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Abstract

The coastal ocean is a complex region affected by several processes with various spa-

tiotemporal scales such as tidal flows, internal waves (IW)s, along-shore, and cross-

shore (XS) winds, buoyancy-driven flows, and surface waves. IWs have important

implications for pollutant dispersal, nutrient supply, energy budgets, and ecosystem

impacts of climate change in the coastal zone. IWs are generated by the acceleration

of the tidal flows over sloped bathymetry, which results in a phase lag between pres-

sure and velocity and effectively converts tidal energy from barotropic to baroclinic.

This energy conversion propagates in the system in the form of density perturbations

or IWs. The generation of IWs over the continental shelf and their advection into

nearshore areas have been studied extensively. Moreover, the modification of coastal

dynamics by sea breeze (XS transport by XS wind in the inner-shelf) and regional-

scale (upwelling/downwelling by alongshore wind) have received considerable atten-

tion in the past few decades. However, the generation of IWs in the nearshore and



how such a generation is affected by winds and other tidal components have received

much less attention, even though this is the region where IWs often have the highest

impact. In addition, the coupling of XS wind and tidal currents in the inner-shelf

where the XS wind is more effective in deriving XS transport (in comparison to the

alongshore wind) has been neglected. Therefore, in this dissertation, I 1) develop

a robust mathematical formulation to calculate the barotropic to baroclinic energy

conversion, which filters the residual conversion, 2) examine the interaction of tidal

flows with various periods (i.e., diurnal and semi-diurnal) and parameters that affect

such interaction, and 3) elucidate the role of the wind in the energy conversion process

for shallow coastal regions.

Index words: Internal Waves, Barotropic to Baroclinic Energy Conversion,
Coastal Ocean, Numerical Modeling, SUNTANS
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ࣳن֍ذرد اўدՇЯه ࣶࣳ պउن औد و جان مداوўد ॑م ࣛ
رЇ͆مای ده روزی مداوўد جای مداوўد و ॑م مداوўد
ώܧ܊ و Ї॑ࠤد و ماه झوزўده Вۨܧ܊ ऋدان و ҝ͞وان مداوўد
Чی˶ϔۭت ϟده ࣳ ی گارўده ن ϔࣶࣳت ौن و Юشان و ॑م ز

΅ویاђم. راه ࣳاे و رواђم آب ۳̖Јرم ϖوزاђم، Ϧ̘ع ماेم औوشاђم، رود ѝدرم ࣛ нقدѓم
دОږتان ࣛ यا روز ࣰ य़ ѝدری باϟد. ժن सی داՉГه Яसش ўداՉГه ॐ ϷوГࠤد Ј̙واره य़ ѝدری ࣛ нقدѓم Пود. گاЄم تڠՍه य़ ѝدری ࣛ нقدѓم
زبان ࣛ уواЮږ͂م ѥ҅ی ऌࣰ او Уدون य़ ѝدری ن˶ۭد. сेغ झزўداЮش ا̹تلای ࣳای اϋواϫش ऑاج از य़ ϶ѷی ب˷شاѓم. ࣿواز بال ॐ ࣳد
ժن Ϸوچ گام Їڏ े وݵی ن˶ۭد ʹم Ϲ݉܊ زўدҊی े گاه ा य़ यدی ش˶˘ت. ҆ی Єم े را ϣود” ”ѥ҅ی کՏ̎ه ωڢґی य़ ϶ѷی ϼ͆م. Чࠤدا Ыس̉ط خارࣨ
ࣿ و Пودی کاش ای Ю˛˘ت. ҆ی ժن ˠͮم ࣳ راҎЗی ΄واب و ϟد ҆ی چاره کلات ϊش ی ՏЈه Ԁͷورش با य़ ѝدری Яऋ˘ت. ʾϓت

Пود. Ν܈܊م و Пودم Ν܈܊ش य़ ѝدرم ࣛ нقدѓم دџدی. ҆ی ࣹدیک از यا ऋׄ،ن
Пود लم ॐج ՏЈه یار ՏЈه үψ͘وب Пود ѝدرم دЦیا ࣛ ЌڗՉه Љم Еوࣰ اպن
Пود ωکܼ۾رم Вࠢد ϊ॑ش ՏЈه آوازه طڬېࠤدўد Юشاҗی و ॑م ժن ز य़ جا ࣰ
Пود ѝدرم Пود جان راͯت यا य़ ϶س آن Пود ѝدر Пود روان و روح यا य़ ϶س آن
Пود ѝدرم Пود ن˷ۭان ࣳاѓم य़ ϶س آن رὁت ساࣥ آن लم از ́Οر य़ اˡΕوس

Вࣿتار य़ ماेی آϋوͰت. ժن ࣛ را زўدҊی اϨڞبای بՐ̍ه ख़رѸی اϨڞبای Щ۩ھا ࣤ य़ ماेی ࣛ нقدѓم اϔت. ЧناЄم य़ ماेی ࣛ нقدѓم
زҗی Пود. او यگ ժن ेد य़ ماेی Пود. چاره Җی े دی˷ۭ ӊۉۖ̀ ࣛ ӊۉҌۖی از ࣳ ࣛ Ϸودک य़ ماेی Пود. Ϸودϼ͇م ی Вتاره ҍی ॐرو सی ϝب
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را ˢʑق و ورزџد ˢʑق ժن ࣛ ѓसم ўداՉГه و स داՉГه از ख़رغ य़ ماेی روم. بالاࣶ و بالا ժن ॐ Ъॐࠤد ժن زўدҊی ࣳ و ϖوͰت Ϧ̘ع Ј̕˓ون य़
ईد. ωڢґی ࣳاѓم

آϋوͰت ऋׄ،ن دसن ࣛ Эږتان ماे زاد Άو यا ЕوХࠢد
آϋوͰت ΀ڪ،ن و Ю˛˘ت Ъࠤدار ժن گاЂواره ࣳ स بϝ
آϋوͰت ش˺ڪ،ن Бل Խ̺̾ه ࣳ ժن ̀Ϫ ࣳ јھاد Ϫ̸ڥࠢد
آϋوͰت راه رׄ،ن қ͞وهٔ ॐ ࣳد ॣ ࣛ ॣ و ́Οۭ˷ب دВ͂م
آϋوͰت Џڪ،ن و јھاد اϨفاظ زباђم ࣳ ऑف دو و ऑف یک
دوϔت دارϊش Ё˘ت و Ёږ͂م ॐ اوϔت ЁږҎی ز ժن ЁږҎی Эس

ऻ ࣿ ϊܨ܃ر اպن े य़ ۳̖Јری زўد. ҆ی Ϫ̸ڥࠢد زўدҊی ॑ملاѦمات ࣳ Ԯ͘وری با य़ ۳̖Јری ࣛ нقدѓم اϔت. رواђم य़ ۳̖Јری ࣛ нقدѓم
ώܧ܊ Ӑʕܦ و اझوͰت ࣳ ΄ود ˢʑق با را ام خاࣤ चاغ य़ زҗی ѥ̙ود. ҆ی آرام यا ऋماНˆ˛ش Ԁͷور با و Пود داВتان Єم ժن با Ј̙واره ʹم و

رساўد. اдجام ल ࣛ را دܜۿر اպن ҧω͜وЯش و عاѹҼی ́Хماο با य़ ۳̖Јری اΕشاўد. ࣳ خاࣤ े را ΄ود
Щ۩ھاϔت و ՉΟऋه روͳم уو ҍی ωࣿڢناϔت ЈګՇ̶ه Пودن уو با
ԓ܆܊اϔت وʵϒت ࣛ ेدم уو ҍی ेیاϔت یک آب کاࣙ یک уو با
͸ܰ܃ر کار ࣱار آسان уو با ωࣿڢناϔت ЈګՇ̶ه Пودن уو با
Ϸوࣼ Ј̕˓ون ՌЇࣳه ʨم با уو ҍی нقدࣼ با Ήھاد ٠م՞ن уو با
ωࣿڢناϔت ЈګՇ̶ه Пودن уو با گΒھاϔت از دҎГی Խ̺̾ه یک уو با
պࣶن Ϳܭ܃ر و Ϸوچک ժن уو ҍی ѝ॑ذպࣶࣼن с۰ʹнف уو! ای
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ࣳ Ϲ݉܊ ࣳاे ؀͘ود و ѝدر ̺یاب े य़ यدی ࣛ нقدѓم اϔت. ժن Ќسار ʨم وی Јمان اϔت. ժن رای Єم य़ ࣳاेی ࣛ нقدѓم
راϔت. Нڦۍېࠤد آϋوב،ن े و јھاد ع̎م راه े ॣی य़ داˣЮ˒وҘی ۝̯˘ت. ماे یاری

ॠ ΅وХࠢده यد Уدو ऋدد य़ ؟ ࣛ ࣩ सܗ܂ر از شاه Џ˦ت Уدو
اϔت ॠ ࣳ ώܲۿران ࣳ داЦࠢده य़ اϔت ࣛ داЮش य़ ϓॣخ داد Кۍؑن
औࣳی ՏЈه داЮش ز آдجا य़ اџدری ॐ уو داЮش Ъیاϋوز
اϔت ժن جان Ъࠤدار ॐج औد اϔت ժن Вॣبان О˙ب داЮش य़
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Chapter 1

INTRODUCTION AND

MOTIVATION

To answer my research questions and test hypotheses, I organized this dissertation

as follows. 1) I start by introducing the dissertation motivation, stating the re-

search questions, and discussing the hypothesis briefly. 2) Subsequently, I provide

details on the internal wave characteristics, generation mechanisms, mathematical

solutions, related dimensionless parameters, and biophysical importance. I con-

tinue this chapter by reviewing the impacts of alongshore and cross-shore wind

in the coastal regions as well as covering the coastal dynamics of my focal area,

Southern Monterey Bay. 3) Next, I review previous studies and current methods

to calculate and analyze the energy budget with the focus of energy conversion. 4)

I optimize the energy conversion calculation based upon the present formulation

to analyze the internal wave generation and energy budget through time more
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effectively by filtering the residual conversion induced by barotropic tidal heaving

(chapter 4). 5) I explain the interaction of two tidal components (with different

periods) and the role of environmental parameters which affect such energy con-

version, including the pycnocline depth and their initial phase lag (chapter 5). 6)

I examine the cross-shore wind impacts on the conversion rate and its sensitiv-

ity to environmental parameters such as pycnocline depth, wind-tide phase lag,

and wind speed (chapter 6). 7) I conclude this dissertation by summarizing the

problems and highlighting my findings on the efficiency of a new formulation for

conversion rate calculation as well as wind-tide and tide-tide energy conversion.

1.1 Motivation

Internal waves are ubiquitous features of the ocean, which affect the biophysical

dynamics of coastal seas; therefore, studying internal wave generation and the

environmental parameters which affect them are of importance for a variety of

fields including oceanography, ecology, and engineering. The generation of inter-

nal waves over the continental shelf can be quantified as barotropic to baroclinic

energy conversion, which advects in the form of density perturbations in a den-

sity stratified media. The generation of internal waves has received considerable

attention in the last century. However, under current formulations, there is an am-

biguity about the presence of negative conversion away from the generation sites.

The presence of such negative conversion can be simply due to not partitioning

the baroclinic and barotropic accurately.
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Studying the role and interaction of environmental parameters in the energy

conversion process is a tortuous task that is still developing and unfolding. Al-

though recent studies have addressed the interactions of semidiurnal tidal flow

with the diurnal cross-shore wind-induced flow (by alongshore wind) in the mid-

shelf regions, such a mechanism is not an efficient way to derive cross-shore flows

in the inner-shelf. In inner-shelf regions, the cross-shore flow is governed by cross-

shore wind rather than alongshore wind as the surface and bottom boundary layers

interact with each other. Therefore, there is a need to study wind-tide interactions

in such locations. Moreover, the interaction of tidal flows with different periods,

and its effects on the conversion rate is of interest.

1.2 Research Questions

In this dissertation, I address the three main questions:

• Is the negative conversion (calculated under current formulations) away from

the generation sites, an actual baroclinic to baroclinic energy conversion

through pressure-work? Or is it the residual constituent of the analytical

framework? If so, what is inducing negative conversion? And how can it be

removed to allow a more effective study of energy conversion through time?

• The semidiurnal tidal flow creates significant conversion; however, the role of

other tidal constituents (i.e., diurnal) in this process is generally dismissed.

What is the contribution of K1 tidal flow in converting barotropic to baro-

clinic energy? Does the depth of pycnocline affect the energy conversion in
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the nearshore area? How do K1 and M2 interact with each other? Does

linear superposition hold for M2K1 interaction?

• Prominent cross-shore diurnal sea breezes are common in coastal regions

during the upwelling season. Does the wind affect the energy conversion

process in the nearshore area? Does the wind-tide phase lag effect barotropic

to baroclinic energy conversion? What are the roles of other environmental

factors such as pycnocline depth and wind speed in such a conversion?

1.3 Hypotheses

I hypothesized that it is possible to filter the negative conversion away from gen-

eration sites. Negative conversion is generated due to the interaction of internal

waves with barotropic tidal heaving (barotropic vertical movements of isopycnals

due to surface tides), and it is compensated by the extra positive conversion on the

slope. To avoid such interaction and find the net conversion, the barotropic tidal

heaving should be removed from the background density by using a time-variant

background density (instead of background density, which is constant with time),

which discards the barotropic tidal heaving. This allows a more effective analysis

of energy conversion through time.

Current studies might underestimate the conversion as they only consider the

semidiurnal constituent. Therefore, by including an additional tidal component

(K1), I analyze the conversion value in the nearshore region to examine how

much of the conversion is underestimated. I expect to see the validity of linear
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superposition for the interaction of M2 and K1 as the internal tides observed in

the southern Monterey bay are linear. The environmental parameters affect the

dimensionless numbers such as tidal excursion and internal wave steepness, which

govern the internal wave characteristics; therefore, the conversion is expected to

be a function of these numbers rather than be a function of pycnocline depth

directly.

I speculate that the presence of cross-shore wind can promote energy conver-

sion in the nearshore area. The role of cross-shore wind in cross-shore transport

and flow is more prominent in comparison to the alongshore wind. Such a pro-

cess intensifies the shear velocity throughout the water column, which results in

promoting the density perturbations. Therefore, the intensification of conversion

is expected in the presence of cross-shore wind.
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Chapter 2

BACKGROUND AND RELATED

WORK

IWs, disturbances that propagate through density-stratified media (Fig 2.1), are

common features of the coastal ocean where they can affect biological, chemical

and physical dynamics. Due to the critical role of IWs in the Earth energy budget

and extensive records of their presence, they have received a significant amount

of attention with considerable focus on their generation. IW generation generally

occurs due to tidal flows over sloped topography and is often characterized as a

barotropic-baroclinic conversion rate. The focus of this dissertation is on deter-

mining BT-BC conversion rates in shallow water and examining how tides, winds

and stratification affect their generation with a specific emphasis on the nearshore

region of Monterey Bay. In this chapter, we start with IW characteristics and

generation mechanisms and then outline their bio-physical importance. I finish
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the chapter with the review of Monterey Bay dynamics as an active site for IW

generation.

Figure 2.1: The schematic of linear IW propagation in a two-layered system
adopted from Woodson [2018].

2.1 Internal Wave Records & Generation Mecha-

nisms

IWs which are a form of gravity wave, have been documented and observed for

many years. The first observation of IWs in the coastal ocean was made in 1897 by

Fridtjof Nansen in the Arctic ocean [Nansen, 1905]. Nansen named and described
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the IWs as "Dead Water" in his exploratory journey as his ship was brought to

stop by IWs. Later, Ekman was able to explain and address this mysterious phe-

nomenon analytically. Ekman clarified that the resistance created in the dead

water zone is caused by the generated IWs, which are induced by vessel pertur-

bations at the ocean surface in a highly stratified system [Nansen, 1905]. Such

resistance is due to the counter-flow created by IWs on the top of IW crests, as

observed in Fig 2.1.

Internal tides (IT), IWs with tidal frequency, were initially believed not to

exist [Defant, 1932]. However, Defant did not take into account the rotation of

the Earth. Haurwitz [1950] corrected Defant’s work by adding the Coriolis effect

into the equations of motion. Subsequently, several studies were published to

characterize IW behaviors through simple analytical models. The effect of friction

was added to the Haurwitz model through eddy viscosity for a two-layered system

by Rattray Jr. [1957]. In 1960, Rattray Jr. [1960] proposed the first primitive

analytical model to characterize the generated IWs over a flat and sloped bottom

in a two-layered system. His model was a milestone in the field as the later

studies were built upon it. The wave energy transfer between the surface and

internal modes over irregular bottoms such as seamounts was studied by Cox

and Sandstrom [1962]. Later, the ray theory was proposed by Sandstrom [1969]

to address the multi-mode IW generation and propagation in a variable depth

waveguide. It was shown through experiments that in the presence of friction, the

standing IWs generated over the shelf propagate as progressive waves [Weigand

et al., 1969]. The normal-mode solution obtained in the process of IW generation
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over a step-like continental shelf suggested that the amplitude for each mode is

inversely related to the mode number [Rattray et al., 1969]. The reflection of IWs

from a smooth irregular surface results in the back-reflection of part of energy

flux as well as the generation of two new rays where the wave-numbers of the new

rays are the sum and difference of surface perturbation and incident wave [Baines,

1971b]. Split-reflection and diffraction of IWs tangent to a bumpy surface was

proposed by Baines [1971a]. The model proposed by Baines [1973, 1974] was

more realistic than previous ones as it took into account simplified continuous

density stratification as well as arbitrary topography (the first study is limited

to the topographies which are not tangent to IW propagation direction while the

second one addressed the tangent topographies). At this point, the analytical

models were developed enough to provide a simplified and effective picture of IW

generation and BT to BC energy conversion processes in the ocean.

In addition to the IW generation over sloped topography, IWs can be gener-

ated by the interaction of river plumes and tidal currents. A strong waterfront

and a two-layered system will form at river mouths where the fresh river water

sits at the top of the dense oceanic counterpart at the river mouth. The front,

which is a density perturbation will propagate with the wave speed of c =
√
gHe,

where g is gravitational acceleration, and He is the depth of the surface layer,

in the absence of the counter-ward current with the velocity of U0. At any time

when the Fr number (U0

c
) is less than 1, the front can propagate offshore freely.

Strong tidal currents can provide a situation that results in modulation of the

front propagation speed and the formation of IWs. Such IW signature on the
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water surface and strong temperature anomalies were observed at Columbia river,

which is believed to be induced by IWs generated through the mechanism as men-

tioned above [Nash and Moum, 2005]. Such a mechanism is well-known in the

atmospheric studies as it can create gigantic waves with the amplitude of 500

meters, i.e. "the morning glory" in which undular bores were generated by the

frontal motion into a developing nocturnal inversion [Smith et al., 1982].

2.2 IW Characteristics

Gravity waves are repetitive, patterned oscillations in which the restoration force

is the gravity (i.e., ocean surface waves). IWs are a form of gravity waves that

occur at the interface of two fluids with different densities or in a density-stratified

system. Ironically, based on the definition above, ocean surface waves can be con-

sidered as IWs as they occur at the sea surface (interface of ocean and atmosphere).

In the presence of a substantial density gradient (such as ocean-atmosphere), the

sea surface waves are limited to propagate at the interface (horizontally); however,

in a density-stratified water column such as the ocean (where the density gradi-

ent is much smaller), IWs propagate in all directions (horizontally and vertically)

[Cushman-Roisin and Beckers, 2011]. More formally, IWs occur within a single

fluid medium that is density stratified.
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2.2.1 Surface Wave Dynamics

To better understand the IWs characteristics, we start from the continuity equa-

tion and linearized conservation of mass and momentum (discarding the Coriolis

effect) equations simplified by the Boussinesq approximation as below.



∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

= 0

∂ρ
∂t

= −w ∂ρ
∂z

= w ρ0
g
N2

∂u
∂t

= − 1
ρ0
∂P
∂x

∂v
∂t

= − 1
ρ0
∂P
∂y

∂w
∂t

= − 1
ρ0
∂P
∂z
− ρ

ρ0
g

(2.1)

where ρ0 and N are reference density and Brunt-Vaisala frequency (N2 = − g
ρ0

∂ρ
∂z
).

Using equation set 2.1 and kinematic-dynamic boundary conditions, we can de-

rive particle, phase, group velocities as well as pressure perturbation and angular

frequency for surface waves [Kundu et al., 2012].



u = aω cosh(k(z+H))
sinh(kH)

cos(kx− ωt)

w = aω sinh(k(z+H))
sinh(kH)

sin(kx− ωt)

ω =
√
gk tanh(kH)

c = ω
k

=
√

g
k

tanh(kH)

P ′ = ρgaω cosh(k(z+H))
cosh(kH)

cos(kx− ωt)

cg = ∂ω
∂k

= c
2

(
1 + 2kH

sinh(2kH)

)
(2.2)
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where a, ω, k, c, cg, P ′, λ and H are wave amplitude, angular frequency, wave

number, phase velocity, group velocity, pressure perturbation induced by wave,

wave length (λ = 2π
λ
), and total water column depth. Equation set 2.2 depends

on H; therefore, for shallow water (H
λ
� 1) and deep water (H

λ
� 1) we can

approximate the tanh(kH) function by kH and 1. Figure 2.2 shows the effect of

water column depth on the particle velocity.

Figure 2.2: The schematic of linear surface wave where Panels a to c show deep,
intermediate and shallow water cases Kundu et al. [2012].

In the equations above, without loss of generality, the coordinate axes were

rotated so that the surface wave only propagates in x direction.
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2.2.2 Internal Wave Dynamics

The surface wave equations are similar to the IW equations; however, IW dynamics

depend on density-stratification as well as the Coriolis effect. Therefore, to study

IWs, we need to add the Coriolis effect to the momentum equations as:



∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

= 0

∂ρ
∂t

= −w ∂ρ
∂z

= w ρ0
g
N2

∂u
∂t
− fv = − 1

ρ0
∂P
∂x

∂v
∂t

+ fu = − 1
ρ0
∂P
∂y

∂w
∂t

= − 1
ρ0
∂P
∂z
− ρ

ρ0
g

(2.3)

By adding the Coriolis effect in the momentum equations, we can obtain the wave

dispersion relation for IWs [Cushman-Roisin and Beckers, 2011]:

∂2

∂t2
∇2w +N2∇2

hw + f 2∂
2w

∂z2
= 0→ ω2 =

(k2 + l2)N2 +m2f 2

| ~K|2
→

ω2 − f 2

k2 + l2
=
N2 − f 2

| ~K|2
= gHe (2.4)

where ∇ and ∇h denote the full and horizontal Laplacian operator and ~K is

the wavenumber vector [k , l, m]. The equation above can give the propagation

velocity, or the equivalent depth (He) as gHe plays the same role as gH does

for surface waves. The whole derivation is only valid if f < ω < N where N

is the maximum frequency of an IW in a system (in the absence of Coriolis,

we get 0 < ω < N). In highly stratified systems where N is considerably large,
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IWs mostly propagate horizontally. The particle motion for any transverse gravity

wave such as IWs and surface waves is perpendicular to the phase speed (Fig. 2.3).

Although the phase velocity and energy propagation direction for surface waves

are the same, this is not the case for IWs as the phase velocity and group velocity

(the speed and direction of energy propagation in the system) are perpendicular to

each other. The phase and group velocities for IWs can be calculated as [Cushman-

Roisin and Beckers, 2011]:

 c = ω
~K

= ω
K2 (k ~ex + l ~ey +m~ez)

cg = ∂ω
∂K

= (N2−f2)m
ωK4 (km~ex + lm~ey − (k2 + l2)~ez)

(2.5)

Figure 2.3: The schematic of phase and group velocity directions for IWs which
is adopted from Cushman-Roisin and Beckers [2011].

These relations hold for media with almost constant density stratification
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(N=const). If N varies slowly over the vertical wavelength, these relations are still

valid (WKB approximations)[Kundu et al., 2012]. The angle of the group velocity

with horizontal direction is θIW =
√
k2+l2

m
=
√

ω2−f2
N2−ω2 . For ω2−f2

N2−ω2 > 0, the system

response is oscillatory and when it is negative, the oscillations exponentially decay

[Cushman-Roisin and Beckers, 2011].

2.2.3 Internal Wave Modal Decomposition

In a density-stratified system, we can decompose the system response into different

vertical modes where modes are linearly independent. In this derivation, the

hydrostatic pressure assumption and H < λz were employed. In such a system,

we can separate each variable into a horizontal-temporal function (it is shown

with the variable name with tilde operator) and vertical functions (ψ, φ) where

these two functions are orthogonal.



u = φ(z)Ũ(x, y)e−iωt

v = φ(z)Ũ(x, y)e−iωt

P ′ = ρ0φ(z)P̃ (x, y)e−iωt

w = iωψ(z)P̃ (x, y)e−iωt

ρ′ = −N2 ρ0
g
ψ(z)P̃ (x, y)e−iωt

(2.6)

where Ũ , Ṽ and P̃ are only a function of x, y and t; while, ψ and φ are only a

function of z. Choosing the variables with the general form above automatically

satisfy the density equation. Using the equation set above and substituting into

15



the continuity equation we get:

1

P̃
(
∂Ũ

∂x
+
∂Ṽ

∂y
) = −iω

φ

dψ

dz
(2.7)

where the equation is possible only when both sides are equal to a constant which

we choose to be iω
gHn

. Using equation 2.6 right side and definitions in equation set

2.5, we can rewrite the continuity equation as below.

d2ψ

dz2
+
N2 − ω2

gHn

ψ = 0 (2.8)

Also, by using the left hand side of equation 2.6 and the continuity equation

∂Ũ

∂x
+
∂Ṽ

∂y
=

iω

gHn

P̃ = 0 (2.9)

Considering the similarity of equations 2.7 and 2.8 to surface waves (Poincare

waves), the horizontal dispersion relation will be:

ω2 = f 2 + gHn(k2 + l2) (2.10)

By replacing the horizontal structure of the wave (equation 2.9) into equation 2.7,

we can eliminate gHn

d2ψ

dz2
+ (k2 + l2)

N2 − ω2

ω2 − f 2
ψ = 0 (2.11)
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In this equation, ψ is the eigenfunction, and finite difference technique can be

employed to discretize and solve it. By rearranging the discretized version of

equation 2.10, we can get the matrix form, A(ω2)φ = 0 where A is a tridiagonal

symmetric matrix of coefficients that depends on ω2 (φ is a an array of vertical

modes). Such a situation requires det(A) = 0 for a non-zero φ. Finding the

eigenvalues of A gives us the answer for different modes and frequencies [Cushman-

Roisin and Beckers, 2011].

2.2.4 Internal Wave Dimensionless Parameters

The steepness number (β1) and tidal excursion (β2) are informative dimensionless

numbers characterize the reflectivity and periodicity of IWs:



tan(θB) =
√

(∂H
∂x

)2 + (∂H
∂y

)2

tan(θIW ) =
√

ω2−f2
N2−ω2

β1 = tan(θB)
tan(θIW )

β2 = U0kb
ω

(2.12)

where U0 and k−1b are the maximum BT tidal current velocity and topographic

length scale. For IW studies, kb is estimated as θB
H−d [Garrett and Kunze, 2007,

Kang and Fringer, 2012]. In a system with supercritical bathymetry (β1 > 1),

generated IWs will reflect back offshore while for a subcritical bathymetry (β1 <

1), IWs continue their way into the shallower region. A tidal excursion less than

one suggests that the IW frequency is similar to the forcing frequency, while β2 > 1

gives lee waves [Kang and Fringer, 2012]. Although the tidal excursion does not
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directly judge the linearity of a wave, a great amount of turbulence and vorticity

are expected along with the Lee waves (which is called rotor in the atmospheric

science). Figure 2.4 shows the effects of β1 and β2 on generated IWs.

Figure 2.4: The schematic effects of steepness parameter(β1) and tidal excursion
(β2) on IWs adopted from [St. Laurent and Garrett, 2002]

2.2.5 Nonlinear Waves

Up to this point, I have used linearity to derive and analyze waves; however, the

question comes arises "What assumptions did we use to enforce linear waves?
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What are the characteristics of linear waves? How to identify nonlinear waves?

How do they form? Are they observed in nature?" To answer the first question,

we should review the derivation of IW and surface wave formulations in which

I discarded the nonlinear advection terms. Therefore, I (and others) assumed

that nonlinear advection is negligible in comparison to unsteadiness and pressure

gradient terms, and this assumption will be violated when the advection terms

become significant. One of the most important characteristics of linear waves

is that their amplitude is much smaller than the water column depth and their

wavelength. Therefore, the maximum horizontal displacement induced by a linear

wave which is equal to U0

ω
(for a wave of u = U0 sin(kx+ ly +mz − ωt)) is much

smaller than the horizontal wavelength 2π
(k2+l2)0.5

. Hence, for cases where U0

ω
�

2π
(k2+l2)0.5

, nonlinearity can be dismissed; otherwise, it should be considered. This

ratio can be re-formulated as U0 � 2πN
(k2+l2+m2)0.5

≤ 2πN
m

based on the equation

2.4 (in the absence of Coriolis ω2 = k2+l2

k2+l2+m2N
2) and 2πN

m
= NHe is the scale of

wave speed [Cushman-Roisin and Beckers, 2011]. Hence, effectively, nonlinearity

is defined by the Froude number, which is the ratio of current speed over the

wave speed Fr = U0

c
, which has been used in the literature extensively [Kang and

Fringer, 2012, Lai et al., 2010, Lim et al., 2008, Vlasenko et al., 2005, Woodson,

2018].

Waves can become nonlinear in a shallow-water system if the whole wave

doesn’t propagate at the same speed. The main reason behind such behavior is

found in the dependency of wave speed on the water column depth (c =
√
gHe

where He is the equivalent depth). In other words, as waves propagate shore-
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ward, the leading edge, which experiences smaller depth, becomes slower than

the trailing edge. Such a condition makes the wave steeper, nonlinear, and more

asymmetric to the point that it propagates as a bore and finally breaks and dis-

sipates energy (Fig 2.5). Despite the lack of net transport by IWs, internal bores

can transport particles XS as they are significantly nonlinear.

Figure 2.5: The schematic of wave evolution as it approaches the shoreline adopted
from [Woodson, 2018]

To become more familiar with the instability and mixing by IWs, I continue the

study by analyzing and comparing the energy of an idealized two-layered sheared

system after and before complete mixing (where the layer depths are similar,

and their velocity and density are different). To make this process possible, the

mechanical energy of the system should be smaller after the process in comparison

to its initial state. The calculation suggests kinetic energy loss of 1
8
ρ0(U1−U2)

2H

where ρ0 is the reference density disregarding the density difference in the layers

and potential gain of 1
8
(ρ2−ρ1)gH2 in this process, by enforcing the criteria above
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yields [Kundu et al., 2012]:

KELoss ≥ PEGain →
∆PE
∆KE

≤ 1→ (ρ2 − ρ1)gH
ρ0(U1 − U2)2

≤ 1 (2.13)

The argument above holds for a sheared flow induced by an IW with the wavenum-

ber of k in a two-layered system. In such a system, the layer surfaces are off-phase

by 180◦. Also, the particles in the bottom layer move in (against) the direction of

the wave under the crest (trough). In contrast, the particle motions are opposite

in the upper layer (Fig 2.1). The energy difference before and after the mixing

should follow 2 (ρ2−ρ1)gH
ρ0k(U1−U2)2

< 1. Therefore, we can always find a wavelength for

which the system becomes fully mixed [Kundu et al., 2012]. Such a phenomenon

is known as Kelvin-Helmholtz instability, which occurs widely in the ocean and

atmosphere (Fig 2.6) and is accompanied by significant turbulent mixing. As men-

tioned before, if the potential gain or work done by buoyancy is less than kinetic

energy loss or shear work, the system can mix due to overturning. Now, by remov-

ing the two-layered system assumption, we can extend our scope and generalize

the formulation for more realistic media such as ocean and atmosphere. In such

a situation, it can be shown that the system is unstable when Ri = N2

(du/dz)2
< 1

4

where Ri is the Richardson number.
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Figure 2.6: Kelvin-Helmholtz instability due to a sheared flow in the atmosphere1.

2.3 IW Physical Importance

Internal bores and IWs significantly affect ocean dynamics by promoting turbulent

mixing, energy dissipation, XS transport, and converting energy from BT to BC,

which is crucial for global energy budget [Moum et al., 2007, Munk and Wunsch,

1998, Osborn, 1980, Pineda, 1991, Shroyer et al., 2010, Woodson et al., 2011].

In this section, I will review the intensification of mixing and energy dissipation

through turbulence followed by the IW XS transport in section 2.5.
1The photo is adopted from https://earthsky.org/earth/kelvin-helmholzt-clouds
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2.3.1 Turbulence

I like to start this section by emphasizing the main characteristics of turbu-

lence as it is hard to define turbulence per se (fluctuation, nonlinearity, vorticity,

dissipation-diffusivity). 1) Turbulent flows tend to induce random fluctuation in

time-series of the physical flow parameters such as velocity and density. Such per-

turbations can be filtered or studied by performing time-average decomposition

on parameters. To get the turbulent kinetic energy (TKE), I employ the Reynolds

Averaged Navier-Stokes (RANS) decomposition. 2) Turbulence is accompanied by

nonlinearity when the advection terms in the momentum conservation equation

are not negligible; as a matter of fact, for high Reynolds numbers (the ratio of

inertial to viscous force) turbulence is expected. 3) Three-dimensional eddies (cir-

cular movements of the fluid particles spinning randomly which can be recognized

by taking the curl of velocity field) are present in such flows, and I will explain

more about the scale of the eddies later on. 4) Finally and most importantly,

turbulent flows are effective in mixing and homogenizing the flow and fluid char-

acteristics, including momentum, temperature, density, or any other anomalies

present in the fluid. The turbulent mixing in the ocean is so effective that the

molecular level is often dismissed in models. The turbulent momentum mixing

elevates the energy dissipation in the energy cascade, which eventually leads to

the dissipation of energy through molecular viscosity to heat [Kundu et al., 2012].
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2.3.2 Energy Cascade

To better understand the scale of eddies, I review the work done by Kolmogorov

and Obukhov in 1941, where they found the scale of eddies based on the dimen-

sional analysis. Based on their theory, there are three zones in the energy cascade

diagram (TKE energy versus eddy size or length number in Fig 2.7). The biggest

size eddies, which are also known as the "integral scale", are the ones producing

the TKE; while, the smallest scale ("Kolmogorov scale") is dissipating the energy

by converting it into heat. The range between the integral and Kolmogorov is

called the "inertial sub-range" which transfers the energy between large eddies to

small ones and Kolmogorov hypothesized that in this range, TKE decays exponen-

tially with the slope of −5
3
(usually this curve is plotted on a log-log scale in which

the relation becomes linear for the inertial sub-range). For the production part,

the eddy characteristics (velocity, length, and overturn time) is only a function of

TKE and the dissipation rate of TKE; on the other hand, for the destruction part,

the eddies attributes depend on the viscosity and dissipation rate of TKE. The

inertial sub-range eddies are only controlled by the eddy size and the dissipation

rate of TKE. The poem by Richardson summarizes the energy cascade beautifully.

Big whorls have little whorls which feed on their velocity

and little whorls have lesser whorls and so on to viscosity
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Figure 2.7: Turbulent kinetic energy cascade for different eddy sizes2.

2.3.3 TKE Dissipation

The total energy of a system that consists of kinetic and potential energy can be

lost to viscous dissipation by turbulence. To better understand this, I adopted the

mean flow energy (equation 2.14) and TKE budget (equation 2.15) from Kundu

et al. [2012] (I skip the derivation and refer the readers to chapter 12).

∂〈E〉
∂t

+ Uj
∂〈E〉
∂xj

=
∂

∂xj

(
−UjP
ρ0

+ 2νUi〈Sij〉 − 〈uiuj〉Ui
)
− 2ν〈SijSij〉+ 〈uiuj〉

∂Ui
∂xj

− g

ρ0
〈ρ〉U3 (2.14)

2The photo is adopted from http://ffden-2.phys.uaf.edu/647fall2013_web.dir/j_

stroh/tec.html
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where Sij = 1/2(∂Ui/∂xj + ∂Uj/∂xi), 〈E〉 = 1/2U2
i , the angled-bracket operator,

small and capital velocities denote the time-average of a parameter, mean and

turbulent velocities. Also, the small and capital letter velocities are the mean and

perturbation constituents. In equation 2.14, the RHS terms are transport, viscous

dissipation (directly convert the mechanical energy to heat), loss to turbulence and

loss to potential energy.

∂〈e〉
∂t

+ Uj
∂〈e〉
∂xj

=
∂

∂xj

(
−ujP
ρ0

+ 2ν〈uiS ′ij〉 −
1

2
〈u2iuj〉Ui

)
− 2ν〈S ′ijS ′ij〉 − 〈uiuj〉

∂Ui
∂xj

+
g

ρ0
〈u3ρ′〉 (2.15)

where S ′ij = 1/2(∂ui/∂xj + ∂uj/∂xi), 〈e〉 = 1/2u2i . The RHS terms are transport,

viscous dissipation rate (dissipation of TKE, which is known as ε), gain from the

mean flow, and buoyant production. The viscous dissipation in equation 2.14 is

negligible as the energy cascade requires the energy transfer from big scale eddies

to TKE first. On the other hand, in equation 2.15, the viscous term is significant

as the small eddies convert the energy to heat efficiently. In the ocean, we can use

the steady-state assumption for the TKE budget [Osborn, 1980]; therefore, we can

conclude that Turbulent Production= - Dissipation - Buoyancy Production. The

Richardson flux number (Rif = Buoyancy Production
Turbulent Production), which shows the balance be-

tween turbulent and buoyancy production should always be less than 1; otherwise,

the TKE will decay and will not remain steady [Osborn, 1980]. Businger [1973]

and Britter and Simpson [1978] suggested the value of 0.15 for critical Rif above

which, the TKE will not be steady. The diapycnal eddy diffusivity of Kρ which
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governs the mixing in the ocean and atmosphere, can be found using ε, N2 and

buoyancy production by Kρ ≤ Buoyancy Production
N2 =

Rif ε

(1−Rif )N2 = 0.15
0.85

ε
N2 = 0.2 ε

N2

[Osborn, 1980]. We should note that the value mentioned is the maximum of

mixing and diffusivity in the ocean, and not all the system reaches that.

Based on the discussion above, studying ε can be beneficial, as it can help

to analyze eddy attributes (both in the Kolmogorov scale and sub-inertial), to

study the TKE budget for a system as well as to provide the turbulent mixing

efficiency coefficient. The turbulent production term exists when the non-zero

Reynolds stress is present, which requires uiuj 6= 0 as well as shear in the mean

flow (∂Ui/∂xj). One of the best examples of such a situation is the presence of IWs

where particles move in opposite directions in the top and bottom layers (such as

the particle movements shown in Fig 2.1) and turbulent fluctuations are present.

The shear stress in the system excites instability and overturning, as mentioned

before (Ri < 0.25 may induce instability). Therefore, I briefly summarize some of

the well-known studies that calculated and measured ε for a system perturbed by

IWs and internal bores.

Internal bores and IWs can be recognized with a significant temperature drop

as they bring up colder deeper water. Such a signature can be seen in the study

conducted by Palmer et al. [2015] in the Celtic sea, where the arrival of IWs can

be identified by an abrupt density increase, which is accompanied by high values

of ε (Fig 2.8). Also, IWs can re-suspend the sediments by inducing shear stress

at the ocean bottom, which can be seen in Fig 2.9 (left panels). The correlation

between the backscatter and elevation of ε (Fig 2.9 right panel) suggests that
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this is done by IWs. The shear instability (Ri < 0.25, which can be seen in Fig

2.10 top panel) induced by the nonlinear IWs train significantly increased the ε at

pycnocline by several orders of magnitude. The high cross-correlation between ε

and shear velocity has also been reported by Inall et al. [2000] in the Malin shelf

during trains of nonlinear internal tides (Fig 2.11).

Figure 2.8: The top panel is showing the density while the lower one provides the
ε [Palmer et al., 2015]
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Figure 2.9: The left column shows the backscatter which is a proxy for suspended
sediment and the right one provides the TKE dissipation rate (ε) [Moum et al.,
2007]
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Figure 2.10: The panels show Ri−1 (the white counter shows the critical Richard-
son number of 0.25), ε and back-scatter from top to bottom [Shroyer et al., 2010]
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Figure 2.11: The top panel gives the ε while the shear velocity squared is shown
in the lower panel for the period 1 from Inall et al. [2000]

2.4 IW Chemical Importance

As mentioned, IWs become more nonlinear as they propagate toward the coast,

and such non-linearity enables them to transport materials XS [Kundu et al.,

2012]. The generation of IWs is promoted in a system with prominent pycnocline,

where the top warmer fresh low-nutrient water sits on top of a cold salty high-
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nutrient layer. The shoaling IWs which ride on the pycnocline deliver water from

the lower layer to the coastal ecosystems. Such a phenomenon provides a chance

for coastal ecosystems to experience high-nutrient cold, deeper water. Moreover,

the shoaling IWs can increase the likelihood of overturning and turbulent mixing

as they increase the velocity shear gradient between layers. Many studies have

reported the promotion of nutrient concentration in pelagic zones, kelp forests,

and coral reefs by IWs through the aforementioned processes, which I briefly

summarized as below.

2.4.1 Pelagic Zone

The presence of large-amplitude IWs was observed in the Bay of Biscay by Holligan

et al. [1985] where the nitrate concentration (which regulates the productivity of

phytoplankton) was altered (in comparison to other locations in eastern North At-

lantic) by IWs during summer periods. The spring-neap variation in the maximum

of nitrate and chlorophyll concentration at shelf edge of Celtic Sea where strong

ITs are present suggests that the turbulent mixing is induced by ITs [Sharples

et al., 2007].

2.4.2 Kelp Forest

The breaking semi-diurnal ITs and bores observed in Monterey Canyon with a

large amplitude of 50 to 120 meters are the main contributor of temperature

anomalies (20 meters thick lens of warm water), macro-nutrient enrichment and

significant amount of (30% of primary productivity in the Northern Monterey

32



Bay) nutrient transport during the non-upwelling seasons [Shea and Broenkow,

1982]. Measurements conducted in 2001 to 2003 suggested diurnal ITs as the

primary mechanism which supplies dissolved inorganic nitrogen to the kelp forest

in the inner shelf of the Santa Barbara Channel during the summer when all other

mechanisms (storm runoff and upwelling) are inactive[McPhee-Shaw et al., 2007].

2.4.3 Coral Reef

The arrival of IT bores can be recognized as a sudden variation in the temperature

and salinity as well as upwelling of high-nutrient cold deep water for four hours.

Such a phenomenon results in the promotion of chlorophyll-a during the summer

and fall at Conch reef of Florida keys [Leichter et al., 1996]. The experiment

conducted on the coral reef at the Conch Reef Florida Keys suggested that the

algae growth rate is increased after each episode of IWs [Smith et al., 2004].

Large amplitude IWs cause abrupt temperature drops accompanied by a high

concentration of inorganic nutrients and promote the primary productivity of

coral reefs at the west of Similan Islands, while such features are absent in the

east side [Jantzen et al., 2013].

2.5 Biological Importance

In addition to providing nutrients, IWs can enhance recruitment by transporting

larvae onshore, affect the prey-predator dynamics, and increase the fertilization

rate. Ecosystem dynamics depend on larval settlement and recruitment, which is
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a critical component of invertebrate and fish larvae life and requires shoreward

transport. While small larvae are not capable of swimming and they need extended

shoreward transport by any means (IWs or other mechanisms), larger ones can

swim to some extent, and they need the final push [Woodson, 2018]. There are

many ways of onshore transport in coastal oceans, including tidal currents, coastal

circulation, IWs, and internal bores. Therefore, it is imaginable to observe a high

larval settlement rate during the episodes of IWs and internal bores. Not only can

larvae be transported shoreward, but also the discharged effluent and chemical

plumes through an offshore ocean outfall can return to the surf zone [Boehm

et al., 2002]. IWs can affect prey-predator dynamics in a system as they increase

the chance of their encounters as well as relaxing a stressed environment due to

lack of oxygen or low PH [Woodson, 2018]. Finally, in the presence of IWs, which

promote turbulence mixing temporarily, the fertilization rate grows significantly

as the possibility of sperm-egg encounter rises remarkably. Below, I review some

of the studies supporting these observations.

2.5.1 Recruitment Rate

The benthic settlement rate can increases significantly through shoreward trans-

port of larvae by nonlinear IWs. Abrupt variations in density stratification and

temperature, which can be the indications of bore presence in the system, were

accompanied by a significant increase in barnacle settlement rate in several sites

(synchronously) in the bay of Todos Santos Northern Baja California [Ladah et al.,

2005]. The semi-diurnal predictable significant temperature drops observed in the
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Southern California Bight can be attributed to the advection of subsurface cold

water induced by internal bores (in the absence of active upwelling during sum-

mer), which is synchronized and correlated with the settlement rate of larvae

[Pineda, 1991]. In addition to the shoreward transport by internal bores (Fig 2.12

panels A to C), Pineda [1994, 1999] proposed and tested the theory of shoreward

advection of larvae by the return flow of surface layer in response to the bores

(Fig 2.12 panels E to G).

Figure 2.12: The schematic of internal bore (panel A to C) and shoreward return
flow of the surface layer (panel E to F) adopted from Pineda [1994] for a two-
layered system.

Another mechanism of larvae onshore transport was introduced and tested

by L. Shanks and G. Wright [1987], Shanks [1983, 1986] in which he suggested

that the larvae which are trapped in the surface slicks (a minimal drop at the

sea surface elevation or convergence zone induced by IWs shown in Fig 2.1 where

impurities can get stuck in it) can propagate shoreward for significant distances
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(more than 1 kilometer).

2.5.2 Predatory-Prey Dynamics

It was recognized that although tidal flow significantly affects the prey-predator

confrontation, IWs can promote fish schooling, especially near the water surface

over the shallow sea banks [Embling et al., 2013]. The mixing of turbid surface

water induced by IWs can alter the light intensity, which in turn causes the vertical

migration of fishes (which is significantly higher than diel vertical migration);

moreover, such vertical migration increases the chance of successful visual foraging

among planktivorous fish [Kaartvedt et al., 2012]. Vertical oscillations induced by

breaking IWs mixes and scatter larval fishes accumulated at the water surface in

the whole water column, which increases the likelihood of prey-predator encounter

[Greer et al., 2014].

2.5.3 Fertilization Rate

Benthic invertebrates reproduce through broadcast spawning during which the

eggs and sperms are released concurrently at separate locations, and it is up

to the local mixing (through IWs and high-frequency internal bores) and sperm

motility to mix them [Crimaldi, 2012]. A numerical study conducted by Crimaldi

and Browning [2004] confirms this theory and suggests that the enhancement of

turbulent mixing in the water column by IWs results in the promotion of spawning

efficiency as IW stirring gives the gametes a better chance to fertilize.
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2.6 Wind Effects on Coastal Dynamics

Wind stress and sea breeze can significantly affect the coastal dynamics by causing

circulation, mixing, XS, and AS currents. In this section, we briefly review the

Ekman phenomena as well as the possibility of XS transport by the XS wind in

the shallow regions.

2.6.1 AS Wind & Ekman

In 1905, Ekman [1905] analytically solved the conservation of momentum equa-

tions for a system perturbed by wind shear stress where all the advection, un-

steadiness and pressure gradient terms were discarded, and the Coriolis force was

balanced with the viscous forces (−fv = νv∂
2u/∂z2 and fu = νv∂

2v/∂z2). Solving

this equation considering the boundary condition at the surface (τ = ρ0νv∂u/∂z)

results in the emergence of Ekman spiral with the net transport perpendicular to

the direction of the wind (to the left of the wind in the southern hemisphere and

right in the southern one as shown in Fig 2.13). The Ekman velocity profile sug-

gests a 45◦ deviation at the water surface and exponential decay with the depth

with the net transport of τ
ρ0f

.

 u = τ
ρ0
√
fνv

exp
{

z
δE

}
cos (− z

δE
+ π

4
)

v = − τ
ρ0
√
fνv

exp
{

z
δE

}
sin (− z

δE
+ π

4
)

(2.16)

where δE is the Ekman layer depth and is equal to
√

2νv/f in which νv is a

constant eddy viscosity in an unstratified system. If the turbulent viscosity is
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not constant, δE = 0.4

√
τ/ρ0

f
Cushman-Roisin and Beckers [2011]. This equation

holds for a system where H � δE, which usually happens on the continental shelf

(offshore of the inner-shelf area); otherwise, the spiral does not form completely,

and it might create a different regime which I review in the next section.

Figure 2.13: The schematic of Ekman surface layer spiral in the northern hemi-
sphere3.

The same process can happen to the current flowing in the X direction with

the depth-averaged velocity of U0 over the ocean bottom. This creates the Ekman

bottom layer in which the net transport is deflected by 45◦ instead of 90◦. The

velocity profile of the Ekman bottom layer is close to the Ekman surface layer

as they both decaying exponentially with depth, while the flow direction is a bit
3The photo is adopted from https://www.offshoreengineering.com/education/

oceanography/ekman-current-upwelling-downwelling
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different (the depth-integral of the equation 2.17 leads to u = v = 0.5).


u = U0

(
1− exp

(−z
δ

)
cos z

δ

)
v = U0 exp

(−z
δ

)
sin z

δ

(2.17)

Based on the perpendicular net transport, Ekman concluded that AS wind causes

upwelling and downwelling if the Ekman spiral forms sufficiently. Such AS wind

creates a two-layered shear velocity with a return flow in the bottom layer (Fig

2.14).

Figure 2.14: The schematic of Ekman upwelling and downwelling for AS wind4.

Predicting the Ekman upwelling is not a trivial task as the tidal XS currents

complicate the dynamic significantly, and current decomposition can be challeng-

ing. Moreover, the density stratification can add to the perplexity of the system

further as it suppresses the mixing and diffusion in the water column. Lentz [2002]
4adopted from https://www.researchgate.net/figure/41-Main-features-of-the-

upwelling-favorable-wind-conditions-off-west-coast-of-Vancouver_fig4_228795560
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observations suggest a good agreement between the theoretical XS transport (Fig

2.15) and data obtained from the Chesapeake Bay during a stratified period. The

flow regime was similar to a typical Ekman layer (Fig 2.16); however, for a weakly

stratified case, a discrepancy was observed, which is attributed to H > δE.

Figure 2.15: The XS velocity at the Chesapeake Bay for a stratified (a,b) and
unstratified (c) system [Lentz, 2002].
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Figure 2.16: The panels show density, near-surface transport and near-bottom XS
transport respectively for a profile 26-meters deep at the Chesapeake Bay [Lentz,
2002].

Buoyant particles are good indicators to follow the flow regime closer and more
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accurately. The Ekman upwelling/downwelling affects the buoyant plume width,

thickness, propagation speed, and its direction as well as the slope of isopycnals.

The presence of downwelling wind made the plume thicker, more narrow, and

sharpened the isopycnals, while the upwelling wind made the plume wider and

flattened the isopycnals, which can be seen in Fig 2.17 [Lentz and Largier, 2006].

Figure 2.17: The salinity profile during a weak downwelling (top panel) and strong
upwelling (bottom panel) where the isopycnal became vertical and turbulent mix-
ing is promoted (low Ri number) [Lentz and Largier, 2006]

Many other studies documented the significance of Ekman transport in the
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coastal system as it can act as a nutrient pump bringing up the cold high-nutrient

water as well as affecting the energy budget [Hickey et al., 2005, Kirincich et al.,

2005, Lentz, 2002, Tilburg, 2003, Woodson, 2013, Woodson et al., 2007].

2.6.2 XS Wind in Shallow water

The AS winds are not the only wind which can create a XS net transport. In

the inner-shelf regions, where the bottom and surface Ekman layers overlap, the

situation becomes even more complicated. Many observations proposed the inef-

ficiency of AS winds in creating XS transport; instead, XS winds dominate the

XS transport [Fewings et al., 2008, Tilburg, 2003]. As shown in Fig 2.18, when

the water column depth gets lower than 25 meters, the ratio of AS wind stress to

theoretical Ekman transport is high, and the transport is not dominated by the

AS wind.
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Figure 2.18: The efficiency of the AS wind in deriving XS transport for different
studies reviewed by Fewings et al. [2008]

A simple symmetric two-dimensional two-layered model was proposed by Few-

ings et al. [2008] where the top layer advects in the wind direction, and the bottom

layer has a return flow opposite to the surface flow creating a sheared flow system

(Fig 2.19). The thickness of the top layer is reported to by one-third of the wa-

ter column depth [Fewings et al., 2008]. This mechanism is stronger during the

summer when the stratification is intensified.
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Figure 2.19: The schematic of XS transport in inner to mid-shelf Fewings et al.
[2008].

2.7 Monterey Bay

Monterey Bay, a well-known and favorable site for IW generation and breaking

bores, is located on the central coast of California. Monterey Bay contains one of

the largest nearshore submarine canyons, as well as a great number of supercritical

ridges (Fig 2.20). The semi-enclosed geometry of the bay traps water inside the

bay and creates warm shallow water lenses that propagate north and south in the

bay. Upwelling and the mixing induced by IWs promotes the biological activity
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and fishery industry in Monterey Bay. Salinity and temperature anomalies (Fig

2.21) observed in the bay are attributed to the strong IWs generated by the tidal

flows over the 1) local coastal region, 2) steep submarine canyon as well as 3) the

ones which are remotely generated and propagated towards the shore.

Figure 2.20: a) The topography of Monterey bay region [Walter et al., 2012]
with the local diurnal sea breeze at Hopkins Marine Station (red arrow) based
on [Woodson, 2013]. b) The bathymetry profile is provided along the blue dots
[Walter et al., 2012].

2.7.1 Shallow Warm Water Lenses

Wind-driven upwelling is a dominant feature of the California coast during the

late spring till fall (March to August), which affects the dynamics of Monterey

Bay significantly. During this time, regional-scale winds from the north Pacific

high are to the southeast over the California coast, which cause strong offshore

Ekman transport and upwelling [Beardsley et al., 1987]. Cold upwelled water in

the north of Monterey Bay (Point Año Nuevo) advects southward and form a
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thermal front which traps the water inside the bay [Graham and Largier, 1997,

Paduan and Rosenfeld, 1996, Rosenfeld et al., 1994]. The thermal barrier reduces

the XS water exchange of the bay and increases the residence time of the water

up to 8-17 days [Graham and Largier, 1997, Woodson et al., 2007]. During this

time, due to surface heating, the cold trapped water inside the bay warms up and

forms shallow warm water lenses with a thickness of 4-7 meters and temperature

difference of up to 10 degrees Celsius, as shown in Fig 2.21 [Woodson et al., 2007].

Figure 2.21: Sea surface temperature and chlorophyll concentration in Monterey
Bay [Zhang et al., 2016].

2.7.2 Diurnal Sea Breeze

In addition to regional upwelling winds, Monterey Bay is perturbed by the local

diurnal sea breeze during the upwelling season. The diurnal sea breeze is due to
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the pressure gradient between Salinas Valley (because of significant solar heating)

and Monterey Bay water in the afternoon during periods of strong regional scale

upwelling [Banta et al., 1993]. These sea breezes are westerly in the northern

and central parts of the bay and northwesterly in the southern part of the bay

near Hopkins Marine Station (HMS) (the red arrow in Fig 2.20) [Woodson, 2013].

Therefore, the diurnal sea breeze can be counted as XS wind rather than AS.

2.7.3 Tides

Barotropic tides with different frequencies are observed to propagate in Monterey

bay freely. The main constituents of barotropic tides in the northern and southern

part of the bay are shown in Table 2.1. All parts of the bay experience the same

phase for each of the tidal components (the phase lag is less than 1-degree as

shown in Table 2.1); therefore, the tides are freely propagating in the bay rather

than being trapped. Over the shelf, tidal current ellipses with magnitudes as high

as 20 cm/s are mostly aligned toward the canyon head while close to the shore the

tidal ellipses are almost parallel to the coast (Fig 2.22) [Carter, 2010, Petruncio

et al., 1998].
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Table 2.1: Main tidal constituents near in the northern (southern) part of Mon-
terey Bay [Petruncio et al., 1998]

Constituent Period (hour) Amplitude (cm) Greenwich Phase (degree)
M2 12.42 48.9 (49.5) 181.9 (180.9)
K1 23.93 36.4 (36.0) 219.5 (220.3)
O1 25.82 22.8 (22.8) 203.1 (203.9)
S2 12.00 13.0 (13.1) 180.7 (179.6)
P1 24.07 11.5 (11.4) 216.4 (218.5)
N2 12.66 11.2 (11.2) 155.9 (154.2)

Figure 2.22: M-2 surface amplitude (colors) and phase (black contours) are shown
in a, while b shows the depth-averaged M2 tidal current ellipses [Carter, 2010].
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2.7.4 Biological Activity

Monterey Bay has a high biological production due to 1) shallow (less than 80

meters) thermocline (depth at which temperature varies abruptly) and nutri-

cline (steep gradient in nutrient concentration), 2) favorable upwelling-wind which

brings up the nutrient from the deeper colder high-nutrient water, and 3) have

access to a strong source of iron on the coast which is crucial for phytoplankton

[Barber and Chavez, 1983, Chavez et al., 2002, Johnson et al., 1999].

Such characteristics are absent during an El Nino (an event which happens

every 3-7 years during which the favorable upwelling-wind shuts down in the west

coast of United States) which causes a decline (up to % 70 reported by Chavez

et al. [2002]) not only in the phytoplankton biomass but also in the higher trophic

elements which are tied to the fishery industry [Barber and Chavez, 1983, Johnson

et al., 1999, Zeidberg et al., 2006]. The presence of El Nino can dramatically

shift the dynamic of the Monterey Bay ecosystem so that some of the rare species

become abundant in the mid-water, while some of the common ones become scarce

[Raskoff, 2001].
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Chapter 3

THEORETICAL FRAMEWORK

In addition to the biological, chemical, and physical importance of IWs, we should

consider their unique role in closing the global energy budget. The ocean has a

critical role in the re-distribution and circulation of the solar energy flux absorbed

at the ocean surface as it homogenizes the ocean temperature through a mecha-

nism called meridional ocean circulation (MOC). The MOC, which is a large-scale

phenomenon driven by winds and density-gradients, promotes a more uniform

thermal energy distribution by cooling down (warming up) the equatorial (polar)

regions. The temperature of pole-ward currents (induced by winds) declines by

surface cooling, while its salinity increases through water evaporation and double

diffusion convection (salt fingering) as they get closer to the poles where they

sink and form deep water slowly. The pressure gradient between polar and the

equatorial regions creates an equator-ward return current. Such a system sinks a

great amount of water (30 Sverdrup), which results in a strongly density-stratified
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system [Munk and Wunsch, 1998]. Therefore, a process is required to counteract

this stratification through mixing as without it, the ocean will become a stagnant

pool of water where the mixed warm water sits on the top of a cold salty layer.

As discussed in the previous chapter, breaking IWs are one of the processes which

amplify diapycnal turbulent mixing. The energy required for abyssal mixing is

approximated to be ∼ 2 TW by Munk and Wunsch [1998] where half of it is pro-

vided by IWs. According to Munk and Wunsch [1998], the received gravitational

solar and lunar energy flux is approximated to be 0.5 and 3.2 TW from which

2.5 TW is focused on M2 semi-diurnal frequency (Fig 3.1). From the 3.7 TW

received energy, 3.5 TW of it propagates as surface tides, all of which is dissipated

through turbulence and friction in the boundary layers at the coastal or deep

ocean. The coastal ocean acquires a significant portion of the dissipated energy

(2.5 TW), where the rest (0.9 TW) is spent in the deep ocean and at ridges. The

remaining energy required for the deep ocean mixing will be provided by winds

through wind-ocean interaction and eddy formation. The 1 TW dissipation of

tidal energy in the deep ocean is confirmed by Egbert and Ray [2000] and Egbert

and Ray [2001] using the six years of TOPEX/Poseidon satellite altimeter data,

while it is not clear what portion is dedicated to IWs. Considering an average

value of 0.0025 and 0.03 m/s for Cd and u, the total bottom friction (Cdρu3) is

equal to 0.03 TW [St. Laurent and Garrett, 2002]. On the other hand, Egbert

and Ray [2000] and Egbert and Ray [2001] calculated the energy conversion near

the oceanic islands of Micronesia-Melanesia and Hawaii to be about 100 and 20

GW. Therefore, it is of importance to study the BT to BC energy conversion and
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its propagation as IWs in the ocean.

Figure 3.1: Global energy budget adopted from Munk and Wunsch [1998]
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3.1 Governing Equations & Operators

I start the derivation by stating the governing equations of ocean as well as the

boundary conditions and defining some of the operators which are necessary for

the process. The conservation of momentum and continuity equations under the

Boussinesq and incompressibility approximations are as below.



∇.u = 0

∂u
∂t

+ (u.∇)u− fv = − 1
ρ0
∂P
∂x

+ ∇.(νh∇hu) + ∂
∂z

(νv
∂u
∂z

)

∂v
∂t

+ (u.∇)v + fu = − 1
ρ0
∂P
∂y

+ ∇.(νh∇hv) + ∂
∂z

(νv
∂v
∂z

)

∂w
∂t

+ (u.∇)w = − 1
ρ0
∂P
∂z

+ ∇.(νh∇hw) + ∂
∂z

(νv
∂w
∂z

)− g ρ
ρ0

(3.1)

where f , νh and νv are Coriolis parameter, horizontal and vertical eddy viscosities

respectively. Note that the νh isn’t solely due to turbulence and this parameteri-

zation does not violate the isotropic turbulence. The approximation of turbulence

process in diffusion depends on the scale of the grid; therefore, the νh and νv

are not of equal order of magnitude (as the vertical and horizontal resolution is

usually the same in models). Pressure and density are partitioned into reference,

background and perturbation components (P0, Pb, P ′, ρ0, ρb and ρ′). Also, the

velocities are decomposed into BT and BC components:



ρ = ρ0 + ρb + ρ′

P = P0 + Pb + P ′ = g
´ η
z
ρ0 + ρb(z

′) + ρ′(z′)dz′

Uh = 1
H

´ η
−d uhdz → Uh = 1

H
uh

u′ = u−U

(3.2)
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where the h subscript denotes the horizontal ([x, y], [u, v]), H = η+ d is the water

column depth (η and −d are sea surface height and ocean bottom respectively),

the bar operator provides the depth-integrated value of a parameter (φ̄ =
´ η
−d φdz)

and capital letter velocities (U and V ) are the BT components, while the prime

velocities (u′ and v′) are the BC constituents.

3.2 The hydrostatic (LSY) method

In the absence of nonlinear effects and vertical acceleration, the governing equa-

tions can be simplified [Llewellyn Smith and Young, 2002] (hereafter the LSY

method). Although this method is primitive and simple, it can be useful for many

cases as the advection terms are negligible. Moreover, Kelly et al. [2010] uses this

formulation along with pressure decomposition to filter the residual conversion;

therefore, I review its derivation briefly (for more information refer to Llewellyn

Smith and Young [2002], Kelly and Nash [2010] and Kelly et al. [2010]). This

method assumptions are as follows: 1) the conservation equations can be simpli-

fied to hydrostatic if ω � N , 2) the nonlinear advection terms can be dismissed

if the tidal excursion parameter U0

ωL
� 1, 3) the topography is weak meaning that

the scale of topography variation is much less than wave vertical scale, and 4) all
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viscous forces are discarded. Using these assumptions, equation set 3.1 becomes:



∇.u = 0

∂u
∂t
− fv = − 1

ρ0
∂P
∂x

∂v
∂t

+ fu = − 1
ρ0
∂P
∂y

0 = − 1
ρ0
∂P
∂z
− ρ

ρ0
g

∂b
∂t

+ wN2 = 0

(3.3)

where b = − ρ
ρ0
g is the buoyancy. By enforcing the boundary conditions w(x, y, z =

0, t) = 0 and w(x, y, z = −H, t) = U.∇H, Llewellyn Smith and Young [2002]

derived the energy budget equation as below.

∂E

∂t
+ ∇.J = 0 (3.4)

where E = 1/2ρ0(u
2 + v2 + N2b2) and J = ρ0P (u, v, w) are energy density and

flux. The tidally-averaged conversion rate can be obtained as below.

C ≡ ρ0〈PBU.∇H〉 (3.5)

where PB is the pressure at the bottom. Kelly et al. [2010] decomposed the

conversion induced by incoherent(remotely generated perturbations) and coherent

(local ones) using P ′ = P−P instead of PB. The result of this method is compared

with two other methods (described in the following sections) in chapter 4 for

several simulations.
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3.3 Conversion Rate Using CBD Method

The CBD method, which uses a constant density background (regarding time), is

a well-known method to calculate the conversion rate. Here, I briefly derive the

formulation and refer the readers for more information to Kang [2010].

To derive the formulation, in addition to the governing equation set 3.1, the

boundary conditions are needed. The kinematic boundary condition at the ocean

surface and bottom require the water particles to move with the interface (no

separation). Therefore, the fluid velocity will be tangent to the interface plane.

The no-slip condition requires the velocity to be zero at the ocean bottom. The

friction exerted at the ocean bottom should be considered as a dynamic boundary

condition (disregarding the wind shear stress for now). The velocity flux condition

at the ocean bottom
˝
V

∇.uhdV =
˝
V

−∂w
∂z

dV is equal to
‚

n.uHdS using the

Gauss’s theorem and continuity equation.



∂H
∂t

+ uH.∇hη = w at z = η

−uH.∇hd = w at z = −d

νv
∂u
∂z

= Cdu|uh| at z = −d

νv
∂v
∂z

= Cdv|uh| at z = −d

νv
∂w
∂z

= Cdw|uh| at z = −d

(3.6)

where Cd is the ocean bottom drag coefficient. The BT and BC vertical velocities

(W and w′) are defined in a way to satisfy the continuity equation as well as
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boundary conditions above.



∂U
∂x

+ ∂V
∂y

+ ∂W
∂z

= 0

∂u′

∂x
+ ∂v′

∂y
+ ∂w′

∂z
= 0

∂η
∂t

+ Uh.∇hη = W at z = η

−Uh.∇hd = W at z = −d

u′h.∇hη = w′ at z = −d

−u′h.∇hd = w′ at z = −d

(3.7)

We can obtain the W and w′ by depth-integrating continuity equation and using

boundary conditions above.

∂W

∂z
= −∂U

∂x
− ∂V

∂y
→ W |z′ =

ˆ z′

−d

∂W

∂z
dz +W |−d =

ˆ z′

−d
−∂U
∂x
− ∂V

∂y
dz

+W |−d → W |z′ = −Uh.∇hd+

ˆ z′

−d
−∂U
∂x
− ∂V

∂y
dz = −∇.

(
(z + d)Uh

)
(3.8)

3.3.1 Kinetic Energy

In this subsection, I briefly review the derivation of kinetic energy equation which

is adopted from Kang [2010]. The kinetic energy (1
2
ρu.u) for a density-stratified

system can be partitioned into fully BT (EKBT ), fully BC (EKBC) and BT-

BC cross-term (EKBT−BC). In this derivation, the density perturbation effect is
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dismissed under the Boussinesq approximation.


EKBT = 1

2
ρ0(U

2 + V 2)

EKBC = 1
2
ρ0(u

′2 + v′2 + w2)

EKBT−BC = ρ0(Uu
′ + V v′)

(3.9)

To derive the total kinetic energy budget, the conservation of momentum equa-

tions should be multiplied by ρ0u.

∂Ek
∂t

+ ∇.(uEK) + uh.∇.(ρ0gη) + ∇.(uP ′) = −ρ′gw + ∇h.(νh∇hEk)

+
∂

∂z
(νv

∂EK
∂z

)− ε (3.10)

ε = ρ0νh∇hu.∇hu + ρ0νv
∂u

∂z
.
∂u

∂z

The BT kinetic energy can be found by taking depth-average of equation 3.10.

∂U

∂t
+ Uh.∇.U + Ax − fV = −g ∂η

∂x
− 1

ρ0H

∂P ′

∂x
+ νh∇h.∇hU − Fx −Dx

(3.11)

Ax =
1

H
∇h.(u′P ′)

Dx =
CD
H
|uh|u at z = −d

Fx =
νh
H

[u′
∂2η

∂2x
+ 2

∂u′

∂x

∂η

∂x
]|η +

νh
H

[u′
∂2η

∂2x
+ 2

∂u′

∂x

∂η

∂x
]|−d +

νh
H

[u′
∂2η

∂2y
+ 2

∂u′

∂y

∂η

∂y
]|η

+
νh
H

[u′
∂2η

∂2y
+ 2

∂u′

∂y

∂η

∂y
]|−d
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∂V

∂t
+ Uh.∇.V + Ay + fU = −g∂η

∂y
− 1

ρ0H

∂P ′

∂y
+ νh∇h.∇hV − Fy −Dy

(3.12)

Ay =
1

H
∇h.(u′P ′)

Dy =
CD
H
|uh|v at z = −d

Fy =
νh
H

[v′
∂2η

∂2x
+ 2

∂v′

∂x

∂η

∂x
]|η +

νh
H

[v′
∂2η

∂2x
+ 2

∂v′

∂x

∂η

∂x
]|−d +

νh
H

[v′
∂2η

∂2y
+ 2

∂v′

∂y

∂η

∂y
]|η

+
νh
H

[v′
∂2η

∂2y
+ 2

∂v′

∂y

∂η

∂y
]|−d

By multiplying ρ0Uh into the equations above we can obtain the BT kinetic energy

∂EKBT

∂t
+ Uh.∇.EKBT + Uh.∇h(ρ0gη) +

1

H
∇h.(UhP ′) = − 1

H
ρ′gW − εBT

− ρ0(UAx + V Ay + UFx + V FY + UDx + V Dy) + ∇.(νh∇EKBT ) (3.13)

εBT = ρ0νh(∇Uh.∇Uh)

Also, we can find the BC components of conservation of momentum by removing

the equation 3.11 and 3.12 from the equation 3.1.

∂u′

∂t
+ u′.∇.u′ + u′h.∇h.U − Ax − fv′ +

1

ρ0

∂P ′

∂x
=

1

ρ0H

∂P ′

∂x
+ νh∇h.∇hu

′

+ Fx +Dx (3.14)
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∂v′

∂t
+ u′.∇.v′ + u′h.∇h.V − Ax + fu′ +

1

ρ0

∂P ′

∂y
=

1

ρ0H

∂P ′

∂y
+ νh∇h.∇hv

′

+ Fy +Dy (3.15)

By multiplying ρ0u′, ρ0v′ and ρ0w into equation 3.14, 3.15 and conservation of

momentum in z direction and depth-integrating it, we get the EKBC .

∂EKBC

∂t
+ ∇h.(uhEKBC) + ∇h.(u′hEKBT−BC) + ∇h.(u′hP

′) = −ρ′gw′ + Ah

+ ∇h.(νh∇hEKBC)−DBC − εBC (3.16)

DBC = ρ0Cd|uh|(u′u+ v′v + w2) at z = −d

εBC = ρ0

(
νh(∇hu′h.∇hu′h) + νv(

∂u′h
∂z

.
∂u′h
∂z

) + νh(∇hw.∇hw) + νv(
∂w

∂z
.
∂w

∂z
)

)
Ah = ρ0H(U

∂A

∂x
+ V

∂A

∂y
)

It should be noted that EKBT−BC is skipped as Uu′ = V v′ = 0.

3.3.2 Potential Energy

For an incompressible density-stratified fluid, the available potential energy (EA)

is equal to the difference between the potential energy of the perturbed water

column (EP ) and the minimum energy attainable thorough adiabatic motion (EB)

[Lorenz, 1955, Winters et al., 1995].

EA = EP − EB =

ˆ z

z−δ
[ρ(z)− ρb(z′)− ρ0] dz′ (3.17)
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The EA budget can be found as below.

DEA
Dt

=
∂EA
∂t

+
∂(uEA)

∂x
+
∂(vEA)

∂y
+
∂(wEA)

∂z
=
∂EA
∂t

+ u
∂EA
∂x

+ v
∂EA
∂y

+ w
∂EA
∂z

+ EA(
∂u

∂x
+
∂v

∂y
+
∂w

∂z
)→

DEA
Dt

=
∂EA
∂t

+ u
∂EA
∂x

+ v
∂EA
∂y

+ w
∂EA
∂z

= +
∂[gδ(ρ(z)− ρ0)]

∂t

−
∂[g
´ z
z−δ ρb(z

′)dz′]

∂t
+ u

∂[gδ(ρ(z)− ρ0)]
∂x

− u
∂[g
´ z
z−δ ρb(z

′)dz′]

∂x

+ v
∂[gδ(ρ(z)− ρ0)]

∂y
− v

∂[g
´ z
z−δ ρb(z

′)dz′]

∂y
+ w

∂[gδ(ρ(z)− ρ0)]
∂z

− w
∂[g
´ z
z−δ ρb(z

′)dz′]

∂z
→ DEA

Dt
= g

[(
ρ(z)− ρ0

)
∂δ

∂t
+ δ

∂ρ(z)

∂t

−
(
− ∂(z − δ)

∂t
ρb(z − δ) +

ˆ z

z−δ

∂ρb(z
′)

∂t
dz′
)]

+ gu

[(
ρ(z)− ρ0

)
∂δ

∂x
+ δ

∂ρ(z)

∂x
−
(
− ∂(z − δ)

∂x
ρb(z − δ) +

ˆ z

z−δ

∂ρb(z
′)

∂x
dz′
)]

+ gv

[(
ρ(z)− ρ0

)
∂δ

∂y
+ δ

∂ρ(z)

∂y
−
(
− ∂(z − δ)

∂y
ρb(z − δ) +

ˆ z

z−δ

∂ρb(z
′)

∂y
dz′
)]

+ gw

[(
ρ(z)− ρ0

)
∂δ

∂z
+ δ

∂ρ(z)

∂z
−
(
∂z

∂z
ρb(z)− ∂(z − δ)

∂z
ρb(z − δ)

+

ˆ z

z−δ

∂ρb(z
′)

∂z
dz′
)]

= g

(
ρ(z)− ρ0

)(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z

)
+ gδ

(
∂ρ(z)

∂t

+ u
∂ρ(z)

∂x
+ v

∂ρ(z)

∂y
+ w

∂ρ(z)

∂z

)
− gρb(z − δ)

(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z
− w

)
− gwρb − g

ˆ z

z−δ

∂ρb(z
′)

∂t
dz′ − gu

ˆ z

z−δ

∂ρb(z
′)

∂x
dz′ − gv

ˆ z

z−δ

∂ρb(z
′)

∂y
dz′ (3.18)

By discarding the spatiotemporal variation of ρb, considering the material deriva-

tive (equation 3.19) and density transport (equation 3.20), equation 3.18 can be
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simplified even further.

∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z
= w (3.19)

∂ρ

∂t
+ ~u. ~∇ρ =

∂(κH
∂ρ
∂x

)

∂x
+
∂(κH

∂ρ
∂y

)

∂y
+
∂(κV

∂ρ
∂z

)

∂z
(3.20)

DEA
Dt

= g

(
ρ(z)− ρ0

)(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z

)
− gwρb(z)

− g
ˆ z

z−δ

∂ρb(z
′)

∂t
dz′ − gρb(z − δ)

(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z
− w

)
+ gδ

(
∂(κH

∂ρ
∂x

)

∂x
+
∂(κH

∂ρ
∂y

)

∂y
+
∂(κV

∂ρ
∂z

)

∂z

)
→

DEA
Dt

= g

(
ρ(z)− ρ0

)
w − gwρb(z) + gδ

(
∂(κH

∂ρ
∂x

)

∂x
+
∂(κH

∂ρ
∂y

)

∂y
+
∂(κV

∂ρ
∂z

)

∂z

)
→ ∂EA

∂t
+ u

∂EA
∂x

+ v
∂EA
∂y

+ w
∂EA
∂z

= gρ′w + Diffusion (3.21)

Diffusion = gδ

(
∂(κH

∂ρ
∂x

)

∂x
+
∂(κH

∂ρ
∂y

)

∂y
+
∂(κV

∂ρ
∂z

)

∂z

)

By depth-integrating the equation 3.21 over the water column depth, we get:

∂EA
∂t

+ u
∂EA
∂x

+ v
∂EA
∂y

+ w
∂EA
∂z

= gwρ′(z) + Diffusion (3.22)
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Similar to what we did for E ′K , we can tidally-average EA as below:

〈
u
∂EA
∂x

〉
+

〈
v
∂EA
∂y

〉
+

〈
w
∂EA
∂z

〉
=

〈
gwρ′(z)

〉
+

〈
Diffusion

〉
(3.23)

By adding the baroclinic kinetic energy to available potential energy, the conver-

sion term of 〈gρ′w〉 − 〈gρ′w′〉 = 〈gρ′W 〉 is obtained.

3.4 Conversion Rate Using TVBD Method

Using a time-variant background density can be beneficial in removing the resid-

ual conversion rate throughout the domain. In this section, I adopt a similar

derivation for kinetic energy as CBD method, while a different background den-

sity function is employed which varies with time and depth (does not vary in AS

and XS directions). I start the derivation from equation 3.18 and keep the ρb

temporal variation (∂ρb
∂t
6= 0). The equation 3.19 doesn’t hold any longer as the

vertical velocity is modified (in chapter 4 I show that δ = w′ instead of w). I
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exploit the definition of APE where ρb(z − δ) = ρ(z)− ρ0 to simplify the TVBD.

DEA
Dt

= g

(
ρ(z)− ρ0

)(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z

)
− gwρb(z)− g

ˆ z

z−δ

∂ρb(z
′)

∂t
dz′

− gρb(z − δ)
(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z
− w

)
+ Diffusion→

DEA
Dt

= g

(
ρ(z)− ρ0

)(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z

)
− gwρb(z)− g

ˆ z

z−δ

∂ρb(z
′)

∂t
dz′

− g
(
ρ(z)− ρ0

)(
∂δ

∂t
+ u

∂δ

∂x
+ v

∂δ

∂y
+ w

∂δ

∂z
− w

)
+ Diffusion→

DEA
Dt

= g

(
ρ(z)− ρ0

)
w − gρb(z)w − g

ˆ z

z−δ

∂ρb(z
′)

∂t
dz′ + Diffusion

DEA
Dt

= gρ′w − g
ˆ z

z−δ

∂ρb(z
′)

∂t
dz′ + Diffusion (3.24)

Similar to CBD, we need to tidally-average and depth-integrate the equation 3.24.

〈
u
∂EA
∂x

〉
+

〈
v
∂EA
∂y

〉
+

〈
w
∂EA
∂z

〉
=

〈
gwρ′(z)

〉
−
〈
g

ˆ z

z−δ

∂ρb(z′)

∂t
dz′
〉

+

〈
Diffusion

〉
(3.25)

By adding the BC kinetic energy to available potential energy, the conversion term

is obtained 〈gρ′w〉 − 〈gρ′w′〉 − 〈g
´ z
z−δ

∂ρb(z′)
∂t

dz′〉 = 〈gρ′W 〉 − 〈g
´ z
z−δ

∂ρb(z′)
∂t

dz′〉.

To derive equation 3.25, no specific assumption was made regarding the vari-

ation of background density ρb with time nor depth (any arbitrary function of

z and t can be assigned to it). To remove the barotropic tidal heaving (BTH),

ρb(z − γ) should be used instead of ρb(z) in which γ(x, y, z, t) is the barotropic
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vertical displacement in a system with flat bathymetry as:

∂U

∂x
+
∂V

∂y
+
∂W

∂z
= 0→

ˆ z

−d

∂U

∂x
+
∂V

∂y
dz = −

ˆ z

−d

∂W

∂z
dz →

(z + d)(
∂U

∂x
+
∂V

∂y
) = Wbottom −W = −Uh.∇.d−W = −W

if z = η → −H(∇h.Uh) = −Wsurface = −∂η
∂t
→ W

∂η(x,y,t)
∂t

=
H − z
H

→

γ(x, y, z, t) = η(1− z

H
) (3.26)
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Chapter 4

CONVERSION RATE

CALCULATION USING TVBD

METHOD1

Chapter Overview

Internal wave (IW) generation is fundamentally the conversion (C) of barotropic

(BT) to baroclinic energy (BC) that often occurs due to vertical acceleration of

stratified flows over topographic features. This acceleration results in a phase

lag between density (or pressure) perturbation and BT velocity. To estimate C,

the density perturbation is typically calculated using a constant background den-
1S. Omidvar, M. Davoodi, and C.B. Woodson. Accounting for Residual Barotropic to Baro-

clinic Energy Conversion Using A Time-Varying Background Density. To be submitted to
Journal of Fluid Mechanics.
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sity (CBD). However, isopycnals move up and down with tides through BT tidal

heaving (BTH). The failure of CBD to account for BTH leads to 1) presence of

residual elements in the conversion time-series with a tidal average of zero, 2) non-

zero conversion over flat bottoms, and 3) an overestimation of C at the sloped

topography which is compensated by negative conversion away from the genera-

tion site. Such issues impair the efficiency of a detailed investigation of C and IW

generation through time. Several studies attempted to decompose and filter the

incoherent residual conversion. However, decomposition of pressure perturbation

is not trivial. Here, I offer a new analytical approach to calculate the conversion

rate based on a time-varying background density (TVBD) formulation to remove

BTH. I show that the TVBD method results are in good agreement with the

previous methods for all cases, and the tidally-averaged domain-integrated value

of C is similar for all methods. This spatiotemporal comparison demonstrates

the utility of TVBD over previous methods as it removes the residual conversion

directly. Moreover, unlike some previous formulations, the TVBD method is not

limited to linear hydrostatic inviscid IWs.

4.1 Introduction

IWs are ubiquitous features of the ocean that can affect circulation and biology

by dissipating tidal energy in the deep ocean, increasing nutrient concentrations

in the shallow coastal ocean, delivering larval to shore, and dispersing chemicals

[Boehm et al., 2002, Garrett and Munk, 1979, L. Shanks and G. Wright, 1987,
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Leichter et al., 1996, Munk andWunsch, 1998, Pineda, 1991, Woodson, 2018]. IWs,

particularly internal tides, are often generated through the vertical acceleration

of tidal currents over sloping bathymetry (i.e., ridges or continental shelf breaks)

causing vertical displacements of isopycnals [Baines, 1974, Bell, 1975, Holloway

and Merrifield, 1999, Klymak et al., 2006, Merrifield and Holloway, 2002, Rattray

Jr., 1960]. Movements of isopycnals in the form of IWs are known throughout the

world’s oceans and are suspected to be the major contributors to ocean energy

budgets [Egbert and Ray, 2000, Munk and Wunsch, 1998]. IWs can balance ocean

energy budgets by dissipating up to 30% of tidal energy in the deep ocean [Egbert

and Ray, 2001, Munk and Wunsch, 1998]. Consequently, the dynamics behind IW

generation and propagation have received considerable focus over the past several

decades [Baines, 1982, Bell, 1975, Rattray Jr., 1960].

To quantify IW generation, the conversion rate of BT to BC energy is often

used as a proxy [Kang and Fringer, 2010, 2012, Lamb, 2007, Lien et al., 2014, Mer-

rifield et al., 2001, Moum et al., 2007, Palmer et al., 2015, Venayagamoorthy and

Fringer, 2005]. The conversion rate depends on the pressure (or density) pertur-

bation, BT velocity, and the bathymetric slope. In the absence of a sloped ocean

bottom, BT tidal currents can still affect the density structure through barotropic

tidal heaving (BTH) without converting any energy (Fig 4.1) [Lu et al., 2001]. Al-

though taking a time-average of C over a tidal cycle can remove such an effect

and is efficient in studying the energy budget [Kang and Fringer, 2012, Müller,

2013]; it fails to provide any insight on the evolution of BT to BC energy con-

version through time. Moreover, reflected IWs from ocean bottom and surface
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can propagate toward coastal oceans. The observations confirm the presence of

remotely incoherent IWs in coastal regions accompanied by the ones generated

locally [Kelly and Nash, 2010, Nash et al., 2012, Nash, J.D., E.L. Shroyer, S.M.

Kelly, M.E. Inall, T.F. Duda, M.D. Levine, N.L. Jones and Musgrave, 2012, Pick-

ering et al., 2015, Zilberman et al., 2011]. In addition to conversion observed

by local IWs, the interaction of incoherent IWs with BTH can create positive

and negative conversion. If remotely generated IWs are phase-locked to the sur-

face tides, they affect the time-averaged conversion, while ones with a random

phase (in comparison to surface tides) only alter the instantaneous IW generation

and energy budget [Kelly and Nash, 2010]. This interaction can also occur at

the generation site, which results in overestimation or underestimation of energy

conversion. To remedy these issues, I chose to account for the effect of BTH

in density perturbation, while Kelly et al. [2010] recognizes and decomposes the

incoherent part. Therefore, it is of importance to recognize and partition the

density and pressure perturbation effectively to remove the unwanted conversion

induced by remotely generated IWs. I call such unwanted conversion elements

(overestimation-underestimation at the generation site, non-zero conversion away

from the generation site and extra negative-positive constituents in the conversion

time-series with the time-average value of zero) "residual" as they are residual to

the main conversion.

To calculate BT to BC energy conversion, Llewellyn Smith and Young [2002]

discarded the nonlinear advection and dissipation terms in the Boussinesq mo-

mentum equations which resulted in C = ~∇H.Up′|z=−H (hereinafter the LSY
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method). The LSY method is well-known and has been widely used in the lit-

erature [Carter et al., 2008, Gerkema et al., 2004, Kelly and Nash, 2010, Kelly

et al., 2010, Kurapov et al., 2003, Pickering et al., 2015]. To filter the residual

conversion, Lu et al. [2001], Kunze et al. [2002], and Zilberman et al. [2011] used

an approximation for linear IW potential energy and removed the BT vertical dis-

placement caused by surface tides over a sloped topography as approximated by

Baines [1982]. In another effort, Pollmann et al. [2019] proposed a semi-analytical

method that gives a positive definite conversion field for linear IWs over a sub-

critical bathymetry through spatial smoothing.

In all of these efforts to decompose and filter the residual component of C, the

nonlinear advection terms are disregarded (in some cases, diffusion-dissipation

is also neglected), which limits the scope to linear IWs. Moreover, filtering the

isopycnal vertical displacement creates an extra cross-term in the potential energy

budget, which should be considered. Here, I improve the formulation offered by

Kang and Fringer [2012] C = ρ′gW (hereinafter the KF method) by decomposing

and removing the BTH effects using a time-variant background density (TVBD)

instead of a constant background density (CBD). Unlike the LSY formulation,

which is limited to inviscid linear IWs, this method takes into account the nonlin-

ear advection and dissipation terms as well as the non-hydrostatic pressure [Kang

and Fringer, 2012]. This implementation results in removing the negative conver-

sion rate by discarding the BTH contribution as well as removing the effect of IW

reflection (from ocean bottom and surface) on the conversion rate. The concept of

TVBD has been previously applied to study mixing [Dossmann et al., 2017, Mac-
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Cready and Giddings, 2016], but has not been used to study the IW conversion

and filter barotropic tidal heaving (BTH) of isopycnals. I develop the theoretical

framework (section 2), outline the numerical model setup (section 3), discuss the

application of the theoretical framework and interpret the results (section 4), and

conclude the paper with a summary (section 5).

4.2 Theoretical framework

I start our derivation from conservation of mass and momentum:

∇.u = 0

∂u
∂t

+ (u.∇)u− fv = − 1
ρ0
∂P
∂x

+ ∇.(νh∇hu) + ∂
∂z

(νv
∂u
∂z

)

∂v
∂t

+ (u.∇)v + fu = − 1
ρ0
∂P
∂y

+ ∇.(νh∇hv) + ∂
∂z

(νv
∂v
∂z

)

∂w
∂t

+ (u.∇)w = − 1
ρ0
∂P
∂z

+ ∇.(νh∇hw) + ∂
∂z

(νv
∂w
∂z

)− g ρ
ρ0

(4.1)

where f , νh and νv are Coriolis parameter, and the horizontal and vertical eddy

viscosities respectively. Pressure and density are partitioned into reference, back-

ground and perturbation components (P0, Pb, P ′, ρ0, ρb and ρ′). Also, the veloc-
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ities are decomposed into BT and BC components:



ρ = ρ0 + ρb + ρ′

P = P0 + Pb + P ′ = g
´ η
z
ρ0 + ρb(z

′) + ρ′(z′)dz′

Uh = 1
H

´ η
−d uhdz → Uh = 1

H
uh

u′ = u−U

∇.U = 0

∇.u′ = 0

(4.2)

where the h subscript denotes the horizontal ([x, y], [u, v]), H = η+ d is the water

column depth (η and −d are sea surface height and ocean bottom respectively),

the bar operator provides the depth-integrated value of a parameter (φ̄ =
´ η
−d φdz)

and capital letter velocities (U and V ) are the BT components, while the prime ve-

locities (u′ and v′) are the BC constituents. I define BT and BC vertical velocities

to satisfy the conservation of mass W = −∇h.[Uh(d+ z)] and W + w′ = w.

By using the momentum equations and applying boundary conditions (full

derivation is provided in Kang [2010]), we get the depth-integrated BC kinetic

energy (E ′K) budget:

∂E ′K
∂t

+ ∇h.(uhE ′k) + ∇h.(u′hEKBT−BC) = −∇h.(u′hP
′)− ρ′gw′ + Ah

+ ∇h.(νH∇hE ′K)−D′ − εK (4.3)

For an incompressible density-stratified fluid, the available potential energy (EA)

is equal to the difference between the potential energy of the perturbed water
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column (EP ) and the minimum energy attainable thorough adiabatic motion (EB)

[Lorenz, 1955, Winters et al., 1995]. The concept of EA has been widely used to

study energy budgets in both deep and shallow water systems [Kang and Fringer,

2010, 2012, Klymak et al., 2006, Scotti et al., 2006, Venayagamoorthy and Fringer,

2005]. For any arbitrary density stratification, EA can be found from [Kang and

Fringer, 2010, 2012]:

EA = EP − EB =

ˆ z

z−δ
[ρ(z)− ρb(z′)− ρ0] dz′ (4.4)

For linear IWs in a linear density-stratified media EA can further be approximated

as [Gill, 1982, Lamb, 2007, Scotti et al., 2006]:

EA =
ρ0
2
N2δ2 =

g2ρ′2

2ρ0N2
(4.5)

The EA inside a system can be dissipated, advected or converted to kinetic energy

(disregarding the spatiotemporal background density variation ∂ρb
∂x
, ∂ρb
∂y
, ∂ρb
∂t
≈ 0):

∂EA
∂t

+ u.∇EA = gwρ′(z) + εA (4.6)

By adding 4.3 and 4.6 and tidally-averaging, we get:

∇h.

〈
u.∇EA + uhE ′k + u′hEKBT−BC + u′hP

′ − νH∇hE ′K

〉
= 〈ρ′gw − ρ′gw′〉

+ 〈Ah〉 − 〈D′〉+ 〈εA − εK〉 (4.7)
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where the angled bracket operator provides the tidal-averaged value of a parameter

(〈φ〉 = 1
T

´ T
0
φdt). Therefore, the total conversion from BT to BC energy is equal

to 〈ConversionPotential〉 + 〈ConversionKinetic〉 = 〈gρ′w〉 − 〈gρ′w′〉 = 〈gρ′W 〉 = 〈C〉

[Kang and Fringer, 2012], where C consists of actual and residual conversion. BTH

of isopycnals alone (without the presence of a sloped bottom) does not generate

IWs nor convert energy from BT to BC; yet, the vertical acceleration over sloped

bathymetry causes a phase lag between the density perturbation and the vertical

velocity (
︷ ︸︸ ︷
ρ′,W where the over-brace operator denotes the phase difference). The

conversion by such a phase lag can be understood considering two idealized sinu-

soidal functions assigned to ρ′ and W with period, amplitude and initial-phase of

ω, a, b:

〈C〉 = 〈ρ′gW 〉 = g

〈
ai sin(ωt+ bi)aj sin(ωt+ bj)

〉
= g

aiaj
2

cos

(︷︸︸︷
bi, bj

)
(4.8)

Equation 4.8 leads to positive conversion rates for phase differences less than 90◦,

while for values greater than 90◦, a negative conversion rate is observed [Zilberman

et al., 2009].

To better understand the role of BTH in conversion, assume a system governed

by tidal flows with a flat bathymetry in which isopycnals heave up (down) during

flood (ebb) tides. In such a system, although no IW is generated, there are non-

zero density perturbations and BT vertical velocities through time (red curves in

Fig 4.1-c and d). Therefore, due to the failure of BTH filtering we get a non-

zero C with a zero tidal-averaged value (red curve in Fig 4.1-f) which is fully BT

(Fig 4.1-e) and have
︷ ︸︸ ︷
W, ρ′ = 90◦. By applying a proper time-varying ρb, the BT
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displacement of the background density can be removed (blue curve in Fig 4.1-f).

Figure 4.1: Data at X=99.5 km and Z=-50.8 m for a system with flat bathymetry
(Case 1). Rows show tidal height, background density, density perturbation,
barotropic vertical velocity, barotropic conversion rate and conversion rate from
top to bottom.

In CBD methods (both LSY and KF), ρb is only a function of z; while in

TVBD, ρb is a function of z and t. The temporal dependency of ρb creates a new

cross-term in the EA budget which can be beneficial in removing any arbitrary

chosen vertical displacement (similar methodology used by Kunze et al. [2002], Lu
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et al. [2001], Zilberman et al. [2011]). By removing the barotropic displacement

at any depth we can filter the effects of BTH. To do so, I removed the barotropic

displacement of isopycnals due solely to BTH γ(x, y, z, t) = η(1− z
H

) ; while, Lu

et al. [2001] removed the effect of flow acceleration over a slopped bottom as well

(refer to equation 3.26 for the complete derivation). As it is discussed in section 4

(interpretation), this temporal cross-term is a critical component that can remove

the interaction of IWs and BTH; therefore, I call it IW×BTH where × represents

the interaction. It should be noted that the presence of nonlinear advection terms

in the EA budget is necessary and their pivotal contribution in the formation of

ρ′gW is acknowledged by Kang and Fringer [2012]. The EA budget in the TVBD

method is shown as below:

∂EA
∂t

+ u.∇E ′K = ρ′gw − g
ˆ z

z−δ

∂ρb(z′, t)

∂t
dz′ + εA (4.9)

The total energy budget (kinetic+potential), where
〈
ρ′gW − g

´ z
z−δ

∂ρb(z′,t)
∂t

dz′
〉

is the modified conversion, then becomes:

∇h.

〈
u.∇EA + uhE ′k + u′hEKBT−BC + u′hP

′ − νH∇hE ′K

〉
=〈

ρ′gW − g
ˆ z

z−δ

∂ρb(z′, t)

∂t
dz′
〉

+ 〈Ah〉 − 〈D′〉+ 〈εA − εK〉 (4.10)

This formulation is similar to the KF method with the addition of the IW ×BTH

cross-term.

77



4.3 Numerical Setup

To test the efficiency and validity of TVBD and the its effects on C, I simu-

lated and analyzed IW generation on two 2-dimensional shelf slopes (Fig 4.5)

as well as a three-dimensional ridge (Fig 4.2). For numerical simulations, I em-

ployed SUNTANS (Stanford Unstructured Non-hydrostatic Terrain following Av-

eraged Navier-Stokes Simulator). SUNTANS is a finite volume model that solves

three-dimensional non-hydrostatic, nonlinear Navier-Stokes equations and sup-

ports unstructured-triangular horizontal grids and z-level vertical layers [Fringer

et al., 2006]. SUNTANS has been wildly used to study non-hydrostatic nonlinear

phenomena such as IWs and circulation in shallow coastal systems and estuaries

[Jachec et al., 2007, Kang and Fringer, 2012, Nelko et al., 2014, Xu and Chua, 2016,

Zhang et al., 2011]. Realistic geographical features can cause complex circulation,

currents and waves, which complicate the analysis. To avoid such complications,

I started our analysis with two idealized 2-dimensional cases with high spatiotem-

poral resolution. Moreover, to validate the formulation in a more realistic setup,

I compared the results for an idealized 3-dimensional ridge.
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Figure 4.2: Ideal ridge bathymetry map (case 4) is shown in a with the maximum
and minimum depth of 3000 and 300 meters. The transects at X= 300 km and
Y= 50 km are shown in panel b and c respectively.

A bottom drag coefficient of 0.005 is used to simulate the effect of bottom

friction. To avoid numerical oscillations, background values for νH and νV were

applied (Table. 4.1) in addition to Mellor-Yamada 2.5 turbulence closure scheme.

To analyze the effect of depth (shallow vs deep) on C, I used idealized density

stratification functions (Fig 4.3) and bathymetries:

d = H − 0.5(H0 − h0)
[
1 + tanh

(
x−Xmid

Ls

)]
(4.11)

where h0 and H0 are minimum and maximum depth in the domain, d is the depth

at any specific point, Xmid and Ls are bathymetric shape parameters (Table 4.1).
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Table 4.1: Case study details show domain length (L), horizontal and temporal
resolution (∆X and ∆t), number of vertical layers (Nk), minimum and maximum
layer thickens (∆zmin and ∆zmax), minimum and maximum bathymetry depth
(h0 and H0), bathymetric shape constants (Ls, Xmid), tidal current velocity at
the ocean-side boundary (U0), maximum of the tidal height (ηmax), sponge layer
constants (L0, L1, α0, α1), horizontal and vertical eddy viscosity (νH and νV )

Case 1 2 3
L [km] 150 400 600
∆x [m] 30 160 300-1500
∆t [s] 15 15 15
Nk 200 400 400
∆zmin, ∆zmax [m] 0.76, 2.6 1.7, 20.2 1.7, 20.2
h0, H0 [m] 30, 300 300, 3000 300, 3000
Ls [m], xmid [km] 7500, 130 750, 325 750, 300
U0[

m
s

] 0.04 0.03 0.04
ηmax[m] 0.5 1.5 1.5
L0, L1 [km] 10, 5 25, 30 30, 30
α0, α1 [km] 3.2, 0.8 4.2, 0.8 0.8, 0.8
νH , νV [m

2

s
] 1, 10−3 1, 10−1 1, 10−1

θB, θIW 0.17, 0.021 0.12, 0.046 0.18, 0.070
β1 8 2.6 2.58
Peak Location X[km], Z[m] 130, 156.6 330,787 269, 1699
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Figure 4.3: Background density and Brunt-Vaisala frequency at the beginning of
last 3 tidal cycle for a) shallow (cases 1 and 2) and b) deep (cases 3 and 4)

For all cases, M2 tidal currents (u = U0 sin(ωt)) were applied at the ocean-side

boundary and the shore-side boundary was set to closed. To avoid IW reflection

at boundaries, BC velocity (u′) was relaxed both at the ocean-side and shore-side

boundaries using a sponge layer as:

 x ≥ L0 : u = u− 0.5 ∗ exp
(
−x−L0

α0

)
(u− U)

x < L1 : u = u− 0.5 ∗ exp
(
−L1−x

α1

)
(u− U)

(4.12)

where L0, L1, α0 and α1 are the sponge constants. The spatiotemporal resolution,

bathymetry and sponge layer details for each case are given in Table 4.1.

I examined three case scenarios with different physical (tidal current velocity,

bathymetry, eddy viscosity) and environmental parameters (domain size and spa-
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tiotemporal resolution) as summarized in Table 4.1. The models ran for 15 tidal

cycles and all of the analyses were performed on the last three cycles. Model setup

files and analysis scripts are also available on http://github.com/somidvar/

suntans/tree/master/TVBDPaperSourceCode.

The steepness number (β1) and tidal excursion (β2) are informative dimen-

sionless numbers characterize the reflectivity and linearity of IWs:



tan(θB) =
√

( ∂d
∂x

)2 + (∂d
∂y

)2

tan(θIW ) =
√

ω2−f2
N2−ω2

β1 = tan(θB)
tan(θIW )

β2 = U0kb
ω

(4.13)

where U0 and k−1b are the maximum BT tidal current velocity and topographic

length scale. For IW studies, the kb is estimated as θB
H−d [Garrett and Kunze, 2007,

Kang and Fringer, 2012]. In a system with supercritical bathymetry (β1 > 1),

the generated IWs will reflect back offshore while for a subcritical bathymetry

(β1 < 1), the IWs continue their way into the shallower region (Fig 4.4). A tidal

excursion less than one suggests that the IW frequency is similar to the forcing

frequency, while β2 > 1 gives lee waves [Kang and Fringer, 2012]. For this study,

all the cases have supercritical topography (β1 > 1) and responded mainly with

the perturbation frequency (β2 < 1). To assure a significant amount of conversion,

I set our cases (Table 4.1) with 1 < β1 < 5 [Kang and Fringer, 2012]. Therefore,

I expect to see the most of generated IWs reflected back offshore as IW beams.

The generated IWs can clearly be seen as elevation and depression rays as they
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bounce from the ocean bottom and surface (Fig 4.5).

Figure 4.4: Schematic IW propagation and reflection (dashed lines) from the
generation site in a system with subcritical bathymetry
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Figure 4.5: Vertical velocity at time t = 0.4 cycle for a) shallow (case 2) and b)
deep (case 3). Green dot show the generation site (Fig 4.6) and purple is a sample
of reflection point.

4.4 Results and Interpretation

IW generation and BT to BC conversion can be seen in Fig 4.6 to 4.7. In this

part, I compare the results of the LSY and KF methods to the TVBD method and

show how TVBD provides an improvement over the others by addressing the issues

mentioned in section 1. To study C effectively, the residual conversion should be

filtered because the residual conversion is observable as 1) the negative conversion

in C time-series which is compensated by part of the positive conversion (Fig 4.8-
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d, e, i and j), 2) non-zero 〈C〉 at the flat bottom part of domain due to incoherent

remotely generated IWs (Fig 4.9-a, 4.9-c and 4.7-e), and 3) the overestimation of

C at generation sites (the peak of 〈C〉 in Fig 4.10-a and c).

Figure 4.6: Left panel shows the data at X=130.7 km and Z=-37.4 m for case 2
and right panel is for case 3 at X=330.9 km and Z=-524 m (green dots in Fig 4.5).
Rows show background density, perturbation density, barotropic vertical velocity,
barotropic conversion rate and conversion rate from top to bottom
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Figure 4.7: Panel a and b show the time-averaged conversion rate (〈C〉) using
KF and TVBD at the transect Y=50 km. The time-averaged depth-integrated
conversion rate (〈C̄〉) at the transect Y=50 km for both method can be seen in
panel c; while, the components of TVBD are shown in panel d. The time-averaged
depth-integrated conversion rate for the whole domain can be seen in panels e and
f using KF and TVBD respectively. Bathymetry contours are spaced at -300, -500,
-1000, -2000 and 2900 meters in panels e and f.
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Figure 4.8: Data at a IW reflection point. Left panel shows the data at X=89.9
km and Z=-17.8 m for case 2 and right panel is for case 3 at X=203.9 km and
Z=-104.8 m (purple dots in Fig 4.5). Rows show background density, perturbation
density, vertical velocity (W , w′ and ∂δ

∂t
) and conversion rate from top to bottom
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Figure 4.9: Time-averaged conversion rate (〈C〉) for case 2 (left column) and case
3 (right column). Top row shows the result of KF method and bottom row is for
TVBD.
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Figure 4.10: Time-averaged depth-integrated conversion rate (〈C̄〉) for KF, LSY
and TVBD methods for case 2 (left column) and case 3 (right column). The top
row shows the comparison between two methods and bottom row provides more
details about the two terms of TVBD method as well as the LSY method results
discarding the bathymetry gradient Hx.

4.4.1 Negative in C Time-series

The main difference between TVBD and CBD methods is the removal of BTH

and, therefore, the IW×BTH by TVBD. Conversion is the product ofW and ρ′ in

which the density perturbation is induced by density changes due to BTH, vertical

acceleration over a sloped bathymetry, and BC oscillations. The conversion due

to the unfiltered BTH which can be found by [ρb TV BD − ρb CBD]gW is solely

responsible for the observed differences between CBD and TVBD results as shown

in Fig 4.6-d and e as well as i and j (2 and 12 W.m−2 for shallow and deep cases

respectively). Although the LSY method removes the background pressure Pb,

this issue persists as it only removes the time-averaged background pressure Pb
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and not the BTH. The residual conversion in the C time-series (Fig 4.6-e and j)

supports this assertion.

4.4.2 Non-zero C on Flat Bottom

Away from the sloped region, especially at the reflection points, where the IWs

bounce from the ocean surface and bottom, there isn’t any active IW genera-

tion nor energy conversion. However, a non-zero residual C is observed due to

the disturbances caused by the unfiltered BTH, which is avoided by the TVBD

formulation (Fig 4.8-d and i). Similar patterns have been reported by incoher-

ent remotely generated IWs, which are phase-locked to the surface tides by Kelly

and Nash [2010], Zilberman et al. [2011], and Pickering et al. [2015]. Although

BTH is fully BT (regulated symmetric sinusoidal density variation), its interaction

with IWs is not, and we should seek the reason for non-zero C in the phase lag

caused by the IWs. Based on Zilberman et al. [2009], the conversion rate is due to

cos

(︷ ︸︸ ︷
ρ′,W

)
, which can be affected by perturbation factors such as the presence

of IWs. The reflected IWs from the ocean surface and bottom (Fig 4.4) possess

w′ (BC perturbations) which is not in-phase with W (Fig 4.8-c and g) and there-

fore, altering the phase of W (Fig 4.11-b and d). The reflection of IWs adversely

affects the CBD conversion calculation as it creates residual conversion (positive

or negative) away from the generation sites (the alternating shading pattern can

be seen in Fig 4.9). In contrast, the TVBD method removes the effects of IW

reflection on C through the IW × BTH term (Fig 4.8). This issue is masked

in the LSY method as it depends on the bathymetric slope, which is zero away
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from the slope in this study. However, by disregarding the bathymetric slope in

LSY formulation, we observe an oscillating pattern similar to the KF method as

it suffers from non-zero conversion in the flat part of the domain (the yellow dot

lines in Fig 4.10-b and d). Such an issue can occur in real case scenarios as the

ocean bottom is not flat near the continental shelf break or ridges. This scrutiny

highlights another advantage of TVBD over the LSY and KF methods as it can

help differentiate between locally generated IWs and ones developed remotely.

To better understand the role of IW ×BTH, I decompose its tidal-average us-

ing Leibniz’s integral rule, 〈IW×BTH〉 = −g
´ T
0

´ z
z−δ

∂ρb
∂t

dz′dt = g
´ T
0

∂δ
∂t
ρb|z−δdt−

g
´ T
0

∂
∂t

´ z
z−δ ρbdz

′dt in which the second term is zero, while the first term shows

the net conversion over a tidal cycle. In the KF’s method, ∂δ
∂t

= w; however, in

the TVBD method, ∂δ
∂t

= w′ as W is removed from w (Fig 4.8-c and g). Based

on our definition of γ, it can be infered that the ρb|z and ρb|z−δ are in-phase. For

gravitational waves (away from their generation site), it can be shown that 〈ρ′gW 〉

and 〈IW ×BTH〉 are at complementary angles and therefore, their cosines cancel

each other [Cushman-Roisin and Beckers, 2011]:

Phaseρ′ − Phasew′ = Phaseρb − PhaseW = −π
2
→ Phaseρ′ − Phasew′

+ Phaseρb − PhaseW = −π →
︷ ︸︸ ︷
ρ′, w′+

︷ ︸︸ ︷
ρb,W = π (4.14)

Therefore, IW ×BTH cancels any conversion induced by ρ′gW over flat bottoms.

In a similar context, Kelly et al. [2010] made an effort to decompose and

remove shoaling IWs, which resembles the role of BTH in this study. However,
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this requires discerning the unwanted phenomena like shoaling IW or BTH, which

is not a trivial task since its phase changes as it propagates in the system. Such a

phase variation is evident as the magnitude ofW and ρ′ does not vary significantly

on the flat bottom part of the domain; yet, there is a meaningful conversion

gradient due to
︷ ︸︸ ︷
ρ′,W as shown in Fig 4.10-a and c. Also, it should be noted that

this decomposition is utilizing linear superposition of unwanted (shoaling) and

wanted (local) phenomena, which may not hold for nonlinear cases. I conclude

that although the TVBD method is computationally expensive (especially for field

data), it is more convenient to remove the BTH effect versus the decomposition

approach used by Kelly et al. [2010].

Figure 4.11: Time-averaged horizontal BT velocity 〈U〉 (top row) and time-
averaged vertical BT velocity 〈W 〉 (bottom row) for case 2 (left column) and
case 3 (right column). Reflection points can be seen as the intensification of W
in bottom panel
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4.4.3 Overestimation of C at Generation Points

Although the overestimation of C at the generation points by the LSY and KF

methods is minor (less than 5 and 10% respectively), I suspect that it is related

to the interaction of BTH with the IWs. This overestimation is compensated by

negative C away from the slope as the spatial integrals of C for LSY, KF, and

TVBD methods are similar.

4.4.4 Extension to 3D Case

To test the performance of the TVBD method and its extension to a more realistic

setup, I compared the CBD and TVBD results for the idealized ridge case. Similar

to two-dimensional cases, a good agreement was found between CBD and TVBD

patterns (Fig 4.7). In the three-dimensional case, IW reflection and the residual

conversion are obvious in the KF method (Fig 4.7-a and e), which are significantly

removed by the correction term of IW × BTH (Fig 4.7-b, d and f). The spatial

integral of C over the whole domain of the three-dimensional ridge is equal to 66.5

and 63.5 MW for the KF and TVBD methods, respectively. The TVBD does not

remove all negative values of C in the three-dimensional case, especially at the

flanks of the ridge likely due to higher-order IW × IW interactions, yet there is

still a significant improvement in estimates of C, especially through time as tidal-

averaging is not needed. I believe that the incorporation of IW displacements as

a higher-order cross-term would remove these regions of negative conversion as

well.
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4.5 Summary, Conclusion and Future Work

In this study, I compared BT to BC energy conversion over sloped bottoms using

a new TVBD method and compared it to commonly-used methods (LSY and KF)

utilizing constant background density. A portion of BT tidal energy is converted

to the BC energy over sloped bathymetry due to the phase difference between the

BT vertical velocity (W ) and the density perturbation (ρ′). The density pertur-

bation is the result of barotropic tidal heaving, local acceleration over the sloped

bottom, and BC oscillations. The CBD methods attempt to remove the BTH ef-

fects by averaging over tidal cycles. However, these methods suffer because there

are 1) residual values in C time-series, which is the interminable conversion of

BT to BC and BC to BT with a net tidal-average of zero, 2) negative-positive

values in 〈C〉 away from the generation site over the flat bottom region, and 3)

overestimation of the 〈C〉 at the generation sites. The TVBD method remedies

these issues in CBD methods by removing BTH directly through the new cross-

term (IW × BTH), which emerges in the energy budget equation due to using

time-varying background density profile. IW × BTH improves discrimination

between IW generation (as an active mechanism of converting BT energy to BC

energy) versus incoherent propagating IWs (which are the reflection of generated

IWs from ocean bottom and surface) by removing the interaction between IWs and

BTH. Moreover, by removing the BTH effect, TVBD allows identification of loca-

tions with real negative conversion where the BC energy converts to BT through

pressure work or topography features as well as topographies lacking conversions

where IWs are generated at one location and absorbed in another one [Maas,
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2011, Zilberman et al., 2009]. Removing these interactions also allows for a more

efficient evaluation of BT-BC conversion over a tidal cycle, which is not possible

using CBD methods since residuals are removed by tidal averaging. The numerical

simulations performed in SUNTANS illustrate the improved estimation of BT-BC

conversion using the TVBD method. Although the three methods mentioned in

this study estimate the BT to BC energy conversion from different perspectives,

the value of total conversion over the domain was similar in all of them. The

results illustrate the improvement of TVBD over CBD methods; however, TVBD

calculations are computationally expensive, and performing such calculations for

field data can be significantly time-consuming and costly. Although I recognize the

necessity to conduct further tests to study the efficiency of TVBD with nonlinear

cases such as solitons, this method provides a step forward in our understanding

of internal wave dynamics.
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Table 4.2: Variables and symbols used in the paper

Variable Description Variable Description
ρ0, ρb, ρ

′ Reference, background and
perturbation density

f Coriolis parameter

P0, Pb, P
′ Reference, background and

perturbation pressure
CB Bottom drag coeff

κH , κV Horizontal and vertical dif-
fusion

νH , νV Horizontal & Verti-
cal viscosity

η,−d Ocean surface and bottom H Water column
depth

U, V,W BT velocity u′, v′, w′ BC velocity
EK Total kinetic energy E ′K BC Kinetic Energy
D′ Drag in kinetic energy

budget
εK BC Dissipation

εA Diffusion in APE budget ω Wave frequency︷︸︸︷
a, b Phase difference between a

and b
Ah Unclosed term in

energy budget
γ Barotropic vertical dis-

placement
EP Perturbed poten-

tial energy
EB Minimum potential energy EA Available potential

energy
φ

´ η
−d φdz′ 〈φ〉 1

T

´ T
0
φdt′

θIW IW Slope θB Bottom slope
β2 Tidal excursion β1 Steepness number
δ IW vertical displacement
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Chapter 5

TIDE-TIDE INTERACTION

EFFECTS ON CONVERSION

RATE IN THE NEARSHORE

AREA1

Chapter Overview

Gravitational forces due to the sun and moon generate surface tides whose energy

is ultimately dissipated in the ocean in the form of internal waves (IW)s; there-

fore, it is of importance to study the environmental parameters which affect their
1S. Omidvar, M. Fagundes and C.B. Woodson. Effects of environmental forcing on inter-

nal wave generation and conversion I: Tide-tide interactions. To be submitted to Journal of
Geophysical Research - Oceans
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generation. IWs are generated as the BT tidal flow accelerates over a sloped to-

pography which results in a phase lag between pressure and vertical velocity. The

BT to baroclinic (BC) energy conversion by M2 tides has received considerable

attention in the last century. However, the contribution of other tidal counter-

parts and their interactions with M2 have been neglected. Many studies to date

have focused on the continental shelf break as a more prominent location of IW

generation. In this study, I focus on the IW generation and energy conversion in

the nearshore area using southern Monterey Bay as a case study. Monterey Bay

is a representative of a highly stratified system that experiences active surface

and internal tidal waves. I included the K1 tidal constituent and analyzed the

promotion of conversion at extra frequencies generated by the interaction of M2

and K1. Moreover, I studied the role of pycnocline depth and M2-K1 phase lag

on the total energy converted in the system.

5.1 Introduction

IWs are common features of the ocean [Rainville and Pinkel, 2006] that can affect

biophysical processes. IWs are important for 1) dissipating the tidal energy in the

deep ocean [Egbert and Ray, 2000, 2001, Munk and Wunsch, 1998], 2) enhanc-

ing turbulence diffusion and diapycnal mixing [Klymak and Moum, 2003, Palmer

et al., 2015, van Haren et al., 2012, Woodson et al., 2011], 3) transporting nutrients

for phytoplankton growth into coastal ocean by upwelling deeper colder nutrient-

enriched water [Jantzen et al., 2013, Leichter et al., 1998, McPhee-Shaw et al.,
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2007, Shea and Broenkow, 1982, Woodson, 2018], 4) increasing larval recruitment

rate by onshore transport [L. Shanks and G. Wright, 1987, Pineda, 1991, 1995,

Shanks, 1983, 1986], and 5) augmenting cross-shore (XS) exchange of sediment

and contaminants [Boehm et al., 2002, Hosegood and Van Haren, 2004].

Vertical acceleration of tidal currents over sloped bathymetry (i.e., shelf-breaks,

banks and ridges) can cause vertical displacement of isopycnals and may lead to

IW generation [Baines, 1974, Bell, 1975, Rattray Jr., 1960]. IW generation is a

mechanism that converts BT energy to BC mode energy [Klymak et al., 2006, Mer-

rifield and Holloway, 2002]. Such conversion occurs due to the phase lag between

density perturbation and BT vertical velocity [Zilberman et al., 2009]. Therefore,

it is essential to study the parameters affecting the phasing between vertical flows

and density structures.

Tidal and inertial frequencies can significantly affect the IW generation dy-

namics and the nature of IW propagation in a system. Tidal decomposition of

sea surface gauges suggests the existence of several tidal constituents at different

frequencies where the most prominent ones are M2 (principal lunar semidiurnal)

and K1 (lunisolar diurnal). The IW dispersion relation for a rotating frame of

reference requirement (f < ω < N where N and f are Brunt-Vaisala and Coriolis

frequencies) holds for the super-inertial (ω > f) [Cushman-Roisin and Beckers,

2011]. On the other hand, for any IW generation site located above 30◦ latitude,

ωK1 < f (sub-inertial range); therefore, the generated wave propagates in the sys-

tem as a trapped wave [Longuet-Higgins, 1969]. Such a trapped wave propagates

as a Kelvin wave, which needs a boundary at its right in the northern hemisphere
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(left in the southern one), and its amplitude exponentially decay with offshore

distance. This behavior has been studied before as the diurnal wind created fluc-

tuations around islands and density-stratified lakes [Masunaga et al., 2017, Tanaka

et al., 2010].

The transferring of energy from a primary frequency (the frequency which

rules the system such asM2, K1 or inertial) of a system to a secondary one (a new

frequency which is generated as the interaction of two primaries) propagates as

IWs, and BT energy conversion to turbulence and mixing have been studied before

[Hibiya et al., 2002, Klymak et al., 2006, MacKinnon and Winters, 2003]. The

coupling of M2 tidal currents with the wind-induced oscillations at the inertial

frequency in the coastal ocean can create new frequencies (fM2) in the system,

which are a function of M2 and f . This nonlinear interaction gets intensified at

the thermocline and is accompanied by strong shear and vertical velocity, which

transfers the BT energy to higher frequency BC IWs and eventually to turbulence

and mixing [Davies and Xing, 2003, Hall and Davies, 2007, Xing and Davies, 2002].

In this study, I analyze the role of K1 tidal current in promoting the BT to BC

energy conversion in the nearshore area.

100



5.2 Theoretical framework

The governing equations for incompressible fluid consist of continuity, mass trans-

port and momentum conservation. Under the Boussinesq approximation:



∇.u = 0

∂u
∂t

+ (u.∇)u− fv = − 1
ρ0
∂P
∂x

+ ∇.(νh∇hu) + ∂
∂z

(νv
∂u
∂z

)

∂v
∂t

+ (u.∇)v + fu = − 1
ρ0
∂P
∂y

+ ∇.(νh∇hv) + ∂
∂z

(νv
∂v
∂z

)

∂w
∂t

+ (u.∇)w = − 1
ρ0
∂P
∂z

+ ∇.(νh∇hw) + ∂
∂z

(νv
∂w
∂z

)− g ρ
ρ0

∂ρ
∂t

+ (u.∇)ρ = ∇.(κh∇hρ) + ∂
∂z

(κv
∂ρ
∂z

)

(5.1)

where νh, νv, κh and κv are Coriolis parameter, horizontal and vertical eddy

viscosity, horizontal and vertical eddy diffusion. The pressure and density can be

partitioned into reference (ρ0 and P0), background (ρb and Pb) and perturbation

(ρ′ and P ′). Also, the velocity can be divided to BT (U) and BC (u′) components:



ρ = ρ0 + ρb + ρ′

P = P0 + Pb + P ′ = g
´ η
z
ρ0 + ρb(z

′) + ρ′(z′) dz′

Uh = 1
H

´ η
−d uh dz = 1

H
Uh

u′ = u−U

(5.2)

where η, −d, H = η − (−d) are water surface elevation, ocean bottom and water

column depth respectively. The bar, angled-bracket and wide-hat operators pro-

vide the depth-integrated value of a parameter (ψ =
´ η
−d dz), the time-average

value over a tidal cycle (〈ψ〉 =
´ T
0

dt where T is the period), and spacial inte-
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gral over the XS (φ̂ =
´ L
0
φdx) respectively. To satisfy the continuity equation,

W = −∇h.[Uh(d+ z)] where w = W +w′ and W and w′ are BT and BC compo-

nents of vertical velocity respectively.

Using these definitions, the depth-integrated time-averaged BC kinetic energy

(E ′k = 1
2
ρ0[u

′2 + v′2 + w2]) yields to [Kang, 2010]:

∇h.

〈
uhE ′k + u′hρ0(Uu

′ + V v′) + u′hP
′
〉

= −
〈
ρ′gw′ + Ah −D′ − εK

〉
(5.3)

εK = ρ0νH(∇hu′h.∇hu′h) + ρ0νV

(
∂u′h
∂z

.
∂u′h
∂z

)
+ ρ0νH(∇hw.∇hw)

+ ρ0νV

(
∂w

∂z
.
∂w

∂z

)
+ ∇h.(νh∇hE

′
k)

Ah = ρ0

(
U∇h.(u′hu

′) + V∇h.(u′hv
′)

)
D′ = ρ0CB

√
u2 + v2(u′u+ v′v + w2) at z = −d

where Ah, D′, CB and εK are unclosed advection, drag energy, bottom drag co-

efficient and kinetic dissipation. The available potential energy (EA) can be de-

fined as the difference between the perturbed water column energy (EP ) and

the minimum energy attainable through adiabatic motion (EB)[Lorenz, 1955,

Winters et al., 1995]. Therefore, for an incompressible density-stratified fluid

EA = EP − EB =
´ z
z−δ[ρ(z)− ρb(z′)− ρ0] dz′ where δ is the vertical displacement
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induced by IWs. The EA budget can be found as:

〈
u
∂EA
∂x

〉
+

〈
v
∂EA
∂y

〉
+

〈
w
∂EA
∂z

〉
=

〈
gwρ′(z)

〉
+

〈
εA

〉
(5.4)

εA = gδ

(
∂(Kh

∂ρ
∂x

)

∂x
+
∂(Kh

∂ρ
∂y

)

∂y
+
∂(Kv

∂ρ
∂z

)

∂z

)

where εA is diffusion term. The total BT to BC energy conversion rate can be

found by adding equations 5.3 and 5.4 together: 〈C〉 = 〈gwρ′ − gw′ρ′〉 = 〈gWρ′〉.

To better understand the dynamic of BT to BC conversion and study the param-

eters which affect such a conversion, we can filter the nonlinear high-frequency

IWs and assign idealized sinusoidal functions to W and ρ′:

 ρ′ =
∑
ai sin(ωit+ bi) + ci + NT

W =
∑
a′j sin

(
ωjt+ b′j

)
+ c′j + NT

(5.5)

where ai (a′i), bi (b′i) and c (c′) are amplitude, initial phase and constant values

of ρ′ (W ). NT is the nonlinear term due to the phase shift induced by tide-tide

interaction which affects the conversion rate. By dismissing the NT term for now

(I will analyze it in section 5.4), the total conversion rate equals:

C =
i=n∑
i=1

j=n∑
j=1

[ai sin(ωit+ bi) + ci][a
′
j sin

(
ωjt+ b′j

)
+ c′j] (5.6)
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For any i and j (ωi > ωj), we get:

[ai sin(ωit+ bi) + ci][a
′
j sin

(
ωjt+ b′j

)
+ c′j] =

aia
′
j

2
[cos
(
ωit+ bi + ωjt+ b′j

)
− cos(ωit+ bi − ωjt− b′k)] + c′jai sin(ωit+ bi) + cia

′
j sin

(
ωjt+ b′j

)
+ cic

′
j (5.7)

If we choose t in a way that t = n(1) 2π
ωi

= n(2) 2π
ωj

= n(3) 2π
ωi+ωj

= n(4) 2π
ωi−ωj

where

n(1) to n(4) are integers, the tidal average value of equation 5.7 (where i 6= j),

is zero (in the absence of active upwelling or buoyant plume aa′ � cc′, so cc′ is

negligible in comparison to aa′). However, for i = j :

aia
′
j cos

(
ωit+ bi − ωjt− b′j

)
= aia

′
j cos(bi − b′i) = aia

′
j cos

(︷ ︸︸ ︷
ρ′,W

)
6= 0 (5.8)

where
︷︸︸︷
a, b shows the phase difference between a and b (Fig 5.1). While 〈C〉 =

aia
′
i

2
cos(bi − b′i), the C time-series oscillates with the frequencies of:

C = f(ωi, ωj, |ωi − ωj|, ωi + ωj) (5.9)
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Figure 5.1: Sea surface height (η), density perturbation (ρ′), BT vertical velocity
(W ), and conversion rate (C) are shown at x = 44.5 km and z = −9.5 m for the
last four tidal cycle of a system perturbed by M2 tide. The phase lag between ρ′
and W is creating positive net conversion rate.

5.3 Numerical Setup

To evaluate the effect of tidal phasing and assess the impact of the NT term on

the conversion rate, I simulated a system perturbed by M2 and K1 tidal currents

(as representatives of semi-diurnal and diurnal tidal constituents). Furthermore, I

analyzed the role of pycnocline depth as well as the phase lag between components

(
︷ ︸︸ ︷
M2 , K1) in the BT to BC conversion process.
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For numerical simulations, I used SUNTANS (Stanford Unstructured Non-

Hydrostatic Terrain following Averaged Navier-Stokes Simulator [Fringer et al.,

2006]). SUNTANS uses a triangular horizontal grid and z-level coordinate system

and has been widely used in coastal region studies [Jachec et al., 2006, Kang

and Fringer, 2012, Masunaga et al., 2015, Rayson et al., 2018, Wang et al., 2009,

2011] because it can resolve IWs in shallow-water systems accurately with high

spatio-temporal resolution.

For the sake of simplification and to avoid the effect of coastal circulation, I

used the two-dimensional version of SUNTANS with the following configuration:

bottom and side drag coefficient of 0.005; background viscosity of νH = 1 and

νv = 0.001m
2

s
(similar to Kang and Fringer [2012] high values were used to avoid

high-frequency nonlinear IWs and to make the model more stable); maximum

and minimum horizontal resolution of 4 m (shore-side) and 19.2 m (ocean-side);

vertical resolution of 0.25 m (with the exception of first layer=1 m); temporal

resolution of 15 sec for runs and 5 minutes for processing. The two-dimensional

framework in SUNTANS is capable of handling Coriolis force in IW generation.

The tidal current was enforced at the ocean-side boundary (x = 0 km) barotrop-

ically as:

U = K1amplitude sin

(
2π

ωK1

t+ LagT

)
+M2amplitude sin

(
2π

ωM2

t+
π

2

)
(5.10)

where LagT is the initial phase lag enforced on K1. Also, to avoid IW reflection

from shore-side and ocean-side boundaries, two sponge layers (at each side) were

applied to relax the BC components of horizontal velocity gradually. It should be
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noted that nonlinear, non-hydrostatic, and Mellor-Yamada 2.5 turbulence closure

scheme were also employed.

5.3.1 Site of Study

In a coastal region where the pycnocline is shallow (less than 20 meters), the

pycnocline does not always meet the steep bathymetry; therefore, it is of im-

portance to choose a site where this interaction happens, and strong tidal flows

occur. Without the loss of generality, I chose the structure (tidal height and den-

sity stratification) of southern Monterey Bay (Fig 5.2) in June 2018 (upwelling

season) for this study as it 1) observes strong M2 and K1 surface tides [Petrun-

cio et al., 1998]; and 2) is known for dominant semi-diurnal IW activity [Walter

et al., 2012, 2014, Woodson, 2013]. TheM2 and K1 tidal currents (0.056 and 0.022

m.s−1) are enforced at the ocean-side boundary uniformly (in-depth) resulting in

a tidal height of 0.98 and 0.72 meter at the shore (Fig 5.2-d). The total length of

the model is 50 km with the typical southern Monterey Bay topography (using

bathymetry provided by Walter et al. [2012] cut at 5 and 75 meters deep) and an

idealized highly stratified water column (Fig 5.3). Monterey Bay is located at the

36◦ latitude with f ∼ 8.7 ∗ 10−5 1
s
which is bigger than K1 frequency 7.3 ∗ 10−5

1
s
; therefore, the IWs generated by K1 tidal flow will propagate as Kelvin waves

in the system. To avoid such circulation in our two-dimensional model, I used

f = 7.25 ∗ 10−5 1
s
which corresponds to 30◦. Such a minimal modification does

not affect the results of IW generation and its conversion significantly.
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Figure 5.2: a) Monterey Bay bathymetry map with contours at 25, 50, 75, 100,
250, 750 and 1000 meters. b) The southern Monterey Bay with the contours at
5, 10, 25, 50 and 75 meters deep, c) The bathymetry profile and its slope along
the orange arrow in the panel b which is taken from Walter et al. [2012]. The
topography presented in panel c can be used as a representative for the southern
Monterey Bay area. d) NOAA tidal gauge 9413450 sea surface height during June
2017.
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Figure 5.3: a) An idealized density stratification for a highly stratified system
during the summer with Nmax = 0.04 in the southern Monterey Bay with the
pycnocline depth of 5 m. Time-averaged conversion rate 〈C〉 and time-averaged
depth-integrated conversion rate 〈C〉 are shown for one of the cases in panel b and
c respectively.

5.3.2 Parameters

BT to BC conversion, which is a function of cos

(︷ ︸︸ ︷
ρ′,W

)
, can be affected by

perturbation factors such as tidal current frequency and velocity as well as the

environmental characteristics (i.e., pycnocline depth). To study the role of each

of these parameters on the conversion rate, I ran 63 case scenarios with different

settings including pycnocline depth= 5: 2.5: 20 meters (in which the first and

last numbers are the minimum and maximum of the range, and the middle one
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indicates the step); variation of tidal constituents: no tide, M2, K1 and M2K1;︷ ︸︸ ︷
M2, K1 = −54◦: 30◦: 124◦ (this range covers the whole span, and after that, the

pattern repeats itself).

As discussed in the theoretical framework, the time t should be chosen in a

way that for any i and j: ωi±ωj = n2π
T

in which n is an integer. Therefore, I chose

T = [8 (spin-up) + 27 (processing)] ∗ 12.4 [hour] so that T = 27TM2(12.4[hr]) =

14TK1(23.9[hr]) ≈ 41TM2+K1(8.16[hr]) ≈ 13TM2−K1(25.77[hr]) to eliminate any

residual conversion.

5.3.3 IW Generation and Reflection Behavior

Dimensionless numbers can be used to categorize and predict the behavior of phe-

nomena. I utilize the steepness ratio (Γ1) to differentiate supercritical (Γ1 > 1)

from subcritical (Γ1 < 1) ocean topographies. Generated IWs at a supercritical

topography are reflected as internal tidal beams down the slope, while for subcrit-

ical cases, we expect to observe the propagation of IWs toward the shore [Garrett

and Kunze, 2007]. Moreover, we can benefit from the tidal excursion parameter

Γ2:

Γ1 =
STopo

SIW

STopo =
√

( ∂d
∂x

)2 + (∂d
∂y

)2

SIW =
√

ω2−f2
N2−ω2

Γ2 = U0kB
ω

kB =
STopo

H0−d

(5.11)
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where U0, ω, k−1B , H0 and d are characteristic BT tidal velocity, frequency, topog-

raphy scale, maximum and local depth of the domain [Kang and Fringer, 2012,

Zhang et al., 2011]. Tidal excursion provides an insight into the frequency of the

system response where Γ2 > 1 suggests the generation of lee waves; while, Γ2 < 1

gives IWs with the same frequency of perturbation Garrett and Kunze [2007]. Fi-

nally, the Froude number (Fr = U0

c
), which is the ratio of BT tidal current speed

(U0) to wave phase speed (c) informs us about the linearity of the wave; where

nonlinearity terms become important for cases with Fr ' 1 or Fr > 1.

5.4 Results and Interpretation

The conversion rate, which is the result of gρ′W , can be affected by several pa-

rameters, including the depth of pycnocline, the presence of tidal constituents,

and their phase lag. In this section, I analyze the effects of each parameter by

studying the generated phase lag between ρ′ and W at the conversion site as well

as the total energy conversion 〈̂C〉.

5.4.1 Pycnocline Depth

The pycnocline depth is a key component in the energy conversion process as it

controls 1) the maximum conversion location and 2) the governing dimensionless

parameters of Γ1 and Γ2. The vertical displacement at the pycnocline depth where

the density varies abruptly is accompanied by considerable ρ′, which promotes

EA and C noticeably. Therefore, we expect to observe an enhancement in the
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conversion rate when the pycnocline is deepened enough to meet the supercritical

bathymetry [Chen et al., 2014, Xie et al., 2015]. Such a situation can often be seen

in the mid-ocean ridges or at the continental shelf breaks. On the other hand, in

the nearshore area, the bathymetry is extended almost to the water surface (up to

5 meters); hence, regardless of the pycnocline depth, a strong interaction between

the topography and pycnocline is often observed (especially for the Monterey Bay

area as it has a supercritical bathymetry in the nearshore region).

As the pycnocline deepens, the conversion becomes more concentrated to a

more focused block near the ocean bottom (panel c versus h in Fig 5.4). Most

of the conversion occurs in a block of 5 to 10 meters above the bottom in a

shallow-water system where W and ρ′ are maximum (Fig 5.4). The pycnocline

depth affects the location of maximum conversion (both the depth and offshore

distance).
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Figure 5.4: The effects of pycnocline depth on location and the intensity of max-
imum conversion rate for cases perturbed by M2K1 tidal currents. Panel a shows
the topography of the nearshore area, while b to h show the 〈C〉 of the orange box.
The time-averaged conversion rate 〈C〉 for cases with various pycnocline depth of
5, 7.5, 10, 12.5, 15, 17.5 and 20 meters are shown in panels b to h respectively.

For supercritical regions, the energy conversion increases as the ratio of local

depth to the maximum depth declines (d/H → 0) [Kang and Fringer, 2010].

Considering the steep topography of the Monterey bay nearshore area, a slight

variation in the offshore distance results in a significant alteration in the water

column depth, which in turn affects the profile ofW and ρ′. W has a linear vertical

profile with the maximum and minimum at the ocean bottom and surface. The

deeper a system becomes, the slower the W decays with depth (it has a slope
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proportional to 1/H); therefore, the block might experience a higher W when

the H is higher (the maximum conversion occurs at 4.5 and 19.5 meters deep for

cases with pycnocline of 5 and 20 meters which corresponds toW of 0.69 and 0.77

mm.s−1 in Fig 5.5-e). On the other hand, for shallow-water systems (where the

sea surface elevation gradient is small), the shallower parts of the model experience

higher vertical velocity near the bottom in comparison to deeper parts, as shown

in Fig 5.5-e (W depends on (z+ d)). Considering both factors, a balance between

them is expected, as can be seen in Fig 5.5-b where the cases with pycnocline

of 10 meters have higher W in comparison to the ones with pycnocline=5 or 20

meters. The ρ′ structure has a different story where cases with pycnocline of 5,

7.5, 15 and 20 meters have a sharp bump, while other cases (pycnocline=10 and

12.5 meters) have a lower wider block of density perturbations which are extended

to a bigger portion of the water column. Although these two categories (5, 7.5, 15

and 20 in comparison to 10 and 12.5) are not intrinsically different, I suspect such

a variation is caused by the IW beam reflection, which is explained next, using

the dimensionless numbers.
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Figure 5.5: Sea surface, BT vertical velocity, density perturbation and conversion
rate time-series are shown in panel a to d for cases perturbed by M2 tides with
pycnocline at various depths. Panels e, f and g show the vertical structure of BT
vertical velocity, density perturbation and conversion rate respectively. All data
are reported at the maximum location of 〈̂C〉 where x =44.688, 44.628, 44.628,
44.588, 44.508 and 44.448 km, z =4.5, 7, 12.5, 13.75, 15 and 19.5 meters and the
water column depth is 9.75, 12.5, 12.5, 14.75, 19.5, and 23.5 meters.

Analyzing the relationship between pycnocline depth and time-averaged spatially-

integrated conversion rate, 〈̂C〉, is a challenging task which is of interest [Chen

et al., 2014, Kang and Fringer, 2012, Xie et al., 2015]. Supercritical topographies

have shown their efficiency in converting energy from BT to BC mode in the lit-

erature [Chen et al., 2014, Kang and Fringer, 2012, Kelly and Nash, 2010, Zhang

et al., 2011]. Kang and Fringer [2012] suggested that conversion rate depends on

Γ1, where the relation is convex (small conversion in high and low values of Γ1).

Therefore, to better interpret the results, I utilize the dimensionless parameters of

Γ1 and Γ2. The results (linear IWs with Fr � 1, Γ1 > 1 and Γ2 < 1 as shown in
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Fig 5.6) suggest a pattern similar to Kang’s study both for M2 and K1; however,

the maximum conversion in this study occurs around Γ1 = 7.5 and 95 for M2 and

K1 tides (Fig 5.6-a and 5.7-a), while Kang and Fringer [2012] reported Γ1 = 1.5

for M2. The source of such discrepancy can be the different nature of the topog-

raphy modeled by Kang and Fringer [2012], where most of the conversion occurs

at continental shelf break with the pycnocline around 250 meters deep and Γ1 = 1

to 2. On the other hand, the topography used in this study is much steeper with

shallow pycnocline varying from 5 to 20 meters deep. Moreover, I reported the

weighted-average of Γ1 (the weights are the conversion value at any location) in

comparison to Kang and Fringer [2012], which reported all of the domain cells

(in the Monterey Bay). Other studies such as Xie et al. [2015] employed different

techniques to represent a weighted mean density stratification. It should be noted

that the frequency and BT tidal velocity for a combination of tidal elements are

not well defined; therefore, the Γ1 and Γ2 for M2K1 are not provided. Also, K1

and M2 have similar patterns while the K1 has a higher range due to the small

difference between ωK1 and f (Fig 5.6-a). Finally, the tidal excursion (using the

details of maximum conversion location) is not sensitive to the pycnocline depth

(kb varies slightly as the depth of maximum conversion does not change remark-

ably).

116



Figure 5.6: The relation between Γ1, Γ2 and pycnocline for cases perturbed by
M2 and K1 is shown in panel a and b respectively. The M2K1 data is not plotted
as ω and U0 is not well defined in Γ1, Γ2 for a case perturbed by various tidal
constituents. The panel a has two different vertical axis to accommodate the high
range for K1 (ωK1 is close to f which causes a significant amplification of Γ1, while
its behavior is similar to M2). The initial phases of the M2 and K1 tidal currents
are 90◦ and 144◦. The bathymetry slope at the reported locations is increasing
with deepening of the pycnocline as 0.0275, 0.0500, 0.0500, 0.0550, 0.0625 and
0.0675 for 5, 7.5, 10, 12.5, 15 and 20 respectively.
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Figure 5.7: The effects of pycnocline depth on 〈̂C〉 for cases perturbed by M2K1,
M2 and K1. The initial phases of the M2 and K1 tidal currents are 90◦ and 144◦.
The contribution of M2, K1 and NT respective to M2K1 is shown in percentage
in panel b.

5.4.2 Tidal Constituents

Due to the prominent role of M2 tide in the BT to BC energy conversion and

associated dissipation processes, the M2 internal tide has received a great amount

of attention, while other tidal constituents have been dismissed until recently

[Carter, 2010, Carter et al., 2008, Jachec et al., 2007, Kang and Fringer, 2012,

Merrifield and Holloway, 2002, Müller, 2013, Niwa and Hibiya, 2001, Rainville
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and Pinkel, 2006]. The contribution of other tidal constituents in converting BT

to BC energy can be up to 33% (the global energy conversion by M2, S2, K1

and O1 are estimated to be 1.11 (66%), 0.19 (11%), 0.24 (14%) and 0.13 (8%)

TW) [Müller, 2013]. In other studies, the contribution of K1 diurnal tide has

been reported from 8% to 50% in comparison to M2 in various places such as the

Luzan strait and the Hawaiian ridge [Liu et al., 2017, Smith et al., 2017]. In this

subsection, I discuss 1) the contribution of diurnal tides in the energy conversion

process, 2) the interaction of two tides which excites other frequencies, and 3) the

nonlinear tide-tide interaction in the nearshore area (H < 100 m).

The energy conversion, which correlates with the potential energy of linear

IWs, is a function of IW amplitude (EA = ρ0N
2δ2/s) and is governed by the BT

tidal flow velocity and surface tidal height. The presence of strong surface M2

and K1 tides are reported in the southern Monterey Bay with the amplitude of

0.49 and 0.36 meters [Petruncio et al., 1998]. Considering M2 and K1 amplitudes

and periods, the BT tidal velocity ratio is about 2.5 in favor of M2, which makes

M2 IWs several times stronger than K1. This pattern holds for the results of

this study as K1 conversion is 10% and 50% of M2 when the pycnocline is at 5

and 20 meters (Fig 5.7-b). Deepening the pycnocline up to 10 meters intensifies

K1 energy conversion (up to 100 %), and after that, it declines (similar to M2,

which is discussed in the previous subsection). The lower BT velocity of K1 tide

not only generates a smaller conversion (W is half), but also causes the density

perturbation to decay faster with the depth, which limits the conversion to a

smaller region (Fig 5.9-f).
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As discussed earlier (equation 5.9), the interaction of two waves, creates sec-

ondary frequencies in addition to the primary ones. We expect to see the period of

6.2 hr (2M2 ≡ 2ωM2), 11.95 hr (2K1 ≡ 2ωK1), 25.77 hr (K1−M2 ≡ 1/ωK1−1/ωM2)

and 8.16 hr (K1 +M2 ≡ 1/ωK1 + 1/ωM2) in a system perturbed by M2K1 where

I call the K1 − M2 and K1 + M2 secondary, while 2K1 and 2M2 are primary

frequencies (as they are the perturbation frequencies). Also, IWs generated at

supercritical bathymetry can resonate with the frequency of nω (other secondary

frequencies) where n is an integer [Bell, 1975, Thorpe, 1997]. The primary, sec-

ondary, and resonance frequencies can be seen in the Fig 5.8. Although K1 con-

version is smaller than M2, its presence creates two secondary frequencies (25.77

hr and 8.16 hr in Fig 5.8-a) with total conversion more than itself because the

conversion amplitudes of the secondary frequencies are the average of primary’s

(equation 5.8). Therefore, the existence of K1 in the system not only promotes

the conversion at the frequency of 2K1, but also it creates strong conversion at

hybrid frequencies. It should be noted that above the 30◦ latitude, IWs with

frequencies greater than inertial’s (24 hours) propagate as trapped Kelvin waves

until they fully dissipate in the system. Therefore, I propose that K1 enhances the

conversion through generating mid-frequency waves as well as dissipating diurnal

trapped Kelvin waves.
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Figure 5.8: The Fourier decomposition of C at its the maximum location is shown
for M2K1, K1 and M2 cases in the panel a, b and c respectively. Each panel
shows the data for various pycnocline depth (5, 7.5, 10, 12.5, 15, 17.5 and 20
meters). The period peaks in the Fourier represent TK1 = 23.9, TK1/2 = 11.95
and TK1/3 = 7.97; TM2 = 12.4, TM2/2 = 6.2 and TM2/3 = 4.13 for panels b and c.
For Panel a, the primary and secondary periods are TM2/2 = 6.2, TM2/3 = 4.13,
TK1 ∗ TM2/(TK1 − TM2) = 25.8 as well as some of the periods which are close
together and the the decomposition did not separate them out clearly such as
TK1 ∗ TM2/(TK1 + TM2) = 8.17 and TK1 = 23.9 as well as TM2 = 12.4 and
TK1/2 = 11.95. There is an extra peak (4.92 hr) for M2K1 which is result of
third order (in addition to primary and secondary) interaction between 8.17 and
12.4 (8.17*12.4)/(8.17+12.4).

The coupling ofM2 tidal IWs with near-inertial oscillations (such as winds) has

been known for a long time as an effective mechanism of energy dissipation and

cascade through higher frequency modes [Davies and Xing, 2003, Van Haren et al.,
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1999, van Haren et al., 2003, Xing and Davies, 2002]. This study is more focused

on investigating the immediate effects of K1 presence on the energy conversion

rather than its dissipation through the cascade. The conversion ofM2K1 is mainly

dominated by M2 and the presence of K1 only creates a phase shift in
︷ ︸︸ ︷
ρ′,W (Fig

5.9-b). While such a phase shift barely exists for cases with pycnocline at 5 meters

(M2K1 andM2 are equal), deepening the pycnocline intensifies the phase difference

leading to an increase in M2K1 in comparison to M2. Another interesting point is

that the NT term starts negative at pycnocline=5 meters and becomes positive.

Based on Fig 5.9, it can be concluded that the NT term is significant for systems

with extensive shallow pycnocline; however, the NT term can get discarded as the

pycnocline becomes deeper than 12.5 meters by accepting 7% error. Therefore, as

expected, the linear superposition holds valid for studies dealing with linear IWs,

which are the common features of the continental shelf breaks.
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Figure 5.9: The time-series of various attributes (sea surface level, BT vertical
velocity, density perturbation, and conversion rate) for different tidal constituents
(M2K1, M2 and K1) are provided in panels a to d, while e, f and g are showing
the vertical structure (BT vertical velocity, density perturbation and conversion
rate) at the location of maximum conversion rate (x=44.648 km, z=9.75 meters
and d = 11.5 meters) at different times (the blue, red and yellow stars denotes
t =416.8, 410.1 and 416.8 hr).

5.4.3 Tidal Phase Lag

The tidal phase lag ofM2 andK1, which is a function of time, can be an important

parameter regarding the estimation of conversion rate in any active site such as

Monterey Bay. Because M2 and K1 move in and out of phase throughout the

year, it is significant to study the conversion rate sensitivity to their phase lag.

Data suggests that although there is nonlinear interaction attributed to theM2K1

coupling, it is not sensitive to the tidal phase lag as the total conversion varies

less than 5% for different phase lag values. Therefore, I reject the dependency of
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nonlinear effects (NT) on the tidal phase lag regardless of the pycnocline depth

(Fig 5.10).

Figure 5.10: The relation between 〈̂C〉 and the phase lag for cases with pycnocline
at 7.5, 12.5 and 17.5 meters deep which are perturbed byM2K1 tidal current where

the
︷ ︸︸ ︷
M2, K1 = PhaseK1 − PhaseM2 varies from −54◦ to 124◦.

5.5 Conclusion & Future Work

The promotion of BT to BC energy conversion by tidal constituents other than

M2 in highly density-stratified nearshore regions has not received a lot of at-

tention. In this paper, I included the K1 BT tidal flow as a representative of

diurnal constituents as well as considered the tidal interaction between K1 and

M2 in the Monterey Bay. The southern Monterey bay with supercritical nearshore

area experiences strong tidal flows and a considerable amount of IW activities as
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well as prominent density stratification due to the upwelling during the summer;

therefore, it is a perfect candidate for studying the M2K1 tidal interaction.

The conversion process, which is due to the phase lag between density per-

turbation and BT vertical velocity, gets affected by environmental parameters

including the pycnocline depth, tidal constituent combination at play, and the

phase lag between tidal elements. The fact that the inertial frequency is bigger

than K1 frequency at the Monterey Bay (and any location above 30◦ latitude)

should not dissuade us considering its role as it can stimulate noticeable conver-

sion at other frequencies higher than inertial’s in combination with M2. The K1

tide also converts BT energy to BC energy and dissipates it as trapped Kelvin

waves. The data suggests that the optimum pycnocline depth for the maximum

conversion is around 10 to 15 meters based on the active tidal constituents. The

pycnocline controls the location of the maximum conversion block (which is 5 to

10 meters above the ocean bottom) as well as its concentration (the deeper the

pycnocline, the narrower the conversion block becomes). Moreover, the linear su-

perposition ofM2 and K1 may become impaired by the nonlinear interaction term

when the pycnocline is very shallow (< 10m). However, such a term approaches

zero as the water column, and pycnocline become deeper. The dependency of

conversion in a multi-tidal scenario can be an important parameter as M2 and K1

are not phase-locked [Kelly and Nash, 2010]; however, a such reliance was rejected

by accepting 5% of error.

This study provides insight into the energy conversion in the nearshore area

due to tide-tide interactions. However, there are more parameters affecting the
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conversion, which should be considered. For example, the Monterey Bay and many

other locations are profoundly affected by sea breezes, which can influence the

conversion rate, vertical structure, and dynamics of the nearshore area. Moreover,

the internal bores and asymmetric IWs should be considered because the IWs

become nonlinear as they approach the shore.
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Chapter 6

WIND-TIDE INTERACTION

EFFECTS ON CONVERSION

RATE1

Chapter Overview

The presence of the sea breeze and its impacts on the coastal dynamics have been

studied extensively over the past several decades. In particular, the efficiency of

cross-shore (XS) wind in XS transport has received considerable attention. How-

ever, the coupling of XS diurnal sea breeze and tidal currents requires further

investigation. For example, the acceleration of tidal currents over a sloped topog-
1S. Omidvar, M. Fagundes and C.B. Woodson. Effects of environmental forcing on internal

wave generation and conversion II: Tide-wind interactions. To be submitted to Journal of
Geophysical Research - Oceans
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raphy results in the generation of internal waves (IWs) and energy conversion from

barotropic (BT) to baroclinic (BC) mode. In the coastal zone, sea breezes have

the potential to alter the phasing and acceleration of these flows. Here, I analyze

the factors which affect the dynamics of XS wind on tidal energy conversion. The

results suggest an 1) intensification in the velocity gradient due to the presence

of the wind, 2) the BT to BC conversion by wind solely, and 3) a strong (weak)

correlation between the tide-wind phase lag and energy conversion for (semi-) di-

urnal tidal constituents, which affects the accuracy of linear superposition of wind

and tide conversion.

6.1 Introduction

The coastal ocean connects the land to the open ocean and consequently, its

biological, chemical, and physical processes and characteristics can affect how

human impacts are translated to the larger ocean. The physical dynamics of

the coastal ocean are complex, with high spatiotemporal variation due to a wide

range of processes including tidal currents, XS and alongshore (AS) sea breeze

and regional winds, shallow-water circulation, trapped Kelvin and IWs. In the

past few decades, a great effort has been made to understand how these processes

interact to determine coastal ocean circulation patterns. Here, I look at how

the coupling of these two processes, tides and winds, affects the generation and

dynamics of IWs.

The acceleration of tidal currents over the sloped topography can generate
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IWs, which contribute significantly to biophysical conditions and energy budgets

[Baines, 1974, Bell, 1975, Rattray Jr., 1960]. IWs are an integral part of the ocean

which help to mix particles, to replenish nutrients, to diffuse energy through

turbulence, to increase larval recruitment, to augment XS transport and most

importantly to convert BT energy to BC mode [Boehm et al., 2002, Klymak and

Moum, 2003, L. Shanks and G. Wright, 1987, Leichter et al., 1998, Munk and

Wunsch, 1998, Pineda, 1995, Woodson, 2018]. While the role of IWs in converting

the BT energy to BC mode has been studied extensively on the continental slope

[Jan et al., 2008, Kang and Fringer, 2012, Kelly and Nash, 2010, Kelly et al., 2010,

Merrifield et al., 2001, Moum et al., 2007, Niwa and Hibiya, 2001, 2004, Simmons

et al., 2004], such a conversion is less understood in the coastal region where the

dynamics can be affected by surface winds.

Recent studies help to understand the dynamics of AS wind and IW coupling in

the mid-shelf region [Davies and Xing, 2003, Kurapov et al., 2009, Osborne et al.,

2011, Suanda et al., 2011, Xing and Davies, 1997, 2002]. The role of AS wind can

be seen in 1) promoting the spatiotemporal intermittency of IWs and increasing

the turbulence as well as, 2) generation of IWs with near-inertial frequencies. The

presence and relaxation of upwelling/downwelling AS wind adds to the fluctuation

and turbulence observed over the shelf. Also, AS winds affect the dynamics of IW

generation through altering the density stratification (Brunt-Vaisala frequency),

which is a key element in the reflection behavior of IWs. Subcritical topographies

allow onshore propagation of IWs, whereas supercritical ones reflect IWs back

to the deep ocean. The coupling of M2 tidal flow and near-inertial wind-induced

129



currents can be an effective process in the generation of f−M2 IWs (the frequency

is a function of inertial frequency of f and M2), turbulent mixing and the energy

transfer to higher modes [Davies and Xing, 2003, Xing and Davies, 1997, 2002].

In the inner shelf regions, where the Ekman spiral does not fully develop as

the water column is not deep enough and the pycnocline suppresses the verti-

cal diffusion of momentum, the AS wind is not efficient in driving XS transport

[Austin and Lentz, 2002, Tilburg, 2003]. In such systems, the surface and bottom

boundary layers usually overlap and interact with each other. The result of which

is the XS transport by XS wind where offshore wind creates an offshore flow in

the surface layer and it is compensated by the onshore flow in the bottom layer

where the zero crossing of the velocity occurs at half of the water-column depth

[Fewings et al., 2008, Tilburg, 2003]. In this paper, I analyze the role of XS wind

on the BT to BC energy conversion due to tidal flows over the topography.

6.2 Theoretical framework

Under the Boussinesq approximation, the governing equations for incompressible

fluid consist of continuity (∇.u=0), momentum conservation (∂u
∂t

+ u∇.u + f =

1
ρ0
∇P + ν∇2u − ρ

ρ0
g), and density transport (∂ρ

∂t
+ u∇ρ = κ∇2ρ) where g,

f , ν, κ are gravity vector (−g k̂), Coriolis vector (fv î-fu ĵ), eddy viscosity

and diffusion. The density (pressure) can be partitioned into ρ = ρ0 + ρb + ρ′

(P = P0 + Pb + P ′) where the terms are reference, background, and perturbation

constituents. Also, the velocity can be divided to BT (U, V = 1
H
u, 1

H
v) and
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BC parts(u′, v′, w′ = u − U, v − V,w −W ) where the bar operator provides the

depth-integrated value of a parameter (ψ =
´ η
−d dz) and η, −d, H are water

surface elevation, ocean bottom and water-column depth. To satisfy the continuity

equation the BT vertical velocity W must satisfy W = −∇h.[Uh(d+ z)] where h

subscript denotes the horizontal direction [Kang and Fringer, 2012].

Using these definitions, the depth-integrated time-averaged BT to BC energy

conversion (including the kinetic and potential) becomes 〈ρ′gW 〉 where the angled-

bracket provide the time-average (〈ψ〉 = 1
T

´ T
0

dt) [Kang and Fringer, 2012].

It should be noted that the conversion can also be calculated as a function of

pressure perturbation felt at the ocean bottom, which has been used in many

studies C = ~∇H.UP ′|z=−H [Carter et al., 2008, Gerkema et al., 2004, Kelly and

Nash, 2010, Kelly et al., 2010, Kurapov et al., 2003, Llewellyn Smith and Young,

2002, Pickering et al., 2015]. However, C = ρ′gW gives a better representation as

it shows the conversion through depth.

Similar to part I, considerig the IWs are linear in this study, I assign idealized

sinusoidal functions to BT vertical velocity and density perturbation as W =∑
a′j sin

(
ωjt+ b′j

)
+ c′j + NTW and ρ′ =

∑
ai sin(ωit+ bi) + ci + NTW where

ai (a′i), bi (b′i), and c (c′) are amplitude, initial phase and constant values of the

functions. The time-averaged conversion due to the tidal current and wind effect is

〈C〉 = cos
︷ ︸︸ ︷
W, ρ′+NTW where the over brace operator shows the phase difference

(
︷︸︸︷
a, b is the phase difference between variables a and b) and NTW is the nonlinear

effect of the wind (similar to NTT in part I).
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6.3 Numerical Setup

I used SUNTANS (Stanford Unstructured Non-Hydrostatic Terrain following Av-

eraged Navier-Stokes Simulator [Fringer et al., 2006]) to study the role of XS diur-

nal sea breeze in the energy conversion process in the southern part of Monterey

Bay. SUNTANS utilizes an unstructured triangular z-level grid system and has

been extensively employed in studying nonlinear, non-hydrostatic hydrographic

studies in the coastal ocean [Chua and Fringer, 2011, Fringer and Zhang, 2008,

Kang and Fringer, 2012, Liu and Chua, 2016, Masunaga et al., 2015, Ming and

Chua, 2014, Walter et al., 2012, Xu and Chua, 2017].

6.3.1 Model Configurations

Studying the role of wind in a shallow water system is an arduous task that can

be simplified by using two-dimensional models. Such a simplification is necessary

at this point as it allows to unfold the governing process and identify patterns

[Kurapov et al., 2009, Osborne et al., 2011]. Many of the 2-D models use the peri-

odic boundary condition, which loops the model in the AS direction [Kang, 2010,

Kurapov et al., 2009]. However, in this study, I avoided using such a technique

as it can cause issues because of the significantly large AS currents created by the

wind over the time. Instead, I used a 2.5-D configuration for SUNTANS, which

is essentially a two-dimensional model capable of comprehending and simulating

some of the intrinsically three-dimensional processes such as Ekman spiral in a

two-dimensional setup with closed boundaries (no-flow) in the AS direction.
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I used a smoothed bathymetry (Fig 2 in part I) and idealized density strat-

ification (Fig 3 in part I) of the southern Monterey Bay during the upwelling

season (summer) accompanied by the moderate to strong (3 and 6 m s−1) diurnal

shoreward sea breeze as well as the major BT tides. The bottom drag, horizontal

(vertical) eddy viscosity, run (processing) time-step, minimum (maximum) hori-

zontal spatial resolution and layer thickness are 0.005, 1 m2.s−1 (0.001 m2.s−1),

5 s (300 s), 4 m (19.2 m) and 0.25 m. The IWs are damped at the both sides

(ocean-side and shore-side boundaries) of the model by relaxing the BC elements

(u′, v′).

To get better results, the time-average span should be chosen in a way to

avoid any residual value generated at the secondary frequencies. Considering the

three primary frequencies of M2, K1 and wind, several low and high secondary

frequencies are expected. Hence, I chose the total time of 13.5 days to get almost

no residual as the prefect time-averaging requires significantly long runs. T =

[8 (spin-up)+ 27 (processing)]∗ 12.4hr = 27 M2 [12.42 hr]=14 K1 [23.9 hr]=13.95

Wind [24 hr]= 41 (K1 +M2) [8.16 hr]= 13 (K1−M2) [25.77hr]= 40.9 (Wind+M2)

[8.18 hr]= 13 (wind-M2) [25.74 hr]= 27.96 (wind+K1) [11.97 hr]= 0.05 (wind-K1)

[5,736 hr]). Therefore, taking average over ≈ 13.5 days washes out most of these

residual conversion.

6.3.2 Tidal Flow & Wind

The most prominent tidal constituents in the southern Monterey Bay are the semi-

diurnal M2 and diurnal K1 with the tidal range of 0.98 and 0.72 m [Carter, 2010,
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Petruncio et al., 1998]. The regional-scale wind pattern suggests northwesterly

wind during the summer, which is upwelling favorable on the west coast [Beardsley

et al., 1987, Woodson, 2013]. The prevailing upwelling wind induces a southward

jet of cold deep water at the Point Ano Nuevo, which surrenders the water inside

the bay. The trapped water inside the bay which remains there for a significant

time (8 to 17 days Woodson et al. [2007]) becomes warm and forms shallow lenses

(4 to 7 meters) of warm water which is significantly more buoyant (up to 10◦

Celsius) than the rest of water column [Graham and Largier, 1997, Paduan and

Rosenfeld, 1996, Rosenfeld et al., 1994]. Such a system is highly stratified and is

favorable for the generation and propagation of IWs.

In addition to the upwelling-favorable regional wind, the diurnal sea breeze is

present due to a pressure gradient between Salinas Valley and Monterey Bay water

in the afternoon during the upwelling season [Banta et al., 1993, Woodson, 2013].

The wind record at the Hopkins Marine Station (HMS) during June 2017 suggests

the shoreward diurnal oscillations rather than an onshore-offshore pattern with

the major axis aligned with XS (Fig 6.1).
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Figure 6.1: The figure provides the wind record for HMS during June of 2017.
Panels show the oscillation amplitude at the primary frequency (a), 10-minute
wind polar histogram (b) and XS-AS wind constituents (c).

6.3.3 Parameters

In part I, I analyzed the tide-tide interaction, while in this part, I examine the

wind-tide coupling as well as the role of wind in tide-tide interaction. To examine

these interactions, I consider different pycnocline depths of 5: 2.5: 20, where the

colon notation denotes minimum, step and maximum values of a parameter. I

cover the different tidal combination of M2, K1, M2K1 with and without wind.

The diurnal sea breeze records suggested a moderate to strong shoreward wind;

hence, I chose 0, 3, and 6 m.s−1 which corresponds to the shear stress of 0, 0.013,

and 0.05 Pa [Large and Pond, 1981]. As the dependency of energy conversion of
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M2K1 on initial phase lag (
︷ ︸︸ ︷
M2, K1) was rejected in part I, I discarded the tide-tide

phase lag effects in this study. Such a realization avoids the exponential growth

in the number of cases required.

6.4 Results and Interpretation

As mentioned in section 2, the conversion rate, which is the result of ρ′gW , can get

affected by several parameters, including the depth of pycnocline, the combination

of tidal constituents, wind speed and direction as well as tide-wind phase lag. In

this section, I analyze the effects of each parameter on linear IWs by studying the

vertical structure of the water column, density and velocity perturbation time-

series and the phase lag between ρ′ andW which affects the total energy conversion

〈̂C〉 where the wide-hat operator denotes an integral over the XS (φ̂ =
´ L
0
φdx).

The presence of XS wind can affect the dynamics of a shallow water system by

strengthening the shear velocity which might result in upwelling and downwelling

over a sloped bathymetry. In the inner-shelf region, where the boundary layers

overlap, the XS transport is dominated by the XS wind rather than AS wind

[Fewings et al., 2008, Tilburg, 2003]. The onshore wind creates a shear flow where

the upper layer transports materials shoreward and the compensating offshore

current occurs in the bottom layer [Fewings et al., 2008]. Tilburg [2003] proposed

an empirical-analytical relation of 2.3
√

τ
ρ0

1
f(1+N2/f2)0.25

to estimate the thickness

of the top layer which gives the zero-crossing of 10 meters for the severe wind of 6

m.s−1. Fewings et al. [2008] suggested the thickness of H
2
to H

3
, which is equal to
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6 meters over the slope. Our results agree well with these findings as the density-

stratified system forms a two-layered flow where the offshore and onshore velocity

magnitudes are almost equal (symmetric) and the zero-crossing occurs at the half

of the water column depth (Fig 6.2-e and d). On the other hand, for the mid-shelf

region, where the bottom and surface boundary layers have more space to develop,

the velocity is more intensified in the surface layer (asymmetric); therefore, the

surface layer thickness is closer to H
3
(Fig 6.2-b and c). A small intensification can

be seen in Fig 6.2-e near the ocean bottom part during the ebb tide which can be

counted toward the acceleration of the flow over a sloped bottom or a fully BT

response due to the presence of the bottom drag; therefore, the cases with wind

behaves similar to the ones without wind [Edwards and Seim, 2008].
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Figure 6.2: The figure provides the horizontal velocity perturbation due to the
presence of IWs and XS wind. The left vertical axis in panel a shows the wind
speed, while the right one provides the sea surface height. Panels b-c and d-e
provide the vertical structure at x = 37.058 km (offshore) and x = 44.668 km (at
the slope) respectively. The system responses during the ebb (t = 402.8 hr) and
flood (t = 410 hr) are shown in b-d and c-e.

Although the wind does not affect the BT constituents remarkably, it can alter

the vertical structure, which affects the conversion and circulation dynamics (Fig

6.3). To better understand the effects of wind and the role of its initial phase on the

system dynamics, I simulated a case perturbed only by wind (no tidal currents).
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As expected, even a strong wind of 6 m
s
does not cause water accumulation as the

net XS is almost zero (η and W are negligible in Fig 6.3-b and c); however, it

creates ρ′ and C which are comparable to ones induced by tidal currents (compare

Fig 6.3-d with 6.4-d and 6.4-d). As mentioned, the top (bottom) layer moves

onshore (offshore) during the wind intensification. The bottom layer response

easily extends over the slope to satisfy the continuity equation, which results in

a negative (positive) u during the wind intensification (relaxation) corresponding

to a downwelling (upwelling) regime with negative (positive) vertical velocity (Fig

6.5). Such behavior can significantly increase the shear velocity and actively

circulate the water and materials in the inner-shelf.

Figure 6.3: The time-series and vertical structure of the nearshore area are shown
for cases perturbed only by wind (pycnocline=7.5 meters). The panels a to e
are showing the time-series at x = 44.668 km and z = −9 meters. Panels f to
h are showing the vertical structure of density perturbation, horizontal velocity
perturbation and ten-times of horizontal mean velocity (dashed lines in panel g)
as well as the vertical velocity at various time which are shown with blue, red and
yellow stars in panel a.
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Figure 6.4: Similar to Fig 6.3 where z = −6 meters and the model is perturbed by
M2 tide and wind (blue, yellow and red curves) as well as only by tide (purple).
The wind initial phases are shown in the top panel. Panel f to h shows the vertical
structure at the time= 413.25 (blue), 415.25 (yellow) and 417.25 hours (red) when
the wind speed is at maximum (the purple corresponds to 415.33 hours) which is
shown in panel a by stars.
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Figure 6.5: Horizontal (left panels) and vertical velocity (right panels) for a case
perturbed only by the wind with the pycnocline depth of 7.5 meters. The timing
of the panels are 379.25, 385.33, 387.42 and 391.33 hours from top to bottom
respectively.

6.4.1 Initial Wind Phase

The relative phasing of BT and BC constituents is of importance as it governs the

system dynamics. The time-series in Fig 6.3 over the slope suggest that wind speed

and W are off-phase by 180◦, while the
︷ ︸︸ ︷
ρ′,W is 5 hours which corresponds to 75◦

resulting in a positive conversion (< 90◦). This realization can be a significant help

in the interpretation of wind and its initial phase roles in the energy conversion

process as constructive interaction is expected when the ebb flow coincides with

the maximum wind speed. Similarly, the synchronization of flood flow and wind

results in a destructive reaction. The amplification and attenuation of ρ′ and w

amplitudes by the wind for K1 cases can be seen in Fig 6.6-c and d (red versus to
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blue curve). The wind dominance over the tide can be seen in the u′ and w records

over the slope as the wind outweighs the K1 tidal flow (although the red star has

the minimum tidal velocity, the red curves (u, w) are significantly bigger than

no-wind purple counterpart). Not only are the amplitudes of BC constituents (ρ′

and u′) affected by the wind, but also the wind can retard or advance the phasing

of such components for K1 tidal cases based on
︷ ︸︸ ︷
tide, wind. In the absence of wind,︷ ︸︸ ︷

ρ′,W ≈ 61◦ (purple curve in Fig 6.6), while the wind changes this to ≈ 55◦ for

the red curve which counted toward a constructive interaction (cos 55◦ > cos 61◦).

Figure 6.6: Similar to Fig 6.4 where z = −9.25 meters and the model is perturbed
by K1 tide and wind (blue, yellow and red curves) as well as only by tide (pur-
ple). Panel f to h shows the vertical structure at the time= 40.17 (blue), 413.17
(yellow) and 417.17 hours (red) when the wind speed is at maximum (the purple
corresponds to 409.75 hours) which is shown in panel a by stars.

The story is a bit more complex for the M2 tidal cases as M2 is not phase-

locked with the wind as K1 is. The big gap between K1 and wind periods makes
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their interaction intrinsically different from M2-wind as the wind perturbation

time-scale is closer to K1 in comparison to M2 (24 and 23.9 hours are closer

than 24 and 12.4 hours). Such a difference slows down the M2 perturbations and

flattens the tips of ρ′ minimums (Fig 6.4-d). The flattening of ρ′ can be physically

interpreted as the resistance induced by the wind forcing against gravity (the

restoration force). The upwelling-downwelling generated by the wind is slower

than the tidal ones; therefore, it seems that the wind is freezing the particles both

during the ebb and flood tides for a small period of time (Fig-6.4-d). Such an

alteration in the shape of a sinusoidal signal can be translated as the work done

by NTW which corresponds to a net variation in
︷ ︸︸ ︷
W, ρ′.

There is an unfiltered secondary frequency (5,736 hours) perturbation affect-

ing the 〈C〉 results. Although I don’t deny the contribution of such a term, I

don’t believe it can be responsible for the dependency of wind contribution (in

the conversion process) on its initial phase (as longer simulations suggested the

same pattern). Instead, I propose that the variation of conversion by wind is

due the wind-induced deformation of ρ′ time-series. Moreover, taking the time-

average over such a long time does not provide a realistic conclusion as some of

other physical configurations are changing in the time span of eight months, in-

cluding the presence of onshore diurnal see breeze (as they are only strong during

spring and summer) as well as the the strong density stratification (which will be

altered by the intensification and relaxation of upwelling jets at the point Ano

Nuevo Woodson [2013]). Therefore, the initial
︷ ︸︸ ︷
wind, tide can be counted as a

characteristic of the system. Last but not least, filtering such a frequency requires
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a tremendous amount of computational resources as the simulation of each case

(with the duration of ≈ 18 days) took 6 hours using 48 cores, 700 GB of hard

disk and 100 GB of RAM on the SAPELO supercomputer at the University of

Georgia. Extending the run-time to remove the aforementioned period demands

ten times higher processing and storage resources.

It can be concluded thatK1 (M2) tidal flow, which is (is not) phase-locked with

the wind, has a conversion rate that is sensitive (insensitive) to the initial wind-

tide phase lag. TheM2 conversion is remarkably amplified by the presence of wind

up to 40%. and its on the initial phase is as small as 5% which is insignificant. On

the other hand, the contribution of wind in cases perturbed by K1 can increase or

decrease the conversion by 700% (middle and right columns in Fig 6.7). Therefore,

K1-wind conversion depends heavily on the
︷ ︸︸ ︷
wind, tide and dismissing the K1 tide

in the energy budget calculation can cause a serious overestimation (due to its

negative conversion for some cases) or underestimation based on the initial wind

phase.
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Figure 6.7: The contribution of XS wind in XS-integrated depth-integrated tidal-
averaged conversion rate, 〈̂C〉, is shown for various cases as the difference with
the baseline values (the value printed inside each panel). The columns show the
〈̂C〉 for M2K1, K1 and M2 from left to right, while the rows provides the details
for pycnocline at 7.5, 12.5 and 17.5 meters. The severe and moderate wind (6 and
3 m.s−1) are shown with red and blue curves. The initial phases of M2 and K1

tidal currents are 90◦ and 36◦.

To be assured that such a dissimilarity can be fully explained by the tidal

period, I ran cases perturbed by a hypothetical tidal constituent of 20 hours

whose conversion results are similar to M2 rather than K1 as it is not sensitive to

the initial tide-wind phase lag (Fig 6.8).
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Figure 6.8: Similar to Fig 6.7 where the sensitivity of conversion on wind-tide
phase lag is evaluated with a hypothetical tidal constituent with 20 hours period
for cases with pycnocline depth of 12.5 meters. The M2 and K1 data are plotted
in a normalized format (the whole phase lag span is normalized between 0 to 1)
for the sake of comparison.

6.4.2 Pycnocline Depth

As discussed in part I, the pycnocline depth is an important parameter in shallow-

water systems as it governs the coastal dynamics through dimensionless numbers

such as steepness ratio and tidal excursion to examine the reflection and nonlin-

earity of IWs respectively [Garrett and Kunze, 2007, Kang and Fringer, 2012, St.

Laurent and Garrett, 2002]. Moreover, the pycnocline depth governs the wind-

tide interaction as the pycnocline, where the maximum of density gradients occur,

acts as a guideline for IWs. The wind forcing declines with depth; therefore, with

shallow pycnocline, the wind can create more potential energy (higher ∆ρ) in the

system. On the other hand, the bottom slope where the oscillations happen and
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the ratio of the water column which contributes to the energy conversion process,

are other important parameters that affect the conversion (refer to part I for more

details). Therefore, even without the presence of wind, we expect to see a balance

between these parameters with an optimum pycnocline depth (conversion values

in the first column of Fig 6.9). For the cases perturbed by both tidal flow and

wind, the same pattern (the
︷ ︸︸ ︷
wind, tide used for all panels of Fig 6.9 invokes a de-

structive interaction) is observed for all wind speed and pycnocline depth except

the cases with pycnocline of 5 meters. However, the story is different for cases

with a pycnocline of 5 meters as the destructive wind stress promotes conversion.

For cases with extremely shallow pycnocline, there might be a lack of interaction

between the stratified water and the bathymetry, the result of which is a low

conversion. In such a situation, the presence of wind promotes the bottom-tide

interaction, which elevates the conversion in the system. The translation of the

maximum conversion toward the bathymetry by wind can be seen in the last row

of Fig 6.9. Due to such a different pattern, I discarded the cases with 5 meters

pycnocline for the rest of the study.
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Figure 6.9: The 〈C〉 structure in the nearshore area is shown for cases perturbed
by M2K1 tide and XS wind (with a wind speed of 0, 1.5, 3, 4.5 and 6 m.s−1) with
pycnocline at 5, 7.5, 10, 12.5, 15, 17.5 and 20 meters deep. The total conversion
〈̂C〉 values are shown inside each panel.
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6.4.3 Wind Speed

The wind speed effect on the conversion is consistent for all pycnocline depth,

tidal constituents, and wind-tide phase lag as it does not change the nature of

wind-induced perturbations. As shown in Fig 6.10, increasing the wind stress

extends the penetration of perturbations caused by wind (especially ρ′ as the

vertical displacement created by wind is comparable to ones generated by tidal

flows) in the water column which results in higher (lower) conversion for cases

with constructive (destructive) wind-tide phase lag. The wind speed of 3 m/s

enhances the M2 and K1 conversion by 10 % and ± 100 %, while for 6 m/s this

contribution exceeds 40 % and ± 700 % for M2 and K1 respectively (Fig 6.7).
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Figure 6.10: The wind speed, BT vertical and horizontal velocities, BC horizontal
velocity, density perturbation and conversion rate time-series are shown in the
nearshore area for cases perturbed byM2K1 tide and XS wind (with a wind speed
range of 0, 1.5, 3, 4.5 and 6 m.s−1) with pycnocline at 12.5 meters deep. The
initial phases of M2, K1 and wind are 90◦, 144◦ and 157◦.

6.4.4 Nonlinear Interaction

Although most of the complex natural phenomena can be studied by combining

simple cases through linear superposition, such a technique might introduce error

in a system where nonlinearity is of importance (i.e., coastal shallow water). As an

example, as discussed in part I, the tide-tide nonlinear interaction can introduce

some error to the linear superposition especially when the pycnocline is shallow
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(green bars in Fig 6.11-c). The NTT contribution in comparison to NTW is benign

and limited particularly for K1 and M2K1 tidal flow due to their dependency on

wind-tide initial phase lag (Fig 6.11-b and c). On the other hand, the NTW

for wind-M2 is significantly smaller especially for cases with pycnocline deeper

than 10 meters; yet, discarding the NTW introduces 20 % of error to wind-M2

conversion (Fig 6.11-a). Moreover, the NTW contribution is negative for all of the

tidal constituents when the pycnocline is deeper than 10 meters which emphasizes

on the overestimation of conversion using the linear superposition (Fig 6.11). The

negative nature of NTW might be due to the double counting of the wind and

tide perturbations.
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Figure 6.11: The 〈̂C〉 values for cases perturbed by K1 (a), M2 (b) and M2K1 (c)
as a function pycnocline depth are shown above. The value of nonlinear tide-tide
and tide-wind interactions are shown in green bars and light blue error bar (the
center is shown with dot) respectively. The initial M2 and K1 phases are 90◦ and
36◦.

6.4.5 Mixing & Stability

One of the challenges of modeling and studying the effects of different parameters

on the conversion rate is to keep the major configurations steady after each tidal

cycle (i.e., the density stratification at the beginning and end of the simulation).
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The IW generation in a shallow water system is accompanied by a high amount

of mixing and dissipation, which results in modification of the density profile.

Given enough time, the stratification in the nearshore area will be weakened, and

the strong two-layered dynamics of southern Monterey Bay (strong two-layered

system) will be washed away by the repetitive wave overturning. To avoid such

mixing, I relaxed the eddy mixing coefficient. Although this decision helps to

sustain the configuration, it may impair our results and interpretations for some

of the cases. To analyze the tendency of mixing in the system, I employed the

Richardson number (Ri), which is beneficial as it compares stabilizing and desta-

bilizing forces (Ri = N2/(∂u
∂z

)2). Fig 6.12 suggests potential mixing at the gener-

ation site for cases with destructive XS wind (fig 6.12-c). On the other hand, for

cases with the constructive or neutral wind, the story is different, and the mixing

does not necessarily occur on the slope as shown in Fig 6.12-b (the low Ri away

from the generation site doesn’t affect the generation dynamics over the slope).

The negative conversion can be translated as mixing (which agrees well with the

Ri or BC to BT energy conversion through pressure-work) [Carter, 2010, Jachec

et al., 2006, Kang and Fringer, 2012, Masunaga et al., 2017, Zilberman et al.,

2009]). Such realization helps us to understand that the cases with destructive

wind might need a re-consideration as these cases suffer from the lack of mixing

despite having Ri < 0.25. Therefore, I conclude that all the interpretations above

hold for cases with positive conversion; yet, the negative conversion might need a

revisit and re-modeling. Such a re-modeling is an arduous task as it should keep

the density stratification more or less constant after each tidal cycle and allow
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for eddy mixing and overturning. Injecting fresh river water at the ocean side

boundary and using solar exposure might be a way to resolve this situation. This

configuration requires an extensive amount of calibration and testing to ensure

stability and accuracy in the model.

Figure 6.12: The total conversion in the domain as a function of offshore distance
is shown in panel a for various cases perturbed by K1 tidal currents and 6 m.s−1

wind with pycnocline at 7.5 meters. Panel b and c show the minimum Richardson

number (during the whole process time) for the
︷ ︸︸ ︷
wind, tide = −48◦ and 72◦ which

has a positive and negative total conversion rate (panel a) respectively.

6.5 Conclusion & Future Work

In this study, I analyzed the different factors affecting the BT to BC energy con-

version in the nearshore area for a system governed by XS wind and tidal currents.
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The presence of XS wind in the nearshore area promotes the formation of a two-

layered shear flow with the zero-crossing of H/2 (over the slope) where w and

wind are 180◦ off-phase. The period of M2 and K1 governs their interactions with

the wind where M2-wind cases are not sensitive to
︷ ︸︸ ︷
tide, wind; while, the K1-wind

conversion highly depends on the phase lag. The pycnocline depth has a manifold

effect on the conversion rate as it controls the conversion through steepness ratio,

the portion of the water column which contributes to the conversion process, and

the wind contribution (as the wind perturbations decline with depth). These fac-

tors balance each other at an optimum depth (between 12.5 and 15 meters) where

the maximum conversion occurs. The pycnocline effect is not sensitive to the wind

speed; in other words, all cases behave similarly despite the wind speed. Increas-

ing the wind speed does not change the system behaviors, and it only exaggerates

wind-induced perturbations as it enhances the wind penetration depth. The cases

perturbed by M2K1 tidal currents show a response, which is a combination of M2

and K1 as deepening the pycnocline increases the conversion (M2 characteristics)

and its conversion depends on the wind-tide phase lag (K1 characteristic). Despite

the small nonlinear interaction between K1 andM2, the wind-tide nonlinear inter-

action, NTW, can be significant especially in the presence of K1 (its a function of

wind-tide phase lag) which discourages the linear superposition of wind and tide.

To sustain the density stratification in the nearshore area over the processing time,

I turned off the eddy mixing, which might negatively impact the cases with the

negative conversion rate as their Ri < 0.25 (other cases didn’t show any tendency

to mix over the slope). Therefore, I propose to reconsider these cases using a
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model that considers eddy mixing as well as endure the density stratification.
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Chapter 7

CONCLUSIONS & FUTURE

WORK

This dissertation analyzes barotropic to baroclinic energy conversion in the

nearshore area using a robust novel formulation and considers the contribution

of diurnal tidal flow as well as the cross-shore diurnal sea breeze in the conversion

process. While the first three chapters provide a literature review for internal

waves and energy conversion, the other three ones focus on providing an effec-

tive conversion formulation using time-variant background density to filter the

barotropic tidal heaving, examining the effects of tidal flow (with different peri-

ods) interaction on energy conversion, and elucidating the coupling of barotropic

tidal flow with the shoreward sea breeze in the inner-shelf region of southern

Monterey Bay.
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7.1 Contributions

As the statistician George Box says, "all models are wrong, but some are useful",

I realize the differences between the complex internal wave which are observed

in nature and the simplified models that I utilized. However, my formulations

and results can shed insight into the dynamics of internal wave generation and

interaction in the nearshore area.

The formulations offered by Llewellyn Smith and Young [2002] and Kang and

Fringer [2012] suffer from ineffective partitioning of barotropic and baroclinic com-

ponents, which I addressed in chapter 4. The current formulation offers non-zero

energy conversion through time (while its time-average is zero) for a case perturbed

by tidal flows with flat topography, while the new method mitigates this issue.

Moreover, failure to filter the barotropic tidal heaving of isopycnals (barotropic

vertical movements of isopycnals due to surface tides) results in the emergence of

residual conversion over the slope (positive) and away from the generation sites

(can be positive or negative). The residual conversion is caused by the interaction

of internal waves and barotropic vertical movements. Positive conversion is often

employed as an indicator to recognize the presence of internal bores and waves

as well as their time of arrival (or generation) in the system. Therefore, filtering

such residual conversion (under and over-estimation) addresses the beach energy-

budget closure problem as well as it allows us to study the energy conversion

through time more effectively. My simulations suggest that filtering the barotropic

tidal heaving through applying a time-variant background density (which heaves

up and down with the barotropic components) can alleviate this issue. Using my
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new method removes virtually all of the residual conversion (both positive and

negative) at the generation site and away from it. The total conversion in the do-

main, which can be found through taking time-average and spatial-integral (both

depth and cross-shore), gives similar values for all three methods. Therefore, I

concluded that the residual conversion, which contains negative values observed

away from the generation sites (in this study and others such as Kang and Fringer

[2012]), and the overestimation (extra positive conversion) at the slope is mainly

due to inefficient partitioning of the energy and can be resolved by using a proper

background density function.

Although the semi-diurnal tidal flow has the biggest share in barotropic to

baroclinic energy conversion, my results agree with the literature emphasizing the

importance of other tidal constituents. The importance of K1, O1, and S2 in

the converting energy from barotropic to baroclinic mode has been highlighted

by Müller [2013]; however, their interaction in the nearshore area requires more

attention. My simulations suggested an energy conversion from 10 % to 50 % by

K1 (in comparison to M2), and they raise doubt upon the accuracy and validity

of linear superposition to study the conversion induced by several linear internal

waves (i.e., M2 and K1). The energy conversion for a combination of tidal flows

(such as M2K1) is subjected to not only the primary frequencies (the initial per-

turbation frequency such as M2 or K1), but also the secondary ones which are a

combination of primaries. Therefore, the time-averaging process should be done

in a way to assure no-residual conversion. Moreover, the data suggests that the

tide-tide interaction is not purely linear (especially for cases with a pycnocline
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shallower than 10 meters); however, this nonlinear interaction does not depend

on tide-tide initial phase lag. The M2 conversion rate correlates with the wave

steepness ratio (rather than the pycnocline depth), while K1 is not sensitive to

this number.

Despite of the Ekman cross-shore transport by the alongshore wind in the mid

to outer shelf regions, the cross-shore transport in the inner shelf is driven by

the cross-shelf component as the surface and bottom boundaries overlap. Such

a realization raises questions about whether or not the onshore wind can affect

the energy conversion process. The presence of onshore diurnal sea breeze is

documented in the southern Monterey Bay during the summer, which promotes

a strong shear velocity in the nearshore area. My results suggest that the M2

conversion is improved by the wind (discarding the initial wind-tide phase lag),

whereas the K1 tidal flow behavior depends heavily on the wind-tide phase lag.

The maximum conversion happens when the tidal flow (U) and the onshore wind

stress are 180◦ off-phase (i.e., when the flood tide and the relaxation of onshore

wind coincide), while the minimum happens when they are on-phase (i.e., when

the flood tide and maximum onshore wind occur simultaneously). Further analysis

showed that this pattern holds for cases with the pycnocline depth of 7.5 to 20

meters. The wind speed does not change the dynamics of the system, and wind

intensification only improves the penetration depth of the perturbations, which

results in the exaggeration of the wind effects on the conversion.

The presence of internal waves affects the system dynamics and infrastructure

installed in the nearshore area. Internal waves can promote instability and over-
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turning which results in a significant turbulent mixing and high velocity gradients.

Therefore, engineers should avoid building structures susceptible to vibrations and

turbulence in the areas which are known for internal wave generation. Moreover,

the safety of ocean outfalls that transport the wastewater from land to coasts can

be affected by internal waves as they can mix the water and transport the toxic

materials shoreward. Hence, accounting for internal wave generation by siting out-

falls further offshore where the pycnocline does not interact with the ocean bottom

and mixing is relatively lower will reduce the chances of beach contamination and

closure.

7.2 Future Work

Although this study deepens our understanding of the tide-tide and wind-tide in-

teractions in converting barotropic to baroclinic energy conversion, further steps

are required to take. 1) Upgrading the two-dimensional (and idealized three-

dimensional) models used for the time-variant background density to test its effi-

ciency with more realistic topographies and density stratification. 2) Testing the

time-variant background density method with the cases perturbed by the wind to

examine its efficiency and accuracy in such situations. 3) Combining the first two

scenarios and make a robust three-dimensional model of southern Monterey Bay

with the presence of cross-shore sea breeze to study the interactions and effects

of more complex features on the conversion process such as coastal circulation,

surface, and internal waves as well as wind-driven flows.
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