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Notation

Let f and g be (real-valued) functions of a real variable z, with g(z) > 0. We write
f(x) = O(g(x)) if |f(z)| < Cg(z) for all sufficiently large x, where C' > 0 is an absolute
constant. Equivalently, we sometimes write f(z) < g(z). For a parameter 7, if we write

f(x) = Oy(g(x)) or f(z) <, g(z), this means that the constant C' = ), may depend on 7. If
1@

m 72) =0, that is | f(z)| < c|g(x)]| for any ¢ > 0 and for all sufficiently large =, we use the
notation f(z) = o(g(z)). If lim % = 1 then we say that f(x) and g(z) are asymptotically

equal, and we write f(z) ~ g(z). Other notation will be introduced as needed.
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Chapter 1

Introduction

In this chapter, we introduce some preliminaries and summarize the statement of the results

which are going to be detailed in the next chapters.

1.1 Elementary methods

1.1.1 Rational reciprocity laws

Let p be an odd prime and let a be an integer. We define the Legendre symbol as follows:

Definition 1.

1 if 22 = a mod phas a solution and a # 0 mod p,
a
(‘) ‘=194 —1 if2z? = a mod pdoes not have a solution,

0 ifa = 0 mod p.

The law of quadratic reciprocity, noticed by Euler and Legendre and proved by Gauss

(he actually gave eight different proofs), is one of the fundamental results in number theory.



Theorem 1 (Law of Quadratic Reciprocity, [21]). Let p and ¢ be two distinct odd primes.

Then we have

As a consequence, for distinct odd primes p and g, <§> depends on only on the congru-
ence class of ¢ mod 4p. We additionally have the following criteria for determining special

Legendre symbols.

Theorem 2 (Supplements to Law of Quadratic Reciprocity). Let p be an odd prime. Then
we have (‘—1) = (—1)%, and
p

(2) 1 if p=4+1modS8,

-1 if p=+3 modS8.

A similar criteria can be asked for the higher power residues. For example, an integer a is
called a cubic residue modulo m if the congruence 2 = a mod m has a solution. If ¢ is a
prime with ¢ = 2 mod 3, then every congruence class modulo ¢ is necessarily a cube. We note
here the following fact. If ¢ = 1 mod 3 is a prime then there are integers L and M, uniquely
determined up to sign, for which 4¢ = L? 4+ 27M?. As in the case of quadratic residues, one
can give the characterization of determining prime cubic residues modulo ¢ based on some

congruence conditions. The following consequence of the law of cubic reciprocity is due to

Z.-H. Sun (see [43], (1.6) and Corollary 2.1]).

Proposition 3. Let ¢ be a prime with ¢ = 1 mod 3, and let L, M be integers satisfying

4g = L? + 27M?. Let p be a prime, p # 2,3, or q. Then

p is a cubic residue mod ¢ if and only if p | L(z* — 1) — M (2® — 92) for some z € Z.



Remark 1. In fact, the restriction to p # 2,3 is unnecessary. (See Propositions 7.1 and
7.2 in |29, Chapter 7|, or Theorems 2.26 and 2.27 in [39] Chapter 2| for details and the

background.)

One of the consequences of Sun’s cubic reciprocity law (also keeping in mind our Remark
1)) is Nagell’s result from 1952, [36], where he proved that for each prime ¢ = 1 mod 3, ¢ > 7,

1/2 that is a cubic residue modulo ¢. To see this, first observe that

there exists a prime p < ¢
taking x = 0 and = = 1, by Proposition 3| if a prime p # 2,3 divides LM, then p is a cubic
residue modulo q. When ¢ > 7, 4¢ = L* 4+ 27M? implies that |LM| > 1. Now taking any
prime p dividing LM produces a cubic residue modulo ¢ with p < 2¢*/2.

Recalling that each prime ¢ = 1 mod 4 admits a representation ¢ = L% + 4M?, with
the integers L, M uniquely determined up to sign, we also quote a form of biquadratic (i.e.,
fourth power) reciprocity law. We say that an integer a is a biquadratic residue modulo m if

* = g mod m has a solution. For an odd prime p, let p* = (—1)®=Y/2p so

the congruence z
that p* = +p and p* = 1 mod 4. The following Proposition 4| is again due to Sun (compare

with Theorem 2.2 and Corollary 3.2 of [44]).

Proposition 4. Let ¢ be a prime with ¢ = 1 mod 4 and let L, M be integers satisfying

q= L?> +4M?. Let p be an odd prime, p # q. Then

p* is a biquadratic residue mod ¢ if and only if p | M (z* — 62° + 1) — 2L(z* — x)

for some z € Z.

In Chapter 2, we will show how these reciprocity laws can be used to deduce results on
the number of prime quadratic, cubic, biquadratic residues modulo ¢ in the interval (and in

subintervals of) [1, ¢ — 1].



1.1.2 Sieve techniques

Sieve theory deals with the problem of estimating the size of “sifted sets”. Here a sifted set is
one which is formed from starting with a given set A and removing all elements that have a
small prime factor from a prescribed set of primes P. The sieve theory is developed to extend
the meaning of ‘small’ in the previous description. Consider a finite sequence (a multiset)
A = {a;}, and let P be a finite set of primes, and denote the number of elements of the
subset of A which consists of elements that are not divisible by any element of P by S(A, P).
In other words, if we put P =[] pp, then S(A,P) = #{a € A: (a, P) = 1}. Further, it
is sometimes useful to consider a subset of P, where we only would like to consider primes

p in P with p < z. In this case we put P(z) = Hp, and we use the notation

peEP
p<z

S(A,P,z) =#{a€ A: (a,P(2)) =1}
For an integer d | P(z), we assume that there exists a multiplicative function h(.) such that

Ag(x) = an = h(d)X +ry(z). (1.1)
i

Here, h(d) can be viewed as the density of the masses a, for n = 0 mod d, and r4(z) is an

error term. Moreover, X is approximately equal to A(x) = Z a,. Assume that

n<x

0<h(p)<1lifp<z,

h(p) =0 if p > 2.

It is important to mention the sieve of Eratosthenes as a first step towards any sieve theoretic

result. The idea of the sieve of Eratosthenes is to start with a list of integers up to z



and cross out the multiples of primes (other than themselves) that are < y/z. Then the
remaining numbers will only be primes and the number 1. Using this idea and the principle
of inclusion-exclusion we have the following form of Sieve of Eratosthenes which is known

due to Legendre.

Theorem 5 (Sieve of Eratosthenes-Legendre, Theorem 6.2 [39]).

SAP 2 =X [ 1=h(p)+ 3 uldraa).
)

plP(z d|P(z)

Here, p(n) is the Mébius function defined on the natural numbers as

(
1 ifn =1,
p(n) = (1) if nis squarefree with k distinct prime factors,
0 otherwise.

Example 1. Let A = {n(n +2) : n < z} and let P be set of all primes. These sets

are natural choices for detecting twin primes. If n and n 4 2 are both prime, then n and

n + 2 have no small prime factors (unless n itself is a small prime); conversely, if n and

n + 2 have no small prime factors up to /= + 2, then n and n + 2 are both prime. For
v(d)

this choice of A, let d be a squarefree number, then we can write Aq = 2=3> + r4(x), where

v(d) = #{nmod d: n(n+2)=0mod d}. So by Theorem [5] we have

S(AP.2) =z ]] (1 - %) + ) p(d)ra(z)

p<z d|P(z)
SOTL (-2) ¢ X mldrata)
2 p
2<p<z d|P(z)

=2 H

2
2<p<lz <1 — %) p<z



Here the main term has order z/(log z)? while the error has size 37*), indeed Z w(d)rq(zx)
d|P(z)
is bounded by >, p,) v(d) = I[,<.(1+v(p)) < 37(2), In order to obtain a nontrivial estimate,

it is necessary to choose z quite small, certainly z < (logz)'™. But then we cannot deduce

an upper bound better than x/(loglogx)? from this approach.
Brun [10], worked on improvements of the Sieve of Eratosthenes-Legendre.

Theorem 6 (Brun’s pure sieve, Theorem 6.10 [39]). For every even integer m > 0,

S(AP,2)=X [ 1—h@p)+0 Y @l +o (X ) ()
)

plP(z d|P(z), w(d)<m d|P(z),w(d)zm

Brun applied the above result to the problem described in Example [l He proved that if

z = z(x) — oo with z(x) < g!/(?0lglog) "then (for the choice of A and P as in Example
S(A, P, z) ~ 205>z /(log 2)*.

This implies the following upper bound for the number of twin prime pairs up to x.

log1 2
#{p<z:p+2 isalso prime} < w
(log x)?
1
Using this upper bound, Brun deduced that the series Z — converges.
p
P
p+2 prime

Sieve theory evolved in the following years to find methods to obtain estimates for
S(A, P, z), where the aim is to be able to take z as large as possible in terms of z. For
example, we would like to get an asymptotic formula when z < x is taken as a power of x.

In this thesis we are going to use a sieve result, called the fundamental lemma of the

sieve, which under some constraints gives an upper and a lower bound for S(A, P, z).



Lemma 7 (Corollary 6.2, [26]). Let A = (a,) be a sequence. Let x and z be parameters,
and let P(z) =[] ., p be the product of primes up to 2. For an integer d | P(z), we assume

that there exists a multiplicative function h(.) such that ((1.1)) holds. Assume that

0<h(p) <1ifp<ezc,

h(p) =0 if p > 2.

Suppose further that there exists k > 0, K > 1 such that for any 2 < w < z,

[T a-n <& (122)

log w
wp<z &

Moreover, put 8 = 9x + 1 and assume that s > 3. Then

Y < (14K (2) + R(x, 2,

n<x

(n,P(z))=1
> an> (11— KV (2) - R(z, 2%),

n<x
(n,P(=))=1

where

V(z)= [[ 0 =hp), and R(z,y)= Y |ra()|.
pIP(2) d|P(z)

We will also use a more precise form of the fundamental lemma of the sieve (the sieve
of Diamond-Halberstam—Richert [I5]) in order to obtain results on the number of prime
divisors of some polynomials. Before stating the lemma we first quote the analytic theorem

which introduces the related functions in the statement of Diamond—Halberstam—Richert

sieve.



Proposition 8 (Theorem 6.1, [15]). For each number £ > 1 for which 2k € N there exists

numbers a = «,, and 3 = [, satisfying
ar =01 =2 and a«, > f.>2, fork > 1,
such that the system of initial conditions

=——— 0O<u<a,
Jr(u/2)

flu) =0, 0<u<p,
the simultaneous difference differential equations

(W F(u)) =su" 1 flu—1), a<u,

(wf(w) =ku""'Flu—1), B<u,
and boundary conditions
F(u)=1+0(™"), fu)=1+0(")

has continuous solutions F' = F}, f = f, with the properties that F'(u) decreases monotoni-
cally and f(u) increases monotonically on (0, 00). The function j, is the continuous solution

of the differential delay equation

ujr = Kje(u) — kje(u—1), u>1,



that is defined for other real values of u by

_ 0 if u <0,
Jr(u) =

eYkyr .

Tt D) if0<u<l,

where v denotes the Euler-Mascheroni constant and I" denotes Euler’s gamma function.

Lemma 9 (DHR sieve, Theorem 9.1, [15]). Suppose that x > 1 and that 2k is an integer.

Suppose that for a parameter y with 2 <y < z and a constant A > 1 we have

1 " A
I a—np)"< %82 1+ L 2<w< 2.
log w log w

wp<z

Then

log Y (log IOg y)2 w(m)

m|P(z)
m<y

and

1 log1 2
P22 XV U (1082) =0 (ogyyiians ) =2 32 #atm.

m|P(z)
m<y

where w(n) denotes the number of distinct prime divisors of n, F, and f, are as defined in

Proposition [§] and the constants implied by the O-notation depend at most on k and A.

The main application of Lemma [J] that we are going to use will be noted in the following

proposition. Here the dimension k of the sieve is the degree of the polynomial.

Proposition 10. Suppose that f is a polynomial with integer coefficients with degree k

with no fixed prime divisor, and that f has at most min(p — 1, k) roots modulo every prime



p. Then for every 6 > 0, there exists n = n(k) > 0 such that
#{n < p’, f(n) has no prime divisor less than p”} >, p’/(log p)*

provided that p is sufficiently large in terms of 6. The dependence of the implied constant

on f is only through its degree k, and not on the precise choice of coefficients.

We will be using the fact that in Proposition , n can be taken as any number > é,

where the values of fj are given in Table 17.1, [15], p. 227. We will be using the facts that

By = 4.26645 - - - < 4.27,
By = 6.640859 - - - < T,

By =9.072248 .- < 9.1. (1.2)

1.1.3 Erdés’ result on infinitude of weakly prime numbers

The following question was stated in Mathematics Magazine (Problem 1029) in 1978:

Question. Does there exist any prime number such that if any digit (in base 10) is changed

to any other digit, the resulting number is always composite?

In 1979, Erdés answered this question affirmatively, [I8], proving actually that there are

infinitely many such primes.

Theorem 11 (Erdés). For all sufficiently large positive integers k, there exist primes p,
k
p=> a10', ay>0,0<a <9,

=0

such that all of the integers p + ¢ 10°, 0 < [t] < 10, 0 < ¢ < k are composite.

10



We will call this type of primes weakly prime numbers base 10. Similarly we can define
a weakly prime number for any fixed base a > 2 and Erddés’ result can be extended to
those bases. Here we include a sketch of the proof of Erdés, as our proof of a quantitative
improvement (Theorem [27, below) has the same essence. One of the key results he used in
the proof is the Bang-Zsigmondy Theorem for the fact that for each j € N there are primes g;
such that the order of 10 mod ¢; is exactly j. (That is 10 = 1 mod ¢; and 10" #Z 1 mod g,

for 1 <i<yj.)

Theorem 12. [Bang-Zsigmondy Theorem, [2], [50], [8]] Let @ and n be two integers greater
than 1. Then there exists a prime ¢ such that a has order n mod ¢, except exactly in the

following cases:
e n=2and a=2"—1, where k > 2.
e n==06anda=2.

We will also need Linnik’s result on the least prime in an arithmetic progression. We will

return back to this result in Section 1.2.1.

Theorem 13. [Linnik’s Theorem, 1944, [30]] Let a, ¢ be two integers such that ¢ > 1 and
(a,q) = 1. There exists a prime p such that p = a mod ¢, and p < ¢“ for some positive

absolute constant C.

In order to prove the existence of weakly prime numbers, Erdds showed the existence of
small prime numbers ¢ and a prime p so that each p+t10° is divisible by one of the primes g.
Our proof of a quantitative improvement of this result is also based on the idea of choosing

such primes ¢ in an effective manner.

Sketch Proof of Theorem[T1. Let k be a large integer. Put x = 10*"!. Let r := |e/logz].

By Bang-Zsigmondy Theorem, for each j € N there are primes ¢; such that the order of 10

11



mod ¢; is exactly j. We will use such {g;} to determine some congruences by induction on
j for 1 < j < r. Suppose that we have determined some congruence classes u,, mod g, for
1 <m < j—1 Letby,...,bs,_, be the integers of the form ¢10°, 0 < [t| < 10,1 < i < k

which do not satisfy any of the congruences
t10° = —u,, mod @, 1 <m < j—1.

The numbers t10° determine at most 185 residue classes modulo ¢; (since 107 =1 mod g;).
Therefore by the Pigeonhole Principle, there is a congruence class u; mod g; for which b;, =
—u; mod ¢;, 1 < L < j—1is satisfied by at least P?T’Jl—‘ values of L. This determines the

congruences
p=u;modg;, 1<j<r. (1.3)

Suppose that p < z is a prime satisfying the congruences ([1.3)). Then the number of integers
107, 0 < |t| < 10, 1 < j < k for which p + 10’ is not a multiple of one of the ¢;, 1 < j <r

1s at most

18(k + 1)

1- -~
] T €

—

Let vy,vo,... 15, s < 18—”;(’“ be these integers of the form ¢10°. Let Qq,Qo,...,Q, be the
consecutive primes in the list of the first 7 + s primes which are not equal to any of the g;’s.

Put
p=-v;mod Q;,i=1,...,s. (1.4)
There are r + s congruence conditions given in the equations ([1.3|) and ([1.4)) each to a prime

12



modulus and the product of the moduli satisfies

HQjHQi <zt

Before completing the proof, we now quote a quantitative form of Linnik’s theorem that

appeared in [26].

Theorem 14 (Corollary 18.8, p. 442, [26]). If ¢ is sufficiently large and z > ¢“, for a

sufficiently large constant C', then

#{primes p<z:p=amodq} > ——

f@( )logq

for any a with (a,q) = 1, where the implied constant is absolute.

Hence by Theorem [14] there are at least 2'~2¢ primes p < x such that all p + ¢ 10%, 0 <
|t| < 10, 0 < ¢ < k are all divisible by the primes {g;}, {Q;} we determined. Among those
primes p fewer than (logz)? may have the property that some of p + ¢ 10° themselves are
prime. This leaves us with primes p < x such that p +¢10°, 0 < [¢t| < 10, 0 < i < k are all

composite. ]

In 2011, Tao [45] proved that for any integer K > 2, there exist at least cx - primes p
in the interval [z, (1 + K~1)z] satisfying |pj & a"k| is composite for every 2 < a < K, 1 <
J,k < K and 1 < h < Klogx, where cxk > 0 is a constant depending only on K. In a

different direction, Pan [37] adopted Tao’s methods to prove the following theorem.

Theorem 15 (Pan, 2014). Suppose that K > 2 is an integer and € > 0 is a small number.
Then for all sufficiently large (depending only on K and ¢) x, there exist at least x1~¢ integers
n € [z, (1+ K~1)z] such that w(nj+a"k) > (log logloga:ﬁ*E forall2 <a< K, 1<j, k<K
and 0 < h < Klogx. Here, as usual, w(m) denotes the number of distinct prime factors of

m.

13



In [37], Pan also asked if one could improve the quoted lower bound (loglog log m)%_e to
a bound comparable to loglogx. (This is a natural question as the normal order of w(n) is
loglogn.) In Chapter 3, we will present a quantitative improvement (Theorem of the

Erdss’ and Pan’s results above.

1.2 Analytic methods

1.2.1 Dirichlet series and primes in an arithmetic progression

Let a(n) be an arithmetic function. The Dirichlet series f(s) corresponding to a(n) is formally

defined as

)=y

where s € C. For a given Dirichlet series f(s) as above, we call a(n) the Dirichlet coefficients
of f(s).

Example 2. If a(n) = 1 for any n € N, then the Dirichlet series 32 | %% defines the

ns

Riemann zeta function

The Riemann zeta function ((s) can be meromorphically continued to the whole complex
plane with a simple pole at s = 1 with residue 1.

((s) also has an Euler product expansion

14



By logarithmic differentiation, we obtain

S AW gy

nS
n=1

where A(n) is the von Mangoldt function defined by

logp if n = p*, for some primepandk > 1,
An) =

0 otherwise.
a(n) using

Perron’s formula, stated below, allows us to estimate the partial sums > _,

the analytic properties of f(s).

Lemma 16 (Lemma 3.12, [46]). For s = o +it, o, t € R, let g(s) = > 02, %, (¢ > 1),

n=1 ns?

where a, = O(¢(n)), 1(n) being nondecreasing and 3>, 122l — 0 <ﬁ) for some av > 0

nlnff

as 0 — 1. Let ¢ > 0 so that o + ¢ > 1. If z is not an integer and N is the integer nearest to

x, then

a I v x°
an _ L g v
N =)
Y(2r)x' =7 log x P(N)zt=
+0( y o (i) (1.5)

If x is an integer, then the corresponding result is

r—1
an 1 il v x¢
Zope T sz “omi ), YT dwtO (T(a e 1)a>
l—0o —o
+0 (1/’(295)2 10“) +0 (—Mx%“” > . (1.6)

Returning to the last example, Perron’s formula allows us to describe the sum > _ A(n)

15



in terms of the zeros of the Riemann zeta function ((s) (see [14]):

Z/A(n):x— %—%——log(l—x %),

n<x P

where >’ indicates that the last term should be halved if z is an integer. Here p denotes a
nontrivial zero of ((s), that is ((p) = 0 and 0 < Rp < 1. And using the information on the

location of the zeros of ((s), we obtain the Prime Number Theorem.
Theorem 17 (Prime Number Theorem).

ZA( ) =2+ O(xexp{—cy/logz}).

n<x
Lemma [16| will appear again in Chapter 4, where it will be used to count number fields
of a certain type.

Example 3. Another set of examples for functions defined by a Dirichlet series is Dirichlet
L-functions L(s, x). We define a Dirichlet character x(n) (which are the Dirichlet coefficients

for L(s, x)) as follows.

Definition 2. Let ¢ > 2 be an integer. A totally multiplicative function y : Z — C is called

a Dirichlet character modulo ¢ if
e x(n+q) = x(n) for any n € N,
e x(n)=0if and only if (n,q) > 1.

The set of Dirichlet characters modulo ¢ form a group with ¢(q) elements with identity
element Yy, called the principal character, defined as xo(n) = 1 for any n € Z with (n,q) = 1.

For any nonprincipal Dirichlet character x mod ¢, we have

> x(n)=o. (1.7)

n mod q

16



Moreover, Dirichlet characters modulo ¢ satisfy the following orthogonality property. For

(a,q) = 1, we have

1 1 if a=bmod g,

x mod ¢ 0 otherwise.

A Dirichlet character y mod ¢ is called a primitive character modulo ¢ if for every proper
divisor d of ¢ there exists an integer a = 1 mod d, with (a,q) = 1 and x(a) # 1. Thus in
particular, if ¢ is prime, every nonprincipal character modulo ¢ is primitive.

Let x be a Dirichlet character modulo gq. The Dirichlet L-function L(s,y) is defined by

the series

L(s,x) = i X(n), Js > 1.

ns
n=1

L(s,x) can be analytically continued to the whole complex plane, (when xy = yo with a

simple pole at s = 1 with residue ﬁ).

Logarithmically differentiating the Euler product expansion

L(s,y) :H(1— X(p)>1, Rs > 1

» p

of L(s, x), we obtain the identity

R S LR

Using this identity and the orthogonality of characters, Dirichlet L-functions play an
important role in counting primes in certain arithmetic progressions since for (a,q) = 1, we

have
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. Aln 1 . v(n)A(n
R S}

n=1 od g n=1
n=a mod ¢

Using Perron’s formula, Lemma [I6], we obtain an explicit formula for the partial sums of

A(n)x(n),

xPXx L/(O,X) o0 m727n+1 . B
' B Z x px L0 Zm:1 2m—1 if X(_l) =—1,
Z x(n)A(n) = e X (1.8)
PX 00 x—Qm .

Px pPx

for a primitive Dirichlet character x modulo ¢, where b(x) is a constant depending on x and
py denotes a nontrivial zero of L(s, x). And using orthogonality we derive an expression for
the partial sums of A(n) along the progression n = a mod ¢, which is a weighted count of
primes (and prime powers) in terms of the zeros of the Dirichlet L-functions L(s, y) modulo

q. We now recall two important results on these zeros.

Theorem 18 (Landau-Page Theorem, see [9], p. 39). There exists a constant ¢; > 0 such
C1
log T’
character modulo ¢ < T except possibly for at most one exceptional case L(1,x1) = 0. The

that L(s,x) # 0 for ®s > 1 — , for |t|] = |SQs| < T, T > 2 and for any primitive

exceptional zero (3, is simple, real and the exceptional character y; is a quadratic character,

c
that is x? = xo. Moreover, for some constant ¢, > 0, the inequality 1 — 3; > T2 loa T 120 oT

holds.
We next quote the lower bounds of |L(1, x)| and thus a zero-free region for L(s, x).

Theorem 19 (Landau [28] and Siegel’s Theorem, [42], also see Chapter 21 in [14]). If x is

a non-real character modulo ¢, we have L(1,x) > (logq)~!. Moreover, for each € > 0 there
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exists C'(¢) > 0 such that
L(1,x) > Cle)g™

holds for all real Dirichlet characters y modulo g. Hence there exists C’(¢) > 0 such that

any zero [ of L(s,y) satisfies
B<1—C'e)g "

Using Theorem , Theorem and the explicit formula (1.8), we derive the Siegel-
Walfisz Theorem, [14],

T

> An) = oM O(x exp{—cay/logz}),

n<x
n=a mod ¢

as long as ¢ < (log x)* for some A > 0.
As mentioned in the previous section, Linnik proved the following theorem in [30]. We

restate Theorem [13] here.

Theorem (Linnik’s Theorem, 1944). Let a, ¢ be two integers such that ¢ > 1 and (a,q) = 1.
There exists a prime p such that p = amod ¢, and p < ¢¢ for some positive absolute

constant C.

From then forward, there have been improvements on how small C' can be taken. The
best known result in this direction is that C' can be taken as 5 by Xylouris [49], and when
the modulus ¢ is prime C' can be taken as 4.5 due to the work of Meng, [35]. Following the
proof of Linnik’s Theorem in [9, p. 39|, we obtain the following corollary. Due to lack of
suitable reference we include the proof here. We will use this Corollary [1] when we prove

Theorem [27] in Chapter 3.
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Corollary 1. Let K > 0 be fixed. Let a,q be two integers such that ¢ > 1 and (a,q) = 1,

and let x be a real number so that ¢¢ < x, for a sufficiently large constant ¢ > 0. Then there

T

Zolg)Togs primes p such that p = amod ¢, and z < p < (1 + K 1)z.

are at least >x

Proof. The result in the case when ¢ < (logz)? follows by applying the Siegel-Walfisz The-
orem. Suppose that ¢ > (logz)?. We follow Bombieri’s notation used in [9]. Here, L(s, x)
denotes a Dirichlet L-function for s = o + it, where o and t are real numbers, and y is a
Dirichlet character mod q. Let ¢; > 0 be the constant appearing in the Landau-Page Theo-

rem (see Theorem (18| above) such that L(s, x) # 0 for 0 > 1 — 27, [¢| < T for all primitive

characters x modm, m < T except possibly for one exceptional real character. We let x;
denote a character modulo ¢, induced by an exceptional character, if it exists. In this case

we let 31 denote the exceptional zero of L(s,x1), and we also let d; := 1 — f3;.

We put 4A := iziz so that (1 + K~ Ya = ¢*©4, where ¢g = 1 + %‘ Then 1 < ¢y < 2.

Using the last equation in the proof of Linnik’s Theorem in |9, p. 55|, namely,
1 s T
logp:—(m—x a—) O<—5 log q) exp —CA)
2 #(q) ), og M lca D ep (mad)

p<x
xrlogx 1
+ O § + O —$1/2q20 7
q ©(q)

p=a mod q

we obtain

1/ 14+ K18 —1)zh
r<p<(1+K )z vl 1

p=a mod q

+0 (ﬁ(x(mg q) exp (—c’A))

+0 (xl;)fx> +0 (@xlmq%) . (1.9)




Note that 1 < 8 < 1, so <(1+ K1Y —1< K=t So we have

K~
(2+K D)

K ah | (K
RN < Ix1(a) 5, <K 5

If x1(a) > 0, then

1+ K1) _ 1)t B1
S 5)1 2 ke = (o) xﬁl

K 'z — x1(a)

If x1(a) < 0, then

~ 1+ K Ho — 1)z _ Kt TP
K 11’ — Xl(a) (( B)l ) >K 11‘ — mxl(a)—

Thus we have

((1 + K_l)/Bl _ 1)%51 2

K 'z —x1(a) 3, >k x—xi(a )ﬁl

T q—2

For A large enough, the term x — x;(a )— is > (1 log q¢)z. So the main term is >x @

and the first error term on the right hand side of ((1.9) is negligible compared to the main

zP1

term for large A. Moreover, it follows from the argument given in [9] that  —x1(a)%- > &
Now we note that for A large enough, the sum of the last two error terms on the right-hand

side of ([1.9) is also negligible. Thus we obtain

x
Z logp >k ﬂq_? (1.10)
r<p<(1+K 1)z g
p=a mod q
Since each term of the sum in (|1.10)) is of size C'log x, the desired result follows. m
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1.2.2 Character sums and some applications

A central problem in analytic number theory is to understand the size of the character sums

> x(n)

n<x

where x is a nonprincipal Dirichlet character mod g. Showing some cancellation in character
sums has many applications in number theory an example of which is to bound the smallest
quadratic nonresidue modulo ¢q. By 7 the character sum over ¢ consecutive integers
vanishes, and so we are primarily interested sums over an interval of length < ¢, so-called
incomplete sums, for whose absolute value a trivial upper bound is ¢. In 1919, Pélya and
Vinogradov proved the following upper bound which shows cancellations for character sums

if the length of the interval is larger that q%“, e > 0.

Theorem 20 (Polya-Vinogradov Inequality). Let x be a nonprincipal Dirichlet character
mod ¢g. Then for integers M and N with N > 0,

M+N

Y x(n) < \/qlogg.

n=M+1

Here the implicit constant can be taken to be 1 (see [33]). Vinogradov [47] used the
Polya-Vinogradov Inequality (where y is taken to be quadratic character) and a clever sieving
argument to deduce that for sufficiently large primes ¢, the least positive quadratic nonresidue
modulo ¢ is <, q%ﬁ“.

In 1977, Montgomery and Vaughan showed under the assumption of the Generalized
Riemann Hypothesis (GRH) [34] that Zx(n) < y/qloglogq. Up to the constant this is

n<z

“best possible” since R.E.A.C. Paley [38] had shown, in 1932, that there exist character sums

(with real, quadratic characters), that are > ,/qloglogq.
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Polya-Vinogradov Inequality implies that for a given € > 0 the sum Z x(n) = o(x) for
n<x

all z > q%+6. We expect to see that such cancellation occurs in a smaller length = of the
character sum. The first substantial improvement of Poélya-Vinogradov Inequality in this

direction was obtained in 1957 by D. A. Burgess.

Theorem 21 (Burgess, 1957, [I1]). Let x be a primitive character modulo ¢ > 1 and let

€ > 0. Then
M+N B
1 [
> x(n) < N'rgazte (1.11)
n=M+1

for r = 2, 3 and for any r > 1 if ¢ is cubefree, with the implied constant depending only on

e and 7.

Remark. Let 7 > 0 be fixed. If ¢ is prime and N = ¢"/**", then the upper bound in (21)

14—+ e

becomes ¢ which is less than N for large r . So we see that Burgess bound

ensures that cancellation occurs in character sums as long as the length of the sum is at least

q1/4+7]'

From here forward, we will assume the modulus ¢ to be a prime. In Vinogradov’s proof,
if we use Burgess bound instead of Poélya-Vinogradov Inequality, we obtain that the least
positive quadratic nonresidue modulo ¢ is <, q%\/ﬁe.

By the total multiplicativity of the characters, the least positive quadratic nonresidue
modulo ¢ is necessarily a prime. Hence the proper analogue of the question for residues is to
ask for a bound on the least prime quadratic residue modulo ¢. Vinogradov [47] conjectured
that this should be < ¢°. Linnik and Vinogradov used Burgess estimates to obtain the

following best-known upper bound for the least prime quadratic residue modulo gq.

Theorem 22 (Linnik-Vinogradov Theorem, [31]). Fix ¢ > 0. For all large primes ¢, the

least prime quadratic residue mod ¢ is <, qi“.
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Elliott [I7] generalized the work of Linnik and Vinogradov for k£ > 2.

Theorem 23. Fix an integer £ > 2 and fix ¢ > 0. For all large primes ¢ = 1 mod k, the

smallest prime kth power residue mod ¢ is
k—
<<k,e qu—ﬂ—e'

Considering the known forms of Linnik’s Theorem on the least prime in an arithmetic
progression, Elliott’s bound is only interesting for small values of k, as any prime = 1 mod q
is a kth power modulo q.

In [41], Pollack showed that when k = 2, there are many prime quadratic residues

satisfying the upper bound of Theorem 22| In fact, Pollack proved a more general theorem.

Theorem 24 (Theorem 1.3, [41]). Let € > 0 and let A > 0. There is an mg = my(e, A) with
the following property: If m > mg and y is a quadratic character modulo m, then there are

at least (logm)? primes p < m1+e with y(p) = 1.

In 2017, Pollack proved that for e > 0 and for large enough modulus m there exists £ > 0
such that there at least m”™ prime quadratic nonresidues that are < mﬁfre (Pollack actually
showed a more general Theorem on the number of small prime character nonresidues, see
Theorem 1.1 in [41]). So we expect to have a comparable lower bound for the number of
small prime quadratic residues (and possibly for the higher power residues). In Chapter 2,
we will present improvements and generalizations of Theorem in this direction, in the

case when the modulus m is prime.

1.3 Statements of main results

Using the rational reciprocity laws for quadratic, cubic and biquadratic residues we have the

following result for prime moduli (see Theorem 1, 2, and 3 in [6]). This result originally
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appeared in [0].
Theorem 25. [Reciprocity Laws Approach| Let € > 0.

(a) For all primes ¢ = 1 mod 3, with ¢ > go(€), we have that

#{primes p < q%Jr€ : p is a cubic residue mod ¢} > g.

(b) For all primes ¢ = 1 mod 4, g > ¢;(¢), we have that

#{primes p < q%JrE . p* is a biquadratic residue mod ¢} > ¢%

p—1

where p* = (—1)"z p.

(c) If e < %, for all ¢ > ¢2(€), we have that

#{primes p < q%Jre : p is a quadratic residue mod ¢} > q%.

Theorem [25 (b) improves the lower bound in Theorem [24]in the case of a prime modulus:
the contrast can be seen by the implied bounds on the number of prime quadratic residues
< q. The proof of Theorem [25{implies that one can find at least q% primes that are quadratic
residue modulo ¢ (see Remark in Chapter 2) and < g whereas Theorem [24]can only produce
an arbitrary power of log ¢ of such primes. On the other hand, Theorem [25/only applies when
counting quadratic residues up to q%“, whereas Theorem [24]is applicable when counting up
to q%“, capturing much smaller primes.

In Chapter 2, together with the proof of Theorem [25] we will also give the proof of the
following strengthening of Theorem [24] and Theorem for prime moduli, which applies to

all integers k£ > 2.
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Theorem 26. [Theorem 1, [5]] Let k& > 2 be an integer. Let 0 < € < 1. There exists

qo(€, k) > 0 such that if ¢ = 1 mod k is a prime with ¢ > go(¢, k), then we have

9e

#{primes p < q%+E . p is a kth power mod ¢} > q2*.

In Chapter 3, we discuss a quantitative improvement of Erdds’ result on the infinitude

of weakly prime numbers, and Theorem [15]

Theorem 27. (Theorem 1.3, [4]) Let K > 2 be an integer, € > 0 be a small number. For
all sufficiently large positive x, there exist at least x'~¢ primes z < p < (1 + K1)z, such
that all of the integers pj +a’k, 2<a < K, 0<k <K, 1<j< K, 0<h< Klogzx are

composite having at least (loglogz)'~¢ distinct prime factors.

In Chapter 4, we present a result on the number of pure number fields of degree p for
each odd prime p. Since this result is of a different nature than the ones we discussed so far,

we give a little background on the problem here. First we give the following definition.

Definition 3. Fix an integer £ > 2. An integer n is called k-free if there are no primes ¢

with ¢ | n.

For an odd prime p and a number field K of degree p, K is said to be a pure field of
degree p if for a p-free positive integer n > 1 we can write K = Q(y/n). For X > 0, let
P,(X) denote the number of pure fields K of degree p with |d(K)| < X, where d(K) denotes
the discriminant of K. Using elementary methods, Fujisawa [19] gave an upper and a lower

bound for P,(X).

Theorem 28 (Theorem 1 in [19], [20]). Let ¢ > 0 and p be an odd prime. Then we have

B 1 1
LX< PX) £ G XP g X
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where ((s) is the Riemann zeta function and

A '_pp—i-l _pp—l +pp—2 -1
" (pr — L)pr ’

p—2
Cpe = ! ! +€
P2t \pY D (p — 1) '

For a p-free positive integer D, we associate K = Q(v/D) with the conductor f := f(K)

of the cyclic extension N/k of degree p, where N = Q(¢, VD) is the normal closure of K,
and k = Q((¢), with ¢ denoting p' root of unity. The relationship between the conductor

f(K) and the discriminant d(K) is given by the following equality
d(K) = (=) 72,

In [12], as a special case of a more general result on cubic extensions of number fields,

Cohen and Morra obtained a formula for the sum >~y /0 pure cubic ﬁ Using this formula,

they proved the following result.

Theorem 29 (Corollary 7.4 in [12]). Let € > 0. Then the number of pure cubic fields K up

to isomorphism with the conductor f(K) satisfying f(K) < X is
= CX(log X + D — 1) + O(X?/3+)

where

and -y is the Euler-Mascheroni constant.
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The following is an asymptotic for the number of pure fields of prime degree p > 5, whose
proof will be given in Chapter 4. The following theorem and its corollary originally appeared

in [3].

Theorem 30 (Theorem 3, [3]). Let p > 5 be a prime number. For each € > 0, we have that
#{K : K pure field of degreep, |f(K)| < X} = XQ,(log X) + O, (X%ilﬁe) :

as X — oo, where (),(x) is a polynomial of degree p — 2.

Using the relation between the conductor f(K') and the discriminant d(K’), we obtain

the number of pure fields up to a bounded discriminant as a corollary to Theorem
Corollary 2. Let p > 5 be a prime number. For each € > 0, we have that
#{K : K pure field of degreep, |d(K)| < X} = pﬁép(log X)
ptl
+ Op <X (=D +3) ) ,
as X — oo, where Q,(z) is a polynomial of degree p — 2.

Remark 2. The coefficients of the polynomials Q,(z) and Q,(x) are effectively computable.
We will explicitly present the leading coefficients in all the cases, and the second leading

coefficient in the quintic case.
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Chapter 2

Small prime power residues

2.1 Introduction

For each prime ¢ and each integer k > 2, let r;(q) denote the smallest prime kth power residue
modulo ¢q. Clearly, any prime congruent to 1 modulo ¢ is a kth power residue modulo ¢,
so 71(q) exists for all pairs k,q. 1. M. Vinogradov conjectured that ro(q) = O.(¢°) for each
e > 0, [47], and it is widely believed that the same is true for r4(q), for every fixed k. (Under
the assumption of the Generalized Riemann Hypothesis, it is known that for any € > 0,
rr(q) <. ¢°. See, e.g., the work of Lamzouri, Li, and Soundararajan [27, Theorem 1.4], who
present explicit upper bounds improving earlier estimates of Bach and Sorenson [I].) As it
was mentioned in the introduction, Elliott, [17], gave an upper bound for 7,(q) generalizing

the work of Linnik and Vinogradov concerning the case when k = 2.

Theorem. (Theorem Fix an integer £ > 2 and fix ¢ > 0. For all large primes ¢ =

1 mod k,

k—1
re(q) <peq 7 76
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The restriction to primes ¢ = 1 mod k is natural since the set of kth powers modulo ¢
coincides with the set of ged(k, ¢ — 1)th powers. Indeed, if a is a kth power modulo ¢ then it
is a ged(k, ¢ — 1)th power; conversely if a is a ged(k, ¢ — 1)th power modulo ¢, then there is

k4=1) = ¢ mod ¢, but then we can find integers v and v such that

x modulo ¢ such that z2d(
u(q — 1) + vk = ged(k, ¢ — 1), so that (z¥)F = 2@~V = g mod q.

Elliott’s proof is essentially based on Burgess’ character sum bound and the known lower
bounds on |L(1, x)| for nonprincipal Dirichlet characters x mod ¢ of order dividing & (recall
Theorem . Note that Theorem is of interest only for fairly small values of k, as
the exponent % eventually exceeds the exponent in known versions of Linnik’s theorem
(Theorem [13): By a work of Xylouris, [49], the exponent can be taken as 5, and Meng
obtained [35] the better exponent 4.5 when the modulus is prime.

Due to the fact that there are better lower bounds available for |L(1,x)| when y mod
q is a complex character, compared to the bounds for the real characters, Elliott observes,
[17], that if k is odd then the proof of Theorem [23| can be modified to give a slightly sharper

upper bound on r(q). As an example, he states that for primes ¢ = 1 mod 3, there are

constants ¢, ¢ > 0 such that

ra(q) < cq? exp(¢'v/log q - loglog q).

For the case when k = 3, Nagell, before Elliott, published a sharper upper bound for
r3(q) in 1952, [36], namely

r3(q) < 2¢2 for all ¢ > 7. (2.1)

In contrast, Nagell’s proof of ([2.1) does not rely on character sum estimates, the proof relies
instead on the algebraic theory of cubic residues developed by Gauss, Jacobi, and Eisenstein.
In the first part of this Chapter, we will explore how Nagell’s approach can be used to

produce more small power residues for the cases k = 2,3, 4.
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Next, we will introduce a strengthening and a generalization of these results using meth-

ods parallel to that of Elliott-Linnik-Vinogradov.

2.2 Reciprocity Laws approach-Proof of Theorem

In this section, we will give the proof of Theorem [25| based on reciprocity laws. We quote
Theorem below. As mentioned earlier, this result originally appeared in [6]. We will

revisit the proof in this section.
Theorem (Theorem [25). Let € > 0.

(a) For all primes ¢ = 1 mod 3 with g > go(¢), we have that

#{primes p < q%Jre . p is a cubic residue mod ¢} > ¢%.

(b) For all primes ¢ = 1 mod 4 with ¢ > ¢;(¢), we have that

#{primes p < q%JrE : p* is a biquadratic residue mod ¢} > el

p—1

where p* = (—1) 2 p.

(c) If € < § then for all ¢ > g2(€), we have that

#{primes p < q%Jre : p is a quadratic residue mod ¢} > q.

Recalling the earlier result of Pollack [40] on counting quadratic residues given in Theorem
24] each result given in Theorem [25]is superior in that the number of power residues produced
exceeds a certain power of ¢, not merely an arbitrary power of log q. However, it is necessary

to point out that Theorem [24| counts prime quadratic residues in the interval [1, q%“] whereas
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part (c) of Theorem [25|includes a count in a larger range [1, ¢2™<]. On the other hand, if we
ask the question of number of prime quadratic residues in [1,q — 1], the proof of Theorem
implies that there are at least ¢*/? such primes in contrast to any power of log ¢ implied
by Theorem 24l Due to better bounds for L(1, x) for the cubic character compared to the
quadratic characters, one expects that the analytic method used in the proof of Theorem
would give better results for counting the cubic residues, however when applied to counting

cubic residues, this gives only a weaker lower bound than that of Theorem [25( (a) which is

qc log log log ¢/ log log ¢

for some absolute constant ¢ > 0.

If ¢ = 1 mod 8, then —1 is a biquadratic residue modulo ¢g. So a prime p and p* are
either both biquadratic residues or both biquadratic nonresidues modulo ¢q. So in the case
when ¢ = 1 mod 8, Theorem (b) implies a power-of-g lower bound on the number of

1/2+€

prime biquadratic residues p < ¢ . In comparison, Theorem |23| only guarantees a single

prime biquadratic residue below the significantly larger value ¢*4*¢. (However, the bound
of Theorem 23| applies also when ¢ = 5 mod 8.)

The proof of Theorem is character-free, based on the reciprocity laws. The main
ingredients of the proof are the quadratic reciprocity law, the law of cubic reciprocity given

in Proposition [3 and the law of biquadratic reciprocity given in Proposition

Proof of Theorem[25] (a). Let ¢ be a large prime with ¢ = 1 mod 3. Then we can find
integers L > 0 and M > 0 such that 4¢ = L? + 27M?. Define the polynomial fo(z) with

integer coefficients as follows.

fo(z) == L(z* — 1) + M (2* — 9z).
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We check for the possible fixed prime divisors of fy(x), as eventually we would like to
use Proposition [10] We first note that fo(1) = —8M, and that fo(0) = —L so fo(x) has
at least one root modulo 2, and it has two roots modulo 2 if L is even. Now, note that
31 fo(0) = —L, since if 3 | L then 3? | L? 4+ 27M? = 4q which is not possible. So fy(x) has
at most two roots modulo 3. Further, we note that since ged(L, M)? | L? + 27TM?* = 4q, we
must have that

ged(L, M) =1 or 2. (2.2)

Expanding the terms in fy(z) we see that the leading coefficient is M and the constant
term is —L. So for any prime p > 3, fo(z) cannot reduce to the zero polynomial, so fo(x)
has at most three roots modulo p, in this case. Thus, we see that the only possible fixed
prime divisor of fy(x) is 2.

In order to exclude the possibility of 2 being a fixed prime divisor of fj, we try to get rid of
possible factors of 2 and define a new polynomial f(x) as follows. Since ged(L, M) =1 or 2,
we have that 2° f ged(L,8M) so we choose ng € {0,1} with 251 fo(ng). Let e be the largest

integer for which 2¢ | fo(no), so that e € {0,1,2,3,4}. We put

o) = 2i Fo( 252 + o).

By the setup above, f(x) has integer coefficients and f(z) takes only odd values on integers.
Moreover, for any prime p > 3, as in the case of fy, f has at most three roots, and f has at
most two roots modulo 3 because 2° has an inverse modulo p for p > 3.

Thus by Proposition [L0, there is an absolute constant 7 > 0 such that if ¢ is sufficiently

large in terms of €, then we have that

#{n < ¢/*: n e N, f(n) has no prime divisor less than ¢"/*} >, ¢**/(log ¢)*.
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In fact, by the sieve of Diamond-Halberstam—Richert, we can take n = 1/7 recalling the

value of B3 given in ([1.2)). If we put
& ={n<q¢’*: neN, f(n) has no prime divisor less than ¢/*},

and let

P = {primes p : p | f(n) for some n € &},

then

#E > ¢*/(logq)* and min & > ¢/,

Note that if n € N, then we have f(n) = fo(2°n + ng) = L((2°n 4+ ng)? — 1) + M((2°n +

no)® —9(2°n +ng)) > L(2'° — 1) + M(2'° — 9) > 1. So we can bound #& as follows.

#E<D D L

nesé p|f(n
p prime

Changing the order of summation, we obtain

YN 1= #6
PES n<qe/4
plf(n)

so by the lower bound on #¢&, for large enough primes ¢ = 1 mod 3, we have

> D 1>cq7"/(logg)®. (2.3)

PES n<qe/t
plf(n)

Using the fact that for each p € &, the number of n < ¢/* for which p | f(n) is at most
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3¢*/p + O(1), we obtain that

DD IRELTED SES LTS

PES n<qge/t pEP
plf(n)

<3¢Vt IR D + O# D).
Thus we must have that
#QZ > qe/29

since otherwise it contradicts with (2.3)) for large gq.
We also note that if we put &' .= {p € & : pt6LM}, then #(Z \ ') = O(logq) so
#2' > ¢/* for large q. Now, let p € &', Then p | f(n) for some n < ¢/*, so that if we set

m = 2°n + ng, then p | fo(m). Hence,
p | L((=m)* = 1) = M((=m)* = 9(~m)).

So by Proposition , p is a cubic residue modulo q. Moreover, since p | fo(m) for some

1<m< 25cf/4 + 1 we have that

p < Ifo(m)] < max{|L|,|M[}(Im® — 9m| + |m* — 1]) < qzm’.
Thus p < ¢27 which finishes the proof. -

Proof of Theorem [25(b). The proof is similar to that of Theorem 25a). Let ¢ = 1 mod 4 be
a prime. We let L, M be positive integers with L? 4+ 4M? = ¢, and we define the polynomial

go(z) with integer coefficients as follows.

go(z) := M(2* — 62% + 1) +2L(2* — x).
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If 2| M, then p = 2 is a fixed prime divisor of gy. Noting that n® — n is always a multiple
of 3, we see that when 3 | M the prime p = 3 is also a fixed divisor of gy. Now suppose
that p > 5. Since ged(L, M)? | L? + 4M? = g should hold, we see that gcd(L, M) = 1. The
constant term of gq is M while the the coefficient of 2 is 2L; since p > 5 and ged(L, M) = 1,
at least one of M and 2L is not a multiple of p. Hence, gy does not reduce to the zero
polynomial modulo p, and so gy has at most four roots modulo p.

In order to deal with the possibility of having a fixed prime divisor, as before we try to
define a related polynomial. Let 2¢ be the highest power of 2 dividing go(0) = M and let 3¢
be the highest power of 3 dividing M.

Let us consider the following cases. If e > 3, then L should be odd, and 22 | go(2) =
—T7M + 12L but 2% ¥ —7M + 12L. Similarly, if ¢’ > 2, then 3 | go(2) but 3% { go(2). Keeping

these in mind we let

0 if23+ M, 0 if324M,

m= and m =
2 if 23| M, 2 if 32| M.

Let ng be a positive integer solution to the simultaneous congruences

no = mmod 2%, ny =m' mod 3?

with ng < 2%-32. Let 2¢ be the highest power of 2 dividing go(no) and let 3" be the highest

power of 3 dividing go(ng). Then we have v € {0, 1,2} and v' € {0,1}. Put

g(x) = TR 90(233%2 + ny).

Then ¢(z) has integer coefficients by the choice of ng, v,v" and all the values of g at integers

are coprime to 6. So ¢ has no roots modulo 2 and modulo 3. Since 2332 is invertible modulo
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every prime p > 5, our earlier discussion of gy implies that ¢ has at most four roots modulo
all these p.

We apply Proposition [10] to the polynomial g to get that
#6& = #{n < ¢/°: n €N, g(n) has no prime divisor less than ¢/**} >, ¢*/*/(log q)*.

Here, we use the value of 54 noted in the table ((1.2)), and also note that 5-9.1 < 46. Similarly,

as in the proof of part (a) of Theorem we have

¢ /(log q)* <<E#é"<z Z 1_2 Z 1.

nes plg(n) PEY p<ge/d
p prime plg(n)

Now, using the fact that for each p € &2, the number of n < ¢/° for which p | g(n) is at

most 4¢/°/p + O(1), we obtain that

> Y 124P Y S+ 0

PEP p<qe/d peES
plg(n)

<4 TR D + O# D).

Thus, we must have that the number of primes p dividing g(n) for some n < ¢</° is at
least ¢</* for all large q.

Now, as before, put &' = {p € & : p { 2LM}, then #(Z \ &) = O(logq), so
#2' > ¢/ for large q. Now, let p € &'. Then p | g(n) for some n < ¢*/°, so that if we set

m = 233?n + nyg, then p | go(m). Hence,
p| M(m* —6m?*+ 1) + 2L(m* — m).

So by Proposition {4 p* is a biquadratic residue modulo ¢q. Moreover, since p | go(m) for
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some 1 <m < 2332(]6/5 + 2232 we have that

p < lon(m)| < max{ L], [M[}(pm® — m| +|m* +6m? + 1)) < g
Thus p < ¢ 3*+¢ which finishes the proof. 0O

Proof of Theorem[25(c). Let g be an odd prime. First assume that ¢ = 1 mod4. Let
r=[y/q] and let f(z) = (x+7)*>—q. Then f has no fixed prime divisors, and f has at most
two roots modulo every prime p. By Proposition [L0| applied to f(z) (where the value of 3,
is used from (1.2)), and by the fact that 0.95/4.27 > 2/9), we obtain that

& ={n < ¢"%: n €N, f(n) has no prime divisors less than ¢*/°} >, ¢"%¢/(log q)*.

Let

P = {primes p : p | f(n) for some n € &}.

Then noting that for each p € £ the number of n < ¢%%¢ for which p | f(n) is at most

2¢°%¢/p + O(1), by a similar argument as before, we obtain that

0.95¢ 2¢/9

#{odd primes p: p| f(n) for some n < ¢} > ¢

for sufficiently large ¢. For n < ¢%%¢ the integer f(n) = (n + r)? — ¢ is positive and
smaller than ¢'/?*¢; thus, each prime p € & is smaller than ¢'/?*¢. Moreover if p € & then
p| (n+71)?—q, thus ¢ is a square modulo p. Since ¢ = 1 mod 4, by the quadratic reciprocity
law p is a square modulo ¢q. This completes the proof for the case when ¢ = 1 mod 4,
producing more primes than stated in the theorem in this specific case.

Now, suppose that ¢ = 3 mod 4. Consider the reduced positive definite (a > 0) binary

quadratic forms ax? + bxy + cy? of discriminant ¢* = —q. Note that since —q = b? — 4ac, we
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have ged(a, b, ¢) = 1 so, such forms are primitive.

Let h = h(—q) be the corresponding class number, the number of reduced binary
quadratic forms of discriminant —¢q. Here by a reduced binary quadratic form az?+bxy+cy?,
we mean the quadratic form which satisfies the following: —|a] < b < |a] < cor 0 < b <
la| = ¢. Since —q = b? — 4ac, we have b* = —q mod a. Here, we have (a,q) = 1 and |b| < |al,
so the number of possible b is at most twice the number of solutions to b*> = —¢ mod a,
which is at most 2¢®*2. Thus we have at most O(d(a)) options for b for a given a where
d(a) denotes the number of divisors of a. Once a and b are determined, ¢ is determined
by the determinant equation. So, if we assume that for all of the forms counted by h(—gq),

a < h/log(2h) then we would have

h 2h
h d 1 ;
< ‘ (m) < log 2h o8 (log 2h> ’

M oaan

which is eventually incorrect. Thus at least one of the h forms has a > h/log(2h). By

Siegel’s theorem, we have h > ¢*/2=¢/% for all large q. Hence, one of the binary quadratic

1/2—¢/2

forms described above has a > ¢ Since |b] < a < ¢, we have

:bQ—l—q < ac+q

ac

4 — 4
so that
ac < 4
3
Thus,
¢ < q < q1/2+€/2'
3a

Let fo(x) = az® + bz + ¢ be one of those forms. Since ged(a,b,c) = 1, fy does not reduce

to the zero polynomial modulo any prime p, and so f, has at most two roots modulo any
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prime p. In particular, the only possible fixed prime divisor is p = 2. We try to exclude this
possibility. We note that fo(0) = ¢, a +b+c = fo(1), 4a + 2b+ ¢ = fo(2). So if 22| fo(1)
and 22 | fo(0) then b should be even, so a should be odd by the primitivity of fo(z). Let
no € {0,1,2} for which 22 { fy(ng) and let 2¢ be the highest power of 2 for which 2¢ | fo(ng),
so e is 0 or 1. We define f(z) by

) = Qi Fo(222 + o).

Then f(x) has integer coefficients, all the values of f at integers are odd, and f has at most

two roots modulo every prime p. Applying Propositon (10| again for f(x), using the value of
B from (|1.2) we obtain that

#{n < ¢/°: n e N, f(n) has no prime divisors less than ¢*/*} > ¢*°/(log q)°.
Using the similar type of estimates as before, we have the following bound:
#7 = #{odd primes p : p | f(n) for some n < ¢°} > ¢*/*.

Let p € &, then p | f(n) for some n < ¢/°. Put m = 2?n + ny. then m < ¢*2' for large

gand p | fo(m). So
D < |f0(m)| < amQ_'_ \b|m—|—c < c(m2+m+ 1) < q1/2+0'56'q0'436 < q1/2+e'

Moreover, since the discriminant of fy is ¢*, ¢* is a square modulo p. By the quadratic

reciprocity law, p is a square modulo ¢. This completes the proof. O

Remark 3. The parts (a) and (b) of Theorem 25| are effective in the technical sense; given

€ > 0, there is no theoretical obstacle to compute the value of ¢o(€) or ¢;(€). The same is true
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for part (c) in the case when ¢ = 1 mod 4; however, when ¢ = 3 mod 4, the use of Siegel’s
theorem means that we have no way of estimating the required lower bound on ¢. It seems
interesting to note that for the simpler problem of counting prime quadratic residues smaller
than ¢ (the specific case € = 1/2 of Theorem [25 (c)), the effectivity is easily restored. One
simply applies our sieve argument to fo(z) = 2% + z + I_th*. In this way, one can show that
for all primes ¢ larger than an effectively computable absolute constant, there are more than
¢'/? prime quadratic residues p < q. Here 9 could be replaced with any number larger than
2-4.27. (In addition to being effective, the exponent 1/9 is better — i.e., larger — than the

one that comes directly out of the proof of Theorem 25| (c).)

2.3 Characters approach-Proof of Theorem

Let k > 2 be an integer and ¢ be a prime number with ¢ = 1 mod k. Let y be a nonprincipal
Dirichlet character modulo ¢ of order k. We note that since ¢ is prime, a nonprincipal

Dirichlet character x modulo ¢ is necessarily primitive. We consider the Dirichlet convolution

re(n) = (Lxxosx s xX ) = Y0 x(d)x(da) - xF N (dier). (24)
dody-dj_1=n
Note that ry(n) > 0 for n > 1 as the numbers 7, (n) are the Dirichlet coefficients of (x(s)
where the number field K is the unique degree k cyclic extension of QQ of conductor ¢q. Thus,
ry(n) counts the number of (integral) ideals of K with norm n (see Chapter 3 in [48]).
Next, we recall the lower bound for the absolute value of L(1,x) which was given in
Theorem [I9] Although for non-real characters y, Landau’s lower bound is better (in [28] he
showed that for a complex character x modulo ¢, one has |L(1, x)| > (logq)™!), we will use
Siegel’s lower bound (|L(1, x)| >, ¢~", n > 0) in order to cover the case when the character

is real.
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Our next lemma is a result of Pollack, a consequence of Lemma 6 and Lemma 7 in [40)].
Here, we state the result using a slightly flexible condition on y which follows from the proof
of Lemma 6 and Lemma 7 in [40]. One of the main ingredients of the proof of Lemmas 6 and
7 is the following consequence of Heath-Brown’s [24, Lemma 2.4] character sum estimate for

primitive characters. Note that there is no restriction here that the modulus is prime.

Proposition 31 (Lemma 3, [40]). Let m > 1, k > 2 be integers, and let x be a primitive
character modulo m of order dividing k. Suppose that 0 < ¢ < % Then for N > mi*c we

have

Z X(n) <k N

n<N

We include the proof of the following lemma, which is essentially the same as one of

Pollack’s proof in [40], for completeness.

Lemma 32. Let £ > 2 be an integer and ¢ be a large prime such that ¢ = 1 mod k. Let x

be a character modulo ¢ of order k£ and let 0 < § < % If q%Jr% <y< q%-k& then
2

Z m(n) = yL(1,x)L(1, X2) - L(1, Xk_l) + Oskc (yq (k—1)2256) )

ny

1

Proof. Let 0 < § < %21 be given. Assume that ¢'T T <y < g+ We start by rewriting

the sum > ry(n) as follows:

o)=Y x(d)x*(d2) .. X" (dk-y)

n<y dod1...dx_1<y
= Z xX(d)x*(ds) ... X" (di—) Z 1
.- dp-1 Sy do< g
- ¥ x<d1>x2<d2>---x’“<dk1>{ y J
dyodp 1< dy...dy—q
1.--0—13Y



. Y Y Yy
Since = — , we have
{dl...dli dy...dg_1 {dl...dkl}

Z r(n) =y Z xX(d)x*(da) ... X" (dp—1)

n<y dy...dp_1<y dy...dp_q
B Z x(d)x*(da) ... X" Hdy_y) {L}
iy < dy...dy,
1.-0p—13Y

=yS; — Sy, say.

We first deal with S;. First put gy, := yﬁ. We partition the sum in S; according
to the sizes of d;. For each (k — 1)-tuple (dy,ds,...,dp_1) with didy...dr—1 < y, let
Adidoydp ) = 11 <0 < k—1:d; > yo}. For each subset . C {1,2,...,k — 1}, let
F(S) ={(d1,ds,...,dx-1) 1 Ldrdo,..dr) =} Then

S, = Z x(d1)x*(dz) ... X" (dy—1) Z Z x(dy)x?(ds) . 'a.le_l(dk_l)-

dy...dp_1<y dl T d 7 (dl d2,...,dg— l)eﬂ(y) dl o
(2.5)
When . = (), we have
k—1 i
X(dl) (d2) dk 1 X (dz
Z (2.6)
dy... d d;
(dl,dg,...,dk,l)eﬂ(ﬂ) 1=1 d;<yo

For each 1 <4 < k — 1, put Si(t) := >, _, x'(n). Recall that we have ¢ 1t <y. By
52

Proposition [31| and the definition of yy, we have that S;(t) <sx ' 77 for ¢ > yo. Thus,

Z X (yo) +/Oo S;(;) dt

d <y0 yo

1(k—1)2

L 52 L s
<5k Yo <qim(1+ﬁ)-
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__ 8
So using Siegel’s Theorem (Theorem as L(1,x) >s q¢ *»-9% we obtain

53 52

Z X 1 X) (1 + Ogsk (q(k—l)&lq_w(i-i—kil)))

di<yo
) __ ¢
=L(1,x") (1 + Osk (q 16(’“‘”2)) :

Thus,

k-1 i(dy) P
X L0008 2007 (14 0 (7))

=1 d;<yo

2
= L(LYOL(L ) ... L") + Oss <q>)

where we use the upper bound L(1,%) < logg.
Next, we turn to the contribution to S; from nonempty .. Fix such a set. Then iy € .

for some 1 <175 < k — 1. Then by triangle inequality we have

Z x(di)x?(ds) . . '(dy-1) Z Z X" (d;,)
dy ... dk, H d; dio ’
(d1,dz,....dx_1)EI(F) d;:itig L LiFio y10<dlo<m

(2.7)

Now, we deal with the innermost sum on the right-hand side of (2.7)):

. Yy . 2
dig [Tivig i Yio ¢

Xio(dio) _ Sio (Hi;éyio di) N Sio(yio) /H”“Od Slo( ) dt
Z i Yi

Yig <dzo<nwEZO 0

52

y _4<k71)2 52 52 ;
s +, T a(k—1)2 < Ui, T A(k—1) .
Hi#io dz ’

1 ) —
Thus using yo > ¢7 72D and y < q%ﬂs, we get
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52 1

1 @0 (. SN .
T X S Y g
dizigtio 70 Yig <di0£1‘[»¢y d; "0 dizitip - 470 !
1 ’LO 1
) . k—2
) 1 )
< e itsay) )
~q 7
d<y
52 53 52
< q*<<k—1>2+m) (1 + log y)’f—Q - q 12

Adding the bounds for . = ) and for those . # (), we obtain

52
q_ 20(k—1)2 ) .

&=L@munw~mwﬁ*now(

Now, we estimate S;. Note that the contribution to Sy from the tuples (dp,...,dg_1)
such that dyids . ..d_1 <y where y' := % is bounded above by
q4
R A R e P | D DR
dy...dp_1<y’ di ... dyy dydy...djy_1 <y
1---0—13Y 102...0 1Y
. k—2
<y <Z —) <y (1+1logy)"
<y’

<yq+ (14+1ogq) ™ <sp yq™ .

Next, we consider the portion of the sum Sy where v < dyds...dp_1 < y. Since y > q%%,

6
4

we have that ¢y = % > q%J“%. Thus, if didy ... d,_1 > vy then for some 1 <i <k —1 we

q
1 )
have d; > q1+8(k*1>. Moreover, if didy .. .d,_1 > 3y then

Y Y
_ | < —.
\‘dl‘udk—lJ y/
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For each tuple (di,...,dx—1) with ¢ < didy...dp—y < y, let Ha, q, ) = {1 <@ <

)
k—1:d; > qi+8(k*1> }. Note that by the above argument, %4, 4, ,) is always nonempty.

.....

For each nonempty subset . C {1,2,...,k — 1} and each positive integer m < Z%, let

SI(Sym) = {(dl,--~,dk—1)1 Adyydir) = {LJ :m}.
dy...dg_

Then

S ) ) {

e DI S R et

sm (da,...,di—1)€S (S ,m)

Fix a pair . and m, and fix an iy € .. Suppose that we are given a tuple {d;};;, for
which (dy,...,dx—1) € F (., m) for some d;,. Then the set of d;, with this property consists

exactly of those integers satisfying

y R y y
M < d;,, < ——, where M := max {q4 8- | —————— —} and = d;.
"=l (m+ D1 11 I1-11

Thus,

Z X(d)x*(da) ... X" (dy—) {#@-1}

(d1 ..... dk_l)EJ(Y,m)

<> | X V%@a{djn}. (28)

diziio M<di0§min

In the inner sum on the right-hand side of 1} { d,yHJ is constant, so that { d~yH} is a
ZO 7

0
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decreasing function of d;,; so by Abel’s inequality, we see that

- M<HSLH
M<di0§my1—[ m M<di0 <u

3 Xio(dio){ﬁ} < max | Y x°(dy)|-

52

1 ) —
Since M > ¢i"5G-1, Proposition [31| gives that the final sum is s ke u' 64k-12 ~and thus

the maximum over u is

2

5
) T 64(k—1)2
max E X (diy)| <5k Y ( Y )

_y_
M<u< i Mg m]] \m]]
52
< L M 6a(k—1)2

< Lq_m(fim (i"_S(k&—l) )
m]]

Inserting what we have in (2.8)), we find that the contribution from the fixed pair . and m

is
8% (1, s 1
Z X(dl) .. .Xk_l(dk_l) {#} <<§,k iq 64(k—1)2(4+8(k—1)) Z ﬁ
(dieedpy1)EF (S m) Lo Bkl m di: iio
5 ( ) 1 k—2
Yy -9 1, 8
< L eak—1)Z\ 478G -
<, (z d)
d<y
2
< iq_64(lj—1)2(%+8(k6—1)) (1 + log y)k72'
m

Now, summing over all m < ?% and over all O (1) possibilities for ., we obtain an upper

bound for Ss:

1 5 52

N 2
Sy < yg 0 ) (14 log )2 (14 log y) 2 < yg T
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Hence we have

2
> r(n) =ySi — Sy = yL(L, x)L(L,x?) ... L(L, x"7") + Oss (yq <’“—“2256) :

n<y
]

We are interested in the sum of r,(n) over positive integers n that do not have ‘small’
prime divisors. In order to restrict the sum to those n, we apply the sieve. This requires an

estimate of the following form.

Proposition 33. Let £ > 2 be an integer and ¢ = 1 mod k be a large prime. Let y be a

nonprincipal Dirichlet character modulo ¢ of order £ and let % >e€>0. Put x = q(kfl)(%“).

Suppose that e is a squarefree number such that e < q(kgk1 “ Then

(&

2 (2 — 1))
> rln) = g()L(1,x) -+~ L(Lx* )z + Ocp (xq&)

n<x
eln

where

4(e) :H{l_ﬁ<1_ Xj(p)>}.

ple i=0 p

Here, as usual, w(n) denotes the number of distinct prime divisors of n.

(k—1)e

Proof. Let e be a squarefree number such that e < ¢ %, Note that

Yo=Y X(d)xXP(da) X (). (2.9)

n<x dody---dp_1<z
eln eldod1-++dj_1

We partition the sum on the right-hand side of (2.9) according to the values of E; :=

(e,d;) noting that then e | dod; - - dj_1 is equivalent to e | EgE; - -+ E_1. Now, for fixed
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Eo, By, ..., E;_1 | esuch that e | EgE) - - - Fx_1 the corresponding contribution to the sum is

> X(d)x*(dz) -+ X" Hdyn) = >, X(di)x*(do) -+ X" (dg-1)

dody-+di—1<x dody-+dp—1<z
E;i=(e,d;) E;ld;, (E!,d;)=1
for all i=0,1,2,....k—1 for all =0,1,2,...,k—1

where B = £, for i =0,1,...,k — 1. We have

> X(d)x*(d2) -+ X" (dyn)

dody s, 1<:1:
Eild;, ( ' di)=

x(d1)X*(ds) -+ X" (dj—r)
dody - dk: 1<

M E,
(Ef,d;)=1, for all i=0,1,2,...,k—1

(dl)X2(d2) XN ) [T D mlh)

i fi|E]

filds
( > [1n(r) > X)X (da) X (dim)

fo, f1 ofk—1 i dodydy 1 < (775

Ji|E! for all i=0,...,k—1 fild:
By Lemma [32] the innermost sum is

dody - dk 1577

HN fz z Z X(d1>"'Xk_1(dk‘—1)'

fo, f1 ofk—1 i dodi-dk—1 <7y
fi|E! for all i=0,...,k—1 Hit&: o)

€

= Ep L1200+ 0 (Wq_>

J

since e < [[;(E;fi) < e* implies that

(k-1)(3+5) < _xr < =15+
q > >~(q .
[L(Eifi)
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We now sum over all the possible tuples {Ep, Ey, ..., Ex_1}. There are (2¢ —1)“(®) such

choices. Then the error term becomes

2 (2F — 1)@
Lep g0

In order to complete the proof, next we show the following equality:

S EETSe -T2 ew

Eo,E1,.Ex_1 i i fi|E fi ple §=0

To see the identity in (2.10]), we note that the left-hand side is a multiplicative function of
e, recalling that e is a squarefree number. Thus it is enough to see that the identity holds

for primes p. For a prime p, the left hand side of (2.10]) is equal to the sum

> NI s

Ey,Eq,..., Er_q1 1 7 fz|E/

- Y IS wr

E() E1 ..... Ek—l 7 A fz‘E/
E;=1,p
k—1 i

1 (1 X (p))
=0 p

Thus, it remains to show that

> YIS s

Ey,Eq,..., Er_q1 1 % fz|E/

20



Eo,Er,....Ex—1 @ ( fllE’ Eo,Er,....Ex—1 @
E;=1,p E;=1,;p
k—1 »
= Xz(Ez)Y; =
E;
=0 E;=1,p
k—1

which completes the proof.

In order to estimate Z ry(n), we need the fundamental lemma of the sieve in the

<
(n PG)=1
form it was given in Lemma [7]in the Introduction.

Lemma 34. Let k£ > 2 be an integer and let ¢ be a prime with ¢ = 1 mod k. Suppose that
X is a Dirichlet character modulo g of order k. Let 7, (n) be defined as in (2.4)). Let € > 0.

We let x = q(k_l)(%“e) and z < q(k;km, we also put P(z) = [],.. p. Then we have

€2
Z (1) >k xq 3.

n<x
(n,P(z))=1

Proof. We would like to apply Lemma [7] taking Proposition as input. In order to do
that, we first note the following estimate. First recall that g(n) is multiplicative and for a

squarefree natural number e, we have

g<e>zn{1_ﬁ(l_xj;p>)}.

=0
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So we have

So for a large enough constant K > 1, we have

_ log 2 F
IT (ot < x (122
ogw
w<p<Lz
We now use Lemma [7| with £ = k£ and we choose s large enough so that e?**1=5 K10 < 1,

We obtain that there exists a constant ¢ = ¢(e, k) > 0 such that the following estimate holds

for the sifted sum.

2 ka(d)
> ) >erL(L) - LA [[ (= 9) + Ok [ 2g75 Y —
n<lz p<z d<z®

(n,P(2)=1 d|P(z)

We also have

ka(d)
< (log 2)*".

<

d<z* d|P(=)
62
On the other hand, we use Theorem , with [L(1,%)| >k ¢ D52 to obtain

62
Z ry(n) > xq 38
n<x
(n,P(z))=1

for all large q. O]
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Next we estimate the sifted sum in a different way.

Lemma 35. Let k£ > 2 be an integer and let ¢ be a prime with ¢ = 1 mod k. Suppose that
X is a Dirichlet character modulo ¢ of order k. Let ry(n) be defined as in (2.4]). Let z > 0,
and x > 0 be two real numbers such that z < z. Assume further that py,ps, ..., p; are the

primes such that z < p; <z with x(p;) = 1. Then we have

9 kt
S i erbon ()

n<zx Z10
(n,P(z))=1

Proof. We start by noting that r,(¢) = 1. For a squarefree n > 1, we have r,(n) = 0 unless
x(p) =1 for all p | n, p # ¢q. To see this, we first note that r,(n) is multiplicative as the
convolution of multiplicative functions is multiplicative. Observe that for a prime p # ¢, we
have ry(p) = 3215 x'(p). Moreover, if x(p) # 1, then 32377 x'(p) = x(p) 215, x'(p). So
(1 = x(p)) =) x'(p) = 0 showing that ry(p) = 0.

So, we have

R S
n<x nina <z
(n,P(2))=1 n1 squarefree

na squarefull
(n1,n2)=1
p|n1—p=p; for some 1<i<tor p=¢

< > re(na) D ry(ng).

n1<w na< -
n1 squarefree 1

p|n1—p=p; for some 1<i<tor p=¢ n(gnslqlézr)e_ﬁill
n2)=

We also note that for any n > 1, r(n) < 74(n) where 74(n) denotes the k-fold divisor

function, that is 74(n) = >4 4,..q, ,—n 1- Now, using the crude bound 7(n) < ns, we see

23



that

nn) < > ) ((n—)>

n1 <z
n1 squarefree
p|n1—p=p; for some 1<i<tor p=q

9 Ty (n1)
Ry X
<K x1o E 5
1
n1<z n
n1 squarefree
p|n1—p=p; for some 1<i<tor p=q

5 1 Tk (P)
< <1+19> 11 }(1+ f)

10
q PE{P1,p2;--,Dt

9 k 9 kt
<K xr10 exp Z 5 <K xr10 exp .

10
pe{p1,p2,...,nt } p

This completes the proof. O

2.4 Proof of Theorem 26

Let % > ¢ > 0 be given. As before, let py, pa,...p; be the primes in the interval (z,z] such
that x(p;) = 1. Take z = q%“. We are looking for an estimate for . Comparing the lower
and the upper bounds obtained in Lemma with 2z = ¢ we have

€

e 9 kt
xq F-D?8L L gpioexp | —5 | -

210

So we obtain the following inequality

T kt
xiog (k—1)2384 < exp 5 ,
210

o4



so that we have

2
e t
log(z10g G-0%81) < 22 4 O(1)
Z10
and hence
2 62
210 log(xsq (—1%ss4 s
t >> g( IZ ) >>6,k2 q2%k:
Thus, the number of primes p < z with x(p) =1 is >4 (2% . O

Remark 4. In a recent preprint by Dunn, Shparlinski and Zuharescu [16], they improved
the bound for the number of small prime quadratic residues (the case when k = 2). For
example, they show that and for any € > 0 and for all sufficiently large primes ¢, the number

of primes p < qi“ such that p is a quadratic residue modulo ¢ is at least ¢3.
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Chapter 3

Changes of digits of primes

In this chapter, we prove the quantitative improvement of Erdés’ result on the weakly prime

numbers. We quote Theorem [27] below.

Theorem (Theorem 27). Let K > 2 be an integer, ¢ > 0 be a small number. For all
sufficiently large positive z, there exist at least #17¢ primes x < p < (1 + K1)z such that
all of the integers pj £a"k, 2 <a < K, 0< k< K, 1<j <K, 0<h< Klogz, are

composite having at least (loglogx)'~¢ distinct prime factors.

The idea Erdés used in the proof of Theorem |11 was to find small prime numbers g and a
prime p so that each p+¢10° is divisible by one of the primes ¢. In order to do that efficiently
(using as few small primes as possible), he used Bang-Zsigmondy Theorem (Theorem
to choose primes ¢ so that most of the powers 10% of 10 fall into the same congruence class
for some prime ¢q. This made the argument efficient enough to obtain several congruence
conditions (whose simultaneous solution exists by the Chinese Remainder Theorem) with a
common solution to a small enough modulus so that Linnik’s Theorem provides a solution
which is a prime number. As in the case of the proof of Theorem [I1] Theorem [12]is going

to be the key in our argument to prove Theorem [27]
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3.1 Proof of Theorem

We first state the results which will be used in the proof of Theorem First, we give a

technical result as an application of Bang-Zsigmondy Theorem (Theorem [12).

Lemma 36. Let A be a finite set of consecutive positive integers. For each a € A and each
integer ¢ > 2 for which the pair (a,7) is not an exception to Bang-Zsigmondy Theorem, let
¢ai be a prime for which the order of a mod g,; is i. We can choose a family of disjoint
sets {Qa}aca such that if we write Q. = {¢ai, < Gaji» < Gaji, < ...} then each difference

ijp1 — 15 < 1+ #A.

Proof. We construct the sets ), greedily. Proceed through the elements a € A in order.
For each a, add to @), the prime g, ;, where 7 is chosen as small as possible subject to the

conditions that
(1) qas is defined and
(ii) ga; has not already been included in any of set Q. (a’ € A).

After having gone through the entire list of a’s, we start over and repeat the process. We
continue this indefinitely to construct the sets Q.

Suppose that the prime added to ), at a certain stage is g, ;. By the next time we are
to add a prime to @,, we have used (in the worst case) #A possible candidates. Since there
is at most one index j > 2 for which ¢, ; is undefined, the prime we add at this next stage,

say ¢, , necessarily satisfies ¢/ — i < #A4 4 1, as desired. O
Now, we are ready to prove Theorem [27]

Proof of Theorem[27. Our proof strategy is as follows: First, note that for an integer m

"k 11od m then pj + a"k = 0mod m. In order to find primes p

coprime to j, if p = >

with the desired property, we attempt to find residue classes to many (at least (loglog z)'~¢)
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different prime moduli in order for the numbers ";L—k to be “covered”. One way to do this could
be assigning congruence conditions to each one of those numbers using different moduli at
each step. However, this naive choice is not efficient enough for our purpose: if we apply the
Chinese Remainder Theorem after writing down lots of congruence conditions, the modulus
to which we can ensure a simultaneous solution would end up being too large to be able to
find small enough primes p in our range. Thus, we would like to use the same congruence
classes for different #, whenever there is no obstruction to do so. Here, knowing that we
can always find moduli for which a is far from being a primitive root (by Bang-Zsigmondy
Theorem) allows us to have an efficient way to decrease the number of moduli we use at the
end, and the modulus we find the simultaneous solution for becomes much smaller, allowing
us to ensure that we can find prime solutions as small as we need for our purpose.

Let K > 2 be a given integer and let ¢ > 0 be a fixed small real number. For a given

large =, we put t = | K logz|. Define the set
Diyi={~K, —~K+1,...,—1,1, ... K} x{0,1, ...t} x {1, 2, ..., K},

so that #Dy, = 2K%(t + 1).

First, put r := K|(log x)%J By Lemma we can construct pairwise disjoint sets
{Qataci2s,. iy as follows: each Qp = {¢ai, < Ga,i, < ...} and the indices i; satisfy K <i; <
ig < -+ <r,and iy — 11 < K, for all [ > 1. We enforce i; > K so that Q, has no element
< K, while including only elements indexed by i; < r ensures that the number of elements
in Q, is at most r — K + 1. We put Z,, := {i1, 2, ... : ¢y, € Qa}-

Now, let n = [(loglogz)'~¢] and let 1 < d < n be an integer. Here, n is the number of
times we will repeat our argument and we will divide the process into n pieces associated to
the congruence classes modulo n (we use congruence classes as a bookkeeping measure, this

division may have been done in a different way without changing the result). We determine
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several congruence classes modg,,, for 4, € Z, such that [ = d + en, inductively on e. Fix

any congruence class —u, ;, mod g, ;, and suppose that we have determined the congruences

a

~Uqig,,, MOd Gq,, ., for each 0 < e < c¢—1. Let be the set of numbers of the

ZAd—&-cn
form “;L—.k, (k,h,j) € Dg, which are not congruent to any of —u,;,, . mod qqa,,,, for any
0 <e<c—1. (Here # = —u is equivalent to saying that a"k = —ju.) Now, since

the powers of a take exactly igqyq, distinct values modqq,, .,, numbers of the form “’;—k can

occupy at most 2K?2 4., residue classes modqq,,.,. S0 by the Pigeonhole Principle, there

exists —u;, ., for which the congruence class —ug;,, ., mod qu;, ., is occupied by at least
#C;
d+cn a
[2K2z‘d+m—‘ elements of €7, .

We use the bounds for € for various | = d mod n iteratively to obtain that for given
integers a and d, 1 < d <n, 2 <a < K, the number R, , of triples (k, h, j) € Dk, for which

k;L.h is not = —u,;, mod ¢, for any K <74, <r, | =dmod n is

<2K°(t+1) ] (1—%%). (3.1)

€Ly
I[=d mod n

In order to assign congruence classes for the remainders from each step of this process, we
now list the numbers labeled by the triples counted by Y| R4, meaning that the remaining
elements of the form ’“;Lh not covered by the chosen residues classes for each 1 < d <n. We
introduce the notation given by the list: {v,4s:1 < f < Ry, 2<a < K,1<d <n}. For
each element in this list we assign a prime number among the first 25:2 Yo Rao + 17K
primes which are not in UX ,Q,, denoted by the elements of the following list: {Quas:1 <
f < Rya 2<a<K,1<d<n} Notethat the number of primes in UfZQQa is at most

(K—-1)(r—K+1)<rK.
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Using the construction above, we consider the following system of congruences:

P = Uq, mod Gayiys Z'l G-Zay 2 S a S Ka

P = —Vaaymod Quayf, 1 < f < Rya,2<a< K, 1<d<n. (3.2)

By the Chinese Remainder Theorem, the solution to the system of congruences is unique
modulo H Qai, H Qa.q,r- If a prime p is a solution to , then for all triples (k, h, j) € Dk,
each pj + a"k is = 0 modulo at least n distinct primes. Indeed, let (k,h,j) € Dk,. For
every 1 < d < n, in the above construction we determine a congruence class modulo a

prime among either {q,;} or {Q.qr} occupied by ’“;L.h, call this class —u mod ¢q. Then

p=umodq= —’“;L.h mod ¢ which is equivalent to the congruence pj + a"k =0 mod ¢. So
for each pj + a"k, we have at least n distinct primes ¢ (one for each choice of d) dividing
pj + ak.

Next, we show that the modulus qul HQa,d,f is not too large. First note that, by
the construction of Q, for any a € {2,3,... K}, and [ > 1 such that ¢,; € Q,, we have
K <4 and 0 < 9541 — ¢ < K. Moreover, using the construction given in Lemma [36| for the
sets Q,, we have iy < 2K + 2. So for any 2 < d < n, we have iy < i3 +dK < (d+2)K + 2,

and similarly we have ig., < (d+en+2)K + 2. Note that there will be at least L—r*(dH)K J

nkK

elements of the form ¢4, since the 4; only go up to r.

Therefore,

er(d;rf)KJ
1 - 1
>z Y
= h —~  (dten+2)K+2
lEdlmoCh n
r—(d+4)K r—(d+4)K
1 = 1 1 = 1
Y > |
K — d+en+3 ~ nk — e+9
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Since

r— (d —+ 4)K 1
> (1 4
m+1)K — (log )
for large x, we have that
1 1 /1 ¢
g - > — (—loglogx) > (loglogx)z.
; 1] n
zleIa
l=d mod n

Thus,

1 -1 : :
I (1 g < oo {sgatostonn | <o {-tiomtog).

7 S
I=d mod n

Hence, recalling the upper bound in (3.1)), we obtain

K n K n
ZZRd,a <K K%ZZexp {—(loglog:c)g}

a=2 d=1 a=2 d=1
< nlog zexp {—(loglog x)g}
log x loglog x log x
€ <<K L
(loglog z)¢ exp{(loglog )3 } exp{(loglogx)1}

<Lk

Since the product of the first ¢ primes is exp{(1 + o(1))flog ¢}, and since the primes
labeled by Qg4 lie in the first Zf:z > i Raq + rK primes, we have the following upper

bound for the product [[ Qa4

1 log1 .
[] Quar <xexpd O'—2r 2882 4 o, (3.3)
exp { (loglog z)1 }
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On the other hand, as for each ¢, € Q,, we have g,; < a",

K K r
[T IT s <TI0 < (KD < exp{Cllog )} < at. (3.4)

a=2 ileIa a=2 h=1

Thus, combining (3.3]) and (3.4]), we seek for primes in a certain arithmetic progression

where the modulus is < z€. Finally, we apply Corollary [I| to complete the proof. O
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Chapter 4

Number of pure fields of prime degree

Recall that for an odd prime p and a number field K of degree p, K is said to be a pure field
of degree p if for a p-free positive integer n > 1 we can write K = Q(4/n). In this chapter,

we prove Theorem [30] and deduce Corollary [2] quoted below.

Theorem (Theorem [30). Let p > 5 be a prime number. For each ¢ > 0, we have that
#{K : K pure ficld of degreep, |f(K)| < X} = XQ,(log X) + O, (X%+> 7

as X — oo, where @,(z) is a polynomial of degree p — 2.

Corollary (Corollary . Let p > 5 be a prime number. For each € > 0, we have that
p—1 ~ p+1 +
#{K : K pure field of degreep, [d(K)| < X} = "VXQ,(log X) + O, (X (=1 (p+3) 6) ?

as X — 0o, where Qp(x) is a polynomial of degree p — 2.
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4.1 Proof of Theorem 30

We first state the formulas for the discriminants and the conductors of the pure fields of odd
prime degree. The following result of Berwick (see [7]) which was reformulated by Mayer in
[32] will be the key in our calculations. In the proof of Theorem [30] we will also need Perron’s

formula, as stated in Lemma [16]

Lemma 37 (Theorem 1 in [32]). Let K be a pure field of degree p. Write K = Q(¥/D),
where D is p-free. Let R be the squarefree product of the primes dividing D. Then the

associated conductor f satisfies the relation

) p*RP~1 i DPT1 £ 1 (mod p?),
ot =
Rr-Y i DPTL =1 (mod p?).

Consequently, since for the cyclotomic field k¥ = Q(¢) of p-th roots of unity, d(K) = dj, fP~*

and dj, = (—1)"2 p~2, the discriminant d(K) is given by
pPRP~1 if DP~1 £ 1 (mod p?),

pP2RPL if DPT =1 (mod p?).

Remark 5. By definition, every pure field of degree p can be written as Q({'/E) for some
p-free positive integer D. In fact, there are precisely p — 1 such values of D. Indeed, if
Dy is any one such value of D, then the full set of D consists of the p-free positive integer
representatives of the cosets of Dy, D3, ..., Dg_l in the group Q*/(Q*)P. Clearly, all of
these D define the same field Q(¥/D). That these are the only positive, p-free D with
Q(¥/D) = Q(¥Dy) follows from Kummer theory.
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1
4.1.1 Obtaining an expression for the series
Let p > 5 be a prime number and s € C with s > 1. In this section, we obtain an identity

for the sum

1
2 e TP

K pure field of degree p

which is not a standard Dirichlet series, that is it is not in the form

%)
Qp,
n®

n=1

However, we will still be able to use the methods stated for the functions represented by a

Dirichlet series as the series ) ﬁ can be written in terms of two Dirichlet series.

Proposition 38. We have

1 1 1 1 2L (s, D)
E——— 1 — — Gp7 ) _
Kpgﬁeld f(K)S +p -1 p(p - 1) ( pr-i ) X (r%d:[ﬂ) X(S) 1}_[1 L(QS’ X%(p 1))
of degree p ey
1 1 p—1 -1 (C(S) )p—l
+p ( pii> < " P ) () €(2s)
1 ¢(s) )
G 4.1
o) (G5 } (4.1)
where
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and

(1 + zp 1(qk)) : <1 + W)ﬂ] .

Proof. It K = Q(4/aa3 ... aﬁj) is a pure field of degree p where a; € N, 1 <7 <p—1, are

squarefree and pairwise relatively prime, then by Lemma [37, we have

px :”
q

pHaras...ap1 )Pt if (aga3...al 1Pt # 1 (mod p?),
FEP =
p—1

(arag...ap,1)P7if (apa3...al")P7t =1 (mod p?).

So by Remark [5| we have

1 1 p(aras . ..ap_1)
Z (K ) 1+T1 Z s

atag . .. ay—
K pure field ai1,ag,...,ap—1 pairwise rel. prime ( 152 p 1)
of degree p (ala%...a§:1)7*151 (mod p2)

1 p(aay ... a, 1)
Ly e

- aiay . ..ay—1)°%
br a1,a2,.. ,ap 1palrw1se rel. prime 152 p 1)

(a1a3.. a )p 121 (mod p?)

Equivalently, letting rad(a) denote the product of the distinct primes dividing positive integer

a, we have

2 f(l) _1+pilzﬂn(sn> ) 14— S (42

K pure field rad(a)=n prt rad(a)=n
of degreep a p-free a p-free
aP~1=1 (mod p?) aP~1#£1 (mod p?)
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Now, if we put

A,(s) = Z MZ(S”) Z 1,

n=1 rad(a)=n
ap-free
aP~1=1 (mod p?)

then
1 1 1 1 = p2(n)
2 T (1_ 231)‘4”(8” = 2!
K pure field pr PP p=1 rad(a)=n
of degree p a p-free

Note that by multiplicativity of the summands, we can write

SOy = I () = () e

where

- {02 (2) )

g prime

Also note that % is analytic for s > % + €.

We now make the following observation. Let x be a Dirichlet character modulo k, where

k > 2 is an integer. Let m > 2 be an integer. Then the following holds:

H <1+&3)+L(]2)+...+X(qq—nzl>>zz% Z x(a). (4.3)

s
g prime q q neN rad(a)=n
am-free
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By orthogonality property of Dirichlet characters, namely,

, 0 if o/ #1 (mod k),
> ¥la)=

X (mod k) o(k) if o/ =1 (mod k),

in which we take k = p?, j = p — 1 and using (4.3) with m = p, where Y is replaced by Y7,

we obtain

Ay(s) = — H( );p g )>.

X (mod p?)

I S R BT o X" (g
Kpgﬁeldf() 1+p—1 (1 p%)@(pQ) Z 1:[<1+ a )

Now, for a Dirichlet character y mod p?, we write

Zk 1X MY 1 Lis, x")

q k=1

where

and L(s, x) denotes the Dirichlet L-function.
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When x?~! = o, we have

Gy (5) =Gpxo(s) = H

q#p

-1 1 —(»-1)
(1 4L ) (1 + —>
q° q°

We also note that L(s, xo) = (1 —p~*) ¢(s).
Thus, by (4.4) and the fact that there are exactly p — 1 characters y modulo p? with

P! = x0, we have

i
—

. L)L ! T Lls.xY)
Z s= | == Z Gpx(s) -
(%) p—1] @) < ) " L1 72 2 om)

K pure field pr=t mod p?)
of degreep P~ £x0
1 1 M L(s, kD)
(1 —) S Gpals) :
2 25 X 2k(p—1)
v (p?) ( P ) e % L(2s, X D)
xP~ 1 =x0

Gyl ( fé)))} |

The right-hand side above is equal to

1 1 1 T L(s X )
——1+ ] (1 - p_2> (Z Gpa(s) IH L(2s, x2kr—1)
X

p(r?) 7T ) o #2) -

XP 1 #x0
PN NN
- 1) (1 pp%l)anoU(L@S’XO))
1 ¢(s) \'
+—-G,(s .
-2 () }
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Thus, we have

Sl (L) s g ff e
K pure field f( ) b= 1 p(p - 1) pp2—51 X (mod p?) Pl L(2S XQk p—1) )
of degreep i

() <1+p;f>‘1 oo (1)

4.1.2 Finishing up
We next discuss the following consequence of Perron’s formula, Lemma [I6]

Lemma 39. Let ¢ > 0. Suppose that h(s) is represented by a convergent Dirichlet series
Yooy 22 for Rs > 1 with a, = O(n®). Further suppose that h(s) continues analytically to
Rs > 1+ e except possibly for a pole of order m at s = 1 and that h(s) < |t|7’(%7%)+6, where
t := Qs and o := Rs, in the region o > % + ¢, [t| > 2, for some n > 0. Then for § > 0, we

have

E a, = Res,y—1 (h(w)x—) +0 (xﬁi“;) , as T — 00. (4.5)
w

n<x

Proof. Take ¢ = 1+ ¢, s = 0, and ¢(z) = 2¢ in Lemma [16] Then if z is half of an odd
integer, by ((1.5)) we have

1 14+e+iT W x1+2€

T J14e—iT

Now, we estimate %m 11J:LE_+:TT h(w)% dw. By pulling the contour to the left and applying
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the residue theorem, we get

I4e+iT w w LtetiT w
/ h(w)gc— dw =271 Res,—1 (h(w)x—) — / h(w)x— dw
1 1

+e—iT w w +e+iT w
1 . .
E—i-e—zT W 1+e—iT W
- h(w)— dw — h(w)— dw.
LyepiT w §te—iT w

First we try to find appropriate bounds for the integrals taken over the horizontal lines:

s+et+iT w 3+e o
2 2 -
/ h(w)— dw < — / Yoo
LpetiT w 1+ T
1., o
_ [ (i) o
1+e T>
:TT@
log ()
. 1+e€ . %—i—e
7 (F) _ <F>
log ()

h(w)Z- dw. Returning to the left vertical part of the

o=1+c¢

—1
0'72+€

.. . 14+e—iT
A similar estimate holds for [; :
§+e—zT

rectangular contour,

n_
1€

%+€7iT fL‘w 1 T t 1 n
/ h(w)— dw < :1:2“/ dt < xztTa
% 1 t+ ].

+e+iT w

Combining all, we see that if x is half of an integer then

> o =Resus (w2 ) <0 (ri)
n<x w

(x >1+E
o |retir?
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Choosing T' = xﬁ, and assuming that € > 0 is sufficiently small in terms of §, we find
that the error terms are O (ﬂ—ﬁﬂs).

If x is not half of an odd integer, but still not an integer, then the left-hand side of
can be evaluated up to the nearest half of an odd integer. On the other hand, on
the right-hand side of , replacing x with the nearest half of an odd integer would have
contribution < x¢ which can be absorbed in the error term. Finally, when x is an integer

using (1.6]), we can obtain a similar formula where the last term of the sum on the left-hand
side of (4.5)) is halved. Since we assume a, = O(z¢), the desired result follows. O

As mentioned earlier, the series ), f(%) given in Proposition is not a standard

Dirichlet series for p > 3. So we need a little modification before we apply Lemma By

(4.2)), we write

K pure field of degreep

where

B =Y oyt sy
n=1 n=1 rad(af):n
a p-free

Then we have

1
#{ K pure field of degree p: f(K) < X} =——|-1+ E an + E bo| . (4.7)
p—1 =" A=
PP

We apply Lemma [39 to A,(s) and B,(s) which are standard Dirichlet series. Since
Z 1 < nf, the Dirichlet coefficients a,, and b, < n. The well-known convexity bounds

rad(a)=n
a p-free
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imply that ((s)P! < |lf|p7_l_%‘ﬂrE and L(s, x) <, t]2727% when 0 < o < 1 and |t| > 1
1 1

L2 20D’ {(25)

Gp(s) are O(1). Comparing the expressions and (4.6), we see that A,(s) and B,(s)

(see Section 5.2 in [26]). Moreover, for o > 1/2 + ¢, all of

G,(s) and

satisfy the conditions of Lemma 39 with 7 = p — 1. Thus by (4.7)), for 6 > 0 we have

#{ K pure field of degree p: f(K) < X}

X
s X ) e
:p 1 Resw:1 (Ap(w)7> + Resw:1 Bp(w)pT + O (Xp+3 +5>
1 B Xw »
= Res, %M+4@——+@Q$ﬂ
p= 1 pﬁ w
1 Xw 1 .
= R,eSwzl _— Z + O (XTE—HS) )
p= 1 w K pure field f( )
\ of degree p

It only remains to consider the residue at s = 1. We have

s
Resq—1
S
K pure ﬁeld of degree p

s e L S, kp=1)
:R838:1 . —1 + z(; GPvX(S) " L(és’iiQk(pl)))
%%Q
! ¢(s) \"™
@@Qw)
- ”“))}}

e { [g%@{;o—m%) (ot e ) )

=X @, (log X)
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where (,(t) is a polynomial of degree p — 2, with the leading coefficient ¢, which is obtained

by comparing Laurent series expansions of the involved functions. We have

St {0 )

g prime

The numerical values of some of the constants ¢, are as follows:

05 = 0.000867439603 . . .,
07 = 3.13502861 - - - x 107°,

(11 = 3.55232304 - - - x 10712,

Using the relationship between the conductor f(K') and the discriminant d(K), by Lemma
we obtain the leading coefficient £, of Q,(z):

_ p—1 1 1 2(p—1) 1
/. = V. =
b2 ? pp‘Q(p—2)!{prl -1  2p—1

{00

g prime
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4.1.3 The coefficients of Q)5(¢) in the quintic case

In the quintic case, further calculations have been made to obtain the coefficients. If we

write Q5 (t) = 03t3 + CQtQ + Clt + Co then

ngészi (éJrgi\/g)qgm(Hg) (1_2)4’
3o 0) (-5 ) (330 ]

S EHICH)

q prime

and

_Gs(1) [( 67 1453 ) 11
i T 42 {(11664 - 11664\/5) (l0g5)"+ (~471 +67) ( 9\/_)

F(ay— 1) [—% - % Tlogs (841 162?/5”
O g (& 2 0 (34 2%))
w0 (s (3 -7) 00 (5%)
(o) (50 6B ot )

where —v; is the coefficient of (s — 1) in the Laurent series expansion of ((s) about s = 1.

It can be observed from the expressions above that as we move to the secondary terms, the

corresponding coefficients become more involved. The coefficient Cy could also be calculated

G5<1> C@ '@ ¢ Gl GIa) GEO)
in terms of )40 ¢(2) ¢(2) 7 <¢(2) Gz(l)’ Gi(l)’ G55(1)‘
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