s)

1ρ }, we have

∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

∣∣∣Û(s)
1ρ ej

∣∣∣
1
≤ |C0ej|1 + ν

S∑
s=1

∣∣∣U(s)
0 ej

∣∣∣
1

for j = 1, · · · , p.

Denote

t = max
ijs

∣∣∣û(s)1ρij − u
(s)
ij,0

∣∣∣ , where Û
(s)
1ρ =

(
û
(s)
1ρij

)
,U

(s)
0 =

(
u
(s)
ij,0

)
,

L(s) =
(
û
(s)
1ρij − u

(s)
ij,0

)
,

L(s)
∗ =

(
û
(s)
1ρij1(

∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,0

)
,

L(s)
∗∗ = L(s) − L(s)

∗ .

Then ∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

(∣∣∣U(s)
0 ej

∣∣∣
1
−
∣∣L(s)

∗ ej
∣∣
1
+
∣∣L(s)

∗∗ ej
∣∣
1

)
≤

∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

(∣∣∣(U(s)
0 + L(s)

∗

)
ej

∣∣∣
1
+
∣∣L(s)

∗∗ ej
∣∣
1

)
=

∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

(∣∣∣Û(s)
1ρ ej

∣∣∣
1

)
≤ |C0ej|1 + ν

S∑
s=1

(∣∣∣U(s)
0 ej

∣∣∣
1

)
,

which implies

ν
S∑

s=1

∣∣L(s)
∗∗ ej

∣∣
1
≤ ν

S∑
s=1

∣∣L(s)
∗ ej

∣∣
1
+
∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.
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Thus

ν
S∑

s=1

∣∣L(s)ej
∣∣
1
≤ ν

S∑
s=1

∣∣L(s)
∗∗ ej

∣∣
1
+ ν

S∑
s=1

∣∣L(s)
∗ ej

∣∣
1
≤ 2ν

S∑
s=1

∣∣L(s)
∗ ej

∣∣
1
+
∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.

Similar to the proof of Theorem 6 of [11], we have

S∑
s=1

∣∣L(s)
∗ ej

∣∣
1

=
S∑

s=1

p∑
i=1

∣∣∣û(s)1ρij1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,0

∣∣∣
≤

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,01(
∣∣∣u(s)ij,0

∣∣∣ ≤ 2t)
∣∣∣

+
S∑

s=1

p∑
i=1

∣∣∣û(s)1ρij1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,01(

∣∣∣u(s)ij,0

∣∣∣ ≥ 2t)
∣∣∣

≤ (2t)1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + S∑
s=1

p∑
i=1

∣∣∣(û(s)1ρij − u
(s)
ij,0

)
1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)
∣∣∣

+
S∑

s=1

p∑
i=1

∣∣∣u(s)ij,0{1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− 1(
∣∣∣u(s)ij,0

∣∣∣ ≥ 2t)}
∣∣∣

≤ (2t)1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t
S∑

s=1

p∑
i=1

1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)

+
S∑

s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣ ∣∣∣1{∣∣∣∣∣∣u(s)ij,0

∣∣∣− 2t
∣∣∣ ≤ ∣∣∣û(s)1ρij − u

(s)
ij,0

∣∣∣}∣∣∣
≤ (2t)1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t
S∑

s=1

p∑
i=1

1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)

+
S∑

s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣1{∣∣∣u(s)ij,0

∣∣∣ ≤ 3t}

≤ (2t)1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + (3t)1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q
≤ (1 + 21−q + 31−q)t1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q .
Thus,

1

S

S∑
s=1

∣∣L(s)ej
∣∣
1

≤ 2

S

S∑
s=1

∣∣L(s)
∗ ej

∣∣
1
+

1

Sν

∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1

≤ 2(1 + 21−q + 31−q)t1−q

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q /S +
1

Sν

∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.
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Therefore

1

S

S∑
s=1

∣∣∣U(s)
ρ −U

(s)
0

∣∣∣
1

≤ 2

S

S∑
s=1

∣∣∣U(s)
1ρ −U

(s)
0

∣∣∣
1

≤ 4(1 + 21−q + 31−q)t1−qC#
U /S

θ +
2

Sν

∣∣∣(Ĉ1ρ −C0)
∣∣∣
1
.

(iv) It is straightforward by the definition of matrix norm.

The proof is completed. �

Furthermore, we can consider the expectation of convergence rates, which generalizes

Theorems 2 and 5 of [11] (i) from i.i.d. to long-memory observations, (ii) from a single

subject to a group of subjects.

Theorem 3.2.2. Under the conditions of Theorem 3.2.1, and

min

{
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

Sn
, ũ

(1)
1 , · · · , ũ(S)1 , p−c

}

≤ ρ ≤ min

{
ũ1 +

S∑
s=1

c2K
2g

(s)
2

log p

Sn
, ũ

(1)
1 , · · · , ũ(S)1

}
,

with c > 0, if p ≥ nξ
s with ξ > 0, we have

(i) E
(∣∣∣Ĉρ −C0

∣∣∣2
∞

)
= O

(
(CM + CU)

2max
{
ψ1, S

−θCM maxs 2ũ
(s)
1

}2
)
,

(ii) E
(∣∣∣Ĉρ −C0

∣∣∣2
1

)
= O

(
p2(C∗

M + C∗
U)

2max
{
ψ∗
1, S

−θC∗
M maxs 2ũ

(s)
1

}2
)
,

(iii) E
(∥∥∥Ĉρ −C0

∥∥∥2
F

)
≤

√
E
(∣∣∣Ĉρ −C0

∣∣∣2
∞

)
E
(∣∣∣Ĉρ −C0

∣∣∣2
1

)
.

Proof of Theorem 3.2.2. Note that {
(
Σ̂

(s)
ρ

)−1

} is a feasible solution of (3.2.1).

Also, note that

max
j

1

S

S∑
s=1

∣∣∣Ω̂(s)
ρ ej

∣∣∣
1

≤ max
j

1

S

S∑
s=1

∣∣∣Ω̂(s)
1ρ ej

∣∣∣
1
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≤ max
j

(∣∣∣Ĉ(s)
1ρ ej

∣∣∣
1
+

1

S

S∑
s=1

∣∣∣Û(s)
1ρ ej

∣∣∣
1

)

≤ max
j

(∣∣∣Ĉ(s)
1ρ ej

∣∣∣
1
+

1

S1−θ

S∑
s=1

∣∣∣Û(s)
1ρ ej

∣∣∣
1

)

≤ max
j

(∣∣∣∣∣ 1S
S∑

s=1

(
Σ̂(s)

ρ

)−1

ej

∣∣∣∣∣
1

+
1

S1−θ

S∑
s=1

∣∣∣∣∣
((

Σ̂(s)
ρ

)−1

− 1

S

S∑
s=1

(
Σ̂(s)

ρ

)−1
)
ej

∣∣∣∣∣
1

)

≤ max
j

(
1

S

S∑
s=1

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1

+
1

S1−θ

S∑
s=1

∣∣∣∣((Σ̂(s)
ρ

)−1
)
ej

∣∣∣∣
1

+
1

S1−θ

S∑
s=1

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1

)

≤ max
j

3

S1−θ

S∑
s=1

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1

≤ max
j

3

S1−θ

S∑
s=1

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
1

≤ 3p

S1−θ

S∑
s=1

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
2

≤ 3p

S1−θ

S∑
s=1

ϕmax

(
Σ̂(s)

ρ

)−1

=
3p

S1−θ

S∑
s=1

1/ϕmin

(
Σ̂(s)

ρ

)
≤ 3p

S1−θ

S∑
s=1

1/ρ = Sθp/ρ.

The proof is similar to the proof of Theorem 2 of [11]. �

For LPDD temporal dependence, we can set the bounds as

g
(s)
F � ns/(log ns)

2α, g
(s)
2 � ns/(log ns)

α,

then we have the following property

u
(s)
1 � (log p)/(log ns)

α, α > 0.

For LPDD model, therefore, we only need to assume p ≥ (log ns)
ξ in the above theorem.
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3.3 Extension to heavy tail data

In this section, we extend the previous results for the precision matrices estimators to heavy-

tailed data in (C2) and (C3). According to the proof of Lemma A.2 of [36], similar to the

proof of Lemma 3.1.2, define

ũ
(s)
2 = max

{
(c2K(2/ϑ)2/ϑ log p)1+2/ϑg

(s)
2 /n, (c2K(4/ϑ)4/ϑ log p)1+2/ϑ(g

(s)
F /n)1/2

}
, (3.3.1)

ũ2 = max
{
(c2K(2/ϑ)2/ϑ log p)1+2/ϑg2/nS, (c2K(4/ϑ)4/ϑ log p)1+2/ϑ(gF/nS)

1/2
}
,

and

ũ
(s)
3 = kη2k max

{
c22p

(2+2τ)/kg
(s)
2 /n, c2p

(4+2τ)/k(g
(s)
F /n)1/2

}
, (3.3.2)

ũ3 = kη2k max
{
c22p

(2+2τ)/kg2/nS, c2p
(4+2τ)/k(gF/nS)

1/2
}
,

where c2 = (τ +2)/c1 with τ > 0 and c1 > 0 is an absolute constant, g(s)2 and g(s)F are defined

in (3.1.2), g2 and gF are defined in (3.1.1). We assume ũ(s)2 , ũ2, ũ
(s)
3 , ũ3 → 0 as ns → ∞.

Theorem 3.3.1. (Generalized sub-exponential tails) Assume condition (C1), param-

eter K,
∑S

s=1 c2K
2g

(s)
2 log p, ũ(s)1 and ũ1 replaced by condition (C2), parameters {K,ϑ},∑S

s=1(c2K(2/ϑ)2/ϑ log p)1+2/ϑg
(s)
2 , ũ(s)2 and ũ2, respectively, then Theorems 3.1.1-3.2.2 hold.

Theorem 3.3.2. (Polynomial-type tails) Assume condition (C1),
∑S

s=1 c2K
2g

(s)
2 log p,

parameter K, ũ(s)1 and ũ1 replaced by condition (C3),
∑S

s=1 c
2
2kη

2
kp

(2+2τ)/kg
(s)
2 , parameters

{k, ηk}, ũ(s)3 and ũ3, respectively, then Theorems 3.1.1-3.2.1 hold.

The proofs of Theorems 3.3.1 and 3.3.2 are similar to the proofs of the preceding theorems

by using the corresponding results given in Lemmas A.1, A.2 and A.3 of [35] for conditions

(C2) and (C3), respectively. Details are omitted.

3.4 Computation

In this section, we solve the numerical solutions of the optimization problem in (3.0.1).

We follow the numerical algorithm in [27]. In Section 3.4.1, we decompose the optimization

39



problem (3.4.1) into p individual subproblems, and a linear programming approach is applied

to solve them. In Section 3.4.2, we introduce the Gap-block data split for cross-validation

proposed by Shu and Nan (see [35]). Section 3.5.2 explains the selection of tuning parameters.

3.4.1 Decomposition of (3.0.1) and linear programming approach

Note that the optimization problem (3.0.1) can be decomposed into p individual vector

minimization problems, which is more doable for computation. Denote ej as the jth column

of p × p identity matrix I. For 1 ≤ j ≤ p, denote {ĉj, û(1)
j , · · · , û(S)

j } as the solution of the

following vector optimization problem:

min

{
|c|1 + ν

S∑
s=1

∣∣u(s)
∣∣
1

}

s.t

∣∣∣∣∣ 1S
S∑

s=1

{
Σ̂(s)

(
c+ u(s)

)
− ej

}∣∣∣∣∣
∞

≤ λ1,
∣∣∣Σ̂(s)

(
c+ u(s)

)
− ej

∣∣∣
∞

≤ λ2,
S∑

s=1

u(s) = 0,

(3.4.1)

where c,u(1), · · · ,u(S) are vectors in Rp.

We further reformulate the optimization problem in (3.4.1) as a linear programming

problem, and use the simplex method to solve this problem (see [8]). For our simulation

study and the rfMRI data analysis, we obtain the solution of (3.4.1) using the R-package

fastclime, which provides a generic fast linear programming solver (see [31]).

In R-package fastclime, the standard linear programming in inequality form is as follows:

max aTx subject to: Mx ≤ b, x ≥ 0, x ∈ Rn, (3.4.2)

where M ∈ Rm×n,b ∈ Rm, a ∈ Rn are given. In order to apply the R-package fastclime, we

need to reformulate (3.4.1) into the above linear programming form. Let

c = c+ − c−,u(s) = u(s)+ − u(s)−
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where c+, c−,u(s)+,u(s)− are p-dimensional vectors. Denote

x+ =



c+

u(1)+

...

u(S)+


, x− =



c−

u(1)−

...

u(S)−


, x =

 x+

x−

 ,

where x+ and x− are (1+S)p-dimensional vectors, and x is a 2(1+S)p-dimensional vector.

Then the equation (3.4.1) can be written as (3.4.2), with

a = −

1, · · · , 1︸ ︷︷ ︸
p

, ν, · · · , ν︸ ︷︷ ︸
p×S

, 1, · · · , 1︸ ︷︷ ︸
p

, ν, · · · , ν︸ ︷︷ ︸
p×S

T

,

M =



A

−A

B

−B


and b =



b1

b2

b3

−b3


,

with A =
(
Ã,−Ã

)
and B =

(
B̃,−B̃

)
where

Ã =



∑S
s=1 S

−1Σ̂(s) S−1Σ̂(1) S−1Σ̂(2) · · · S−1Σ̂(S)

Σ̂(1) Σ̂(1) Op×p · · · Op×p

Σ̂(2) Op×p Σ̂(2) · · · Op×p

... ... ... ... ...

Σ̂(S) Op×p Op×p · · · Σ̂(S)


,

b1 =



λ1 + ei

λ2 + ei
...

λ2 + ei


(S+1)p×1

, b2 =



λ1 − ei

λ2 − ei
...

λ2 − ei


(S+1)p×1

, b3 =



0

0

...

0


p×1

,

B̃ =

O, Ip, · · · , Ip︸ ︷︷ ︸
S

 .
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3.4.2 Gap-block data split for cross-validation

Because of the long-memory property, we adopt the gap-block cross-validation method pro-

posed in [35] to select tuning parameters. We illustrate the steps below.

• Step 1. We split the data X
(s)
p×n into H1 blocks X

(s)
p×n = (X

(s)∗
1 ,X

(s)∗
2 , · · · ,X(s)∗

H1
) (H1 ≥

4); They are non-overlapping and all approximately equal-sized blocks. For every i,

X
(s)∗
i will be used as validation data, and it is dropped along with its neighboring

blocks at both sides of X(s)∗
i from X

(s)
p×n. Denote the remaining data as X

(s)∗∗
i , which

will be used as training data.

• Step 2. From X
(s)
p×n, randomly sample H2 blocks X

(s)∗
H1+1, · · · ,X

(s)∗
H1+H2

; Every X
(s)∗
H1+j

consists of dn/H1e consecutive columns of X(s)
p×n, j = 1, · · · , H2. For every i = H1 +

1, · · · , H1 +H2, X(s)∗
i will be used as validation data, and it is dropped along with its

neighboring blocks at both sides of X
(s)∗
i from X

(s)
p×n. Denote the remaining data as

X
(s)∗∗
i , which will be used as training data.

In our numerical experiment, we select H1 = H2 = 10 by considering the long-memory

characteristic and the 10-fold CV recommendation (see [20,24]).

3.5 Numerical study

3.5.1 Simulation settings

We generate the common structure C0= (c0ij) of precision matrices from one of the following

two models, where Model 1 follows Model 4 of [35], and Model 2 follows Model 3 of [27]:

• Model 1. c0ii = 1, c0i(i+1) = c0(i+1)i = 0.6, c0i(i+2) = c0(i+2)i = 0.3, and c0ij = 0 for

|i− j| ≥ 3.

• Model 2. C0 = Γ + δI, where every diagonal entry in Γ is 0, and every off-diagonal

entry in Γ independently follows the Bernoulli distribution, the success probability is

0.02 and the success entry is valued as 0.5.
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For every U
(s)
0 , we randomly select a pair of symmetric elements (off-diagonal), and assign

a value randomly generated from the interval [−1,−0.5] ∪ [0.5, 1]. We repeat this procedure

until
∑

i<j1

(∣∣∣u(s)0ij

∣∣∣ > 0
)
/
∑

i<j 1 (|c0ij| > 0) = ρ, where C0= (c0ij) and U
(s)
0 = (u

(s)
0ij). The

δ is selected sufficiently large such that C0 + U
(s)
0 is positive definite. Finally, each matrix

Ω
(s)
0 = C0 +U

(s)
0 will be divided by δ to unitization diagonals.

Following [36], we set Corr(Xki, X`j) = Λij
k`ρk`, where

Λij
k` = (|i− j|+ 1)−α, 1 ≤ i, j ≤ n, (3.5.1)

then ρij[k] ∼ |i− j|−α. Due to the large dimension, we simulate the data by the method of [7]

as in [36] so that (3.5.1) is approximately satisfied.

The simulations are conducted with group size S = 4, sample size n = 200, variable

dimension p ranging from 50 to 100, α ∈ {0.1, 0.25, 0.5, 1, 2}, ρ ∈ {0.1, 0.25, 1, 4}, and 50

replications under each setting.

3.5.2 Tuning parameter selection

We have two tuning parameters λ1 and λ2 satisfying λ1 ≤ λ2. We select the optimal pair of

λ1 and λ2 by minimizing the following likelihood loss (LL) (see [27])

LL =
K∑
k=1

S∑
s=1

[
tr(Σ̂(s)∗

(k) Ω̂
∗∗(s)
(k) )− log det

(
Ω̂

∗∗(s)
(k)

)]
, K = H1 +H2,

where the sample covariance matrix Σ̂
(s)∗
(k) is computed from the validation set X(s)∗

(k) . We com-

pare the performance of two methods, separately estimate each group by CLIME (SCLIME)

and JEMP. We compute SCLIME using the R package flare [28], and adopt the default

perturbation ε = n−1/2 of flare. Also, the optimal tuning parameter for SCLIME is chosen

from 50 candidates as in [35]. The optimal tuning parameter (λ1, λ2) for JEMP is chosen

from 6× 6 candidates. The JEMP is computed by the R package fastclime [31].
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3.5.3 Simulation results

Tables 3.1-3.2 report the results of the simulation. Tables 3.1 and 3.2 imply that, (i) if

α ≤ 0.25, JEMP performs significantly better than SCLIME for both models in terms of

the spectral and the Frobenius norms; (ii) if α = 0.5 JEMP performs significantly better

than SCLIME in Model 2; (iii) if α = 0.5 and ρ ∈ {0.25, 1, 4}, JEMP performs better than

SCLIME in Model 1; (iv) otherwise, SCLIME performs better than JEMP.Therefore, the

stronger temporal dependence is, the better JEMP performs.

For Model 1 or Modle 2 with p = 50 or 100, we compute the computational time (hours)

for the 20 combinantions of α× ρ = {0.1, 0.25, 0.5, 1, 2} × {0.1, 0.25, 1, 4}. The computation

time of JEMP is faster than SCLIME as can be seen in Tables 4.5 and 4.6 for p = 50 and

p = 100. Note that fastclime performs 2(1+S)p dimensional parametric linear computation.

Due to the very high dimension, JEMP will not work if λ1 and λ2 are not sufficiently large.

Since λ1 and λ2 are too large, for example, for any combination of λ1 = {0.3, 0.31, 0.32,

0.33, 0.34, 0.35, 0.36, 0.37, 0.38, 0.39, 0.4} and λ2 = {0.32, 0.33, 0.34, 0.35, 0.36, 0.37, 0.38,

0.39, 0.4, 0.41, 0.42}, fastclime will estimate many nonzero elements to be 0.

3.5.4 rfMRI data analysis

For the estimation of precision matrices and the brain functional connectivity, we analyze the

rfMRI data of three healthy subjects (S = 3), provided by the WU-Minn Human Connectome

Project (www.humanconnectome.org). The original data of each subject consist of 1, 200

temporal brain images, and each image contains about 2× 105 brain voxels. Due to the high

image dimension, we reduce it to 907 by the grid-based method [37]. Also, the first 10 images

are discarded because of the early magnetization effect. We choose four subjects, Subjects

100307, 100408, 101006 and 101410 from the data, at the first step to test the stationarity,

linearity, and Gaussianity for the reliability of data. Each of them has 907 functional brain

nodes.
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Table 3.1: Comparison of average (SD) matrix losses for p = 50

SCLIME JEMP SCLIME JEMP
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 7.3422(0.3566) 4.0894(0.4229) 30.0442(0.9959) 12.5555(0.4134)

0.25 7.4576(0.2451) 4.2788(0.3776) 31.0838(0.8742) 13.6734(0.4866)
1 7.5935(0.3112) 4.0227(0.3617) 31.281(0.9004) 12.4848(0.4358)
4 8.4898(0.7337) 3.3796(0.3129) 34.0082(2.694) 10.6545(0.4399)

0.25 0.1 2.5548(0.1166) 1.1445(0.05) 8.979(0.3933) 4.0661(0.0608)
0.25 2.5351(0.1314) 1.0972(0.0638) 9.0665(0.4166) 3.6482(0.0989)
1 2.6534(0.1397) 1.086(0.0654) 9.3876(0.466) 3.6719(0.0717)
4 3.188(0.4022) 1.1329(0.0433) 10.6842(1.3126) 3.8565(0.0469)

0.5 0.1 1.2543(0.0693) 1.3681(0.0199) 4.0387(0.168) 4.1381(0.0342)
0.25 1.2325(0.0785) 1.1035(0.0221) 3.9957(0.1707) 3.2564(0.0359)
1 1.3004(0.0795) 1.213(0.0175) 4.1842(0.219) 3.7055(0.0352)
4 1.6605(0.2025) 1.301(0.0133) 5.1548(0.5732) 4.3187(0.0371)

1 0.1 0.8006(0.0312) 1.4709(0.0161) 2.566(0.0517) 4.539(0.0237)
0.25 0.7321(0.028) 1.2096(0.0156) 2.413(0.0369) 3.6048(0.0408)
1 0.7623(0.0233) 1.3199(0.0121) 2.5553(0.0477) 4.1461(0.0335)
4 1.1566(0.0769) 1.4015(0.0104) 3.5698(0.1661) 4.8118(0.0308)

2 0.1 0.8013(0.0311) 1.4918(0.0113) 2.3509(0.0553) 4.6469(0.0237)
0.25 0.7229(0.0226) 1.2269(0.0154) 2.1873(0.0437) 3.7163(0.0301)
1 0.7416(0.0216) 1.3395(0.0095) 2.2716(0.0355) 4.2496(0.0256)
4 0.9755(0.0448) 1.4227(0.0092) 3.1362(0.1101) 4.9376(0.0272)

Model 2
0.1 0.1 7.4786(0.2101) 4.5717(0.3843) 31.8289(0.758) 15.0458(0.4386)

0.25 7.5204(0.2372) 4.4613(0.3668) 31.9076(0.8567) 14.7588(0.4925)
1 7.5323(0.2538) 4.4467(0.401) 31.6324(0.8335) 14.3266(0.4507)
4 6.8425(0.7066) 2.9579(0.4899) 27.053(2.3511) 7.9602(1.0064)

0.25 0.1 2.5422(0.1049) 1.1459(0.0972) 9.3173(0.346) 3.2817(0.1565)
0.25 2.547(0.1256) 1.1463(0.1021) 9.3313(0.3673) 3.2976(0.1486)
1 2.5592(0.0984) 1.147(0.1031) 9.3329(0.3435) 3.3361(0.1197)
4 2.742(0.2182) 1.4989(0.0339) 9.7537(0.7667) 4.0451(0.071)

0.5 0.1 1.2162(0.0715) 0.6056(0.0307) 3.9003(0.1677) 1.7048(0.0536)
0.25 1.1843(0.0578) 0.6923(0.0453) 3.8548(0.1488) 1.8129(0.0631)
1 1.2162(0.0642) 0.9067(0.029) 3.8981(0.1728) 2.4029(0.0542)
4 1.6245(0.1341) 1.6221(0.0202) 5.4452(0.3647) 4.6693(0.1041)

1 0.1 0.5633(0.0356) 0.6489(0.0274) 1.8395(0.0732) 1.7925(0.0627)
0.25 0.569(0.0312) 0.7688(0.027) 1.8464(0.0588) 1.9618(0.0509)
1 0.6064(0.028) 1.0036(0.0169) 1.977(0.0494) 2.6913(0.047)
4 1.0828(0.0455) 1.6728(0.0229) 3.7852(0.0725) 5.0789(0.0967)

2 0.1 0.4888(0.0214) 0.6722(0.0205) 1.4671(0.0301) 1.9788(0.044)
0.25 0.5153(0.0267) 0.7901(0.0224) 1.5084(0.0297) 2.1447(0.0425)
1 0.5617(0.0217) 1.021(0.015) 1.664(0.0333) 2.8188(0.0307)
4 0.9993(0.0238) 1.6826(0.0208) 3.462(0.0354) 5.1763(0.1021)
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Table 3.2: Comparison of average (SD) matrix losses for p = 100

SCLIME JEMP SCLIME JEMP
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 8.2916(0.8387) 3.4815(0.3047) 49.9714(4.582) 13.5156(0.3612)

0.25 8.7608(0.4786) 3.7798(0.3) 53.5359(2.4532) 14.7279(0.3482)
1 8.066(0.4542) 3.4128(0.2821) 49.879(2.47) 13.1391(0.4187)
4 7.9247(0.5105) 3.2535(0.2874) 48.9273(2.6849) 12.0524(0.3935)

0.25 0.1 2.7247(0.1433) 1.4208(0.0309) 13.3898(0.5393) 5.7686(0.0475)
0.25 2.7988(0.1287) 1.1212(0.0527) 14.2116(0.5102) 4.7957(0.0734)
1 2.7569(0.1043) 1.1599(0.023) 13.9332(0.5264) 5.0797(0.0466)
4 2.6299(0.1222) 1.0925(0.0303) 13.1427(0.6099) 5.1277(0.0387)

0.5 0.1 1.315(0.0857) 1.6063(0.0252) 5.9231(0.2441) 6.3708(0.0736)
0.25 1.3608(0.0577) 1.2841(0.0182) 6.1493(0.1972) 5.0088(0.0476)
1 1.3513(0.0658) 1.3546(0.0143) 6.0731(0.2077) 5.7092(0.0564)
4 1.3435(0.0509) 1.2825(0.0109) 6.0848(0.1834) 5.9603(0.0494)

1 0.1 0.8857(0.0307) 1.6677(0.0189) 3.9214(0.0473) 6.865(0.0576)
0.25 0.7856(0.0246) 1.3653(0.0117) 3.6088(0.0429) 5.4635(0.0399)
1 0.8319(0.0221) 1.4229(0.009) 3.8161(0.0366) 6.2067(0.0418)
4 0.9099(0.0188) 1.3364(0.0104) 4.322(0.0239) 6.388(0.0533)

2 0.1 0.9118(0.0226) 1.677(0.0194) 3.7522(0.0757) 6.9839(0.0734)
0.25 0.8097(0.0188) 1.3791(0.0098) 3.3759(0.0461) 5.6197(0.0359)
1 0.853(0.0157) 1.4337(0.009) 3.5789(0.0435) 6.3182(0.0376)
4 0.9353(0.0156) 1.3417(0.0063) 4.1351(0.0458) 6.4555(0.0371)

Model 2
0.1 0.1 9.2967(0.4369) 4.3392(0.3593) 56.4275(2.3172) 17.8846(0.4256)

0.25 9.2136(0.4281) 4.2458(0.3316) 56.327(2.2826) 17.3155(0.5017)
1 8.405(0.4129) 3.8897(0.3091) 51.818(2.3159) 14.9214(0.449)
4 8.2434(0.6028) 3.6751(0.2552) 50.9657(3.2031) 14.0743(0.3692)

0.25 0.1 2.8867(0.1134) 1.1063(0.1111) 15.0803(0.5158) 4.1584(0.1287)
0.25 2.8446(0.1146) 1.104(0.1017) 14.9087(0.5353) 4.2513(0.1137)
1 2.8033(0.1292) 1.1249(0.0391) 14.3192(0.5911) 4.8262(0.0581)
4 2.7552(0.1266) 1.089(0.0475) 13.8253(0.6054) 4.9262(0.0606)

0.5 0.1 1.3967(0.0565) 0.8057(0.0265) 6.2999(0.2315) 3.1416(0.0549)
0.25 1.3711(0.0562) 0.8752(0.0226) 6.2353(0.2244) 3.5122(0.0649)
1 1.3498(0.059) 1.302(0.0159) 6.0388(0.2058) 5.1866(0.0474)
4 1.3634(0.0536) 1.2598(0.0138) 6.1103(0.2141) 5.4808(0.0464)

1 0.1 0.6559(0.0295) 0.8546(0.0219) 2.9758(0.0736) 3.4163(0.0532)
0.25 0.6643(0.0237) 0.9297(0.0179) 3.0494(0.0585) 3.8524(0.0525)
1 0.7278(0.0194) 1.3807(0.0119) 3.3172(0.0423) 5.7364(0.0395)
4 0.8353(0.0211) 1.3161(0.0095) 3.9022(0.0344) 5.9419(0.0558)

2 0.1 0.6126(0.0202) 0.8725(0.016) 2.541(0.0323) 3.6463(0.043)
0.25 0.6438(0.0139) 0.9432(0.0106) 2.6622(0.0346) 4.0495(0.0441)
1 0.7223(0.0232) 1.397(0.0087) 3.01(0.055) 5.8797(0.0295)
4 0.8619(0.0204) 1.3216(0.01) 3.6323(0.0427) 6.0349(0.0384)
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As in [36], all node time series in the four subjects have been checked by the Priestley-

Subba Rao test [33], the Hinich’s bispectral test [26], and the generalized Jarque-Bera test

[2], for stationarity, linearity, and Gaussianity, respectively. The nodes of each subject that

do not pass any test are removed from all subjects to keep the same dimension and nodes

for the four subjects. Therefore, the linear spatio-temporal model with sub-Gaussian tails,

defined in Section 1.3, seems adequate for the data. Detected by the GPH test [22], there

are 129, 83, 87 and 132 long-memory time series in these four subjects, respectively. Finally,

we obtain 861 brain nodes of each subject. All these tests are performed at a significant level

(adjusted by [3]) of 0.05. Therefore, the models of [5, 6, 13] are not suitable for our data,

because their models are about weak temporal dependence.

In order to reduce the dimension, we select 3 subjects, Subjects 100307, 100408 and

101410 to perform the real data analysis. We call them Group 1 to Group 3, respectively.

For every node k, its autocorrelation function ρk(t) := ρij[k] (t = |i − j|) is approximated

by ρ̂k(t), which is the sample autocorrelation function. Figures 3.1-3.3 are the sample auto-

correlations of brain nodes of Group 1 to Group 3, respectively. In each figure, we plot two

long-memory time series, the max1≤k≤p |ρ̂k(t)| time series, which is what we need to estimate

to confirm whether it is long-memory, and t−0.3, the upper bound function. Besides, we also

plot two more time series to provide some rough understanding of the characteristic of long-

memory time series in the brain for each group. Figures 3.1-3.3 show that the rfMRI data

of these three groups all approximately satisfy the PDD model (see [35]) with C0 = 1 and

α = 0.30 since max1≤k≤p |ρ̂k(t)| ≤ t−0.30 roughly holds. The figures also illustrate that, for

each group, the estimated autocorrelation functions of the two selected brain nodes clearly

have different patterns.

In order to further reduce the dimension, we use SCLIME to estimate the precision matrix

of Group 1, and take the same nodes of three Groups of the first 50 hubs (high connectivity)

of Group 1 by SCLIME as our data to perform SCLIME and JEMP and compare the effects.

Next, we obtain the estimated precision matrices. We calculate the direct connectivity from
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Figure 3.1: Sample autocorrelations of brain nodes of Group 1

Figure 3.2: Sample autocorrelations of brain nodes of Group 2
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Figure 3.3: Sample autocorrelations of brain nodes of Group 3

the estimated precision matrix Ω̂(s) := (ω̂
(s)
ij )p×p via JEMP. For these three groups, the

minimum connectivity is 0, the maximum connectivity is 3, and the median is 0. Only 10

time series of Group 1 have nonzero connectivity, and they have 14 connections. On the

other hand, for SCLIME, the minimum connectivity is 6, the maximum connectivity is 47,

and the median is 43 for Group 1.

The time series indices of the top 10 hubs of three groups by JEMP are shown in Table

3.3. We can see that the six time series (1, 10, 17, 18, 24, and 38) are found in their top 10

hubs in all three groups. For example, time series 10 is ranked the first in all three groups.

This implies that JEMP works well, and finds some common information across different

subjects.
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Table 3.3: The time series indices of the top 10 hubs for direct connectivity of Groups 1− 3 found
by JEMP

Rank Group 1 Group 2 Group 3
1 10 10 10
2 4 18 18
3 18 19 17
4 1 17 23
5 7 21 24
6 17 20 36
7 21 38 38
8 24 24 1
9 28 34 2

10 38 1 3

Table 3.4: Top 10 hubs for direct connectivity of Group 1 found by JEMP and comparison with
SCLIME

JEMP Rank Order in 50 JEMP Degree SCLIME rank SCLIME degree
1 10 3 3 46
2 4 2 8 44
3 18 2 10 44
4 1 1 7 44
5 7 1 5 45
6 17 1 19 43
7 21 1 2 47
8 24 1 13 44
9 28 1 16 44
10 38 1 38 42

Table 3.4 lists top 10 hubs of Group 1 found by JEMP and their degrees of connectivity.

Also, they are compared with the results from SCLIME. It can be seen that top 10 hubs

of Group 1 by JEMP has 6 overlaps with those of SCLIME: time series 1, 4, 7, 10, 18, 21.

Moreover, time series 24 and 26 also have 44 degree, which is the same as that of time series

1, 4, or 18. Hence, that time series could be considered as in top 10 as well. It implies that

the results of JEMP are similar to those of CLIME for this subject.
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Chapter 4

Joint estimation of multiple precision matrices with weighted common

structures for high-dimensional time series with long-memory

In Chapter 3, we obtain the precision matrices by JEMP that produces a group precision

matrix through the common structure, which is captured by the simple average of individual

precision matrices. This is particularly useful in fMRI studies because it can produce a

representative brain network based on the estimated group precision matrix from multiple

subjects. If some subjects show different brain network patterns from the majority, however,

this may affect the construction of the common structure by JEMP because the simple

average cannot handle these outlying subjects. In [16], the authors proposed a new joint

method for estimating group and individual precision matrices by assigning different weights

to different groups (subjects in fMRI examples). We note that, however, they developed the

method under the i.i.d assumption. In this chapter, we extend the result of Chapter 3 to

the weighted aggregation of individual precision matrices for long-memory data, motivated

by [16], [27] and [35]. In particular, we remove the restriction of n1 = · · · = nS in theory of

JEMP, and use the weights w(s) for the sth group to replace the uniform weight 1
S

for all

groups.

In this chapter, similar to Chapter 3, we consider a heterogeneous data set with S different

groups. The notations {x(s)1 , · · · , x(s)ns }, ns, x(s)
k = (x

(s)
k1 , · · · , x

(s)
kp )

T , p, Σ(s)
0 = (σ

(s)
ij,0), X(s), Σ̂(s),

Ω
(s)
0 = (ω

(s)
ij,0) and precision matrix Ω

(s)
0 := (Σ

(s)
0 )−1 (s = 1, · · · , S) have the same meaning as

in Chapter 3. Our aim is to estimate the precision matrices Ω
(1)
0 , · · · ,Ω(S)

0 for long-memory

data by weighted-JEMP based on different weights w(s).
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We consider the following class of matrices

U := {Ω : Ω � 0, ‖Ω‖1 ≤ CM , |Ω|1 ≤ C∗
M} ,

and assume that Ω
(s)
0 ∈ U for all s = 1, · · · , S. Write E(x(s)) = (µ

(s)
1 , · · · , µ(s)

p )T .

Also, we define the common structure C0 and the unique structure U
(s)
0 as

C0 :=
S∑

s=1

w(s)Ω
(s)
0 ,U

(s)
0 = Ω

(s)
0 −C0,

S∑
s=1

w(s) = 1, w(s) ≥ 0, s = 1, · · · , S.

Note that
∑S

s=1w
(s)U

(s)
0 = 0. In order to estimate {C0,U

(1)
0 , · · · ,U(S)

0 }, we investigate the

following constrained entrywise L1 minimization problem [16]:

min

{
|C|1 + ν

S∑
s=1

w(s)
∣∣U(s)

∣∣
1

}

s.t

∣∣∣∣∣
S∑

s=1

w(s)
{
Σ̂(s)(C+U(s))− I

}∣∣∣∣∣
∞

≤ λ1,
∣∣∣Σ̂(s)(C+U(s))− I

∣∣∣
∞

≤ λ2,
S∑

s=1

w(s)U(s) = 0,

(4.0.1)

where ν is a prespecified weight, and (λ1, λ2) are tuning parameters with λ1 ≤ λ2 as in

Chapter 3.

We can also consider the following vector optimal problem:

min

{∣∣∣∣∣
S∑

s=1

w(s)c
(s)
j

∣∣∣∣∣
1

+ ν
S∑

s=1

w(s)

∣∣∣∣∣c(s)j −
S∑

s=1

w(s)c
(s)
j

∣∣∣∣∣
1

}

s.t

∣∣∣∣∣
S∑

s=1

w(s)
{
Σ̂(s)c

(s)
j − ej

}∣∣∣∣∣
∞

≤ λ1,
∣∣∣Σ̂(s)c

(s)
j − ej

∣∣∣
∞

≤ λ2, (4.0.2)

where c
(s)
j is a vector in Rp, ej is the jth colomn of the identity matrix Ip. Again, by the

proof of Lemma 1 of [11], it is easy to see that these two problems have the same solution

set. We denote N =
∑S

s=1 ns in this chapter, and ν is set to be S0 or Sθ for our theoretical

results, so it will corresponding to 1/S or ν = 1/S1−θ (like in chapter 3) if we let w(s) ≡ 1/S.
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4.1 Estimation of precision matrices for sub-Gaussian data

Assume {Ĉ1, Û
(1)
1 , · · · , Û(S)

1 } is a soution of (4.0.1), and denote Ω̂
(s)
1 := Ĉ1 + Û

(s)
1 , s =

1, · · · , S. Using the same reason in Chapter 3, we define our final weighted-JEMP estimator

{Ω̂(1), · · · , Ω̂(S)} of {Ω(1)
0 , · · · ,Ω(S)

0 } as the symmetrized result of {Ω̂(1)
1 , · · · , Ω̂(S)

1 } by the

following way. Denote Ω̂
(s)
1 = (ω̂

(s)
ij,1), and Ω̂(s) = (ω̂

(s)
ij ), for s = 1, · · · , S, then

ω̂
(s)
ij = ω̂

(s)
ij,11{

S∑
s=1

w(s)
∣∣∣ω̂(s)

ij,1

∣∣∣ ≤ S∑
s=1

w(s)
∣∣∣ω̂(s)

ji,1

∣∣∣}
+ω̂

(s)
ji,11{

S∑
s=1

w(s)
∣∣∣ω̂(s)

ij,1

∣∣∣ > S∑
s=1

w(s)
∣∣∣ω̂(s)

ji,1

∣∣∣}, (4.1.1)

for s = 1, · · · , S. Then Ĉ =
∑S

s=1w
(s)Ω̂(s).

Define Σ̂(s) :=
(
σ̂
(s)
ij

)
p×p

the sample covariance matrix given by

Σ̂(s) =
1

ns

ns∑
i=1

x
(s)
i x

(s)T
i − x(s)x(s)T

with x(s) = 1
ns

∑ns

i=1 x
(s)
i , x(s)

i is the ith column of X(s). The following theorem generalizes

Theorem 1 of [27] from i.i.d to long-memory observations.

Theorem 4.1.1. Suppose that Xp×N is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Let λ1 = λ2 = 6CM maxs ũ
(s)
1 . Set ν = S0 = 1. Then

max
ij

(
S∑

s=1

w(s)
∣∣∣ω̂(s)

ij − ω
(s)
ij,0

∣∣∣) ≤ 12C2
M max

s
ũ
(s)
1

with probability greater than 1− 4Sp−τ , where ũ(s)1 is defined in (4.1.2).

In order to prove Theorem 4.1.1, we need the following lemma, which generalizes Lemma

4 in [27] from i.i.d to long-memory observations.

Lemma 4.1.1. Suppose that Xp×N is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. For any s = 1, · · · , S, with probability greater than 1− 4p−τ ,

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1 ,

where K is given in Theorem 4.1.1, and ũ(s)1 is defined in (4.1.2).
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Proof of Lemma 4.1.1. By the proof of Proposition 4 and the proof of the first part of

Lemma A2 in [35] we have

P
[∣∣∣Σ̂(s) −Σ

(s)
0

∣∣∣
∞

≥ 2u
]

≤ 2p exp

{
− c1nsu

K2g
(s)
2

}

+2p2 exp

{
−c1min

(
nsu

2

K4g
(s)
F

,
nsu

K2g
(s)
2

)}
,

where c1 > 0 is an absolute constant. Let

u = ũ
(s)
1 := max

{
c2K

2(log p)g
(s)
2 (ns)/ns, [c2K

4(log p)g
(s)
F (ns)/ns]

1/2
}
, (4.1.2)

where c2 = (τ + 2)/c1 with τ > 0, and

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
≤ g

(s)
2 (ns), max

1≤k≤p

1

ns

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F
≤ g

(s)
F (ns), (4.1.3)

where x
(s)
[k] is the k-th row vector of X(s), x[k] is the kth row vector of X = (X(1), · · · ,X(S)),

then

P
[
|Σ̂(s) −Σ

(s)
0 |∞ ≥ 2ũ

(s)
1

]
≤ 2p−(c1c2−1) + 2p−(c1c2−2) ≤ 4p−τ = O(p−τ ).

The proof is completed. �

Proof of Theorem 4.1.1. We recap the proof of Theorem 1 in [27]. It is easy to see

from Lemma 4.1.1 that

|Σ̂(s) −Σ
(s)
0 |∞ ≤ 2ũ

(s)
1 for all s = 1, · · · , S, (4.1.4)

with probability greater than 1 − 4Sp−τ . In the rest of the proof, we assume (4.1.4) holds.

Note that {C0,U
(1)
0 , · · · ,U(S)

0 } is a feasible solution of (4.0.1), because∣∣∣I− Σ̂(s)(C0 +U
(s)
0 )
∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s))Ω
(s)
0

∣∣∣
∞

≤
∥∥∥Ω(s)

0

∥∥∥
1
|Σ̂(s) −Σ

(s)
0 |∞

≤ CM2ũ
(s)
1 ≤ λ2/3.

Similar to the proof of Theorem 1 of [27], we have
S∑

s=1

w(s)|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤

S∑
s=1

w(s)
∣∣∣Ω̂(s)

1 ej

∣∣∣
1
λ2/3 + CMλ2
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≤

{
|ĉj|1 +

S∑
s=1

w(s)
∣∣∣û(s)

j

∣∣∣
1

}
λ2/3 + CMλ2

≤

{
|cj,0|1 +

S∑
s=1

w(s)
∣∣∣u(s)

j,0

∣∣∣
1

}
λ2/3 + CMλ2

≤ 2CMλ2 = 12C2
M max

s
ũ
(s)
1 ,

where ĉj is the jth column of Ĉ, and û
(s)
j is the jth column of Û(s), cj,0 is the jth column

of C0, u(s)
j,0 is the jth column of U(s)

0 .

It is straightforward to check that

max
ij

(
S∑

s=1

w(s)
∣∣∣ω̂(s)

ij − ω
(s)
ij,0

∣∣∣) ≤ max
j

S∑
s=1

w(s)|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤ 12C2

M max
s
ũ
(s)
1 .

Then, the proof is completed. �

The following theorem generalizes Theorem 2 of [27] from i.i.d to long-memory observa-

tions.

Theorem 4.1.2. Suppose that (i) Xp×N is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii) there exists CU > 0 such that
∥∥∥U(s)

0

∥∥∥
1
≤ CU for all

s = 1, · · · , S and (
∑S

s=1

∥∥∥U(s)
0

∥∥∥
1
) ≤ CUS

1−θ where θ ∈ (0, 1). Let

ψ1 = CM

(
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p

)
+ CUS

1−θ max
s

2w(s)ũ
(s)
1 ,

λ1 = ψ1, λ2 = 6CM max
s
ũ
(s)
1 .

Set ν = Sθ. Then∣∣∣Ĉ−C0

∣∣∣
∞

≤ 2(CM + 2CU)max{ψ1, S
−θCM max

s
2ũ

(s)
1 }max

s
Sw(s)

with probability greater than 1− 2(2+ 3S)p−τ , where ũ(s)1 is defined in (4.1.2), ũ1 is given in

(4.1.6), and ξ(s)2 is defined in (4.1.8).

In order to prove Theorem 4.1.2, we need the following lemma, which generalizes Lemma

5 in [27] from i.i.d to long-memory observations.
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Lemma 4.1.2. Suppose that Xp×N is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. With probability greater than 1− 2(2 + S)p−τ , the following holds

max
ij

∣∣∣∣∣
S∑

s=1

w(s)(σ̂
(s)
ij − σ

(s)
ij,0)

∣∣∣∣∣ ≤ ũ1 +
S∑

s=1

c2K
2ξ

(s)
2 log p,

where ũ1 is given in (4.1.6), and ξ(s)2 is defined in (4.1.8).

Proof of Lemma 4.1.2. We may assume that µ(s)
i = 0 for all i and s. Denote

y
(s)
kij : = w(s)x

(s)
ik x

(s)
jk − E(w(s)x

(s)
ik x

(s)
jk )

=
(√

w(s)x
(s)
ik

)(√
w(s)x

(s)
jk

)
− E

((√
w(s)x

(s)
ik

)(√
w(s)x

(s)
jk

))
.

Also denote x(s)i =
∑ns

k=1 x
(s)
ik /ns. Similar to the proof of Lemma 5 of [27], we have

S∑
s=1

w(s)
(
σ̂
(s)
ij − σ

(s)
ij,0

)
=

S∑
s=1

(
ns∑
k=1

y
(s)
kij/ns − w(s)x

(s)
i x

(s)
j

)
.

We can define P
(s)
k such that x

∗(s)
[k] = P

(s)
k Hz = (

√
w(s)/nsX

(s)
[k] )

T , which is the transpose

of the kth row of X(s) with the coefficient
√
w(s)/ns, where P

(s)
k is a ns × pN matrix with√

w(s)/ns in the
(
j, k + (j − 1)p

)
entries and 0 in all other entries, j = 1, · · · , ns, where

N =
∑S

s=1 ns. Denote x∗
[k] = PkHz =

((
x
∗(1)
[k]

)T
, · · · ,

(
x
∗(S)
[k]

)T)T

, s = 1, · · · , S. Also,

denote

max
1≤k≤p

∥∥Cov(x∗
[k])
∥∥2
F
≤ ξF (N), max

1≤k≤p

∥∥Cov(x∗
[k])
∥∥
2
≤ ξ2(N). (4.1.5)

It is easy to check that

Cov(x∗
[k]) = Cov(PkHz) = PkHHTPT

k .

By Lemma A1 of [35] and similar to the proof of the first part of Lemma A2 of [35], we

have

P

[
max
ij

∣∣∣∣∣
S∑

s=1

ns∑
k=1

1

ns

y
(s)
kij

∣∣∣∣∣ ≥ u

]

≤ 2p exp

−c1
u

K2

√∥∥PiHHTPT
i

∥∥
2

∥∥PjHHTPT
j

∥∥
2


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+2p2 exp

{
−c1min

(
u2

K4
∥∥PiHHTPT

i

∥∥
F

∥∥PjHHTPT
j

∥∥
F

,

u

K2

√∥∥PiHHTPT
i

∥∥
2

∥∥PjHHTPT
j

∥∥
2


≤ 2p2 exp

{
−c1min

(
u2

K4ξF
,

u

K2ξ2

)}
+ 2p exp

{
−c1

u

K2ξ2

}
,

where c1 > 0 is an absolute constant.

Let

u = ũ1 = max
{
c2K

2(log p)ξ2, [c2K
4(log p)ξF ]

1/2
}
, (4.1.6)

with c2 = (τ + 2)/c1 and τ > 0, where ξ2 and ξF are defined in (4.1.5), then

P

[
max
ij

∣∣∣∣∣
S∑

s=1

n∑
k=1

1

ns

y
(s)
kij

∣∣∣∣∣ ≥ ũ1

]
≤ 2p−(c1c2−2) + 2p−(c1c2−2) ≤ 4p−τ = O(p−τ ). (4.1.7)

By Lemma A1-(i) of [35] we have

P

[
max
ij

w(s)
∣∣∣x(s)i x

(s)
j

∣∣∣ ≥ u2
]

= P

[
max

i
w(s)

∣∣∣x(s)i

∣∣∣2 ≥ u2
]

= P
[
max

i

∣∣∣√w(s)x
(s)
i

∣∣∣ ≥ u
]

≤ 2p exp

− c1nsu
2

K2 ‖b‖2F
∥∥∥P(s)

i HHTP
(s)T
i

∥∥∥
2


= 2p exp

[
− c1u

2

K2ξ
(s)
2

]
,

where c1 > 0 is an absolute constant and

max
1≤k≤p

∥∥∥Cov(x∗(s)
[k] )

∥∥∥
2
≤ ξ

(s)
2 , max

1≤k≤p

∥∥∥Cov(x∗(s)
[k] )

∥∥∥2
F
≤ ξ

(s)
F . (4.1.8)

By taking u =
(
c2K

2ξ
(s)
2 log p

)1/2
with c2 = (τ + 2)/c1 and τ > 0, we have

P

[
max
ij

w(s)
∣∣∣x(s)i x

(s)
j

∣∣∣ ≥ c2K
2ξ

(s)
2 log p

]
≤ 2p−τ .

Using this result, we have that

P

[
max
ij

∣∣∣∣∣
S∑

s=1

w(s)x
(s)
i x

(s)
j

∣∣∣∣∣ ≥
S∑

s=1

c2K
2ξ

(s)
2 log p

]
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≤ P

[
S∑

s=1

w(s) max
ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ S∑
s=1

c2K
2ξ

(s)
2 log p

]

≤
S∑

s=1

P

[
w(s)max

ij

∣∣∣x(s)i x
(s)
j

∣∣∣ ≥ c2K
2ξ

(s)
2 log p

]
≤ 2Sp−τ . (4.1.9)

By (4.1.7) and (4.1.9), we have

P

[
max
ij

∣∣∣∣∣
S∑

s=1

w(s)
(
σ̂
(s)
ij − σ

(s)
ij,0

)∣∣∣∣∣ ≥ ũ1 +
S∑

s=1

c2K
2ξ

(s)
2 log p

]

≤ P

[
max
ij

∣∣∣∣∣
S∑

s=1

ns∑
k=1

1

ns

y
(s)
kij

∣∣∣∣∣ ≥ ũ1

]

+P

[
max
ij

∣∣∣∣∣
S∑

s=1

w(s)x
(s)
i x

(s)
j

∣∣∣∣∣ ≥
S∑

s=1

c2K
2ξ

(s)
2 log p

]
≤ 2(2 + S)p−τ .

The proof is completed. �

Proof of Theorem 4.1.2. We recap the proof of Theorem 2 of [27].

By Lemma 4.1.1 and Lemma 4.1.2, we have

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1 , max

ij

∣∣∣∣∣
S∑

s=1

w(s)(σ̂
(s)
ij − σ

(s)
ij,0)

∣∣∣∣∣ ≤ ũ1 +
S∑

s=1

c2K
2ξ

(s)
2 log p, (4.1.10)

for all s = 1, · · · , S with probability greater than 1− 2(2 + 3S)p−τ . In the rest of the proof,

we assume (4.1.10) holds.

Note that {C0,U
(1)
0 , · · · ,U(S)

0 } is a feasible solution of (4.0.1), because∣∣∣I− Σ̂(s)(C0 +U
(s)
0 )
∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s))Ω
(s)
0

∣∣∣
∞

≤
∥∥∥Ω(s)

0

∥∥∥
1
|Σ̂(s) −Σ

(s)
0 |∞

≤ CM2ũ
(s)
1 ≤ λ2/3,

and ∣∣∣∣∣
S∑

s=1

w(s)
{
I− Σ̂(s)(C0 +U

(s)
0 )
}∣∣∣∣∣

∞
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=

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))Ω

(s)
0

∣∣∣∣∣
∞

=

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))C0

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))U

(s)
0

∣∣∣∣∣
∞

≤ ‖C0‖1

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+
S∑

s=1

∥∥∥U(s)
0

∥∥∥
1

∣∣∣w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣
∞

≤ ‖C0‖1

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s

∣∣∣w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣
∞

S∑
s=1

∥∥∥U(s)
0

∥∥∥
1

≤ CM

(
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p

)
+ CUS

1−θ max
s

2w(s)ũ
(s)
1 ≤ λ1.

Now, we estimate
∣∣∣(Ĉ1 −C0)ej

∣∣∣ = ∣∣∣∑S
s=1w

(s)(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣
∞

. In particular, we use∣∣∣∣∣
S∑

s=1

w(s)(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

w(s)Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))Ω̂

(s)
1 ej

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

. (4.1.11)

Similar to the discussion of Theorem 2 of [27], we have∣∣∣∣∣
S∑

s=1

w(s)Ω
(s)
0 (Σ

(s)
0 − Σ̂(s))Ω̂
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1 ej
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∞
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∣∣∣∣∣
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w(s)Ω
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0 − Σ̂(s))ĉj
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∞

+

∣∣∣∣∣
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w(s)Ω
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0 (Σ
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(s)
j

∣∣∣∣∣
∞
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∣∣∣∣∣
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+S−θCM max
s
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∣∣∣
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0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s
w(s)

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ,

S−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

}
×

(
|ĉj|1 + Sθ

S∑
s=1

w(s)
∣∣∣û(s)

j

∣∣∣
1

)

≤ max

{
CM

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s
w(s)

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ,

S−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

}
×

(
|cj,0|1 + Sθ

S∑
s=1

w(s)
∣∣∣u(s)

j,0

∣∣∣
1

)
≤ (CM + CU)max{ψ1, S

−θCM max
s
ũ
(s)
1 }max

s
Sw(s),

where ĉj is the jth column of Ĉ1, and û
(s)
j is the jth column of Û(s)

1 , cj,0 is the jth column

of C0, and u
(s)
j,0

is the jth column of U(s)
0 , and∣∣∣∣∣

S∑
s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

C0w
(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

U
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

≤ ‖C0‖1

∣∣∣∣∣
S∑

s=1

w(s)(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣∣∣
∞

+
S∑

s=1

∥∥∥U(s)
0

∥∥∥
1

∣∣∣w(s)(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣
∞

≤ CMλ1 + CUS
1−θ max

s
w(s)λ2

≤ (CM + 3CU)max{ψ1, S
−θCM max

s
2ũ

(s)
1 }max

s
Sw(s).

In sum, we have∣∣∣Ĉ−C0

∣∣∣
∞

≤
∣∣∣Ĉ1 −C0

∣∣∣
∞

≤ 2(CM + 2CU)max{ψ1, S
−θCM max

s
2ũ

(s)
1 }max

s
Sw(s).

The proof is completed. �

Define a threshold estimator Ω̃(s) = (ω̃
(s)
ij ) based on {Ω̂(1), · · · , Ω̂(S)} as

ω̃
(s)
ij = ω̂

(s)
ij 1

{
w(s)

∣∣∣ω̂(s)
ij

∣∣∣ ≥ δn

}
,

where δn ≥ 2CMλ2 and λ2 is given in Theorem 4.1.1. Also, define

S0 := {(i, j, s) : ω(s)
ij,0 6= 0}, Ŝ := {(i, j, s) : ω̃(s)

ij 6= 0} and θmin := min
(i,j,s)∈S0

w(s)
∣∣∣ω(s)

ij,0

∣∣∣ .
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The following theorem generalizes Theorem 3 in [27] from i.i.d to long-memory observa-

tions. The proof is straightforward. Details are omitted.

Theorem 4.1.3. Suppose that (i) Xp×N is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii) θmin > 2δn. Then

P (S0 = Ŝ) ≥ 1− 4Sp−τ .

4.2 Modified estimator Ω̂ρ

This section focuses on dealing with the expectation of the convergence rates. In order to do

that, we modify the estimator Ω̂ to ensure that the expectations exists. Let {Ω̂1ρ} be the

solution of the following optimization problem:

min

{
|C|1 + ν

S∑
s=1

w(s)
∣∣U(s)

∣∣
1

}

s.t

∣∣∣∣∣
S∑

s=1

w(s)
{
Σ̂(s)

ρ Ω(s) − I
}∣∣∣∣∣

∞

≤ λ1,
∣∣∣Σ̂(s)

ρ Ω(s) − I
∣∣∣
∞

≤ λ2,
S∑

s=1

w(s)U(s) = 0, (4.2.1)

where Σ̂
(s)
ρ = Σ̂(s) + ρI with ρ > 0. Write Ω̂

(s)
1ρ =

(
ω
(s)
1ρij

)
. Define the symmetrized estimator

Ω̂
(s)
ρ as in (4.1.1).

Theorem 4.2.1. Suppose that Xp×N is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Set ν = Sθ.

(i) Let λ1 = 2ψ1, λ2 = 12CM maxs ũ
(s)
1 , where τ > 0. If there exists CU > 0 such that∥∥∥U(s)

0

∥∥∥
1
≤ CU for all s = 1, · · · , S and (

∑S
s=1

∥∥∥U(s)
0

∥∥∥
1
) ≤ CUS

1−θ where θ ∈ (0, 1) and

0 ≤ ρ ≤ min

{
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p, ũ

(1)
1 , · · · , ũ(S)1

}
,

then∣∣∣Ĉρ −C0

∣∣∣
∞

=
∣∣∣Ĉ1ρ −C0

∣∣∣
∞

≤ 4(CM + 2CU)max{ψ1, S
−θCM max

s
2ũ

(s)
1 }max

s
Sw(s)

with probability greater than 1− 2(2 + 3S)p−τ .
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(ii) If there exist C∗
M , C

∗
U > 0 such that

∣∣Ω(s)
∣∣
1
≤ C∗

M ,
∣∣∣U(s)

0

∣∣∣
1
≤ C∗

U and

S∑
s=1

∣∣∣U(s)
0

∣∣∣
1
≤ S1−θC∗

U .

Let

ψ∗
1 = 2C∗

M

(
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p

)
+ 2C∗

US
1−θ max

s
2w(s)ũ

(s)
1 ,

λ1 = ψ∗
1, λ2 = 12C∗

M max
s
ũ
(s)
1 ,

where τ > 0. Then∣∣∣Ĉρ −C0

∣∣∣
1

≤ 2
∣∣∣Ĉ1ρ −C0

∣∣∣
1

≤ 4p(CM + CU + C∗
M + 3C∗

U)max{ψ∗
1, C

∗
MS

−θ max
s

2ũ
(s)
1 }max

s
Sw(s)

with probability greater than 1− 2(2 + 3S)p−τ .

(iii) If there exists C#
U > 0 such that

max
j

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q ≤ C#
U and max

j

S∑
s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q ≤ C#
U S

1−θ

where θ ∈ (0, 1). Then

max
j

S∑
s=1

w(s)
∣∣∣(Û(s)

ρ −U
(s)
0

)
ej

∣∣∣
1
≤ 2(1+21−q+31−q)t1−qC#

U max
s
Sw(s)/Sθ+

1

ν

∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
,

with probability greater than 1− 4(2 + 3S)p−τ , where t = maxijs

∣∣∣û(s)1ρij − u
(s)
ij,0

∣∣∣, Û(s)
1ρ =(

û
(s)
1ρij

)
,U

(s)
0 =

(
u
(s)
ij,0

)
.

(iv) If the conditions in (i) and (ii) are both satisfied, λ1 = ψ∗
1, λ2 = 12C∗

M maxs ũ
(s)
1 , where

τ > 0. Then ∥∥∥Ĉρ −C0

∥∥∥2
F
≤
∣∣∣Ĉρ −C0

∣∣∣
∞

∣∣∣Ĉρ −C0

∣∣∣
1

with probability greater than 1 − 4(2 + 3S)p−τ , and
∣∣∣Ĉρ −C0

∣∣∣
∞

and
∣∣∣Ĉρ −C0

∣∣∣
1

with

bound in (i) and (ii).
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Proof of Theorem 4.2.1. (i) The proof is similar to the proof of Theorem 4.1.2.

(ii) The proof is similar to the proof of Theorem 4.1.2. Note that {C0,U
(1)
0 , · · · ,U(S)

0 }

is a feasible solution of (4.2.1). Now, we estimate the upper bound of
∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
=∣∣∣∑S

s=1w
(s)(Ω̂

(s)
1ρ −Ω

(s)
0 )ej

∣∣∣
1
. Also note that∣∣∣∣∣

S∑
s=1

w(s)(Ω̂
(s)
1ρ −Ω

(s)
0 )ej

∣∣∣∣∣
1

≤

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ

(s)
0 − Σ̂(s)

ρ )Ω̂
(s)
1ρ ej

∣∣∣∣∣
1

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1ρ − I)ej

∣∣∣∣∣
1

.

Similar to the discussion of Theorem 3.2.1, we have∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ

(s)
0 − Σ̂(s)

ρ )Ω̂
(s)
1ρ ej

∣∣∣∣∣
1

≤ 2(CM + CU)max
s
Sw(s)

×max{C∗
M(2ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p) + C∗

US
1−θ max

s
2w(s)ũ

(s)
1 , C∗

MS
−θ max

s
2ũ

(s)
1 },

and ∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)

ρ Ω̂
(s)
1ρ − I)ej

∣∣∣∣∣
1

≤ 2 |C0|1

∣∣∣∣∣
S∑

s=1

w(s)(Σ̂(s)
ρ Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

+ 2
S∑

s=1

∣∣∣U(s)
0

∣∣∣
1

∣∣∣w(s)(Σ̂(s)
ρ Ω̂

(s)
1 − I)ej

∣∣∣
∞
.

In sum, we have∥∥∥Ĉ1ρ −C0

∥∥∥
1
≤ 2(CM + CU + C∗

M + 3C∗
U)max{ψ∗

1, S
−θ max

s
2ũ

(s)
1 }max

s
Sw(s),

and then∣∣∣Ĉρ −C0

∣∣∣
1

≤ 2
∣∣∣Ĉ1ρ −C0

∣∣∣
1

≤ 2p
∥∥∥Ĉ1ρ −C0

∥∥∥
1

≤ 4p(CM + CU + C∗
M + 3C∗

U)max{ψ∗
1, S

−θ max
s

2ũ
(s)
1 }max

s
Sw(s).

(iii) We assume the solution Ω̂
(s)
1ρ is obtained from the column solution set {ĉ(s)ρj } of (4.0.2)

with Σ̂(s) being replaced by Σ̂
(s)
ρ . By the definition of {Ω̂(s)

1ρ }, we have∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

w(s)
∣∣∣Û(s)

1ρ ej

∣∣∣
1
≤ |C0ej|1 + ν

S∑
s=1

w(s)
∣∣∣U(s)

0 ej

∣∣∣
1

for j = 1, · · · , p.
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Denote

t = max
ijs

∣∣∣û(s)1ρij − u
(s)
ij,0

∣∣∣ , where Û
(s)
1ρ =

(
û
(s)
1ρij

)
,U

(s)
0 =

(
u
(s)
ij,0

)
,

L(s) =
(
û
(s)
1ρij − u

(s)
ij,0

)
,

L(s)
∗ =

(
û
(s)
1ρij1(

∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,0

)
,

L(s)
∗∗ = L(s) − L(s)

∗ .

Then ∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

w(s)
(∣∣∣U(s)

0 ej

∣∣∣
1
−
∣∣L(s)

∗ ej
∣∣
1
+
∣∣L(s)

∗∗ ej
∣∣
1

)
≤

∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

w(s)
(∣∣∣(U(s)

0 + L(s)
∗

)
ej

∣∣∣
1
+
∣∣L(s)

∗∗ ej
∣∣
1

)
=

∣∣∣Ĉ1ρej

∣∣∣
1
+ ν

S∑
s=1

w(s)
∣∣∣Û(s)

1ρ ej

∣∣∣
1
≤ |C0ej|1 + ν

S∑
s=1

w(s)
∣∣∣U(s)

0 ej

∣∣∣
1
,

which implies

ν
S∑

s=1

w(s)
∣∣L(s)

∗∗ ej
∣∣
1
≤ ν

S∑
s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1
+
∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.

Thus

ν
S∑

s=1

w(s)
∣∣L(s)ej

∣∣
1

≤ ν
S∑

s=1

w(s)
∣∣L(s)

∗∗ ej
∣∣
1
+ ν

S∑
s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1

≤ 2ν
S∑

s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1
+
∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.

Similar to the proof of Theorem 6 of [11], we have
S∑

s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1

=
S∑

s=1

w(s)

p∑
i=1

∣∣∣û(s)1ρij1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,0

∣∣∣
≤

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,01(
∣∣∣u(s)ij,0

∣∣∣ ≤ 2t)
∣∣∣

+
S∑

s=1

w(s)

p∑
i=1

∣∣∣û(s)1ρij1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− u
(s)
ij,01(

∣∣∣u(s)ij,0

∣∣∣ ≥ 2t)
∣∣∣
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≤ (2t)1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + S∑
s=1

w(s)

p∑
i=1

∣∣∣(û(s)1ρij − u
(s)
ij,0

)
1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)
∣∣∣

+
S∑

s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0{1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)− 1(
∣∣∣u(s)ij,0

∣∣∣ ≥ 2t)}
∣∣∣

≤ (2t)1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t
S∑

s=1

w(s)

p∑
i=1

1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)

+
S∑

s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣ ∣∣∣1{∣∣∣∣∣∣u(s)ij,0

∣∣∣− 2t
∣∣∣ ≤ ∣∣∣û(s)ij1ρ − u

(s)
ij,0

∣∣∣}∣∣∣
≤ (2t)1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t
S∑

s=1

w(s)

p∑
i=1

1(
∣∣∣û(s)1ρij

∣∣∣ ≥ 2t)

+
S∑

s=1

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣1{∣∣∣u(s)ij,0

∣∣∣ ≤ 3t}

≤ (2t)1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q + t1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q
+(3t)1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q
≤ (1 + 21−q + 31−q)t1−q

S∑
s=1

w(s)

p∑
i=1

∣∣∣u(s)ij,0

∣∣∣q
≤ (1 + 21−q + 31−q)t1−qC#

U max
s
Sw(s)/Sθ.

Thus,

S∑
s=1

w(s)
∣∣∣(Û(s)

1ρ −U
(s)
0 )ej

∣∣∣
1

≤ 2
S∑

s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1
+

1

ν

∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1

≤ 2(1 + 21−q + 31−q)t1−qC#
U max

s
Sw(s)/Sθ

+
1

ν

∣∣∣(Ĉ1ρ −C0)ej

∣∣∣
1
.

(iv) It can been proven from the definition of the matrix norm.

The proof is completed. �

Furthermore, we can consider the convergence rates for expectation, which generalizes

Theorems 2 and 5 in [11] from (i) i.i.d. to long-memory observations, and (ii) from a single

subject to a group.
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Theorem 4.2.2. Under the conditions of Theorem 4.2.1, and

min

{
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p, ũ

(1)
1 , · · · , ũ(S)1 , p−c

}

≤ ρ ≤ min

{
ũ1 +

S∑
s=1

c2K
2ξ

(s)
2 log p, ũ

(1)
1 , · · · , ũ(S)1

}
,

with c > 0, if p ≥ nξ
s with ξ > 0, we have

(i) E
(∣∣∣Ĉρ −C0

∣∣∣2
∞

)
= O

(
(CM + CU)max{ψ1, S

−θCM maxs 2ũ
(s)
1 }maxs Sw

(s)
)2
,

(ii) E
(∣∣∣Ĉρ −C0

∣∣∣2
1

)
= O

(
p(C∗

M + C∗
U)max{ψ∗

1, S
−θC∗

M maxs 2ũ
(s)
1 }maxs Sw

(s)
)2
,

(iii) E
∥∥∥Ĉρ −C0

∥∥∥2
F
≤

√
E
(∣∣∣Ĉρ −C0

∣∣∣2
∞

)
E
(∣∣∣Ĉρ −C0

∣∣∣2
1

)
.

Proof of Theorem 4.2.2. Note that {
(
Σ̂

(s)
ρ

)−1

} is a feasible solution of (4.2.1). Also,

note that

max
j

S∑
s=1

w(s)
∣∣∣Ω̂(s)

ρ ej

∣∣∣
1

≤ max
j

S∑
s=1

w(s)
∣∣∣Ω̂(s)

1ρ ej

∣∣∣
1

≤ max
j

(∣∣∣Ĉ(s)
1ρ ej

∣∣∣
1
+

S∑
s=1

w(s)
∣∣∣Û(s)

1ρ ej

∣∣∣
1

)

≤ max
j

(∣∣∣Ĉ(s)
1ρ ej

∣∣∣
1
+ Sθ

S∑
s=1

w(s)
∣∣∣Û(s)

1ρ ej

∣∣∣
1

)

≤ max
j

(∣∣∣∣∣
S∑

s=1

w(s)
(
Σ̂(s)

ρ

)−1

ej

∣∣∣∣∣
1

+ Sθ

S∑
s=1

w(s)

∣∣∣∣∣
((

Σ̂(s)
ρ

)−1

−
S∑

s=1

w(s)
(
Σ̂(s)

ρ

)−1
)
ej

∣∣∣∣∣
1

)

≤ max
j

(
S∑

s=1

w(s)

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1

+ Sθ

S∑
s=1

∣∣∣∣w(s)

((
Σ̂(s)

ρ

)−1
)
ej

∣∣∣∣
1

+ Sθ

S∑
s=1

∣∣∣∣w(s)
(
Σ̂(s)

ρ

)−1

ej

∣∣∣∣
1

)

≤ max
j

3Sθ

S∑
s=1

w(s)

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1
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≤ 3Sθ

S∑
s=1

w(s)

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
1

≤ 3pSθ

S∑
s=1

w(s)

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
2

≤ 3pSθ

S∑
s=1

w(s)ϕmax

(
Σ̂(s)

ρ

)−1

= 3pSθ

S∑
s=1

w(s)1/ϕmin

(
Σ̂(s)

ρ

)
≤ 3pSθ

S∑
s=1

w(s)/ρ = 3pSθ/ρ.

The proof is similar to the proof of Theorem 2 of [11]. �

For LPDD temporal dependence, we can set the bounds as

g
(s)
F � ns/(log ns)

2α, g
(s)
2 � ns/(log ns)

α,

then we have the following property

u
(s)
1 � (log p)/(log ns)

α, α > 0.

For LPDD model, therefore, we only need to assume p ≥ (log ns)
ξ in the above theorem.

4.3 Extension to heavy tail data

In this section, we extend the previous results for the precision matrices estimators to heavy-

tailed data in (C2) and (C3). According to the proof of Lemma A.2 of 36, similar to the

proof of Lemma 4.1.2, we define

ũ
(s)
2 = max

{
[c2K(2/ϑ)2/ϑ log p]1+2/ϑg

(s)
2 /ns, [c2K

2(4/ϑ)4/ϑ log p]1+2/ϑ(g
(s)
F /ns)

1/2
}
, (4.3.1)

ũ2 = max
{
[c2K(2/ϑ)2/ϑ log p]1+2/ϑξ2, [c2K

2(4/ϑ)4/ϑ log p]1+2/ϑ(ξF )
1/2
}
,

and

ũ
(s)
3 = kη2k max

{
c22p

(2+2τ)/kg
(s)
2 /ns, c2p

(4+2τ)/k(g
(s)
F /ns)

1/2
}
, (4.3.2)
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ũ3 = kη2k max
{
c22p

(2+2τ)/kξ2, c2p
(4+2τ)/k(ξF )

1/2
}
,

where c2 = (τ +2)/c1 with τ > 0 and c1 > 0 is an absolute constant, g(s)2 and g(s)F are defined

in (4.1.3), ξ(s)2 and ξ
(s)
F are defined in (4.1.8), ξ2 and ξF are defined in (4.1.5). We assume

ũ
(s)
2 , ũ2, ũ

(s)
3 , ũ3 → 0 as ns → ∞.

Theorem 4.3.1. (Generalized sub-exponential tails) Assume condition (C1), parameter K,

ũ
(s)
1 , ũ1 and

∑S
s=1 c2K

2ξ
(s)
2 log p replaced by condition (C2), parameters {K,ϑ}, ũ(s)2 , ũ2 and∑S

s=1(c2K(2/ϑ)2/ϑ log p)1+2/ϑξ
(s)
2 , respectively, then Theorems 4.1.1-4.2.2 hold.

Theorem 4.3.2. (Polynomial-type tails) Assume condition (C1),
∑S

s=1 c2K
2ξ

(s)
2 log p,

parameter K, ũ(s)1 and ũ1 replaced by condition (C3),
∑S

s=1 c
2
2kη

2
kp

(2+2τ)/kξ
(s)
2 ,parameters

{k, ηk}, ũ(s)3 and ũ3, respectively, then Theorems 4.1.1-4.2.1 hold.

The proofs of Theorems 4.3.1 and 4.3.2 are similar to the proofs of the preceding theorems

by using the corresponding results given in Lemmas A.1, A.2 and A.3 of [35] for conditions

(C2) and (C3), respectively. Details are omitted.

4.4 Computation

We can reformulate (4.0.1) into the linear programming form (3.4.2). The numerical algo-

rithm is similar to that of Chapter 3. The only difference is about the weight w(s), s =

1, · · · , S. In order to do that, we need to use the following vector a and matrix Ã

ã =

1, · · · , 1︸ ︷︷ ︸
p

, νw(1), · · · , νw(1)︸ ︷︷ ︸
p

, · · · , νw(S), · · · , νw(S)︸ ︷︷ ︸
p

 ,

a = − (ã, ã)T ,

Ã =



∑S
s=1w

(s)Σ̂(s) w(1)Σ̂(1) w(2)Σ̂(2) · · · w(S)Σ̂(S)

Σ̂(1) Σ̂(1) Op×p · · · Op×p

Σ̂(2) Op×p Σ̂(2) · · · Op×p

... ... ... ... ...

Σ̂(S) Op×p Op×p · · · Σ̂(S)


,
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and we need to use (4.1.1) to symmeterize matrices. The case in Chapter 3 is a special case

of the uniform weights w(s) ≡ 1
S
.

4.4.1 Weight selection

We can take weights w(s) (s = 1, · · · , S) as tuning parameters and select them in the fol-

lowing way. We set the tuning parameters {w(s)} to make the upper bound of
∣∣∣Ĉ−C0

∣∣∣
∞

achieve its minima. This will enforce fastclime to work with smaller λ1 and λ2, and pro-

duce more nonzero estimated elements, which in turn would achieve higher TPR, and faster

computation.

Divide the interval [0.1, 0.7] into 60 equal-sized subintervals, so the step equal to 0.01,

and we can get an estimated optimal weight with error less than 0.01. Select every w(s) from

{0.1 + (m − 1) × 0.01 : m = 1, · · · , 61} with
∑S

s=1w
(s) = 1. Denote CMU = max{CU , CM}.

Similar to the proof of Theorem 4.1.2, we can estimate the upper bound of
∣∣∣Ĉ−C0

∣∣∣
∞

as

follows: ∣∣∣∣∣
S∑

s=1

w(s)(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣∣∣
∞

≤

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ

(s)
0 − Σ̂(s))Ω̂

(s)
1 ej

∣∣∣∣∣
∞

+

∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

,

where ∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ

(s)
0 − Σ̂(s))Ω̂

(s)
1 ej

∣∣∣∣∣
∞

≤ max

{
CM

∣∣∣∣∣
S∑

s=1

w(s)(Σ
(s)
0 − Σ̂(s))

∣∣∣∣∣
∞

+max
s
w(s)

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞
CUS

1−θ,

S−θCM max
s

∣∣∣(Σ(s)
0 − Σ̂(s))

∣∣∣
∞

}
×

(
|cj,0|1 + Sθ

S∑
s=1

w(s)
∣∣∣u(s)

j,0

∣∣∣
1

)
= CMU max{ψ1, S

−θCM max
s

2ũ
(s)
1 }(1 + Sθ),

and ∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞
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≤ ‖C0‖1

∣∣∣∣∣
S∑

s=1

w(s)(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣∣∣
∞

+
S∑

s=1

∥∥∥U(s)
0

∥∥∥
1

∣∣∣w(s)(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣
∞

≤ CM

∣∣∣∣∣
S∑

s=1

w(s)(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣∣∣
∞

+ CUλ2

≤ CMψ1 + CU6CM max
s

2ũ
(s)
1 .

Thus ∣∣∣∣∣
S∑

s=1

w(s)(Ω̂
(s)
1 −Ω

(s)
0 )ej

∣∣∣∣∣
∞

≤ CMU max{ψ1, S
−θCM max

s
2ũ

(s)
1 }(1 + Sθ)

+CMψ1 + CU6CM max
s

2ũ
(s)
1 .

Note that ũ(s)1 is independent of w(s), for s = 1, · · · , S. Hence, we only need to minimize

ψ1. Note that every term of ψ1 has K2, so we can assume K2 = 1. We set c2 = 16. By

unifying CU and CM to be CMU , we only need to minimize

ψ#
1 = ũ1 +

S∑
s=1

c2ξ
(s)
2 log p+ S1−θ max

s
2w(s)ũ

(s)
1 .

We may assume that different groups are independent. Therefore, by the definitions of

g
(s)
2 , g

(s)
F , ξ

(s)
2 , ξ

(s)
F , ξ2, ξF in (4.1.3), (4.1.8), and (4.1.5), we have

g
(s)
2 = max

1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
,

g
(s)
F =

1

ns

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F
,

ξ
(s)
2 =

w(s)

ns

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
=
w(s)

ns

g
(s)
2 ,

ξ
(s)
F =

(
w(s)

)2
n2
s

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F
=

(
w(s)

)2
ns

g
(s)
F ,

ξ2 = max
1≤k≤p

∥∥Cov(x∗
[k])
∥∥
2
= max

1≤k≤p
max
1≤s≤S

w(s)

ns

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
= max

1≤s≤S

w(s)

ns

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
,

ξF = max
1≤k≤p

∥∥Cov(x∗
[k])
∥∥
F
= max

1≤k≤p

S∑
s=1

(
w(s)

)2
n2
s

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F
,

and then

ũ
(s)
1 = max

{
c2 (log p) g

(s)
2 /ns,

[
c2 (log p) g

(s)
F /ns

]1/2}
70



= max

{
c2 (log p) max

1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
/ns,

[
c2 (log p) max

1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F
/n2

s

]1/2}
,

ũ1 = max
{
c2 (log p) ξ2, [c2 (log p) ξF ]

1/2
}

= max

{
c2 (log p) max

1≤s≤S

w(s)

ns

max
1≤k≤p

∥∥∥Cov(x(s)
[k] )
∥∥∥
2
,[

c2 (log p) max
1≤k≤p

S∑
s=1

(
w(s)

)2
n2
s

∥∥∥Cov(x(s)
[k] )
∥∥∥2
F

]1/2 .

Note that ũ1 and ũ
(s)
1 only depend on g

(s)
2 , g

(s)
F , ξ

(s)
2 , ξ

(s)
F , ξ2, ξF , which only dependent on

covariance matrices.

We will conduct the computation in three steps. Step 1. Compute g(s)2 , g
(s)
F , ξ

(s)
2 , ξ

(s)
F , ξ2, ξF ;

Step 2. Select the weight {w(s)} by minimizing the upper bound of
∣∣∣Ĉ−C0

∣∣∣
∞

as above;

Step 3. Compute the precision matrix by the vector optimization problem. We evaluate the

numerical performance of the weighted-JEMP (Weighted) estimators for high dimensional

precision matrices.

4.5 Numerical experiments

4.5.1 Results of simulation study

Since this chapter is about weighted-JEMP, we study the weight estimation first. We sample

X
(s)
p×n (s = 1, · · · , S) 20 times with distribution Σ(s) and α ∈ {0.1, 0.25, 0.5, 1, 2}. Then

compute weight {w(s)} by the above computation steps, and repeat 50 times. Because each

group is generated in the same way, the optimal weight is the uniform weight, 1/4 = 0.25.

Tables 4.1-4.2 report the estimated weights for Groups 1-4. Overall, the weights are sub-

stantially different with the uniform weights in some settings, and the higher the dimension

is, the closer the estimated weights are to the uniform weights. In Table 4.1 (p = 50), for

Model 1 and ρ = 0.1 or 4 and for Model 2 and ρ = 4, the difference between the estimated

and the uniform weights is large. For Model 1 with α = 1 or 2 and ρ = 1 and for Model 2

with α = 2 and ρ = 1, the estimated weights are somewhat close to the uniform weights,
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but difference still exists. In the other settings, the difference is marginal, and the estimated

weights are close to 0.25. In Table 4.2 (p = 100), for Model 1 and ρ = 0.1, and for Model 2

and α = 1 or 2 and ρ = 1 or 4, the difference between the estimated and the uniform weights

is large. For Model 1 with α = 1 or 2 and ρ = 0.25, the estimated weights are somewhat

close to the uniform weights, but difference still exists. In the other settings, the difference

is marginal, and the estimated weights are close to 0.25.

In what follows, we compare the performance between ordinary JEMP and weighted-

JEMP. The following tables report the results on the comparison of average (SD) matrix

losses, and computation time of SCLIME, ordinary JEMP and weighted-JEMP for p = 50

and p = 100. In the tables, “Weighted” stands for weighted-JEMP.

Tables 4.3-4.7 show the results of the simulation study. From Tables 4.3 and 4.4, we can

see that the average (SD) matrix losses for p = 50 and p = 100 of ordinary JEMP and

weighted-JEMP are almost the same. Tables 4.5 and 4.6 imply that the computation time

of weighted-JEMP is lower than the other two methods. Moreover, the tuning parameters

(λ1, λ2) chosen in weighted-JEMP is smaller by 0.01 than those of ordinary JEMP. Table

4.7 shows that, SCLIME succeeds 200 times in all settings, i.e., the computational success

ratio of SCLIME is 100%. In comparison, ordinary JEMP only succeeds 172 times in all

settings (the number of failure is 28), i.e., the computational success ratio of ordinary JEMP

is 86%, and weighted-JEMP succeeds 182 times in all settings (the number of failure is 18),

i.e., the computational success ratio of weighted-JEMP is 90.5%. This also illustrates that

weighted-JEMP is more stable than ordinary JEMP in terms of computation.

4.5.2 rfMRI data analysis

We analyze the same rfMRI data set in Chapter 3 for the estimation of precision matrices

and brain functional connectivity by our weighted-JEMP. Based on the result in Chapter 3,

we estimate α to be 0.3. We estimate Σ by Σ̂, the sample covariance matrix. Following

the method introduced in Section 4.5.1, we sample 20 times, and obtain the estimated
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Table 4.1: Average (SD) weight for p = 50

α ρ weight 1 weight 2 weight 3 weight 4
Model 1

0.1 0.1 0.2948(0.0306) 0.1908(0.0251) 0.2416(0.0311) 0.2728(0.0307)
0.25 0.2584(0.0257) 0.2476(0.0252) 0.2404(0.0241) 0.2536(0.0222)
1 0.2456(0.0219) 0.2662(0.0228) 0.2268(0.0298) 0.2614(0.0263)
4 0.539(0.2586) 0.1(0) 0.261(0.2586) 0.1(0)

0.25 0.1 0.2946(0.0266) 0.1894(0.0271) 0.2378(0.0284) 0.2782(0.028)
0.25 0.2538(0.0249) 0.237(0.0238) 0.251(0.0199) 0.2582(0.0262)
1 0.241(0.0247) 0.2632(0.026) 0.2264(0.0338) 0.2694(0.0236)
4 0.5368(0.2619) 0.1(0) 0.2632(0.2619) 0.1(0)

0.5 0.1 0.3024(0.025) 0.1854(0.0239) 0.2308(0.0251) 0.2814(0.0243)
0.25 0.2556(0.0238) 0.2376(0.0224) 0.2502(0.0212) 0.2566(0.0251)
1 0.2396(0.0241) 0.264(0.0252) 0.2218(0.0278) 0.2746(0.0207)
4 0.5814(0.2397) 0.1(0) 0.2186(0.2397) 0.1(0)

1 0.1 0.3214(0.0221) 0.184(0.0156) 0.2246(0.0168) 0.27(0.0169)
0.25 0.2574(0.0165) 0.243(0.0216) 0.2428(0.0158) 0.2568(0.0168)
1 0.2484(0.0146) 0.2676(0.0151) 0.205(0.0164) 0.279(0.0146)
4 0.652(0.1644) 0.1(0) 0.148(0.1644) 0.1(0)

2 0.1 0.3214(0.012) 0.1858(0.0099) 0.222(0.009) 0.2708(0.0099)
0.25 0.2572(0.0097) 0.2428(0.0136) 0.2406(0.0115) 0.2594(0.011)
1 0.2492(0.0092) 0.2692(0.0107) 0.1942(0.0114) 0.2874(0.0099)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)

Model 2
0.1 0.1 0.2518(0.0225) 0.2462(0.0199) 0.2546(0.0207) 0.2474(0.026)

0.25 0.2532(0.0203) 0.2482(0.0233) 0.2438(0.0205) 0.2548(0.0183)
1 0.2544(0.0248) 0.2436(0.0251) 0.237(0.0309) 0.265(0.0293)
4 0.1(0) 0.1(0) 0.1(0) 0.7(0)

0.25 0.1 0.2468(0.0226) 0.248(0.0202) 0.2516(0.018) 0.2536(0.0195)
0.25 0.2494(0.0203) 0.248(0.0192) 0.2538(0.0188) 0.2488(0.0199)
1 0.2464(0.0198) 0.2558(0.0255) 0.2386(0.0247) 0.2592(0.0248)
4 0.1(0) 0.1(0) 0.1(0) 0.7(0)

0.5 0.1 0.2452(0.0201) 0.2514(0.0171) 0.2532(0.0181) 0.2502(0.0174)
0.25 0.252(0.0174) 0.2494(0.0178) 0.252(0.0178) 0.2466(0.0178)
1 0.251(0.0202) 0.2504(0.0236) 0.2336(0.0268) 0.265(0.023)
4 0.1(0) 0.1(0) 0.1(0) 0.7(0)

1 0.1 0.2566(0.0122) 0.2478(0.0134) 0.2466(0.0144) 0.249(0.0128)
0.25 0.2564(0.0177) 0.2428(0.0151) 0.2512(0.0144) 0.2496(0.0118)
1 0.2454(0.0168) 0.249(0.0168) 0.2292(0.0188) 0.2764(0.0171)
4 0.1(0) 0.1(0) 0.1(0) 0.7(0)

2 0.1 0.2496(0.0088) 0.251(0.0071) 0.2466(0.008) 0.2528(0.0078)
0.25 0.2618(0.0085) 0.2346(0.0073) 0.2504(0.006) 0.2532(0.0068)
1 0.2408(0.0078) 0.2474(0.008) 0.2234(0.0102) 0.2884(0.0089)
4 0.1(0) 0.1(0) 0.1(0) 0.7(0)
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Table 4.2: Average (SD) weight for p = 100

α ρ weight 1 weight 2 weight 3 weight 4
Model 1

0.1 0.1 0.138(0.0225) 0.1348(0.0287) 0.3316(0.0319) 0.3956(0.0383)
0.25 0.2712(0.0254) 0.2632(0.0285) 0.224(0.028) 0.2416(0.028)
1 0.263(0.024) 0.2568(0.0249) 0.2406(0.0261) 0.2396(0.0224)
4 0.2486(0.0252) 0.2594(0.0249) 0.2442(0.0247) 0.2478(0.0215)

0.25 0.1 0.139(0.023) 0.131(0.0267) 0.3366(0.0335) 0.3934(0.0391)
0.25 0.2766(0.0234) 0.2602(0.0225) 0.2192(0.0311) 0.244(0.0282)
1 0.2704(0.0254) 0.2578(0.027) 0.2376(0.0261) 0.2342(0.0261)
4 0.2466(0.0232) 0.2488(0.0259) 0.2454(0.0224) 0.2592(0.0255)

0.5 0.1 0.1348(0.0197) 0.1252(0.0232) 0.3356(0.0298) 0.4044(0.034)
0.25 0.2796(0.0234) 0.262(0.0214) 0.215(0.0292) 0.2434(0.0279)
1 0.2696(0.0208) 0.2574(0.02) 0.2376(0.026) 0.2354(0.0236)
4 0.2444(0.0192) 0.2492(0.0204) 0.2454(0.0238) 0.261(0.0234)

1 0.1 0.1278(0.0125) 0.1094(0.0108) 0.3452(0.0164) 0.4176(0.0264)
0.25 0.2874(0.0182) 0.2664(0.0174) 0.2018(0.018) 0.2444(0.0184)
1 0.265(0.0149) 0.2658(0.0133) 0.2358(0.0173) 0.2334(0.0167)
4 0.2574(0.0186) 0.2486(0.0159) 0.2394(0.0156) 0.2546(0.0164)

2 0.1 0.1264(0.0063) 0.1062(0.0067) 0.3508(0.0126) 0.4166(0.0165)
0.25 0.3016(0.0127) 0.259(0.0109) 0.1982(0.0112) 0.2412(0.0096)
1 0.2698(0.0098) 0.266(0.0081) 0.2426(0.0103) 0.2216(0.0102)
4 0.2548(0.0107) 0.251(0.0079) 0.2382(0.0106) 0.256(0.0086)

Model 2
0.1 0.1 0.2554(0.0193) 0.2452(0.0203) 0.2516(0.0217) 0.2478(0.0217)

0.25 0.2526(0.022) 0.2564(0.0228) 0.244(0.0237) 0.247(0.0253)
1 0.2356(0.027) 0.2584(0.0267) 0.2214(0.0333) 0.2846(0.0243)
4 0.2528(0.0233) 0.2632(0.0233) 0.252(0.026) 0.232(0.0257)

0.25 0.1 0.2496(0.0213) 0.2478(0.0223) 0.2568(0.0174) 0.2458(0.0208)
0.25 0.2554(0.017) 0.2502(0.0208) 0.2402(0.0174) 0.2542(0.0202)
1 0.2398(0.0282) 0.2536(0.0301) 0.221(0.0231) 0.2856(0.0281)
4 0.256(0.0221) 0.2714(0.0217) 0.2416(0.0247) 0.231(0.0236)

0.5 0.1 0.2488(0.0191) 0.249(0.0162) 0.2554(0.0182) 0.2468(0.0196)
0.25 0.253(0.0174) 0.2538(0.0185) 0.2424(0.0191) 0.2508(0.0171)
1 0.2364(0.023) 0.253(0.0247) 0.2204(0.0229) 0.2902(0.0254)
4 0.2574(0.0203) 0.269(0.0191) 0.2444(0.0237) 0.2292(0.0212)

1 0.1 0.2482(0.0141) 0.2492(0.0138) 0.255(0.0169) 0.2476(0.0132)
0.25 0.2554(0.0122) 0.255(0.0134) 0.2412(0.0142) 0.2484(0.0125)
1 0.2334(0.0187) 0.2566(0.0195) 0.194(0.0181) 0.316(0.0181)
4 0.2622(0.0149) 0.281(0.0179) 0.2472(0.0153) 0.2096(0.0131)

2 0.1 0.2462(0.0083) 0.2544(0.0079) 0.259(0.0079) 0.2404(0.0114)
0.25 0.2572(0.0086) 0.2566(0.008) 0.2398(0.0091) 0.2464(0.0069)
1 0.2294(0.011) 0.2638(0.0118) 0.1852(0.0133) 0.3216(0.0106)
4 0.264(0.0101) 0.2876(0.0089) 0.2492(0.0105) 0.1992(0.0097)
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Table 4.3: Comparison of average (SD) matrix losses for p = 50

JEMP WEIGHTED JEMP WEIGHTED
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 4.0894(0.4229) 4.2301(0.4145) 12.5555(0.4134) 13.2803(0.4481)

0.25 4.2788(0.3776) 4.5247(0.4248) 13.6734(0.4866) 14.5708(0.4848)
1 4.0227(0.3617) 4.2107(0.3508) 12.4848(0.4358) 13.303(0.3987)
4 3.3796(0.3129) 3.6694(0.2727) 10.6545(0.4399) 11.9447(0.4253)

0.25 0.1 1.1445(0.05) 1.1458(0.0576) 4.0661(0.0608) 4.0971(0.0674)
0.25 1.0972(0.0638) 1.1315(0.0641) 3.6482(0.0989) 3.7337(0.1009)
1 1.086(0.0654) 1.1171(0.0706) 3.6719(0.0717) 3.7353(0.0736)
4 1.1329(0.0433) 1.127(0.0473) 3.8565(0.0469) 3.8827(0.0588)

0.5 0.1 1.3681(0.0199) 1.3552(0.0197) 4.1381(0.0342) 4.0953(0.0391)
0.25 1.1035(0.0221) 1.0941(0.0207) 3.2564(0.0359) 3.2363(0.0356)
1 1.213(0.0175) 1.2049(0.0198) 3.7055(0.0352) 3.6738(0.0345)
4 1.301(0.0133) 1.272(0.0165) 4.3187(0.0371) 4.1873(0.041)

1 0.1 1.4709(0.0161) 1.4643(0.0164) 4.539(0.0237) 4.5177(0.0281)
0.25 1.2096(0.0156) 1.2049(0.0154) 3.6048(0.0408) 3.6072(0.0336)
1 1.3199(0.0121) 1.3173(0.0113) 4.1461(0.0335) 4.133(0.0331)
4 1.4015(0.0104) 1.3791(0.0101) 4.8118(0.0308) 4.6904(0.0383)

2 0.1 1.4918(0.0113) 1.4873(0.0116) 4.6469(0.0237) 4.6341(0.0239)
0.25 1.2269(0.0154) 1.2277(0.0142) 3.7163(0.0301) 3.7289(0.0262)
1 1.3395(0.0095) 1.3396(0.0082) 4.2496(0.0256) 4.2495(0.0247)
4 1.4227(0.0092) 1.4056(0.011) 4.9376(0.0272) 4.8432(0.0427)

Model 2
0.1 0.1 4.5717(0.3843) 4.7924(0.3995) 15.0458(0.4386) 15.8879(0.4337)

0.25 4.4613(0.3668) 4.6725(0.3717) 14.7588(0.4925) 15.573(0.4585)
1 4.4467(0.401) 4.6726(0.4138) 14.3266(0.4507) 15.151(0.4662)
4 2.9579(0.4899) 3.316(0.5714) 7.9602(1.0064) 9.2158(1.4351)

0.25 0.1 1.1459(0.0972) 1.1906(0.0962) 3.2817(0.1565) 3.4479(0.1659)
0.25 1.1463(0.1021) 1.1868(0.1012) 3.2976(0.1486) 3.4352(0.1527)
1 1.147(0.1031) 1.1866(0.1063) 3.3361(0.1197) 3.4714(0.1293)
4 1.4989(0.0339) 1.4321(0.0592) 4.0451(0.071) 3.976(0.0806)

0.5 0.1 0.6056(0.0307) 0.602(0.028) 1.7048(0.0536) 1.72(0.0491)
0.25 0.6923(0.0453) 0.6891(0.0401) 1.8129(0.0631) 1.8317(0.0516)
1 0.9067(0.029) 0.8956(0.0313) 2.4029(0.0542) 2.3947(0.0508)
4 1.6221(0.0202) 1.5754(0.0499) 4.6693(0.1041) 4.4717(0.1952)

1 0.1 0.6489(0.0274) 0.659(0.0227) 1.7925(0.0627) 1.8635(0.0556)
0.25 0.7688(0.027) 0.7755(0.0265) 1.9618(0.0509) 2.0277(0.0711)
1 1.0036(0.0169) 0.9957(0.0164) 2.6913(0.047) 2.7041(0.0498)
4 1.6728(0.0229) 1.6379(0.0366) 5.0789(0.0967) 4.9208(0.1708)

2 0.1 0.6722(0.0205) 0.6767(0.0196) 1.9788(0.044) 1.9908(0.0467)
0.25 0.7901(0.0224) 0.7965(0.0194) 2.1447(0.0425) 2.1772(0.0457)
1 1.021(0.015) 1.0164(0.0146) 2.8188(0.0307) 2.8493(0.033)
4 1.6826(0.0208) 1.6565(0.0245) 5.1763(0.1021) 5.0767(0.1089)
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Table 4.4: Comparison of average (SD) matrix losses for p = 100

JEMP WEIGHTED JEMP WEIGHTED
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 3.4815(0.3047) 3.666(0.305) 13.5156(0.3612) 14.3779(0.3752)

0.25 3.7798(0.3) 3.9296(0.2875) 14.7279(0.3482) 15.5837(0.3931)
1 3.4128(0.2821) 3.5977(0.3341) 13.1391(0.4187) 13.9195(0.4154)
4 3.2535(0.2874) 3.4258(0.2915) 12.0524(0.3935) 12.7715(0.411)

0.25 0.1 1.4208(0.0309) 1.3932(0.0496) 5.7686(0.0475) 5.7335(0.073)
0.25 1.1212(0.0527) 1.1238(0.0591) 4.7957(0.0734) 4.8631(0.076)
1 1.1599(0.023) 1.1424(0.0258) 5.0797(0.0466) 5.0879(0.0479)
4 1.0925(0.0303) 1.0795(0.034) 5.1277(0.0387) 5.1122(0.038)

0.5 0.1 1.6063(0.0252) 1.6024(0.0364) 6.3708(0.0736) 6.3258(0.1198)
0.25 1.2841(0.0182) 1.2646(0.0191) 5.0088(0.0476) 4.9606(0.0479)
1 1.3546(0.0143) 1.3387(0.0137) 5.7092(0.0564) 5.6348(0.0477)
4 1.2825(0.0109) 1.2725(0.0112) 5.9603(0.0494) 5.894(0.0433)

1 0.1 1.6677(0.0189) 1.6917(0.0482) 6.865(0.0576) 6.9591(0.206)
0.25 1.3653(0.0117) 1.3511(0.0126) 5.4635(0.0399) 5.4406(0.0425)
1 1.4229(0.009) 1.4143(0.0075) 6.2067(0.0418) 6.1739(0.0399)
4 1.3364(0.0104) 1.3412(0.0084) 6.388(0.0533) 6.3996(0.0442)

2 0.1 1.677(0.0194) 1.6986(0.0396) 6.9839(0.0734) 7.0682(0.1697)
0.25 1.3791(0.0098) 1.3629(0.0091) 5.6197(0.0359) 5.5715(0.0278)
1 1.4337(0.009) 1.4279(0.0079) 6.3182(0.0376) 6.2861(0.0324)
4 1.3417(0.0063) 1.3465(0.0069) 6.4555(0.0371) 6.4675(0.0423)

Model 2
0.1 0.1 4.3392(0.3593) 4.3399(0.342) 17.8846(0.4256) 17.9009(0.4218)

0.25 4.2458(0.3316) 4.2814(0.2959) 17.3155(0.5017) 17.3752(0.4738)
1 3.8897(0.3091) 3.8919(0.2886) 14.9214(0.449) 14.9163(0.4516)
4 3.6751(0.2552) 3.6556(0.2674) 14.0743(0.3692) 14.0111(0.383)

0.25 0.1 1.1063(0.1111) 1.1059(0.1109) 4.1584(0.1287) 4.1445(0.1439)
0.25 1.104(0.1017) 1.0979(0.1031) 4.2513(0.1137) 4.2391(0.1208)
1 1.1249(0.0391) 1.123(0.0384) 4.8262(0.0581) 4.8333(0.0623)
4 1.089(0.0475) 1.0864(0.0461) 4.9262(0.0606) 4.9263(0.056)

0.5 0.1 0.8057(0.0265) 0.8135(0.0242) 3.1416(0.0549) 3.1794(0.0567)
0.25 0.8752(0.0226) 0.8793(0.0211) 3.5122(0.0649) 3.5519(0.0632)
1 1.302(0.0159) 1.3023(0.0162) 5.1866(0.0474) 5.191(0.0491)
4 1.2598(0.0138) 1.2618(0.0139) 5.4808(0.0464) 5.4903(0.0447)

1 0.1 0.8546(0.0219) 0.8729(0.0223) 3.4163(0.0532) 3.5677(0.0817)
0.25 0.9297(0.0179) 0.9434(0.0184) 3.8524(0.0525) 3.9591(0.0691)
1 1.3807(0.0119) 1.3814(0.0116) 5.7364(0.0395) 5.7592(0.0406)
4 1.3161(0.0095) 1.3233(0.0096) 5.9419(0.0558) 5.9864(0.051)

2 0.1 0.8725(0.016) 0.8842(0.0155) 3.6463(0.043) 3.743(0.0663)
0.25 0.9432(0.0106) 0.9532(0.0113) 4.0495(0.0441) 4.1428(0.0521)
1 1.397(0.0087) 1.3965(0.009) 5.8797(0.0295) 5.9(0.0311)
4 1.3216(0.01) 1.3272(0.0085) 6.0349(0.0384) 6.0771(0.037)
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Table 4.5: Computational time of SCLIME, JEMP and Weighted for p = 50

Model 1 Model 2
SCLIME 0.6723(0.2735) 0.5566(0.0221)

JEMP 0.6222(0.2434) 0.5469(0.2127)
Weighted 0.5026(0.1276) 0.5126(0.2089)

Table 4.6: Computational time of SCLIME, JEMP and Weighted for p = 100

Model 1 Model 2
SCLIME 4.9713(1.8507) 3.9432(0.7965)

JEMP 3.2713(1.1372) 3.0396(1.0667)
Weighted 2.2929(0.2301) 2.0825(0.2916)

Table 4.7: Number of computation successes in 100 repetitions
Model p SCLIME JEMP Weighted
1 50 50 40 45

100 50 45 45
2 50 50 46 46

100 50 41 46

(w(1), w(2), w(3)), which is (0.43, 0.33, 0.24). For these 3 groups by weighted-JEMP, the min-

imum connectivity is 0, the maximum connectivity is 10, and the median is 0. Only 23 time

series of Group 1 have nonzero connectivity, and they have 60 connections. It is apparently

higher than that of ordinary JEMP.

The top 10 hubs by weighted-JEMP are reported in Table 4.8. We can see that the six

time series (4, 10, 14, 17, 18, and 21) are found in their top 10 hubs in all three groups.
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Table 4.8: Top 10 hubs for direct connectivity of Groups 1− 3 found by weighted-JEMP
Rank Group 1 Group 2 Group 3

1 10 19 10
2 18 18 18
3 17 10 21
4 21 20 4
5 28 17 14
6 4 21 17
7 5 14 38
8 14 22 1
9 38 4 15

10 20 24 16

Table 4.9: Top 10 hubs for direct connectivity of Group 1 found by weighted-JEMP
Weighted Rank Order in 50 Weighted Degree SCLIME rank SCLIME degree

1 10 10 3 46
2 18 7 10 44
3 17 5 19 43
4 21 4 2 47
5 28 4 16 44
6 4 3 8 44
7 5 3 4 45
8 14 3 18 43
9 38 3 38 42
10 20 2 1 47

This implies that weighted-JEMP works well, and finds some common information across

different subjects.

Table 4.9 lists top 10 hubs of Group 1 found by weighted-JEMP and their degrees of

connectivity. Also, they are compared with the results from SCLIME. It can be seen that

top 10 hubs of Group 1 by JEMP has 6 overlaps with those of SCLIME: time series 4, 5,

10, 18, 20, and 21. Moreover, time series 28 also has 44 degree, which is the same as that

of time series 4 or 18. Hence, that time series could be considered as in top 10 as well. It

implies that the results of weighted-JEMP are similar to those of CLIME for this subject.
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Chapter 5

Joint estimation of multiple precision matrices with decay `1 norm for

high-dimensional time series with long-memory

In Chapters 3 and 4, we consider the estimation of precision matrix of high-dimensional

time series with long-memory, and use the entrywise |·|∞ , |·|1 and ‖·‖F norm of the risk

of the estimation of the common part. However, those methods do not work for the vector

norm induced matrix `1 norm ‖·‖1. In this chapter, based on the decay `1 norm assumption,

i.e.,
∑S

s=1

∥∥∥Ω(s)
0

∥∥∥
1
≤ CMS

1−θ where θ ∈ (0, 1), we propose the optimal problem (5.0.1) with

the matrix norm ‖·‖1, we propose the modified weighted JEMP estimator, called “weighted-

Joint”.

For simplicity, we assume that n = n1 = · · · = nS. We consider the following class of

matrices

U := {Ω : Ω � 0, ‖Ω‖1 ≤ CM} ,

and assume that Ω
(s)
0 ∈ U for all s = 1, · · · , S. Based on this assumption, the true precision

matrices should be sparse and have many small entries. Write E(x(s)) = (µ
(s)
1 , · · · , µ(s)

p )T .

In our joint estimation method, we assume the precision matrices have the decay `1

norm, i.e., the decreasing
∥∥∥Ω(s)

0

∥∥∥
1
. To estimate {Ω(1)

0 , · · · ,Ω(S)
0 }, we propose the following

constrained `1 minimization criterion:

min

{
max

j

S∑
s=1

w(s)
∣∣Ω(s)ej

∣∣
1

}

s.t
∣∣∣Σ̂(s)Ω(s) − I

∣∣∣
∞

≤ λ2, (5.0.1)
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where ej is the jth column of identity matix Ip, then Ω(s)ej is the jth column of Ω(s), λ2 is

tuning parameter, w(s) are positive weights with
∑S

s=1w
(s) = 1.

We can also consider the following vector optimization problem:

min

{
S∑

s=1

w(s)
∣∣∣c(s)j

∣∣∣
1

}

s.t
∣∣∣Σ̂(s)c

(s)
j − ej

∣∣∣
∞

≤ λ2. (5.0.2)

where c
(s)
j is a vector in Rp, ej is the jth colomn of the identity matrix Ip, w(s) is prespecified

weight.

Similar to the proof of Lemma 1 of [11], it can be seen that the solution {ĉ(s)1 , · · · , ĉ(s)p }

(s = 1, · · · , S) of the vector optimization problem (5.0.2) is a solution of the above matrix

optimization problem in (5.0.1).

Assume {Ω̂(1)
1 , · · · , Ω̂(S)

1 } is a solution of (5.0.1). We define our final Joint estimator

{Ω̂(1), · · · , Ω̂(S)} of {Ω(1)
0 , · · · ,Ω(S)

0 } as the symmetrized result of {Ω̂(1)
1 , · · · , Ω̂(S)

1 } in the

following way. Denote Ω̂
(s)
1 = (ω̂

(s)
ij,1), and Ω̂(s) = (ω̂

(s)
ij ), for s = 1, · · · , S, then

ω̂
(s)
ij = ω̂

(s)
ij,11{

S∑
s=1

w(s)
∣∣∣ω̂(s)

ij,1

∣∣∣ ≤ S∑
s=1

w(s)
∣∣∣ω̂(s)

ji,1

∣∣∣}+ ω̂
(s)
ji,11{

S∑
s=1

w(s)
∣∣∣ω̂(s)

ij,1

∣∣∣ > S∑
s=1

w(s)
∣∣∣ω̂(s)

ji,1

∣∣∣}.
(5.0.3)

5.1 Estimation of precision matrices for sub-Gaussian data

In this section, we consider the precision matrix estimator of long-memory data for sub-

Gaussian data in (C1). Denote Σ̂(s) :=
(
σ̂
(s)
ij

)
p×p

as the sample covariance matrix of obser-

vations X(s) (p× ns dimension) given by

Σ̂(s) =
1

n

n∑
i=1

x
(s)
i x

(s)T
i − x(s)x(s)T ,

where x(s) = 1
n

∑n
i=1 x

(s)
i , x(s)

i is the ith colomn of the sth group X(s). Define

ũ
(s)
1 = max

{
c2K

2(log p)g
(s)
2 /n, [c2K

4(log p)g
(s)
F /n]1/2

}
, (5.1.1)
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ũ1 := max
{
c2K

2(log p)g2/Sn, [c2K
4(log p)gF/Sn]

1/2
}
, (5.1.2)

where c2 = (τ +2)/c1 with τ > 0 and c1 > 0 is an absolute constant, g(s)2 , g
(s)
F , g2, and gF are

defined in (3.1.1) and (3.1.2).

We assume ũ(s)1 , ũ1 → 0 as n→ ∞.

Theorem 5.1.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Let λ2 = 6CM maxs ũ
(s)
1 . Then

max
ij

(
S∑

s=1

w(s)
∣∣∣ω̂(s)

ij − ω
(s)
ij,0

∣∣∣) ≤ 8C2
M max

s
ũ
(s)
1

with probability greater than 1− 4Sp−τ , where ũ(s)1 is defined in (5.1.1).

To prove Theorem 5.1.1, we need the following lemma.

Lemma 5.1.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. For any s = 1, · · · , S, with probability greater than 1− 4p−τ ,

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1 ,

where ũ(s)1 and K are given in Theorem 5.1.1.

Proof of Lemma 5.1.1. By the proof of the first part of Lemma A2 of [35], we have

P
[∣∣∣Σ̂(s) −Σ(s)

∣∣∣
∞

≥ 2u
]

≤ 2p exp

{
− c1nu

K2g
(s)
2

}

+2p2 exp

{
−c1min

(
nu2

K4g
(s)
F

,
nu

K2g
(s)
2

)}
,

where c1 > 0 is an absolute constant. Let

u = ũ
(s)
1 = max

{
c2K

2(log p)g
(s)
2 /n, [c2K

4(log p)g
(s)
F /n]1/2

}
,

with c2 = (τ + 2)/c1, then

P
[
|Σ̂(s) −Σ

(s)
0 |∞ ≥ 2ũ

(s)
1

]
≤ 2p−(c1c2−1) + 2p−(c1c2−2) ≤ 4p−τ = O(p−τ ).
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The proof is completed. �

Proof of Theorem 5.1.1. We recap the proof of Theorem 1 of [27]. It is easy to see

from Lemma 5.1.1 that

|Σ̂(s) −Σ
(s)
0 |∞ ≤ 2ũ

(s)
1 for all s = 1, · · · , S, (5.1.3)

with probability greater than 1 − 4Sp−τ . In the rest of the proof, we assume (5.1.3) holds.

Note that {Ω(1)
0 , · · · ,Ω(S)

0 } is a feasible solution of (5.0.1) since∣∣∣I− Σ̂(s)Ω
(s)
0

∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s))Ω
(s)
0

∣∣∣
∞

≤
∥∥∥Ω(s)

0

∥∥∥
1
|Σ̂(s) −Σ

(s)
0 |∞

≤ CM2ũ
(s)
1 ≤ λ2/3.

Similar to the proof of Theorem 1 of [27], we have

S∑
s=1

w(s)|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤

S∑
s=1

w(s)
∣∣∣Ω̂(s)

1 ej

∣∣∣
1
λ2/3 + CMλ2

≤ max
j

S∑
s=1

w(s)
∣∣Ω(s)ej

∣∣
1
λ2/3 + CMλ2

≤ 4CMλ2/3 = 8C2
M max

s
ũ
(s)
1 .

Hence, we have the inequality

max
ij

(
S∑

s=1

w(s)
∣∣∣ω̂(s)

ij − ω
(s)
ij,0

∣∣∣) ≤ max
j

S∑
s=1

w(s)|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤ 8C2

M max
s
ũ
(s)
1 .

The proof is completed. �

Theorem 5.1.2. Suppose that (i) Xp×nS is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii)
∑S

s=1

∥∥∥Ω(s)
0

∥∥∥
1
≤ CMS

1−θ where θ ∈ (0, 1). Let λ2 =

6CM maxs ũ
(s)
1 . Then∣∣∣∣∣

S∑
s=1

max
s
w(s)

(
Ω̂(s) −Ω

(s)
0

)∣∣∣∣∣
∞

≤ 8C2
M max

s
ũ
(s)
1 max

s
Sw(s)/Sθ

with probability greater than 1− 4Sp−τ , where ũ(s)1 and ũ1 are defined in (5.1.1) and (5.1.2).
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Proof of Theorem 5.1.2. By Lemma 5.1.1, we have

max
ij

∣∣∣σ̂(s)
ij − σ

(s)
ij,0

∣∣∣ ≤ 2ũ
(s)
1 , (5.1.4)

for all s = 1, · · · , S with probability greater than 1 − 4Sp−τ . In the rest of the proof, we

assume (5.1.4) holds.

Note that {Ω(1)
0 , · · · ,Ω(S)

0 } is a feasible solution of (5.0.1), because∣∣∣I− Σ̂(s)Ω
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0

∣∣∣
∞

=
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∥∥∥
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≤ CM2ũ
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1 ≤ λ2/3.

Now, we estimate the upper bound of
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(s)(Ω̂
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1 −Ω
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0 )ej
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∞

. Note that∣∣∣∣∣
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w(s)(Ω̂
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(s)
0 )ej
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∣∣∣∣∣
∞

. (5.1.5)

We have∣∣∣∣∣
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s=1

Ω
(s)
0 w(s)(Σ
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(s)
1 ej

∣∣∣∣∣
∞

≤
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s=1
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0 w(s)(Σ

(s)
0 − Σ̂(s))Ω̂

(s)
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∞

≤
S∑

s=1

∣∣∣Ω(s)
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(s)
0 − Σ̂(s))

∣∣∣
∞

∣∣∣Ω̂(s)
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∣∣∣
1

≤
S∑

s=1

∥∥∥Ω(s)
0

∥∥∥
1

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
w(s)

∣∣∣Ω̂(s)
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∣∣∣
1

≤ max
s

∥∥∥Ω(s)
0

∥∥∥
1

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞

S∑
s=1

w(s)
∣∣∣Ω(s)

0 ej

∣∣∣
1

≤ S1−θC2
M2max

s
ũ
(s)
1 max

s
w(s),

and∣∣∣∣∣
S∑

s=1

Ω
(s)
0 w(s)(Σ̂(s)Ω̂

(s)
1 − I)ej

∣∣∣∣∣
∞

≤
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∣∣∣Ω(s)
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∣∣∣
∞
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≤
S∑

s=1

w(s)
∥∥∥Ω(s)

0

∥∥∥
1

∣∣∣(Σ̂(s)Ω̂
(s)
1 − I)ej

∣∣∣
∞

≤ S1−θCMλ2max
s
w(s) = 6S1−θC2

M max
s
ũ
(s)
1 max

s
w(s).

In sum, we have∣∣∣∣∣
S∑

s=1

w(s)
(
Ω̂(s) −Ω

(s)
0

)∣∣∣∣∣
∞

≤ 8C2
M max

s
ũ
(s)
1 max

s
Sw(s)/Sθ.

The proof is completed. �

Define a threshold estimator Ω̃(s) = (ω̃
(s)
ij ) based on {Ω̂(1), · · · , Ω̂(S)} as

ω̃
(s)
ij = ω̂

(s)
ij 1

{
w(s)

∣∣∣ω̂(s)
ij

∣∣∣ ≥ δn

}
,

where δn ≥ 2CMλ2 and λ2 is given in Theorem 5.1.1. Also, define

S0 := {(i, j, s) : ω(s)
ij,0 6= 0}, Ŝ := {(i, j, s) : ω̃(s)

ij 6= 0} and θmin := min
(i,j,s)∈S0

w(s)
∣∣∣ω(s)

ij,0

∣∣∣ .
Similar to the Theorem 3 of [27], we have the following theorem. The proof is straight-

forward. Details are omitted.

Theorem 5.1.3. Suppose that (i) Xp×nS is generated from (1.3.1) with all zi satisfying

condition (C1) with the same K, (ii) θmin > 2δn. Then

P (S0 = Ŝ) ≥ 1− 4Sp−τ .

5.2 Modified estimator Ω̂ρ

This section focuses on dealing with the expectation of the convergence rates, for example,

E
(
max

j

∑S
s=1w

(s)
∣∣Ω(s)ej

∣∣
1

)2

. In order to do that, we modify the estimator Ω̂ to ensure that

the expectations exist. Let {Ω̂1ρ} be the solution of the following optimization problem

min

{
max

j

S∑
s=1

w(s)
∣∣Ω(s)ej

∣∣
1

}

s.t
∣∣∣Σ̂(s)

ρ Ω(s) − I
∣∣∣
∞

≤ λ2, (5.2.1)
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where Σ̂
(s)
ρ = Σ̂(s) + ρI with ρ > 0. Write Ω̂

(s)
1ρ =

(
ω
(s)
1ρij

)
. Define the symmetrized estimator

Ω̂
(s)
ρ as in (5.0.3). Clearly, {(Σ̂(s)

ρ )−1} is a feasible point.

Theorem 5.2.1. Suppose that Xp×nS is generated from (1.3.1) with all zi satisfying condition

(C1) with the same K. Let λ2 = 12CM maxs ũ
(s)
1 , where τ > 0. If ρ ≤ mins ũ

(s)
1 , then

(i) If
∑S

s=1

∥∥∥Ω(s)
0

∥∥∥
1
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1−θ where θ ∈ (0, 1), then∣∣∣∣∣
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(
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)∣∣∣∣∣
∞

≤
S∑

s=1

w(s)
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(s)
0

∣∣∣
∞

≤ 16C2
M max

s
ũ
(s)
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s
Sw(s)/Sθ

with probability greater than 1− 4Sp−τ .

(ii) If there exists s(p) > 0 such that

max
j

p∑
i=1

∣∣∣ω(s)
ij,0

∣∣∣q ≤ s(p) and max
j
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i=1
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ij,0

∣∣∣q ≤ s(p)S1−θ

where θ ∈ (0, 1), then

max
j

S∑
s=1

w(s)
∣∣∣(Ω̂(s)

ρ −Ω
(s)
0

)
ej

∣∣∣
1

≤ 2(1 + 21−q + 31−q)

(
16C2

M

maxs ũ
(s)
1

minsw(s)

)1−q

s(p)max
s
Sw(s)/Sθ

with probability greater than 1− 4Sp−τ .

(iii) If the conditions in (i) and (ii) are both satisfied, then

1

p

∥∥∥∥∥
S∑

s=1

w(s)
(
Ω̂(s)

ρ −Ω
(s)
0

)∥∥∥∥∥
2

F

≤

∣∣∣∣∣
S∑
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w(s)
(
Ω̂(s)

ρ −Ω
(s)
0

)∣∣∣∣∣
∞

max
j

S∑
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w(s)
∣∣∣(Ω̂(s)
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(s)
0

)
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∣∣∣
1
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(
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M

maxs ũ
(s)
1
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)2−q

s(p)(max
s
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with probability greater than 1− 4Sp−τ .
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Proof of Theorem 5.2.1. (i) It is easy to check that∣∣∣I− Σ̂(s)
ρ Ω

(s)
0

∣∣∣
∞

=
∣∣∣(Σ(s)

0 − Σ̂(s)
ρ

)
Ω

(s)
0

∣∣∣
∞

≤
∥∥∥Ω(s)

0

∥∥∥
1
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0 − Σ̂(s)
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∞

≤
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s
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0

∥∥∥
1
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0 − Σ̂(s)

ρ

∣∣∣
∞

≤ λ2. (5.2.2)

Thus {Ω(1)
0 , · · · ,Ω(S)

0 } is a feasible solution of (5.2.1). Therefore,
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s=1
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. (5.2.3)

Note that ∣∣∣Σ̂(s)
ρ

(
Ω̂

(s)
1ρ −Ω

(s)
0

)∣∣∣
∞

≤
∣∣∣(Σ̂(s)

ρ Ω̂
(s)
1ρ − I

)∣∣∣
∞
+
∣∣∣(Σ̂(s)

ρ Ω
(s)
0 − I

)∣∣∣
∞

≤ 2λ2. (5.2.4)
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By the definition of Ω̂(s)
ρ , we have∣∣∣∣∣
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(ii) Now, let us consider the L1 norm.

We assume the solution Ω̂
(s)
ρ is combined from the column solution set {ĉ(s)jρ } of (5.0.2)

with Σ̂(s) being replaced by Σ̂
(s)
ρ . By the definition of {Ω̂(s)
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}, we have
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for j = 1, · · · , p.

Denote
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Similar to the proof of Theorem 6 of [11], we have
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(s). Thus,

max
j

S∑
s=1

w(s)
∣∣∣(Ω̂(s)

ρ −Ω
(s)
0

)
ej

∣∣∣
1

= max
j

S∑
s=1

w(s)
∣∣L(s)ej

∣∣
1

≤ 2max
j

S∑
s=1

w(s)
∣∣L(s)

∗ ej
∣∣
1

≤ 2(1 + 21−q + 31−q)t1−qs(p)max
s
Sw(s)/Sθ

≤ 2(1 + 21−q + 31−q)

(
16C2

M

maxs ũ
(s)
1

minsw(s)

)1−q

s(p)max
s
Sw(s)/Sθ.

(iii) It is easy to check that

1

p

∥∥∥∥∥
S∑

s=1

w(s)
(
Ω̂(s)

ρ −Ω
(s)
0

)∥∥∥∥∥
2

F

≤

∣∣∣∣∣
S∑

s=1

w(s)
(
Ω̂(s)

ρ −Ω
(s)
0

)∣∣∣∣∣
∞

max
j

S∑
s=1

w(s)
∣∣∣(Ω̂(s)

ρ −Ω
(s)
0

)
ej

∣∣∣
1

≤ 2(1 + 21−q + 31−q)

(
16C2

M

maxs ũ
(s)
1

minsw(s)

)2−q

s(p)(max
s
Sw(s))2/S2θ.

The proof is completed. �

Theorem 5.2.2. Under the conditions of Theorem 5.2.1, and min{mins ũ
(s)
1 , p−c} ≤ ρ ≤

mins ũ
(s)
1 with c > 0, if p ≥ nξ

s with ξ > 0, we have

(i) E
(∑S

s=1w
(s)
∣∣∣Ω̂(s)

1ρ −Ω
(s)
0

∣∣∣
∞

)2
= O

(
(C2

M maxs ũ
(s)
1 maxs Sw

(s))2/S2θ
)
,

(ii) E
(
maxj

∑S
s=1w

(s)
∣∣∣(Ω̂(s)

ρ −Ω
(s)
0

)
ej

∣∣∣
1

)2
= O

(
(C2

M
maxs ũ

(s)
1

mins w(s) )
2(1−q)s2(p)(maxs Sw

(s))2/S2θ

)
,

(iii) E1
p

∥∥∥∑S
s=1w

(s)
(
Ω̂

(s)
ρ −Ω

(s)
0

)∥∥∥2
F
= O

(
(C2

M
maxs ũ

(s)
1

mins w(s) )
(2−q)s(p)(maxs Sw

(s))2/S2θ

)
.

Proof of Theorem 5.2.2. Note that {
(
Σ̂

(s)
ρ

)−1

} is a feasible solution of (5.2.1). Note

also that

max
j

S∑
s=1

w(s)
∣∣∣Ω̂(s)

ρ ej

∣∣∣
1

≤ max
j

S∑
s=1

w(s)
∣∣∣Ω̂(s)

1ρ ej

∣∣∣
1
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≤ max
j

S∑
s=1

w(s)

∣∣∣∣(Σ̂(s)
ρ

)−1

ej

∣∣∣∣
1

≤ max
j

S∑
s=1

w(s)

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
1

≤ p
S∑

s=1

w(s)

∥∥∥∥(Σ̂(s)
ρ

)−1
∥∥∥∥
2

≤ p
S∑

s=1

w(s)λmax

(
Σ̂(s)

ρ

)−1

= p

S∑
s=1

w(s)/λmin

(
Σ̂(s)

ρ

)
,

≤ p
S∑

s=1

w(s)/ρ = p/ρ.

Thus E
(
maxj

∑S
s=1w

(s)
∣∣∣(Ω̂(s)

ρ −Ω
(s)
0

)
ej

∣∣∣
1

)2
is well defined. The proofs similarly follow

the proof of Theorems 2 and 5 of [11]. �

For LPDD model, similarly, we only need to assume p ≥ (log ns)
ξ in the above theorem.

5.3 Extension to heavy tail data

In this section, we extend the previous results for the precision matrices estimators to heavy-

tailed data in (C2) and (C3). Define

ũ
(s)
2 = max

{
[c2K(2/ϑ)2/ϑ log p]1+2/ϑg

(s)
2 /ns, [c2K

2(4/ϑ)4/ϑ log p]1+2/ϑ(g
(s)
F /ns)

1/2
}
, (5.3.1)

and

ũ
(s)
3 = kη2k max

{
c22p

(2+2τ)/kg
(s)
2 /ns, c2p

(4+2τ)/k(g
(s)
F /ns)

1/2
}
, (5.3.2)

where c2 = (τ +2)/c1 with τ > 0 and c1 > 0 is an absolute constant, g(s)2 , g
(s)
F , g2, and gF are

defined in (3.1.1) and (3.1.2). We assume ũ(s)2 , ũ
(s)
3 → 0 as ns → ∞.

Theorem 5.3.1. (Generalized sub-exponential tails) Assume condition (C1), parameter K,

and ũ
(s)
1 replaced by condition (C2), parameters {K,ϑ}, and ũ

(s)
2 , respectively, then Theo-

rems 5.1.1-5.2.2 hold.
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Theorem 5.3.2. (Polynomial-type tails) Assume condition (C1), parameter K, and

ũ
(s)
1 replaced by condition (C3), parameters {k, ηk}, and ũ

(s)
3 , respectively, then Theo-

rems 5.1.1-5.2.1 hold.

The proofs of Theorems 5.3.1 and 5.3.2 are similar to the proofs of the preceding theorems

by using the corresponding results given in Lemmas A.1, A.2 and A.3 of [35] for conditions

(C2) and (C3), respectively. Details are omitted.

5.4 Computation

We can reformulate (5.0.1) into the linear programming form (3.4.2). The numerical algo-

rithm is similar to that of Chapter 3. In order to do that, we need to use the following vector

a, matrix A, and vector b

ã =

w(1), · · · , w(1)︸ ︷︷ ︸
p

, · · · , w(S), · · · , w(S)︸ ︷︷ ︸
p

 ,

a = − (ã, ã)T ,

M =

 A

−A

 and b =

 b1

b2

 ,

with A =
(
Ã,−Ã

)
where

Ã =



Σ̂(1) Op×p · · · Op×p

Op×p Σ̂(2) · · · Op×p

... ... ... ...

Op×p Op×p · · · Σ̂(S)


,

b1 =


λ2 + ei

...

λ2 + ei


Sp×1

, b2 =


λ2 − ei

...

λ2 − ei


Sp×1

.

and we need to use (5.0.3) to symmeterize matrices.
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5.4.1 Weight selection

We can take weights w(s) (s = 1, · · · , S) as tuning parameters and select them in

the following way. We set the tuning parameters {w(s)} to make the upper bound of

maxij

(∑S
s=1

∣∣∣ω̂(s)
ij − ω

(s)
ij,0

∣∣∣) achieve its minima. Similar to the proof of Theorem 1 of [27], we

have

S∑
s=1

|(Ω̂(s)
1 −Ω

(s)
0 )ej|∞ ≤ CM

S∑
s=1

w(s)
∣∣∣Ω̂(s)

1 ej

∣∣∣
1

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
/w(s) + SCMλ2

≤ CM max
j

S∑
s=1

w(s)
∣∣Ω(s)ej

∣∣
1
max

s

(∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
/w(s)

)
+ SCMλ2

≤ C2
Mmax

s

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
/w(s) + SCMλ2

≤ C2
Mmax

s

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
/w(s) + 6SC2

M max
s
ũ
(s)
1 .

Hence, we only need to minimize max
s

∣∣∣Σ(s)
0 − Σ̂(s)

∣∣∣
∞
/w(s).

We will conduct the computation in three steps. Step 1. Compute g(s)2 , g
(s)
F ; Step 2. Select

the weight {w(s)} by minimizing the upper bound of maxij

(∑S
s=1

∣∣∣ω̂(s)
ij − ω

(s)
ij,0

∣∣∣) as above;

Step 3. Compute the precision matrix by the vector optimization problem. We evaluate the

numerical performance of the Joint estimators for high dimensional precision matrices.

5.5 Numerical experiments

5.5.1 Results of simulation study

Since this chapter is about weighted-Joint, we study the weight estimation first. We sample

X
(s)
p×n (s = 1, · · · , S) 20 times with distribution Σ(s) and α ∈ {0.1, 0.25, 0.5, 1, 2}. Then

compute weight {w(s)} by the above computation steps, and repeat 50 times. Because each

group is generated in the same way, the optimal weight is the uniform weight, 1/4 = 0.25.

Tables 5.1-5.2 report the estimated weights for Groups 1-4. Overall, the weights are sub-

stantially different with the uniform weights in some settings, and the higher the dimension

is, the closer the estimated weights are to the uniform weights. In Table 5.1 (p = 50), for
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Model 1 and ρ = 0.1 or 4 and for Model 2 and ρ = 4, the difference between the estimated

and the uniform weights is large. For Model 1 with α = 1 or 2 and ρ = 1 and for Model 2

with α = 2 and ρ = 1, the estimated weights are somewhat close to the uniform weights,

but difference still exists. In the other settings, the difference is marginal, and the estimated

weights are close to 0.25. In Table 5.2 (p = 100), for Model 1 and ρ = 0.1, and for Model 2

and α = 1 or 2 and ρ = 1 or 4, the difference between the estimated and the uniform weights

is large. For Model 1 with α = 1 or 2 and ρ = 0.25, the estimated weights are somewhat

close to the uniform weights, but difference still exists. In the other settings, the difference

is marginal, and the estimated weights are close to 0.25.

In what follows, we compare the performance between SCLIME and weighted-Joint. We

prespecified λ2 from 0.05 to 0.25, the step is 0.01. In the tables, “Joint” stands for the

algorithm introduced in this chapter. Tables 5.3-5.4 show the results of the simulation study.

Tables 5.3 and 5.4 imply that, (i) if p = 50, α = 0.1, Joint performs apparently better

than SCLIME for both models in terms of the Frobenius norms; (ii) if p = 50, α = 0.25

or 0.5, and ρ = 0.1, 0.25, or 1, Joint performs apparently better than SCLIME for both

models in terms of the Frobenius norms; (iii) if p = 100 and α = 0.1 or 0.25, Joint performs

apparently better than SCLIME for both models in terms of the Frobenius norms, sometimes

significantly better. Except the above settings, occasionally, SCLIME performs significantly

better than Joint, generally, no apparent difference.

5.5.2 rfMRI data analysis

We analyze the same rfMRI data set in Chapter 3 for the estimation of precision matrices

and brain functional connectivity by our Joint. For these 3 groups by Joint, the minimum

connectivity is 0, the maximum connectivity is 35, and the median is 13.5. It is apparently

higher than that of ordinary JEMP and weighted-JEMP.
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Table 5.1: Average (SD) weight for p = 50

α ρ weight 1 weight 2 weight 3 weight 4
Model 1

0.1 0.1 0.2084(0.0244) 0.3122(0.0313) 0.2546(0.0308) 0.2248(0.0276)
0.25 0.2416(0.0213) 0.2518(0.0249) 0.2592(0.0239) 0.2474(0.0209)
1 0.253(0.0223) 0.235(0.0213) 0.2722(0.0313) 0.2398(0.0258)
4 0.101(0.0036) 0.626(0.0284) 0.1008(0.0034) 0.1722(0.0256)

0.25 0.1 0.2084(0.0197) 0.314(0.0337) 0.2568(0.0285) 0.2208(0.0245)
0.25 0.2458(0.0219) 0.2638(0.0244) 0.2478(0.0195) 0.2426(0.0223)
1 0.2578(0.0245) 0.2362(0.0236) 0.275(0.0378) 0.231(0.0208)
4 0.1006(0.0024) 0.6306(0.0247) 0.1002(0.0014) 0.1686(0.0232)

0.5 0.1 0.2022(0.0178) 0.319(0.029) 0.2622(0.0257) 0.2166(0.0203)
0.25 0.2454(0.0221) 0.261(0.0228) 0.2494(0.0194) 0.2442(0.0241)
1 0.2578(0.0249) 0.237(0.0225) 0.2788(0.0321) 0.2264(0.0188)
4 0.1(0) 0.6356(0.0193) 0.1(0) 0.1644(0.0193)

1 0.1 0.19(0.0147) 0.3192(0.0194) 0.2672(0.0178) 0.2236(0.0132)
0.25 0.2436(0.016) 0.2566(0.0207) 0.2566(0.0148) 0.2432(0.0148)
1 0.2478(0.0131) 0.2314(0.0148) 0.2986(0.0208) 0.2222(0.0133)
4 0.1(0) 0.646(0.0095) 0.1(0) 0.154(0.0095)

2 0.1 0.19(0.009) 0.3158(0.0116) 0.2704(0.0109) 0.2238(0.0092)
0.25 0.243(0.0081) 0.2574(0.0126) 0.2588(0.0115) 0.2408(0.0105)
1 0.2456(0.0088) 0.2284(0.0089) 0.3108(0.0121) 0.2152(0.0071)
4 0.1(0) 0.6488(0.0075) 0.1(0) 0.1512(0.0075)

Model 2
0.1 0.1 0.2484(0.0214) 0.2528(0.0205) 0.2458(0.0208) 0.253(0.0275)

0.25 0.2464(0.0191) 0.2522(0.0227) 0.2566(0.0186) 0.2448(0.0164)
1 0.245(0.0227) 0.255(0.0242) 0.2634(0.0307) 0.2366(0.0251)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)

0.25 0.1 0.2528(0.0225) 0.2526(0.0185) 0.2478(0.0159) 0.2468(0.018)
0.25 0.2502(0.0204) 0.2516(0.0186) 0.2468(0.0172) 0.2514(0.0195)
1 0.2526(0.0201) 0.2436(0.0239) 0.2624(0.0258) 0.2414(0.0234)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)

0.5 0.1 0.255(0.0195) 0.2494(0.0161) 0.2464(0.0161) 0.2492(0.0163)
0.25 0.2484(0.0162) 0.25(0.0171) 0.2486(0.0164) 0.253(0.0178)
1 0.2492(0.0201) 0.2486(0.0219) 0.2654(0.026) 0.2368(0.0206)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)

1 0.1 0.2448(0.0109) 0.251(0.0123) 0.2534(0.0132) 0.2508(0.0128)
0.25 0.244(0.0162) 0.2576(0.0162) 0.249(0.0136) 0.2494(0.0117)
1 0.253(0.0159) 0.2504(0.0164) 0.2694(0.0187) 0.2272(0.0155)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)

2 0.1 0.2498(0.0082) 0.249(0.0071) 0.2538(0.0075) 0.2474(0.0075)
0.25 0.2384(0.0084) 0.2652(0.0076) 0.2494(0.0059) 0.247(0.0061)
1 0.2572(0.0081) 0.2506(0.0079) 0.2766(0.0114) 0.2156(0.0064)
4 0.7(0) 0.1(0) 0.1(0) 0.1(0)
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Table 5.2: Average (SD) weight for p = 100

α ρ weight 1 weight 2 weight 3 weight 4
Model 1

0.1 0.1 0.3516(0.0306) 0.3596(0.0387) 0.1566(0.0211) 0.1322(0.0202)
0.25 0.2296(0.0232) 0.2374(0.026) 0.2758(0.0306) 0.2572(0.027)
1 0.238(0.0212) 0.2432(0.0221) 0.2596(0.0271) 0.2592(0.023)
4 0.2518(0.026) 0.241(0.022) 0.2562(0.0251) 0.251(0.0195)

0.25 0.1 0.346(0.0334) 0.3694(0.0439) 0.153(0.0209) 0.1316(0.0194)
0.25 0.2256(0.0212) 0.2386(0.0213) 0.2826(0.036) 0.2532(0.0292)
1 0.2308(0.0216) 0.2418(0.0255) 0.2622(0.0261) 0.2652(0.0262)
4 0.253(0.0218) 0.2502(0.023) 0.2552(0.0219) 0.2416(0.0245)

0.5 0.1 0.3478(0.0309) 0.3744(0.0386) 0.1512(0.0198) 0.1266(0.0165)
0.25 0.2224(0.0205) 0.2368(0.0203) 0.286(0.0323) 0.2548(0.0272)
1 0.2326(0.0184) 0.2424(0.019) 0.2618(0.0256) 0.2632(0.0236)
4 0.2556(0.0209) 0.2508(0.0189) 0.2534(0.0238) 0.2402(0.0232)

1 0.1 0.3506(0.0133) 0.3942(0.0173) 0.139(0.0093) 0.1162(0.0109)
0.25 0.2146(0.0147) 0.2322(0.0147) 0.3002(0.0203) 0.253(0.0181)
1 0.2358(0.0139) 0.235(0.0115) 0.2628(0.0157) 0.2664(0.0163)
4 0.2434(0.017) 0.2514(0.0159) 0.2598(0.0155) 0.2454(0.015)

2 0.1 0.3538(0.009) 0.3956(0.0105) 0.1352(0.0058) 0.1154(0.0068)
0.25 0.2042(0.0095) 0.238(0.0097) 0.3032(0.0106) 0.2546(0.0095)
1 0.2316(0.0077) 0.234(0.0073) 0.2558(0.0109) 0.2786(0.0107)
4 0.2454(0.0101) 0.2488(0.0075) 0.2618(0.0114) 0.244(0.0078)

Model 2
0.1 0.1 0.245(0.0191) 0.2548(0.0201) 0.248(0.0202) 0.2522(0.0209)

0.25 0.2472(0.0215) 0.2442(0.0207) 0.2552(0.0233) 0.2534(0.0255)
1 0.2626(0.0302) 0.2392(0.0272) 0.28(0.0389) 0.2182(0.0198)
4 0.2458(0.0233) 0.2378(0.0223) 0.248(0.0252) 0.2684(0.026)

0.25 0.1 0.2498(0.02) 0.2526(0.0203) 0.2436(0.0161) 0.254(0.0193)
0.25 0.2448(0.0167) 0.2498(0.0208) 0.2588(0.0172) 0.2466(0.0194)
1 0.259(0.0303) 0.245(0.0297) 0.278(0.0253) 0.218(0.023)
4 0.2438(0.0216) 0.23(0.0195) 0.257(0.0247) 0.2692(0.0249)

0.5 0.1 0.25(0.0183) 0.251(0.0159) 0.2456(0.0172) 0.2534(0.0187)
0.25 0.2466(0.0165) 0.2466(0.017) 0.2578(0.0189) 0.249(0.0157)
1 0.261(0.0259) 0.245(0.0253) 0.279(0.0263) 0.215(0.0207)
4 0.2416(0.019) 0.2326(0.0168) 0.255(0.0232) 0.2708(0.0236)

1 0.1 0.2516(0.0145) 0.2506(0.0136) 0.246(0.0165) 0.2518(0.0129)
0.25 0.2446(0.0122) 0.2454(0.0139) 0.2584(0.0149) 0.2516(0.0125)
1 0.2604(0.0183) 0.2374(0.0194) 0.3076(0.021) 0.1946(0.0125)
4 0.237(0.0137) 0.2202(0.0156) 0.2498(0.0145) 0.293(0.0164)

2 0.1 0.2534(0.0082) 0.2452(0.0074) 0.242(0.0067) 0.2594(0.0111)
0.25 0.243(0.0086) 0.2438(0.0075) 0.26(0.0093) 0.2532(0.0071)
1 0.2618(0.0127) 0.2304(0.0109) 0.3166(0.0135) 0.1912(0.0077)
4 0.2336(0.0101) 0.2146(0.0079) 0.2466(0.0096) 0.3052(0.0127)
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Table 5.3: Comparison of average (SD) matrix losses for p = 50

SCLIME Joint SCLIME Joint
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 7.3422(0.3566) 8.0262(0.7119) 30.0442(0.9959) 27.1075(1.7891)

0.25 7.4576(0.2451) 8.4302(0.7103) 31.0838(0.8742) 28.9636(1.5121)
1 7.5935(0.3112) 8.0862(0.5829) 31.281(0.9004) 27.4566(1.6587)
4 8.4898(0.7337) 6.0131(0.6158) 34.0082(2.694) 20.109(2.2924)

0.25 0.1 2.5548(0.1166) 2.4192(0.1815) 8.979(0.3933) 7.7491(0.4788)
0.25 2.5351(0.1314) 2.3972(0.1177) 9.0665(0.4166) 7.8077(0.2998)
1 2.6534(0.1397) 2.4572(0.1761) 9.3876(0.466) 7.8991(0.4994)
4 3.188(0.4022) 5.2706(0.5627) 10.6842(1.3126) 17.1432(1.6608)

0.5 0.1 1.2543(0.0693) 1.2062(0.0901) 4.0387(0.168) 3.8691(0.1702)
0.25 1.2325(0.0785) 1.2002(0.0934) 3.9957(0.1707) 3.7744(0.1996)
1 1.3004(0.0795) 1.2341(0.094) 4.1842(0.219) 3.9139(0.1827)
4 1.6605(0.2025) 3.2807(0.342) 5.1548(0.5732) 9.9503(0.9592)

1 0.1 0.8006(0.0312) 0.8462(0.0357) 2.566(0.0517) 2.6626(0.0609)
0.25 0.7321(0.028) 0.7508(0.0303) 2.413(0.0369) 2.4435(0.0398)
1 0.7623(0.0233) 0.7929(0.0339) 2.5553(0.0477) 2.6226(0.0431)
4 1.1566(0.0769) 1.4052(0.2078) 3.5698(0.1661) 4.1448(0.4616)

2 0.1 0.8013(0.0311) 0.8089(0.0448) 2.3509(0.0553) 2.3721(0.0966)
0.25 0.7229(0.0226) 0.7406(0.0228) 2.1873(0.0437) 2.2261(0.0376)
1 0.7416(0.0216) 0.7607(0.0239) 2.2716(0.0355) 2.3178(0.0497)
4 0.9755(0.0448) 0.9235(0.0622) 3.1362(0.1101) 2.8834(0.09)

Model 2
0.1 0.1 7.4786(0.2101) 8.8921(0.6767) 31.8289(0.758) 31.3341(1.6403)

0.25 7.5204(0.2372) 8.7997(0.6127) 31.9076(0.8567) 31.1166(1.5828)
1 7.5323(0.2538) 8.9481(0.5451) 31.6324(0.8335) 30.8231(1.2818)
4 6.8425(0.7066) 5.0507(0.558) 27.053(2.3511) 14.9335(0.8595)

0.25 0.1 2.5422(0.1049) 2.556(0.1656) 9.3173(0.346) 8.5754(0.3512)
0.25 2.547(0.1256) 2.5617(0.1712) 9.3313(0.3673) 8.5574(0.3953)
1 2.5592(0.0984) 2.5006(0.1345) 9.3329(0.3435) 8.3611(0.3485)
4 2.742(0.2182) 5.7981(1.9469) 9.7537(0.7667) 18.8084(6.1082)

0.5 0.1 1.2162(0.0715) 1.2155(0.1073) 3.9003(0.1677) 3.6771(0.2334)
0.25 1.1843(0.0578) 1.1566(0.0951) 3.8548(0.1488) 3.5876(0.2491)
1 1.2162(0.0642) 1.2117(0.0894) 3.8981(0.1728) 3.6912(0.1548)
4 1.6245(0.1341) 3.2028(0.4083) 5.4452(0.3647) 9.8753(1.1542)

1 0.1 0.5633(0.0356) 0.5491(0.0405) 1.8395(0.0732) 1.7226(0.0608)
0.25 0.569(0.0312) 0.5603(0.0344) 1.8464(0.0588) 1.7451(0.0502)
1 0.6064(0.028) 0.6101(0.0391) 1.977(0.0494) 1.9278(0.0699)
4 1.0828(0.0455) 1.476(0.0679) 3.7852(0.0725) 4.2703(0.1108)

2 0.1 0.4888(0.0214) 0.4786(0.0231) 1.4671(0.0301) 1.3723(0.0333)
0.25 0.5153(0.0267) 0.5095(0.0286) 1.5084(0.0297) 1.424(0.0317)
1 0.5617(0.0217) 0.5587(0.0287) 1.664(0.0333) 1.6094(0.0418)
4 0.9993(0.0238) 0.8554(0.0532) 3.462(0.0354) 2.4739(0.0831)
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Table 5.4: Comparison of average (SD) matrix losses for p = 100

SCLIME Joint SCLIME Joint
α ρ Spectral norm Frobenius norm

Model 1
0.1 0.1 8.2916(0.8387) 8.0836(0.6491) 49.9714(4.582) 36.7674(2.9551)

0.25 8.7608(0.4786) 8.7237(0.6116) 53.5359(2.4532) 41.1232(2.0235)
1 8.066(0.4542) 8.3149(0.5366) 49.879(2.47) 38.1606(1.8042)
4 7.9247(0.5105) 7.7772(0.5492) 48.9273(2.6849) 35.622(1.6146)

0.25 0.1 2.7247(0.1433) 2.4331(0.1614) 13.3898(0.5393) 10.5234(0.5714)
0.25 2.7988(0.1287) 2.5451(0.1794) 14.2116(0.5102) 11.1625(0.483)
1 2.7569(0.1043) 2.425(0.1601) 13.9332(0.5264) 10.464(0.4586)
4 2.6299(0.1222) 2.2851(0.1379) 13.1427(0.6099) 9.7812(0.2747)

0.5 0.1 1.315(0.0857) 3.391(1.1075) 5.9231(0.2441) 14.9783(4.814)
0.25 1.3608(0.0577) 1.9254(1.485) 6.1493(0.1972) 8.4979(6.7995)
1 1.3513(0.0658) 2.8675(1.7255) 6.0731(0.2077) 12.8117(7.8052)
4 1.3435(0.0509) 3.7323(1.7268) 6.0848(0.1834) 16.5892(7.5335)

1 0.1 0.8857(0.0307) 2.2098(0.4505) 3.9214(0.0473) 9.0145(1.8508)
0.25 0.7856(0.0246) 0.9207(0.3529) 3.6088(0.0429) 3.9731(1.4808)
1 0.8319(0.0221) 2.4453(0.5293) 3.8161(0.0366) 10.1235(2.0885)
4 0.9099(0.0188) 2.3269(0.6403) 4.322(0.0239) 9.6357(2.4321)

2 0.1 0.9118(0.0226) 1.5141(0.126) 3.7522(0.0757) 5.8817(0.4262)
0.25 0.8097(0.0188) 0.8429(0.0232) 3.3759(0.0461) 3.4847(0.0652)
1 0.853(0.0157) 0.8918(0.0177) 3.5789(0.0435) 3.6985(0.0325)
4 0.9353(0.0156) 1.0013(0.0229) 4.1351(0.0458) 4.3952(0.0872)

Model 2
0.1 0.1 9.2967(0.4369) 9.4896(0.6373) 56.4275(2.3172) 45.4309(2.2526)

0.25 9.2136(0.4281) 9.3945(0.6509) 56.327(2.2826) 44.9379(2.2564)
1 8.405(0.4129) 8.7049(0.4422) 51.818(2.3159) 40.0793(1.9151)
4 8.2434(0.6028) 8.2042(0.4948) 50.9657(3.2031) 38.2577(1.8575)

0.25 0.1 2.8867(0.1134) 2.6877(0.156) 15.0803(0.5158) 12.0609(0.2124)
0.25 2.8446(0.1146) 2.6645(0.1701) 14.9087(0.5353) 11.909(0.3842)
1 2.8033(0.1292) 2.5589(0.1701) 14.3192(0.5911) 11.1749(0.5875)
4 2.7552(0.1266) 2.4335(0.1542) 13.8253(0.6054) 10.4867(0.4645)

0.5 0.1 1.3967(0.0565) 1.2963(0.0643) 6.2999(0.2315) 5.2788(0.1328)
0.25 1.3711(0.0562) 1.2568(0.0613) 6.2353(0.2244) 5.2397(0.1216)
1 1.3498(0.059) 3.0057(1.8307) 6.0388(0.2058) 13.2595(8.3516)
4 1.3634(0.0536) 3.1202(1.8731) 6.1103(0.2141) 13.9106(8.3962)

1 0.1 0.6559(0.0295) 0.6501(0.0317) 2.9758(0.0736) 2.8707(0.0518)
0.25 0.6643(0.0237) 0.6677(0.0206) 3.0494(0.0585) 2.9807(0.0436)
1 0.7278(0.0194) 1.8967(0.9179) 3.3172(0.0423) 7.9415(3.7564)
4 0.8353(0.0211) 1.6304(0.8485) 3.9022(0.0344) 6.9268(3.3964)

2 0.1 0.6126(0.0202) 0.613(0.0188) 2.541(0.0323) 2.4848(0.0301)
0.25 0.6438(0.0139) 0.6538(0.014) 2.6622(0.0346) 2.6359(0.0341)
1 0.7223(0.0232) 0.7362(0.0275) 3.01(0.055) 3.0209(0.0804)
4 0.8619(0.0204) 0.9136(0.0181) 3.6323(0.0427) 3.8003(0.0287)
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Table 5.5: Top 10 hubs for direct connectivity of Groups 1− 3 found by Joint
Rank Group 1 Group 2 Group 3

1 21 10 38
2 10 19 16
3 5 20 32
4 20 1 3
5 18 15 28
6 4 18 18
7 1 21 36
8 17 38 12
9 6 32 21

10 9 4 22

Table 5.6: Top 10 hubs for direct connectivity of Group 1 found by Joint
Joint Rank Order in 50 Joint Degree SCLIME rank SCLIME degree

1 21 35 2 47
2 10 32 3 46
3 5 26 4 45
4 20 25 1 47
5 18 24 10 44
6 4 23 8 44
7 1 22 7 44
8 17 21 19 43
9 6 20 47 7
10 9 20 9 44

The top 10 hubs by Joint are reported in Table 5.5. We can see that the six time series

(1, 4, 10, 18, 20, and 21) are found in their top 10 hubs of Group 1 and Group 2. This implies

that Joint works well, and finds some common information between Group 1 and Group 2.

Table 5.6 lists top 10 hubs of Group 1 found by Joint and their degrees of connectivity.

Also, they are compared with the results from SCLIME. It can be seen that top 10 hubs of

Group 1 by Joint has 8 overlaps with those of SCLIME: time series 1, 4, 5, 9,10, 18, 20, and

21. It implies that the results of Joint are very similar to those of CLIME for this subject.
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Chapter 6

Future work

Since the current R-package fastclime is not good at solving very high dimensional linear

problems and the True-positive ratio is very low in the simulation study, we plan to conduct

more simulation studies and real data analysis with high dimension. We are particularly

interested in fMRI group precision matrices analysis, because the inference and visualization

of brain network using a graphical model is widely used in fMRI analysis. The proposed

methods of joint;y estimating individual and group precision matrices can provide a repre-

sentative and robust estimation of brain networks.
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