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ABSTRACT

Fault tolerant quantum computing will change fundamentally our conception of computing
but is at the very least decades away. This is a consequence of the overhead brought about
by the need to do Quantum Error Correction. In order to study quantum error correcting
thresholds, assumptions about the noise model are made in order that the problem becomes
tractable. In this thesis, we investigate and test the accuracy of one of these error models,
the Pauli Twirling Approximation in the five qubit quantum error correcting code.
Secondly, we investigate two aspects of quantum computing before quantum fault tol-
erance. The first aspect is a proposed near term quantum processor that uses tune-able
couplings in superconducting quantum devices and can naturally simulate real and sym-
metric Hamiltonians. We show that in fact this process can be turned into a universal
computational device as we can prove that it can simulate in any complex Hermitian matrix.
We do this by proving a new decomposition of lie groups. The second aspect of near term
quantum computation is one that has been afforded to the quantum computing community
as public quantum processors have been made available to the general public. We use these
devices to study entanglement monotones of GHZ and cluster states.
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CHAPTER 1

INTRODUCTION

1.1 'THE BEGINNINGS

It was 14 years after Feynman had conjectured that Quantum computers could efficiently
simulate quantum systems that Seth Llyod proved it to be the case (1). This year had wit-
nessed a dramatic increase in our understanding of quantum error correction with the work of
Daniel Gottesmann, Andrew Steane and Raymond Laflamme. The first experimental archi-
tectures for qubits were given by David G.Cory et. al and independently Gershenfeld, Neil
A. and Chuang, Isaac L. (2; 3) using NMR. The first, albeit very primitive, quantum pro-
cessors were reported by(4). This simple two qubit processor implemented Grover’s search
algorithm. The experiments that had been done so far in NMR had involved states that
were in fact mixed states. The viability of using NMR quantum processors was brought into
question when S. L. Braunstein et. al (5) showed that quantum states within some neigh-
borhood of maximally mixed states in fact had no entanglement. This point was brought
home when Noah Linden and Sandu Popescu(6) showed that quantum entanglement was
an absolute necessity in gaining the exponential power of quantum computers; further it
was shown that the presence of entanglement was not only necessary but in fact was not
sufficient if there was enough noise, in other words exponential resources where needed to
combat the presence of noise. Efforts in other design architectures were also being pursued,
for example E.Knill et.al(7) showed that contrary to belief universal quantum computation
could be implemented with just linear optical elements. Experiments(8; 9) with four and
five photons demonstrating teleportation. The superconducting architectural design was a

bit late in the game which showed two qubit entanglement(10-12)
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1.2 THE NOISY INTERMEDIATE SCALE QUANTUM (NISQ) ErRA

The concept of using quantum processors for near-term application was pioneered by D-
wave systems(13). By compromising on the universality of the quantum processing unit
and restricting oneself to Quadratic Unconstrained Binary Optimization problems (QUBO),
D-wave systems claimed to provide evidence for a quantum speed up(14-16). These results
were later contested as it was not clear that entanglement throughout the whole device was
being used in an essential way(17-19). Another architecture that was proposed was the
Single Excitation Subspace (SES) processor that was meant for near term universal quan-
tum simulation. In it’s original form it was only capable of simulating real and symmetric
Hamiltonians. In this thesis, chapter 3, we prove a novel lie theory decomposition whose
immediate result is that the SES processor can in fact simulate any complex Hamiltonian.
On the purely algorithmic side, the first viable near term quantum algorithm, Variational
Quantum Eigensolver (VQE), was developed by Peruzzo, Alberto et. al(20). By preparing a
trial state with random initial parameter on the quantum processor and classically optimizing
the result, with the help of the variational principle of quantum mechanics one can find
the ground state of the Hamiltonian. This sparked a great deal of research into various
applications(21-26) of the variational principle that go beyond finding the ground from tasks
like Quantum Error Correction numbers(27) to simulating various dynamical processes(28).
The second algorithm that was discovered and was quickly seen to be a viable near term
quantum algorithm was the Quantum Approximate Optimization Algorithm (QAOA) de-
veloped Farhi et.al(29). One can approximately, think of QAOA as trotterized Adiabatic
Quantum Computing with each time step being a variational parameter which is optimized.
The initial wave function evolves alternatively under a forcing Hamiltonian and the prob-
lem Hamiltonian. One optimizes variational process so that one minimizes the energy to
find the ground state of the problem hamiltonian. This has found applications in dis-
crete optimizations(30-32). This algorithm has been studied as a way to get a quantum

advantage(32-36).



1.3 QUuANTUM COMPUTING FOR THE MASSES

In 2016, IBM took an unprecedented step and publicly offered a 5 qubit quantum processor(37).
This was device was later supplemented by another 5 qubit device and 16 qubit device. Sud-
denly, a flurry of work(38-47) was done implementing toy example of different quantum
computing and information theory algorithms and concepts. In Chapter 4 of this thesis, we
present work measuring entanglement monotones on publicly available quantum processors
provided by IBM. We assume the state prepared on the quantum processor is pure and real

then relax that assumption.



CHAPTER 2

PAULTI TWIRLING APPROXIMATION AND QUANTUM ERROR CORRECTION

2.1 THE ADVENT OF QUANTUM ERROR CORRECTION

In 1995, Rudolf Landauer(48) argued that goal of building a quantum computer would be

impossible. He had three main arguments against this

1. To prevent the accumulation errors what he called re-standardization (resetting the
computational unit to it’s original value ) but this would throw away information

about the error
2. Hamiltonian evolution could not be carried out because of manufacturing defects.

3. Miniaturization of devices would require ever more reliable components but this would

entail explosion in the cost of development, tooling, testing and fabrication.

Analyzing the work of Llyod(49; 50) he was skeptical of the claim that the sorts of errors
that would occur in gate schemes of Lloyd would be of the kind that would be correctable.

[ronically, a few months before Peter Shor had just published a the first quantum error
correcting code. This addressed the issue at least in principle of the re-standardization
procedure by introducing the concept of ancilla that allowed one to detect and correct the
position of errors without destroying the quantum state in which the information was stored.
These ancilla qubits could be re-standardized. His scheme required increasing the number
of qubits from k to 9%, where k is the number of qubits that one wants to protect. A few
months later Andrew Steane(51) and Raymond Laflamme et.all (52) produced quantum

error correcting codes that used 7k and 5k total qubits respectively.
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Daniel Gottesmann(53) in 1996 introduced the stabilizer formalism that encompassed
the quantum error correcting codes that had been introduced before but also introduced an

infinite class of codes that saturated the quantum hamming bound.

2.2  STABILIZER GROUP

The discussion, in this section is a summary of the discussion in Gaitan (54). A quantum
error correcting code (QECC) t that encodes k qubits into n qubits is defined through an
encoding map ¢ from the k-qubit Hilbert space H* onto a 2* dimensional subspace C, of
the n-qubit Hilbert space H"; it is required to be unitary. We choose the single-qubit

computational basis states (CB) to be the eigenstates of o7 i.e

ol1d;) = (1) 18;), (2.1)

where j labels the qubits. The CB states for H* are formed by talking all possible tensor

products of the single-qubits CB states:

16) = [61...8) = |0) ®...® |0)) . (2.2)

This establishes a one to one correspondence between the unencoded states |§) = [d; ... dx)

and encoded states [0) = |07 ...dx) so we have that:

10100y = C|01...64) . (2.3)

Also we have that 0 — Z; = (oi(T
Quantum stabilizer codes, C, is identified with a unique subspace that is fixed by ele-

ments of an abelian subgroup, S, known as the stabilizer group. More specifically we have
that for all |c) € C,
sle) = |e). (2.4)



The stabilizer group is a subgroup of the Pauli group that consists of n-fold distinct
tensor product of the Pauli operators o, 0y, 0, and the identity operator

The stabilizer group S is constructed from a set of n — k operators g1, ... g, known as
the generators of S because each element in the stabilizer group can be each element can be

written as a unique product of powers of the generators

s=git ...k (2.5)

Because the stabilizer group is abelian, the generators are mutually commuting operators
and are in fact hermitian, unitary operators and of order 2. As a consequence of their order
their eigenvalues are merely +1.

The parent space H" is 2" dimensional we need n commuting operators to specify a
unique state in the Hilbert space. In fact these n operators can be chosen to be the following:
J1---Gn-r; 21 ... 2 and the 2" simultaneous eigenstates of these operators can be chosen to
be the basis for H". These eigenstates can be labeled by strings [ = [y,.. .0, ;0 = 01... 0

so that

gi |1,0) = (=141, 6), (2.6)

Zi|l.8) = (=1)" |i.4), (2.7)

wheret=1...n—k,j=1...kand [, and §; =0,1

Note that for a given string [ = [; .. .1, the set of 2% eigenstates |[;J) span a subspace of
H™ which can be labeled by the string 1i.e Cy(l1,l5...1,—x) = Cy(l) and provide a partition
of H". The subspace determined by the stabilizer group is labeled as C,(00...0). In other
words, the subspace determined by the stabilizer group are those elements in the Hilbert

that are left invariant under the action of the stabilizer group elements so, s|c) = |c) Ve € C,



Modeling the noise in a quantum setting is more complicated than in the classical case.
It is known to be exponentially hard to exactly simulate the noise acting for example in
a quantum circuit. Thus if we are to study the noise in a quantum circuit and how to
apply QECC we have to assume a model of the errors that can be efficiently simulated on
a classical computer. For this discussion we will model the noise as simply the random
application of 0., 0, and o, with probabilities p,,p, and p, respectively. The o, operator
flips a qubit, o, potentially changes the phase of the qubit and o, does a combination of both.
To prove the above behavior apply the operators to the state |[+) = % (|0) + 1)) and |-) =
% (|0) — |1)) which form a basis for the one qubit Hilbert space.

So what we have is that elements of the stabilizer group can be labeled by bit strings of

length n —k p=p1...pp_i € F3~F where FJ% is the vector space of dimension n — k over

the field of characteristic 2.

Theorem 2.2.1 Let E be an error operator and Cy a quantum stabilizer code with generators

91, Gn-k- The image E(C,) of C, under E is C(1) with | =1; .. .1l,—y.

Proof We assume what will be proved later, that is F either commutes or anti-commutes
with g;. So ¢;F|c) = (=1)iEg;|c) = (—=1)%E|c) where [; = {0,1}. This means that
corrupted state is an eigenvector of the generators. Now {|I;8) : | € HY % § € H}} span
Hy and so E'|c) =), > 5a(l;0)|l;9). Because E commutes or anti-commutes with all the
generators and |l;0) are eigenvectors of the generator, this all implies that sum over [ does
not exist and we only have one particular value of [. Therefore E'|c) = > ;a(l;6)|l;5). So
the error takes the element of the code space to a specific subspace of C(l) as a consequence,

E(C,) C C(l). But these vector spaces are the same dimension so they are in fact equal. [J



The lesson to take is that for each E we can attach a syndrome measurement S(FE)

by ol

Example

Quantum Stabilizer Code for Phase Flip Channel

n:H!— C, C Hy

We need 2 generators {g1,g2}. There 8 possible errors. We want to protect our state

against a phase flip. Thus there are three possible errors Ey = o, Fy = 0% E3 = ¢

De-

pending on whether we have |0) ,|1) we will have a phase flip or not. The phase flip will show

up as a change in the relative phase. So we choose eigenstates of olo2, 0203 as elements of

our code subspace.

Error Syndrome

S(E> = (170)

S(E) = (1,1)

{0l 002} =0

z)y-x

[0}, 0203 =0

z)r x> x

{0_2 0_10_2 —

z)r-xrrx

(0%, 0203 = 0

z)r7xr



S(E)=(0,1)

0%, 0007] = 0
{02, 0507} =0

Elements of the stabilizer group are of the form s(p) = ¢i"¢”> p1,p2 € {0,1} So S =

{I,0l03 olo? olo?

b iagts v s gty v B Vg

2.2.1 DEEPER STUDY OF STABILIZER FORMALISM

The Pauli group GG,, has elements written as e = iAajl»l ®--- @0} where A = {0,1,2,3}, jx =

{I,z,y,z}. Since a’; = —io%o? we can always write the elements of the Pauli group as
e = i*0,(a)o,(b) where a = a;...a, and b = b;...b, ; a and b are n bit strings. We will

work with the quotient group G,,/C, C = {£I, +il}.

Theorem 2.2.2 1. The order of G,, and G,,/C are 2" and 2" respectively.
2. Ve € Gy, 2 =41, el =+e, e =¢f
3. Ve, f € G, either [e,f] =0 or{e, f} =0

Proof The order of the group is a trivial exercise in Combinatorics. We move on to the sec-
ond claim. € = i*0} ®---®0} 0] @---@0f = (=1)N=1)*Po,(a)’0,(b)* = (-1)M*] =
+1.

el = (=i)*o.(b)o,(a)’ = (=1)**(=1)*(i)*0,(a)o.(b) = Fe. Lastly, we prove that the el-
ements either commute or anti-commute. Let e = i*o,(a.)o,(b.), f = i*o(ay)o.(by).
The ef = (i)*™N0u(ac)o.(be)os(ar)ox(by) = (i) (=1)" 0y(ac)ou(ay)o:(be)o=(by) =
(i)t (=1)ber (—=1)% o, (ap)o,(by)os(ae)o.(be) = (—1)' fe with T = b. - ay + a. - by € Z.

If T is even then the elements commute but if T" is odd then the elements anti-commute OJ



2.2.2 ERRORS

Errors having a vanishing syndrome S(E) = 0 commute with all generators of the stabilizer
group. Let C(S) be the set of error e € G,, that commute with ¢ € S. C(95) is called the

centralizer.

Theorem 2.2.3 The centralizer is a subgroup of G,

Proof Firstly, the centralizer has the identity since [I,S] = 0Vs € S. Secondly, for g € C(S)
we have [g,s] =0 Vs € S so gs=5gs0 g lggs=sggg ' but > =1 = g ls=sg7! =
g7, s = 0] so g7' € C(S). Lastly, given two elements gy, go € C(S), their product g, g, in

in C(95) since g1925 = g1592 = 59192 and therefore [g1g,, 5] = 0. [

Since the stabilizer group is Abelian S C C(S), if an error e € C(95) is in S the it needs
no error correction but if it is in C(S) — S it will not be detectable.The proof proceeds as

follows.
Theorem 2.2.4 C(S) is a normal subgroup of G,,

Proof Let ¢ € C(S),s € S,g € G,, . We have csc™! € S. Now look at gc(g 'sg)g™! =
g(g7 sg)cg™ = s(geg™) € C(S). Therefore C(S) is normal. A slightly more abstract way
is to notice that G, acts on S by conjugation with the kernel being C'(S). Now a kernel is a

group and moreover a normal subgroup. U

This all means we can create the quotient group G,,/C(S5).

Theorem 2.2.5 Two elements e, eo are in the same coset if and only if they have the same

error syndrome.

Proof If they are in the same coset then they differ by an element ¢ of C'(S). Let es = eyc.
Consider e g; |d) with |d) being a code word. So exc™g; |d) = eagic™t |d) = eag; |d) = e1g; |d).
In other direction, ese;g = gesey so the product belongs in the centralizer. The product
commutes because ey, eo have the same syndrome measurement. Therefore 3¢ € C(S) such

that e;e; = ¢ = e; = ce, ', proving the theorem

10



The result is that different error syndromes are in 1-1 relation with the cosets of the

centralizer.
Theorem 2.2.6 |G, : C(S)| = number of cosets is 2"*.

Proof Each coset corresponds to a unique syndrome measurement. The number of syndrome

measurements is 2%

Theorem 2.2.7 The number of elements in C(S) = 2tk +2

Proof By Lagrange’s theorem gig‘) = |G, : C(9)]. So |GnGTn(S)\ =|C(9)| = g:—fi = Qntk+2

Now C(5)/S has elements that commute with the stabilizer generators but change the

codeword. These turn out to be the logical operators.

2.3 EXPLICIT PRODUCTION OF THE ENCODING CIRCUIT

2.3.1 TvyPE 1 AND TYPE 2 GENERATORS

The discussion in this section is a summary of material from(54; 55). Given a computational
basis state |¢) then a state in the codespace is [¢)) = Y ,,.¢ M |¢) , where M is a stabilizer
and S is the stabilizer group. |¢) will be referred to as the seed of the code word |¢)). Note
that M |¢) acts the seed for the same quantum code words as |¢). Not every seed will produce
a non-zero code word. We can produce a basis for the codespace in the following manner:
pick a seed, and apply elements of the stabilizer group that do not produce a non-zero code;
this will produce a state |1);). Then pick another seed that is not in the linear expansion
of 1) and apply elements in the stabilizer group that do not lead to a non-zero code to get
|1h2). 1t is shown in (55) that this procedure leads to a basis for the vector space stabilized
by the stabilizer group. The argument proves this by supposing you have a set of stabilizers
M = (My, M...M,) and a set of classical states C, and imagining the adding to the set

M a stabilizer M, ;. This stabilizer could do one of three things to a given seed ¢ in S,

11



1. M,4; could send |¢) to a classical state not in S,
2. M,;; could return + |¢)
3. M,y could return |¢') € S,

It turns out the third option can be ignored since M, ; can be written in a form that
acts like the second option. The first option leads to generators of type 1 and second option
leads to generators of type 2. Generators of type 1 will eventually make the order of the set
S, 2° where b is the number of type 1 generators. A generator of type 2 must act on each
qubit as the I;, —I; or as Z; where i is the label of the qubit. We can use |0) = [00...0)
as our first seed in our quest to find basis for the vector space stabilized by the stabilizer
group. Any other seed can reached by operating some N € S that is a product of X. For
N |0) to act as the seed for a non-trivial state, N must commute with every type 2 generator.
Assuming that our stabilzer group S is generated by (M, Ms, ... M,), we can get a full set
of 2"~ geeds by taking products of (n — a) operators Ny,... N, _,. The N; are called the N;
are called seed generators.

Once we have determined type 1 generators, M;, of the stabilized vector space and the
seed generators, N;, we can define a unitary transformation to perform the encoding

d

— 1 o=
0...0)® |1y ... cp) — TT (1 + M) N{ NG .. NP 16, (2.8)

type 1

where |0) is has length n and d = b+ r where b is the number of type 1 generators r is

the number of type 2 generators.

12



2.3.2 STANDARD FORM OF THE STABILIZER CODE

In order to find the encoding scheme we use the language of binary vectors. Suppose we

have a generator G; = G, ® ...G,;,. We introduce two vectors X¢, and Zg,

1 lfGU:XOI'Y

(Xa:); = (2.9)
0 itGy =2
and
(Za,); = (2.10)
0 ifG;=X

We also have X matrix of generators Gy, ...Gy is defined as the n x d matrix denotes

as Xg where
1 ifG=XorY
(Xa)ji = (2.11)
0 ifGy =2
i.e a matrix whose columns are X, and a similarly defined Z; matrix whose columns are Zg,.
In this new language the X-vectors that are linearly independent are the type 1 generators
and those that are null are the type 2 generators.
It is useful to divide the set of qubits into three sets A = (1...b), B=(b+1,...n—k)
andC=(n—k+1...n)

We first summarize finding the encoding procedure before giving a detailed explanation

2.3.2.1 SUMMARY OF ENCODING PROCEDURE

I It is useful to divide the set of qubits into three sets A = (1...0), B= (b+1,...n—k)

andC=(n—k+1...n)
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IT Apply the seed generators (logical X operators) on the set 53 in a controlled fashion i.e
apply the logical operator X; (it was denoted as N; before) conditioned on the state of

qubit n — k + 7 in set C
ITT Apply Hadamard operators on the set of qubits in A

IV Apply the projection operators created by stabilizer operators conditioned on the state

of the j'* qubit where j is in set B on the qubits in A

2.3.2.2 (CAREFUL EXPOSITION OF ENCODING PROCEDURE

Re-writing N;* as X;* since the seed generators are in fact products of X operators. We can

combine X and Zz into a check matrix H like

H = (X} 25) (2.12)

The check matrix can be put in the so called standard form which is the form

o [ At n-k-0))  Azxr) | Boxv Crioxn—r—)  Carox) (2.13)

Opxt Opx(n—k—=b))  Owxk) | Doxt  Loxn—r—b) Eoxk)

The logical operators have n — k degrees of freedom so that binary vector corresponding to

them can chosen to be in the following form

Obxl
U2(1) (n—k—b)x1
U3(1kx1
o(X)) = Dk (2.14)

Ubx1

Otn—r—p)x1

O(n—k—b)x1

14



with us have the special form u3(l) = (0...1;...0), where for example usy(n—r—t)x1 denotes

a (n—k—>b) x 1 vector got by picking the [ column from the matrix got by putting together

the binary vectors of logical operators

The above matrix takes the special standard form
X = (O ET I | (ETCi+CT 0 O)
With additional notation we write X; as

X1 = Sa[uz(D)]Sz[v[1]]oy =

T

where

SI[UQ(Z)] = (Ug"_l)“ll(l) . (O'Z_k)u&nfkfb(l)

S:for ()] = (o710 (ol e
We thus have the action of the logical operators being

0...0)

n

X0...0), =
Seluz (k)]0 .. 01)

Making our qubit sets more obvious we have the following action

) b ) n—k—>b k
X200...0), =10...0) @S, [us(k))*10...0)®]0. .. 6)

15
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Thus applying all the logical operators to get a computational basis state in the logical

space is
n—k—b k

o1 Sk
X X0...0 :Hyo 0) @S, ua(7)]1%10...0Y®]0. .. 6) (2.22)

7=1
Next we need to apply the operator (1 + g;) where j = (1...0). First we define U; =
Seluz(5)]%. These are controlled operations and their product is denoted as Ur = U; ... U,
Now using the standard form in 2.13 we have that the binary vector representing the stabilizer

operator is

uf(gi)z(o 1y 0 AN A(G) | BG) Ci() C’g(j)> (2.23)

So in standard form g; = Tjo?(0,)2Y) where T} is the operator that identifies the operator
that remains when we factor out all operators associated with qubit j. We have the operator

that needs to be applied that projects the quantum state into the code subspace

n—k b n—k
G=1[0+9)=6G=]]0+a) [] Q1+ (2.24)
j=1 j=1 j=b+1

where the first product is over the type 1 generators and the second product is over type
2 generators. We define |¢)) = X0 ... X% (00. .. 0),, and it is easy to see that | ...d) =
G X X2EGy|00...0), = G XD ... X¥[00...0), where we used that the type 2 genera-
tors act on a different set of qubits and therefore commute with the logical operators and
that the type 2 generators are product of Z operators and therefore act trivially act on our
state.

Looking at 2.8 we see that the next step is explicate how to apply the non-unitary

operation (14 g;)|¥). We easily see that

(14g;) ) =Ur|0...00;...6) + Tj0%(0.)PDUL|0...08, ... 0) . (2.25)
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The ¢7(07)P9) commutes with the Ur since they act on different sets of qubits and has the

following action

o2 (0.)P910...0;...00,...0:) =0...1;...08,...0). (2.26)

Therefore the action of the projection operator is the following

where H; is the hadamard gates on the j™ qubits in set A.
Note: The generators are applied onto the quantum state by a controlled operation i.e

T; acts only if j in the set 4 is in the one state.

2.3.3 5 QUBIT CODE EXAMPLE

For the sake of concreteness we choose the 5 qubit code which will be studied later on. The

stabilizers are g; = olo2030l gy = 02030105, g3 = olod0lob, g4 = 0lo?0l0 and the logical
X and Z operators, respectively are X = olo?030lo® Z = olo?c30l0>. In stand form we

have we have the following check matrix

H = (2.28)

17



The 5 qubit code has no type 2 generators. In standard form the logical operators are

X=<00001|10010) (2.29)

Z=(00000|11111> (2.30)

which gives in pauli notation the following operators X = oloto Z = clo?ciolo® The

stabilizers in standard form are

g1 = (—io,)ozos(—ioy)

y
g2 = 0,020707)
g3 = ololodod
g1 = o102 (—ioy)(—io) (2.31)
and the corresponding T operators are
T\ = olo,(—io)
Ty = 0l00;)
T3 =ocloo?
T) = olol(—io,) (2.32)

As a result of having no type 2 generators we have S,[us] = I and our fiducial state is
b=4 k=1

AN
0000 5, )
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Figure 2.1: The operators T1,T5,T5, T, are represented in black, red, green and blue respec-
tively

B

The first two operations in 77 and T3 act trivially and can be ignored to give the following

quantum circuit.

=]

> 1

)
0 e 7
0 W»Lﬂ
|61) Y] Y

Figure 2.2: The operators Ty, T5,T5, T, are represented in black, red, green and blue respec-
tively. The operators acting trivially have been removed

2.4 PTA AND 5 QUBIT CODE

Feynman introduced the idea of a universal quantum simulator,(56) noting that a classical
Turing machine would require a time exponential in the number of particles to simulate
quantum phenomena, while his proposed simulator made from quantum components would
avoid such a scaling. A surge of interest grew around the nascent field of quantum information
theory when Shor discovered his now famous algorithm, (57) which can provably factor
numbers in polynomial time, in contrast to a classical machine which is believed to scale
exponentially with the number of bits of the input. However, it was clear from the very
beginning that the great power of quantum computing—using quantum superpositions and
entanglement—also presented the greatest challenge to its realization; namely, the incredible
delicacy of quantum states in the presence of unwanted environmental interactions.

The first major step to protect the delicacy was taken by Shor when he proposed a

quantum circuit that could correct for any single-qubit error by encoding a logical qubit
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into 9 physical qubits. (58) Shor’s 9-qubit code and it’s generalizations work perfectly if
we make the unphysical assumption that all syndrome measurements are error-free. It is
therefore necessary to understand the effect of decoherence and unitary gate errors on a
complete fault-tolerant circuit. Unfortunately, the direct approach to this problem, namely
a full Hilbert space simulation of the quantum circuit in the presence of errors and noise,
is impractical because of the exponential relationship between amount of memory and time
needed to simulate quantum circuits and the number of qubits. A way around this problem is
to rely on the Gottesmann-Knill theorem, which shows that any circuit in which we prepare
initial states in the computational basis, use only gates from the normalizer of the Pauli
group (in this case the Clifford group), and measure operators from the Pauli group, can
be efficiently simulated on a classical computer. (59) We are thus provided with a class of
efficient error models that includes the Pauli and Clifford channels.

Simulation of a noisy quantum circuit is accomplished by performing each ideal operation
followed by an error (a gate from Pauli or Clifford group) with some probability. It is then
necessary to construct an error channel such that one approximates the true noise process
as accurately as possible (with respect to some measure), and ideally with the additional
property that the approximate channel upper-bounds the actual error. The first steps in this
direction were taken by Magesan et al.(60) and Gutiérrez et al. (61) These investigations
considered a single qubit density matrix and not a quantum error correcting circuit. Geller
and Zhou (62) took a different approach and asked how well the Pauli twirling approximation
(PTA), obtained by twirling the exact error channel over the Pauli basis, performed on
a 4-qubit Bell-state preservation circuit, where an analog of the logical error rate can be
defined. Despite its simplicity, the PTA was found to work surprising well over a large
range of physical error rates, but did not always upper bound the exact error. A second
test of the PTA was carried out by Tomita and Svore,(63) where the logical error rate was
calculated for the distance-3 surface code. Although the PTA test was not the main focus of

their work, these authors found excellent agreement for logical o* errors, but that the PTA
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overestimated the logical o” error by a factor of 5 to 10, depending on the qubit 77 time.
The results of Tomita and Svore,(63) and the desire to extend the work of Ref. (62) to a test
of the PTA on an actual logical error rate calculation, motivated the work reported here. In
addition, two other related investigations have recently appeared: Puzzuoli al.(64) discussed
the construction of efficient (Pauli and Clifford) error channels obtained by minimizing the
diamond norm subject to the constraint that the approximate channel always upper bounds
the error (an honest representation in the terminology of Refs. (60; 64)) and tested their
accuracy when applied to error-correcting circuits. Gutiérrez and Brown (65) focused on
Clifford channels and computed error thresholds for the Steane [[7,1,3]] code. The results
of Refs. (62; 63; 65), together with the results reported below, suggest that the PTA is a

reliable (and honest) predictor of the logical error rate, at least for low-distance codes.

METHODS AND RESULTS

Consider the time evolution of a density matrix p represented by some superoperator A; then

we have

p— ANp) =Y EnpE}, (2.33)

where the E,, are N x N Kraus matrices. Next consider a finite set of operations B = {B,,}
with m = 1,..., K. Twirling (66-69) the channel to obtain a new channel A is to perform

the operation
m=K

> BiA(BnpB},) By (2.34)

m=1

1

Aot
K

To arrive at the PTA, we simply consider the set B to be the n-qubit Pauli basis P,,, defined

as consisting of all possible tensor products

P, ={I,X,Y, Z}*", (2.35)
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giving a total of 4" distinct elements. Performing the PTA gives A that is always diagonal

in the Pauli basis, namely

A=Y pmBupBn. (2.36)

Bm€Pn
If A is trace-preserving then Y p,, = 1, otherwise > p,, < 1. A detailed application of the
PTA to single qubit decoherer?ce models is carried :ut in Ref. [(62)].

In this work we apply the PTA to the calculation of the logical error rate for the 5-qubit
code. The 5-qubit code is the smallest quantum error correcting code that can encode a
logical qubit, and detect and correct a single one-qubit error. It is a distance 3 quantum
error correcting circuit, meaning that with one error correcting cycle, 3 is the lowest number
of single qubit errors that cannot be detected. This code can be implemented by measuring

the stabilizers

X177 X, XoZ374Xs5, X1 X37475, 71 X2X4Z5. (2.37)

Note that by starting with the first stabilizer one can arrive at the other three by a cyclic
permutation of the qubits. The logical |0) and logical |1) states for this code are
1
0),, = (/00000) + [11000) + [01100) +- [00110) + [00011) + [10001)
— [10100) — |01010) — [00101) — |10010) — [01001) (2.38)
—[11110) — |01111) — |[10111) — [11011) — |11101))

and

1
1), = (111111) + |00111) + [10011) + [11001) + [11100) + [01110)
—|01011) — |10101) — |11010) — [01101) — |10110) (2.39)

—100001) — [10000) — |01000) — [00100) — |00010)).

A logical state is prepared in the computational basis using the first five (data) qubits,

as shown in Fig. 2.3. The next four qubits are used as ancilla qubits to measure the four

22



stabilizers after which four measurement outcomes (z1,xs, 3, x4) are obtained. There are
16 possible measurement outcomes which are in a one to one correspondence with the 16
possible errors that might occur [counting the outcome (0,0,0,0) as a trivial error|. In Table
2.1 we list all possible measurement outcomes and the corresponding single qubit errors. We
call the implementation of the circuit and performing the measurement step a cycle, which
is shown in Fig. 2.3. If one goes through a cycle and a single error occurs on any of the first
5 qubits, this might be reflected in the measurement result and thus detected. But instead
suppose that no errors occur on the data qubits but right before the measurement step a bit-
flip error occurs on the first syndrome qubit, giving the measurement outcome of (1,0,0,0).
An incorrect interpretation of the result would be to conclude that one of the 16 possible
errors on the data qubits has occurred, whereas in fact the fault lies with a syndrome qubit.
We therefore require a protocol that is tolerant to a single syndrome-qubit (or readout) error.
To this end, we note that for errors uncorrelated in time, it is likely that after readout and
re-initialization that the syndrome qubit will return to its original “faithful" state at the end

of the next cycle. The procedure followed in our simulations is therefore the following:

1. With the initial 9-qubit density matrix (representing data and syndrome qubits) per-
form the stabilizer measurements and the measurement step to complete one cycle.

Record the measurement outcome.

2. For the next cycle, re-initialize the syndrome qubits but use the 5-qubit density matrix

from the end of the last cycle.

3. Repeat step 2 until the same measurement outcome is obtained three times in succes-

sion. Call this event the completion of a trial.

After observing the same measurement outcome for three cycles in a row, we calculate

P=1—=Tr(pcpm), (2.40)
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measurement result | single-qubit error
0000 |
0001 A
0010 X3
0011 20
0100 Xo
0101 Xo
0110 Zy
0111 Yo
1000 Ly
1001 Xy
1010 X
1011 Y,
1100 Z3
1101 Y,
1110 Y3
1111 Y,y

Table 2.1: Syndrome measurement outcomes and their corresponding predicted single-qubit
errors.

where p. is the data-qubit density matrix obtained at the end of the final cycle and p,, is the
data-qubit density matrix predicted by the stable measurement outcome. We then define

the logical error rate as

1
PL=~ » P (2.41)

trials

where N is the number of trials. " The value of N is chosen to make the sampling errors
much smaller than the differences between the exact and PTA logical error rates we are
interested in. Defining the logical error rate this way allows us to calculate an error rate
that could be measured experimentally.

Our work here is done with surface code in mind where for example one deals with single
syndrome qubits and the robustness of a syndrome measurement is achieved by comparing

measurement results from a number of measurement cycles.

24



=]
[=]

e —{H]

[=]

—H}—¢{H] Ulgalil

E
E

0 (@)
0 —{]
0) —{H]
0) —{H] H
Figure 2.3: Stabilizer measurement circuit for the 5-qubit code written in terms of CZ gates
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measurement step.

)

=
ENRENREN

For the exact calculations of the average logical error rate Py, decoherence was included
by using Kraus matrices for amplitude damping and pure dephasing as defined in Ref. [(62)].
The gates are assumed to act instantaneously and the non-unitary evolution is implemented
using the operator sum representation between the action of the gates for a time of 25 x 107°

s. Unitary gate errors are introduced by using the non-ideal CZ gate(62)

1 0 0 0
0 VI—E, VEe¢ 0
V= ' ' , (2.42)
0 —VEie™ V1-E 0
0 0 0 e

whereas the Hadamards are taken to be ideal. The form (2.42) reflects actual errors in
a CZ gate implemented with superconducting qubits (neglecting leakage). (70) There are

three parameters in (2.42) that can be changed, namely, E;, ¢ and §. In the simulations,
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Figure 2.4: Logical error rate for the |0), state with 7} = 75 = 100us.

we choose ¢ = 0 and distribute the total intrinsic gate error E equally between E; and 6.
By intrinsic or unitary gate error we mean the gate error in the absence of decoherence.
The PTA applied to (2.42) yields 16 two-qubit Pauli error operators with probabilities given
in Ref. (62). To obtain standard errors on the order 1073 or smaller, about 20 trials were
required, which took several days of runtime to complete. The PTA calculations of P, were
done using classical Monte Carlo, which introduces larger sampling errors. A total of 10000
trials were performed to get sampling errors down to around 1073,

Figures 2.4, 2.5, and 2.6 give the logical error rate P, versus intrinsic error for three
values of T}, with T, = T;. We find in these cases that the PTA overestimates the logical
error rate by about a factor of 2 to 3. In Fig. 2.7, we fix the total intrinsic error to £ = 1073
and test the PTA for five different states on the logical Bloch sphere: the eigenstates of o7,

o”, and the +1 eigenstate of V.
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Figure 2.6: Logical error rate for the |0), state with T} = T5 = 40pus.
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CONCLUSIONS

We have studied the PTA logical error rate compared to an exact calculation that includes
both decoherence (amplitude damping and pure dephasing) and unitary gate errors. The
tests reported here include 20 different settings—physical error rates and/or initial logical
states—with the PTA owverestimating the logical error rate by a factor of 1.9 to 3.1, with a
mean ratio of 2.35. In the language of Megasan et al.,(60) we find that the PTA is always
honest (the ratio is > 1) for the parameter regimes considered. We find no significant
difference between PTA’s performance for bit-flip and phase-flip errors, which would be
reflected in Fig. 2.7, in contrast to the results of Tomita and Svore. (63) The explanation for
the difference between the results is currently not known. There are a number of significant
differences between the two arenas in which PTA’s performance is measured that could be
the explanation : the fact that in surface code we have a two dimensional structure which
allows for more interactions between the qubits,the fact that one is topological and the other

is not, or it could be as simple as the work in Ref. (63) studied a considerably larger system.
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This warrants future study. We also find that, as expected, the PTA is less accurate for

unitary errors, in agreement with Refs. (62) and (64).
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CHAPTER 3

THE ABA DECOMPOSITION AND SINGLE EXCITATION SUBSPACE METHOD

3.1 INTRODUCTION TO LIE ALGEBRAS
Let F be a field. A Lie Algebra over F is a a F-vector space K, together with a bilinear map,
the lie bracket :
LxL—L (z,y) — [z, Y] (3.1)

satisfying the following properties

o [xx] =0forallzelL

o [x[v2]] + [v.[z.x]] + [z,[x,y]]=0 for all z,y,2 € L

Some examples of lie algebras

1. Let F = R. The vector product (x,y) —> z Ay

2. Any vector space V has a lie bracket defined by [x,y]=0 for all z,y € V

3. Set of all linear maps from V — V. This is a vector space over F known as the general
linear algebra [x,y| = x oy —yox for all x, y € gl(V) where o denote the composition

of maps

3.2 SUBALGEBRAS

Lie Subalgebra of L is a vector space K C L such that [x,y] € K for all x,y € K.
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Ideal of a lie algebra L is a subspace I of L such that [x,y]e [ forallx € T andy € L
An important example of an ideal is the centre of L. defined by

Z(L)={x € L:[z,y=0forally € L}
We also have a notion of a homomorphism. A Lie Homomorphism is defined as the map

¢ : Ly — Ly such that
o([z,9]) = [o(x), ¢(y)] (3.2)

An important example of Lie homomorphism will be the adjoint homomorphism defined

as such

ad : L — gl(L) by (adz)(y) = [z, y] (3.3)

If ¢ : Ly — Lo is a homomorphism, then ker(¢) is an ideal of L; and the image of
@, im(9), is a lie subalgebra of Ly because if x,y € L, and z,y € ker(¢) then ¢([x,y]) =
[6(2), ¢(y)] = 0. ¢(z) = o(y) = 0.
Now let there be an element z € L then ¢([z,y]) = [¢(2), #(y)] = 0. So ker¢ is an ideal of
L.

3.2.1 IDEALS AND HOMOMORPHISMS

Ideals play a similar role that normal subgroups play in group theory. In other words we
can use ideals to construct other types of lie algebras in the same way that we used normal
subgroups to construct quotient groups. Suppose [ and J are ideals of a lie algebra L, Then

the following are true:
1. I J is an ideal, since we already we that /() J is a subspace of L. So we need to check

that for z € Land y € L, [z,y] € () J, but the result follows quickly since I and J are both

independently ideals of L.
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2. 1 +J={zr+y:2 € l,ye€ J}is an ideal. Let z € L, consider [z,(x+y)] = [2,x] +

[z,y] = a + b with a € J and b € J. So a +b € I + J making I +1J an ideal.

3. Product of ideals, [L,J] : Span {[z,y] : € I,y € J} is an ideal. To prove we start with the
Jacobi Identity. [u, [z,y]] + [z, [y, u]] + [y, [u, 2]] = 0 = [, [z,9]] =[x, [u, y]] + [[u, z], y]z €
I,y € Jandu € L. So [u,y] € J since J is an ideal therefore [z, [u,y]] € [I,J] by the
definition, similar argument applies for [[u, z],y]. Now a general element,t, of |I,J] is a lin-
ear combination i.e t = > ¢[x;, y;] where ¢; are scalars from the field and z; € I,y; € J.
Now pick and element u € L and consider [u,t] = [u, > ¢z, yi]] = D cilw, [z, yi]]. But
[u, [x;,y;]] € [I,J] and so the sum is . So in summary we have that [u,t] € [I, J]

A special construction occurs if we take I=J=L. We write [L,L] = L' and call it the

derived algebra of L.

3.2.2 QUOTIENT ALGEBRAS

We may consider the cosets of the ideal defined as follows 2+ ={z+x:x € [} for z € L
so the quotient vector space is L/l = {z+1 : z € L}. The lie bracket on L/T may be defined
by [w+1I,z+ J] = [w,z] + I for w,z € L. The lie bracket above is bilinear i.e [w + I, (u +
N+ w+1)| = [w+Iu+I]+[w+I,v+1] and [w+ 1, (u+1)+(v+1)] = [w,u]+1+[w,u]+1.
Same argument applies for the left side. We also have that [w+ [,w+ | = [w,w]+1=1.

Jacobi Identity is also is satisfied i.e :

[+ v+ Lw+ I+ [(v+1),[(w+1),(u+ D]+ [(w+ 1), [(u+1),(v+1)]] =
[(w+ 1), [v,w] + I+ [(v+ 1), [w,u] + 1] + [(w+ 1), [u,v] + 1] =
[uv [U7w“ + 1+ [Ua [wqu + 1+ [w7 [U,UH +1=

[u, [v,w]] + [v, [w, u]] + [w, [u,v]] + T =T
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We can motivate why we consider the cosets of ideals rather than any old sub-algebra.
The main motivation is that we want the lie bracket defined on the quotient algebra to be
well-defined in other words we do not want the answer to depend on the representative of
the coset we chose. Consider the following: We have defined [z + I,y + I] to be [z,y] + I.
But suppose we choose another representative for each coset and perform the bracket i.e
(z+j)+1,(y+k)+1]for j, k € I, we still want the answer to be [z,y] + I since x and = +

J,y and y + k are in the same cosets respectively. We now do the computation

(x+i)+ L (y+k)+I=[(x+]),y+k)]+1

= [z,y) + [J,y] + [z, k] + [, k] + I

It should be clear that the last commutator is in I and just the first commutator is the
result we want. It then follows that [y, j], [z, k] € I but this makes [ an ideal.
We now see the analogue of the three isomorphism theorems we saw for groups in the

context of lie algebras.

3.2.3 ISOMORPHISM THEOREMS

1. Let ¢ : Ly — Lo be a homomorphism of Lie algebras. Then ker¢ is an ideal of L; and
im¢ is a subalgebra of Ly and L, /ker¢ ~ im¢

2. If T and J are ideals of a lie algebra, then (I + J)/J ~1/(I(J)
3. Suppose that I and J are ideals of a lie algebra L such that I C J. Then J/I is an ideal
of L/Tand (L/I)/(J/I)~L/J
3.2.4 SOLVABLE LIE ALGEBRAS

We take an ideal of T of a lie algebra L and ask when the factor or quotient algebra L/I is

abelian.

33



Lemma 3.2.1 Suppose I is an ideal of L. Then L/I is abelian iff I contains the derived

algebra L'

Proof The algebra L/I is abelian iff for all x,y € L we have [x+1I, y+I|= [x,y] + T =Tor
Vx,y € L we have [z,y] € I. Since I is a subspace of L, this holds iff the space spanned by

the brackets [x,y| is contained in I, L' C I .

This argument says that the derived algebra L is the smallest ideal of I, that has an abelian
quotient. By the same argument then derived algebra L' has a smallest ideal whose quotient
is abelian. We denote this smaller derived algebra as L. The argument goes on iteratively.
We can define the derived series of L to be the series with the terms L(Y) = L' and L*) =

[L#E=D L¢+=D] Then L O LM D LB D LO) .
Definition The lie algebra L is said to be solvable if for some m > 1 we have L™ =0

As a consequence the Heisenberg algebra is solvable but sl(2, C') is not solvable.
If L is solvable, then the derived series of L. provides us with an "approximation" of L. by

a finite series of ideals with abelian quotients. This works the other way round.

Lemma 3.2.2 If L s a lie algebra with ideals L=1,2 1, 21, D I3... 1,1 2 I,, =0 such

that I_1 /1y is abelian for 11 < k < m, then L is solvable.

Proof Key idea: Show that L® is contained in I; for k between 1 and m. Putting k=m
will then give L™ = 0. L/I, is abelian, we know that L' C I, For the inductive step, we

(k=1) C I,_, where k > 2. By construction I_;/I} is abelian, this means that

suppose L
[I1_1, Ir_1) must be contained in I,(By Lemma 3.5.1). But L%~V is contained in I;_; by
our inductive hypothesis so we deduce that L*) = [L*=1 L#=D] C [I,_;, I;,_1] and hence

L™ C I,. QED

This proves that if L) is non-zero then I is also non-zero. Hence the derived series may

be thought of as the fastest descending series whose successive quotients are abelian.
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Lie algebra homomorphism are linear maps that preserve Lie Brackets, and so one would
expect that they preserve the derived series. Suppose that ¢ : L; — Lo is a surjective
homomorphism of a lie algebras show that (;S(Lgk)) = (Ly)®, we proceed by induction on k.
We already have that ¢(L;) = Lo.

So ¢([L1, L1]) = [¢p(L1),p(L1)] by the property of homomorphisms and by assumption
we now have that [¢(Ly),¢(L)] = [La, Ls] .. we have that ¢ : L] — L,. The inductive
step is to assume that gzﬁ(Lgk_l)) = (Lgk_l)) and consider the derived algebra of Lgk_l) :
(ILFV LED)) = (L), ¢(LF)]. This is equal to LY, L] by the inductive
step. Our desired result therefore follows since gzﬁ([L(lk_l), Lgk_l)) =¢(LY) = [L(zk_l), Lgk_l)} =
(L,)*. QED.

It turns out that if L is a lie algebra then

1. if L solvable, then every subalgebra and every homomorphic image of L is solvable
2. Suppose that L has an ideal I such that I and L/T are solvable. Then L is solvable.

3. If I and J are solvable ideals of L then [-+J is a solvable ideal of L.

Theorem 3.2.3 Let L be a finite dimensional Lie algebra. There is a unique solvable ideal

of L containing every solvable ideal of L.

Proof Let R be a solvable ideal of the largest possible dimension. We know that if I and
J are solvable ideals then I+J is solvable. Let I be a solvable ideal. We have that R+1 as
solvable this means that R C R + I and therefore dim(R) < dim(R-+I). But we chose R to
have the largest possible dimension and therefore dim(R)= dim(R+I) and hence R = R+I

so I C R. The largest solvable ideal is called the radical of L and is denoted as rad L QED.
The notion of a radical of L suggests the following definition.

Definition A non-zero finite dimensional Lie Algebra L is said to be semisimple if it has

no nonzero solvable ideals for equivalently rad L =0.
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An example is s1(2, C') has non-trivial ideals so it is semisimple. If L is a lie algebra, then
the factor algebra L/(rad L) is semisimple. This makes sense since rad +L is the unique
solvable ideal that contains all other solvable ideals. Therefore if we mod out by that we are

left with a factor algebra that has no non-zero solvable ideals.

3.3 SOME REPRESENTATION THEORY

Purpose : Examine the ways in which an abstract Lie Algebra can be viewed concretely as

a subalgebra of the endomorphism algebra of a finite dimensional vector space.

Definition Let L be a lie algebra over a field F. A representation of L is a lie algebra

homomorphism ¢ : L — gl(V') where V is a finite dimensional vector space over F.

Suppose ¢ : L — gl(V') is a representation. The image of ¢ is a lie subalgbera of gl(V)
and the kernel of ¢ is an ideal of L.

Thus in general we loose some information when we work with ¢. But when the kernel
is zero then the map is one to one and information is not lost. The representation is then

sald to be faithful.

Examples:
1. ad : L — gl(L) : (ad,)y = [x,y] . This provides a representation of L with V=L. This is
known as the adjoint representation. The kernel of the adjoint representation is Z(L). Hence
the adjoint representation is faithful when the center of L is zero.
Consider the adjoint representation of sl(2,C') . Show that with respect to basis (h,e,f) ad),
is the matrix (83 0 )

00 —2
The basis for s1(2,C) ise = (34), f = (99),h = (§ ° ) and note the following commu-

tation relations [h, f] = —f, [h, e] = 2e, [e, f] = h. From these the result follows.
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2. Suppose that L is a lie subalgebra of gl(V'). The inclusion map L — gl(V) is trivially
a lie algebra homomorphism. The corresponding representation is knows as the natural

representation

3. Every Lie algebra has a trivial representation. To define this representation, take V=F

and define ¢ =0 for all x € L

3.3.1 MODULES FOR LIE ALGEBRAS

Suppose that L is a lie algebra over a field F. A lie module for L, or alternatively an L-module

is a finite dimensional F-vector space V together with a map

LxV =V (x,v) — W (3.4)
satisfying the conditions
L. (A + py) = Mzw) + ply.v)
2. z.(Au+ pw) = AMz.u) + plr.w)
3. [z,y]lv =z(yv) —y.(x0)

Ve,y € Ly,vyweVand \,p e F
The first and second properties imply that the map (z,v) — z.v is a bilinear map and
the second implies that the map v — (z.v) is a linear endomorphism of V, so elements of

L. act on V by linear maps.

3.3.2 SUBMODULES AND FACTOR MODULES

Suppose that V is a lie module for the Lie Algebra I.. A submodule of V is a subspace of W

of V which is invariant under the action of L. i.e for each x € L,w € W, we have x.w € W.
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In the language of representation, submodules are known as sub-representations.

Examples:
1. Let L be a lie algebra, we may make L into an L-module via the adjoint representation.

The submodules of L. are exactly the ideals of L.

Proof v € L,y € L, our map L x V — V will be defined here as L x L — L and will
be the lie bracket. L is playing both the role of a lie algebra and a vector space so that
(x,y) — [x,y] € L by (ad,)y. The subspaces that are invariant under this map are the

ideals

2. Let L = b(n, F) be the lie algebra of n x n upper triangular matrices and let V be
the natural L-module, so by definition V' = F™ and the action of L is given by applying
matrices to column vectors. Let ej,es...e, be the standard basis for F™. For 1 < r < n.

Let W, = span{ey,...e.}, W, is a submodule of V.

3. L — complex solvable Lie algebra. Suppose ¢ : L — gl(V') is a representation of L. As
¢ is a homomorphism, im¢ is a solvable sub-algebra of gl(V') = V has a one dimensional
sub-representation.

Suppose that W is a submodule of the L-module V. We can give the quotient vector

space V/W the structure of an L-module by setting

r.(v+W):=(zv)+ W forzre LandveV

We call this module the quotient or factor module V/W. For an example of a quotient

module, suppose I is an ideal of the Lie Algebra L. The factor module L/I becomes an
L-module via

z(y+1):=(ady)y+1=|z,yl+1
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Looking at it differently, L/I is a lie algbera with Lie bracket given by [z + I,y 4+ I] =
[z,y] + I. So regarded as a I./T-module, the factor module L/I is the adjoint representation
of L/T on itself.

3.3.2.1 L-MODULE HOMOMORPHISMS

Let L be a lie algebra and let V, W be L-modules. An L-module homomorphism from
V' — W is a linear map 0 : V' — W such that 0(z.v) = 2.0(v),Yv € V,z € L.

Let ¢y : L — gl(V) and ¢y : L — gl(W) be representation corresponding to V and W.
In the language of representation theory, the condition becomes 6 o ¢y = ¢y o 6. Because
we have vector spaces and homomorphisms lying around there also analogues for the three

isomorphism theorems for lie modules.

Concretely, we can give an example. Suppose we have a one dimensional abelian lie
algebra L, spanned by x. We can find a representation for it f € gl(V'). But suppose we find
another representation of it g € gl(W) and we further suppose that there is a homomorphism
6 from V to W. If this homomorphism turns out to be an isomorphism then we know from
the way lie module homomorphisms work that f and g will be equivalent iff f = gf. An

explicit example is diagonalizing a matrix.

3.3.2.2 SCHUR’S LEMMA

A lie module V is said to be irreducible, or simple, it it is non-zero and t has no sub-modules

other than {0} and V. The L-module V is completely reducible if it can be written as a

direct sum of irreducible L-modules; i,e V.= S; @ S, ... @ Sk where each S; is an irreducible
L-module. Suppose that S and J are irreducible Lie modules and that § : S — T is a
non-zero sub-module homomorphism. Then imf = J. Similarly kerf is a proper sub-

module of S, so ker§ = 0.1t follows that € is an isomorphism from S to J, so there are no
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non-zero homomorphisms between non-isomorphic irreducible modules. We now consider a

homomorphism from a lie-module to itself.

Theorem 3.3.1 (Schur’s Lemma:) Let L be a complex Lie algebra and let S be a finite-
dimensional irreducible L-module. A map 0 : S — S is an L-module homomorphism iff 6 is

a scalar multiple of the identity transformation i.e 0 = A\l for some A € C

Proof "If" direction is simple. The "only if" direction is non-trivial. Suppose 6 : S — S
is a L-module homomorphism, then # is a linear map of a complex vector space, and so it
must have an eigenvalue, say A\. Now # — A\I is also L-module homomorphism. The kernel of
this map contains the A— eigenvector for 6, and so it is a non-zero submodule of S. As S is

irreducible, S = ker(6 — AI); that is 0 = A/

3.4 THE CARTAN DECOMPOSITION AND KAK DECOMPOSITION

3.4.1 CARTAN DECOMPOSITION

This section summarizes material from (71). We state the following main theorem for this

section without proof. We have the following notation: adi(P) = [K,P] and Ad,(K) =

gKg™!

Theorem 3.4.1 G has a direct-sum decomposition of the form G =K & P satisfying:
1. K is a subalgebra, adx(P) C P and [P,P] C K

2. The killing form B of G restricted to K is negative definite, while the restriction to P

is positive definite.

3. If K' is any other sub algebra of Gsuch that the killing form restricted to K' then there

is some element g € G such that Ady,(K') C K
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So the Cartan decomposition is unique up to inner-automorphisms. Define a linear map
s : G — G by condition

Xfor X e K
s(X) = (3.5)

—X for € P
Thinking of X € K or X € P as eigenvectors of s then clearly we must have G = K & P
with K being the eigenspace with eigenvalue 1 and P being eigenspace with eigenvalue —1

hence

s(IK, K) = [s(K), s(K)]) = K, K] (3.6)
s([P,Pl) = [s(P),s(P)] = [P, =P] = [P, P] (3.7)
s(IK, Pl) = [s(K), s(P)] = [K, =P] = —[K, P] (3.8)

Thus, we clearly see that [KC,K] C K, [P,P] C K and [IC,P] C P since [K,K], [P, P] are
eigenvectors with eigenvalue 1 and [KC, P] is an eigenvector with eigenvalue —1. This means
the existence of this automorphism s of G is equivalent to the conditions in the theorem.

Let G be a semi-simple Lie Group, K a compact symmetric subgroup i.e G = K ® P with
AdK(P) C P and [P,P] C K

Definition A Cartan sub algebera of the space % is a maximal abelian sub-algebra of P

which we shall denote as A

Definition A regular element X € P if the centralizer of X in P is a cartan sub algebra

so X belongs to only one cartan sub algebra.

It’s a theorem which we shall not prove here that if A is a maximal abelian sub algebra of

P then A contains a regular element.

Theorem 3.4.2 Let A be a fized cartan sub algebra of P and let A” be any mazximal abelian

sub algebra of P. Then there ezists an element k € K such that Adi(A") C A
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Proof Let B be the killing form of G and let X, X’ be regular elements of A and A’. We
consider the following function k — B(Ady(X’), X) and let k be an element of K for which
it takes on a minimum value. Since K is compact this value must exist. Let Z € K then

t — B(Ad(cap(tz))Adi(X'), X) has a minimum value for ¢ = 0

d '
0= %|t:OB<Adexp(tZ)Adk(X ), X)
0= B([Z, Adr(X")], X)

0= —B(Z,[Ad,L(X"), X])

Now, [Adg(X"), X] € K but it’s orthogonal to every element of K with respect to the killing
form. We know the killing form is negative definite so [Ady(X"), X] = 0 since X is a regular
then Adg(X') € A. Adi(X’) is also a regular element of Ady(A) so Adi(A') =A

3.4.2 KAK DECOMPOSITION

Let G be a connected lie group with a finite center with the lie algebra G. Let K be the
connected subgroup with lie algebra K. Suppose P is the image of P in P in G under
the exponential map. Then it’s a theorem that we shall not prove since it requires long
excursion into Riemannian Differential Geometry that G = KP. Let 7 = exp(X) for X € P

s(1) = s(exp(X)) = exp(s(X)) = exp(—X) = 7! We state another theorem without proof

Theorem 3.4.3 Consider the set of all g € G such that s(g) = g~'. P consists of the set

of all such elements that are in the identity connected component

Theorem 3.4.4 If 7 € P g € G, then grs(g™') belongs to P

= (g7s(g7!))~! Next we need to check

Proof s(g7s(g7")) = s(g)s(7)s*(g™") = s(g)7 g~
that it’s connected to identity component. Now G is connectedm so g can be connected to
the identity by a curve t — ¢(t). By definition of P, 7 is joined to the identity by curve

t—7(t)sot— g(t)r(t)s(g(t)™) can be used to join grs(g~!) to the identity. OJ
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The isotropy subgroup of G at the identity has characteristic ges(¢g™!) = e = g = s(g)
where e is the identity element. This group contains K but may be larger; call it K(s). The

following theorem is stated without proof.

Theorem 3.4.5 The orbit of G acting on P at e fills all of P and P is isomorphic to %

We have G = PK . Let A be a cartan sub algebra of P. Let A = exp(A), it can be
shown that A consists of elements that commute with 7 = exp(X) can be joined to the
identity by a curve consisting of elements in P that commute with 7. Now every element
in P can be written Ady(X) for z € A, k € K so at the lie group level we have that every
element has form Ady (1) = ktk™ = krs(k™') so P = Adk(A) so we have 7k = g 7 € P,
ke Kand g€ Gbut m=kak ' fora€ A, k € K so g=kak;'k. We have thus arrived

at the KAK decomposition, namely that G = KAK

3.5  PRE-THRESHOLD QUANTUM COMPUTATION (NEAR TERM QUANTUM COMPUTA-

TION)

There is currently great interest in the development of special-purpose quantum computing
devices and methodologies that do not require full error correction and which are practical
now. For example, D-Wave Systems produces commercial quantum annealers based on su-
perconducting circuits that solve an important class of binary optimization problems (15).
However it is not known whether the D-Wave annealers can outperform conventional classical
supercomputers (16; 72). An optical approach (73) that solves an arguably less important
problem—sampling from the distribution of bosons scattered by a unitary network—but
which is likely capable of quantum speedup has also been investigated (74-76). An approach
called the single-excitation-subspace (SES) method, also based on supercondonducting cir-
cuits, has been proposed (77). Here computations are performed in the n-dimensional SES

of a complete graph of n qubits. We call these examples prethreshold, referring to the thresh-
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Figure 3.1: Complete graph with n=16. The vertices (open circles) are qubits and the edges
(colored lines) are tunable couplers.

old theorem of fault-tolerant quantum computation, because they do not require exceeding
fidelity and qubit-number thresholds before being applicable.

A quantum computer chip implementing the SES method consists of a fully connected
array of superconducting qubits with tunable frequencies and tunable pairwise c*® o* cou-
plings; an abstract representation is given in Fig. 3.1. It works by operating in a subspace
of the full 2"-dimensional Hilbert space where the Hamiltonian can be directly programmed.
This programmability eliminates the need to decompose operations into elementary one-
and two-qubit gates, enabling larger computations to be performed within the available co-
herence time. The price for this high degree of controllability is that the approach is not
scalable. However, a technically unscalable quantum computer is still useful for prethresh-
old quantum computation and might even be able to achieve speedup relative to a classical
supercomputer for certain tasks. The SES approach trades physical qubits and high con-
nectivity for, in effect, longer coherence. This is a sensible trade for quantum computing
architectures such as superconducting circuits, whose largest prethreshold problem sizes are

limited by coherence time, not by the difficulty of introducing additional qubits. A realistic
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chip layout that provides space for the coupler circuits and avoids the crossovers of Fig. 3.1

is shown in Fig. 3.2.

3.6 SES METHOD

A significant restriction of the SES method presented in Ref. (77) is that the Hamiltonian
programmed into the hardware is real and symmetric, whereas the most general Hamiltonian
is complex Hermitian. If a target operation has the form e~*4, where A is a known real
symmetric generator matrix, then the unitary can be implemented in one step. This is the
case when the unitary is symmetric (U = U") and is reviewed in Sec. 3.6.1.1. In that section
we also provide an improved procedure for constructing the time-optimal SES Hamiltonian
‘H corresponding to a given generator A.

However, a general element of the unitary group U(n) has the form e=* with M complex
Hermitian. This is the nonsymmetric unitary case (U # U') discussed in Sec. 3.6.1.2. We
show there that any nonsymmetric element U € U(n) can be implemented in three steps,

for any n.
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3.6.1 SES IMPLEMENTATION OF UNITARY OPERATORS
3.6.1.1 SINGLE-STEP IMPLEMENTATION OF SYMMETRIC UNITARIES

The basic single-step operation in SES quantum computing is the implementation of sym-
metric unitaries of the form U = e~ with A real and symmetric (77). Therefore, a
standard task in SES algorithm design and implementation is the construction of an optimal
protocol-—an SES Hamiltonian H and evolution time t,.—to implement that unitary. We
assume here that the generator matrix A is known; if it is not then the classical overhead for
obtaining A from U must be included in the quantum runtime. (We also note that the gener-
ator A = ilogU is not unique.) The optimal protocol for implementing a symmetric unitary
depends on the functionality assumed of the chip, especially of the tunable coupler circuits.

Here we assume that the experimentally controlled SES Hamiltonian can be written, apart

from an additive constant, as
H= gmaxK with —1 S Kii’ S ]_7 (39)

which we call the standard form. In this case we are assuming that the couplings can be
tuned continuously between —gn.x and gmax, and that the qubit frequencies can be varied
within a window of width 2¢,,., about some parking frequency. Because we are free to change

the overall phase of an SES state, we write the symmetric unitary as
U = e A-eDeic (3.10)

where I is the nxn identity matrix, and then ignore the global phase e~%. The value of ¢ is

chosen to minimize the evolution time ¢, which is proportional to the angle

QA = HlE/iX ‘A“/ — C(;Z'i/|. (311)
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The K matrix in (3.9) is then given by

A—cl
K=""9 (3.12)
Oa
and the evolution time is
N
tge = ) 3.13
= (3.13)

Note that 6,4 is not bounded by 27 and can become arbitrarily large. The global phase angle

that minimizes 6, is

. min; A;; —12- max; Aii’ (3.14)

which is proved below. Although we have assumed that the SES Hamiltonian H = g, K is
abruptly switched on for a time t,. before being abruptly switched off—which is the fastest
protocol—any SES Hamiltonian of the form H = g(¢)K such that [(g/h)dt = 04 may be
used instead.

To minimize (3.11) over ¢ we consider two cases: In the first case max;; |A;| occurs for
an off-diagonal element of A, in which case the minimum value of 84 is independent of ¢
(because ¢ only affects the diagonal elements of the shifted matrix A — ¢I). Therefore we
only need to consider the second case where max;; |A;| occurs for a diagonal element. The

diagonal elements consist of points

HS {AllaA227 e 7Ann} (315)

on the real number line, bounded between min; A;; and max; A;;. Placing c at the midpoint of

the smallest region containing all the points in (3.15) minimizes the largest distance |A; —¢|.
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3.6.1.2 THREE-STEP IMPLEMENTATION OF NONSYMMETRIC UNITARIES: ABA DECOM-

POSITION

Our protocol relies on the matrix decomposition

U= 0,20, , (3.16)

where D is a real diagonal matrix and the O; € O(n) are real orthogonal matrices. This
identity follows from the K AK decomposition of the Lie group U(n) (78). To obtain the O;

and D from U, we first compute

x=UU" = 0,e7%P0], (3.17)

which is both symmetric and unitary. The real and imaginary parts of y are also separately

symmetric. Then the unitarity condition

(Rex —iIlmy)(Rex +ilmy) =1 (3.18)

shows that Rey and Imy commute and can be simultaneously diagonalized. O; is de-
termined by a Schur decomposition of Rey, which always produces a real O; (unlike the
decomposition of y itself). Then e 2 and O, are obtained from O] xO; and U'O;e'?,
respectively.

The three-step implementation for a nonsymmetric U € U(n) follows from the identity
U = e emBeid (3.19)
which we call the ABA decomposition. Here A and B are real symmetric nxn matrices. To

derive (3.19) we express the target unitary in the spectral form U = Ve VT where V is
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complex unitary and A is real and diagonal. Decomposing V' using (3.16) we have

U = Ole_’DO;e_ZAOQ eZDOlT,

= ¢TOP9(0,07) e (0,05) €O POT (3.20)
which leads to (3.19) with generators

A = 0,DO], (3.21)

B = 0,0,A0,0], (3.22)
which are both real and symmetric. The classical run-time to obtain A and B is about
1.4xn*3 us (3.23)

on a laptop computer'.The quantum run time to implement a non-symmetric unitary is

1(2604 + 6
to = 1204 + ) (3.24)

gmax

with 6 defined in (3.11). The generator matrices A and B in (3.19) are not unique.

The ABA decomposition allows for the possibility of implementing highly complex op-
erations in three steps. But this does not imply that an entire algorithm, compiled into a
single unitary, can be implemented in constant time, because the compiled unitary might
not be known a priori, and there is classical overhead (3.23) for computing A and B. More
importantly, evaluating A and B for an entire algorithm would presumably be prohibitive
when one is attempting to outperform classical computers. Furthermore, algorithms might

include measurement steps that cannot be postponed to the end.

!Computations were performed running 64-bit MATLAB R2015a on an Apple Mac-book Pro with a
2.5G H z Intel Core i7 quad-core processor. Classical run-times were determined by averaging the computation
times over 1000 random instances of U for n between 50 and 500. The classical run time for a 100100 matrix
is about 60 ms
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3.7 APPLICATIONS

3.7.1 HAMILTONIAN SIMULATION

A useful application of (3.19) is to U = e */" where H is a given complex Hamiltonian.
In this case we have

e U/ _ omidg=iB A (3.25)

with A and B given by (3.21) and (3.22), where A is a diagonal matrix containing ¢/h times
the spectrum of H. This enables the fast simulation of any time-independent Hamiltonian

with an SES chip?.

3.7.2 SES PURE STATE PREPARATION IN 3 STEPS

In some cases it is possible to compile an entire algorithm down to only three steps. As an

example we give an algorithm for preparing any (normalized) pure SES state of the form

) = aili), a=lale™, 0<6; <2m (3.26)
i=1
Here i) =10---1;---0) is the ith SES basis state of the n-qubit processor. We proceed by
giving a protocol with linear depth that is practical for small n, which is then subsequently
compiled down to three steps.

We start with the basis state |1), which is prepared from the system ground state |00 - - - 0)

by a microwave pulse, and then apply the standard-form SES Hamiltonian H = gnaxKstar

’In principle it is possible to simulate time-dependent complex Hamiltonians as well. However, this
would require decomposing the evolution into a sequence of short time steps such that H(t) is approximately
constant within each time step and applying the ABA decomposition at each time step. Given the classical
overhead required at each step, this does not seem useful for outperforming classical computers
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for a time tqe = 7h/\/NGmax, With

L33 3
00 -+ 0

l(staurE % 0 O O (327)
00 - 0

the adjacency matrix for a star graph with qubit 1 at the center (see Sec. IITA of (77)). This

produces the uniform state

_ D+t )

|unif) NG : (3.28)
apart from a phase.
If the occupation probabilities in the target state (3.26) are uniform,
1
2
NEE 3.29
af = (3.29)

we call it a uniform weight state and represent it by the bar graph in Fig. 3.3. In this case

we would apply the diagonal Hamiltonian H = gy, /K, where

01
L 0
0o %2 ... o
K=— o (3.30)
0 0 bn

to the uniform state |unif) for a time ¢ty = 27/ gmax, Which gives the desired target.
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Figure 3.3: Occupation probabilities for a uniform weight state. Phases of the probability
amplitudes a; are not represented in this figure.

Typically the target is not a uniform weight state, as represented in Fig. 3.4. In this case

we use the solution

‘unif> = Wdiag (UswapUdiag)M' o (UswapUdiag)1’w> (331)

to the inverse problem of constructing the uniform state |unif) from the target (79; 80). Each
of the M steps in (3.31) consists of a pair of operations Ugiag and Usyap that move weight
between a pair of components. After M = O(n) steps a uniform weight state is created. The
final operation Wi, shifts the phases of the uniform weight state to that of (3.28). The first

step is:

1. Find the components i, and 7., with the smallest and largest weights, respectively

(if not unique, any solution is sufficient). These satisfy

1
2 S - S |a7;max|27 (332)
n

|aimin

92



Figure 3.4: Occupation probabilities for a typical target state. In this example the compo-
nents of maximum and minimum weight have indices 4. =2 and iy, =3.

excluding the case where both < signs are identities (which would violate the assump-

2

tion that the target is nonuniform). Therefore |a; . |* < |a;,..|*

o—iHtac/h

2. Perform a phase shift Ugng = that brings the probability amplitudes a;_,

and a; . to the form a; . = |a; . | and a;,,,. = ila;,,. |, with |a; . | < |ai,..|- Apply

SES Hamiltonian (3.9), where K is a diagonal matrix with K =0, .. /37 and

mins>?min

Kiocsimax = (Ui /3™) — &, the other elements zero, and tqe = 377/ gmax. This phase

shift is necessary to prepare the state for the next operation.

3. Implement a partial ISWAP Uy, = e~/ from component 4pay t0 imin to bring the

weight of 4., to the uniform value,

- (3.33)

|a7:min
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and leaving component i,,,, with weight

1
|airrlax|2 - |aimin 2 + |a/imax|2 - (334)
n
Apply SES Hamiltonian (3.9) with K;_, ;... =K. . . =1 and all other elements zero,
and tq = N/ gmax With ¢ given by
|aimin COs (10 + ‘aimax| Sln (IO = \% 1/” (335)

There is always a solution with 0 <@ <m/2.

This completes the first step.

If after the first step (UswapUdiag)1]?) is a uniform weight state, it can be written in the

form
e1|1) + €'2|2) + - - - + e |n)

NG ,

and we apply the final operation Wi, = e "a</" to produce (3.28). Here we use SES

(3.36)

Hamiltonian (3.9) with

a 0
0 2 ... 0

K = (3.37)
0 0 -

and tqc = 27A/gmax. I (UswapUdiag)1]?) is not a uniform weight state, we again find the
minimum and maximum weight components i,,;, and .., and follow the above protocol to

generate (UswapUdiag)2(UswapUdiag)1|1¥). The procedure is repeated until

(UswapUdiag)M T (UswapUdiag)2(UswapUdiag)l|¢> (338)
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is a uniform weight state, after which Wg;,, is applied. The number of iterations required

satisfies

M<n-1. (3.39)
This completes the solution to the inverse problem (3.31).
We now use (3.31) to obtain

W) = (UL UL Yy (UL UL ) W

diag ~ swap diag ~ swap diag

lunif), (3.40)

which solves the general state-preparation problem in O(n) steps. Hermitian conjugations
are implemented by changing the signs of the K matrices given above. The protocol given
in (3.40) is, by itself, practical for small n.

The complete state preparation operation can be summarized as

) =U), (3.41)
where
U= (Uc;fiagUs]Lwap)l U (UgiagUsTwap)J\/f W(:Jlriag e_i%KStM (342)

is the compiled unitary of the state-preparation algorithm. The three-step state preparation
protocol uses the ABA decomposition to implement (3.42). The total state preparation time,
not including the |1) state initialization time, is given in (3.24).

For example, suppose we wish to prepare the randomly chosen target

|40) =0.4829 1) + (—0.5478—0.0575i) |2) + (0.1142-+0.2387i) |3)

+(0.409540.24004) |4) + (—0.32154-0.2545i) |5), (3.43)
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in the n =>5 graph, where for convenience the first component has been chosen to be real.

Following the state-preparation protocol leads to the compiled unitary

0.4829

—0.5478 — 0.05752
0.1142 + 0.2387¢
0.4095 + 0.2400¢

—0.3215 + 0.2545¢

0.4499 — 0.0158:

0.5855 — 0.4153¢
0.4664 + 0.0700¢
0.0841 — 0.1271¢
0.1071 + 0.1577:

0.4499 — 0.0158¢
0.1778 — 0.0249¢

0.1471 — 0.1492¢
0.1071 + 0.1577:

—0.7862 — 0.25821¢

0.4478 — 0.0133¢
—0.1305 + 0.2703:
0.0910 — 0.02841
—0.7941 + 0.1818%
0.1071 + 0.15801:

0.3984 + 0.0450:
—0.0855 + 0.22731
0.1145 — 0.02221
0.1471 — 0.1492:

0.1399 — 0.8386i
(3.44)

up to a phase factor. The first column of (3.44) is the target state. The ABA decomposition

(3.19) then leads to

and

—1.1145
0.1981
0.3247

—0.0776

—0.1888

—3.0826
1.8972
0.3983
0.8753
0.5934

0.1981  0.3247 —0.0776
—2.6988 0.0219 —0.2069
0.0219 —-1.9798 —0.5623
—0.2069 —0.5623 —0.5291
—0.0249 0.1052 —0.0747
1.8972  0.3983  0.8753
=3.7784 0.5761  0.3537

0.5761 —3.2370 0.1664
0.3537  0.1664 —2.6191
0.5581  0.2327  0.1488

26

—0.1888
—0.0249
0.1052
—0.0747

—1.7104

0.5934
0.5581
0.2327
0.1488

—4.6171

(3.45)

(3.46)




The associated K matrices and evolution times are determined from the procedure given in

Sec. 3.6.1.1:
0.4604  0.1826 0.2993 —0.0715 —0.1741
0.1826 -1 0.0202 —0.1907 —0.0229
Ky, = 0.2993  0.0202 —0.3373 —0.5183 0.0970 |,
—0.0715 —-0.1907 —0.5183 1 —0.0689
—0.1741 —-0.0229 0.0970 —0.0689 —0.0889
0, = 1.0848, (3.47)
and

0.2822 1 0.2100 0.4614 0.3128

1 —0.0845 0.3037 0.1864 0.2942
Kp = 102100 0.3037 0.2009 0.0877 0.1226 |,
0.4614 0.1864 0.0877 0.5266 0.0785

0.3128 0.2942 0.1226 0.0785 —0.5266
0p = 1.8972. (3.48)

The total state preparation time, not counting the |1) state initialization, is given by (3.24).
This is about 13 ns for the target state (3.43) in an SES chip with gp.x/27 = 50 MHz.

Although state preparation is implemented in three steps for any n, the runtime does
have a weak n-dependence, because 64 and g do. Averaged over random targets we find
that

204 + O ~ 4.0 xn"% (3.49)

For small n, either the linear-depth protocol (3.40) or the three-step protocol based on

(3.42) can be used. However for large n, only the three-step protocol is practical.
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3.7.3 COMPUTATION OF EXPECTATION VALUES

Finally, we show how to compute the expectation value
(0) = Tr(pO) (3.50)

of any nxn Hermitian observable O, by implementing the protocol of Reck et al. (81). Here
p is any pure or mixed SES state provided as an input to the procedure.

Standard readout of an SES processor consists of the simultaneous measurement of each
qubit in the diagonal basis. The SES condition means that a single qubit will be found in the
state |1), with the remaining n — 1 qubits in |0). Let i be the qubit observed in it’s excited
state. The probability of observing the excitation in qubit i is p; = (i|p|i). Therefore, if we
have access to multiple copies of p we can repeat the readout N times to obtain estimates
of the occupation probabilities p; with sampling errors no larger than (2¢/N)~'.

To compute (O), perform a (classical) spectral decomposition to a unitary V' containing

the eigenvectors of O as columns, and a real diagonal matrix D: O = VDV, Then we have
(0) = Tr(pV DV = Tr(p' D), (3.51)

where

o =Vipw (3.52)

Therefore we can compute (O) by applying the unitary operator VT using the ABA de-
composition, measuring the resulting occupation probabilities, which we denote by pi[vﬁ to

indicate the application of VT, and then classically evaluating the quantity

(0)=>"Dyp". (3.53)
=1
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CHAPTER 4

MEASURING ENTANGLEMENT MONOTONES ON NEAR TERM QUANTUM DEVICES

4.1 INTRODUCTION

Entanglement captures the intrinsic non-locality of quantum systems and is a critical resource
for quantum speedup. The crudest measure of entanglement is whether or not it is present:
If the actual density matrix is a tensor product of single-qubit density matrices, it’s not
entangled. Witnesses (82; 83) have been used to establish entanglement in multi-qubit
systems with up to 20 qubits (84-88). When present, however, it is also interesting to
quantify the degree of entanglement and its robustness to noise and decoherence (84; 85; 89—

91). In this work we experimentally estimate entanglement monotones (92-94) for the GHZ

0y + [1)°"

4.1
7 (4.1)
and linear (one-dimensional) cluster state
n—1
1%l +)%" (4.2)
i=1

on the IBM Riieschlikon (ibmqx5) chip (7 ). Here CZ;; is the gate diag(1,1,1, —1) on qubits

7 and ¢/, and we have mapped the physical qubits to chains of length n = 3, 4. Specifically,
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we measure the three-qubit monotone.

Ey = é (XYYC) +(ZYYC)* — (IYYC)?
+HYXYC)? +{(YZYC)? — (YIYC)?

+HYYXC)? +(YYZC)? — (YYIC)?|, (4.3)
where C is the complex conjugation operator, and the four-qubit monotones
E1a = (YYYYC)? (4.4)
and

En=|(XYXYCY +(ZYZYC)> — (XYIYC)?
HZYXYC) +(ZY ZYC)* — (ZYTYC)?

—(IYXYC)? — (IYZYC)* + (IYIYC)?|. (4.5)

In this work we ignore the complex conjugation operator because our states are assumed to
be real.

Entanglement monotones have several features that make them ideal for quantifying
entanglement. First, they are strictly non-increasing under local (single-qubit) CPTP maps,
making them less sensitive to decoherence than entanglement entropies and related measures
based on reduced density matrices. Measuring their decay with time allows us to quantify and
hopefully understand the environment of a noisy superconducting quantum computer and
its effects on large-scale entanglement. Second, they allow for a direct comparison between
different families of states and, if known, the maximum possible (95). The monotone &, a
symmetrized 3-tangle (96), is ideally equal to 1 (the maximum value) for both the GHZ and
cluster states. (This is expected because the n=3 GHZ and linear cluster states are in the

same entanglement class.) The monotone &y, is the square of the 4-concurrence (97-99), and
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(7 7l
I.H

D I.H}f

Figure 4.1: State preparation circuits for n =4. Single qubit gates 2 through n are either
identities (/) for GHZ or Hadamards (H) for the cluster state. The vertical gates are CNOTS.

is ideally equal to 1 for the GHZ state but vanishes for the cluster (showing that for n=4
they are in different classes). Therefore we cannot use &4, to quantify relative entanglement.
We still measure it, however, because it’s a simple generalization of the squared two-qubit
concurrence (YYC)? (100). The monotone &y is ideally equal to 1 for both GHZ and cluster

states, and vanishes not only on every four-qubit mixed product state

p1® pa @ p3 @ pa (4.6)

but also on partially entangled states of the form

P12 @ p3a, (4.7)

where p15 and p34 are entangled two-qubit states. In other words, £y measures genuine
four-qubit entanglement. The monotones & and &, also measure genuine multi-qubit en-
tanglement in this same sense.

A challenge of the monotone approach is that it relies on the anti-linear conjugation
operation C. In this work we will attempt to bypass the complex conjugation step on the
basis that the ideal GHZ and cluster states are real. This is an approximation that will
limit the accuracy of our technique, and may also cause the monotones to have unphysical

oscillations in time, unless the imaginary part is zeroed. (We note that the approach of Di
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Candia et al. (89) circumvents this limitation, at the expense of additional qubit and gate

overhead.)

Table 4.1: State preparation error averaged over 32 independent circuit implementations,
each estimated with 16 random readout-corrected Pauli expectation values. The preparation
errors are written as the sample mean 4 the standard error.

Error (%) n=3 n=4
GHZ 11.83+0.51 | 21.77 4+ 0.22
Cluster 9.05+0.34 | 21.17+0.29

4.2 STATE PREPARATION CIRCUITS AND FIDILITIES

The state preparation circuits are shown in Fig. 4.1. The GHZ and cluster preparation
circuits are the same except for n—1 Hadamards, and we confirm that their state preparation
fidelities are very similar. This is important because it allows us to assume that the entangled
states are prepared with similar fidelity. To quantify this we prepare the n = 3,4 GHZ and
cluster states and measure their state preparation error (fidelity loss) by Flammia-Liu fidelity
estimation (101). The results are summarized in Table 4.1.

We find that the state preparation errors are quite noisy and (after readout correction)
dominated by CNOT errors, which explains why the extra Hadamards in the cluster state
preparation circuit do not, on average, result in a larger circuit error. In fact Table 4.1 shows
that the cluster states have slightly smaller state preparation errors. Histograms showing

the distribution of state preparation errors are provided in Appendix 4.6.1.

4.3 MONOTONES

The measured monotone (4.3) is shown in Fig. 4.2. Here & is measured after waiting for a
time t. The delay is implemented by a sequence of 80ns identity gates. In addition to the
GHZ and cluster states, we also measure the uniform state |[+)®" to include a nonentangled
control subject. The observed oscillations in the data appear to violate the important non-

increasing property of an entanglement monotone under local noise. The monotones (4.4)
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Entanglement: Monotone &3
Chip: ibmgx5 Samps: 32000
—8— n=3 GHZ state

Solid: Corrected n=3 Cluster state
Dotted: Raw data —e— n=3 Uniform state

1.0 A

0.8

4
o

Monotone &3
o
IS

0.24

0.0

Time (us) 201884105556

Figure 4.2: & versus time. The solid lines interpolate between readout-corrected measure-
ments.

and (4.5), shown in Figs. 4.3 and 4.4, are also non-monotonic. To confirm that the observed
oscillations are not an artifact of the particular chip or qubits used, we also measured & on
the 5-qubit IBM Tenerife (ibmqx4) chip, and find oscillations with a similar frequency, as
shown in Fig. 4.5.

Considering first the GHZ states, we interpret these oscillations as resulting from a

nonzero relative phase ¢ between the [0)®™ and |1)®™ components, as defined in

|0>®n + 6i¢>|1>®n

V2

(4.8)

Note that a nonzero ¢ mod 7 results in an imaginary component in (4.8), invalidating our
approach of neglecting the complex conjugations in the monotone definitions. To support
this interpretation we measure the Pauli expectation value (X®") which can be used to

extract the value of ¢. The data are shown in Fig. 4.6. In the modified GHZ state (4.8),

(X®™) = cos ¢. (4.9)
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Entanglement: Monotone &,
Chip: ibmgx5 Samps: 32000
—8— n=4 GHZ state

Solid: Corrected n=4 Cluster state
Dotted: Raw data —e— n=4 Uniform state

1.0 A

0.8

4
o
|

Monotone &4,
o
IS
)

0.24

0.0
Time (us) 2018 841056 49

Figure 4.3: &, versus time.

Fitting to the data we find that

167kHz for n=3
¢ =2nf,t with f,~ (4.10)

238kHz for n=—4.

The n dependence of f,, easily visible in Fig. 4.6, suggests that each qubit has an unexpected
55 to 60 kHz splitting in the rotating frame. Interestingly, however, we did not observe
oscillations in single-qubit Ramsey scans (|0) — ™74 Iycay; e7™74|0)) versus ¢ on any of
the individual qubits, but did in the concurrence (YYC) of a Bell state, suggesting that the
phase drift (4.10) is intrinsically a multi-qubit effect.

Similar oscillations occur for the cluster state, but for this family the oscillation amplitude
is much smaller and the oscillations are sometimes only barely visible before the entanglement

has vanished. We do not have a simple model for the perturbed state in this case.

4.4 PHASE DRIFT COMPENSATION

Having identified the phase drift (4.10) as the origin of the oscillations in the GHZ monotones,

we attempt to cancel it by applying compensating virtual (software) Z rotations with a phase
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Entanglement: Monotone &4
Chip: ibmgx5 Samps: 32000

1.04
—8— n=4 GHZ state
Solid: Corrected n=4 Cluster state
Dotted: Raw data —e— n=4 Uniform state
0.8
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Figure 4.4: &, versus time.

Entanglement: Monotone &3
Chip: ibmgx4 Samps: 32000

1.0
—8— n=3 GHZ state
Solid: Corrected —8— n=3 Cluster state
0.8
&
o 0.6
c
5]
2
s}
5
s 0.4 A
0.2 A
0.0 T T T T T
0 1 2 3 4 5

Time (us) 201884105258

Figure 4.5: Oscillating &; versus time on the IBM Tenerife (ibmqx4) chip.
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Entanglement: PEV <X®">
Chip: ibmgx5 Samps: 32000

1.00 A
—8— n=3 GHZ state
Solid: Corrected n=3 Cluster state
0.751 n=4 GHZ state
—8— n=4 Cluster state
0.50 1 ~
A 0.25
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>
VvV 0.00
>
]
& —0.251
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—0.754
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0 1 2 3 4 5
Time (us) 201884111928

Figure 4.6: Pauli expectation values versus time.

opposite opposite to (4.10). Identical phase shifts of —¢/n are applied to each qubit. We
apply this same correction to the GHZ, cluster, and uniform states. The results are shown
in Figs. 4.7 and 4.8. We refer to these corrected measurement results as phase compensated
data.

The oscillations in & and &4, are no longer present after phase compensation; they are
now properly monotonic (apart from measurement noise). And after this correction, the
GHZ states appear to be significantly more robust than the cluster states, which is the most
interesting conclusion from this work.

The behavior of the uniform state |+)®", which we included as a (nominally) non-
entangled control, is also interesting. In Fig. 4.2, the n=3 uniform state (red curve) appears
to spontaneously develop a high degree of entanglement. However after phase compensation,
Fig. 4.7, entanglement is absent. This is consistent with our interpretation that the states in
Fig. 4.2 develop imaginary components, invalidating our £3 measurement technique, which
assumes purely real components. But the behavior of the n =4 uniform state is different:
In Fig. 4.4, the uniform state (red curve) shows no significant entanglement, but the phase

compensated data does.
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Entanglement: Monotone &3
Chip: ibmgx5 Samps: 32000 Comp: f,=168 kHz

1.0
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Solid: Corrected n=3 Cluster state
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Figure 4.7: Same as Fig. 4.2, except that identical phase shifts of —¢/n are now applied to
the qubits during the delay, to compensate for the phase drift. The GHZ state is clearly
more robust than the cluster state at long times.

Entanglement: Monotone &4
Chip: ibmgx5 Samps: 32000 Comp: f,=241kHz

1.0
—8— n=4 GHZ state
n=4 Cluster state
—e— n=4 Uniform state
0.8

Solid: Corrected
Dotted: Raw data
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o
o
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0.24
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Figure 4.8: Same as Fig. 4.4, but with phase compensation. Again the GHZ state appears
to be much more robust.
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4.4.1 A SIMPLE MODEL FOR RELATIVE PHASES

We present the simplest model that reproduces the gross features of these results i.e the
source of these extra relative phases. The general idea is that there are a stray magnetic

fields acting on each qubit such that the Hamiltonian is the following
1=4
H= Zgiai (4.11)
i=1

where g; is the strength of the stray magnetic field. The precise strength, g;, in (2) is a free
parameter in the model and in order that it reproduces the gross features of the dynamics
i.e that entanglement collapse and revival occurs roughly on the time scale of the data, the
couplings have to be on the order of 0.1 MHZ. This prediction does not change even if one
uses unique 77 and 75 for each qubit.

We can gain more evidence for the model introduced in (2) by calculating the entangle-

ment monotones. Again the couplings were randomly chosen to be around 0.1 MHZ.

1.01 —=- GHZ with B fields
) ——- Cluster with B fields
RN —— GHZ with no B fields
0.8 N —— Cluster with no B fields

©
o

Three tangle

1
IS

0.2 4

0.0 4

evolultion time (us) le—6

Figure 4.9: Simulation of three qubits in a uniform bath T} = 40us, Ty = 51us
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Figure 4.10: Simulation of four qubits in a uniform bath T} = 40us, To = 51us

4.5 CONVEX ROOF EXTENSIONS

To remove the assumption of real pure states, we next perform experiments where we remove
this assumption. First we introduce the concept of a roof extension. Let 2 be a compact
convex set with G being a real valued function. A point w € () is a called a roof point if
there is at least one extremal convex decomposition w = Zj p;m; , m; € QPY¢ such that
G(w) = > p;G(m;). If this takes place we call the decomposition optimal with respect to G
or G-optimal. Let 1 — g(m) be a real function on QP*"¢ A roof of G is called a roof extension
of g if G(m) = g(m) for pure states. A convex roof extension of g, G, is convex and coincides
on QP'¢ with g.

We do full tomography on three qubits and calculate the convex roof extension of the

three tangle using the methods detailed in the following reference(102).
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Figure 4.11: The experiments were done on ibmqx2

As can be seen, the oscillations observed have disappeared giving more evidence that was
observed was the quantum states picking up relative phases that made the wave-function
complex as opposed to remaining real. By doing full state tomography, we have also removed
the assumption of the states being pure. The results shown include readout correction to

the results.

4.6 CONCLUSIONS

We have studied the relative strength and robustness of entanglement of the three- and
four-qubit GHZ and linear cluster states on the IBM Riieschlikon (ibmqx5) superconducting
quantum computer by measuring entanglement monotones £ and &y, defined in (4.3) and
(4.5). These entanglement measures have the property that they are ideally equal to one
for the GHZ and cluster states, allowing for a meaningful cross-comparison. However we
find that & and &4 are in fact non-monotonic, which we ascribe to the development of
imaginary components of the states. After proposing a simple phase-drift model for this

effect, we attempt to correct it, and after the correction find the GHZ states to be significantly
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more robust than the cluster states, exhibiting higher fidelity (data not shown here) and
entanglement at later times.

What is expected theoretically? There is a commonly stated expectation that cluster
states are more robust, due to their property that they remain partially entangled after
measurement of a subset of k < m qubits. (This property is essential for their use in
measurement-based quantum computation.) We note, however, that this form of entan-
glement is not of the genuine multi-qubit type measured by & and &,. Furthermore, our
results contradict the predictions of a Markovian T} » model and a non-Markovian dephasing
model with realistic (but spatially uncorrelated) 1/f flux noise.

A simple explanation for the robustness of GHZ states observed here is that they only have
two components (one relative phase) to acquire pure dephasing errors. And our compensation
technique, which applies identical phase shifts —¢/n to each qubit, may be non-optimal for
cluster states, whereas for GHZ states any distribution of phase shifts adding up to —¢ is
acceptable.

We note that the data presented here was acquired over more than 9 months, during which
there were drifts in system parameters and gate fidelities, leading to small inconsistencies
between some of the figures. However the principal observations, that GHZ and cluster state
preparation fidelities and initial entanglement are similar, that & and &y, oscillate in time,
and that after phase compensation the GHZ states remain more entangled, were generally
observed.

Finally, by doing full state tomography, we were able to truly measure the three tangle

and observed the GHZ state containing more entanglement than the cluster state.

4.6.1 STATE PREPARATION ERRORS

Here we provide the data summarized in Table 4.1.
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Entanglement: State preparation error
n=3 GHZ state
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Figure 4.12: Histogram of 32 independent state preparation errors for the n=3 GHZ state.

Entanglement: State preparation error
n=3 Cluster state
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Figure 4.13: Histogram of 32 independent state preparation errors for the n=3 cluster state.
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Figure 4.14: State preparation errors for the n=4 GHZ state.
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Figure 4.15: State preparation errors for the n=4 cluster state.
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