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ABSTRACT

We consider a univariate discrete-time series {x;;t > 1}, where the conditional mean of z;
is assumed to be an unknown function of linear combinations of past observations and the
conditional variance of z; is also assumed to be an unknown function of linear combinations
of past squared residuals. These linear combinations are such that they contain all the
necessary information about x; that is available from the conditional mean and conditional
variance, respectively.

We have developed an iterative estimation approach, which, in the first step, uses the
Nadaraya-Watson estimator of the unknown (conditional) mean function and minimizes a
sum of squared error to estimate the parameter associated with the linear combinations of
past observations. This initial estimator is then used to form the observed residuals. In
the second-step, our estimation approach once again uses a Nadaraya-Watson estimator of
the unknown (conditional) variance function and minimizes a sum of squares to estimate
the parameter associated with the linear combination of past observed residuals. In the
third step, a revised estimate of the parameter associated with the linear combinations of
past observations is obtained by minimizing an appropriately weighted sum of squares. This
iterative process of estimation is then repeated until convergence of the estimates.

We have theoretically shown that the iterative estimators obtained in the above manner

are consistent as sample size tends to infinity. Our theoretical results are validated through



comprehensive simulation studies. Furthermore, we have applied the iterative estimation
procedure to the task of forecasting the BRL/USD Exchange Rate. For this data, we have
demonstrated that the estimated linear combinations can be used to generate competitive
forecasts of the series as compared to those generated using an AR-ARCH model.

Finally, to overcome some of the computational challenges, we have developed a new
parametrization technique in order to guarantee that the numerical optimization is more
efficient. The advantages of this new parametrization are that: 1) it ensures that the con-
straints imposed are fully met, 2) it makes convergence more frequent, 3) it reduces the
computational time, and 4) it makes the optimization feasible to a wider range of algorithms

and software.

INDEX WORDS: Heteroskedasticity, Mean function, Nadaraya-Watson Estimator, Time-

Series, Dimension Reduction.



DIMENSION REDUCTION IN TIME SERIES UNDER THE PRESENCE
OF CONDITIONAL HETEROSCEDASTICITY

MURILO MASSARU DA SILVA

B.S., Universidade Federal de Uberlandia, Brazil, 2011
M.S., Universidade Federal da Paraiba, Brazil, 2013

M.S., University of Georgia, 2016.

A Dissertation Submitted to the Graduate Faculty of The University of Georgia in Partial

Fulfillment of the Requirements for the Degree

DOCTOR OF PHILOSOPHY

ATHENS, GEORGIA
2020



© 2020
Murilo Massaru da Silva

All Rights Reserved



DIMENSION REDUCTION IN TIME SERIES UNDER THE PRESENCE
OF CONDITIONAL HETEROSCEDASTICITY

MURILO MASSARU DA SILVA

Major Professor: T.N. Sriram

Co-advisor: Yuan Ke
Committee: Shuyang Bai
Ping Ma

Cheolwoo Park

Electronic Version Approved:

Ron Walcott

Interim Dean of Graduate School
The University of Georgia
August 2020



Dedication

To my son, Gustavo.

v



Acknowledgments

I would like to thank my advisor Dr. T.N. Sriram and co-advisor Dr. Yuan Ke for their
significant contribution to this research. I also thank the committee members for all the sug-
gestions and discussions throughout the development of this dissertation. I thank the UGA
Statistics Department for all the help and support during my entire doctoral training. Last
but not the least, the present study was also partially supported by CAPES, Coordenacao

de Aperfeicoamento de Pessoal de Nivel Superior, Brazil.



Contents

[Acknowledgments| v
[List of Figures| ix
[List_of Tables X
1__Introduction| 1
713 Review] 3
3__Research Problem and Main Goall 7
I Fsh . IT] rcal Results 10
4.1 Nadaraya-Watson Estimator| . . . . . . . .. ... ... ... ... ... 10
4.2  Estimating Function| . . . . . . . . ... .. o o 11
(4.3  Consistency Theorems| . . . . . . . . . .. ... ... ... ... 13
4.4  Sparse Estimation for the one-dimensional case] . . . . . . . ... ... ... 17
4.5  Simultaneous Estimationl . . . . . . . . ..o oL 18
4.6 Selection of Lag Parameters and Dimension of Matrices| . . . . . . . . . . .. 20
[> Computational Details and Reparametrization| 22
[5.1 Angular Representation for Parameter Vectors| . . . . . . . . . .. ... ... 23
[>.2  Angular Representation for Parameter Matrices| . . . . . . . ... ... ... 26
6 Simulation Studi IR Iis 30
0.1 Models with Parameter Vectorsl . . . . . .. .. ... ... ... ... ... 31
6.2 Models with Parameter Matrices . . . . ... .. ... ... ... ... ... 48

vi



[7 Analysis of the BRL/USD Exchange Rate Series|

(.1 AR-ARCH Modell

[7.2  Model fitting based on iterative estimation with one linear combination.|. . .

[7.3  Model fitting based on iterative estimates with multiple linear combinations|

[7.4  Comparison of Out-of-Sample Forecasts|. . . . . . . ... .. ... ... ...

[8  Concluding Remarks|

(Bibliography|

vil

58
60

68
73

75

77



List

of Figures

[>.1 Parameter space for ®; when p=2andd=1,). ... ... ... ... .... 22
[>.2  Angle between two elements ot a vector.| . . . . . . .. ... ... ... 24
(7.1 Monthly Brazilian Inflation (%0)] . . . . . . . ... ... oo oL 59
[7.2  BRL/USD Exchange Rate monthly series. | . . . . . ... ... ... ..... 60
7.3 x; and lg over time.| . . . . . L 63
(.4 x,vs. lgy Scatter plot| . . .. . ..o o oo 64
[7.5 & and [p,over time| . . . . .. Lo 66
[7.6 7 vs. lp; Scatter plot.| . . . . . . .. 67
[(.7 x,lg, and lg,, over time| . . . . . . .. 70
[(.8 x,lp,, and lp,, Scatter Plot| . . . ... ... ... ... .. 71
[7.9 &7 and [y, time series plot for multidimensional analysis| . . . . . . . ... .. 72
[7.10 &7 vs. Ir; for multidimensional analysis| . . . . . . .. ... ... ... .... 73
[8.1  Example of simulated data from Model 1) . . . . . . . .. .. ... ... ... 90
(8.2  Example of fitted curve using simulated data from Model 1} . . . . . . . . .. 91
(8.3  Example of simulated data from Model 2{ . . . . . . . . ... ... ... ... 92
[8.4  Example of fitted curve using simulated data from Model 2[ . . . . . . . . .. 93
(8.5  Example of simulated data trom Model 3| . . . . . . ... ... .. ... ... 94
[8.6 Example of fitted curve using simulated data from Model 3[ . . . . . . . . .. 95
[8.7  Example of simulated data from Model 4] . . . . . . .. ... ... ... ... 96
[8.8  Example of fitted curve using simulated data from Model 4| . . . . . . . . .. 97
(8.9  Example of ssmulated data tfrom Model 5[ . . . . . . ... .. ... ... ... 98
[8.10 Example of fitted curve using simulated data from Model 5| . . . . . . . . .. 99
[8.11 Example of simulated data from Model 6 . . . . . . . .. .. ... ... ... 100
[8.12 Example of fitted curve using simulated data from Model 6] . . . . . . . . .. 101

viii



[8.13 Example of simulated data from Model 7|

X



List of Tables

6.1 Model I-Simulation Results under [terative Estimationl . . . . . . . . . . .. 34
6.2 Model 1 Simulation Results under Simultaneous Fstimationl . . . . . . . .. 36
6.3 Model 2 Simulation Results under [terative Fstimation| . . . . . . . ... .. 37
6.4 Model 2 Simulation Results under Simultaneous Fstimationl . . . . .. . .. 38
6.0 Model 3 Simulation Results under [terative Fstimation| . . . . . . . .. . .. 39
6.6 Model 3 Simulation Results under Simultaneous Fstimationl . . . . . . . .. 41
6.7 Model 4 Simulation Results under [terative Fstimation| . . . . . . .. .. .. 42
6.8  Model 4 Simulation Results under Simultaneous Estimationl . . . . . . . .. 44
6.9 Model 5 Simulation Results under [terative Fstimation| . . . . . . . . . . .. 45
6.10 Model 5 Simulation Results under Simultaneous Fstimationl . . . . . . . .. 47
6.11 Model 6 Simulation Results under [terative Fstimation| . . . . . . . .. . .. 51
6.12 Model 6 Simulation Results under Simultaneous Fstimationl . . . . . . . .. 53
6.13 Model 7 Simulation Results under [terative Fstimation| . . . . . . . .. . .. 54
6.14 Model 7 Simulation Results under Simultaneous Fstimationl . . . . . . . .. 56
(7.1 AR(p)-ARCH(q) lag selection by SBC| . . . . ... ... ... ... ..... 61
[7.2  Selection of p based on Modified SBC} . . . . . .. .. ... ... ... .. .. 62
[7.3  Selection of g based on Modified SBC| . . . . . ... ... .. ... 62
[7.4 Selection of p and d based on Modified SBC| . . . . ... .. ... ... ... 68
|7.5 Selection of ¢ and d based on Modified SBC| .................. 68
[[.6  MSPE values for three modeld . . . . . . .. .. ... ... ... ... .... 74




Chapter 1

Introduction

Time series analysis has been an active area of research for many decades. An intrinsic
nature of a time series is that the observations are correlated. This severely restricts the
direct applicability of many traditional statistical methodologies that are primarily suited
for analyzing independent and identically distributed (i.i.d.) data. Unique challenges posed
by time series data sets have given rise to two broad approaches: the time domain approach
and the frequency domain approach. While there are many useful parametric and nonpara-
metric methods for analyzing time series data, there is a never-ending quest to build new
methodologies to analyze time series data that arise in a variety of fields such as economics,
meteorology, engineering, geophysics, social, and environmental science.

A fundamental task of time series analysis is inference about the conditional distribu-
tion or the conditional moments (e.g., mean and/or variance) of the current value given its
past values. This not only helps unveil underlying dynamics of the series, but also enables
meaningful forecast of future values of the series. Nonstandard features such as nonlinearity,
asymmetric cycles, and conditional heteroscedasticity observed in many real time series have
prompted researchers to look beyond the realm of linear time series models, resulting in the
development of nonlinear time series analysis.

In this dissertation, we consider a univariate discrete-time series {z;;¢ > 1}, where the
conditional mean of z; is assumed to be an unknown function of linear combinations of past
observations and the conditional variance of z; is also assumed to be an unknown function of
linear combinations of past squared residuals. These two linear combinations are such that
they contain all the necessary information about x; that is available from the conditional
mean and conditional variance, respectively. The goal of this research is to first estimate

the (conditional) mean and variance functions nonparametrically, and then find estimates of



the parameters associated with the linear combinations of past observations or the squared
residuals.

Chapter [2] discusses the relevant literature on dimension reduction in time series. Chapter
[3] describes our research problem in detail and introduces the notations that will be used
throughout the dissertation. The proposed iterative estimation approach, selection criteria,
and the theoretical results are stated in Chapter 4] A new parametrization technique to
guarantee that our numerical optimization is more efficient is discussed in Chapter [5] A
comprehensive set of simulation studies covering various scenarios are presented in Chapter
[6l In Chapter [7, we apply our iterative estimation approach to an important financial time
series: The Brazilian Real/U.S. Dollar (BRL/USD) Exchange Rate. Lastly, we summarize
our main findings in Chapter [§] All the theoretical results stated in Chapter [4 are proved in
an Appendix given at the end of the dissertation.



Chapter 2

Literature Review

Suppose {x;;t > 1} is a time series. Since forecasting future values of a time series is of
interest, it is useful to make inference about the conditional distribution of z; given all its the
past values, {x;_1,...,21}. However, in many instances, one determines a value of p > 1 to
make inference about the conditional distribution of z;|X;_1, where X, 1 = (4_1, ..., z¢—)T.
Also, if p is known, then we may only need a few linear combinations of X;_; in the final
model (Xia and Li (1999), Xia et al. (1999) and Xia et al. (2002)) in order to forecast x;.
When the lag p is not known, Ng and Perron (2005)) discuss diagnostic ways and estimation
methods for selecting p before starting any inference or prediction.

Park et al.| (2010) considered the problem of finding finitely many linear combinations,
{¢TX; 1,...,PE X, 1},d < p, such that the conditional distribution of z;| X, 1 is same as
the conditional distribution of z4|(®7 X;_1, ..., L X, 1) without specifying a model. This is
equivalent to finding a p x d matrix @4 = (P4,...,P,) such that

ZL’tJLXt_1|¢§Xt_1 (21)

that is to say, z; is conditionally independent of X;_; given @2 X, ;. Therefore, the p x 1
vector X;_ 1 can be replaced by the d x 1 vector @dTXt,l (d < p) without loss of informa-
tion. This represents a useful reduction in the dimension of X;_;, where all the information
in X; ; about z; is contained in the d-linear combinations. [Park et al. (2010) defined
a subspace spanned by the columns of @, as the so-called Time Series Central Subspace
and nonparametrically estimated it by maximizing (with respect to h) the Kullback-Leibler
divergence between the joint density, p(h7X;_1, z;), and the product of the marginal densi-
ties, p(x)p(hTX;_1), which quantifies the dependence of x; on h7X;_;. They showed that

their nonparametric estimator of @, is consistent when p and d are known. In addition,



for unknown d and p, they proposed a consistent estimator of d and a graphical method
to determine p. Finally, they also presented simulation studies and a data analysis of the
well-known Wolf Yearly Sunspot data to illustrate their dimension reduction theory for time
series. For more details, see Park et al.| (2010).

The notion of dimension reduction in time series extends beyond what [Park et al. (2010)
defined as the Time Series Central Subspace. For instance, |Li and Shedden (2002) developed
a method analogous to Principal Components analysis which identifies a small number of
stochastic time series components such that each series from a large ensemble is represented
by a weighted sum of series-specific realizations of the components. Becker and Fried (2003))
proposed a dynamic version of Sliced Inverse Regression aiming exploratory analysis of high-
dimensional multivariate time series. Hall and Yao| (2005]) discussed a similar dimension
reduction approach applicable to time series in which, for a random variable Y and a random
d-vector X, the authors proposed to estimate the distribution of Y'|#TX instead of Y|X,
where 6 is a unit vector. Another dimension reduction approach relies on identifying series
that are similar to each other. Thus, selecting a few representative series might be more
useful than modeling based on the entire dataset. See |Agrawal et al. (1993), Wu et al.
(1996), Chan and Ful (1999), Keogh et al.| (2002)), Chakrabarti et al.| (2002)) and |Lin et al.
(2003)) for different approaches to perform the similarity search.

In another article, |[Park et al.| (2009) proposed a notion of Central Mean Subspace for time
series {x4;t > 1} which does not require specification of a model but seeks to find a p x d
matrix @4, d < p, so that the d x 1 vector ¢ X,_; includes all the information about z; that
is available from F/(x;|X;_1). This represents a useful reduction in the dimension of X; i,
where all the information in the conditional mean E(x;|X;_;) is contained in E(x| @] X 1).
For known p and d, they estimated @, through a Nadaraya-Watson kernel smoother and
established the strong consistency of their estimator. In addition, they proposed estimation
of d and p using a modified Schwarz Bayesian Criterion (SBC), if either of d and p is unknown.
Finally, they examined the performance of all the estimators extensively through a variety
of simulations and provided a new analysis of the well-known Canadian lynz data. The
estimation approach in [Park et al.| (2009) is analogous to that proposed in |Cook and Li
(2002)) for regression.



The estimation based on the notion of Central Mean Subspace depends on an appropriate
choice of a nonparametric regression estimator for the time series framework. In fact, the
field of nonlinear time series analysis includes many possible choices of parametric and non-
parametric modeling. For instance, Engle| (1982) defined the widely known Autoregressive
Conditional Heteroscedasticity (ARCH) model, which was generalized later by Bollerslev
(1986). See Tjostheim, (1994)), Tiao and Tsay| (1994) and |[Fan and Yao (2003) for a thor-
ough review of most popular parametric and nonparametric nonlinear models for time series.
More recently, |Lee and Shao (2018)) proposed a new methodology for dimension reduction
for multivariate time series, seeking a contemporaneous linear transformation based on a
martingale difference divergence matrix (MDDM) such that the transformed series can be
separated into two parts. One part is defined to be conditionally dependent on the past,
whereas the other is conditionally independent.

Park (2011)) extended the idea of Central Mean Subspace to a bivariate time series frame-
work, where the expectation of the response depends both on its past values and on the
present and past values of a covariate. More specifically, suppose {y;, z;} is a bivariate time
series, where x; is a covariate series. Let Z; = (Y1, ..., Yt—p, Tt, Te—1, ..., Tr—i) for p > 1 and
k > 1. The goal of his proposed methodology was to find a (p + k + 1) X d matrix 2, such
that d < p+k+1 and vy, 1L Z;|92]Z,. His article also extends the theoretical results of Park
et al. (2009) for the bivariate case and constructs their estimator based on the minimization
of the mean squared error, for the case when p, k and ¢ are known. Park| (2011)) also proposes
a criteria similar to the SBC to select p and ¢ when they are assumed to be unknown. Lastly,
Park (2011)) performed simulation experiments and two real-data analyses to verify how well
his approach is capable of estimating the true parameters and how the predictions of future
values compare to those from a parametric transfer function model.

For many time series arising in economics and finance, the magnitude of the error com-
ponent is associated with the magnitude of past errors, leading to heteroskedasticity. Park
and Sriram| (2017)) considered an instance where Z; is the square of a time series Y; whose
conditional mean is zero. Without specifying a model for Y;, they assumed that there exists
a p x 1 parameter vector ® such that the conditional distribution of Z;|Z;_; is the same as

that of Z,|®*Z, 1, where Z, 1 = (Z;_1,...,Z;_,)" for some lag p > 1. Consequently, the



conditional variance of Y; is some function of ®7Z,_;. To estimate ®, they proposed a robust
estimation methodology based on Density Power Divergences (DPD) proposed by Basu et al.
(1998). The DPD is indexed by a tuning parameter o € [0, 1], which yields a continuum
of estimators, {®,:a € [0,1]}, where a controls the trade-off between robustness and effi-
ciency of the DPD estimator. In a related article, [laci and Sriram| (2013]) demonstrated that
multivariate association measures based on this tuned DPD approach robustly recover both
linear and nonlinear dependence between multiple sets of random vectors. For each «, [Park
and Sriram| (2017) show that (/I\)a is strongly consistent. They also developed data-dependent
criteria for the selection of optimal o and lag p in practice. Furthermore, they illustrated the
usefulness of their DPD methodology via simulation studies for ARCH-type models, where
the errors are drawn from a gross-error contamination model and the conditional variance is
a linear and/or nonlinear function of ®7Z, ;. Finally, they analyzed the Chicago Board Op-
tions Exchange Dow Jones Volatility Index data and showed that their DPD approach yields
viable models for the conditional variance, which are as good or superior to ARCH/GARCH
models and two other divergence-based models in terms of in-sample and out-of-sample fore-
casts. A different approach for the same problem was introduced on|Park and Samadi| (2014]),
which estimates the unknown variance function by a Kernel smoother, analogously to the
Park et al.| (2009) estimation of the mean function .

Recently, Park and Samadi (2019) introduced the idea of applying this dimension reduc-
tion approach to both mean and variance functions of an univariate time series y,;. First,
they demonstrate that their estimator based on Kullback-Lieber divergence is consistent in
estimating the parameter matrix (®) that represents the linear combinations of the past
values of y; that contains all information about its conditional mean. Their approach is a
special case of |Luo et al.| (2014) general paradigm of sufficient dimension reduction in regres-
sion. [Park and Samadi (2019)) assume that the series y; is generated by the addition of a
true conditional mean function and some White Noise term x;. They prove that if z; is truly
observable, then their estimator would also be consistent to estimate the linear combination
of past squared errors which contain all information about the conditional variance of g;. For
practical applications, the authors suggest using the mean model residuals as if they were

the true error series.



Chapter 3

Research Problem and Main Goal

As defined earlier, let {x;;¢ > 1} represent a univariate time series and X1 = (4_1, ..., Tt—p)7
for some p > 1. We assume that there exists d linear combinations, {®7 X;_1,..., 9L X; 1},d <
p of X;_1, which contains all the necessary information about z; that is available from
E(z|X;_1). Specifically, we assume that for some p x d matrix &, = (¥4, ...,P,;) we have

that

E(2|Xi-1) = E(2|®Xi-1) = f(PXi1) (3.1)

If f(-) is linear, then we would have a mean function similar to an autoregressive (AR)
series of order p. However, as in [Park et al. (2009)), here f is assumed to be an unknown,
possibly nonlinear, function.

Next, let e, = 2, — f(@]X;—1). We also assume the existence of d linear combinations
of e2 | = (¢2 4, ...,6f_q)T, for d < ¢, that contains all the necessary information about z;
that is available from V (z;|X,_1). Specifically, we assume that there exists a ¢ x d matrix

I';=(I1,...,I;) such that
V(wlXe 1) = BElel) = BTl ,) = (el ). (3.2)

where ¢ is assumed to be an unknown, possibly nonlinear, function. Therefore, the series
{2} is conditionally heteroskedastic by assumption.

As an example, consider the following model defined by

=24+ (03 241 + 0.5z 3)+ :E?_Q + &,

(3.3)
er=/1+027,+016}, ¢



where {e;} is an i.i.d. sequence with F(e;) = 0 < FE(e?) = 0% < oo. For this model, the true

parameter matrices are:

03 0
¢d = 0 1 5
05 0
and
I;= [0.2,0.1]T.

Consequently, f(z1,22) =2+ 21 + 22, and g(z) = 1+ 2. Since f(-) and g(-) are unknown,
both @, and I'j are not identifiable. For instance, it is possible to find different choices for

@, and f(-) which can yield the same mean function. To see this, let

0 0.3
Drg=12 0
0 0.5

and fo(z1,22) = 2+ (21/2)* + 2.

It is trivial to check that F(z|X; 1) = fg(fp; +Xi—1). Note that we can always find @, 4
and L, ; such that its columns are normalized. Therefore, without loss of generality, from
now on we refer to the true parameter matrices @, and I'; as their normalized versions.
Even though we cannot identify the parameter matrices, the space spanned by its columns
is identifiable. See |Luo et al| (2014)) and Park and Samadi (2019) for a detailed discussion
of identifiability for similar research problems.

We can define that

I'; = argmin E| (g} — g(sTsf_l))ﬂ , (3.4)

2

d & in E i <xt B f(TTXt*1)> ]
an 4 = argmin )
r 9(1—2}33—1)

(3.5)




The main goal of this research is to find estimators (P?dm and fjn which converge to @, and

I'; respectively as n — oo, without assuming a model for ;.



Chapter 4

Estimation and Theoretical Results

In order to estimate the parameters @, and I'; from the conditional mean function and the
conditional variance function defined in and , respectively, we need to first estimate
the functions f and g nonparametrically. Section[4.1]defines the Nadaraya-Watson estimators
for the functions f and g, respectively. Section discusses an iterative estimation approach
and defines the estimators G/ﬁdm and I/:'J,n of @, and I, respectively. Henceforth, we will
suppress the subscripts and denote &= @d,n and I’ = f&,n- Theoretical consistency results
for the two estimators along with all the required assumptions and Lemmas are stated in
Section [4.3] Section discusses sparse estimation of the parameter matrices, while Section
discusses simultaneous estimation of @; and I';. In Section we consider the case

when p, ¢, d, and d are unknown and describe selection /estimation of these quantities.

4.1 Nadaraya-Watson Estimator

In Chapter[3], we assumed that the mean function f and the variance function g were unknown
and possibly nonlinear. We will now estimate these functions nonparametrically. (Opsomer
et al| (2001) raise caution when using conventional models in nonparametric regressiom
where the errors are not independent. The authors illustrate that ignoring the dependence
structure of the errors can mislead the data-driven methods [[] of selecting the bandwidth
parameters to overfit the data. Moreover, they show that inappropriately choosing the
bandwidth parameter may induce a spurious autocorrelation of the residuals. Hence, the

nonparametric fitting is a delicate task in the context of our problem.

le.g. Cross-Validation

10



We begin by describing a general Nadaraya-Watson estimator as in [Nadaraya (1964)
and Watson| (1964). Suppose we have a random sample of multivariate data in which vy is
a n-dimensional response vector and Z is a n x d explanatory variables matrix satisfying
yi = m(z;)+e; fori =1,...,n, where z; is the i'" row of Z and m(-) is an unknown function.
Then, the Nadaraya-Watson estimator of the unknown regression function is defined as:

in(zx) = 22! K (e — 20 N (4.1)
Zi:l K(zk - Zi )‘)
where K is a kernel function and A > 0 is the bandwidth. In our approach, we use a Gaussian

Kernel defined as:

d -1 4
. _ , Zkj — Zij
K (21— 2, ) <nH) HG( ) (12)

] 1/(44d)

where G is a univariate kernel function, a,; = s; [—

@2 , and s; is the sample standard

deviation of the j** column of Z. The choice of the bandwidth parameters is the same as in
Park et al.| (2009), following what was suggested in |Silverman| (1986)) and Scott| (1992)). In

the context of our problem, we estimate the mean function of z; as:

" S K (77X — 17X 1)

where X; | = (2¢_1,...,2¢—,)7, 7 is a fixed p x d matrix and ¢ > p. Similarly, we estimate

the mean function of 2 defined in Section |3 as:

~ T.2 Z?:p—l—q-‘,—l K(STsffl - ST522717 a/nj)&f%
gn(s 6:t—l) = n K (sT 2 T2 (44)
Zj:p+q+1 (S €1~ S'€ 1, anj)

where €7 | = (¢} 4,...,e7_,)7 for d < g, sis a fixed ¢ x d matrix and t > p + q.

4.2 Estimating Function

We adopt a iterative approach in estimation that first obtains a preliminary estimate of &4

without taking the conditional variance into account. More specifically, our initial estimator

11



of &, is obtained by minimizing the objective function

n

Suolr) = 3 (w0~ Blr7Xi) (4.5)

t=p+1

with respect to r such that r7r = I;, where fn() is the Nadaraya-Watson estimator defined

in . We define our initial estimate @ as:

~ n ~ 2
&, = argmin Z (mt — fn('rTXt_l)> . such that »7r = 1I,, (4.6)

t=p+1
where rr = I, is an identification condition. Notice that the solution of is not
unique as one can flip the sign of each column of 550 and permute the columns. Regarding
the theoretical analysis, one can avoid the ambiguity by imposing additional identification
conditions. For example, we can set the first element of each column of @ to be positive.
Besides, we can sort the columns of @ in descending order according to the first element of
each column. If there are ties, we refer to the second element and so on. Such identification
conditions can always be achieved by replacing @ with @P where P is a signed column
permutation matrix that satisfies PTP = I;. Empirically, this non-unique issue does not
affect the performance of the proposed procedure, which is further corroborated via extensive
numerical studies. We follow similar identification arguments for the other two estimators
defined in this subchapter.

Next, we use the initial estimator of @, to compute the residuals

& =1 — [o(B] X, ). (4.7)

The second step in our estimation consists of estimating the parameter vector I';. This is

done by minimizing the objective function

n

Cals) = Y (22— au(s7820) | (4.8

t=p+q+1
with respect to s such that sTs = Iy, where g,(-) is the Nadaraya-Watson estimator defined

in (4.4). We define our estimator of the variance parameter vector as:

12



~ 2

I' = argmin Z <é}2 - §n(sT@2_1)> ,  such that sTs = I, (4.9)

where s;; > 0V i€ [l,q], j€ll, glv] Once again, the restriction that sTs = I is necessary

to guarantee identifiability. For obvious reasons, we also restrict all elements of s to be
non-negative.

Finally, we propose a revised estimate of @, by minimizing a weighted sum of squares.

More specifically, our revised estimator of the mean function parameter matrix @, is defined

~ 2
~ n <$t - fn(rTthl))
gn(ITEZ )

,  such that rTr =1, (4.10)

where T is as defined in 1| Note that the estimator in allows us to estimate @,
while taking into account the presence of conditional heteroskedasticity. Additionally, we
can replace 4A50 in ‘) with our revised estimate @ in (4.10) and obtain new set of fitted
residuals. This then yields a revised estimate of I'; via , which in turn yields a revised
estimate of @, via . We can then iterate this estimation process until convergence of
the estimates.

In order to determine the choices of  and s which will minimize the estimation func-
tions defined above we use the fmincon function in Matlab since it is capable of handling

multidimensional optimization under the necessary restrictions described in equations (4.6]),

(4.9), and (4.10). For additional discussion on the numerical optimization, see Chapter .

4.3 Consistency Theorems

4.3.1 Notations and assumptions

Assume that d, gl: p and ¢ defined earlier are fixed and known numbers. Recall that with
X1 = (1-1,...,24—p)7, we assumed that the conditional mean function E(z;X; 1) =
f(®§X¢-1) and the conditional variance function V(z¢|X¢—1) = g(I'lef ), where €/ ; =

(€71, 67_,)7 for d < q with &, = 7, — f(®IX;1). Denote & = f(PJXi—1) — fAn(QPZlXt_l),

13



where ﬁ(@;Xt_l) is defined as in (4.3|) with » = &,. Further, we define @, as the minimizer
of the population counterpart of (4.6)), i.e.

r

®) = argmin E {(mt — f(rTX,;_l))2 )

Next, we state the assumptions for technical lemmas and the main theorems stated in this

section.

Assumptions:

(A1) (Xt €:), t > 0 is strictly stationary and strong mixing with mixing coefficient a(m) <

Am~P where A < co. For some s > 2, E|X;|* < oo and Ele?|* < co and 8 >

(2s—1)/(s —2).

(A2) The marginal densities of @] X; ; and Igs,?_l are bonded and bounded away from zero
on their supports which are closed intervals. Also, there is some t* < oo such that for

all t > t*

sup £ (\@gXO@;XA

ag,at

@LXO = o, @;Xt = at) pi(ag, ar) < oo

and sup E | |[[leiIle]|
bo,bt d d

1—553 = o, F;}E? = bt) Gt (bo, by) < 00,

where p;(ao, a;) denotes the joint density of {®@]X,, @] X} and q;(by,b;) denotes the
joint density of {I'7e3, I'lef}.

(A3) The eigenvalues of E[X;X]] and E[e?e."] are bounded and bounded away from zero.

(A4) The first two derivatives of f(-) and g(-) exist and are continuous on R. Further, f(-)

and ¢(-) satisfy the following Lipschitz continuous conditions
[f(u) = f()] < Crlu—v| and |g(u) —g(v)] < Cylu —vl,

where C'y and C, are two positive Lipschitz constants.

14



(A5) The kernel function K (u) is compactly supported with bounded second order derivative
such that [uK (u)du =0, [u?*K(u)du < oo, and the Fourier transformation of K (u)

is absolutely integrable.

Remark 4.3.1 . Here, we explain the assumptions made above. (A1) assumes that the serial
dependence in the data is strong mixing. The decay rate depends on the moment conditions
of X; and €?. When s = oo, e.g. X; is bounded or Gaussian, the condition on the decay
parameter simplifies to 8 > 2. (A2) requires the marginal densities of @] X;_; and Igsf_l to
be bounded. It also controls the tail behaviors of the joint densities and conditional expecta-
tions with lags greater than ¢*. (A1) and (A2) are mild regularity assumptions to study the
uniform consistency and convergence rate of the Nadaraya-Watson estimator, see |Hansen
(2008) and Hong and Linton| (2020) among others. (A3) is a bounded eigenvalue condition
which is imposed to avoid degenerate covariance and precision matrices. (A4) assumes f(-)
and g(-) to be Lipschitz continuous which is commonly assumed in nonparametric regression

literature. (A5) contains some smoothness conditions for the kernel function.

4.3.2 Main results

Theorem 4.3.1 (Initial estimator). Suppose that assumptions A1 — A5 hold and choose
a, = O(n~'/%). The initial estimator defined in (4.6)) satisfies

B0 — &) = O, ([l,fj%p)] 2/5> (411)

p

with probability approaching one as n — oc.

Theorem 4.3.2 (Variance estimator). Suppose that assumptions Al — A5 hold and choose
a, = O(n~1/%). The variance parameter vector estimator defined in (4.9) satisfies

R aln—p—a)12°
|-y =0, ([M} ) (4.12)

n—p—4g

with probability approaching one as n — oc.
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Theorem 4.3.3 (Final estimator). Suppose that assumptions A1 — A5 hold and choose
an, = O(n~/%). The final estimator defined in (4.10) satisfies

18- @, =0, ([M] 2/5) w13)

n—p
with probability approaching one as n — oc.

Remark 4.3.2 . Theorems deliver the convergence in probability results for
the estimators proposed on Section 1.2l When p and ¢ are fixed, the rates in Theorems
follow (n~!Inn)%° which is the optimal nonparametric rate for i.i.d. univariate
data proved in [Stone (1982). Our results are obtained with multivariate and strong-mixing
data. The proof of the above theorems are presented in an Appendix given at the end of the

dissertation.

4.3.3 Technical lemmas

Lemma 4.3.1 . Suppose that assumptions A1 — A5 hold and choose a,, = O(n~'/%). Then,
the Nadaraya-Watson estimators defined in (4.3]) and (4.4)) satisfy

ap |F(TX) — f(X) =0, ([M] 2/5>

reRd, X cR4 n—p
~ 2 2 ( In(n —p—q) 2/5>
and sup  [gn(sTe®) —g(s’e?)| =0, [—} .
s€ERd e2eRd n—p—4g

Remark 4.3.3 . Lemma [4.3.1] establishes the rate for uniform convergence in probability
for the Nadaraya-Watson estimators proposed in and . When p and ¢ are fixed,
the rates in Lemma follow (n~'Inn)?° which is the optimal nonparametric rate for
i.i.d. univariate data proved in Stone| (1982). The proof of Lemma is similar to the

proof of Theorem 8 in Hansen| (2008]), and hence we omit the proof.

Denote f(V)(rTx) and gV (sTe?) the first order derivatives of f(rTzx) and g(s7e?), respec-

tively. Let j/’}ll)('rTm) and fq\ﬁ,,l)(sTeQ) be the first order derivative estimators which are defined
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as

n (1) rTe—rTX,; 1 )
Sy KO (TR g

F (pTg) = L (4.14)
n ) iy B <TH>
S g KO (T
and  g)(sTe?) = = o (4.15)

Un ) i pigin K (Tfl)
where K (.) is the first order derivative of the kernel function K(-).

Lemma 4.3.2 . Suppose that assumptions A1 — A5 hold and choose a, = O(n~'/%). We

have

sup  |fV(rTX) — fOETX) =0

rcR4, X cR4
and sup |’g\£Ll)(sT€2) — g(l)(sT€2)| — 0,
s€Rd g2cRd

with probability 1 as n — p — ¢ — oo.

Remark 4.3.4 . Lemmal4.3.2|provides uniform consistency results for the first order deriva-

tive estimators defined in (4.14) and (4.15)). The proof of Lemma directly follows the
proof of Theorem 2 in Mack and Miiller| (1989), and hence we omit the proof.

4.4 Sparse Estimation for the one-dimensional case

A natural question when estimating parameters is distinguishing which ones are statistically
different from zero. In many cases, it is considered good practice to remove insignificant
variables from the final model. Our problem however, assumes no model, thus the estimated
parameters cannot be tested as different from zero or not.

When &, and I'j are vectors (d = d = 1), we propose to check whether sparse versions
of @ and I' can be more accurate than the estimators defined in Section . The goal of
sparse estimation is to replace small magnitude elements of & (or f) by zero, which might

result in a more accurate estimate, when the true parameter vector contains null elements.
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We propose to use cross-validation for selecting which elements should be replaced by
zero. The first step of Sparse Estimation is to split the time series into two parts, so we
define some time t; s.t. p4+ ¢+ 1 < tx < n. The observations before t; are taken to be our
training data and the remainder is used as test data. Then, @ and I are estimated using
only the training portion.

Secondly, we define possible versions of the estimated parameter matrices where some
of the elements are replaced by zero. For the mean function case, since @, has p elements,
we create p different versions of & by excluding the smallest magnitude elements one at
a time, replacing them by zero and re-normalizing the resulting vector. Similarly, we can
also find ¢ versions of I'. For instance, let @ = (1/v/30)(1,—2,5)T. Then we would have
three possible candidates as the sparse estimate: (1/4/30)(1,—2,5)7, (1/v/29)(0, —2,5)T, and
(1/4/25)(0,0,5)T.

Lastly, we use only the test dataset to compute the total squared prediction error for
each one of the candidates following equations and . The final Sparse estimates {53
and fs are chosen by smallest out-of-sample prediction errors, out of all p (or ¢) candidates.

This framework cannot be extended to the multidimensional case, since simply substi-

tuting elements by zero can violate the columns orthogonality assumption.

4.5 Simultaneous Estimation

In this dissertation, we also investigate the possibility of adopting a simultaneous estimation
approach, instead of the iterative estimation approach presented in Section [4.2] Here we
propose a new estimating function, similar to that defined in (4.10]), but minimization is

performed simultaneously.
®1

¥
More specifically, define €2 =

4!

Vi

18



where ¢; is the i’ column of &, and ~; is the i column of I';. Based on this vector of
parameters, we can rewrite the mean function of z; as 1,(€2) and the variance function as
h(£2). Now, let us consider the joint estimation of @4 and I';, which is equivalent to the
estimation of €2 by minimizing the following estimating function:

T, (u) = (@ (w)? (4.16)

i) hu(w)/S;(u)

where w is a vector with pd + qd elements, Si(u) = Y e /fzt(u). The denominator
in is divided by S;(u), so we have relative weights. Hence, our estimator is based
on the weighted least squares rationale, where each data point should have an appropriate
amount of relative influence over the weigthed sum of squares. It is worth noticing that
in our iterative estimation approach, this scaling is not necessary because the denominator
elements are fixed before minimizing the final objective function. Nevertheless, if we did
scale the weights in equation , the optimization would still be the same, as we would
be just dividing the objective function by a constant term.

Now, in order to estimate @4 and I'; simultaneously, let us rewrite our simultaneous

objective function in (4.16|) as

~

(jg = F(rTX;j41))?

-~

(l‘t - f(rTXt—l))z Z;’L:p—i-q—ﬁ—l /g\ sT

~

To(r,s) = z": (w1 — f(r™Xj10))?
o t=p+q+1 (T4—g — J/t\(rTthq%))Q
7| s

~

(201 — F(r™Xe1))?

) (4.17)

where f(-) and g(-) are the Nadaraya-Watson function estimates. Hence, the simultaneous

estimates of @, and I'j are:

(., Iy) = argmin T, (v, s), such that v'r=1I, and s's= I;. (4.18)

.8
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4.6 Selection of Lag Parameters and Dimension of Matrices

4.6.1 Modified Schwarz Bayesian Information Criterion (MSBC)

Unlike in regression, there may not be any prior information on the number of lags p and /or q.
The lag selection problem is a common task in time series modeling. The Akaike Information
Criterion (AIC) |Akaike (1974)] and the Schwarz Bayesian Information Criterion (SBC)
[Schwarz| (1978)] are commonly used for lag selection in time series models. See Ng and
Perron| (2005) for a review and comparison of some most popular criteria.

We aim to develop a data-dependent method for estimating p and ¢, when both are
unknown. In the time series literature, different modifications of the SBC criterion have been
proposed for different reasons [see Hannan and Quinn| (1979), |[Broman and Speed| (2002)) and
Zhu et al. (2006)]. As in Park et al. (2009), for fixed d and cz we propose a Modified SBC
(MSBC) criterion to estimate the lag parameters:

p = argmin {(n —p)ln [gno(sf)/(n - )] } + d’pIn (n — p), (4.19)

p

and

q= argmin{(n —p—¢q)In [én(f’)/(n —p—1q)] } +d%qIn(n—p—q). (4.20)

q

where gno(é) and én(f) are as defined in 1} and 1’ respectively.

Similarly, for fixed p and ¢ we propose estimators for d and d:

d = argcrlnin {(n —p)ln [Sn0($)/(n —p)] } +d*pln (n — p), (4.21)

and

-~

d= arglinin{(n —p—¢q)In [én(f)/(n —p—2q)] } +d%qIn(n—p—q). (4.22)
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4.6.2 Selection by Cross Validation

In Section [£.4] we introduced the notion of sparse estimation when the lags are known,
and the parameter matrices @4 and I'; are one-dimensional. Here, we demonstrate how the
sparse estimator can also be used to select the lags.

To this end, let us consider the mean function first. Our strategy consists of choosing
an arbitrarily large value for the length of @4, namely p,.... Then, we compute the sparse
estimator S/is as a vector of p,,., dimension. This estimate will assign zeros to the elements
of the mean vector based on cross-validation prediction error as described in Section 4.4, We
then observe what is the largest lag with a non-zero element to choose as poy. For example,
if 53 =(1,0,0,1,0, O)T/\/§ , then poy = 4. We expect that if the sparse estimator can select
the appropriate null elements, then all the unnecessary lags beyond the true p should also be
estimated as zeros. Similarly, goy can be chosen according to the largest lag with a non-zero

element of fs.
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Chapter 5

Computational Details and Reparametrization

In order to minimize the objective functions defined in Section [ our approach requires a
multidimensional numerical optimization under a non-linear constraint, for example, @, =
I,. It should be pointed out that this restriction poses challenges for the numerical search
over the parameter space. For instance, let us assume that @4 = (¢, ¢2)T. The restriction
would imply that the norm of the mean parameter vector equals to one. We now draw
the parameter space for @,4; see Figure [5.1] The restricted parameter space is exactly the
boundary of the circle represented by the solid line. Therefore, any numerical search is
extremely delicate, as it requires an algorithm capable of not wandering off to the inside or

outside of the circle.

10

05

05

-10

Figure 5.1: Parameter space for @, when p =2 and d = 1.
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In practice, we can define a small tolerance value as to how close we want to satisfy the
restriction (represented by A in Figure[5.1]), so the algorithm can examine points between the
two dashed lines around the solid line. This approach is problematic from the computational
perspective because of the identifiability issue, as it is possible to find infinite number of
equivalent vectors inside the tolerance area. Needless to say, the computational problems
are compounded for the case when the number of lags is larger than 2, where the appropriate
parameter space would be the boundary of a hyper-sphere.

A major computational problem arises when we consider parameter matrices with more
than one column. Not only we require that each column has a unit norm, but also need the
columns to be orthogonal to each other. In this case, the parameter space cannot be actually
drawn, and the numerical search becomes much more challenging. |Park and Samadi (2019)E]
mention that the Sequential Quadratic Programming algorithm is capable of incorporating
this kind of constraints into the optimization problem. However, in practice, adopting this
algorithm does not solve the convergence issues found when running the simulation codes of
Park et al.| (2009).

Based on the aforementioned computational challenges, we propose a new parametriza-
tion in order to guarantee that the numerical optimization is more efficient. The advantages
of this new representation are that: 1) it ensures that the constraints imposed are fully met,
2) it makes convergence more frequent, 3) it reduces the computational time, and 4) it makes

the optimization feasible to a wider range of algorithms and software.

5.1 Angular Representation for Parameter Vectors
Let ® = (64,...,0,)T. Without loss of generality, let us assume that 6, > 0 for some k €
{1,...,p}. Now, for 6;, j € {1,...,p}, but j # k, we define the angle «; as the following:

tan(a;) = (5.1)

hA
05
Figure [5.2|illustrates the formation of the angle «; depending on the value of §;. By knowing

this angle, we know how large 6; is compared to ¢; and also its sign.

2In fact, the authors only present estimation results for the case when &4 and I'; are vectors.
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Figure 5.2: Angle between two elements of a vector.

From (/5.1)), note that we can write 60, as:

6; = ) tan(co;). (5.2)

For the case considered here, the orthonormality restriction reduces to @T® = 1, thus

r+> 07=1 (5.3)
Jj#k

According to (5.2)), we have that

9]% + Z {[Qk tan(aj)]2} =1
J#k
0?2 {1 + ; { tan(%-)Q}} =1 (5.4)
1

[1 + 3 tan(aj)2}] |

02 =

Since 0, > 0 by assumption, we have
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1

0, = (5.5)

1/2
1+ quﬁk { tan(ozj)Q}
Based on the reparametrization , we can now freely choose every «; for j # k, and the
resulting vector ® will have unit length. Conversely, every unit length vector, for which
some 6 > 0, can be represented by a (p — 1)-dimensional vector of angles for fixed k.

In our research problem, the assumption that some 6, > 0 is not problematic since our
nonparametric estimator is scale invariant. In this sense, for our estimation approach, we
only require that 6, # 0 for some k, which is always guaranteed for vectors with positive
length.

The main advantage of using this angular representation of our parameter vector relies
on the computational aspect. The unit length constraint is non-linear and requires an opti-
mization algorithm capable of handling this non-linearity. Furthermore, the parameter space
based on this restriction is a p-dimensional hyper-sphere with unit radius in which only the
boundary points are feasible. Therefore, even if we start the algorithm from an appropri-
ate initial vector, it is harder to enforce that every upcoming search step will satisfy the
constraint. However, by using the angular representation, we can fix some k and optimize
our function based on the (p — 1)-dimensional vector of angles that can freely vary inside
a hypercube such that —7 < «a; < § for j # k. This approach allows us to guarantee a
vector of unit length, regardless of the choice of the angles. This representation also allows
us to use a wider class of optimization algorithms, since we only require simple boundary
restrictions.

In practical applications, if k& is unknown, we can run optimizations for £ = 1, .., p and
select a setting that performs the best. We should note that, for computation purposes,
even if we select a wrong value of k for which 6, = 0, it is still possible to get a numerical
approximation of the true parameter vector. For example, suppose we want to represent
the vector @ = (\%)(17 0,1)T using the proposed angular parametrization, and we end up
choosing k£ = 2. The original vector could not be theoretically reparametrized, but if we

choose a1 and ag to be very close to 7/2, then we would obtain a close approximation of @

where 6, is close to zero, and the remaining elements are close to %
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5.2 Angular Representation for Parameter Matrices

We now consider a p x d parameter matrix © such that d < p :

911 ‘912 e Qld
_9p1 O - 0, |

Let ©; denote the i column of ® and assume that @70 = I, i.e. fori =1, ...

@0, =1 & ©!O, =0.

,dand i #£ 1"

(5.6)

We require the existence of a vector (ki, ..., kq)T such that 6y,; # 0 & k; # ky for i # i'.

If this vector does not exist, then ® cannot be of full rank, and thus orthonormal. Since

our estimation procedure is scale invariant, we can assume without loss of generality that

Qkii > 0. Then

eji
kit

= tan(oy;).
jS = HIW tan(aji).

Since Y7, 07, = 1, then from (5.5) we have that

j=1"7i

1 1
O = -

Z {1 + 2 {tan(aﬁ)Q}] " { -1 {tan(aﬂz}}

Let C; = [ ?:1 {tan(aﬁ) . From D and , we can write

tan(ay;)
=T

/2"

(5.7)

(5.9)

In order to guarantee orthogonality between the columns of @, it is sufficient to ensure

that the i*" column is orthogonal to the previous columns for i = 1, ..., d. Formally, we want

O, L O, for 7/ < 1, ie.:
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i Qﬂﬁﬂf =0
j=1

OOyt + O Bjijir =0 (5.10)
j?ékif
=D iz, D5ibji
Or,i =
' Ok, ir

From ([5.9), we can rewrite (5.10) as:

— Zj;ﬁki/ tan(ay;) tan(a;,/)

tan(ag,i) CiCyr
c; 1
Ci (5.11)
tan(ayg,;) = — Z tan(aj;) tan(oyir).
j?’éki’

Since tan (o) = 1, we have that (5.11)) is equivalent to:

Z tan(ay;) tan(oy) =0
=1 (5.12)
Z tan(aj;) tan(oy) = — Z tan(a;;) tan(oyi)

j=k1,..ki_1 JFkL, ki1

Thus, we can expand (5.12)) as a system of (i — 1) linear equations:

;

D imhyke, tan(ag) tan(agn) = =3, tan(ay;) tan(ay)

(5.13)

\Zj:kl,...,ki,l tan(ay;) tan(ayi—1) = =325 . tan(ag;) tan(agiog).

Therefore, we can sequentially define each column of ® by ensuring that the elements
(tan(ag,;), ..., tan(ay,_,;)) are the solution to the system of (i — 1) linear equations described

by 1} By using this representation, we have a total of dp — @ angles to be opti-

T T

mized such that each angle can freely vary within (—7, 7), while the other angles are already

theoretically defined. Hence, for a fixed vector (ki, ..., kq)T, the numerical optimization can
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happen by considering a much smaller number of parameters than if we had to work with all
d x p elements of ® simultaneously, while guaranteeing the desired orthonormality for each
search point.

In practical applications, it might be the case that ® has some sparse vectors, so it is
good practice to try different possibilities for (&, ..., kq)T and compare which vector choice
provided the best optimization. Similar to the vector case, even if we choose the wrong k;
elements, it is still possible to find a numerically close approximation to the true parameter
matrix.

The relevance of this angular approach can be seen when we try to replicate the results
of |Park et al.| (2009)). In supplemental material of their article, we can run the “accuracy.m”
script on Matlab in order to compute accuracy measures for simulated data based on Model
3, where there is a 6 x 3 parameter matrix. We note that the reported average measures
are based only on the Monte Carlo replications which converged. In our replication of their
results, we observe that around 15% of replicates were excluded, which may be problematic
for real data applications where you cannot afford to just ignore the estimates that did
not converge. Another major problem is the actual validity of the results from simulation
experiments. By just excluding replicates with problematic data, the reported results could
be biased.

We attempted to reproduce the results of Park et al.| (2009)) under the proposed reparametriza-
tion to assess if it could improve on their numerical convergence issues. All of our simulation
replicates through this angular representation converged and the computed average accuracy
measures are also roughly the same as those reported on the original paper, but without ex-
cluding any potentially problematic series.

This representation also enables us to sample random orthonormal matrices to be used
as initial points on the optimization algorithm. For instance, the codes found on the supple-
mental material of Park et al. (2009) use initial points by combining d random normalized
vectors, which are not orthogonal to each other, so optimization starts outside the proper
parameter space.

The proposed parametrization is applicable to any optimization problem which requires

the parameter matrix to be orthonormal. Therefore, it can be helpful for those who intend
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to apply, replicate, or extend the estimation procedure from this thesis and most of our main
references such as : [Park et al| (2009), |Park et al. (2010)), [Park| (2011)), |Park and Sriram|
(2017) and [Park and Samadi (2019). Naturally, it could also be applied beyond the Time

Series area, for research problems with similar restriction setup. For instance, in the area
of Design of Experiments, we can use this parametrization to sample random orthonormal

designs or to numerically search for a design matrix that minimizes some criterion.

29



Chapter 6
Simulation Studies and Results

In this chapter, we investigate the accuracy of our proposed estimators via simulation studies.
We perform these studies for different models and sample sizes. Our goal is to understand
how fast the estimators of the parameter matrices converge to their true values.

Here, we simulate data from the following model with different mean and variance func-

tions; see Section [6.1] for details:

r = f(D'Xi1) +e,
€ = [ g(F’s?l)} er.

where e, "< N(0,1).

We consider simulation models where f(-) and g(-) are nonlinear and the number of lags
are relatively large. This allows us to assess the performance of our estimation approach
for more complex models. The numerical optimizations to estimate @; and I'; are done
by applying the fmincon function in Matlab to 50 randomly generated initial values. We
use this strategy to make sure that our search over the parameter space is more thorough,
thus avoiding getting stuck on possible local minimum values. The optimizations are done
based on the parametrization proposed on Chapter |5 so the process will carry the described
computational advantages.

In all our simulation studies, we use two measures to assess the accuracy of our estimates.

The first measure we use is the Vector Correlation Coefficient proposed by [Ye and Weiss

30



(2003)); also see Hotelling] (1936)):
p=|070076|'", (6.2)

where @ is the true matrix, @ is the estimated matrix and |A| denotes the determinant of
a matrix A. Note that 0 < p < 1, where higher values of p imply that the estimated vector
is closer to the true parameter value. Another measure that we use to assess the accuracy

of our estimated vectors is based on Xia et al. (2002):
P 2
nszu—eew@H (6.3)

where [|a]|? is the Euclidean norm of a vector a and 0 < m? < 1. This measure, however,

approaches zero when the estimated vector is closer to the true value of the parameter value.

In our research problem, @ = &, or I'; and O=dorI.

6.1 Models with Parameter Vectors

First, we list five different time series models from which we generate observations:

Model 1:
Ty = (1/\/5)(1'15_1 + T3+ l’t_ﬁ) + &

(6.4)
€tNN(0,]_)
1 1 177
did_ |:_707_70707_:|
3 3 3
1 177
r=|——
! {2 2]

Note that this is an AR(6)-ARCH(2) model.
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Model 2:
w1 = cos((m/2)(AN2) (w11 + 715)) + &

e, ~ N(0,1) (65)
o[
1 117
-5
Model 3:
20 = B+ (1V3) @1 + s+ 706)) + 20
= [V
hy = (1/\/m)(3 + 5371 + 5572)
(6.6)
e, ~ N(0,1)
2= | 50y 7 0. 75|
L]
Model 4:
= log (34 (1/V3)(x1-1 + -3 + 1-6))%) + &
= [V
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Model 5:

2 =exp (—(3+ (1/V16)(z1—3 + 2—s + T1-20))) + &
o= [V

he = (1)(10 + &7, + &7 )

e ~ N(0,1)

b, = 0,0,%,0,0,0,0,%,0,0,0,0,0,0,0,0,0,0,0, %]T
e ]
V2 V2

In each simulation study, we set three different sample sizes: n = 200, 600, and 2,000 .
For each sample size, we compute three different estimators using the iterative estimation,
Sparse estimation and Simultaneous Estimation, respectively, and evaluate the average of the
accuracy measures p and m? based on 100 Monte Carlo replications. Finally, we also report
the frequencies, f(,—; and f(,—;, which count the number of times the i lag was selected (by
the modified SBC criteria or by the Cross-Validation approach under Sparse Estimation).
The true dimensions are shown in bold on the summary tables. Note that p (or ¢) is selected
by fixing the other lag at its true value. The estimations based on Cross-Validation are done
by splitting the series in half, in which the first part is used as the Training set, and the

latter is used as Test data. The simulations results are given next.

33



Table 6.1: Model 1-Simulation Results under Iterative Estimation

n |®P./I5 p m? MSBC(p) MSBC(q) CV,(p) CVi(q)
200 | @ |.9742| 1842 |frpey) =0 faey =46 |fpe1y =0 | fig=1) = 38
[ |.8533| 4705 |f(pez) =0 fla=2) =23 |fioe) =0 | fiqm2) = 24
@, |.9709| 2116 |fr—s) =0 famy =13 | fooeyy =0 | figms) = 17
I, |.8469| 4691 |f—y =0 faety =18 |fety =0 | frgmy = 21
fo=5)=10 fo=5 =0
Fr=6) =93 Fw=6) =171
Jo=1y =5 Jo=1y =19
f(p:8) =2 f(p:8) =10
600 | @ |.9942| 0987 |f(e1) =0 f=1) =36 [foe) =0 | frgen) = 22
[ | .8827| 4024 |fpeg) =0 Fla=2) =27  |fipe) =0 | figm2) = 32
@, [.9908| 1195 |fip—s) =0 faey =16 | fipms) =0 |frgms) = 17
I, |.8550| 4557 |fip—s) =0 Figmn) = 21 foey =0 | flgmay = 29
f(p:5) =0 f(p:5) =0
Fw=6) =91 fo=6) =75
fo=1y =38 fp=r) = 16
Jo=9) =1 Jo=8) =9
2000 @ |.9980| .0578 |fpe1) =0 faeny =14 | foey =0 |figery =5
L' | .9150| 3281 |fpg) =0 Fla=2) =38  |fipee) =0 | figm2) = 45
@, |.9968| .0706 |fip—s) =0 faeny =24 | foeny =0 | figes) = 18
I, |.8913| .3863 |fip—sy =0 famty =24 |foety =0 | frgma) = 32
Jo=5 =10 Jo=5 =10
Jw=6) =95 F=6) =173
f(p—7) 5 f(p—7) 23
fo=9 =0 fo=8) = 4

Model 1 is an AR(6)-ARCH(2) model, where f(-) and g(-) are linear functions. Here, the
performance accuracy of our estimates is assessed for linear mean and variance functions.
Clearly, for the estimation of the mean and variance parameter matrices, respectively, the
accuracy measures p and m? reported in Table improve as the sample size increases. In
general, the sparse estimates were slightly less accurate than the non-sparse ones, which is

to be expected because the sparse estimation is only using half of the data to generate its
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initial value, whereas the remaining data is used to assign zeros to small elements of the
estimated vector.

We now evaluate our lag selection approaches. For this simulated data, we have that
p = 6 and ¢ = 2. First, we consider choosing the number of lags of the mean parameter
vector based on the modified SBC criteria defined in equation (4.19). We search for p over
a grid of possible values, taking ¢ fixed as its true value. Then, we check how many times
each grid value is selected after 100 replications. Similarly, ¢ is chosen based on equation
. Table also summarizes the efficacy of the Cross-Validation selection approach on
columns CVj(p) and CVj(q), which is described in Section [4.6]

We observe that the modified SBC can frequently select the correct lag for @4 even for
smaller sample sizes. However, selecting the correct dimension of I'; appears to be more
challenging. As the sample size increases, the number of correct selections improves, but it
might be necessary to have an even larger sample size in order to have reasonably precise
selection. Selecting p by sparse estimation and Cross Validation also appears to be useful,
but it is not as good as the modified SBC criteria for this model. Differently, choosing ¢

appears to be more efficient on the C'V(q) column.
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Table 6.2: Model 1 Simulation Results under Simultaneous Estimation

n |Pq/; p m? MSBC(p) MSBC(q)
200 | @, |.9824| 1749 |f—1) =0 fiq=1) = 48
L, |.8960| .3864 |f(z) =0 fq=2) = 23
Jo=3=0 Jiq=3) =19
fo=2)=0 Ja=1 =10
fw=5)=0
fp=6) = 86
fo=7) =13
Jo=s) =1
600 | @, |.9933| .1066 |f(—1) =0 Fig=1) = 39
[,, |.8876] .3983 |f—2) =0 fig=2) = 37
fo=3 =0 Jiq=3) =14
fo=2=0 flg=1) =10
Jp=5)=0
fo=6) =91
fw=1) =9
fw=8) =0
2000| @, |.9980| .0583 |fp1) =0 fig=1) =21
[, |.9343] 2897 |f(y—2) =0 flq=2) = 61
f(p=3) =0 f(q=3) =11
fp=1)=0 flg=0y =7
fo=5) =0
fo=6) = 95
fo=1) =5
Jo=8) =0

The results reported in Table [6.2] are once again for Model 1 but using the simultaneous
estimation approach. We can observe that sim appears to be slightly better than the original
& estimator for smaller sample sizes. It is interesting to note that the simultaneous estimation
of I';is consistently more accurate than the iterative estimation procedure. We should stress
that I is obtained through the minimization of total squared prediction error of €7, whereas

f’m is obtained through an objective function in which the only role of the fitted variance is
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to be used as weights on a Weighted Least Squares framework. Therefore, it is intuitive to
imagine why T should converge, but the consistency of f’m is not as obvious.

We can also observe that the lag selection for the vector @; under the simultaneous
approach seems to be worse than in the iterative estimation, but they did show the same
accuracy on the larger sample size scenario. Whereas, the selection of ¢ improves greatly for
larger sample sizes, which could be a reflection of using a more accurate estimator according

to p and m?.

Table 6.3: Model 2 Simulation Results under Iterative Estimation

n |P./I5 p m? MSBC(p) MSBC(q) CVi(p) CVi(q)
200 | @ |.9943| .0939 |fip—1) =0 fa=1) =42 |fo=y =3 |f=1) =0
[ |.8418| 4738 |f(ez) =0 fla=2) =36 | fip2) =0 | f(g=2) = 05
B, [.9927| 0976 |fpms) =98 |fiees) =11 | fip=3) = 90| frges) = 17
I, |.8567| 4467 |fipes) =2 fa=n =11 |foeay =5 |fig=e) = T8
fiw=5) =0 fiw=5) =2
600 | @ |.9989| .0420 |f—1) =0 fa=y =09 | foe1y=0 |fee1y=0
L' |.9018| .3608 |fp—s) =0 fa=2 =27 |fo-=0 |flg=2y=3
B, |.9979| 0491 |fpms) =99 |fie=s) =35  |Fip=s) = 99| fig=s) = 19
I, |.8754| 4110 |fpey =1 fa=n =39 |foeey =1 |fig=ey=T8
fip=5) =0 fiw=5) =0
2000) @ [.9997| .0224 |fipe1) =0 Fl=1) =3 foey =0 | fe=) =0
[ |.9141] 3419 |f(ez) =0 fla=2) =30  |fp=2) =0 |f(g=2)=0
B, |.9994| 0289 |fpz) =97 |fim) =26 |fip=s) = 99| f(mz) = 15
I, [.9014| 3567 |fipes) =3 fa=y=41  |fe=ty=1 |fig=1)=85
fp=5) =0 Jiw=5) =0

Model 2 considers the case when f(-) is non-linear. More specifically, in Model 2, we
assume that E[z;|X; 1] depends on &' X, ; through a cosine function. Here, it is of interest
to investigate how this nonlinear mean function influences the accuracy of our estimates.
The results in Table [6.3show that it is possible to obtain high accuracy when estimating @,
even for smaller sample size scenarios. Additionally, both & and I’ became more accurate

as n increases. The sparse estimates are also almost as precise as those obtained using
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iterative estimation, which once again improve with larger sample sizes. A comparison of
results reported in Table [6.3] with those from Table [6.1| shows that a nonlinear model with
less parameters has more accurate mean parameter estimates, which indicate that high-
dimensional vectors could have a larger impact on the acuuracy of the estimates than the
nonlinearity itself.

Under Model 2, the true lags are p = 3 and ¢ = 2. For the mean parameter vector
case, we observe that both the methods in most cases choose the correct lag across different
sample sizes. However, the lag selection for I'y remains a challenge. There is an apparent
convergence to the correct lag under the MSBC criteria, but the Cross-Validation approach

consistently overestimates q.

Table 6.4: Model 2 Simulation Results under Simultaneous Estimation

n |Pq/I; p m? MSBC(p) MSBC(q)
200 | @, |.9958| .0796 |f—1) =0 fig=1) = 50
L, |.8769| 4029 |f(ez =0 fla=2) = 28
fo=3) =96 |f4=5 =13
Joo=2 =2 Jiq=4) =09
Jop=5) =2
600 | @, |.9987| .0448 |fi—1) =0 fig=1) =31
[, |.9147| 3365 |fpeg) =0 Flg=2) = 41
fw=3) =99 |fg=3 =16
fo=1 =1 Jq=9) =12
f(p=5) =0
2000| @, |.9996| .0261 |f—1) =0 fig=1) = 24
[, |.9197| 3314 |fp—o) =0 fig=2) = 48
fo=3) =100 | f(g=3) = 15
Jw=1) fg=1 =13
Joo=s5) =

Table presents the simultaneous estimation simulation results for Model 2. We can
see that $m is as accurate as the iterative approach estimates, and it also improves as the

sample size increases. Additionally, the MSBC criteria in most cases selected the correct
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value for p. Similar to the analysis of Model 1 simulations, estimates based on fm were con-

sistently better than those from I and lag selection is also more accurate for the parameter q.

Table 6.5: Model 3 Simulation Results under Iterative Estimation
n P,/ Iy p | m* | MSBC(p) | MSBC(q) | CVi(p) CVi(q)
200 | @ |.9513| .2863 |f(pe1) = 8 faeny =43 | fipm1) =53 | figmr) = 47
[ | .8707| 4199 |fpes) =1 Fla=2) =27 |fope2) =2 | fq=2) = 20
B, |.8910| 3761 |fpepy = 10 |fimm) = 17 | fipms) = 18 | frges) = 11
[, |.8577| 4393 | fipesy = 2 flo=y =13 | foomy =0 | flg=s) =22
fo=5)=10 fp=s5) =3
JFo=6) =173 fo=6) =19
fo=1) =06 fo=1 =5
Jo=9 =0 Jo=8) =0
600| @ |.9815| .1791 |f,e1) =0 fa=y =27 |fiper) = flg=1) = 18
[ | .8769| 3985 |fpeg) =0 fla=2) =32 |fpe) =0 | flg=2) = 39
@, [.9806| 1715 |frpes) =0 faeny =21 | foey =5 | figes) = 26
I, |.8528| .4500 |fiy—sy =0 faety =20 | foety =0 | figmny = 17
fop=5)=0 Jop=5)=0
Jp=6) = 96 Fr=6) = 83
f(p=7) =4 f(p=7) =9
fo=8) =0 fo=8) =2
2000 @ [.9963| .0818 |f(pe1) =0 f=1y =06 |foo=y=0 |f4=1)=38
L .9257| .3090 |fpg) =0 fa=2) =39 |fom2) =0 |flg=2) =49
@, |.9947| 0905 |fipes) =0 f= =25 |foo=n =0 | fg=s) =22
I, [.9160| .3364 |fipey =0 fa=ty =30 | fooeay =0 | fig=a) =21
fo=5)=10 fo=5) =0
JFw=6) = 98 fo=6) = 93
fo=1) =2 fo=1)=5
f(p:8) =0 f(p:8) =2

The purpose of Model 3 in our simulation study is to use the same parameter matrices
as in Model 1, but f(+) is taken to be nonlinear. We observe on Table that the estimates

for #, and I'; become more accurate as n increases for both iterative estimates and sparse
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estimates. In general, 55 and fs are slightly less accurate than the iterative estimates.
Additionally, the accuracy of parameter estimates for Model 3 are close to those for Model
1 (Table and the difference between them seems to decrease as n increases.

Lag selection also presented a similar behavior as in the linear mean function case. We
can observe that large sample sizes are capable of selecting the correct value for p in the vast
majority of replicates in both MSBC(p) and CV(p) columns of Table [6.5] The selection of
dimension of I'; also has a similar behavior as in the first model scenario. The selection of
correct lag improves as the sample size increases, and the selection using sparse estimation

seems to be better for larger sample sizes.
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Table 6.6: Model 3 Simulation Results under Simultaneous Estimation

n |,/ p m? MSBC(p) MSBC(q)
200 | @, |.9436| 3109 |fpety = 13 | figer) = 59
[, |.8764| 4108 |fpey =1 flq=2) = 28
Jo=3 =13  |fg=3=7
/ (p=1) = 1 f (q=4) = 6
f(p=5) =0
fo=6) = 69
fo=1)=3
f(p=8) =0
600 | @, |.9822| 1762 |f—1) =0 fig=1) = 43
[, |.9115| 3487 |f—2) =0 fig=2) =37
f(p=3) =0 f(q=3) =15
fo=9=0 Jq= =5
Jp=5)=0
fio=6) = 94
f(p=7) =6
fw=8) =0
2000| @, |.9949| .0954 |f—1) =0 fig=1) =27
[, |.9164| .3336 |f—z) =0 f(g=2) = 46
f(p=3) =0 f(q=3) =17
f (p=1) = 0 f (q=4) = 10
fo=5 =0
Jo=6) =99
f(p=7) =1
Jo=8) =0

According to Table the accuracy of simultaneous estimation is similar to the iter-
ative estimation approach. Both estimates appear to converge asymptotically, however, in
this simulated model scenario. We could not find evidence that one approach is consistently
better than the other for estimating one or both parameter matrices. The selection of p
under the MSBC criteria appears to be less efficient under the simultaneous approach for

smaller sample sizes. Whereas, the selection of ¢ was more precise for all three sample sizes.
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Table 6.7: Model 4 Simulation Results under Iterative Estimation
n |®P./I5 p m? MSBC(p) MSBC(q) CVi(p) CVi(q)
200 | @ |.5238] 7987 |fomty =71 |fieey =56 | fipet) = 72 | fig=1) = 38
I |.8230| 4881 |fieo) =18 |framz) =21 | fipmo) = 18 |f(qm2) = 22
B, |.3840| 8794 |frpes) =8 fa=s) =14 |fomsy =4 |fg=s) =17
I, |.8291| 5044 |fo—sy =2 fa=0 =09 | fo=0y =3 |fig=1) =23
fo=5)=10 fo=5 =1
Jw=6) =1 =) = 2
fw=r) =0 fw=1) =0
Jo=s) =1 fw=8) =0
600 | @ |.7059| 6391 |fipmty =40  |fien =32 | fpe) = T4 | flger) = 22
[ | 8757| 4039 |fpezy =14 |fig=2) =33 |fie2) = 10 | fig=2) = 29
B, |.4847| 8226 |foem) =39 |fimm) =11 |fipms) = 10 | fiyms) = 24
[, |.8678| .4357 | fipesy = 2 f=y =24 |foen =1 |fle=a =25
foo=5) =1 fw=s) =3
fo=6) =4 Fo=0) =2
fow=") fw=1) =0
Jo=8) = Jo=s8) =
2000 @ |.9365| .3273 |fpe1) = foen) =05 |fioey =31 |fig=) =5
L |.9222| 3167 |fpeg) =0 fla=2) =50 |fipea) =3 | fig=2) = 40
B, |.8509| 4406 |fpemy =32  |fiem =24 | fipms) = 43 | frgms) = 22
I, [.9070| .3492 |fi—s) = fa=ty =21 |foeey =2 | fig=s) = 33
Jo=5 =0 Jo=5 =1
Fw=6) =57 fo=6) =15
fw=1) =0 fw=r) =3
fw=8) =0 fw=8) =2

The simulation experiment under Model 4 assumes the same parameter matrices as Model
1 and Model 3, but consider a different nonlinear function. The accuracy measures reported
in Table [6.7| show that the estimated parameter vectors converge under both estimation
approaches. However, when we compare these results to those from Models 1 and 3, we

observe that the estimation accuracy of @, is much lower, specially for smaller sample sizes.

42



Therefore, the choice of f(-) can make the estimation of parameters much more challenging,
eventually requiring larger sample sizes. Whereas, the accuracy of I'; estimates are close to
those under the previous models.

The smaller accuracy of estimates also influences the lag selection procedures. For small
sample sizes, both the M .SBC(p) and C'V,(p) columns in Table [6.7| show that in general, p is
mostly underestimated, but when the sample size increases, the selected lag start converging
to the true value (p=6), where the MSBC criteria seems to be more efficient. Under this
simulated model, the selection of ¢ also improves as the sample size increases, but the MSBC

criteria seems to perform better than the sparse estimation approach.
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Table 6.8: Model 4 Simulation Results under Simultaneous Estimation

n |Pq/I; p m? MSBC(p) MSBC(q)
200 | @, |.5263| 7940 |fom1y =52 | figer) = 53
L, |.8800| 4079 |feo) =28  |fg=2) = 25
fp=3) =12 f(q:3) =10
f(p=4) =4 f(q=4) =12
f (p=5) = 1
fo=6) =3
fo=1) =0
f (p=8) = 0
600 | @, |.7770| 5892 |fpey =47 | figer) = 39
[, |.8991| 3632 |foez =13 |fiqmz) = 43
fo=9y =34 |fg=3 =13
Jo=1 =1 Jaq=1 =5
Jp=5)=0
Jp=6) =4
fo=r) =1
fw=8) =0
2000| @,, |.9293| .3463 |f—1) =5 fig=1) =20
[, |.9244| 3323 |fp—o) = 2 fq=2) = 50
fo=9 =45 |fg=9) =17
f(p=4) =3 f(q=4) =13
fo=5 =0
Jp=6) = 44
fo=ry =1
Jop=8) =0

The simultaneous estimation simulation results on Table [6.8 shows that there is no clear
improvement on estimates accuracy, or lag selection, compared to the iterative estimation
approach. We also observe that the estimates for parameter matrices and selected lags

improve on larger sample sizes, corroborating the desired asymptotic convergence.
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Table 6.9: Model 5 Simulation Results under Iterative Estimation
n |®Pq/T7| p m? MSBC(p) MSBC(q) CVs(p) CVs(q)
200 | @ [.5077] 8237 |fp=1) =32 |fra=1) =36 | fp=1) =53 |fig=1) =67
I | .8410| AT68 |fipmo) =10 |frgmz) =38 |fpm2) =13 |f(q=2) = 18
B, |.2681| 9204 |fipmay =45  |figms) =19 | fipz) =25 |frgz) =8
I, |.8292| 5015 |f(,—qy =4 fla=ay =07 |fipmay =4 |frgmay =7
fp=5) =4 Fip=5) =2
f=6) =2 foo=6) =1
fep=) =0 fip=1) =0
flo=8) =2 flp=8) =2
fp=0) =1 fp=0) =0
fp>100 =0 fp>100 =0
600 | @ |.7906| 5871 |f(,—1) =28 fa=ty =41 |fp=1) =35 | f(g=1) = 58
I |.8987| 3777 |fpeo) =5 fla=2) =34 |fp=2) =9 |fiq=2) =25
B, [.6317| 7050 |fipms)y =56 |flgms) =15 | fipms) =39 |f(g3) =10
I, |.8460| 4752 | f(y—ay =0 fla=ty =10 |fpmay =3 |flgmay =7
fip=5) =0 fp=s) =1
fip=6) =0 fip=6) =2
fw=r) =0 fw=1) =0
fip=s) = 26 foo=8) =7
fip=0) =4 fip=0) =2
fp=10) =1 Jp=10=0
Jfp=11) =0 Jp=11=0
fp=12) =0 fp=12) =1
fp=13) =0 fp=13) =1
flp=14) =0 flp=14) =0
fp=>15) =0 fp=>15) =0
2000] & [.9643| 3048 |f—1) =0 fa=ty =18 |fp=1) =0 |frg=r) =10
I |.9286| 2934 |f(y—2) =0 fla=2) =57 |fip=2) =0 | frq=2) =48
&, |.9759| .1818 |f(p—g) =0 fla=) =15 |fpms) =8 |f(gms) =25
I, |.9156| .3256 | f(,—4) =0 figes) =8 foety =0 | flgmay = 17
fip=5) =0 fip=5) =0
fio=6) =0 fio=6) =0
fp=) =0 fip=1) =0
fp=8) =33 fp=8) = 82
fp=9) =10 fw=9) =10
fp=10)=0 fp=10=10
fp=11) =0 fip=11=0
flp=12) =0 flp=12) =0
fp=13) =0 fp=13) =0
fp=14) =0 fip=14) =0
fip=15) =0 fip=15) =0
fip=16) =0 fo=16) =0
fw=17) =0 fp=17) =0
fip=18) =0 fip=18) =0
flp=19) =0 fp=19) =0
f(p=20) = 57 Fp=20) =0
fip=21) =0 fp=21) =0
fp=22) =0 fp=22) =0
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Model 5 is our last model in which both @, and I'; are vectors. In this simulation scenario
@, has 20 elements, of which 17 are zeros. Therefore, it has a high degree of sparsity and
much larger dimension than the previous models. When we compared the results of Models
1 and 2, we observed that larger values of p can have a strong impact over the accuracy of
estimates, so it is of our interest to evaluate results under this challenging data simulation
model.

According to Table , the accuracy of both @ and @, are lower for smaller sample sizes
than the previous models, reflecting the complexity of Model 5. However, both estimates
improve as n increases, yielding large values for p when n = 2000. An interesting aspect of
our simulation results is that the sparse estimator was more accurate on average than the
iterative estimators, for the largest sample size case. This indicates that the sparse approach
can be useful when dealing with series in which you expect a high degree of sparsity on its
dependence structure, if a large sample size is available.

Table [6.9) also shows how precisely our simulation study selected p over a grid from 1 to
22, and chose ¢ from 1 to 4. We observe that selecting p is very challenging for smaller sample
sizes, in which neither the M SBC(p) and CV,(p) approach could identify the correct lag
once. However, when n = 2000 the MSBC criterion correctly chose the lag in the majority
of replicates. Whereas, the sparse approach is still inefficient under the larger sample size
scenario, but it shows some signs of convergence. The MSBC criterion also yielded better
selection of ¢ for all sample sizes, which accuracy is similar to the one found in previous
models. Hence, it appears that this highly complex mean function structure does not have

a large impact on the variance parameters estimation.
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Table 6.10: Model 5 Simulation Results under Simultaneous Estimation

n |Pq/L7| p m? MSBC(p) MSBC(q)
200 | By, |A4974| 8396 |fm1) =4l | f(g1) = 54
L | .8922| 3773 |fipma) =15 | figqma) = 24
fo=3) =30 | f(g=3) =11
flp=1) =4 flg=20) =11

fo=s) =1
Jw=6) =1
fo=my =1
fp=8) =6
fip=9) =1
fp>10 =0

600 | B |.7914] 5933 |fpm1y =13 | fge1) = 44
L |.9060 | .3573 | f(p—o) = 6 fla=2) = 32
fp=3) =51 | f(q=3) =16
fo=1) =2 flg=2) =8

fo=s) =1
fw=6)=0
fp=7) =0
fo=8) = 25
fp=0) =2
fp>10) =0

2000 B |.9470| 3138 [flp—1) =0 | fig—1) =34
L |.9231] 3331 |fpmp) =0 | fqm2) = 58
Jo=3) =0 |f(g=3)=0
Jp=2y =0 |fg=1)=8

fp=5) =0
fp=6) =0
fo=7) =0
fp=8) =18
fp=9) =30
fp=10) =0
fp=11) =0
fp=12) =0
fip=13) =0
Jp=14) =0
fp=15) =0
fip=16) =0
fp=17) =0
fp=18) =0
fip=19) =0
F(p=20) = 52
fp=21) =0
fp=22) =0

The simultaneous estimation approach results for Model 5 can be found on Table [6.10]
The accuracy measures and lag selection behavior are, in general, very similar to those of

the iterative estimates. Additionally, no approach has shown to be consistently better than
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the other.

In general, the simulation results under the five data generating models allow us to
conclude that our proposed iterative estimator approximates the true parameter matrices
well, but the rate of convergence will differ depending on the underlying model complexity.
The same conclusion can be applied for the sparse and simultaneous estimation approaches.
Both the alternative estimation procedures were not consistently more accurate than the
iterative approach, so the iterative estimator seems to be a preferred choice. The effectiveness
of sparse estimation can be investigated further based on a more comprehensive study in
which we can consider more models and different splitting (Training and Test) scenarios of
the series. Another subject that requires more investigation is the apparent higher accuracy
of f‘m, especially on smaller sample sizes. We should note that all five models have the same
variance structure, so it is worth investigating what happens when we consider different g(-)
functions and parameter matrices.

The overall results of lag selection lead to the conclusion that estimating p is more
straightforward than ¢, and our proposed MSBC tends to perform well on larger sample
sizes. Even though estimating the lags is not the main goal of our research, the simulation
results have shown us that the proposed criteria can be useful on practical applications when

true p and ¢ are usually unknown.

6.2 Models with Parameter Matrices

Now, let us consider the following models where d > 1:
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Model 6

Ty =3 — (1/\/5)(51%—1 + 23 + 24-6) + 005{(7/2)(1/\/5)(%—2 — Ty-a)} &
- [V

hy =1+ (-1)(5?—1 + 5?—2)
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Model 7

2y = —1 4 (4/V5)(2—1 + 2x4_4) — cos{(m/2)(1/V/5)(xi_3 + 234_5) }+
exp{—[(l/\/ﬁ)(—%t,l + 229 — 2243 + Ty_g — Ty + Ty_g)]*} + &
= [V

hy =1+ (.1)(5?_1 + 5?_2)

e; ~ N(0,0.2)
1 —2
VAR
0o 0 -

V15 (6.10)

0 L =2
&, — VB V15
2 9 L
V5 V15
-1
0 0 Wir
0o 2 _L

- \/5 \/ﬁ_
1
r;=|"
1

V2 |

Under the parameter matrices setup, we decided to set three levels of the simulation sample
sizes: n = 100, 300 and 1000. We decided to work with smaller sample sizes than the first
five models due to computational time. The numerical optimization of a large number of
variables simultaneously is computationally expensive, and using larger sample sizes would
require a unreasonable amount of time.

We compute only the estimators based on the iterative estimation and simultaneous es-
timation approaches for Models 6 and 7. Section explains why the sparse estimator is
not applicable for the parameter matrices problem. The results reported in the tables for

Models 6 and 7 also report the accuracy measures p and m? based on 100 Monte Carlo
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replications. Now, besides identifying p and ¢, we also use a MSBC criterion for selecting d

and d. Each one of these dimension measures are chosen holding all others at their true level.

Table 6.11: Model 6 Simulation Results under Iterative Estimation

n |Pq/I; p m? MSBC(p) [MSBC(q) |[MSBC(d) | MSBC(d)
100 | @ |.3537|[291; 847]|fpmt) = O |fig=t) =57 | fa=t) = 98| figy) = 99
I 8377 483 |fpey =1 |fg=2y=1 |fla=2) =0|fzy =1
Jo=91 fa=3) =04 |fla=s) =2 |fi_s) =
fo= =T | fig=2) = 14
fw=5) =10
JFw=6) =79
fo=7) =2
Jw=5) =0
300 | @ |.4501|[.165; .736]| fpu1y = O | fgm1) =48 |fla=1) = 87| f gyy = 92
I 8560 453 |fo2 =0 |fg=2) =3 |fla=2) =0|fz_ =8
Jo=3 =0 |fg=3) = 14 | fla=3) = 13| f43 = 0
fo=9 =0 |fig=0) =15
fw=5)=0
J=6) = 90
fo=7) =8
Jowo=s) =
1000] @ | .6948[.088; .297]| fper) =0 | figm1) =25 |fra=1) =0 |f(g_y) = 55
I 9067 351 |fpez =0 |fg=2) =33|fla=2) =1|fzy =45
Jw=3) =0 |Jig=3) =20 | fra=s) = 99| f(gs) = 0
fo= =0 |fg=1) = 22
fop=5) =0
f=6) =91
f(p=7) 8
fo=8) =

Models 6 and 7 illustrate the case when @ has more than one column.

Table

summarizes the results of the iterative estimation for data simulated through Model 6, in

which the mean parameter matrix has six rows and two columns.
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values of p are relatively low on smaller sample sizes. The m? measure is more informative
to understand why estimating @, is challenging, since we can clearly notice that the first
columnﬂ is estimated much more precisely than the second, which affects the overall p. This
behavior could be explained by the fact that the first column has a linear effect on the mean
function, whereas the second column affects F(z;|X;_1) through a cosine function, which
may make its detection more complex. Figure [8.12] in Appendix illustrates the Nadaraya-
Watson fit for one of the 1000 observations replicate, and it is possible to observe that
the monotonic linear effect can be easily seen, whereas the wave-shaped behavior is more
nuanced. Nevertheless, & and I’ improve as the sample size increases, indicating consistency.

The accuracy measure results show that, under Model 6, we might need larger sample
sizes in order to achieve reasonable accuracy. Therefore, lag selection can also be challenging
under the scenarios of our simulation experiment. We observe on Table [6.11]that the selection
of p is correct for all three scenarios, and there is an apparent convergence of ¢ to its true
value. However, the choosing process of d and d was ineffective, which may be caused by

the low accuracy of the parameter matrices estimates.

3Defined on Equation .
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Table 6.12: Model 6 Simulation Results under Simultaneous Estimation

n @,/ p | m?  |MSBC(p) [MSBC(q) [MSBC(d)|MSBC(d)
100 | @, |.3256|[.280; 867]| fpmr) = 0 | figmr) = 58 |framr) = 99| gy, = 97
L, |9016] 357 |fo—2) =2 |fe=2) =17|f(a=2) =O|f 1 =3
fo=3 =0 |fg=3) =12 |fu=3) =1 |fzs =0
o=y =4 |fg=1) =13
fo=s5) =4
F=6) =89
f(p=7) 1
Joo=5) =0
300 | @, |.4634[.163; .709]| fpm1) =0 | figm1) =50 | fia=1) = 75| Fg_yy = 84
[, | 8853 405 |froo) =0 |fig=2) = 28|fra=2) = 0| f 1 = 16
fo=3 =0 |fg=3) = 14 |fla=3) = 25| f(z_g) = 0
fo= =0 | fg=1) =08
fwo=5) =0
Fo=6) =99
fo=r =1
Joo=5) =0
1000| @, |.7998(].099; .301]|fpety = 0 | figer) = 41 | fra=ry = 0 fa=y =43
[, | 8565 459  |fpeo) =0 |fg=2) = 29| framz) = 1|f iz, =57
fo=9 =0 |fig=3) =15 |f(a=3) =99 f(5_s) =0
fo=0 =0 |fig=a) =15
fw=5) =0
Fr=6) = 84
f(p:7) =14
Joo=s8) =2

Under simultaneous estimation, the simulation results on Table [6.12| are less precise than
those from the iterative estimation approach. In fact, the estimation of I'; seems to become
less accurate as the sample size increases. Additionally the selection of p, ¢, d and d are, in

general; also less efficient than in the iterative estimation approach.
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Table 6.13: Model 7 Simulation Results under Iterative Estimation

n |Pq/I5 p m? MSBC(p) |MSBC(q) |[MSBC(d) |[MSBC(d)
100 | @ |.7250|[353; 199; 401]|fpmt) =0 |fig=) =95 |fra=n) =95 |fig_q, = 100
I | .8042 534 fom2) =0 | fig=2) = 03|fu=z) =5 |fiz =0
fo=3 =21 |fg=3) =02 |fa=3) =0 |fg_3 =0
fo= =47 [fq=0=0 |fa=9) =0
fw=5) =0
fw=6) = 32
fo=r) =2
fw=8) =0
300 | @ |.9708|[.152; .104; 128 fpmr) =0 |figm1) =92 |fa=1y =1 |F(g_yy = 100
r |.7951 557 foey =0 |fig=2) =6 |fa=2) =99 |fizs =0
Jo=2) =0 \f=)=2 [fla=3)=0 | [z =0
fo=9=0  [f=0=0 |fa=9) =0
f=5) =0
fp—6) = 100
fo=r =0
Jip=8) =0
1000[ @ |.9907|[.087; .071; .066]| fp—1) =0 | fig=1) =89 |fra=) =0 |fig_y, = 100
I |.8236 508 fom =0 |flg=2) =T |fa=2) =48 |fzy =
fo=8 =0 |fu=8 =2 |fa=s) = 52|f 5=y =0
Jo=9 =0 [fu=0=2 |fla=9) =0
fop=5) =0
fp=6) = 100
Jo= =0
Jw=8) =0

Table[6.13| summarizes results of the simulation experiment under Model 7. Our last data

generating model assumes that &, has three columns and six rows, totaling 18 parameters

only on the mean function. This model assumes the same mean structure and white noise

term (e; ~ N(0,0.2)) as in|Park et al.[ (2009), but also adding a conditional variance structure

to the problem.

The accuracy measures of @; are much higher than those from Model 6, indicating
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that adopting a weaker white noise term, allows us to use smaller sample sizes in order
to achieve precise estimates. Additionally, when n = 100 and n = 300, our average p
measure is similar to those found in (Park et al.[2009, p. 723), in which the error term was
homoscedastic. Interestingly, the accuracy of I'; estimates are smaller than those in Table
6.11, so we have an indication that reducing the white noise amplitude might also make
variance terms estimation less efficient.

Under the Model 7 scenario, the selection of p is overwhelmingly precise, but ¢ appears
to be majorly underestimated. Again, this behavior could be a reflection of our choice of
distribution of e;. The selection of d is better than in the previous model, as it improves for

larger sample sizes. Lastly, the selection of d is highly accurate for all three scenarios.
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Table 6.14: Model 7 Simulation Results under Simultaneous Estimation

n |Pq/I5 p m? MSBC(p) |MSBC(q) |[MSBC(d) |[MSBC(d)
100 | @, |.7812|[.320; 176; 358]| fo1y =0 | fig) = 95 |fra=1y =95 |F(g_q) = 100
[, |.8026 540 foey =0 |Fiq=2) = 03| fla=p) = 05 |f z_p) =0

o= =0 |fe=3=2 |fla=3) =0 |fg_3 =0
Jp=1 =1 fa=0 =0 |fla=4) =0

fw=5) =0
fr=6) =99
fo= =0
Joo=8) =0
300 | @, |.9693|[.149; .105; .130] | fpur) =0 |figm1) =97 |fia=1y=0 |F(g_yy = 100
I, |.8514 452 fo- =0 |fg=2) = 03| fa=z) =100 | f 7, =0
fo=3 =0 |f4=3) =00 |fa=s) =0 |fg_g =0
o= =0 [fig=2) =00 |f(g=2) =0
fw=5) =0
f(p—=6) = 100
fo=r =0
Jip=8) =0
1000| @, |.9911|[.088; .066; .064]| fp=1) =0 | fig=t) =92 |fra=) =0 | Fig_yy =99
I, |.9029 356 fo=2) =0 |flg=2) = 04| flu=z) =45 | [y =1

Jo=3) =0 | fig=3) = 02 | f(a=3) = 55| f(G_3) =0
Jo=y =0 | fig=0) =02 | fla=a) =0

fw=5)=0
fw=6) = 100
Jp=r) =0
Jw=8) =0

Lastly, we present the simulation results under simultaneous estimation for Model 7. In
general, we can conclude the results of simultaneously estimating @, and I'; in Table
are much similar to those found by the iterative estimation approach, so we cannot conclude
if one is more accurate than the other.

Overall, our simulation results when @, has multiple columns are consistent with those

from Section . Our main estimators @ and I' demonstrate the expected consistency,
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and the selection of p is more accurate than choosing q. Our proposed selection approach
for d and d seems to work well when we can obtain accurate estimates for the parameter
matrices under the number of columns true values. Nevertheless, we should stress that the
main purpose of this research is to establish estimators for the parameter matrices, for which
consistency was shown theoretically and further validated through simulations. The task of
selecting the dimensions of @4 and I'; deserves an entire study dedicated to it, which could
not be largely investigated here because of the high computational cost of each simulation

scenario.
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Chapter 7

Analysis of the BRL/USD Exchange Rate Series

Central Banks around the world aim to guarantee that their national currency is reasonably
stable and trustworthy. Economic agents need to be confident that this financial asset will
keep its value compared to the other products that it can be traded for. If a currency is
too volatile, any task which requires planning becomes too uncertain, thus major investment
decisions cannot be done. However, stability by itself is not enough to yield a strong currency.
For instance, many countries have adopted legal measures of broad price control without
observing the desired outcome.

Over the second half of the twentieth century, Brazil has experienced an accelerating
inflationary process. During this time, several economic measures were attempted E] to
control the general price increase. When we observe the General Price Index - Overall
Supply (IGP-OG) inflation index provided by the Institute for Applied Economic Research
(IPEA) on Figure [7.1] it is clear that it was only after adopting the Real Currency (BRL)

that inflation withdrew to reasonable standards.

4Including the adoption of new currencies.
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Figure 7.1: Monthly Brazilian Inflation (%)

Figure illustrates how important the Real currency is to the Brazilian recent economic
history. Moreover, it is still relevant to evaluate how strong the newest currency is not only
compared to domestic products, but also in relation to other currencies as well. For instance
the Brazilian Real/ U.S. Dollar (BRL/USD) exchange rate is an important index for the
Brazilian economy as it influences key economic features, such as, competitiveness of exports,
production costs and investment returns.

In this thesis, we analyze the monthly BRL/USD. Foreign Exchange Rate series from
January 1999 to December 2019; see Figure for a plot of this time series. Although the
IPEA database provides observations from this series prior to January 1999, we only analyze
the time period after the adoption of the floating exchange rate regime, in which the currency
price fluctuates mostly according to market forces, instead of government fixation. From the
adoption of the BRL as the official currency on July/1994 until early January/1999 the fixed
exchange regime was in place, so for many months there would not be any variation on the

series, and it is sensible to not include this period into the analysis.
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We split the time series into two parts. The training dataset ranges from 01/1999 to
10/2015 (202 observations) whereas the test set starts at 11/2015 and goes until 12/2019
(50 observations). First, we consider only the training dataset in order to build our time
series models. Our goal is to evaluate how well our fitted models are capable of generating

accurate out-of-sample forecasts of the exchange rate series.

Brazilian R$/US$ Exchange Rate
T T T T

4.5 T T T

35 - Al

Exchange Rate
(9%
T

25 I

Jan-00 Jan-02 Jan-04 Jan-06 Jan-08 Jan-10 Jan-12 Jan-14 Jan-16 Jan-18

Figure 7.2: BRL/USD Exchange Rate monthly series.

7.1 AR-ARCH Model

A benchmark in conditional mean and variance parametric modeling is the family of AR(p)-

ARCH(q) models. Hence, we first find a suitable AR-ARCH model that fits the monthly
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BRL/USD Exchange Rate series in the training dataset (01/1999 to 10/2015). Our goal is
to compare the performance of the fitted AR-ARCH model to other models fitted here based
on respective out-of-sample forecasts.

The first step is to find appropriate lags p and ¢ for the mean and variance functions,
respectively, using the SBC criterion. Thus, we fit all possible combinations within a grid
of values for p and ¢ in MATLAB through the estimate function. Table gives the SBC

values for various choices of p and ¢, respectively.

Table 7.1: AR(p)-ARCH(q) lag selection by SBC

SBC| ¢g=1 qg=2
11-371.0644 |-378.9687
2(-409.0871(-409.1751
31-406.3224 |-408.8852
41-413.3367|-410.5773
5

6

—408.0576 -406.6763
-407.0810 |-403.6766

RBRRR "I
I

We can observe from Table [7.1] that the SBC criteria is minimized when p = 4 and ¢ = 1.
Then, we obtained following AR(4)-ARCH(1) fitted model using Matlab:

7y = —0.023455 + 1.60592,_1 — 0.90397x;_o + 0.55746x4_35 — 0.26837x;_4 + &

s=\Vha ()

Ty = 0.0029 + 0.769582_,

where e; are residuals that are approximately normally distributed with mean zero and
variance 1. All estimated coefficients are significant at the 1% level, except for the intercept

in the mean function.
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7.2 Model fitting based on iterative estimation with one linear com-

bination.

Now, we will use our proposed iterative estimation approach to fit a model for the training
dataset. First, we will consider the case when the mean and variance functions depend on
only one linear combination, i.e., we assume for now that @4 and I'; are vectors. The first
step of the analysis is the selection of lag p using the quantity defined in . However,
since ¢ is also unknown, we compute the Modified SBC criterion [in ] using @, [instead
of 5], which is defined in 1)

Table 7.2: Selection of p based on Modified SBC

p| MSBC
1]-3.0462
21-3.2063
31-3.2015
4
)
6

-3.1635
-3.1198
-3.0743

From Table [7.2] the MSBC criteria is smallest when p = 2, so we define p = 2. In order
to find ¢, we compute the MSBC value for ¢ € [1,4], and it is based on the final iterative

estimates @ and I’ defined in {i and 1) respectively, for fixed (P, ¢) pairs.

Table 7.3: Selection of ¢ based on Modified SBC

q| MSBC
1]-5.2754
21-5.2320
3
4

-5.1808
-5.1305

According to Table the selection criterion is minimized when ¢ = 1. After choosing

62



the dimensions of @ and I' we computed the iterative estimates: P = (0.8273,0.5617)T and

~

r=1.
Let lg; = S/iTXt,l. We first look at the time series plot of z; and lg; to check how the

fitted linear combination of past observations relates to z;. Figure [7.3] shows us how the

fitted linear combination series, lg;, itself seems to capture the dynamics of the observed

series even before we have modeled the series.

Observed series versus I‘p
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Figure 7.3: x; and lg; over time.

Our goal now is to build a scatter plot of x; (the original series) vs lg; to determine a
reasonable choice for f(-) to model the mean function based on lg,;. The scatter plot given

in Figure presents a clear increasing relationship between z; and lg,. Additionally, a

visual inspection suggests that a linear function seems to be an appropriate choice in this
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case.
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Figure 7.4: x; vs. lg; Scatter plot

The Figure also overlays a plot of the fitted Nadaraya-Watson (N-W) curve over the
scatter plot to further help us visualize what function fwas estimated based on the data

and ®. This N-W curve visualization is a better way determine the functional relationships

than the ones proposed in [Park and Samadi (2019), where f(:) and g(-) are not directly

estimatedﬂ Therefore, the fitted curve can aid us into further choosing similar parametric
functions when the scatter plots are not entirely informative. In fact, this visualization
feature is even more important when we have two linear combinations, since interpreting a

3-D scatter plot is usually much more challenging. For instance, Figure [8.12] on Appendix

5The functions f(-) and g(-) in our notation are represented by g1 (-) and g2(-) inPark and Samadil (2019).
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B shows us how the fitted curve can detect the original patterns on a simulation based on
Model 6 from Section [6l
The overall behavior in Figure [7.4] looks roughly linear, so we decide to fit the following

linear model for x; as a function of d; ;:

2y = Bo+ Biles + &t (7.2)

The estimates of the parameters are given by 30 = —0.0065 and Bl = 0.7250, so the estimated
mean function is already defined and residuals can be computed. In order to model the
variance function, we analyze case of the squared fitted residuals £7. Let lp; = ngf_l.
First, we inspect the time series plot of €7 and [, of Figure . From this plot, we conclude

that {p, can contain much information about the mean value of the squared residuals.
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Figure 7.5: €7 and [p, over time.

The last task of modeling the variance function is to find a parametric relation that
describes the relationship between €7 and lr,. We produce a scatter plot of these two

variables and try to identify a function that could be a good approximation of g(-).
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Figure 7.6: €2 vs. I, Scatter plot.

Interpreting the scatter plot of the conditional variance is usually less straightforward
since it has multiplicative errors instead of additive ones, so the plot will not be as clear as
in mean function modeling. Figure shows the sctatter plot of €7 and Ir;. By analyzing
the plot we verify that it is harder to visualize what an appropriate choice of g(-) might
be. In this scenario, the Nadaraya-Watson fitted curve can help us find a suitable choice, as
previously discussed. Again, there is no strong evidence of a nonlinear relation, so we take

g(+) to be a linear function. The final fitted model (including the variance function) is:

z; = —0.0065 + 0.7250lp; + &

S (7.3

Iy = 0.0167 + 0.57131 .
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7.3 Model fitting based on iterative estimates with multiple linear

combinations

Lastly, let us consider our iterative estimation approach for the case where &, and I'; have
more than one column. We want to check if adding/detecting more linear combinations
improves the modeling of conditional mean and variance functions.

To this end, first we estimate the lag parameters (p, ¢) and the number of linear combina-
tions (d, d ) for the mean and variance parameter matrices. Our strategy is to first consider
p and d . We select them through the MSBC criteria (see ), where we use the initial
estimator 50 in in the place of P.

Table 7.4: Selection of p and d based on Modified SBC

MSBC| d=1|d=2|d=3|d=14
p=1-3.0462
p =2 |-3.2063|-3.2295
p =3 |-3.2015|-3.1440|-2.8237
p =4 |-3.1635|-3.0379|-2.5887|-1.8993

According to Table [7.4] the combination that minimizes the selection criterion is p = 2
and d = 2. Now that the dimensions of & are chosen, we search for ¢ and d based again on

minimizing the MSBC value.

Table 7.5: Selection of ¢ and d based on Modified SBC

MSBC|d=1|d=2|d=3
g=11-5.5443
q = 2 |-5.4998|-5.3462

= 3 |-5.4452|-5.2158|-4.8220
g = 4 |-5.3953|-5.0908|-4.5691

The combination that minimizes the selection criterion for the variance parameter matrix
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is =1 and d = 1 according to Table Now that all dimensions are determined, we us

use the iterative estimation approach to obtain our parameter matrices estimates:

. 0.9783 0.2071
D = ,
—0.2071 0.9783

r=1.

After estimating the parameter matrices, our final task is to build a time series model
from them. Let us define the estimated linear combinations of the past values of x; as
lo,, = [1 01®7X,;_; and lg,, = [0 1]®TX,_;.

Note that the true parameter matrices are not identifiable. In the context of this appli-
cation, the numerical optimization of equation could lead to similar matrices, where
columns of & may be switched and/or re-scaled by -1. For instance, the following matrices

are also equivalent estimates of @:

—0.9783 0.2071 0.9783 —0.2071 0.2071 —0.9783

0.2071 0.9783 —0.2071 —0.9783 0.9783 0.2071

The reason why the lack of identifiability is not a problem is that any alternative version of

& will lead us to the same linear combinations, but with a possible sign change. Therefore,

all versions are equally useful in the next step of building a predictive model from them.
Next, we look at the time series plot of z;, lg,, and lg,, to verify how well the linear

combinations can capture the dynamics of the original series.
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Figure 7.7: z, , lg,, and lp,, over time

Figure show us that in general, x; has a directly proportional relation to lg,, and

lg,,. Thus, it seems plausible that we can build a more accurate predictive model based
on them. The next step of the graphical analysis is to build a 3-D scatter plot with its

Nadaraya-Watson fitted surface to visualize what choice of f() might be appropriate for

further modeling specifications.
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Figure 7.8: x; , lg,, and lg,, Scatter Plot

From Figure we see that both linear combinations appear to have an increasing effect
over the response. It is hard to identify a clear nonlinear behavior, thus it is a sensible choice

to fit the mean function as a linear model. The fitted equation is:

7y = 0.0274 + 1.35691s, , — 0.0473ls,, + & (7.4)

After determining the fitted values for the mean function, we compute the residuals
following equation 1} We can work now with the squared residuals and the estimate r

in order to model the variance function. Again, let us define i = 1/;:3?_1.
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Figure 7.9: €2 and Iy time series plot for multidimensional analysis

The linear combination of past squared residuals seems to be a good potential predictor
for €2, according to Figure[7.9] Hence, we investigate the scatterplot between them to choose

an appropriate g(-) function.
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Figure 7.10: €2 vs. Ip; for multidimensional analysis

The scatterplot in Figure shows no clear nonlinear pattern, so we estimate g(-)

through a linear model as well. The overall fitted model is then:

7y = 0.0274 + 1.35691g, , — 0.0473lg,, + &

5 = e (7.5)

Ty = 0.0158 + 0.50561r,

7.4 Comparison of Out-of-Sample Forecasts

In the final step of our analysis, we use the test set of the BRL/USD Foreign Exchange Rate
data from November 2015 to December 2019 in order to compute out-of-sample forecasts
based on the three final models described by equations , and . Our goal is to
compare the three different forecasts based on the MSPE (Mean Squared Prediction Error):

n

MSPE = (1/n) Y [(z; — &)’] (7.6)

t=1
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Table 7.6: MSPE values for three models

Model MSPE
7.1) AR-ARCH 0.0157
(I7.3]) Tterative Estimation with one linear combination | 0.0197

7.5)) Iterative Estimation with two linear combinations| 0.0151

According to Table it is clear that all the approaches provide similar MSPE values,
whereas the smallest one was obtained by our iterative estimation method with matrices.
This demonstrates how our proposed approach can build a competitive predictive model
by using the fitted linear combinations as explanatory variables after all the nonparametric
estimation steps.

In this application, we had a moderate sample size, which may not be enough for com-
plex dependence structures, as demonstrated in chapter [l Nevertheless, for the Brazilian
Exchange rate data, we are still able to yield a good predictive power, demonstrating that
our approach is still applicable for moderate sample sizes, and is expected to be even more

accurate for larger sample sizes.
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Chapter 8

Concluding Remarks

This thesis considers a univariate time series x; where the conditional mean is assumed to be
an unknown function of linear combinations of past observations and the conditional variance
is assumed to be an unknown function of linear combinations of past squared residuals. With-
out assuming a time series model, we have developed an iterative, nonparametric estimation
approach for dimension reduction in time series which estimates these linear combinations.

We have shown theoretically that the estimators are consistent as the sample size tends
to infinity. Our theoretical results are further validated through extensive simulation studies
and a data analysis. Additionally, we have proposed a data-driven approach similar to the
SBC criterion to select the dimension of the parameter matrices in applications where it is
not known. The simulation and the data analysis results indicate that our selection criteria
provide a useful tool in real data applications, especially when both the parameter matrices
of interest have only one column.

This research also investigates, through simulations, the accuracy of possible alternatives
to the iterative estimation approach. For example, a sparse estimation approach is proposed
in order to potentially produce more precise estimators when our parameter vectors contain
a large proportion of zero elements. Considering the scope of our simulation scenarios,
we observed that the sparse estimators do not outperform the estimators obtained by the
iterative approach. Thus, our original estimator does not seem to be sensitive to a high degree
of sparsity. Nonetheless, we still plan to investigate the accuracy of the sparse estimators
by considering new data generating models and different ratios of training and test data.

The proposed simultaneous estimation approach, however, yielded better results than the

1)



iterative approach on many occasions, especially when estimating parameters associated
with the conditional variance function. Hence, we will establish the theoretical convergence
results for estimators obtained through the simultaneous estimation approach.

In our research as well as in similar research on dimension reduction in time series, the
estimators do not have a closed form solution. Therefore, we have to rely on computa-
tional algorithms to minimize the objective functions. In addition, the parameter matrices
have an orthonormality restriction which reduces the numerical search to a highly com-
plex space. In order to overcome some computational challenges, we have developed a new
reparametrization based on angles, where every element can freely vary inside (-7, 7). Un-
der this reparametrization framework, all of our estimates from simulation replicates were
able to numerically converge, while ensuring that the original restriction is fully met and re-
ducing the computational cost of the problem. In addition, this reparametrization approach
allows us to randomly sample from the space of orthonormal matrices to find multiple appro-
priate initial points, and is general enough to be applicable for any numerical optimization
problem with respect to a matrix of fixed dimension under a orthonormality restriction.

Lastly, we have applied our proposed iterative estimation approach to the task of fore-
casting the Brazilian Real/ U.S. Dollar Exchange Rate. This financial series is well known for
its importance to the Brazilian economy. Its modeling is still an ongoing task, which involves
both understanding how its expected value depends on past information and accounting for
a possible heteroscedastic Variancelﬂ. We have demonstrated that the estimated linear com-
bination of past values can be used to generate competitive forecasts when compared to an
AR-ARCH model. Here, our approach is shown to be useful even for moderate sample sizes.

This research thoroughly investigated the theoretical and application aspects of the it-
erative estimator for parameter matrices of both mean and variance functions. Due to
computational time and cost, we did not perform simulations on larger sample sizes. Our
future research will study the convergence behavior of our estimators for larger sample sizes.
Other aspects that can be further investigated include the study of asymptotic properties

of the sparse and simultaneous estimators and if the proposed dimension selection criterion

can be improved.

6 A common feature on financial assets series.
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Appendix

In Appendix A, we give a detailed proof of the three theorems stated in Section In

Appendix B, we give 13 figures that are referred in various sections of the dissertation.

A: Proof of the Three Theorems in Section [4.3.2

A.1: Proof of Theorem 1

Let 9, = (%)2/ ® and Nn, be a sequence that that diverges with n at an arbitrarily slow

rate. In order to prove the convergence rate ||$0 — @Dy|| = 0,(0,), it is suffice to show that
. n 2 n 2
inf Z ($t — fn('rTXt_l)) — Z ($t — fn(QP(T)Xt_l)) >0
lr—Po||=1ndn — -
=p+1 t=p+1

with probability approaching one if n — oo and 7, — oo arbitrarily slowly.
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With some calculations, one can show

n n

S (@ 2 X)) = Y (2 - Ju( @5 X))
t=p+1 t=p+1
= > {R0TX) - B X - 20 07 X)) - BB X)) |
t=p+1
= > R0 X) - Fu(@X )]
t=p+1
—2 3" 2= FuB]X)] [Fu(rT X 1) — Fu(BIX 1)
t=p+1
=3 [FlT X)) = P @5 X)) =2 D (e + &) [falrT X)) — Fu(@5 X))
t=p+1 t=p+1
=3 [l X)) = Fu(BIX0)]" =2 Y e[ farT X)) = Fu(B]X0o0)]
t=p+1 t=p+1
-2 Z &t [ﬁ(rTXt_l) - fn(dngt_l)}
t=p+1
E[l — 2]2 — 2[3

With mean value theorem, we can re-write [; by

n

L= [FOCIX ) — o) X,

t=p+1

= > e {(r = @) [FOIX )X X (r — @) }

t=p+1

where 7, is an interior point on the line segment between r and @, and ﬂl(l)(-) is the first
order derivative of f()(-) defined in (4.14)).
According to Lemma [4.3.2] and the optimally of @,, we have

lim fiOrIX)? = fD(rIX)? > f(O(@]X)? =0, (A1)
n—oo
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which holds uniformly over X € R. Follow the strong law of large numbers, we have

) 1
lim
n—,oo N — p

> X X[, =E[X, . X] ). (A.2)

t=p+1

Denote Apin(A) and A4 (A) the smallest and the largest eigenvalue of a symmetric
matrix A, respectively. Given (A.1)), (A.2) and Assumption (A3), we can lower bounded I
by

L= lr = @of* > AV rIX ) Amin( X1 X))

t=p+1

> Ci(n = p)llr — Bo[I*(1 + 0,(1)). (A.3)

Next, by Cauchy-Schwartz inequality, we can upper bound I5 by

n

I = Z €t [ﬁz(’rTthl) - fn(@Ethl)]

t=p+1

. . 1/2
< { S > [falrT X)) - ﬁ(@SXt—l)f}

t=p+1  t=p+1

n

1/2
s<n—p>mng[s§]<1+o<1>>{ : Z[ﬁ(ﬂxt_a—ﬁ@gxt_nf} ,

n=r t=p+1

where the last line follows the strong law of large numbers and assumption (A1).
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With Lemma and assumption (A4), we can derive

[ForTXi0) = Fu(@3X00)]

= { (207 Xi) = ST Xi0)] — [Fu(@TXi) — F@I X))
FIOTX ) — (@ X))}

<4 [T X) = F0T X)) + [ @1 Xi) - F(B X))’
+ [0 Xi) - (B X)]

< Co(62 + |lr — Bo)?), (A.4)

where C} is a large enough positive constant.

With (A.4), we have upper bound I, by
I, < Cy(n — p) (62 + |Ir — ®o)|?) > (1 + 0p(1)). (A.5)

Similarly, we can upper bound I3 by

I3 = Z & [ﬁz(TTXt—l) - ﬁn(gp(T)Xt—l)}
t=p+1

n

. 1/2
{5 o) fraxr]

t=p+1  t=p+1

< Cyn—p) (02 + [l — Bo[[2)?6,(1 + 0,(1)), (A.6)

where (3 is a large enough positive constant and the last inequality follows Lemma [4.3.1

and (&3).
Since 7, diverges with n at an arbitrarily slow rate, we have [|r — @g|| = 1,0, > 0, as n

diverges. Therefore, we complete the proof by showing

inf (.[1 - 2[2 — 2[3) > 0,

lr—Poll=nndn
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with probability approaching one if n — oo and 7, — oo arbitrarily slowly. O]

A.2: Proof of Theorem 2

Let 0, = (%)2/5, o) = (%)2/5 and 7, be a sequence that that diverges with n
at an arbitrarily slow rate. To simplify the presentation, we write I'; as I" throughout this
proof.

In order to prove the convergence rate ||[I' — I'|| = 0O,(0},), it is suffice to show that

n n

ST (@ -G - Y (8- GuITEL)) >0

inf
s—I'||=nn6
ls=Lll=nnon t=p+q+1

with probability approaching one if n — oo and n,, — oo arbitrarily slowly.

With some calculations, one can show

Yo @ -GusTE) - D (8 - gaITEY)
t=p+q+1 t=p+1
- Z [jq\n(STgf—ﬂ gn(FTet 1)}2
t=p+q+1
-2 Z 5t — n( FTé\?—l)} [gn(s 5t 1) — gn(FTet 1)}
t=p+q+1
= > [GulsTE ) —Gu(TmE )] =2 > [ e [Gu(sTED) — Gu(TTED)]
t=p+q+1 t=p+q+1
—2 Z [5§ - 9<FT§?—1)] [Qn(s € 1) — gu(ITE} 1)}
t=p+q+1
-2 Z [ (I'g; 5t 1) _/g\n(Fngq)} [gn(s €t 1) — gn(FTst 1)}
t=p+q+1

EJl — 2J2 - 2J3 - 2J4
Similar to the proof of (A.3)), we can lower bound J; by

Ji 2 Cy(n —p = q)lls = TII*(1 + 0p(1)),
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for some positive constant Cj.

By Cauchy-Schwartz inequality, we can upper bound J,, J3 and J; by

n n 1/2
J2g{ S Eo2P Y Gy - g nf} |

t=p+q+1 t=p+q+1

n n 1/2
J3§{ Z e —g(I"er 1)}2 Z (Gn(s7€L) — Gu(ITEL 1)}2} ;

t=p+q+1 t=p+q+1

n n 1/2
and J4g{ Yo [o(ITE) —Gu(ITEL)]T D [GalsTEL ) — GulTTEL of} :

t=p+q+1 t=p+q+1

Similar to the derivation of (A.4), Lemma and assumption (A4) yields

Gu(s7€5 1) = (e} )]
< 4{@(&@?,1) 9(s€L)]" + (7€) — g(I7E} )]

e 2
+ [9(3T5?—1) —g(I'"g}_)) }

< Gs(07 + s = I'|I), (A7)

where C5 is a large enough positive constant.

Follow Lemma and Theorem 1, we can show

ST E-2= Y [E-ea)E e < Csn—p—q)8uBe)(1 +0,(1). (AS8)

Notice the fact that E(g(I'T&é7_)) = e, strong law of large numbers and Lemma [£.3.1]

suggest
Yo [ —g(rme))” < C(n—p—q)o(1). (A.9)
and Y [g(IEL,) — Gu(ITEL)]" < Cs(n—p — )8, (1 + 0,(1)). (A.10)
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The results in (A.7)) — (A.10) implies
max{.Jy, J3, Ji} < Cs(n —p—q)|ls — T||>, as n — oo.
Therefore, we complete the proof since

inf (Jl —2Jy — 2J3 — 2J4) > 0,

ls—I'||=nndy,

with probability approaching one if n — oo and 7,, — oo arbitrarily slowly. O]

A.1: Proof of Theorem 3

Let §,, = (%)2/5, 5 = (%)2/5 and 7, be a sequence that that diverges with n
at an arbitrarily slow rate. To simplify the presentation, we write @; as @ and I'; as I
throughout this proof.

In order to prove the convergence rate ||® — ®| = O,(0,), it is suffice to show that

inf (2 — J?n("“TXt—l)>2 _ i (2 = J?’”L@TXH))Q
= ll=nndn Gn(I7E2 ) ALY

>0 (A.11)

t=p+q+1

with probability approaching one if 1, — oo arbitrarily slowly.

To keep the presentation neat, we introduce the following notations
Wy = /g\n(FTé\f—l)v Wy = fq\n(FTé\f_l), Ay =w; —wy, and Yy = wylly,

fort=p+qg+1, ..., n.
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With some calculations, one can show

(w0 X)” i (2 = fu(@7 X, 1))
Gu(L7E7)) ga(L7E7)

t=p+q+1 t=p+q+1
= Z ?1)\;1(.Tt - ﬁ(’)"Tthl))2 — Z w;l (Q?t - ﬁL(ngthl))Q
t=p+q+1 t=p+q+1
= > @ =) (@ = X))
t=p+q+1
+ Z wy ! {(xt - ﬁz(TTXt—l))2 - (% - ]?n(dﬂthl)f}
t=p+q+1
=K + K. (A.12)

We can show K can be upper bounded by the sum of two terms

n

Ki= Y @ =)o - LX)’

t=p+q+1

= > A (n AKX+ RTX ) - BT

t=p+q+1

= Z AtIp;l (Et - ft)Q

t=p+q+1
n n
<2 Y Aglel+2 Y AN
t=p+q+1 t=p+q+1

EKll + K12. <A13)

Follow assumption (A1), Lemma m, Theorem 1 and Theorem 2, K1; and K5 can be
upper bounded by

n

n 1/2
K - { Z A7 Z 5?} < Cs(n —p—q)0,(1 +0,5(1)), (A.14)

min
t Ve t=p+q+1  t=p+q+1

IN

n n 1/2
and Ky < 2 { oAy gf} < Cs(n—p—q)o2d.(1+0,(1)). (A.15)

min
U Limprast  tmprant
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where Cj is a large enough positive constant.
Next, it is easy to check that the following inequality of K5 holds for some positive

constant C7

n

Ky= ) w {(l"t — Far X)) = (2 - ]?”(@TXt‘l))z}

t=p+q+1
Z mtin Wt Z (ﬂft — ﬁl('rTXt_l))2 — (.Z't — ﬁ(@TXt_l))2
t=p+q+1
> Cr(n—p—q)|lr — S[*(1 + 0,(1)), (A.16)

where the last inequality can be proved in a similar fashion as (A.3)).

By plugging (A.14]), (A.15) and (A.16)) back to (A.12]), we complete the proof since

inf (Kl + KQ) > 0,
lr—@||=nnon

with probability approaching one if n — oo and 7, — oo arbitrarily slowly. O]
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B: Simulation Experiment Figures

- Simulation of random data under Model 1 (n=1000)

20
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Figure 8.1: Example of simulated data from Model 1
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Figure 8.2: Example of fitted curve using simulated data from Model 1
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Simulation of random data under Model 2 (n=1000)
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Figure 8.3: Example of simulated data from Model 2
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Figure 8.4: Example of fitted curve using simulated data from Model 2
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Simulation of random data under Model 3 (n=1000)
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Figure 8.5: Example of simulated data from Model 3
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Figure 8.6: Example of fitted curve using simulated data from Model 3
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Simulation of random data under Model 4 (n=1000)
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Figure 8.7: Example of simulated data from Model 4
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Figure 8.8: Example of fitted curve using simulated data from Model 4
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Simulation of random data under Model 5 (n=1000)
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Figure 8.9: Example of simulated data from Model 5
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Figure 8.10: Example of fitted curve using simulated data from Model 5
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Simulation of random data under Model 6 (n=1000)
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Figure 8.11: Example of simulated data from Model 6
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Figure 8.12: Example of fitted curve using simulated data from Model 6
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Simulation of random data under Model 7 (n=1000)
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Figure 8.13: Example of simulated data from Model 7
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