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ABSTRACT

This dissertation consists of four chapters regarding statistical inference on small sample
size data. The first three chapters include small area estimation studies, and the last chapter
addresses the high-dimensional outlier detection problem.

In the first two chapters, small area estimation models that account for heteroscedastic
random effects are explored under the Bayesian framework. In particular, in Chapter 1,
we study a hierarchical Bayes random regression coefficients model which accounts for the
heteroscedasticity as an appropriate quadratic function of covariates. Chapter 2 considers
spatially correlated random effects. Hierarchical Bayes spatial models based on four different
autocorrelation structures are introduced to capture the extra variabilities caused by spatial
dependence.

The third chapter of the dissertation studies measurement error models in small area esti-
mation. In many cases, area-level models benefit from auxiliary variables that are observed
with random errors such as covariates that are estimates drawn from another survey. The
uncertainty in such covariates can be accounted for by fitting measurement error models. We
examine and contrast two types of measurement error models with the alternative of simply

ignoring the sampling errors in the covariates.



The last topic relates to high dimensional outlier detection problem. Specifically, we
consider the case when the number of variables is much larger than the sample size. A
randomization test called the subspace rotation test is proposed to conduct hypothesis tests
for potential outliers. We justify the subspace rotation test by showing the unbiasedness of
the distribution estimator and finite sample exactness. In the context of outlier detection,
we also show that the power of the subspace rotation test converges to one as the dimension
increases.

INDEX WORDS: High dimension low sample size data analysis, Outlier detection,
Measurement error, Random regression coefficients, Randomization
test, Small area estimation, Spatial modeling, Subspace rotation
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CHAPTER 1

AREA-LEVEL RANDOM REGRESSION COEFFICIENTS MODEL FOR SMALL AREA

ESTIMATION

1.1 INTRODUCTION

Small area estimation has become an important topic in survey sampling. Both the public and
private sectors during the last forty years felt an acute need to produce reliable estimates
for many important economic, health or social characteristics for various segments of a
population. For example, the U.S. Department of Education is required to produce reliable
estimates of the poverty rates of school-age children (5-17 years old) for all the counties.
The U.S. Department of Health and Human Services is in need to accurately estimate health
insurance access for different population subgroups defined by age, race, sex and geography.

Sample surveys conducted to produce estimates of economic characteristics are usually
targeted to achieve the desired accuracy, such as a margin of error for the estimate, of the
estimates for the entire population or domain at the national level. The data available from a
survey for sub-national domains or sub-domains which are subsets of the surveyed population
can be small, or even non-existent for some domains. Consequently, sub-national estimates
that are calculated based on the corresponding sub-national sample only, if there is any, are
subject to large sampling variability. These estimates, referred to as the “direct” estimates
in the small area estimation literature, often possess such large variability that they cannot
be reliably used to make official policy decisions.

Populations for which estimates of characteristics are needed, but do not have adequate
samples to produce reliable direct estimates, are called small areas, or small domains. Small

areas are often formed by demographic and/or geographic division of the population. More
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precise estimates for a common characteristic of many small areas can be constructed by
“borrowing strength” from the other direct estimates and related auxiliary variables. Bor-
rowing of information from the direct estimates of other small areas and related auxiliary
variables to produce reliable “indirect” small area estimates is pursued through shrinkage
estimation. A shrinkage estimator is obtained by shrinking a direct estimate toward another
estimate of that characteristic, formed by using data on auxiliary variable and direct esti-
mates from the other small areas.

Stein (1956) in a seminal paper introduced shrinkage estimation of a multivariate normal
mean vector, where each component is measuring similar characteristic for one of the groups.
Stein (1956) and James and Stein (1961) explicitly showed under sum of squared error loss
that suitable shrinkage estimator of the mean vector can be obtained which is more precise
than the direct or the standard estimator under appropriate balanced conditions.

Shrinkage estimators became immensely popular when in a series of articles Efron and
Morris put forward an interesting empirical Bayes (EB) interpretation (see, for example,
Efron and Morris 1973). Their EB interpretation of the shrinkage estimators provided a
transparent and heuristic justification of the domination result established by James and
Stein (1961). Moreover, since the EB method can be used to develop shrinkage estimators
even when the balanced conditions needed for the explicit domination are not realized, it
increases the utility and popularity of shrinkage estimators in applications.

In multi-level models, such as small area estimation models, as an alternative to EB
method, a hierarchical Bayes (HB) method is well-suited to produce estimates of multiple
sub-population means, which measure similar population characteristics across areas. An HB
method is really a Bayesian method, where the prior distribution is expressed in multiple
steps. To be specific, the prior distribution of the related parameters (for example, the sub-
population means) are expressed in multiple or hierarchical steps. In the first step of the
prior distribution hierarchy, conditional on some common parameters, a joint distribution

of the true population means is specified, and in the second step, a prior distribution on



the common parameters is specified. This hierarchy can continue beyond two steps. If all
these prior distributions are available, we can pursue an HB method to estimate the related
parameters or any function of them.

Often in many applications, the main difficulty is to specify the prior distribution on the
common parameters appearing in the last stage of an HB model. While Bayesians may use
a vague prior at this stage, if necessary, other statisticians estimate these parameters from
the data and use them to construct empirical Bayes (EB) estimators. While the shrinkage
estimators based on the EB method may have explicit expressions, the HB estimators usually
lack such expressions and are computed numerically. However, both the HB and EB estima-
tors benefit from shrinking the direct estimators in producing more accurate estimators for
all the parameters, assessed via frequentist risk (based on the sampling distribution of the
direct estimators as given by the sampling part of the Fay-Herriot model below) resulting
from the sum of squared error loss.

In a pioneering article, Fay and Herriot (1979) suggested an important extension of
Stein’s shrinkage estimation using Efron and Morris’s EB proposal for estimation of small
area characteristics. Many authors subsequently developed the fully Bayesian (that is, HB)
version of the Fay-Herriot model (see, for example, Datta et al. 1991, Datta et al. 1996,
Datta et al. 2005). In this work, we consider an area-level random regression coefficients
model which includes both fixed and random regression coefficients. While the original Fay-
Herriot model is based on the assumption of constant variability of the small area population
means, this general model is more appropriate if the small area means have unequal variances.
We pursue an HB approach by specifying a family of noninformative priors and establish
posterior propriety. We note that this model includes the Fay-Herriot model as a special
case.

In Section 1.3, we compare these two models by applying these to estimate four-person
family median incomes for all fifty American states and the District of Columbia. We conduct

a small simulation study in Section 1.4 to further our comparison of these two models. Section



1.5 provides a few concluding remarks. In Section 1.6, we provide a proof of the propriety
of the posterior density for the random regression coefficients model that resulted from a

noninformative improper prior density for the model parameters.

1.2 FAY-HERRIOT MODEL AND RANDOM REGRESSION COEFFICIENTS MODEL

Suppose there are m small areas, and, for a given characteristic of interest, we want to
estimate 6;, which we interpret as the mean of the characteristic for the ith small area.
Suppose data from a survey have been summarized, and Y7, ..., Y,, are the summary statistics
that we refer to as direct estimates of #;, « = 1,..., m. Many direct estimates do not meet
the accuracy requirement due to their small sample sizes. Often in small area estimation, in
addition to the direct estimates, data are also available for auxiliary variables that are related
to the area characteristic of interest. To develop more reliable estimates of the population
small area means 0y, ...,0,, Fay and Herriot (1979) proposed the following hierarchical

model for EB prediction of 6;, i = 1,...,m.
(I) Sampling model: Y;|0y,...,0,,, 3, 0> nd N(@;,Dy),i=1,...,m;

(II) Linking model: 6;|3,02 % N(278,02), i =1,...,m,

where the D;, i = 1,...,m, are known sampling variances of the direct estimators Y;, i =
1,...,m, and the x; = (1,2;,...,24)7 is the p X 1 vector of covariates associated with Y;.
The regression parameter 3 = (81, Ba, . - ., 3,)" and the model error variance 2 are the model

parameters. Let Y = (Y1,...,Y,,)", and X = [21,...,2,]". This model can be expressed as

a linear mixed effect model by writing
Y=XB+v+e,

where e = (e1,...,e,)" ~ N, (0,D), D = diag{D;}, and v = (vy,...,v,)" ~ Np(0,021,,).



The above hierarchical model can also be written as

p
Y, = 0i+e, 9i=5i1+25j$ij, i=1,...,m, (1.1)

=2

p
=Y = 5i1+25jl’ij+€i, i=1,...,m,
=2

where the 64, ...,0,, are expressed as a sum of a random intercept 3;; and a linear function
of the covariates x;2, . .., Z;, with non-random regression coefficients /3, ..., 3,. The random
intercept accounts for error in explaining the ¢; by the linear regression on the covariates.
The Fay-Herriot (FH) model assumes that [i1,...,Bn1 are independently and identically
distributed as N (1, 02).

In their application of shrinkage estimation of per capita income for small places, Fay
and Herriot (1979) used the EB approach. Assuming the model parameters 3 and o2 were

known, based on the hierarchical model in (I) and (II) above, they first obtained the Bayes

estimators of #y,...,6,,. The Bayes “estimator” of 6;, given by
D;
0 =y, — —— (Y, — 27 P),
i Dyt oo Vi uih)

shrinks the direct estimator Y; to the regression function x; 3. However, since the model
parameters, 3 and o2, are unknown, these Bayes estimators of 6, ..., 0, could not be used.
To obtain usable version from these estimators, they estimated the model parameters from
the marginal distribution of Yi,...,Y,,. They used these estimates in place of 3 and ¢? in
the Bayes “estimators” of 6y,...,60,,, resulting in the EB estimators of 4, ...,6,,.

As an alternative to EB estimation, some practitioners use HB estimation. To deal with
the unknown model parameters, a hierarchical Bayesian assigns a prior distribution to them.
The resulting posterior distribution of the unknown model parameters is used to integrate
them out from the Bayes estimators, described above. The HB estimation method explicitly
accounts for the estimation error of the model parameters. However, the plug-in EB method
suffers from underestimation of associated measures of uncertainty of the EB estimators. This

is due to the fact that the method does not automatically account for estimation error of the
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model parameters. Extensions to EB have attempted to incorporate the extra uncertainty
due to estimating the parameters (Morris, 1983). It is well documented in the literature that
EB predictors are also the empirical best linear unbiased predictors (EBLUP) of the small
area means. Accurate approximation of the mean squared error (MSE) of the EBLUPs and
estimation of the MSE have been extensively discussed in Rao and Molina (2015, Ch. 5); see
also Prasad and Rao (1990), Datta and Lahiri (2000) and Datta et al. (2005).

While the HB method facilitates the use of prior information for the model parameters,
in many applications, no specific proper prior distribution may be available. Even in such
cases the method is found to be beneficial by using vague or diffuse or noninformative priors.
Due to a rapid growth in computing capacity in the past few decades, implementation of HB
methods has been relatively easily achieved. As a result, the HB methods, even with diffuse
priors, are found to be viable for many complex scientific studies. In a parallel development
to model-based estimation in survey sampling, the HB methods have also gained popularity
in small area estimation.

We now introduce the HB version of the FH model based on a class of noninformative

priors that has been extensively used for the model parameters.
(I) Sampling model: Y;|0:,...,0,, 3,02 % N(6;,D;), i =1,...,m;

(II) Linking model: 6;|3,02 " N(278,02),i=1,...,m,

(IIT) A popular noninformative improper prior density function for 5 and o

v

m(B,02) = (¢2)™* for B € R?,0 < 02,

v v

where 1 — (m —p)/2 <a <1.

The above noninformative prior density function does not integrate to 1, unlike any regular
probability density function (pdf). Thus, it is termed as an improper prior, and it is required
to verify that the resulting posterior pdf will be a proper pdf, that is, it will integrate to 1

after being appropriately normalized. Adapting arguments of Theorem 2 in Datta and Smith
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(2003), the resulting posterior pdf of 3,02 is a proper pdf provided 1 — (m —p)/2 < a < 1.
The prior corresponding to o« = 0, which is a uniform prior for the model parameters, is a
popular choice. We use this prior in our illustrative application.

In the FH model in (1.1), the random intercept term is intended to account for variability
among the #q,...,0,, that is left unexplained by the covariates. It allows for a constant
variability of the 6; around its mean z; 3 = 3; + Z?:z Bjzi;. In that spirit, it is conceivable
that the variability of the 6;’s around the regression line may not be constant, but it may
also be dependent on covariates. This leads to the random regression coefficients (RRC)
model. For unit-level small area estimation models Prasad and Rao (1990) suggested the
RRC model (see also Datta and Ghosh, 1991). These random coefficients can be viewed as
similar to interaction effects between the covariates and the small areas. For the area-level
data, we propose below a RRC model, which can be viewed as a generalization of the FH
model. Suppose ¢ — 1 (¢ < p) covariates have random regression coefficients in the mean
function of ;. Without loss of generality, let o, ..., x;; be these ¢ — 1 covariates and denote
zi = (1,22, ...,24)". Then, for ¢ = p, this model can be written as the following linear

mixed effect model:

Y:L' = 9i+ei, QZ:I;FB—FZ;FU“ izl,...,m, (12)

P
=Y, = (A +W1)+Z(ﬁj+uij)l’ij+€i> i=1,...,m,
j=2

where u; % Ny(0,3%,), ¥, is a ¢ X ¢ positive definite matrix and (8; + u;;), j = 2,...,p, are
the random regression coefficients for the ith area. We introduce the HB version of the RRC

model below.

(I) Sampling model: Y;|0y,...,0,,,5,%, nd N(6;,D;), i=1,...,m,
ind

(II) Linking model: 6;|3,%, ~ N(x]f,2'%,z), where z; = (1,250, ..., 24)", i =1,...,m

and X, is a ¢ X g positive definite matrix,



(IIT) A noninformative prior for the model parameters:
7T(57 Ev) = g(EU)7 (13)

where ¢ is a suitable function defined below. We introduce a noninformative prior on
the model parameters below. Let ¥ = 3! be the precision matrix and define 7j, =
Vi) (Vijber)t?, where U = {1 }1<jreg- Then, 1y, ..., 7y are all 1. Let T = {7j3}1<jr<q-

We propose a noninformative prior given by
q p
W<67¢117---,¢qq77_12’---77—1q,~--77—q—1,q) = Hl/}jja] ](T 1S pd), (14)
j=1

where the ay,...,a, (> 2) are suitably chosen, and I(-) is the indicator function. Here, § €
RP, and p.d. stands for positive definite. We note that the precision matrix is parameterized
in terms of its diagonal elements and 7, 1 < j < k < g. We prove the following theorem in

Section 1.6.

Theorem 1. For a; > 2,...,a, > 2 and under some upper bound conditions on a,...,a,
(noted explicitly in the proof), the posterior pdf corresponding to the noninformative prior

in (1.4) is a proper pdf.
Remark 1. We note that the HB FH model is a special case with ¢ =1 and a1 = 4 — 2a.

In this study, we pursued an HB approach for the RRC model. However, a frequentist
approach to this problem via EB approach or a mixed model formulation can be pursued.
Frequentist estimation of the variance parameters may not be easy, as it is not obvious how
to define ¢(q + 1)/2 estimating equations for the components of ¥,. Also, the maximum
likelihood (ML) approach may present a hurdle since the likelihood (residual or profile like-
lihood) function may be quite flat, which would make convergence of the ML computing

rather slow.



By Ba Bs Op11 Op22  Op3s P12 P13 P23
FHy -0.037 0.030 0.791 0.184 - = - - -
FHo7s |-0.042 0.032 0.789 0.160 - - - - -
RRCsy; | -0.041 0.056 0.774 0.142 0.009 0.015 0.053 0.007 -0.014
RRCsy5 | -0.039 0.085 0.758 0.133 0.035 0.044 0.130 -0.021 -0.074

Table 1.1: Posterior means of the model parameters

1.3 FOUR-PERSON FAMILY MEDIAN INCOME ESTIMATION

In this section, we consider an application of estimating four-person median incomes by
states, i.e., the median income of four-person households for fifty states and Washington, D.C.
The U.S. Department of Health and Human Services needs accurate estimates of medians for
the state distributions of income of four-person families to implement a cash welfare program
to provide energy assistance benefits to low-income American families. For over twenty years
through the mid-1990s, the U.S. Census Bureau continued to calculate these state-level
estimates annually using the Current Population Survey (CPS) data. The statewide samples
available from the CPS to compute direct estimates of state characteristics are not sufficiently
accurate for some states due to the smallness of available samples.

Let Y; be the direct estimate of 1989 four-person median income of the ith state. We
consider two auxiliary variables x;2 and x;3, where x;5 is the median income for 1979 col-
lected from the 1980 census and z;3 is the adjusted census median income. Adjusted census
median incomes are obtained by utilizing 1979 and 1989 per capita incomes (PCI) from
the Bureau of Economic Analysis of the U.S. Department of Commerce such that z;3 =
(PCI, 1089 /PCI, 1979)i2, @ = 1,...,51. Thus we have z; = (1, z2,2;3)", i = 1,...,51. Here
p = 3, and we take ¢ = p. Then the model parameters are given by  (a 3 x 1 vector)

and X, (a 3 x 3 p.d. matrix). Since the direct estimates and covariates are large values, we
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Figure 1.3.1: 95% credible intervals for model parameters (left) and p%%foerior standard devi-
ations of 6;’s (right) under the FHy and RRC; 5 models.

standardize the direct estimates and scale auxiliary variables to prevent numerical overflow
(underflow). We fit the HB FH model and the HB RRC model to the data using rstan (Stan
Development Team, 2018). We consider two prior pdfs for the FH model, « = 0,0.75, and
for the RRC model we consider two prior pdfs with a; = 2.1,2.5, j = 1,2,3 (close to their
lower bound for propriety). We denote results for these models as FHy, FHg 75, RRCs; and
RRC, 5, respectively. Posterior means of the model parameters are given in Table 1.1. As we
can see from the left panel of Figure 1.3.1, the four models result in very similar posterior
distributions in that a large portion of their 95% credible intervals overlap for the common
parameters. Also, we can see that the posterior means of 0,9, and o, 33 are close to 0, and
their lower bounds of the intervals get almost 0. This indicates that regression coefficients
do not vary much across the states.

Figure 1.3.2 illustrates 95% credible intervals of the predictions under the FHy and
RRCsy 5. Red (blue) lines and circles (triangles) represent 95% credible intervals and poste-

rior means of the four-person family median incomes under the FHy (RRC;5) model. Black
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Figure 1.3.2: 95% credible intervals under the FHy and RRCy 5 models.

Estimate | AAD ASD AARD ASRD AL

Direct 2928.824 13811122 0.074  0.008  11424.650
FHy 1507.303 3682226  0.038  0.002  7856.558
FHo.75 1438.580 3386631  0.036  0.002  7614.605
RRCsy4 1405.772 3310202  0.035  0.002  7621.411
RRCy 5 1435.107 3614879  0.035  0.002  7815.770

Table 1.2: Model comparison criteria.

diamonds are the true median incomes for 1989 collected from the 1990 census. Both models
underestimate the median incomes of California and Delaware, and the credible intervals
miss (fall below) the true values.

We compare both the models according to several criteria. We first compare posterior
standard deviations which are illustrated in the right panel of Figure 1.3.1. The RRCq
model shows smaller posterior standard deviations that the FHy model in 31 states. How-

ever, for the states of Alaska, Connecticut and Maryland, the FHy model has much smaller
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posterior standard deviations. On average, RRCs 5 showed 1.3% smaller posterior standard
deviations than the FHy model. We also compare the average length (AL) of 95% credible
intervals and several deviation criteria. For the true median income 6; for the ith state,
let 6; be any estimate of 6;, i = 1,...,51. We compute average absolute deviation (AAD)
517157, |0; — 0;, average squared deviation (ASD) 517! S |0; — 6|2, average absolute
relative deviation (AARD) 5171 327" |(6; — 6,)/6;] and average squared relative deviation
(ASRD) 517327 {(6; — 6;)/6;}%. These deviation criteria are listed in Table 1.2. We see
a clear improvement for the model-based estimators over the direct estimators. However,
there is only a slight improvement for the RRC models over the FH models. Also, we have
seen from Table 1.1 that estimated random effect variances are very small except for the
random intercept, 6,11. This indicates that regression parameters do not vary much across
the states. Thus, in this example, it is reasonable to use the FH model since the gain from

using the more complicated model is rather limited.

1.4 A SIMULATION STUDY

To investigate the effectiveness of the RRC model further, we conducted a simulation study.
In our simulation, we used the data for the covariates from the median income application
in Section 1.3. To reduce computational burden, in our simulation we used ¢ = 2 (instead of
g = 3 that was in the data analysis) and p = 3. That is, we used only one random regression
coefficient, corresponding to the most significant covariate found in the analysis. Specifically,
we set z; = (1,x;3)". We considered two scenarios; data are generated from the FH model
and the RRC model, respectively.

In order to simulate from a model that will closely mimic the reality, we need some
knowledge about model parameters for each model. To suitably choose these model parameter
values to reflect the reality, we seek guidance from our data analysis in Section 1.3. Our data
analysis showed a marginal improvement of the RRC; 5 model over the FHy model. This is due

to very small variances of the random regression coefficients. In order to have non-negligible
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B B B3 Oy,11 O0y,22 P12
FH |-0.037 0.027 0.793 0.185 - —
RRC | -0.044 0.070 0.755 0.062 14.706 0.033

Table 1.3: Model parameters used for simulation.

contribution of the random regression coefficient in our simulation study, we considered a
large value for the variance of the random regression coefficient compared to that of the
random intercept term. We first fit the models to the data and obtained the posterior means
of the model parameters. We used these values as guidance to our choice of model parameters
in the simulation study. In our simulations from the RRCy5 model, we set 0,11 = 22,
oy12 = 106,12 and 0,90 = 1000, 11, where 6,11, 6,12 and 6,90 are obtained by fitting
the RRCq 5 model to the four-person median income data with z; = (1,x;3)". This allows
the random regression coefficient to dominate the model error variance. It also preserves
the correlation between the random intercept and random regression coefficient. Finally, we
also multiplied the sampling variances by 100 in order to approximately preserve the ratio
between model and sampling error variances. The parameter values are given in Table 1.3.
To compare the performance of the FH and RRC models we considered 30 replicated data
sets and computed the deviation criteria (introduced in the last section) and overall coverage
probabilities of 95% credible intervals by averaging both over the areas and the data sets.
Table 1.4 lists these values.

When data are generated from the FH model, the FHy model shows slightly better
performance than the RRCy 5 model but the differences are not significant. Under the true
RRC model, the RRCs 5 model outperforms the FHy model in all the deviation criteria. Also,
it has larger coverage probabilities while the posterior standard deviations are approximately

13% smaller on average, which are not shown here. In conjunction with our finding in the
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True Model | Fitted Model AAD ASD AARD ASRD Coverage

FH FHy 2.072 7.040 1.577  7.236 0.952
RRCqy 5 2077 7.184 1.557  8.825 0.944
FHy 2.232 8993 4.003 92.246 0.936

RRC

RRCs 5 2079 8.391 2698 27.137 0.959

Table 1.4: Averages of various deviation criteria and coverage probabilities.

real data analysis given in the previous section, the RRC model is as much good as the FH
model when all the states share common regression parameters. This is an expected result
since the FH is a sub-model of the RRC model. The RRC model can fit any data generated
under the FH model, although it requires an extra computing effort. However, when the
regression coefficients vary across the states, the FH model will be a misspecified model. As
a result, the reported posterior standard deviations for the small area means for some areas
will be underestimates and for other areas, they will be overestimates. Similarly, the credible
intervals of the small area means for some areas will be overly short and for some overly

long.

1.5 CONCLUSIONS

In this chapter, we extended the FH model by replacing the constant model error variance
assumption by a heteroscedastic variance assumption. The heteroscedasticity that we mod-
eled results from the randomness of the regression coefficients in modeling the small area
population means. The heteroscedasticity induced by this assumption models the variance
by an appropriate quadratic function of the covariates. We developed a noninformative HB
procedure for the RRC model. We applied the FH model and the RRC model to predict

four-person family median incomes for the U.S. states. This application and limited simu-
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lation study demonstrate the usefulness of the more general model in better prediction of
small area means. The RRC model may also be a good check on the standard FH model to
see if all areas follow the same regression function (regression plane). Sometimes there are
subsets of areas that may have a different regression relationship with the covariates, such as
due to a missing interaction effect (area and covariate). The RRC model can pick up these

departures and provide a more robust modeling framework.

1.6 TECHNICAL DETAILS

Proof of Theorem 1. In our RRC model, Y; = 0;+¢;, 0, = [ f+2 v, i =1,...,m, where
€1y -y Em, V1,...,Uy, are all independently distributed with e; ~ N(0,D;), i = 1,...,m,
i =12, .., Tip) s p>2, 2= (Lo, ..., 2i)", ¢ > 2, B=(P1,...,0,)", vi w N(0,¥71)
and ¥ is a ¢ x ¢ positive definite precision matrix. We assume that ¢ < p and, if necessary,
Y = M,.... )" @& = (zu, .- xm)™, L = 2,...,p, will be standardized with suitable
locations and scales. We note that U = {9, }1<jr<, and T = {7 }1<j k<, are defined as in
the main text. We consider the noninformative prior given in (1.4).

Without loss of generality, we arrange the data set so that the first p observations lead
to a nonsingular design matrix X, given by X, = [1,, Z.o, ..., Zs|, where 1, is a p x 1 vector
of ones, T = (z17,...,2p)", L =2,...,p. We use these p observations to estimate 3 by b =
XY, where Y, = (Y1,...,Y,)". Let Yo = (Ypi1,. .., Yn)". Note that b3, ¥ ~ N,(3, ®(¥)),
where ® is a p X p positive definite matrix depending on W. Under this model and the prior,

the joint posterior pdf of 8 and Y11, ..., ¥4, Tjr, 1 < j <k < g is given by

Tr(ﬂ?wlh ce 7wqq7 Tjk7 1 S ] < k S Q|Y) = CNp(nga (I)(\D)) H (Dz + Z;F\Ij_lzi)_l/Q
i=p+1
Yi=27B8)* \T1.-a/2 1o -
X exp {_2(Di ST gwjj I(T is p.d.)
m q
< eN,(BIo, @(0)) T (Di+ 270 )2 [ wy? (T is pd), (15)
i=p+1 j=1
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where Y = (Y,...,Y,,)". Integrating both sides of (1.5) with respect to 5, we get

T(V11,s -y Ygq Tikyl < J <k < q|Y)

m q
<c [ (Di+ 270 e) 2 ] v 1T is p.d.) (1.6)

i=p+1 j=1
Note that zf 01z, > zfj/wjj, j=1,...,q. From the m — p small areas, select n,; small areas
for which zfj > 0. We need suitable conditions on ny,...,n,, where 23:1 n; = m — p. By

these observations we have that
[T @+ 270 2) 2 <O +on) ™7 (14, ), (1.7)
i=p+1

We now use (1.7) in (1.6) and transform ;; to u; by u; = w;jl, j=1,...,q, and keep Tj,

1 <j < k <gq, fixed. Then integration of both sides of (1.7) will lead to
/W(@/)n, e gy T, < <k < qY)dhny, . didy,
q 0o
<c]] / uy (1 4 ug) T
j=1"0
=C" < (1.8)

provided =2+ a;/2 > =1, =2+ a;/2 —n;/2 < =1, j =1,...,q, e, a; > 2, n; > a; — 2,
i7=1...,q.

Note that C* is finite and free from 7, 1 < j < k < ¢. Thus, C* will also be integrable
with respect to 7, 1 < j < k < ¢. Consequently, subject to the conditions a; > 2, n; > a,;—2,

j=1,...,q, the posterior pdf for our RRC model will be proper.
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CHAPTER 2

HIERARCHICAL BAYESIAN SPATIAL MODELS FOR SMALL AREA ESTIMATION

2.1 INTRODUCTION

Sample surveys have been useful tools in estimating numerous characteristics of a popula-
tion of interest. However, when it comes to estimating a characteristic of a sub-population, a
design-based direct estimate is usually inaccurate or sometimes nonexistent as the accessible
sample size is small or no sample is available. Small areas refer to these sub-populations which
lack enough sample size to produce reliable estimates. When a small area has no sample,
we call it an un-sampled area. Model-based approach has been widely used in enhancing
the accuracy of a small area direct estimate by borrowing information from direct esti-
mates of other domains and auxiliary information available from other sources. For most
cases, auxiliary information is obtained from other surveys and administrative data. These
are called auxiliary variables or covariates. Model-based estimates are produced by suitably
shrinking the direct estimates to the synthetic regression estimates based on auxiliary vari-
ables. Hence the accuracy improvement greatly depends on how much they are related to
the sub-population characteristic.

Fay and Herriot (1979) proposed a very useful model to develop composite small area
estimates based on direct survey estimates and synthetic estimates of a small area char-
acteristic. Their model, which is essentially a mixed linear model, is widely known as the
Fay-Herriot (FH) model in small area estimation literature. For ¢ = 1,...,m, let Y; be the
direct estimate of the small area characteristic 6; obtained from a survey. Also let x; and 3

be the p-component vector of covariates and p x 1 regression coefficient vector, respectively.
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Then the FH model can be written by

}Qzﬁi—i—ei, Qz:xfﬁ—i—ul, izl,...,m, (21)

where sampling errors ey, ..., e, are independently distributed as e; N (0, D;), and are

independent of random effects, small area effects, u; “ N(0,02), i =1,...,m. This model
assumes that the sampling variances D;, 7 = 1,..., m are known but the regression parameter
(3 and model error variance o2 are unknown quantities.

There has been extensive research on FH model and its variations. Taking the frequentist
approach, Prasad and Rao (1990), Datta and Lahiri (2000) and Datta et al. (2005) derived the
second-order approximation to mean squared error (MSE) of empirical best linear unbiased
predictor (EBLUP) of §; and provided MSE estimators which are asymptotically unbiased.
In the Bayesian framework, FH model in (2.1) can be expressed as the following hierarchical

Bayes model:

Y01, ..., 0m, 8,02 % N(6;, D), i=1,...,m, (2.2)
0;8,02 " N(z¥B,0%), i=1,...,m, (2.3)
m(B,07) o g(8,03), (2.4)

where ¢(-) is a suitably chosen function of 8 and o2, which expresses a prior probability
density function (pdf) for these parameters. Without specifying a prior pdf as in (2.4),
empirical Bayes predictor for §; was originally developed by Fay and Herriot (1979). Datta
and Smith (2003) provided propriety of posterior distribution under the noninformative prior
7(83,02) o< 1. The hierarchical Bayesian approach facilitates uncertainty quantification due to
estimation of unknown parameters, 3 and o2. The uncertainty is fully captured by simulating
the parameters from their posterior distributions by using Monte-Carlo methods.

In model-based small area estimation, small area effects are of great importance for
capturing the remaining variabilities that are not explained by the regression model. In
real applications, small areas generally involve features such as population size, age-group

and education level, which might affect the variability of small area effects. Furthermore,
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when an epidemic prevalence rates are of interest, it is reasonable to assume that small
area effects of adjacent small areas are correlated in a certain way. In such a case, the
FH model given in (2.1) or (2.2)-(2.3), which we refer to as the independent FH random-
effects model, oversimplifies small area effects model by assuming independent and identical
distributions over small areas or different geographical regions. Although benefit from model-
based approach is substantial, it has been known that it can perform poorly under model
misspecification as a domain sample size increases (Rao and Molina, 2015).

In this work, we explore small area estimation models which effectively account for het-
eroscedasticity and spatial dependence of the small area effects. The small area effects are
modeled by four widely used spatial autocorrelation structures. These include conditional
autoregressive (CAR), simultaneous autoregressive (SAR), intrinsic auto-regressive (IAR)
and the spatial model suggested by Rao and Molina (2015) (SRM). We further extend the
spatial models in estimating area characteristics of un-sampled small areas. By specifying
a hierarchical Bayes model, which includes the five models, including the independent FH
model, as special cases, we provide sufficient conditions for posterior propriety under a gen-
eral family of prior distributions. With a noninformative prior on model parameters, we
apply the spatial models to simulated and the Current Population Survey data. The numer-
ical studies indicate that proposed spatial models greatly improve prediction accuracy with

lesser uncertainty.

2.2 SOME SPATIAL ALTERNATIVES TO THE INDEPENDENT FH MODEL

Let Y = (Y1,...,Y,)" be the vector with the direct estimates of m small areas, D =
diag{D;}, be the mxm diagonal matrix with the sampling variances of the direct estimates.
We denote § = (64, ...,0,,)" by the m-component vector with small area characteristics. Also,
let X =[xy, -+, 2,]" be the m X p matrix of auxiliary variables, where z; € R? is the p x 1

vector of auxiliary variables for the i¢th small area. A special case of the hierarchical Bayes
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model given in (2.2)—(2.4) can be expressed as

Y0, 8,02 ~ N, (6, D), (2.5)
018,02 ~ Nn(X 5, 07 1m), (2.6)
m(B,0y) o< 1, (2.7)

where 3 is the p x 1 regression coefficient vector and o2 is the model error variance. We call
B and 02 model parameters. The uniform prior (2.7) on the model parameters is a popularly
used non-informative prior. The resulting posterior density is proper provided that m > p+2
(Datta and Smith, 2003).

From (2.6), it can be seen that 6;, i = 1,...,m are independently distributed with
common random effects variance o2 over the small areas. However, in many cases, the area
characteristic of interest is closely related to geographical factors such as population size,
ethnicity, age-group and education level. In such case, due to misspecified random effects
distribution (independence, in this case), inference based on the hierarchical model (2.5)—
(2.7) may yield erroneous result.

Let W = {w;;}, 1 < i,j < m, be the adjacency matrix which plays an important role
in capturing spatial dependency. In particular, for the m x m adjacency matrix W, w;; = 1
if the sth and jth small areas are connected via a geographical boundary or through other
consideration such as air traffic, and w;; = 0, otherwise. Also, w; = 0 for ¢ = 1,...,m. Let
w; = YL wi; be the sum of the ith row of W and define L = diag{w; }*,. We assume
that diagonal elements of L are positive and we define W = L™'W. We denote by A; the
1th largest eigenvalue of the adjacency matrix W such that Ay > --- > \,,. Since W is a
non-null matrix and w;; = 0 for all the diagonals, we get as a result that 0 € (\,,,, A\1). Let I,,,
be the identity matrix of order m. We consider four different types of spatial dependencies:
specifically, conditional autoregressive (CAR), simultaneous autoregressive (SAR), intrinsic

auto-regressive (IAR), and the spatial model suggested by Rao and Molina (2015) (SRM).
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These spatial dependencies can be represented by the following “precision” matrices:

(CAR) Qa(p) = (In — pW), pe (N0, (2.8)
(SAR) O4(p) = (I — W) (I — W), p (—1,1), 29)
(IAR) Qu(p) = L — oW, pe (~11), (2.10)
(SRM) Qs(p) = pR+ (1 — p)In, p e (0,1), (2.11)

where p is the model parameter that captures the strength of spatial dependence. We call it
the spatial autocorrelation parameter. Here the matrix R is given by R = L — W. The ith
diagonal element of R is the number of neighborhoods of the ith small area, and the (4, j)th
element is -1 if the 7th small area is connected to the jth small areas and 0 otherwise. We
note that the precision matrices are defined without the model error variance parameter o2.

We argued below that each of these precision matrices is a positive definite matrix.

Lemma 1. Let Qi (p) be the precision matriz of the kth model and let I, and uy be corre-
sponding the lower and upper bound of p as in (2.8)~(2.11). Then Qx(p) is positive definite

forp € (lg,ug), k=1,....,5.

The SAR adjacency matrix W is row-normalized so that p is ranging from -1 to 1 while
having the positive definite precision matrix. In doing so, one can also use other types
of adjacency measures such as “length” of the shared boundary (or traffic connecting the
places). The spatial autocorrelation parameter p represents a strength of spatial association.
Figure 2.2.1 graphically illustrates the strength of spatial autocorrelation with the state of
Georgia’s m = 159 counties. Data are generated from N,,(0,,,52{Q3(p)} '), where 02 = 1
and p = 0,0.75,0.85,0.95. Interpretation of this parameter varies from model to model and
its feasible values change across the models. Feasible values of p for each model are listed
next to the model precision matrices Qx(p), k =2,...,5.

Suppose that the ith small area is only connected to jth small area. The CAR model
assumes that ¢; depends only on 6;. In other words, ¢; is correlated with other areas only

through 6;. Similar interpretations hold for the IAR and SRM models. On the other hand,
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Figure 2.2.1: Geographical illustrations of spatial dependencies with various values of p.
Each geographical region corresponds to one of the state of Georgia’s 159 counties. Data are
generated from the SAR model.

the SAR assumes that §; depends simultaneously on other 6;, j # i, but has larger (weaker)
correlations for connected (distant) areas. The independent FH model can be viewed as a
special case of the above class of models with p = 0. For notational convenience, the precision
matrix for the independent FH model is denoted €4 (p) = I,,,, which does not depend on p.

Let us denote the lower and upper bounds for p corresponding to € (p) by I and wy,

k=1,...,5. We consider the following hierarchical Bayes spatial models:
Y16 ~ N,,(0, D), (2.12)
018,02, p ~ Np(XB, 02 {0(p)} ), k=1,...,5, (2.13)
m(B,02,p) < g(a2)h(p), BERP, 02 >0, I} < p < uy, (2.14)
where g(02) and h(p) are suitable functions of 02 and p. Let I(-) be the indicator function

taking the value 1 when its argument is true and 0 otherwise. Then the (joint) posterior

distribution of model parameters is proper under the following conditions.

24



Theorem 2. Under the hierarchical Bayes models given in (2.12)—(2.14), the posterior dis-

tribution is proper if the following conditions hold for some positive constant ¢ > 0:

(a) [;°g(o2)I(0? < c)do? < .

v

(b) fooo(ag)_(m_p)/gg(ag)f(ag > c)do? < oo.

(c) [;* h(p)dp < oo.

Any bounded function of p satisfies (¢) in Theorem 2 as the domains are all bounded.

Consider the following family of noninformative priors:
m(B,02,p) x (62)I(ly < p<uy), BERF a2>0. (2.15)
Under (2.15), we provide the conditions for the posterior propriety in the corollary below.

Corollary 2.1. For any of the hierarchical Bayes model given in (2.12)—(2.13) with the prior

(2.15), the posterior distribution is proper if and only if 1 — (m —p)/2 < o < 1.

We use the prior corresponding to a = 0, which is a uniform prior for the model param-

eters, in our numerical studies.

2.2.1 ESTIMATION OF UN-SAMPLED SMALL AREA CHARACTERISTICS

In this section, we consider the case when there are small areas with no available sample,
which we call un-sampled small areas. In such case, the direct estimates of the un-sampled
areas are missing and thus predictions of the area characteristics of un-sampled small areas
are solely based on synthetic estimators. Here, we propose to exploit spatial dependencies
in predicting area characteristics of un-sampled small areas. Without loss of generality, let
Y1, ..., Yy, bethe direct estimates of un-sampled small areas (unobserved) and Y,,,, 11, ..., Y
be the direct estimates sampled small areas. Also, let my = m — my. Although Y,..., Y},
are unobserved, we assume that the sampling variances of Yi,...,Y,,, would be finite if we

had selected a sample from such a small area. So we assume that D; < oo, i =1,...,m. Let
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Yoy = (Y1,...,Y)" and Yoy = (Yiu41, ..., Y)", and consider the following hierarchical

Bayes models:

YV(2)|9 ~ Nm2 (9(2)a D(2))7 (216)
018,02, p ~ Np(XB, 02 {0(p)} ), k=1,...,5, (2.17)
m(B,02,p) o< (62)“I(ly < p<wuy) for B €RP0< o2 (2.18)
where 0(g) = (Omy41, - .-, 0m)" and Dy = diag{D;}~,, ., are the vector of area character-

istics and the diagonal matrix of sampling variances corresponding Y(z). Under this model,

the posterior pdf is proper under the following condition.

Theorem 3. Under the hierarchical Bayes models given in (2.16)—(2.18), the posterior pdf

is proper if 1 — (m —my —p)/2 < a < 1.

We can directly see that equivalent condition for the posterior propriety is @ < 1 and
m —p — 24 2a > my. Thus, using the flat prior, a = 0, the posterior distribution is proper

as long as the number of un-sampled small areas is smaller than m — p — 2.

2.3 A SIMULATION STUDY

In this section, we evaluate the performance of independent FH model and the four spatial
models by examining their prediction accuracy in the absence of “good” covariates. We
consider various settings of sampling and model error variances. The geographical region of
interest is the state of Georgia with m = 159 counties. Sampling variances D;, 1 = 1,...,m,
are independently generated from the gamma distribution with shape 1.1 and scale 3. We

consider two spatially correlated covariates x; and x5 such that
iid _ .
I'] ~ Nm<0m7 {93(P)} 1)7 J = 172

We consider four different degrees of spatial autocorrelations, p = 0,0.75,0.85,0.95. The

strength of the spatial autocorrelations are graphically illustrated in Figure 2.2.1. For the

26



2

v

model error variance parameter o2, we also consider four values which are proportional to

the average of the sampling variances D, where D = m™! >, D;. Specifically, we use
02=D/8,D/2,D,2D.
For given values of p, 02 and D;, i = 1,...,m, we consider S = 50 replicated data sets

generated as follows. For ¢ = 1,..., m, we generate

02' ZﬁJd N(:uiv 012))7

K‘elu s 70m 7;;’61 N(elaDZ)a

where p; = fixy + Potie, @ = 1...,m, and (B1,02)" = (2,0.5)". This makes x; more
significant than xs.

To examine how the spatial models can capture spatial dependence when one (or both) of
the covariates are un-available for model fitting, we consider L = 4 different combinations of

covariates. In particular, we consider four design matrices given by X; = 1,,, X5 = [1,n, 1],

X3 = [1m, o] and Xy = [l,,, 21, 22|, where 1,, is the m x 1 vector of ones. For each k =
1,...,5, we fit the following hierarchical models:
Y |0 ~ N,(0,D), (2.19)
6|ﬁl70-12)7pN Nm<Xlﬁlvo-12;{Qk(p)}_l)7 [ = 17"'747 (220)
W(ﬂl,(f?],p> O([(lk <,0<’U,k), (221)

where the dimensions of ; agree with the corresponding Xj.

To evaluate predictors, 0, = (ékl e ,ékm)T, k=1,...,5, in terms of prediction accuracy,
we calculate average squared deviation, ASD;, = m™! 27;1(% —0;)?, after fitting the models
above for each replicated data set. To make overall comparisons, we again average ASDy over
the replicated data sets for each k = 1,...,5, which are denoted by AASD;. By setting the
independent FH model’s AASD; as a baseline, spatial models are assessed by the amount of

average improvement defined as

S m
AASD; L i) glo)y2
here AASD;, = — S —0.7)%
AAsD, " ere AASD, 3 E 6, —0.”)

s=1 i=1
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| CAR [Z7] sAR [ IAR

Figure 2.3.1: Ratios of average ASD;, to average ASD; based on 50 replications when there
is no available covariate.

Here, 91(5) is the true value of the ith small area mean based on sth replicated data set; and
é,(;) is the predicted value of 958) of the kth model. Simulation results for the four different
combinations of covariates are summarized in Figures 2.3.1 — 2.3.4, respectively. Reference
lines are drawn vertically at one. Each bar located to the left (right) hand side of the reference
line indicates the corresponding spatial model has a smaller (larger) AASD compared with
the independent FH model’s AASD. The length of a bar represents the percentage decrease
(increase) in AASDy, k = 2,...,5, compared with AASD;.

Figures 2.3.1 and 2.3.2 are illustrating the simulation results with no covariate (intercept
only) and the least significant covariate x7, respectively. When p = 0, the true model is
given by the independent FH model. In this case, spatial models have approximately 0.5%
to 4% larger AASD and we interpret this as a cost of introducing an unnecessary parameter
p. On the contrary, when p > 0, spatial models outperform the independent FH model by

having much smaller AASDs. Figure 2.3.1 shows that the amount of reduction in AASD
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Figure 2.3.2: Ratios of average ASD; to average ASD; based on 50 replications when z; is
unavailable.

increases as the model error variance o2 decreases and the spatial autocorrelation increases.

Specifically, spatial models have approximately 5% to 40% smaller AASD compared with

2
v

the independent FH model. Even when o7 is two times larger than the average sampling
variance D, we can expect 5% to 10% improvement depending on the magnitude of p. This
indicates that spatial model predictors provide better predictions when no good covariate to
explain spatial dependence in 6, ..., 6,, is available.

Figure 2.3.2 displays the simulation results when the good covariate, 1, is unavailable.
It can be seen that the results are similar to those with no covariate, given in Figure 2.3.1.
On average, spatial models have 5% to 40% smaller AASD than the independent FH model.
Although general patterns are analogous to Figure 2.3.1, it can be observed that the SAR
model performs better in this setting. This is possibly due to the fact that z; is generated

under the SAR model.
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Figure 2.3.3: Ratios of average ASDy to average ASD; based on 50 replications when x5 is
unavailable.

The simulation results with x; are given in Figures 2.3.3 and 2.3.4. Figure 2.3.3 sum-
marizes the results when the less important covariate x5 is unavailable. The results indicate
that the meaningful AASD improvements are made only when ¢? is small. Thus, given that
small areas are spatially correlated, the spatial models allow more accurate predictions if
noise (random effect variance) is not too large.

When all the covariates are available, the independent FH model demonstrates the best
performance. Spatial models have larger AASD’s; however, the differences are only up to
about 5%. It is interesting to see that, as o2 increases, the performance of the SRM model
also increases while other spatial models show similar AASDs.

From these simulation studies, we find that if there is any spatial pattern remains after
fitting a model, then the spatial models effectively capture the extra variabilities and yield
better predictions. Although we generate spatial patterns from the SAR model, the SRM

model also shows competitive performances. On the other hand, when there is no spatial

30



Intercept + X1 + X5
p=0.75 p=0.85 p=0.95

p=0
T T
5
1
N
T T
T T
[a]
o
N
T T 1 [ T 1 [

0.98 1 1.02 1.04 1.06 0.98 1 1.02 1.04 1.06 0.98 1 1.02 104 106 0.98 1 1.02 104 106

| CAR [Z7] sAR [ IAR

// SRM|

Figure 2.3.4: Ratios of average ASDy, to average ASD; based on 50 replications when all the
covariates are included in the fitted model.

pattern in the residuals, we find that the SRM model is relatively sensitive to the magnitude

of 0% compared with the other spatial models.

2.4  APPLICATION TO THE CURRENT POPULATION SURVEY DATA

In this section, we evaluate the spatial models in terms of their prediction accuracies for
median incomes. The U.S. Department of Health and Human Services has a cash welfare
program for low-income families in the U.S. as a means of providing energy assistance bene-
fits. In order to make accurate policy decisions, the U.S. Census Bureau utilizes the Current
Population Survey (CPS) data to obtain the direct estimates, Y;, i = 1,...,m, of state-level
median incomes. However, the CPS is targeted to achieve a desired level of accuracy of the
estimate at the national level. Thus, when it comes to estimating state-level median incomes,

available sample sizes for individual states are typically small. We apply our proposed spatial
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ASD ASD-PI APSD APSD-PI
FH 2899 0% 3.879 0%
CAR 2989 -3.12% 3.924  -0.40%
SAR 2.583 10.92%  3.887 0.15%
IAR 2.642 889%  3.792 1.94%
SRM 2507 13.51%  3.575 4.41%

Table 2.1: Average squared deviations and average posterior standard deviations of inde-
pendent FH model and four spatial models. The second and fourth columns represent the
percentage improvements (PI) over the independent FH model.

models to estimate the 1990 state-level four-person family median incomes for all 49 con-
tiguous states including the Washington, D.C. Prediction performances are measured with

data from all 49 states, and, by removing data from some states.

2.4.1 FOUR-PERSON FAMILY MEDIAN INCOME ESTIMATION

Let 0; be the 1990 four-person family median income (median income) of the ith state,
where 1 = 1, ..., m, where m = 49 is the number of contiguous states including the District
of Columbia. The states of Alaska and Hawaii are excluded as they are not geographically
connected. Let Y; be the direct estimate of 8; based on the 1989 CPS. Covariates of interest
are 1980 census median income x;; and an adjusted 1980 census median income x;5. The
adjusted census median income ;5 is defined as (PCI, 1989/PCl; 1979) %1, @ = 1,. .., m, where
PCI; 1979 and PCI; 1989 are the 1979 and 1989 per capita income of the ith state from the
Bureau of Economic Analysis of the U.S. Department of Commerce. We consider the state-
level median incomes obtained from the 1990 census as the true values of 6;, i =1,...,m. It
has been known that the adjusted census median income is a good covariate which accounts

for the variability of the 1990 four-person median incomes.
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Let X = [1,,, 21, 22], where z; = (21;,...,%m;)", j = 1,2. For each k = 1,...,5, we fit
models (2.12)—(2.14). The prior distribution for the model parameters is the noninformative
prior (2.15) with o = 0. After fitting the models, we calculate the posterior means O,
i = 1,...,m, and obtain the average squared deviation ASD = m~' 327" (6, — 6,)® for
k=1,...,5. We also calculate posterior standard deviations of 8; and calculate average
posterior standard deviations (APSD) for each k = 1,...,5. Table 2.1 lists ASD, APSD and
respective percentage improvements. On average, the SRM model has approximately 13%
smaller ASD and 4% smaller posterior standard deviations than the independent FH model.
In terms of ASD, the second best performing model is the SAR having approximately 10%
smaller ASD. In terms of APSD, the IAR model is the second best model with 2% smaller
APSD.

2.4.2 ESTIMATION OF FOUR-PERSON FAMILY MEDIAN INCOME OF UN-SAMPLED SMALL

AREAS

In this section, we evaluate spatial models in terms of un-sampled small area prediction
accuracy. At each instance, we randomly exclude direct estimates of multiple states and
make predictions for the median incomes of the excluded states. As there are 49 small areas,
we have 12 data sets with m; = 4 or m; = 5 missing states, where my is the number of
un-sampled small areas given in Section 2.2.1. Excluded states corresponding to each data
set are listed in Table 2.2. For notational convenience, we denote the median income and
direct estimate of the jth un-sampled area by 6; and Y}, j =1,...,m;.

For each data set, we fit the independent FH model and four spatial models as specified
in (2.16)—(2.18) with a = 0 for (2.18). Then the squared deviations of un-sampled areas
are obtained for each model. Specifically, for j = 1,...,m;, we calculate r,%j = (ékj —6,)%,
where ékj is the posterior mean of ¢; under the kth model with the missing direct estimates
Yy, ..., Y,,. Each panel displayed in Figure 2.4.1 illustrates the following quantities:

Thi

i =1—— 1=1,...,m, (2.22)
T
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Figure 2.4.1: Relative squared deviations. Blue and red color schemes represent positive and
negative values of the performance measure 7y;.

where £ = 2,...,5. A negative value of 7 is in favor of the independent FH model and
depicted as value red color schemes. On the other hand, a positive value of n;; indicates that
the kth model has a smaller squared deviation on the ith small area. The darker the color
is the larger the larger the absolute value of ny; is.

The top left panel indicates that squared deviations of the CAR model are smaller than
that of the independent FH model at 20 states. There are 8 states which have more than 50%
smaller squared deviations. However, there are 11 states which have more than 50% larger
squared deviations. Hence, the independent FH model does better than the CAR model on

this analysis. The results with the SAR model are illustrated at the top right panel. It has
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Set 1 Set 2 Set 3

MS OK AR SD | DE AZ CO TN |WV MD NV MI
Set 4 Set 5 Set 6
NC MT NY NE | ID ND DC GA | MO VT WY AL
Set 7 Set 8 Set 9
LA UT FL WA MN MA TX SC|KY RI VA WI
Set 10 Set 11 Set 12
IN IL PA NH|CA ME OH NJ|OR KS NM IA CT

Table 2.2: Excluded small areas for each data set.

smaller squared deviations on 35 states and 13 of them are more than 50% smaller. There are
only 3 states with more than 50% larger squared deviations and these are the states of Utah,
Louisiana and New Hampshire. The IAR model outperforms the independent FH model in
33 states and more than 50% smaller squared deviations in 16 states. On the contrary, in
the states of Nevada, Utah and New Hampshire, the independent FH model has more than
50% smaller squared deviations. Overall, it performs similarly to the SAR model while the
results are more volatile than the SAR model. The bottom right panel demonstrates that
the SRM model is more volatile than the TAR model. In 23 states, it has smaller squared
deviations and 21 of them have more than 50% smaller squared deviations. On the other

hand, there are 18 states with more than 50% larger squared deviations.

2.5 (CONCLUSIONS

In this chapter, we proposed alternatives to the independent Fay-Herriot model for the
estimation of spatially correlated small area means. In particular, four spatial models with
different autocorrelation structures were considered under the hierarchical Bayes framework.

We further extended the spatial models to allow multiple missing un-sampled small areas
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in predicting small area characteristics. With a family of noninformative priors, posterior
proprieties of the proposed models were established.

The simulation study presented in Section 2.3 suggested that prediction accuracy can
be greatly improved by considering spatial models under the absence of good covariates. It
has been noted by Datta et al. (2011) that the prediction accuracy of small area estimation
models largely depends on the availability of good covariates. In other words, when good
covariates are unavailable, we may not gain much from model-based approaches. The sim-
ulation results indicated that, in that event, the spatial models significantly improve the
prediction accuracy by exploiting information from adjacent areas.

In Section 2.4, we applied the spatial models to four-person family median income estima-
tion. Even when a good covariate exists, the spatial models exhibited noticeable performance
in terms of squared deviation and posterior standard deviation. Furthermore, the SAR and

IAR models provided more precise estimates in estimation of un-sampled small area means.

2.6 TECHNICAL DETAILS

Proof of Lemma 1 . Recall that Ay > --- > ), are the eigenvalues of W. Thus, for
p€ (A AY), we have 1 — pA; > 0 for all i = 1,...,m. This implies that Qy(p) = I — pW
is a positive definite matrix for p € (A1, A7h).

Let Ay > --- > A, be the eigenvalues of W. Since W is a stochastic matrix, i.e., W1, =
1, and w;; > 0, all its eigenvalues will satisfy |/~\Z| < 1 and at least one of them is one. Note
that, for p € (—1,1), we get |pA;| < 1, implying 0 < |1 — pA;| < 2. Thus the eigenvalues
of I — pW are all non-zero, not exceeding 2 in absolute value. This results in the positive

definiteness of Q3(p) for all p € (—1,1).
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Now for Q4(p), we note that for t = (t1,...,t,)",

" Qu(p)t = (1 — sz 2+ pz > (i —t) wy (2.23)

zlz<]

=(1+p) Zw,tQ—pZZ (ti +t5)%w;;. (2.24)

i=1 i<y
The right hand side of (2.23) is non-negative for 0 < p < 1 for all ¢t € R™, and (2.24) is
non-negative for —1 < p < 0 for all ¢ € R™. Thus the quadratic form ¢t*Q4(p)t is non-negative
definite. Furthermore, for —1 < p < 1, t"Q4(p)t = 0 implies ¢t = 0,,. Hence Q4(p) is positive
definite for —1 < p < 1.

We noticed that ©4(1) is a non-negative definite matrix, where Q4(1) = R. Thus Q5(p) =
P (1) + (1 — p)I is a positive definite matrix for 0 < p < 1.

O

Lemma 2. Let Q(p), k = 1,...,5, be the precision matrices given in (2.8)—(2.11) and let
Tki(p) be the ith eigenvalue of Qu(p) such that Tk1(p) > ... > Tem(p) > 0. Then, for each
k=1,....5,

sup sup 7(p) < oo,
1<i<m [ <p<uy

where . and uy, are the lower and upper bounds of p corresponding to Qi (p).

Proof of Lemma 2. Recall that for \! < p < A\[', Qu(p) = I, — pW is positive definite.

Since tr(W) = 0, we have tr{Qs(p)} = m. This implies Y ", 79;(p) = m < oo, and therefore

sup  sup  Tai(p) < oo.
I<i<m \Dl<p<ar?

For the SAR model, Q3(p) = (I, — pW)*(I,, — pW) and it is positive definite for —1 < p < 1.

Let ;; be the (i,7)th element of W. As || < 1, we have

tr{Qs(p)} = m + p? tr(W*W ZZ@Q
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This implies that 73;(p) < 2m for 1 <i <m, —1 < p < 1, and thus,

sup sup T3(p) < oo.
1<i<m —1<p<1

Since Q4(p) = L — pW for the IAR model, tr{Q4(p)} = tr(L). We note that tr(L) is free
from p and tr(L) = 37, 37" wi; < m? Hence 74(p) < m? for 1 <i <m, —1 < p < 1,

and

sup sup T4(p) < oo.
1<i<m —1<p<1

Lastly, consider Qs(p) = p(L — W) + (1 — p)I,, for the SRM model. For 0 < p < 1, Q5(p)

is positive definite and

r{Qs(p)} = ptr (L) + (1 —p)m=p Y > wij +m(l—p)

=1 j=1
< pm*+ (1 —p)m < m?.

Thus 7;(p) <m? for 1 <i<m, -1 < p <1, and

sup sup Ts(p) < o0.
1<i<m 0<p<1

]

Proof of Theorem 2. For notational convenience, we denote Q(p) and 74;(p) by € and
7;, respectively, and § = max; D; < oo. Let PT be an orthogonal matrix of eigenvectors of
Q1 such that Q' = PT-'P" where T = diag{7;}!", and let y* = Py, X* = P"X. Then,

for a generic constant K,
2 < 2 _ o p2 .
f(yu 07 67 Uva p) — Kg<o-v)h(p) €xp { 25 Z(yl 61) } (2 25)

x |27 |72 exp {—%(9 — XB)" (o2 (0 — X@)} . (2.26)
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Integrating both sides with respect to 8, we get

/ £(3.6, 8,02, p)d8

<Kg(o2)h(p)|dL, + a2Q 772 exp {—%(y — XB)" (8L + 020 My — Xﬁ)}

—Kglo H{é T exp{ L~ X B (O + 02Ty - X*B)} |

Suppose the rows of X* corresponding to distinct p indices {i,...,7,} € {1,...,m} are

linearly independent. We denote these rows by x*, k =1,...,p. Then we get from the last

lk7

displayed expression

/ F(y.0, 8,0, p)do

1~ (45, — 237 B)?
<Kg(o H{5+0 N 1/2€XP{_§ W :

k=1 v Zk

Integrating both sides with respect to 3, we get that

[ fwb.p.0 005 < Ko@) T[ @o+oiny 2
1¢{i1,...,ip}
We note that for any ¢ and some positive number N,

{6+ 02y V2 < 67 1(02 < N) 4+ 0M2(02) (02 > ),

where v is a constant satisfying sup;<;,,, sup_;,.1 7i(p) = v, k = 1,...,5. We note that

v<oo, k=1,...,5 by Lemma 2. Hence,
I[[ 6+07"y? < KI(o} < N)+ K(02) " P2I(o} > N)
Using (2.27), we get
/ f(y,0,8,0%, p)d0dB < Kg(o2)h(p) {I(02 < N) + (03)" " P/21(07 > N)} .
This indicates that, if
/z h(p)dp < oo, / I(0? < N)do? < oo
K
and / (02)~ 20 (62) (02 > N)do? < oo,
0

then the posterior pdf is proper. O
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Proof of Corollary 2.1 . The result is directly obtained by Theorem 2 as follows. Since
h(p) = I(lx < p < ug) is integrable, it suffices to show the integrability of g(c?) = (02)~°.

We know that

N o0
/ (Ug)_ad@% < oo and / (02)—(2a+m—p)/2dag < 00,
0

N v
if « < 1 and (2a +m — p)/2 > 1, respectively. Thus the posterior pdf will be proper if
l—(m—-p)/2<a<l O

Proof of Theorem 3. Let Y(;) and Y(3) be the m; x 1 and my x 1 vectors with direct esti-
mates corresponding to the un-sampled and sampled small areas, respectively. Without loss
of generality, we assume that Y7,...,Y,, and 0y, ...,6,, are arranged so that ¥ = (Y&), Y(;))

and 6 = (6f}),0%))". Let D) = {D;}~, , be the diagonal matrix with sampling variances

corresponding to the components of Y(5) and ¢ = max,,, <j<m D; < 0o. For notational conve-
nience, we denote (p) and 74;(p) by Q and 7;, and a generic constant will be denoted by
K.

The joint pdf of Yjg), 0, 3,02 and p is given by

f (W2, 0.8,05.p) = N, (Y2)02), Di2)) N (0] X B, 020 ) g(02) R (p), (2.28)

where N (y2)|0(2), D(2)) is the normal pdf with the mean 65 and covariance matrix D).

Since

1
N, (Y(2)|0(2), D2)) < K exp {—%(y@) —02))" () — 9<2>)} :

we have
1
(0, 8,07, ply)) < K exp {—%(y(a) —012))" (y2) — 9(2))} N (01X 8,029 )g(o3)h(p)
= K/eXp {—— (y—0)"(y - 9)} dy(y N (0] X 8, 022 ) g(02) h(p). (2.29)

By integrating both sides of (2.29) with respect to 6, we get
1 1y
m(B, 05, ply) <Kg(o3)h(p) /eXp {—5(3/ — XB)" (61 + 0327 )y — Xﬁ)} dyq). (2-30)
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Partition X as X = [Xj, X5]", where XT is my x p and X3 is my x p. We assume that
rank(Xp) = p. Let d = (0, 1,y (2)>Ta ¢ = (y(T1)a6T)T and

Then, we can write
y-XB=d-Go
where G is m x (my + p), ¢ is (my + p) x 1. Hence, (2.30) can be written as
7(B.0% pluw) < Ko(ohlp) [ NaldIGo. 51+ 200 )y, (2:31)
By integrating both sides of (2.31) with respect to 5, we get
(o2, ply) < Kg(o /N (d|Go, 01, + o2 de. (2.32)

Let PT be an orthogonal matrix of eigenvectors of Q7! such that Q' = PT~!PT, where

T = diag{r;}*,. Also, let d* = P"d and G* = P"G. Then, we can write (2.32) as

(02, ply) <Kglod)h(p) [[ (6 +oir )12

i=1
1
X /exp {_ﬁ(d* — G*¢)* (61, + 02T 1) Hd* — G*gb)} do. (2.33)
Since rank(Xs) = p, we know that rank(G) = my + p. We choose b = m; + p indices

{i1,...,ip} C{1,...,m} such that corresponding rows of G* are linearly independent. Sup-

pose these rows are g;*, ..., g;*. Then
1 1 b d* T*¢)2
—Z(d* — G5 2T71 =1/ g% vk < =
/exp{ S(d = G*¢)" (0L + 7T 7N (d G¢)}d¢_/exp{ 221—%%7% }dd)
b
= H (6 + o7, V2. (2.34)

Using (2.34) in (2.33), we get
(s, plye) < Kg(ai)h(p) H {6+ o0 1}

Now, the result follows by Theorem 2 and Corollary 2.1.
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CHAPTER 3

MEASUREMENT ERROR IN SMALL AREA ESTIMATION: FUNCTIONAL VERSUS

STRUCTURAL VERSUS NAIVE MODELS

3.1 INTRODUCTION

Small area estimation methodology benefited immensely from Stein’s shrinkage estimation
to develop reliable small area statistics by borrowing strength from the direct estimates of
the other areas and appropriate auxiliary variables available for all the areas. A part of the
variability of the population small area means is explained through some regression model
based on the auxiliary variables. The regression model connects the direct estimates from the
survey data with the auxiliary variables to construct indirect “synthetic regression estimates”
of the small area means used in shrinkage estimation.

In many cases, auxiliary variables are often subject to sampling or measurement errors as
they obtained from another surveys. Thus blind using these auxiliary variables as covariates
ignoring measurement error may produce misleading results. In this chapter, we compare
two small area models which account for measurement errors in covariates and Fay-Herriot
(FH) model focusing on their predictive performance for small area characteristics. We make
comparisons by deriving analytic expressions of the first order mean squared errors.

Let z;’s and ¢ be covariates without measurement error and respective regression param-

eter vector so that the FH model can be written as

Y;:Hi%—ei, HZ:ZZT(S—FU“ izl,...,m, (3].)
where e; nd N(0,D;) u; w N(0,02%). Note that D;, i = 1,...,m, are assumed to be known.

Let X; be a covariate which is itself taken from another survey. By simply ignoring the
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sampling error in X, treating it like the covariates in z;, (3.1) can be written as
Y; :‘gi+€i7 02 :ﬂNXi+Z;6N+Ui7N, (32)

which we call naive FH model. To distinguish the naive FH model from the measurement error
models to come, the subscript V is added to the random effect u; y and regression parameter
vectors Oy and dy. The model incorrectly assumes common random effect variance og over
small areas although with heteroscedastic sampling error in X;. Hence, (3.2) is misspecified.

Fore=1,...,m, let x; denotes the population characteristic being estimated by X; with
sampling error n;, where the »; N (0, C;) with known measurement error variance C;. A
generalization of the model (3.1) to include the covariate X; while accounting for its sampling

error 1s

If the z; are assumed to be fixed unknown quantities, then the model defined by (3.3)-(3.4)
is known as the functional measurement error (FME) model. This model is discussed by
Fuller (2009) and has been studied for small area estimation by Ybarra and Lohr (2008),
Arima et al. (2015, 2016) and Arima et al. (2017). Analogous unit-level measurement error
models for small area estimation have been studied by Ghosh and Sinha (2007), Datta et al.
(2010), and Arima et al. (2012).

Another measurement error model of interest specifies a model for x; in (3.4) which implies
bivariate models for (0;, z;)" and (Y;, X;)". This is known as a structural measurement error
(SME) model. If z; follows the regression model x; = z1.0, + v;, with covariate z,; and error

term v; < N(0,0?%) independent of u;, then the resulting model for (V;, X;)™ can be written
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as

zr Bar ) u; + Bv; €
—- -

= , (3.6)
i 0 Zgz 533 U; i
where
ei_ iid _Di 0
~ Ny(0,Q), Q= (3.7)
i | 0 G
Ui + 5“%'_ ii —UZ + oy o
YN, (0,8), ¥ = . (3.8)
vi i Bo; oy

This model differs from a standard bivariate FH model in that the parameter 5 affects both
the regression mean function for Y; and the random effect covariance matrix . However,
if the covariates z,; are linear functions of the covariates z;, then the fixed effects regres-
sion part of (3.6) can be re-parameterized to unrestricted linear regression effect [2]0,, z7;0,]
with regression covariates z; for the first equation and z,; for the second. With this repa-
rameterization, § no longer affects the regression fixed effects, so the matrix ¥ can then be
re-parameterized in the general form ¥ = {0j;};x, or by 011, 092, and p = 012/,/011022, as

57 037 ) and (0117 092, 012) or (011, 092, P)-

there is now a one-to-one correspondence between (o
Two instances where this condition on z,; holds are (i) if the regression covariates are the
same in both equations, z,; = z;, or (ii) if z,; is just an intercept term, z,; = 1 and z; also
includes an intercept.

Datta et al. (2018) study the area-level SME model, while Huang and Bell (2012) present
a study examining use of general bivariate models for small area estimation. Analogous unit-
level models have been studied by Ghosh et al. (2006) and Torabi et al. (2009). Fuller (2009)

and Buonaccorsi (2010) discuss additional measurement error models including nonlinear

models and the Berkson model.
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In this chapter, we compare the FME and SME models with the naive FH model by
examining their first order prediction mean squared errors (MSE). Note that the FME and
SME models design the relation between the true unobserved quantities 6; and z;, whereas the
naive FH model models the relation between 6; and the observed X;. The X, ..., X, contain
noise in the form of generally heteroscedastic sampling error, and this heteroscedasticity
produces the naive FH model’s misspecification noted earlier. An interesting finding of this
study is that, when the true model is given as the FME model, naive FH predictors can have
lower MSE than the FME predictors, although it is a misspecified model.

The rest of this chapter is organized as follows. Section 3.2 summarizes theoretical findings
for the three models. These include finding the probability limits of three models’ parameter
estimators and derivations of asymptotic prediction MSEs under the FME and SME models.
Detailed derivations of these results are provided in Section 3.6. In Section 3.3, we compare
theoretical MSEs of three models’ predictors with various parameter values assuming a true
SME model. In Section 3.4, MSE comparisons are made using the American Community

Survey data. We summarize our findings in Section 3.5.

3.2 THEORETICAL RESULTS

To facilitate interpretation of the results, we present the simplest possible versions of the
models outlined in the introduction. Specifically, the vector of non-measurement error covari-
ates reduces to just an intercept term, i.e., z; = 1. We note that all the derivations given in
Section 3.6 are based on the general models.

To revert to standard notation, we use « for the intercept coefficient instead of 4, so the

simplified model for 6; in the FME and SME models given in (3.3) becomes

For the SME model, we assume that z; YN (i, 02) so there are no regression terms other

than the mean g in the model for x;.
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For the naive FH model (3.2), the simplified model for 6; becomes
0; = an + BN X + ui N (3.10)

where, as before, we use the “/N” subscript to distinguish the coefficients and random effects
in the naive model (3.10) for 6;, since this model differs from (3.9) by substituting X; in
place of x;.

We find that the estimators for o, 8, and o2 are the same for the FME and SME models
even though they are obtained from different estimating equations. Please see equations
(3.17) and (3.18) versus equations (3.34)—(3.36) in Section 3.6 for detailed derivations. These

estimators are given by

B _ m i=1 ) ,
%EZL(XFX)Q—C
& = Y —BX,
1 & . _
A2 g —_— Y;—A— XZQ_D_ 20
o o= —D (i—a-pX) g,

where X = m™! Yo, X;, with analogous definitions of Y, and D. For fitting the SME

C,
model we also have i = X and 62 =m~'Y " (X; — X)* - C.
Theorem 4. For fitting the FME and SME models given by (3.3)-(3.4) and by (3.5)—(3.8),

respectively, but simplifying 26 to just the intercept o, we have the following:

P
Lo

u

B8, atra, 6
where —2 denotes convergence in probability under the true model (whether FME or SME).

Theorem 4 indicates that they are consistent for the true model parameters. The consis-
tency thus holds for these estimators regardless of whether the true model is the FME or
the SME. These statements also hold for the more general version of the models considered

in Section 3.6.
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The parameter estimator for fitting the naive FH model with the simplified model for 6;

as in (3.2) are given by

M

1
m

L

@™
2
I
A/~

=

o i (Xi = X)
Gy = Y —pBnX,
) 1 & ) A ~
Tan = EZ(YE—@N—@NXiV—D'

1

1

The probability limits of these estimators are given in the following Theorem.

Theorem 5. For fitting the naive FH model in (3.2), but simplifying 2z to just the intercept

«, and when the corresponding FME (SME) model is true, we have the following:

By L5 aB, any 2 a+ (1 —a)pz, 6571\, L5 62+ af?C, under the FME model

By s a.B, an s a+ (1 —a,)pxz, 65,N 25 02 4 a,8°C, under the SME model

»

where T =m~' 3" x; and the “attenuation factors 7 a and a. are given by

2 2
s o

a = — a*: —
’ o2+ C

(3.11)
with s = limy, o m™ Y it (xi — T)?.

The result Sy —= af is the well-known attenuation of the estimate of the regression
parameter when measurement error is ignored. Please refer Theil (1971) for the FME case
and Fuller (2009) for the SME case. The limit for &} 5 shows that the naive FH model inflates
the estimate of the model error variance o2 for the true FME (SME) model by the amount

a3?C' (a,3?C) due to the failure to account for the measurement error.
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3.2.1 SMALL AREA PREDICTORS AND THEIR MEAN SQUARED ERRORS

The predictors of 6; for the three models are given below. We note that any of these predictors

will be used whenever the corresponding model is assumed regardless of the true model.
: Di{Yi—a - fx:}
FME predictor : 6, p =Y, — -
D; + 62 + 52C;
Dy {Yi — &= BX; + B(C/ (8% + C)) (X, = X) }
D; 4 62 + (2C;62/ (62 + C;)

A D, {Yi - ay - Ay Xi |
naive FH predictor : 0,y =Y, — D, & &Z,N .

A

SME predictor : 6,5 =Y; —

These are the empirical versions of the optimal predictors (best linear unbiased predictors)
under their respective assumed models. The FME predictor éz r is given by Theorem 1 of
Ybarra and Lohr (2008), and QAZ ~ is the predictor of Fay and Herriot (1979) for the naive
FH model.

Several special cases are worth noting from above predictors. First, as D; — 0 all the
predictors converge to the direct survey estimate Y;, and since its sampling variance is going
to 0, all the predictors achieve design consistency. Second, if C; = C, it can be seen that the
SME and naive FH predictors agree whereas the FME predictor generally remains different.
These statements are also true for the more general model considered in the Section 3.6.
Third, it can be seen that as 62 — oo, the SME predictor converges to the FME predictor.
The same holds as C; — 0, which implies that x; is known in the limit. We can put these
together and say that the SME and FME predictors behave similarly when C;/o? is small.

It can be shown that 9}75 can be obtained by taking éz r and replacing X; in the numerator
of the fraction by E(z;|X;) = X; — {Ci/(62 4+ C)}(X; — X), and C; = Var(X; — ;) in the
denominator of the fraction by Var(z;|X;) = C;62/(62 + C;), where these are the conditional
mean and variance of x; given X; under the estimated model.

Table 3.1 summarizes the first order biases and prediction error variances of the three
predictors assuming the FME model is true. This gives a realistic approximation for the case

when m, the number of small areas, is large. The FME and SME model predictors then use
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Prediction model Bias Prediction error variance
(02482C4)D;
—BD:C; 7 D2[(s2+C;)+B2s2C2 /F;
SME L2l (4, — 1) D; — DO 5 3CH /1)
— 2 _
naive FH —BDi(1—a) (04+aB2C)D; ( BD; ) CL(CLCi _ C)

FrapiCrr; (i~ )

02+aB2C+D; 02+apB2C+D;

Table 3.1: Biases and prediction error variances when the FME model is true.

Prediction error variance = MSE

Prediction model
FME
SME
| gion

(02+B%Cy)D;
o2 +p2Ci+D;

D? 2+C¢
DZ _ 4 (O;* )

2
BD; 2
(Ug+a*52é+Di> a,(Ci — C)

Table 3.2: Prediction error variances when the SME model is true

the true values of «, 3, and o2, while for the naive FH model predictors, the limiting values

of ay, ﬁN, and 5712% ~ as shown in Theorem 5 are used. Table 3.1 entries for the naive FH

model use the quantity

Table 3.2 gives the results for the case when the SME model is true. In this case all
the predictors are unbiased in the sense that E(éZ — 6;) = 0. Hence, the table just gives the
prediction error variances, which are also the MSEs. For F}* in Table 3.2, we substitute o>

for s2 in the expression (3.12), analogous to the definition of a, in (3.11). Several points are

Fy = (02 + Dy)(s2 + C;) + 32s2C;.

worth noting about the results of Table 3.1 and Table 3.2.

20
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The results for the FME predictor are the same in both cases, i.e., whether the FME
or SME model is true. To achieve unbiasedness under the assumption that the x; are
fixed but unknown quantities, the FME predictor eliminates them from the prediction
error. Hence, its prediction error results are not affected by whether the x; actually are
fixed and unknown or are random variables following some distribution, as the SME

model assumes.

When the FME model is true, the biases of the SME and naive FH predictors are
proportional to (z; — &), which is unconstrained, and so can be arbitrarily large in
magnitude. Hence, for areas where |x; — Z| is large, the squared bias can dominate the
prediction MSE. Since the z; are unobserved, it will typically be difficult to estimate
the squared bias (unless the C; are small so the X; are very good predictors of the z;,

in which case the motivation to use a measurement error model diminishes).

The MSEs in Table 3.2 can be obtained by taking the expressions for squared bias plus
prediction error variance from Table 3.1 and substituting o2 for s2 and for (z; — )%
This is the difference between assuming the x; fixed and unknown versus assuming
2, XN (i, 0%). Notice that doing this for the SME predictor results in cancellation of
a term and the simpler expression for the MSE when the SME model is true. It also

results, after a little algebra, in a simplification of the formula for the MSE of the naive

FH predictor.

As noted earlier, if an area has C; = C then the SME and naive FH predictors agree.
Hence, when C; = C, the biases and prediction error variances of the SME and naive

FH predictors are the same.

When the SME model is true and when C; = C, the “reported MSE” for the naive FH
model will agree with the true MSE. The reported MSE is the MSE one would compute
assuming the naive FH model to be true, and is given by the first term in the naive FH

MSE expression in Table 3.2. The second term is obviously zero when C; = C'. We can
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thus see in this case that when C; > C' the term in brackets is positive so the reported
MSE understates the true MSE, while when C; < C' the term in brackets is negative
so the reported MSE overstates the true MSE. The misspecification of the naive FH
model when the SME model is true (and the C; are not constant) can thus lead to

substantial misstatement of the MSEs except for areas for which C; is close to C.

An implication of points (IV) and (V), and the analogous result stated earlier for the
point predictors, is that if C; = C for alli = 1,. .., m, then the prediction results for the SME
and naive FH models are the same. This provides some basis for the statement sometimes
made that measurement error in covariates doesn’t affect model prediction. Put another way,
this statement is true only if the C; are constant for all areas, and only when comparing
prediction results for the naive FH model to those for the SME model. Prediction results for

the FME model will be different.

3.3 MSE COMPARISONS OF ALTERNATIVE PREDICTORS

We now compare the performance of the three alternative model predictors using simulated
data from a true SME model. Comparisons are made by considering a range of values for the
model parameters and D; and C; values. We use the MSE results of Table 3.2 and examine

percentage differences in MSEs

MSEy
100 (MSES - 1) (3.13)

for comparing MSEs of the FME and SME predictors. We similarly define the analogs to
(3.13) for comparing MSEs for the naive FH and FME predictors, and for the naive FH and
SME predictors, as well as for comparing the reported and actual MSEs of the naive FH
predictor. We denote the reported MSE for the naive FH predictor by MSE ~- We assume
that the SME model is true model as this facilitates the comparisons. Assuming true FME

model leads to the complication that the MSEs for the SME and naive FH models depend
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on x; which has unrestricted variation over areas. This is examined in Section 3.4 using the
American Community Survey data.

For making relative comparisons as in (3.13), the scale of the data does not matter, so
rescaling Y; and X; to Y;/o, and X;/o, will not affect these comparisons. These rescalings
reduce the number of varying parameters to consider by two, which lets us express o, ? times
MSEpr, MSEs, MSEyN and mN, all computed assuming the SME model is true, in
terms of the following four scale invariant quantities:

Di O’L r
'p=—, Tc= =, P— COI"I"(QZ',ZL‘Z‘)7 e =
(o) 0z

(3.14)

qu| Q

The Section 3.6.3 illustrates such re-expression for the calculation of MSEg/a?. To simplify
the notation, we omit the subscript ¢ from rp and r¢. To compare MSESs, we examine contour
plots over (rp,r¢) for each of the MSE percentage differences defined as in (3.13), viewing
the MSE percentage difference as a function of (rp,r¢). We examine such plots for fixed
values of p and 7, which do not vary over i. Figure 3.3.1 gives contour plots of (3.13) for
p = 0.3 and p = 0.7. The z- and y-axes of the plots, representing the values of rp and
ro, range from 0.1 to 10, and are shown with log;q scaling. We need not set 7o for these
comparisons because M SEr and M SEg do not depend on C. The percentage differences are
all positive, favoring the SME model which here is assumed to be true, and the differences
increase with both rp and ro so that the more sampling or measurement error is present,
the larger is the advantage to use of the SME predictor. When either rp or r¢ is small, say
generally below 1, the MSE percentage differences are small as no contours show up plotted
in this area, and choice of model has little effect on prediction accuracy. In fact, when both
rp and r¢o are sufficiently small the FME and SME predictors are both close to the direct
estimator Y;, leading to small MSE differences, a pattern repeated in subsequent graphs.
Towards the upper right corner, the MSE percentage differences become substantial in both
graphs, and the difference is larger for p = 0.7. Analysis for M SEr/MSEg reveals that, for

given values of ro and rp, the MSE percent differences increase with p > 0 to the point,

where p = {1+ rc/\/(1 +7c)(1+7p)} /2 and then they decline to 0 as p increases to
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Figure 3.3.1: Contours of 100(MSEr/MSEs — 1) for two values of p when the SME model
is true.

1. Over the range of values [1,10] for ro and rp, this maximum point varies from about
p = 0.57 to p = 0.91. Note that the results for p and for —p would be the same since the
MSEs actually depend on p?.

For the other MSE comparisons, which are shown in Figures 3.3.2-3.3.4, the percentage
differences depend on all four quantities in (3.14). To get a general idea of how the com-
parisons vary, we take p = 0.7 as a representative value, and examine contour plots for
7c = 0.1,1 and 10. Figure 3.3.2 shows contour plots of (3.13) for the naive FH and FME
predictors. In these plots, we see both positive and negative contours, indicating regions
where the FME predictor does better, and other parts where the naive FH predictor does
better. The patterns in these plots can be understood by keeping in mind that: (1) for small
values of r¢, the FME predictor acts like the SME predictor, which here is optimal, so the
FME predictor performs well and (2) for r¢ close to 7o the naive FH predictor acts like the

SME predictor and so performs well. Thus, in the plot for 7 = 0.1, both the FME and
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Figure 3.3.2: Contours of 100(M SEN/MSEr — 1) for p = 0.7 and 7c = 0.1,1 and 10 when
the SME model is true.

naive FH predictors perform similarly to the optimal SME predictor for small values of r¢,
so there is little difference in their MSEs. Apart from this case where both perform well, the
naive FH predictor performs better when r¢ is sufficiently close to 7¢, where the meaning
of sufficiently close depends on the values of 7o and 7p.

The results in Figure 3.3.2 showing that for certain regions the naive FH predictor has
lower prediction MSE than the FME predictor. As the true model is the SME model, the
naive FH model is misspecified since it ignores the measurement error in X;. In contrast, the
FME model accounts for the measurement error in X;. Since it makes no assumptions about
the x;, it is not inconsistent with the true SME model. In fact, as we move towards larger
amounts of measurement error overall (larger values of 7¢), the MSE advantages of the naive
FH predictor become more substantial and cover larger ranges of the r¢c and rp values. The

general explanation for this is that, when measurement error is substantial, the FME models
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Figure 3.3.3: Contours of 100(MSEN/MSEs — 1) for p = 0.7 and 7 = 0.1,1 and 10 when
the SME model is true.

avoidance of any modeling assumptions about the x; can lead to rather inefficient use of the
data X; while the naive FH predictor makes suboptimal but better use of the X; unless r¢
is very different from 7.

Figure 3.3.3 gives contour plots of 100(MSEy/MSEgs — 1), comparing MSEs for the
naive FH and SME predictors. Since the SME model is assumed be the true model, all the
contours shown are positive indicating naive FH has uniformly larger MSE. Each plot shows
zero contour at ro = 0.1,1 and 10, and these zero contours occur as horizontal lines when
r¢ = Tc which is when the naive FH and SME predictors agree.

Apart from this, the plots for 7 = 0.1 and 1 show substantial positive contours for large
values of r¢ that also increase with rp, while for 7o = 10 the substantial positive contours

occur for small r¢ as rp grows large.
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Figure 3.3.4: Contours of 100(]\75\EN/MSEN — 1) for p = 0.7 and 7¢ = 0.1, 1 and 10 when
the SME model is true.

Figure 3.3.4 gives contour plots of the MSE percentage difference of the reported and
actual MSEs for the naive FH predictor. As with Figure 3.3.3, the three plots should show
zero contours at the values rc = 0.1,1, and 10, respectively. In these plots the regions
above the zero contours have negative values that reflect understatement of the true MSE
by the reported MSE, while the regions below the zero contours have positive values that
reflect overstatement of the true MSE. The first two plots show regions for ro > 7o with
significant understatement of the true MSE, while the second two reflect at most very minor
overstatement of the true MSE when ro < 7. This pattern remains when the axis ranges
are expanded to include larger values of rc and ro. While further extrapolation of these
results to more general cases than those considered here is questionable, they nonetheless
suggest that understatement of MSE by the naive FH model may be a potentially more

serious problem than overstatement.
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3.4 APPLICATION TO COUNTY-LEVEL POVERTY RATE DATA

The previous section compared MSEs of the SME, FME and naive FH predictors across a
range of D;, C; and model parameter values. In this section, we fit the models to American
Community Survey data to examine realistic behaviors of the models. In particular, we
consider modeling county poverty rates of school-age children for the U.S. counties.

We fit the SME and FME models to the data, and then use the theoretical expressions
given in Table 3.1 and Table 3.2 to obtain small area prediction MSEs for the three alternative
model predictors. For each of which, we consider a fitted model as the truth. For the FME
model, we generate the true covariate values x; from the N(0,52), where 62 is obtained from
the fitted SME model. We note that the purpose of using the poverty rate data is to illustrate
the results obtained in Section 3.2 rather than producing poverty estimates.

The American Community Survey (ACS) is the largest U.S. household survey. the ACS
produces annual estimates based on one year or five years of data collection, and we use
the 2007-2011 aggregated county-level data with m = 3129 counties after removing missing
values. We consider the estimates of county-level school-aged children poverty rates as the
primary response variable Y; and the total county poverty rates as a covariate X; which is
subject to measurement error. For D;, C;, we use estimates of the sampling variances of the

school-aged children poverty and total poverty rates, respectively.

2

x?

We first assume the SME model is true, and obtain maximum likelihood estimates 62, &
&, and B . Assuming these estimates are true value of the parameters, we compute the first
order approximations to the MSEs of the naive, FME, and SME model predictors when the
SME model is true. We note that the parameter estimates are fairly accurate as the number
of small areas is large.

Figure 3.4.1 (a)(c) displays ratios comparing first order approximations of three model
predictors’ MSEs plotted against C; on the log,, scale, with a vertical line at log,, C for
reference. Panel (a) shows the ratios of MSEs for the SME and naive predictors. We note

that, due to their optimality, the SME model predictors always have smaller prediction MSEs
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Figure 3.4.1: First order approximations of MSE ratios against log;, C; when structural
measurement error is true.

than the naive model predictors. Because the C;’s are strongly correlated with the D;’s (with
a correlation of about 0.95), for small C;’s all three model predictors are approximately equal
to the direct estimators, and hence the MSEs of the naive and SME predictors are similar.
We will see this trend in all four panels of Figure 3.4.1. In panel (a), the ratio reaches its

maximum of approximately one when C; ~ C. This agrees with the finding in Section 3.2.1
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that naive and SME predictors are identical when C; = C'. When the measurement error
variance is larger than C, C; > C, the ratios decline rapidly to values that reflect up to 60%
larger MSEs for the naive FH model compared to the SME model.

Panel (b) shows the ratios of the SME and FME predictors’” MSEs. As expected, the
SME predictor performs uniformly better than the FME predictor. The differences become
prominent as the measurement error variance C; increases, with the FME predictor MSEs
up to 50% higher than those for the SME predictor.

Panel (c) shows the corresponding ratios for the FME and naive FH predictors. The naive
FH predictor has slightly higher MSEs than the FME predictor for small C; and lower MSEs
for large C;’s, a pattern expected from the results in panels (a) and (b). The two predictors’
MSEs are approximately equal at some point which is lower than C. The FME predictor’s
MSEs are up to 20% larger than the naive predictor’s MSEs. This may seem surprising given
that the naive model is misspecified while the FME model is not in the sense that the FME
modeling assumptions agree with those of the SME model, while making no assumptions
about the z;.

Note that the MSE that is obtained for the FME predictor when the SME model is
actually true is still correct to the first order, even though the FME predictor is not optimal.
However, the MSE obtained assuming the naive model is true, what we call the “reported”
MSE, differs from the naive model predictor’s true MSE. Panel (d) plots the ratios of the first
order approximations of the reported and true MSEs of the naive model predictor when the
SME model is true. As noted in Section 3.2.1, the naive model overstates the MSEs for small
C;’s and understates them for large C;’s, while correctly estimating the MSE at C; = C.
The overstatement for C; < C is relatively small, less than 40%, while the understatement
becomes large, increasing with increasing C; to more than 80%.

To investigate the performance of each of the predictors when the FME model holds,

we generate x; <N (0,62) as we centered X; so that fi, = X = 0. We used the parameter
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values obtained from fitting the SME model as the FME and SME parameter estimators
agree. Please refer Section 3.6.1.3 for details.

Figure 3.4.2 panels (a)-(d) are analogous to Figure 3.4.1, but assume for the first order
approximations that the FME model is true. Panel (a) plots the ratios of the SME and FME
predictor MSEs. Despite having generated the data under the assumptions which make the
FME predictor “optimal,” it frequently performs worse than the SME predictor with respect
to the MSE. However, the FME predictor’s optimality is in the class of unbiased predictors,
and both the SME and the naive predictors are biased, so there is no contradiction. The
difference in MSEs can be up to about 70% in either direction, with two points where the
SME MSEs are about 70% higher than the FME MSE. However, there are relatively few
points for which the SME MSE is more than 25% higher than the FME MSE, while there are
many points where the SME MSE is more than 25% lower than the FME MSE. Examining
the bias and variance terms of the MSE separately reveals that the points where the SME
predictor performs worse than the FME predictor in panel (a) are due to the bias of the
former.

Panel (b) in Figure 3.4.2 displays the ratios of MSEs of the SME and naive FH predictors
against C;. It shows that when the FME model is true, the SME predictor sometimes performs
better and sometimes performs worse than the naive predictor in terms of MSE. The same
statement can be made about the functional and naive predictors based on panel (c¢), which
shows the ratios of the FME and naive FH MSEs plotted against C.

Panel (d), which plots the ratio of reported to true MSE of the naive predictor, reminds
us that the naive model will misstate the mean squared error, sometimes overstating it and
sometimes understating it. The overstatement is relatively small, up to about 40%, but the
understatement is more considerable, up to more than 80%.

Since both the SME and naive predictors are biased under the FME model, we can
analyze the relationship between the respective biases. Panel (e) of Figure 3.4.2 shows the

ratio of the bias squared of the SME predictors and the naive predictors. It shows that the
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Figure 3.4.2: First order approximations of MSE ratios against log;, C; when functional
measurement error is true.

SME predictor has lower absolute bias for C; < C, and higher absolute bias for C; > C.
Their absolute biases are the same when C; = C as the two estimators are equivalent. This
indicates that the extreme points in the top right quadrant in panel (b) are due to the bias.
Panel (f) displays the ratio of the SME and naive FH true MSEs against x;. The vertical

line represents the mean of x;, which is 0 as X;’s are centered. We note that the extreme
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points in the top quadrants have high deviations of x; from its mean. On the other hand,
the most extreme points in the bottom quadrants correspond to values where z; is close to
Z. This indicates large deviations of x;’s from z will have more impact on the true MSEs of
the SME predictors than on those of the naive FH predictors. For the majority of points,
however, the SME model’s MSEs are lower than those of the naive FH model based on our

first order approximations.

3.5 (CONCLUSIONS

In this chapter, we compared three small area estimation models, FME, SME and naive
FH models, when one or more covariates are measured with error. Section 3.2 established
relevant theoretical results for these models. These included asymptotic studies of parameter
estimation, their predictions, and their corresponding MSEs. This led to several observations
relating the models. First, the naive FH and SME model predictions and MSEs asymptoti-
cally agree for areas with C; = C. Secondly, SME predictor converges to FME predictor as
02 — oo or C; — 0. Thus, when C;/c? is small, two predictors behave similarly. Lastly, in
the presence of measurement error, the naive FH model over or under estimate the prediction
MSE except for areas with C; = C' as it is misspecified model.

In Section 3.3, prediction MSEs of the three models are compared by considering various
ranges of the parameter values for the case assuming SME model is the true model. Section
3.4 made analogous comparisons using the data on poverty rates of school-age children for
U.S. counties. We fitted a particular SME model which resembles the models used by the
Census Bureaus SAIPE program, so its use provided results for a realistic case of a true SME
model. MSE comparisons were also obtained for an analogous FME model by simulating
values of the unobserved true covariate values x;. The MSE comparisons of Sections 3.3 and
3.4 tended to favor the SME model overall. Comparisons to the naive FH model showed that
the naive FH predictor performs poorly for C; not near C, with substantial MSE increases

compared to the SME predictor. Regarding the naive FH models additional problem of
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misstatement of MSE for C; apart from C, understatement of MSE when C; > C' appeared
more serious than overstatement of MSE for C; < C.

From the comparisons of the SME and FME models, it is noted that when the SME model
is true, the FME predictor can have substantially higher prediction MSE when sampling and
measurement errors are large (D; and C; are large). While the FME predictor can be best
when the FME model is the underlying model, it was also not unusual in this case for the
SME and naive FH predictors to actually have lower MSEs than the optimal FME predictor.
We note that the optimality of the FME predictor under the FME model is among the class
of unbiased predictors given fixed x;. The SME and naive FH predictors, being biased, fall
outside this class and so can have lower MSE. It appears that while the avoidance of modeling
assumptions for the z; gives the FME model some potential for robustness, this can come at

a high cost in terms of larger prediction error variances for some areas.

3.6 TECHNICAL DETAILS

3.6.1 ASYMPTOTIC EVALUATIONS UNDER FME MODEL
3.6.1.1 FME ESTIMATORS AND PREDICTORS

We consider the following functional measurement error (FME) model:

where X; and z; are p X 1 and ¢ X 1 vectors, and e¢;’s, u;’s and 7;’s are independently

distributed, each with zero mean, and respective variance (covariance matrix) given by D,

o2 and C;. We define Y = (Y3,...,Y,,)", Cf = diag(C;,04), and

X1 o2
A= | : . (3.16)
Xm Zm
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which is the observed design matrix of covariates. We use Er(-) to denote the expectation

under the FME model. Let v = (8",d")". Under the model in (3.15)

Er {(ATA -y Om} ~ Ep(A7Y),
i=1
which leads to an unbiased estimating equation,
(ATA — i ChHy = A"Y, (3.17)
i=1
for . Also, for i = 1,....m, Ep [(Y; — X[ B8 — 270)?] = D; + 02 + B"C;3 leads to another

unbiased estimating equation,

% S (V= X7B - 76)* — D — 0B — o? = 0. (3.18)

i=1
Assuming ATA — > CF is nonsingular, an estimator of y follows from (3.17). We denote

this estimator by 4z (the subscript F' is used to denote the FME model fitting), which is

Jr=(ATA=) C) T ATY. (3.19)
i=1
Using this in (3.18), we have
Gop = — > (Vi = X{Bp — 270r)* = D — BrChp. (3.20)

i=1

We assume that the following limits exist, where

1 .
lim — Y = K, (3.21)

ol e A
im_ E;Ci = diag(C, 04), (3.22)

and K and C are assumed positive definite. Let =2 denote weak convergence under the
FME model. Then under the model in (3.15), with the assumptions in (3.21) and (3.22), and

by weak laws of large numbers, we get

1 “ 1
—(ATA=> " CH IS K, —AY 5 Ky and 4p 25 KKy =1,
m m

=1
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Using the consistency of 4, it follows that

1 — _ _
6&f—{EEZOG—XE&—£®2—D—w?CB}ﬁQO
=1

Finally, using this and the weak law of large numbers we get
1 «— _ .
— > (Y, = X[B—2]0)" =D —p"CB 5 o
m
i=1
and, consequently,

~2  PF_ 2
Our — Oy

This establishes consistency of the estimators 4z and &5’ 7 derived from the unbiased esti-
mating equation approach. We know from Ybarra and Lohr (2008) that, under the FME

model with known parameters v and o2, the best linear unbiased predictor of 6; is

D;

Oir =Y —
o Dz + O'?L + ﬁTC’Zﬁ

(Y = X8 — 2/0).

Replacing the unknown model parameters in 0~Z-,F with the parameter estimators derived
above, the EBLUP of 6; is obtained as

D;
D; + 62 + BEC:Br

Since 4 is consistent of v, we have

07F =Yi— (Y; — X[ Bp — 27 0p). (3.23)

A D 3 5
OiF —0i=Y; —0; — Taro . Vi Xi B — 2o
o Di‘i‘aﬁ’p"‘ﬂ}g zﬁF( )
D
e i Y — XTB — 275 e
€; Di—{_gq%_{_/BTCiﬁ( ? i =2 )+Op(m )
D.(e: —p
— e z(ez+uz n; B) ‘I‘O (m—l/Q).

C Di+oz+pCB T
This leads to Ep(éff —6;) = O(m™'), implying asymptotic unbiasedness of the EBLUP
predictor under the FME model. Also,

R Di(ei + u; — 77T5) ? -
EB _ p)\2 _ L i 1
Er(0ir = 0:)° = Er <ez D; + o2+ B*Cip + Ot
E eilor +8°CiB)  Di(ui — i B)
"\Di+02+pCiB Di+ol+BCif
Di(a2 + 57Cip)

_ -1
ittt BCH) Olm™).
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3.6.1.2 NAIVE FH ESTIMATORS AND PREDICTORS
If we ignore the measurement error in X;, then we fit the following naive FH model
Yizﬁi—l—ei, QZ‘ZXZTBN"‘Z;FCSN—FUZ”N, 7::17...,m, (324)

where, as usual, we assume that e;’s and wu; y's are independently distributed with means
zero and variances D; and o2 y, respectively. To avoid confusion, we use the subscript N for

the parameters in the naive FH model. Let vy = (8, d5)". We estimate vy and 0371\7 by

v = (ATA)TIAYY, (3.25)
1 « X . _
Ton = ooy (Y; = X 'Oy — 2/0n)* = D. (3.26)

Using these estimators, the naive FH EBLUP of 6; can be obtained by
0F% =Y — 5—5—(Yi = X[ By — 2 ow). (3.27)

With respect to the true model in (3.15), the naive FH model given by (3.24) is misspecified.
It follows that

1 _ 1
—ATA 5 K+ diag(C,0) and —ATY 25 K.
m m

Let K, = K + diag(C_', 0) and partition the matrices K and K, as

Kll K12 K*ll K*IQ
e y *:

K21 K22 K*Zl K*ZQ
Note that Kz’j = K*ija for (l,]) 7£ (17 ].) and K*H = K11 + C Denoting K11‘2 by KH —
K12K2_21K21, we have

Kil . (K11.2 + C)_l _(K11,2 + C_Y)_IKQKQ_;

_KgglK21(K11.2 + é)_l K{gl + K§21K21(K11.2 + C)_1K12K§21

and, after writing A = (K112 + C) ' K115, we find that

B A 0
K'K = )

KR ' Ko(I—A) I
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Putting all these together, it follows that

- pr e Ap
AN — K 'Ky = ) = 7. (3.28)
0+ Ky Ko (I — A)p
Let 4 = (87,67)". Then 62 y can be written as
R ] — - 1 & = =12 = _
S = g 2t = AP+ S (T8 = B) + (681} = Do+ Oym ™)
and it converges to
Gun = 0w+ BTCR+ (v = )T K (v = 7). (3.29)
We note that
K(y—7)=K(I-KK)y
| Ku Kb (I-A)8
| Ko1 Ko — K3 Ky (I — A)B
[ KueI - A)B
i 0
Thus, the right hand size of (3.29) can be simplified as
6oy~ o0+ BTCAB =0l + 1. (3.30)

Note that 7 = BT(C~! + Ky, )™'8 > 0 unless 3 = 0 since C is assumed to be positive
definite. This indicates that &2 y overestimates o). Using (3.28) and (3.30) in (3.27), we

obtain an asymptotic expression for the bias of the naive EBLUP QAZE]{? as

Dz(mz — KngQ_QIZi)T(I — A)B
Di + 0'5 + 7

Er(078 —0;) = — +0(m™). (3.31)

After further simplification, we also get that

Di(o? +71)  D¥B"(A"C, — C)AB}

arF( i, N ) DZ+03+T (DZ+UZ+T>2

+O0(m™). (3.32)

Combining (3.31) and (3.32) gives the limiting expression for MSEF(éf]{?)
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3.6.1.3 SME ESTIMATORS AND PREDICTORS

We now investigate the impact of model misspecification when, instead of the true FME

model in (3.15), we fit the following structural measurement error (SME) model:

Xl:xl—i_nm T = [+ wi, Z:177m7

where e;’s, u;’s, n;’s and w;’s are independently distributed with zero means, and variances
D;, 02, C; and @, respectively. We assume that @ is a positive definite matrix. In our SME
formulation in (3.33) we assume that z;; = 1 for an intercept, and for simplicity of calculations
that zj,..., 2, are centered about their respective means. Under the model in (3.33), we

can create the following unbiased estimating equations:

Z(n — XTB — 276)z = 0,1, (3.34)
=1
> (X = ) = 0,1, (3.35)
=1

T
m |y = 2rs| |V — 27 Di+ 02+ BT (up™ + )3 BTD
Z — = Opt1,pt1- (3.36)
i=1 Xi—p Xi—p B ¢ + C;

Let (BE,65), fis, ®g and &7 5 denote a solution to (3.34)—(3.36). The subscript S is used to

indicate the SME model is being fitted. Note that fig = X, and

dg = %121% - X)(X; - X)"-C, (3.37)
s = L im 1o)X~ ), (3:39)

= — Z — 270g)? — D — BE(X X" + dg)fs, (3.39)
zm:(Yi — X[ Bs — 27 0s)zi = 0g,1. (3.40)

i=1
We assume Pg is positive definite. We show below that the estimators 55, BS and 6575

obtained by solving (3.37)—(3.40) also solve the estimating equations (3.17) and (3.18), which
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correspond to the FME model fitting. Since z;; = 1, from (3.34) it follows that Y — XTBS —
Z70s = 0. Using this, it follows from (3.37) and (3.38), after simplification, that
> (X X[ - Ci) s + <Z Xﬂf) 0s = Y _YiX;. (3.41)
i=1 i=1 i=1
From (3.40), we get
(Z ZZ-XZ-T> Bs + (Z ziziT> 0s =Y Yiz (3.42)
i=1 i=1 i=1
Equations (3.41) and (3.42) can also be written as

~

(ATA - iq*) S| ary,
=1

Os
From this equation, and the assumption that A™A — >~ C7 is nonsingular, it follows that
(B%,0%)" also satisfies (3.17), so g = 4p. Using 45 = 4r in (3.39) and equation (3.37), it
can be shown after a lot of simplification that

m <
=1

m .2 - . 1 m .
Ous = — (Yi—ziT5F> _D_B;{_Z(XiXiT_C»}ﬁF
_ly (Y—XTBF—ZT5F)2+iBT iX-X.T g
- ( i i m F - (G} F

e 23 (v e i) |- D (23w ) e

Using .7, Xi(Y; — XPf3s — 28os) = — 27, Cifls (from (3.41)), we get from (3.20) and
(3.43) that

Ous=—> (Yi— X7 Br — 2F0p)? — D — BECBr = 5‘3,}7-

These calculations show that fitting the SME model using the estimating equations given by
(3.34)-(3.36) will lead to estimators of §, 8 and o2 that are identical to the FME estimators
given in (3.19) and (3.20).

From our derivation that 4s = 4 and 6315 = &3, =, and from the convergence under the

2

u’

FME model of the estimators ¥ and 637 » to v and o, we immediately conclude that the
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parameters estimated by fitting SME model converge to their true values under the FME
model. If we write (Y;, X)) = Y7, (6;,2]) = 0", D = diag(D;, C;) and

oL+ 5708 P
JeL )
from the multivariate FH model, the EBLUP of 6} is given by

. N1 | Y- ABs — 21
0 5oy =Y — D <D:< + Z) ) ' (3.44)
Xi— b

If A = (1,0,,)" denotes a unit vector with the first component 1 and all others zero, then the
EBLUP of 6;, denoted by éfg, is the first component of éﬁf}H, which is, /\THA;%%H. Using
the block diagonal structure of D} and using the inverse formula for partitioned matrices, it

follows after substantial simplifications that

N1 |Yi— XTBs — 2Tos| D {Yz‘ — X[ Ps — 2Fbs + BECi(Ds + C;) 71X, — X)}
\TD; (D:+2) —

X, - X Di+ 62 g + BECi(®s + C;) D 7
and finally,
A D {Yi = X7 B — 2785 + BiCi(ds + C) N (X - X) |
v ARG E) (3.15
’ D;+ 672 g + B5Ci(Ds + C;) 1P
We note that
. 1 &
b5 =5 - ;(l‘z —Z)(zi —2)" = S, (3.46)

By the convergence properties of 45 and &, ;,, and the result in (3.46), it follows from (3.45)

that the asymptotic bias of the predictor HA%B under the FME model is given by
B DlﬁTCl(Sx + Ci)fl(l‘i — {Z‘)
Dz‘ =+ O'?L + /BTOZ(SQC + CZ)_lSm,B
After considerable simplifications, it can be shown that
R -Dz 2 T Cfl S—l -1
VarF(elE‘SB _91) — (O-u—i_ﬁ ( 7 _j_ T ) ﬁ)
| Dit ol +07(C + S

D; : o )
N (Di+03+ﬁT(Ci_l+le)lﬁ> B {(CZ PSS (S0 + ¢ 1)} 1B+O(m .

Er(07F —0;) = +O0(m™). (3.47)

(3.48)

Combining (3.47) and (3.48), we obtain an asymptotic expression of MSEF(GAZESB)
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3.6.2 ASYMPTOTIC EVALUATIONS OF ESTIMATORS AND PREDICTORS UNDER SME

MODEL
3.6.2.1 FME ESTIMATORS AND PREDICTORS

Let 225 denote convergence in probability under the SME model, and let Es(+) be the corre-
sponding expectation. We obtained FME estimators of v and 2 in Section 3.6.1.1. Recall that
zn = 1 and zp, ..., 2, are centered so that z = (1,0,...,0)". We denote m™' """, z;27 by
diag(1, Gag), and assume that this matrix converges to a positive definite matrix diag(1, I'ss),
where diag(A, B) denotes the block diagonal matrix with square matrices A and B. Then,
under SME model,

lATA% up™ 4+ @ +C pz"

" |z diag(1,I's»)
and

1 ey os, et + @ pzt B

" zpt diag(1,T')] |6

2

= as similarly done by Section 3.6.1.1. Hence,

These give us that 4p —> v and 62, —> ¢
FME estimators are still consistent under SME model. Using these results, it follows from

(3.23) that
Es(07F — 0;) = O(m™"). (3.49)

Moreover,

R D.(c? T,
Varg (055 — gy = Diloh+ BC:f)

-1
"~ Di+ 02+ BTCp +0(m™). (3.50)

3.6.2.2 SME ESTIMATORS AND PREDICTORS

We have shown in Section 3.6.1.3 that estimators of v and ¢ under SME model are identical

to those under FME model. As similarly done by (3.49), we have
Es(0F% — 0,) = O(m™") (3.51)
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and, by similar simplification that was used to obtain equation (3.45), we can derive that

Dj(o3 + B Ci(® + C;) ' 2p)

= -1
D+ 02 + BTCy(® + C;) 103 +0(m™). (3.52)

Varg(éfg —0;)

3.6.2.3 NAIVE FH ESTIMATORS AND PREDICTORS

We now turn to estimators and predictors derived under the naive FH model. We note that

1 put + @ pzt B
Es(—A™Y) = (3.53)
" zpt i > %z | |0
and
1 put + @+ C pz"
Es(—ATA) = : (3.54)
" znt o D 2%

Let R denote the matrix on the right hand side of (3.54) and let

Rll R12
R =
R21 R22
Then (R™)™' = (pu™ + ® + C) — pz™ (37, zizF /m)zu™. Since, 27 (31, z:2F /m)z = 1, we
get
R = (o +0), (3.55)

and

R* = —Ry Ry R = —diag(1,Ggy )2u "R = —zp" (@ + C) 7

Let S be the square matrix on the right hand size of (3.53). Then S = R — diag(C,04,).

Consequently,

I—-RYC 0 I - RYC
RS = - and R 'Sy = ( )P
-R*C I §— R®Cp
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Denote (® 4+ C)~'® by A. After simplification, we get

- A5 -
01+ p™(I—A)B

RSy = 5, (3.56)

Il
=Y

5‘]

By (3.56), it follows that Jn L%, 5. This shows that under the naive model while the
parameters 0o, ...,0, are consistently estimated, estimates of the parameter vector 3 are

shrunk to the null vector. We now find the probability limit of 62 . Recall that

m

Gay=m"" Z(Yi — X['By — 2} 0n)* = D.

=1

Since

Es(Y; — XT3y — 270n)? = Eg(Y; — XT3 — 270)? + O(m™Y)

_ - I VAT 3 _
=0, + Di+ (8= B)"®(8 —B) + B CiB+ (v —7)" (v =) +0(m™),
Zi Zi
as similarly done by in Section 3.6.1.2,
62 Ny — o+ BTCAB. (3.57)
As naive EBLUP of 6; is given by
é.EB:y._LW_X.T@ — 27oN)
i,N 7 DZ + &ZJV 7 i MN i YN )
we have
D;

éf]? —0; = ¢ (Y; — XlTB — 235) + Op(m_l/Q),

+ —
D;+ 02+ gTCApB

and thus Es(07Z — 6;) = O(m™"). Furthermore, after some simplification, we obtain

ab 2
Varg (977 — gy) — Lilout 51CAD) = ) F(Cs = ) + O(m™).

"D, + o2 + BrCAB (Di + 02+ p*CAB
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3.6.3 RE-EXPRESSION OF MSES

In this section, we provide simplified MSE expressions in terms of rp, rp and p given in

(3.14).With these quantities, we first have

Fr = (ai + Di)(af: +C)+ ﬁzai

= aiai (1+rp)(1+re) + 52037“0/03}.

Further, noting that 0% = 02, we get

where

2 2
5 5 pBeo;
p° = corr(6;,x;)* = o

This implies that F;* = 0202{(1 + rp)(1 + rc¢) + r,rc}. Thus, we have the expression

D; ~2D?(o? C;
MSESZO'i{ Oy z(0x+ ) }

02 0202{(1+rp)(L+rc) +rprc}

o { r2 (1 +r¢) }

= 0'u D — .
(1+rp)(1+re) +1ore

3.6.4 EQUALITY OF SME AND NAIVE FH PREDICTORS WHEN C; = C

In this section, we show the equality of SME and naive FH predictors when C; = C. Without
loss of generality, we assume that the first element of z; is 1 for an intercept and C; = C,

i=1,...,m. Let § = (01,05)", then, for i = 1...,m, SME model 6; is given by
Oi =1, B+ 061+ 29,00 +u; and  X; = x; + 1,
whereas naive FH model 0; is

0, = X,LTﬁN + (5171\[ + Z;i62,N + U, N,
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where X,’s are treated as fixed and u; y ~ N(0,0% y). Under SME model, we can write

x; = Eg(xi| X;) + {x; — Es(x;| X;) }, where

Es(2:] X) = p+ @@+ O) (X — ) = p+ A(X; — )
Var(mZ]XZ) = ((I)il + Cil)il.
Thus, SME model 6; is

0; = w7 B+ 61 + 25 02 + u;

= X’;TA/B +01+ NT((D + C)ilcﬁ + 25,162 + u; + 5T{$z - ES(SUi|Xi)}-

By letting,
ui N = u; + Bz — Es(x:| Xi) },

51\7 = AB?
b1,v =61+ (@ + C) OB,

we get 0571\, = 02 4+ (P! + C')7'4. The naive model parameters Sy, 01y, don and

037 y are estimated by estimating equations and these estimators are shown to be consistent.

Furthermore, BS, 51, s, 527 s, fis and d are also consistent estimators. Recall that A = (P +

C)~'® which is estimated by A = (& + C)~1®. By the consistency of two sets of estimators,

we have the following results:
By — A"Bs 55 0,
Gon = Ons = Bs(@7 +C7) B £ 0,

N N p
don — 0.5 —= 0
) ) J

oy — 015 — fig( + C)CBs £ 0.
Using (3.58)—(3.61), we obtain

XTBn + 2Ton — X Bg — 2Tos + (X; — f1s)™ (D + C)'CBs 225 0,

(Di+ 62 ) —{Di + 62 g+ Bs(® 1 + CH) ' Bs} 5 0.
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As OFF and 0FF given in (3.23) and (3.45) involve above expressions, we directly have
N
We note that although do vy = 0 and 527N B N 0, two estimators 5271\; and § are not

identical in general.
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CHAPTER 4

SUBSPACE ROTATIONS FOR HIGH-DIMENSIONAL OUTLIER DETECTION

4.1 INTRODUCTION

High-throughput data are usually a product of long and complex experiments in laboratories
or fields. Due to the multi-step process when generating data, a concern for possible contami-
nation in high-dimensional data is naturally more severe than low-dimensional counterparts.
However, even when it is suspected that the data contain some abnormal observations, it
is difficult to identify outliers when the dimension is much higher than the sample size.
The difficulty arises from the fact that there are insufficient observations to characterize the
“regular” behavior of uncontaminated data. Nevertheless, it is crucial in any data analysis
to identify outliers since a blind application of a statistical method without being aware of
the existence of outliers will likely yield misleading scientific conclusions. For instance, in
the area of cancer classification, mislabeled observations can disguise the contrast between
classes, and thus result in an unreliable classifier. Furthermore, the existence of clustered
outliers in a given class may indicate the presence of a sub-type of cancer. Accordingly,
outlier detection is of great importance and a main objective of analysis in many situations.

In this work, we address the problem of detecting outliers among the observations in R,
when d is much larger than the sample size N, i.e., in the High Dimension, Low Sample
Size (HDLSS) setting. Although there is abundant literature on multivariate outlier detec-
tion for the case of d < N, only a few of the existing methods can be applied to HDLSS
setting. Sajesh and Srinivasan (2012) introduced a Comedian distance for high-dimensional
outlier detection, which is a variation of Mahalanobis distance based on robust estimates

of the mean and covariance matrix. When the dimension is large, the Comedian method
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is computationally expensive since it requires the inversion of a d x d matrix. Ro et al.
(2015) suggested a method based on a minimum covariance determinant estimator. Due to
the strong assumption that the population covariance matrix is diagonal, their method may
not perform well in real world situations with correlated variables. Filzmoser et al. (2008)
proposed to use the kurtosis of the principal component (PC) scores as a measure for outly-
ingness. However, this method may not be preferred in HDLSS as it is known that sample
PC directions are not generally consistent in HDLSS (Jung and Marron, 2009). Ahn et al.
(2012) considered a distance-based HDLSS outlier detection method motivated by the high-
dimensional geometric representation (Hall et al., 2005; Ahn et al., 2007). Our numerical
study has found that their method is susceptible to the masking effect, possibly due to their
one-by-one elimination process.

Difficulties of HDLSS outlier detection are two-fold. Firstly, the high-dimensionality
causes all data points to be located on the boundary of a point cloud. Thus it is difficult to
distinguish the true outliers from non-outliers. Secondly, it is difficult to construct a hypoth-
esis test on the potential outliers due to the small sample size. We have found that possibly
because of these issues, existing methods tend to suffer from large false positives. That is,
the methods are able to identify the true outliers correctly; but, they are likely to misclassify
non-outliers as outliers. False detection of outliers in HDLSS is a much more serious issue
than in low-dimensional cases due to the high cost of data collection, e.g., high-throughput
-omics data and medical images.

Our contributions in this research are the following. First, we propose a novel outlier
detection method for data with much larger dimensionality than the sample size. Numerical
studies suggest that our method is much less likely to falsely declare outliers than existing
methods. Second, we extend a random rotation test (Langsrud, 2005; Perry and Owen,
2010) to a more general distributional family, with which we conduct hypothesis tests on

the outlyingness of data vectors. Third, we provide theoretical properties of the rotation
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tests such as unbiasedness and test size. Lastly, we show that as the dimension increases, the
proposed method would detect multiple outliers correctly with overwhelming probability.

The proposed outlier detection procedure consists of two stages: screening and testing.
Let X € RV*? be an observed data matrix. In the screening step, we partition the data into
row-wise sub-matrices, say Xg and X7, respectively, consisting of non-outliers and potential
outliers which we call candidate outliers. Then each observation in X; is tested based on
how far it is from X, in the testing step. Abnormality of a candidate outlier is quantified by
the orthogonal distance to the affine hyperplane generated by the non-outliers in X, (Ahn
and Marron, 2010). This distance measure is computationally efficient and has been found
to be effective in the context of HDLSS classification (Ahn and Marron, 2010), clustering
(Ahn et al., 2012), and outlier detection (Ahn et al., 2019).

The hypothesis test in the testing stage is conducted by a randomization test that gen-
erates data that possess the same scatters but free of outliers, which we call the subspace
rotation test. The idea of testing via random rotations was suggested by Wedderburn in
his unpublished manuscript in 1975. It has been considered in the context of multivariate
regression with normal errors in Langsrud (2005) and Perry and Owen (2010), and with
left-spherical errors in Solari et al. (2014). However, theoretical justification on the rota-
tion procedure has been limited to the normal population. Moreover, the properties of the
hypothesis test have not been fully established. In this work, we investigate the left-spherical
distribution family to construct the rotation test and establish its finite-sample exactness
formally. We also explore the asymptotic power of the test when the dimension tends to

infinity in the context of outlier detection.

4.2 BACKGROUND AND PRELIMINARIES

We use, unless otherwise stated, a calligraphic uppercase alphabet to denote a set. For a set
A, we denote A° and |A| by the complementary set and cardinality of A, respectively. We

also denote x and X by a realization of a random vector x and a random matrix X. The

81



matrix of differentials of X is denoted by dX. The a x a identity matrix and a x b matrix
with ones are denoted by I, and J,;. The column space of a matrix X and its orthogonal
complement space will be denoted by Span(X) and Span(X )+, respectively. We also assume

that the dimension d is larger than sample size N.

4.2.1 'THE EXTERIOR PRODUCT AND DIFFERENTIAL FORMS

Let fx(+) be the density function of an n x 1 random vector x and £ C R™. Then the multiple

integral
A= /f T1y...,T dl’l d (41)
represents the probability Pr(x € £). Consider the following change of variables

x =$1(y1,~-,yn)

Tp =Tn (Y1, Yn)-
Then, with respect to y1,...,Yn, (4.1) can be written as
A= [ flz(y)}det(J)dy; ... dyn, (4.2)
5/

where z = (21,...,2,)", ¥y = (y1,...,yn)", £ is the image of £, J = {8“3’ }ij is the Jacobian

matrix and det(J) denotes the determinant of J.

We illustrate an alternative way to express (4.2). For each i = 1,...,n, the differential
of the transformation z; = z;(y1, ..., y,) is defined as
ox; ox;
dz; d 4 —dy,. 4.3
=gyt g mdy (4.3)

By substituting (4.3) for dz; in (4.1), we have

A= glf(z(g))( 91, ) (Zax” ) (4.4)
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Now, we consider the exterior product of the differentials, which is an associative, distributive

and anti-commutative binary operation. That is, for all ¢, 7, k, it satisfies

(dx; /\dmj) /\d:z:k = dx; /\(d:r:j /\d:z:k),

(dx; + dx;) /\ dx), = dz; /\ dxy, + dx; /\ dxy,

Note that the anti-commutative law makes dx; A dr; = 0 if ¢ = j. Then the resulting
exterior product of the linear differential forms in (4.4) is equivalent to the determinant of

the Jacobian matrix as the following theorem shows.

Theorem 6 ( Theorem 2.1.1 of Muirhead (2009)). If dy is an n x 1 vector of differentials

and if dz = Bdy, where B is an n X n nonsingular matriz, then

i=1 =1

Now, let us write (4.1) as

A:/gf(g)dxl/\.../\dxn.

Since
n
ox; .
dl‘i: Tdyj, Z:]_,...,n,
=1 9Yi

we have

Ozy ., Ozy

Oy OYyn

dx = dy
Oxn .. Oz
6y1 8y'n

Thus, by Theorem 6, we have
N\ da; = det(J) \ dy:.
i=1 i=1
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For an n x m matrix X, we denote (dX) by the exterior product of the elements of dX
such that
j=1i=1

If X is a symmetric n x n matrix, then (dX) represents the exterior product of the n(n+1)/2
upper-triangular elements of dX, where

i<j
Similarly, if X is a skew-symmetric matrix (X = —X7), then (dX) is defined as the exterior
product of n(n — 1)/2 super-diagonal of dX as

i<j
Theorem 7 ( Theorem 2.1.5 of Muirhead (2009) ). If X = BY C where X andY aren xm

matrices and B and C are fized nonsingular n X n and m X m matrices, then
(dX) = det(B)™ det(C)"(dY).

An exterior differential form of degree r in R™ is an expression of the type
T
> piic(@) N\ dri, (4.7)
i << 1=1
where {i1,...,4,} C{1,...,n}and p;,..;, (z) are analytic functions of z. The expression (4.7)
can be considered as the integrand of an r-dimensional surface integral in R". The maximum
degree the exterior differential form can have is n since at least one of the dx; is repeated if

r>n.

4.2.2 THE INVARIANT MEASURE ON THE STIEFEL MANIFOLD

Let us denote V,,,, by the Stiefel manifold whose elements are m-frames in R" such that

Vo = {V € RV = I,}, where the m-frame indicates an orthonormal set of m
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vectors in R™. For a n x m matrix A, it can be shown by the Gram-Schmidt process that
m(m + 1)/2 functionally independent constraints are needed for A to be in V,, . Thus, the
dimension of V,, ,, is nm —m(m+1)/2. When m = n, V,,, is the orthogonal group, i.e., the
set of m-dimensional orthogonal transformations, which is denote by O,,.

For O € O,,, the differential of the OO is given by
dO"O + 0"dO = 0,,,, (4.8)

where 0,,,, is the n x n null matrix. The equality (4.8) indicates that the O"dO is skew-

symmetric. Thus, by (4.6) and Theorem 7, we have

n

(dO) = /\ of do, (4.9)
i<j
where oy,...,0,, are the columns of O, and it defines the invariant measure on O,,. For

V' € Vi, we similarly have
dVV + VAV = 0. (4.10)

Let Vi = [Uy41,---,0,] be an (n — m)-frame such that [V,V;] € O,. By pre-multiplying
[V, 1]" to dV, we get

VT VTV
dV = . (4.11)
VT ViEdV

We first consider matrices V*dV and V;"dV in the right side of (4.11). Knowing that V"dV

is skew-symmetric from (4.10), we have corresponding differential forms

(vrav) = N\ vl du;, (4.12)
i<j
(VleV) = /\ /\ Q;.H‘dﬁz* (4.13)

i=1 j=1
By Theorem 7, the exterior product of the elements of the left side of (4.11) is equivalent to

(dV'). Also, exterior product of (4.12) and (4.13) is a (2nm — m? — m)/2 degree differential
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form which is of maximum degree. Thus, we have

(@v) = 7\7(1 Vg 00; 7\@?6@, (4.14)
i=1 j=1 i<

and the differential form (4.14) defines invariant measure on Stiefel manifold V,, .
The volume, or the area of the surface, of the Stiefel manifold V,,,, is

2mﬂ.mn/2

Vol(Vy n) = /V =

where I',,(+) is the multivariate gamma function (Muirhead, 2009). The uniform probability
measure on V,, , is obtained by normalizing the invariant measure (dV') by its volume, which
will be denoted by [dV] = (dV')/ Vol(V,,,.n). We denote the uniform distribution on V,,,, by
Unif (V).

4.2.3 'THE LEFT-SPHERICAL FAMILY

Let X = [xy,...,xy|T be a sample taking values in X C R¥*4. Then the left-spherical

distributional family is defined as follows.

Definition 1. (Gupta and Nagar, 1999) Let X be an N x d random matriz according to a
probability distribution P. If OX is identically distributed as X, for all O € Oy, then P is

called a left-spherical distribution, denoted by P € LSy 4.

Necessary conditions for left-sphericity are zero mean and identity (up to a constant
factor) row-wise covariance matrix. In other words, observations need not be independent
but they should be uncorrelated. Throughout this chapter, we assume that the column-wise
covariance matrix is nonsingular. The left-spherical family contains matrix normal, matrix
t and scale-mixture of left-spherical distributions. In particular, under independence, left-
sphericity implies matrix normal (James, 1954).

It is known that S = X"X is a sufficient statistic for the left-spherical family. To see this,

we first consider the following lemma.
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Lemma 3. Suppose that a random matriz X is from a left-spherical distribution P € LSy 4.
Let X = OAT" be the nonsingular part of the singular value decomposition. Then, O ~
Unif(Oy) and independent of AT".

Lemma 3 directly show that, conditioning on AT'", X is uniformly distributed on the set
{X € X | X"X = S} regardless of P, and thus S is a sufficient statistic for the left-spherical
family:.

The following fact will be useful for developing the testing procedure in Sections 4.3 and
4.4. For W € RV¥*4 let Wx (W) be the characteristic function of X. Since OX and X are
identically distributed, Ux (W) = Ux(O"™W). Since WTW is maximally invariant (Lehmann

and Romano, 2006) under Oy, ¥x (W) can be expressed as
Ux (W) = p(W'W), (4.15)

for some function 1. Based on this, we have the following theorem, which implies that any

row-wise partition of a left-spherical X is also left-spherical.

Theorem 8. (Gupta and Nagar, 1999) Let X ~ P € LSy 4 be partitioned as X = [XJ, X{]".
Then, X; ~ P,, € LS,, 4, where X; € R"*? § =0,1.

4.3 RANDOMIZATION VIA SUBSPACE ROTATIONS

Let X be the observed data and assume that the population distribution is left-spherical.
The random rotation (Langsrud, 2005) perturbs X by pre-multiplying an independent O ~
Unif(Op) such that Y = OX and considers Y as a new sample from the population. Noting
that Y'Y = X7X, the rotation randomizes the data conditioning on S. This implies that
the perturbed data provide as much information about the population distribution as the
original data.

As we noted in the previous section, the left-spherical assumption imposes the zero mean
condition to the data, which is rarely satisfied in real applications. In this section, we assume

a family of distributions which we called location-shifted left-spherical family and study a
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group of transformations under which the probability distributions are invariant. Specifically,
we consider a random matrix X whose population centered version, X —E(X), is left-spherical
and call the distribution of X a location-shifted left-spherical distribution.

We note that neither OX nor OX. is identically distributed as X, where X, is the
sample centered version of X. Let us assume that E(X) is known up to its column space.
In particular, we assume that E(X) can be written as E(X) = MyB", where M, is a known
N x mg matrix with mg basis vectors, B is the d x mg unobservable coefficient matrix, and
my < N. We denote by LSy 4(My) the set of location-shifted left-spherical distributions with
mean matrix whose column space is spanned by M. For simplicity, we assume in this section
that the columns of Mj, are orthonormal.

Let M, be a N xm; matrix whose columns constitute an orthonormal basis of Span(M;)*

and consider the following subgroup of Oy:
R(Mo) ={R | R= MyM; + MOM;, O € O, }. (4.16)

Perry and Owen (2010) provided the invariance of the normal family in LSy 4(My) under
(4.16) by showing that transformations in R(M;) preserve the first and second moments of
the normal family. In what follows we extend the distributional invariance to the location-
shifted left-spherical family LSy 4(M).

By slightly abusing the notations, let VA" be the nonsingular part of the singular
value decomposition of My M{X. It is known by Fang and Li (1999) that (MyMjX, AT'") is a
complete sufficient statistic for LSy 4(Mp). Hence, V determines the conditional distribution
of X given the sufficient statistic as X = MyMjX + VAI'". We find the distribution of V

and the subspace in which the probability measure is defined as follows.

Theorem 9. Let MiM[X = VAT'", where X ~ P € LSy q4(My). Then V is independent of
AT, and V is uniformly distributed on V), = {V | Span(V) = Span(M,), V € Vp, v}

Corollary 9.1. The volume of V}nLN s the same as the volume of Oy, .
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The probability measure of V is singular in that, for any a € Span(M), ¢V = 0
with probability one. An interesting observation is that V is identically distributed as the
conditional distribution of W ~ Unif(V,,, ) conditioning on WW?™ = M; M. To illustrate,
let P, v denote the set of N x N orthogonal projections of rank m;. Also, let [dP] and [dO]
be the differential forms for the uniform measures on P,,, x and O,,,, respectively. Then
the differential form [dW] defining the uniform measure on V,,, y can be decomposed into
two independent uniform measures such that [dW] = [dP][dO] (Chikuse, 2012). This implies
that, conditioning on P = M, M{", W is in Viu, n with conditional probability measure [dO],

where P ~ Unif(P,,, n). Corollary 9.1 also confirms the above interpretation.
Theorem 10. The volume of R(My) is the same as the volume of O, .

From Theorems 9 and 10, we find that, although V} .. and R(Mp) contain different sizes
of matrices, they have the same volume in the common subspace. We denote the differential
form for the normalized invariant measure on R(My) by [dR]. For notational convenience,
we denote R(My) by R as we always consider the uniform distribution on R(My) together
with LSn 4(Mp). Let Unif(R) denote the uniform distribution on R.

It can bee seen that, for any R € R, MyMyX is invariant in that RMyM;X = MoM{X.
Furthermore, since V and AT are independent by Theorem 9, it suffices to show that
Unif(V,,, y) is invariant under R to establish the distributional invariance of general location-

shifted left-spherical distributions.

Lemma 4. Let R ~ Unif(R) and V ~ Unif(V}, y). Then, for Wy € RVN and W, €

RNxm1 - characteristic functions of R and 'V is given by

1
1
\va(Wl) = 0F1 (%, _ZW1TM1M1TW1) s

where etr(A) = exp{tr(A)}, ¢ is the imaginary number, (Fy(b; A) is the hypergeometric

function with a matriz argument A and a parameter b (Muirhead, 2009).
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Using the characteristic functions of R and V, we can readily show that RV and V are

identically distributed. This provides the following theorem.

Theorem 11. Let X ~ P € LSy 4(My) and R ~ Unif(R), where X and R are independent.

Then, RX and X are identically distributed, and RX and R are independent.

Based on Theorem 11, we consider RX as new data from the population distribution
of X. As R only transforms V keeping Span(V) and the sufficient statistic (MoMiX, AT'")

fixed, we call the randomization carried by (4.16) “subspace rotation” (SR).

4.3.1 SUBSPACE ROTATION TESTS FOR NON-TRIVIAL MEAN

In this section, we construct the subspace rotation (SR) tests and explore their non-
asymptotic properties. Using the subspace rotations, a SR test can be constructed as

follows. Suppose that we have the following null hypothesis:
Hy:Pe LSN,d(Mo), (4.17)

and that ¢(-) is a chosen test statistic such that the rejection region has the form of {t(X) > ¢}
for some constant ¢ € R. By Theorem 11, for independently distributed R ~ Unif(R), t{(RX)
is identically distributed as ¢(X) under Hy. By conditioning on X, the distribution function

of t(RX) is given by the surface integral
Fix(21) = [ 1{t(RX) < 2}{aF) (4.18)
R

where 1(-) denotes an indicator function. We call (4.18) as the SR distribution of the test

statistic which unbiasedly estimates the true distribution function of ¢(X) as follows.

Theorem 12. The conditional distribution in (4.18) is an unbiased estimator of the true

distribution function Fy(z) = Pr(t(X) < z) in the sense that Ex{Fyx(2|X)} = Fi(2).

For a given significance level «, the distribution function in (4.18) is used to find a critical

value ¢, such that
ca(X) = inf{z|Fx(2|X) > 1 - a}. (4.19)

90



Original Data 10 Random Permutation 10 SR1 SR2

PC2
o
o
§®
C%O
OO
o
(@]
g
Q
OO
o

CIN & 808 &
5 %08 5 %08 -5 5 o 5
% % ° o
-10 -10 -10 -10 -10
-50 0 50 -50 0 50 -50 0 50 -50 0 50 -50 0 50
PC 1 PC 1 PC 1 PC 1 PC 1
Original Data Random Permutation 10 SR1 10 SR2 10 SR3
o Db, b+ o e+ t +
o+ +:ﬁ.$h¢ﬂ=‘ﬁ'*' T+ o +ﬁ$hﬁ'$ﬁ'* T # +-|_‘-++ 5 + +++"_"_ 5 ++ +
5
_'_‘f'" + * -1-'4_:1:_'_ + e
& -10 -10 + A+ A
&) 0 ++ 0f+ #t 0 o +¥'
o +4 +t + * +
+ + s+t i _‘;- +¢+ 5 4
_ + _ + ; +
-20 -20 5 ::"# 5 + 45y 5 oty
+ + 10 +F -10 -10 T+
-20 0 20 -20 0 20 -50 0 50 -50 0 50 -50 0 50
PC 1 PC 1 PC 1 PC 1 PC 1

Figure 4.3.1: Graphical illustrations of random permutation and subspace rotation using two
toy data sets with no outlier (top) and two outliers (bottom), where d = 500 and N = 50.
The original, randomly permuted and three subspace rotated data are projected onto the
first two principal component directions.

With the critical value, the SR test function is defined by
P(X) = {H(X) > ca(X)}. (4.20)

The SR test can be considered as a continuous extension of the permutation tests
(Lehmann and Romano, 2006) with the symmetric group being replaced by R, a subgroup
of the orthogonal group. We note that, in the context of outlier detection, the permutation
distribution (Lehmann and Romano, 2006) of a suitable test statistic degenerates into a
point as permutations do not change the geometric configuration of the data. On the con-
trary, the SR allows approximating the null distribution of the test statistic by perturbing all
the data points in R? while preserving its sample mean and covariance matrix. We compare
SR with random permutation using two toy data sets in Figure 4.3.1. We set d = 500 and
generate two data sets with NV = 50 from zero mean normal distribution with covariance

matrix ¥ = {o;;}, where 0;; = 1, 0;; = 0.5, ¢ # j. We add two outliers to the one of the
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data sets by shifting the mean by v/df, where  ~ Unif (V1.4). The data set with no outlier is
illustrated at the top row and the data set with two outliers is illustrated at the bottom. For
each data set, one randomly permuted and three subspace rotated data sets are displayed in
each column. It can be seen that the subspace rotated contaminated data sets have similar
shapes as the ones from the data with no outlier. Hence, SR provides a way of generating
“null” data sets which inherit the covariance structure of the original data but are free of
specific features such as clusters or outliers.

Now we provide the level of the SR test (4.20). The following theorem shows that it
controls the type-I error rate below o and achieves finite sample exactness when a test

statistic 1s continuous.

Theorem 13. Under Hy given in (4.17) and a given significance level o, the SR test given
in (4.20) is a level-av test. If the test statistic t(-) is continuous, then the p-value of the SR

test is uniformly distributed over (0,1), i.e. the SR test is a size-a test.

In addition to the properties under Hy, it is also important to investigate the power of

the SR test, where the power function of the SR test can be written as

BP) = Ex[1{t(X) = ca(X)}]
for P ¢ LSya(My). However, as Hoeffding (1952) stated, evaluating the power function is
difficult as the critical value ¢,(X) is also a random quantity. To explore the power of the
SR test, we consider the p-value of the SR test given below.

9,(X) = Er[1{(X) < t(RX)}|X]. (4.21)

In Section 4.5.2, we study the high-dimensional asymptotic power of the SR test by investi-

gating the behavior of ¥;(X).

4.4  APPLICATION TO HIGH-DIMENSIONAL OUTLIER DETECTION

In this section, we propose a high-dimensional outlier detection methodology which consists

of two stages: screening and testing potential outliers. In Section 4.4.1, we first introduce
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a measure of abnormality. Then, in Section 4.4.2, we provide a screening algorithm for
potential outliers that we call the candidate outliers. In Section 4.4.3, we provide a sequential

hypothesis testing procedure for the candidate outliers using the SR tests.

4.4.1 MEASURE OF ABNORMALITY

Let x; be an observation in X and X, be a row-wise sub-matrix of X that does not contain
X;. Measuring how distant x; is from Xy when d > N is an important consideration and
we propose to use the so-called Distance to Hyperplane (DH). The DH of x; to Xq is the
closest Lo distance between the affine hyperplane generated by the rows of Xy and x; (Ahn
and Marron, 2010). The DH has been found effective in HDLSS setting in the context of
clustering (Ahn et al., 2012) and multiple-outlier detection (Ahn et al., 2019). Note that DH
is well-defined with probability one when the underlying distribution is continuous. Let Py
be the projection matrix onto the row space of Xy and Xq be the average of the rows of Xg.

Then the DH of x; to X, is given by
DH (x;|Xo) = |[(1a = Po)(x; = Xo) |2, (4.22)

where || - ||2 refers to the Ly norm.

4.4.2 STAGE I: SCREENING OF CANDIDATE OUTLIERS

In this section, we introduce our outlier screening algorithm. Let ny and n; be the (unknown)
numbers of non-outliers and outliers in the data such that N = ng+ n;. We assume that the
number of non-outliers is greater than the number of outliers so that ng > ny + 1.

Suppose we know from prior knowledge that n; is bounded by 74, a safe upper bound
for the number of outliers. We propose to screen n; candidate outliers through the following
steps. First, we identify S < N —n; observations, which are located at the center of the data
cloud. In the second step, we find n; observations that are the most distant from the affine
hyperplane generated by the S observations. We consider these 1y observations as candidate

outliers and let Z denote the index set of the candidate outliers.
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The screening algorithm is as follows. First, for each observation, we calculate Lo dis-
tances to each of N — 1 rest of observations and obtain their median. Once we obtain N
median values, we take the S observations with the smallest median values. We consider
these observations as surely non-outliers, as these observations are located at the center of
the majority of observations. We call the index set of the S observations as the initial refer-
ence set and denote the initial reference set by Z,. Then we measure how distant each of the
N — S observations not in Zj is to Zy based on DH. The index set of candidate outliers Z is
obtained by selecting 7 observations with the largest DH values. We set X; = [x3,...,x}
with the observations in Z and X with the remaining ny = N —n, observations. Finally, we

calculate the DH measures between each candidate outlier to the affine hyperplane of X as
tj = DH(X;’XO), ] = 1,...,7~ll, (423)

which will be used as test statistics for the hypothesis testing in the second stage.

In practice, the upper bound n; can be chosen by experts based on prior knowledge of
the data. Under low-dimensional setting, where d is fixed and NN increases, it is suggested
that a reasonable upper bound 7; is of the form 7; = O(N¢), where 0 < £ < 1 (Barnett and
Lewis, 1974; Simar, 2003). This condition assumes that the proportion of outliers decreases
as the sample size increases. However, this assumption seems unrealistic under the HDLSS
setting, where d grows with fixed N. In our asymptotic and numerical studies, we assume
that 7; increases at the same rate as the sample size, which corresponds to 7y = O(N).

For the number of the initial reference observations S, we find in Section 4.5.1 that, as
long as S < ng, the proposed screening procedure successfully screens out all the outliers
with overwhelming probability for large d. However, since ng is unknown in real situations,
we recommend using S that is strictly less than half of the sample size. In particular, our
numerical studies suggest that S = iy = [0.3N] is reasonable choices for S and 7;, where

|a] is the nearest integer of a € R.
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4.4.3 STAGE II: SEQUENTIAL SR TESTS ON CANDIDATE OUTLIERS

The sampling distribution of (4.23) under spherical normal population is known to be a
scaled x? (Ahn et al., 2012), but, in general, it is not readily available. We propose to utilize
the SR distribution in estimating the sampling distribution of (4.23). We note that any row-
wise partition of a left-spherical random matrix is also left-spherical as in Theorem 8. Thus,

for each x7 in Xy, the null hypothesis that x} is not an outlier can be written as
YjNPELSmd(Jn’l), jzl,...,ﬁl,

where Y; = [X{,x]" is the non-outliers augmented by a candidate outlier, n = 7y + 1.
By Theorem 11, the distribution of Y is invariant under transformations in R, where R is
analogously defined as (4.16) with My = n=/2J, ;.

We assume without loss of generality that the candidate outliers x7,...,x; are rear-
ranged so that that ¢t > t5 > --- > t;,. Starting with x}, we propose to carry out sequen-
tial SR tests as the following. In order to test Hy; : Y1 ~ P € LS, 4(Jpn1), we generate
Ry £ Unif(R), k =1,..., K, and obtain the subspace rotated data sets Y1, = R;Y;. Note
that under Hy,, each Y, will be a conditionally independent sample from the location-
shifted left-spherical population. Then we find the observation which is the most far from

the rest of the observations in Y, and store the corresponding DH value. Specifically, for

each Y, we calculate n leave-one-out (LOO) DH such that

where Y Z is the subspace rotated data without the ith row y;, P_; and y_; are analogously
defined with Y, i as (4.22). Then we find the maximum of the n LOO DH values, which is
denoted as t1 4, k =1,..., K. Using these K reference values, we estimate the critical value

ca(Y1) as

K
Can = min{2| Fyy, (2[Y1) > 1 — a}, where Fyy, (2[Y1) = K" 1(ti < 2).
k=1
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Finally we declare x7 as an outlier if ¢; > ¢, ;. If x] is found to be an outlier, we move on to
x; and repeat the above process to test Hyo : Yo ~ P € LS, 4(.J,,1). We continue this until
we fail to reject Hoj, j < ny. At this point, we finally conclude x7,...,x} ; as identified

outliers. Algorithm 1 in Section 4.10 summarizes the proposed outlier detection algorithm.

4.5 HIGH-DIMENSIONAL ASYMPTOTICS OF OUTLIERS

In this section we justify the proposed outlier detection procedure using high-dimensional
asymptotic arguments. In particular, we employ the HDLSS asymptotics (Hall et al., 2005;
Ahn et al., 2007), assuming that the dimension grows while the sample size is fixed. With a
slight abuse of notation, we let x = (21, ,x4)" represent a random vector of non-outliers

T

and x° = (z9,---,29)" represent a random vector of outliers. The following conditions on

moments are commonly assumed in the HDLSS literature (Hall et al., 2005; Jung and Marron,

2009).

Condition 1. Assume that the population structure of the data satisfies the following as d

mcereases:

(a) The fourth moments of the entries of the data vectors are uniformly bounded.

(b) YL {E(@r) — E(27)}?/d — 412,

(¢) S Var(z)/d — o2,

(d) 31, Var(ap)/d — 72.

(e) For both x and x°, there exists a permutation of entries such that the sequence of the

variables are p-mizing for functions that are dominated by quadratics.

The p-mixing in (e) is a mild condition to achieve the law of large numbers for sequence
of correlated random variables (Kolmogorov and Rozanov, 1960). For —oco < i < j < o0,

consider the o-field F/ generated by the random variables {z|i <1 < j} and the following

96



maximal correlation coefficient (Bradley et al., 2005):
p(m) =sup|corr(z,y)|, =€ La(FLy), y € La(FY,),

where the supremum is taken over all z, y and 1 < i < oo, and Lo(F) is the set of square
integrable and F-measurable random variables. Then a sequence of random variables {z}

is called p-mixing if p(m) — 0 as m tends to infinity.

4.5.1 SURE SCREENING OF OUTLIERS

Let J be the index set of outliers, | 7| = n;. Under Condition 1, the HDLSS geometric

representation implies that, for any ¢ # 4’ in J¢ and j # j' in J,

e R P (4.24)
d7'2x5 — x5l 2 V2r?

A7) = xills =5 VP + 0%+ 72 (4.25)

as d — 0o, where —— indicates convergence in probability. Thus, for each x; and X,
the medians of L, distances to each of N — 1 rest of observations converge to v/202 and
\/m after scaled by v/d, provided that no > n; + 1.

Recall that Z, and Z are the index sets of surely non-outliers and candidate outliers
based on the screening procedure described in Section 4.4.2. A necessary condition for the

successful screening, J C Z, is that Z; does not include any of the outlier indices in 7.

Lemma 5. Under Condition 1, if ng > ny + 1 and p? + 7% > o2, then
lim Pr(ZoNnJ =0) = 1.
d—o0

The condition p? + 72 > 02 characterizes the high-dimensional asymptotic behavior of
an outlier. In particular, a location and scale outliers can be characterized by p? > 0 and
72 > 02, respectively. Clustered location outliers can be represented as o2 > 72 and p? > 0.

In this case, the location of outliers has to be at least a certain distance apart from the
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Figure 4.5.1: Average sure screening rates with standard error bars based on 100 replications.
Data are independently generated from the standard multivariate normal with N = 100, i.e.,
0% = 1. We consider d = 110,...,5000 and n; = 5, 10, 20, 30 outliers by shifting and scaling
the standard normal vectors by p and 7. For each setting, we fix S = n; = 30.

non-outliers so that u? + 72 > 2. We assume that p? + 72 > ¢? and the number of outliers

is strictly less than the number of non-outliers such that ng > n; + 1.

After obtaining Zy, we set Z by selecting 71 observations that have the largest DH values

to the affine hyperplane generated by Zy. Thus, a sufficient condition for successful screening
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is that outliers have larger DH values than non-outliers. As d — oo, the sufficient condition
is satisfied with probability converging to one, and thus, combining with Lemma 5, we have

the following theorem.
Theorem 14. Under Condition 1, if ng > ny + 1 and p® + 72 > o2, then

lim Pr(J CZ)=1.

d—00

We call the event J C Z sure screening and demonstrate the sure screening scenarios
under various settings in Figure 4.5.1. Data are independently generated from the standard
multivariate normal with N = 100, and outliers are obtained by shifting and scaling standard
normal vectors by p and 7, respectively. For each setting, we fix ny = S = [0.3N] and
consider ny = 5, 10, 20, 30. The y-axis represents the proportion of the sure screenings out of
100 replications. The top panels correspond to the cases when scale and location outliers are
present, respectively. The top left panel represents the case of the scale outliers in that the
location parameter is the same as non-outliers, while they have the larger variability. The top
right panel illustrates the case where outliers have the same variability as the non-outliers
but different location. It can be seen that even under the high contamination, n; = 30, the
perfect sure screening is achieved under a moderately large dimension, d > 500. The two
bottom panels display the cases when location outliers are clustered by having less variability
than non-outliers. These settings are intended to mimic the situations where the masking
effects are likely to occur. The bottom two panels in Figure 4.5.1 support the claim that the

proposed screening method is robust to the possible masking effects.

4.5.2  ASYMPTOTIC POWER OF SR TESTS FOR OUTLIER DETECTION

In this section, we investigate the high-dimensional asymptotic power of the SR test. Recall
that in Section 4.4.3 we denote [X7,x;|" by Y, and the test statistic is given by ¢(Y;) =
DH(x3|Xy). For notational convenience, we drop the candidate outlier index j. The null
hypothesis Hy : P € LS, 4(Jn1), i.e., X* is not an outlier so that Y is from LS, 4(Jn1),
implies p?> = 0 and 72 = ¢2 in Condition 1.
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Figure 4.5.2: Tllustration of the asymptotic geometry of HDLSS data and three randomly
rotated data sets when ng = 2 and n; = 1. Original (rotated) data points are connected with
solid (dotted) lines.

Using the HDLSS asymptotic argument, we can show that after proper scaling, the test
statistic converges to a deterministic value under respective hypothesis, as the following

lemma shows.

Lemma 6. Under Condition 1, as d — oo,

—

V2 +02/ng+ 12 under H,.

In the next theorem, we show that the power of the proposed SR test converges to one

as the dimension tends to infinity.
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Theorem 15. Let U,(Y) be the p-value defined in (4.21), with N and X replaced by n = ng+1
and Y, respectively. Under Condition 1, if ng > ny + 1 and p* + 72 > o2, then, as d — oo,

1 wunder Hy,
9(Y) 2

0 wunder H,.

Figure 4.5.2 displays the geometry of three ultra-high-dimensional (d = 50,000) data
points, one of which is an outlier. The vertical red line segment represents the simplex of Xj.
The three random vectors approximately form an isosceles triangle, with the edge lengths
given in (4.24) and (4.25) . Dotted triangles represent three randomly selected, rotated data
sets that are generated for the SR test. We can see that the rotated data and the original
data have a common set of Steiner inellipse and circumellipse. All triangles in the figure have
the same area, which is generalized by the statement that SR preserves the volume of the
data, or yields the same sample second moments as the original data. The lengths of axes of
the circumellipse are \/W times the square roots of eigenvalues of the sample covariance
matrix of the data, where the inellipse has axes of a half length of the circumellipse. In the
context of this figure, the proposed SR test would compare the maximum height of the red,
solid triangle with the maximum heights of the subspace rotated, dotted triangles. Theorem
15 states that when d increases, the red triangle is likely to have the longest height among
all triangles.

We note that HDLSS asymptotic scenario assumes that d is diverging with fixed N.
The scenario where both d and N are diverging can be considered by progressively taking
the limits, and this resembles the asymptotic scenario d/n — oo (Jung et al., 2018; Lee
et al., 2014). Under this scenario, after scaled by Vd, the test statistic given in Lemma 6
converges to Vo2 and \/m in probability under Hy, and H,, respectively. Thus the

result of Theorem 7 will still hold.
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4.6 A SIMULATION STUDY

We evaluate the performance of the proposed procedure with various data settings by com-
paring with existing methods. These include the Comedian (COM) by Sajesh and Srinivasan
(2012), the distance-based method (DSO) by Ahn et al. (2019), the PCout (PCO) by Filz-
moser et al. (2008) and MDP by Ro et al. (2015). We set ny = S = |0.3N]|, K = 500 and
a = 0.05 for SR tests. For the competing methods, we use the default settings suggested by
the authors.

We generated d = 1,000 dimensional data with sample size N = 50 or N = 100 from
the following distributions: matrix normal (denoted as MN), matrix ¢ with four degrees of
freedom (MT), and a generalized gamma distribution with skewness one and excess kurtosis
1.5 (GM). Note that the GM distributional setting violates the left-spherical assumption.

Each distribution has mean zero and the following covariance structures:
e Auto-Regressive (AR): ¥ = {0.8/71}, /, where 1 < 1,1’ < d.
e Compound Symmetry (CS): ¥ = 0.71; + 0.3J44.

e Geometric Decay (GD): ¥ = I'AI'", where I' is generated from Unif(Q4) and A is a

diagonal matrix with geometrically decaying eigenvalues. Specifically,

(.91 — .91

e B Y,

l=1,....,d

The variables in the AR setting are strongly correlated with only a couple of variables, while
nearly uncorrelated with the rest. The CS setting assumes that variables are moderately
positively correlated with each other. The GD setting is intended to mimic a covariance
structure that has been empirically observed in real high-throughput data.

We consider two scenarios regarding the source of abnormality, location or scale,

and also two levels of contamination, low or high. Location outliers are generated from

N(de,I,,, ¥), where © = [0y, -+ ,0,,]" and 6, are independently distributed as Unif(V, 4),
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Figure 4.6.1: The average numbers of detected outliers with simulated data based on 50

replications. The dimension d = 1000, the sample size N = 100 and the number of out-
liers, ny = 4,15. The matrix normal, matrix ¢, and generalized gamma distributions are
denoted by MN, MT and GM. The blue (yellow) bar indicates the average number of true
(false) positives, and circle, triangle and asterisk at the end of each bar corresponds to the

auto-regressive (AR), compound-symmetry (CS) and geometric-decaying (GD) covariance
settings.
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7 =1,...,n;1. Scale outliers are from the same distribution family as non-outliers, but with
Var(x$) =21q, j=1,...,m.

Simulation results averaged over 50 replications for N = 100 are shown in Figure 4.6.1.
The results with N = 50 can be found in Figure 4.11.1 in Section 4.11. Each horizontal bar
represents the average number of declared outliers by each method. The blue (dark color)
part of a bar is for true positives (TP), true outliers detected, and the yellow (light color) is
for false positives (FP), falsely declared outliers. The vertical reference line is drawn at the
true number of outliers n;. It is immediately clear that the proposed method performs better
than the compared methods in most of the settings. The SR method achieves near perfect
TP, while having the minimum level of FP in all settings, except for a few cases with the CS
covariance, under which Condition 1-(e) for the asymptotic study in the previous section is
violated. The COM and MDP methods particularly suffer under this covariance setting. It
is also noticeable that the effect of the CS covariance is relatively non-existent under the ¢
distribution.

The right panels of the figure showing the result under the gamma distribution indicate
that the proposed method is robust to the left-spherical assumption. The DSO method
shows consistently good performance, achieving perfect TP as well in all cases. However
it is overall worse than the proposed SR method in terms of FP. The PCO method also
successfully detects all outliers except for a few cases, but its FP is mostly higher than other
methods especially in the low contamination case. The MDP method fails to detect the true
outliers under the t4 distribution, and is the worst in overall performance.

To examine how different choices of 71 change the performance of the proposed method,
we re-run the simulations with various choices of 17 under the same settings. Specifically, we
consider n = 0.1,0.2,0.3,0.45, where n; = [nN]. We find that the SR method is robust to
the choice of n; in terms of TP and FP. In term of TP, the proposed SR method achieves

near perfect TP for all ;. On the other hand, FP increases as 1y increases but our method
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N=50 N=100
AR CS GD | AR CGS @D

SR 0.44 2.48 0.50 0.54 2.74 0.84
(0.10) (027) (0.10) | (0.12) (0.30) (0.15)

COM 1.00 7.62 1.26 1.00 14.52 1.12
(0.00) (038) (0.07) | (0.00) (0.49) (0.05)

1.48 1.72 1.66 1.62 1.70 2.40

MNEDSO 6 15) (0.25) (0.14) | (0.16) (0.19) (0.31)
PCO 4.84 4.66 4.80 7.94 7.40 8.14
(0.42) (035) (0.37) | (0.53) (047) (0.47)

upp 330 1896 540 | 576 3406 7.8
(0.25)  (043) (0.39) | (0.39) (0.78) (0.42)

SR 0.54 0.44 0.54 0.44 0.52 0.44
(0.11) (0.11) (0.12) | (0.08) (0.12) (0.11)

coy G065 680 6407 | 556 598 5.5
(0.31)  (039) (0.33) | (0.37) (0.32) (0.31)

1.70 1.64 1.60 2.20 2.36 2.58

MIDSO o1y (017)  (0.14) | (024) (0.29) (0.34)
b 536 590 570 | 1058 970 10.02
(0.35)  (042) (0.41) | (0.61) (057) (0.50)

MDP 1.68 1.32 1.72 2.18 1.68 2.08
(0.28)  (0.22) (0.28) | (0.27) (0.24)  (0.30)

o 068 336 078 | 0.88 522 130
(0.12) (0.30) (0.13) | (0.14) (0.38) (0.17)

coy LU0 838 160 | 100 1662 160
(0.00) (033) (0.11) | (0.00) (047) (0.12)

1.40 1.96 1.88 1.88 2.70 2.14

GMIDSO g 16) (0.22) (022) | (023) (0.41) (0.22)
b 498 s12 562 | T3 7o1’ 806
(0.33)  (038) (0.39) | (0.42) (0.44) (0.46)

upp P26 2030 664 | 878 3604 908
(0.39)  (033) (0.48) | (0.47) (0.86) (0.54)

Table 4.1: Average numbers of false identifications and standard errors based on 50 replica-
tions under no-outlier settings. The matrix normal, matrix ¢, and generalized gamma dis-
tributions are denoted by MN, MT and GM, for each of which one of auto-regressive (AR),
compound-symmetry (CS) and geometric-decaying (GD) covariance setting is applied. The
numbers in boldface represent the smallest average number of false identifications under each

setting.
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outperforms existing methods even in the worst case n = 0.45. The results are summarized
in Figure 4.11.2 and Figure 4.11.3 in Section 4.11.

One of the findings in the results in Figure 4.6.1 is that most methods are able to detect
most of the true outliers, and an important criterion for an effective outlier detection method
is the ability to not false declare non-outliers as an outlier. Hence we conduct a simulation
under the null settings, i.e., the same distributional settings as above but with no contam-
ination. Table 4.1 lists the average numbers of the observations that are falsely declared as
outliers based on 50 replications. The proposed SR method shows the lowest level of false
detection in most settings, which implies that the type-I error of the SR test is well controlled
below the nominal level @ = 0.05. Under the CS covariance setting, DSO has the smallest
false detection when the population is MN or GM. A similar interpretation to Figure 4.6.1
on the overall comparative performances of the methods can be applied in this experiment

too.

4.7 OUTLIERS IN HUMAN FACE IMAGE DATA

We applied the compared methods to the Olivetti Research Laboratory (ORL) face image
data set (Samaria and Harter, 1994) to see how they perform on a real data problem. The
ORL data consist of a total of 400 face images from 40 individuals so that each person has
ten images showing various facial expressions and brightness. Each image contains 112 x 92
pixels in 0-255 grayscale that makes the dimension d = 10, 304. For each individual, we add
ny; = 3 outliers by adding images of three randomly chosen different people in the data set.
The proposed SR tests were conducted with n; = S = |[0.3N], K = 1,000 and a = 0.05.
MDP could not be implemented due to the high-dimensionality.

Figures 4.11.4-4.11.7 in Section 4.11 display all cases with outlier detection results from
the compared methods. Each column shows ten images belonging to one individual, followed
by three contaminating images at the bottom. The red text next to an image indicates a

method that declares that image as an outlier. A summary of all 40 individuals is shown in
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SR COM DSO PCO
TPR 0.917 0.850 0.308 0.700
FPR 0.017 0.138 0.008 0.153

Table 4.2: Average true positive rates (TPR) and false positive rates (FPR) for the ORL
data containing 400 face images from 40 individuals (10 each). For each set of 10 images

belonging to one person, three randomly selected images are added to contaminate the data
(N =13,ny = 3).

Table 4.2, in which average true positive rate (TPR) and false positive rate (FPR) are shown.
The proposed method outperforms all the competing methods in that it has the largest true
positive rate and the lowest false positive rate. Unlike the simulation results, DSO fails to
detect outliers in many examples. The PCO and COM methods show reasonable TPR but

have a relatively large FPR compared with the proposed method.

4.8 CONCLUSIONS

In this chapter, we proposed a new high-dimensional outlier detection procedure based on
a randomization test. Numerical studies suggested that it has a number of advantages over
existing approaches. Most importantly, the proposed SR method showed smaller false pos-
itives than the compared methods. It seems for HDLSS data; it is much more challenging
not to falsely accuse a non-outlier than finding true outliers. This is a crucially practical
advantage as it is usually costly to collect high-throughput data; thus, it is important to
keep as many observations as possible for analysis.

Although in the present chapter, we have focused on outlier detection, the SR tests can be
applied to various hypothesis testing problems in multivariate analysis. It would be a natural
alternative of the permutation test in a variety of situations. There are a few future research

directions to pursue. For instance, we can verify the existence of clusters in unsupervised
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learning using the SR test, as random rotations can create the null data without clusters

while inheriting the overall volume of the data.

4.9 'TECHNICAL DETAILS

Proof of Theorem 9. Let MiM{X = X, . Since, for any V € anz1,N7 there exists an
O € O,,, such that V' = M;0O, the differential of X, is given by
dXn, = MidOAT™ + MyOdAT™ + M,OAdT™.
Let Vo = [M10, M| € Oy and I'y = [I', 1] € Oq4. By pre- and post-multiplying V;" and I'y
to d Xy, we have
OTdOA + dA + AdI''T"  AdI''T
Vo d X, Ty = 7

Od—ml,ml Od—ml,d—ml

where 0, is the a x b matrix of zeros. As similarly done in Theorem 5 of Uhlig et al. (1994),

(0Td0A+dA+AdFTF)—H (A=) /\dA /\ /\ o7do, /\ /\ vid (4.26)

1<J 1=1j=141 =1 j=1+1
and
mi1 d—mq
(AAITTL) = det(A) ™ AN o7, v, (4.27)

where A = Diag{\;}" and 7, are the ith columns of O and I's, respectively. Since

i=1 9

(Vi'd X, o) = (dX ) by Theorem 2.1.5 (Muirhead, 2009), the exterior product of (4.26)
and (4.27) gives

mi d—m1
(dXar,) :det(A)d—WH (A7 =A%) /\d)\ /\ /\ 0;do; /\ /\ 'ymlﬂ dy, /\ /\ 7 dy,
= det(A)d™ H(Af — A)(d0) \(dA) A\(dr), (4.28)

where (dO) is the differential form for the invariant measure on O,,, .

Independence is obtained as follows. By Theorem 6.1.4 (Muirhead, 2009), the density of
Xy, is proportional to g(TTA’T) for some g. Since g(I'"A?T) is free of V' (or O) and (dO)
can be factored out from (4.28), the independence is achieved. [
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Proof of Theorem 10. Recall that R = MMy + M;OM{ for some O € O,,,. Since
R'R = Iy, R"dR is a skew-symmetric matrix, where R"dR = M,0"dOM{. Let V, =

[M;, My € On. By pre- and post-multiplying V;" and V5 to R*dR, we have

OO Opy g
VSR'dRV, = :

OmO PO Omo,mo

where my+my = N. Since (V;' R"dRV3) is identical to (R"dR) by Theorem 2.1.5 (Muirhead,
2009), (R"dR) = (O"dO). O

Proof of Lemma 4. Since R = MyM{ + M,OM] for O ~ Unif(O,,, ), we have

Ur(Wo) = E{etr(WIR)}

:/ etr{tWy (MoMy + M;OM")}[dO]

Om,y

_ / etr (W MyMg) etr(\Wg MyOM;)}[dO)
Om,

= etr(LWOTMOMOT)/ etr(e MWy M;0)}dO]
Oml

1
= etr((WT Mo M) Fy (% - fW()TMlMlTWOTMl) .

Also, since we can write V = M;0, we have

Ty (W) = E{etr((IVIV)}
_ / etr (LW M, 0)[dO]
O’an
1
=ob1 m; — Wi My MWy )
2 4
UJ

Proof of Theorem 11. The result follows if we show that, for independently distributed
V ~ Unif(V,, x), RV and R are identically distributed. We write R = MoMg + M,Oo MY

and V = M;0q, where Og and O, are independent and identically distributed as Unif(O,,, ).
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For W = [W, W[]", the joint characteristic function of R and Y = RV is given by

Ury(W) = Eletr{«(W7R + W]'Y)}]

/ etr(LWT R) etr (1T My 001 [dO1][dO%)
Oy J Oy

m 1
= / 0F1 (71, —ZWITMlO()OgMiFW1> etl"(LW(;FR) [dOo]
Omy

1
= oF, <% _Zw;Mlewl) / etr(LWIR)[dOo]
O

1
T ——MITWJMlMlTWOTM1> .

1
=oF (ﬂ; ——WfMlem) etr (W My Mo Fy <7 :

2 4

Combining this and Lemma 4 indicates that RV and V are identically distributed, and RV

and R are independent. O

Proof of Theorem 12. Let fx(X) be the density function of X and (dX) be the Lebesgue
measure for X € Ry 4 as in (4.6). We denote fx(X)(dX) by [dX]. Then the unbiasedness of

the estimator in (4.18) can be seen as
Ex (P} = [ [ 1 HHRX) < 2} aR)ax
_ /R " /X {#(RX) < 2}[dX][dR]
_ /R " /X 1{t(X) < 2}dX][dR], since X £ RX,
- /R o, FCIR] = Fi).
O

Proof of Theorem 13. Consider the expectation of ¢p(RX) given X = X. By (4.18) and
(4.20), we have

Er{$(RX)|X} = /

. ¢(RX)[dR] = / H{t(RX) > co(X)}dR] < c.

R(Mo)

Note that the last equality holds when #(-) is continuous. We also have

Ex{¢(X)} = Ex{¢(RX)} = Er[Ex{¢(RX)}] = Ex[Er{#(RX)}].
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The first and second equalities hold by the invariance and independence shown in Theorem

11. By the definitions of the SR distribution (4.18) and ¢, (X) (4.19), we have
Ca(X) = ca(RX)

for all R € Ryy,. Since R and X are independent, Ex[Er{¢p(RX)}| = Ex[Er{¢p(RX)|X}] <
a. The equality holds, provided that ¢(-) is continuous.
]

Proof of Lemma 5. Let med; and med] be the medians of the pairwise distances of x;
and x7, respectively. Under the given assumption ng > n; + 1, the asymptotic geometric

representation given in Section 4.5.1 implies that
med? —med{? = d(p* + 7° — %) + 0,(d).
The condition u? + 72 > o2 directly gives us that

lim Pr(med] < med;) = 0.

d—o0
Since Pr(Zo N J # () < Pr(med] < med;), we have the desired result. O

The following lemma will be needed to prove Theorem 14 and Lemma 6.

Lemma 7. Let (I, — n='J,,)Y = VAT" be the nonsingular part of the singular value
decomposition. Under Condition 1, as d — oo,
d'WVA VT L, UuDp?UT,

where U = [u,, ..., u; |, D* = diag{0?}1°,,

» Bng

_ o\ 1/2
u —(@> / gt J> 1, —1]" and
U=\, 0 i

ng,1»

5 2
n Un
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Proof of Lemma 7. Condition 1 gives us that, by the weak law of large numbers, as
d — oo,
0?Qao + (5215 om0 — 1315 T701
d'VA2 VT Ly =Q,
— 1845170 (%)
where

1 ) ) o2 ,
Qﬁo = Iﬁo - N_Jﬁo,ﬁo, and Mo = + — 4+ 77
T o

Let u; = v/fo/n[ng " JZ, 1, —1]". Then,

ng

?MS Uy = 0tuy.
Thus, u, is an eigenvector corresponding to §?. Without loss of generality, let e, be the ith
eigenvector of Qz,. Then u; = [ef 1,0]", i = 2,...,ng, are eigenvectors of ) corresponding
to the common eigenvalue o2.

We now show that wu, is the eigenvector corresponding to the largest eigenvalue, under

the condition p? + 72 > ¢2. This can be seen as

o o o
— @+ =1 > —o?
n n n

Thus, the §% is the distinct largest eigenvalue and u, is unique up to constant. O

Proof of Lemma 6. Let £ = [J} |, —1]" be an n-dimensional label vector for x*. By Ahn

and Marron (2010), we can express d~'#(Y)? by

4
dHY)? = —————.
(¥) A"VATIVTY
By Lemma 7, we have
d1t(Y)? 1 i (4.29)
Qe ’
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where AT is the Moore-Penrose generalized inverse of matrix A. Note that the label vector

{ can be expressed as a linear combination of u; and w,, such that ¢ = a1u, + a,u,,, where

Un) ’flo—l

u, = n’l/sz, a; =2 o and a, = 7 (4.30)
Thus, the denominator of the limit in (4.29) is £ Q"¢ = 6;%a? = 4y,?, and we have
g =M= T
Under the null hypothesis Hy : P € LS, 4, we have p? = 0 and 0? = 72. Thus,
4 o’ 9
A
0

Proof of Theorem 14. We will prove the theorem by showing that Pr(J ¢ Z) converges
to 0 as d — oo. We first rewrite Pr(J ¢ Z) as

Pr(J ¢ I)=Pr(J ¢ I|T N Ty # 0) Pr (T NIy # 0) (4.31)

+Pr(T ¢ IIT NIy =0) Pr (T NIy =0). (4.32)

For the right hand side of (4.31), the conditional probability is one as J NZy, = 0 is a

necessary condition for the event J C Z. Let us denote £ by the event
{DH (x}|Zo) < DH(x4|Zy), for some x; and x7}.

Then the conditional probability in (4.32) is bounded above by Pr{&|J NZ, = (}. Hence,

we have
Pr(J¢I)<Pr(TNZy#0D)+Pr(E|TNILy=10). (4.33)

The proof is then complete since the first and the second terms in the right side of (4.33)

converge to 0 as d increases by Lemmas 6 and 5. Therefore, we have

lim Pr(J ¢ Z) = 0.

d—00
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Proof of Theorem 15 . Let VAT'" be the singular value decomposition of (I, —

n~'J,»)Y in Lemma 7. The p-value in (4.21) is
(YY) = Er[1{t(Y) < t(RY)}|Y]
=Pr{t(Y) <t(RY)|Y}.

Let ¢, = (lirq,...,0y,)" be the label vector such that ¢;; = —1 if ¢/ =4, and ¢y, = 1,

otherwise. Then,

4
t(RY) = max — — ,
7 dAVOA 20TV,

where O ~ Unif(Oy,). Since the test statistic depends on Y only through VA, and R =

AV).

MyMy + M,OM{", the p-value can be written as

(X = Pr (dmjn [A OV LI < dlA- V'Ll

By Lemmas 6 and 7, as d — o0,
d| ATV 4pg?
and dVA~2VT™ X5 UD2U™ under H,. This implies
9,(Y) -2 Pr (n%/in |IDtOUTL, |2 < 4u52> . (4.34)

Now we show that the right-hand side of (4.34) is 0 by showing that miny ||[D~!OU"(,||3
is bounded below by 452 for any O € Oy,. Let Uy = [U,u,] and a = (a4,0,...,0,a,)",

where u,,, a; and a,, are defined in (4.30). Since ¢ = aju, + a,u,,, we can express £ and £, as
t=Upa and [, =IlyUsa,

where II; is the permutation matrix that switches the #/th and the last components of £.
Let a; = U™M;Upa. Then mingy ||[D7*OU"L,||3 is equivalent to min afO"D~20g;. Since
Z/

O" € O, if g, is proportional to the first column of OT, we have
a; 0" D?0a; = 67%||q,|l5 = 4p5”.
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and this is the lower bound of miny ||D~*OU™(;||3. This implies that
Pr (m}n |DTOU™L, |5 < 4u52> =Pr (m}n |IDTOU™L, |5 = 4u52) .

Note that every entry of O is a continuous random variable and O is of full rank with

probability 1. Since ¢, takes only finite values, we have

Pr (min | D~1OU, |3 = 4p) = 0.
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4.10 ALGORITHM

Algorithm 1 Two-Stage Outlier Detection Procedure

Stage I: Screening Candidate Outliers
Input: S, n1, o, K, X = [x1,- -+ ,xn]"
1: fori=1to N do
for i/ ={1,...,N}\ {i} do
diir = [|xi — xir|2.
end for
Find medi = median{di,i/}i/#
end for
Re-arrange med;, 2 = 1,..., N, so that med;; <... <med,;,
Set I() = {il, ce ,is}, Z() = [Xil, s ,XiS]T, and Z1 = [X’is+1? T ,X,L'N]T.
for s=5+1to N do
Dis = DH(xis |Z0)
: end for
: Re-arrange D; s, s =S+ 1,..., N, so that D;g,, <... < D;y
13: Set T by selecting n; indices corresponding to the largest D;,, s=S+1,...,N

[

Stage II: Sequential SR Tests on Candidate Outliers
Initialize X and X; with observations in Z¢ and Z, respectively.

1: for j =1ton; do

2: Calculate t; = DH (x}|Xo)

3: end for

4: Rearrange Xj» such that t1 > ... > 15,.

5: for j =1 ton; do

6: Set Y; = [Xg, x}]"

T for k =1 to K do -

8: Set Y, = Ry Y, where Ry, % Unif(R)

9: Find the maximum LOO DH with Y, and denote it by ¢;

10: end for

11: Obtain the empirical SR distribution function Ft|Yj (2] Y;)) = K30, 1(tjr < 2).

12: Set Co,j = min{z|Ft‘Y].(z\Yj) >1—a}.
13: if tj > éa’j then

14: Declare x;« as an outlier.

15: else

16: Declare x7j,...,x;_; as outliers and terminate the procedure.
17: end if

18: end for
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4.11 FIGURES
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Figure 4.11.1: The average numbers of detected outliers with simulated data based on 50
replications. The dimension d = 1000, the sample size N = 50 and the number of outliers,
Tq ::‘4,8.
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Figure 4.11.2: Simulation results based on 50 replications with different screening propor-
tions, n = 0.1,0.2,0.3,0.45, each of which denoted by SR100n. The dimension d = 1000, the
sample size N = 50 and the number of outliers n; = 4, 8.
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Figure 4.11.3: Simulation results based on 50 replications with different screening propor-
tions, n = 0.1,0.2,0.3,0.45, each of which denoted by SR100n. The dimension d = 1000, the
sample size N = 100 and the number of outliers, n; = 4, 15.
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Figure 4.11.4: The first ten cases of the face data outlier detection example. Each case is
vertically arranged with ten images belonging to one individual, followed by three outlier
images. Texts on the right side of an image indicate a method declaring it as an outlier.
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Figure 4.11.5: The second ten cases of the face data outlier detection example. Each case
is vertically arranged with ten images belonging to one individual, followed by three outlier
images. Texts on the right side of an image indicate a method declaring it as an outlier.
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Figure 4.11.6: The third ten cases of the face data outlier detection example. Each case is
vertically arranged with ten images belonging to one individual, followed by three outlier
images. Texts on the right side of an image indicate a method declaring it as an outlier.
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.SR

Figure 4.11.7: The last ten cases of the face data outlier detection example. Each case is
vertically arranged with ten images belonging to one individual, followed by three outlier
images. Texts on the right side of an image indicate a method declaring it as an outlier.
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