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Abstract

Fault tolerant quantum computing will change fundamentally our conception of computing

but is at the very least decades away. This is a consequence of the overhead brought about

by the need to do Quantum Error Correction. In order to study quantum error correcting

thresholds, assumptions about the noise model are made in order that the problem becomes

tractable. In this thesis, we investigate and test the accuracy of one of these error models,

the Pauli Twirling Approximation in the �ve qubit quantum error correcting code.

Secondly, we investigate two aspects of quantum computing before quantum fault tol-

erance. The �rst aspect is a proposed near term quantum processor that uses tune-able

couplings in superconducting quantum devices and can naturally simulate real and sym-

metric Hamiltonians. We show that in fact this process can be turned into a universal

computational device as we can prove that it can simulate in any complex Hermitian matrix.

We do this by proving a new decomposition of lie groups. The second aspect of near term

quantum computation is one that has been a�orded to the quantum computing community

as public quantum processors have been made available to the general public. We use these

devices to study entanglement monotones of GHZ and cluster states.

Index words: Pauli Twirling Approximation, Quantum Error Correcting Codes,
Entanglement Monotones, Lie Algebras, Lie Groups, Single Excitation
Subspace Method, Qiskit
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Chapter 1

Introduction

1.1 The beginnings

It was 14 years after Feynman had conjectured that Quantum computers could e�ciently

simulate quantum systems that Seth Llyod proved it to be the case (1). This year had wit-

nessed a dramatic increase in our understanding of quantum error correction with the work of

Daniel Gottesmann, Andrew Steane and Raymond La�amme. The �rst experimental archi-

tectures for qubits were given by David G.Cory et. al and independently Gershenfeld, Neil

A. and Chuang, Isaac L. (2; 3) using NMR. The �rst, albeit very primitive, quantum pro-

cessors were reported by(4). This simple two qubit processor implemented Grover's search

algorithm. The experiments that had been done so far in NMR had involved states that

were in fact mixed states. The viability of using NMR quantum processors was brought into

question when S. L. Braunstein et. al (5) showed that quantum states within some neigh-

borhood of maximally mixed states in fact had no entanglement. This point was brought

home when Noah Linden and Sandu Popescu(6) showed that quantum entanglement was

an absolute necessity in gaining the exponential power of quantum computers; further it

was shown that the presence of entanglement was not only necessary but in fact was not

su�cient if there was enough noise, in other words exponential resources where needed to

combat the presence of noise. E�orts in other design architectures were also being pursued,

for example E.Knill et.al(7) showed that contrary to belief universal quantum computation

could be implemented with just linear optical elements. Experiments(8; 9) with four and

�ve photons demonstrating teleportation. The superconducting architectural design was a

bit late in the game which showed two qubit entanglement(10�12)
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1.2 The Noisy Intermediate Scale Quantum (NISQ) Era

The concept of using quantum processors for near-term application was pioneered by D-

wave systems(13). By compromising on the universality of the quantum processing unit

and restricting oneself to Quadratic Unconstrained Binary Optimization problems (QUBO),

D-wave systems claimed to provide evidence for a quantum speed up(14�16). These results

were later contested as it was not clear that entanglement throughout the whole device was

being used in an essential way(17�19). Another architecture that was proposed was the

Single Excitation Subspace (SES) processor that was meant for near term universal quan-

tum simulation. In it's original form it was only capable of simulating real and symmetric

Hamiltonians. In this thesis, chapter 3, we prove a novel lie theory decomposition whose

immediate result is that the SES processor can in fact simulate any complex Hamiltonian.

On the purely algorithmic side, the �rst viable near term quantum algorithm, Variational

Quantum Eigensolver (VQE), was developed by Peruzzo, Alberto et. al(20). By preparing a

trial state with random initial parameter on the quantum processor and classically optimizing

the result, with the help of the variational principle of quantum mechanics one can �nd

the ground state of the Hamiltonian. This sparked a great deal of research into various

applications(21�26) of the variational principle that go beyond �nding the ground from tasks

like Quantum Error Correction numbers(27) to simulating various dynamical processes(28).

The second algorithm that was discovered and was quickly seen to be a viable near term

quantum algorithm was the Quantum Approximate Optimization Algorithm (QAOA) de-

veloped Farhi et.al(29). One can approximately, think of QAOA as trotterized Adiabatic

Quantum Computing with each time step being a variational parameter which is optimized.

The initial wave function evolves alternatively under a forcing Hamiltonian and the prob-

lem Hamiltonian. One optimizes variational process so that one minimizes the energy to

�nd the ground state of the problem hamiltonian. This has found applications in dis-

crete optimizations(30�32). This algorithm has been studied as a way to get a quantum

advantage(32�36).
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1.3 Quantum Computing for the Masses

In 2016, IBM took an unprecedented step and publicly o�ered a 5 qubit quantum processor(37).

This was device was later supplemented by another 5 qubit device and 16 qubit device. Sud-

denly, a �urry of work(38�47) was done implementing toy example of di�erent quantum

computing and information theory algorithms and concepts. In Chapter 4 of this thesis, we

present work measuring entanglement monotones on publicly available quantum processors

provided by IBM. We assume the state prepared on the quantum processor is pure and real

then relax that assumption.
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Chapter 2

Pauli Twirling Approximation and Quantum Error Correction

2.1 The Advent of Quantum Error Correction

In 1995, Rudolf Landauer(48) argued that goal of building a quantum computer would be

impossible. He had three main arguments against this

1. To prevent the accumulation errors what he called re-standardization (resetting the

computational unit to it's original value ) but this would throw away information

about the error

2. Hamiltonian evolution could not be carried out because of manufacturing defects.

3. Miniaturization of devices would require ever more reliable components but this would

entail explosion in the cost of development, tooling, testing and fabrication.

Analyzing the work of Llyod(49; 50) he was skeptical of the claim that the sorts of errors

that would occur in gate schemes of Lloyd would be of the kind that would be correctable.

Ironically, a few months before Peter Shor had just published a the �rst quantum error

correcting code. This addressed the issue at least in principle of the re-standardization

procedure by introducing the concept of ancilla that allowed one to detect and correct the

position of errors without destroying the quantum state in which the information was stored.

These ancilla qubits could be re-standardized. His scheme required increasing the number

of qubits from k to 9k, where k is the number of qubits that one wants to protect. A few

months later Andrew Steane(51) and Raymond La�amme et.all (52) produced quantum

error correcting codes that used 7k and 5k total qubits respectively.
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Daniel Gottesmann(53) in 1996 introduced the stabilizer formalism that encompassed

the quantum error correcting codes that had been introduced before but also introduced an

in�nite class of codes that saturated the quantum hamming bound.

2.2 Stabilizer Group

The discussion, in this section is a summary of the discussion in Gaitan (54). A quantum

error correcting code (QECC) t that encodes k qubits into n qubits is de�ned through an

encoding map ζ from the k-qubit Hilbert space Hk onto a 2k dimensional subspace Cq of

the n-qubit Hilbert space Hn; it is required to be unitary. We choose the single-qubit

computational basis states (CB) to be the eigenstates of σjz i.e

σjz |δj〉 = (−1)δj |δj〉 , (2.1)

where j labels the qubits. The CB states for Hk are formed by talking all possible tensor

products of the single-qubits CB states:

|δ〉 ≡ |δ1 . . . δk〉 = |δ1〉 ⊗ . . .⊗ |δk〉 . (2.2)

This establishes a one to one correspondence between the unencoded states |δ〉 = |δ1 . . . δk〉

and encoded states |δ〉 = |δ1 . . . δk〉 so we have that:

|δ1 . . . δk〉 = ζ |δ1 . . . δk〉 . (2.3)

Also we have that σjz → Zj = ζσjzζ
†

Quantum stabilizer codes, Cq, is identi�ed with a unique subspace that is �xed by ele-

ments of an abelian subgroup, S , known as the stabilizer group. More speci�cally we have

that for all |c〉 ∈ Cq

s |c〉 = |c〉 . (2.4)
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The stabilizer group is a subgroup of the Pauli group that consists of n-fold distinct

tensor product of the Pauli operators σz, σy, σx and the identity operator

The stabilizer group S is constructed from a set of n− k operators g1, . . . gn−k known as

the generators of S because each element in the stabilizer group can be each element can be

written as a unique product of powers of the generators

s = gp11 . . . g
pn−k
n−k . (2.5)

Because the stabilizer group is abelian, the generators are mutually commuting operators

and are in fact hermitian, unitary operators and of order 2. As a consequence of their order

their eigenvalues are merely ±1.

The parent space Hn is 2n dimensional we need n commuting operators to specify a

unique state in the Hilbert space. In fact these n operators can be chosen to be the following:

g1 . . . gn−k;Z1 . . . Zk and the 2n simultaneous eigenstates of these operators can be chosen to

be the basis for Hn. These eigenstates can be labeled by strings l = l1, . . . ln−k; δ = δ1 . . . δk

so that

gi |l, δ〉 = (−1)li |l, δ〉 , (2.6)

Zj |l, δ〉 = (−1)δj |l, δ〉 , (2.7)

where i = 1 . . . n− k , j = 1 . . . k and li and δj = 0, 1

Note that for a given string l = l1 . . . ln−k the set of 2k eigenstates |l; δ〉 span a subspace of

Hn which can be labeled by the string l i.e Cq(l1, l2 . . . ln−k) ≡ Cq(l) and provide a partition

of Hn. The subspace determined by the stabilizer group is labeled as Cq(00 . . . 0). In other

words, the subspace determined by the stabilizer group are those elements in the Hilbert

that are left invariant under the action of the stabilizer group elements so, s |c〉 = |c〉 ∀c ∈ Cq

6



Modeling the noise in a quantum setting is more complicated than in the classical case.

It is known to be exponentially hard to exactly simulate the noise acting for example in

a quantum circuit. Thus if we are to study the noise in a quantum circuit and how to

apply QECC we have to assume a model of the errors that can be e�ciently simulated on

a classical computer. For this discussion we will model the noise as simply the random

application of σx, σy and σz with probabilities px, py and pz respectively. The σx operator

�ips a qubit, σz potentially changes the phase of the qubit and σy does a combination of both.

To prove the above behavior apply the operators to the state |+〉 =
1√
2

(|0〉+ |1〉) and |−〉 =

1√
2

(|0〉 − |1〉) which form a basis for the one qubit Hilbert space.

So what we have is that elements of the stabilizer group can be labeled by bit strings of

length n− k p = p1 . . . pn−k ∈ F n−k
2 , where F n−k

2 is the vector space of dimension n− k over

the �eld of characteristic 2.

Theorem 2.2.1 Let E be an error operator and Cq a quantum stabilizer code with generators

g1, . . . gn−k. The image E(Cq) of Cq under E is C(l) with l = li . . . ln−k.

li =


0 if [E, gi] = 0

1 if {E, gi} = 0

Proof We assume what will be proved later, that is E either commutes or anti-commutes

with gi. So giE |c〉 = (−1)liEgi |c〉 = (−1)liE |c〉 where li = {0, 1}. This means that

corrupted state is an eigenvector of the generators. Now {|l; δ〉 : l ∈ Hn−k
2 , δ ∈ Hk

2 } span

Hn
2 and so E |c〉 =

∑
l

∑
δ a(l; δ) |l; δ〉. Because E commutes or anti-commutes with all the

generators and |l; δ〉 are eigenvectors of the generator, this all implies that sum over l does

not exist and we only have one particular value of l. Therefore E |c〉 =
∑

δ a(l; δ) |l; δ〉. So

the error takes the element of the code space to a speci�c subspace of C(l) as a consequence,

E(Cq) ⊂ C(l). But these vector spaces are the same dimension so they are in fact equal. �

7



The lesson to take is that for each E we can attach a syndrome measurement S(E) =

l1 . . . ln−k

Example

Quantum Stabilizer Code for Phase Flip Channel

η : H1
s 7−→ Cq ⊂ H3

2

We need 2 generators {g1, g2}. There 8 possible errors. We want to protect our state

against a phase �ip. Thus there are three possible errors E1 = σ1
z , E2 = σ2

z , E3 = σ3
z . De-

pending on whether we have |0〉 , |1〉 we will have a phase �ip or not. The phase �ip will show

up as a change in the relative phase. So we choose eigenstates of σ1
xσ

2
x, σ

2
xσ

3
x as elements of

our code subspace.

Error Syndrome

S(E) = (1, 0)

{σ1
z , σ

1
xσ

2
x} = 0

[σ1
z , σ

2
xσ

3
x] = 0

S(E) = (1, 1)

{σ2
z , σ

1
xσ

2
x} = 0

[σ2
z , σ

2
xσ

3
x] = 0
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S(E) = (0, 1)

[σ3
z , σ

1
xσ

2
x] = 0

{σ3
z , σ

2
xσ

3
x} = 0

Elements of the stabilizer group are of the form s(p) = gp11 g
p2 p1, p2 ∈ {0, 1} So S =

{I, σ1
xσ

3
x, σ

1
xσ

2
x, σ

1
xσ

3
x}

2.2.1 Deeper Study of Stabilizer Formalism

The Pauli group Gn has elements written as e = iλσ1
j1
⊗ · · · ⊗ σnjn where λ = {0, 1, 2, 3}, jk =

{I, x, y, z}. Since σky = −iσkxσkz we can always write the elements of the Pauli group as

e = iλσx(a)σz(b) where a = a1 . . . an and b = b1 . . . bn ; a and b are n bit strings. We will

work with the quotient group Gn/C, C = {±I,±iI}.

Theorem 2.2.2 1. The order of Gn and Gn/C are 22n+2 and 2n respectively.

2. ∀e ∈ Gn, e
2 = ±I, e† = ±e, e−1 = e†

3. ∀e, f ∈ Gn either [e, f ] = 0 or {e, f} = 0

Proof The order of the group is a trivial exercise in Combinatorics. We move on to the sec-

ond claim. e2 = i2λσ1
j1
⊗· · ·⊗σnjnσ1

j1
⊗· · ·⊗σnjn = (−1)λ(−1)a·bσx(a)2σx(b)

2 = (−1)λ+a·bI =⇒

±I.

e† = (−i)λσz(b)†σx(a)† = (−1)a·b(−1)λ(i)λσx(a)σz(b) = ±e. Lastly, we prove that the el-

ements either commute or anti-commute. Let e = iλeσx(ae)σz(be), f = iλfσx(af )σz(bf ).

The ef = (i)λe+λfσx(ae)σz(be)σx(af )σz(bf ) = (i)λe+λf (−1)be·afσx(ae)σx(af )σz(be)σz(bf ) =

(i)λe+λf (−1)be·af (−1)ae·bfσx(af )σz(bf )σx(ae)σz(be) = (−1)Γfe with Γ = be · af + ae · bf ∈ Z.

If Γ is even then the elements commute but if Γ is odd then the elements anti-commute �

9



2.2.2 Errors

Errors having a vanishing syndrome S(E) = 0 commute with all generators of the stabilizer

group. Let C(S) be the set of error e ∈ Gn that commute with c ∈ S. C(S) is called the

centralizer.

Theorem 2.2.3 The centralizer is a subgroup of Gn

Proof Firstly, the centralizer has the identity since [I, S] = 0 ∀s ∈ S. Secondly, for g ∈ C(S)

we have [g, s] = 0 ∀s ∈ S so gs = sg so g−1ggs = sggg−1 but g2 = I =⇒ g−1s = sg−1 =⇒

[g−1, s = 0] so g−1 ∈ C(S). Lastly, given two elements g1, g2 ∈ C(S), their product g1g2 in

in C(S) since g1g2s = g1sg2 = sg1g2 and therefore [g1g2, s] = 0. �

Since the stabilizer group is Abelian S ⊂ C(S), if an error e ∈ C(S) is in S the it needs

no error correction but if it is in C(S) − S it will not be detectable.The proof proceeds as

follows.

Theorem 2.2.4 C(S) is a normal subgroup of Gn

Proof Let c ∈ C(S), s ∈ S, g ∈ Gn . We have csc−1 ∈ S. Now look at gc(g−1sg)g−1 =

g(g−1sg)cg−1 = s(gcg−1) ∈ C(S). Therefore C(S) is normal. A slightly more abstract way

is to notice that Gn acts on S by conjugation with the kernel being C(S). Now a kernel is a

group and moreover a normal subgroup. �

This all means we can create the quotient group Gn/C(S).

Theorem 2.2.5 Two elements e1, e2 are in the same coset if and only if they have the same

error syndrome.

Proof If they are in the same coset then they di�er by an element c of C(S). Let e2 = e1c.

Consider e1gi |d〉 with |d〉 being a code word. So e2c
−1gi |d〉 = e2gic

−1 |d〉 = e2gi |d〉 = e1gi |d〉.

In other direction, e2e1g = ge2e1 so the product belongs in the centralizer. The product

commutes because e1, e2 have the same syndrome measurement. Therefore ∃c ∈ C(S) such

that e2e1 = c =⇒ e1 = ce−1
2 , proving the theorem
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The result is that di�erent error syndromes are in 1-1 relation with the cosets of the

centralizer.

Theorem 2.2.6 |Gn : C(S)| = number of cosets is 2n−k.

Proof Each coset corresponds to a unique syndrome measurement. The number of syndrome

measurements is 2n−k

Theorem 2.2.7 The number of elements in C(S) = 2n+k+2

Proof By Lagrange's theorem |Gn|
C(S)

= |Gn : C(S)|. So Gn
|Gn:C(S)| = |C(S)| = 2n+2

2n−k
= 2n+k+2

Now C(S)/S has elements that commute with the stabilizer generators but change the

codeword. These turn out to be the logical operators.

2.3 Explicit production of the encoding circuit

2.3.1 Type 1 and Type 2 generators

The discussion in this section is a summary of material from(54; 55). Given a computational

basis state |φ〉 then a state in the codespace is |ψ〉 =
∑

M∈SM |φ〉 , where M is a stabilizer

and S is the stabilizer group. |φ〉 will be referred to as the seed of the code word |ψ〉. Note

thatM |φ〉 acts the seed for the same quantum code words as |φ〉. Not every seed will produce

a non-zero code word. We can produce a basis for the codespace in the following manner:

pick a seed, and apply elements of the stabilizer group that do not produce a non-zero code;

this will produce a state |ψ1〉. Then pick another seed that is not in the linear expansion

of |ψ〉 and apply elements in the stabilizer group that do not lead to a non-zero code to get

|ψ2〉. It is shown in (55) that this procedure leads to a basis for the vector space stabilized

by the stabilizer group. The argument proves this by supposing you have a set of stabilizers

M = (M1,Ms . . .Mr) and a set of classical states Cr and imagining the adding to the set

M a stabilizer Mr+1. This stabilizer could do one of three things to a given seed φ in Sr
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1. Mr+1 could send |φ〉 to a classical state not in Sr

2. Mr+1 could return ± |φ〉

3. Mr+1 could return |φ′〉 ∈ Sr

It turns out the third option can be ignored since Mr+1 can be written in a form that

acts like the second option. The �rst option leads to generators of type 1 and second option

leads to generators of type 2. Generators of type 1 will eventually make the order of the set

Sr, 2b where b is the number of type 1 generators. A generator of type 2 must act on each

qubit as the Ii,−Ii or as Zi where i is the label of the qubit. We can use |~0〉 = |00 . . . 0〉

as our �rst seed in our quest to �nd basis for the vector space stabilized by the stabilizer

group. Any other seed can reached by operating some N ∈ S that is a product of X. For

N |0〉 to act as the seed for a non-trivial state, N must commute with every type 2 generator.

Assuming that our stabilzer group S is generated by 〈M1,M2, . . .Ma〉, we can get a full set

of 2n−a seeds by taking products of (n− a) operators N1, . . . Nn−a. The Ni are called the Ni

are called seed generators.

Once we have determined type 1 generators, Mi, of the stabilized vector space and the

seed generators, Ni, we can de�ne a unitary transformation to perform the encoding

d︷ ︸︸ ︷
|0 . . . 0〉⊗ |c1c2 . . . ck〉 7−→

1√
2b

∏
type 1

(1 +Mi)N
c1
1 N

c2
2 . . . N ck

k |~0〉 , (2.8)

where |~0〉 is has length n and d = b + r where b is the number of type 1 generators r is

the number of type 2 generators.
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2.3.2 Standard Form of the Stabilizer code

In order to �nd the encoding scheme we use the language of binary vectors. Suppose we

have a generator Gi = Gi1 ⊗ . . . Gin . We introduce two vectors XGi and ZGi

(XGi)j =


1 if Gij = X or Y

0 if Gij = Z

(2.9)

and

(ZGi)j =


1 if Gij = Z or Y

0 if Gij = X

(2.10)

We also have XG matrix of generators G1, . . . Gd is de�ned as the n × d matrix denotes

as XG where

(XG)ji =


1 if Gij = X or Y

0 if Gij = Z

(2.11)

i.e a matrix whose columns areXGi and a similarly de�ned ZG matrix whose columns are ZGi .

In this new language the X-vectors that are linearly independent are the type 1 generators

and those that are null are the type 2 generators.

It is useful to divide the set of qubits into three sets A = (1 . . . b), B = (b + 1, . . . n− k)

and C = (n− k + 1 . . . n)

We �rst summarize �nding the encoding procedure before giving a detailed explanation

2.3.2.1 Summary of encoding procedure

I It is useful to divide the set of qubits into three sets A = (1 . . . b), B = (b+ 1, . . . n− k)

and C = (n− k + 1 . . . n)
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II Apply the seed generators (logical X operators) on the set B in a controlled fashion i.e

apply the logical operator Xj (it was denoted as Nj before) conditioned on the state of

qubit n− k + j in set C

III Apply Hadamard operators on the set of qubits in A

IV Apply the projection operators created by stabilizer operators conditioned on the state

of the jth qubit where j is in set B on the qubits in A

2.3.2.2 Careful exposition of encoding procedure

Re-writing N ci
i as Xck

k since the seed generators are in fact products of X operators. We can

combine XG and ZG into a check matrix H like

H = (XT
G|ZT

G) (2.12)

The check matrix can be put in the so called standard form which is the form

H =

Ib×b A1(b×(n−k−b)) A2(b×k) Bb×b C1(b×(n−k−b) C2(b×k)

0b×b 0(b×(n−k−b)) 0(b×k) Db×b I(b×(n−k−b)) E(b×k)

 (2.13)

The logical operators have n− k degrees of freedom so that binary vector corresponding to

them can chosen to be in the following form

v(Xl) =



0b×1

u2(l)(n−k−b)×1

u3(l)k×1

vb×1

0(n−k−b)×1

0(n−k−b)×1


(2.14)
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with u3 have the special form u3(l) = (0 . . . 1j . . . 0), where for example u2(l)(n−k−b)×1 denotes

a (n−k−b)×1 vector got by picking the lth column from the matrix got by putting together

the binary vectors of logical operators

X =


. . .

v(X1) . . . v(Xk)

. . .

 (2.15)

The above matrix takes the special standard form

X =

(
0 ET I | (ETC1 + CT

2 0 0

)
(2.16)

With additional notation we write Xl as

Xl = Sx[u2(l)]SZ [v1[l]]σn−k+l
x (2.17)

where

Sx[u2(l)] ≡ (σb+1
x )u2,1(l) . . . (σn−kx )u2,n−k−b(l) (2.18)

Sz[v1(l)] ≡ (σb+1
z )v1,1(l) . . . (σrz)

v1,b(l) (2.19)

We thus have the action of the logical operators being

Xδk
k |0 . . . 0〉n =


|0 . . . 0〉n δk = 0

Sx[u2(k)] |0 . . . 01〉n δk = 1

(2.20)

Making our qubit sets more obvious we have the following action

Xδk
k |0 . . . 0〉n =

b︷ ︸︸ ︷
|0 . . . 0〉⊗Sx[u2(k)]δk

n−k−b︷ ︸︸ ︷
|0 . . . 0〉⊗

k︷ ︸︸ ︷
|0 . . . δk〉 (2.21)
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Thus applying all the logical operators to get a computational basis state in the logical

space is

Xδ1
1 . . . Xδk

k |0 . . . 0〉n =
k∏
j=1

b︷ ︸︸ ︷
|0 . . . 0〉⊗Sx[u2(j)]δj

n−k−b︷ ︸︸ ︷
|0 . . . 0〉⊗

k︷ ︸︸ ︷
|0 . . . δk〉 (2.22)

Next we need to apply the operator (1 + gi) where j = (1 . . . b). First we de�ne Uj ≡

Sx[u2(j)]δj . These are controlled operations and their product is denoted as UT = U1 . . . Uk

Now using the standard form in 2.13 we have that the binary vector representing the stabilizer

operator is

vTj (gi) =

(
0 . . . 1j . . . 0 A1(j) A2(j) | B(j) C1(j) C2(j)

)
(2.23)

So in standard form gi = Tjσ
j
x(σz)

B(j) where Tj is the operator that identi�es the operator

that remains when we factor out all operators associated with qubit j. We have the operator

that needs to be applied that projects the quantum state into the code subspace

G =
n−k∏
j=1

(1 + gi) = G1G2 =
b∏

j=1

(1 + gi)
n−k∏
j=b+1

(1 + gj), (2.24)

where the �rst product is over the type 1 generators and the second product is over type

2 generators. We de�ne |ψ〉 = Xδ1
1 . . . Xδk

k |00 . . . 0〉n and it is easy to see that | ¯δ1 . . . δk〉 =

G1X
δ1
1 . . . Xδk

k G2 |00 . . . 0〉n = G1X
δ1
1 . . . Xδk

k |00 . . . 0〉n where we used that the type 2 genera-

tors act on a di�erent set of qubits and therefore commute with the logical operators and

that the type 2 generators are product of Z operators and therefore act trivially act on our

state.

Looking at 2.8 we see that the next step is explicate how to apply the non-unitary

operation (1 + gj) |ψ〉. We easily see that

(1 + gj) |ψ〉 = UT |0 . . . 0δ1 . . . δk〉+ Tjσ
j
x(σz)

B(j)UT |0 . . . 0δ1 . . . δk〉 . (2.25)
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The σjx(σ
j
z)
Bj(j) commutes with the UT since they act on di�erent sets of qubits and has the

following action

σjx(σz)
Bj(j) |0 . . . 0j . . . 0 δ1 . . . δk〉 = |0 . . . 1j . . . 0 δ1 . . . δk〉 . (2.26)

Therefore the action of the projection operator is the following

(1+gj) |ψ〉 = UTHj |0 . . . 0j . . . 0 δ1 . . . δk〉 = UT{|0 . . . 0j . . . 0 δ1 . . . δk〉+Tj |0 . . . 1j . . . 0 δ1 . . . δk〉},

(2.27)

where Hj is the hadamard gates on the jth qubits in set A.

Note: The generators are applied onto the quantum state by a controlled operation i.e

Tj acts only if j in the set A is in the one state.

2.3.3 5 qubit code example

For the sake of concreteness we choose the 5 qubit code which will be studied later on. The

stabilizers are g1 = σ1
xσ

2
zσ

3
zσ

4
x , g2 = σ2

xσ
3
zσ

4
zσ

5
x, , g3 = σ1

xσ
3
xσ

4
zσ

5
z , g4 = σ1

zσ
2
xσ

4
xσ

5
z and the logical

X and Z operators, respectively are X = σ1
xσ

2
xσ

3
xσ

4
xσ

5
x Z = σ1

zσ
2
zσ

3
zσ

4
zσ

5
z . In stand form we

have we have the following check matrix

H =



1 0 0 0 1 1 1 0 1 1

0 1 0 0 1 0 0 1 1 1

0 0 1 0 1 1 1 0 0 0

0 0 0 1 1 1 0 0 0 1


(2.28)
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The 5 qubit code has no type 2 generators. In standard form the logical operators are

X =

(
0 0 0 0 1|1 0 0 1 0

)
(2.29)

Z =

(
0 0 0 0 0|1 1 1 1 1

)
(2.30)

which gives in pauli notation the following operators X = σ1
zσ

4
zσ

5
x Z = σ1

zσ
2
zσ

3
zσ

4
zσ

5
z The

stabilizers in standard form are

g1 = (−iσ1
y)σ

2
zσ

4
z(−iσ5

y)

g2 = σ2
xσ

3
zσ

4
zσ

5
x)

g3 = σ1
zσ

2
zσ

3
xσ

5
x

g4 = σ1
zσ

3
z(−iσ4

y)(−iσ5
y) (2.31)

and the corresponding T operators are

T1 = σ2
zσ

4
z(−iσ5

y)

T2 = σ3
zσ

4
zσ

5
x)

T3 = σ1
zσ

2
zσ

5
x

T4 = σ1
zσ

3
z(−iσ5

y) (2.32)

As a result of having no type 2 generators we have Sx[u2] = I and our �ducial state is

|
b=4︷︸︸︷

0000

k=1︷︸︸︷
δ1 〉
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|0〉
|0〉
|0〉
|0〉
|δ1〉

H

Z

Z

Y

H

Z

Z

H

Z

Z

H

Z

Z

Y

Figure 2.1: The operators T1, T2, T3, T4 are represented in black, red, green and blue respec-
tively

The �rst two operations in T1 and T2 act trivially and can be ignored to give the following

quantum circuit.

|0〉
|0〉
|0〉
|0〉
|δ1〉

H

Y

H

H

Z

Z

H

Z

Z

Y

Figure 2.2: The operators T1, T2, T3, T4 are represented in black, red, green and blue respec-
tively. The operators acting trivially have been removed

2.4 PTA and 5 qubit code

Feynman introduced the idea of a universal quantum simulator,(56) noting that a classical

Turing machine would require a time exponential in the number of particles to simulate

quantum phenomena, while his proposed simulator made from quantum components would

avoid such a scaling. A surge of interest grew around the nascent �eld of quantum information

theory when Shor discovered his now famous algorithm, (57) which can provably factor

numbers in polynomial time, in contrast to a classical machine which is believed to scale

exponentially with the number of bits of the input. However, it was clear from the very

beginning that the great power of quantum computing�using quantum superpositions and

entanglement�also presented the greatest challenge to its realization; namely, the incredible

delicacy of quantum states in the presence of unwanted environmental interactions.

The �rst major step to protect the delicacy was taken by Shor when he proposed a

quantum circuit that could correct for any single-qubit error by encoding a logical qubit
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into 9 physical qubits. (58) Shor's 9-qubit code and it's generalizations work perfectly if

we make the unphysical assumption that all syndrome measurements are error-free. It is

therefore necessary to understand the e�ect of decoherence and unitary gate errors on a

complete fault-tolerant circuit. Unfortunately, the direct approach to this problem, namely

a full Hilbert space simulation of the quantum circuit in the presence of errors and noise,

is impractical because of the exponential relationship between amount of memory and time

needed to simulate quantum circuits and the number of qubits. A way around this problem is

to rely on the Gottesmann-Knill theorem, which shows that any circuit in which we prepare

initial states in the computational basis, use only gates from the normalizer of the Pauli

group (in this case the Cli�ord group), and measure operators from the Pauli group, can

be e�ciently simulated on a classical computer. (59) We are thus provided with a class of

e�cient error models that includes the Pauli and Cli�ord channels.

Simulation of a noisy quantum circuit is accomplished by performing each ideal operation

followed by an error (a gate from Pauli or Cli�ord group) with some probability. It is then

necessary to construct an error channel such that one approximates the true noise process

as accurately as possible (with respect to some measure), and ideally with the additional

property that the approximate channel upper-bounds the actual error. The �rst steps in this

direction were taken by Magesan et al.(60) and Gutiérrez et al. (61) These investigations

considered a single qubit density matrix and not a quantum error correcting circuit. Geller

and Zhou (62) took a di�erent approach and asked how well the Pauli twirling approximation

(PTA), obtained by twirling the exact error channel over the Pauli basis, performed on

a 4-qubit Bell-state preservation circuit, where an analog of the logical error rate can be

de�ned. Despite its simplicity, the PTA was found to work surprising well over a large

range of physical error rates, but did not always upper bound the exact error. A second

test of the PTA was carried out by Tomita and Svore,(63) where the logical error rate was

calculated for the distance-3 surface code. Although the PTA test was not the main focus of

their work, these authors found excellent agreement for logical σz errors, but that the PTA
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overestimated the logical σx error by a factor of 5 to 10, depending on the qubit T1 time.

The results of Tomita and Svore,(63) and the desire to extend the work of Ref. (62) to a test

of the PTA on an actual logical error rate calculation, motivated the work reported here. In

addition, two other related investigations have recently appeared: Puzzuoli al.(64) discussed

the construction of e�cient (Pauli and Cli�ord) error channels obtained by minimizing the

diamond norm subject to the constraint that the approximate channel always upper bounds

the error (an honest representation in the terminology of Refs. (60; 64)) and tested their

accuracy when applied to error-correcting circuits. Gutiérrez and Brown (65) focused on

Cli�ord channels and computed error thresholds for the Steane [[7,1,3]] code. The results

of Refs. (62; 63; 65), together with the results reported below, suggest that the PTA is a

reliable (and honest) predictor of the logical error rate, at least for low-distance codes.

Methods and results

Consider the time evolution of a density matrix ρ represented by some superoperator Λ; then

we have

ρ→ Λ(ρ) =
∑
m

EmρE
†
m, (2.33)

where the Em are N ×N Kraus matrices. Next consider a �nite set of operations B = {Bm}

with m = 1, . . . , K. Twirling (66�69) the channel to obtain a new channel Λ̃ is to perform

the operation

Λ̃ =
1

K

m=K∑
m=1

B†mΛ(BmρB
†
m)Bm. (2.34)

To arrive at the PTA, we simply consider the set B to be the n-qubit Pauli basis Pn, de�ned

as consisting of all possible tensor products

Pn = {I,X, Y, Z}⊗n , (2.35)
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giving a total of 4n distinct elements. Performing the PTA gives Λ̃ that is always diagonal

in the Pauli basis, namely

Λ̃ =
∑

Bm∈Pn

pmBmρBm. (2.36)

If Λ is trace-preserving then
∑
m

pm = 1, otherwise
∑
m

pm < 1. A detailed application of the

PTA to single qubit decoherence models is carried out in Ref. [(62)].

In this work we apply the PTA to the calculation of the logical error rate for the 5-qubit

code. The 5-qubit code is the smallest quantum error correcting code that can encode a

logical qubit, and detect and correct a single one-qubit error. It is a distance 3 quantum

error correcting circuit, meaning that with one error correcting cycle, 3 is the lowest number

of single qubit errors that cannot be detected. This code can be implemented by measuring

the stabilizers

X1Z2Z3X4, X2Z3Z4X5, X1X3Z4Z5, Z1X2X4Z5. (2.37)

Note that by starting with the �rst stabilizer one can arrive at the other three by a cyclic

permutation of the qubits. The logical |0〉 and logical |1〉 states for this code are

|0〉L =
1

4
(|00000〉+ |11000〉+ |01100〉+ |00110〉+ |00011〉+ |10001〉

− |10100〉 − |01010〉 − |00101〉 − |10010〉 − |01001〉

− |11110〉 − |01111〉 − |10111〉 − |11011〉 − |11101〉)

(2.38)

and

|1〉L =
1

4
(|11111〉+ |00111〉+ |10011〉+ |11001〉+ |11100〉+ |01110〉

− |01011〉 − |10101〉 − |11010〉 − |01101〉 − |10110〉

− |00001〉 − |10000〉 − |01000〉 − |00100〉 − |00010〉).

(2.39)

A logical state is prepared in the computational basis using the �rst �ve (data) qubits,

as shown in Fig. 2.3. The next four qubits are used as ancilla qubits to measure the four
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stabilizers after which four measurement outcomes (x1, x2, x3, x4) are obtained. There are

16 possible measurement outcomes which are in a one to one correspondence with the 16

possible errors that might occur [counting the outcome (0,0,0,0) as a trivial error]. In Table

2.1 we list all possible measurement outcomes and the corresponding single qubit errors. We

call the implementation of the circuit and performing the measurement step a cycle, which

is shown in Fig. 2.3. If one goes through a cycle and a single error occurs on any of the �rst

5 qubits, this might be re�ected in the measurement result and thus detected. But instead

suppose that no errors occur on the data qubits but right before the measurement step a bit-

�ip error occurs on the �rst syndrome qubit, giving the measurement outcome of (1,0,0,0).

An incorrect interpretation of the result would be to conclude that one of the 16 possible

errors on the data qubits has occurred, whereas in fact the fault lies with a syndrome qubit.

We therefore require a protocol that is tolerant to a single syndrome-qubit (or readout) error.

To this end, we note that for errors uncorrelated in time, it is likely that after readout and

re-initialization that the syndrome qubit will return to its original �faithful" state at the end

of the next cycle. The procedure followed in our simulations is therefore the following:

1. With the initial 9-qubit density matrix (representing data and syndrome qubits) per-

form the stabilizer measurements and the measurement step to complete one cycle.

Record the measurement outcome.

2. For the next cycle, re-initialize the syndrome qubits but use the 5-qubit density matrix

from the end of the last cycle.

3. Repeat step 2 until the same measurement outcome is obtained three times in succes-

sion. Call this event the completion of a trial.

After observing the same measurement outcome for three cycles in a row, we calculate

P = 1− Tr(ρcρm), (2.40)
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measurement result single-qubit error
0000 I
0001 Z1

0010 X3

0011 Z0

0100 X0

0101 X2

0110 Z4

0111 Y0

1000 Z2

1001 X4

1010 X1

1011 Y1

1100 Z3

1101 Y2

1110 Y3

1111 Y4

Table 2.1: Syndrome measurement outcomes and their corresponding predicted single-qubit
errors.

where ρc is the data-qubit density matrix obtained at the end of the �nal cycle and ρm is the

data-qubit density matrix predicted by the stable measurement outcome. We then de�ne

the logical error rate as

PL =
1

N

∑
trials

P, (2.41)

where N is the number of trials. " The value of N is chosen to make the sampling errors

much smaller than the di�erences between the exact and PTA logical error rates we are

interested in. De�ning the logical error rate this way allows us to calculate an error rate

that could be measured experimentally.

Our work here is done with surface code in mind where for example one deals with single

syndrome qubits and the robustness of a syndrome measurement is achieved by comparing

measurement results from a number of measurement cycles.
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Figure 2.3: Stabilizer measurement circuit for the 5-qubit code written in terms of CZ gates
(vertical lines with dots). A cycle is moving through this circuit once and performing the
measurement step.

For the exact calculations of the average logical error rate PL, decoherence was included

by using Kraus matrices for amplitude damping and pure dephasing as de�ned in Ref. [(62)].

The gates are assumed to act instantaneously and the non-unitary evolution is implemented

using the operator sum representation between the action of the gates for a time of 25×10−9

s. Unitary gate errors are introduced by using the non-ideal CZ gate(62)

V =



1 0 0 0

0
√

1− E1

√
E1e

iφ 0

0 −√E1e
−iφ √1− E1 0

0 0 0 eiδ


, (2.42)

whereas the Hadamards are taken to be ideal. The form (2.42) re�ects actual errors in

a CZ gate implemented with superconducting qubits (neglecting leakage). (70) There are

three parameters in (2.42) that can be changed, namely, E1, φ and δ. In the simulations,
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Figure 2.4: Logical error rate for the |0〉L state with T1 = T2 = 100µs.

we choose φ = 0 and distribute the total intrinsic gate error E equally between E1 and δ.

By intrinsic or unitary gate error we mean the gate error in the absence of decoherence.

The PTA applied to (2.42) yields 16 two-qubit Pauli error operators with probabilities given

in Ref. (62). To obtain standard errors on the order 10−3 or smaller, about 20 trials were

required, which took several days of runtime to complete. The PTA calculations of PL were

done using classical Monte Carlo, which introduces larger sampling errors. A total of 10000

trials were performed to get sampling errors down to around 10−3.

Figures 2.4, 2.5, and 2.6 give the logical error rate PL versus intrinsic error for three

values of T1, with T2 = T1. We �nd in these cases that the PTA overestimates the logical

error rate by about a factor of 2 to 3. In Fig. 2.7, we �x the total intrinsic error to E = 10−3

and test the PTA for �ve di�erent states on the logical Bloch sphere: the eigenstates of σz,

σx, and the +1 eigenstate of σy.
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Figure 2.5: Logical error rate for the |0〉L state with T1 = T2 = 70µs.
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Figure 2.6: Logical error rate for the |0〉L state with T1 = T2 = 40µs.
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Figure 2.7: Logical error rate for di�erent states on the Bloch sphere with T1 = T2 = 70µs
and 10−3 intrinsic error.

Conclusions

We have studied the PTA logical error rate compared to an exact calculation that includes

both decoherence (amplitude damping and pure dephasing) and unitary gate errors. The

tests reported here include 20 di�erent settings�physical error rates and/or initial logical

states�with the PTA overestimating the logical error rate by a factor of 1.9 to 3.1, with a

mean ratio of 2.35. In the language of Megasan et al.,(60) we �nd that the PTA is always

honest (the ratio is > 1) for the parameter regimes considered. We �nd no signi�cant

di�erence between PTA's performance for bit-�ip and phase-�ip errors, which would be

re�ected in Fig. 2.7, in contrast to the results of Tomita and Svore. (63) The explanation for

the di�erence between the results is currently not known. There are a number of signi�cant

di�erences between the two arenas in which PTA's performance is measured that could be

the explanation : the fact that in surface code we have a two dimensional structure which

allows for more interactions between the qubits,the fact that one is topological and the other

is not, or it could be as simple as the work in Ref. (63) studied a considerably larger system.
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This warrants future study. We also �nd that, as expected, the PTA is less accurate for

unitary errors, in agreement with Refs. (62) and (64).
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Chapter 3

The ABA Decomposition and Single Excitation Subspace Method

3.1 Introduction to Lie Algebras

Let F be a �eld. A Lie Algebra over F is a a F-vector space K, together with a bilinear map,

the lie bracket :

L× L→ L (x, y) 7−→ [x, y] (3.1)

satisfying the following properties

• .[x,x] =0 for all x ∈ L

• .[x,[y,z]] + [y,[z,x]] + [z,[x,y]]=0 for all x, y, z ∈ L

Some examples of lie algebras

1. Let F = R. The vector product (x,y) 7−→ x ∧ y

2. Any vector space V has a lie bracket de�ned by [x,y]=0 for all x, y ∈ V

3. Set of all linear maps from V → V. This is a vector space over F known as the general

linear algebra [x,y] ≡ x ◦ y− y ◦ x for all x, y ∈ gl(V ) where ◦ denote the composition

of maps

3.2 Subalgebras

Lie Subalgebra of L is a vector space K ⊆ L such that [x,y] ∈ K for all x,y ∈ K.
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Ideal of a lie algebra L is a subspace I of L such that [x,y]∈ I for all x ∈ I and y ∈ L

An important example of an ideal is the centre of L de�ned by

Z(L) ≡ {x ∈ L : [x, y] = 0 for all y ∈ L}

We also have a notion of a homomorphism. A Lie Homomorphism is de�ned as the map

φ : L1 → L2 such that

φ([x, y]) = [φ(x), φ(y)] (3.2)

An important example of Lie homomorphism will be the adjoint homomorphism de�ned

as such

ad : L→ gl(L) by (adx)(y) ≡ [x, y] (3.3)

If φ : L1 → L2 is a homomorphism, then ker(φ) is an ideal of L1 and the image of

φ, im(φ), is a lie subalgebra of L2 because if x, y ∈ L1 and x, y ∈ ker(φ) then φ([x, y]) =

[φ(x), φ(y)] = 0. φ(x) = φ(y) = 0.

Now let there be an element z ∈ L then φ([z, y]) = [φ(z), φ(y)] = 0. So kerφ is an ideal of

L1.

3.2.1 Ideals and Homomorphisms

Ideals play a similar role that normal subgroups play in group theory. In other words we

can use ideals to construct other types of lie algebras in the same way that we used normal

subgroups to construct quotient groups. Suppose I and J are ideals of a lie algebra L, Then

the following are true:

1. I
⋂
J is an ideal, since we already we that I

⋂
J is a subspace of L. So we need to check

that for x ∈ L and y ∈ L, [x, y] ∈ I⋂ J , but the result follows quickly since I and J are both

independently ideals of L.
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2. I + J ≡ {x + y : x ∈ I, y ∈ J} is an ideal. Let z ∈ L, consider [z,(x+y)] = [z,x] +

[z,y] = a + b with a ∈ J and b ∈ J . So a +b ∈ I + J making I +J an ideal.

3. Product of ideals, [I,J] : Span {[x, y] : x ∈ I, y ∈ J} is an ideal. To prove we start with the

Jacobi Identity. [u, [x, y]] + [x, [y, u]] + [y, [u, x]] = 0 =⇒ [u, [x, y]] = [x, [u, y]] + [[u, x], y]x ∈

I, y ∈ J and u ∈ L. So [u, y] ∈ J since J is an ideal therefore [x, [u, y]] ∈ [I, J ] by the

de�nition, similar argument applies for [[u, x], y]. Now a general element,t, of [I,J] is a lin-

ear combination i.e t =
∑
ci[xi, yi] where ci are scalars from the �eld and xi ∈ I, yi ∈ J.

Now pick and element u ∈ L and consider [u, t] = [u,
∑
ci[xi, yi]] =

∑
ci[u, [xi, yi]]. But

[u, [xi, yi]] ∈ [I, J ] and so the sum is . So in summary we have that [u, t] ∈ [I, J ]

A special construction occurs if we take I=J=L. We write [L,L] = L
′
and call it the

derived algebra of L.

3.2.2 Quotient Algebras

We may consider the cosets of the ideal de�ned as follows z + I = {z + x : x ∈ I} for z ∈ L

so the quotient vector space is L/I = {z+ I : z ∈ L}. The lie bracket on L/I may be de�ned

by [w + I, z + J ] := [w, z] + I for w, z ∈ L. The lie bracket above is bilinear i.e [w + I, (u+

I)+(v+I)] = [w+I, u+I]+[w+I, v+I] and [w+I, (u+I)+(v+I)] = [w, u]+I+[w, u]+I.

Same argument applies for the left side. We also have that [w + I, w + I] = [w,w] + I = I .

Jacobi Identity is also is satis�ed i.e :

[[u+ I, [v + I, w + I]]] + [(v + I), [(w + I), (u+ I)]] + [(w + I), [(u+ I), (v + I)]] =

[(u+ I), [v, w] + I] + [(v + I), [w, u] + I] + [(w + I), [u, v] + I] =

[u, [v, w]] + I + [v, [w, u]] + I + [w, [u, v]] + I =

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] + I = I
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We can motivate why we consider the cosets of ideals rather than any old sub-algebra.

The main motivation is that we want the lie bracket de�ned on the quotient algebra to be

well-de�ned in other words we do not want the answer to depend on the representative of

the coset we chose. Consider the following: We have de�ned [x + I, y + I] to be [x, y] + I.

But suppose we choose another representative for each coset and perform the bracket i.e

[(x+ j) + I, (y+ k) + I] for j, k ∈ I, we still want the answer to be [x, y] + I since x and x+

j, y and y + k are in the same cosets respectively. We now do the computation

[(x+ j) + I, (y + k) + I] = [(x+ j), (y + k)] + I

= [x, y] + [j, y] + [x, k] + [j, k] + I

It should be clear that the last commutator is in I and just the �rst commutator is the

result we want. It then follows that [y, j], [x, k] ∈ I but this makes I an ideal.

We now see the analogue of the three isomorphism theorems we saw for groups in the

context of lie algebras.

3.2.3 Isomorphism Theorems

1. Let φ : L1 → L2 be a homomorphism of Lie algebras. Then kerφ is an ideal of L1 and

imφ is a subalgebra of L2 and L1/kerφ ' imφ

2. If I and J are ideals of a lie algebra, then (I + J)/J ' I/(I
⋂
J)

3. Suppose that I and J are ideals of a lie algebra L such that I ⊆ J . Then J/I is an ideal

of L/I and (L/I)/(J/I) ' L/J

3.2.4 Solvable Lie Algebras

We take an ideal of I of a lie algebra L and ask when the factor or quotient algebra L/I is

abelian.
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Lemma 3.2.1 Suppose I is an ideal of L. Then L/I is abelian i� I contains the derived

algebra L
′

Proof The algebra L/I is abelian i� for all x,y ∈ L we have [x+I, y+I]= [x,y] + I = I or

∀x, y ∈ L we have [x, y] ∈ I. Since I is a subspace of L, this holds i� the space spanned by

the brackets [x,y] is contained in I, L
′ ⊆ I .

This argument says that the derived algebra L
′
is the smallest ideal of L that has an abelian

quotient. By the same argument then derived algebra L
′
has a smallest ideal whose quotient

is abelian. We denote this smaller derived algebra as L(2). The argument goes on iteratively.

We can de�ne the derived series of L to be the series with the terms L(1) = L
′
and L(k) =

[L(k−1), L(k−1)]. Then L ⊇ L(1) ⊇ L(2) ⊇ L(3) . . .

De�nition The lie algebra L is said to be solvable if for some m ≥ 1 we have L(m) = 0

As a consequence the Heisenberg algebra is solvable but sl(2, C) is not solvable.

If L is solvable, then the derived series of L provides us with an "approximation" of L by

a �nite series of ideals with abelian quotients. This works the other way round.

Lemma 3.2.2 If L is a lie algebra with ideals L = I0 ⊇ I1 ⊇ I2 ⊇ I3 . . . Im−1 ⊇ Im = 0 such

that Ik−1/Ik is abelian for 1 1 ≤ k ≤ m, then L is solvable.

Proof Key idea: Show that L(k) is contained in Ik for k between 1 and m. Putting k=m

will then give L(m) = 0. L/I1 is abelian, we know that L
′ ⊆ I1 For the inductive step, we

suppose L(k−1) ⊆ Ik−1 where k ≥ 2. By construction Ik−1/Ik is abelian, this means that

[Ik−1, Ik−1] must be contained in Ik(By Lemma 3.5.1). But L(k−1) is contained in Ik−1 by

our inductive hypothesis so we deduce that L(k) = [L(k−1), L(k−1)] ⊆ [Ik−1, Ik−1] and hence

L(k) ⊆ Ik. QED

This proves that if L(k) is non-zero then Ik is also non-zero. Hence the derived series may

be thought of as the fastest descending series whose successive quotients are abelian.
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Lie algebra homomorphism are linear maps that preserve Lie Brackets, and so one would

expect that they preserve the derived series. Suppose that φ : L1 → L2 is a surjective

homomorphism of a lie algebras show that φ(L
(k)
1 ) = (L2)(k), we proceed by induction on k.

We already have that φ(L1) = L2.

So φ([L1, L1]) = [φ(L1), φ(L1)] by the property of homomorphisms and by assumption

we now have that [φ(L1), φ(L1)] = [L2, L2] ∴ we have that φ : L
′
1 → L

′
2. The inductive

step is to assume that φ(L
(k−1)
1 ) = (L

(k−1)
2 ) and consider the derived algebra of L(k−1)

1 .

φ([L
(k−1)
1 , L

(k−1)
1 ]) = [φ(L

(k−1)
1 ), φ(L

(k−1)
1 )]. This is equal to [L

(k−1)
2 , L

(k−1)
2 ] by the inductive

step. Our desired result therefore follows since φ([L
(k−1)
1 , L

(k−1)
1 ) = φ(Lk1) = [L

(k−1)
2 , L

(k−1)
2 ] =

(L2)k. QED.

It turns out that if L is a lie algebra then

1. if L solvable, then every subalgebra and every homomorphic image of L is solvable

2. Suppose that L has an ideal I such that I and L/I are solvable. Then L is solvable.

3. If I and J are solvable ideals of L then I+J is a solvable ideal of L.

Theorem 3.2.3 Let L be a �nite dimensional Lie algebra. There is a unique solvable ideal

of L containing every solvable ideal of L.

Proof Let R be a solvable ideal of the largest possible dimension. We know that if I and

J are solvable ideals then I+J is solvable. Let I be a solvable ideal. We have that R+I as

solvable this means that R ⊆ R + I and therefore dim(R) ≤ dim(R+I). But we chose R to

have the largest possible dimension and therefore dim(R)= dim(R+I) and hence R = R+I

so I ⊆ R. The largest solvable ideal is called the radical of L and is denoted as rad L QED.

The notion of a radical of L suggests the following de�nition.

De�nition A non-zero �nite dimensional Lie Algebra L is said to be semisimple if it has

no nonzero solvable ideals for equivalently rad L =0.
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An example is sl(2, C) has non-trivial ideals so it is semisimple. If L is a lie algebra, then

the factor algebra L/(rad L) is semisimple. This makes sense since rad +L is the unique

solvable ideal that contains all other solvable ideals. Therefore if we mod out by that we are

left with a factor algebra that has no non-zero solvable ideals.

3.3 Some Representation Theory

Purpose : Examine the ways in which an abstract Lie Algebra can be viewed concretely as

a subalgebra of the endomorphism algebra of a �nite dimensional vector space.

De�nition Let L be a lie algebra over a �eld F. A representation of L is a lie algebra

homomorphism φ : L→ gl(V ) where V is a �nite dimensional vector space over F.

Suppose φ : L → gl(V ) is a representation. The image of φ is a lie subalgbera of gl(V )

and the kernel of φ is an ideal of L.

Thus in general we loose some information when we work with φ. But when the kernel

is zero then the map is one to one and information is not lost. The representation is then

said to be faithful.

Examples:

1. ad : L → gl(L) : (adx)y = [x, y] . This provides a representation of L with V=L. This is

known as the adjoint representation. The kernel of the adjoint representation is Z(L). Hence

the adjoint representation is faithful when the center of L is zero.

Consider the adjoint representation of sl(2, C) . Show that with respect to basis (h,e,f) adh

is the matrix
( 0 0 0

0 2 0
0 0 −2

)
The basis for sl(2, C) is e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
and note the following commu-

tation relations [h, f ] = −f, [h, e] = 2e, [e, f ] = h. From these the result follows.
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2. Suppose that L is a lie subalgebra of gl(V ). The inclusion map L→ gl(V ) is trivially

a lie algebra homomorphism. The corresponding representation is knows as the natural

representation

3. Every Lie algebra has a trivial representation. To de�ne this representation, take V=F

and de�ne φ = 0 for all x ∈ L

3.3.1 Modules for Lie Algebras

Suppose that L is a lie algebra over a �eld F. A lie module for L, or alternatively an L-module

is a �nite dimensional F-vector space V together with a map

L× V → V (x, v) 7−→ x.v (3.4)

satisfying the conditions

1. (λx+ µy) = λ(x.v) + µ(y.v)

2. x.(λu+ µw) = λ(x.u) + µ(x.w)

3. [x, y].v = x(y.v)− y.(x.v)

∀x, y ∈ L, v, w ∈ V and λ, µ ∈ F

The �rst and second properties imply that the map (x, v) 7−→ x.v is a bilinear map and

the second implies that the map v 7−→ (x.v) is a linear endomorphism of V, so elements of

L act on V by linear maps.

3.3.2 Submodules and Factor Modules

Suppose that V is a lie module for the Lie Algebra L. A submodule of V is a subspace of W

of V which is invariant under the action of L. i.e for each x ∈ L,w ∈ W , we have x.w ∈ W .
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In the language of representation, submodules are known as sub-representations.

Examples:

1. Let L be a lie algebra, we may make L into an L-module via the adjoint representation.

The submodules of L are exactly the ideals of L.

Proof x ∈ L, y ∈ L, our map L × V → V will be de�ned here as L × L → L and will

be the lie bracket. L is playing both the role of a lie algebra and a vector space so that

(x, y) 7−→ [x, y] ∈ L by (adx)y. The subspaces that are invariant under this map are the

ideals

2. Let L = b(n, F ) be the lie algebra of n × n upper triangular matrices and let V be

the natural L-module, so by de�nition V = F n and the action of L is given by applying

matrices to column vectors. Let e1, e2 . . . en be the standard basis for F n. For 1 ≤ r ≤ n.

Let Wr = span{e1, . . . er}, Wr is a submodule of V.

3. L→ complex solvable Lie algebra. Suppose φ : L→ gl(V ) is a representation of L. As

φ is a homomorphism, imφ is a solvable sub-algebra of gl(V ) =⇒ V has a one dimensional

sub-representation.

Suppose that W is a submodule of the L-module V. We can give the quotient vector

space V/W the structure of an L-module by setting

x.(v +W ) := (x.v) +W for x ∈ L and v ∈ V

We call this module the quotient or factor module V/W. For an example of a quotient

module, suppose I is an ideal of the Lie Algebra L. The factor module L/I becomes an

L-module via

x.(y + I) := (adx)y + I = [x, y] + I
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Looking at it di�erently, L/I is a lie algbera with Lie bracket given by [x + I, y + I] =

[x, y] + I. So regarded as a L/I-module, the factor module L/I is the adjoint representation

of L/I on itself.

3.3.2.1 L-module Homomorphisms

Let L be a lie algebra and let V, W be L-modules. An L-module homomorphism from

V → W is a linear map θ : V → W such that θ(x.v) = x.θ(v),∀v ∈ V, x ∈ L.

Let φV : L → gl(V ) and φW : L → gl(W ) be representation corresponding to V and W.

In the language of representation theory, the condition becomes θ ◦ φV = φW ◦ θ. Because

we have vector spaces and homomorphisms lying around there also analogues for the three

isomorphism theorems for lie modules.

Concretely, we can give an example. Suppose we have a one dimensional abelian lie

algebra L, spanned by x. We can �nd a representation for it f ∈ gl(V ). But suppose we �nd

another representation of it g ∈ gl(W ) and we further suppose that there is a homomorphism

θ from V to W. If this homomorphism turns out to be an isomorphism then we know from

the way lie module homomorphisms work that f and g will be equivalent i� θf = gθ. An

explicit example is diagonalizing a matrix.

3.3.2.2 Schur's Lemma

A lie module V is said to be irreducible, or simple, it it is non-zero and t has no sub-modules

other than {0} and V. The L-module V is completely reducible if it can be written as a

direct sum of irreducible L-modules; i,e V = S1

⊕
S2 . . .

⊕
Sk where each Si is an irreducible

L-module. Suppose that S and J are irreducible Lie modules and that θ : S → T is a

non-zero sub-module homomorphism. Then imθ = J . Similarly ker θ is a proper sub-

module of S, so ker θ = 0.It follows that θ is an isomorphism from S to J, so there are no
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non-zero homomorphisms between non-isomorphic irreducible modules. We now consider a

homomorphism from a lie-module to itself.

Theorem 3.3.1 (Schur's Lemma:) Let L be a complex Lie algebra and let S be a �nite-

dimensional irreducible L-module. A map θ : S → S is an L-module homomorphism i� θ is

a scalar multiple of the identity transformation i.e θ = λI for some λ ∈ C

Proof "If" direction is simple. The "only if" direction is non-trivial. Suppose θ : S → S

is a L-module homomorphism, then θ is a linear map of a complex vector space, and so it

must have an eigenvalue, say λ. Now θ− λI is also L-module homomorphism. The kernel of

this map contains the λ− eigenvector for θ, and so it is a non-zero submodule of S. As S is

irreducible, S = ker(θ − λI); that is θ = λI

3.4 The Cartan Decomposition and KAK decomposition

3.4.1 Cartan Decomposition

This section summarizes material from (71). We state the following main theorem for this

section without proof. We have the following notation: adK(P) = [K,P ] and Adg(K) =

gKg−1

Theorem 3.4.1 G has a direct-sum decomposition of the form G = K ⊕ P satisfying:

1. K is a subalgebra, adK(P) ⊂ P and [P ,P ] ⊂ K

2. The killing form B of G restricted to K is negative de�nite, while the restriction to P

is positive de�nite.

3. If K′ is any other sub algebra of Gsuch that the killing form restricted to K′ then there

is some element g ∈ G such that Adg(K′) ⊂ K
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So the Cartan decomposition is unique up to inner-automorphisms. De�ne a linear map

s : G → G by condition

s(X) =


X for X ∈ K

−X for ∈ P
(3.5)

Thinking of X ∈ K or X ∈ P as eigenvectors of s then clearly we must have G = K⊕P

with K being the eigenspace with eigenvalue 1 and P being eigenspace with eigenvalue −1

hence

s([K,K]) = [s(K), s(K)]) = [K,K] (3.6)

s([P ,P ]) = [s(P), s(P)] = [−P ,−P ] = [P ,P ] (3.7)

s([K,P ]) = [s(K), s(P)] = [K,−P ] = −[K,P ] (3.8)

Thus, we clearly see that [K,K] ⊂ K, [P ,P ] ⊂ K and [K,P ] ⊂ P since [K,K], [P ,P ] are

eigenvectors with eigenvalue 1 and [K,P ] is an eigenvector with eigenvalue −1. This means

the existence of this automorphism s of G is equivalent to the conditions in the theorem.

Let G be a semi-simple Lie Group, K a compact symmetric subgroup i.e G = K⊕P with

AdK(P) ⊂ P and [P ,P ] ⊂ K

De�nition A Cartan sub algebera of the space GK is a maximal abelian sub-algebra of P

which we shall denote as A

De�nition A regular element X ∈ P if the centralizer of X in P is a cartan sub algebra

so X belongs to only one cartan sub algebra.

It's a theorem which we shall not prove here that if A is a maximal abelian sub algebra of

P then A contains a regular element.

Theorem 3.4.2 Let A be a �xed cartan sub algebra of P and let A′ be any maximal abelian

sub algebra of P. Then there exists an element k ∈ K such that Adk(A′) ⊂ A

41



Proof Let B be the killing form of G and let X,X ′ be regular elements of A and A′. We

consider the following function k 7−→ B(Adk(X
′), X) and let k be an element of K for which

it takes on a minimum value. Since K is compact this value must exist. Let Z ∈ K then

t 7−→ B(Ad(exp(tZ))Adk(X
′), X) has a minimum value for t = 0

0 =
d

dt
|t=0B(Adexp(tZ)Adk(X

′), X)

0 = B([Z,Adk(X
′)], X)

0 = −B(Z, [Adk(X
′), X])

Now, [Adk(X
′), X] ∈ K but it's orthogonal to every element of K with respect to the killing

form. We know the killing form is negative de�nite so [Adk(X
′), X] = 0 since X is a regular

then Adk(X ′) ∈ A. Adk(X ′) is also a regular element of Adk(A) so Adk(A′) = A

3.4.2 KAK decomposition

Let G be a connected lie group with a �nite center with the lie algebra G. Let K be the

connected subgroup with lie algebra K. Suppose P is the image of P in P in G under

the exponential map. Then it's a theorem that we shall not prove since it requires long

excursion into Riemannian Di�erential Geometry that G = KP . Let τ = exp(X) for X ∈ P

s(τ) = s(exp(X)) = exp(s(X)) = exp(−X) = τ−1 We state another theorem without proof

Theorem 3.4.3 Consider the set of all g ∈ G such that s(g) = g−1. P consists of the set

of all such elements that are in the identity connected component

Theorem 3.4.4 If τ ∈ P g ∈ G, then gτs(g−1) belongs to P

Proof s(gτs(g−1)) = s(g)s(τ)s2(g−1) = s(g)τ−1g−1 = (gτs(g−1))−1 Next we need to check

that it's connected to identity component. Now G is connectedm so g can be connected to

the identity by a curve t → g(t). By de�nition of P , τ is joined to the identity by curve

t→ τ(t) so t→ g(t)τ(t)s(g(t)−1) can be used to join gτs(g−1) to the identity. �

42



The isotropy subgroup of G at the identity has characteristic ges(g−1) = e =⇒ g = s(g)

where e is the identity element. This group contains K but may be larger; call it K(s). The

following theorem is stated without proof.

Theorem 3.4.5 The orbit of G acting on P at e �lls all of P and P is isomorphic to G
K(s)

.

We have G = PK . Let A be a cartan sub algebra of P . Let A = exp(A), it can be

shown that A consists of elements that commute with τ = exp(X) can be joined to the

identity by a curve consisting of elements in P that commute with τ . Now every element

in P can be written Adk(X) for x ∈ A, k ∈ K so at the lie group level we have that every

element has form Adk(τ) = kτk−1 = kτs(k−1) so P = AdK(A) so we have τk = g τ ∈ P ,

k ∈ K and g ∈ G but τ = k1ak
−1
! for a ∈ A, k1 ∈ K so g = k1ak

−1
1 k. We have thus arrived

at the KAK decomposition, namely that G = KAK

3.5 Pre-threshold Quantum Computation (Near Term Quantum Computa-

tion)

There is currently great interest in the development of special-purpose quantum computing

devices and methodologies that do not require full error correction and which are practical

now. For example, D-Wave Systems produces commercial quantum annealers based on su-

perconducting circuits that solve an important class of binary optimization problems (15).

However it is not known whether the D-Wave annealers can outperform conventional classical

supercomputers (16; 72). An optical approach (73) that solves an arguably less important

problem�sampling from the distribution of bosons scattered by a unitary network�but

which is likely capable of quantum speedup has also been investigated (74�76). An approach

called the single-excitation-subspace (SES) method, also based on supercondonducting cir-

cuits, has been proposed (77). Here computations are performed in the n-dimensional SES

of a complete graph of n qubits. We call these examples prethreshold, referring to the thresh-
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Figure 3.1: Complete graph with n=16. The vertices (open circles) are qubits and the edges
(colored lines) are tunable couplers.

old theorem of fault-tolerant quantum computation, because they do not require exceeding

�delity and qubit-number thresholds before being applicable.

A quantum computer chip implementing the SES method consists of a fully connected

array of superconducting qubits with tunable frequencies and tunable pairwise σx⊗ σx cou-

plings; an abstract representation is given in Fig. 3.1. It works by operating in a subspace

of the full 2n-dimensional Hilbert space where the Hamiltonian can be directly programmed.

This programmability eliminates the need to decompose operations into elementary one-

and two-qubit gates, enabling larger computations to be performed within the available co-

herence time. The price for this high degree of controllability is that the approach is not

scalable. However, a technically unscalable quantum computer is still useful for prethresh-

old quantum computation and might even be able to achieve speedup relative to a classical

supercomputer for certain tasks. The SES approach trades physical qubits and high con-

nectivity for, in e�ect, longer coherence. This is a sensible trade for quantum computing

architectures such as superconducting circuits, whose largest prethreshold problem sizes are

limited by coherence time, not by the di�culty of introducing additional qubits. A realistic
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Figure 3.2: Possible layout for the 16-qubit chip.

chip layout that provides space for the coupler circuits and avoids the crossovers of Fig. 3.1

is shown in Fig. 3.2.

3.6 Ses Method

A signi�cant restriction of the SES method presented in Ref. (77) is that the Hamiltonian

programmed into the hardware is real and symmetric, whereas the most general Hamiltonian

is complex Hermitian. If a target operation has the form e−iA, where A is a known real

symmetric generator matrix, then the unitary can be implemented in one step. This is the

case when the unitary is symmetric (U = U>) and is reviewed in Sec. 3.6.1.1. In that section

we also provide an improved procedure for constructing the time-optimal SES Hamiltonian

H corresponding to a given generator A.

However, a general element of the unitary group U(n) has the form e−iM withM complex

Hermitian. This is the nonsymmetric unitary case (U 6= U>) discussed in Sec. 3.6.1.2. We

show there that any nonsymmetric element U ∈ U(n) can be implemented in three steps,

for any n.
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3.6.1 SES IMPLEMENTATION OF UNITARY OPERATORS

3.6.1.1 Single-step implementation of symmetric unitaries

The basic single-step operation in SES quantum computing is the implementation of sym-

metric unitaries of the form U = e−iA, with A real and symmetric (77). Therefore, a

standard task in SES algorithm design and implementation is the construction of an optimal

protocol�an SES Hamiltonian H and evolution time tqc�to implement that unitary. We

assume here that the generator matrix A is known; if it is not then the classical overhead for

obtaining A from U must be included in the quantum runtime. (We also note that the gener-

ator A = i logU is not unique.) The optimal protocol for implementing a symmetric unitary

depends on the functionality assumed of the chip, especially of the tunable coupler circuits.

Here we assume that the experimentally controlled SES Hamiltonian can be written, apart

from an additive constant, as

H = gmaxK with − 1 ≤ Kii′ ≤ 1, (3.9)

which we call the standard form. In this case we are assuming that the couplings can be

tuned continuously between −gmax and gmax, and that the qubit frequencies can be varied

within a window of width 2gmax about some parking frequency. Because we are free to change

the overall phase of an SES state, we write the symmetric unitary as

U = e−i(A−cI)e−ic, (3.10)

where I is the n×n identity matrix, and then ignore the global phase e−ic. The value of c is

chosen to minimize the evolution time tqc, which is proportional to the angle

θA ≡ max
ii′
|Aii′ − cδii′ |. (3.11)
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The K matrix in (3.9) is then given by

K =
A− cI
θA

, (3.12)

and the evolution time is

tqc =
~θA
gmax

. (3.13)

Note that θA is not bounded by 2π and can become arbitrarily large. The global phase angle

that minimizes θA is

c =
miniAii + maxiAii

2
, (3.14)

which is proved below. Although we have assumed that the SES Hamiltonian H = gmaxK is

abruptly switched on for a time tqc before being abruptly switched o��which is the fastest

protocol�any SES Hamiltonian of the form H = g(t)K such that
∫

(g/~) dt = θA may be

used instead.

To minimize (3.11) over c we consider two cases: In the �rst case maxii′ |Aii′ | occurs for

an o�-diagonal element of A, in which case the minimum value of θA is independent of c

(because c only a�ects the diagonal elements of the shifted matrix A − cI). Therefore we

only need to consider the second case where maxii′ |Aii′| occurs for a diagonal element. The

diagonal elements consist of points

x ∈
{
A11, A22, · · · , Ann

}
(3.15)

on the real number line, bounded between miniAii and maxiAii. Placing c at the midpoint of

the smallest region containing all the points in (3.15) minimizes the largest distance |Aii−c|.
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3.6.1.2 Three-step implementation of nonsymmetric unitaries: ABA decom-

position

Our protocol relies on the matrix decomposition

U = O1e
−iDO>2 , (3.16)

where D is a real diagonal matrix and the Oi ∈ O(n) are real orthogonal matrices. This

identity follows from the KAK decomposition of the Lie group U(n) (78). To obtain the Oi

and D from U , we �rst compute

χ ≡ UU> = O1e
−2iDO>1 , (3.17)

which is both symmetric and unitary. The real and imaginary parts of χ are also separately

symmetric. Then the unitarity condition

(
Reχ− i Imχ

)(
Reχ+ i Imχ

)
= I (3.18)

shows that Reχ and Imχ commute and can be simultaneously diagonalized. O1 is de-

termined by a Schur decomposition of Reχ, which always produces a real O1 (unlike the

decomposition of χ itself). Then e−2iD and O2 are obtained from O>1 χO1 and U>O1e
iD,

respectively.

The three-step implementation for a nonsymmetric U ∈ U(n) follows from the identity

U = e−iAe−iBeiA, (3.19)

which we call the ABA decomposition. Here A and B are real symmetric n×n matrices. To

derive (3.19) we express the target unitary in the spectral form U = V e−iΛV †, where V is
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complex unitary and Λ is real and diagonal. Decomposing V using (3.16) we have

U = O1e
−iDO>2 e

−iΛO2 e
iDO>1 ,

= e−iO1DO>1 (O1O
>
2 ) e−iΛ (O1O

>
2 )>eiO1DO>1 , (3.20)

which leads to (3.19) with generators

A = O1DO
>
1 , (3.21)

B = O1O
>
2 ΛO2O

>
1 , (3.22)

which are both real and symmetric. The classical run-time to obtain A and B is about

1.4×n2.3 µs (3.23)

on a laptop computer1.The quantum run time to implement a non-symmetric unitary is

tqc =
~(2θA + θB)

gmax

, (3.24)

with θ de�ned in (3.11). The generator matrices A and B in (3.19) are not unique.

The ABA decomposition allows for the possibility of implementing highly complex op-

erations in three steps. But this does not imply that an entire algorithm, compiled into a

single unitary, can be implemented in constant time, because the compiled unitary might

not be known a priori, and there is classical overhead (3.23) for computing A and B. More

importantly, evaluating A and B for an entire algorithm would presumably be prohibitive

when one is attempting to outperform classical computers. Furthermore, algorithms might

include measurement steps that cannot be postponed to the end.

1Computations were performed running 64-bit MATLAB R2015a on an Apple Mac-book Pro with a
2.5GHz Intel Core i7 quad-core processor. Classical run-times were determined by averaging the computation
times over 1000 random instances of U for n between 50 and 500. The classical run time for a 100100 matrix
is about 60 ms
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3.7 APPLICATIONS

3.7.1 Hamiltonian simulation

A useful application of (3.19) is to U = e−iHt/~, where H is a given complex Hamiltonian.

In this case we have

e−iHt/~ = e−iAe−iBeiA, (3.25)

with A and B given by (3.21) and (3.22), where Λ is a diagonal matrix containing t/~ times

the spectrum of H. This enables the fast simulation of any time-independent Hamiltonian

with an SES chip2.

3.7.2 SES pure state preparation in 3 steps

In some cases it is possible to compile an entire algorithm down to only three steps. As an

example we give an algorithm for preparing any (normalized) pure SES state of the form

|ψ〉 =
n∑
i=1

ai |i), ai = |ai|eiθi , 0 ≤ θi < 2π. (3.26)

Here |i) ≡ |0 · · · 1i · · · 0〉 is the ith SES basis state of the n-qubit processor. We proceed by

giving a protocol with linear depth that is practical for small n, which is then subsequently

compiled down to three steps.

We start with the basis state |1), which is prepared from the system ground state |00 · · · 0〉

by a microwave pulse, and then apply the standard-form SES Hamiltonian H = gmaxKstar

2In principle it is possible to simulate time-dependent complex Hamiltonians as well. However, this
would require decomposing the evolution into a sequence of short time steps such that H(t) is approximately
constant within each time step and applying the ABA decomposition at each time step. Given the classical
overhead required at each step, this does not seem useful for outperforming classical computers
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for a time tqc = π~/
√
ngmax, with

Kstar ≡



1 1
2

1
2
· · · 1

2

1
2

0 0 · · · 0

1
2

0 0 · · · 0

...
...

...
. . .

...

1
2

0 0 · · · 0


(3.27)

the adjacency matrix for a star graph with qubit 1 at the center (see Sec. IIIA of (77)). This

produces the uniform state

∣∣unif
〉
≡ |1) + |2) + · · ·+ |n)√

n
, (3.28)

apart from a phase.

If the occupation probabilities in the target state (3.26) are uniform,

|ai|2 =
1

n
, (3.29)

we call it a uniform weight state and represent it by the bar graph in Fig. 3.3. In this case

we would apply the diagonal Hamiltonian H = gmaxK, where

K = −



θ1
2π

0 · · · 0

0 θ2
2π
· · · 0

...
...

. . .
...

0 0 · · · θn
2π


(3.30)

to the uniform state |unif〉 for a time tqc = 2π~/gmax, which gives the desired target.
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Figure 3.3: Occupation probabilities for a uniform weight state. Phases of the probability
amplitudes ai are not represented in this �gure.

Typically the target is not a uniform weight state, as represented in Fig. 3.4. In this case

we use the solution

|unif〉 = Wdiag (UswapUdiag)M · · · (UswapUdiag)1|ψ〉 (3.31)

to the inverse problem of constructing the uniform state |unif〉 from the target (79; 80). Each

of the M steps in (3.31) consists of a pair of operations Udiag and Uswap that move weight

between a pair of components. AfterM = O(n) steps a uniform weight state is created. The

�nal operation Wdiag shifts the phases of the uniform weight state to that of (3.28). The �rst

step is:

1. Find the components imin and imax with the smallest and largest weights, respectively

(if not unique, any solution is su�cient). These satisfy

|aimin
|2 ≤ 1

n
≤ |aimax|2, (3.32)
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Figure 3.4: Occupation probabilities for a typical target state. In this example the compo-
nents of maximum and minimum weight have indices imax =2 and imin =3.

excluding the case where both ≤ signs are identities (which would violate the assump-

tion that the target is nonuniform). Therefore |aimin
|2 < |aimax |2.

2. Perform a phase shift Udiag = e−iHtqc/~ that brings the probability amplitudes aimin

and aimax to the form aimin
= |aimin

| and aimax = i|aimax|, with |aimin
| < |aimax|. Apply

SES Hamiltonian (3.9), where K is a diagonal matrix with Kimin,imin
= θimin

/3π and

Kimax,imax = (θimax/3π) − 1
6
, the other elements zero, and tqc = 3π~/gmax. This phase

shift is necessary to prepare the state for the next operation.

3. Implement a partial iSWAP Uswap = e−iHtqc/~ from component imax to imin to bring the

weight of imin to the uniform value,

|aimin
|2 → 1

n
, (3.33)
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and leaving component imax with weight

|aimax|2 → |aimin
|2 + |aimax|2 −

1

n
. (3.34)

Apply SES Hamiltonian (3.9) with Kimin,imax =Kimax,imin
=1 and all other elements zero,

and tqc = ϕ~/gmax with ϕ given by

|aimin
| cosϕ+ |aimax | sinϕ =

√
1/n. (3.35)

There is always a solution with 0<ϕ<π/2.

This completes the �rst step.

If after the �rst step (UswapUdiag)1|ψ〉 is a uniform weight state, it can be written in the

form
eiα1|1) + eiα2|2) + · · ·+ eiαn|n)√

n
, (3.36)

and we apply the �nal operation Wdiag = e−iHtqc/~ to produce (3.28). Here we use SES

Hamiltonian (3.9) with

K =



α1

2π
0 · · · 0

0 α2

2π
· · · 0

...
...

. . .
...

0 0 · · · αn
2π


(3.37)

and tqc = 2π~/gmax. If (UswapUdiag)1|ψ〉 is not a uniform weight state, we again �nd the

minimum and maximum weight components imin and imax, and follow the above protocol to

generate (UswapUdiag)2(UswapUdiag)1|ψ〉. The procedure is repeated until

(UswapUdiag)M · · · (UswapUdiag)2(UswapUdiag)1|ψ〉 (3.38)
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is a uniform weight state, after which Wdiag is applied. The number of iterations required

satis�es

M ≤ n− 1. (3.39)

This completes the solution to the inverse problem (3.31).

We now use (3.31) to obtain

|ψ〉 = (U †diagU
†
swap)1 · · · (U †diagU

†
swap)M W †

diag|unif〉, (3.40)

which solves the general state-preparation problem in O(n) steps. Hermitian conjugations

are implemented by changing the signs of the K matrices given above. The protocol given

in (3.40) is, by itself, practical for small n.

The complete state preparation operation can be summarized as

|ψ〉 = U |1), (3.41)

where

U ≡ (U †diagU
†
swap)1 · · · (U †diagU

†
swap)M W †

diag e
−i π√

n
Kstar (3.42)

is the compiled unitary of the state-preparation algorithm. The three-step state preparation

protocol uses the ABA decomposition to implement (3.42). The total state preparation time,

not including the |1) state initialization time, is given in (3.24).

For example, suppose we wish to prepare the randomly chosen target

|ψ〉=0.4829 |1) + (−0.5478−0.0575i) |2) + (0.1142+0.2387i) |3)

+(0.4095+0.2400i) |4) + (−0.3215+0.2545i) |5), (3.43)
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in the n= 5 graph, where for convenience the �rst component has been chosen to be real.

Following the state-preparation protocol leads to the compiled unitary

U =



0.4829 0.4499− 0.0158i 0.4499− 0.0158i 0.4478− 0.0133i 0.3984 + 0.0450i

−0.5478− 0.0575i 0.5855− 0.4153i 0.1778− 0.0249i −0.1305 + 0.2703i −0.0855 + 0.2273i

0.1142 + 0.2387i 0.4664 + 0.0700i −0.7862− 0.2582i 0.0910− 0.0284i 0.1145− 0.0222i

0.4095 + 0.2400i 0.0841− 0.1271i 0.1471− 0.1492i −0.7941 + 0.1818i 0.1471− 0.1492i

−0.3215 + 0.2545i 0.1071 + 0.1577i 0.1071 + 0.1577i 0.1071 + 0.1580i 0.1399− 0.8386i


,

(3.44)

up to a phase factor. The �rst column of (3.44) is the target state. The ABA decomposition

(3.19) then leads to

A=



−1.1145 0.1981 0.3247 −0.0776 −0.1888

0.1981 −2.6988 0.0219 −0.2069 −0.0249

0.3247 0.0219 −1.9798 −0.5623 0.1052

−0.0776 −0.2069 −0.5623 −0.5291 −0.0747

−0.1888 −0.0249 0.1052 −0.0747 −1.7104


(3.45)

and

B=



−3.0826 1.8972 0.3983 0.8753 0.5934

1.8972 −3.7784 0.5761 0.3537 0.5581

0.3983 0.5761 −3.2370 0.1664 0.2327

0.8753 0.3537 0.1664 −2.6191 0.1488

0.5934 0.5581 0.2327 0.1488 −4.6171


. (3.46)
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The associated K matrices and evolution times are determined from the procedure given in

Sec. 3.6.1.1:

KA =



0.4604 0.1826 0.2993 −0.0715 −0.1741

0.1826 −1 0.0202 −0.1907 −0.0229

0.2993 0.0202 −0.3373 −0.5183 0.0970

−0.0715 −0.1907 −0.5183 1 −0.0689

−0.1741 −0.0229 0.0970 −0.0689 −0.0889


,

θA = 1.0848, (3.47)

and

KB =



0.2822 1 0.2100 0.4614 0.3128

1 −0.0845 0.3037 0.1864 0.2942

0.2100 0.3037 0.2009 0.0877 0.1226

0.4614 0.1864 0.0877 0.5266 0.0785

0.3128 0.2942 0.1226 0.0785 −0.5266


,

θB = 1.8972. (3.48)

The total state preparation time, not counting the |1) state initialization, is given by (3.24).

This is about 13 ns for the target state (3.43) in an SES chip with gmax/2π = 50 MHz.

Although state preparation is implemented in three steps for any n, the runtime does

have a weak n-dependence, because θA and θB do. Averaged over random targets we �nd

that

2θA + θB ≈ 4.0×n0.06. (3.49)

For small n, either the linear-depth protocol (3.40) or the three-step protocol based on

(3.42) can be used. However for large n, only the three-step protocol is practical.
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3.7.3 Computation of expectation values

Finally, we show how to compute the expectation value

〈O〉 ≡ Tr(ρO) (3.50)

of any n×n Hermitian observable O, by implementing the protocol of Reck et al. (81). Here

ρ is any pure or mixed SES state provided as an input to the procedure.

Standard readout of an SES processor consists of the simultaneous measurement of each

qubit in the diagonal basis. The SES condition means that a single qubit will be found in the

state |1〉, with the remaining n− 1 qubits in |0〉. Let i be the qubit observed in it's excited

state. The probability of observing the excitation in qubit i is pi = (i|ρ|i). Therefore, if we

have access to multiple copies of ρ we can repeat the readout N times to obtain estimates

of the occupation probabilities pi with sampling errors no larger than (2
√
N)−1.

To compute 〈O〉, perform a (classical) spectral decomposition to a unitary V containing

the eigenvectors of O as columns, and a real diagonal matrix D: O = V DV †. Then we have

〈O〉 = Tr(ρV DV †) = Tr(ρ′D), (3.51)

where

ρ′ ≡ V †ρV. (3.52)

Therefore we can compute 〈O〉 by applying the unitary operator V † using the ABA de-

composition, measuring the resulting occupation probabilities, which we denote by p [V †]
i to

indicate the application of V †, and then classically evaluating the quantity

〈O〉 =
n∑
i=1

Dii p
[V †]
i . (3.53)
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Chapter 4

Measuring Entanglement Monotones on near term quantum devices

4.1 INTRODUCTION

Entanglement captures the intrinsic non-locality of quantum systems and is a critical resource

for quantum speedup. The crudest measure of entanglement is whether or not it is present:

If the actual density matrix is a tensor product of single-qubit density matrices, it's not

entangled. Witnesses (82; 83) have been used to establish entanglement in multi-qubit

systems with up to 20 qubits (84�88). When present, however, it is also interesting to

quantify the degree of entanglement and its robustness to noise and decoherence (84; 85; 89�

91). In this work we experimentally estimate entanglement monotones (92�94) for the GHZ

|0〉⊗n + |1〉⊗n√
2

(4.1)

and linear (one-dimensional) cluster state

n−1∏
i=1

CZi,i+1|+〉⊗n (4.2)

on the IBM Rüeschlikon (ibmqx5) chip (? ). Here CZii′ is the gate diag(1, 1, 1,−1) on qubits

i and i′, and we have mapped the physical qubits to chains of length n = 3, 4. Speci�cally,
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we measure the three-qubit monotone.

E3 =
1

3

∣∣∣∣〈XY Y C〉2 + 〈ZY Y C〉2 − 〈IY Y C〉2

+〈Y XY C〉2 + 〈Y ZY C〉2 − 〈Y IY C〉2

+〈Y Y XC〉2 + 〈Y Y ZC〉2 − 〈Y Y IC〉2
∣∣∣∣, (4.3)

where C is the complex conjugation operator, and the four-qubit monotones

E4a = 〈Y Y Y Y C〉2 (4.4)

and

E4b =

∣∣∣∣〈XYXY C〉2 + 〈ZY ZY C〉2 − 〈XY IY C〉2

+〈ZY XY C〉2 + 〈ZY ZY C〉2 − 〈ZY IY C〉2

−〈IY XY C〉2 − 〈IY ZY C〉2 + 〈IY IY C〉2
∣∣∣∣. (4.5)

In this work we ignore the complex conjugation operator because our states are assumed to

be real.

Entanglement monotones have several features that make them ideal for quantifying

entanglement. First, they are strictly non-increasing under local (single-qubit) CPTP maps,

making them less sensitive to decoherence than entanglement entropies and related measures

based on reduced density matrices. Measuring their decay with time allows us to quantify and

hopefully understand the environment of a noisy superconducting quantum computer and

its e�ects on large-scale entanglement. Second, they allow for a direct comparison between

di�erent families of states and, if known, the maximum possible (95). The monotone E3, a

symmetrized 3-tangle (96), is ideally equal to 1 (the maximum value) for both the GHZ and

cluster states. (This is expected because the n= 3 GHZ and linear cluster states are in the

same entanglement class.) The monotone E4a is the square of the 4-concurrence (97�99), and
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Figure 4.1: State preparation circuits for n= 4. Single qubit gates 2 through n are either
identities (I) for GHZ or Hadamards (H) for the cluster state. The vertical gates are CNOTs.

is ideally equal to 1 for the GHZ state but vanishes for the cluster (showing that for n= 4

they are in di�erent classes). Therefore we cannot use E4a to quantify relative entanglement.

We still measure it, however, because it's a simple generalization of the squared two-qubit

concurrence 〈Y Y C〉2 (100). The monotone E4b is ideally equal to 1 for both GHZ and cluster

states, and vanishes not only on every four-qubit mixed product state

ρ1 ⊗ ρ2 ⊗ ρ3 ⊗ ρ4 (4.6)

but also on partially entangled states of the form

ρ12 ⊗ ρ34, (4.7)

where ρ12 and ρ34 are entangled two-qubit states. In other words, E4b measures genuine

four-qubit entanglement. The monotones E3 and E4a also measure genuine multi-qubit en-

tanglement in this same sense.

A challenge of the monotone approach is that it relies on the anti-linear conjugation

operation C. In this work we will attempt to bypass the complex conjugation step on the

basis that the ideal GHZ and cluster states are real. This is an approximation that will

limit the accuracy of our technique, and may also cause the monotones to have unphysical

oscillations in time, unless the imaginary part is zeroed. (We note that the approach of Di
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Candia et al. (89) circumvents this limitation, at the expense of additional qubit and gate

overhead.)

Table 4.1: State preparation error averaged over 32 independent circuit implementations,
each estimated with 16 random readout-corrected Pauli expectation values. The preparation
errors are written as the sample mean ± the standard error.

Error (%) n = 3 n = 4
GHZ 11.83± 0.51 21.77± 0.22
Cluster 9.05± 0.34 21.17± 0.29

4.2 STATE PREPARATION CIRCUITS AND FIDILITIES

The state preparation circuits are shown in Fig. 4.1. The GHZ and cluster preparation

circuits are the same except for n−1 Hadamards, and we con�rm that their state preparation

�delities are very similar. This is important because it allows us to assume that the entangled

states are prepared with similar �delity. To quantify this we prepare the n = 3, 4 GHZ and

cluster states and measure their state preparation error (�delity loss) by Flammia-Liu �delity

estimation (101). The results are summarized in Table 4.1.

We �nd that the state preparation errors are quite noisy and (after readout correction)

dominated by CNOT errors, which explains why the extra Hadamards in the cluster state

preparation circuit do not, on average, result in a larger circuit error. In fact Table 4.1 shows

that the cluster states have slightly smaller state preparation errors. Histograms showing

the distribution of state preparation errors are provided in Appendix 4.6.1.

4.3 MONOTONES

The measured monotone (4.3) is shown in Fig. 4.2. Here E3 is measured after waiting for a

time t. The delay is implemented by a sequence of 80ns identity gates. In addition to the

GHZ and cluster states, we also measure the uniform state |+〉⊗n to include a nonentangled

control subject. The observed oscillations in the data appear to violate the important non-

increasing property of an entanglement monotone under local noise. The monotones (4.4)
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Figure 4.2: E3 versus time. The solid lines interpolate between readout-corrected measure-
ments.

and (4.5), shown in Figs. 4.3 and 4.4, are also non-monotonic. To con�rm that the observed

oscillations are not an artifact of the particular chip or qubits used, we also measured E3 on

the 5-qubit IBM Tenerife (ibmqx4) chip, and �nd oscillations with a similar frequency, as

shown in Fig. 4.5.

Considering �rst the GHZ states, we interpret these oscillations as resulting from a

nonzero relative phase φ between the |0〉⊗n and |1〉⊗n components, as de�ned in

|0〉⊗n + eiφ|1〉⊗n√
2

. (4.8)

Note that a nonzero φ mod π results in an imaginary component in (4.8), invalidating our

approach of neglecting the complex conjugations in the monotone de�nitions. To support

this interpretation we measure the Pauli expectation value 〈X⊗n〉, which can be used to

extract the value of φ. The data are shown in Fig. 4.6. In the modi�ed GHZ state (4.8),

〈X⊗n〉 = cosφ. (4.9)
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Figure 4.3: E4a versus time.

Fitting to the data we �nd that

φ = 2πfz t with fz ≈


167 kHz for n=3

238 kHz for n=4.

(4.10)

The n dependence of fz, easily visible in Fig. 4.6, suggests that each qubit has an unexpected

55 to 60 kHz splitting in the rotating frame. Interestingly, however, we did not observe

oscillations in single-qubit Ramsey scans
(
|0〉 → eiπY/4 Idelay t e

−iπY/4|0〉
)
versus t on any of

the individual qubits, but did in the concurrence 〈Y Y C〉 of a Bell state, suggesting that the

phase drift (4.10) is intrinsically a multi-qubit e�ect.

Similar oscillations occur for the cluster state, but for this family the oscillation amplitude

is much smaller and the oscillations are sometimes only barely visible before the entanglement

has vanished. We do not have a simple model for the perturbed state in this case.

4.4 Phase drift compensation

Having identi�ed the phase drift (4.10) as the origin of the oscillations in the GHZ monotones,

we attempt to cancel it by applying compensating virtual (software) Z rotations with a phase
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Figure 4.4: E4b versus time.
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Figure 4.5: Oscillating E3 versus time on the IBM Tenerife (ibmqx4) chip.
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Figure 4.6: Pauli expectation values versus time.

opposite opposite to (4.10). Identical phase shifts of −φ/n are applied to each qubit. We

apply this same correction to the GHZ, cluster, and uniform states. The results are shown

in Figs. 4.7 and 4.8. We refer to these corrected measurement results as phase compensated

data.

The oscillations in E3 and E4b are no longer present after phase compensation; they are

now properly monotonic (apart from measurement noise). And after this correction, the

GHZ states appear to be signi�cantly more robust than the cluster states, which is the most

interesting conclusion from this work.

The behavior of the uniform state |+〉⊗n, which we included as a (nominally) non-

entangled control, is also interesting. In Fig. 4.2, the n=3 uniform state (red curve) appears

to spontaneously develop a high degree of entanglement. However after phase compensation,

Fig. 4.7, entanglement is absent. This is consistent with our interpretation that the states in

Fig. 4.2 develop imaginary components, invalidating our E3 measurement technique, which

assumes purely real components. But the behavior of the n= 4 uniform state is di�erent:

In Fig. 4.4, the uniform state (red curve) shows no signi�cant entanglement, but the phase

compensated data does.
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Figure 4.7: Same as Fig. 4.2, except that identical phase shifts of −φ/n are now applied to
the qubits during the delay, to compensate for the phase drift. The GHZ state is clearly
more robust than the cluster state at long times.
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Figure 4.8: Same as Fig. 4.4, but with phase compensation. Again the GHZ state appears
to be much more robust.
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4.4.1 A Simple Model for Relative Phases

We present the simplest model that reproduces the gross features of these results i.e the

source of these extra relative phases. The general idea is that there are a stray magnetic

�elds acting on each qubit such that the Hamiltonian is the following

H =
i=4∑
i=1

giσ
i
z (4.11)

where gi is the strength of the stray magnetic �eld. The precise strength, gi, in (2) is a free

parameter in the model and in order that it reproduces the gross features of the dynamics

i.e that entanglement collapse and revival occurs roughly on the time scale of the data, the

couplings have to be on the order of 0.1 MHZ. This prediction does not change even if one

uses unique T1 and T2 for each qubit.

We can gain more evidence for the model introduced in (2) by calculating the entangle-

ment monotones. Again the couplings were randomly chosen to be around 0.1 MHZ.
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Figure 4.9: Simulation of three qubits in a uniform bath T1 = 40µs, T2 = 51µs

68



0.0 0.5 1.0 1.5 2.0 2.5
evolultion time ( s) 1e 6

0.0

0.2

0.4

0.6

0.8

1.0

Fo
ur

 qu
bit

 m
on

ot
on

e, 
5

GHZ with B fields 
Cluster with B fields
GHZ with no B fields
Cluster with no B fields

Figure 4.10: Simulation of four qubits in a uniform bath T1 = 40µs, T2 = 51µs

4.5 Convex Roof Extensions

To remove the assumption of real pure states, we next perform experiments where we remove

this assumption. First we introduce the concept of a roof extension. Let Ω be a compact

convex set with G being a real valued function. A point ω ∈ Ω is a called a roof point if

there is at least one extremal convex decomposition ω =
∑

j pjπj , πj ∈ Ωpure such that

G(ω) =
∑
pjG(πj). If this takes place we call the decomposition optimal with respect to G

or G-optimal. Let π → g(π) be a real function on Ωpure A roof of G is called a roof extension

of g if G(π) = g(π) for pure states. A convex roof extension of g, G, is convex and coincides

on Ωpure with g.

We do full tomography on three qubits and calculate the convex roof extension of the

three tangle using the methods detailed in the following reference(102).
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(a) Three tangle of GHZ, averaged over 4 trial

runs

(b) Three tangle of cluster, averaged over 4

trial runs

Figure 4.11: The experiments were done on ibmqx2

As can be seen, the oscillations observed have disappeared giving more evidence that was

observed was the quantum states picking up relative phases that made the wave-function

complex as opposed to remaining real. By doing full state tomography, we have also removed

the assumption of the states being pure. The results shown include readout correction to

the results.

4.6 CONCLUSIONS

We have studied the relative strength and robustness of entanglement of the three- and

four-qubit GHZ and linear cluster states on the IBM Rüeschlikon (ibmqx5) superconducting

quantum computer by measuring entanglement monotones E3 and E4b, de�ned in (4.3) and

(4.5). These entanglement measures have the property that they are ideally equal to one

for the GHZ and cluster states, allowing for a meaningful cross-comparison. However we

�nd that E3 and E4b are in fact non-monotonic, which we ascribe to the development of

imaginary components of the states. After proposing a simple phase-drift model for this

e�ect, we attempt to correct it, and after the correction �nd the GHZ states to be signi�cantly
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more robust than the cluster states, exhibiting higher �delity (data not shown here) and

entanglement at later times.

What is expected theoretically? There is a commonly stated expectation that cluster

states are more robust, due to their property that they remain partially entangled after

measurement of a subset of k < n qubits. (This property is essential for their use in

measurement-based quantum computation.) We note, however, that this form of entan-

glement is not of the genuine multi-qubit type measured by E3 and E4b. Furthermore, our

results contradict the predictions of a Markovian T1,2 model and a non-Markovian dephasing

model with realistic (but spatially uncorrelated) 1/f �ux noise.

A simple explanation for the robustness of GHZ states observed here is that they only have

two components (one relative phase) to acquire pure dephasing errors. And our compensation

technique, which applies identical phase shifts −φ/n to each qubit, may be non-optimal for

cluster states, whereas for GHZ states any distribution of phase shifts adding up to −φ is

acceptable.

We note that the data presented here was acquired over more than 9 months, during which

there were drifts in system parameters and gate �delities, leading to small inconsistencies

between some of the �gures. However the principal observations, that GHZ and cluster state

preparation �delities and initial entanglement are similar, that E3 and E4b oscillate in time,

and that after phase compensation the GHZ states remain more entangled, were generally

observed.

Finally, by doing full state tomography, we were able to truly measure the three tangle

and observed the GHZ state containing more entanglement than the cluster state.

4.6.1 STATE PREPARATION ERRORS

Here we provide the data summarized in Table 4.1.
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Figure 4.12: Histogram of 32 independent state preparation errors for the n=3 GHZ state.
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Figure 4.13: Histogram of 32 independent state preparation errors for the n=3 cluster state.
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Figure 4.14: State preparation errors for the n=4 GHZ state.
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Figure 4.15: State preparation errors for the n=4 cluster state.
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