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ABSTRACT

Given any commutative ring R, a commutator of two 1 X m matrices over I? has trace 0. In the
first part of the dissertation, we study the converse: whether every n X n trace 0 matrix is a commutator.
We show that over a Bézout domain with an algebraically closed quotient field, every trace 0 matrix is a
commutator. We then show that if R is a regular ring with a large enough dimension, then there exist an
n x n trace 0 matrix that is not a commutator. This improves on a result of Lissner by increasing the size
of the matrix n allowed for a fixed R.

In the second part, we study cycles associated with the b-ary expansion of positive integers for some
fixed b > 2. More specifically, if ¢(x) is an integer polynomial such that ¢(n) > 0 foralln > 0, then
consider themap Sy : Z>g — Lo, with Sy (1) := ¢(x) +- - -+ P(xq) wheren = zo+ 2104+ - - +
x4b? is the b-ary expansion of n. It is known that the orbit set {n, Ss,(n), Sp4(Sss(n)), . .. } reaches
a finite cycle, and for a given b, the union of such cycles over all orbit sets is finite. Fix now an integer
¢ > 1landlet ¢p(x) = x2. We show that the set of bases b > 2 which have at least one cycle of length ¢
always contains an arithmetic progression and thus has positive lower density. We also show that a 1978
conjecture of Hasse and Prichett on the set of bases with exactly two cycles needs to be modified, raising

the possibility that there may be infinitely many bases with exactly two cycles.
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CHAPTER I

TRACE ZERO MATRICES AND

COMMUTATORS

1.1 Introduction

Let R be a commutative ring. Given two n X n matrices A and B in M,,(R), recall that the commutator
of A and B is denoted by [A, B] := AB — BA. Itis a standard fact that tr(AB) = tr(BA), and since
the trace is additive, it follows that tr([A, B]) = tr(AB — BA) = 0. So it is natural to wonder if the
converse is also true. That s, given an n X n trace 0 matrix C, do there exist two 1 X n matrices A and B
such that C' = [A, BJ?

The answer to the above question depends on the underlying commutative ring R where the entries
lie and the size n of the matrix. If 12 is a field, then every n X n trace 0 matrix is a commutator. This was
proven by Shoda in [Sho37| for a characteristic 0 field and by Albert and Muckenhoupt in [AMs7] for a
field with any characteristic.

More recently, Laffey and Reams showed thatforeveryn > 1, any n X n trace 0 matrix is a commutator
over R = Z in [LR94], and Stasinski generalised it to an arbitrary principal ideal ring in [Sta16]. Stasinski

subsequently showed in [Sta18] that over principal ideal rings, every trace 0 matrix is a commutator of trace



0 matrices as well. In this chapter, we give a new class of rings where every trace 0 matrix is a commutator.

Theorem 1.2.5. Let R be a Bézout domain with algebraically closed quotient field. Then every trace O matrix

in M, (R) is a commutator for anyn > 1.

InSection 1.2} we also discuss hollow matrices and nilpotent matrices which are both special cases of

trace 0 matrices, and prove the following theorem.

Theorem 1.2.18. Let R be a Priifer domain that is also a k-algebra over an infinite field k. Then for any

n > 1, every nilpotent matrix in M, (R) is a commutator.

This is a partial progress towards answering whether every n X n trace 0 matrix over a Dedekind
domain is a commutator for any 7 > 1. No results for Dedekind domains were previously known for the
case when n > 3 and R is not a principal ideal domain.

On the other hand, there are rings where there is a trace 0 matrix that is not a commutator. Lissner
in [Lis61] showed that if R is a polynomial ring in m > 3 variables, then there is an n X n trace 0
non-commutator forany 2 < n < mTH Mesyan in [Meso6| used a similar idea to create a 2 x 2
trace 0 non-commutator over a ring with a maximal ideal satisfying certain properties. In[Section 1.3/and
we extend the above works of Lissner and Mesyan to construct a trace 0 non-commutator

over a more general class of rings.

Theorem 1.3.8. Let R be a commutative ring with a maximal ideal w C R such that Ry, is a regular local
ring of dimension m > 3. Suppose further that n > 2 is an integer such that n < %. Then there

exists a trace 0 non-commautator in M, (R).

In particular, we improve the bound on the size of the matrix where we can produce a trace 0 non-

commutator for a fixed ring; If m is the dimension of the ring and n is the size of the matrix, then Lissner

requires 1 < mT“, so we have improved the bound on the size of the matrix from linear to quadratic

in m. This improvement comes from solving a certain combinatorial problem which can be thought of



either as a packing problem or a graph theory problem. The construction of the matrix will be described

in[Section 1.3} while the combinatorics will be explained in
In(Section 1.5, we give an example of a Noetherian dimension 1 ring where there is an n X 7 trace 0

non-commutator for any n > 2.

Theorem 1.5.2. There exists a Noetherian commutative domain \ with dimension 1 such that for every

n > 2, there exists a trace O non-commutator in M, (A).

Finally, in[Section 1.6} we discuss 2 X 2 matrices. The 2 x 2 matrices are special since every 2 x 2

trace 0 matrix being a commutator is equivalent to every vector in R® being a cross product. This will be

discussed further in along Withwhich characterises rings where every 2 x 2

trace 0 matrix is a commutator. After the characterisation, we prove the following theorem.

Theorem 1.6.23. Let R be a regular finitely generated I_Fp—ﬂlgebm of dimension 2. Then R is an OP-ring

and every trace O matrix in Mo (R) is a commutator.

The analogue of the above theorem for @—algebras is also true if the Bloch-Beilinson conjecture holds

(see[Theorem 1.6.27)).

1.2 Bézout Domains and Priifer Domains

Recall that a Bézout domain is a domain where every finitely generated ideal is principal and a Préifer
domain is a domain where every finitely generated ideal is invertible. They are non-Noetherian analogues
of a PID and a Dedekind domain respectively. A Noetherian Bézout domain is a PID and a Noetherian
Priifer domain is a Dedekind domain. Note that a Bézout domain is a Pritfer domain since principal ideals
are always invertible. For a reference on Bézout domains and Priifer domains see [FSox, Chapter III].
The main idea in this section is about finding an appropriate basis of R" which puts a given matrix A
in a form that makes it easier to show that A is a commutator. We consider A as a matrix over the quotient

field K of R to find an appropriate filtration of K™ and then bring down the filtration to R" to find the



new basis of R". We first prove some lemmas related to bringing down a K -vector space filtration to an
R-module filtration.

Recall that given an R-module M, there is a natural map M — M ®pr K sendingm € M to
m®1 e M ®pg K.If M is torsion-free, then the map is an injection, so we may consider M C M ®p K

in such a case.

Lemma 1.2.x. Let R be a domain, K be the quotient field of R and M be a torsion-free R-module. If
UcCV CM®@gK are K-subspaces, then (V N M) /(U N M) is a torsion-free R-module.

Proof. Letv € V. N M andr € R non-zero such thatrv € U N M. Thenv € U sincer # 0, and so

v e UNM.Hence(VNM)/(UN M) is torsion-free. O

Lemma 1.2.2. Let R be a Priifer domain and K be its quotient field. Suppose that M is a finitely generated
torsion-free R-module andU C'V = M Qg K isa K-subspace. Then UNM C 'V isa finitely generated
R-module.

Proof. We will prove that U N M is finitely generated by inducting on n := dimg V. If n = 1, then
U={0}or K,soUNM = {0} or M, and hence U N M is finitely generated.
Suppose itis true forn — 1. IfU N M = {0}, then we are done, so suppose U N M # {0}. Then

there exists a non-zerov € U N M. Consider the quotient map

q:V = V/Kv.

Since M is finitely generated, (M) = M/(Kv N M) is also finitely generated, and by[Lemma 1.2.1} it is
torsion-free as well. Moreover, M @ p K = V,s0 q(M) ®@r K = q(V) =2 K" '. We claim that

q(U)Ng(M) = q(U N M).

Since ¢(U) N g(M) D q(U N M) is clear, we only show that ¢(U) N ¢(M) C q(U N M). So let

x € q(U) N q(M). Then there existu € U andm € M such thatz = g(u) = g(m). Now



m—u€kerqg=Kv CU,som=u+ (m—u) € Uaswell, hencex = q(m) € ¢(U N M). So we
have a finitely generated torsion-free module ¢(M ) with dimg ¢(V') = n — 1, and so by the inductive
hypothesis, (M) N q(U) = q(U N M) is a finitely generated R-module. Hence to show that U N M is
finitely generated, we only need to show thatker g N (U N M) = Kv N M is finitely generated. Since
R is a Priifer domain, by [FSor, Theorem V.2.7], there exist finitely generated ideals I, . .., I, C Rsuch
that

M=L& - &1,

Suppose (v, . .., v,) € @®]_11; is the image of v € M under the isomorphism. Then
KUﬂM%{a€K|avGM}:{a€K|aviEIiVizl,...r}:m(Ii:vi),
i=1

where (I; : v;) := {a € K | av; € I} is theideal quotient. Ifv; # 0, then (I; : v;) = v; M, s0 (1 vy)
is finitely generated since /; is finitely generated. If v; = 0, then (/; : v;) = K. We assumed v # 0, so at

least one v; # 0, and so the intersection

(i svi) = () (L v0)
=1 1?2-:;&10

is non-trivial. Hence K'v N M is isomorphic to a finite intersection of finitely generated fractional ideals

of a Priifer domain, so it is finitely generated by [FSo1, Ex. IIL1.1] and so we are done. O

Theorem 1.2.3. Let R be a Bézout domain and K be its quotient field. If the characteristic polynomial of a
matrix A € M,,(R) splits completely over K, then there exists a basis of R such that A is upper triangular

with respect to this new basis.

Proof. If we consider A € M,,(K), then since the characteristic polynomial splits completely, there exists

a filtration of K -vector spaces

o=VycWc---CcV,=K",



such that dimg V; = iand AV; C Vforalli = 1,...,n (see e.g. Jordan canonical form in [DFo4,

p-12.3]). If welet W; := V;NR"fort = 0, 1, . . ., n, then we obtain the following filtration of R-modules

o=WocW,c---cWwW, =R",

such that AW; C W, foralli = 1,...,n. By W;’s are all finitely generated, hence
W, /W,_1’s are also finitely generated. Now by W; /W,;_1 is also torsion-free, and so it is a
finitely generated torsion-free module over a Bézout domain, hence W; /W;_; is free by [FSor, Corollary

V.2.8]. So the following exact sequence of [Z-modules splits

0— W,y — W, —>VVZ‘/W7;_1 —>0,

and there exists a free rank 1 R-module M; such that W; = W,;_; ® M;. Hence we obtain a decomposition
R" = @} M;suchthatforalli = 1,...,n, AM; C ®;<;M;. Now M, is a free rank 1 R-module, and
so the above decomposition gives an RR-basis of R" such that with respect to this new basis, A is an upper

triangular matrix. [

Lemma 1.2.4. Let R be a ring and A € M, (R) be an upper triangular trace 0 matrix. Then A is a

commutaror.

Proof. Let X = (x;;) € M,,(R) be the matrix with 1’s on the superdiagonal and 0 everywhere else, that

is,

0 1 0 0

00 . 0 0
X =

00 - 0 1

00 - 0 0




If A = (aij), then we define B = (b;;) € M,,(R) sequentially from the top to the bottom as follows:

0 ifi =1,

bij =9 ay.; ifi =2
I’J )

ai—1; +bic1;-1 i3 <7 <n.

\

To ease the notation, we also let b;; :== 0ifi = n + 1 or j = 0. Now forany 1 <7, j < n, we have

[Xa B]zg = bi+1,j - bi,j—l-

Now fori = 1,

[X7 B]l,j = b2,j - bl,j—l = a4,

andso [X, By j = A; ;. Fori > 2, we have

[X, Blij = bit1; = bij—1 = iy + bijo1 — bij1 = ai,

so [X, Bl;; = Aij. Hence [ X, B] = A. ]

We now combine|{Theorem 1.2.3land [Lemma 1.2.4|to show one of the main theorems of this section.

Theorem 1.2.5. Let R be a Bézout domain with algebraically closed quotient field. Then every trace O matrix

in M, (R) is a commutator for anyn > 1.

Proof. By[Theorem 1.2.3we can triangularise A. Note that forany A € M,,(R) and g € GL,(R), Aisa

commutator if and only if g Ag~*

is a commutator since for any B, C' € M,,(R),

A=[B,C] <= gAg ' =[gBg ', 9Cg".

Then implies that A is a commutator. O]



Remark 1.2.6. The only class of rings for which it was previously known that every trace 0 matrix is a

commutator is the class of principal ideal rings, and this is due to Stasinski in [Sta16, Theorem 6.3]. So

gives a new class of rings where every trace 0 matrix is a commutator. Note that
does not imply Stasinski’s result since we assume that the Bézout ring has algebraically closed

quotient field. We also note that in our proof, we take a different approach to Stasinski’s proof.

We now discuss examples of Bézout domains with algebraically closed quotient field.

Theorem 1.2.7 (Theorem 102 [Kap74|). Let R be a Dedekind domain and K be its guotient field. If for
all finite extension L | K, the integral closure S of R in L bas torsion Picard group Pic(S), then the integral

closure R of R in an algebraic closure of K is a Bézout domain.

Example1.2.8. Let R := Z or R := k[t], with k a finite field, and K be the quotient field of R. Then for
any finite extension L/ K, the integral closure S of R in L has finite Picard group. Hence by

the integral closure Rof Rinan algebraic closure of K is a Bézout domain. Moreover, the quotient field

of R is algebraically closed, so by , every trace () matrix is a commutator over R.

Corollary 1.2.9. Let R be a Dedekind domain and K be its quotient field. If for all finite extension L] K,
the integral closure S of R in L bas torsion Picard group Pic(S), then for all trace 0 matrix A € M,,(R),

there exists an R-algebra T such that T is finitely generated as an R-module and A is ommutatorin M, (T).

Proof- By the integral closure R of Rin an algebraic closure of K is a Bézout domain.
Hence by[Theorem 1.2.5| A is a commutator over R, so A = [B, C] for some B, C' € M,,(R). If we take

T := R[b;j,cij : 1 < 4,5 <n] C R, then B,C € M,(T),s0 Aisacommutator in M, (T). O

Remark 1.2.10. In|Corollary 1.2.9}, we could also take the integral closure 7" of R in the quotient field F’
of T. Then T" will be a Dedekind domain, but not necessary finitely generated R-module, unless F'/ K

is separable or R is finitely generated over a field.

We now discuss the case of hollow endomorphisms of R-modules for an arbitrary ring R, and then

specialise it to nilpotent matrices over Priifer domain in[Theorem 1.2.18] Recall thatan n X 7 matrix is



hollow if all of its diagonal entries are zero (see e.g. [Genry, p. 3.1] for a reference on hollow matrices). In
the following definition, we generalise the concept of a hollow matrix to an endomorphism of an arbitrary

R-module with a decomposition.

Definition 1.2.11. Let 12 be a ring and M be an R-module. Suppose we have a decomposition M =
®p_ My, where M), C M are R-submodules. Then forany A € Endz(M)and1 < 4,5 < n,
define a;; := m;Av; € Homp(M;, M;), where m; € Homp(®}_, My, M;) is the projection and ¢; €
Hompg(M;, &}, Mj) is the inclusion. We can think of (a;;) as an n X n matrix where the (4, j)-th
entry a;; lies in Homp(M;, M;) instead of R. We say that A € End (M) is hollow with respect to a

decomposition M = @) _ My if ap, = Oforallk =1,...,n.

Note that a matrix A € M,,(R) being hollow is the same as A € Endz(R"™) being a hollow endo-
morphism with respect to the decomposition coming from the standard basis.

Let R be a commutative ring with C' := {ry,...,r,} C R* suchthatr; —r; € R* foralli # j.
Such a set C'is called a dligue of exceptional units. This term is usually used in the context of number rings,

and the cliques were used by Lenstra to construct Euclidean fields in [Lenz7].

Example 1.2.12. Let k be a field and R be a k-algebra. Then any C' C k* C R* is a clique of exceptional

units sincex — y € k* C R* forall distinctz,y € C.

Theorem 1.2.13. Let R be a commutative ring with a clique of exceptional units {ry, ..., ry} of sizen > 1.
Let M be a finitely generated R-module with a decomposition M = ©p_, My, and suppose that A €

End (M) is hollow with respect to that decomposition. Then

A=[X, A

forsome X, A" € Endg(M). In particular, every hollow matrix in M,,+1(R).

Proof. Let X be the diagonal matrix with g := 0,71, ..., 7, on the diagonal. We slightly abuse notation

here and we denote by r; the elementin R and the endomorphism given by multiplication by r; on M, so



that we can view X asan element of Endg(M). If A = (a;;), then define A" := (a};) € End(®)_, M)

as follows:
0 ifi =
/ Pp—
a;; =
(r; —rj)ta;; otherwise
Note thatrq, ..., 7, are units,so rg — r; = —r;isaunitforall 1 < i < n. Then
, P .o / JR— / . = . , — , . = . — . , e ..
(X, Alij = wias; — ajjag; = riag; — agyry = (ri — rj)ag; = ag,
so A = [X, A"l

The last part follows since a hollow matrix A € M,, 1 (R) is hollow with respect to the decomposition

of R*t! coming from the standard basis. OJ

Corollary r.2.14. Let k be a field and R be a k-algebra. Then every hollow matrix in M, (R) is a commu-
tator for any 1 < n < #k. In particular, if k is a field of infinite cardinality, then every n X n hollow

matrix is a commutator for anyn > 1.

Proof: From[Example 1.2.12} we have a clique of exceptional units C' C k* C R* of any size up to #k*.

Since every hollow matrix in M1 (R) is a commutator by|[Theorem 1.2.13} every n x n hollow matrix
isa commutator forany 1 < n < #k* +1 = #k. [

We now consider nilpotent matrices over a Priifer domain R. We generalise the procedure described
by Appleby in [App98, Section 3] from Dedekind domains to Priifer domains. This allows us to find a
decomposition of a finitely generated torsion-free R-module M that makes A strictly upper triangular

for any fixed nilpotent endomorphism A € Endg(M).

Lemma 1.2.x5. Let R be a Priifer domain, M be a finitely generated torsion-free R-module and A €
Endgr(M) be a nilpotent endomorphism. Then there exists a decomposition M = &}, M; where n =

vk M, such that the endomorphism A is strictly upper triangular with respect to this decomposition.

10



Proof. Let K be the quotient field of Rand V' := M ®p K. Then M C V since M is torsion-free, and

we can consider A € Endg (V). Since A is nilpotent, we can find a filtration of K -vector spaces

0=VocViC---CV,=V,

suchthat AV; C V;_jforalli =1,...,n,anddimg V; = i. If welet W, := R" NV, fort =1,...,n,

then we obtain the following filtration of R-modules

0=WoCW,C--CW,=M,

such that AW; C W,_; foralli = 1,...,n. Now, W, is a finitely generated R-module by
and so W; /W, _1 is also finitely generated. Now by W; /W;_1 is a torsion-free as well, and
so it is a finitely generated torsion-free module over a Priifer domain, hence projective by [FSox, Theorem

V.2.7]. So the following exact sequence splits,

0= Wiy =W, = W;/W;_y — 0,

and we have W; = W,_; @ M, for some R-module M;. So we obtain a decomposition M = @}, M;.
Now consider the matrix representation A = (a;;) with respect to this decomposition. Then a;; = 0
foralll < j < i < nsince AM; C W;_yand W;_; N M; = 0. Hence A is strictly upper triangular

with respect to the decomposition M = @', M;. ]

Remark 1.2.16. For a commutative Noetherian ring 2, Yohe showed that every nilpotent matrix being
similar to a strictly upper triangular matrix is equivalent to 12 being a principal ideal ring [Yoh67, Theorem
1]. So for a non-PID Dedekind domain R, there are nilpotent matrices that are not similar to a strictly
upper triangular matrix. Nevertheless, in[Lemma 1.2.15} we show that by allowing the matrix entries to
lie in Hompg (M, M;) instead of R, we can put any nilpotent matrix over R in a strictly upper triangular

form.

II



Corollary v.2.x7. Let R be a Priifer domain with a cigue of exceptional units C := {ry,... 1, } of size
n > 1, and M be a finitely generated projective R-module M of rank m < n + 1. Then every nilpotent
endomorphism A € Endg(M) is a commutator. In particular, every nilpotent matrix in M,,,(R) is a

commautator forall1 < m <n + L

Proof- By we can construct a decomposition M = @} M}, such that A is hollow with

respect to this decomposition. Since any subset of a clique of exceptional units is still a clique, we can

take a subset of C' of size m — 1 and apply to obtain X, A’ € Endg(M) such that
A=[X,A. O

Theorem 1.2.18. Let R be a Priifer domain that is also a k-algebra over an infinite field k. Then for any

n > 1, every nilpotent matrix in M,,(R) is a commutator.

Proof. From|Example 1.2.12} we have a clique of exceptional units k* C R*. So by|Corollary 1.2.17} every

nilpotent endomorphism in End g (M) is a commutator if tk M < #k* + 1 = #k. H
Theorem 1.2.18 provides partial progress towards answering the following open question.

Question 1.2.19 (Section 7 [Stai6]). Let 12 be a Dedekind domain and n > 3. Is every n X n trace 0

matrix in M,,(R) a commutator?
Note that a Dedekind domain is a Priifer domain. Lissner answered[Question 1.2.19]affirmatively in
[Lis6s, Appendix] for n = 2, but no progress has been made since for n > 3.

Example1.2.20. Fora fixed n, we can provide examples of non-PID number rings 12 where every nilpotent

matrix in M, (R) is commutator for all 1 < m < n. We construct a large clique of exceptional units in

Z[¢,| for a prime p where (, = e?™/P based on an example in [Len77, Section 3]. Letw; = gi j € Z[¢)

foranyi = 1,...,p — 1. Then the absolute norm of w; is 1, sow; € Z[(,]|* foralli =1,...,p — 1.

Nowgivenl <1< j<p—1,

wj — w; = Gwj—; € Z[G)”,

12



so {w1,...,wy_1} isaclique of exceptional units. Hence by|Corollary 1.2.17}, every nilpotent matrix in

M, (Z[(p)) is a commutator forall 1 < m < p. Moreover, Z[(,] has class number greater than 1 for all
primes p > 23 (see [Wasg7, Theorem 11.1]), so Z[(,] will not be a PID for those primes. Hence for any

prime p > 23, Z[(,| gives a non-trivial example which does not follow from [Sta16, Theorem 6.3].

Remark 1.2.21. Lenstra in [Lenz7, Corollary 1.8] showed that if a number ring R admits a clique of

exceptional units of sufficiently large size relative to the degree and the discriminant, then R must be an

Euclidean domain. In which case R is also a PID and|Corollary 1.2.17/is then not needed since we know

that every trace 0 matrix over a PID is a commutator by [Sta16, Theorem 6.3].

1.3 Construction of Trace Zero Non-commutators

In this section, we construct a trace 0 non-commutator assuming we can solve a certain combinatorial

problem which is stated inin the next section. We will first give a couple of definitions that
will be used in the problem and the main theorem

Definition 1.3.1. Letm > 1and d > 0 be integers. We will call a set S C 22 d-separated if for all

distinct s = (s;), 8 = (s}) € S,
m
|s — |1 = Z|Si—5§| > d.

i=1

Definition 1.3.2. Letn,r € Zx(. Then the discrete n-simplex of length r is

A(n,r) = {U = (v;) € Z&§!

n+1
E Vi =T .
i=1

We now give the construction of the trace 0 non-commutator. Let 12 be a commutative ring. We use
the following notation in the theorem: given a point s = (s;) € ZZ; and elements 71, ..., 7, € R, we

letz® ;= [[I", z;" € R. Asusual, wesetr? := 1 foranyr € R.
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Theorem 1.3.3. Let R be a commutative ring with an ideal I C R with the following property: there exist

non-zero X1, . . ., Ty € I withm > 3, and d > 0 such that for all 0 < k < 3d + 1,

]k/]k—i-l _ @(R/I)(:Et+]k+l).

tezm,
|t =k
In other words, I* | 1"V is a free R/ I-module and the degree k monomials in the x;’s form an R/ I-basis
of I*/T* forall 0 < k < 3d + L
Suppose further that there exists a 2d-separated set S == {s1,..., 59,1} C A(m—1,2d+1) C

7%, withn > 2. Then

x x ot gt
e R 0
X =
=2 0 - 0 0
=t 0 - 0 —a™
is a trace 0 non-commautator in M, (R).
Proof. Since tr(X) = 2° — 2% = 0, the only remaining thing we need to show is that X is nota

commutator. Suppose by contradiction that X = [B, C] for some B = (b;;),C = (¢;;) € M,(R).
Then
[B - bnn]n7 C - Cnn[n] = [By C] = X,

so we may assume by, = 0 = ¢y, by taking B — by, 1, and C' — ¢, 1.

Now suppose b1, by, ¢i1, c1; € I4T foralli = 1,...,n. Then from X = [B, C], we have
an = Z(blicil — c1ibin) € 12,
i=1

Butay; = 2 € [?%1is part of the R/I-basis of [23+L /2442 50 ayy ¢ 12972, which is a contradiction.

Hence to show that X is a non-commutator, we only need to show that b;;, b1;, ¢i1, ¢1; € 1 1 forall i
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We will first show that b;1, by; € 197! for all i. So let k be the minimum integer such that b;; €
IF\ I orby; € I8\ I*! for some i. If k > d + 1 or no such k exists then we are done so assume
k < d. Without loss of generality, assume that by; € [ k \ I k+1 Then writing by; in terms of the

monomial basis in 7%/ I**1, we have
b = E rat mod IF

teA(m—1,k)

with7; € Rforallt € A(m — 1,k) C ZZ, such thatry, ¢ I forsomety € A(m — 1, k). Now from

X = [B, C], we have
tr(BX) = tr(B[B,C]) = tr(BBC — BCB) = tr([B, BC]) = 0.

Since b,,,, = 0, we have
n n

0=tr(BX)= bijaj; = ajbi + Z birai; + Z bijaji. (1)
i—2 =2

i=0 j=0

Now, a1; = % with |sj|; = 2d + 1, so

ayjbji = x%b; = g ST @ [RTRAEL )[Rt

teA(m—1,k)

Now 7y, € R\ I, and so by considering mod I#129%2 we see that a term with a2 monomial

2% must also appear in by;a;; or bjjai; mod 1 k42442 for some 7. So suppose b;1ay; contains such a

term. Then we have %1% = 2425 mod I*+24+2 where 2* comes from b;; and |u|; = k. So we have

s; +to = u + s; which implies
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This is a contradiction since S is 2d-separated. Hence & > d + 1, and so by;,b;1 € 1 d+1 for all 4. By
similar argument, ¢, ¢;; € 1 d+1 a5 well. Hence no such matrices B and C' can exist and X is a non-

commutator. [
The following corollary generalises the result of Mesyan [Meso6, Prop. 20].

Corollary 1.3.4. Let R be a ring and suppose that I := (1, ..., x,,) is an ideal such that I | I* is a free
R/ I-module with the dasses of 1, . .., Ty, in I/ I? forming an R/ I-basis. Then forany2 < n < ",

Ty T2 ot Tpl T
Tpt1 O -+ 0 0
X =
Top—2 O -+ 0 0
Top—1 0O -+ 0 —x

is not a commutator in M,,(R). In particular, if a Noetherian ring R has Krull dimension m > 3, then

there exists a trace 0 non-commutator in My, (R) forany2 < n < .

Proof. We will use to construct the trace 0 non-commutator. If we take d = 0, then
the basis condition in the theorem is equivalent to //I? being a free R/I-module. For the set S in the
theorem, if d = 0 then any set S C A(m — 1, 1) is automatically 2d-separated. Hence we can take S
tobe A(m —1,1) = {e1,..., e} C ZZ, where ¢;’s are the standard basis of Z™. Now if n < ZH,

then we may take 21 — 1 points inside A(m — 1, 1). Hence by[Theorem 1.3.3) X is a non-commutator.

The second part follows since if we take / C R to be a maximal ideal with maximum height, then

dimp/; I/I? > dim R = m (see Theorem 13.5 in [Mat89]). [

Remark1.3.5. Let R be aringand m C R be a maximal ideal such that dimp/y m/m? > 3. Then by
Corollary 1.3.4} there exists a trace o non-commutator in My (R). This also follows from [Meso6} Prop.

20]. Such a maximal ideal exists if 12 is a Noetherian integrally closed domain of dimension 2 that is not

regular. Indeed, by Serre’s criterion [Mat89, Theorem 23.8], I being integrally closed implies I, is regular
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for any prime ideal p C R withht(p) < 1. But R is not regular, so R, must be singular at some maximal
idealm C R of ht(m) = 2. At such maximal ideal m, dimp/, m/m? > dim R, = ht(m) = 2 and so

there exists a trace o non-commutator in My (R).

The following result of Lissner is a special case of]

Corollary 1.3.6 (Theorem s.4 [Lis61]). Let K be a field, n > 2 be an integer and R = K1, . .., xp),

withm > 2n — 1. Then there exists a trace O non-commutator in M, (R).

We now demonstrate that the condition inabout the structure of I* /I*+1 is relatively
easy to satisfy. The following lemma gives a large class of a ring and an ideal satistying the condition.
Recall that given a commutative ring 2 and an ideal I C R, we can construct the associated graded ring
gr;(R) := ®;50l"/I't!. Then given an element r € R, we can associate an element in(r) € gr;(R)
called the initial form defined as follows. Let j > 0 be such thatr € 17\ [?*!. If no such j exists, then

r € N;I%, and we take in(7) := 0 € gr;(R). Otherwise take in(r) := r + [*! € [V /"t C gr;(R).

Lemma 1.3.7. Let R be a ring and w C R be a maximal ideal such that Ry, is a regular local ring (see

[Mat89, Section 14] for the definition of a regular local ring). Then

~Y

gr (R) = knlz1, ..., 20w,

where ky, 1= R/ is the residuc field and m is the dimension of Ry, (which is finite since Ry, is a Noetherian
local ring) and k|1, . . ., ) is a polynomial ring in m variables. Moreover, there exist yy, . . ., Yy € M

suchthatin(yy), . .., in(ym) maproxy, . .., x,, underthe above isomorphism and the degree k monomials

in the y;’s form a ky-basis of m” /mk+l forall k > 0.

Proof. Since Ry, is a regular local ring,

8lap, (Rm) = knlT1, ..., 2p),
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as graded rings by Theorem 14.4 in [Mat89]. Now m is maximal, so m’/m**! = (mR,,)"/(mR,,)"*! for

all7 > 0,and hence gr,(R) = gr.z (Rn). So we have

gro(R) = grop (Ra) = knlo1, ..., Tn).

They are isomorphic as graded rings, so there exist 41, ..., ¥, € R such thatin(y;) maps to z;. The
above isomorphism also implies that the degree k monomials in y;’s form a ky-basis of m* /m**1 for all

k > 0 since it is true for the polynomial ring on the right hand side. L]

We now state the main result combiningand the combinatorial result

Theorem 1.3.8. Let R be a commutative ring with a maximal ideal w C R such that Ry, is a regular local
ring of dimension m > 3. Suppose further that n > 2 is an integer such that n < %. Then there

exists a trace 0 non-commutator in M, (R).

Proof. We will use to construct the trace 0 non-commutator, so we need to check the basis
condition, and construct the set S in the assumption of the theorem. By|Lemma 1.3.7} the basis condition
in is satisfied for all d, and by [Theorem 1.4.10} if m is odd, then there exists an S with

#S = W. Soif2n — 1 < W, then the assumption of|Theorem 1.3.3is satisfied and there exists

. 1)2 . 2
a trace 0 non-commutator in M,,(R). If we rearrange 2n — 1 < (m+), we obtainn < %. For

m(m+2
4

m even, there exists an .S with #S = 2n — 1 < ) from [Theorem 1.4.10, and we may rearrange

. . 2 . . . . 2 . .
the inequality to n < %. But if m is even and n is an integer, then . < % is equivalent to

2 . .
n < % so we have the stated inequality for m even as well. O

Foran ideal I of aring R, let v/(I) be the minimal number of generators of I. In the case of a Noethe-
rian local ring R and its maximal ideal m, we have v(m) = dimpg/m(m/m?) by Nakayama’s Lemma

[Mat89, Theorem 2.3].
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Corollary 1.3.9. Let R be a Noetherian ring and letn > 2 be such that every trace O matrix in M, (R) is

a commutator. Then for all maximal ideals m of R,

2v2n —1  if Ry, is regular,

v(m) <

2n —1 otherwise.

m24+2m+5
8

Proof. Suppose Ry, is regular. Since every n X n trace 0 matrix is a commutator, n > where

m = dim Ry = dimpm(m/m?) = v(mRy) by[Theorem 13.8] Hence 2¢/2n—1— 1 > m =

v(mRy). Now by [DG77, Theorem 1], v(mRy,) + 1 > v(m) if Ry, is regular, so
2v2n — 1> v(m).

Hence the stated inequality follows.

For Ry, not regular, we apply|Corollary 1.3.4/to obtain n > mT'H where m = dimp/u(m/m?) =

v(mRy,). Hence

2n—1>m=v(mRy,).
Now by [DG77, Theorem 1], v(mRy) = v(m) if Ry, is not regular, so the stated inequality follows. [

Remark1.3.10. If Ris a Noetherian ring such that every 2 X 2 trace o is a commutator, then
implies

3 if Ry is regular,
v(m) <

2 otherwise,

for any maximal ideal m C R. However, it is known that v(m) < 2 for any maximal ideal m if every

2 X 2 trace 0 matrix is a commutator (see[Lemma 1.6.11). Note that even when n = 2 and v(m) < 2

for all maximal ideals m, the converse of] does not hold. See however, and
for a partial converse.

In view of it is natural to ask the following question.
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Question r.3.11. Let R be a Noetherian ring such that there exists ¢ > 0 with dimp/m m/ m? < cfor
all maximal ideals m C R. Does there exist an ng = ng(R) > 1 such that for all n > ny, every trace 0

matrix in M, (R) is a commutator?

The example produced in shows that the answer to this question is negative if the

assumption on the existence of such c is omitted. The simplest rings for which the question is open are
regular local rings of dimension 2 and Dedekind domains. For both of those types of rings, it is not known
whether every n X n trace 0 matrix is a commutator for any n > 3.

Let us now summarise below the largest trace 0 non-commutator we can construct for a fixed ring
and an ideal using

Theorem 1.3.02. Let R be a polynomial ring in m > 3 variables over a field and d > 0 or, more generally,

let R be a ring with an ideal I C R satisfying the basis condition from That is, there exist

some non-zero yu, . . ., Ym € L withm > 3 such that the degree k monomials in the y;’s form an R/ I-basis

of 1 k /1 k+1 forall 0 < k < 3d + 1. Then the following list describes the sizes n for which we can construct

a trace 0 non-commutator in M,,(R).
L Ifd =0, thenany2 <n < mTH
2 Ifd=1andm #5 (mod 6), thenany2 < n < (| 2[22]] + m + 1).
3. Ifd =1andm =5 (mod 6), then any2 < n < ([ 2 25+]] +m).
4. Ifm = 3, thenn = 2.
s Ifm>4andd>m — 1, thenany2 <n < %.

6. For certain specific m and d, the corresponding entry in the table below is the size of the largest non-
commautator matrix that|Theorem 1.3.3|can construct. When the entry is in bold, it is bigger than the

upperbound provided by (5).
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Table r.1: Size of the largest non-commutator matrix that[Theorem 1.3.3|can construct
d

2 3 4 5 6 7 8 9 10 W 12

4 |3 3 4 4 4 4 4 4 4 4 4
s |s s s 6 6 6 6 6 7

6 |6 7 8
7 19
8 | 12

Proof. We will useto construct the trace 0 non-commutator.
For (1), the proofisin Note that the assumptions of the can be simplified

to the assumptions in (see the proof o for more details on the assumptions).
For (2) to (6) we will first describe the set S used in

For (2) and (3) we will use[Theorem 1.4.6] Given d = 1 and m > 0, take S to be the maximum set of

binary vectors of length m that are Hamming distance at least 4 apart and constant weight 3.

For (4),|Proposition 1.4.7|describes how to obtain the set S for m = 3 and for any d. For (s),

describes how to obtain the set S forany m > 1and d > m — 1. For (6)|Proposition 1.4.8|

describes the largest S one can obtain for the listed m and d.

Once the S needed for[Theorem 1.3.3]is obtained, we can construct an n X n trace ) non-commutator
: 2 . . .
it2n — 1 < #5S5. Note that for (s), we have #5 = % when m is even. This inequality can be
2 - . 2 . .
rearranged to 2 < n < %, but this is equivalent to 2 < n < % since m is even. Hence we

obtain the inequality stated in (5) for both even and odd m. ]

Remark 1.3.13. The n’s given in the table in[Theorem 1.3.12]is the largest size for which we can construct
a trace ) non-commutator using On the other hand, (5) in the list can be improved if we
can construct a bigger .S required for For example, if m = 4, (s) gives 2 < n < 3, but we

see that in the table in (6), we can taken = 4 if d > 4.
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While the upper bound on 7 in could be improved, the size of the non-commutator
we can construct usingis bounded for a fixed ring 2 and ideal I C R, as we now show.

Proposition 1.3.14. Let R be a commutative ring and let I C R be an ideal such that I | I is a free R/ I-
module with rank m > 3. Then the size n of a trace 0 non-commutator one can construct using|Theorem 1.3.3
is bounded above by 22m=3,

Proof. If m is finite, then the size of the set S = {s1, ..., S2,_1 } required inis bounded

above by 4™ by|Corollary 1.4.15] So we have 2n — 1 < 4™~ which implies n < 22™~3. Hence the
largest trace 0 non-commutator one can construct using(Theorem 1.3.3|is bounded above by 22™~3.  [J

Remark 1.3.15. [Proposition 1.3.14|gives an upperbound for the size of the non-commutator one can con-

struct using for a fixed R and I. However, if we only fix R, then the size of the non-

commutator can be arbitrary large in general. We will later construct a ring with such a property in

corem I.5.

1.4 Combinatorics

We will now discuss the set S required in Namely, we would like to answer the following

questions.

Question 1.4.1. Given m > 1andd > 0, how large can a set S C AL be if it is 2d-separated and

contained in A(m — 1,2d + 1)?

Question 1.4.2. Given m > 1, how large can a set S be if it is 2d-separated and contained in A(m —

1,2d + 1) C ZZ, for some d > 02

An answer for|Question 1.4.1jwill give the size of the largest matrix we can construct using{Theorem1.3.3)
for a fixed m and d. While an answer to will be useful in the situation o where

we are allowed to take arbitrary large d.

To answer the above questions, we will first use the following lemma to simplify the problem.
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Lemma 1.4.3. Let m > 1and d > 0 be integers, and suppose that a set S is 2d-separated and contained in
A(m —1,2d + 1). Then there exists a set S' such that S’ is 2d-separated, contained in A(m — 1,2d + 1),
#S' > #Sandvy = (2d+1,0...,0),...,0,:=(0,...,0,2d+ 1) € S".

Proof. For each i, we will either add v; to S or replace one of the point in S with v; to construct S”. So let
1 <i < m.Ifv; € S, then we do not need to modify S. Assume now thatv; ¢ S. If v; is 2d-separated
from all the points in S, then we may take S" = S U {v; }. Otherwise there is a point s = (s;) € S such
that |s — v;|; < 2d. We will show that such s is unique, and so we may replace s with v; to obtain S’. So

suppose we have t = (t;) € S with |t — v;|; < 2d, and without loss of generality, assume s; > ¢;. Now

de |S_Ui|1:Zsj+2d+1_3i:4d+2_25i7
JF#i

so s; > d + 1, and similarly, ¢; > d + 1. Hence

|S—t|1:Si—ti+Z‘S]’—t]’|

j#i
< Si—ti—i‘ZSj—Fth
i i

<si—ti+(2d+1—s;)+2d+1—1t;)

< 2d.
Since S is 2d-separated, this implies that s = t. Hence there is a unique pointin s € S such that
|s — v;]1 < 2d, and so if we take S := (S'\ {s}) U {v;}, then S’ will be 2d-separated. O

We will call the v;’s the corner points since they are on the corners of the simplex A(m —1,2d+1). We
now consider the necessary and sufficient conditions fora point s € A(m —1,2d+ 1) to be 2d-separated

from all the corner points.
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Lemma 1.4.4. Lerd > 0 and m > 1 be integersand s = (s;) € A(m —1,2d + 1) C ZZ,,. Then s is

2d-separated from all the corner points if and only if s; < d forall j =1,...,m.

Proof. First, note thatif s = (s;) € A(m —1,2d + 1), thenforalli =1,...,m,

ls—vili=2d+1—s;+ Y s;=2d+1—2s;+» s;=2(d—s;)+2d+2.

J#i =1

So s is 2d-separated from v; if and only if 2(d — s;) + 2d + 2 > 2d, which can be rearranged to
d +1> S;.

Since d and s; are integers, this inequality is equivalent to d > s;. Hence s is 2d-separated from all the

corner points if and only if d > s; for all <. [

If we are constructing a maximum 2d-separated set S C A(m — 1,2d + 1), then by[Lemma 1.4.3}

we can assume that the set S contains all the corner points. Now consider the rest of the points 7" := S'\
{v1, ..., v }. For S to be 2d-separated, 1" also needs to be 2d-separated, and in addition, by
forallt = (¢;) € T, wemust have {; < dforall j. So in other words,[Question 1.4.]about the maximum
size of S is equivalent to the following question. Also note that the sizes of the largest S in

and the largest 7" in the following question are related by #S = m + #7T".

Question 1.4.5. Given m and d, how large can a set T" be if it is 2d-separated, contained in A(m — 1, 2d +

1),andforallt = (¢;) € T, t; < dforalli =1,...,m.

The d = 1 case in can be reformulated in terms of binary vectors as follows. Recall

that a binary vector of length m is any vector in {0, 1}"". The weight of such a vector is the sum of all
the entries, and for two binary vectors v, v, the Hamming distance between v and v" is |v — v'|;. Now

if d = 1, then every entry in ¢ € T is either 0 or 1, so we can consider ¢ as a binary vector of length m.

Moreover, sincet € A(m — 1, 3), the weight of ¢ is 3. In other Wordsfor thed = 1 case s
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asking for a largest set of binary vectors of length m with weight 3 that are pairwise Hamming distance
being more than 2 apart.

The following theorem answers how large such a set of binary vectors can be. We state the theorem
as in [Bro+9o]. For the proof, see Theorem 3 in [Sch66]. Note that the Hamming distance between
two binary vectors of the same weight must be even, so Hamming distance being more than 2 apart is

equivalent to Hamming distance being at least 4 apart.

Theorem 1.4.6 (See Theorem 4, [Bro+90]). Let A(m, d, w) be the maximal possible number of binary

vectors of length m, Hamming distance at least d apart and constant weight w. Then

Bt ifm#5 (mod 6)

L%LWT*“—L ifm=>5 (mod 6)

A(m,4,3) =

Soforallm > land d = 1, the largest T’ inhas size A(m, 4, 3), while the largest S in
[Question 1.4.1|has size A(mn, 4, 3) 4 m, answering[Question 1.4.5s|and[Question 1.4.1]respectively.
For small 7’s we can answer[Question 1.4.2]fully.

Proposition 1.4.7. Given m = 1,2 or 3, the largest set S that is 2d-separated and contained in A(m —

1,2d + 1) C ZZ, has size #S = 1, 2 and 4 respectively.

Proof. By we may assume that the corner points are already in S. Then form = 1 and

m = 2, there are no points in A(m — 1,2d + 1) that are 2d-separated from the corner points. So
#S = m is the largest possible set.

For m = 3, suppose there exist 2 distinct points s, s € A(2, 2d + 1) that are 2d-separated from the

corner points. If s = (a, b, ¢)and s = (¢, V', ¢'), then wehave 0 < a,b, ¢,d’, V', ¢ < dby[Lemmar.4.4

Since |s|; = 2d + 1 = |s'|;, we may assume without loss of generality thata > a/,b < b'and ¢ < ¢
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Then

ls— sy =la—d|+[b=b]+]c—]
=a—d+b-b+d—c
=2d+1—2d" — (2d+1) +2d
=2(a—a’)

<2d

so s and s’ cannot be 2d-separated. Hence S can only contain one more point apart from the corner

point, and hence #5 = 4 is the largest. [

For other small m’s, we can use a computer program to determine explicitly how large S can be for
small d’s. But we will first convert that question into a graph theory problem. Givenm > 1and d > 0
integers, let G(m, d) := (V, E) be the graph with a vertex set V' and an edge set £ defined as follows:
The vertices are points in A(m — 1, 2d + 1) with entries at most d, and an edge exists between distinct
s, s € Vif

m
s — &)y = Z |s; — si| < 2d.
i=1

Recall foragraph, an independent set is a set of vertices with no edges between them, and an independentset

with the largest size is called a maximum independent set. The cardinality of such a maximum independent

set is called the 7ndependence number of the graph. The set T' in[Question 1.4.5]is an independent set of

G(m, d), so we would like to know the independence number of G(m, d) foragivenm > 1andd > 0.

Proposition 1.4.8. For the following m and d, the size of the largest 2d-separated set S C L%, contained

in A(m — 1,2d + 1) is given in the table below.
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Table 1.2: Size of the largest 2d-separated set S C ZZ contained in A(m — 1,2d + 1)
d

I 2 3 4 5 6 7 8 9 10 W 12

5 7 10 10 I0 II 1II I2 I2 I2 I3

6 |10 12 14 1§

Proof. As stated before the proposition, we would like to know the independence number of G(m, d)
to answer [Question 1.4.5} and so we used the function IndependenceNumber in Magma[BCPo7]
to compute it. As noted in the paragraph before the size of T' in is re-
lated to the size of S in by #S = #T + m. So we added m to the output from

IndependenceNumber to obtain the size of the largest set S C A(m — 1,2d + 1) that is 2d-

separated, thus answering completely for these values of m and d.

The missing entries in the table are due to the computations taking too long for those parameters. [

Remark 1.4.9. The independence number of a graph is a well known invariant and has been well studied.
In particular, there are inequalities which involves the independence number and other invariants of a
graph. See [Wilir, Chapter 3] for a list of such inequalities. Unfortunately the inequalities listed were
either not strong enough, or had an invariant that was difficult to compute, and we could not obtain any
useful bound for our graphs.

We would also like to note that the characteristic polynomial of the Laplacian matrix of G(m, d)
appear to have some pattern. In particular, one could predict most of the irreducible factors of the poly-

nomial for d = 1, 2 and 3, including their multiplicities.

For any m > 1, we have the following construction of a suitable .S.
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Theorem x.4.10. Letn € Zy. Then foranyd > m— 1, there exists a 2d-separated set S C VAL contained
in A(m —1,2d + 1) with

2)
% if m is even,

#5 =

D" i s odd.

Proof. We will explicitly construct suchan S. For1 < j < 2,1 <k <m — 2jandr := ords(7), let

g = (0,....0,d—r—k0,...,0,d,0...,0,r +k+1,0,...,0) € A(m — 1,2d + 1).
—— —_—— = ——

k—1 j—1 7—1 m—2j—k

To check that v;, € A(m — 1,2d + 1), we first verify thatd — r — k = d — ords(j) — k > 0.

d —ords(7) — k > d — orda(j) — (m — 27)
=d—m —ordy(j) + 27
>d—m-+2

>0

where the last inequality follows from the assumption d > m — 1. Looking at the length, we have
lvjkh =d—r—k+d+r+k+1=2d+ 1,soithas the correct length. Hence v; , is a valid point
in A(m —1,2d + 1).

We take

S := {corner points of A(m — 1,2d + 1)} U {vjjk ‘ 1<;j<F1<k<m— 2j}.

We first check if all the entries of v, j, are at most d to verify that they are 2d-separated from the corner

points. Since d — 7 — k < d, the only other value we need to checkis 7 + & + 1, and

r+k+1l=ordy(j) +k+1<ordy(j)+m—2j+1<m-—-2+1=m—-1<d.
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Hence v; , is 2d-separated from the corner points.

Now we check that v; ;s are 2d-separated. So fix two distinct v; ;, and v 4/, and let
K:={1<i<m|(vjx)i #0} and K :={1<i<m|(vyw)i #0}

be the support of v; , and v 4 respectively. Note that #(K N K') < 2,since #K = 3 = # K’ and
K = K'ifand only iij’k = Vj k' Then

ik —vpwli = D 1Wik)i — ()il + D @indi+ D Wywhi

1EKNK' iiKﬂK’ iéKﬂK’
> > ()it Y ()i
i¢KNK' KN/

Now suppose #(K N K') < 1. Since the entries of v are bounded by d, we have 3, s s (V1 )i =

2d+1 —d = d + 1, and similarly for v; 5. Hence

e — vl = D ()it Y Wpw)i = (d+ 1)+ (d+1) > 2d,

igKNK' i¢g KNK'

and so v; ;, and v ;s are 2d-separated.

Now we consider the case when # (K N K') = 2. There are three possible cases:

1. J'=jand k' = k + j (where the k + j-th position and the k + 2j-th position agree),
2. j' = 2jand k' = k (where the k-th position and the k + 2j-th position agree), or

3. J =2jand k' = k — j" (where the k — 2j-th position and the k-th position agree).

Note thatif j' # j and j° # 27, then the spacing between the non-zero entries does not match, so the

supports can only intersect at most 1 entry.
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We first consider the case when 7' = jand k' = k + j. In this case, we have

[vjk — Vit

K —1 i—1 m—2j—k'
- ~ , /—]/A , /—’]H
=[(0,...,0,d —r —k,0,...,0,r+k,0...,0,r+k+1—4d,0,...,0,—r— k' —1,0...,0)|
—— —— —— ~ v
k—1 j—1 j—1 m—2j—k
=d—r—k+r+kK+d—(r+k+1)+r+k+1
=2d + 2k' — 2k
>2d
so they are 2d-separated.
If j/ = 2j and k' = k then we have
[0k = Vil
K1 -1 -1 m—2j' k'
— , % ~ — , —
=[(0,...,0,—r+7,0,...,0,d,0...,0,7r+k+1—4d,0,...,0,7 + k' +1,0,...,0)
k—1 i—1 i—1 2j—k ’
— = - m—2j—

=—r4+r+d+d—(r+k+1)+r"+K+1
=2d +2(r' —r)
=2d + 2(ords(27) — ords(j))

>2d

so these points are 2d-separated.
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Finally if /' = 2j and ¥’ = k — j/, then we have

Vi — vkl

k-1 j'—1 Jj'—1 m—25" -k

— ; , - - N , ,
=(0,...,0,d—r"—K,0,...,0,—r — k,0,...,0,d,0,...,0,r+k—r"—k0,...,0)|

~ —— = ~——

k-1 j—1 j—1 m—2j—k

=d—r' =K +r+k+tdtr+k—1"—F
=2d+2(k = k') +2(r — r")

>2d,

and those points are also 2d-separated.

Finally we count how many points we get from this construction. If m is even, this gives total of

m/2

m(m + 2)
—2j) ==
m + Z 7) 1
points, and if m is odd,
(m )2 (m +1)
—27)
m + Z 7) 1

points.

Remark 1.4.11. One could add more points to the set S given in|{Theorem 1.4.10 by considering points

with larger support. If a point has a support of size 5 and has all its non-zero entries taking values around

2d+1

, then it will be 2d-separated from any points in S. More generally, if u' is the size of the support of

the previous point added, then one could add a point with support of size u > 2u’ with all its non-zero

entries taking values around Qdu—ﬂ. While this does increase the size of S, it is only useful for large m, and

it does not appear to increase the asymptotic of the size of S.

31



We conclude the section with an upper bound on the size of a 2d-separated set S contained in A(m —

1,2d + 1). We will first give an equivalent formulation of] by putting all the d’s together

that will be useful for proving the upper bound.

Question 1.4.12. Let m € Z,. Consider the regular (m — 1)-simplex

Am—l = {U eR™

V; Zo,i’l}i: 1}
i=1

What is the maximum S C A,,,_; thatis 1-separated?

Remark 1.4.13. We can convert between the S’s in|Question 1.4.2]and |Question 1.4.12}in the following

way. Ifaset S C A(m —1,2d+ 1) is 2d-separated, then S’ := {ﬁs | seS}c QY is contained in
Ap—1. Nowif s, t € S are distinct points, then |s — £|; > 2d. Butsince |s|; = [t[; and 5,1 € ZZ, the
distance |s — t|; must be even, so |s — t|; > 2d + 2. Hence S” is 1-separated and satisfies the conditions
in Question 4.3

On the other hand, suppose S C A,,_; is 1-separated. For each s € S, take a nearby point s :=
(s}) € Ap—1 NQ™ such that the denominators of the s;’s are odd. Let S’ be the set of all these s’s. Since
being 1-separated is an open condition, if we take s’ to be close enough to s, then S’ will be 1-separated.
Now suppose 2d + 1 is the LCM of the denominators appearing in the entries of all s € S’. Then

S":={(2d+1)s'|s" € S'} C ZZ,is contained in A(m — 1,2d + 1) and is 2d-separated. Hence S”

satisfies the conditions in

Proposition 1.4.14. Letm € Z.. Then forany S C A, that is 1-separated, we have

#S < 4™,
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Proof. Suppose we have such an S. Then around each point s € S, we have a radius 1 (in ¢;-norm) ball

B(s, 3) such that none of these balls intersect each other. So we have

ZVOI ﬂ Am 1) S VOl(Am_l).

The volume of B(s, %) N A,,—1 is the smallest when s is a corner point of A, since A,,,_1 is a convex

polytope. For a corner point vy := (1,0,...,0),

u>|c,o
AN
“l—‘
o
VAN
VAN

NH

B(’Ul,%) ﬂAm_l = {( ) € Rm

ssfj }

whichisa (m—1)-simplexwith vertices (1,0, . ..,0),(2,%,0,...,0),..., (%, 0,...,0, i) This simplex

R

has side lengths 1 of the side lengths of the simplex A,,,_1, so

#S (i)m VOl m— 1 < ZVOI ﬂ Am 1) S VOl(Amfl).

Hence #S < 4™~ 1, [

We can translate the upper bound for to an upper bound for

Corollary x.4.15. Let m > 1 be an integer. Suppose S C A(m — 1,2d + 1) C ZZ, is a 2d-separated set
forsome d > 0. Then #S < gm—1,

Proof. By[Remark 1.4.13} any set S C A(m — 1,2d + 1) that is 2d-separated can be converted to a set

S" C A, thatis 1-separated. By[Proposition 1.4.14, #5’ < 4™ 1, 50 #5 = #5" < 4™m~1, ]
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1.5 ARing with Trace Zero Non-commutators of Arbitrary Large
Size

In this section, we construct a Noetherian domain A of dimension 1 that admits an n X n trace 0 non-

commutator matrix over A foralln > 2. We use the following theorem of Heinzer and Levy to construct

the ring, and then apply with varying maximal ideals to show that there is a trace 0 non-

commutator of arbitrary size.

Theorem v.5.1 (Theorem 2.1 [HLo7|). Let K be a field and I a nonempty set. Foreachi € 1, let (A;, n(7))
be a Noetherian local integral domain of dimension 1 with maximal ideal w(3) such that \; is a subring of

K and the quotient field Q(\;) equals K. Suppose:

1. Every non-zero element of K is a unit in all but finitely many \;; and
2. For every pair of distinct indices j # h there exist elements x; € Nj and xy, € Ny, such that:
(a) x; and xy, are non-units in \j and \y, respectively;
(b) xjisaunitin \; when i # j, and x, is a unit in \; when i # h;
(c) x; + p is a unitin \; for every i.
Then the ring A := (), \; is Noetherian of dimension 1, its distinct maximal ideals are m(i) == n(i) N A,

and Ny = Ay foreachi € 1.

Theorem 1.5.2. There exists a Noetherian commutative domain \ with dimension 1 such that for every

n > 2, there exists a trace 0 non-commutator in M, ().

Proof. We will start with the construction of the field K needed to apply Let k be an
algebraically closed field and S := k[X}; : 4 > 2,1 < j < i], a polynomial ring with infinitely many
variables. Let J C S be the ideal generated by the following elements:

Ji= (X7 - X[ i>2,2<j <),
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where p; is the j-th prime.

Claim1 R := S/J is an integral domain.

Proof We show that R is an integral domain by proving that .J is a prime ideal. Solet g, h € S
be such that gh € J. Then

gh=> > ay(X3 - X7),

i>2 j=2
for some a;; € S with only finitely many of the a;;’s being non-zero. Then there are only finitely many

variables X;; appearing in the equation, so we may restrict our ring .S to
Sni=k[X;;:2<i<n,2<j<i],
and the ideal J to an ideal
Jni= (X[ —X]7:2<i<n,2<j<i)CS,,

for some n. Then g € J, orh € J, willimply g € J or h € J, so it s sufficient to show that .J,, is a

prime ideal. We will prove that S, /.J,, is a domain in order to show that .J,, is a prime ideal. Now,
Sn/Jn = k[XQIa X22]/(X221 - X§2) %} st % k[anv s vXnn]/(le - X22a s 7X7’2Ll - Xﬁ?L)

A tensor product of finitely generated k-algebras that are domains is a domain if k is algebraically closed

(see proof of [Stacks, Tag osP3]). So if
Ty = k[X1,.... Xo) /(X7 — X3, ..., X7 — XP"),

isa domain for all 2 < ¢ < n, then S,,/J,, is also a domain.
Now we will prove that 7} is a domain by induction on ¢, along with the fact that [Q(T}) : k(X1)] =
paps - - - pp where Q(T}) is the quotient field of T;. If t = 2, then 15 = k[ X}, Xo]/(X? — X3). Now
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X? — X3 is an irreducible polynomial in k[ X7, X5], and k[X7, X5] isa UFD, so X7 — X3 is a prime
element. Hence T is a domain, and [Q(7%) : k(X;)] = 3. Now suppose that 7;_; is a domain and

[Q(thfl) : k(X1>] = P2P3 - Pr—1- Since
T2 T (X)X — XD,

we only need to show that f; := X}* — X7 is prime in 7} [X;] to show that T} is a domain. We first
show that f; is irreducible in k(X1)[X;]. Now f; = X" — X7 has a prime degree and k(X;) contains
all the p;-th roots of unity, so by [Lano2, Theorem VIL.9.1], f; is irreducible in k(X7 )[X;] if and only if
it has no roots in k(X7). Itis clear that f; has no roots in k(X1), so f; is irreducible in k(X7 )[X;]. Now
deg fi: = p is a prime and does not divide [Q(T3_1) : k(X1)] = paps - - - pr—1, so fi is still irreducible
in Q(T;—1)[X¢]. Hence f; is a prime in Q(7}—1)[X¢] since Q(T}—1)[X;] is a UFD.

Now will use the fact that f; is a prime in Q(7}_1)[X;] to show that f; is a prime in T,_1[X}]. So
suppose f; | gh forsome g,h € T;_1[X;]. Since f; is a prime in Q(7}—1)[X}], we may assume that
fig’ = g forsome ¢’ := Z;io i X} € Q(T;—1)[X;] without loss of generality. Suppose ¢’ ¢ T;_1[X].
Then there exists a maximal index j such that g} ¢ T; 1. If g = >t 9iX{, then looking at the degree
J + pi coeflicients of the equation f;¢' = ¢, we have

/ —_—

Gj+p: = Y ‘le2

/
9j+pe

We have g%, € T; 1 since j was the maximal index such that g; ¢ T, 1. Hence 95 = Gjrp t Gjip, €
T;_1, which is a contradiction, so ¢’ € T;_1[X;|. Hence we have f; | ginT}_1[X;] and so f; isa prime in

Ti—1[X}]. This implies that Ty = T;_1[X;]/(f¢) is a domain, and now Q (1) = Q(Ti—1)[X¢|/(fi), so

[Q(T}) : k(X1)] = [Q(T}) : QT -1)][Q(Ti—1) : k(X1)] = pipaps -~ De-1,

and we are done. Hence 13, S,,/J,, and R = S/ J are all domains and we have proved O
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Since R is a domain, we may take K := Q(R), the quotient field of R. This will be the K we take

for applying[Theorem 1.5.11 We now define the A,,’s needed to apply[Theorem 1.5.1] We take the set / to
be N. LetY;; € R C K be the residue class of X;;. Forn > 2, define a subfield

F,=k(Y;:i#n,1<j<1i)CK,

and a subring

Ry = F[Yn1,..., Yo, C K.

Let P, := F,,[Z1, ..., Z,)] be the polynomial ring in n variables.

Claim 2.

on: P )(Z7 = Z3,..., 7% — ZP")— Ry = Fu[Yoi, -, Youl

Zi'—>)/i7

is an isomorphism, where Z; is the residue class of Z;.

Proof It is clear that ¢,, is surjective, so let us show that it is injective. Consider the lift of ©y,,

On:Py— Ry, = Fo[Yoa, -, You

We see that ker ¢, D (Z% — Z3,...,Z% — ZP"), so to conclude that ¢, is injective, we only need to
show that

ker $, C (Z7 — Z3,..., 27 — ZP).

So suppose that f € ker ¢,,. If ¢ € F) is the product of the denominators of the coefficients of f, then

cf €klYij:i#n,1<j<i||Z,...,Z,) = P, C P,.
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Moreover, cf € (Z7 — Z3,...,Z¢ — ZFr) implies f € (Z7 — Z3,...,Z} — ZP"),so it is sufficient to
check that
ker (@ulp;) C (27 — Z3,..., 21 — ZI")P, C P,

We have the following commutative diagram

lwn \ )
@nl .

where ¢ is the quotient map and
ty: S— P
Y, ifi #n,
Xij'—>

Since 1y, is surjective, ker @, | pr = 1y, (ker q) = 1,,(J), and

Un(J) = (@n(Xir)? = n(Xig)P7 10> 2,2 <j<i)=(Z] = Z3,..., 2y = Z") C P,

Hence
Kerguley = (72— 74,70 — 7) C P,
and ¢y, is an isomorphism. ]
Since P, /(Z3—Z3, ..., Z?— ZP) is easier to work with than R,,, we will use the former presentation

to prove properties about R, to verify the assumptions of
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Theideal (Y, 1, ..., Ynn) C R, is maximal since it corresponds to (Z1, . . . , Z,,) so we may localise

R, at(Y,1,...,Y,,) toobtain a local domain

A, = (Rn>(Yn,1 ----- Yon) C K,

with a maximal ideal n(n) := (Y,1,...,Ys,) C A,. Since A,, is a localisation of a finitely generated
F,,-algebra, it is Noetherian.

Now we show that dim A,, = 1. We have an isomorphism

Ao = (PJ(ZF = Z5,...,2 — Z2))

L)

—
3
(12
—~
v
N
N
N
s
~
—~
N
no
|
S

.....

as well. Now

(20,27 = Z3,..., 28 = Z0) = (21, Z3, ..., ZP") C (P (z

n

isa(Zi,...,Z,)-primaryideal,so Z1, Z7 — Z3,..., Z} — ZP™ isasystem of parametersof (P, )z, ... z,)
(see the start of [Mat89, Ch. 14] for the definition of a system of parameters). Hence by [Mat89}, Theorem

14.1],
dim A, = dim(P,) 7,20/ (27 = Z3,..., Z; = ZP") =n— (n— 1) = 1.

77777

Finally note that A,, contains all Y;;’s,s0 R C A,, C K = Q(R). Hence to apply we

only need to verify conditions (1) and (2).
For (1),if f € K, then f can be written as a rational function in the Y;;’s. If f is non-zero, then only

finitely many Y;;’s appear in such a representation of f. If n > 2 is such that Y,,; does not appear in such
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arepresentation forall 1 < j < n,then f € F,,,s0 f € A, isa unit. Hence any non-zero element in K
is a unit in all but finitely many A,’s.

For (2),if j # h, then take x; := Y} ; and xj, := Y}, 1. These are not units in A and A, respectively,
and are units in A; for other#’s notequal to j or h. Moreover, if i # jand¢ # h,thenz,;+z;, € F; C R;

so xj + xp, isaunitin A;. Hence A := ("), A; is a Noetherian domain of dimension 1 by

Finally, we show that the embedding dimension of m(4) := n(¢) N A is¢. This will prove the theorem

since for all n > 2, we can find 7 such that n < %, and we can apply|Corollary 1.3.4/ with R = A and

m = m(%) to construct an n X n trace 0 non-commutator.

We now compute the embedding dimension of m(i)’s. Since A; = Aw(;) by[Theorem 1.5.1} we can

check the embedding dimension of the local ring A; instead. We have

.....

SO

Now we show that Z1, . .., Z; form an Fy-basis of (Zy,...,Z;)/(Z1, ..., Z;)?. So suppose
alzl—i—-n—i—aiz € (Zla--->Zi>27 (I.Z)
forsomeay,...,a; € F;. Now

(22— 73,22 = ZV) C (Zh,..., Z)>,

CL1Z1—|—"' —i—azZl € (Zl,...,Zi)Q.
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But then a; = 0 for all j since all the terms in the left-hand side are degree 1. Hence

dimp,(Zy,..., Z)/(Zr, ..., Z)2 = i

1.6 Trace Zero 2 X 2 Matrices

In this section, we summarise the current progress on the case of 2 X 2 matrices. We start by recalling
various facts and definitions needed to statewhere we put together known results from

the 1970s and 1980s. We then review facts and definitions on the K-theory of affine surfaces to be able to

state more recent results such as/Theorem 1.6.23]Corollary 1.6.25|and|[Theorem 1.6.27

For this section, we assume that Spec(R) is connected for any ring R. This is not a strong assumption
since we can always reduce the question about commutators to the case where Spec(R) is connected
if R is Noetherian. Indeed, if R is a Noetherian ring, then Spec(R) has only finitely many connected
components, and R = []'_, R; where Spec(R;) is a connected component of Spec(R). A matrix

M € M,(]];_, R:) is a commutator if and only if all M/;’s are commutators where M = (M) €
[T M (Ri) = Mo (ITi2)-

€1 2
Lissner showed by elementary means that € My (R) is a commutator except possibly
€3 —C

when ¢; ¢ (¢;,¢,) C Rforany (i j k) which is a permutation of (1 2 3) (see [Lis61, Lemma 3.1 and
3.3]).

The main tool in the 2 x 2 case is the following lemma connecting a commutator with an exterior

power. Recall thatv € APR" is decomposable if there exist vy, ..., v, € R" suchthatv = v; A--- A,
a b

Lemma 1.6.1. Let M = € My(R). Then M is a commutator if and only if aey N e + beg A
c —a

e1+cer Ney € N2R3 s decomposable. In particular, every 2 x 2 trace O matrix is a commutator if and

only if every vector in N* R® is decomposable.
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Proof. Suppose M = [X;, Xo| for some X1, Xo € My(R). Then M = [X; + rly, Xy + sls] for

T %
any r, s € IR, so we may assume that X; = "7 for some Zi, Ui, 2z € Rfori = 1,2. Then the

yi 0
equation M = [ X7, X5] becomes

a4 = Y221 — 221

b= 291 — Tk

C = T2Y1 — YaT1

which is equivalent to

aes A ez + beg A eg + cep A\ ey = (x9eq + yaes + 22€3) A (T161 + Y19 + z1€3).

Hence M being a commutator is equivalent to the vector being decomposable.
Since es Aes, e3 Aeq, €1 A ey form a basis for A2R3, thereis a bijection between 2 X 2 trace 0 matrices
and A2R3. Hence all the trace 0 matrices being a commutator is equivalent to all the vectors in A2R3

being decomposable. O]

Definition 1.6.2. Givenn > 1, we say that 12 7s o+l if every vector in AR is decomposable. We

call aring R an OP-ring if it is TSH foralln > 1.

This definition was made by David Lissner in [Lis6s] and OP stands for outer product.
Remark1.6.3. [Lemma 1.6.1/can be rephrased as stating that every trace 0 matrix in My (R) is a commutator
if and only if R is T’.

From here on in this section, we will focus on the case when R is Noetherian. For non-Noetherian
OP rings, see [JW17].

Given a property P, we say that a ring R is Jocally P if every localisation of R at a prime ideal has the

property P. For "1 or OP, locally true at every prime is equivalent to locally true at every maximal ideal.
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Proposition 1.6.4. 4 Noetherian ring R is locally T or locally OP if and only if every localisation of

R at a maximal ideal is Tffrl or OP, respectively.

Proof. 1If Rislocally T+, then every localisation of R at a maximal ideal is 7" by definition. On the
other hand, suppose every localisation of I at a maximal ideal is T andletp C Rbea prime ideal.
Then there exists a maximal ideal m D p, and R,, is a localisation of Ry, at pRy,. Now letu € /\”RSH.

Then there exists 7 € Ry, \ p Ry such that ru € AR, Since Ry, is T, ru is decomposable, so
ru=vL N\ ANv,
for some vy, ..., v, € R Now
u:%vl/\-~~/\vnE/\”R;}+1

so u is decomposable. Hence R, is 7" !. The equivalence for OP follows from the equivalence for 7;"**

foralln > 1. [

For alocal ring, the OP property can be detected by the minimal number of generators for its maximal

ideal.

Theorem 1.6.5 (Theorem [Towyo||). Let R be a Noetherian local ring with maximal ideal w. Then R is

an OP-ring if and only if w is generated by z elements.
Corollary 1.6.6. Let R be a regular ring of dimension d < 2. Then R is locally OP.

Proof. Letm C R be a maximal ideal. Then Ry, is a regular local ring of dimension < d, so mR,, is

generated by at most 2 elements. Hence R, is an OP ring by and so Rislocally OP. [

Recall that a semilocal ring is a ring with finitely many maximal ideals. For semilocal rings, the OP

property can be detected locally.
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Theorem 1.6.7 (Theorem [Hin72]). Let R be a Noetherian semilocal ring. Then R is an OP-ring if and
only if R is locally OP.

Lissner first used the term OP-ring in [Lis65] and showed that a Dedekind domain is an OP-ring in
[Lis6s, Appendix]. Towber subsequently showed that if R is a Dedekind domain then R[z] is an OP-ring
in [Tow68, Theorem 1.2]. Estes and Matijevic then proved the following characterisation of OP-rings.

Recall that an R-module M is R-oriented if N"M = R for somen > 1.

Theorem 1.6.8 (Theorem 1, Corollary 1, Corollary 2 [EM8ol). Let R be a Noetherian ring satisfying one

of the following properties:
* Risreduced,
* every minimal ideal of R is principal, or
* R bhas only finitely many maximal ideals with non-regular localisation.
Then R is an OP-ring if and only if R is locally OP and every finitely generated R-oriented module is free.

Remark 1.6.9. Estes and Matijevic note in [EM8o, Page 1356] that the three conditions on R are probably
not necessary, and suspects that every R-oriented module being free and R being locally OP are the only

necessary conditions for 2 to be an OP-ring.

Corollary 1.6.10. Let R be a reduced Noetherian locally OP ring. Then any finitely generated R-oriented

module is projective.

Proof. Let M be a finitely generated R-oriented module, so that A"M = R forsomen > 1. We will

show that M is projective by showing that it is locally free. So let p € Spec(R) be a prime ideal. Then
R, = (N"M)® R, = \"M,.
R

Now R islocally OP and so R, is an OP-ring, and M, is a finitely generated R,-oriented module, so M,
is free by Hence M is projective. O
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Recall that an R-module M is stably-free it M & R™ = R" for some n and m.

Lemma 1.6.11 ((3) Lemma, (4) Lemmain [BDG80|). Let R be a Noctherian Ty ring. Then every maximal

ideal of R is generated by two elements and every finitely generated stably-free projective R-module is free.

Recall that the Grothendieck group of a ring R, Ky(R), is the group completion of the monoid of
isomorphism classes of finitely generated projective R-modules, under direct sum. And SKy(R) is the
subgroup of K(R) consisting of the classes [P] — [R™], where P is an R-oriented projective module of

constant rank m (cf. [Weirs, Definition I1.2.6.1]).

Lemma 1.6.12 ((5) Proposition [BDG80|). Let R be a dimension 2 Noetherian ring, and suppose that every

maximal ideal of R of height 2 is generated by 2 elements. Then SKy(R) = 0.

Lemma 1.6.13 ((6) Lemma [BDGS8o|)). Ler R be a Noetherian ring and suppose that SKo(R) = 0.
Then every finitely generated stably-free projective R-module is free if and only if every finitely generated

R-oriented projective R-module is free.

We combine the works of Estes—Matijevic [EM8o| and Boratyriski—-Davis—Geramita [BDG80o| to

obrtain the following theorem.
Theorem 1.6.14. Let R be a Noetherian ring satisfying one of the following conditions:
e Risreduced,
e every minimal ideal of R is principal, or
* R has only finitely many maximal ideals with non-regular localisation.
Then the following are equivalent:
1. Every trace 0 matrix in My(R) is a commutator,
2. RisT,
3. Risan OP-ring,
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4. Rislocally OP and every finitely generated projective R-oriented module is free,

5. Rislocally OP, SKo(R) = 0 and every finitely generated stably-free projective R-module is free,

and

6. Every maximal ideal of R is generated by two elements and every finitely generated stably-free pro-

Jective R-module is free.

Proof. (1) is equivalent to (2) by[Lemma 1.6.1] (3) implies (2) follows from the definition of an OP-ring.

(4) implies (3) is| Theorem 1.6.8| with |Corollary 1.6.10|

For (5) implies (4), suppose M is an RR-oriented module. Then for all prime ideal p, M, is R,-oriented
module, and since R, is OP, every R,-oriented module is free. Hence M is an R-oriented projective
module. Hence it is stably-free projective by[Lemma 1.6.13)and hence free by (s).

For (6) implies (5), if every maximal ideal of R is generated by 2 elements, then every maximal ideal
is locally generated by at most two elements. Hence every localisation is OP by[Theorem 1.6.5] Now for
all maximal ideal m, m Ry, is generated by at most 2 elements, so dim R, < 2 by Krull’s Height theorem

[Mat89, Theorem 13.5]. Hence dim R < 2, and so by SKy(R) = 0.
(2) implies (6) is 0

Corollary 1.6.35. Let R be a locally OP Noetherian ring. Then
. dimR <2,
2. Ifdim R = 0 then R is an OP-ring,
3. Ifdim R = 1 and if R satisfies one of the following, then R is an OP-ring.

(a) R isreduced,
(b) every minimal ideal of R is principal, or

(¢) R hasonly finitely many maximal ideals with non-regular localisation.
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Proof. If Rislocally OP Noetherian ring, then by m/?,, is generated by 2 elements for any

maximal ideal m of 2. Hence dim R, < 2 by Krull’s Height theorem [Mat89, Theorem 13.5], and so
dim R < 2.
(2) follows fromsince if 12 is Noetherian and dimension 0, then it is a semilocal ring.
For (3), let M be an R-oriented module, thatis A" M = R for some n > 1. Then by[Corollary 1.6.10]
M is projective and so by Bass cancellation theorem [Weir3| Theorem 1.2.3], M = P & R™! for some

projective module P of rank 1. Now

R=N"M=A"(PoR") =PNPoAN*R=PaR=P,

k=0

so M is free. Hence every finitely generated R-oriented module is free, so 12 is an OP-ring by
l

Example 1.6.16. Let A be a PID with quotient field F' and K/ F be a finite field extension. An A-order
Rin K is an A-subalgebra of K which is finitely generated as an A-module and such that F ® 4 R = K.
In [Clai8, Theorem 3.4], Clark showed thatif N := [K : F, then there exists an A-order R in K such
that R admits a maximal ideal m C R with /V as the minimal cardinality of a set of generators. If N > 3,
then by(6), R is notan OP ring. In particular if K/Q is a number field of degree at least
3, then K admits a Z-order which is not an OP ring.

Note that if R is an A-order in a quadratic extension K/ F, then every ideal of R is a free A-module

of rank 2, so every maximal ideal of R is generated by at most 2 elements. Hence for any maximal ideal
m C R, mR,, is generated by at most 2 elements, so by R is locally OP. Moreover, R is
also a dimension 1 domain, so by[Corollary 1.6.15|(3)(a), R is an OP ring.

From here on, we will work with the case where the ring 12 is a k-algebra for some field k. As we
will see later, this will allow us to utilise the geometry of Spec(R) as a k-variety. The next theorem gives

examples of k-algebras R where every stably-free projective module is free.
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Theorem 1.6.x7. Let k be a ring, and R be a finitely generated 2 dimensional k-algebra. Then every finitely

generated stably-free projective R-module is free if any of the following is satisfied:
L.k is an algebraically closed field [MS76, Theorem 1].

2. k is an infinite perfect field with k # 2 and the cobomological dimension of k is at most 1 [Bhaos,

Remark 4.2].

3. kisa real closed field and all k-points on Spec(R) lie on a closed subscheme of dimension < 1 [MS76,

Theorem 3.1].
4. k =Zork =T, for any prime power q [MMRS88, Corollary 2.5].

Corollary 1.6.18. Let k be a ring and R be a Noetherian reduced finitely generated 2 dimensional k-
algebra satisfying one of the conditions (1)-(4) in Then every trace O matrix in My (R) isa

commautator if and only if every maximal ideal of R can be generated by two elements.

Proof. Follows from applying[Theorem 1.6.17/to the equivalence of (1) and (6) in[Theorem 1.6.8| N

If R is a regular 2-dimensional finitely generated k-algebra with £ algebraically closed, then R is locally

OP-ring by{Corollary 1.6.6} and every finitely generated stably-free projective module is free by
(1). Hence to apply (s) inwe only need to know whether SK((R) = 0. This
can be rephrased into a question about zero cycles of a projective closure of Spec(R) by

Recall that for a variety X /k, the Chow group A (X) is the group of zero cycles of degree 0 modulo

rational equivalence. For a projective variety X /k, we have the Albanese map

AJX Ao(X) %Albx/k(k),

where Albyy, is the Albanese variety of X /k (see [SSo3, Section 3] for more details about the Albanese
map). We denote the kernel as SA¢(X) := ker A.Jx, which is also denoted as T'(X) or F2C'Hy(X) in

some literature.
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Theorem 1.6.19 (Theorem 3 [MS76|]). Let V' = Spec(R) be a regular irreducible affine surface over

an algebraically closed field k, and let X |k be a regular projective surface birationally equivalent to' V. If
SAo(X) is finite, then SKo(R) = 0.

Putting the above theorems together, we have the following corollary.

Corollary 1.6.20. Let k be an algebraically closed field. Suppose R is a z-dimensional regular domain
that is a k-algebra. If Spec(R) is an open affine subvariety of a regular projective surface X | k with finite

SAo(X), then R is an OP-ring, and every trace O matrix in My (R) is a commutator.

Proof. This follows from combining the above theorems. Firstly, R is a locally OP-ring by
and by[Theorem 1.6.19, S Ko(R) = 0. Finally, by[Theorem 1.6.17|(1), every stably-free projective R-module
is free, so R satisfies (s). Hence R is an OP-ring and every trace 0 matrix in My (R) is a

commutator. O]

When k = Fp, we have the following theorem describing the projective modules over k-algebras,

which we use to give examples of OP-rings in

Theorem 1.6.2x (Theorem 6.4.1 [KSo7||). Let R be a finitely generated algebra of dimension d > 1 over
the algebraic closure of a finite field. Then any projective R-module of rank d has a non-zero free direct

summand.

Corollary 1.6.22. Let R be a locally OP dimension 2 finitely generated I_Fp—a[gebm that satisfies one of the

Sfollowing:
1. Ris reduced,
2. every minimal ideal of R is principal, or
3. R bas only finitely many maximal ideals with non-regular localisation.

Then R is an OP-ring and every trace O matrix in M (R) is a commutator.
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Proof. By we only need to show that every finitely generated oriented R-module is free.

Let P be an oriented module of rank n. If n > 2 then by Bass cancellation theorem [Weir3, Theorem

L23], P = Q @ R" 2 where @ is a projective module of rank 2. By[Theorem 1.6.21, () has a non-zero

free direct summand, so Q = () @ R for some finitely generated R-module ()’. Now
R=A"P = A" (Q/@Rnfl) _ @/\kQ/(g/\nfkRnfl _ QI®R _ QI-
k=0
Hence P is free. O

Theorem 1.6.23. Let R be a regular finitely generated F ,-algebra of dimension 2. Then R is an OP-ring

and every trace O matrix in My(R) is a commutator.

Proof. R is locally OP by |Corollary 1.6.6, and R is regular so it is reduced. Hence R is an OP ring by

|Corollary 1.6.22} and so every trace 0 matrix in M(R) is a commutator. O

For an algebra over a characteristic 0 field, we have the following result for a graded @—algebra.

Theorem 1.6.24 (Theorem 1.2 [KSo2]). Let R = ©y,>0 Ry, be a 2-dimensional graded normal Noetherian
domain that is an associative algebra over Ry = Q. Then every finitely generated projective module over R

is free.

Corollary 1.6.25. Let R = @©n>0R,, be a z-dimensional regular graded domain that is an associative

algebra over Ry = Q. Then R is an OP ring, and every trace 0 matrix in My(R) is a commutator.

Proof. Since R is a regular 2-dimensional ring, R is locally OP by |Corollary 1.6.6l By|Theorem 1.6.24}

every finitely generated projective R-module is free, so every R-oriented module is free. Hence R is an

OP ring by[Theorem 1.6.8} and every trace 0 matrix in M (R) is a commutator. O

Recall the following conjecture (see [KSo7, Page 267 and Theorem 6.2.1] for a discussion about the

conjecture).
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Conjecture 1.6.26 (Bloch-Beilinson Conjecture). If X'/ Q s an irreducible regular projective surface, then

SAy(X) = 0.

Theorem 1.6.27. Assume the Bloch-Beilinson conjecture. Then every finitely generated dimension 2 regular

Q-algebra R is an OP-ring. In particular, every trace O matrix in My(R) is a commautator.

Proof. For any R as in the theorem, there exists an irreducible regular projective surface X /Q birational

to Spec(R). By|Conjecture 1.6.26, SAy(X) = 0,50 SK¢(R) = 0 by[Theorem 1.6.19| By|Theorem 1.6.17]

(1), every stably-free projective module is free. Finally, R is locally OP since I? is regular and dimension 2.

Hence R satisfies| Theorem 1.6.14((s) so R is an OP-ring, and every trace 0 matrix in My (R) is a commutator.
H

In contrast to the case of @-algebras,|Corollary 1.6.29| gives examples of dimension 2 regular C-algebras

which are not OP-rings.

Theorem 1.6.28 (Mumford, Roitman, Corollary 1 [KS10]). Let X/C be an irreducible regular proper
variety of dimension d, with H°(X, Q4 sc) # 0. Let Spec(R) be a non-empty open affine subvariety of X.

Then Ao(Spec R) has uncountable rank.

Corollary 1.6.29. Let X/C be an irreducible regular proper surface, with H*(X, Q% /C) # 0, and let
Spec(R) be a non-empty open affine subvariery of X. Then R is not an OP ring and there is a trace 0

non-commutator in My(R).

Proof. By[Theorem 1.6.28} Ag(Spec R) # 0. Since Spec(R) is a regular affine surface, Ag(Spec R) =
SKo(R) (see Theorem 4.2 (d) [MS76]) and so it does not satisfy(s). Hence R is notan

OP ring and there exists a trace 0 non-commutator in My(R). O]

Example1.6.30. Forany d > 1,let Ry := C[z,y, 2]/(z% 4+ y* + 2¢ — 1). Then Spec(Ry) is an open

subvariety of X := Proj(Clxo, 1, T, 23]/ (28 + 2§ + 23 + 24)). If d = 1, 2, 3, X is rational [Har77,

Example I1.8.20.3], and so Ay(X4) = 0 [Bloro} Prop. 7.1]. Hence SA((X4) = 0 and by|Corollary 1.6.20}

Ry is an OP-ring and every trace 0 matrix in My (R,) is a commutator.
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Ifd > 4, then we have Qid/(c = Ox,(d—4) (see [Har77, Example I1.8.20.3]), so H"( X, Q_QXd/(C) =

HY(X4,Ox,(d — 4)) # 0. Hence by|Corollary 1.6.29} there is a trace 0 non-commutator in My (Ry).

Note that if the Bloch-Beilinson conjecture is true, then Q[x, y, 2]/(2? + y¢ + 2¢ — 1) is an OP-ring by

|Theorem 1.6.27|even if d > 4.

Recall the following conjecture of Bloch (see Conjecture 1.8 and Proposition 1.11 in [Bloio] for details

about the conjecture).

Conjecture 1.6.31 (Bloch Conjecture). Let X /C be a regular projective surface. If H%(X, Q% /cc) = 0 then

Bloch’s conjecture has been verified in many cases, including for any surfaces that are not of general

type [BKL76, Proposition 4] and for some surfaces of general type, see e.g. [Bau+12; IM79; Bar8s; Voir4;

Baui4; BFis; PW16]. Thus in these cases, we can apply|Corollary 1.6.20|to obtain examples of OP-rings.

For example, the following is an OP-ring coming from a surface of general type called a Godeaux surface.

Example1.6.32. LetY be the quintic complex surface in P?. defined by the equation z§+23 +a5+ 3 = 0.

Let

O'(l’o Y A R ) I 1’3) = (1’0 . C5.1'1 . ngz . Cgmg)

be an automorphism of Y where (5 = €27/°. The quotient surface X := Y/(0) is called a Godeaux

surface, with Ay(X) = 0 (see [IM79, Theorem 1]).

So for an open affine subvariety Spec(R) of X, we have that R is an OP-ring by|Corollary 1.6.20| For

example consider

S :=Clz,y, 2]/(2° +y” +2° + 1),

where © := 1 /20,y 1= x2/x¢ and z := x3/x0, so that Spec(.S) is an open subscheme of Y. Then
o acts on Spec(S) as well by o (f(z,y,2)) = f((z, By, (2), so Spec(S'?)) = Spec(S) /(o) is an

open affine subvariety of X. Hence for

R:= (Clz,y,2]/(z" +y* + 2"+ 1))<U> ,
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every trace 0 matrix in My (R) is a commutator.

We conclude this section with the case when Spec(R) is an affine quadric hypersurface in A}. We do
not assume that k is algebraically closed, and use the theory of quadratics forms to determine whether R
is an OP ring.

Given k a field with char k # 2 and a homogeneous degree 2 polynomial ¢(z,y, 2) € k[z,y, 2],
define

R(k7Q) = k[xayaz]/(q - 1)'

Recall that ¢ can be written as ¢ = (z y 2)Q(z y 2)" where @ € Mj(k) is a symmetric matrix.
The discriminant of q is A(q) = det(Q) and q is called non-degenerate it A(q) # 0. If g is non-
degenerate, then R(k, q) is a regular 2-dimensional algebra. Finally, recall that g is Zsotropic over k if there

exist z,y, 2 € knotall 0 such that¢(x,y, z) = 0.

Theorem 1.6.33 (Theorem 16.1 [Swa87]). Lerq € k[z,y, 2] be a non-degenerate quadratic form over a
freld k with char k # 2. If q is isotropic or \/ —A(q) € k, then every projective R(k, q)-module with rank
at least 1 bas the form F' © Q with F free and Q) of rank 1.

Corollary 1.6.34. If qisisotropicor/ —A(q) € k, then R(k, q) isan OP-ring. Hence every trace O matrix

in Ma(R(k, q)) is a commutator.

Proof. Let R := R(k, q). Since R is a regular dimension 2 ring, it is a locally OP ring by

Now suppose P is an R-oriented projective module with AP = R. Then by P =
R 1@ Qwithrtk @ = 1. So

R=AN'"P=AN"R""'"®Q)=RxQ=Q.

Hence P is a free module, and by[Theorem 1.6.14} R is an OP ring and every trace 0 matrix in My(R) is a

commutator. O]

We also have a partial converse of[Theorem 1.6.33
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Theorem 1.6.35 (Theorem 9.2 (b) and Lemma 115 in [Swa87]). Ifq is anisotropic, \/ —A(q) ¢ k and q
represents 1, then Pic(R(k, q)) = 0 and Ko(R(k,q)) = Z./2Z.

Corollary 1.6.36. If q is anisotropic, \/ —A(q) & k and q represents 1, then R(k, q) is not an OP-ring and

there is a trace O matrix in Mo(R(k, q)) that is not a commutator.

Proof. Let R := R(k,q). Since

SKy(R) = ker(Ko(R) — Pic(R)),

SKy(R) =7Z/2Z by Hence by[Theorem 1.6.14} R is not an OP ring and there is a trace

0 matrix in My (R) that is not a commutator. O

Remark1.6.37. Over R := Rz, y, 2]/ (2* + y* + 2* — 1), there is a well-known example of 2 2 x 2

x oy
non-commutator A := € My(R) (see [RRoo, Section 3] for the proof). By taking ¢ := 2%+

zZ —X

y* + 22 as the quadratic form, we see that R = R(R, q). Since \/—A(q) = V-1 ¢ R,

Corollary 1.6.36|

implies that there is a non-commutator in My (R). However we cannot conclude from|Corollary 1.6.36]

that this particular matrix A is a non-commutator.

Note that for R®r C = R(C, q) = Clz,y, z]/(2* + y* + 2* — 1), [Corollary 1.6.34|applies since
vV —A(q) = v—1 € C,s0 Aisacommutator in My(R(C, q)). For example, we can write A as

1+ix(ic —y) —xz —iz x4y

z(iz —y) 0 —z 0

Remark 1.6.38. There are cases that are not covered by|Corollary 1.6.34|and |Corollary 1.6.36} Namely the

case where ¢ is anisotropic, v/ —A(q) ¢ kand g does not represent 1. We now provide an explicit example
of such form q. Take k := Q(a, b, ¢), a function field in 3 variables over Q. Take q := az?® + by* + cz? €

k[z,y, z]. Then we claim that ¢ is anisotropic, \/A(q) ¢ k and g does not represent 1. So suppose there
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exist z, 1y, z € k such that

az® + by? + cz* = 0. (r.3)

Then by clearing the denominators, we may assume z,y, 2 € Q|a, b, ¢|. Now if we evaluate a, b, ¢ in

at any positive ag, by, g € Q, then we have z(ag, by, co) = 0, y(ao, by, cp) = 0 and

z(ag, bo, co) = 0. Hence z, y and z mustall be 0 in Q[a, b, c] and so ¢ is anisotropic. We can also see that

vV —A(q) = vV—abe ¢ k = Q(a,b, c). Now we will show that ¢ does not represent 1. So suppose by

contradiction that it does represent 1. Then after clearing the denominators, we have

aff +bf3+cfs = fi (1.4)

for some f1, fa, f3, f1 € Q|a, b, ¢|. We may also assume that[Equation (1.4)|is reduced in the sense that

at least one of the f; is not divisible by a, and similarly for b and c. Now suppose f2, f3, f4 are all divisible

by a. Then f; is not divisible by @, and after dividingby @ and then taking modulo a, we

will have

ff=0 (mod a).

This is a contradiction since we assumed a does not divide f1, so at least one of fs, f3, f4 is not divisible

by a. Suppose f € {fa, f3, fa} is the only polynomial not divisible by a. Then taking [Equation (1.4)

modulo a, we will have

=0 (mod a),

which is a contradiction since we assumed a does not divide f. Hence there are at least two polynomials
in fa, f3, fa thatare not divisible by a. Similarly, there are 2 polynomials in fi, f3, f4 that are not divisible
by b and two polynomials in fi, f2, f4 that are not divisible by c. So there is at least one polynomial in

f1, f2, f3, fa thatis not divisible by a and b, @ and ¢, or b and c. Without loss of generality, assume that at

least one of f3 or fy is not divisible by @ and b. Then taking modulo (a, b), we have

cfi = fi mod (a,b).
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This is an equation in Q[a, b, ¢|/(a, b) = Q]c], and the only solution is f3 = 0 = f; in Q[c]. But this
is a contradiction since we assumed at least one of f3 or f4 is not 0 modulo (a, b). Hence there is no

f1, fa, [3, fa satisfying[Equation (1.4)|and ¢ = az? + by? + c2? does not represent 1in k = Q(a, b, ¢).

56



CHAPTER 2

INTEGER DYNAMICS

2.1 Introduction

In this chapter, we include [Lor+20], a joint work with D. Lorenzini, M. Melistas, A. Suresh, and
H. Wang. Fix an integer b > 2. Any non-negative integer n can be written uniquely in base basn =
2o+ 2b+ -+ agb?withzy >0and0 < z; < bfori =0,...,d Weletn = [0, ..., T4y denote
the base b expansion of n. Fix now a function ¢ : {0,1,...,b — 1} — Z>0, and consider the map
Sop L= — Lo, with

Sep(n) = d(x0) + -+ + (24q).

For instance, when b = 10 and ¢(z) = 2%, then Sj,(345) = 3% + 4% + 52
The ordered sequence [12, Sy 5(n), S p(Spp(1)), . . . | is called the orbir of n under Sy . We say that

n has finite orbit under Sy if the set {n, Sy 5(n), Spp(Sp(n)), . .. }is finite. Any finite orbit contains a

finite cycle, a non-empty sequence of integers cyc(ny, . . ., 1) such that Sy 5 (ny) = ny and when ¢ > 1,
Sep(ni) = nipq fori = 1,..., € — 1. This cycle of length { is unique up to cyclic permutation of its
terms.

Example2.1.1. Let ¢(2) = 2% and b = 10. Take the integer ¢ := 142113251819, which is obtained from

numbers by substituting each letter with its position in the alphabet. The repeated use of the function

57



Sg.» quickly brings ¢ to a standstill: the orbit of ¢ is [¢, 208, 68,100, 1, 1, . .. ], and the cycle associated to
this orbit is [1].

B. M. Stewart [Ste60, Theorem 1] proved that there exists a constant vy, depending on ¢, such that if
n >y, thenn > Sy (n). In particular every positive integer n bas finite orbit under Sy . It follows from
Stewart’s Theorem that the orbits of Sy , produce only finitely many distinct cycles. We will call the set of
distinct cycles associated with the orbits of Sy j, the cycles associated with Sy . The complete determination
of the cycles of a given S, is computationally quite expensive for large b’s. When ¢(x) = 2™, one can

proceed as follows.

Theorem 2.1.2. Let ¢(x) = ™. Foreach integern < (m — 1)b™ — 1, compute the cycle of Syp(n). Then

the union of all these cycles is the complete set of cycles associated with Sy .

This statement follows from [Ste60, Theorem 7], and the key to Stewart’s proof is thatif n > (m —
1)b™ — 1, thenn > Syp(n). Hence, every cycle for Sy, contains a positive integer at most equal to
(m — 1)b™ — 1. In particular, every cycle for Sy, contains a positive integer whose base b expansion bas at
most m + 1 digits.

When ¢(z) = 22, the number of 1-cycles of a given .S, 4, is explicitly determined by the following

theorem of P. Subramanian [Sub68, Theorem r1.2] (see also [HP78, Section 3], and [Proposition 2.4.1).

Recall that a divisor d of a positive integer n is called properit 1 < d < n.
Theorem 2.1.3. The number of 1-cycles of S,z y, is equal to the number of proper divisors of b* + 1.

For convenience, let us call [1] the t77vial cycle of Sym . Let £ > 1 be any integer. Let B(¢) denote
the set of bases b such that S,2 j, has at least one non-trivial cycle of length . implies that
the natural density of B(1) is 1 (sec[Remark 2.2.11). It is not hard to show that B(¢) is infinite for all £
(see[Example 2.2.1), and it is natural to wonder whether B(¢) has a positive natural density. Let S C N
isany subset. Let S(n) := {1,2,...,n} N Sand s(n) := |S(n)|. Recall that the lower density d(S) of

S'is defined as d(S) := lim inf %Z) In this chapter, we show:

n—oo
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Theorem (see (Corollary 2.2.8| and [Proposition 2.2.12). Let { > 1. Then B({) has a positive lower

density. More precisely, B({) always contains an explicit arithmetic progression. The sets B(2), B(3), and
B(4) have lower density bounded below by 0.57, 0.21, and 0.11, respectively.

The key ingredient in the proof of[Corollary 2.2.8]is the existence of special £-cycles that we now define.
Let ¢ = cyc(ny, ..., ng) denote a cycle of length ¢ for S,2 ,. We say that ¢ is a propagating cycle if (i)
every integer n;, ¢ = 1,...,/, has at most two digits when written in base b and (ii) b does not divide
n;, foralli = 1.. ., £. The name ‘propagating’ is justified by our next theorem. It is easy to check with

that all 1-cycles of \S,2 , are propagating.

Theorem (see[Theorem 2.2.7). Let by > 2. Assume that Sy2 y,, has s distinct propagating cycles, of lengths

Uy, ..., U, respectively (repetitions are allowed). Lett > 0 be any integer, and let b := by + t(bg +1).
Then Sy2 p, bas (at least) s distinct propagating cycles, of lengths {1, . . ., L respectively.

Propagating (-cycles can naturally be seen as corresponding to integer points on an algebraic variety
Vi/Q. It turns out that V} has the property that, through every integer point on it corresponding to an
(-cycle, there passes at least one integer line given by explicit equations. This arithmetico-geometrical fact

underlies the proof of] When ¢ = 1 or 2, there is in addition a second integer line passing

through each point which also propagates cycles. We exploit the existence of this second line when ¢ = 2

in[Proposition 2.3.4|and [Remark 2.3.6|

Some of Stewart’s 1960 results [Ste6o|] have been independently rediscovered by H. Hasse and G.
Prichett in 1978 ([HP78, Theorem 4.1]). At the end of [HP78|], Hasse and Prichett propose the following

conjecture:

Let () = x* and consider the set L(x2, 2) of all integersb > 2 such that the list of cycles associated with

S consists of the trivial cycle [1] and exactly one additional cycle. Then L(2%,2) = {6, 10, 16, 20, 26, 40}.

Hasse and Prichett made this conjecture after having numerically verified it for b < 500.
Let ¢(z) be any polynomial taking positive values on Z~. Let L(¢, i) denote the set of integers b > 2

such that the list of cycles associated with Sy j, consists of exactly ¢ distinct cycles. It is natural to wonder
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whether the Hasse—Prichett conjecture for ¢(x) = 2? and ¢ = 2 is in fact only a specific instance of a
much more general phenomenon, namely that all the sets L(¢, 7) are finite, for all ¢ > 1.

Curiously, Hasse and Prichett do not mention in [HP78] a similar conjecture for the set L(2?, 1). In
this case, that L(2:%,1) = {2, 4} seems to be by now a folklore conjecture. It is stated in [OEIS], A161872,

that the conjecture has been verified for all b < 500, 000, 000.

Subramanian’s shows that if the set L(2?, 2) is infinite, it will indeed be very sparse,
since if b € L(2?, 1) or L(2?,2), then b* + 1 is prime. To justify this claim, note that[Theorem 2.1.3]

implies that b* + 1 can only have at most one proper divisor bigger than 1. This can happen only when
b? + 1 = p? for some prime p. But the factorisation 1 = (p — b)(p + b) has no integer solutions when
b> 2.

The unboundedness of the set of integers b such that b*> + 1 is prime is implied by a general 1857
conjecture of Victor Bouniakowsky [Bous7, page 328], that any irreducible polynomial f(z) € Z[z] with
positive leading coefficient takes infinitely many prime values if the values f(1), f(2), f(3), ... have no
common factor. This conjecture in the case of f(z) = 2* 4+ 1 was one of E. Landau’s four problems
presented at the 1912 International Congress of Mathematicians (see [HL23|], pp 46-48). Note that a
negative answer to the Hasse~Prichett Conjecture (in the strong sense where L(2?, 2) would be proved
to be infinite) would provide a positive answer to Landau’s problem.

The computations below were done using the cluster Sapeloz at the Georgia Advanced Computing

Resource Center. We have included the code used in

Theorem 2.1.4. Letb < 1000000. Ifb € L(2%,2), then
be {6, 10, 16, 20, 26, 40, 8626, 481360}.

Thus the Hasse—Prichett Conjecture at the very least needs to be modified to include the bases b =
8626 and b = 481360. The existence of the large gap between these two bases might be seen as evidence

against the validity of the modified conjecture.
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Searching for other types of finiteness, one may wonder for instance whether, for a given integer
d, the set M (22, d) of all bases b such that S,2 5 only has cycles of length at most d is finite. We have
{2,4} C M(2*,1)and {2,3,4,13,18,92} C M (22,2).

Theorem 2.1.5. Ler 400 < b < 1100000. Ifb € ]\/[(91;2, 10), then

b € {432,596,687,1068, 1932, 3918, 288504 }.

Moreover, 452808 € M (x?, 12). The presence of the large gap in M (22, 10) might be seen as

evidence that M (z2, 10) might be infinite.

For comparison with the case ¢(:) = 2%, let us note the following results for ¢(z:) = z°.

Theorem (see Proposition 2.s.1 and [Proposition 2.5.4). Let b > 2 be a square, or an integer that is not

divisible by 9. Then Sy 1, bas at least one non-trivial 1-cycle. In particular, the set of bases b > 2 such that

Sy3 p, bas a non-trivial 1-cycle has lower density bounded below by 8 /9.

Theorem (see|Proposition 2.5.7/and |Corollary 2.6.3). Let £ > 1 be any integer.

(a) Letb = 3k + 1. Then Sy, bas at least five distinct cycles.
(b) Letb = 9k* + 15k + T or 9k? + 21k + 13. Then S, , admits at least one 2-cycle.

Part (a) of the above theorem can be interpreted as saying thatat least 1 /3 of the integers do not belong
to L(x3, i) with i < 4. In the spirit of the Hasse~Prichett conjecture, we offer the following questions in
the case where ¢(x) = 2*: do the equalities L(2?, 1) = {2}, L(2*,2) = @, L(2,3) = {3,26}, and
L(z3,4) = {5,90, 188} hold?

2.2 Propagating (-cycles

Let ¢(x) be any polynomial taking positive values on Z, and let ¢ > 1 be any integer. It is natural to
wonder whether there exist bases b > 2 such that Sy ; admits cycles of length £. We consider this question

in this section mainly when ¢(x) = x?. We start with some general observations for ¢(z) = 2™, m > 2.
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Example 2.2.1. Let £ > 1and m > 2 be any integers. Let b := ¢™ =1 Then the orbit of ¢™ under Sym p
is a cycle of length £, namely the cycle cyc(c™, Aol = be). Thus we can quantify the infinitude
of the set of bases b such that S;m , contains a cycle of length £ by noting that this set contains all integer

values of the polynomial f(t) = ™1 whent > 1. We show in Corollary 2.2.8|that when m = 2, the

same statement holds with a polynomial f(t) of degree 1.

Example 2.2.2. Take a prime p > m, and let £ denote the order of m in (Z/pZ)*. We find that the base
b = P admits the orbit of ¢ under Sym j, as a cycle of length . Thus, when the order of m equals
{ := p — 1, we find that all integer values of the polynomial f(t) = t‘*! when ¢ > 1 are contained in
the set of bases b such that S;m , contains a cycle of length .

For instance when ¢ = 4 and m = 2, we have for all bases b = ¢” the 4-cycle cyc(c?, ¢*, ¢®, ). When

. 2 . 2 _
¢ = 2, we can consider the 2-cycle cyc(c™, ¢™) in base b = ¢, since in base b, ™ = ¢(¢™ )™~ 1,

Example 2.2.3. Existence of propagating (-cycles. None of the examples of ¢-cycles exhibited above when
¢(x) = a? are examples of propagating cycles as defined in the introduction, since although each integer
in the cycle has at most two digits when written in base b, at least one integer in the cycle is divisible by b.
Our next example is an example of a propagating cycle.

Fix ¢ > 2. Choose coprime positive integers o and /3 such that 3 divides o2 —a, and set v = a?+ B2
For instance, one can choose & = # = 1andy = 2. Setb := (12" — a) /3. Since § divides o — «

and a? = v — (3%, we find that b is an integer. Then

—1
CyC(7772,747-.-,72 :a—i_ﬂb)

is an (-cycle for S,2 3. Indeed, it is easy to verify that o, 8 < b, so that 72471 = |a, Blp.
It is easy to check that b does not divide any of the integers v fork =0,...,0 — 1. Since 72" has
only two digits in base b, the smaller integers nyk have at most two digits. Hence, this cycle is a propagating

cycle.
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Let £ > 1. Consider the affine space A?**! and label its coordinates by

b, andxi,yi, fori = 1,...,6.

Let V;, denote the algebraic subvariety of A2 defined by 22 +y? = x1 + by, when £ = 1,and in

general by the ¢ equations

22+ 2 =xiq + by fori=1,...,0—1, and

xi 4+ y; = x1 + by

Letnow cyc(ny, . .., ny) be a propagating {-cycle for S,z .. Write n; = [X;, yilp, with0 < x;,y; <
bo — 1 and x; # 0. Then the integer point (by, X;,y;,% = 1, ..., () satisfies the equations of the variety
Vi, and thus a propagating (-cycle for S,z 5, corresponds to an integer point on the variety V; which

satisfies the added requirement that 0 < x;,y; < by — 1 and x; # 0.

Theorem 2.2.4. Let P := (by,X1,¥1,...,Xe, Ye) be any point on the variety Vy. Then there exists a

line in A1 that passes through P and is fully contained in Vy. This line can be given by the parametric

equations
b(t) = bo+ (b3 + 1),
zi(t) = xi+ (xibo — yi)t, (21)
yi(t) = yi+ (yibo+xi)t, fori=1,... L.

If P is a point which corresponds to a propagating cycle of Sy2 v, then for every non-negative integer t, the

point

corresponds to a propagating cycle for S,z y ).
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Proof. The proof of the theorem is not difficult, once the parametric equations are available. Indeed,

one finds that in Q[t],

zi(t)? + i) — 2ipa(t) = b(Ozia(t) = (X +¥7 = Xiyr — boyir)((bot + 1) +1%)
= 07

foralle = 1,..., ¢ (where the index £ + 1 is set to mean index 1). We further need to show that for all
t > 0,0 < x;(t),y;(t) < b(t),and thatz;(t) # 0. These inequalities follow from the the fact thatsince

X; 7& 0 and yi < bo, we have Xibo -y > 0,x; + boyl > 0, and (Xibg — Yz>7 (Xi + boyz) < b% —-1. O

Remark 2.2.5. Consider an (-cycle cyc(nq, ..., ng) as in with n; := x; + y;bg. Let

g :=ged(b3 +1,n1, ..., ny). Given the parametrisation (2.1), we will call the following parametrisation

of the same line the reduced integer parametrisation of the line:

b(t) = bo+t(b3+1)/g,
ri(t) = x4+ t(xibo —yi)/9,
yi(t) = yi+t(yibo +x:)/g, fori=1,... L

Note that g divides x;b9 — y; since X;bp — y; = bo(yibo + x;) — y:(b3 + 1). Note also that g < bZ + 1
sinceif g = bg + 1, then b(z) + 1 would divide n; := x; + y;bo, but this is not possible since n; < bi—1.
Remark 2.2.6. Foreacht € C, we can define an endomorphism ¢y : V; — 1} on the afhine variety V

using the ring homomorphism ¢§ on functions on V; defined as:

ei(b) = b+t +1),
Oi(xi) = @ +t(zb—y,),
er(yi) = yi+tlyb+a), fori=1,... (.
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Theorem 2.2.7. Let by > 2. Assume that S,z ,, bas s distinct propagating cycles, of lengths {4, . . . , U,
respectively (repetitions are allowed). Let t > 0 be any integer, and let b := by + t(b3 + 1). Then S,z bas

(at least) s distinct propagating cycles, of lengths Uy, . . ., U respectively.

Proof: When the integers {1, . . . , {; are distinct, the statement of the theorem follows immediately from

the existence of the ‘propagating’ lines proved in Suppose now that for some integer ¢,

there are exactly 7 > 1 indices % such that /; = . Since we start with j distinct propagating ¢-cycles, we
have j distinct points on V4, andproved the existence of j distinct lines on V. To conclude
the proof of’ it suffices to prove that these lines do not intersect in V; at a point where

t is a positive integer. This can be checked directly. Assume thatt # 0, and that we have two f-cycles

(b07X17y17 R ) and (bo,X_l,W, .. )Wlth

yi+ (X +yibo)t = ¥i+ (X5 +Fibo)t,

fort =1,...,¢. Then

(xi =X)L+ bot) = (yi—¥it,

(yi =¥ (L +bot) = —(xi —X)t.
We must have (x; — X;) = 0 and, hence, (y; — ¥;) = 0, since otherwise, the above equations imply
that (bt + 1)? + t* = 0. This latter equation is not possible when both t and by are real, which we

assume. O]

Denote by PB(¥) the set of bases b > 2 such that S,2 , has a propagating (-cycle.

2271

Corollary 2.2.8. Ler { > 2. Let by := 2> — 1. Then the set PB({) contains an arithmetic progression,

and has lower density bounded below by 2/ (b3 + 1).

Proof. The existence of a propagating (-cycle cyc(v,~v?%, . .. ) for the base by := 227" _ 1 isestablished
in[Example 2.2.3} Since 7 = 2, we find that the greatest common divisor of the elements in the cycle is 2.

Theorem 2.2.4|and|[Remark 2.2.5|show the existence of an arithmetic progression b(t) = by +t(b2+1)/2
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such that for every integer t > 1, S;2 (1) has a propagating (-cycle. The natural density of the set of

positive integers in an arithmetic progression {at + b | t > 0} is 1/a. O

Example 2.2.9. Every base b whose last digit in base 10 is 3 or 8 has a propagating 2-cycle. This follows

from the fact that in base by = 3, the 2-cycle cyc(2, 4) is propagating.

Remark 2.2.10. For later use, we note here the following facts. Consider a set S of positive integers which
. . n ry . . .
contains a union U = | J;_, <U i fait +bi [t > 0}> of arithmetic progressions. Then the lower

density d(.5) of S satisfies d(.S) > d(U). When the a; are pairwise coprime, we find that

d(U):1—ﬁ(1—2—i>.

i=1

Remark2.2.11. Letus show now that PB(1) has natural density 1. More generally, let f(z) € Z[z] be such
that f(Z>0) C Zs¢, and consider B := {b € N | f(b) is not prime}. Subramanian’s
shows that PB(1) has the same natural density as the set B when f(z) = 2% + 1.

Let S denote the set of primes p such that there exists b, € N with f(b,) divisible by p. The set B
then contains the arithmetic progression b, + pt for each p € S. Thus the lower density of B is bounded
below by the product 1 — [T, (1= 1 ). The product [, (1~ 4) converges to 0 if and only if the

sum ) g % diverges. When f(z) = 22 + 1, the set S consists of 2 and all primes p congruent to 1 mod

1

4. It follows from Dirichlet’s theorem on primes in arithmetic progression that Zpe S

diverges, so that

the density of B is 1 in this case.

Proposition 2.2.12. For{ = 2,3, 4,5, the lower density d(PB({)) is bounded below as follows:

Table 2.1: Lower density of PB(/)
l 2 3 4 )

d(PB(¢)) > | 0.5763 | 0.2127 | 0.1144 | 0.0429

Proof. The steps in the computations of the four lower bounds given in the above table are the same

for each £. First compute a set P of propagating cycles. In our case, we used all propagating cycles with
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2 < b < 500. For each propagating cycle cyc(ny, ny, . . . ) in base b, [Theorem 2.2.4] produces integer
lines, which we parametrise using their reduced integer parametrisation (see[Remark 2.2.s)). The slope of

each lineis A := (b + 1)/ ged(b® + 1,1, g, . .. ).

Thus we now have a set of explicit arithmetic progressions of the form b + At which are contained
in PB(¢). To compute a lower bound for the lower density, we further prune the set of lines from all
the lines which do not have prime power slope. The lower density of the set of arithmetic progressions
with A a prime power can be easily bounded below since the slopes are all pairwise coprime and we can
use the formula in[Remark 2.2.10]to obtain a lower bound for d(PB(¥)). Our computations produce the
following data:

Table 2.2: Number of propagating cycles and the lower density of PB(¥)
l 1 2 3 4 d

1P| 2444 | 1163 | 391 | 190 77

d(PB(¢)) > | 0.8917 | 0.3507 | 0.2127 | 0.1144 | 0.0429

The data when ¢ = 1 is only included for information, since we know already that d(PB(1)) = 1.

The lower bound for d(PB(2)) is improved to d(PB(2)) > 0.5763 in[Proposition 2.3.3| O

Remark 2.2.13. Computations indicate that the first integer b such that S,z ;, has a propagating ¢-cycle
might be much smaller than 22" _ 1 when ¢ > 2. One may wonder whether the first such b might even
be bounded by a polynomial function in . Computations show that for each ¢ < 20, there exists a basis

b < 1230 with an {-cycle.

Remark 2.2.14. Among the first 39000 bases b, only 1330, or about 3.41%), do not have a 2-cycle. The
lower density of the set of bases b with a 2-cycle might thus be quite larger than 0.5763, and it would

be interesting to determine if it is actually equal to 1. Among the first 25000 bases b, 17155, or about

68.62%, have a 3-cycle.

67



2.3 2-cycles for S 2,

In addition to the line described in[Theorem 2.2.4} both varieties V; and V; contain a second integer line
through each integer point. We prove this fact in this section for the variety V5 and exploit the existence

of this second line to study the 2-cycles of .S,z j,.

Proposition 2.3.1. Let P := (bo, %o, Yo, Uo, Vo) be any point with non-negative rational coefficients on the
threefold Vs (defined just before outside of the lines (t,0,0,0,0) and (t,1,0,1,0). Then
there exist two lines in A®, defined by equations with coefficients in Q, which are entirely contained in Vs

and pass through P.

Proof. Start with ten variables xq, 21, Yo, Y1, %o, U1, Vo, V1, and by, by. Evaluate the two equations for V5
at the linear polynomials b(t) := by + txy, 2(t) = zo + tz1, y(t) = yo + tyr, u(t) = up + tuy,
and v(t) := vy + tv; to obtain two quadratic polynomials in ¢, say f := fot? + fit + foand g :=
got? + g1t + go. Forcing these two polynomials to vanish identically produces six equations in the ten
variables. The constant terms fo = x3 + y3 — (uo + bovo) and go = u2 + v3 — (o + boyo) are just the
two equations of V5 evaluated at the O-variables.

Magma [BCP97| can verify that ( fo, go) is a prime ideal in Q[z, yo, o, Vo, bo]. Let F' denote the field
of fractions of the ring Q[x, Yo, o, Vo, bo]/(fo, go). Consider the ideal I := (f1, f2, g1, g2) in the poly-
nomial ring F'[z1, y1, u1, v1, b1]. Use the Magma [BCP97| function PrimaryDecomposition(/)
to produce the primary decomposition of this ideal. After about 34 hours of computing time, Magma
will produce a decomposition which consists of three distinct ideals. Two of these ideals have generators
that can be used to produce the parametric formulas for two different lines defined over Q. Both lines at
this point have parametric equations which are too long and complicated to be printed in this dissertation.
We succeeded in simplifying the parametrisation of one of the lines, and checked that this line is the same
line as the line exhibited in[Theorem 2.2.4}

For the remainder of this section, let us call #he second line through a point P on V5 the line whose

existence is established in the proposition and which is not equal to the line exhibited in
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The Magma computation allows us to give this line in parametric form

b(t) :=byg+t x(t) :=z0+tXy1/D, y(t) :=1yo+tY1/D,
u(t) :=wuo +tUy/D, o(t) :=wvo+tV1/D,

where the coeflicients D, X, Y1, Uy, Vi are long formulas in the variables by, o, 4o, o, vo. For instance,

D = uj + vi + dyaug + Syguy + Sygusvg + dygug + Syguevg + dyavg + dyaug

+yougvo + Syougvy + dyovl + u + 2uf + Juguy + Jug + dujvy + 2ul

+3udvy + 6uivg + 2uguy + 2ugva + vl + vy,

and we see that since D is a sum of monomials which includes u2 + v2, we must have D > 0 at P since

the point P has non-negative coefhicients and since 1 and vy are not both zero by hypothesis. O]

Remark 2.3.2. Theline exhibited inis remarkable since it allows us to ‘propagate’ any given

propagating cycle. We believe that the second line on V5 has the same property. In particular, starting
with a propagating 2-cycle, we expect that the expressions X1, Y7, Uy, V; are all non-negative. This is
immediately true for Y} since Magma produces a formula which is a sum of monomials, but for the other
expressions, the formula involves some negative signs. The propagating property on the other hand can
always be checked directly given an explicit propagating cycle, and this is what we do in order to establish

our next proposition.

Assume that the point P := (by, zo, Yo, U, Vo) on V5 has integer coefficients. Then the second
lines can be parametrised using a change of variables of the form ¢ := As with A € N so that the new
equations for the lines have only integer coefficients. In general there are very large cancellations in the
fractions X1/D,Y,/D, Uy /D and V1 /D and we set in this case \ to be the least common multiple of

the denominators of X;/D,Y,/D,U; /D and Vi /D. We can use the second line through propagating

2-cycles to improve the lower bound given [Proposition 2.2.12}
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Proposition 2.3.3. Theset PB(2) of basesb > 2 such that S,z , has a propagating 2-cycle has lower density
bounded below by 0.5763.

Proof. Consider the set Py of all propagating 2-cycles with 2 < b < N. As in [Proposition 2.2.12}

for each propagating cycle cyc(nq, ny) in base b in Py, produces an integer line, which

we parametrise using its reduced integer parametrisation (see [Remark 2.2.5). The slope of the line is

Ap = (b* + 1)/ ged(b? + 1, ny, ng). Consider the set S of all the lines found this way.

Now for each propagating 2-cycle in base b in Py, say cyc(xo + byo, o + bug), compute the reduced
integer parametrisation of the second line, with b(t) = b + \ot, z(t) = xo + z2t, y(t) = xo + Yal,
u(t) = uo + ust, and v(t) = vg + vat, and check that this line allows us to propagate the 2-cycle. To
check this, we verified that 0 < 9, Y, us, v < Ao. Consider the set S of all the second lines found
this way. We now have a set of explicit arithmetic progressions of the form b 4+ A1t or b 4 Ayt which are
contained in PB(2).

To compute a lower bound for the lower density, we further prune the set S; U S5 from all the
lines whose slope is not a power of a prime. The lower density of the set of arithmetic progressions
associated with the remaining lines can be easily bounded below since the lines have slopes that are all
pairwise coprime and we can use the formula in[Remark 2.2.10|to obtain a lower bound of 0.5457 when
N = 1000 and | Py| = 2885. We can do slightly better by also considering some lines whose slope is not
a power of a prime. For instance, when also considering the lines with slopes dividing 2 - 173, we obtain a

lower bound of 0.5763 when N = 1000. OJ

Let P = (bo, 0, Yo, Uo, Vo) be a propagating cycle on V5, and consider the two lines passing through
it and their reduced integer parametrisation with by () = by + A1t and by (t) = by + Aot. We have noted
already that \; = (b3 + 1)/ ged (b3 + 1,11, n2) > 1, so that for any positive integer t, b7 (t) + 1 is never
prime. Thus no propagated cycle on the first line can have a base b such that b* + 1 is prime. On the other
hand, quite often, the second line can produce propagated cycles that have a base b such that b* + 1 is

prime. Our next proposition exploits this property.
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Proposition 2.3.4. (a) There exist infinitely many integers b > 2 such that Sz, has exactly two non-

trivial 1-cycles, but b ¢ L(x?, 3) because Sy2 y, also bas a 2-cycle.

(b) The Bouniakowsky Conjecture implies that there exist infinitely many integers b > 2 such that S,z j, has

no non-trivial 1-cycles, but b ¢ L(x*,2) becanse Sz, also has two distinct 2-cycles.

Proof. Part (a) follows from the existence of the second line on V5 passing through the point P :=

(8,2,3,5,1),and given by

b=17t+8,2 =3t +2,y="5t+3,u=09t+5,0 =2t + 1.

Indeed, this line has b(t) = 17t 4 8, with ged (17, 65) = 1. It follows from|[Lemma 2.3.5|that the integer
values of (17z + 8)? + 1 are coprime and so we can use [Iwa78, Theorem, p. 172], fully proved in [Lemr2,
Theorem 1], applied to the polynomial (172 4 8)? + 1 to obtain that there are infinitely many values b in
the arithmetic progression b(t) = 17¢ 4 8 such that b* + 1 is the product of two primes. It is clear from
the equation of the line that for every positive ¢, S;2 j(;) has a propagating 2-cycle.

Part (b) follows from the existence of a second line with a similar property. Starting with the 2-cycle

(24,16,6, 4, 12), we find using the proof of [Proposition 2.3.1 that the second line on V5 through that

point is given by

b=53t+24,x =34t + 16,y = 13t + 6,u = 8t + 4,v = 25t + 12.

Again, all the coefhicients of the line are positive, and it is easy to verify that forall ¢ > 0, z,y, u,v < b.
Thus for each ¢, the corresponding b is such that S,2 , has a 2-cycle. It is easy to verify that ged(53, 242 +
1) = 1. Finally, we can find a point in the intersection of the arithmetic progressions 17¢ + 8 and
53t + 24; for instance when xg = 400 and 1 = 128, we have 17x¢ + 8 = 53x; + 24 = 6808. Thus
we can consider the progression 17 - 53t + 6808, and [Lemma 2.3.5| (b) shows that the integer values
of (17 - 53z + 6808)* + 1 are coprime. Hence, the Bouniakowsky Conjecture implies that there exist

infinitely many integers ¢ such that (17 - 53¢ + 6808)% + 1 is prime and, therefore, there exist infinitely
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many integers b of the form b = 17 - 53¢ 4- 6808 such that b? +1is prime. For each such integer, we find

that Sy2 ;, has two 2-cycles by construction. l

Lemma 2.3.5. (a) Letc,d € Z. The integer values of the polynomial (cx + d)* + 1 are coprime if and
only ifged(c, d* +1) = 1.

(b) Letco,do, c1,dy € Z. Suppose that ged(co, di + 1) = 1and ged(cy, d3 + 1) = 1. Suppose that there
exist integers Xy and xy such that coxy + dy = c1x1 + di. Then the integer values of the polynomial

(cocrz + cozo + do)* + 1 are coprime.

Proof. (a) If p is a prime which divides all the integer values of (cz + d)? + 1, then p divides d* + 1,
c(c+2d) and ¢(c — 2d). Hence, if p does not divide ¢, then p divides ¢ + 2d and ¢ — 2d, and thus divides
4d. Tt follows that p = 2. But this is a contradiction, since then c is odd, and then ¢? + 2d is also odd.
Thus p divides ged(c, d? + 1). Reciprocally, if the values of (cz + d)? + 1 are coprime, then d* 4+ 1 and
c¢(c + 2d) are coprime and, hence, d?> 4+ 1 and c are coprime, as desired.

(b) In view of part (a), it suffices to prove that ged((coxo + do)? + 1, cocr) = 1. O

Remark 2.3.6. The two lines used in the proof of [Proposition 2.3.4|are far from unique, and many other

such lines could have been used. In fact, we believe that there are infinitely many propagating 2-cycles P on
V4 such that the second line passing through P in reduced integer parametrisation with by (t) = by + Aot
is such that ged (b3 + 1, \y) = 1.

To speed up the verification of[Theorem 2.1.4} we created in advance a set of about 150 different second
lines in reduced integer parametrisation with ged(b% 4 1, A2) = 1, and computed all bases b < 10° such
that b2 + 1 s prime and such that S,2 , has a known 2-cycle on one of our 150 such lines. To eliminate
such a b from L(x?, 2) required then to produce only one cycle of length greater than 2 for S,2 4, which

is a very quick computation.

Example 2.3.7. Consider by := 288504, an unusual base discovered when verifying[Theorem 2.1.5| In

this case, S,2 5, has exactly 104 distinct cycles, all of them of length at most 7. All non-trivial cycles are
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propagating, with forty-seven 1-cycles, thirty-nine 2-cycles, ten 3-cycles, six 5-cycles, and one cycle of
length 4, 6, and 7, respectively.

To illustrate propagation, note that the very first base b > 2 to have a 7-cycle is b = 15, with ¢ :=
cyc(50, 34, 20, 26,122, 68, 80) (see [HP78], page Io)The reduced integer parametrisation of the line
passing through this 7-cycle starts with b(t) = 113t 415, 21 (t) = 36t +5, y1(t) = 25t + 3, etc. We find
that when t = 2553, the corresponding integer point on the line produces the 7-cycle for b(t) = 288504
found in our search.

All cycles of length at least 2 are found among the orbits of n with 1 < n < 1,964, 329, 269. Among
the thirty-nine propagating 2-cycles, one of them, cyc(36253850477, 38091031810) is such that the

second line associated to it has ged(b3 4 1, A2) = 1 when written in reduced integer parametrisation.

2.4 l-cyclesof 5,2,

In this section, we complement Subramanian’s[Theorem 2.1.3with [Proposition 2.4.1, and further study

the surface 1 associated with 1-cycles when ¢(z) = 2.

Proposition 2.4.1. Letn := x + by be a non-trivial 1-cycle for Syz2, and let d := ged(b? + 1,n). Then
d > 1, and there exists another 1-cycle N := x+b(b—y) for Sy2  such that, letting D := ged(b*+1, N),
we have D > 1 and b*> + 1 = dD.

Let now g := ged(z,y), ¢ = ged(z,b — y), h := ged(z — 1,y), and b/ := ged(z — 1,0 — y).
Then

(@) r=g9,y=gh,b—y=gh',andx —1=hh'
(b) d=n/g* and D = N/g"”.

Proof. We leave it to the reader to check that V is a non-trivial 1-cycle. By hypothesis, z(z—1) = y(b—y).

Since x and & — 1 are coprime, we find thaty = ghandb —y = ¢'h’. Thenz(x — 1) = (g94’)(hh'). By

"Note a typo in [HP78] in the list of cycles for b = 15: the cycle just before ¢ should be the non-propagating 5-cycle
cyc(41,125,89, 221, 317).
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definition, again since z and & — 1 are coprime, we find that g¢’ is coprime to 2 — 1, and it follows that
gg' divides x. The same argument shows that hh' divides z — 1. The equality z(x — 1) = (gg’)(hR')
implies then that g¢' = x and hh/ = x — 1, proving Part (a).

We claim that d > 1. Indeed, if d = 1, then n = x + by divides x + by — 3? and, hence, divides 7.
This is a contradiction since 0 < y* < x + by. Similarly, D > 1 since otherwise N divides = + by — 32,

which is also a contradiction since N > 2 + by — y?. The reader will check directly that

nN = (b* + 1)(z + by — %) = (b* + 1)2%

Note that it follows from this equality that n # N, since otherwise b2 + 1 would be a square, which is

not possible since b > 0. Using Part (a) and this equality, we find that

(n/g*)(N/g?) =b" + 1.

It is then clear from this latter equality that (n/g?) divides d, and that (N/g¢?) divides D. To finish the
proof of Part (b), it suffices to prove that dD = b* + 1.

For this, it suffices to show that for every prime p, we have ord, (dD) = ord, (b* + 1). First, note that
dD and b? + 1 have the same prime divisors. Indeed, it is clear from the definitions that if p divides either
d or D, then it divides b?> + 1. On the other hand, if p divides b* + 1, then it divides nN and, hence, it
divides d or D.

Let us show now that for every prime p, ord,,(dD) < ord,(b* + 1). The inequality is clear if either
a = ord,(d) = 0 or 3 := ord, (D) = 0, so we may assume that v, 3 > 0. Then p° - p” divides n N and
since nN = (b? + 1)x?, we obtained the desired inequality if we show that p does not divide z. Assume
by contradiction that p divides 2. Since by hypothesis, p also divides n = x + by, we find that p divides
by and, hence, p divides y because p cannot divide b since it divides b* + 1. Again by hypothesis, p divides

N, so pdivides N — z + by = b?, which is impossible. As a result, p does not divide .
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We now show that for every prime p, ord,(dD) > ord,(b* 4+ 1). Lety := ord,(b* + 1) > 0,and
assume by contradiction thaty > « + 5. Theny > a and v > 3, which by definition implies that
« = ord,(n) and 8 = ord,(NN). This is a contradiction, since we can conclude from (b? + 1)a? = nN

thaty < ord,(nN) = o + . O]

Proposition 2.4.2. Recall the surface Vi in A3 given by the equation * + y* — (x + by) = 0. Given any
point P := (bo, x0,Yo) on V1 outside of the lines (t,0,0) and (t,1,0), there exist exactly two lines in A

that are entirely contained in Vi and pass through P, namely the two lines given by the parametric equations
b(t) :=bo +t((zo — 1)* +43), @(t) =m0+ (w0 — yo, y(t) := yo + tug,

b(t) := by + t(x% + yg), x(t) := xo + txoyo, y(t) == yo + tyg.

The first parametric equation parametrises the same line through P as the line given in
Let d := ged(by + 1,20 + boyo), and D := (b2 + 1)/d. In reduced integer form, the first line bhas

b(t) = by + Dt and the second line has b(t) = by + dL.

Proof. It is straightforward to check that the two lines described in the proposition lie on the surface V.

The equations for these two lines were found using the same method as in the proof of[Proposition 2.3.1,

and this method shows that exactly two lines through P exist. Recall that the line in is

given by the parametric equations
B(t) = by + (b +1)t,  X(t) = xo + (zobo — y0)t, Y () = yo + (w0 + boyo)t.

To see that it equals the first line of the proposition, we make the change of variable t = (b2 + 1)s in the
first line, and ¢ = ((zg — 1)® + y3)s in the other line, so that b((b3 + 1)s) = B(((zo — 1)* + 37)s). It
remains to note that

A D=a0 (0 1)y (B2 + 1)

s

Tro— 2 2 S)—x
= (wobo — o) (o — 1)? 4 y2) = Xz,
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and
2.1 1)g)—
y((bg+1)s)—yo _ yg(bg+1)

= (20 +boyo) (w0 — 1)* +45) = V(o1 ty)s)—vo

s

2.5 Short Cyclesof S,

In this section, ¢(z) = x*. We exhibit below several parametric families of 1-cycles for S,s ;. After

we became aware of [D]82], we noted that most of[Proposition 2.5.1already appears as Theorems 2-5 in

[DJ82]. Only parts (c) and (d) in|[Proposition 2..s.1{are in slightly stronger form than in [D]82].

Proposition 2.5.1. Letk > 1bea positive integer.

(@) Letb =3k + 1. Thenn := 2k + 1,0,k + 1]y, n := [0,2k + 1, k]p, and n := [1,2k + 1, k| are

L-cycles for Sy,

(b) Letb =3k + 2. Thenn = [2k + 1,0, ky s a L-cycle for Sya

(c) Letb = 9k + 3. Thenn := [6k + 2,4k + 2, 5k + 1], isa Lcycle for Sy,
(d) Letb =9k + 6. Thenn := [6k + 4,2k + 1, Tk + 5, is a L-cycle for Sy,

Proof. Anintegern := [z, vy, 2] is a 1-cycle for S, if and only if the equation

B+ 2 =+ yb+ 2’

is satisfied. That this is the case can be checked directly. O]

Remark 2.5.2. There are bases b of the form b = 9k, such as b = 72, 90, or 270, for which S, ;, does
not have any non-trivial 1-cycle. The bases b = 18,27, and 54 have exactly one non-trivial 1-cycle, and

b = 108 and 153 have exactly one non-trivial 1-cycle, which has 4 digits when written in base b (note it

follows from [Theorem 2.1.2]that a 1-cycle [n] for S,s 4 is such that n has at most 4 digits in base b).
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Thus [Proposition 2..5.1| cannot immediately be generalised to include the case where b = 9k. But

when b = 9k2, |Pr0position 2.5.4| shows that Sys , has at least six non-trivial 1-cycles. When 9 divides b,

we have only succeeded in producing parametric families of 1-cycles where b is a quadratic function of k,

as in our next proposition.
Proposition 2.5.3. Letb = 9(730k* — 1). Thenn := [27k, 3k, = T30(3k)? is a L-cycle for S5

Proof. Anintegern := [z, y]yisa l-cycle for S, 5 if and only if the equation 3 +y® = x + yb s satisfied.
Looking at this equation in the form z(z — 1)(z + 1) = y(b — y*), we can impose that y divide one of
the factors x, z + 1, or £ — 1, and solve for b := y? + z(z — 1)(x + 1) /y. If we want for 9 to divide b,
we need to impose that y = 3k, and when we impose that y divide , we can take for instance z = 27k,

leading to the statement of the proposition. O
Proposition 2.5.4. Let k > 2 be a positive integer.

(a) Suppose thatb = k2. Then [0, k], and [1, k]y are 1-cycles for Sya,

(b) Suppose thatb = (3k + 1)% Then [2k + 1,k + 1], is a 1-cycle for Sps 4,

(c) Suppose thatb = (3k + 2)2 Then |2k + 1, klp i a L-cycle for Sys 4,

(d) Supposethatb = (3k)2. Then [0, 6k*+k, 3k* +2k];, [1, 6k + k&, 3k* +2k];, [0, 6k — k, 3k* — 2K],
and [1,6k* — k, 3k* — 2k], are 1-cycles for Sys 4.

Proof. Anintegern := [z, y]yisa l-cycle for S, 5 if and only if the equation 3 +y® = 2+ yb s satisfied.
That this is the case can be checked directly. Similarly, for (d), an integer n := [z, y, 2], is a 1-cycle for

Sy3p if and only if the equation 2® + 3 + 2° = & + yb + 2b? is satisfied. [

Remark 2.5.5. When ¢p(x) = 22 and 2%, the set of bases b such that S, ;, has a 1-cycle has positive lower

density (see[Theorem 2.1.3/and[Proposition 2.s.1). We do not know if this remains the case when ¢(x) =

2™ and m > 4.
When ¢(z) = ™ withm > 3, we only found the following parametric families, which show that the

sets of integer values of certain polynomials f () of degree m — 1 are contained in the set of bases b where
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Sym p hasa l-cycle. When b = ¢™ 1, then [¢"] and [1 + ¢™] are 1-cycles for Sy 5. When b = 2¢™~ 1 — 1,

cm—lo1
c—1

then [c + bc] is a 1-cycle. When b = ¢ + (¢ = 1)™ 1, then [c + b(c — 1)] is a 1-cycle. When m is

odd,and b = ccm;:fl + (¢4 1)™!, then [c + b(c + 1)] isa 1-cycle.
When m = 3, the parametrisations above produce 1-cycles when b = 2¢2 —1,2¢> — ¢+ 1,and

2¢2 + ¢+ 1. Unfortunately, none of these values of b are divisible by 3.

Remark 2.5.6. Let W1 /Q denote the algebraic surface defined by the equation 2® + y* — (z + by) = 0
in the affine space A3. General results on singular cubic surfaces in A3 predict that W can contain at
most 15 lines of A® (use [BW79], Lemma 3 (c) and [BW79, page 255]). Unfortunately, none of these lines
produces non-trivial 1-cycles for Sys .

Let W] /Q denote the algebraic surface defined by the equation z* 4 y* — (2 4 b*y) = 0in the affine

space A®. The associated projective cubic surface in P? is non-singular, and thus contains 27 lines of P?

(over C). Some of these lines produce the parametrisations in[Proposition 2.s5.4|(b), (c), and (d).

Let us now consider 2-cycles of S;3 . As noted already in we have the following

parametric family: when b = ¢, then cyc(c?, ¢°) is a 2-cycle for S, 3, and in this example, one of the

integer in the cycle is a 3-digit number in base b, since & = 10,0, cp. Using this example, we find that

4

every value of the polynomial f(¢) = ¢* is among the bases b such that S, ;, has a 2-cycle. The following

proposition allows us to prove the same statement with a quadratic polynomial f (¢).

Proposition 2.5.7. Let W denote the algebraic variety in A° defined by the equations x® +y* = u+bv and

u + v* = x4 by. The variety W contains the following two rational curves given by the parametrisations

b(t) := 92+ 15t + 7, x(t) =2t +2, y(t) :=t, u(t) == t, v(t) ==t +1,

b(t) ;=92 + 21t + 13, z(t):=2t+3, y(t):=t+1, u(t):=t+1, o(t):=t+2.
For every integer t > 0, cyc(n(t), m(t)) s a 2-cycle for Sys y), where n(t) == x(t) + y(t)b(t) and
m(t) == u(t) + v(t)b(t).

Proof. Ttis straightforward to verify that (b(t), z(t), y(t), u(t), v(t)) verifies the equations of W in both

cases. Itis also clear that 0 < z(t), y(t), u(t), v(t) < b(t). O
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Note that b(t) — 1 factorises for both parametrisations, as (3¢ + 2)(3t + 3) and (3t + 3)(3t + 4),

respectively. Thus for any integer t, b(t) is of the form n(n + 1) + 1 with either n or n 4 1 divisible by 3.

2.6 A Lower Bound on the Number of Distinct Cycles of .S,

In this section, we slightly generalise Theorem 12 of H. Grundman and E. Teeple in [GTor] from the case

¢(z) = a® to p(x) = 2™ for allm > 3. Given positive integers m and b, define

N = N(m,b) := H p - H .

p prime p prime
p—1|(m—1) P (p=1)|(m—1)
p<b—1 p>b—1

ordp(m—1)=r—1

Proposition 2.6.1. Let ¢(x) = a™ withm > 2. Letb > 2. Then Sym y, has at least ged(b — 1, N)
distinct cycles. In particular, when m > 5 is prime and b = mk + 1, then Sym y, bas at least m distinct

cycles.

To prove|Proposition 2.6.1, we use the following slightly more general set-up.

Proposition 2.6.2. Letb > 2and set B == {0,1,...,b— 1}. Let ¢ : B — Z>(. Suppose that there

exists a positive integer U such that 0 | b — 1 and such that $(n) = n (mod ¢) foralln € B. Then
Sep(n) =n  (mod {) foralln € Z,.

In particular, the cycles associated to the orbitsof n € {1, ..., 0} under Sy, are all pairwise distinct, so that

Sep bas at least U distinct cycles.

Proof. Write n = E?:o n;b" in base b. Then

d d d
Sep(n) = Z o(n;) = Z n; = Z n:b' =n (mod £).
i=0 i=0 i=0
It follows that the cycles associated to the orbitsof n € {1, ..., £} under Sy 4 are all pairwise distinct.  [J

79



Proof of |Proposition 2.6.1, Suppose that p is a prime such that p — 1 dividesm — 1. Then forall n € Z,

n™ = n (mod p). Suppose now that p > b — 1 and that p(p") = p"~!(p — 1) divides m — 1. Then

the class of every integer n < p — 1 isa unitin Z/p"Z, and so by Euler’s Theorem, n™ = n (mod p").

It follows that N (m, b) divides n™ — n for all integers in B, and we can apply [Proposition 2.6.2| with

¢ = N(m,b). N

Corollary 2.6.3. Let ¢(x) = 2®. Let k be any positive integer and set b = 3k + 1. Then S, 4, bas at least

5 distinct cycles.

Proof. We know that [1] is a cycle. Using|Proposition 2.6.2} we obtain that the orbit of n = 3 produces a

cycle consisting entirely of integers congruent to 0 modulo 3. [Proposition 2.5.1/(a) exhibits three non-trivial

cycles consisting of integers congruent to 1 or 2 modulo 3. L]
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APPENDIX A

Juria CODE FORINTEGER DYNAMICS

In this appendix, we include the Julia code that was used to verify that the base b = 481360 has only 2
distinct cycles for Initially, we used Magma for the computation, and for any other base
less than one million, Magma was fast enough to finish the computation. However for b = 481360,

Magma was too slow and so we picked Julia to improve the speed.

A.x Code

1 # Check up to numCycles cycles

2 const numCycles=3;

3 const b = 481360;

4

s k a number d has

6 # N an array of a

7 | # number n dl + d2xb as dl

8 function isSeen(seen,d)

9 return d[1l] in seen[d[3]+1][d[2]+1];

10 end;

I

12 # add number d to seen

13 # seen is an array of arrays of sets

14 # number n dl + d2+b + d3+b"2 as dl in seen[d3+1] [d2+
15 function addSeen! (seen,d)

16 push! (seen[d[3]1+1] [d[2]+1], dI[1l])

17 end;

18

19 max (d[1],d[2 d[2])«b + d[2]*b"2 is smaller than x+bx*y
20 # U arate comparisc >d pu

21 function isSmaller (d, x,y)

22, return d[3] == 0 && (min(d[1],d[2]) < vy ||

23 (min(d[1],d[2])==y && max(d[1l],d[2]) < x))
24 end
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# start the sum of the square procedure until it hits a cycle or a number

# already seen
# Returns True if it finds a new cycle
function traverse(x,y,d, seen,cycles)
# 1f the number already appeared then skip it
if x in seen[1l] [y+1]
return false
end;
n = x+tbxy;

L =[n];

while ! (isSeen (seen,d))
addSeen! (seen, d)
n = sum(i"2 for i in d);
push! (L, n)
digits! (d, n, base = D)

# 1f d is less than x+bxy then we have seen it already

if isSmaller(d, x, y)
return false
end
end
# find the position of n in L
p = findfirst (isequal(n), L);

# 1if n is in L and not the last, then there is a cycle starting at

# the first appearance of n
if p != nothing && p < length (L)
push! (cycles, L[p:length(L)-1])
return true
end
return false
end

# Check all the numbers x+bxy with low<=y<=high
function checkYInterval (low, high, seen, cycles)
for y=low:high

for x=max(y,ceil (Int, sqgrt(yxb-y~2+1/4)+1/2)):b-1

d =[x, y, 0];
if traverse(x, y, d, seen, cycles)
# Stop if it finds enough cycles
if length(cycles) >= numCycles
return nothing

end
end
end
# delete unncessary seen to save memory.
seen[l] [y+1l] = Set{Bool} ()

end
end

# b is UInt32
# indexing is off by 1

# if n = [a,b,c] then check if a is in seen[c+1] [b+1]

# keeps track of [a,b,c] where a>=b and c=0 or 1
seen = [[ Set{UInt32} () for i=1:b], [Set{UInt32} ()
cycles = [[1]];

push! (seen[1][1],1);

checkYInterval (0, b-1, seen, cycles);
println (cycles)
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A.2 Explanation of the Code

In this section, we explain the Julia code included in

A.2.1 Preliminaries

Let B :={0,1,...,b® — 1},and forx,y, z € Z, let [z, 3, 2], denote & + yb + zb?. Let f, : B — B

be a map where f;([z,y, z],) = [max(z,y), min(z, y), 2], and <, an ordering where
[0, 21, Talo <o [Yo, Y1, Y2l <= fo([zo, 1, 2]s) < fo([yo, y1, y2lb)-

Now suppose {n1, . .., 1} is a cycle of length k. By[Theorem 2.1.2} one of the 1;s has at most two digits.

Applying S,2 to a two digit n results in [, y, 2] with 2 = 0 and 1, and further applying S, preserves the
property of z being either 0 or 1, so every n;’s have at most 3 digits with 2 = 0 or 1. Hence the ordering
<p makes sense on {ny, ..., n;} and so without loss of generality, assume n; is minimal with respect
to <;. Note that n; will have two digits since it is the smallest element. Now let n; = [u, v, 0], and

xo = max(u, v) and yp = min(u, v).

A.2.2 The bound on the for loop on line 60

Here we explain the lower bound on « in line 6o. First, we have [u, v, 0], = ny <, ny = u? + 0?2 =

x3 + y? by the minimality of ny, and since f,(n) < n, we have
o + byo = [%0,90,0] = f[u,0,0]) < fo(na) < my = x5 + ys5.

From xg + byo < x3 + y3, we have
%‘l‘ \/?Jo(b—yo)+i < xo.
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Now notice that S,2([u, v, 0]p) = Sy2([z0, Yo, 0]s), so [z, y, 0], will be a preperodic element. So to find
all the cycles, it suffices to check all the numbers [z y, 0], withy < zand § + /y(b—y) +1 < =

Hence on line 6o, we are iterating through all 2’s satisfying

x> max(y, 5 +1/y(b—y) + ).

A.2.3 Detecting a cycle at lines 47 and 5o

Suppose we are at line 47. Then we are looking for the position of the first 72 in the sequence L starting at
[z, y, 0]p. Since we added 1 to L at line 39, there are two possible cases.

The first case is when 7 is the last element in L. This happens when we have seen n already starting
at some other number [z, ¢/, 0], <p [z, y, 0]p. In this case we can ignore this since it has already been
checked. This is the case p = length(L) in line so.

The second case is when the 7 is not the last element. Then the subsequence of L starting at the first
n and ending before the last element in L is a cycle since the last element of L is 7. So we add this cycle

and return true from the function t raverse.

A.2.4 Exiting at line 42

Suppose d = [, y/, 2] < [z, y, 0] and we exited the function t raverse atline 42. We have already
checked numbers <, [, y, 0] through the for loops on lines 59 and 60, so we may safely ignore d in this

case and exit the function.

90



	Acknowledgments
	List of Tables
	Trace Zero Matrices and Commutators
	Introduction
	Bézout Domains and Prüfer Domains
	Construction of Trace Zero Non-commutators
	Combinatorics
	A Ring with Trace Zero Non-commutators of Arbitrary Large Size
	Trace Zero 22 Matrices

	Integer Dynamics
	Introduction
	Propagating -cycles
	2-cycles for Sx2,b
	1-cycles of Sx2,b
	Short Cycles of Sx3,b
	A Lower Bound on the Number of Distinct Cycles of Sxm,b

	Bibliography
	Appendix
	Julia Code for Integer Dynamics
	Code
	Explanation of the Code


