BARYON RESONANCE SPECTROSCOPY IN A UNITARY ISOBAR MODEL
by
Mir SHAHAB ALDIN RAzAvi HESSABI

(Under the Direction of Kanzo Nakayama)
ABSTRACT

In an effort to analyze the baryon spectrum in low and medium energies a unitary isobar
model (UIM) is proposed. To build the proposed model, we first exhibit the full complex
structure of the meson-baryon reaction amplitude in coupled channels approach. By doing
so, the reaction amplitude is expressed in a form that may be viewed as the generalization of
the well-known Watson’s theorem in photoproduction. Furthermore, the reaction amplitude
is decomposed into the so-called pole and non-pole parts, corresponding basically to the res-
onant and background contributions. This allowed us to construct a UIM in which unitarity
is maintained automatically. As the first application of the proposed UIM, we performed
simultaneous analyses of the reactions 7N — 7N, 1N — nN, tN — wN, and YN — wN.
In total our model required 8 isospin 7' = 1/2 and 4 isospin T' = 3/2 resonances to describe
the 7V elastic scattering. We found a significant contribution from N(1520)3", N(1700)3",
and N (1680);r to both pion and photon-induced w production. Besides those 3 resonances
we saw a large contribution from N(1675)2" in ¥N — wN reaction. In 7N — nN reaction
apart from the well known dominant contribution of the N (1535)%7 for low energies, we also

found a significant contribution of the N (1680)§+.
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CHAPTER 1

INTRODUCTION

“The miracle is that the universe
created a part of itself, to study itself,
and that this part in studying itself
finds the rest of the universe in its own

natural inner realities.”

John C. Lilly



Quantum Chromodynamics (QCD), a non-Abelian gauge theory, is the theory of strong
force that describes the interactions of colored quarks and gluons based on a SU(3), symmetry

group. The QCD Lagrangian is given by

Lo gamw : (1.1)

ﬁQCD = Z 7vzq,a(if}/'ua/i(sab - gsﬁ)/utachg - mqéab)wq,b - 4 wy

q

where v, , is the quark-field spinor of flavor ¢, color charge a, and mass of m,. The color
index a runs from 1 to N, = 3 indexing the three elements of a color triplet. This color
triplet transforms under the fundamental representation of SU(3)..

The .Af represents the gluon field of type C' with C running from 1 to N? — 1 = 8. The
gluon fields, AS, belong to the adjoint representation of the SU(3), group, and tG are the

generators of that group. The field tensor Gﬁy is given by
Gh, = 0,A) — 0, AL — gofapc AL AS [t4,5] =i fapct® (1.2)

where fapc are the structure constants of the SU(3), group.

The QCD coupling constant g, or ag = %, is a function of exchange energy, figure (1.1);
this energy dependence not only results in asymptotic freedom of quarks at high-energies,
but also at low energies results in the confinement of quarks and gluons inside color-neutral
hadrons. Although the underlying QCD Lagrangian eq. (1.1) and the implied asymptotic
freedom (106; 59) are well established, our understanding of the confinement property of
QCD is not yet complete. The major objective of Hadron Physics is to understand the
confinement phenomenon. For this the study of hadron spectroscopy is imperative.

To access the baryon spectrum, over the past few decades many facilities across the
world have been accumulating observables in light-meson production reactions. Most data
on mN elastic and inelastic scattering was collected in 1960s and 1970s. In recent years,
facilities such as Jefferson Lab in the United States, the MAinz Mlcrotron (MAMI), the
GRenoble Anneau Accelerateur Laser (GRAAL), the ELectron Stretcher Accelerator (ELSA)
in Eroupe, and the 8 GeV Super Photon Ring (SPring-8) in Japan have been collecting cross

section and polarization observables in light-meson photo- and electro-production reactions.
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Figure 1.1: A summary of o, measurements as a function of energy scale Q). Figure from

PDG19.

These observables are being collected for a variety of different final states such as 7N, 77N,
nN, 7" N,wN, KX, KA, etc. Analyzing such a large experimental data set in order to extract
information on the baryon resonances requires a reaction theory capable of quantitatively
describing these meson-baryon reaction processes. In the next section, we briefly overview
some of the fundamental theories and phenomenological models used to extract and identify

resonances.

1.1 OVERVIEW OF THEORETICAL MODELS

One of the main goals of recent experiments at energies up to 2.5 ~ 3 GeV is to study
the baryon spectrum. Both these new experiments and the theoretical models bear on our
search for and our understanding of baryon resonances. In the following we discuss some of

theoretical models describing strong interactions in the non-perturbative regime.



1.1.1 LarTice QCD

An ab-initio approach to hadron physics is provided by Lattice QCD (LQCD) (142). In
this approach, QCD is formulated on a 4-dimensional discrete Euclidean space-time lattice
with no additional parameters or field variables resulting in a gauge invariant approach.
LQCD retains the fundamental character of QCD. The discrete space-time lattice acts as a
non-perturbative regularizer scheme and the lattice spacing, a, provides an ultraviolet cutoff
rendering the quantum field theory finite. At the limit of a — 0 the continuum theory is
recovered.

The properties of both ground (89) and excited state (129; 50; 51) hadrons can be studied
using LQCD calculations. Despite the success of LQCD in determining hadron resonance
spectrum, a continuing problem for LQCD is an unphysical pion mass, around 300 MeV

(104) as oppose to observed mass of 138 MeV, that enters in calculations.

1.1.2 EFFECTIVE FIELD THEORY

The assumption that high energy dynamics would not affect the dynamics of the low energy
interactions give rise to one of the most powerful tools, effective field theories (EFT)s, in
studying the non-perturbative regime of QCD. The free parameters of EFTs, also known
as low energy constants (LEC), capture the omitted dynamics of the underlying theory at
higher energies. The values of LECs can not be directly inferred from the underlying theory;,
instead they can be determined phenomenologically. As Weinberg stated (138) the goal is
then to find the most generalized Lagrangian that preserves all the symmetries of the full

theory but involves only the low energy degrees of freedom.

1.1.3 CHIRAL PERTURBATION THEORY

At the “chiral limit”, m, = 0, the QCD Lagrangian exhibits chiral symmetry besides all the
other obvious symmetries such as Lorentz invariance, SU(3). gauge invariance, etc. Consid-

ering that the masses of the three lightest quarks, u, d, and s, are not that far off from the



chiral limit, one can construct an effective field theory that invokes a perturbative expansion
in the quark mass. Such an effective field theory is called Chiral perturbation theory (ChPT).
In order to construct such a theory, we start by decomposing the quark field into its chiral

components
= 2= 900 (1700 = Puth + Prab =y + (1.3

where for simplicity we have suppressed the flavor and color indices.

Inserting Eq. (1.3) into Eq. (1.1) we have

LQCD - LOQCD + ETQnCD + e

- - 1 y
Loop = WP + ippPipr — Z—lGﬁyGA g

bep = VLM + opMMyy, (1.4)

where we introduced the covariant derivative D = 0, + igstA,. Here ¢ only collects the
lightest quarks ¥ = (1, %4,1) and M = diag(m,, mg, ms) is the quark mass matrix. The
ellipse denotes the term for the higher mass quark, t, b, and ¢, Lagrangian and etc. EOQCD is

invariant under the chiral flavor transformation U(3), x U(3)g which can be rewritten as
U(3)L X U(3)R = SU(3)L X SU(3)R X U(l)v X U(l)A (15)

Here we introduced vector transformation V' = L + R and axial vector transformation A =
L — R. The Noether current associated with each part of this symmetry group is realized in
a different way. The U(1)y current, the quark number, is a conserved current of the standard
model. The U(1)4 current is broken by quantum effects. And finally the currents associated
with chiral symmetry group SU(3); x SU(3)g is explicitly broken by the quark masses, but
this should be a small effect.

In nature, the Chiral symmetry is realized in the Goldstone mode and as a consequence
“Goldstone bosons” appear. The 8 lightest pseudoscalar hadrons namely 7+, 7°, K+ K°,
K, and 7 are indeed the Goldstone bosons. At energies well below 1 GeV, these bosons are

the only relevant degrees of freedom but a general formalism based on ChPT requires to
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include baryons as well. Such a formalism can include the ground state baryons in form of
matter fields, a review of ChPT involving one or more nucleons can be found in Ref. (52; 25).

Chiral Lagrangian can be used in a variety of different approaches. For example, in Uni-
tarized Chiral Perturbation Theory (UChPT) one iterates a scattering kernel derived from
Chiral Lagrangian in a Bethe-Salpeter equation. Then Baryon resonances can be described

in S-waves. UChPT gives a complementary picture of these low-lying resonances (99; 87).

1.1.4 QUARK MODEL

In early 60s, Gell-Mann and, independently, George Zweig developed a model (55; 149) which
successfully organized the large number of lighter hadrons into a meson octet, a baryon octet,
and a baryon decuplet; Figure (1.2) shows these multiplets. At the time, Gell-Mann predicted
the existence of 1~ to complete the spin-3/2 baryon decuplet. Later, 2~ was experimentally
observed in 1964 (19). Based on the underlying flavor SU(8) or the Eightfold Way of quark
model, the constituent quarks of the lighter hadrons are of three flavors, up (u), down (d),
and strange (s). Although these 3 quark flavors were initially successful in describing the
properties of lighter hadrons, the discovery of new hadrons suggested the existence of 3
additional heavy flavors, charm (c), bottom (b), and top ().

Despite the success of quark model in organizing hadrons and predicting their quantum
numbers, unfortunately it can not account for the mass discrepancy between the hadron’s
valence quarks’ combined masses and the observed mass of the hadron. For example the
lightest meson, the pion 7, has a mass of ~ 135 MeV which is almost 14 times the mass of
its valence quarks. This difference in mass is contained in the quark-gluon ‘soup’ inside the
hadron. At low and medium energy scattering experiments, this internal structure of hadrons
is inaccessible to probe and one needs a non-perturbative description of the strong interaction
to study such scatterings. It happens that within this energy range a rich spectrum of excited

states, resonances, have been observed.



Understanding the excitation spectrum of hadrons is an essential part of a universal
description of the non-perturbative regime of QCD. Quark model predictions of lighter res-
onances are in good agreement with experimental observations but when it comes to the
higher mass resonances the evidence for such predictions is missing, as such this problem
has been referred to as “missing resonance problem” (79). Partially this problem arises
from the fact that not all resonances have a genuine three-quark structure. For example
the quark model prediction for the mass of the first positive parity nucleon resonance, the
Roper resonance N(1440) 1/2% lies above the mass of the first negative parity resonance but
experimental observation revealed otherwise. This led to the interpretation that the Roper
resonance is generated dynamically from the meson-baryon interaction instead. Such obser-
vations combined with the fact that there are no active quark models concerned with the
decay width of resonances make more fundamental approaches the more attractive choice in

hadron spectroscopy.

1.1.5 DYNAMICAL COUPLE CHANNEL

Dynamical couple channel (DCC) approaches are valuable tools in extracting broad reso-
nances that are close in energy. These robust reaction theories are ideal specially at energies
above the first inelastic threshold where different reaction channels become available and the
coupling between them becomes more important. DCCs make use of effective Lagrangians
to define their scattering kernel V'; these kernels include meson exchange in t-channel and
baryon exchange via u-channel. Resonances are explicitly contained in s-diagrams but they
can also be dynamically generated. Dynamical generation of resonances is important in per-
ceiving the nature of different resonances such as the Roper resonance. In a recent paper (29),
Burkert and Roberts highlight the 5 decade effort in understanding the Roper resonance.
They shed light on a coherent picture connecting the Roper resonance with the nucleon’s

first radial excitation.
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Figure 1.2: (a) Meson octet, (b) Baryon octet, (¢) Baryon decuplet.

DCC approaches guarantee unitarity via Lippmann-Schwinger equation and by employing
the full two body propagator in solving this equation, DCC approaches ensure analyticity
of the scattering amplitude as well. Analytic continuation of the amplitude provides the
opportunity to characterize baryon resonances by the poles and residues of S-matrix on
second Riemann sheet with less ambiguity (than the usual Breit-Wigner parametrization)
and model dependency.

Within the framework of DCC, multiple reactions can simultaneously be analyzed making
DCC approaches very well suited to shed light on the “missing resonances problem” since

resonances might couple to multiple channels.



1.1.6 K-MATRIX

Another approach to analyze and extract resonances from scattering data is K-matrix. Sim-
ilarly in this method one solves Lippmann-Schwinger equation with the difference that the
real part of the two body propagator is omitted. Even though the unitarity is still preserved
since the imaginary part of the propagator is present, neglecting the real part of the two
body propagator results in the loss of analyticity. This approximation means simplifying
Lippmann-Schwinger equation by reducing the integral equations to a set of algebraic ones.
This reduction is achieved by ignoring the real part of the two-body propagator. Further-
more ignoring the real part of two body propagator means only on shell intermediate states
are taken into account which reduces the contribution from multiple scattering processes.
Consequently this method is not capable of generating resonances dynamically and the lack
of analyticity renders pole extraction impossible. The technical simplicity and flexibility of
K-matrix approach makes it an efficient method to reproduce a large set of experimental
data.

Some of the prominent groups such as Bonn-Gatchina (7), GieBen (121), Kent State
University (123), GWU/SAID (143) rely on K-matrix approach and their variants for their

analysis.

1.1.7 ISOBAR MODEL

Since many resonances are packed within a small energy region with overlapping and large
widths, studying their properties usually requires a large set of experimental data and a
very robust method based on a coupled-channel approach. As a results such analysis can
be very computationally expensive. Isobar models overcome that problem by decomposing
the reaction amplitude into a resonance and a background contribution, corresponding to
the pole and non-pole parts of the T-matrix amplitude. The simplicity of isobar models
arises from the parametrization of the background by some smooth functions of energy and

parametrization of the resonance amplitude by Breit-Wigner forms. Despite their simplicity



they can capture many properties of the resonances. This simplicity usually comes at the
cost of violating the unitarity. Many efforts have been made to recover unitarity (14; 44;
42; 82; 21; 97; 18; 56; 91; 35; 1) by imposing unitary conditions separately on resonance
and background contribution; this results in a rather involved constraint, specially on the
resonance amplitude. For example, the Mainz group recently has introduced a constant
complex phase to each of their resonance amplitudes in their etaMAID isobar model (132).
It should be noted that, in principle, the complex phase is an energy-dependent function

containing proper threshold behaviors.

1.2 TUNITARY ISOBAR MODEL

Among the theoretical models mentioned above, DCCs are the most suited for identifying and
extracting resonances states in the low energy region due to first the broad and overlapping
nature of these states and second the coupling of resonances to multiple channels. The cost
of such a robust method is its computational inefficiency. In order to capture the robustness
of DCC without its computation cost, we proposed a couple channel approach in which
we explicitly expose the full complex phase structure of the pole and non-pole parts of the
reaction amplitude. This complex phase structure captures the channel opening dynamics,
allowing us to maintain unitarity and analyticity for different levels of approximation. In

chapter 2 we give a detailed explanation of this proposed model.
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CHAPTER 2

COMPLEX PHASE STRUCTURE OF THE MESON-BARYON T-MATRIX!?

I Accepted by Physical Review D. Reprinted here with the permission of publisher.
2Shahab Razavi and K. Nakayama.
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Abstract: The full complex phase structure of the meson-baryon reaction amplitude in
coupled channels approach is investigated, including also the photon-baryon channel. The
result may be viewed as a generalization of the well-known Watson’s theorem. Furthermore,
the complex phase structure is exhibited for the pole and non-pole parts of the reaction
amplitude in such a way that it will serve as a convenient common starting point for con-
structing models with different levels of approximation, in particular, for building isobar
models where the basic properties of the S-matrix can be maintained. Such models should
be useful, especially, in coupled multichannel calculations, where a large amount of experi-
mental data are considered in resonance analyses, a situation encountered in modern baryon
spectroscopy. In particular, it is shown that the unitarity of the pole part of the T-matrix
arises automatically from the dressing mechanism inherent in the basic scattering equation.
This implies that no separate conditions are required for making this part of the resonance

amplitude unitary as it has been done in some of the existing isobar models.

2.1 INTRODUCTION

Baryon spectroscopy is an important part of the study of non-perturbative regime of QCD. So
far, most of the known baryon resonances have been identified in 7N scattering experiments.
With recent progresses in this field, it is clear that a reliable resonance identification and
extraction of its properties from experimental spectra requires a consistent analysis of many
independent reaction processes. Coupled channels approach is the tool of choice for this
task. Indeed, reaction theories based on coupled channels approach have been developed at
various degrees of sophistication. Nowadays, such analyses in baryon spectroscopy involve
coupled multichannel calculations analyzing a large amount of experimental data in various
meson production channels. These data are being accumulated at major facilities world wide,
especially, in photoproduction reactions. The most sophisticated coupled channels approach
is that of Dynamical Coupled Channels (DCC) developed over many years (90; 68; 69; 67;
71; 72; 73; T4; 4A7; 48; 66; 111; 112; 110; 113). These calculations are quite involved and

12



it is customary to make some sort of approximations in order to keep such calculations
numerically more manageable. A common such approximation is the K-matrix approach
and its variations employed by some of the resonance analyses groups (9; 10; 6; 5; 7; 8; 122;
120; 30; 121; 88; 123; 144; 23; 58; 12; 143; 135; 118). A nice feature of the K-matrix approach
is that it reduces the original scattering equation to an algebraic equation while preserving
unitarity of the S-matrix. This feature enables incorporating a large amount of experimental
data in coupled multichannel analyses.

A particular variation of the K-matrix approach is the so-called isobar models, where
the reaction amplitude is decomposed into a resonance and a background contribution. Basi-
cally, they should correspond to the pole and non-pole parts of the T-matrix amplitude.
The background amplitude is usually parametrized by some smooth functions of energy
while the resonance amplitude is parametrized by Breit-Wigner forms. Isobar models are
practical and very economical in performing numerically demanding calculations, and are
often used in resonance analyses based on coupled channels calculations and also dealing
with a large amount of experimental data. Despite being simple, isobar models still cap-
ture many interesting properties of the resonances. One issue that arises in these models
is that unitarity is usually violated. There are many efforts to unitarize isobar models
(1; 35; 92; 57; 17; 98; 22; 83; 43; 45; 131; 14). There, the resonance and the background ampli-
tudes are unitarized separately and independently. This leads to a quite involved constraint
on the resonance amplitude in particular. One of the unitary isobar models used intensively
in the analyses of both the photo- and electro-production reactions is that of Mainz group
(43; 45; 131; 130). In their approach, the unitarization of the background amplitude is done by
solving the scattering equation for that amplitude. For the resonance pole amplitude, based
on Ref. (98), it introduces complex resonance coupling constants which are constrained by
imposing the unitarity condition independent from the background amplitude. Recently the
Mainz group has updated its etaMAID isobar model (132) by introducing a constant complex

phase to each of their resonance amplitudes. Note that, in principle, the complex phase is
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an energy-dependent function containing proper threshold behaviors. Complex phases in the
resonance coupling constants have been also introduced in the study of hadronic reactions
(see, e.g., Ref. (84)).

In the present work, we exhibit the full complex phase structure of the meson-baryon
T-matrix reaction amplitude in coupled channels approach. To this end, we first expose the
complex phase structure of the full reaction amplitude written in terms of the K-matrix and
the so-called generalized Watson’s factor. The result may be considered as a generalization
of the well-known Watson’s theorem in photoproduction (137). This helps us to expose, in a
second step, the full complex phase structure of the pole and non-pole parts of the reaction
amplitude which serves as a common staring point for introducing approximations to the
reaction amplitude with varying degrees of sophistication. The resulting form of the reaction
amplitude is such that the fundamental properties of the S-matrix, such as unitarity and/or
analyticity, can be maintained straightforwardly in different approximations. In particular,
we show how the unitarity of the pole part of the T-matrix arises automatically from the
dressing mechanism inherent in the basic T-matrix equation, and that, no separate conditions
are required for making this part of the resonance amplitude unitary as it has been done in
some of the existing isobar models.

This paper is organized as follows. In Sec. 2.2, we introduce the notation used throughout
this work for the sake of conciseness. In Sec. 2.3, we derive the full phase structure of the
meson-baryon reaction amplitude which is essentially a generalization of the Watson’s the-
orem. Based on this, the complex phase structure of the pole and non-pole parts of the
reaction amplitude is derived in Sec. 2.4. In Sec. 2.5, the phase structure of the photopro-
duction amplitude in one-photon approximation is derived. In Sec. 2.6, possible levels of
approximation to the full reaction amplitude are briefly discussed. A summary is given in
Sec. 2.7. For completeness, the phase-shift parametrizations of the T- and K-matrices as
well as of the generalized Watson’s factor are given in Appendix A. Since the decompo-

sition of the T-matrix into the pole and non-pole parts plays a central role in the present
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work, this decomposition is derived in Appendix B for both the meson-baryon and photopro-
duction reaction processes. Appendix C contains the explicit form of the dressed resonance

propagator in the case of the two resonance coupling.

2.2 NOTATION

Before starting the derivation of the complex phase structure of the meson-baryon reaction
amplitude, a remark on the notation used in the present work is in order.
The two-body reaction amplitude 7" obeys, in general, the Lippmann-Schwinger-type

scattering equation (also referred to as the T-matrix equation)
T=V+VGT, (2.1)

where V' denotes the driving potential kernel, irreducible with respect to the “two-particle
cut” (116), and G stands for the two-body propagator. Note that the above equation is an
integral equation for operators in abstract space.

In momentum space, and in the coupled channels approach, the above equation becomes

T, (7, ¢ E) =V, (7, q
+) / d*q"Vur(@',7")GAG", E)T\ (7", G E) . (22)
A
Here, ¢’, ¢, and ¢”, denote the final, initial and intermediate two-particle relative momenta,

respectively. E stands for the total energy of the system. The indices v/, v, and A stand for

the final, initial and intermediate two-particle channels.

3The relativistic generalization of the scattering equation given by Eq. (2.2) - the so called Bethe-
Salpeter equation (116) - involving a four-dimensional momentum integration, may be reduced to
a three-dimensional integral equation of the form given by Eq. (2.2) in such a way to maintain
Lorentz covariance and elastic unitarity of the original reaction amplitude (34). This means that
Lorentz covariance can be also maintained in three-dimensional scattering equations, along with
the other basic properties of the S-matrix, such as unitarity and analyticity.
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The reaction amplitude given by Eq. (2.2) can be expanded in partial-waves as

(S'"Mg|T,(q", @ E)|SMs) =

= (S Mg L' My | JM,)(SMs LMy | JM;)

A

XTI (d @ B)Yiar, (@) Y7, (@) Pr (2.3)

where S, L, and J denote the spin, orbital angular momentum and total angular momentum,
respectively of the two-body initial state, while Mg, M}, and M stand for the corresponding
projection quantum numbers. The primed quantities refer to the corresponding quantum
numbers of the final two-body state. Py stands for the isospin projection operator which
projects the two-body state onto the total isospin state I. Yj,,,, (p) stands for the usual spher-
ical harmonic function. Here, the argument p is a short-hand notation for the polar (0)
and azimuthal (¢) angles, i.e., p = (60,, ¢,). The geometrical factor (jimijams|jsms) is the
usual SU(2) Clebsch-Gordan coefficient. The summation in the above equation is over all
the quantum numbers appearing on the right-hand side and not specified on the left-hand
side of the equation.

The partial-wave amplitude T/55 (¢, ¢; F) in Eq. (2.3) can be extracted by inverting

that equation. We have

, 872 \ (2L +1)2
TJI : ‘B L'—L

X (8' Mg L' My |JM;)(SMgLO|JM;) P

+1
X / d(Coseq/)<S,MS’|Ty’y(§,7i;E)|SMS>

1

X Y, (64,0) . (2.4)

where, without loss of generality, the initial relative momentum ¢'is chosen along the +z-axis
and the final relative momentum ¢” in the z-z plane. Similarly to Eq. (2.3), the summation
in the above equation is over all the quantum numbers appearing on the right-hand side and

not specified on the left-hand side of the equation.
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Inserting Eq. (2.3) into (2.2), yields the scattering equation for the partial-wave amplitude

TJIL’L(q C],E) VJIL/L(Q Q)

S / dg" ¢ VIS5 (¢ ¢")

S// L// )\

x GAq"™, BT T (" 4 ) - (2.5)
In the present work, we use the notation
Tora = Vara + Y VarsGalpa (2.6)
B

to denote either Eq. (2.2) or (2.5) for the sake of conciseness. Accordingly, if the above
equation is to represent Eq. (2.2), the indices o/, o and /3 in the above equation stand for
the two-particle channel of the final, initial and intermediate states, respectively, and the
summation over [ is to be understood as the summation over the intermediate two-particle
channels. On the other hand, if the above equation is to represent Eq. (2.5), then, the
indices o', a and B specify, in addition to the two-particle channel of the final, initial and
intermediate states, respectively, also the corresponding two-body partial-wave states. Note
also that the reference to the two-particle relative momentum is completely suppressed in
the present notation, including its integration over the intermediate states.

The notation explained above is used throughout the present paper. In particular, the
main result of this work, given by Egs. (2.66, 2.69), can be interpreted as given either in

plane-wave or in partial-wave basis.

2.3 PHASE STRUCTURE OF THE TWO-BODY T-MATRIX AMPLITUDE

To expose the phase structure of the two-body reaction amplitude, it is convenient to express

the T-matrix in terms of the K-matrix. We start with the T-matrix scattering equation

T=V+TGV =V +VGT, (2.7)
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where the two-body propagator G can, in general, be decomposed into the real and imaginary
parts
G=G"—-iG". (2.8)

In fact, the propagator involving stable particles is of the form (¢ — 0)

1 1
—P —ind(E — H,) (2.9)

G =
E—Ho—f—iE E—HO

with P standing for the principal value part, while the propagator involving unstable particles

is of the form (90; 47) (II = finite)

1
G=—
E—hy—TI
E — H, I’

_ 2.10
(E—Ho2+112 '(E— Hy)?+112° (2.10)

where hy denotes the unperturbed Hamiltonian involving the bare unstable particle and II
is the self-energy of that unstable particle. Hy = hg + 17, with II = 1% — {117,

Inserting Eq. (2.8) into Eq. (2.7), we have (16)
T=K—-iTG'K =K —iKG'T, (2.11)
with the K-matrix (K) given by
K=V +VGEK =V + KG*V (2.12)

which is Hermitian if the driving potential V' is Hermitian.

For stable particles, using Eq. (2.9), Eq. (2.11) becomes
T(E) = K(E) — irT(E)§(E — Hy)K(E) (2.13)

which is the familiar equation for the T-matrix in terms of the K-matrix. Note that, for
unstable particles propagation (cf. Eq, (2.10)), the imaginary part of G — for which there is

no o-function in energy — leads to a momentum loop integration over the intermediate state.
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Equation (2.7) — and consequently all the subsequent equations — represents actually
coupled equations in two-particle channels. Explicitly, for Eqs. (2.11,2.12), we have (using
the corresponding first equalities)

Toa =Ky —1 ZTa’BGéKﬁa )
B

Koo =Vya+ Z ngG?Vga , (2.14)
B

where the subscripts stand for the two-particle channels, i.e., o’ denotes the final two-particle
channel and «, the initial two-particle channel. 5 denotes the intermediate two-particle
channel and it is summed over all the channels (including the stable- and unstable-particles
propagations) to account for the possible couplings of the initial and final states to all other
channels. Note that, as explained in Sec. 2.2, the equations in (2.14) may be interpreted as
given either in plane-wave or in partial-wave basis. For the latter, the indices o/, o and /3
specify also the partial-wave states, in addition to the two-particle channels. Note also that
the reference to the two-particle relative momentum is completely suppressed in the present
notation, including the momentum-loop integration over the intermediate states.

Usually, the integral equation for 7" in Eq. (2.14) is solved to yield

1
Tow =S Koy |——| . 2.15
; 7 {1 + ZGIK:| Ba (2.15)

In the present work, however, we solve that equation as follows. First, we write it as

> Torp(Opa + iGEKpa) = (1 = il Gly) Kara
B#a!

> TowpDpo = NarKova . (2.16)
B#c!

where we have defined

Dﬁlﬁ — 5616 + ZGé/Kﬂ/ﬁ 3 (B/’/B 7£ O/)

Ny =1—iTyuGY, . (2.17)
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Next, we multiply Eq. (2.16) throughout from the right by the inverse matrix of D to get
Toro =N ¥ Kap Dyl . (2.18)
Bl:/éoél
Finally, we insert the above result back into the equation for 7" in (2.14) to arrive at
Ta’a = [ — Z K /,3/ GgKﬂa]
B,p'#a!
_ NoRo. . (2.19)
The last equality in Eq. (2.19) defines K to be
Kaa: aa—l Z K /5/ GIK/BQ s (220)
BB #a!
which — unlike the K-matrix — is, in general, a complex quantity. Note that below the first
inelastic threshold, K = K. Also, note that the explicit dependence on the channel o/ in
the intermediate state is absent in K. This dependence is contained implicitly in the
K-matrices, Kj;.
Inserting Eq. (2.19) into the definition of N, in Eq. (2.17), yields

1
Ny =1—iTyoGl, = ————— (2.21)
1 + iKa/a’ Gi/
Starting from the second equality in Eq. (2.11), it is straightforward to show that the

T-matrix can be also expressed as

Toc’oc = a’aNa s (222)

where

1
1+iGlK,.
Dy =0pp+iKapGhy, (B,8#a)

A~

Koo = Koo —i Y KupGh (D™ 1) g Ko (2.23)
B.B'#a

Ny =1—iGiT,, =
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Equation (2.19) or (2.22) is the desired result: we have exhibited the full phase structure
of the T-matrix which is non-trivial in general due to the phase structure of K., introduced
by the terms involving G'is in Eq. (2.20) or (2.23). For on-shell K oq, its phase structure can
be expressed simply in terms of the phase-shift and inelasticity of the elastic scattering
T-matrix as shown in Appendix A.

Note also that Eq. (2.19) or (2.22) is completely general and holds for fully off-shell
T-matrix. Hereafter, we refer to the factors Ny and N, defined in Eqs. (2.17,2.23) as the
generalized Watson’s factors. For completeness, we show how Watson’s theorem emerges
from these equations in the following Sec. 2.3.1, when the initial channel « corresponds to
the photon-baryon channel.

If we wish, combining Eqs. (2.19,2.22), the T-matrix can be expressed in a symmetric
form

Tore = (Na/f(a,a + f(a,aNa> , (2.24)

N | —

2.3.1 TWO-CHANNEL CASE AND WATSON’S THEOREM

Confining now to the case of two channels problem, Ko in Eq. (2.20) simplifies and

Eq. (2.19) takes the form

To/a == No/ [Ka’a - iKo/BNK,BGéK,Ba] 5 (6 7& O/) (225>
with
Nko = ! (2.26)
K T 4G Koy '

For a transition reaction, where o/ # «, Eq. (2.25) further reduces to
Toro = N Koo Nko - (2.27)

If the two channels considered involve only stable particles, then, in partial-wave basis,
Egs. (2.25,2.27) are simple algebraic equations, where Gé — pp after the momentum loop

integration with pg denoting the phase-space density. Moreover, if the on-shell T-matrix and
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the on-shell K-matrix can be parametrized in terms of phase-shifts and inelasticities as given

in Appendix A, we obtain from Eq. (2.27),

Too = {% (na/ema’ + 1)} K., (eiéa cos 5a) , (2.28)

for the transition amplitude (o/ # «). Here, we have made use of Egs. (A.4,A.5).

Equation (2.28) reveals the phase structure of the T-matrix amplitude explicitly in terms
of the phase-shifts for the transition amplitude in the case of a two-channel problem. It is
the analog of the well-known Watson’s theorem for photoproduction (137) in the case of
two-body hadronic reactions. The phase of the reaction amplitude is determined by both
the on-shell initial and final state interactions through the Watson’s factors Nx, and N,
respectively. Note that, in Eq. (2.28), the effect of the channel openings is lumped entirely
into the final state interaction factor. We remind that, from Eq. (2.12), if V' is Hermitian, so
is K and, together with time reversal invariance, K, is either pure real or pure imaginary.

If we start with the T-matrix in the form given by Eq. (2.22), instead of Eq. (2.19) as

we have done above, we obtain an equivalent alternative form for the transition amplitude

(o # a),

Ta’a = Na’Ka’aNa 5 (229)
with
Nio = — (2.30)
Ko iKW GL '

In terms of the phase-shift parametrization, Eq. (2.29) becomes
i8, 1 i26
Tora = (€7 cos o) Koo 3 (Nae™=+1) ¢ . (2.31)

In contrast to Eq. (2.28), where the effect of the channel openings is lumped into the final

state interaction factor, here, this effect is lumped into the initial state interaction factor.
It should be mentioned that, strictly speaking, the two channels consideration of the

meson-baryon reaction processes applies only to m/N charge-exchange scatterings, such as

7% — 7tn. This is due to the fact that the lightest meson-baryon channel, apart from 7N,
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is the n/N channel which is already above the 77N threshold, leading to the presence of
an inelastic channel even when the isospin symmetry breaking of the strong interaction is

ignored.

In the case of meson photoproduction, Eq. (2.27) becomes (o/ # a = 7)
Ty = Nt Kory Nics | (2.32)

where N, = 1/(1+iG!K.,) is the Watson’s factor due to the yN initial state interaction.
In the one-photon approximation, due to the weakness of the electromagnetic interaction,
the Watson’s factor Ny, approaches unit since we may set K., appearing in Nk, to zero.
Likewise, for the two-channel case, where one of the channels is the photon-baryon channel,

N, = Nk, in one-photon approximation. Equation (2.32), then, becomes
Torn = Ngar Koy = (€ c08 o) Koy (2.33)

which is the usual form of Watson’s theorem for photoproduction (137). Equation (2.29)
yields the same result as above. Note that Watson’s theorem is a direct consequence of uni-
tarity and time reversal invariance of the S-matrix, in addition to the one-photon approxima-
tion assumption. Also, as is well known, in practice, ignoring the isospin symmetry breaking
of the hadronic interactions, Watson’s theorem applies to pion photoproduction below w7 N

threshold.

2.4 PHASE STRUCTURE OF THE POLE AND NON-POLE MESON-BARYON 7T-MATRIX

In this section we exhibit the phase structure of the T-matrix in terms of the pole (T'7') and
non-pole (X = TNF) parts.
First, we recall that the full T-matrix given by Eq. (2.7) can be decomposed as (see,
Appendix B)
T=V+VGT

=T+ X, (2.34)
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where

X =U+UGX , (2.35)

with U = VNP =V — VP and
VP =" |For) Sor(Fonl (2.36)

where |Fp,) and S&l = FE — my, denote the bare meson-baryon vertex and bare baryon
propagator, respectively. The summation is over the resonances specified by index r.
The pole part of the T-matrix in Eq. (2.34) is (following the ket and bra notation used
in Ref. (61; 62))
TP =3 " |F) S (F (2.37)

where the dressed vertices read

|F)w = (1+ XG) [For)

(Fl, = (Forl (1+ GX) | (2.38)
and the dressed baryon propagator, S,

St =S5, 00 — S (2.39)

s

with the self-energy
Sy = (For |G| Fy) (2.40)
Note that the dressed baryon propagator in Eq. (2.39) couples resonances, so it is a matrix
propagator in resonance space. It’s structure is shown explicitly in Appendix C for the case
of a two-resonance coupling since, in practice, this is the maximum number of resonance
couplings in most of the cases.
Second, since the structures of the T- and K-matrix scattering equations are the same
(cf. Egs. (2.7,2.12)), it is straightforward to decompose the K-matrix into the pole (K*') and

non-pole (W = K™?) parts
K=V +VG'K

=K'+ W, (2.41)
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where

W=U+UGW , (2.42)

and

K" = " |Frp)Skcrr(Frcr| - (2.43)

Here, the dressed vertices are given by
[Fr) = (1 WGP) Ry
(Fg,| = (For| (1 + GFW) (2.44)
and the dressed baryon propagator by
Skre = Sort Orr = Loy (2.45)

with the self-energy
v = (Fop|GE| Frey) (2.46)

Third, since the T-matrix can be expressed in terms of the K-matrix as given by
Eq. (2.11), which exhibits the same integral-equation structure as Eq. (2.7), except for the
appearance of the imaginary part of the meson-baryon propagator —iG' instead of the
full propagator G, it is straightforward to express the pole and non-pole T-matrices (cf.
Eqs.(2.34,2.35,2.37,2.38,2.39,2.40) ) in terms of the K-matrix (cf. Eqs.(2.41,2.42,2.43,2.44,2.45,2.46)).

Then, the non-pole T-matrix X (= TNT) given by Eq. (2.35) becomes
X=W —iXG'W=W —iWG'X . (2.47)
The pole part (TT) is given by Eq. (2.37) with
|F) = (1 —iXG)|[Fier)
(Fo| = (Fiee|(1 - iGX) | (2.48)
and the dressed propagator S, expressed as

Soh=8gl, =S, (2.49)
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where the self-energy S is

Spr = —i{Frw|GY|F) (2.50)

Writing the meson-baryon channel indices explicitly, we have, for Eq. (2.42),
Waa = Usa + Y WargGhUpq . (2.51)
B
For Eq. (2.47), we have,
Xoto = Wora =1 Y XarpGsWia
B

=Waa =1 Y WarsGhXga , (2.52)
B

which can be solved to yield (from the first equality)

Xora = NS W (2.53)
with
Wala = Wa/a — Z Z Walﬁl ((DX>_1)616 GéWﬁa y (254)
B,8'#a’
and

D,é(’ﬁ = 5515 + iGé/W@/Q ,
1

NX =1 iXpGlo L
1+ iWa/a/Gé,

(2.55)

From the second equality in Eq. (2.52), it is also immediate that X, can be expressed

as
Xora = Wara NX (2.56)
with
Wora = W —i > WagGh <(DX)1>/3’B W | (2.57)
B,8'#a
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and

Dg(,ﬁ = 0 + iWB/BGé :
NY¥=1-iG! X0 = ;7 . (2.58)
1+ iGI W,
Note that in the case the particles in channel o are stable (GL — p,), NX = NX.
In the following, to exhibit the phase structure of the pole T-matrix, 77, we make use

of the dressed vertices and propagator as given by Eqs. (2.48,2.49,2.50). Writing the meson-

baryon channel indices explicitly, Eq. (2.37) becomes
T0, = |F)aSon(Frla - (2.59)
The dressed meson-baryon vertex |F.) (cf. Eq. (2.48)) becomes

|F,,q/>a/ = |FK1~’>a’ — ZZXO/IBGé|FK7~/>5

B
= N§|FK7"’>O/ ) (260)
where
|FKT/>a/ = |FK7“’>0¢’ —1 Z Wa’,BGé|FKr’>/3 . (261)
B#a’

To arrive at the last equality in Eq. (2.60), Eqgs. (2.55,2.53) have been used.

Analogously,
(Fila = (FirloaNY (2.62)
where
(Firla = (Frolo — 1Y (FirlpG5Waa - (2.63)
B#a

The self-energy given by Eq. (2.50) reads

Sy = —i Y (FwlsGhI )

B
= —i Y (Fiw|sGENG | Frr)s - (2.64)
B
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Then, inserting the above result into Eq. (2.49), we have for the full propagator,

S = Sgb +1 Y _(FrrlsGENT | Fier)s - (2.65)
B

Finally, making use of Eq. (2.45) and inserting Eqgs. (2.60,2.62,2.65) into Eq. (2.59), and

combining with Eq. (2.53), we arrive at the result we are seeking
Toa = Tojja + Xoa

. 1 . _ N
= Z N§|FK7">0/ . T XL <FKT’aN§ +N5Wa/a :
i (E—mo)I—EK+ZZﬁ<FK|5G5Nﬁ |FK>B oy

(2.66)

where I stands for the identity matrix in resonance space. X is given by Eq. (2.46).

The above equation exhibits the full phase structure of the T-matrix amplitude in terms
of the pole and non-pole parts. First of all, we note that the phase structure of the T-
matrix is determined by the branch points introduced in the amplitude due to the opening
of the meson-baryon channels. This is controlled by the availability of the phase space for a
given meson-baryon channel 5 encoded in the imaginary part of the corresponding meson-
baryon propagator Gé. This quantity appears implicitly in many places in Eq. (2.66) and,
consequently, makes the phase structure of the T-matrix highly non-trivial in general. Note
that the Watson’s factor N and all the quantities with “hat” in Eq. (2.66) involve G’
[cf. Egs. (2.53,2.55,2.57,2.58,2.61,2.63)]. All other terms appearing in Eq. (2.66) are real
quantities and do not involve GI. We also recall that the dressed vertex |Fx)((Fk|), as
well as the Watson’s factor NX(N¥X), are all expressed in terms of the quantity W(ﬁ/)
(cf. Egs. (2.55,2.58,2.61,2.63)). The latter quantity is the non-pole T-matrix apart from
the Watson’s factor NX (cf. Egs. (2.53,2.56)). This means that the dynamical effects on the
phase structure are determine by the non-pole part of the T-matrix (up to the corresponding

Watson’s factor), and that there is an intimate relationship between the phase structure of

the pole and non-pole parts of the T-matrix amplitude.
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In the following, we discuss the elastic scattering below the first inelastic threshold where
the phase structure of the T-matrix amplitude becomes much simpler. Here, we ignore the
resonance couplings for simplicity. We also assume a stable meson-baryon channel o and
consider the phase-shift parametrization of the on-shell non-pole T-matrix such that NX =
NX = e% cos6X, where 0¥ stands for the phase-shift of the non-pole T-matrix (X = TNF).
Then, in partial-wave basis, Eq. (2.66) reduces to
Toa = Z {eiafgarmgweiéf} + e Wog (2.67)

r

where we have introduced the (suggestive) notations

Gor = cosé(f |Fre) o

FT = 2p01 gir 9
x I'r
M, = mg, + Xk, + tan o, 5
W, = cos W - (2.68)

Equation (2.67) exhibits, explicitly, the full phase structure of the elastic T-matrix amplitude

X ..
% arising from the Watson’s factors

below the first inelastic threshold. Apart from the phase e’
in the dressed vertices and propagator, there is also the same phase factor arising from the
Watson’s factor in the non-pole part of the amplitude. Note that the last term in Eq. (2.67)
is simply the statement of Watson’s theorem for the non-pole T-matrix X. Recall that W

is the non-pole part of the K-matrix and, as such, it is Hermitian if the non-pole driving

potential U = VNP is.

Equation (2.66) is the main result of this section. It serves as a convenient starting point
for approximations one can make with varying degrees of sophistication. In particular, it
allows to keep track on the basic properties of the S-matrix in these approximations. Indeed,
Eq. (2.66) is being used by us in the construction of an isobar model in which unitarity is

automatically satisfied.
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2.5 PHASE STRUCTURE OF THE PHOTOPRODUCTION AMPLITUDE

As shown explicitly in Appendix B, the gauge-invariant photoproduction amplitude in one-
photon approximation also admits a decomposition into the pole and non-pole parts. Thus,
we must be able to exhibit the complex phase structure of this amplitude in terms of the
corresponding pole and non-pole amplitudes, analogous to what has been done for the meson-
baryon T-matrix amplitude in the previous section. * Indeed, the meson photoproduction
amplitude can be obtained by simply considering the photon-baryon channel as an additional
channel in the coupled channels T-matrix equation of Eq. (2.34), i.e., all the results of
the previous sections apply to photoproduction as well. In terms of the coupled channels
formulation of the previous sections, the one-photon approximation means to ignore the
photon-baryon channel in the intermediate states, i.e, this channel appears only as the initial

state. Then, Eq. (2.66) leads to
Ml =MDF 4+ X!
o’y a’y o’y

1 A~
= |FKT o . ~ <Fur| +NXWolj ’
Z{ (E_m())[_EK+®Z§<FK|5G£’NBX|FK>6 o Krly i

(2.69)

where the initial meson-baryon channel a has been replaced by the photon-baryon channel
~ which appears only in the initial state. In particular, note that the Watson’s factor NVX =
1/(1 +iG{yﬁ/ffv) — 1 in one-photon approximation. The superscript p stands for the Lorentz

index of the photon polarization.

4Note that, to preserve gauge invariance of the decomposed photoproducton amplitude into
the pole and non-pole parts, we need to consider what to take for the non-pole driving potential
UH(= VNPH) and for the bare photon coupling (F}.|. They enter in the definition of W* and (F¥. |
in Egs. (2.71,2.73), respectively. For example, in the field theoretic approach of Appendix B, the
bare coupling (F} | gets renormalized as given by Eq. (B.17). And the driving potential U* contains
additional terms compared to the usual u- and t-channel Feynman diagrams (cf. Eq. (B.20)).
These observations should be kept in mind when constructing (gauge-invariant) photoproduction
amplitude in the present approach.
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The quantity Wgw in Eq. (2.69) follows from Eq. (2.54). Explicitly, we have
7 — . x\—1 I
Wh, =W, —i > Way (DY) )W Giwe . (2.70)
B,B'#o!
where, from Eq. (2.51),
Wh =Uk +> WasGiUL . (2.71)
B

Note that the summations over the channels in the above two equations, and all the sub-
sequent equations in this section, exclude the photon-baryon channel in the intermediate
states, i.e., B, ' # 7 due to the one-photon approximation. This is to be understood for the
remainder of this paper.
The dressed photon vertex (F% | in Eq. (2.69) follows from Eq. (2.63):
(Flohy = (Fiiely = D _(Frrl sGRWE, (2.72)
B

where, from Eq. (2.44),

<F§r|7 = <F(lj;’|’7 + Z<F07‘|6GEW/57
B

= (Fiily + Y _(FrelsGEU, (2.73)
B
and, from Eq. (2.57),
= _ . I =x\—1
Wh =W~y WapGl, ((D ) )w W (2.74)
BB’

It is straightforward to show that Eq. (2.69) reduces (as it should) to Watson’s theorem for
photoproduction below the first inelastic threshold (137). To this end, we realize that the first
term on the right-hand side of Eq. (2.69) is the pole part of the photoproduction amplitude
given by Eq. (B.23) as shown in Appendix B. This equation, in turn, can be recast in terms
of the pole and non-pole K-matrices (cf. Eq. (2.76)) as MP* = NXKPH —iTPGIH(KPr+WH)

through the substitutions G — —iG!, V¥# — KP# and VNPr — KNP (= JWH). Then,
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below the first inelastic threshold, we have

1 N
MF:, = NX|Frr Vo F* NESWH
o'y Z{ Oé| K > ((E_mo)[_ZK+Z<FK’a/G£/N§’FK>al>,’JT< KT‘|'Y}+ e a’y

r'r

— NXKDF —iTh G, (ij,g + Wa’*,7> + NS
X P I P . I
= (No/ — ZTO/O/GD/) (Ka,f; —+ Wol:”y) = (1 — ZTO/a'Ga’) Kg"y = Na/Kg,,y

= %’ cos 6o KL (2.75)

where we have also made use of Egs. (2.70,2.72) and of Eq. (2.41) for photoproduction, i.e.,

Kf = KoM+ W (2.76)
with W}, given by Eq. (2.71) and
Kf’f; = Z |FKT’>a’SKT’r<FI!ér|7 : (2.77)

Recall that K7, is Hermitian if the driving term V), in Eq. (2.41) is.

Equation (2.69) is the main result of this section. Together with Eq. (2.66) of the previous
section, they may be used as the starting points in the construction of unitary isobar models.

This is done in the following sections.

Before leaving this section, a remark is in order. It is straightforward to show that if we

use the form of the non-pole T-matrix given by Eq. (2.53) for photoproduction,

B AT XM
Xt = NIWE

(2.78)

instead of that given by Eq. (2.56), the full dressed photoproduction vertex (F¥|, can be
expressed in the form (cf. Eq. (2.48))

(FMy = (Freply — iZ<FKr|BGéng

B
= (Fit,ly — 1Y (Fro|sGENSWE (2.79)
B
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instead of that form given by Eq. (2.62). Thus, one can replace the photon vertex (F¥|, =
<F1Iér|vN$ = <F’[’ér|7 appearing in Eq. (2.69) by the form given in the above equation. Which
of the two forms to use depends on what one wants to do. In the full calculation, where
the channel couplings are fully taken into account, the form given by Eq. (2.79) would be
preferable numerically, for it involves ng which requires the matrix inversion of the same
DX that enters in the calculation of the final state hadronic interaction part. In contrast,
(Fr|, = (F¥ |, involves ng that requires an independent matrix inversion of D from that
for the final hadronic interaction. In an approximate calculation, however, as discussed in

the following sections, the form (F*|, = (F% |, may be more suitable.

2.6 POSSIBLE APPROXIMATIONS

The basic result of Sec. 2.4 given by Eq. (2.66) and of Sec. 2.5 given by Eq. (2.69) provide
a convenient starting point for possible approximations one can make with different levels
of sophistications. In Eq. (2.66), the three basic ingredients for possible approximations are
the non-pole K-matrix amplitude W (= K™?) as given by the integral equation (2.51), the
dressed K-matrix resonance vertex |Fk,) ((Fg,|) given by Eq. (2.44) and the K-matrix
self-energy Y g, given by Eq. (2.46). These involve an integration over the loop momentum
through the real part of the meson-baryon propagator Gg. Note that all the ingredients,
the Watson’s factor NX, the dressed K-matrix vertex as well as the K-matrix self-energy,
entering in Eq. (2.66) are expressed in terms of W. W enters the K-matrix self-energy
through the dressed K-matrix vertex. The different approximations one makes on the basic

three ingredients just mentioned may be classified into few broad categories:

a) Unitary and Analytic Isobar Model (UAIM) : In this approach, the driving non-pole
term U in Eq. (2.51) is approximated by a phenomenological separable potential (see,
e.g., Ref. (94)) whose form allows to solve the integral equation for W in Eq. (2.51) ana-
lytically. The bare vertex | Fo,)( (Fo,|) is obtained either from a microscopic Lagrangian

or simply parametrized phenomenologically. Then, the momentum-loop integration in
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Eq. (2.44) is carried out analytically to obtain |F,)({(Fk,|). Xk, is obtained as given
by Eq. (2.46), also by performing the momentum loop integration analytically. This
model maintains unitarity and analyticity; the latter, by keeping explicitly both the
real and imaginary parts of the meson-baryon propagator. Of course, the adopted sep-
arable potential should be analytic. Note that the contribution due to the real part
of the meson-baryon propagator may lead to pole structures in the resulting reaction
amplitude in the complex-energy plane that would correspond to dynamically gener-

ated resonances (70; 100; 28).

b) Unitary Isobar Model (UIM) : Here, W and |Fg,)((Fk,|) are directly parametrized in
a completely phenomenological or semi-phenomenological manner, thereby avoiding to
solve the integral equation for W and the momentum-loop integration for | Fi,) ((Frc|)-
Here, the self-energy Yy, (cf. Eq. (2.46)) is also simply parametrized. In this model,
the analyticity of the original reaction amplitude is lost, because the momentum-loop
integrations involving the real part of the meson-baryon propagator in Eqgs. (2.44,2.46,2.51)
are not performed. In general, ignoring the contributions arising from the real part of
the meson-baryon propagator violates analyticity, since the dispersion relation condi-
tion due to analyticity between the real and imaginary parts of the reaction amplitude

(119) will no longer be satisfied.

2.7 SUMMARY

We have exposed the full complex phase structure of the meson-baryon T-matrix reaction
amplitude in the coupled channels framework. By exhibiting the complex phase structure of
the pole and non-pole parts of the T-matrix, we have achieved to express the reaction ampli-
tude in a form which suitably serves as a starting point for making approximations of varying
degrees of sophistication. In particular, it allows for approximations where the basic prop-
erties of the S-matrix, namely, unitarity and analyticity, can be maintained automatically.

Recall that in earlier works (98; 43; 45; 131) unitarity of the reaction amplitude in isobar
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models is implemented by imposing the unitarity condition on the resonance amplitude (pole
amplitude T'7'), separately from the unitarity condition on the background amplitude (non-
pole amplitude X (= TVF)). In the present work no such additional condition is required.
Here, the unitarity of T arises automatically from the dressing mechanism inherent in the
basic scattering equation (Eq. (2.7)). In the case of photoproduction, gauge invariance can
be satisfied as well. Furthermore, we have shown how the analog in meson-baryon reaction
of the well-known Watson’s theorem in photoproduction emerges in the present formulation.

Finally, we mention that calculations based on a coupled channels unitary isobar model

as described briefly in Sec. 2.6 will be reported shortly.
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CHAPTER 3

PI1ON AND PHOTON-INDUCED REACTIONS

In recent years, the interest in studying photoproduction of vector mesons, such as w, p,
and ¢, has been growing. The production of these vector mesons is particularly interesting
since they carry the same quantum numbers, J°¢ = 177, as the incoming photons and
therefore, they are expected to play an important role in photoproduction. At very high
energies, I, > 20 GeV, the photoporuction of vector mesons can be successfully described
as a diffractive process; photons convert to vector meson, which then scatters off the proton
by exchange of Pomerons (40; 41). Pomerons are virtual colorless objects that carry the

JP¢ = 0%*, as the vacuum. However, at intermediate energies,

same quantum numbers,
E, <5 GeV, Pomeron exchange alone is no longer sufficient to describe the existing data
for w photoproduction, and the authors of Ref. (126) suggested that the exchange of 7 and
fo-meson become the dominant contribution. At energies below 3 GeV, N* states strongly
contribute to the production of w.

The interest, in general, in heavier meson production is not only directed toward the non-
strangeness sector, and an intense effort has been directed toward the search for hyperon
resonances with strangeness quantum number S = —1 via KA and K photoproduction.
Furthermore, most known baryon states were discovered in elastic 7N scattering (79). The
heavier meson productions are of main interest due to the opportunity they provide to search
for new baryon resonances that might have not been detected before because of their weak
coupling to 7N final state (12).

In this effort, we have studied 4 reaction channels, TN — 7N, 7N — nN, N — wN, and

YN — wN, among which the production of w-meson was of particular interest. Considering
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the 782.6 MeV mass of w, these reactions provide a means of probing the possible missing
resonances in 2 GeV mass region, a region of resonance energy much less explored than
at lower mass resonance region. Besides, being an iso-scalar meson, w-meson production
provides an “isospin filter”, guaranteeing no A* with 7' = 3/2 contribution, which simplifies
the already complex task of resonance extraction. The available data for pion-induced w
production is sparse and of low precision, hence, the inclusion of high-statistics measurements
for photon-induced w production is highly valuable in this analysis.

The amplitude for w photoproduction off the proton is represented by 2 x 2 x 2 x 3 = 24
complex numbers, 2 spin states of target nucleon, 2 spin states of the photon beam, 2
spin states of recoil nucleon, and 3 spin states of w. By the virtue of parity conservation,
out of these 24 complex amplitudes, only 12 complex amplitudes or 24 real numbers are
independent. This means, in order to achieve a “complete experiment” (105) one needs 23
carefully chosen observables to be measured to fix the amplitude up to an overall arbitrary
phase. This is a challenging task and many collaborations are working toward collecting as
many of these observables as possible.

Earlier this year, first measurements of the double-polarization observables F, P, and
H in w photo-production were reported (115). Besides these newly measured observables,
various collaborations reported cross section measurements (20; 139; 141; 127), spin-density
matrix elements (SDMEs) (139; 141), the beam asymmetry ¥ (114; 3; 77; 136; 33), double
polarization observables E (49; 4) and G(49), and target asymmetry 7" (114) in this reaction.

Several attempts have been made to extract resonant contributions from w photo-
production in the past, but they produced conflicting results (39; 3; 140; 96; 145; 101;
145; 134; 103; 122; 146; 95; 117; 15; 148). Using a quark model approach with an effective
Lagrangian developed in (148; 147), Zhao (145) found N(l??())%Jr and N(168O)3Jr have
the dominant contribution. Oh et al. (96) used the quark model by Capstick and Roberts
(31; 32) and reported that the dominant contributions are from a “missing” N (1910)%+ state

(i.e., a state predicted by the constituent quark model but not observed experimentally) and
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a N(2080)2" state. Titov and Lee (134) showed the dominant resonant contribution comes
from N(1680)g+, while the next large contribution arises from N(1520)27, N(1650): ", and
N (1720)%+. In their calculation, they fixed the resonance couplings from the helicity ampli-
tudes with vector meson dominance assumption. Meanwhile Denisenko et al. (39), within
the the Bonn-Gatchina (BnGa) coupled channels partial-wave analysis, considered the con-
tribution of 12 N* states, along with their branching ratios, and determined the dominant
contribution near threshold was found to be from P;3 partial-wave, which was primarily
identified with the sub-threshold N (1720)%+ resonance. In (140), Williams et al., within
a partial-wave model, described differential cross section and spin density matrix elements
with a reasonable accuracy. They identified the dominant resonance states are N (1680)?r
and N (1700)%7 near threshold, as well as the N (2190)%7 at higher energies. Analyzing only
the cross-section data, the Giessen group (103) found the wN photo-production is dominated
by large N (1710>%+ and N (1900)%+ contributions. In a later analysis, with the inclusion of
the low-precision polarization data from SAPHIR, they found a strong contribution from
the N(1675)2" and N(1680)g+, while the effects of N(1520)2™ and N(1950)3 states were
of minor importance. Within the frame work of constituent quark model approach, the
numerical calculation done by Zhao et al. (147; 148) showed that the resonance coupling of
N (2000)?r was larger than other resonances.

Most of these analyses only included cross section data and some of the older polarization
data with limited precision. Incorporating the new high precision polarization data in the
analysis imposes more stringent constraints on the model used, in particular, on the resonance
content. In this work, we included, in our analysis, all the cross section and polarization data
currently available.

This chapter is organized as follows. We present in Sec. 3.1 a brief description of the
unitary isobar model used in this work. In Sec. 3.2 the details of the database and fitting
techniques, together with the description of the observables achieved in the various reaction

channels is presented. In particular, we discuss the dominant contribution from partial-wave
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and resonance contributions in each reaction channel considered. Some technical details are

presented in appendices D and E.

3.1 UNITARY ISOBAR MODEL

We construct our unitarized effective isobar model based on the results obtained in the
previous chapter. Our starting pint is the final form of the T-matrix amplitude, Eq. (2.66),

derived in previous chapter

Toa = To];a + Xoa

1 . _ A
- Z of |FK . I X | T <FK’CY77"N&X + N§Wa/a .
(B —mo)l — Xk +1i) 5(Fr|sGsNg [Fk)s )

Time reversal invariance in conjunction with hermiticity implies that the driving poten-

tial U and consequently W should be be either pure real or pure imaginary. We start by
parametrizing W in Eq. (2.42) as a separable function of the modulus of the outgoing,

¢, = |¢ |, and incoming, ¢, = |ga|, meson-baryon three-momenta.

Wa’a(q(/l”th) = ha’(q:x/)ha(‘h) ) (3.1)

where h is appropriately chosen to be a polynomial with respect to g,

. | o
ho'(qhy) =T ]z: o (q/%,)@a +4) 6_%,(%) |

o) =T 3 aa ()5 eale)” (3.2)

J=Jmin
where I'y (I'y,) is equal to @ (—i) when the o/ () channel has even parity, and is equal to 1
when the parity of channel o/ («) is even. The overall sign of Iy, x T, for a = ¢/, is chosen
by the fit to experimental data. a;, (@j.) and A;, are real constant fit parameters and A is
a hadronic scale parameter which may be chosen to be A ~ 1 GeV.
Second, the dressed resonance vertex |Fg),((Fk|,) is parametrized as a pure real or

pure imaginary function of the relative meson-baryon momentum involved at that vertex.
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Explicitly,

Ll
_ q;/ *
|FK(q/a’)>o/7" = FO/ 9o r! < A ) Fa’r’(pq%) )

(Fr(ga)lar = Ta gar (%‘”)La For(p7) (3.3)

With Gos vy Gar, and F,,.(p?) denoting the coupling constants and off-shell form factor, respec-
tively. They are to be adjusted to fit the data. p? stands for the four-momentum squared
of the off-shell baryon r at the three-point vertex. g, stands for the meson-nucleon relative
(three-) momentum in the channel a and L,, the corresponding relative orbital angular

momentum. The off-shell form factor in the above equation is, in turn, parametrized as

Far(p?) = ( ”Ag”‘ ~ )2)n . (3.4)

nAzlxr + (pr - My,
As mentioned in Sec. 2.3, the momentum integration involving the imaginary part of the

meson-baryon propagator Gé for stable particles (cf. Eq. (2.9)) can be carried out trivially

such that

G} =n0(E — Hop)

EpWp

— pp = Tqs O(E —mp, —mu,) , (3.5)

€p+wg

with eg = /g5 + m}, and ws =, /¢3 + m7,, denoting the on-shell energies of the the baryon

and meson, respectively, in the channel 3. mp, (mu;,) stands for the mass of the baryon
Bg (meson Mjg), specified by the channel index f. gg is the on-shell relative momentum of
the particles determined by E = g + wg. The last factor, ©(FE — mp, — M), is a step
function (©(x) =0 if <0 and 1, if z > 0) indicating that below the 8 channel threshold,
pp vanishes identically.

Note that the ‘collapse’ of the momentum integration involving Gé for stable particles
in channel , turns the T-matrix equation in Eq. (2.66) into an algebraic equation with
respect to momentum variables. This is, however, not the case for Gé associated with the

unstable particle channels (cf. Eq. (2.10)), where the momentum integration is present. The
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meson-baryon propagator Gz for these channels are more involved (81), (47). In the present
application, to reduce computational complexity, we will make an additional approximation
to reduce the integral equations involving unstable channel propagators to algebraic ones.
To achieve this, we start with equations involving the momentum integration of Gé for an
unstable channel .
— > 1 I 2
Lorga (Dl Pa) = /0 p2dp" O3 (0l 1) GL(E,p") O (0", pa) -

Here OM and O® stand for any of the quantities that multiply G’ from the left and from

the right and are under the momentum integral. We approximate this integral with

Lot ga (Pl Da) = O, (B, ps) GH(E) O%) (05, ) (3.6)
where
Qé(E) = / p//2dp// fﬁ(p")Gé(E,p”)fg(p") 7
0
O (W, ps) = O, (bl 1) 5 (ps)
040 (5 0) = £ (95) 05 (P3 Pa) (3.7)
with
. (P82
Fa(ps) = (pg)" e (5 (3.8)

The parameter \g in the above equation is chosen to be some averaged value of Ajp appearing
in Eq. (3.2). ps stands for the on-shell meson-baryon relative momentum in the channel .

With the approximation given by Eq. (3.6), Eq. (2.66) becomes an algebraic equation
in momentum space even when unstable particle channels are present. Together with the
parametrizations of the non-pole part and dressed resonance vertex (cf. Egs. (3.9,3.2,3.3,3.4)),
it defines our UIM. Of course, Eq. (2.66) is still a matrix equation in meson-baryon channel
space.

Analogously, for the photoproduction amplitude, we parametrize Wol:"y appearing in

Eq. (2.71) as follows

41



W (G @) = o (qor )15 (q5) (3.9)

where h is parameterized exactly as in Eq. (3.2) while h* is chosen to be a polynomial with

respect to c.m. energy F = ,/q% + m?\, + gy

jz % E— L fotd —\ (E—E5)
M(E)=T,) g e M (BB (3.10)
J

my
where g]‘-‘ and A, are fit parameters, with £, being a suitable expansion point equal to

the hadronic channel threshold, e.q. Es = my + m,, in the case of w photo-production.

Respectively the dressed photon vertex (FZ |, in Eq. (2.73) is parametrized as follows

E—EN\"
(Fie.(E)ly =Ty gf ( ) e M (E=Es) (3.11)

my

where g, and A\, are fit parameters.

3.2 RESULTS

3.2.1 DATABASE AND FIT PARAMETERS

In this analysis, we consider 4 reaction channels, TN — 7N, tN — nN, tN — wN, and
YN — wN. The results of our fit together with the included experimental data are displayed
in figures 3.1 to 3.14(a). Some of the data sets that differ by only a few MeV in C.M. energy
are depicted in the same panel.

To extract resonance masses and widths, we determined the values of our UIM’s free
parameters, coupling constants a, and g, in Egs. (3.9, 3.2, 3.3, 3.4, 3.8, 3.10, 3.11) and the
effective resonance masses, Mr = mol — X in Egs. (2.66), by optimizing x* using MINUIT
on UGA Linux High Performance Computing (HPC) cluster called Sapelo2. Since the fitting
procedure is not very sensitive to the exact values of the cut off parameters in Egs. (3.3, 3.8,
3.10, 3.11) as long as they are set to a reasonable value; as such, we set the cut of parameters
to 1 for all channels except for 7N which is set to 1.5. We started our fitting procedure by

fitting the coupling constants to SAID partial-wave solution (143) for 7N elastic scattering.
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Starting the fit by finding the coupling constants to reproduce SAID partial-waves guarantee
a good initial value for those couplings since each partial-wave can be fitted independently
while capturing the dynamics of 7N — 7N reaction. We then included 3 inelastic reactions
N — nN, N — wN, and YN — wN at a later stage.

The combined study of these reactions provide us with a means to probe the resonance
states in the 2 GeV mass region, referred to as the third resonance region. The inclusion of
w-meson photoproduction is of particular importance in probing the possible missing states
in the third resonance region which may couple to w/N channel and not to 7N channel.
Besides the 7N, nN, wN, and vN channels that are constrained by experimental data, we
also included o N, pN, and mA channels which effectively account for the 77w N intermediate

state.

3.2.2 REACTIONS
3.2.3 «oN —=>7N

We included the energy dependent partial-wave WI0O8 solution of SAID group (143) as an
input in our calculation. We considered partial waves up to H wave both for isospin 1/2 and
3/2. The results of our calculation for the partial-waves are displayed in Figs. 3.1 and 3.2.
The points displayed in these figures, however, show the single energy (energy independent)
solutions of Ref. (143).

The resonances required in our calculation to fit the partial-waves Si; to Fi5 matched
those reported in GWU/SAID SP06 solution (12) plus one extra Ds state, N(1700)2", which
was mainly added to the our analysis to describe other reactions. However this was not the
case for higher partial-waves, Fi7 to Hjg. We could describe the WI0O8 solution (143) with
a good agreement without the need to include any resonances explicitly for those partial-
waves. We have tabulated all these resonances and their respective mass and total width in

Table 3.1.
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N Baryons Status Mass | A Baryons Status Mass [0t
N(1535)%7 ok 1539 +1 135&£5 A(1620)% ook 1608 £2 140+£5
N(1650)17 6 1693+3 99+8 | A(1232)37 ek 122943 9948
N(1440)%Jr ok 1446 £5 183+ 3 A(1905)§Jr ok 19071 169+£8
N(l?QO)gJr ik 1704 £8 320+ 17 A(l%O)%Jr ook 19501 170£7
N(1520)37 **F* 1508 +2 104+7
N(l?OO)%f Aotk 1720£3 259+£6
N(1675)3" #1669+ 2 151 +11
N(1680)3" *#FFF 1684 +6 109 +4
Table 3.1: List of isospin 7' = 1/2 and 7' = 3/2 resonances and their extracted masses and
widths.
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Figure 3.1: Reaction 7N — wN isospin, T' = 1/2, S— to H— waves. points: GWU/SAID
partial-wave analysis (single-energy solution) from Ref (143).
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Figure 3.2: Reaction 7N — 7N, isospin T = 3/2, S— to H— waves. points: GWU/SAID
partial-wave analysis (single-energy solution) from Ref (143).

For isospin T' = 3/2 waves, our model required only the inclusion of 4, 4 star, resonances;
a list of which is tabulated in Table 3.1.

We should point out that in describing the second S7; resonance peak at w = 1650 MeV,
our model shifted the mass of N(1650)3  to a much higher value of 1693 MeV and a width
of 99 MeV. Despite this higher mass our results, qualitatively, are in very good agreement

with the SAID single energy solution as it can be seen in Fig. 3.1.

3.24 7N —nN

The experimental data for 7N — nN reaction was mostly measured between 1960s and
1980s. These observables exhibit many inconsistencies among each other, as such, Clajus et
al. (128) scrutinized these inconsistencies and published their detailed analysis of different

experiments and the quality of the corresponding data. GWU/SAID group (11) and (125)
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also provided their n/N data selection analysis. Ronchen et al. (111) have done a detailed
analysis of all the available data and provided their systematical error assignment to different
experimental data which in this work we took advantage of. It is worth mentioning that the
differential cross section data from Brown et al. (27) is highly questionable at low energies
but at higher energies the data can be used if the beam momenta are lowered by 4% and
an additional 10% systematic error is added to data as mentioned in (111). In general due
the inconsistencies and unreliability of differential cross section data for 7N — nN reaction,
this data was entered our fit with a very low weight. For total cross section we included the
data that GWU/SAID analysis (11; 12) deemed reliable. Note that we did not include the
total cross section data in our fitting process.

The differential cross section results from our calculation alongside the experiential data
are shown in Fig. 3.3. As it can be seen the overall agreement between our calculation and
the experimental data is good.

The total cross section prediction from our calculation is shown in Fig. 3.4(a). In order to
display the influence of each partial-wave we have included a partial-wave decomposition of
total cross section in Fig. 3.4(b). As it can be seen the first peak in total cross section is mostly
due to Sy; contribution, specifically N(1535)1 ", to this reaction. Meanwhile, ]\7(1680)?r
is responsible for the second peak measured in total cross section. Besides the dominant
contribution from N(1535)1" and N (1680)g+, we have also noticed a minor contribution

from N (1440)1", N(1650)17, and N(1700)2" states.

3.2.5 w«N — wN

In a series of bubble and drift chamber experiments (26; 76; 75) the cross section of the
mN — wN reaction was measured. Over the years these data resisted a consistent theoretical
description which were mainly caused by too large Born contributions (78). Consequently
these diagrams were either suppressed by very soft formfactors (133) or completely neglected

(107; 86). Due to these findings, a discussion was motivated in the literature over the methods
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used by the experimentalists to extract the two-body cross section (63) and readjustment of
the published 7~ p — wn cross section data were performed (124; 133).

The experimentalists used an unusual method to cover the full range of the w spectral
function (102; 64). Conventionally, to insure that all pion triples with invariant masses around
m,, are taken into account to successfully cover the w spectral function with a width of 8
MeV, one needs to perform an integration over at least one kinematical variable. The authors
of (26; 76; 75) fixed the outgoing neutron laboratory momentum and angle and integrated
over the incoming pion momentum, instead of fixing the incoming pion momentum and
integrating out the invariant mass of the pion triples directly. Despite these controversies
over the validity of the experimental data, here we assumed the experimental data is correct
as it was originally published but we entered these data with a lower weight in our analysis.

Due to the lack of any differential cross section data above 2.0 GeV, we included the total
cross section data for this reaction as well as the available differential cross section data at
lower energies in our fit. The results of our calculation for the differential cross section and
total cross section are presented in figures 3.5 and 3.6(a) respectively.

At and near the threshold, two resonances N (1680);r and N(1700)2" play the most
important role in describing the hadronic production of w meson; their role can be seen in
the dominance of F' and D waves, respectively, in the partial-wave decomposition of total
cross section shown in figure 3.6(b). N(1440)L" and N(1520)2" also play a minor role in
this reaction as well. The photoproduction of w is dominated byN(1520)2 ™ and N(1700)3~
and, even though, these two states play an important role in 71N — wN their significance in

this reaction is subdued.

3.2.6 YN — wN

Different groups (SAPHIR, CLAS, A2 and CBELSA/TAPS) have reported differential cross
section and single and double spin polarization experimental data for yp — wp reaction.

Although these data sets have been measured with high precision, some of the measured
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observables by different groups show inconsistencies. The cross section data from SAPHIR,
CLAS, and A2 collaborations are in good agreement with each other overall, but near the
threshold there are some noticeable inconsistencies. Despite a considerable effort to find
the source of these inconsistencies, in particular, between the CBELSA/TAPS and CLAS
Collaborations, no clear reason for the nature of these inconsistencies have been found (141).
Ideally, we should prune the data using statistical methods, but since at the moment a full
statistical analysis of the data is not feasible, we chose to include CLAS data, differential
cross section, SDMEs data, 3, T, E, and recently reported P, F, and H in our analysis
as the input. Due to the sparse differential cross section data near forward and backward
angles specially at energies near the threshold, we also included A2 total cross section data
to further constrain our fit parameters at energies close to the threshold.

Considering the inconsistencies between the A2 and CLAS data near the threshold and
the contribution from many resonances, we could not achieve an accurate agreement between
our calculation and the data at energies near the threshold. The differential cross section
measurements from A2 are systematically smaller than those of CLAS from the threshold
up to 1820 MeV. This meant our model, besides a significant contribution from D;3 wave,
required a stronger S-wave to describe the CLAS data. The effect of this S-wave contribution,
caused by the N (1535)%_ resonance, opening was also seen in n/N cross section results. We
have considered the contribution from other resonances such as N (1710)%+, N(1875)3 ",
N(1895)3 ", and N (1900)%+ but they didn’t help much to provide the required enhancement
in question. We have also considered the effects of w meson width via a folding mechanism
and, also, the effect of energy bin spans reported by experimentalists by an averaging method.
Although, taking into account those effects reduced our underestimation of these observables,
it did not completely eliminate it.

On the other hand, if we instead considered the A2 cross section data, at lower energies

stronger S-wave contribution is required.
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The partial-wave decomposition of YN — wNN reaction is shown in Fig. 3.14(b). We
found a significant contribution from P53, D13, D15, and Fi5 while other partial-waves have
a smaller contribution. At the threshold the D;3 has the most significant contribution and
S11 has the second largest contribution.

We found a significant contribution from N(1520)37, N(1700)37, N(1675)2", and
N (1680)?r in the photoproduction of w off proton. The inclusion of N(1535)3" is also
important specially near the threshold. N(1650)3 and N (1720)%+ play less of a role
compared to other resonances in this reaction.

We also checked whether the inclusion of several heavier resonances, namely N (2040)%+,

N(2060)2 ", N(2120)3 ", N(2190)% , and N(2250)5 , would improve the results but we could

not obtain any significant improvement in our description of w meson production.

3.3 SUMMARY

Following the proposed approximation for constructing a Unitary Isobar Model (UIM) after
exposing the complex phase structure of T-matrix in previous chapter, we proposed a UIM by
directly parameterizing W and dressed vertices |Fi) and (Fk| in a completely phenomeno-
logical manner. Subsequently, we performed an analysis of w meson production in 7N and
~vN reactions within proposed model. We have also included n production in 7N reaction and
mN elastic scattering. We have investigated the contribution of several resonance states with
masses up to 2250 MeV to these reactions. To fix the phenomenological resonance couplings,
a coupled-channel calculation has been carried out for final states (y/m)N — 7N, nN, and
wN. All the hadronic channels, 7N, n/N, and wN, plus 7w N which is parametrized by o N,
pN, and mA were considered as intermediate states. Due to the weakness of the electromag-
netic interaction, we carried the photoproduction amplitude in one-photon approximation.
The resonance and background amplitude contribution couplings are constrained by exper-
imental reaction data for energies from the pion threshold up to 2.5 GeV. The extracted

widths and masses for resonances are in good agreement with PDG.
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Our calculation shows the available data of the reaction channels studied can be satis-
factorily described by the 8 identified resonances in this work. It is worth mentioning that
although we have tried our best to look at a variety of combinations of resonances available
in this region, it was not feasible to consider all combinations. Perhaps taking advantage of
statistical methods, e.g. the least absolute shrinkage and selection operator (LASSO) (85),
would be beneficial in identifying, in a more statistically significant manner, contributing
resonance states in the spectrum to these reaction channels. Inclusion of more reaction chan-
nels such as YN — nN and YN — n'N is required to further constrain the free parameters

in our model.
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CHAPTER 4

SUMMARY AND OUTLOOK

There has been a multi decade effort to understand the QCD confinement and to this
date studying color neutral hadrons is our best means in this quest. For this the study
of a hadron spectroscopy is imperative and a robust and computationally efficient reaction
theory is needed to extract relevant information from experimental data. Over the years,
many theoretical models have been proposed to help us with extracting resonances infor-
mation from experimental data. Dynamical coupled-channel models (DCC) can capture the
coupling of different reaction channels and describe the complicated nature of overlapping
and broad resonances at the high computational cost. On the other hand models such as
K-matrix approaches are computationally efficient but lack the machinery to generate res-
onances dynamically and violate analyticity. Isobar models are based on coupled-channel
approach and very effective in handling a large set of experimental data. In isobar models
the reaction amplitude is decomposed into a resonance and a background contribution, cor-
responding to the pole and non-pole parts of the T-matrix amplitude. The simplicity of
these models arises from the parametrization of the background with some smooth func-
tion of energy and parametrization of the resonance amplitude by Breit-Wigner forms. This
simplicity usually comes at the cost of violating the unitarity.

In this work, we proposed a unitary isobar model (UIM) in which unitarity is maintained
automatically. To build the proposed model, we have exposed the full complex phase struc-
ture of the meson-baryon T-matrix reaction amplitude in a coupled channels framework. This
could be viewed as a generalization of the well-known Watson’s theorem in photoproduction

(137). Exposing the complex phase structure of the pole and non-pole parts of the T-matrix,
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enable us to build computationally efficient and robust reaction amplitude by introducing
approximations with varying degrees of sophistication while easily maintaining the funda-
mental properties of S-matrix, such as unitarity and/or analyticity. In particular, we show
how the unitarity of the pole part of the T-matrix arises automatically from the dressing
mechanism inherent in the basic T-matrix equation, and that, no separate conditions are
required for making this part of the resonance amplitude unitary.

As the first application, we performed simultaneous analyses of the reactions 7N —
7N ,nN ,wN, and YN — wN within the framework of the proposed UIM. We identified the
relevant resonances to achieve an overall good description of the observables. This description
required 8 isospin 7' = 1/2 and 4 isospin T = 3/2 resonances.

An improvement of this work would be the approximation of the driving non-pole term
U in Eq. (2.51) by a phenomenological separable potential (see, e.g., Ref. (94)) whose form
allows to solve the integral equation for W in Eq. (2.51) analytically. The bare vertex |Fp),(
(Fyl,) is obtained either from a microscopic Lagrangian or simply parametrized phenomeno-
logically. Then, the momentum loop integration in Eq. (2.44) is carried out analytically
to obtain |Fk). ((Fk|.). Xk is obtained as given by Eq. (2.46), also by performing the
momentum loop integration analytically. This will results in a model that not only requires
no separate conditions to preserve unitarity, but also it maintains analyticity, to the extent
that the adopted separable potential is analytic.

We can also reduce the number of phenomenological parameters required in this analysis
by approximating either the driving non-pole term U or the dressed non-pole, W, part of

K-matrix by Feynman diagrams.
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APPENDIX A

PHASE-SHIFT PARAMETRIZATION

In this appendix, we give the phase-shift parametrization of the Watson’s factors N, and
N, defined in Eqs. (2.17,2.23) as well as of the on-shell K., defined in Eq. (2.20). Here,
we confine ourselves to stable particles only and consider the channels whose on-shell elastic
scattering T-matrix amplitude in partial-wave basis can be parametrize in terms of the

phase-shift (d,) and inelasticity (7,) as

Paloa = % (naem“ — 1) , (A1)

with p, denoting the (phase-space) density of state in the channel specified by the index a.

Then, inserting Eq. (A.1) into Egs. (2.17,2.23), we have for the Watson factor, !

Ny =Ny =1—ipaToa = = (nae™= +1) . (A.2)

DN | —

Inserting the above two equations into Eq. (2.19), and solving for f(aa, we obtain

. 1 2n,sin 20, +i(1 — n?
R = - Zlasin 200 i1 = 1) (A.3)
Po 1412+ 21, cos 26,

This result reveals a very simple phase structure of the on-shell K,, in terms of the
phase-shift and inelasticity of the elastic scattering T-matrix amplitude.
Below the inelastic threshold (1, = 1), Eq. (A.3) reduces to

. in 26, 1
Koo = Koy = ———2 — —— tand, , (A.4)
Po (14 cos24,) Pa

and, as it should, one recovers the phase-shift parametrization of the on-shell K-matrix K,

(valid even above the inelastic threshold) which is a pure real quantity.

Note that, for a stable particles channel 3, Gé = 7d(E — Hog) — pp after the momentum loop
integration.

60



Inserting the phase-shift parametrization of the on-shell K-matrix into Eq. (2.26), yields

Ngo = Ngo = €% cosd, . (A.5)

In complete analogy to the phase-shift parametrization of the on-shell elastic T-matrix
amplitude (cf. Eq. (A.1)), if we assume the corresponding phase-shift parametrization of the

on-shell elastic non-pole T-matrix (X = T™7) in Eq. (2.35) to be
PoaXoa = % (nﬁfemff - 1) : (A.6)
then, the corresponding Watson’s factors NX and NX defined by Egs. (2.55,2.58) become
NY =1 ipaXopa = % (ng( 2% 4 1) = NX . (A7)

For the on-shell Waa, we obtain

W — 1 29X sin26X +4i(1 —nX?) (AS)
T pa 14+ nX2 420X cos 20X '
and below the inelastic threshold (nX = 1), it reduces to
. in 20X 1
W = Wag = ————200 =~ tans¥ | (A.9)

Pa (1 + cos25X) P
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APPENDIX B

POLE AND NON-POLE DECOMPOSITION OF THE T-MATRIX REACTION AMPLITUDE

Although the pole and non-pole decomposition of the meson-baryon T-matrix reaction ampli-
tude is widely used in the literature (see, e.g., (2; 90)), due to its central role in the present
work, its derivation is provided in this Appendix. We will also decompose the photoproduc-
tion amplitude starting from the gauge-invariant amplitude obtained from the field theoretic
considerations (61). In this Appendix, the reference to two-particle channels are suppressed

for the sake of not overloading with unessential notations in the derivation.

B.1 MESON-BARYON 7-MATRIX REACTION AMPLITUDE

The meson-baryon T-matrix obeys the Lippmann-Schwiger-type scattering equation

T=V+VGT . (B.1)
It can be recast into the form
T=TF+T1TN (B.2)
with
TNE = NP L yNPQpNE (B.3)

where VN stands for one-nucleon irreducible potential (the non-pole part of V), i.e.,
VNP =y v (B.4)
with the one-nucleon reducible potential V¥ (the pole part of V') given by
VP = Z | For) Sor (For| - (B.5)
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In the above equation, |Fp,) denotes the bare vertex and Sy, the bare baryon propagator
for a given bare resonance r, including the nucleon (r = N).
Below, we show how the pole T-matrix, 77, in Eq. (B.2) can be expressed in a compact

form. For this purpose, let us start from Egs. (B.1,B.2,B.3,B.4) to express T as

™" = 1+T""\ VP +TPGV

T™"1-GV) = (1+T"PG)V

( ) V"
( JV*
™ = (1+TYG)VP(1-GV)”
( ) VP
( )V

= (1+T""G)VFP(1+GT)
= (1+T"G) VP [(1+GTY") +GT"] .
(B.6)
Inserting Eq. (B.5) into Eq. (B.6), we have
T =3 {IB)Sor (Bl + | F)Sor (ForGTT} (B.7)
with the dressed vertex defined as
|E) = (1+TVG) |Fy,)
(F,| = (For| (1 4+ GTNT) |
(B.8)
Multiplication of Eq. (B.7) by (Fo|G from the left gives
<F0r’ ’GTP = Z {Er/rSOr<Fr’ + ZT/TSOT‘<FOT"GTP}
Z ZT’TSOT <Fr| = Z (S&«l(sr’r - Zr’r) SOT<FOT|GTP ’
(B.9)

where the last equality is a simple rearrangement of the first equality together with the

introduction of the self-energy matrix

E,«/T = <F0T/|G|FT> . (BlO)
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Defining the dressed propagator matrix
St =55 0, — S (B.11)
we have, from Eq. (B.9),

Z Sk’?"/ZTITSOT’<F7"| = Z Skr’S 1507” FOT|GTP

r'r

- SOk(FOk|GT . (B.12)

Inserting the above result back into Eq. (B.7), we have

1" = SIS+ ) >SS Sor }
_ Z|F {MISO,,,
+37 8 (6 — i) o } (|
= Z/\F»szl«lfl-

(B.13)

B.2 PHOTOPRODUCTION REACTION AMPLITUDE

Following the field theoretic approach of Haberzettl (61), the gauge-invariant photoproduc-

tion amplitude in the one-photon approximation can be expressed as
Mt =VH+TGVH, (B.14)
with p denoting the Lorentz index of the photon polarization and
VE =mht + M!'+ M} +mh, + U'G|Fy) (B.15)

where U* stands for the exchange current which arises from the coupling of the photon to
VNP mk. » stands for the sum of the bare Kroll-Ruderman contact current arising from the

direct coupling of the photon to the bare vertex |Fy,) appearing in Eq. (B.5); M*(z = u,t)
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denotes the z-channel (tree-level Feynman diagram) contribution and, m# stands for the
s-channel bare current. The latter is given by

r

where (F| is defined as

(Fol = (Fo| + g, G F) (B.17)

with (F},| denoting the bare rN+ vertex and, m/;p,, the bare Kroll-Ruderman term for a
given resonance 7 in m/, with the meson leg reversed, i.e., NM~y — .

Now, analogous to Eq. (B.4), we decompose V* in Eq. (B.15) as

Vi =y Py N (B.18)
where
VP =l = | For) Son (Yl (B.19)
and
VNP = ME 4+ M+ mbp + UPG|Fy) . (B.20)

Inserting Eqs. (B.2,B.18) into Eq. (B.14), we have

MHE = VP;J,_'_VNPM_’_(TP+TNP)G(VPM+VNP;L)

— MP,u + MNPH , <B21)
where
M = NP NP QYN (B.22)
and
MPr = VPu 4 PNPGYPE 4 TPG(VPE 4 VNPRY | (B.23)

Now, using Egs. (B.8,B.19),

VPR TNPGQUPE = N T F) S (F (B.24)
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Similarly, using Egs. (B.10,B.13,B.19),

PG (VPR V) =
= D IB) S [(FIG Y [Fo) S
rr’ l
+<FT/]GVNP“]

Y ESu [l + salBICY]

rr/l

(B.25)
Inserting Eqs. (B.24,B.25) into Eq. (B.23), and with help of Eq. (B.11), we have
MPE =} |F) Sy [(5)51501@5?\ + BSoi(Fg
rr'l
+5T/Z<FZ\GVNP“}
= D IEDSw [ {()5h + T} SulFY|
rr'l
8 (BIGV Y]
= Z | ) S (] (B.26)

where, in the last equality above, we have introduced the dressed electromagnetic vertex

(FE| = (Epu| + (Fa|QVPr

= (FIY)| + (Fyp |GMNPR (B.27)
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APPENDIX C

TWO-RESONANCE COUPLING

The resonance propagator appearing in the pole part of the T-matrix (cf. Eq. (2.66)) is,
in general, a matrix in resonance space. In most of the cases, there is only one resonance
for a given partial-wave state, in which case, the propagator reduces to a number. In other
cases, such as in the 7N Sy; partial wave, there can be two resonances close to each other
(S11(1535) and S1;(1650)) which causes a considerable resonance coupling effect. For the
two-resonance case, the resonance propagator matrix S can be obtained explicitly. Following

Ref. (60), we have,

g1 _ So_l v E —my1 — X1 —Yio 7 (C.1)
—Xg1 E —mgya — X

and hence

1
S = —
<Sal—2)

:% E —myz — X Y2 ’ (C.2)
| | o1 E —mgy — X1y
where | D| stands for the determinant of S™!,
‘D’ = (E — Mpy1 — 211)(E — Mpyo — EQQ) — 212221 . (CB)
Now, defining
Wi = Mo + 2 and  C? =38y, (C4)
the pole condition reads
D] = (B — m)(E — p1z2) = C* =0, (C.5)
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producing two solutions

+ 1
MTH2 = — )2+ 4C2 . (C.6)

E—>M:t: 5 5

We then have

1 1

D] = (B MO)(E - M)

1 1 1
T (E-M_)+(E-M,) {E—M_JFE—MJ

1 1 1
= + , C.7
(B —m) + (B — 1) [E—M_ E—MJ (©7)
where the equality M_ + M, = p; + po has been used.

Equation (C.7) allows to write the propagator in the form

R R
S_E—M,+E—M+’ (C.8)
with the “residue” matrix R given by
E—po Si2
E 1 1
R = d d , - = . C.9
S i m)+ ([ m) ()

If the resonance coupling is small enough, i.e., 315 ~ Y91 ~ 0, then My and R reduce to

E—po 0
M“!‘:Mla M—:#Qa and R: d

, C.10
L (C.10)

so that

S=|"m : (C.11)

as it should be.
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APPENDIX D

TWO BODY PROPAGATORS

We begin with the explicit form of the propagator G, for &« = ¢ N channel. According to

Refs. (46), (47), the o N propagator G,—,n given by Eq. (2.10) may be parametrized as

1
E—/mi+p?—/m , + 0 —U,(z0,p)

where mq , and I, (z,, p) stand for the bare ¢ mass and o self-energy, respectively. The

Gon(E,p) = (D.1)

latter is given by

> L2 n(a,p
I, (25, p) —/ ¢*dq (2 )2 -, (D.2)
0 Zg — 24/Mmi +q° + 1€

with

zozza(E,p)EE—(y/mga—i—pQ—moU)—\/m?V%—jﬁ (D.3)

and T'yrr(g,p) denoting the omm vertex in the 77w partial-wave state with [ = 0 and
isospin 1" = 0. Here, we follow its definition as given in the PDG. It may be obtained from

the Lagrangian density!

Lorr = JonaMaT(z).7T(x)o () , (D.4)

yielding (46)

IThis form of the Lagrangian violates the chiral symmetry constraint at low energy. A form that
satisfies the chiral constraint is Lorr = (gorn/mn )07 (x).0,7 (x)o ().
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1 /2 + 02
or <\/m(2)0+p2) =4

In the above equation, the form factor of of the form F,..(¢?) = A2__/(A%2__+ ¢*) has
been introduced in order to make the integral in Eq. (D.2) converge. The free parameters
of the model given above for calculating the o self-energy II, in Eq. (D.2) are adjusted to
reproduce the w7 phase-shift oy (46).

Analogously, the p/N propagator is obtained from the ¢ N propagator given above by
replacing all the quantities referring to the ¢ meson by the corresponding ones referring to
the p meson. The pr7 vertex, I'jrr, in the 77 partial-wave state with [ = 1 and isospin 7' = 1

may be obtained from the Lagrangian density

Lomr = =Gprr (0" () X T(2))-pu() (D.6)
yielding (46)
Lora(a,p) = drr (%) Forn(q°) - (D.7)
2n (i, +27)* V3 AVIE S

In the above equation, the form factor Fjrr(¢*) = (A2 +m2)/(A2 . + 4(m3 + ¢°)) has

pTT pTT

been introduced. The parameters of the model are adjusted to reproduce the wm phase-shift
911 (46).
Similarly, the A propagator is given by (46)

1
E—/m2+p?—\/m2 x4+ p*—1a(2a,p)

where mg o and IIa(za,p) stand for the bare A mass and A self-energy, respectively.

GwA(E>p> = ) (D8)

The latter is given by

> TAn<(a:p
HA(ZAap)_/ q*dq - AJQV( )2 s (D.9)
0 Za — /M2 + @2 — \/mE + @2 +ic

with
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2An=za(E,p) = E — (\/m%Aer?—mo A) —/m2 +p? (D.10)

and ['anx(g,p) denoting the AN vertex in the 7N partial-wave state with [ = 1 and
T = 3/2. It may be obtained from the Lagrangian

LAN: = fTAnNW A*(2)T1.0,7(x)N(z) + h.c. (D.11)

™

yielding (46)

fanz ¢ Vmi + @ +my
FFNTI’(QJP) =

Vo \V/m3 + P/ 4

2ma /6

In the above equation, the form factor of the form Fan,(¢?) = (AAy, + mA)/(AAn, +

) Fanx(q?) . (D.12)

(v/m2 4+ ¢* + /m3% + ¢*)*) has been introduced. Here, the parameters of the model are

adjusted to reproduce the 7N phase-shift 33 (46).
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APPENDIX E

OBSERVABLES

We start by connecting the dimensionless meson-baryon amplitude 7 (143) to the partial
wave amplitude T-matrix defined in Eq. (2.4),

, : kv Eyw,
T = ol T p = (B.1)

where W is the c.m. energy and k,,, F,, and w, are on-shell three-momentum, baryon energy,
and meson energy respectively of the initial or final meson-baryon channel v.
In order to define other observables in terms of reaction amplitude Eq. (2.2), we first

define a set of coordinated independent mutually orthogonal unit vectors n; (i = 1, 3)

>

X

x g

LN

=k, fo= Ay = Ty X Ay (E.2)

9

>

—

In the Center-of-Momentum (c.m.) frame where k+p=qd+7 =0 the cartesian coordinate

system {Z, 9y, 2} is given by
{2,9,2} = {01, N2, M3} com.) (E.3)

where the subscript (c.m.) indicates that {ni,ne,ng} is calculated in c.m. frame. Similarly

in the lab frame where p= 0 we have
{21, 91, 20} = {n1, N2, N3} (1av) - (E.4)

Then using these coordinate independent unit vectors, the reaction plane is defined as (77 x
Ny )-plane with ny as its normal vector.
In photo-production reactions, the incoming real photon has two independent polarization

states. We specify the two states of a linearly polarized photon by € and €, where €|
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(€1) stands for the polarization vector parallel (perpendicular) to the reaction plane. More
generally, the rotated linearly polarized photon states € and €, are obtained by rotating

(counter clockwise) € and €, about nz-axis by an angle ¢,

€y = cos¢ € +sing €, ,

EL/:—Sin¢a‘+COS¢€J_. (E5)

The circularly polarized photon is specified by

1

Furthermore, for convince, we define projection operators Py which specify the polar-
ization state of photons, 13,\€ = €). It should be noted that ]5,\/15,\ = 0yy and ), 15,\ = 1.
The projection operator Py is associated with the Stokes vector PS (53) which specifies the
direction and degree of polarization of the photon. For example, P, and f’” correspond to
PS5, =+41and PS5, = —1 respectively, while P, corresponds to PS5, = £1. Also the
difference between two appropriate projection operators can be expressed in terms of the
Pauli spin matrices in photon helicity space, i.e., P - ]5” = 0, and P+ — P = Ons -

The Lorentz invariant reaction amplitude is related to the T-matrix amplitude defined

in Eq. (2.3) by

~

Mo (@G B) = 2m)** 2B, 20y To§', G B) (20)*\2E,/2w,  (E7)

where E, (E,) and w, (w, ) are respectively on-shell baryon and meson energies of the
initial (final) meson-baryon channel v (/).

Given the Lorentz invariant reaction amplitude, M, below we define coordinated-
independent observables which are also Lorentz invariant. The cross section is defined
as

Z_g _ iTr[MMT] , (E.8)
where the trace is over both the nucleon spin and photon polarization. The }1 in front is due

to the averaging over target-nucleon spin and the photon beam polarization.
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The single polarization observables, photon beam asymmetry, >, target nucleon asym-

metry, T', and recoil nucleon asymmetry, P, are defined as

do 1 I ..
—sz = ZTr[/\/t(PL — PMT],
do 1 N A

T =-T t

0 ) rMaop,M'] ,

do 1 A

—P=-T To,] .

0 7 rIMMia,,]

For double, beam-target, asymmetries, E, F', G, H, and P’, we have

do 1 Aa - ~
E=_= — T
dQE = 4TT[M(P+ P )o,, M|

1 ~ A ~
= 21TT[MP+O—H3MT]

1 NN A
= —QZTT[MP,U,LSMT] ,

do 1 A a - .
== _ T
dQF = 4TT[M(P+ P )o,, M|

1 ~ A .
= QZTT[MPJFUMMT]
1 ~ A A
= —QZTT[MP,JMMT] ,
do , 1 NI . o
EG = ZTT[M(PJ_/ - PH’)O-ngM ]
1 ~ A N
= QZTT[MPL/O}mMT]

1 . .
= —2ZT7°[MP||ran3MT] ,

do 1 A A -
o _ 1 Y t
dQH = 4T7’[M(PL Py)on, M']

1 A A A
= —2ZTT‘[MPL/0'“1MT]

1 ~ A R
= QZTT[MP”/OMMT] ,

do 1 . -
EP/ = ZTT[MUTLQO-THMT] .

(E.9)

(E.10)

In the above definition ]5”/ and P, correspond to photon polarization given by Eq. (E.5)

with ¢ = 7/4.

Lastly, the spin density matrix elements are defined as

(A[ Mo, MTIX)

i
Py

1 =
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for i = 0,...,3, where A and )\ stand for the helicity of the produced meson or baryon and

oo = 1 is the unit matrix.
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