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Chapter 1

Introduction

The study of generic smooth maps from four-manifolds to surfaces has greatly deepened our
understanding of the topology of smooth four-manifolds. A new tool in this field has recently
been introduced under the name of trisected Morse 2-functions (or trisections for short) by
Gay and Kirby [GK16]. The trisection theory has been shown to have rich connections
and applications to other aspects of four-manifold topology, including surface knots [MZ17;
MZ18], surgery operations such as the gluck twist and its variants [GM18; KM20], and to
symplectic geometry [LMS20; Lam19; LM18].

Equipped with a new tool with which to study four-manifolds, it is natural to demonstrate
connections to more familiar techniques and approaches. Given X, a smooth, oriented,
connected, compact 4-manifold with b3 (X) > 2, our aim in this thesis is to demonstrate a
technique for computing the Ozsvath-Szabo four-manifold invariants which arise in Heegaard
Floer homology [OS04b; OS06]. To do so, we follow the usual Mayer-Vietoris strategy which
is common in Floer theories; namely, we decompose X into two pieces X = X; Uy X, where
each X; has by (X;) > 0 and Y = 0X; = —0X, is a separating three-manifold for which

§ : HY(Y) — H?*(X) is injective'. Viewing the punctured X; as a cobordism from S* to

1Such a three-manifold Y is referred to as an admissable cut [OS06, Definition 8.10]. Here, § : HY(Y) —
H?(X) is the connecting homomorphism in the Mayer-Vietoris cohomology sequence associated to the de-
composition X = X7 Uy Xs.



Y, and the punctured X5 as a cobordism from Y to S%, we demonstrate how, starting with
the data of a trisection map on each of the X;, to compute the induced cobordism maps of

Ozsvéth and Szabéd (see Theorem 4.9 for a precise statement).

Theorem 1.1. Fiz a smooth, connected, oriented, compact four-manifold X with connected
boundary X =Y, and let 7 : X — R? be a (relative) trisection map. Using ® as input

data, one can recover the induced cobordism maps in Heegaard Floer homology
F3,: HF°(S%) — HF°(Y,sly), (1.1)

where o € {+, —, 00, A} are the variants defined in [OS0/b].

Once we’ve established Theorem 1.1 in Section 4.3 the mixed invariants follow quickly in the
usual way [OS06], see Section 4.1 for more details.

A trisection map 7 : X — R? on a four-manifold with boundary X contains more
information than simply a handle-decomposition. Indeed a result of [GK16] shows that
7 induces an open book decomposition of its boundary three-manifold Y, and a theorem
of Giroux states that there is a one-to-one correspondence between contact structures up
to isotopy and open book decompositions up to positive stabilization [Gir02]. By [HKMO09,
Theorem 3], one can associate to this open book decomposition a class ¢*(§) € HF (=Y s¢),
known as the contact class originally defined by Ozsvath and Szabé [OS05] where it is proven
that ¢t () is an invariant of the contact isotopy class of €. In the process of proving Theorem

1.1, we also demonstrate:

Theorem 1.2. Let X be as above. Using the data of a (relative) trisection map 7 : X — R?,

one can compute the image of the contact class ¢t (&) under the cobordism map

Fi  HFY(=Y5]y) — HF™(S%), (1.2)

where X is X ‘turned around’, and 5 is the conjugate Spin°-structure.



See Theorem 4.11 for a precise statement. Theorem 1.2 has the potential for many new
applications. In [AK11; Won16], the authors exhibit the exotic behavior of 4-manifolds under
cork and G-cork twists by proving these diffeomorphisms act non-trivially on the contact
invariant of the boundary 3-manifold. Additionally, Juhdsz and Zemke [JZ18a] use a similar
idea to compute the effect of concordance surgery [Akb02], a generalization of Fintushel-Stern
knot surgery [FS98], in Heegaard Floer homology. The simplifications utilized in the papers
above, which amount to factoring the Heegaard Floer cobordism maps through the contact
element of 3-manifolds with small Heegaard Floer rank, should also expand the applicability
of Theorems 1.1 and 1.2. In particular, combining these simplifications with the symmetry
inherent in the trisection pictures gives hope to being able to perform new and interesting

computations.

Organization

The remainder of this thesis is organized as follows. In Sections 2 and 3, we review the
essential theorems and results arising in both the trisection theory and Heegaard Floer
homology. With these preliminaries in place, we demonstrate in Section 4 how to effectively

use the data of a relative trisection map to compute the Ozsvath-Szabd cobordism maps.



Chapter 2

Trisections of four-manifolds

The literature is rich with helpful and insightful constructions of the trisection theory. For
this reason, we only briefly review its foundational material and point the interested reader
elsewhere for a less terse introduction. For a general overview of trisections and direct
comparisons with the more familiar description of four-manifolds via handle decompositions
and Kirby calculus, we recommend the original [GK16] and the more recent survey [Gay19].
For interesting examples of trisections and their diagrams, including descriptions for various
surgery operations such as the Gluck twist and its variants, we recommend [KM20; LM18;
GM18; AM19] and [Koel7]. For a broader perspective on stable maps from four-manifolds
to surfaces, including details about how to simplify the topology of such maps, we suggest

[GK15; GK12; BS17] and the references therein.

2.1 Trisections, connections, and parallel transport

Fix X to be a smooth, oriented, connected, closed four-manifold.

Definition 2.1. A (g; k)-trisection of X is a decomposition into three pieces X = Z;UZ,UZ3

such that the following conditions are satisfied



(T1) Each Z; is diffeomorphic to %St x D? where k = (ki, ko, k3) is a tuple of non-negative

integers.

(T2) Each double intersection U; := Z; N Z;_; is a three-dimensional handlebody of genus

g; and,
(T3) the triple intersection ¥ := Z; N Zy N Z3 is a closed, oriented surface of genus g.

We refer to the union & = U; U Uy U U; as the spine of the trisection, and we call the
distinguished surface X the central surface. According to classic results of Laudenbach and
Poenaru [LP72], the data of a trisection can be completely recovered from its spine.

The theory of trisections arose from the study of generic smooth maps from four-manifolds
to surfaces [GK12; GK15; GK16]. We now explain this perspective and along the way
explain how the familiar notions of connection, parallel transport, and vanishing cycles can
be imported into this setting. To be clear, none of what’s presented in this section is original,
our main sources being the excellent work [Hay14; BH12; BH16; Beh14].

A (g, k)-trisection map © : X — R? is a stable map whose critical image is shown in
Figure 2.1 below. The stability of 7 implies that its critical locus and critical image admit

standard local coordinate descriptions of the following three types:

1. Indefinite fold model: in local coordinates, 7 is equivalent to:

(t2,y,2) = (La® +y* = 2%) (2.1)

2. Indefinite cusp model: in local coordinates, 7 is equivalent to

(t,z,y,2) — (t,2° + 3tz + y* — 2?) (2.2)



3. Definite fold model: in local coordinates, 7 is equivalent to:

(t2,y,2) = (La® +y7 + 2%) (2.3)

It is advantageous to view a (g, k)-trisection map 7 : X — R? as being a type of singular
fibration, so that the preimage of a regular value is a closed, connected surface. We describe
how the topology of this fiber changes as one traverses across this critical image after we’ve

incorporated a suitable notion of parallel transport into this picture.

Figure 2.1: The critical image of a trisection map. Curves drawn in black denote indefinite
fold circles and indefinite cusps. The solid purple circle denotes a single definite fold.

From a (g, k)-trisection map 7 : X — D? one can recover the decomposition described in
Definition 2.1. Clearly, the three dotted line segments in Figure 2.1 decompose the image of
7 into three sectors Dy, Dy, and Ds. Define Z; := w~!(D;), and note that the local models

described in equations (2.1)—(2.3) imply that

X=Z1UZyUZs

is naturally a (g, k)-trisection of X, where 771(0,0) = X is the central surface (see [GK16,

Section 3| for more details).



In Section 4, we will need a tool for comparing different regular fibers of a given (g, k)-

trisection map. For this, we review some familiar notions.

Definition 2.2. Let 7 : X — R? be a (g, k)-trisection map. A m-compatible connection (or
m-connection for short) is a subset H C T'X defined as the pointwise orthogonal complement

of ker(dr) with respect to some Riemannian metric on X.

If we restrict a given 7 : X — R? to a region which misses the critical locus, then we
recover the usual definition of a connection for a fiber bundle. To specify what happens as

we traverse the critical image, we establish some preliminary terminology.
Definition 2.3. Let 7 : X — R? be a (g, k)-trisection map.

e A reference arc is an embedded arc 7 : [0,1] — R? such that both n(0) and 7(1) are

regular values of 7.

e Given a m-compatible connection H, an H-lift of the reference arc 7 : [0,1] — R? is a

map 7 : O — X which satisfies

— (mom)(t) =n(t) for all t € O, where O C [0,1] is a relatively open subinterval,

and

— the tangent vectors of 77 are contained in K.

Next, we discuss parallel transport, for which we need the following crucial proposition.

See [Hay14] for a proof.

Proposition 2.4. Let 7 : X — R? be a (g, k)-trisection map equipped with a 7-connection
H, and let n : [0,1] — R? be a reference arc for m and p € Xy a reqular point from some fized

t €10,1].

1. There exists a unique H-lift of n, denoted by

My O = X, O, C[0,1],

7



where Oy, is a relatively open interval containing t such that Tﬁ;(t) = p and all other

H-lifts of v with this property are restrictions of ?7?30.
2. If H depends smoothly on some auxiliary parameters, then so does 77230.

3. If each fiber of m along n contains at most finitely many critical points of m, then 7“7%,

limits to a critical point on each open end of Oy,,.

A reference arc i : [0,1] — R? for a given (g, k)-trisection map 7 : X — D? is called a
fold reference arc if it transversely intersects the critical image of 7 in a single fold value.
Given a fold reference arc 7 : [0,1] — D? and a critical point ¢ € 7~!(n) N Crit(r), we say
that 778, runs into q (or emerges from q) if its left (or right) limit is . We can now define

what we call the vanishing sets of the triple (n, H;q) as

Vo(n,H;q) ={p € Eo|7“7gfp runs into ¢} C X

Vi(n, H;q) = {p € S1]7], emerges from ¢} C 2. (2.4)

We often write Vy C g and V; C ¥ for the unions V(n, H; q) over all ¢ € 7! (n) N Crit(r).

We define parallel transport along n with respect to a fixed m-connection J by
IS\ Vo= S\ Vi, p (1) (2.5)

By the indefinite fold model (2.1), it follows that 771(n) is a smooth three-manifold and
that =t o : 77 1(n) — [0,1] is a Morse function with a single critical point of index 1 or
2 depending on the direction in which 7 crosses the fold arc. If the index is 2, then the
vanishing sets with respect to any connection H consist of a simple closed curve ¢ C ¥y and
a pair of points {p, ¢} C ¥;. Due to its similarity with the theory of Lefschetz fibrations, ¢

is usually referred to as a vanishing cycle.



Figure 2.2: A vanishing cycle for an indefinite fold.

Observe that parallel transport along n with respect to a given m-connection H yields a

preferred diffeomorphism

H#:Eo\cﬁﬁl\{p,q}.

The above diffeomorphism is an identification of ¥; with the surface obtained from X after
surgery along c as follows. The surgery of ¥ along ¢ can be identified with the endpoint
compactification of ¥ \ ¢ while the endpoint compactification of ¥; \ {p, ¢} is canonically
identified with »;. Moreover, Hy extends to a diffeomorphism of the endpoint compactifi-
cations. As a consequence, we see that the vanishing cycle ¢ C ¥ must be non-separating
and X, has genus one lower than X,.

Note that the specific vanishing sets and parallel transport diffeomorphisms depend on

both n and H. It is therefore important to understand this dependence.

Lemma 2.5. Let 7 : X — R? be a (g, k)-trisection map. For s € [0,1] we consider smooth
families of connections H, and fold reference arcs n, : [0,1] — R? with common endpoints.
Then the vanishing sets cs C Yo and {ps,qs} C X1 evolve by ambient isotopies. Moreover,
all ambient isotopies of co C Xg and {po,qo} C X1 can be realized by changing each Hs in

an arbitrarily small neighborhood of 7=*(ns).



Next, we extend our discussion to compact four-manifolds with non-empty boundary.
To this end, let X be a smooth, connected, compact, oriented 4-manifold with connected
boundary 0X =Y. A relative (g, k;p,b)-trisection map f : X* — D? is a stable map with
critical image consisting of round indefinite folds and cusps, as in the closed case Figure 2.1,

but in addition we impose certain regularity conditions near the boundary of X.

1. The boundary of X decomposes as 90X = "X U 9" X, where 09X and 9"X are codi-

mension zero submanifolds of 0X and are glued along their respective boundaries.
2. X has corners exactly along "X N 9" X.
3. 7 1(0D?%) = 9" X.
4. 7lgux 1 O"X — OD? and 7|gnx : "X — D? are both submersions.

5. Horizontality of "X . If x lies in "X, then the horizontal part of the tangent space
lies in T,0"X.

In [GK16], Gay and Kirby show that such a stable map on a four-manifold with connected

boundary induces an open book decomposition.

Theorem 2.6. A relative (g, k;p,b)-trisection map © : X — D? induces an open book

decomposition on the boundary three-manifold.

The above discussion of connections and parallel transport can be quickly adapted to
the case when X has nonempty boundary. For example, if 7 : [0,1] — D? is an embedded
arc in D? which is transverse to the critical image of 7, then n~ o7 : 77 1(n) — [0,1] is a
Morse function. As 7 is a submersion on 0¥ .X, the fibers are compact surfaces with boundary
and this Morse function is a submersion on the closure of the boundary of 7=!(n). So we
can choose a gradient-like vector field that is tangent to the boundary. This means that an
integral curve never hits the boundary (except along 7—1(9n)) as long as we start from an

interior point.

10



2.2 Diagrammatic representations of manifolds

The theory of trisections of four-manifolds is analogous to that of Heegaard splittings of
three-manifolds, and since Heegaard diagrams are the diagrammatic input for Heegaard
Floer homology, it makes sense to introduce them along with trisection diagrams side-by-

side. This section closely follows [GM18, Section 2.2].

Definition 2.7. A cut system on a closed, connected, oriented, genus g surface ¥ is a collec-
tion of g disjoint simple closed curves § = {di,...,d,} C 3 which are linearly independent
in Hy(X,;Z). Two cut systems are slide-equivalent' if they are related by a sequence of
handleslides. Two tuples (3,8 = {01,...,d,}) and (¥, = {d},...,0,}), where 6 and &’ are
cut systems, are slide-diffeomorphic if there is a diffeomorphism ¢ : ¥ — ¥’ such that ¢(9)

is slide-equivalent to §'.

A cut system § on ¥ determines (up to diffecomorphism rel. boundary) a handlebody
Hs with 0Hs = X, and every handlebody H with boundary the given surface ¥ arises in
this way. Finally, Hs and Hg are diffeomorphic rel. boundary if and only if § and &’ are

slide-equivalent.

Definition 2.8. A Heegaard diagram is a triple (X, o, 3) where ¥ is a surface and each of
a={ay,...,ot and B ={f,...,5,} are cut systems on X. A Heegaard triple is a 4-tuple
(3, at, B,7) where ¥ is a surface and each of a, 3, and ~ are cut systems on X. A (g,k)-
trisection diagram is a Heegaard triple (X, e, 3,7) where each tuple (3, ¢, 3), (%, 3,7),
and (3,7, ) are each slide-diffecomorphic to the standard genus g Heegaard splitting of
H#ES1 x §2.

It is well-known that Heegaard diagrams and Heegaard triples determine smooth 3- and
4-manifolds, up to diffeomorphism. We review the construction for Heegaard triples, and

make comments about the special case of a trisection diagram.

In the Heegaard Floer literature, it is common to use the term strongly equivalent.

11



Let H = (X, e, B,7) be a Heegaard triple. In [OS04b, Section 8|, Ozsvath and Szabé

associate to H a four-manifold X, g~ via

Xopny = ((2 x A)U (Us X €a) U (Us X eg) U (Uy x 67))/ ~ (2.1)

where A is a triangle with edges labeled eq,eg, and e, clockwise, and ~ is the relation
determined by gluing U, X e, to X x A along ¥ X e, for each 7 € {a, 3,7} using the natural
identification.

We note that if H = (X, a, 3,7) is a general Heegaard triple, with no conditions on the
pairwise cut systems, then the four-manifold X, g constructed in equation (2.1) has three

boundary components

0Xap~y=—Yapl =Yz, UY,, (2.2)

given by the three Heegaard splittings (3, o, B), (X, 3,7), and (2,7, ).

However, if H = (3, a, 3,7) is required to be a trisection diagram, so that we have

(,0,8) = (2,8,7) = (B,7, ) = #"S" x §,

then it follows (again from Laudenbach-Poenaru [LP72]) that we can fill in these three
boundary components and obtain a closed four-manifold.
Now, we move on to reviewing the diagrammatics of compact four-manifolds with con-

nected boundary.

Definition 2.9. A genus p cut system on a compact, connected, orientable genus g surface
> with b boundary components is a collection of g — p disjoint simple closed curves on X
which collectively cut ¥ into a connected genus p surface. The notions of slide-equivalence

carry over.

12



In this more general setting, a genus p cut system on a genus g surface > with b boundary
components determines (up to diffecomorphism rel. boundary) a compression body Cy with

0Cs = X U (I x 0¥) U X5, where ¥ is the result of surgering ¥ along 6.

Definition 2.10. A (g,k;p, b)-relative-trisection diagram is a 4-tuple (X, o, B,7y) where ¥
is a genus g compact, connected surface with b boundary components, a, 3, and ~ are genus
p cut systems on ¥, and each of (X, e, B), (2, 8,7), and (3,4, a) is slide-diffeomorphic to

the trivial (g, k;; p, b)-diagram shown below.

Recall from Section 2.1 that a trisection on a four-manifold induces an open book de-
composition of its boundary. By decorating the central surface ¥ with additional arcs, we

can access this information diagrammatically.

Definition 2.11. Given a genus p cut system 7 on X, an arc system relative to T is a
collection t of 2p + b — 1 properly embedded arcs in X, disjoint from 7, such that cutting
along t and surgering along 7 turns ¥ into a disk. If t and ¢’ are arc systems relative to cut
systems 7 and 7', respectively, we say that (7,1) is slide-equivalent to (7/,¢) if the one can
be transformed to the other by ordinary handleslides on the cut systems and by sliding arcs

from the arc system over curves from the cut system.

Remark 1. Note that we do not allow the sliding of arcs over arcs, nor isotopies that move

points on 0.

Definition 2.12. An arced relative trisection diagram is a tuple (X, e, B,4; a, b, ¢) such that

(3, o, B,7) is a relative trisection diagram, a (resp. b, resp. ¢) is an arc system relative to

a (resp. (3, resp. ) and such that we have the following pairwise standardness conditions

1. (3, e, 3,a,b) is slide-equivalent to some (3, a’, 3, a’, b) such that (X, &/, 3') is diffeo-
morphic to the trivial (g, k;; p, b)-diagram and o’ = b'.

2. (%,8,4,b,¢) is slide-equivalent to some (3, 3,4, b, ¢') such that (X, 3',~') is diffeo-

morphic to the trivial (g, k;; p, b)-diagram and b’ = ¢’.

13



Observe that 0a = 0b = 0O«.

Definition 2.13. A completed arced relative trisection diagram is a tuple (3, o, B8, ~; a, b, ¢, a*)
such that (¥, a, B,7;0a,b,¢) is an arced diagram and such that (X,7,a,c,a*) is slide-
equivalent to some (3,4, &”, ¢/, a') such that (3,4, @) is diffeomorphic to the trivial (g, k; p, b)-

diagram.

Using the above data, the authors of [CGP18] show that every relative trisection diagram

determines uniquely, up to diffeomorphism, the following data:
e a relatively trisected 4-manifold X with non-empty connected boundary, and

e the open book decomposition on X induced by the trisection. Moreover, the page
and the monodromy of the open book on 0X is determined completely by the relative

trisection diagram by an explicit algorithm.

Theorem 2.14 ([CGP18]). For any relative trisection diagram (X, at, B,7) and any arc sys-
tem a relative to ac on 3, there exist cut systems b, ¢, and a* such that ©* = (X, ¢, 3,7; a, b, ¢, a*)
15 a completed arced diagram. Furthermore, the open book decomposition is uniquely deter-

mined (up to isotopy) by the original relative trisection diagram .

14



Chapter 3

Background on Heegaard Floer

homology

This sections provides a brief review of the aspects of Heegaard Floer homology that will
be most important to us. We assume the reader is familiar with the Heegaard Floer canon
[OS04b; OS06; Lip06]. However, we start by reviewing a few concepts in order to fix notation,
and to emphasize important differences between trisections, especially relative trisections,

and the more common ‘Heegaard triples’.

3.1 Heegaard Floer chain complexes

Fix a closed, connected, oriented three-manifold Y, and denote by Spin(Y) the space of
Spin® structures on Y. Consider a fixed s € Spin®(Y). In [OS04b], Ozsvath and Szabd use
a pointed Heegaard diagram H = (X, o, B, w) depicting Y to construct Lagrangian Floer

cohomology groups associated to the two tori

Ta:alx...xag Tﬁ:/ﬁlx...xﬁg

15



inside the symmetric product Sym®(%,). There is a natural map s, : To N Tg — Spin(Y),
and we will focus on those intersection points x which satisfy s,(x) = s. The definition of
the Floer groups requires H to satisfy an admissability condition which depends on 5. We
also need to choose a suitable (generic) family J of almost complex structures on Sym#(%,).
We will write H for the data (H,.J), which we call a Heegaard pair.

Given such a pair H, the Heegaard Floer chain complex CF>(#H,s) is freely generated
over Fy by pairs [x,i] with x € T NTg and i € Z, such that s,(x) = s. The differential is
given by

o il= Y > #M(®)ly.i—n(s)]. (3.1)

e ey

Here, mo(x,y) is the space of homotopy classes of Whitney disks connecting x to y, u(¢) is
the Maslov index, M(¢) is the moduli space of J-holomorphic disks in the class ¢ (modulo
the action of R), and n.(¢) is the algebraic intersection number of ¢ with the divisor {z} x
Sym?~'(2) There is an action of Fo[U, U™'] on CF*>, where U acts by U - [x,i] = [x,i — 1]
and decreases relative grading by 2. The other complexes CF*,CF~, and CF are obtained
from C'F>° by considering only pairs [z, ] with ¢ > 0,7 < 0, and ¢ = 0. All three complexes
have an induced Fy[U]-action, which is trivial in the case of CF.

We will write CF°(H, s) for any of the four flavors of the Heegaard Floer chain complex,
and HF°(H,s) for the homology groups.

By construction, there is a short exact sequence of Fo[U]-modules
0— CF (H,s) > CF>*(H,s) > CF*(H,s) = 0 (3.2)
which yields a long exact sequence on homology. We let

§: HF*(Y,s) - HF(Y,s) (3.3)
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denote the connecting homomorphism. Finally, we define the reduced Heegaard Floer homol-
ogy groups HFZ,(Y,s) to be

HF

red

(Y,s) :==ker (v, : HF~(Y,s) — HF>(Y,s)) (3.4)

and

HF!

red

(Y,s) := coker (m, : HF>(Y,s) = HF"(Y,s)). (3.5)

The connecting homomorphism § induces an isomorphism from HF ! (Y,s) to HF (Y, s).

It is perhaps worth remarking that, unlike HF=*, the modules HF=

red

(Y,s) are always finite-

dimensional over .

3.2 Maps associated to cobordisms

Fix a four-dimensional cobordism W from Y, to Y3, and let s be a Spin®-structure on W.
Choose a self-indexing Morse function f on W. Then f decomposes W into a sequence
of one-handle additions which taken together form a cobordism W7, followed by some two-
handle additions forming a cobordism W5, and three-handle additions forming a cobordism

W3, in this order. Let Y7 and Y5 be the intermediate three-manifolds, so that
W == W1 Uy1 W2 UY2 Wg.

Given this data, Ozsvdth and Szab6 [OS06] associate to (W,s) an induced map Fy,, :

HF°(Yy,sy,) = HF°(Y3,sy,) between the Floer homologies of Y, and Y3 via the composition

Fys = o Fyy, o Iy, (3.1)

o
Ws,5|w, 2,5\ wy Wi,slw,
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of maps associated to each of the pieces Wy, W5, and W3. We now review the definitions of
these three maps.
One- and three-handle maps

Suppose that WW; is a cobordism from Y; to Y; which consists entirely of 1-handle additions,

and let s be a Spin®structure on W;. The map

FlfVl,s : HFO(YEMBYO) - HFO(YrbsYl)

is constructed in the following way. Denote the 1-handles by hq,..., h,, and for each ¢ =
1,...,n pick a path n; in Yj, which joins the two feet of the handle h;. A choice of the 7;
induces a connected sum decomposition Y; 2 Yo#(S! x S§?)#" where the first homology of
each S! x S? factor is generated by the union of 7; with the core of the corresponding handle.

Further, the restriction of s to the (S' x S?)-summands in Y; is torsion. It follows that

HF°(Y1,sy,) = HF°(Yy, sy,) @ A*(H(S* x S?))

Let ©F be the generator of the top-graded part of A*(H;(S' x S?)). Then the Heegaard

Floer map induced by W is given by

Fipo([x,1]) =[x @ ©7,1] (3.2)

It is proved in [OS06, Section 4.3] that, up to composition with canonical isomorphisms,
Fyy, s does not depend on the choices made in its construction. For brevity, we will usually

denote the 1-handle map by F;.
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Next, if W3 is cobordism which can be built using only 3-handles, then for s € Spin®(W)
the map

FI?V3,5 : HFO(}/Qa'gYQ) — HFO(YE%EY;;)

is constructed in the following manner. After reversing W3, we can view it as attaching
1-handles on Y3 to get Y. Again, choose a collection of paths {n;} between the feet of these
I-handles in Y3. Such a choice yields a decomposition Y, & Y3#(#mSt x S?), where m is
the number of 3-handles of Wj. Further, the restriction of s to the (S* x S?)-summands in

Y5 is torsion. It follows that

HF°(Yy, sy,) = HF(Ys, sy,) @ A*(H (S* x S?))

Let ©~ be the generator of the lowest-graded part of A*(H; x S?). Then the Heegaard Floer

map induced by Wj is given by
Fy s ([(x @ ©7,4]) = [x, 4] (3.3)
and
By, o(x®&,1]) =0
for any homogeneous generator € of A*H;(S' x S?) not lying in the minimal degree. Again,
the map is independent of the choices made in its construction.

Two-handle maps

In [OS06, Definition 4.2] Ozsvath and Szabd associate to a four-dimensional cobordism W
consisting of two-handle additions certain kinds of triple Heegaard diagrams. The cobordism
W from Y; to Y5 corresponds to surgery on some framed link . C Y;. Denote by ¢ the number

of components of L. Fix a basepoint in Y;. Let B(L) be the union of L with a path from
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each component to the basepoint. The boundary of a regular neighborhood of B(L) is a
genus ¢ surface, which has a subset identified with ¢ punctured tori Fj, one for each link

component.

Definition 3.1. A Heegaard triple (¥, o, 8,7, w) is called subordinate to a bouget B(LL) if
(B1) (2,{a1,...,a4}, {B1,...,By—¢}) describes the complement of B(L).

(B2) {71,...,7,—¢}, are small isotopic translates of {f1,..., By_¢}

(B3) After surgering out the {f,...,8,-¢}, the induced curves §; and ~;, for i = g — £ +

1,...,g, lie on the punctured torus F;.

(B4) Fori = g— ¢+ 1,...,g, the curves §; represent meridians for the link components,

disjoint from all v; for ¢ # j, and meeting 7, in a single transverse point.

(B5) fori =g—/¢+1,...,g, the homology classes of the ~; correspond to the framings of

the link components.

The following lemma shows that one can represent the cobordism W (L) via a Heegaard
triple subordinate to a bouquet for the framed link L. For a proof, see for example [Zem15,

Lemma 9.4] or [OS06, Proposition 4.3].

Lemma 3.2. Suppose (X, «, 3,7, w) is subordinate to a bouquet for a framed link L in Y.
After filling in the boundary component Yg . with 3- and 4-handles, we obtain the handle
cobordism W (Y, L).

We now define the cobordism maps for 2-handle cobordisms. Suppose . C Y is a framed
link in Y, and B(L) is a bouquet. Let (¥, a, 8,7, w) be a Heegaard triple subordinate to
B(L). Let © € Tg N T, denote the intersection point in top Maslov grading [OS06, Section

2.4].

20



If s € Spin®(W(Y,L)), the 2-handle map
FlL_,s : OF—(E’ale’w75|Y) — CF—(E7/677aw75|Y(]L))

is defined as a count of holomorphic triangles

Fr ()= ) > #ME) i (@), (3.4)

YETaNTy YEm2(Xx,038,+.y
w(y)=0
Sw(w)zs

where m5(x,0,y) is the set of homotopy classes of Whitney triangles with vertices x,0,y,
and M(y) is the moduli space of holomorphic representatives of ¢.

Throughout Section 4, we will be interested in studying the holomorphic triangle map
(3.4) for diagrams which are not a priori subordinate to a bouquet for a framed link. We

address this issue there.
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Chapter 4

Trisections and Ozsvath-Szabd

four-manifold invariants

In this section we demonstrate how one can use the data of a relative trisection map 7 :

X* — R? to compute the cobordism maps of Ozsvath and Szabd.

4.1 A Mayer-Vietoris strategy

For a closed 4-manifold X with b (X) > 2 Ozsvath and Szab6 defined a map
(I)X : Spmc(X) — IFQ

It is common to write ®x , for the value of ®x on s. The map ®x is referred to as the mized
invariant of X, because it intertwines HF T and HF ™.

The map ®x is defined by picking a connected, codimension one submanifold N C X
that cuts X into two pieces, W, and W, such that b3 (W;) > 0, and such that the restriction
map

H*(X) — H*(Wy) @ H*(Ws)
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is an injection. Such a three-manifold N is called an admissible cut. If we view W; as a

cobordism from S? to N, and W5 as a cobordism from N to S* the maps Fjj5, o, A0d Y
’ 1 7 2

vanish [OS06, Lemma 8.2]. Consequently, the image of Fy lands in HF_ (N, s|y) and

Waslwy

factors through HF

red

the map F,

Wash, (N,s|y). Finally, using the isomorphism between

HF_,(N,s|y) and HE],

(N, s|y) via d, one arrives at the following diagram

(N,s|y) —— HF_

red

HF*(N,s|y) — HF?

red

(N,s|y) —— HF(N,s|y)

Recall that the Floer homology groups of S* can be computed as

F, ifkiseven and £ < —2 F, ifkisevenand k>0
HF; (%) = HEf(S%) =

0 else 0 else

The invariant ® x , is defined as the coefficient of the bottom-graded generator © of HF; (46) (5%)

in the expression

(F;‘r@,ﬁ\WQ © 671 © FI;/1,5|W1) <®*) (4.1)

where ©_ denotes the top-graded generator of HF, (__2)(53) = Fy. Ozsvath and Szabd prove
that this is independent of the choices made (for example, the choice of admissable cut).
An equivalent formulation is to utilize the pairing on Heegaard Floer homology defined

on CF>(Y,w,s) via

1 ifi+j=—-landx=y
<'7'> : CFOO(K w75)®CFOO(_Y7w7§) - ]F2 <[X7i]7 [Y7j]> -

0 else
(4.2)
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This pairing descends to one on (-,-) : HE! (Y,w,s) ® HF _,(—Y,w,5) — Fy [OS06,
Section 5.1]. Using this pairing, we can alternatively define ®x ; via the duality properties of
Heegaard Floer homology. Namely, instead of viewing W, as a cobordism from N to S3, we
can ‘turn W, around’, and view it as a cobordism Wy : —S% — —N, where —N denotes the
three-manifold N with its orientation reversed. In [OS06, Section 5.1], Ozsvéath and Szab6
show that the maps

- +
FW2 s and FW2 s

are adjoint to each other with respect to (-, ).

Following [JMO08], we make the following definition.

Definition 4.1. For a smooth, compact, connected, oriented Spin® four-manifold (W, s)
with connected boundary OW = Y, we define the relative invariant of (W,s) to be the

image of ©_ € HF' (__2)(5 3) under the cobordism map where we view W as a cobordism from

F 5
HF~(5%) =2 HF~(Y.sly)

O — Uy,

S3 to Y after removing a small four-ball from W.

It follows from the discussion above that if X is a four-manifold with b3 (X) > 2 and is

decomposed into two pieces as above, then the mixed invariants can be recovered as

¢X75 = <5_1\IIW1,5|W17 \IIW27§‘W2> (43)

With this strategy in mind, our main focus in the upcoming sections will be on computing

the relative invariants from a (relative) trisection.
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4.2 Constructing Heegaard triples from relative trisec-
tion diagrams

Fix X4 to be a compact, oriented, connected, smooth 4-manifold. The input data we require
is a tuple (7, g, H) consisting of a (g, k; p, b)-trisection map 7 : X — R?, a Riemannian metric
g on X, and a m-compatible connection H. Equipped with such data, we may choose three

reference arcs 1,7, 7y : [0,1] — R? as in Figure 4.1 below. Associated to these reference

IS

-«

Figure 4.1: For 7 € {a, 3,7}, we have reference arcs n, : [0,1] — R? for which f, : U, —
0, 3] is a Morse function.

arcs are three Morse functions fq, fg, fy defined on the compression bodies Uy, Ug, and U,

respectively. For 7 € {a, 3,7}, these Morse functions satisfy:

o f.: U, — [0,3] is a Morse function with f=1(0) = ¥ and f-'(3) = ¥, the surface

obtained by doing surgery on X along the 7-curves; and,

e f. has g — p index two critical points whose descending manifolds intersect ¥ along

the 7 curves.

We define the surface ¥, to be the fiber f,1(3) and fix an identification X, & Xy Next,
endow ¥, with a model collection of pairwise disjoint arcs {ay,...,a,} which constitute a
basis for Hi(Xqa;0%4), as in Figure 4.2 below. We call such a collection the standard arc

basis, and note that n can be computed as n =2p+ b — 1.
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Figure 4.2: The standard arc basis of Hy (X, 0X4lZ).

Now define {b,...,b,} C X and {c1,...,¢,} C Xq to be two additional arc bases which

satisfy the following conditions:

1. The arc bases {ay,...,a,}, {b1,...,b,} and {ci,...,¢,} are isotopic (not relative to

the endpoints) by a small isotopy;

2. For each 7 =1,...,n, a; has a single positive transverse intersection with b;, where the

orientation of b; is inherited from a;.

3. For each 7 =1,...,n, b; has a single positive transverse intersection with ¢;, where the

orientation of the ¢; is inherited from the b;.

4. For each 2 = 1,...,n, a; has a single positive intersection with ¢;.

-~

’ﬁ

Figure 4.3: A zoomed in picture near the boundary of X.

Next, we can flow the arcs {ay,...,a,} C X4 onto ¥ using the gradient flow of f,. We'll
denote the images of {a,...,a,} under this flow by {ai,...,a,} C X. Note that generic

choices ensure that the a; are pairwise disjoint form each other and from the original a-curves
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{a,...,a,_,} C . Note, however, that the images {ai,...,a,} are only well-defined up
to handle-slides over the original a-curves.

Now, perform a sequence of handle-slides of a arcs over a curves until aN @ = (), and
denote the resulting collection of arcs by b = {by,...,b,}. Note that this construction of
the collection b is equivalent to the following. According to [CGP18, Corollary 14|, there

exists an ‘identity’ map idag : Xo — X for which the following diagram commutes

Yo
Ida,ﬂl Ya
25 —

Vis

Finally, perform another sequence of arcslides of b arcs over 3 curves until b N~y = 0,
and denote the resulting collection of arcs by ¢ = {¢1,...,¢,}. By construction, the data
D = (3, a,3,7;a,b,¢) constitute an arced trisection diagram of X.

We now describe how to glue together the above data to construct a Heegaard triple
which encodes the cobordism X : ) — Y. Let X be the surface obtained by identifying the

boundaries of ¥ and —3, via an orientation reversing diffeomorphism
X=X Uy —2q. (4.1)

Note that the genus of X is g(X) =g+ p+0b— 1.
Next, we define three new handlebodies Uq, Ug, and U, each bounded by X, by specifying
their attaching curves. The U, handlebody is determined by the curves {a;, ..., a4 1}

where

o 1<i<|af
o, = (4.2)

aUpa |al+1<i<g(X)
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For the B-handlebody Ug, we define

Bi 1<i<|[B|
B, = (4.3)
b:Upbi |8l +1<i<g(X)
Finally, the 4-handlebody U, is determined by
Vi 1 <i< |yl
v, = (4.4)

UG |y +1<i<g(Z)

Example 4.2. Consider for example the standard relative trisection diagram for B*. After

this procedure, the resulting Heegaard triple looks like Figure below.

'I
i °
4 A
e N

L —1 h

.
|
’
X \ / J
N \ I \ ,
' 7
1
N 1
\ H
\ 1
A 1
A} 1
\
A} 1
1 \
1 \
N

Figure 4.4: A Heegaard triple constructed from the relative trisection diagram for B*.

Thus far, we have described how, given a relative trisection diagram © = (X, o, 3,7)
which is compatible with a given (g, k; p, b)-trisection map f : X — D?, to construct a new
Heegaard triple ® = (X, a, 3,7). However, it is not at all clear how the original 4-manifold
X, as described by the diagram ®, and the potentially new 4-manifold X, as described by
the diagram 2, are related. The remainder of this section clarifies this relationship via a

technique which we call a trisector’s cut.
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Our strategy for relating X and X involves a series of intermediate manifolds which
we now describe. Starting with X, which comes equipped with the decomposition X =
X1 U X5 U X3, consider a collar neighborhood of the boundary of X3, denoted v(0X3). After

rounding corners we parametrize this collar neighborhood via

¢ :[0,1] x Hhks Gl o G2 v(0Xs3),

where 0.X3 is embedded in v(0X3) as {0} x #7351 x S2. For a chosen basepoint z € f~1(1)
P, let
n:[0,1] —» v(0Xs)

be a short arc connecting z to its image in {1} x f~!(1). This being done, delete from X3 the
complement of ¥(0X3) union a tubular neighborhood of 7. In symbols, delete the following

subset from Xj:

(X5 \ v(0X3)) Uv(n) (4.5)

We give the resulting 4-manifold a name, X#, and its importance is demonstrated in Propo-

sition 4.3 below.

Proposition 4.3. The 4-manifolds X7 and X are diffeomorphic, where X is the result of

Jilling in X g~ with ka 4+ 2p+ b — 1 3-handles and a single 4-handle.

Remark 2. The author would like to warmly thank David Gay and Juanita Pinzén-Caicedo

for helpful suggestions during the development of this proof.

Proof. The essential point of the argument is showing how to embed the spine of X into
X7#. To do so, we need to identify the central surface ¥ and the corresponding handlebodies
Ua;Ug, and U, as submanifolds of X #. The result then follows after filling in the resulting

#4681 % §% with §%S! x B? where ¢;, i = 1,2, 3, are parameters to be determined.
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Observe that, after removing 15! x B? from X3 C X, the base diagram is now reminis-
cent of the familiar keyhole contour which we parametrize as B = [7/6, 117 /6] x [0, 1] where
6 € [1/6,117/6] and t € [0, 1] are coordinates.

We say that a parametrization x : B — [1/6,117/6] x [0,1] is compatible with f if the

critical image C := ko f(Crit(f)) is in the following standard position:
e All cusps point to the right (i.e. in the positive t-direction).

e Each Ry := {6} x [0, 1] meets C, in exactly g — p points, and each intersection is either

at a cusp or meets transversely in a fold point.

e For a fixed small ¢ > 0, there exists a 2e-neighborhood No. of 8B := [r/6,117/6] x
{0, 1} such that x o f(Crit(f)) N No. = 0.

Figure 4.5: The trisector’s cut.
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Fix an f-compatible parametrization x : B — [7/6,117/6] x [0,1] of the base, and
consider the reference arcs Rq := {—7/3} %[0, 1], Rg := {n} x[0,1], and Ry := {m/3} x[0,1].

Observe that

Hy = f_l(Ra)
Hg = [~'(Rpg)
Hy:= f7(Ry)

are each sutured compression bodies. Next, we’ll round the corners of these compression

bodies and obtain honest 3-dimensional handlebodies. For a proof, see [JZ18b, Lemma 8.4].

Lemma 4.4. Let H, be the sutured compression body formed by attaching 3-dimensional
2-handles to I x 3 along the curves {0} x a.. After rounding corners, we can view Uy, as a

(non-sutured) handlebody of genus |a| — x(Ra) + 1 and boundary

({1} X E) Us ia.

Furthermore, a set of compressing disks for Uy can be obtained by taking |a| compressing
disks Do with boundary {1} x a for o € c, as well as disks of the form Des == I x ¢} for
pairwise disjoint, embedded arcs ci, ..., cp 5 in 3 that avoid the a curves, and form a basis

of Hi(Xa,0%a). These cut Uy into a single 3-ball.
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T
B |

Figure 4.6: The process of rounding corners.

Applying Lemma 4.4 to the three sutured compression bodies Hy, Hg, and H, above,
we obtain 3 three-dimensional handlebodies with 0H, = X _ for each 7 € {a, 3,7} We
take as the central surface in our spine-decomposition of X# to be ¥ := 0%,. Clearly, 3
bounds the Ug handle-body described in equation (4.2). Notice, however, that the Hg and
H, handlebodies are completely disjoint from X. To remedy this, we isotope the attaching
circles for the 8- and ~-handlebodies onto X, and it is via this isotopy that we see how
the monodromy of the open book decomposition of Y naturally arises. After isotoping the
attaching curves onto the same central surface X, we will have completed the proof that the
spine of X4 g~ embeds into X #.

Now, we’ll construct an isotopy for the attaching circles for the handlebodies Ug and U,.
To do so, choose a connection H for the trisection map f, and thicken the surface X5 to
X5 x [0, 2¢] using the inward pointing normal direction coming from the boundary. Since we
have an f-compatible parametrization of the base, the attaching circles on ¥4 x {2} are
isotopic to those of £g = X5 x{0}. Next, we use H to flow the attaching circles on X x {2¢}
onto to X, X {2¢}. Finally, we see that the attaching curves for H 8, appropriately isotoped
over to X, are precisely those for Ug. With the attaching circles for Ug pushed slightly in, it

follows by the horizontality condition that the attaching circles for H., after flowing along

17
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the horizontal distribution, agree with that of U,. Thus, we have shown that the spine of
Xa g~ embeds into X#.
It remains only to show that after filling in the caverns, one gets X back, but this

follows from uniqueness of [LP72]. O

Remark 3. The boundary of X# is Y#(#"S1 x S?), and after filling in the #%3S! x 52, we

recover the original 4-manifold X.

Corollary 4.5. In the Heegaard triple (X, at, 3,7, w) constructed above, we have that (X, a, B),
(3,8,7) and (X, a,7) are Heegaard diagrams for the three-manifolds # .S x S?, #%2 5 x S,
and Y #(#% ST x S?) where {; = k; +2p + b — 1.

Proof. The statements for (X, a, 3) and (X, 3,7) follow from a combination of two facts;
the first being that (X, a, 3,4) is a relative trisection, so that to begin with the pairwise
tuples yield connect sums of S* x S?; and the second being that the monodromy of the open

book can be trivialized over one sector at a time. O

4.3 Holomorphic triangles and cobordism maps

Fix X to be a smooth, oriented, compact four-manifold with connected boundary, and equip
X with a (g, k; p.b)-trisection map 7 : X — D% Given a diagram (3, «, 3, ) associated to
7, we show in this section how the holomorphic triangle map (3.4) computes the induced

cobordism map of Ozsvath and Szabd.

Proposition 4.6. If H = (X, «, B,7,w) is a pointed Heegaard triple constructed using the
prescription described in subsection 4.2 above, then H s slide-equivalent to one which s
subordinate to a bouquet for a framed link I C #S1 x S? for which the 2-handle cobordism
W (#4181 x S%,1L) is diffeomorphic to X as cobordisms from #S* x S? to Y#, where X is

the result of filling in Xo g with 125" x B* and a 4-handle.
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Proof. Consider again the singular fibration 7# : X# — D? shown in Figure 4.5 along with
the three reference arcs 74,7, and 7y shown there. Choose an isotopy of the 1, and ng

reference arcs, relative to the endpoints, so that they appear as in Figure 4.7 below.

~——————

[

Figure 4.7: An isotopy of the 7, and 7g reference arcs keeping the endpoints fixed.

During the chosen isotopy of 7, and g the cut systems a and 8 will evolve via a sequence
of handleslides and the resulting diagram will have o’ and @' be in standard position with
respect to on another.

Recall from [MSZ16, Definition 4.5] that a disk D., properly embedded in U, is primative
in Uy with respect to Ug if there exists a compression disk Dg satistying the condition
|D,NDg| = 1. Since (X, 8',7) is a genus g = g+p+b— 1 Heegaard diagram for 45" x 52,
it follows from [MSZ16, Theorem 2.7] that U, admits an ordered collection of compression

disks {D~/} where the corresponding attaching circles v/ = 9D, satisty
1. Fori=1,...,9—k—p, 7 satisfies |1;ﬂ§;\ =1 and \1;ﬂ§j| =0 for ¢ # j.
2. Fori:g—k’—p—i-l,...,g—i—p—i—b—l,'_y; is parallel tog;.

We remark that since 4" and « are cut systems for the same handlebody U, it follows from
[Joh06] that v ~ ~'.

This being done, it follows from [KM20, p.5] (see, in particular [KM20, Figure 2|) that
fori=1,...,9—k—p, 1; can be interpreted as the framed attaching sphere for a 2-handle

cobordism, where each 'y; is given the surface framing.
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Finally, we exhibit a bouquet for the framed attaching link I. = {'_y'l, . ,1; _p_k} and
check that (X, g’,g/,z’) is subordinate to it. For each 1;, S {1’1, o ,z’g_k_p}, choose a
properly embedded arc n; C Ug which has one endpoint on 1; and the other on w, the
fixed basepoint. Then the union of 7; comprise a bouquet for the link L. Furthermore,
(EA{ay, 1) {g’g_p_kH, . ’é;+p+b—1} is a Heegaard diagram for the complement
of L in #%5! x S%2. Next, taking a thin tubular neighborhood of é; U '_y; constitutes a
punctured torus for each ¢ = 1,...,9 — k — p. Last, the conditions that g: constitute a
meridian and that 1; constitute a longitude are self evident after using the surface framing

to push 7! into Ug handlebody. Thus, the conditions (B1) — (B5) are satisfied. O

Definition 4.7. Let (X, a, 3,4) be an admissable triple diagram. If 8 ~ ~, then we’ll write

a

3.~ for the map

(—®0Op~)  HF(E,a,8) = HF° (2, o, ) (4.1)

cov,,@,'r
Similarly, if o ~ 3, then let \I/f;‘_’ﬁ denote the map
Fgan(Opa®—): HF*(X, a,v) = HF®(X, 8,7) (4.2)

We take a moment to compare Spin®-structures on X to those on X#. Observe that

there is a natural restriction map
r: Spin®(X) — Spin¢(X7) (4.3)

The restriction map r is surjective, and conversely, a Spin‘-structure s* on X# admits
a unique extension to X if it is isomorphic to the unique torsion Spin‘-structure sy in a

neighborhood of #%2 51 x S2.
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Proposition 4.8. Fiz a Spin‘-structure s € Spin®(X#). Let H = (3, a, 8,7, w) be the

a Heegaard triple which is strongly equivalent to H and which is subordinate to a bouquet for

a framed link I as above. Then in the diagram below

we have the following equality

FP o o paY (Qap) = VR O B75(0ap) (4.4)

,@aﬁ’ = [ a,p

Proof. Similar results are common in the literature, so we’ll be brief (cf. [0S06, p.360]).
By assumption, the cut systems a ~ o/, B ~ é/, and v ~ «' are related by sequences
of isotopies and handleslides. Start by considering the sequence ao ~ @', which yields the

following diagram:

o
o,B,7,s

HFO(E,Q7é550) — > HFO(E Oé,")’, gl)

a—a' o ~> ge

HF°(S, o/, B,50) ——— HF(%,0/,7,5ar,,)

g B8

Figure 4.8: The commutative square associated to the sequence of isotopies and handle slides
connecting a to o'.

By [JTZ12, Proposition 9.10] we have that both \I/%HQI and \If%_@ are isomorphisms, and by

[JTZ12, Lemma 9.4] we have that HF, (X, a, B,50) = F2(Oq,p) and HFS (X, B,50) =

F2(O4 g). It is now immediate that \IJ%_>Q (Oap) = Ou -

Using [JTZ12, Lemma 9.5], we may assume that (3, o', a, 3,7, w) has also been made

admissable, so we can apply the associativity theorem for holomorphic triangles [OS04b,
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Theorem 8.16] and conclude that

F;’,gq(@ﬁ’vﬁ ® Fg B %5(@%@ ® GEQ)) = F; s

@
R
iy
—~
o
IR
@
@
Q\
Q
X
@
°
=
X
©)
@
|2
SN—
=
=

Clearly, equation (4.5) shows that the diagram in Figure 4.8 commutes for the generator
Oas-

Having handled the sequence o ~ o', we consider next the sequence of isotopies and
handleslides amongst the B-curves. In a similar fashion, we consider the following diagram

o
Fg’ B8

HFO(E:QI7Q750) ? HFO(Z7Q/717EQ’,1)

o
l@@ﬂg' H

HFO<27g,7é/750) T HFO(Z?Q/717501/,‘7>
o ,P,Y,s

Figure 4.9: The commutative square associated to the sequence of isotopies and handle slides
connecting 3 to @’.

The proof that Figure 4.9 is commutative, however, is slightly different than that for
Figure 4.8, so we include the proof here. As before, we apply [JTZ12, Lemma 9.5] to justify
that (X,a/, 3,8',v,w) is admissable. Applying the associativity theorem for holomorphic
triangles, we see that

F;/yg/Q(F;/,é,é/(@g/’g ® @g7g/) ® QQI’Z) - F;/’é’l(@gf’g ® F§7é/71(@g/7é ® @élvl)) (46)

By again applying [JTZ12, Proposition 9.10] and [JTZ12, Lemma 9.4, we observe that

F° é/ (@ﬁ,ﬁ’ (%9} @é/’l) = @é,1 (47)

2l

which turns equation (4.7) into

F;’7él71<F;,’g’g/ (@Ql7

@
®
@

=

Y
®
O

®

R

[
X

i)

R
D

)

D
®
@

@

12
=
x



It is immediate from equation (4.8) that Figure 4.9 commutes for the generator Oy g.
Having studied the sequences a ~ o’ and 8 ~ é/, we leave it to the reader to build an
analogous commutative diagram for the sequence ¥ ~ 4’ and top generator Oy . The proof
that it is commutative follows as for the sequence 3 ~ g’.
To demonstrate the assertion made in the proposition, we observe that after stacking
Figures 4.8 and 4.9 on top of the appropriate diagram for the v ~ ' sequence, we arrive
at a new commutative diagram which is equivalent to equation (4.4). This is so for two

reasons: first, by Definition the maps F and Fy . are equivalent, and second, by

B8
[JTZ12, Proposition 9.10] we have
a—a' _ g0 a—a’ a—ao' _ qa a—a!
\Ifg_@, = \I/g_@, e \I/g and \Ijlﬁl’ = \Plﬁl’ o \Ill_) )
O
Theorem 4.9. In the diagram below,
FXs
HE°(S3) : > HF°(Y,s)
I g
HF(Z, @, B,50) —g—— HF(Z, 0.7, 5a,)
Lt N D Vay
the following equality holds
Fyo Fg prysns, © F1(O) = Fx (©) (4.9)

Proof. This follows immediately after combining the construction of X# with Proposition
4.8, the definitions of the 1- and 3-handle cobordism maps, and the classic results of [OS06]

which show that Fx, is independent of the handle decomposition of X. O
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4.4 The image of the contact class

Fix X to be a smooth, oriented, compact four-manifold with connected boundary 0.X =Y.
As discussed in Section 2.2, a (g, k; p, b)-trisection map 7 : X — D? induces an open book
decomposition on its boundary 3-manifold Y. Given the data of such an open book, Honda-
Kazez-Matic [HKMO09] define a class ¢(§) € HF (=Y, s¢) and show that c¢*(§) agrees with the
Ozsvéath-Szabd contact invariant [OS05] associated to (Y, &), where £ is a contact structure
supported by the given open book. In this section, we initiate a study of the relationship
between ¢ (£) and relative trisection maps 7 inducing an open book which supports &.

To begin, fix a (g, k; p.b)-trisection map 7 : X — D?, and let (X, a, 3,~) be its associated
diagram. Next, construct the associated diagram' (3, B,7,a,w) as in Subsection 4.2 above.
Foreachi=g—p+1,...,9(2)=g+p+b—1, let 6;, z;, and y; be the unique intersection

point shown in Figure 4.10 below,

0; = Bi N7y NZa

yi =B Na; N g
and let ©, x, and y be the corresponding intersection points

1 —
©=1{65),....09 " 0, pi1,... . Oppip1} €TNT,
x={0),....09 P x0 i1, Tgpry1} €Ty N T, (4.2)

1 _
y = {62}7)047 R @gap)7yg*p+l7 ce 7yg+p+b71} € Tém Tg

'We have intentionally flipped the roles of o, B, and ~ in this construction, as will be apparent momen-
tarily.
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To describe the symbols @g)c, fori=1,...,9 —pand & ¢ € {a, 8,7}, recall that by the

connect sum formula [OS04a] and Corollary 4.5, it follows that

HFJF(E,@Q,%) = HFJF(EK_%@&O) = A*(Hl(#k+2p+b_151 X 52)) ® (U, U_l]/U -, [U]
(4.3)
and

HF" (3,7, @, s#s0) 2 HFY(Y,s) ® HFT(#°S' x 5% 50) (4.4)

With these observations in mind, we choose the @g)c so that they represent the top-degree

homology class in these decompositions.

Figure 4.10: A local picture of the intersection points 6;, x;, and y;.
Proposition 4.10. The generator [x,0] is a cycle in CF*(X,v,a,w), and its image in
homology is mapped to ¢ (Y, &) € HF* (=Y, s¢) under the 3-handle cobordism map. That is,

HFH(—Y# sctsy) —— HF(-Y,s)

[x, 0] r ¢t ()

Proof. Let a = {o,...,a4p} C @ and v = {71,...,7-p} C 7y denote the original cut

systems arising from 7 : X — D?. By assumption, there exists sequences of isotopies and
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handleslides after which (32,7, &) is a standard diagram. Observe that these sequences can
be chosen so as to not interact with the new a and ~ curves.

Thus, (X,7, o, w) is slide-equivalent to a stabilized diagram for Y#(S"' x S 2)#ks obtained
via the Honda-Kazez-Matic procedure after adding two-dimensional 1-handles to the page
Yo and extending the monodromy across them by the identity. In particular, [HKMO09,
Theorem 3| implies that [x,0] is a cycle whose image in homology represents the contact
class for (Y# &4). Finally, that [x,0] is sent to ¢*(£) follows from the definition of the

three-handle map. O

Theorem 4.11. The image of ¢*(§) under F%g coincides with the image of [x, 0] in homology

under the map Féflg(@g,l ® —).

Proof. This statement follows quickly from the work done in Subsections 4.2 and 4.3. Namely,
the combination of Proposition 4.8 and Proposition 4.10 implies that the following diagram

commutes:

HF*(-Y,s¢) ali » HF*(S?)

Fg]\ /
F’;r Q5 (GEQ@_)

HF(=Y# s¢4ts0)

]

Next, we show how the diagram constructed in subsection above allows us to exhibit
some control over the holomorphic triangles which appear in our count. The following is

only a slight adaptation of [Ball3, Proposition 2.3] to our current setting.

Proposition 4.12. Suppose that (X, 8,7, a, w) has been made weakly admissable, and let 1)
be a homotopy class of Whitney triangles connecting ©, x, and any other point w € TgNTq.
If ¢ admits a holomorphic representative and satisfies n, (1)) = 0, then w must be of the

form
w = {0, 0PI U gy it Ygpio (4.5)
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and D(Y) = YT VAL + Ay pi1 + - + Agypip1 where A} are triangles entirely contained

m 2.

Proof. Suppose that 1) has a holomorphic representative and satisfies n,,(¢)) = 0. It follows
that every coefficient in the domain D(%)) is non-negative, and that D(¢) must have mul-
tiplicity O in the region containing the basepoint w. Moreover, the oriented boundary of
D(v) consists of arcs along the B curves from the points wy_py1,. .., Wgypips—1 to the points
0g—p+1s- -5 041prp—1; arcs along the v curves from the points 6, ,11,... 054,451 to the
points Tg_pi1, - .., Tgypto—1; and arcs along the a curves from the points xy_p i1, ..., Tgipro—1
to the points wy_py1,. .., Wyyptv—1-

Denote by a,b,c,d,e and f the multiplicities of D(v) in the regions A, B,C, D, E and

F shown in Figure 4.10 above. Observe that ¢ = 0. The boundary constraints on D then

imply that
a+d—-b=1 (4.6)
d=b+e+1 (4.7)
After subtracting (4.6) from (4.7), we determine that a = —e. However, since all coeffi-

cients of D(1)) must be non-negative, it must be that a = e = 0. If w; # y;, the constraints
on 9D(v)) near y; force f+d = 0, which implies that f = d = 0. However, plugging this back
into (4.6), together with a = 0, implies that —b = 1, which is a contradiction. Thus, it must
be that w; = y;. Next, the constraints on 0D(¢)) (together with the fact that e = ¢ = 0)
near y; require that d+ f = 1. Substituting this into (4.7) implies that d = 1 and f = b= 0.

Thus we conclude that d=1anda=b=c=e= f =0. O
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