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Abstract

Given any commutative ring R, a commutator of two n × n matrices over R has trace 0. In the

�rst part of the dissertation, we study the converse: whether every n× n trace 0 matrix is a commutator.

We show that over a Bézout domain with an algebraically closed quotient �eld, every trace 0 matrix is a

commutator. We then show that ifR is a regular ring with a large enough dimension, then there exist an

n× n trace 0 matrix that is not a commutator. This improves on a result of Lissner by increasing the size

of the matrix n allowed for a �xedR.

In the second part, we study cycles associated with the b-ary expansion of positive integers for some

�xed b ≥ 2. More speci�cally, if φ(x) is an integer polynomial such that φ(n) > 0 for all n > 0, then

consider the mapSφ,b : Z≥0 → Z≥0, withSφ,b(n) := φ(x0)+ · · ·+φ(xd) wheren = x0 +x1b+ · · ·+

xdb
d is the b-ary expansion of n. It is known that the orbit set {n, Sφ,b(n), Sφ,b(Sφ,b(n)), . . . } reaches

a �nite cycle, and for a given b, the union of such cycles over all orbit sets is �nite. Fix now an integer

` ≥ 1 and let φ(x) = x2. We show that the set of bases b ≥ 2 which have at least one cycle of length `

always contains an arithmetic progression and thus has positive lower density. We also show that a 1978

conjecture of Hasse and Prichett on the set of bases with exactly two cycles needs to be modi�ed, raising

the possibility that there may be in�nitely many bases with exactly two cycles.
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Chapter 1

Trace Zero Matrices and

Commutators

1.1 Introduction

LetR be a commutative ring. Given two n× nmatricesA andB in Mn(R), recall that the commutator

ofA andB is denoted by [A,B] := AB −BA. It is a standard fact that tr(AB) = tr(BA), and since

the trace is additive, it follows that tr([A,B]) = tr(AB − BA) = 0. So it is natural to wonder if the

converse is also true. That is, given an n× n trace 0 matrixC , do there exist two n× nmatricesA andB

such thatC = [A,B]?

The answer to the above question depends on the underlying commutative ringR where the entries

lie and the size n of the matrix. IfR is a �eld, then every n× n trace 0 matrix is a commutator. This was

proven by Shoda in [Sho37] for a characteristic 0 �eld and by Albert and Muckenhoupt in [AM57] for a

�eld with any characteristic.

More recently, La�ey and Reams showed that for everyn ≥ 1, anyn×n trace 0 matrix is a commutator

overR = Z in [LR94], and Stasinski generalised it to an arbitrary principal ideal ring in [Sta16]. Stasinski

subsequently showed in [Sta18] that over principal ideal rings, every trace 0 matrix is a commutator of trace
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0 matrices as well. In this chapter, we give a new class of rings where every trace 0 matrix is a commutator.

Theorem 1.2.5. LetR be a Bézout domain with algebraically closed quotient field. Then every trace 0 matrix

in Mn(R) is a commutator for any n ≥ 1.

In Section 1.2, we also discuss hollow matrices and nilpotent matrices which are both special cases of

trace 0 matrices, and prove the following theorem.

Theorem 1.2.18. LetR be a Prüfer domain that is also a k-algebra over an infinite field k. Then for any

n ≥ 1, every nilpotent matrix in Mn(R) is a commutator.

This is a partial progress towards answering whether every n × n trace 0 matrix over a Dedekind

domain is a commutator for any n ≥ 1. No results for Dedekind domains were previously known for the

case when n ≥ 3 andR is not a principal ideal domain.

On the other hand, there are rings where there is a trace 0 matrix that is not a commutator. Lissner

in [Lis61] showed that if R is a polynomial ring in m ≥ 3 variables, then there is an n × n trace 0

non-commutator for any 2 ≤ n ≤ m+1
2

. Mesyan in [Mes06] used a similar idea to create a 2 × 2

trace 0 non-commutator over a ring with a maximal ideal satisfying certain properties. In Section 1.3 and

Section 1.4, we extend the above works of Lissner and Mesyan to construct a trace 0 non-commutator

over a more general class of rings.

Theorem 1.3.8. LetR be a commutative ring with a maximal ideal m ⊂ R such thatRm is a regular local

ring of dimension m ≥ 3. Suppose further that n ≥ 2 is an integer such that n ≤ m2+2m+5
8

. Then there

exists a trace 0 non-commutator inMn(R).

In particular, we improve the bound on the size of the matrix where we can produce a trace 0 non-

commutator for a �xed ring; Ifm is the dimension of the ring and n is the size of the matrix, then Lissner

requires n ≤ m+1
2

, so we have improved the bound on the size of the matrix from linear to quadratic

inm. This improvement comes from solving a certain combinatorial problem which can be thought of
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either as a packing problem or a graph theory problem. The construction of the matrix will be described

in Section 1.3, while the combinatorics will be explained in Section 1.4.

In Section 1.5, we give an example of a Noetherian dimension 1 ring where there is an n × n trace 0

non-commutator for any n ≥ 2.

Theorem 1.5.2. There exists a Noetherian commutative domain Λ with dimension 1 such that for every

n ≥ 2, there exists a trace 0 non-commutator in Mn(Λ).

Finally, in Section 1.6, we discuss 2 × 2 matrices. The 2 × 2 matrices are special since every 2 × 2

trace 0 matrix being a commutator is equivalent to every vector inR3 being a cross product. This will be

discussed further in Section 1.6 along with Theorem 1.6.14 which characterises rings where every 2 × 2

trace 0 matrix is a commutator. After the characterisation, we prove the following theorem.

Theorem 1.6.23. LetR be a regular finitely generated Fp-algebra of dimension 2. ThenR is an OP-ring

and every trace 0 matrix in M2(R) is a commutator.

The analogue of the above theorem for Q-algebras is also true if the Bloch-Beilinson conjecture holds

(see Theorem 1.6.27).

1.2 Bézout Domains and Prüfer Domains

Recall that a Bézout domain is a domain where every �nitely generated ideal is principal and a Prüfer

domain is a domain where every �nitely generated ideal is invertible. They are non-Noetherian analogues

of a PID and a Dedekind domain respectively. A Noetherian Bézout domain is a PID and a Noetherian

Prüfer domain is a Dedekind domain. Note that a Bézout domain is a Prüfer domain since principal ideals

are always invertible. For a reference on Bézout domains and Prüfer domains see [FS01, Chapter III].

The main idea in this section is about �nding an appropriate basis ofRn which puts a given matrixA

in a form that makes it easier to show thatA is a commutator. We considerA as a matrix over the quotient

�eldK ofR to �nd an appropriate �ltration ofKn and then bring down the �ltration toRn to �nd the
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new basis ofRn. We �rst prove some lemmas related to bringing down aK-vector space �ltration to an

R-module �ltration.

Recall that given an R-module M , there is a natural map M → M ⊗RK sending m ∈ M to

m⊗ 1 ∈M ⊗RK . IfM is torsion-free, then the map is an injection, so we may considerM ⊂M ⊗RK

in such a case.

Lemma 1.2.1. Let R be a domain, K be the quotient field of R and M be a torsion-free R-module. If

U ⊂ V ⊂M ⊗RK areK-subspaces, then (V ∩M)/(U ∩M) is a torsion-freeR-module.

Proof. Let v ∈ V ∩M and r ∈ R non-zero such that rv ∈ U ∩M . Then v ∈ U since r 6= 0, and so

v ∈ U ∩M . Hence (V ∩M)/(U ∩M) is torsion-free.

Lemma 1.2.2. LetR be a Prüfer domain andK be its quotient field. Suppose thatM is a finitely generated

torsion-freeR-module andU ⊂ V := M ⊗RK is aK-subspace. ThenU ∩M ⊂ V is a finitely generated

R-module.

Proof. We will prove that U ∩M is �nitely generated by inducting on n := dimK V . If n = 1, then

U = {0} orK , so U ∩M = {0} orM , and hence U ∩M is �nitely generated.

Suppose it is true for n− 1. If U ∩M = {0}, then we are done, so suppose U ∩M 6= {0}. Then

there exists a non-zero v ∈ U ∩M . Consider the quotient map

q : V → V/Kv.

SinceM is �nitely generated, q(M) ∼= M/(Kv ∩M) is also �nitely generated, and by Lemma 1.2.1, it is

torsion-free as well. Moreover,M ⊗RK = V , so q(M)⊗RK = q(V ) ∼= Kn−1. We claim that

q(U) ∩ q(M) = q(U ∩M).

Since q(U) ∩ q(M) ⊃ q(U ∩ M) is clear, we only show that q(U) ∩ q(M) ⊂ q(U ∩ M). So let

x ∈ q(U) ∩ q(M). Then there exist u ∈ U and m ∈ M such that x = q(u) = q(m). Now
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m− u ∈ ker q = Kv ⊂ U , som = u+ (m− u) ∈ U as well, hence x = q(m) ∈ q(U ∩M). So we

have a �nitely generated torsion-free module q(M) with dimK q(V ) = n− 1, and so by the inductive

hypothesis, q(M) ∩ q(U) = q(U ∩M) is a �nitely generatedR-module. Hence to show thatU ∩M is

�nitely generated, we only need to show that ker q ∩ (U ∩M) = Kv ∩M is �nitely generated. Since

R is a Prüfer domain, by [FS01, Theorem V.2.7], there exist �nitely generated ideals I1, . . . , Ir ⊂ R such

that

M ∼= I1 ⊕ · · · ⊕ Ir.

Suppose (v1, . . . , vr) ∈ ⊕ri=1Ii is the image of v ∈M under the isomorphism. Then

Kv ∩M ∼= {a ∈ K | av ∈M} = {a ∈ K | avi ∈ Ii ∀i = 1, . . . r} =
r⋂
i=1

(Ii : vi),

where (Ii : vi) := {a ∈ K | avi ∈ Ii} is the ideal quotient. If vi 6= 0, then (Ii : vi) = v−1
i Ii, so (Ii : vi)

is �nitely generated since Ii is �nitely generated. If vi = 0, then (Ii : vi) = K . We assumed v 6= 0, so at

least one vi 6= 0, and so the intersection

r⋂
i=1

(Ii : vi) =
r⋂
i=1
vi 6=0

(Ii : vi)

is non-trivial. HenceKv ∩M is isomorphic to a �nite intersection of �nitely generated fractional ideals

of a Prüfer domain, so it is �nitely generated by [FS01, Ex. III.1.1] and so we are done.

Theorem 1.2.3. LetR be a Bézout domain andK be its quotient field. If the characteristic polynomial of a

matrixA ∈ Mn(R) splits completely overK , then there exists a basis ofRn such thatA is upper triangular

with respect to this new basis.

Proof. If we considerA ∈ Mn(K), then since the characteristic polynomial splits completely, there exists

a �ltration ofK-vector spaces

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Kn,
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such that dimK Vi = i and AVi ⊂ Vi for all i = 1, . . . , n (see e.g. Jordan canonical form in [DF04,

p. 12.3]). If we letWi := Vi∩Rn for i = 0, 1, . . . , n, then we obtain the following �ltration ofR-modules

0 = W0 ⊂ W1 ⊂ · · · ⊂ Wn = Rn,

such that AWi ⊂ Wi for all i = 1, . . . , n. By Lemma 1.2.2, Wi’s are all �nitely generated, hence

Wi/Wi−1’s are also �nitely generated. Now by Lemma 1.2.1,Wi/Wi−1 is also torsion-free, and so it is a

�nitely generated torsion-free module over a Bézout domain, henceWi/Wi−1 is free by [FS01, Corollary

V.2.8]. So the following exact sequence ofR-modules splits

0→ Wi−1 → Wi → Wi/Wi−1 → 0,

and there exists a free rank 1R-moduleMi such thatWi = Wi−1⊕Mi. Hence we obtain a decomposition

Rn = ⊕ni=1Mi such that for all i = 1, . . . , n,AMi ⊂ ⊕j≤iMj . NowMi is a free rank 1R-module, and

so the above decomposition gives anR-basis ofRn such that with respect to this new basis,A is an upper

triangular matrix.

Lemma 1.2.4. Let R be a ring and A ∈ Mn(R) be an upper triangular trace 0 matrix. Then A is a

commutator.

Proof. LetX = (xij) ∈ Mn(R) be the matrix with 1’s on the superdiagonal and 0 everywhere else, that

is,

X =



0 1 0 0

0 0
. . . 0 0

...
... . . . . . .

0 0 · · · 0 1

0 0 · · · 0 0


.
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IfA = (aij), then we de�neB = (bij) ∈ Mn(R) sequentially from the top to the bottom as follows:

bij =


0 if i = 1,

a1,j if i = 2,

ai−1,j + bi−1,j−1 if 3 ≤ i ≤ n.

To ease the notation, we also let bij := 0 if i = n+ 1 or j = 0. Now for any 1 ≤ i, j ≤ n, we have

[X,B]ij = bi+1,j − bi,j−1.

Now for i = 1,

[X,B]1,j = b2,j − b1,j−1 = a1,j,

and so [X,B]1,j = A1,j . For i ≥ 2, we have

[X,B]i,j = bi+1,j − bi,j−1 = ai,j + bi,j−1 − bi,j−1 = ai,j,

so [X,B]i,j = Ai,j . Hence [X,B] = A.

We now combine Theorem 1.2.3 and Lemma 1.2.4 to show one of the main theorems of this section.

Theorem 1.2.5. LetR be a Bézout domain with algebraically closed quotient field. Then every trace 0 matrix

in Mn(R) is a commutator for any n ≥ 1.

Proof. By Theorem 1.2.3 we can triangulariseA. Note that for anyA ∈ Mn(R) and g ∈ GLn(R),A is a

commutator if and only if gAg−1 is a commutator since for anyB,C ∈ Mn(R),

A = [B,C] ⇐⇒ gAg−1 = [gBg−1, gCg−1].

Then Lemma 1.2.4 implies thatA is a commutator.

7



Remark 1.2.6. The only class of rings for which it was previously known that every trace 0 matrix is a

commutator is the class of principal ideal rings, and this is due to Stasinski in [Sta16, Theorem 6.3]. So

Theorem 1.2.5 gives a new class of rings where every trace 0 matrix is a commutator. Note that Theo-

rem 1.2.5 does not imply Stasinski’s result since we assume that the Bézout ring has algebraically closed

quotient �eld. We also note that in our proof, we take a di�erent approach to Stasinski’s proof.

We now discuss examples of Bézout domains with algebraically closed quotient �eld.

Theorem 1.2.7 (Theorem 102 [Kap74]). LetR be a Dedekind domain andK be its quotient field. If for

all finite extensionL/K , the integral closure S ofR inL has torsion Picard group Pic(S), then the integral

closureR ofR in an algebraic closure ofK is a Bézout domain.

Example 1.2.8. LetR := Z orR := k[t], with k a �nite �eld, andK be the quotient �eld ofR. Then for

any �nite extensionL/K , the integral closureS ofR inLhas �nite Picard group. Hence by Theorem 1.2.7,

the integral closureR ofR in an algebraic closure ofK is a Bézout domain. Moreover, the quotient �eld

ofR is algebraically closed, so by Theorem 1.2.5, every trace 0 matrix is a commutator overR.

Corollary 1.2.9. LetR be a Dedekind domain andK be its quotient field. If for all finite extensionL/K ,

the integral closure S ofR in L has torsion Picard group Pic(S), then for all trace 0 matrixA ∈ Mn(R),

there exists anR-algebraT such thatT is finitely generated as anR-module andA is commutator in Mn(T ).

Proof. By Theorem 1.2.7, the integral closure R of R in an algebraic closure of K is a Bézout domain.

Hence by Theorem 1.2.5,A is a commutator overR, soA = [B,C] for someB,C ∈ Mn(R). If we take

T := R[bij, cij : 1 ≤ i, j ≤ n] ⊂ R, thenB,C ∈ Mn(T ), soA is a commutator in Mn(T ).

Remark 1.2.10. In Corollary 1.2.9, we could also take the integral closure T ′ ofR in the quotient �eld F

of T . Then T ′ will be a Dedekind domain, but not necessary �nitely generatedR-module, unless F/K

is separable orR is �nitely generated over a �eld.

We now discuss the case of hollow endomorphisms ofR-modules for an arbitrary ringR, and then

specialise it to nilpotent matrices over Prüfer domain in Theorem 1.2.18. Recall that an n × n matrix is
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hollow if all of its diagonal entries are zero (see e.g. [Gen17, p. 3.1] for a reference on hollow matrices). In

the following de�nition, we generalise the concept of a hollow matrix to an endomorphism of an arbitrary

R-module with a decomposition.

De�nition 1.2.11. Let R be a ring and M be an R-module. Suppose we have a decomposition M =

⊕nk=1Mk where Mk ⊂ M are R-submodules. Then for any A ∈ EndR(M) and 1 ≤ i, j ≤ n,

de�ne aij := πiAιj ∈ HomR(Mj,Mi), where πi ∈ HomR(⊕nk=1Mk,Mi) is the projection and ιj ∈

HomR(Mj,⊕nk=1Mk) is the inclusion. We can think of (aij) as an n × n matrix where the (i, j)-th

entry aij lies in HomR(Mj,Mi) instead of R. We say that A ∈ EndR(M) is hollow with respect to a

decompositionM = ⊕nk=1Mk if akk = 0 for all k = 1, . . . , n.

Note that a matrix A ∈ Mn(R) being hollow is the same as A ∈ EndR(Rn) being a hollow endo-

morphism with respect to the decomposition coming from the standard basis.

Let R be a commutative ring withC := {r1, . . . , rn} ⊂ R× such that ri − rj ∈ R× for all i 6= j.

Such a setC is called a clique of exceptional units. This term is usually used in the context of number rings,

and the cliques were used by Lenstra to construct Euclidean �elds in [Len77].

Example 1.2.12. Let k be a �eld andR be a k-algebra. Then anyC ⊂ k× ⊂ R× is a clique of exceptional

units since x− y ∈ k× ⊂ R× for all distinct x, y ∈ C .

Theorem 1.2.13. LetR be a commutative ring with a clique of exceptional units {r1, . . . , rn} of size n ≥ 1.

Let M be a finitely generated R-module with a decomposition M = ⊕nk=0Mk, and suppose that A ∈

EndR(M) is hollow with respect to that decomposition. Then

A = [X,A′]

for someX,A′ ∈ EndR(M). In particular, every hollow matrix in Mn+1(R).

Proof. LetX be the diagonal matrix with r0 := 0, r1, . . . , rn on the diagonal. We slightly abuse notation

here and we denote by ri the element inR and the endomorphism given by multiplication by ri onMi so
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that we can viewX as an element of EndR(M). IfA = (aij), then de�neA′ := (a′ij) ∈ End(⊕nk=0Mk)

as follows:

a′ij :=


0 if i = j

(ri − rj)−1aij otherwise
.

Note that r1, . . . , rn are units, so r0 − ri = −ri is a unit for all 1 ≤ i ≤ n. Then

[X,A′]ij = xiia
′
ij − a′ijxjj = ria

′
ij − a′ijrj = (ri − rj)a′ij = aij,

soA = [X,A′].

The last part follows since a hollow matrixA ∈ Mn+1(R) is hollow with respect to the decomposition

ofRn+1 coming from the standard basis.

Corollary 1.2.14. Let k be a field andR be a k-algebra. Then every hollow matrix in Mn(R) is a commu-

tator for any 1 ≤ n ≤ #k. In particular, if k is a field of infinite cardinality, then every n × n hollow

matrix is a commutator for any n ≥ 1.

Proof. From Example 1.2.12, we have a clique of exceptional unitsC ⊂ k× ⊂ R× of any size up to #k×.

Since every hollow matrix in M#C+1(R) is a commutator by Theorem 1.2.13, every n× n hollow matrix

is a commutator for any 1 ≤ n ≤ #k× + 1 = #k.

We now consider nilpotent matrices over a Prüfer domainR. We generalise the procedure described

by Appleby in [App98, Section 3] from Dedekind domains to Prüfer domains. This allows us to �nd a

decomposition of a �nitely generated torsion-free R-module M that makes A strictly upper triangular

for any �xed nilpotent endomorphismA ∈ EndR(M).

Lemma 1.2.15. Let R be a Prüfer domain, M be a finitely generated torsion-free R-module and A ∈

EndR(M) be a nilpotent endomorphism. Then there exists a decomposition M = ⊕ni=1Mi where n =

rkM , such that the endomorphismA is strictly upper triangular with respect to this decomposition.
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Proof. LetK be the quotient �eld ofR and V := M ⊗RK . ThenM ⊂ V sinceM is torsion-free, and

we can considerA ∈ EndK(V ). SinceA is nilpotent, we can �nd a �ltration ofK-vector spaces

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V,

such thatAVi ⊂ Vi−1 for all i = 1, . . . , n, and dimK Vi = i. If we letWi := Rn ∩ Vi for i = 1, . . . , n,

then we obtain the following �ltration ofR-modules

0 = W0 ⊂ W1 ⊂ · · · ⊂ Wn = M,

such thatAWi ⊂ Wi−1 for all i = 1, . . . , n. Now,Wi is a �nitely generatedR-module by Lemma 1.2.2,

and soWi/Wi−1 is also �nitely generated. Now by Lemma 1.2.1,Wi/Wi−1 is a torsion-free as well, and

so it is a �nitely generated torsion-free module over a Prüfer domain, hence projective by [FS01, Theorem

V.2.7]. So the following exact sequence splits,

0→ Wi−1 → Wi → Wi/Wi−1 → 0,

and we haveWi = Wi−1 ⊕Mi for someR-moduleMi. So we obtain a decompositionM = ⊕ni=1Mi.

Now consider the matrix representation A = (aij) with respect to this decomposition. Then aij = 0

for all 1 ≤ j ≤ i ≤ n since AMj ⊂ Wj−1 and Wj−1 ∩Mi = 0. Hence A is strictly upper triangular

with respect to the decompositionM = ⊕ni=1Mi.

Remark 1.2.16. For a commutative Noetherian ring R, Yohe showed that every nilpotent matrix being

similar to a strictly upper triangular matrix is equivalent toR being a principal ideal ring [Yoh67, Theorem

1]. So for a non-PID Dedekind domain R, there are nilpotent matrices that are not similar to a strictly

upper triangular matrix. Nevertheless, in Lemma 1.2.15, we show that by allowing the matrix entries to

lie in HomR(Mj,Mi) instead ofR, we can put any nilpotent matrix overR in a strictly upper triangular

form.
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Corollary 1.2.17. LetR be a Prüfer domain with a clique of exceptional unitsC := {r1, . . . , rn} of size

n ≥ 1, and M be a finitely generated projective R-module M of rank m ≤ n + 1. Then every nilpotent

endomorphism A ∈ EndR(M) is a commutator. In particular, every nilpotent matrix in Mm(R) is a

commutator for all 1 ≤ m ≤ n+ 1.

Proof. By Lemma 1.2.15, we can construct a decomposition M = ⊕mk=1Mk such that A is hollow with

respect to this decomposition. Since any subset of a clique of exceptional units is still a clique, we can

take a subset of C of size m − 1 and apply Theorem 1.2.13 to obtain X,A′ ∈ EndR(M) such that

A = [X,A′].

Theorem 1.2.18. LetR be a Prüfer domain that is also a k-algebra over an infinite field k. Then for any

n ≥ 1, every nilpotent matrix in Mn(R) is a commutator.

Proof. From Example 1.2.12, we have a clique of exceptional units k× ⊂ R×. So by Corollary 1.2.17, every

nilpotent endomorphism in EndR(M) is a commutator if rkM ≤ #k× + 1 = #k.

Theorem 1.2.18 provides partial progress towards answering the following open question.

Question 1.2.19 (Section 7 [Sta16]). Let R be a Dedekind domain and n ≥ 3. Is every n × n trace 0

matrix in Mn(R) a commutator?

Note that a Dedekind domain is a Prüfer domain. Lissner answered Question 1.2.19 a�rmatively in

[Lis65, Appendix] for n = 2, but no progress has been made since for n ≥ 3.

Example 1.2.20. For a �xedn, we can provide examples of non-PID number ringsRwhere every nilpotent

matrix in Mm(R) is commutator for all 1 ≤ m ≤ n. We construct a large clique of exceptional units in

Z[ζp] for a prime pwhere ζp = e2πi/p based on an example in [Len77, Section 3]. Letωi :=
ζip−1

ζp−1
∈ Z[ζp]

for any i = 1, . . . , p − 1. Then the absolute norm of ωi is 1, so ωi ∈ Z[ζp]
× for all i = 1, . . . , p − 1.

Now given 1 ≤ i < j ≤ p− 1,

ωj − ωi = ζ ipωj−i ∈ Z[ζp]
×,
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so {ω1, . . . , ωp−1} is a clique of exceptional units. Hence by Corollary 1.2.17, every nilpotent matrix in

Mm(Z[ζp]) is a commutator for all 1 ≤ m ≤ p. Moreover, Z[ζp] has class number greater than 1 for all

primes p ≥ 23 (see [Was97, Theorem 11.1]), so Z[ζp] will not be a PID for those primes. Hence for any

prime p ≥ 23, Z[ζp] gives a non-trivial example which does not follow from [Sta16, Theorem 6.3].

Remark 1.2.21. Lenstra in [Len77, Corollary 1.8] showed that if a number ring R admits a clique of

exceptional units of su�ciently large size relative to the degree and the discriminant, thenRmust be an

Euclidean domain. In which caseR is also a PID and Corollary 1.2.17 is then not needed since we know

that every trace 0 matrix over a PID is a commutator by [Sta16, Theorem 6.3].

1.3 Construction of Trace Zero Non-commutators

In this section, we construct a trace 0 non-commutator assuming we can solve a certain combinatorial

problem which is stated in Question 1.4.1 in the next section. We will �rst give a couple of de�nitions that

will be used in the problem and the main theorem Theorem 1.3.3.

De�nition 1.3.1. Let m ≥ 1 and d ≥ 0 be integers. We will call a set S ⊂ Zm≥0 d-separated if for all

distinct s = (si), s
′ = (s′i) ∈ S,

|s− s′|1 :=
m∑
i=1

|si − s′i| > d.

De�nition 1.3.2. Let n, r ∈ Z≥0. Then the discrete n-simplex of length r is

∆(n, r) :=

{
v = (vi) ∈ Zn+1

≥0

∣∣∣∣∣
n+1∑
i=1

vi = r

}
.

We now give the construction of the trace 0 non-commutator. LetR be a commutative ring. We use

the following notation in the theorem: given a point s = (si) ∈ Zm≥0 and elements x1, . . . , xm ∈ R, we

let xs :=
∏m

i=1 x
si
i ∈ R. As usual, we set r0 := 1 for any r ∈ R.
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Theorem 1.3.3. LetR be a commutative ring with an ideal I ⊂ R with the following property: there exist

non-zero x1, . . . , xm ∈ I withm ≥ 3, and d ≥ 0 such that for all 0 ≤ k ≤ 3d+ 1,

Ik/Ik+1 =
⊕
t∈Zm
≥0

|t|1=k

(R/I)(xt + Ik+1).

In other words, Ik/Ik+1 is a freeR/I-module and the degree k monomials in the xi’s form anR/I-basis

of Ik/Ik+1 for all 0 ≤ k ≤ 3d+ 1.

Suppose further that there exists a 2d-separated set S := {s1, . . . , s2n−1} ⊂ ∆(m− 1, 2d+ 1) ⊂

Zm≥0 with n ≥ 2. Then

X :=



xs1 xs2 · · · xsn−1 xsn

xsn+1 0 · · · 0 0

...
... . . . ...

...

xs2n−2 0 · · · 0 0

xs2n−1 0 · · · 0 −xs1


is a trace 0 non-commutator in Mn(R).

Proof. Since tr(X) = xs1 − xs1 = 0, the only remaining thing we need to show is that X is not a

commutator. Suppose by contradiction that X = [B,C] for some B = (bij), C = (cij) ∈ Mn(R).

Then

[B − bnnIn, C − cnnIn] = [B,C] = X,

so we may assume bnn = 0 = cnn by takingB − bnnIn andC − cnnIn.

Now suppose bi1, b1i, ci1, c1i ∈ Id+1 for all i = 1, . . . , n. Then fromX = [B,C], we have

a11 =
n∑
i=1

(b1ici1 − c1ibi1) ∈ I2d+2.

But a11 = xs1 ∈ I2d+1 is part of theR/I-basis of I2d+1/I2d+2, so a11 /∈ I2d+2, which is a contradiction.

Hence to show thatX is a non-commutator, we only need to show that bi1, b1i, ci1, c1i ∈ Id+1 for all i.
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We will �rst show that bi1, b1i ∈ Id+1 for all i. So let k be the minimum integer such that bi1 ∈

Ik \ Ik+1 or b1i ∈ Ik \ Ik+1 for some i. If k ≥ d + 1 or no such k exists then we are done so assume

k ≤ d. Without loss of generality, assume that b1j ∈ Ik \ Ik+1. Then writing b1j in terms of the

monomial basis in Ik/Ik+1, we have

b1j ≡
∑

t∈∆(m−1,k)

rtx
t mod Ik+1,

with rt ∈ R for all t ∈ ∆(m− 1, k) ⊂ Zm≥0 such that rt0 /∈ I for some t0 ∈ ∆(m− 1, k). Now from

X = [B,C], we have

tr(BX) = tr(B[B,C]) = tr(BBC −BCB) = tr([B,BC]) = 0.

Since bnn = 0, we have

0 = tr(BX) =
n∑
i=0

n∑
j=0

bijaji = a11b11 +
n∑
i=2

bi1a1i +
n∑
j=2

b1jaj1. (1.1)

Now, a1j = xsj with |sj|1 = 2d+ 1, so

a1jbj1 = xsjbj1 ≡
∑

t∈∆(m−1,k)

rtx
sj+t ∈ Ik+2d+1/Ik+2d+2.

Now rt0 ∈ R \ I , and so by considering eq. (1.1) mod Ik+2d+2, we see that a term with a monomial

xsj+t0 must also appear in b1iai1 or bi1a1i mod Ik+2d+2 for some i. So suppose bi1a1i contains such a

term. Then we have xsj+t0 ≡ xuxsi mod Ik+2d+2 where xu comes from bi1 and |u|1 = k. So we have

sj + t0 = u+ si which implies

|si − sj| = |t0 − u| ≤ |t0|+ |u| = 2k ≤ 2d.
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This is a contradiction since S is 2d-separated. Hence k ≥ d + 1, and so b1i, bi1 ∈ Id+1 for all i. By

similar argument, c1i, ci1 ∈ Id+1 as well. Hence no such matrices B and C can exist and X is a non-

commutator.

The following corollary generalises the result of Mesyan [Mes06, Prop. 20].

Corollary 1.3.4. LetR be a ring and suppose that I := (x1, . . . , xm) is an ideal such that I/I2 is a free

R/I-module with the classes of x1, . . . , xm in I/I2 forming anR/I-basis. Then for any 2 ≤ n ≤ m+1
2

,

X :=



x1 x2 · · · xn−1 xn

xn+1 0 · · · 0 0

...
... . . . ...

...

x2n−2 0 · · · 0 0

x2n−1 0 · · · 0 −x1


is not a commutator in Mn(R). In particular, if a Noetherian ring R has Krull dimension m ≥ 3, then

there exists a trace 0 non-commutator in Mn(R) for any 2 ≤ n ≤ m+1
2

.

Proof. We will use Theorem 1.3.3 to construct the trace 0 non-commutator. If we take d = 0, then

the basis condition in the theorem is equivalent to I/I2 being a free R/I-module. For the set S in the

theorem, if d = 0 then any set S ⊂ ∆(m − 1, 1) is automatically 2d-separated. Hence we can take S

to be ∆(m − 1, 1) = {e1, . . . , em} ⊂ Zm≥0 where ei’s are the standard basis of Zm. Now if n ≤ m+1
2

,

then we may take 2n− 1 points inside ∆(m− 1, 1). Hence by Theorem 1.3.3,X is a non-commutator.

The second part follows since if we take I ⊂ R to be a maximal ideal with maximum height, then

dimR/I I/I
2 ≥ dimR = m (see Theorem 13.5 in [Mat89]).

Remark 1.3.5. Let R be a ring and m ⊂ R be a maximal ideal such that dimR/mm/m2 ≥ 3. Then by

Corollary 1.3.4, there exists a trace 0 non-commutator in M2(R). This also follows from [Mes06, Prop.

20]. Such a maximal ideal exists ifR is a Noetherian integrally closed domain of dimension 2 that is not

regular. Indeed, by Serre’s criterion [Mat89, Theorem 23.8],R being integrally closed impliesRp is regular
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for any prime ideal p ⊂ Rwith ht(p) ≤ 1. ButR is not regular, soRm must be singular at some maximal

ideal m ⊂ R of ht(m) = 2. At such maximal ideal m, dimR/mm/m2 > dimRm = ht(m) = 2 and so

there exists a trace 0 non-commutator in M2(R).

The following result of Lissner is a special case of Corollary 1.3.4.

Corollary 1.3.6 (Theorem 5.4 [Lis61]). LetK be a field, n ≥ 2 be an integer andR = K[x1, . . . , xm],

withm ≥ 2n− 1. Then there exists a trace 0 non-commutator in Mn(R).

We now demonstrate that the condition in Theorem 1.3.3 about the structure of Ik/Ik+1 is relatively

easy to satisfy. The following lemma gives a large class of a ring and an ideal satisfying the condition.

Recall that given a commutative ringR and an ideal I ⊂ R, we can construct the associated graded ring

grI(R) := ⊕i≥0I
i/I i+1. Then given an element r ∈ R, we can associate an element in(r) ∈ grI(R)

called the initial form de�ned as follows. Let j ≥ 0 be such that r ∈ Ij \ Ij+1. If no such j exists, then

r ∈ ∩iI i, and we take in(r) := 0 ∈ grI(R). Otherwise take in(r) := r + Ij+1 ∈ Ij/Ij+1 ⊂ grI(R).

Lemma 1.3.7. Let R be a ring and m ⊂ R be a maximal ideal such that Rm is a regular local ring (see

[Mat89, Section 14] for the definition of a regular local ring). Then

grm(R) ∼= km[x1, . . . , xm],

where km := R/m is the residue field andm is the dimension ofRm (which is finite sinceRm is a Noetherian

local ring) and km[x1, . . . , xm] is a polynomial ring inm variables. Moreover, there exist y1, . . . , ym ∈ m

such that in(y1), . . . , in(ym) map to x1, . . . , xm under the above isomorphism and the degree kmonomials

in the yi’s form a km-basis of mk/mk+1 for all k ≥ 0.

Proof. SinceRm is a regular local ring,

grmRm
(Rm) ∼= km[x1, . . . , xm],
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as graded rings by Theorem 14.4 in [Mat89]. Now m is maximal, so mi/mi+1 ∼= (mRm)i/(mRm)i+1 for

all i ≥ 0, and hence grm(R) ∼= grmRm
(Rm). So we have

grm(R) ∼= grmRm
(Rm) ∼= km[x1, . . . , xm].

They are isomorphic as graded rings, so there exist y1, . . . , ym ∈ R such that in(yi) maps to xi. The

above isomorphism also implies that the degree k monomials in yi’s form a km-basis of mk/mk+1 for all

k ≥ 0 since it is true for the polynomial ring on the right hand side.

We now state the main result combining Theorem 1.3.3 and the combinatorial result Theorem 1.4.10.

Theorem 1.3.8. LetR be a commutative ring with a maximal ideal m ⊂ R such thatRm is a regular local

ring of dimension m ≥ 3. Suppose further that n ≥ 2 is an integer such that n ≤ m2+2m+5
8

. Then there

exists a trace 0 non-commutator inMn(R).

Proof. We will use Theorem 1.3.3 to construct the trace 0 non-commutator, so we need to check the basis

condition, and construct the setS in the assumption of the theorem. By Lemma 1.3.7, the basis condition

in Theorem 1.3.3 is satis�ed for all d, and by Theorem 1.4.10, if m is odd, then there exists an S with

#S = (m+1)2

4
. So if 2n− 1 ≤ (m+1)2

4
, then the assumption of Theorem 1.3.3 is satis�ed and there exists

a trace 0 non-commutator inMn(R). If we rearrange 2n− 1 ≤ (m+1)2

4
, we obtain n ≤ m2+2m+5

8
. For

m even, there exists an S with #S = 2n − 1 ≤ m(m+2)
4

from Theorem 1.4.10, and we may rearrange

the inequality to n ≤ m2+2m+4
8

. But ifm is even and n is an integer, then n ≤ m2+2m+4
8

is equivalent to

n ≤ m2+2m+5
8

so we have the stated inequality form even as well.

For an ideal I of a ringR, let ν(I) be the minimal number of generators of I . In the case of a Noethe-

rian local ring R and its maximal ideal m, we have ν(m) = dimR/m(m/m2) by Nakayama’s Lemma

[Mat89, Theorem 2.3].
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Corollary 1.3.9. LetR be a Noetherian ring and let n ≥ 2 be such that every trace 0 matrix in Mn(R) is

a commutator. Then for all maximal ideals m ofR,

ν(m) <


2
√

2n− 1 ifRm is regular,

2n− 1 otherwise.

Proof. Suppose Rm is regular. Since every n × n trace 0 matrix is a commutator, n > m2+2m+5
8

where

m = dimRm = dimR/m(m/m2) = ν(mRm) by Theorem 1.3.8. Hence 2
√

2n− 1 − 1 > m =

ν(mRm). Now by [DG77, Theorem 1], ν(mRm) + 1 ≥ ν(m) ifRm is regular, so

2
√

2n− 1 > ν(m).

Hence the stated inequality follows.

For Rm not regular, we apply Corollary 1.3.4 to obtain n > m+1
2

where m = dimR/m(m/m2) =

ν(mRm). Hence

2n− 1 > m = ν(mRm).

Now by [DG77, Theorem 1], ν(mRm) = ν(m) ifRm is not regular, so the stated inequality follows.

Remark 1.3.10. IfR is a Noetherian ring such that every 2×2 trace 0 is a commutator, then Corollary 1.3.9

implies

ν(m) ≤


3 ifRm is regular,

2 otherwise,

for any maximal ideal m ⊂ R. However, it is known that ν(m) ≤ 2 for any maximal ideal m if every

2 × 2 trace 0 matrix is a commutator (see Lemma 1.6.11). Note that even when n = 2 and ν(m) ≤ 2

for all maximal ideals m, the converse of Corollary 1.3.9 does not hold. See however, Theorem 1.6.5 and

Corollary 1.6.18 for a partial converse.

In view of Theorem 1.3.8, it is natural to ask the following question.
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Question 1.3.11. Let R be a Noetherian ring such that there exists c > 0 with dimR/mm/m2 ≤ c for

all maximal ideals m ⊂ R. Does there exist an n0 = n0(R) ≥ 1 such that for all n ≥ n0, every trace 0

matrix in Mn(R) is a commutator?

The example produced in Theorem 1.5.2 shows that the answer to this question is negative if the

assumption on the existence of such c is omitted. The simplest rings for which the question is open are

regular local rings of dimension 2 and Dedekind domains. For both of those types of rings, it is not known

whether every n× n trace 0 matrix is a commutator for any n ≥ 3.

Let us now summarise below the largest trace 0 non-commutator we can construct for a �xed ring

and an ideal using Theorem 1.3.3.

Theorem 1.3.12. LetR be a polynomial ring inm ≥ 3 variables over a field and d ≥ 0 or, more generally,

letR be a ring with an ideal I ⊂ R satisfying the basis condition from Theorem 1.3.3. That is, there exist

some non-zero y1, . . . , ym ∈ I withm ≥ 3 such that the degree k monomials in the yi’s form anR/I-basis

of Ik/Ik+1 for all 0 ≤ k ≤ 3d+ 1. Then the following list describes the sizes n for which we can construct

a trace 0 non-commutator in Mn(R).

1. If d = 0, then any 2 ≤ n ≤ m+1
2

.

2. If d = 1 andm 6≡ 5 (mod 6), then any 2 ≤ n ≤ 1
2
(bm

3
bm−1

2
cc+m+ 1).

3. If d = 1 andm ≡ 5 (mod 6), then any 2 ≤ n ≤ 1
2
(bm

3
bm−1

2
cc+m).

4. Ifm = 3, then n = 2.

5. Ifm ≥ 4 and d ≥ m− 1, then any 2 ≤ n ≤ m2+2m+5
8

.

6. For certain specific m and d, the corresponding entry in the table below is the size of the largest non-

commutator matrix that Theorem 1.3.3 can construct. When the entry is in bold, it is bigger than the

upperbound provided by (5).
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Table 1.1: Size of the largest non-commutator matrix that Theorem 1.3.3 can construct

m

d
2 3 4 5 6 7 8 9 10 11 12

4 3 3 4 4 4 4 4 4 4 4 4

5 5 5 5 6 6 6 6 6 7

6 6 7 8

7 9

8 12

Proof. We will use Theorem 1.3.3 to construct the trace 0 non-commutator.

For (1), the proof is in Corollary 1.3.4. Note that the assumptions of the Theorem 1.3.3 can be simpli�ed

to the assumptions in Corollary 1.3.4 (see the proof of Corollary 1.3.4 for more details on the assumptions).

For (2) to (6) we will �rst describe the set S used in Theorem 1.3.3.

For (2) and (3) we will use Theorem 1.4.6. Given d = 1 andm ≥ 0, take S to be the maximum set of

binary vectors of lengthm that are Hamming distance at least 4 apart and constant weight 3.

For (4), Proposition 1.4.7 describes how to obtain the set S form = 3 and for any d. For (5), Theo-

rem 1.4.10 describes how to obtain the set S for any m ≥ 1 and d ≥ m − 1. For (6) Proposition 1.4.8

describes the largest S one can obtain for the listedm and d.

Once the S needed for Theorem 1.3.3 is obtained, we can construct an n×n trace 0 non-commutator

if 2n − 1 ≤ #S. Note that for (5), we have #S = m(m+2)
4

when m is even. This inequality can be

rearranged to 2 ≤ n ≤ m2+2m+4
8

, but this is equivalent to 2 ≤ n ≤ m2+2m+5
8

sincem is even. Hence we

obtain the inequality stated in (5) for both even and oddm.

Remark 1.3.13. The n’s given in the table in Theorem 1.3.12 is the largest size for which we can construct

a trace 0 non-commutator using Theorem 1.3.3. On the other hand, (5) in the list can be improved if we

can construct a bigger S required for Theorem 1.3.3. For example, ifm = 4, (5) gives 2 ≤ n ≤ 3, but we

see that in the table in (6), we can take n = 4 if d ≥ 4.
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While the upper bound on n in Theorem 1.3.8 could be improved, the size of the non-commutator

we can construct using Theorem 1.3.3 is bounded for a �xed ringR and ideal I ⊂ R, as we now show.

Proposition 1.3.14. LetR be a commutative ring and let I ⊂ R be an ideal such that I/I2 is a freeR/I-

module with rankm ≥ 3. Then the sizen of a trace 0 non-commutator one can construct using Theorem 1.3.3

is bounded above by 22m−3.

Proof. Ifm is �nite, then the size of the set S = {s1, . . . , s2n−1} required in Theorem 1.3.3 is bounded

above by 4m−1 by Corollary 1.4.15. So we have 2n − 1 ≤ 4m−1 which implies n ≤ 22m−3. Hence the

largest trace 0 non-commutator one can construct using Theorem 1.3.3 is bounded above by 22m−3.

Remark 1.3.15. Proposition 1.3.14 gives an upperbound for the size of the non-commutator one can con-

struct using Theorem 1.3.3 for a �xed R and I . However, if we only �x R, then the size of the non-

commutator can be arbitrary large in general. We will later construct a ring with such a property in

Theorem 1.5.2.

1.4 Combinatorics

We will now discuss the set S required in Theorem 1.3.3. Namely, we would like to answer the following

questions.

Question 1.4.1. Given m ≥ 1 and d ≥ 0, how large can a set S ⊂ Zm≥0 be if it is 2d-separated and

contained in ∆(m− 1, 2d+ 1)?

Question 1.4.2. Given m ≥ 1, how large can a set S be if it is 2d-separated and contained in ∆(m −

1, 2d+ 1) ⊂ Zm≥0 for some d ≥ 0?

An answer for Question 1.4.1 will give the size of the largest matrix we can construct using Theorem 1.3.3

for a �xedm and d. While an answer to Question 1.4.2 will be useful in the situation of Lemma 1.3.7 where

we are allowed to take arbitrary large d.

To answer the above questions, we will �rst use the following lemma to simplify the problem.
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Lemma 1.4.3. Letm ≥ 1 and d ≥ 0 be integers, and suppose that a set S is 2d-separated and contained in

∆(m− 1, 2d+ 1). Then there exists a set S ′ such that S ′ is 2d-separated, contained in ∆(m− 1, 2d+ 1),

#S ′ ≥ #S and v1 := (2d+ 1, 0 . . . , 0), . . . , vm := (0, . . . , 0, 2d+ 1) ∈ S ′.

Proof. For each i, we will either add vi to S or replace one of the point in S with vi to constructS ′. So let

1 ≤ i ≤ m. If vi ∈ S, then we do not need to modify S. Assume now that vi /∈ S. If vi is 2d-separated

from all the points in S, then we may take S ′ = S ∪ {vi}. Otherwise there is a point s = (sj) ∈ S such

that |s− vi|1 ≤ 2d. We will show that such s is unique, and so we may replace swith vi to obtain S ′. So

suppose we have t = (tj) ∈ S with |t− vi|1 ≤ 2d, and without loss of generality, assume si ≥ ti. Now

2d ≥ |s− vi|1 =
∑
j 6=i

sj + 2d+ 1− si = 4d+ 2− 2si,

so si ≥ d+ 1, and similarly, ti ≥ d+ 1. Hence

|s− t|1 = si − ti +
∑
j 6=i

|sj − tj|

≤ si − ti +
∑
j 6=i

sj +
∑
j 6=i

tj

≤ si − ti + (2d+ 1− si) + (2d+ 1− ti)

= 4d+ 2− 2ti

≤ 2d.

Since S is 2d-separated, this implies that s = t. Hence there is a unique point in s ∈ S such that

|s− vi|1 ≤ 2d, and so if we take S ′ := (S \ {s}) ∪ {vi}, then S ′ will be 2d-separated.

We will call the vi’s the corner points since they are on the corners of the simplex ∆(m−1, 2d+1). We

now consider the necessary and su�cient conditions for a point s ∈ ∆(m−1, 2d+1) to be 2d-separated

from all the corner points.
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Lemma 1.4.4. Let d ≥ 0 andm ≥ 1 be integers and s = (sj) ∈ ∆(m− 1, 2d+ 1) ⊂ Zm≥0. Then s is

2d-separated from all the corner points if and only if sj ≤ d for all j = 1, . . . ,m.

Proof. First, note that if s = (sj) ∈ ∆(m− 1, 2d+ 1), then for all i = 1, . . . ,m,

|s− vi|1 = 2d+ 1− si +
∑
j 6=i

sj = 2d+ 1− 2si +
m∑
j=1

sj = 2(d− si) + 2d+ 2.

So s is 2d-separated from vi if and only if 2(d− si) + 2d+ 2 > 2d, which can be rearranged to

d+ 1 > si.

Since d and si are integers, this inequality is equivalent to d ≥ si. Hence s is 2d-separated from all the

corner points if and only if d ≥ si for all i.

If we are constructing a maximum 2d-separated set S ⊂ ∆(m − 1, 2d + 1), then by Lemma 1.4.3,

we can assume that the set S contains all the corner points. Now consider the rest of the points T := S \

{v1, . . . , vm}. ForS to be 2d-separated,T also needs to be 2d-separated, and in addition, by Lemma 1.4.4,

for all t = (tj) ∈ T , we must have tj ≤ d for all j. So in other words, Question 1.4.1 about the maximum

size of S is equivalent to the following question. Also note that the sizes of the largest S in Question 1.4.1

and the largest T in the following question are related by #S = m+ #T .

Question 1.4.5. Givenm and d, how large can a setT be if it is 2d-separated, contained in ∆(m−1, 2d+

1), and for all t = (ti) ∈ T , ti ≤ d for all i = 1, . . . ,m.

The d = 1 case in Question 1.4.5 can be reformulated in terms of binary vectors as follows. Recall

that a binary vector of length m is any vector in {0, 1}m. The weight of such a vector is the sum of all

the entries, and for two binary vectors v, v′, the Hamming distance between v and v′ is |v − v′|1. Now

if d = 1, then every entry in t ∈ T is either 0 or 1, so we can consider t as a binary vector of length m.

Moreover, since t ∈ ∆(m− 1, 3), the weight of t is 3. In other words Question 1.4.5 for the d = 1 case is
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asking for a largest set of binary vectors of lengthm with weight 3 that are pairwise Hamming distance

being more than 2 apart.

The following theorem answers how large such a set of binary vectors can be. We state the theorem

as in [Bro+90]. For the proof, see Theorem 3 in [Sch66]. Note that the Hamming distance between

two binary vectors of the same weight must be even, so Hamming distance being more than 2 apart is

equivalent to Hamming distance being at least 4 apart.

Theorem 1.4.6 (See Theorem 4, [Bro+90]). LetA(m, d, w) be the maximal possible number of binary

vectors of lengthm, Hamming distance at least d apart and constant weightw. Then

A(m, 4, 3) =


bm

3
bm−1

2
cc, ifm 6≡ 5 (mod 6)

bm
3
bm−1

2
cc − 1, ifm ≡ 5 (mod 6)

So for allm ≥ 1 and d = 1, the largest T in Question 1.4.5 has sizeA(m, 4, 3), while the largest S in

Question 1.4.1 has sizeA(m, 4, 3) +m, answering Question 1.4.5 and Question 1.4.1 respectively.

For smallm’s we can answer Question 1.4.2 fully.

Proposition 1.4.7. Givenm = 1, 2 or 3, the largest set S that is 2d-separated and contained in ∆(m−

1, 2d+ 1) ⊂ Zm≥0 has size #S = 1, 2 and 4 respectively.

Proof. By Lemma 1.4.3, we may assume that the corner points are already in S. Then for m = 1 and

m = 2, there are no points in ∆(m − 1, 2d + 1) that are 2d-separated from the corner points. So

#S = m is the largest possible set.

Form = 3, suppose there exist 2 distinct points s, s′ ∈ ∆(2, 2d+ 1) that are 2d-separated from the

corner points. If s = (a, b, c) and s′ = (a′, b′, c′), then we have 0 ≤ a, b, c, a′, b′, c′ ≤ d by Lemma 1.4.4.

Since |s|1 = 2d + 1 = |s′|1, we may assume without loss of generality that a ≥ a′, b ≤ b′ and c ≤ c′.
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Then

|s− s′|1 = |a− a′|+ |b− b′|+ |c− c′|

= a− a′ + b′ − b+ c′ − c

= 2d+ 1− 2a′ − (2d+ 1) + 2a′

= 2(a− a′)

≤ 2d

so s and s′ cannot be 2d-separated. Hence S can only contain one more point apart from the corner

point, and hence #S = 4 is the largest.

For other smallm’s, we can use a computer program to determine explicitly how large S can be for

small d’s. But we will �rst convert that question into a graph theory problem. Givenm ≥ 1 and d ≥ 0

integers, let G(m, d) := (V,E) be the graph with a vertex set V and an edge set E de�ned as follows:

The vertices are points in ∆(m− 1, 2d+ 1) with entries at most d, and an edge exists between distinct

s, s′ ∈ V if

|s− s′|1 =
m∑
i=1

|si − s′i| ≤ 2d.

Recall for a graph, an independent set is a set of vertices with no edges between them, and an independent set

with the largest size is called a maximum independent set. The cardinality of such a maximum independent

set is called the independence number of the graph. The set T in Question 1.4.5 is an independent set of

G(m, d), so we would like to know the independence number ofG(m, d) for a givenm ≥ 1 and d ≥ 0.

Proposition 1.4.8. For the followingm and d, the size of the largest 2d-separated set S ⊂ Zm≥0 contained

in ∆(m− 1, 2d+ 1) is given in the table below.
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Table 1.2: Size of the largest 2d-separated set S ⊂ Zm≥0 contained in ∆(m− 1, 2d+ 1)

m

d
1 2 3 4 5 6 7 8 9 10 11 12

4 5 6 6 7 7 7 7 7 8 8 8 8

5 7 10 10 10 11 11 12 12 12 13

6 10 12 14 15

7 14 18

8 16 24

Proof. As stated before the proposition, we would like to know the independence number of G(m, d)

to answer Question 1.4.5, and so we used the function IndependenceNumber in Magma[BCP97]

to compute it. As noted in the paragraph before Question 1.4.5, the size of T in Question 1.4.5 is re-

lated to the size of S in Question 1.4.1 by #S = #T + m. So we added m to the output from

IndependenceNumber to obtain the size of the largest set S ⊂ ∆(m − 1, 2d + 1) that is 2d-

separated, thus answering Question 1.4.1 completely for these values ofm and d.

The missing entries in the table are due to the computations taking too long for those parameters.

Remark 1.4.9. The independence number of a graph is a well known invariant and has been well studied.

In particular, there are inequalities which involves the independence number and other invariants of a

graph. See [Wil11, Chapter 3] for a list of such inequalities. Unfortunately the inequalities listed were

either not strong enough, or had an invariant that was di�cult to compute, and we could not obtain any

useful bound for our graphs.

We would also like to note that the characteristic polynomial of the Laplacian matrix of G(m, d)

appear to have some pattern. In particular, one could predict most of the irreducible factors of the poly-

nomial for d = 1, 2 and 3, including their multiplicities.

For anym ≥ 1, we have the following construction of a suitable S.
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Theorem 1.4.10. Letm ∈ Z+. Then for anyd ≥ m−1, there exists a 2d-separated setS ⊂ Zm≥0 contained

in ∆(m− 1, 2d+ 1) with

#S =


m(m+2)

4
ifm is even,

(m+1)2

4
ifm is odd.

Proof. We will explicitly construct such an S. For 1 ≤ j ≤ m
2

, 1 ≤ k ≤ m− 2j and r := ord2(j), let

vj,k := (0, . . . , 0︸ ︷︷ ︸
k−1

, d− r − k, 0, . . . , 0︸ ︷︷ ︸
j−1

, d, 0 . . . , 0︸ ︷︷ ︸
j−1

, r + k + 1, 0, . . . , 0︸ ︷︷ ︸
m−2j−k

) ∈ ∆(m− 1, 2d+ 1).

To check that vj,k ∈ ∆(m− 1, 2d+ 1), we �rst verify that d− r − k = d− ord2(j)− k ≥ 0.

d− ord2(j)− k ≥ d− ord2(j)− (m− 2j)

= d−m− ord2(j) + 2j

≥ d−m+ 2

≥ 0

where the last inequality follows from the assumption d ≥ m − 1. Looking at the length, we have

|vj,k|1 = d− r − k + d+ r + k + 1 = 2d+ 1, so it has the correct length. Hence vj,k is a valid point

in ∆(m− 1, 2d+ 1).

We take

S := {corner points of ∆(m− 1, 2d+ 1)} ∪
{
vj,k

∣∣ 1 ≤ j ≤ m
2
, 1 ≤ k ≤ m− 2j

}
.

We �rst check if all the entries of vj,k are at most d to verify that they are 2d-separated from the corner

points. Since d− r − k ≤ d, the only other value we need to check is r + k + 1, and

r + k + 1 = ord2(j) + k + 1 ≤ ord2(j) +m− 2j + 1 ≤ m− 2 + 1 = m− 1 ≤ d.
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Hence vj,k is 2d-separated from the corner points.

Now we check that vj,k’s are 2d-separated. So �x two distinct vj,k and vj′,k′ , and let

K := {1 ≤ i ≤ m | (vj,k)i 6= 0} and K ′ := {1 ≤ i ≤ m | (vj′,k′)i 6= 0}

be the support of vj,k and vj′,k′ respectively. Note that #(K ∩K ′) ≤ 2, since #K = 3 = #K ′ and

K = K ′ if and only if vj,k = vj′,k′ . Then

|vj,k − vj′,k′ |1 =
∑

i∈K∩K′
|(vj,k)i − (vj′,k′)i|+

∑
i/∈K∩K′

(vj,k)i +
∑

i/∈K∩K′
(vj′,k′)i

≥
∑

i/∈K∩K′
(vj,k)i +

∑
i/∈K∩K′

(vj′,k′)i.

Now suppose #(K ∩K ′) ≤ 1. Since the entries of vj,k are bounded by d, we have
∑

i/∈K∩K′(vj,k)i ≥

2d+ 1− d = d+ 1, and similarly for vj′,k′ . Hence

|vj,k − vj′,k′ |1 ≥
∑

i/∈K∩K′
(vj,k)i +

∑
i/∈K∩K′

(vj′,k′)i ≥ (d+ 1) + (d+ 1) > 2d,

and so vj,k and vj′,k′ are 2d-separated.

Now we consider the case when #(K ∩K ′) = 2. There are three possible cases:

1. j′ = j and k′ = k + j (where the k + j-th position and the k + 2j-th position agree),

2. j′ = 2j and k′ = k (where the k-th position and the k + 2j-th position agree), or

3. j′ = 2j and k′ = k − j′ (where the k − 2j-th position and the k-th position agree).

Note that if j′ 6= j and j′ 6= 2j, then the spacing between the non-zero entries does not match, so the

supports can only intersect at most 1 entry.
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We �rst consider the case when j′ = j and k′ = k + j. In this case, we have

|vj,k − vj,k′|1

=|(
k′−1︷ ︸︸ ︷

0, . . . , 0︸ ︷︷ ︸
k−1

, d− r − k, 0, . . . , 0︸ ︷︷ ︸
j−1

, r + k′, 0 . . . , 0︸ ︷︷ ︸
j−1

, r + k + 1− d,
j−1︷ ︸︸ ︷

0, . . . , 0,−r − k′ − 1,

m−2j−k′︷ ︸︸ ︷
0 . . . , 0︸ ︷︷ ︸

m−2j−k

)|1

=d− r − k + r + k′ + d− (r + k + 1) + r + k′ + 1

=2d+ 2k′ − 2k

>2d

so they are 2d-separated.

If j′ = 2j and k′ = k then we have

|vj,k − vj′,k′|1

=|(
k′−1︷ ︸︸ ︷

0, . . . , 0︸ ︷︷ ︸
k−1

,−r + r′,

j′−1︷ ︸︸ ︷
0, . . . , 0︸ ︷︷ ︸

j−1

, d, 0 . . . , 0︸ ︷︷ ︸
j−1

, r + k + 1− d,
j′−1︷ ︸︸ ︷

0, . . . , 0, r′ + k′ + 1,

m−2j′−k′︷ ︸︸ ︷
0, . . . , 0︸ ︷︷ ︸

m−2j−k

)|1

=− r + r′ + d+ d− (r + k + 1) + r′ + k′ + 1

=2d+ 2(r′ − r)

=2d+ 2(ord2(2j)− ord2(j))

>2d

so these points are 2d-separated.
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Finally if j′ = 2j and k′ = k − j′, then we have

|vj,k − vj′,k′ |1

=|(
k′−1︷ ︸︸ ︷

0, . . . , 0, d− r′ − k′,
j′−1︷ ︸︸ ︷

0, . . . , 0︸ ︷︷ ︸
k−1

,−r − k,
j′−1︷ ︸︸ ︷

0, . . . , 0︸ ︷︷ ︸
j−1

, d, 0, . . . , 0︸ ︷︷ ︸
j−1

, r + k − r′ − k′,
m−2j′−k′︷ ︸︸ ︷
0, . . . , 0︸ ︷︷ ︸
m−2j−k

)|1

=d− r′ − k′ + r + k + d+ r + k − r′ − k′

=2d+ 2(k − k′) + 2(r − r′)

>2d,

and those points are also 2d-separated.

Finally we count how many points we get from this construction. Ifm is even, this gives total of

m+

m/2∑
j=1

(m− 2j) =
m(m+ 2)

4

points, and ifm is odd,

m+

(m−1)/2∑
j=1

(m− 2j) =
(m+ 1)2

4

points.

Remark 1.4.11. One could add more points to the set S given in Theorem 1.4.10 by considering points

with larger support. If a point has a support of size 5 and has all its non-zero entries taking values around
2d+1

5
, then it will be 2d-separated from any points in S. More generally, if u′ is the size of the support of

the previous point added, then one could add a point with support of size u > 2u′ with all its non-zero

entries taking values around 2d+1
u

. While this does increase the size of S, it is only useful for largem, and

it does not appear to increase the asymptotic of the size of S.
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We conclude the section with an upper bound on the size of a 2d-separated setS contained in ∆(m−

1, 2d+ 1). We will �rst give an equivalent formulation of Question 1.4.2 by putting all the d’s together

that will be useful for proving the upper bound.

Question 1.4.12. Letm ∈ Z+. Consider the regular (m− 1)-simplex

∆m−1 :=

{
v ∈ Rm

∣∣∣∣∣ vi ≥ 0,
m∑
i=1

vi = 1

}
.

What is the maximum S ⊂ ∆m−1 that is 1-separated?

Remark 1.4.13. We can convert between the S’s in Question 1.4.2 and Question 1.4.12 in the following

way. If a setS ⊂ ∆(m− 1, 2d+ 1) is 2d-separated, thenS ′ :=
{

1
2d+1

s
∣∣ s ∈ S} ⊂ Qm

≥0 is contained in

∆m−1. Now if s, t ∈ S are distinct points, then |s− t|1 > 2d. But since |s|1 = |t|1 and s, t ∈ Zm≥0, the

distance |s− t|1 must be even, so |s− t|1 ≥ 2d+ 2. Hence S ′ is 1-separated and satis�es the conditions

in Question 1.4.12.

On the other hand, suppose S ⊂ ∆m−1 is 1-separated. For each s ∈ S, take a nearby point s′ :=

(s′i) ∈ ∆m−1∩Qm such that the denominators of the s′i’s are odd. LetS ′ be the set of all these s′’s. Since

being 1-separated is an open condition, if we take s′ to be close enough to s, then S ′ will be 1-separated.

Now suppose 2d + 1 is the LCM of the denominators appearing in the entries of all s′ ∈ S ′. Then

S ′′ := {(2d+ 1)s′ | s′ ∈ S ′} ⊂ Zm≥0 is contained in ∆(m− 1, 2d+ 1) and is 2d-separated. Hence S ′′

satis�es the conditions in Question 1.4.2.

Proposition 1.4.14. Letm ∈ Z+. Then for any S ⊂ ∆m−1 that is 1-separated, we have

#S ≤ 4m−1.
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Proof. Suppose we have such an S. Then around each point s ∈ S, we have a radius 1
2

(in `1-norm) ball

B(s, 1
2
) such that none of these balls intersect each other. So we have

∑
s∈S

vol
(
B(s, 1

2
) ∩∆m−1

)
≤ vol(∆m−1).

The volume ofB(s, 1
2
) ∩∆m−1 is the smallest when s is a corner point of ∆m−1 since ∆m−1 is a convex

polytope. For a corner point v1 := (1, 0, . . . , 0),

B(v1,
1
2
) ∩∆m−1 =

{
(ui) ∈ Rm

∣∣∣∣∣ 3

4
≤ u1 ≤ 1, 0 ≤ ui ≤

1

4
∀ 2 ≤ i ≤ m,

m∑
i=1

ui = 1

}
,

which is a (m−1)-simplex with vertices (1, 0, . . . , 0), (3
4
, 1

4
, 0, . . . , 0), . . . , (3

4
, 0, . . . , 0, 1

4
). This simplex

has side lengths 1
4

of the side lengths of the simplex ∆m−1, so

#S
(

1
4

)m−1
vol(∆m−1) ≤

∑
s∈S

vol
(
B(s, 1

2
) ∩∆m−1

)
≤ vol(∆m−1).

Hence #S ≤ 4m−1.

We can translate the upper bound for Question 1.4.12 to an upper bound for Question 1.4.2.

Corollary 1.4.15. Letm ≥ 1 be an integer. Suppose S ⊂ ∆(m− 1, 2d+ 1) ⊂ Zm≥0 is a 2d-separated set

for some d ≥ 0. Then #S ≤ 4m−1.

Proof. By Remark 1.4.13, any set S ⊂ ∆(m − 1, 2d + 1) that is 2d-separated can be converted to a set

S ′ ⊂ ∆m−1 that is 1-separated. By Proposition 1.4.14, #S ′ ≤ 4m−1, so #S = #S ′ ≤ 4m−1.
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1.5 A Ring with Trace Zero Non-commutators of Arbitrary Large

Size

In this section, we construct a Noetherian domain Λ of dimension 1 that admits an n × n trace 0 non-

commutator matrix over Λ for all n ≥ 2. We use the following theorem of Heinzer and Levy to construct

the ring, and then apply Corollary 1.3.4 with varying maximal ideals to show that there is a trace 0 non-

commutator of arbitrary size.

Theorem 1.5.1 (Theorem 2.1 [HL07]). LetK be a field and I a nonempty set. For each i ∈ I , let (Λi, n(i))

be a Noetherian local integral domain of dimension 1 with maximal ideal n(i) such that Λi is a subring of

K and the quotient fieldQ(Λi) equalsK . Suppose:

1. Every non-zero element ofK is a unit in all but finitely many Λi; and

2. For every pair of distinct indices j 6= h there exist elements xj ∈ Λj and xh ∈ Λh such that:

(a) xj and xh are non-units in Λj and Λh respectively;

(b) xj is a unit in Λi when i 6= j, and xh is a unit in Λi when i 6= h;

(c) xj + xh is a unit in Λi for every i.

Then the ring Λ :=
⋂
i Λi is Noetherian of dimension 1, its distinct maximal ideals are m(i) := n(i)∩Λ,

and Λi = Λm(i) for each i ∈ I .

Theorem 1.5.2. There exists a Noetherian commutative domain Λ with dimension 1 such that for every

n ≥ 2, there exists a trace 0 non-commutator in Mn(Λ).

Proof. We will start with the construction of the �eld K needed to apply Theorem 1.5.1. Let k be an

algebraically closed �eld and S := k[Xij : i ≥ 2, 1 ≤ j ≤ i], a polynomial ring with in�nitely many

variables. Let J ⊂ S be the ideal generated by the following elements:

J := (X2
i1 −X

pj
ij : i ≥ 2, 2 ≤ j ≤ i),
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where pj is the j-th prime.

Claim 1. R := S/J is an integral domain.

Proof of Claim 1. We show thatR is an integral domain by proving that J is a prime ideal. So let g, h ∈ S

be such that gh ∈ J . Then

gh =
∑
i≥2

i∑
j=2

aij(X
2
i1 −X

pj
ij ),

for some aij ∈ S with only �nitely many of the aij ’s being non-zero. Then there are only �nitely many

variablesXij appearing in the equation, so we may restrict our ring S to

Sn := k[Xij : 2 ≤ i ≤ n, 2 ≤ j ≤ i],

and the ideal J to an ideal

Jn := (X2
i1 −X

pj
ij : 2 ≤ i ≤ n, 2 ≤ j ≤ i) ⊂ Sn,

for some n. Then g ∈ Jn or h ∈ Jn will imply g ∈ J or h ∈ J , so it is su�cient to show that Jn is a

prime ideal. We will prove that Sn/Jn is a domain in order to show that Jn is a prime ideal. Now,

Sn/Jn ∼= k[X21, X22]/(X2
21 −X3

22)⊗
k
. . .⊗

k
k[Xn1, . . . , Xnn]/(X2

n1 −X3
n2, . . . , X

2
n1 −Xpn

nn).

A tensor product of �nitely generated k-algebras that are domains is a domain if k is algebraically closed

(see proof of [Stacks, Tag 05P3]). So if

Tt := k[X1, . . . , Xt]/(X
2
1 −X3

2 , . . . , X
2
1 −X

pt
t ),

is a domain for all 2 ≤ t ≤ n, then Sn/Jn is also a domain.

Now we will prove that Tt is a domain by induction on t, along with the fact that [Q(Tt) : k(X1)] =

p2p3 · · · pt where Q(Tt) is the quotient �eld of Tt. If t = 2, then T2 = k[X1, X2]/(X2
1 − X3

2 ). Now
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X2
1 − X3

2 is an irreducible polynomial in k[X1, X2], and k[X1, X2] is a UFD, so X2
1 − X3

2 is a prime

element. Hence T2 is a domain, and [Q(T2) : k(X1)] = 3. Now suppose that Tt−1 is a domain and

[Q(Tt−1) : k(X1)] = p2p3 · · · pt−1. Since

Tt ∼= Tt−1[Xt]/(X
pt
t −X2

1 ),

we only need to show that ft := Xpt
t − X2

1 is prime in Tt−1[Xt] to show that Tt is a domain. We �rst

show that ft is irreducible in k(X1)[Xt]. Now ft = Xpt
t −X2

1 has a prime degree and k(X1) contains

all the pt-th roots of unity, so by [Lan02, Theorem VI.9.1], ft is irreducible in k(X1)[Xt] if and only if

it has no roots in k(X1). It is clear that ft has no roots in k(X1), so ft is irreducible in k(X1)[Xt]. Now

deg ft = pt is a prime and does not divide [Q(Tt−1) : k(X1)] = p2p3 · · · pt−1, so ft is still irreducible

inQ(Tt−1)[Xt]. Hence ft is a prime inQ(Tt−1)[Xt] sinceQ(Tt−1)[Xt] is a UFD.

Now will use the fact that ft is a prime in Q(Tt−1)[Xt] to show that ft is a prime in Tt−1[Xt]. So

suppose ft | gh for some g, h ∈ Tt−1[Xt]. Since ft is a prime in Q(Tt−1)[Xt], we may assume that

ftg
′ = g for some g′ :=

∑n′

i=0 g
′
iX

i
t ∈ Q(Tt−1)[Xt] without loss of generality. Suppose g′ /∈ Tt−1[Xt].

Then there exists a maximal index j such that g′j /∈ Tt−1. If g =
∑n

i=0 giX
i
t , then looking at the degree

j + pt coe�cients of the equation ftg′ = g, we have

gj+pt = g′j − g′j+ptX
2
1 .

We have g′j+pt ∈ Tt−1 since j was the maximal index such that g′j /∈ Tt−1. Hence g′j = gj+pt + g′j+pt ∈

Tt−1, which is a contradiction, so g′ ∈ Tt−1[Xt]. Hence we have ft | g in Tt−1[Xt] and so ft is a prime in

Tt−1[Xt]. This implies that Tt = Tt−1[Xt]/(ft) is a domain, and nowQ(Tt) = Q(Tt−1)[Xt]/(ft), so

[Q(Tt) : k(X1)] = [Q(Tt) : Q(Tt−1)][Q(Tt−1) : k(X1)] = ptp2p3 · · · pt−1,

and we are done. Hence Tt, Sn/Jn andR = S/J are all domains and we have proved Claim 1.
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Since R is a domain, we may take K := Q(R), the quotient �eld of R. This will be the K we take

for applying Theorem 1.5.1. We now de�ne the Λn’s needed to apply Theorem 1.5.1. We take the set I to

be N. Let Yij ∈ R ⊂ K be the residue class ofXij . For n ≥ 2, de�ne a sub�eld

Fn := k(Yij : i 6= n, 1 ≤ j ≤ i) ⊂ K,

and a subring

Rn := Fn[Yn,1, . . . , Yn,n] ⊂ K.

Let Pn := Fn[Z1, . . . , Zn] be the polynomial ring in n variables.

Claim 2.

ϕn :Pn/(Z
2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n )−→Rn = Fn[Yn,1, . . . , Yn,n]

Zi 7−→ Yi,

is an isomorphism, whereZi is the residue class ofZi.

Proof of Claim 2. It is clear that ϕn is surjective, so let us show that it is injective. Consider the lift of ϕn,

ϕ̃n :Pn−→Rn = Fn[Yn,1, . . . , Yn,n]

Zi 7−→ Yi.

We see that ker ϕ̃n ⊃ (Z2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n ), so to conclude that ϕn is injective, we only need to

show that

ker ϕ̃n ⊂ (Z2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n ).

So suppose that f ∈ ker ϕ̃n. If c ∈ F×n is the product of the denominators of the coe�cients of f , then

cf ∈ k[Yij : i 6= n, 1 ≤ j ≤ i][Z1, . . . , Zn] =: P ′n ⊂ Pn.
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Moreover, cf ∈ (Z2
1 −Z3

2 , . . . , Z
2
1 −Zpn

n ) implies f ∈ (Z2
1 −Z3

2 , . . . , Z
2
1 −Zpn

n ), so it is su�cient to

check that

ker
(
ϕ̃n|P ′n

)
⊂ (Z2

1 − Z3
2 , . . . , Z

2
1 − Zpn

n )P ′n ⊂ P ′n.

We have the following commutative diagram

S = k[Xij : i ≥ 2, 1 ≤ j ≤ i]

P ′n = k[Yij : i 6= n, 1 ≤ j ≤ i][Z1, . . . , Zn] ϕ̃n(P ′n) = k[Yij : i ≥ 2, 1 ≤ j ≤ i] = S/J

ψn
q

ϕ̃n|P ′n

,

where q is the quotient map and

ψn :S−→P ′n

Xij 7−→


Yij if i 6= n,

Zj if i = n.

Since ψn is surjective, ker ϕ̃n|P ′n = ψn(ker q) = ψn(J), and

ψn(J) = (ψn(Xi1)2 − ψn(Xij)
pj : i ≥ 2, 2 ≤ j ≤ i) = (Z2

1 − Z3
2 , . . . , Z

2
1 − Zpn

n ) ⊂ P ′n.

Hence

ker ϕ̃n|P ′n = (Z2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n ) ⊂ P ′n,

and ϕn is an isomorphism.

SincePn/(Z2
1−Z3

2 , . . . , Z
2
1−Zpn

n ) is easier to work with thanRn, we will use the former presentation

to prove properties aboutRn to verify the assumptions of Theorem 1.5.1.
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The ideal (Yn,1, . . . , Yn,n) ⊂ Rn is maximal since it corresponds to (Z1, . . . , Zn) so we may localise

Rn at (Yn,1, . . . , Yn,n) to obtain a local domain

Λn := (Rn)(Yn,1,...,Yn,n) ⊂ K,

with a maximal ideal n(n) := (Yn,1, . . . , Yn,n) ⊂ Λn. Since Λn is a localisation of a �nitely generated

Fn-algebra, it is Noetherian.

Now we show that dim Λn = 1. We have an isomorphism

Λn
∼=
(
Pn/(Z

2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n )
)

(Z1,...,Zn)
,

through ϕn. We may interchange localisation and quotient so

Λn
∼= (Pn)(Z1,...,Zn)/(Z

2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n ),

as well. Now

(
Z1, Z

2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n

)
=
(
Z1, Z

3
2 , . . . , Z

pn
n

)
⊂ (Pn)(Z1,...,Zn)

is a (Z1, . . . , Zn)-primary ideal, soZ1, Z
2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n is a system of parameters of (Pn)(Z1,...,Zn)

(see the start of [Mat89, Ch. 14] for the de�nition of a system of parameters). Hence by [Mat89, Theorem

14.1],

dim Λn = dim(Pn)(Z1,...,Zn)/(Z
2
1 − Z3

2 , . . . , Z
2
1 − Zpn

n ) = n− (n− 1) = 1.

Finally note that Λn contains all Yij ’s, soR ⊂ Λn ⊂ K = Q(R). Hence to apply Theorem 1.5.1, we

only need to verify conditions (1) and (2).

For (1), if f ∈ K , then f can be written as a rational function in the Yij ’s. If f is non-zero, then only

�nitely many Yij ’s appear in such a representation of f . If n ≥ 2 is such that Ynj does not appear in such
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a representation for all 1 ≤ j ≤ n, then f ∈ Fn, so f ∈ Λn is a unit. Hence any non-zero element inK

is a unit in all but �nitely many Λn’s.

For (2), if j 6= h, then take xj := Yj,1 and xh := Yh,1. These are not units in Λj and Λh respectively,

and are units in Λi for other i’s not equal to j orh. Moreover, if i 6= j and i 6= h, thenxj+xh ∈ Fi ⊂ Ri

so xj + xh is a unit in Λi. Hence Λ :=
⋂
i Λi is a Noetherian domain of dimension 1 by Theorem 1.5.1.

Finally, we show that the embedding dimension ofm(i) := n(i)∩Λ is i. This will prove the theorem

since for all n ≥ 2, we can �nd i such that n ≤ i+1
2

, and we can apply Corollary 1.3.4 withR = Λ and

m = m(i) to construct an n× n trace 0 non-commutator.

We now compute the embedding dimension of m(i)’s. Since Λi = Λm(i) by Theorem 1.5.1, we can

check the embedding dimension of the local ring Λi instead. We have

Λi
∼= (Pi)(Z1,...,Zi)/(Z

2
1 − Z3

2 , . . . , Z
2
1 − Z

pi
i ),

so

n(i)/n(i)2 ∼= (Z1, . . . , Zi)/(Z1, . . . , Zi)
2.

Now we show thatZ1, . . . , Zi form an Fi-basis of (Z1, . . . , Zi)/(Z1, . . . , Zi)
2. So suppose

a1Z1 + · · ·+ aiZi ∈ (Z1, . . . , Zi)
2, (1.2)

for some a1, . . . , ai ∈ Fi. Now

(Z2
1 − Z3

2 , . . . , Z
2
1 − Z

pi
i ) ⊂ (Z1, . . . , Zi)

2,

so we can lift eq. (1.2) to (Pi)(Z1,...,Zn) to obtain

a1Z1 + · · ·+ aiZi ∈ (Z1, . . . , Zi)
2.
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But then aj = 0 for all j since all the terms in the left-hand side are degree 1. Hence

dimFi
(Z1, . . . , Zi)/(Z1, . . . , Zi)

2 = i

1.6 Trace Zero 2× 2 Matrices

In this section, we summarise the current progress on the case of 2 × 2 matrices. We start by recalling

various facts and de�nitions needed to state Theorem 1.6.14 where we put together known results from

the 1970s and 1980s. We then review facts and de�nitions on the K-theory of a�ne surfaces to be able to

state more recent results such as Theorem 1.6.23,Corollary 1.6.25 and Theorem 1.6.27.

For this section, we assume that Spec(R) is connected for any ringR. This is not a strong assumption

since we can always reduce the question about commutators to the case where Spec(R) is connected

if R is Noetherian. Indeed, if R is a Noetherian ring, then Spec(R) has only �nitely many connected

components, and R =
∏r

i=1 Ri where Spec(Ri) is a connected component of Spec(R). A matrix

M ∈ Mn(
∏r

i=1 Ri) is a commutator if and only if all Mi’s are commutators where M = (Mi) ∈∏r
i=1 Mn(Ri) ∼= Mn(

∏r
i=1).

Lissner showed by elementary means that

c1 c2

c3 −c1

 ∈ M2(R) is a commutator except possibly

when ci /∈ (cj, ck) ⊂ R for any (i j k) which is a permutation of (1 2 3) (see [Lis61, Lemma 3.1 and

3.3]).

The main tool in the 2 × 2 case is the following lemma connecting a commutator with an exterior

power. Recall that v ∈ ∧pRn is decomposable if there exist v1, . . . , vp ∈ Rn such that v = v1 ∧ · · · ∧ vp.

Lemma 1.6.1. LetM :=

a b

c −a

 ∈ M2(R). ThenM is a commutator if and only if ae2∧ e3 + be3∧

e1 + ce1 ∧ e2 ∈ ∧2R3 is decomposable. In particular, every 2× 2 trace 0 matrix is a commutator if and

only if every vector in∧2R3 is decomposable.

41



Proof. Suppose M = [X1, X2] for some X1, X2 ∈ M2(R). Then M = [X1 + rI2, X2 + sI2] for

any r, s ∈ R, so we may assume that Xi =

xi zi

yi 0

 for some xi, yi, zi ∈ R for i = 1, 2. Then the

equationM = [X1, X2] becomes

a = y2z1 − z2y1

b = z2x1 − x2z1

c = x2y1 − y2x1

which is equivalent to

ae2 ∧ e3 + be3 ∧ e1 + ce1 ∧ e2 = (x2e1 + y2e2 + z2e3) ∧ (x1e1 + y1e2 + z1e3).

HenceM being a commutator is equivalent to the vector being decomposable.

Since e2∧e3, e3∧e1, e1∧e2 form a basis for∧2R3, there is a bijection between 2×2 trace 0 matrices

and ∧2R3. Hence all the trace 0 matrices being a commutator is equivalent to all the vectors in ∧2R3

being decomposable.

De�nition 1.6.2. Given n ≥ 1, we say that R is T n+1
n if every vector in ∧nRn+1 is decomposable. We

call a ringR an OP-ring if it is T n+1
n for all n ≥ 1.

This de�nition was made by David Lissner in [Lis65] and OP stands for outer product.

Remark 1.6.3. Lemma 1.6.1 can be rephrased as stating that every trace 0 matrix in M2(R) is a commutator

if and only ifR is T 3
2 .

From here on in this section, we will focus on the case whenR is Noetherian. For non-Noetherian

OP rings, see [JW17].

Given a property P, we say that a ringR is locally P if every localisation ofR at a prime ideal has the

property P. For T n+1
n or OP, locally true at every prime is equivalent to locally true at every maximal ideal.
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Proposition 1.6.4. A Noetherian ringR is locally T n+1
n or locally OP if and only if every localisation of

R at a maximal ideal is T n+1
n or OP, respectively.

Proof. IfR is locally T n+1
n , then every localisation ofR at a maximal ideal is T n+1

n by de�nition. On the

other hand, suppose every localisation of R at a maximal ideal is T n+1
n , and let p ⊂ R be a prime ideal.

Then there exists a maximal ideal m ⊃ p, andRp is a localisation ofRm at pRm. Now let u ∈ ∧nRn+1
p .

Then there exists r ∈ Rm \ pRm such that ru ∈ ∧nRn+1
m . SinceRm is T n+1

n , ru is decomposable, so

ru = v1 ∧ · · · ∧ vn

for some v1, . . . , vn ∈ Rn+1
m . Now

u = 1
r
v1 ∧ · · · ∧ vn ∈ ∧nRn+1

p

so u is decomposable. HenceRp is T n+1
n . The equivalence for OP follows from the equivalence for T n+1

n

for all n ≥ 1.

For a local ring, the OP property can be detected by the minimal number of generators for its maximal

ideal.

Theorem 1.6.5 (Theorem [Tow70]). LetR be a Noetherian local ring with maximal ideal m. ThenR is

an OP-ring if and only if m is generated by 2 elements.

Corollary 1.6.6. LetR be a regular ring of dimension d ≤ 2. ThenR is locally OP.

Proof. Let m ⊂ R be a maximal ideal. Then Rm is a regular local ring of dimension ≤ d, so mRm is

generated by at most 2 elements. HenceRm is an OP ring by Theorem 1.6.5, and soR is locally OP.

Recall that a semilocal ring is a ring with �nitely many maximal ideals. For semilocal rings, the OP

property can be detected locally.
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Theorem 1.6.7 (Theorem [Hin72]). LetR be a Noetherian semilocal ring. ThenR is an OP-ring if and

only ifR is locally OP.

Lissner �rst used the term OP-ring in [Lis65] and showed that a Dedekind domain is an OP-ring in

[Lis65, Appendix]. Towber subsequently showed that ifR is a Dedekind domain thenR[x] is an OP-ring

in [Tow68, Theorem 1.2]. Estes and Matijevic then proved the following characterisation of OP-rings.

Recall that anR-moduleM isR-oriented if∧nM ∼= R for some n ≥ 1.

Theorem 1.6.8 (Theorem 1, Corollary 1, Corollary 2 [EM80]). LetR be a Noetherian ring satisfying one

of the following properties:

• R is reduced,

• every minimal ideal ofR is principal, or

• R has only finitely many maximal ideals with non-regular localisation.

ThenR is an OP-ring if and only ifR is locally OP and every finitely generatedR-oriented module is free.

Remark 1.6.9. Estes and Matijevic note in [EM80, Page 1356] that the three conditions onR are probably

not necessary, and suspects that everyR-oriented module being free andR being locally OP are the only

necessary conditions forR to be an OP-ring.

Corollary 1.6.10. LetR be a reduced Noetherian locally OP ring. Then any finitely generatedR-oriented

module is projective.

Proof. Let M be a �nitely generated R-oriented module, so that ∧nM = R for some n ≥ 1. We will

show thatM is projective by showing that it is locally free. So let p ∈ Spec(R) be a prime ideal. Then

Rp = (∧nM)⊗
R
Rp = ∧nMp.

NowR is locally OP and soRp is an OP-ring, andMp is a �nitely generatedRp-oriented module, soMp

is free by Theorem 1.6.8. HenceM is projective.
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Recall that anR-moduleM is stably-free ifM ⊕Rm ∼= Rn for some n andm.

Lemma 1.6.11 ((3) Lemma, (4) Lemma in [BDG80]). LetR be a NoetherianT 3
2 ring. Then every maximal

ideal ofR is generated by two elements and every finitely generated stably-free projectiveR-module is free.

Recall that the Grothendieck group of a ring R, K0(R), is the group completion of the monoid of

isomorphism classes of �nitely generated projectiveR-modules, under direct sum. And SK0(R) is the

subgroup ofK0(R) consisting of the classes [P ]− [Rm], where P is anR-oriented projective module of

constant rankm (cf. [Wei13, De�nition II.2.6.1]).

Lemma 1.6.12 ((5) Proposition [BDG80]). LetR be a dimension 2 Noetherian ring, and suppose that every

maximal ideal ofR of height 2 is generated by 2 elements. Then SK0(R) = 0.

Lemma 1.6.13 ((6) Lemma [BDG80]). Let R be a Noetherian ring and suppose that SK0(R) = 0.

Then every finitely generated stably-free projective R-module is free if and only if every finitely generated

R-oriented projectiveR-module is free.

We combine the works of Estes–Matijevic [EM80] and Boratyński–Davis–Geramita [BDG80] to

obtain the following theorem.

Theorem 1.6.14. LetR be a Noetherian ring satisfying one of the following conditions:

• R is reduced,

• every minimal ideal ofR is principal, or

• R has only finitely many maximal ideals with non-regular localisation.

Then the following are equivalent:

1. Every trace 0 matrix in M2(R) is a commutator,

2. R is T 3
2 ,

3. R is an OP-ring,
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4. R is locally OP and every finitely generated projectiveR-oriented module is free,

5. R is locally OP, SK0(R) = 0 and every finitely generated stably-free projective R-module is free,

and

6. Every maximal ideal ofR is generated by two elements and every finitely generated stably-free pro-

jectiveR-module is free.

Proof. (1) is equivalent to (2) by Lemma 1.6.1. (3) implies (2) follows from the de�nition of an OP-ring.

(4) implies (3) is Theorem 1.6.8 with Corollary 1.6.10.

For (5) implies (4), supposeM is anR-oriented module. Then for all prime ideal p,Mp isRp-oriented

module, and since Rp is OP, every Rp-oriented module is free. Hence M is an R-oriented projective

module. Hence it is stably-free projective by Lemma 1.6.13 and hence free by (5).

For (6) implies (5), if every maximal ideal of R is generated by 2 elements, then every maximal ideal

is locally generated by at most two elements. Hence every localisation is OP by Theorem 1.6.5. Now for

all maximal ideal m, mRm is generated by at most 2 elements, so dimRm ≤ 2 by Krull’s Height theorem

[Mat89, Theorem 13.5]. Hence dimR ≤ 2, and so by Lemma 1.6.12, SK0(R) = 0.

(2) implies (6) is Lemma 1.6.11.

Corollary 1.6.15. LetR be a locally OP Noetherian ring. Then

1. dimR ≤ 2,

2. If dimR = 0 thenR is an OP-ring,

3. If dimR = 1 and ifR satisfies one of the following, thenR is an OP-ring.

(a) R is reduced,

(b) every minimal ideal ofR is principal, or

(c) R has only finitely many maximal ideals with non-regular localisation.
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Proof. IfR is locally OP Noetherian ring, then by Theorem 1.6.5, mRm is generated by 2 elements for any

maximal ideal m of R. Hence dimRm ≤ 2 by Krull’s Height theorem [Mat89, Theorem 13.5], and so

dimR ≤ 2.

(2) follows from Theorem 1.6.7 since ifR is Noetherian and dimension 0, then it is a semilocal ring.

For (3), letM be anR-oriented module, that is∧nM = R for some n ≥ 1. Then by Corollary 1.6.10

M is projective and so by Bass cancellation theorem [Wei13, Theorem I.2.3],M ∼= P ⊕ Rn−1 for some

projective module P of rank 1. Now

R = ∧nM = ∧n
(
P ⊕Rn−1

)
=

n⊕
k=0

∧kP ⊗∧n−kRn−1 = P ⊗R = P,

soM is free. Hence every �nitely generatedR-oriented module is free, soR is an OP-ring by Theorem 1.6.8.

Example 1.6.16. LetA be a PID with quotient �eld F andK/F be a �nite �eld extension. AnA-order

R inK is anA-subalgebra ofK which is �nitely generated as anA-module and such that F ⊗AR = K .

In [Cla18, Theorem 3.4], Clark showed that ifN := [K : F ], then there exists anA-orderR inK such

thatR admits a maximal ideal m ⊂ RwithN as the minimal cardinality of a set of generators. IfN ≥ 3,

then by Theorem 1.6.14 (6),R is not an OP ring. In particular ifK/Q is a number �eld of degree at least

3, thenK admits a Z-order which is not an OP ring.

Note that ifR is anA-order in a quadratic extensionK/F , then every ideal ofR is a freeA-module

of rank 2, so every maximal ideal ofR is generated by at most 2 elements. Hence for any maximal ideal

m ⊂ R, mRm is generated by at most 2 elements, so by Theorem 1.6.5, R is locally OP. Moreover, R is

also a dimension 1 domain, so by Corollary 1.6.15 (3)(a),R is an OP ring.

From here on, we will work with the case where the ring R is a k-algebra for some �eld k. As we

will see later, this will allow us to utilise the geometry of Spec(R) as a k-variety. The next theorem gives

examples of k-algebrasR where every stably-free projective module is free.
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Theorem 1.6.17. Let k be a ring, andR be a finitely generated 2 dimensional k-algebra. Then every finitely

generated stably-free projectiveR-module is free if any of the following is satisfied:

1. k is an algebraically closed field [MS76, Theorem 1].

2. k is an infinite perfect field with k 6= 2 and the cohomological dimension of k is at most 1 [Bha03,

Remark 4.2].

3. k is a real closed field and all k-points on Spec(R) lie on a closed subscheme of dimension≤ 1 [MS76,

Theorem 3.1].

4. k = Z or k = Fq for any prime power q [MMR88, Corollary 2.5].

Corollary 1.6.18. Let k be a ring and R be a Noetherian reduced finitely generated 2 dimensional k-

algebra satisfying one of the conditions (1)-(4) in Theorem 1.6.17. Then every trace 0 matrix in M2(R) is a

commutator if and only if every maximal ideal ofR can be generated by two elements.

Proof. Follows from applying Theorem 1.6.17 to the equivalence of (1) and (6) in Theorem 1.6.8.

IfR is a regular 2-dimensional �nitely generated k-algebra with k algebraically closed, thenR is locally

OP-ring byCorollary 1.6.6, and every �nitely generated stably-free projective module is free by Theo-

rem 1.6.17 (1). Hence to apply (5) in Theorem 1.6.14 we only need to know whether SK0(R) = 0. This

can be rephrased into a question about zero cycles of a projective closure of Spec(R) by Theorem 1.6.19.

Recall that for a varietyX/k, the Chow groupA0(X) is the group of zero cycles of degree 0 modulo

rational equivalence. For a projective varietyX/k, we have the Albanese map

AJX :A0(X)→AlbX/k(k),

where AlbX/k is the Albanese variety ofX/k (see [SS03, Section 3] for more details about the Albanese

map). We denote the kernel as SA0(X) := kerAJX , which is also denoted as T (X) or F 2CH0(X) in

some literature.
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Theorem 1.6.19 (Theorem 3 [MS76]). Let V = Spec(R) be a regular irreducible affine surface over

an algebraically closed field k, and letX/k be a regular projective surface birationally equivalent to V . If

SA0(X) is finite, then SK0(R) = 0.

Putting the above theorems together, we have the following corollary.

Corollary 1.6.20. Let k be an algebraically closed field. Suppose R is a 2-dimensional regular domain

that is a k-algebra. If Spec(R) is an open affine subvariety of a regular projective surfaceX/k with finite

SA0(X), thenR is an OP-ring, and every trace 0 matrix in M2(R) is a commutator.

Proof. This follows from combining the above theorems. Firstly,R is a locally OP-ring by Corollary 1.6.6,

and by Theorem 1.6.19,SK0(R) = 0. Finally, by Theorem 1.6.17 (1), every stably-free projectiveR-module

is free, so R satis�es Theorem 1.6.14 (5). Hence R is an OP-ring and every trace 0 matrix in M2(R) is a

commutator.

When k = Fp, we have the following theorem describing the projective modules over k-algebras,

which we use to give examples of OP-rings in Theorem 1.6.23.

Theorem 1.6.21 (Theorem 6.4.1 [KS07]). LetR be a finitely generated algebra of dimension d > 1 over

the algebraic closure of a finite field. Then any projective R-module of rank d has a non-zero free direct

summand.

Corollary 1.6.22. LetR be a locally OP dimension 2 finitely generated Fp-algebra that satisfies one of the

following:

1. R is reduced,

2. every minimal ideal ofR is principal, or

3. R has only finitely many maximal ideals with non-regular localisation.

ThenR is an OP-ring and every trace 0 matrix in M2(R) is a commutator.
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Proof. By Theorem 1.6.8, we only need to show that every �nitely generated oriented R-module is free.

Let P be an oriented module of rank n. If n > 2 then by Bass cancellation theorem [Wei13, Theorem

I.2.3], P ∼= Q ⊕ Rn−2 where Q is a projective module of rank 2. By Theorem 1.6.21, Q has a non-zero

free direct summand, soQ ∼= Q′ ⊕R for some �nitely generatedR-moduleQ′. Now

R = ∧nP = ∧n
(
Q′ ⊕Rn−1

)
=

n⊕
k=0

∧kQ′⊗∧n−kRn−1 = Q′⊗R = Q′.

Hence P is free.

Theorem 1.6.23. LetR be a regular finitely generated Fp-algebra of dimension 2. ThenR is an OP-ring

and every trace 0 matrix in M2(R) is a commutator.

Proof. R is locally OP by Corollary 1.6.6, and R is regular so it is reduced. Hence R is an OP ring by

Corollary 1.6.22, and so every trace 0 matrix in M2(R) is a commutator.

For an algebra over a characteristic 0 �eld, we have the following result for a graded Q-algebra.

Theorem 1.6.24 (Theorem 1.2 [KS02]). LetR = ⊕n≥0Rn be a 2-dimensional graded normal Noetherian

domain that is an associative algebra overR0 = Q. Then every finitely generated projective module overR

is free.

Corollary 1.6.25. Let R = ⊕n≥0Rn be a 2-dimensional regular graded domain that is an associative

algebra overR0 = Q. ThenR is an OP ring, and every trace 0 matrix in M2(R) is a commutator.

Proof. Since R is a regular 2-dimensional ring, R is locally OP by Corollary 1.6.6. By Theorem 1.6.24,

every �nitely generated projective R-module is free, so every R-oriented module is free. Hence R is an

OP ring by Theorem 1.6.8, and every trace 0 matrix in M2(R) is a commutator.

Recall the following conjecture (see [KS07, Page 267 and Theorem 6.2.1] for a discussion about the

conjecture).
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Conjecture 1.6.26 (Bloch–Beilinson Conjecture). IfX/Q is an irreducible regular projective surface, then

SA0(X) = 0.

Theorem 1.6.27. Assume the Bloch–Beilinson conjecture. Then every finitely generated dimension 2 regular

Q-algebraR is an OP-ring. In particular, every trace 0 matrix in M2(R) is a commutator.

Proof. For anyR as in the theorem, there exists an irreducible regular projective surfaceX/Q birational

to Spec(R). By Conjecture 1.6.26,SA0(X) = 0, soSK0(R) = 0 by Theorem 1.6.19. By Theorem 1.6.17

(1), every stably-free projective module is free. Finally,R is locally OP sinceR is regular and dimension 2.

HenceR satis�es Theorem 1.6.14 (5) soR is an OP-ring, and every trace 0 matrix in M2(R) is a commutator.

In contrast to the case ofQ-algebras, Corollary 1.6.29 gives examples of dimension 2 regularC-algebras

which are not OP-rings.

Theorem 1.6.28 (Mumford, Roitman, Corollary 1 [KS10]). Let X/C be an irreducible regular proper

variety of dimension d, withH0(X,Ωd
X/C) 6= 0. Let Spec(R) be a non-empty open affine subvariety ofX .

ThenA0(SpecR) has uncountable rank.

Corollary 1.6.29. Let X/C be an irreducible regular proper surface, with H0(X,Ω2
X/C) 6= 0, and let

Spec(R) be a non-empty open affine subvariety of X . Then R is not an OP ring and there is a trace 0

non-commutator in M2(R).

Proof. By Theorem 1.6.28, A0(SpecR) 6= 0. Since Spec(R) is a regular a�ne surface, A0(SpecR) =

SK0(R) (see Theorem 4.2 (d) [MS76]) and so it does not satisfy Theorem 1.6.14 (5). HenceR is not an

OP ring and there exists a trace 0 non-commutator in M2(R).

Example 1.6.30. For any d ≥ 1, let Rd := C[x, y, z]/(xd + yd + zd − 1). Then Spec(Rd) is an open

subvariety ofXd := Proj(C[x0, x1, x2, x3]/(xd0 +xd1 +xd2 +xd3)). If d = 1, 2, 3,Xd is rational [Har77,

Example II.8.20.3], and soA0(Xd) = 0 [Blo10, Prop. 7.1]. Hence SA0(Xd) = 0 and by Corollary 1.6.20,

Rd is an OP-ring and every trace 0 matrix in M2(Rd) is a commutator.
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If d ≥ 4, then we have Ω2
Xd/C = OXd

(d−4) (see [Har77, Example II.8.20.3]), soH0(Xd,Ω
2
Xd/C) =

H0(Xd,OXd
(d − 4)) 6= 0. Hence by Corollary 1.6.29, there is a trace 0 non-commutator in M2(Rd).

Note that if the Bloch-Beilinson conjecture is true, then Q[x, y, z]/(xd + yd + zd − 1) is an OP-ring by

Theorem 1.6.27 even if d ≥ 4.

Recall the following conjecture of Bloch (see Conjecture 1.8 and Proposition 1.11 in [Blo10] for details

about the conjecture).

Conjecture 1.6.31 (Bloch Conjecture). LetX/C be a regular projective surface. IfH0(X,Ω2
X/C) = 0 then

SA0(X) = 0.

Bloch’s conjecture has been veri�ed in many cases, including for any surfaces that are not of general

type [BKL76, Proposition 4] and for some surfaces of general type, see e.g. [Bau+12; IM79; Bar85; Voi14;

Bau14; BF15; PW16]. Thus in these cases, we can apply Corollary 1.6.20 to obtain examples of OP-rings.

For example, the following is an OP-ring coming from a surface of general type called a Godeaux surface.

Example 1.6.32. LetY be the quintic complex surface inP3
C de�ned by the equationx5

0+x5
1+x5

2+x5
3 = 0.

Let

σ(x0 : x1 : x2 : x3) = (x0 : ζ5x1 : ζ2
5x2 : ζ3

5x3)

be an automorphism of Y where ζ5 = e2πi/5. The quotient surface X := Y/〈σ〉 is called a Godeaux

surface, withA0(X) = 0 (see [IM79, Theorem 1]).

So for an open a�ne subvariety Spec(R) ofX , we have thatR is an OP-ring by Corollary 1.6.20. For

example consider

S := C[x, y, z]/(x5 + y5 + z5 + 1),

where x := x1/x0, y := x2/x0 and z := x3/x0, so that Spec(S) is an open subscheme of Y . Then

σ acts on Spec(S) as well by σ(f(x, y, z)) = f(ζ5x, ζ
2
5y, ζ

3
5z), so Spec(S〈σ〉) ∼= Spec(S)/〈σ〉 is an

open a�ne subvariety ofX . Hence for

R :=
(
C[x, y, z]/(x5 + y5 + z5 + 1)

)〈σ〉
,
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every trace 0 matrix in M2(R) is a commutator.

We conclude this section with the case when Spec(R) is an a�ne quadric hypersurface in A3
k. We do

not assume that k is algebraically closed, and use the theory of quadratics forms to determine whetherR

is an OP ring.

Given k a �eld with char k 6= 2 and a homogeneous degree 2 polynomial q(x, y, z) ∈ k[x, y, z],

de�ne

R(k, q) := k[x, y, z]/(q − 1).

Recall that q can be written as q = (x y z)Q(x y z)t where Q ∈ M3(k) is a symmetric matrix.

The discriminant of q is ∆(q) := det(Q) and q is called non-degenerate if ∆(q) 6= 0. If q is non-

degenerate, thenR(k, q) is a regular 2-dimensional algebra. Finally, recall that q is isotropic over k if there

exist x, y, z ∈ k not all 0 such that q(x, y, z) = 0.

Theorem 1.6.33 (Theorem 16.1 [Swa87]). Let q ∈ k[x, y, z] be a non-degenerate quadratic form over a

field k with char k 6= 2. If q is isotropic or
√
−∆(q) ∈ k, then every projectiveR(k, q)-module with rank

at least 1 has the form F ⊕Q with F free andQ of rank 1.

Corollary 1.6.34. If q is isotropic or
√
−∆(q) ∈ k, thenR(k, q) is an OP-ring. Hence every trace 0 matrix

in M2(R(k, q)) is a commutator.

Proof. LetR := R(k, q). SinceR is a regular dimension 2 ring, it is a locally OP ring by Corollary 1.6.6.

Now suppose P is an R-oriented projective module with ∧nP = R. Then by Theorem 1.6.33, P =

Rn−1 ⊕Qwith rkQ = 1. So

R = ∧nP = ∧n(Rn−1 ⊕Q) = R⊗Q = Q.

Hence P is a free module, and by Theorem 1.6.14,R is an OP ring and every trace 0 matrix in M2(R) is a

commutator.

We also have a partial converse of Theorem 1.6.33.
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Theorem 1.6.35 (Theorem 9.2 (b) and Lemma 11.5 in [Swa87]). If q is anisotropic,
√
−∆(q) /∈ k and q

represents 1, then Pic(R(k, q)) = 0 and K̃0(R(k, q)) = Z/2Z.

Corollary 1.6.36. If q is anisotropic,
√
−∆(q) /∈ k and q represents 1, thenR(k, q) is not an OP-ring and

there is a trace 0 matrix in M2(R(k, q)) that is not a commutator.

Proof. LetR := R(k, q). Since

SK0(R) = ker(K̃0(R)→ Pic(R)),

SK0(R) = Z/2Z by Theorem 1.6.35. Hence by Theorem 1.6.14,R is not an OP ring and there is a trace

0 matrix in M2(R) that is not a commutator.

Remark 1.6.37. Over R := R[x, y, z]/(x2 + y2 + z2 − 1), there is a well-known example of a 2 × 2

non-commutatorA :=

x y

z −x

 ∈ M2(R) (see [RR00, Section 3] for the proof). By taking q := x2 +

y2 + z2 as the quadratic form, we see thatR = R(R, q). Since
√
−∆(q) =

√
−1 /∈ R, Corollary 1.6.36

implies that there is a non-commutator in M2(R). However we cannot conclude from Corollary 1.6.36

that this particular matrixA is a non-commutator.

Note that forR⊗R C = R(C, q) = C[x, y, z]/(x2 + y2 + z2 − 1), Corollary 1.6.34 applies since√
−∆(q) =

√
−1 ∈ C, soA is a commutator in M2(R(C, q)). For example, we can writeA as

A =

1 + ix(ix− y) −xz

x(ix− y) 0

 ,

−iz ix+ y

−z 0

 .
Remark 1.6.38. There are cases that are not covered by Corollary 1.6.34 and Corollary 1.6.36. Namely the

case where q is anisotropic,
√
−∆(q) /∈ k and q does not represent 1. We now provide an explicit example

of such form q. Take k := Q(a, b, c), a function �eld in 3 variables overQ. Take q := ax2 + by2 + cz2 ∈

k[x, y, z]. Then we claim that q is anisotropic,
√

∆(q) /∈ k and q does not represent 1. So suppose there

54



exist x, y, z ∈ k such that

ax2 + by2 + cz2 = 0. (1.3)

Then by clearing the denominators, we may assume x, y, z ∈ Q[a, b, c]. Now if we evaluate a, b, c in

Equation (1.3) at any positive a0, b0, c0 ∈ Q, then we have x(a0, b0, c0) = 0, y(a0, b0, c0) = 0 and

z(a0, b0, c0) = 0. Hence x, y and z must all be 0 in Q[a, b, c] and so q is anisotropic. We can also see that√
−∆(q) =

√
−abc /∈ k = Q(a, b, c). Now we will show that q does not represent 1. So suppose by

contradiction that it does represent 1. Then after clearing the denominators, we have

af 2
1 + bf 2

2 + cf 2
3 = f 2

4 (1.4)

for some f1, f2, f3, f4 ∈ Q[a, b, c]. We may also assume that Equation (1.4) is reduced in the sense that

at least one of the fi is not divisible by a, and similarly for b and c. Now suppose f2, f3, f4 are all divisible

by a. Then f1 is not divisible by a, and after dividing Equation (1.4) by a and then taking modulo a, we

will have

f 2
1 ≡ 0 (mod a).

This is a contradiction since we assumed a does not divide f1, so at least one of f2, f3, f4 is not divisible

by a. Suppose f ∈ {f2, f3, f4} is the only polynomial not divisible by a. Then taking Equation (1.4)

modulo a, we will have

f 2 ≡ 0 (mod a),

which is a contradiction since we assumed a does not divide f . Hence there are at least two polynomials

in f2, f3, f4 that are not divisible by a. Similarly, there are 2 polynomials in f1, f3, f4 that are not divisible

by b and two polynomials in f1, f2, f4 that are not divisible by c. So there is at least one polynomial in

f1, f2, f3, f4 that is not divisible by a and b, a and c, or b and c. Without loss of generality, assume that at

least one of f3 or f4 is not divisible by a and b. Then taking Equation (1.4) modulo (a, b), we have

cf 2
3 ≡ f 2

4 mod (a, b).
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This is an equation in Q[a, b, c]/(a, b) = Q[c], and the only solution is f3 = 0 = f4 in Q[c]. But this

is a contradiction since we assumed at least one of f3 or f4 is not 0 modulo (a, b). Hence there is no

f1, f2, f3, f4 satisfying Equation (1.4) and q = ax2 + by2 + cz2 does not represent 1 in k = Q(a, b, c).
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Chapter 2

Integer Dynamics

2.1 Introduction

In this chapter, we include [Lor+20], a joint work with D. Lorenzini, M. Melistas, A. Suresh, and

H. Wang. Fix an integer b ≥ 2. Any non-negative integer n can be written uniquely in base b as n =

x0 + x1b+ · · ·+ xdb
d with xd > 0 and 0 ≤ xi < b for i = 0, . . . , d. We let n = [x0, . . . , xd]b denote

the base b expansion of n. Fix now a function φ : {0, 1, . . . , b − 1} → Z≥0, and consider the map

Sφ,b : Z≥0 → Z≥0, with

Sφ,b(n) := φ(x0) + · · ·+ φ(xd).

For instance, when b = 10 and φ(x) = x2, then Sφ,b(345) = 32 + 42 + 52.

The ordered sequence [n, Sφ,b(n), Sφ,b(Sφ,b(n)), . . . ] is called the orbit of n under Sφ,b. We say that

n has finite orbit underSφ,b if the set {n, Sφ,b(n), Sφ,b(Sφ,b(n)), . . . } is �nite. Any �nite orbit contains a

�nite cycle, a non-empty sequence of integers cyc(n1, . . . , n`) such that Sφ,b(n`) = n1 and when ` > 1,

Sφ,b(ni) = ni+1 for i = 1, . . . , ` − 1. This cycle of length ` is unique up to cyclic permutation of its

terms.

Example 2.1.1. Letφ(x) = x2 and b = 10. Take the integer c := 142113251819, which is obtained from

numbers by substituting each letter with its position in the alphabet. The repeated use of the function
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Sφ,b quickly brings c to a standstill: the orbit of c is [c, 208, 68, 100, 1, 1, . . . ], and the cycle associated to

this orbit is [1].

B. M. Stewart [Ste60, Theorem 1] proved that there exists a constant γ, depending on φ, such that if

n > γ, then n > Sφ,b(n). In particular every positive integer n has finite orbit under Sφ,b. It follows from

Stewart’s Theorem that the orbits ofSφ,b produce only �nitely many distinct cycles. We will call the set of

distinct cycles associated with the orbits ofSφ,b the cycles associated withSφ,b. The complete determination

of the cycles of a given Sφ,b is computationally quite expensive for large b’s. When φ(x) = xm, one can

proceed as follows.

Theorem 2.1.2. Let φ(x) = xm. For each integern ≤ (m− 1)bm− 1, compute the cycle ofSφ,b(n). Then

the union of all these cycles is the complete set of cycles associated with Sφ,b.

This statement follows from [Ste60, Theorem 7], and the key to Stewart’s proof is that if n > (m−

1)bm − 1, then n > Sφ,b(n). Hence, every cycle for Sφ,b contains a positive integer at most equal to

(m− 1)bm − 1. In particular, every cycle for Sφ,b contains a positive integer whose base b expansion has at

mostm+ 1 digits.

When φ(x) = x2, the number of 1-cycles of a given Sx2,b is explicitly determined by the following

theorem of P. Subramanian [Sub68, Theorem 1.2] (see also [HP78, Section 3], and Proposition 2.4.1).

Recall that a divisor d of a positive integer n is called proper if 1 ≤ d < n.

Theorem 2.1.3. The number of 1-cycles of Sx2,b is equal to the number of proper divisors of b2 + 1.

For convenience, let us call [1] the trivial cycle of Sxm,b. Let ` ≥ 1 be any integer. LetB(`) denote

the set of bases b such that Sx2,b has at least one non-trivial cycle of length `. Theorem 2.1.3 implies that

the natural density of B(1) is 1 (see Remark 2.2.11). It is not hard to show that B(`) is in�nite for all `

(see Example 2.2.1), and it is natural to wonder whetherB(`) has a positive natural density. Let S ⊂ N

is any subset. Let S(n) := {1, 2, . . . , n} ∩ S and s(n) := |S(n)|. Recall that the lower density d(S) of

S is de�ned as d(S) := lim inf
n→∞

s(n)
n

. In this chapter, we show:
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Theorem (see Corollary 2.2.8 and Proposition 2.2.12). Let ` ≥ 1. Then B(`) has a positive lower

density. More precisely,B(`) always contains an explicit arithmetic progression. The setsB(2),B(3), and

B(4) have lower density bounded below by 0.57, 0.21, and 0.11, respectively.

The key ingredient in the proof of Corollary 2.2.8 is the existence of special `-cycles that we now de�ne.

Let c = cyc(n1, . . . , n`) denote a cycle of length ` for Sx2,b. We say that c is a propagating cycle if (i)

every integer ni, i = 1, . . . , `, has at most two digits when written in base b and (ii) b does not divide

ni, for all i = 1 . . . , `. The name ‘propagating’ is justi�ed by our next theorem. It is easy to check with

Theorem 2.1.2 that all 1-cycles of Sx2,b are propagating.

Theorem (see Theorem 2.2.7). Let b0 ≥ 2. Assume thatSx2,b0 has s distinct propagating cycles, of lengths

`1, . . . , `s, respectively (repetitions are allowed). Let t ≥ 0 be any integer, and let b := b0 + t(b2
0 + 1).

Then Sx2,b has (at least) s distinct propagating cycles, of lengths `1, . . . , `s respectively.

Propagating `-cycles can naturally be seen as corresponding to integer points on an algebraic variety

V`/Q. It turns out that V` has the property that, through every integer point on it corresponding to an

`-cycle, there passes at least one integer line given by explicit equations. This arithmetico-geometrical fact

underlies the proof of Theorem 2.2.7. When ` = 1 or 2, there is in addition a second integer line passing

through each point which also propagates cycles. We exploit the existence of this second line when ` = 2

in Proposition 2.3.4 and Remark 2.3.6.

Some of Stewart’s 1960 results [Ste60] have been independently rediscovered by H. Hasse and G.

Prichett in 1978 ([HP78, Theorem 4.1]). At the end of [HP78], Hasse and Prichett propose the following

conjecture:

Letφ(x) = x2 and consider the setL(x2, 2) of all integers b ≥ 2 such that the list of cycles associated with

Sφ,b consists of the trivial cycle [1] and exactly one additional cycle. ThenL(x2, 2) = {6, 10, 16, 20, 26, 40}.

Hasse and Prichett made this conjecture after having numerically veri�ed it for b ≤ 500.

Letφ(x) be any polynomial taking positive values onZ>0. LetL(φ, i) denote the set of integers b ≥ 2

such that the list of cycles associated with Sφ,b consists of exactly i distinct cycles. It is natural to wonder
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whether the Hasse–Prichett conjecture for φ(x) = x2 and i = 2 is in fact only a speci�c instance of a

much more general phenomenon, namely that all the sets L(φ, i) are �nite, for all i ≥ 1.

Curiously, Hasse and Prichett do not mention in [HP78] a similar conjecture for the setL(x2, 1). In

this case, thatL(x2, 1) = {2, 4} seems to be by now a folklore conjecture. It is stated in [OEIS], A161872,

that the conjecture has been veri�ed for all b < 500, 000, 000.

Subramanian’s Theorem 2.1.3 shows that if the set L(x2, 2) is in�nite, it will indeed be very sparse,

since if b ∈ L(x2, 1) or L(x2, 2), then b2 + 1 is prime. To justify this claim, note that Theorem 2.1.3

implies that b2 + 1 can only have at most one proper divisor bigger than 1. This can happen only when

b2 + 1 = p2 for some prime p. But the factorisation 1 = (p− b)(p+ b) has no integer solutions when

b ≥ 2.

The unboundedness of the set of integers b such that b2 + 1 is prime is implied by a general 1857

conjecture of Victor Bouniakowsky [Bou57, page 328], that any irreducible polynomial f(x) ∈ Z[x] with

positive leading coe�cient takes in�nitely many prime values if the values f(1), f(2), f(3), . . . have no

common factor. This conjecture in the case of f(x) = x2 + 1 was one of E. Landau’s four problems

presented at the 1912 International Congress of Mathematicians (see [HL23], pp 46-48). Note that a

negative answer to the Hasse–Prichett Conjecture (in the strong sense where L(x2, 2) would be proved

to be in�nite) would provide a positive answer to Landau’s problem.

The computations below were done using the cluster Sapelo2 at the Georgia Advanced Computing

Resource Center. We have included the code used in Appendix A.

Theorem 2.1.4. Let b ≤ 1000000. If b ∈ L(x2, 2), then

b ∈ {6, 10, 16, 20, 26, 40, 8626, 481360}.

Thus the Hasse–Prichett Conjecture at the very least needs to be modi�ed to include the bases b =

8626 and b = 481360. The existence of the large gap between these two bases might be seen as evidence

against the validity of the modi�ed conjecture.
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Searching for other types of �niteness, one may wonder for instance whether, for a given integer

d, the set M(x2, d) of all bases b such that Sx2,b only has cycles of length at most d is �nite. We have

{2, 4} ⊆M(x2, 1) and {2, 3, 4, 13, 18, 92} ⊆M(x2, 2).

Theorem 2.1.5. Let 400 ≤ b ≤ 1100000. If b ∈M(x2, 10), then

b ∈ {432, 596, 687, 1068, 1932, 3918, 288504}.

Moreover, 452808 ∈ M(x2, 12). The presence of the large gap in M(x2, 10) might be seen as

evidence thatM(x2, 10) might be in�nite.

For comparison with the case φ(x) = x2, let us note the following results for φ(x) = x3.

Theorem (see Proposition 2.5.1 and Proposition 2.5.4). Let b > 2 be a square, or an integer that is not

divisible by 9. Then Sx3,b has at least one non-trivial 1-cycle. In particular, the set of bases b ≥ 2 such that

Sx3,b has a non-trivial 1-cycle has lower density bounded below by 8/9.

Theorem (see Proposition 2.5.7 and Corollary 2.6.3). Let k ≥ 1 be any integer.

(a) Let b = 3k + 1. Then Sx3,b has at least five distinct cycles.

(b) Let b = 9k2 + 15k + 7 or 9k2 + 21k + 13. Then Sx3,b admits at least one 2-cycle.

Part (a) of the above theorem can be interpreted as saying that at least 1/3 of the integers do not belong

toL(x3, i) with i ≤ 4. In the spirit of the Hasse–Prichett conjecture, we o�er the following questions in

the case where φ(x) = x3: do the equalities L(x3, 1) = {2}, L(x3, 2) = ∅, L(x3, 3) = {3, 26}, and

L(x3, 4) = {5, 90, 188} hold?

2.2 Propagating `-cycles

Let φ(x) be any polynomial taking positive values on Z>0, and let ` ≥ 1 be any integer. It is natural to

wonder whether there exist bases b ≥ 2 such thatSφ,b admits cycles of length `. We consider this question

in this section mainly when φ(x) = x2. We start with some general observations for φ(x) = xm,m ≥ 2.
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Example 2.2.1. Let ` > 1 andm ≥ 2 be any integers. Let b := cm
`−1. Then the orbit of cm under Sxm,b

is a cycle of length `, namely the cycle cyc(cm, cm
2
, . . . , cm

`
= bc). Thus we can quantify the in�nitude

of the set of bases b such that Sxm,b contains a cycle of length ` by noting that this set contains all integer

values of the polynomial f(t) = tm
`−1 when t > 1. We show in Corollary 2.2.8 that whenm = 2, the

same statement holds with a polynomial f(t) of degree 1.

Example 2.2.2. Take a prime p > m, and let ` denote the order ofm in (Z/pZ)∗. We �nd that the base

b = cp admits the orbit of cm under Sxm,b as a cycle of length `. Thus, when the order of m equals

` := p − 1, we �nd that all integer values of the polynomial f(t) = t`+1 when t > 1 are contained in

the set of bases b such that Sxm,b contains a cycle of length `.

For instance when ` = 4 andm = 2, we have for all bases b = c5 the 4-cycle cyc(c2, c4, c8, c6). When

` = 2, we can consider the 2-cycle cyc(cm, cm
2
) in base b = cm+1, since in base b, cm2

= c(cm+1)m−1.

Example 2.2.3. Existence of propagating `-cycles. None of the examples of `-cycles exhibited above when

φ(x) = x2 are examples of propagating cycles as de�ned in the introduction, since although each integer

in the cycle has at most two digits when written in base b, at least one integer in the cycle is divisible by b.

Our next example is an example of a propagating cycle.

Fix ` ≥ 2. Choose coprime positive integersα andβ such thatβ dividesα2`−α, and setγ := α2+β2.

For instance, one can choose α = β = 1 and γ = 2. Set b := (γ2`−1 − α)/β. Since β divides α2` − α

and α2 = γ − β2, we �nd that b is an integer. Then

cyc(γ, γ2, γ4, ..., γ2`−1

= α + βb)

is an `-cycle for Sx2,b. Indeed, it is easy to verify that α, β < b, so that γ2`−1
= [α, β]b.

It is easy to check that b does not divide any of the integers γ2k for k = 0, . . . , `− 1. Since γ2`−1 has

only two digits in base b, the smaller integers γ2k have at most two digits. Hence, this cycle is a propagating

cycle.
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Let ` ≥ 1. Consider the a�ne space A2`+1 and label its coordinates by

b, and xi, yi, for i = 1, . . . , `.

Let V` denote the algebraic subvariety of A2`+1 de�ned by x2
1 + y2

1 = x1 + by1 when ` = 1, and in

general by the ` equations

x2
i + y2

i = xi+1 + byi+1 for i = 1, . . . , `− 1, and

x2
` + y2

` = x1 + by1.

Let now cyc(n1, . . . , n`) be a propagating `-cycle forSx2,b0 . Writeni = [xi,yi]b0 with 0 ≤ xi,yi ≤

b0 − 1 and xi 6= 0. Then the integer point (b0,xi,yi, i = 1, . . . , `) satis�es the equations of the variety

V`, and thus a propagating `-cycle for Sx2,b0 corresponds to an integer point on the variety V` which

satis�es the added requirement that 0 ≤ xi,yi ≤ b0 − 1 and xi 6= 0.

Theorem 2.2.4. Let P := (b0,x1,y1, . . . ,x`,y`) be any point on the variety V`. Then there exists a

line in A2`+1 that passes through P and is fully contained in V`. This line can be given by the parametric

equations

b(t) := b0 + (b2
0 + 1)t,

xi(t) := xi + (xib0 − yi)t,

yi(t) := yi + (yib0 + xi)t, for i = 1, . . . , `.

(2.1)

If P is a point which corresponds to a propagating cycle of Sx2,b0 , then for every non-negative integer t, the

point

P (t) := (b(t), x1(t), y1(t), . . . , x`(t), y`(t))

corresponds to a propagating cycle for Sx2,b(t).
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Proof. The proof of the theorem is not di�cult, once the parametric equations (2.1) are available. Indeed,

one �nds that in Q[t],

xi(t)
2 + yi(t)

2 − xi+1(t)− b(t)xi+1(t) = (x2
i + y2

i − xi+1 − b0yi+1)((b0t+ 1)2 + t2)

= 0,

for all i = 1, . . . , ` (where the index ` + 1 is set to mean index 1). We further need to show that for all

t ≥ 0, 0 ≤ xi(t), yi(t) < b(t), and thatxi(t) 6= 0. These inequalities follow from the the fact that since

xi 6= 0 andyi < b0, we have xib0−yi > 0, xi + b0yi > 0, and (xib0−yi), (xi + b0yi) ≤ b2
0− 1.

Remark 2.2.5. Consider an `-cycle cyc(n1, . . . , n`) as in Theorem 2.2.4, with ni := xi + yib0. Let

g := gcd(b2
0 + 1, n1, . . . , n`). Given the parametrisation (2.1), we will call the following parametrisation

of the same line the reduced integer parametrisation of the line:

b(t) := b0 + t(b2
0 + 1)/g,

xi(t) := xi + t(xib0 − yi)/g,

yi(t) := yi + t(yib0 + xi)/g, for i = 1, . . . , `.

Note that g divides xib0 − yi since xib0 − yi = b0(yib0 + xi)− yi(b
2
0 + 1). Note also that g < b2

0 + 1

since if g = b2
0 + 1, then b2

0 + 1 would divide ni := xi + yib0, but this is not possible since ni ≤ b2
0 − 1.

Remark 2.2.6. For each t ∈ C, we can de�ne an endomorphism ϕt : V` → V` on the a�ne variety V`

using the ring homomorphism ϕ∗t on functions on V` de�ned as:

ϕ∗t(b) := b+ t(b2 + 1),

ϕ∗t(xi) := xi + t(xib− yi),

ϕ∗t(yi) := yi + t(yib+ xi), for i = 1, . . . , `.
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Theorem 2.2.7. Let b0 ≥ 2. Assume that Sx2,b0 has s distinct propagating cycles, of lengths `1, . . . , `s,

respectively (repetitions are allowed). Let t ≥ 0 be any integer, and let b := b0 + t(b2
0 + 1). Then Sx2,b has

(at least) s distinct propagating cycles, of lengths `1, . . . , `s respectively.

Proof. When the integers `1, . . . , `s are distinct, the statement of the theorem follows immediately from

the existence of the ‘propagating’ lines proved in Theorem 2.2.4. Suppose now that for some integer `,

there are exactly j > 1 indices i such that `i = `. Since we start with j distinct propagating `-cycles, we

have j distinct points onV`, and Theorem 2.2.4 proved the existence of j distinct lines onV`. To conclude

the proof of Theorem 2.2.7, it su�ces to prove that these lines do not intersect in V` at a point where

t is a positive integer. This can be checked directly. Assume that t 6= 0, and that we have two `-cycles

(b0,x1,y1, . . . ) and (b0,x1,y1, . . . ) with

xi + (xib0 − yi)t = xi + (xib0 − yi)t,

yi + (xi + yib0)t = yi + (xi + yib0)t,

for i = 1, . . . , `. Then

(xi − xi)(1 + b0t) = (yi − yi)t,

(yi − yi)(1 + b0t) = −(xi − xi)t.

We must have (xi − xi) = 0 and, hence, (yi − yi) = 0, since otherwise, the above equations imply

that (b0t + 1)2 + t2 = 0. This latter equation is not possible when both t and b0 are real, which we

assume.

Denote by PB(`) the set of bases b ≥ 2 such that Sx2,b has a propagating `-cycle.

Corollary 2.2.8. Let ` ≥ 2. Let b0 := 22`−1 − 1. Then the set PB(`) contains an arithmetic progression,

and has lower density bounded below by 2/(b2
0 + 1).

Proof. The existence of a propagating `-cycle cyc(γ, γ2, . . . ) for the base b0 := 22`−1 − 1 is established

in Example 2.2.3. Since γ = 2, we �nd that the greatest common divisor of the elements in the cycle is 2.

Theorem 2.2.4 and Remark 2.2.5 show the existence of an arithmetic progression b(t) = b0 +t(b2
0 +1)/2
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such that for every integer t ≥ 1, Sx2,b(t) has a propagating `-cycle. The natural density of the set of

positive integers in an arithmetic progression {at + b | t ≥ 0} is 1/a.

Example 2.2.9. Every base b whose last digit in base 10 is 3 or 8 has a propagating 2-cycle. This follows

from the fact that in base b0 = 3, the 2-cycle cyc(2, 4) is propagating.

Remark 2.2.10. For later use, we note here the following facts. Consider a set S of positive integers which

contains a union U :=
⋃n
i=1

(⋃ri
j=1{ait+ bij | t ≥ 0}

)
of arithmetic progressions. Then the lower

density d(S) of S satis�es d(S) ≥ d(U). When the ai are pairwise coprime, we �nd that

d(U) = 1−
n∏
i=1

(
1− ri

ai

)
.

Remark 2.2.11. Let us show now that PB(1) has natural density 1. More generally, letf(x) ∈ Z[x] be such

that f(Z≥0) ⊆ Z≥0, and consider B := {b ∈ N | f(b) is not prime}. Subramanian’s Theorem 2.1.3

shows that PB(1) has the same natural density as the setB when f(x) = x2 + 1.

Let S denote the set of primes p such that there exists bp ∈ N with f(bp) divisible by p. The set B

then contains the arithmetic progression bp + pt for each p ∈ S. Thus the lower density ofB is bounded

below by the product 1−
∏

p∈S

(
1− 1

p

)
. The product

∏
p∈S

(
1− 1

p

)
converges to 0 if and only if the

sum
∑

p∈S
1
p

diverges. When f(x) = x2 + 1, the set S consists of 2 and all primes p congruent to 1 mod

4. It follows from Dirichlet’s theorem on primes in arithmetic progression that
∑

p∈S
1
p

diverges, so that

the density ofB is 1 in this case.

Proposition 2.2.12. For ` = 2, 3, 4, 5, the lower density d(PB(`)) is bounded below as follows:

Table 2.1: Lower density of PB(`)

` 2 3 4 5

d(PB(`)) ≥ 0.5763 0.2127 0.1144 0.0429

Proof. The steps in the computations of the four lower bounds given in the above table are the same

for each `. First compute a set P of propagating cycles. In our case, we used all propagating cycles with
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2 ≤ b ≤ 500. For each propagating cycle cyc(n1, n2, . . . ) in base b, Theorem 2.2.4 produces integer

lines, which we parametrise using their reduced integer parametrisation (see Remark 2.2.5). The slope of

each line is λ := (b2 + 1)/ gcd(b2 + 1, n1, n2, . . . ).

Thus we now have a set of explicit arithmetic progressions of the form b + λt which are contained

in PB(`). To compute a lower bound for the lower density, we further prune the set of lines from all

the lines which do not have prime power slope. The lower density of the set of arithmetic progressions

with λ a prime power can be easily bounded below since the slopes are all pairwise coprime and we can

use the formula in Remark 2.2.10 to obtain a lower bound for d(PB(`)). Our computations produce the

following data:

Table 2.2: Number of propagating cycles and the lower density of PB(`)

` 1 2 3 4 5

|P | 2444 1163 391 190 77

d(PB(`)) ≥ 0.8917 0.3507 0.2127 0.1144 0.0429

The data when ` = 1 is only included for information, since we know already that d(PB(1)) = 1.

The lower bound for d(PB(2)) is improved to d(PB(2)) ≥ 0.5763 in Proposition 2.3.3.

Remark 2.2.13. Computations indicate that the �rst integer b such that Sx2,b has a propagating `-cycle

might be much smaller than 22`−1 − 1 when ` > 2. One may wonder whether the �rst such bmight even

be bounded by a polynomial function in `. Computations show that for each ` ≤ 20, there exists a basis

b ≤ 1230 with an `-cycle.

Remark 2.2.14. Among the �rst 39000 bases b, only 1330, or about 3.41%, do not have a 2-cycle. The

lower density of the set of bases b with a 2-cycle might thus be quite larger than 0.5763, and it would

be interesting to determine if it is actually equal to 1. Among the �rst 25000 bases b, 17155, or about

68.62%, have a 3-cycle.
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2.3 2-cycles for Sx2,b

In addition to the line described in Theorem 2.2.4, both varieties V1 and V2 contain a second integer line

through each integer point. We prove this fact in this section for the variety V2 and exploit the existence

of this second line to study the 2-cycles of Sx2,b.

Proposition 2.3.1. LetP := (b0, x0, y0, u0, v0) be any point with non-negative rational coefficients on the

threefold V2 (defined just before Theorem 2.2.4) outside of the lines (t, 0, 0, 0, 0) and (t, 1, 0, 1, 0). Then

there exist two lines in A5, defined by equations with coefficients in Q, which are entirely contained in V2

and pass through P .

Proof. Start with ten variables x0, x1, y0, y1, u0, u1, v0, v1, and b0, b1. Evaluate the two equations for V2

at the linear polynomials b(t) := b0 + tx1, x(t) := x0 + tx1, y(t) := y0 + ty1, u(t) := u0 + tu1,

and v(t) := v0 + tv1 to obtain two quadratic polynomials in t, say f := f2t
2 + f1t + f0 and g :=

g2t
2 + g1t + g0. Forcing these two polynomials to vanish identically produces six equations in the ten

variables. The constant terms f0 = x2
0 + y2

0 − (u0 + b0v0) and g0 = u2
0 + v2

0 − (x0 + b0y0) are just the

two equations of V2 evaluated at the 0-variables.

Magma [BCP97] can verify that (f0, g0) is a prime ideal inQ[x0, y0, u0, v0, b0]. LetF denote the �eld

of fractions of the ring Q[x0, y0, u0, v0, b0]/(f0, g0). Consider the ideal I := (f1, f2, g1, g2) in the poly-

nomial ring F [x1, y1, u1, v1, b1]. Use the Magma [BCP97] function PrimaryDecomposition(I)

to produce the primary decomposition of this ideal. After about 34 hours of computing time, Magma

will produce a decomposition which consists of three distinct ideals. Two of these ideals have generators

that can be used to produce the parametric formulas for two di�erent lines de�ned over Q. Both lines at

this point have parametric equations which are too long and complicated to be printed in this dissertation.

We succeeded in simplifying the parametrisation of one of the lines, and checked that this line is the same

line as the line exhibited in Theorem 2.2.4.

For the remainder of this section, let us call the second line through a point P on V2 the line whose

existence is established in the proposition and which is not equal to the line exhibited in Theorem 2.2.4.
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The Magma computation allows us to give this line in parametric form

b(t) := b0 + t x(t) := x0 + tX1/D, y(t) := y0 + tY1/D,

u(t) := u0 + tU1/D, v(t) := v0 + tV1/D,

where the coe�cientsD,X1, Y1, U1, V1 are long formulas in the variables b0, x0, y0, u0, v0. For instance,

D := u2
0 + v2

0 + 4y2
0u

4
0 + 8y2

0u
3
0 + 8y2

0u
2
0v

2
0 + 4y2

0u
2
0 + 8y2

0u0v
2
0 + 4y2

0v
4
0 + 4y2

0v
2
0

+4y0u
4
0v0 + 8y0u

2
0v

3
0 + 4y0v

5
0 + u6

0 + 2u5
0 + 3u4

0v
2
0 + 3u4

0 + 4u3
0v

2
0 + 2u3

0

+3u2
0v

4
0 + 6u2

0v
2
0 + 2u0v

4
0 + 2u0v

2
0 + v6

0 + 3v4
0,

and we see that sinceD is a sum of monomials which includes u2
0 + v2

0 , we must haveD > 0 at P since

the point P has non-negative coe�cients and since u0 and v0 are not both zero by hypothesis.

Remark 2.3.2. The line exhibited in Theorem 2.2.4 is remarkable since it allows us to ‘propagate’ any given

propagating cycle. We believe that the second line on V2 has the same property. In particular, starting

with a propagating 2-cycle, we expect that the expressions X1, Y1, U1, V1 are all non-negative. This is

immediately true for Y1 since Magma produces a formula which is a sum of monomials, but for the other

expressions, the formula involves some negative signs. The propagating property on the other hand can

always be checked directly given an explicit propagating cycle, and this is what we do in order to establish

our next proposition.

Assume that the point P := (b0, x0, y0, u0, v0) on V2 has integer coe�cients. Then the second

lines can be parametrised using a change of variables of the form t := λs with λ ∈ N so that the new

equations for the lines have only integer coe�cients. In general there are very large cancellations in the

fractions X1/D, Y1/D,U1/D and V1/D and we set in this case λ to be the least common multiple of

the denominators ofX1/D, Y1/D,U1/D and V1/D. We can use the second line through propagating

2-cycles to improve the lower bound given Proposition 2.2.12.
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Proposition 2.3.3. The set PB(2) of bases b ≥ 2 such thatSx2,b has a propagating 2-cycle has lower density

bounded below by 0.5763.

Proof. Consider the set PN of all propagating 2-cycles with 2 ≤ b ≤ N . As in Proposition 2.2.12,

for each propagating cycle cyc(n1, n2) in base b in PN , Theorem 2.2.4 produces an integer line, which

we parametrise using its reduced integer parametrisation (see Remark 2.2.5). The slope of the line is

λ1 := (b2 + 1)/ gcd(b2 + 1, n1, n2). Consider the set S1 of all the lines found this way.

Now for each propagating 2-cycle in base b inPN , say cyc(x0 + by0, u0 + bv0), compute the reduced

integer parametrisation of the second line, with b(t) = b + λ2t, x(t) = x0 + x2t, y(t) = x0 + y2t,

u(t) = u0 + u2t, and v(t) = v0 + v2t, and check that this line allows us to propagate the 2-cycle. To

check this, we veri�ed that 0 ≤ x2, y2, u2, v2 ≤ λ2. Consider the set S2 of all the second lines found

this way. We now have a set of explicit arithmetic progressions of the form b+ λ1t or b+ λ2twhich are

contained in PB(2).

To compute a lower bound for the lower density, we further prune the set S1 ∪ S2 from all the

lines whose slope is not a power of a prime. The lower density of the set of arithmetic progressions

associated with the remaining lines can be easily bounded below since the lines have slopes that are all

pairwise coprime and we can use the formula in Remark 2.2.10 to obtain a lower bound of 0.5457 when

N = 1000 and |PN | = 2885. We can do slightly better by also considering some lines whose slope is not

a power of a prime. For instance, when also considering the lines with slopes dividing 2 · 173, we obtain a

lower bound of 0.5763 whenN = 1000.

Let P = (b0, x0, y0, u0, v0) be a propagating cycle on V2, and consider the two lines passing through

it and their reduced integer parametrisation with b1(t) = b0 + λ1t and b2(t) = b0 + λ2t. We have noted

already that λ1 = (b2
0 + 1)/ gcd(b2

0 + 1, n1, n2) > 1, so that for any positive integer t, b2
1(t) + 1 is never

prime. Thus no propagated cycle on the �rst line can have a base b such that b2 + 1 is prime. On the other

hand, quite often, the second line can produce propagated cycles that have a base b such that b2 + 1 is

prime. Our next proposition exploits this property.
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Proposition 2.3.4. (a) There exist infinitely many integers b ≥ 2 such that Sx2,b has exactly two non-

trivial 1-cycles, but b /∈ L(x2, 3) because Sx2,b also has a 2-cycle.

(b) The Bouniakowsky Conjecture implies that there exist infinitely many integers b ≥ 2 such that Sx2,b has

no non-trivial 1-cycles, but b /∈ L(x2, 2) because Sx2,b also has two distinct 2-cycles.

Proof. Part (a) follows from the existence of the second line on V2 passing through the point P :=

(8, 2, 3, 5, 1), and given by

b = 17t+ 8, x = 3t+ 2, y = 5t+ 3, u = 9t+ 5, v = 2t+ 1.

Indeed, this line has b(t) = 17t+ 8, with gcd(17, 65) = 1. It follows from Lemma 2.3.5 that the integer

values of (17x+ 8)2 + 1 are coprime and so we can use [Iwa78, Theorem, p. 172], fully proved in [Lem12,

Theorem 1], applied to the polynomial (17x+ 8)2 + 1 to obtain that there are in�nitely many values b in

the arithmetic progression b(t) = 17t+ 8 such that b2 + 1 is the product of two primes. It is clear from

the equation of the line that for every positive t, Sx2,b(t) has a propagating 2-cycle.

Part (b) follows from the existence of a second line with a similar property. Starting with the 2-cycle

(24, 16, 6, 4, 12), we �nd using the proof of Proposition 2.3.1 that the second line on V2 through that

point is given by

b = 53t+ 24, x = 34t+ 16, y = 13t+ 6, u = 8t+ 4, v = 25t+ 12.

Again, all the coe�cients of the line are positive, and it is easy to verify that for all t > 0, x, y, u, v < b.

Thus for each t, the corresponding b is such that Sx2,b has a 2-cycle. It is easy to verify that gcd(53, 242 +

1) = 1. Finally, we can �nd a point in the intersection of the arithmetic progressions 17t + 8 and

53t + 24; for instance when x0 = 400 and x1 = 128, we have 17x0 + 8 = 53x1 + 24 = 6808. Thus

we can consider the progression 17 · 53t + 6808, and Lemma 2.3.5 (b) shows that the integer values

of (17 · 53x + 6808)2 + 1 are coprime. Hence, the Bouniakowsky Conjecture implies that there exist

in�nitely many integers t such that (17 · 53t+ 6808)2 + 1 is prime and, therefore, there exist in�nitely
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many integers b of the form b = 17 · 53t+ 6808 such that b2 + 1 is prime. For each such integer, we �nd

that Sx2,b has two 2-cycles by construction.

Lemma 2.3.5. (a) Let c, d ∈ Z. The integer values of the polynomial (cx + d)2 + 1 are coprime if and

only if gcd(c, d2 + 1) = 1.

(b) Let c0, d0, c1, d1 ∈ Z. Suppose that gcd(c0, d
2
0 + 1) = 1 and gcd(c1, d

2
1 + 1) = 1. Suppose that there

exist integers x0 and x1 such that c0x0 + d0 = c1x1 + d1. Then the integer values of the polynomial

(c0c1x+ c0x0 + d0)2 + 1 are coprime.

Proof. (a) If p is a prime which divides all the integer values of (cx + d)2 + 1, then p divides d2 + 1,

c(c+ 2d) and c(c− 2d). Hence, if p does not divide c, then p divides c+ 2d and c− 2d, and thus divides

4d. It follows that p = 2. But this is a contradiction, since then c is odd, and then c2 + 2d is also odd.

Thus p divides gcd(c, d2 + 1). Reciprocally, if the values of (cx+ d)2 + 1 are coprime, then d2 + 1 and

c(c+ 2d) are coprime and, hence, d2 + 1 and c are coprime, as desired.

(b) In view of part (a), it su�ces to prove that gcd((c0x0 + d0)2 + 1, c0c1) = 1.

Remark 2.3.6. The two lines used in the proof of Proposition 2.3.4 are far from unique, and many other

such lines could have been used. In fact, we believe that there are in�nitely many propagating 2-cyclesP on

V2 such that the second line passing throughP in reduced integer parametrisation with b2(t) = b0 + λ2t

is such that gcd(b2
0 + 1, λ2) = 1.

To speed up the veri�cation of Theorem 2.1.4, we created in advance a set of about 150 di�erent second

lines in reduced integer parametrisation with gcd(b2
0 + 1, λ2) = 1, and computed all bases b ≤ 106 such

that b2 + 1 is prime and such that Sx2,b has a known 2-cycle on one of our 150 such lines. To eliminate

such a b from L(x2, 2) required then to produce only one cycle of length greater than 2 for Sx2,b, which

is a very quick computation.

Example 2.3.7. Consider b0 := 288504, an unusual base discovered when verifying Theorem 2.1.5. In

this case, Sx2,b0 has exactly 104 distinct cycles, all of them of length at most 7. All non-trivial cycles are
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propagating, with forty-seven 1-cycles, thirty-nine 2-cycles, ten 3-cycles, six 5-cycles, and one cycle of

length 4, 6, and 7, respectively.

To illustrate propagation, note that the very �rst base b > 2 to have a 7-cycle is b = 15, with c :=

cyc(50, 34, 20, 26, 122, 68, 80) (see [HP78], page 10).1 The reduced integer parametrisation of the line

passing through this 7-cycle starts with b(t) = 113t+15, x1(t) = 36t+5, y1(t) = 25t+3, etc. We �nd

that when t = 2553, the corresponding integer point on the line produces the 7-cycle for b(t) = 288504

found in our search.

All cycles of length at least 2 are found among the orbits ofnwith 1 ≤ n ≤ 1, 964, 329, 269. Among

the thirty-nine propagating 2-cycles, one of them, cyc(36253850477, 38091031810) is such that the

second line associated to it has gcd(b2
0 + 1, λ2) = 1 when written in reduced integer parametrisation.

2.4 1-cycles of Sx2,b

In this section, we complement Subramanian’s Theorem 2.1.3 with Proposition 2.4.1, and further study

the surface V1 associated with 1-cycles when φ(x) = x2.

Proposition 2.4.1. Let n := x+ by be a non-trivial 1-cycle for Sx2,b, and let d := gcd(b2 + 1, n). Then

d > 1, and there exists another 1-cycleN := x+b(b−y) forSx2,b such that, lettingD := gcd(b2 +1, N),

we haveD > 1 and b2 + 1 = dD.

Let now g := gcd(x, y), g′ := gcd(x, b − y), h := gcd(x − 1, y), and h′ := gcd(x − 1, b − y).

Then

(a) x = gg′, y = gh, b− y = g′h′, and x− 1 = hh′.

(b) d = n/g2, andD = N/g′2.

Proof. We leave it to the reader to check thatN is a non-trivial 1-cycle. By hypothesis,x(x−1) = y(b−y).

Since x and x− 1 are coprime, we �nd that y = gh and b− y = g′h′. Then x(x− 1) = (gg′)(hh′). By
1Note a typo in [HP78] in the list of cycles for b = 15: the cycle just before c should be the non-propagating 5-cycle

cyc(41, 125, 89, 221, 317).
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de�nition, again since x and x− 1 are coprime, we �nd that gg′ is coprime to x− 1, and it follows that

gg′ divides x. The same argument shows that hh′ divides x − 1. The equality x(x − 1) = (gg′)(hh′)

implies then that gg′ = x and hh′ = x− 1, proving Part (a).

We claim that d > 1. Indeed, if d = 1, then n = x+ by divides x+ by − y2 and, hence, divides y2.

This is a contradiction since 0 < y2 < x+ by. Similarly,D > 1 since otherwiseN divides x+ by − y2,

which is also a contradiction sinceN > x+ by − y2. The reader will check directly that

nN = (b2 + 1)(x+ by − y2) = (b2 + 1)x2.

Note that it follows from this equality that n 6= N , since otherwise b2 + 1 would be a square, which is

not possible since b > 0. Using Part (a) and this equality, we �nd that

(n/g2)(N/g′2) = b2 + 1.

It is then clear from this latter equality that (n/g2) divides d, and that (N/g′2) dividesD. To �nish the

proof of Part (b), it su�ces to prove that dD = b2 + 1.

For this, it su�ces to show that for every prime p, we have ordp(dD) = ordp(b2 + 1). First, note that

dD and b2 + 1 have the same prime divisors. Indeed, it is clear from the de�nitions that if p divides either

d orD, then it divides b2 + 1. On the other hand, if p divides b2 + 1, then it divides nN and, hence, it

divides d orD.

Let us show now that for every prime p, ordp(dD) ≤ ordp(b2 + 1). The inequality is clear if either

α := ordp(d) = 0 orβ := ordp(D) = 0, so we may assume thatα, β > 0. Then pα ·pβ dividesnN and

since nN = (b2 + 1)x2, we obtained the desired inequality if we show that p does not divide x. Assume

by contradiction that p divides x. Since by hypothesis, p also divides n = x+ by, we �nd that p divides

by and, hence, p divides y because p cannot divide b since it divides b2 + 1. Again by hypothesis, p divides

N , so p dividesN − x+ by = b2, which is impossible. As a result, p does not divide x.
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We now show that for every prime p, ordp(dD) ≥ ordp(b2 + 1). Let γ := ordp(b2 + 1) > 0, and

assume by contradiction that γ > α + β. Then γ > α and γ > β, which by de�nition implies that

α = ordp(n) and β = ordp(N). This is a contradiction, since we can conclude from (b2 + 1)x2 = nN

that γ ≤ ordp(nN) = α + β.

Proposition 2.4.2. Recall the surface V1 in A3 given by the equation x2 + y2− (x+ by) = 0. Given any

point P := (b0, x0, y0) on V1 outside of the lines (t, 0, 0) and (t, 1, 0), there exist exactly two lines in A3

that are entirely contained in V1 and pass throughP , namely the two lines given by the parametric equations

b(t) := b0 + t((x0 − 1)2 + y2
0), x(t) := x0 + t(x0 − 1)y0, y(t) := y0 + ty2

0,

b(t) := b0 + t(x2
0 + y2

0), x(t) := x0 + tx0y0, y(t) := y0 + ty2
0.

The first parametric equation parametrises the same line through P as the line given in Theorem 2.2.4.

Let d := gcd(b2
0 + 1, x0 + b0y0), and D := (b2

0 + 1)/d. In reduced integer form, the first line has

b(t) = b0 +Dt and the second line has b(t) = b0 + dt.

Proof. It is straightforward to check that the two lines described in the proposition lie on the surface V1.

The equations for these two lines were found using the same method as in the proof of Proposition 2.3.1,

and this method shows that exactly two lines through P exist. Recall that the line in Theorem 2.2.4 is

given by the parametric equations

B(t) = b0 + (b2
0 + 1)t, X(t) = x0 + (x0b0 − y0)t, Y (t) = y0 + (x0 + b0y0)t.

To see that it equals the �rst line of the proposition, we make the change of variable t = (b2
0 + 1)s in the

�rst line, and t = ((x0 − 1)2 + y2
0)s in the other line, so that b((b2

0 + 1)s) = B(((x0 − 1)2 + y2
0)s). It

remains to note that

x((b20+1)s)−x0
s

= (x0 − 1)y0(b2
0 + 1)

= (x0b0 − y0)((x0 − 1)2 + y2
0) =

X(((x0−1)2+y20)s)−x0
s

,
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and
y((b20+1)s)−y0

s
= y2

0(b2
0 + 1)

= (x0 + b0y0)((x0 − 1)2 + y2
0) =

Y (((x0−1)2+y20)s)−y0
s

.

2.5 Short Cycles of Sx3,b

In this section, φ(x) = x3. We exhibit below several parametric families of 1-cycles for Sx3,b. After

we became aware of [DJ82], we noted that most of Proposition 2.5.1 already appears as Theorems 2-5 in

[DJ82]. Only parts (c) and (d) in Proposition 2.5.1 are in slightly stronger form than in [DJ82].

Proposition 2.5.1. Let k ≥ 1 be a positive integer.

(a) Let b = 3k + 1. Then n := [2k + 1, 0, k + 1]b, n := [0, 2k + 1, k]b, and n := [1, 2k + 1, k]b are

1-cycles for Sx3,b.

(b) Let b = 3k + 2. Then n := [2k + 1, 0, k]b is a 1-cycle for Sx3,b.

(c) Let b = 9k + 3. Then n := [6k + 2, 4k + 2, 5k + 1]b is a 1-cycle for Sx3,b.

(d) Let b = 9k + 6. Then n := [6k + 4, 2k + 1, 7k + 5]b is a 1-cycle for Sx3,b.

Proof. An integer n := [x, y, z]b is a 1-cycle for Sx3,b if and only if the equation

x3 + y3 + z3 = x+ yb+ zb2

is satis�ed. That this is the case can be checked directly.

Remark 2.5.2. There are bases b of the form b = 9k, such as b = 72, 90, or 270, for which Sx3,b does

not have any non-trivial 1-cycle. The bases b = 18, 27, and 54 have exactly one non-trivial 1-cycle, and

b = 108 and 153 have exactly one non-trivial 1-cycle, which has 4 digits when written in base b (note it

follows from Theorem 2.1.2 that a 1-cycle [n] for Sx3,b is such that n has at most 4 digits in base b).
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Thus Proposition 2.5.1 cannot immediately be generalised to include the case where b = 9k. But

when b = 9k2, Proposition 2.5.4 shows that Sx3,b has at least six non-trivial 1-cycles. When 9 divides b,

we have only succeeded in producing parametric families of 1-cycles where b is a quadratic function of k,

as in our next proposition.

Proposition 2.5.3. Let b = 9(730k2 − 1). Then n := [27k, 3k]b = 730(3k)3 is a 1-cycle for Sx3,b.

Proof. An integern := [x, y]b is a 1-cycle forSx3,b if and only if the equationx3 +y3 = x+yb is satis�ed.

Looking at this equation in the form x(x− 1)(x+ 1) = y(b− y2), we can impose that y divide one of

the factors x, x+ 1, or x− 1, and solve for b := y2 + x(x− 1)(x+ 1)/y. If we want for 9 to divide b,

we need to impose that y = 3k, and when we impose that y divide x, we can take for instance x = 27k,

leading to the statement of the proposition.

Proposition 2.5.4. Let k ≥ 2 be a positive integer.

(a) Suppose that b = k2. Then [0, k]b and [1, k]b are 1-cycles for Sx3,b.

(b) Suppose that b = (3k + 1)2. Then [2k + 1, k + 1]b is a 1-cycle for Sx3,b.

(c) Suppose that b = (3k + 2)2. Then [2k + 1, k]b is a 1-cycle for Sx3,b.

(d) Suppose that b = (3k)2. Then [0, 6k2 +k, 3k2 +2k]b, [1, 6k2 +k, 3k2 +2k]b, [0, 6k2−k, 3k2−2k]b

and [1, 6k2 − k, 3k2 − 2k]b are 1-cycles for Sx3,b.

Proof. An integern := [x, y]b is a 1-cycle forSx3,b if and only if the equationx3 +y3 = x+yb is satis�ed.

That this is the case can be checked directly. Similarly, for (d), an integer n := [x, y, z]b is a 1-cycle for

Sx3,b if and only if the equation x3 + y3 + z3 = x+ yb+ zb2 is satis�ed.

Remark 2.5.5. When φ(x) = x2 and x3, the set of bases b such that Sφ,b has a 1-cycle has positive lower

density (see Theorem 2.1.3 and Proposition 2.5.1). We do not know if this remains the case when φ(x) =

xm andm ≥ 4.

Whenφ(x) = xm withm ≥ 3, we only found the following parametric families, which show that the

sets of integer values of certain polynomials f(t) of degreem− 1 are contained in the set of bases bwhere
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Sxm,b has a 1-cycle. When b = cm−1, then [cm] and [1 + cm] are 1-cycles for Sφ,b. When b = 2cm−1 − 1,

then [c+ bc] is a 1-cycle. When b = c c
m−1−1
c−1

+ (c− 1)m−1, then [c+ b(c− 1)] is a 1-cycle. Whenm is

odd, and b = c c
m−1−1
c+1

+ (c+ 1)m−1, then [c+ b(c+ 1)] is a 1-cycle.

When m = 3, the parametrisations above produce 1-cycles when b = 2c2 − 1, 2c2 − c + 1, and

2c2 + c+ 1. Unfortunately, none of these values of b are divisible by 3.

Remark 2.5.6. LetW1/Q denote the algebraic surface de�ned by the equation x3 + y3 − (x+ by) = 0

in the a�ne space A3. General results on singular cubic surfaces in A3 predict that W1 can contain at

most 15 lines of A3 (use [BW79], Lemma 3 (c) and [BW79, page 255]). Unfortunately, none of these lines

produces non-trivial 1-cycles for Sx3,b.

LetW ′
1/Q denote the algebraic surface de�ned by the equation x3 +y3− (x+ b2y) = 0 in the a�ne

space A3. The associated projective cubic surface in P3 is non-singular, and thus contains 27 lines of P3

(over C). Some of these lines produce the parametrisations in Proposition 2.5.4 (b), (c), and (d).

Let us now consider 2-cycles of Sx3,b. As noted already in Example 2.2.2, we have the following

parametric family: when b = c4, then cyc(c3, c9) is a 2-cycle for Sx3,b, and in this example, one of the

integer in the cycle is a 3-digit number in base b, since c9 = [0, 0, c]b. Using this example, we �nd that

every value of the polynomial f(t) = t4 is among the bases b such that Sx3,b has a 2-cycle. The following

proposition allows us to prove the same statement with a quadratic polynomial f(t).

Proposition 2.5.7. LetW denote the algebraic variety inA5 defined by the equationsx3+y3 = u+bv and

u3 + v3 = x+ by. The varietyW contains the following two rational curves given by the parametrisations

b(t) := 9t2 + 15t+ 7, x(t) := 2t+ 2, y(t) := t, u(t) := t, v(t) := t+ 1,

b(t) := 9t2 + 21t+ 13, x(t) := 2t+ 3, y(t) := t+ 1, u(t) := t+ 1, v(t) := t+ 2.

For every integer t ≥ 0, cyc(n(t),m(t)) is a 2-cycle for Sx3,b(t), where n(t) := x(t) + y(t)b(t) and

m(t) := u(t) + v(t)b(t).

Proof. It is straightforward to verify that (b(t), x(t), y(t), u(t), v(t)) veri�es the equations ofW in both

cases. It is also clear that 0 ≤ x(t), y(t), u(t), v(t) < b(t).
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Note that b(t) − 1 factorises for both parametrisations, as (3t + 2)(3t + 3) and (3t + 3)(3t + 4),

respectively. Thus for any integer t, b(t) is of the form n(n+ 1) + 1 with either n or n+ 1 divisible by 3.

2.6 A Lower Bound on the Number of Distinct Cycles of Sxm,b

In this section, we slightly generalise Theorem 12 of H. Grundman and E. Teeple in [GT01] from the case

φ(x) = x3 to φ(x) = xm for allm ≥ 3. Given positive integersm and b, de�ne

N = N(m, b) :=
∏
p prime

p−1|(m−1)
p≤b−1

p ·
∏
p prime

pr−1(p−1)|(m−1)
p>b−1

ordp(m−1)=r−1

pr.

Proposition 2.6.1. Let φ(x) = xm with m ≥ 2. Let b ≥ 2. Then Sxm,b has at least gcd(b − 1, N)

distinct cycles. In particular, when m ≥ 5 is prime and b = mk + 1, then Sxm,b has at least m distinct

cycles.

To prove Proposition 2.6.1, we use the following slightly more general set-up.

Proposition 2.6.2. Let b ≥ 2 and set B := {0, 1, . . . , b − 1}. Let φ : B → Z≥0. Suppose that there

exists a positive integer ` such that ` | b− 1 and such that φ(n) ≡ n (mod `) for all n ∈ B. Then

Sφ,b(n) ≡ n (mod `) for all n ∈ Z≥0.

In particular, the cycles associated to the orbits of n ∈ {1, . . . , `} underSφ,b are all pairwise distinct, so that

Sφ,b has at least ` distinct cycles.

Proof. Write n =
∑d

i=0 nib
i in base b. Then

Sφ,b(n) =
d∑
i=0

φ(ni) ≡
d∑
i=0

ni ≡
d∑
i=0

nib
i = n (mod `).

It follows that the cycles associated to the orbits ofn ∈ {1, . . . , `} underSφ,b are all pairwise distinct.
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Proof of Proposition 2.6.1. Suppose that p is a prime such that p− 1 divides m− 1. Then for all n ∈ Z,

nm ≡ n (mod p). Suppose now that p > b− 1 and that ϕ(pr) = pr−1(p− 1) dividesm− 1. Then

the class of every integer n ≤ p− 1 is a unit in Z/prZ, and so by Euler’s Theorem, nm ≡ n (mod pr).

It follows that N(m, b) divides nm − n for all integers in B, and we can apply Proposition 2.6.2 with

` = N(m, b).

Corollary 2.6.3. Let φ(x) = x3. Let k be any positive integer and set b = 3k + 1. Then Sx3,b has at least

5 distinct cycles.

Proof. We know that [1] is a cycle. Using Proposition 2.6.2, we obtain that the orbit of n = 3 produces a

cycle consisting entirely of integers congruent to 0 modulo 3. Proposition 2.5.1 (a) exhibits three non-trivial

cycles consisting of integers congruent to 1 or 2 modulo 3.
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Appendix A

Julia Code for Integer Dynamics

In this appendix, we include the Julia code that was used to verify that the base b = 481360 has only 2

distinct cycles for Theorem 2.1.4. Initially, we used Magma for the computation, and for any other base

less than one million, Magma was fast enough to �nish the computation. However for b = 481360,

Magma was too slow and so we picked Julia to improve the speed.

A.1 Code
� �

1 # Check up to numCycles cycles
2 const numCycles=3;
3 const b = 481360;
4
5 # check a number d has been seen already
6 # seen is an array of arrays of sets
7 # number n = d1 + d2*b + d3*b^2 is stored as d1 in seen[d3+1][d2+1]
8 function isSeen(seen,d)
9 return d[1] in seen[d[3]+1][d[2]+1];

10 end;
11
12 # add number d to seen
13 # seen is an array of arrays of sets
14 # number n = d1 + d2*b + d3*b^2 is stored as d1 in seen[d3+1][d2+1]
15 function addSeen!(seen,d)
16 push!(seen[d[3]+1][d[2]+1], d[1])
17 end;
18
19 # Checks if max(d[1],d[2]) + min(d[1],d[2])*b + d[2]*b^2 is smaller than x+b*y
20 # Uses separate comparison for speed purpose
21 function isSmaller(d,x,y)
22 return d[3] == 0 && (min(d[1],d[2]) < y ||
23 (min(d[1],d[2])==y && max(d[1],d[2]) < x))
24 end
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25 # start the sum of the square procedure until it hits a cycle or a number
26 # already seen
27 # Returns True if it finds a new cycle
28 function traverse(x,y,d,seen,cycles)
29 # if the number already appeared then skip it
30 if x in seen[1][y+1]
31 return false
32 end;
33 n = x+b*y;
34
35 L =[n];
36 while !(isSeen(seen,d))
37 addSeen!(seen,d)
38 n = sum(iˆ2 for i in d);
39 push!(L,n)
40 digits!(d, n, base = b)
41 # if d is less than x+b*y then we have seen it already
42 if isSmaller(d, x, y)
43 return false
44 end
45 end
46 # find the position of n in L
47 p = findfirst(isequal(n), L);
48 # if n is in L and not the last, then there is a cycle starting at
49 # the first appearance of n
50 if p != nothing && p < length(L)
51 push!(cycles, L[p:length(L)-1])
52 return true
53 end
54 return false
55 end
56
57 # Check all the numbers x+b*y with low<=y<=high
58 function checkYInterval(low, high, seen, cycles)
59 for y=low:high
60 for x=max(y,ceil(Int, sqrt(y*b-yˆ2+1/4)+1/2)):b-1
61 d = [x, y, 0];
62 if traverse(x, y, d, seen, cycles)
63 # Stop if it finds enough cycles
64 if length(cycles) >= numCycles
65 return nothing
66 end
67 end
68 end
69 # delete unncessary seen to save memory.
70 seen[1][y+1] = Set{Bool}()
71 end
72 end
73
74 # b is UInt32
75 # indexing is off by 1
76 # if n = [a,b,c] then check if a is in seen[c+1][b+1]
77 # keeps track of [a,b,c] where a>=b and c=0 or 1
78 seen = [[ Set{UInt32}() for i=1:b], [Set{UInt32}() for i=1:b]];
79 cycles = [[1]];
80 push!(seen[1][1],1);
81
82 checkYInterval(0, b-1, seen, cycles);
83 println(cycles)� �
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A.2 Explanation of the Code

In this section, we explain the Julia code included in Section A.1.

A.2.1 Preliminaries

LetB := {0, 1, . . . , b3 − 1}, and for x, y, z ∈ Z, let [x, y, z]b denote x + yb + zb2. Let fb : B → B

be a map where fb([x, y, z]b) = [max(x, y),min(x, y), z]b, and≤b an ordering where

[x0, x1, x2]b ≤b [y0, y1, y2]b ⇐⇒ fb([x0, x1, x2]b) ≤ fb([y0, y1, y2]b).

Now suppose {n1, . . . , nk} is a cycle of length k. By Theorem 2.1.2, one of the ni’s has at most two digits.

Applying Sx2 to a two digit n results in [x, y, z] with z = 0 and 1, and further applying Sx2 preserves the

property of z being either 0 or 1, so every ni’s have at most 3 digits with z = 0 or 1. Hence the ordering

≤b makes sense on {n1, . . . , nk} and so without loss of generality, assume n1 is minimal with respect

to ≤b. Note that n1 will have two digits since it is the smallest element. Now let n1 = [u, v, 0]b, and

x0 = max(u, v) and y0 = min(u, v).

A.2.2 The bound on the for loop on line 60

Here we explain the lower bound on x in line 60. First, we have [u, v, 0]b = n1 ≤b n2 = u2 + v2 =

x2
0 + y2

0 by the minimality of n1, and since fb(n) ≤ n, we have

x0 + by0 = [x0, y0, 0] = fb([u, v, 0]) ≤ fb(n2) ≤ n2 = x2
0 + y2

0.

From x0 + by0 ≤ x2
0 + y2

0 , we have

1
2

+
√
y0(b− y0) + 1

4
≤ x0.
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Now notice that Sx2([u, v, 0]b) = Sx2([x0, y0, 0]b), so [x, y, 0]b will be a preperodic element. So to �nd

all the cycles, it su�ces to check all the numbers [x,y, 0]b with y ≤ x and 1
2

+
√
y(b− y) + 1

4
≤ x.

Hence on line 60, we are iterating through all x’s satisfying

x ≥ max(y, 1
2

+
√
y(b− y) + 1

4
).

A.2.3 Detecting a cycle at lines 47 and 50

Suppose we are at line 47. Then we are looking for the position of the �rst n in the sequenceL starting at

[x, y, 0]b. Since we added n to L at line 39, there are two possible cases.

The �rst case is when n is the last element in L. This happens when we have seen n already starting

at some other number [x′, y′, 0]b <b [x, y, 0]b. In this case we can ignore this since it has already been

checked. This is the case p = length(L) in line 50.

The second case is when the n is not the last element. Then the subsequence ofL starting at the �rst

n and ending before the last element in L is a cycle since the last element of L is n. So we add this cycle

and return true from the function traverse.

A.2.4 Exiting at line 42

Suppose d = [x′, y′, z′] <b [x, y, 0] and we exited the function traverse at line 42. We have already

checked numbers<b [x, y, 0] through the for loops on lines 59 and 60, so we may safely ignore d in this

case and exit the function.
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