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ABSTRACT

Supervised learning problems in high-dimensional settings have a wide range of applications across
different disciplines, such as the predictions using high-throughput data from molecular biology. High
dimensionality poses many challenges to traditional supervised learning problems and has captured great
attention in the statistics and machine learning community. One solution is to use regularization methods.
This dissertation considers new regularization approaches for high-dimensional data under the context
of two supervised learning topics. The first topic concerns the ordinal classification problems which
lie between standard classification and regression. We propose two novel methods that consider a new
regularization idea, which weights the features by calculating their rank correlations with the class labels.
In the first method, we incorporate the feature weights into the framework of linear discriminant analysis
and add the group Lasso penalty to achieve sparse solutions. In the second method, we add the weights
into sparse optimal scoring with an adaptive Lasso penalty. Both of the proposed methods can project
the original data onto a lower-dimensional subspace which reveals the underlying ordinal structure. This
distinguishes our methods from existing work which assume a strict underlying linear ordinality within
the data. We also demonstrate the difference between linear and nonlinear ordinality and show that
our methods are capable of detecting the nonlinear ordinality and applicable to high-dimensional data.

Simulation studies and real data examples show that the proposed methods have superior performance



for ordinal classification with respect to various evaluation metrics. The second topic revisits the trace
ratio optimization problems involved in dimension reduction. Solving the trace ratio optimization is not
straightforward and it is conventionally replaced by a sub-optimal alternative, the ratio trace problem.
We consider a trace regularization method and modify it in the scenario of high-dimensional canonical
correlation analysis (CCA). Results from numerical studies demonstrate the efficiency of the modified

trace regularization method, compared with other well-known high-dimensional CCA approaches.

INDEX WORDS: Regularization, High-dimensional data, Ordinal classification, Feature weighting,

Canonical correlation analysis, Dimension reduction
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Chapter 1

Introduction

Learning from data is one of the key components in statistics. Within the family of statistical learning,
supervised learning which refers to the task of making predictions of an outcome measurement (such
as house price) based on a sets of features (such as house age and house area), has been paid in great
attention for decades. Supervised learning can be further categorized according to the types of outcomes.
For example, regression refers to the learning when the outcome is quantitative; classification refers to
the task when the outcome is qualitative (or categorical). Examples of supervised learning include linear
discriminating analysis (LDA), support vector machines, and k-nearest neighbors (Fisher, 1936; Fix, [1985;
Hearst et al., 1998). Traditionally in a dataset, the number of observations 7 will be much larger than the
number of features p. With the development of modern technologies, a gigantic number of features are
able to be collected, which can far exceed the number of observations. For instance, text data usually have
a ultra-high dimension of features (such as the words in a dictionary) with a small sample size (Aggarwal &
Zhai, po12)). Also, the molecular biology techniques have produced large repositories of high-throughput
data, such as the gene expression microarrays which usually involve tens of thousands of features for tens
of patients (samples) (Aliferis et al., 2006; Y. Wang et al., 2008).

However, many traditional supervised learning algorithms will encounter great challenges when deal-
ing with high-dimensional data. As the number of features increases, the algorithms may face the risk

of ‘over-fitting’ (Hawkins, 2004), in which the model lacks the ability to generalize with new data. The



correlations among features might also be increased as it is likely to get redundant features, which will
cause the issue of multicollinearity that hinders the performance of regression models (Farrar & Glauber,
1967). In addition, traditional methods based on the inverse of sample covariance matrix will become
degenerate when dimension exceeds sample size, for the reason that the inverse does not exist, such as
traditional LDA and traditional canonical correlation analysis (CCA). What is more, samples will become
more are more sparse as the dimension increases, which will decrease the efficiency of some algorithms,
such as the nearest neighborhood (see details in Chapter ).

The challenges brought by high-dimensional data have captured great attention and many efforts have
been made to accommodate the algorithms in a high-dimensional setting (Bithlmann & Van De Geer, 2011).
A popular way is to use regularization techniques, which help solve ill-posed problems or prevent from
overfitting by modifying the original algorithms. There are various types of regularization methods. A well-
known regularization method that addresses the multicollinearity issue in regression is the ridge regression
estimator by Hoerl and Kennard (1970). Later, ridge-type regularization has been widely used in learning
algorithms (Hastie, 2020)). The Lasso penalty by R. Tibshirani (1996) is also a popular regularization
method that can produce sparse solutions to enhance the interpret-ability and perform feature selection.
There are also similar regularization methods, such as the group Lasso, fused Lasso and elastic net (R.
Tibshirani et al., 200s; Yuan & Lin, |2006; Zou & Hastie, [200s). These regularization techniques have
demonstrated a strong performance in practice. However, the performance of a general regularization
method might depend on the context of the problems, there still remains the need on the developments
of new regularization methods when addressing specific learning problems.

In this dissertation, we consider new regularization methods for two supervised learning problems,
ordinal classification and canonical correlation analysis. The first topic, ordinal classification, is different
from standard classification in the sense that the outcome measurements are ordered categories. Com-
pared with standard classification, less attention has been paid on classifying ordinal data when dimension
exceeds sample size. The ordinal problems with high-dimensional data are common in real life, such as

using gene expression micrioarrays to classify ordered clinical responses. However, some existing ordinal



classification methods make too simplistic assumptions which seem not reasonable. Therefore, it is mo-
tivated to address the difficulties under this area. The other topic, canonical correlation analysis (CCA)
(Hotelling, 1992)) is a method that learns the relationship between two sets of variables. CCA is closely
related with both regression and classification. The high-dimensional CCA is still a challenging task with
wide applications, such as understanding the relationship between DNA markers and gene expressions
(Waaijenborg et al., 2008)).

This dissertation is structured as following. In Chapter we introduce the problem of ordinal classi-
fication along with the related existing work. We propose a new regularization idea which adds weights
on the features that account for the ordinal associations between features and the class labels. We impose
the feature weights into well-developed standard classification methods and propose two novel methods.
The first method is to add feature weights into the within-class covariance matrix in the LDA framework.
A group Lasso penalty is also added to achieve sparse solutions in high-dimensional setting. The second
method is to use feature weights in the framework of sparse optimal scoring. We carry out simulation stud-
ies and real data examples to demonstrate the promising performance of the proposed methods compared
with some well-known methods. It is also shown that our proposed methods can reveal the underlying
ordinal structure of the data by projecting the original data onto a well-trained discriminating subspace.

In Chapter the high-dimensional CCA problem is considered. We first introduce the trace ratio
optimization problems involved in dimension reduction and then introduce how the CCA problem can
be re-formulated into a trace optimization problem. We then propose to modify the trace regularization
method by Ahn et al. (2020)) such that it can be applied under the context of high-dimensional CCA. A
low rank approximation is taken into account with the modification of the trace regularization method.
Simulation studies demonstrate that the proposed work is competitive under certain circumstances, when

compared with benchmark models.



Chapter 2

Ordinal Classification for High Dimension, Low

Sample Size Data

2.1 Introduction

Data with ordinal outcomes are common in an overwhelming number of statistical problems, with broad
applications in biomedical science, social science and so on. Examples of ordinal outcomes include: re-
sponses to a treatment in clinical studies that are classified as ‘Complete Response’, ‘Partial Response’,
‘Minimum Response’, ‘No Change’ or ‘Progressive Disease’ (BladE et al., 1998); tumor-node-metastasis
(TNM) stages classified as ‘Stage o’, ‘Stage I,Stage II” ,‘Stage III’, or ‘Stage IV’; customers’ credit scores
categorized as bad, fair, good or excellent. These ordinal labels are in contrast to nominal labels such as
types of tumors, in that there are natural orderings among the classes. Ordinal classification, also known
as ordinal regression, refers to the supervised learning task of predicting patterns into ordinal labels. How-
ever, as the face values of the labels are themselves meaningless, it cannot be considered as a regression
problem, in which the response is a continuous variable taking real values. Also, in classification problems,
the labels of the classes are purely categorical, in which there is no rank among the labels, such as classi-
tying the species of flowers into several known categories. Therefore, ordinal classification lies between

the framework of classification and regression. Generally speaking, given an input vector x € P, where



p denotes the dimensionality, the goal of an ordinal classification task is to learn a function (mapping)
[+ X (input space) — Y (output space), which maps x into one of the classes Cy,, k € {1,..., K'},and
C}, inherits the natural ordering where C; < Cy < -+ - < Ck (< denotes the ordering).

With the development of modern technologies, complex datasets with thousands of features are gen-
erated rapidly. Compared with traditional datasets, these types of datasets share a common characteristic
of having enormous amount of features and limited number of observations, i.c., p > n, which are
also known as high-dimension-low-sample-size (HDLSS) data. The high dimensionality brings great
challenges to traditional statistical or machine learning methods, in the sense that either many methods
become degenerate in such situation or many methods loss their interpret-abilities. However, the HDLSS
data are benefiting many research areas. For example, multiple high-throughput platforms are providing
a large repository of gene expression data that facilitate the biomedical research. The gene expression
data can reveal many powerful features in predicting clinical response for modern therapies, in which
traditional clinical and laboratory features have limited information (Mulligan et al., 2007). Therefore,
the use of HDLSS data is inevitable. Compared with the decent amount of work on classifying HDLSS
data with nominal outcomes, less attention has been paid on classifying the ordinal outcomes when the
dimensions far exceeds the sample size. Thus, there remains an urge to develop novel methods which can
accommodate HDLSS data to solve existing ordinal classification challenges.

In this chapter, we provide a literature review on the existing work for ordinal classification and related
work on high-dimensional classification, given in Section We introduce our proposed methods that
use a new regularization idea in Sectionand. The methods are capable of handling the HDLSS data.
The model evaluation metrics for ordinal classification are introduced in Section[z.s| In Section 2.6} we
perform a comprehensive simulation study to test the performances of the proposed methods and related
work under different scenarios. We also apply the methods on real data examples, as given in Section
including the predictions of tumor grades and clinical responses in the biomedical area. Finally, we
conclude this chapter with discussions on the summary of the performances and future directions in

Section Supplementary materials are included in Section



2.2 Literature Review

In this section, we provide a literature review on the existing work for ordinal classification and related
work on classification for HDLSS data. Traditional methods for ordinal classification might become
degenerate when the dimension exceeds the sample size, however, they serve as building blocks in the
ordinal classification area and are worthwhile to be understood and discussed. We will also introduce
some well-known classification methods which are suitable for high dimensional situation. These work
can also be applied to ordinal classification even though the ordinal information within the labels are
ignored. Next, we also discuss the existing work on ordinal classification for high-dimensional data and
their limitations.

We use X to denote an n X p input data matrix, with n observations and p variables. Let X, =
(x{,x3,...,x.)T = (X1,Xa,...,X,), where X; € RP is the ith row vector, representing the ith
observation and X; € R" is the jth column vector for variable (feature) j. Assume that each of the n
observations falls into one of the K ordinal classes Cx, & € {1,..., K}, and C}, inherits the natural

ordering where C; < Cy < -+ < Ck (< denotes the ordering). Weuse y = (y1,¥a,...,yn)’ to

denote the vector that contains the class label for each observation, with y; € {1,2,... K}.

2.2.1  Existing Approaches to Ordinal Classification

Traditional ordinal classification methods can be categorized into the following groups: thresholding
(SVM-based) methods, regression methods, decomposition methods, cost-related methods and other
types. These categories are a modified version of the categories defined by Gutierrez et al., 2015, who

provided an overview and an experimental study of current ordinal classification methods.



Support Vector Machines (SVM)-based Methods

The first type is the SVM-based methods, in which we assume that there are a set of underlying threshold
values that separate the ordered classes. The values of thresholds ?;, are assumed to be ordinal such that
to <t < --- <1k, and observations from the class k are assumed to be bounded by ¢;_1 and t;.
Support vector machines (Boser et al., 1992) has been widely used on binary classifications, which aims
to find a hyperplane that separates the classes with maximum margin. Suppose the observations in the
training dataset come from two classes, with notations { (x1, 1), . . . , (X, Yn) }, where y; iseither L or —1,
representing the positive and negative class respectively. The target hyperplane in SVM will discriminate
the positive samples from the negative samples, such that the distance between the hyperplane and the

nearest sample from either group is maximized. Suppose that the hyperplane can be defined as:
wix—b=0,

where w, x € RP, it can be shown that the margin of the hyperplane is ﬁ Then the objective of SVM

can be written as:

2
max ——,
weR? |[wl|p
subject to yi(wlix; —b) > 1, fori=1,...,n.

which is equivalent to:

I
Inin o |[wlf,

(2.1)

subject to y; (Wl x; —b) > 1, fori=1,...,n,

where the constraints in ensures the separability between the two classes, in the sense that positive
samples will satisty the condition that wlx;—b > land negative samples will satisfy that wlix,—b < —1.
The objective in is also referred as the hard-margin SVM, which is applicable to the situation when

data are linearly separable. Figure gives a simple illustration of the hard-margin SVM when data are
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(a) Hard-margin SVM (b) Soft-margin SVM

Figure 2.1: Illustration of SVM

linearly separable. When data are not linearly separable, the concept of soft-margin is introduced, which
allows for some points to be on the wrong side of the margin. The slack variables &; are created for each
sample point, such that samples on the right side have §; = 0 and samples on the wrong side have §; > 0.
Figureshows the example of four sample points that are on the wrong side with {; > 0. The objective

function of soft-margin SVM is give by:

D N -
min —[w|3+C) &

=1

subject to yi(wlix; —b) > 1§,

& >0, fore=1,...,n,

where C'is a hyper-parameter.

Although SVM was originally designed for binary classes, it has been widely extended to solve multi-
class problems. One approach is to solve a series of binary classification problems, such as pairwise com-
parison or one-versus-all (Crammer & Singer, 2001; Dietterich & Bakiri, 1994); another approach is to

apply SVM to multi-class problems directly (Y. Lee et al,, 2004). In the context of classifying ordinal



data, Herbrich et al. (1999)) proposed the first SVM-based method for ordinal classification. They derived
new feature vectors based on the original features and took the ordinal problem as a binary classification
problem in which they aimed to find parallel hyperplanes to classify the new training set. Specifically, the

new training set consists of the differences between original input vectors and signs of the corresponding

(

label differences, i.e., {(XZ(.I) - XZ(.Q), z; = sign(y(l) S y-(2)))}, where the notations Xil) and XZ(»Q) denote

a pair coming from the original training set, and © denotes the rank difference. They assume that there
is a linear function which maps the input space to the ranks, i.e., U : X — R,U(x) = w’x, such
that that there exists rank boundaries 6(ry), for k = 1, ..., K — 1, which separate U (x) and satisfy the
constraints: §(ry) < --- < 0(rx_1). Figure[o.2|gives a visual illustration of the idea when the input
data are two-dimensional. The goal is also to maximize the margins for the separating hyperplanes (7).
Clearly when U (x) incurs no error, there should be no inversion of (U =), U (XZ(-Q))) compared with

the original (yz(l), yl-(z)), ie.,

ZZ-WT(XZQ) - XZ(-Q)) > 0.

Similar with the soft-margin SVM, if a small amount of violations are allowed, the constraints could be

relaxed to

ZiWT<Xz(‘1) - Xz@)) >1-&, (2.2)

(1)

where &; is the slack variable defined based on the new feature vectors x; ’ — ng). In short, Herbrich et al.,
1999/ proposed to minimize |[w||3 + C' 3.7, & with the constraints of (2.2)), where s is the number of
observations in the new training set. Their method is closely related to the soft-margin SVM.

Later, Shashua and Levin (2003)) also utilized the principle of largest margin in SVM to find K’ — 1
thresholds that map the ranks of classes to consecutive intervals on the real line. Geometrically, theidea s to
find K’ — 1 parallel hyperplanes separating the samples into K classes, which are defined by wlix—t, =0,
forw € RP. An observation X satisfying t;_1 < wl'x < t; will be predicted to the class k. They

proposed two strategies to maximize the margins, one is to maximize the margin between neighbor classes,

the other is to maximize the sum of the individual margins. After that, Chu and Keerthi (2005)) provided
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U(x)
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Figure 2.2: A simple illustration of the method by Herbrich et al. (1999) when the input data are two-
dimensional. Samples from three classes are identified by different colors and shapes. (ry) denotes the
rank boundaries.

a modification by arguing that the thresholds obtained in the work of Shashua and Levin (2003) are not
guaranteed to satisfy the ordering inequalities: ¢; < o < --- < tx_1. They added explicit constraints
on the thresholds and their method is named as SVOREX. In addition, Chu and Keerthi (2005) proposed
another new approach which integrates implicit constraints for the thresholds, named as SVMORIM.
The above discussed SVM-based methods for ordinal classification share the common characteristic
of utilizing a distribution assumption of a latent variable and finding parallel hyperplanes which maximize
the margins among classes. Specifically, they assume that there exists a function that maps the input space
to the one-dimensional real space. Depending on the class labels, values of the function will fall into

intervals on the real line, which are characterized by a sets of thresholds satistying #; <ty < --- <{tg_;.

Regression Methods

The second type of existing ordinal approaches is the regression-type methods, which take the ordered
class labels as continuous responses and fit a regression model. Regression models for ordinal data was
first proposed by McCullagh (1980)), which is referred as the proportional odds model. In the work

of McCullagh (1980), the ordinal categories are thought of some contiguous intervals with continuous

10



scales with cutting points 0. It is assumed that the response variable y takes values ranging from 1 to
K, and follows a multinomial distribution with probabilities {7 (x), m2(%), ..., Tk (x)}, given the
inputx. Fork € {1,..., K}, let 7;(x) be the odds of y < k given X, then the proportional odds
model makes the assumption that the logarithm of the odds rj(x) is proportional to the covariate x;, i.c.,
re(x) = crexp{—B7x}. Then the ratio of the odds given two different covariates x; and X», is linearly

related with the difference between the covariates, and is independent of £, i.e.,

Tk (Xl)
Tk (Xg)

= B7(x1 — %a).
Formally, the proportional odds model can be written as:

P(y; < klx;
log(%) = log(ri(x;)) = 0 — B x;,

where 0, = log(cy) denotes the corresponding intercept, which is also the cutting point between adjacent
categories. Then, a new sample will be classified to the class with the highest posterior probability.
Another related work is the continuation ratio (CR) model, which was first proposed by Fienberg
(1980). Compared with the proportional odds model, the cumulative probabilities P(y; < k|x;) was
replaced by P(y; = k|y; > k,X;) in the continuation ratio model, i.e., the probability of y; being in the
category k given the condition of being in the categories that are equal or greater than k. The continuation

ratio model can be expressed as:

1 P(y; = kly; > k,x;)
BPy; > kly: > k,x1)

=6, —B'x;, fork=1,2,..., K — 1. (2-3)

The model is also known as the forward continuation ratio model and could have different set-
ups. In contrast, if the conditional probability was replaced by P(y; = kly; < k,x;), will become
the backward continuation ratio model. Note that the proportional model will not be changed even when

the coding of the response variable is reversed. In comparison, the CR model will be altered if the coding

II



is reversed and it pays more attention to the individual categories (Ananth & Kleinbaum, 1997; Liu et al.,
2011).

Support vector regression (SVR), proposed by Drucker et al., 1997, as a regression analog to the
support vector machines, could also be applied to ordinal data. Specifically, SVR predicts the labels by

w7x; and its objective function can be written as:

1
wmin 5w,
subject to |y; — wixi| <e fori=1,...,n.

When allowing violations, the objective of SVR could be written as:

R A B
min o [[wlfz + c &,

=1

subject to |y; — WTXi| <e+§&, fori=1,...,n.

where §; > 0 are the slack variables that are similar to those defined in support vector machine.

These regression-type methods are more sensitive to the numerical representations of the labels rather
than the ordering information among them. Moreover, it is not reasonable to make assumption of equal
distancing among the classes without prior knowledge of the true metric among classes. For example,
consider predicting the weather conditions: cold < warm < hot, with labels coded as {1, 2, 3} for
{cold, warm, hot}, respectively, it is not precise or reasonable to say that the distance between hot and
warm is 1, which is the same as the distance between warm and cold. Thus, naively treating the ordinal
labels as a continuous response may add artificial information, which will hinder the performance of the

model.

Decomposition Methods

Another main type of the ordinal approaches is the decomposition-type methods, which decompose the

multi-class problem into several binary problems. Frank and Hall (2001) proposed to decompose the

12



original K -class classification problem into K — 1 binary classification problems. Given the class labels
ranging from 1 to K, each binary classifier will be discriminating a sample from a class with label no greater
than k versus greater than k (k € {1,..., K — 1}). In an example of four-class problem, three binary
classifiers will be built on the classes: {C} vs {Cy, C5, Cy}, {C1, Ca} vs {C3, Cy} and {C1, Ca, C5} vs
{C4}. After that, the posterior probabilities for a class given sample x; are calculated in the following
way:

Ply; = 1]x;) =1 = P(y; > 1|xy),

Py = klxi) = P(y; > k — 1]x;) X P(y; < k[x;))

Py > k- 1x) x (1— Py > ki), for1 < k < K. 4
Py = Klx;) = P(y: > (K = 1]x;)).

Then based on (2.4)), the sample x; will be assigned to the class with the largest posterior probability. Note
that another way to calculate P(y; = k|x;) is: P(y; = k|x;) = P(y; > k|x;) — P(y; > (k — 1)|x;),
however, negative probabilities may occur in this case. One way to avoid negative probabilities is to replace
the probability p with max(p, 0). Frank and Hall (2001) argued that this simple decomposition approach
is applicable with many standard classification methods and they demonstrated that it can enhance the
performance of the C4.5 decision tree learner (Quinlan, 2014)) for ordinal classification. Later, Huhn and
Hillermeier (2008) conducted an experiment to evaluate the performance of decomposing approaches for
ordinal classification and concluded that these methods are able to learn the ordinal information among
the classes.

However, K — 1 classifier are required to be built for the decomposition-type approaches, which
will increase the complexity and introduce modeling error multiple times. Another limitation is that the
predictions might be ambiguous due to the crossing of classification boundaries. There is a related work
by Qiao (2015), in which the noncrossing constraints were proposed when constructing the boundaries

simultaneously.
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Cost Related Methods

The fourth type of methods are those utilizing specific loss functions designed for ordinal classification.
As we know, under the context of ordinal data, it might be not reasonable to assume the same loss for the
different types of misclassification regarding the distance between classes. For example, there should be
more cost if we misclassified ‘hot’ as ‘cold’ than misclassifying ‘hot” as ‘warm’, since ‘hot’ and ‘warm’ are
more similar than ‘hot’ and ‘cold’.

Kotsiantis and Pintelas (2004)) proposed a cost-sensitive technique by introducing ¢y = |k — [| as
the relative cost for misclassifying class & to class [ (or the opposite way). In such way, further classes sufter
from higher cost when being misclassified compared with nearer classes. Explicitly, this idea minimizes the
conditional risk by choosing k£ which minimizes R(y;|x;) = >, cu.P(y = k|x;). Kotsiantis and Pintelas
(2004])) also conducted some experiments to show that the incorporation of this cost-sensitive technique
can help achieve smaller mean absolute error (MAE) while not decreasing accuracy, when applied to
learning algorithms which can output predicted probabilities, such as decision trees. This cost-sensitive
technique provides a direction of making use of the ordinal information among the classes. There are
also other potential criteria, such as cjy = |k — I|?. However, because of such flexibility, it is hard to find
a suitable cost criterion which reflects the true metric among classes, without prior knowledge.

There are also other methods working on the cost function for ordinal classification. de La Torre
et al. (2018) utilized the weighted kappa loss function and implemented it in the deep learning models for
ordinal classification. The Kappa index is a statistics defined to measure the inter-rater agreement when
classifying subjects into categories. The Weighted Kappa index is then defined to allow different weights

for disagreements, and is used for ordinal categories. The Weighted Kappa is expressed as:

S Y wiow
1—- K K )
D ket D11 WGk

where o0y, denotes the number of observations classified in the kth category and actually belong to the [th

K =

category, ex; denotes the corresponding expected number of observations, and wy; denotes the correspond-
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ing weight. de La Torre et al. (2018) used three classification problems to demonstrate the improvements
on model performance when using the weighted kappa loss function compared with using the logarithmic
loss function.

These cost-sensitive approaches shed lights on a direction to deal with ordinal classification, which

might be incorporated with standard classification methods to achieve better performance.

Other Types

At last, there are some methods that can not be categorized into the above categories, which we refer as
other types. There is one method named the data replication method, proposed by Cardoso and Costa
(2007). They introduced a new paradigm for ordinal classification by replicating data in an augmented
feature space, in which the original data are projected into a (p + K — 1)-dimensional space. Then K — 1
parallel linear boundaries obtained from the binary classifiers on the augmented space will be sufficient
to classify the data in the original space. Cardoso and Costa (2007) argued that the paradigm can be
implemented with the framework of SVM and neural networks.

Another method is the kernel discriminant analysis (KDA) introduced by B.-Y. Sun et al. (2009). This
method aims to find a projection which minimizes the within-class distance and maximizes the between-
class distance, while satisfying the constraints that the average projection of samples from higher rank

class is larger than that of lower rank class. The optimization function of KDA takes the form:

min J(w, p) = w! S, w — Cp,
(25)
st.W! (fpgpr — px) > p, fork=1,... K — 1,

where w € RP is the discriminant vector, YJ,, denotes the within-class covariance (see Section for
more details), C' is a penalty coefficient. B.-Y. Sun et al. (2009) argued that their method has a lower
computational complexity compared with the SVM-based methods, and showed that their method can
preserve the ordinal information among the classes. However, the method in is not applicable to

the high-dimensional situation and such rank constraints are too rigid. Further, Cardoso et al. (2012)
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conducted experiments on both synthetic and real data to compare the performances of KDA, kernel
version of LDA with the decomposing idea from Frank and Hall (2001), and the data replication method
with kernel version of LDA. The experiments did not show the superiority of KDA among the other two
methods. However, the projection-based KDA still provides a direction for ordinal classification and it

may be applicable to the high-dimensional situation if some regularizations are added.

2.2.2  Existing High-dimensional Classification Approaches

Ignoring the ordinal information among the class labels, nominal classification approaches could also
be applied on ordinal classification problems. We will discuss some standard high-dimensional classifica-
tion methods in this section, which shed lights on classifying ordinal data when facing high-dimensional
challenges. We start with an overview of the linear discriminant analysis (LDA), a famous method for clas-
sification as well as dimension reduction. LDA is well-known for its simplicity and robustness and it also
serves as a building block for many classification methods for high-dimensional data. In addition, optimal
scoring, a regression analog for LDA, will be introduced, for the reason that many high-dimensional meth-
ods are based on a penalized version of optimal scoring. Then, we discuss the current work on classifying

high-dimensional data.

Linear Discriminant Analysis

Fisher’slinear discriminantanalysis (Fisher, 1936) is a popular tool for classification, because of its simplicity
and superior robust performance. The idea behind LDA can be expressed in two ways. On one hand,
from the perspective of Bayes rule, LDA aims to predict the classes based on posterior probabilities. Let
X be then x p input matrix, with each observation belonging to one of the K classes with label k, for
k € {1,..., K}, and assume the columns of X have been centered. Assume that the samples come from
a multivariate Gaussian model, in which the observations from class k are distributed from N (s, 2., ),

where p1, € RP is the population mean vector for class k, and 3, is the common population within-class
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covariance matrix. The density for x in class & takes the form:

1 1 Ty—1
fr(x) = WC‘XP{—§(X — ) B, (X — )} (2.6)

. . . . K .
Further, assume that the prior probability for class k is 74, with ) ;" 7, = 1, then the posterior proba-

bility for class k can be calculated based on the Bayes rules, given as:

T (X) T

Py = k|x) = K(—) (2.7)
25:1 filx)m

By calculating % using (2.6) and (2.7) and cancelling out the same terms, the discriminant

function for class k£ can be derived as:

1
6u(x) = xT2 g, — 5;1,%2;1;% + logmy.

Then the predicted class label given x is § = arg max;, 0 (x). In practice, the prior probabilities, class

mean vectors and the pooled within-class covariance matrix are estimated using the sample estimates, given

as below:
N g
T = —,
n
=y
Hr = — Xi,
Co = (2.8)

1 K

X = DD a— ) (xi — )"

where ny, is the number of observations in class k.
On the other hand, LDA can also be derived from the idea of finding a discriminant subspace on
which the projected data are best separated, in terms of obtaining a maximum between-class covariance

and a minimum within-class covariance. The sequence of discriminant vectors (31, . . ., Bx—1) which
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span the discriminant subspace can be obtained by the following optimization problem:

T
nax B, 28m,

subject to BLYwBm = 1, (2.9)

B%Ew,@l - 07 Vi< m,

where 1 < m < K — 1, 3 is the between-class covariance matrix that can be estimated as >, =
K A . : . .
> pet i1}, and X, can be obtained by (2.8). The solution to (2.9) can be obtained from a generalized

eigenvalue problem: f]b,@ = piwﬁ, with p being the generalized eigenvalue.

Optimal Scoring

As an analog of LDA, the idea of optimal scoring (Hastie et al., 1994 comes from recasting LDA as a
regression problem. It assumes that there is a function that assigns real-value scores to the classes, in which
the scores can be predicted by regressing on X. Let Y be an x K matrix of dummy variables, indicating
the class membership of each observation, i.e., Y; , = 1if x; belongs to the class k, otherwise, Y; , = 0,
then, the objective function of optimal scoring takes the form:

o cibin (Y6 XBmll?,

1
subject to -0'y've,, =1, (2.10)
n
0LYTYO, =0, VI <m,
where {601, ...,0k_1} is a set of independent score vectors, {31, ..., Bx_1} is a set of discriminant
vectors, and Y 8,, corresponds to the scores of classes. It is easy to show that given 6,,,, 3, can be obtained

by aleast square estimate of regressing X on Y @,,,; given 3,,, 0, can be obtained by a restricted regression

problem. Then the solution to can be obtained by iterating between 6, and (3,,, until convergence.

18



It can be shown that optimal scoring is indeed equivalent to LDA (see details in Section . Given
this fact, optimal scoring is also a popular choice for classification, and it is flexible to be incorporated

with different penalties.

High-dimensional Classification Methods

However, the solutions to LDA and optimal scoring are based on the inverse of 33, (or the covariance
matrix of X). As we know, when p > n or the features are highly correlated with each other, the
covariance matrix of X is not full rank and becomes singular. In such case, the inverse does not exist.
Therefore, traditional LDA or optimal scoring can not be applied to HDLSS data. In addition, when
p is large, it is hard to interpret the methods with a large amount of non-zero coefficients. Given these
challenges, some efforts have been made to modify the original LDA such that it can be applicable for
high-dimensional data.

J. H. Friedman (1989)) suggested a method called regularized discriminant analysis (RDA), which can
be viewed as a compromise between LDA and quadratic discriminant analysis (QDA). Different from
LDA, QDA does not assume the same covariance matrix among different classes, instead, it estimates the
covariance matrix for each class separately. Then, RDA uses a linear combination between the individual
estimated class covariance matrix and the overall within-class covariance matrix. The estimated covariance

matrix for class k& from RDA is given by:
SV A) = (1 =) [(1 = NSk + A, + 71, (2.11)

where v, A € [0, 1], f}k is the estimated covariance matrix for class k from QDA, and f]w is the estimated
within-class covariance matrix from LDA, I is the identity matrix. A ridge-corrected LDA can be achieved
by setting A to be 1 and varying 7 in (2.11). This is equivalent to say, instead of estimating the covariance
matrix by a common within-class covariance matrix, ridge -corrected LDA is replacing 32,, with 3, +

where v = . Such regularization deals with the issue when there is a large number of highly correlated

1—v"
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features, in which the traditional LDA suffers from the risk of overfitting. In addition, this ridge-corrected
LDA can also be applied to HDLSS data, since the issue of singularity will be resolved by adding a/.

Another penalized version of LDA was proposed by Hastie et al. (1995)), which replaces ¥, with
Ew + AQ, where () is a penalty matrix characterizing the ‘roughness’. For example, for log-spectra data or
image data, 2 is defined in the way such that nearby components of 3,,, are forced to be similar. Hastie
etal. (1995) also demonstrated the equivalence between the penalized version of LDA and the penalized
version of optimal scoring, in which the classification problem can be formulated with the framework of
regression:

1
min 1Y 0,, — XBull5 + BLQB,., subjectto —02 Y'Y, = 1.
n

0mERX, B,,€RP

A related work is the method proposed by Clemmensen et al. (2011), named as sparse discriminant analysis
(SDA), which uses the elastic net penalty in the framework of optimal scoring. Given a regression problem,

the elastic net penalty (Zou & Hastie, [2005)) solves the following problem:

. 2 2
érelerzlo ly — XBllz + MBll: + 78l

SDA finds the pair (8,,,, 3,,) that optimizes:

min “ng _XﬁmH%_F'YB;FzQBm‘i‘)\HBmHh

0, €eRK | B, €RP

1
subjectto =01 Y'Y 0,, =1,
n

0L Y'Ye, =0,V <m,

where (2isa p X p positive definite matrix. By adding the penalty ||3,, |1, SDA can perform the classifica-
tion as well as feature selection at the same time to increase the interpret-ability in the high-dimensional

setting.
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Another similar work is the method by D. M. Witten and Tibshirani (2o11), which adds additional
penalty on the discriminant vectors given the framework of the LDA. The method is named penalized
LDA, with the optimization criterion:

T Ppp—
nax B, 505 — P1(Bim).

subject to Biiw,@m <1,

BB =0,V <m,

where P;(3,,) is a convex penalty on 3,,,, such as the Lasso or fused Lasso penalties, and iw is a positive
estimate of 2., such as ¥, + A(2 or a diagonal estimate (Bickel, Levina, et al., 2004; Dudoit et al., 2002)).

Recently, Mai and Zou (2015)) provided a new approach which estimates the discriminant vectors
simultaneously instead of sequentially. They utilized the Bayes rule for mutli-class linear discriminant
analysis with a built-in penalty. Specifically, the method is comparing class 1 to the rest of the classes. The

optimization criterion takes the following form:

K P
. 1 re . .
min Y (58I N8 — (fom — 1) Br] + XD 1IBull3:
B2,...Bk “— 2
m=2 =1
where 3 is the vector consisting of the [th componentof B,,, form = 2, ..., K,ie, 3, = (Sa, - . - , Br) L.

However, it seems that there is no rule of the choice of base class, and it is unsure whether choosing other
base classes will result in different solutions.

Above all, these classification methods for high-dimensional data are not specifically designed for ordi-
nal problems. However, they still can be applied to ordinal problems if ignoring the ordinal information,

and they serve as building blocks for making ordinal classifications for HDLSS data.

2.2.3 Existing High-Dimensional Ordinal Approaches

Many of the ordinal classification methods discussed in Sectionare typically not suitable for HDLSS

data. Compared with the decent amount of work on classifying HDLSS nominal data or low-dimensional
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ordinal data, less attention has been paid on classifying the ordinal outcomes when the dimension far
exceeds the sample size. We have found some work that are designed to deal with HDLSS data in an
ordinal setting. For example, Leha et al. (2013) proposed a method named hierarchical twoing (hi2), as an
extension of the idea proposed by Frank and Hall (2001), which can perform ordinal classifications for
high-throughput gene expression data. However, their work lacks theoretical justifications. Archer and
Williams (2012)) integrated the idea of Lasso and continuation ratio model to make a new approach that
is applicable of classifying high-throughput gene expression data with ordinal classes. Their idea can be
expressed as:

BERP

max L(Bly,x) — A _[5jl,
j=1

where L(8|y, x) denotes the likelihood for the continuation ratio model and A is the parameter control-
ling the degree of Lasso penalty. Archer and Williams (2012)) applied their method on gene expression
datasets and concluded that the non-zero coefficients obtained typically have a monotonic relationship
with the ordinal responses, whose corresponding genes may serve as the information genes related to the
progress of the disease. Similarly, Zhang et al. (2018) proposed to use a hierarchical ordinal regression
model (BhGLM) to pridict the ordinal drug responses with gene expression profiles for patients with

Multiple Myeloma, their model can be expressed as:

(

1 —logit ™Y (x'B — ¢1), fork =1,

Py, =k) = logit 1 (xF'B — cp_1) — logit 1 (xI'B — 1), for1l < k < K,

logit /' (xI'B — cx_1), fork = K,
\

in which a Cauchy prior was applied on the distribution of the coefficients. However, this line of ap-
proaches assume a strict linear ordinality among the classes. In other words, they all assume that the
classes are linearly aligned with the orders from the geometrical perspective and one dimension is suffi-
cient to separate the classes well. Figure [2.3|gives a simple geometrical illustration of a two-dimensional

dataset coming from four classes showing different ordinal structures, from non-ordinal (nominal), non-
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Figure 2.3: Two-dimensional toy data sets from four classes that are nominal, non-linearly ordinal and
linearly ordinal, respectively. Data points from the four classes are identified by different colors and shapes.
Classes are ordered with the labels ranging from 1 to 4.

linearly ordinal to strict linearly ordinal structures. The left panel shows a nominal case where there is no
ordinal information among the classes; the middle panel shows a nonlinear ordinal structure in which
the classes are following some ordinality which could not be separated using only one dimension; the
right panel displays a strict linear ordinality among the classes, in which the data can be easily separated
using one dimension. We reckon that the assumption of a strict ordinality is not realistic because of the
complexity of the high-throughput data and such strict linear ordinality may not in accordance with the
true ordinality of the data, which might more likely to be a nonlinear ordinality pattern as shown in
the middle panel of Figure[2.3} We believe that instead of forcing a strict linear ordinality, the degree of
ordinality should be learned from the data.

Given the current challenges of ordinal classification with high-dimensional data, we propose two
novel ordinal classification methods that have the following advantages: 1) the true ordinal structure

is learned from the data, thus nonlinear ordinality can be detected if it exists; 2) one can visualize the
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estimated ordinality by projecting data onto a low-dimensional discriminant space; 3) they are scalable in
the sense that it can run with HDLSS data as well as low-dimensional data; 4) they are sparse methods in
that the classifier depends only on features relevant to ordinal classification. The summary of the strengths

and limitations of each type of existing approaches and our proposed methods is given in Table

Table 2.1: Summary of the strengths and weaknesses of existing approaches and the proposed methods.

Methods Ordinal High-dimensional Linearly ordinal assumption
Traditional ordinal methods Yes No Depends
High-dim classifiers No Yes Not applicable
Existing high-dim ordinal methods Yes Yes Yes

Proposed methods Yes Yes No

We employ the concept of ‘feature weighting’ in machine learning (Cardie & Nowe, 1997)) into some
regularization in the proposed methods. The idea behind the feature weighting is that the features that are
more concordant with the ordinal information should be weighted more compared with those that are less
concordant. In the first proposed method, we use the framework of LDA, which has been shown to be
an effective framework in HDLSS classification. To deal with the issue of high dimensionality, we add the
group Lasso penalty to achieve a sparse solution for better interpretations. In the second proposed method,
we incorporate the feature weights into optimal scoring and add the adaptive Lasso idea to achieve a sparse

solution.

2.3 Feature-weighted Ordinal Classification

2.3.1 Feature Weighting

We firstintroduce the concepts of order-concordance and order-discordance. Suppose that the jth variable
X ; has a mixture distribution with ' components with componentmeans i1, . . . , it ;. We call X order-
concordant if the component means are monotonically increasing or decreasing with class labels, i.e.,
pij < - < g or gy > -+ - > i j. Otherwise X; is order-discordant. It is naturally to assume that

order-concordant variables are more likely to be related to the ordinal information than order-discordant
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ones. We propose to use the absolute value of the rank correlation between X; and the class labels as the
weight for the jth variable: w; = |rank corr(X;, y)|. A rank correlation measures the ordinal association
between two quantities. Two types of rank correlations are considered in this work, the Spearman’s rank

correlation and the Kendall’s 7 coefficient, whose definitions are given below:

Definition 1. Given two sets of random variables: Z and Q), and the ranked variables (the original variables

are ranked based on their values): vgZ and rgQ), the Spearman’s rank coefficient between Z and () is given

by:

cov(rgZ,rgQ)
Ts = PrgZr¢Q = rgZ0rg0 5
rgZYrg

where prgz.rq0 denotes the Pearson correlation coefficient between rgZ and rgQ), cov(rgZ,rgQ)) is the
covariance between rqZ and rgQ), 0,47 and 0,4q denotes the standard deviation of g Z and rg(Q), respec-

tively.

Definition 2. Let (21, q1), (22,G2), - - -, (2n, Gn) be the sets of observations of the joint random variables
Z and Q, the pair (z;,, qi,) and (2iy, Qiy) (11 # i2) is said to be concordant if z;, > z;, and q;, > q;, or
2y < Ziy and q;; < @i, bolds, and is said to be discordant if z;, > z, and q;; < @, or 2, < 2, and

Qi > Giy- Then the Kendall’s T coefficient between Z and () is given by:

1
T= 7 X {(number of concordant pairs) — (number of discordant pairs)},
n
where C2 = n("Z_l) is the total number of pairs. Note that ties can be considered as either concordant or
discordant pairs.

According to Deﬁnition Spearman’s rank coefhicient is designed to measure the monotonic relation-
ship between two sets of variables by measuring the Pearson correlation coefficient between the ranked
variables. A Spearman correlation of +1 or —1 indicates a perfect monotonic relationship between the
two sets of variables. On one hand, a Pearson correlation coefficient of +1 (or —1) results a +1 (or —1)
of Spearman’s rank coefficient, on the other hand, a Spearman’s rank coefficient of +1 (or —1) does

not indicate a Pearson correlation of 4-1 (or —1). According to Definition |2} Kendall’s 7 coefficient is
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designed to measure the ordinal association between two quantities, which takes the value between —1
and +1. A Kendall’s 7 coefficient of 4-1 indicates a perfect agreement and —1 indicates the perfect dis-
agreement between the two quantities. A Kendall’s 7 coefhicient of 0 indicates the independence between
the two quantities. When there is a perfect monotonic relationship between the two sets of variables,
both Spearman’s rank correlation and Kendall’s 7 will be +1 or —1, depending on the direction of the
association.

Weighting the features provides us with a way to quantify the ordinal information for the variables. Itis
flexible to incorporate the weights into the framework of standard classification methods. By regularizing

the amount of the weights, we could achieve an appropriate degree of ordinality among the classes.

2.3.2 Objective Formulation

In the first proposed method, we propose to incorporate the feature weights into the framework of LDA.
As discussed in Sectionfa.2.2} LDA aims to project the data onto alower dimensional discriminant subspace
such that the projected data are best separated, in terms of achieving a maximum between-class covariance
and a minimum within-class covariance. We can rewrite so that the objective becomes finding a

matrix B = [31,- -+ , Bq), foragiven d < K — 1 that optimizes

max trace(BTZbB), subject to BTY,B =1,
BeRpxd

which leads to the following generalized eigenvalue problem (GEP):
YwB =3%,BD, (2.12)

where D is a diagonal matrix containing the generalized eigenvalues. To solve , we need to calculate
3,1, which does not exist when p > n. In order to solve this singularity issue, the regularized ridge-
type LDA (. H. Friedman, 1989) was proposed to replace 3, by 2, + AI,,, where X is a non-negative

regularization parameter. In fact, by adding the term AI,, the eigenvalues of i]w are adjusted by adding
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an amount of A, which will ensure the positive definiteness of f)w + AI and thus guarantee the non-
singularity. We propose a regularization that incorporates the weights by using aW instead, where « is
a non-negative tuning parameter , W, is a diagonal matrix containing w; = 1 — w; and w;’s are the
feature weights defined above. Thus if jth variable is order-concordant, W is likely to be smaller, it will
be less penalized than order-discordant variables. Since w; are all positive, using aW will also solve the

singularity issue. The objective function of this feature-weighted LDA is given as:

max trace( B'Y, B), subject to BT (X, + aW)B = I, (2.13)
BeRpx

where & > 0, whose solution satisfies the following GEP:
YyB = (X + aW)BD. (2.14)

Once is solved, we project the data onto the column space of B, and apply the standard LDA
for class assignment. We note that if W is replaced by a ‘roughness’ penalty matrix, this approach can be
seen as the penalized linear discriminant analysis by Hastie et al. (1995), who also showed the equivalence
to a penalized optimal scoring. Thus, it is clear that the feature-weighted LDA is equivalent to finding

the sequence of Bs using the objective:

1 — 1
min  —{||Y0 — XB|5 + B (anW)B}, subjectto -0 Y'Y O = 1, (2.15)
n

OcRK BeRr N

where Y isan n X K indicator matrix whose columns corresponds to the dummy-variable coding of the
K classes and 0 is the scoring vector in optimal scoring. From (2.1s)), it can be shown that W is actually
imposing penalties on Bs, such that smaller W; (corresponding to larger weight) will impose smaller
penalties on the coefficients compared with larger ;.

When p is large, we would not want a discriminant vector with thousands of non-zero coefficients,

therefore, feature selection is essential for the interpret-ability of the results. In order to achieve a sparse
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solution, we add a group Lasso penalty (Yuan & Lin, 2006) on the GEP so that it becomes a sparse
generalized eigenvalue problem. Jung et al. (2019)) proposed a framework for sparse GEP and suggested
two algorithms to find a solution, namely POI (penalized orthogonal iteration) and fast-POI. Here, we
apply the fast-POI algorithm to solve with a group Lasso penalty: py(B) = A Z§:1 |b;|2, with
b being the jth row vector of B. The advantage of group Lasso over Lasso is that the former can achieve
the sparsity at a group level. That is to say, whether or not a predictor will be dropped out of the model is
consistent for all the dimensions in the discriminant subspace.

A sparse estimate of B can be obtained by solving the following:
1 o P
min trace{EBT(Zw +aW)B =BV} + A b, (2.16)

BeRpxd
j=1

where V' is a p X d matrix whose columns are the eigenvectors of ¥, corresponding to the d largest
eigenvalues, and A > 0 is a parameter that controls the sparsity. We name this approach the feature-
weighted ordinal classification (FWOC).

To solve , we apply the block coordinate descent algorithm, which updates one coordinate at
a time (see Section [2.9.2)). The jth row of B, by, given by (t # j), is updated as the following until

convergence:

1 A
b: = — (1_—) qi, (2.17)
T8y lajlla/

where s; is the jth diagonal element of (2, + aW), q =V, — >y, 2 bjtby, v; is the jth row vector

of V. The summary of the algorithm for FWOC is given in Algorithm

2.3.3 Tuning Parameters

In the following, we discuss the roles of the tuning parameters in the proposed FWOC method. In the
actual implementation, we re-parameterize so that 33, + oW is replaced by 73, + (1 — 7)W so that
the tuning range of  is bounded within [0, 1]. Clearly 7 controls how much the classifier depends on the

ordinal information, in the sense that 7 ~ 1 will yield a solution that is more focused on maximizing the
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Algorithm 1: Feature Weighted Ordinal Classification (FWOC)

egs e . . . . K ~ — ~ _
L Initialization: Given q, calculate the sample estimate 3, = Y, | "5 (fi, — %) (fu, — %)

and S, = e S ST (i — ) (xi — )T et S = 5, + oW
II. Calculation of 3’s:

* Initialize : V' consists of the first K’ — 1 eigenvectors of S, let B = V5

* repeat

Forj=1,...,p;

(1) @j = vj — >4 bjeby, in which v; is the jith row vector of V, by is the (j, )th element
of B, by is the tth row vector of B ;

(2)b; = L(1

s\ T Tz )+4;, in which s;; is the jth diagnoal element of S;

Update the jth row vector of B as b ;

until Convergence or achieve the maximum iterations;

III. Classification: Project X to the discriminant subspace spaned by the columns of B, i.e.,

Xproj = X B, then apply traditional LDA on X, to achieve the classification rules.

separation of the classes without regard to the ordinality. On the contrary, r ~ 0 will yield a solution
more dependent on order-concordant variables than discordant ones for classification. In terms of feature
selection, when r = 1, the variables that being valued more are the ones that contribute more to the
separation of classes. In contrast, when r < 1, we add more weights to the variables with higher order
concordance. Thus, if an order concordant variable will be filtered out because of a small contribution
to discrimination, by adding weights, we are decreasing the chance that it is filtered out. Therefore, we
propose to learn a good balance between separability and ordinality from the data and the weights would

help us determine how much emphasis to put on those order concordant variables for them to ‘stand out’.

To demonstrate the idea, we simulate a toy dataset with dimension of 100, in which the observations
come from three ordinal classes, with equal sample size of 30 in each class. 40 of the 100 features are
set to be signal features, among which there are 20 ordinal (order-concordant) features and 20 nominal

(order-discordant) features. Assume that the observations from class k follow the multivariate normal
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Figure 2.4: Class means for each class and corresponding feature weights for the 3-class dataset. The means
for class 1, 2, 3 are colored with red, blue and green, respectively, scaled on the left y-axis. The black dotted
line presents the corresponding feature weights, which is scaled on the right y-axis. The first 20 features are
ordinal signal features, the 21-40 features are nominal signal features, the 41-100 features are noise features.

distribution Nygo(per, ), where o = (ftk.1, - - - 5 ftk,100)” and X = I1ox100- The first 20 components
of the class means corresponding to the first 20 ordinal features follow the order: y11 ; < o ; < ps 5, for
J € {1,...,20}; the 20-40 components correspond to the 20 nominal signal features which follow the
order: p13; < p1; < o, forj € {21,...,40}; the rest of the components of the class means are all
Zero. Figureshows the mean vector pu, for each class along with the feature weights calculated based
on Kendall’s 7. We fix A = 0.10 and record the selected features with respect to different values of 7.
Figure|o.s|shows the number of ordinal signal features selected by FWOC and the proportion of ordinal

features selected among all the selected features with respect to different values of r. Clearly, both the
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Number of Selected Ordinal Features

Figure 2.5: The number and proportion of selected ordinal features by FWOC when 7 changes, given
A = 0.1. The red dashed line presents the number of selected ordinal features, which is scaled on the left
y-axis, the blue dashed line presents the proportion of selected ordinal features, which is scaled on the
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right y-axis. Both the number and proportion decrease as  increases.

number and the proportion decrease as 7 increases, indicating that the feature weights can help ordinal

features stand out, which is in agreement with our expectations.

Another parameter A controls the sparsity of the solution. A larger A imposes a heavier penalty on
the solution that would yield a more sparse solution. Note that there is an upper bound of X that gives a

nontrivial solution to (2.16), which is shown to be Ao = maxjeqi, . py ||V ||2, where v; is the jth row

vector of V.
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2.4 Weighted Sparse Discriminant Analysis

Here, we propose another method to incorporate the feature weights into the framework of sparse opti-
mal scoring. It has been shown that optimal scoring is indeed equivalent to LDA subject to a constant
factor. What is more, the sparse estimation from optimal scoring (Clemmensen et al., 2011) serve as a high-
dimensional solution for classification tasks. However, just like other standard classification methods, the
sparse optimal scoring is not designed for ordinal classes and does not take into account the additional
ordinal information. Thus, we borrow the idea of adaptive Lasso and add the feature weights when penal-
izing the coefhicients. We refer this proposed method as weighted sparse discriminant analysis (WSDA).

The objective function of WSDA can be written as the following.

OmERF, BmERP b

p
min 1Y0,, — XBnll3 + A El—w? ,
j:

1 .
subject to —GZIYTYGm =1, (2.18)
n
Y'Y, =0,V <m,
where Y is the n X K dummy matrix defined in optimal scoring, B, = (B, - -, Bmp)” is the mth

discriminant vector, and A\ is a complexity parameter which controls the shrinkage on the components
of B,. The shrinkage depends on the magnitude of the weights w;. It is obvious that given ), a feature
with smaller w; tends to have a smaller |3, that is to say, more penalties are imposed on the features
that contain less ordinal information. This criterion is similar to the idea of adaptive Lasso in regression
proposed by Zou (2006)), in which the coefficients are adjusted by the norm of ordinary least square
estimates. In this way, we could differentiate the contribution of features based on how much ordinal
information they contain. Note that when A is zero, becomes the original optimal scoring. As A
increases, the penalty on the coefficients will be increased, and the degree of increased penalty depends on

the weights of the features.
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To solve (2.18)), let 3, = % % B, where w = (wy, wo, . . ., wp)T is the vector whose components are

feature weights and * indicates the element-wise multiplication, i.e., 5;” = wi Bmj- Then the objective
J

will become:

P
Juin (Y0, = X(w =815+ A 15,1
m, Pm 7j=1

P
< min ||Y6,, — * 1124\ 2,
O, Bn || m w/8m||2 le |ﬁm]| (2’-19)

subject to %OZ;YTYOm =1,
0LY'YO, =0, VI <m,
where X, = (X1 %W, ..., X, * W), given X; is the jth column vector of X. Therefore, we could modify
the original data matrix by multiplying the weights on the features and solve the sparse optimal scoring

problem on the modified data matrix X,,. After that, the solution to will be transformed back to

the original scale, i.e., Bopr = W * ﬁ;‘pt, where 3

solution to (2.18).
The proposed is closely related to the sparse discriminant analysis (SDA) criterion by Clem-

is the optimal solution to (2.19)) and B, is the optimal

k
opt

mensen et al.,, porr. SDA is defined based on the framework of optimal scoring and it finds the mth pair

(6,,, Br) by solving:

min HY@m - Xﬁmng + ’YIBE;LQﬂm + /\”Bm”la

1
subjectto —0LY'Y0,, =1,
n
0LY'Ye, =0,V <m,

where € is a positive definite matrix, v and A are tuning parameters. We carry the calculations from

Clemmensen et al. (2011) to solve (2.18) using an iteration process.

In (2.19)), at mth step, given @,,,, the optimal 37, solves the Lasso problem: ming. [|Y'0,,—X,,35,|/5+

|13z, |1, whose solution can be obtained by the coordinate descent algorithm (see details in Section[z..9.2).
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At mth step, given 3;,,, the optimal 6,,, solves the problem:

min |6, — X0,

& minL =6,Y"Y6,, —26,Y"X,5;,
1

subject to ¢(0,,) = EBZ;YTYOm =1,

hi(0,,) =0LY'Y0, =0, forl =0,1,...,m— 1.

(2.20)

Let ), be the matrix that contains the trivial solution 6, and the set of 8s obtained from the previous
steps, i.e., Q= (00,01, ...,0,,_1), where 8y = (1,...,1)". Denote D = %YTY, then by the

method of Lagrange multipliers, solving is equivalent to solving the following set of equations:

oL g = O

_— = )\— —_— .

26, ~ 08, © ; "5, (2.213)
0. Deo,, =1, (2.21b)
0. D6, =0, forl =0,1,...,m— 1, (2.21¢)

where 1ys are Lagrange parameters. The equation is equivalent to:

m—1

1
nDO,, = Y" X8}, + ADO, + - lzg‘ 1uD8;. (2.22)

Multiplying 6} on both sides of (2.22)), and applying the conditions of (2.21b)) and (2.21d) yields:

1
(n—\N6/'D6,, =0/Y'X, 3" + s

1
= 0=0/Y"'X,38; + S

= w=-201Y'X,03,.
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Algorithm 2: Weighted Sparse Discriminant Analysis (WSDA)

L Initialization: Let D = Y'Y, X, = X« w,Q, = (1,..., 1)’}
IL. Calculation of B’s: Form =1,..., K — 1;

* Initialize 0,, = (I — QmQﬁD)OT, where 0, is a random vector with length of K, then apply
At - 6n .
normalization: 8,, Jor Do’

* repeat
(1) By, is the solution to: ming:

Y6, — XuB[I5 + AlIBrl1s
2)0,, = (Ix — QmQT D)D'YT X,,B%, then apply normalization:
0,, = 0,,/\/0LD8,, ;
until Convergence or achieve the maximum iterations;

* Let Qi1 = (@ : O1), and the optimal discriminant vector obtained at mth step is
IBm,opt = /B;(n * W.

III. Classification: Project X to the discriminant subspace spanned by the columns of
B = (Biopts - - - » Brc—1,0pt)> 1€ Xproj = X Bopt, then apply traditional LDA on X, such as
the standard LDA to achieve the classification rules.

Then by substituting ; back into and using the fact that Qng1 = lnlgl OZOIT, we can obtain:

(’I’I, - >‘)0m = DilYTXw/Bm - QinyTXw/B:w

= (n—Nb,, = (I -Q;QID)D'Y"X,03;,.

By using the constraints , we can calculate the value of A\. Thus, given 3;,, the optimal 8,,, is
proportional to (I — Q,,Q%L D)D~'YT X, 3%, in which Y7 X, 3}, is the unconstrained solution to
the least square problem. The solution to is obtained by finding pairs (3;,,, 8,,) iteratively for each
m. As of FWOC, once is solved, we project the data onto the column space of B, and apply the
traditional LDA for class assignment. The summary of the algorithm of WSDA, as a modified version of

the work in Clemmensen et al. (201), is given in Algorithm 2]
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2.5 Model Evaluation Metrics

In this section, we introduce the model evaluation metrics that are appropriate for ordinal classification.
Generally, for standard classification problem, a common-used metric is the classification accuracy. Given

atestset 7 and a classifier f(x), the classification accuracy is defined as :

ineTI(yi = f(XZ))

Accuracy(y, f(x)) = v )

where I(-) is the indicator function and |7 is the number of samples in the test set. However, the
limitation of classification accuracy becomes very obvious when classes are highly imbalanced. For example,
if a two-class example includes 95 positive samples and 5 negative samples, the classification accuracy
will be 95% even if we predict all the samples to the positive class, in which we actually achieve zero
correct prediction in the negative class. Therefore, the classification accuracy is strongly biased for heavily
imbalanced classes. There are also other popular metrics such as precision and recall, that can avoid the bias
of classification accuracy. In the situation when there is a binary classification problem, the predictions

and the actual class labels form a 2 x 2 contingency table, as given in Table

Table 2.2: 2 x 2 contingency table for binary classification. True positives are samples classified as positive
class by the classifier that are also actually positive. False negatives are samples classified as negative class
that are actually positive. True negatives and false positives are defined similarly.

Observation

Prediction Positive Negative
Positive True Positive (TP) | False Positive (FP)
Negative | False Negative (FN) | True Negative (TN)

Then the precision and recall based on the binary classification are defined as the following.

Precisi no. of TPs
ision =
recistont no. of TPs + no. of FPs’
.of TP
Recall = ne- o >

no. of TPs + no. of FNs’
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A precision score of 1indicates that every sample that is classified as positive actually belongs to the positive
class, a recall score of 1 indicates that every positive sample is classified as positive. Usually, the choice of
precision and recall depends on the classification problem. For example, in a task of detecting cancer
samples, (‘positive’ indicates patients with cancer, and ‘negative’ indicates patients without cancer), we
would want to achieve a higher recall so that we will not miss a patient who should receive therapies. In
another example of spam email detection (‘positive’ indicates spam and ‘negative’ indicates non-spam),
we would want to achieve a higher precision so that for every spam email that is detected, it should be
actually spam, to avoid putting important emails into the trash bin. A metric that combines the precision

and recall is the F score, which is the harmonic mean of precision and recall:

P9y precision X recall

precision + recall”

Note that the precision and recall was originally defined for binary classification problems. For the
multi-class classification problems, we use the class-averaged precision and class-averaged recall which are

given in the following:

Class-averaged precision = avg{precision for class k},

Class-averaged recall = avg{recall for class k },

where the precision (recall) for class & is calculated by taking ‘class & versus other classes’ as a binary
classification problem and avg{-} denotes the average values.
In addition, to appropriately measure the performance of multi-class ordinal classification,we also

define the weighted cost metric:

Weighted cost = Z ly; — f(Xi)‘d,

where f(x;) and y; is the predicted class label and actual class label, respectively, and d is a positive integer.

The weighted cost will favor the misclassification to nearer classes compared with the misclassification
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to further classes, and as d increases, the differences between these misclassifications will become larger.
When d = 1, the weighted cost is proportional to the mean absolute error (MAE).

For high-dimensional problems, we also consider sparsity as one measurement of the classifiers. Higher
sparsity will increase the interpret-ability of the model. In short, we consider the following measurements
as the evaluation metrics for the multi-class ordinal classification problems: (1) Classification accuracy;
(2) Kendall’s 7; (3) Weighted cost (when d = 1); (4) Class-averaged precision; (5) Class-averaged recall;
(6) Number of selected features; (7) Proportion of selected signal features among all the selected features

(only applied to situations where the signal features are known).

2.6 Simulation Studies

In this section, we carry out a simulation study to measure the empirical performance of the proposed

methods and compared with other well-known ordinal classification and nominal classification methods.

2.6 Different Ordinal Settings

In the simulations, we simulate moderate high-dimensional datasets, with dimension of soo and sample
size of 150. The samples are assumed to come from four classes with natural ordering: C < Cy < U5 <
C'4 and the sample sizes are distributed as n; = 45,15 = 35,n3 = 40,n4 = 30. We allow a small
fluctuation of the sample size across the four classes but maintain a relative balance among them. The
observations from class k are assumed to follow a multivariate normal distribution N, (5, X ), where
p; and Xy, is the mean vector and covariance matrix for class £, respectively. Among the soo features,
we assume that there are 20 signal variables which contribute to the separation of classes and the rest are
noise variables. We further divide the signal features into two categories, one consists of order-concordant
variables, i.e., ordinal variables, the other consists of order-discordant variables, i.e., nominal variables.
Figureshows an example of ordinal variables, nominal variables and noise variables, respectively. Each

panel of the figure presents two variables (dimensions) within the same category. In the left panel, the
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concentration of the four classes aligns linearly in both x and y axis. In the middle panel, the concentration

of the four classes does not follow an order, in which class 4 has smaller values than class 3. There is a clear

separation among the classes in both ordinal dimensions and nominal dimensions. In the right panel, all

the four classes are overlapped and there is no clear separation, which indicates the noise dimensions.
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Figure 2.6: 2-Dimensional geometric representation of ordinal dimensions, nominal dimensions and
noise dimensions, shown in the left, middle and right panel. Data points from four classes are identified
by different colors.

In the following, based on how much ordinality is existing among the classes, we design four different

scenarios that are characterized by different mean structures of the signal variables:

* linear ordinality
* nonlinear ordinality
¢ mixed of ordinal and nominal variables

¢ nominal situation

The signal variables in the scenario of ‘linear ordinality’ and ‘nonlinear ordinality’ are all ordinal

variables, and the signal variables in the ‘nominal situation’ are all nominal variables. Let the mean vector
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for class k be puy, = (e *my;, 0), where e is the effect size, my, is the mean structure for the signal variables,
and 0 is a zero vector representing the mean structure for the noise variables. Details about the four

scenarios are introduced in the following.

I. Linear Ordinality In the scenario with a linear ordinality, we assume that the mean values for the
signal variables are monotonically increasing or decreasing with the class labels. As shown in Figure]2.6}
in this case, one dimension would be sufficient to separate the classes. We allow ten increasing ordinal

variables and ten decreasing ordinal variables in this scenario. The values of mys are shown in Figure

Class Mean Structure of Signal Dimensions (Scenario )
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Figure 2.7: The class mean structures for the situation with a linear ordinality. The values are presented
in the y-axis, the indexes of the signal variables are presented in the x-axis. Mean structures for the four
classes are colored differently. The first ten dimensions represent a increasing trend of means as class labels
increase, the last ten dimensions represent a decreasing trend of means. Note that we allow different
distances between means from adjacent classes for different dimensions.

IL. Nonlinear Ordinality Different from the linear case in which the mean values monotonically

increase (decrease) with class labels, we allow the equivalence between the mean values for adjacent classes
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in the scenario with a nonlinear ordinality, so that each dimension alone is not sufficient to separate all
the four classes. For example, we consider the following order of the mean values for some dimensions:
1=2<3<41<2=3<4,and1 <2 < 3 = 4, where the numbers represent the means for the
corresponding classes. As shown in Figure the data will preserve a nonlinear ordinality in this case.

Class mean structures mys for the nonlinear case are shown in Figure

Class Mean Structure of Signal Dimensions (Scenario Il)
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Figure 2.8: As of Figure this figure shows the class mean structures for the situation with a nonlinear
ordinality. The first ten dimensions present a non-decreasing trend of the means as class labels increase,
the last ten dimensions present a non-increasing trend of means as class labels increase.

II1. Mixed of Ordinal and Nominal Variables The third scenario is the situation when there is a
mixture of ordinal variables and nominal variables. Among the 20 signal variables, there are ten ordinal
variables, whose mean values increase monotonically as the class labels increases, the rest ten are nominal
variables whose mean values are order-discordant. For example, the order of the mean values for the

order-discordant variables could be 1 < 2 < 3 < 4, where the numbers represent the means for the
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corresponding classes. The mean structures for the signal variables for the ‘mixed’ scenario are shown in
Figure

Class Mean Structure of Signal Dimensions (Scenario Il)
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Figure 2.9: The class mean structures of the signal variables in the ‘mixed’ scenario. The first ten dimen-
sions represent the ordinal variables, the last ten dimensions represent the nominal variables.

IV. Nominal Situation The fourth scenario will represent the nominal case, as shown in Figure in
which there is no ordinal information among the signal variables. The mean structures for this scenario are
shown in Figure The nominal situation represents the standard classification problem, in which we
want to test whether the performance of ordinal approaches will be hindered and whether the performance

of nominal approaches will be stronger.

Effect Size and Correlation Structure When other factors are fixed, the bigger the effect size is, the
easier the classes will be classified. The effect size (¢) over all the simulations is set to be 0.25. We fix the
variance to be 1. For each scenario, we consider three correlation structures: 1) Identity matrix, which indi-

cates that all the variables are independent with each other; 2) Block auto-correlation matrix, in which the
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Class Mean Structure of Signal Dimensions (Scenario 1V)
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Figure 2.10: As of Figure this figure shows the class mean structures for the situation of no ordinality.
All the dimensions are order-discordant.

signal variables are assumed to correlated with each other with decreasing correlations, the noise variables
are mutually independent, and at the same time the signal variables are independent with the noise vari-
ables; 3) Block compound symmetry matrix, in which the signal variables are assumed to correlated with
each other with a given correlation coefficient, the noise variables are independent with each other, and
at the same time the signal variables are independent with the noise variables. The block auto-correlation

matrix X, and block compound symmetry matrix X are given in the following:

g [ A O | Cle2duens Opmxipmnn |

0p—ns)x(ns) L(p—ns)x(p—ns) Op—ns)x(ns) L(p—ns)x(p—ns)

43



where ns = 20 is the number of signal variables, p; and ps are the coefficients of auto-correlation and
compound symmetry correlation, respectively. The (7, j)th element of A(p1)nsxns is @ij = pifj , the
diagonal elements and off-diagonal elements of C'(p2)psxns are 1 and po, respectively. In the simulations,

weset p; = 0.9and p; = 0.7.

2.6.2 Methods for Comparison and Practical Issues

We consider the following four methods to compare with the proposed FWOC and WSDA: Archer et al.
(2014), Zhang et al. (2018), D. M. Witten and Tibshirani (2011), and Clemmensen et al. (2o11). Theses
methods have been introduced in Section and We will refer the first two work as PCRM
(penalized continuation ratio model) and BhGLM, respectively. Note that both of PCRM and BhnGLM
are model-based approaches that assume linearly ordered classes. The third method by D. M. Witten
and Tibshirani (2011) is a well-known multi-class sparse LDA that was originally developed for nominal
multi-category classification. We call their method PLDA (penalized LDA) in this work. The last one
for comparison is the sparse discriminant analysis (SDA) proposed by Clemmensen et al. (2011). Both
of PLDA and SDA are projection-based approaches, in which they aim to project the data onto a lower-
dimensional discriminant subspace and then apply the standard classification methods (such as LDA) on
the projected data to obtain the classification rules. Also, the proposed FWOC and WSDA are projection-
based approaches.

In practice, we use the s-fold cross validation technique to tune the optimal parameters for the methods.
In short, it works by splitting the whole training dataset into 5 folds, and taking each fold as the test set
and the rest folds as the training set once a time. The process is repeated until each fold has been used as
the test set. An illustration of s-fold cross validation is given in Figure

For FWOC, we select the optimal parameters (7opt, Aopt) based on the grid search. The tuning range
of rand A is (0, 1) and (0, Anaz ), respectively. The tuning range for WSDA depends on the data. For
both FWOC and WSDA, we use the Kendall’s 7 as the cross-validation metric. Note that for FWOC,

there are two tuning parameters, in practice, there might be situations when there are multiple winners
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Figure 2.11: The illustration of s-fold cross validation.

in the grid space. If that happens, we adapt a parsimonious rule of selecting the solution with the largest
sparsity and largest ordinality which favors larger A and smaller 7. There are also other options of selecting
parameters, such as the one standard error rule mentioned in J. Friedman et al. . For FWOC, we
also consider two criteria of selection, in which the first one is giving the priority to largest A and the
second one is giving the priority to smallest 7. Figure demonstrates the two criteria denoted as cr
and c2, when there are multiple winners in the grid space. For all the projection-based approaches, we
use traditional LDA as the post-hoc classifier for projected data. For SDA, we only use the Lasso penalty
and vary the tuning parameter in an log-scale grid on some predefined values and select the best tuning
parameter based on s-fold cross validation on classification accuracy. The SDA method is implemented
by the R package sparesLDA (Clemmensen et al., . For PLDA, we also use the Lasso penalty and
use the built-in cross validation function in the R package penalizedLDA (D. Witten, to select the
best tuning parameter in a range of (0.0001, 0.001,0.01,0.1, 1, 10). PCRM is implemented using the
R package ordinalgmifs (Archer etal., 2014) with € = 0.01. BAGLM is implemented via the R package



BhGLM (Yi, 2019) and its optimal parameter is selected from an equally 0.01-spaced grid on [0.05, 0.25]

via s-fold cross validation.

c2

cl

Figure 2.12: Demonstration of the tuning criteria. The figure shows a simple illustration of the grid space
spanned by the range of A and r, each grid represents a 2-dimensional point in the grid space. The figure
shows the situation when there are three winners (colored grid) in the grid space with the highest Kendall’s
7. Orange grid will be chosen by the cr criterion, and green grid will be chosen by the c2 criterion.

As discussed in section there are two rank correlation measurements that could be used by the
proposed methods, the Spearman’s rank coefficient and the Kendall’s 7. Therefore, in the simulation
study, to make a comparison between the rank correlations, these two weighting methods will be both
incorporated with FWOC and WSDA, denoted as FWOC(sp), WSDA(sp), FWOC(k) and WSDA(k),
respectively. In addition, we also include the two criteria for choosing a tuning parameter in case there is a
tie in the s-fold cross validation for FWOC. For example, FWOC(k)(cr) represents the situation when we
use Kendall’s 7 as the weighting measurement and cr as the tuning criterion. Another variant in FWOC
is the number of discriminant vectors, which by defaultis K — 1, where K is the number of classes.
In the scenario of linear ordinality, we also allow a reduction in the number of discriminant vectors in
FWOC, in other words, we also compare the performance with two discriminant vectors versus that with
three discriminant vectors. For example, FWOC(k)(c1)_2D means we use two discriminant vectors with

FWOC(k)(c1). In the last three scenarios, we only consider three discriminant vectors.
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2.6.3 Simulation Results

In each of the four scenarios, we compare three correlation structures which are mentioned before: block
auto-correlation, block compound symmetry and identity. For each simulated dataset, we randomly split
it to a training set with 70% observations and a test set with 30% observations. We use the training set for
model building and the test set for model assessment. The test results are averaged over 100 repetitions.

Results for each scenario are discussed in the following.

Linear Ordinality

The average classification accuracy, Kendall’s 7 and weighted cost (when d = 1) along with the stan-
dard deviations are presented in Figure In general, when the correlation structure is the block auto-
correlation, WSDA(sp) performs the best, with the highest classification accuracy, Kendall’s 7 and the
lowest weighted cost. WSDA(k) is the second best followed by FWOC. PLDA performs significantly
worse than all the other methods, and SDA performs the second worst. The performance of BAnGLM and
PCRM are worse but close to that of FWOC. When the correlation structure is the block compound
symmetry or the identity matrix, FWOC and WSDA are still the top performers among all the meth-
ods. In addition, the performance of PLDA becomes stronger in these two correlation structures, but
BhGLM becomes much more weaker. PLDA performs the best under identity correlation, in which the
true correlation is close to the estimated correlation. SDA is still weak under these two correlation struc-
tures. Although both of PCRM and BhGLM are model-based approaches, PCRM performs better then
BhGLM generally. In term of the variants within FWOC and WSDA, the Spearman’s rank works better
with WSDA than the Kendall’s 7 and they work similarly for FWOC. For FWOC, there is no significant
difference between the tuning methods, mainly because that the simulated data are not too complicated
such that the case when there is a tie among multiple tuning parameters might not happen. Also, using
three discriminant vectors is only slightly better than using two discriminant vectors for auto-correlation,
in which the data are generally harder to be separated than the other two correlations. The classifiers per-

form the best under the correlation structure of compound symmetry, in which the correlations among
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signal variables are the highest. The results are the most variant in the situation with the auto-correlation

covariance.
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Figure 2.13: The average classification accuracy, Kendall’s 7 and weighted cost (when d = 1) over 100
simulated data sets for the scenario of linear ordinality. Standard deviations are represented by error bars.
The three columns show the three metrics, whose values are displayed on the x axis. Difterent correlation
structures under the scenario are presented in the rows.

In addition, we plot the number of selected features by each method, which is shown as the bar graph

in Figure Along with the bargraph, we also calculate the ratio of signal features among all the selected

features, which is represented by the blue lines in Figure According to Figure BhGLM fails

to achieve a sparse solution. Among all the methods, the most sparse solution is achieved by FWOC

with the auto-correlation covariance, and WSDA with the compound symmetry and identity correlation
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Figure 2.14: The bargraph shows the number of selected features by each method, which is scaled on the
left y axis. The line plot shows the ratio of selected signal features among all the selected features, which
is scaled on the right y axis. The three rows show the three correlation structures.

structure. In addition, WSDA achieves the highest signal ratio among all these methods. In comparison,
the performance of SDA is much weaker than WSDA in the linear case. Above all, both FWOC and
WSDA have a very strong performance in the scenario with a linear ordinality. BAGLM does not perform
well might due to the reason that it does not achieve a sparse solution. The reason that PLDA and SDA
are not competitive might be that they do not take into account of the strong ordinal information in this

scenario.

Nonlinear Ordinality

The results in the scenario with a nonlinear ordinality are shown in Figure
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Figure 2.15: Asin Figure the x axis shows average classification accuracy, Kendall’s 7 and weighted cost
(when d = 1) over 100 simulated data sets in the scenario of nonlinear ordinality. Different correlation

structures are presented by rows.

For all the three correlation structures, WSDA(sp) performs the best, followed by WSDA(k). FWOC

is always the second strongest method. Also, with the correlation structure of compound symmetry and

identity, FWOC performs very competitive to WSDA. BhGLM performs better with auto-correlation

covariance compared with the other two correlations. In addition, the performance of PCRM lies in the

middle tier. Both of PLDA and SDA have a weak performance with all three correlation structures. In

the scenario of nonlinear ordinality, FWOC and WSDA have far more better performance than the other

methods.
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Figure2.16shows the number of selected features and ratio of signal features. The pattern of signal
ratios are very similar across the three different correlation structures, in which WSDA(k) achieves the
highest ratio, followed by WSDA(sp). Again, BhnGLM fails with feature selection. Among the rest of
the methods, the most sparse one is achieved by WSDA(k). SDA does a good job in achieving a sparse
solution, but selects less signal features. The signal ratios of PLDA and SDA are relatively low, which
might explain why they have a weak performance in terms of the metrics in Figureo.19] The reason that
BhGLM and PCRM do not perform well might be that one dimension is not sufficient to separate the
classes in this case. The reason that PLDA and SDA are neither promising might be that they do not take

into account of the ordinal information, similar as the reason for that in the scenario of linear ordinality.
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Figure 2.16: Asin Figure the bargraph shows the number of selected features and the ratio of selected
signal features among all the selected features, with scales on the left and right y axis, respectively.
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Mixed of Ordinal and Nominal Variables

Results for the ‘mixed’ scenario are presented in Figureand Figure
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Figure 2.17: Asin Figure the x axis shows the average classification accuracy, Kendall’s 7 and weighted
cost (when d = 1) over 100 simulated data sets in the ‘mixed’ scenario.

The top methods in this scenario are FWOC, WSDA and SDA. To be more specific, WSDA performs

the best with the auto-correlation covariance, FWOC performs the best with the compound symmetry

and identity correlation structures. SDA has a close performance with WSDA with the identity covariance.

Note that although sometimes SDA has a higher accuracy than WSDA, it achieves a lower Kendall’s 7

than WSDA. The performances of BAnGLM and PCRM are weak in this scenario. PLDA is also not

strong and its performance lies in the middle tier.
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In terms of feature selection, we are not only interested in the signal ratio but also interested in the
ratio of ordinal variables among all the selected variables. Figure presents the number of selected
features, signal ratio and ordinal ratio. In terms of sparsity, WSDA, FWOC and SDA perform comparably
well, in which the most sparse solution is achieved by WSDA(k). Also, the highest signal ratio and ordinal
ratio are both achieved by WSDA(k) . SDA performs slightly better than FWOC in term of the two ratios.
BhGLM sitill does not achieve a sparse solution. The ordinal ratio for PCRM is relatively high compared

to its signal ratio, which indicates that PCRM does a good job in selecting ordinal variables.
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Figure 2.18: The bargraph shows the number of selected features, the ratio of signal features and the ratio
of ordinal features among all the selected features. The scales of the numbers are on the left y axis, and
the scales of the ratios are on the right y axis. The blue line represents the signal ratio and the red line
represents the ordinal ratio.
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Nominal Situation

Results of the quantitative metrics and feature selection the nominal scenario are shown in Figure

and Figure .20} respectively.
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Figure 2.19: Asin Figure the x axis shows the average classification accuracy, Kendall’s 7 and weighted
cost (when d = 1) over 100 simulated data sets in the nominal scenario.

The top methods are still FWOC, WSDA and SDA. FWOC is the strongest with the compound
symmetry and identity covariance, and it also always achieves the highest Kendall’s 7. SDA performs very
competitive, especially in obtaining a high accuracy with the auto-correlation and compound symmetry
covariance. However, in terms of Kendall’s 7 and weighted cost, SDA does not beat WSDA and FWOC.

PLDA is still in the middle tier with respect to accuracy, and it is the weakest with respect to Kendall’s 7
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and weighted cost. Also, neither of BhnGLM and PCRM performs well, due to the reason that the scope
of these classifiers can not be extended to the standard classification problems.

According to Figure WSDA is still the best in terms of having a most sparse solution with the three
covariance structures. However, the advantage of WSDA in this scenario is not that obvious compared

with previous scenarios. The signal ratios achieved by FWOC and SDA are not far more smaller than that

of WSDA.
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Figure 2.20: Asin Figure the bargraph shows the number of selected features and the ratio of selected
signal features among all the selected features, with scales on the left and right y axis, respectively.

Based on the simulation results, the four scenarios, if ranked by the complexity from the highest to

the lowest, would follow: nominal > nonlinear > mixed > linear. Table [>.3/shows a summary of the

performances of the methods with respect to the metrics shown in Figure and The

performances are categorized as ‘Strong’ ,'Middle’ and “Weak’ subjectively. Among the methods, WSDA

generally performs the best for most of the times, not only in achieving the highest accuracy (or Kendall’s
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Table 2.3: Summary of the performances of the methods in different scenarios in the simulation study.
‘CS’ is short for compound symmetry correlation.

Linear Nonlinear
Auto-correlation CS Identity Auto-correlation CS Identity
BhGLM Middle Weak Weak Middle Weak Weak
FWOC Middle Strong  Strong Middle Strong  Strong
PCRM Middle Strong  Strong Middle Middle  Weak
PLDA Weak Strong  Strong Weak Middle Middle
WSDA Strong Strong  Strong Strong Strong  Strong
SDA Middle Weak Weak Middle Weak Weak
Mixed Nominal
Auto-correlation ~ CS  Identity Auto-correlation ~ CS  Identity
BhGLM Weak Weak Weak Weak Weak Weak
FWOC Strong Strong  Strong Strong Strong  Strong
PCRM Weak Weak Weak Weak Weak Weak
PLDA Middle Middle  Strong Middle Middle Middle
WSDA Strong Strong  Strong Strong Strong  Strong
SDA Strong Strong  Strong Strong Strong  Strong

7 and weighted cost) but also achieving the most sparse solution with the highest signal ratio. FWOC is
also one of the strongest performers. Comparably, the performance of PLDA always lies in the middle
tier, which is better than the model-based approaches but worse than WSDA and FWOC. Interestingly,
in the ‘linear+identity’ and ‘linear+compound symmetry’ case, PLDA performs very good, probably due
to the reason that data are much more easier to be separated in these cases. In addition, SDA performs
not well with the case of linear ordinality and nonlinear ordinality, but works very well in the ‘mixed’ and
nominal scenario.

As WSDA can be considered as an ‘ordinal” modification version of SDA, the comparison of WSDA
and SDA becomes very interesting. The simulation results demonstrate that WSDA works better than
SDA when there is some ordinality within the dataset and the advantages of WSDA disappears when
the data are purely nominal. The comparison between SDA and WSDA confirms that WSDA is more

suitable for ordinal cases, and SDA is more suitable for nominal cases.
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Furthermore, it is also interesting to discuss about the performance of the model-based approaches,
BhGLM and PCRM. These model-based approaches make the assumption that the classes are linearly
aligned with the orders, which means that one dimension is sufficient enough to separate the classes.
Among the four scenarios, the performances of these model-based approaches are only acceptable in
the ‘linear ordinality’ case. BhnGLM and PCRM perform not well in other cases, which is not beyond
our expectations. In terms of feature selection, PCRM perform well in achieving a sparse solution, but
BhGLM fails with feature selection. In practice, data are complicated such that the classes have a high
probability of being non-linearly aligned, in which these model-based approaches might fail. In terms of
feature selection, both of WSDA and FWOC work better than the other methods, indicating that the
incorporation of weights will help us select the ordinal features.

The simulation results also show that different rank correlation measurements have different impacts
on the proposed methods. To be more specific, with Spearman’s rank coeflicient, WSDA can achieve
a better classifier performance than with Kendall’s 7; with Kendall’s 7, WSDA does better in feature
selection. However, FWOC is not sensitive with the two rank correlations in the simulations. In addition,
although we consider two different tuning criteria for FWOC, it seems that the results are not significantly
different. It is probably because that the simulated data are not that complex enough so that there might
not be multiple winners in the grid space when tuning the parameters. Through simulations, it is also
interesting to see that the two metrics, Kendall’s 7 and weighted cost (d = 1) have some symmetry between
them, and the optimal methods indicated by different metrics are consistent for most of the times (The
results of class-averaged precision and recall are presented in Table[2.4} and2.7]in Section[2.9.3).
This is also because that our simulated data are relatively balanced.

Above all, both FWOC and WSDA perform very well under the ordinal scenarios and they also show
a strong performance in nominal scenarios, indicating that the proposed methods are capable of achieving

a balance between the class separation and ordinality.
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2.7 Classifications with Tumor Grades and Drug Responses

High-dimensional ordinal data are not uncommon in real world applications, especially in the field of
biomedical research. Clinical responses and tumor-node-metastasis (TNM) stages are always categorized
as ordinal groups. For example, the clinical responses to a treatment could be categorized as ‘Complete
Response’, ‘Partial Response’, ‘Minimum Response’, ‘No Change’ and ‘Progressive Disease’ (BladE et al.,
1998), depending on the degree of reaction. In addition, tumor grades are often grouped as ‘Stage o’, ‘Stage
I’, ‘Stage IT’, ‘Stage III” and ‘Stage IV’, depending on the severity of the disease. With the development of
modern technologies, multiple high-throughput platforms are providing a large repository of data, such
as the gene expression data, to facilitate the biomedical research. Among various types of biomarkers,
many studies have shown that gene expressions are very powerful predictive features in predicting clinical
responses and tumor grades. In this section, we test our high-dimensional ordinal classification methods
FWOC and WSDA using four datasets from the biomedical area. Among the four datasets, two of them
are associated with the predictions of tumor grades and the other two are related with the predictions of

clinical responses. A brief description of these datasets is given in the following.

I. B-cell Acute Lymphoblastic Leukemia Data This dataset consists of a subset of the observations
from the acute lymphoblastic leukemia (ALL) dataset (Chiaretti et al., 2004) which includes micro-arrays
from 128 patients with acute lymphoblastic leukemia from the Ritz laboratory. ALL is a type of cancer
that is due to the abnormalities of bone marrow cells and is the most common childhood cancer (Hunger
& Mullighan, 2015)). The whole dataset is available in the R package ALL (Li, 2019)) and we consider
the subset of it which includes the 9o patients who are in the group of B-cell ALL. Their tumor stages
information lies in one of the four ordinal classes: Bi, B2, B3, B4. This dataset has been normalized using

RMA. The classes are ordered such that: Br < B2 < B3 < B4.

IL Primary Human Glioma Data  This dataset was originally from the study of L. Sun et al. (2006),

on a research of the evaluation of SCF expression in primary human gliomas. Glioma is a type of cancer
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that occurs in the brain and spinal cord. The gene expression dataset was generated using the Affymetrix
HG-Ur33 Plus 2.0 Array and can be assessed from the Gene Expression Omnibus (GEO) database with
accession number GDS1962. It consists of mRNA expressions of 157 primary human gliomas (Grade II,
II1, IV) and 23 non-tumor human brain samples. The classes are ordered such that: Normal < Grade IT <

Grade III < Grade IV.

III. Multiple Myeloma with VTD Induction Therapy Data This dataset was generated from the
study of Terragna et al. (2016) focusing on the prediction of complete response using genetic information
for multiple myeloma (MM) patients who received the induction therapy. MM is a type of cancer which is
characterized by the proliferation of bone marrow of plasma cells (Terragna etal., 2016). Like other cancers,
genetic abnormalities play an essential role in the acquisition of MM. Althoughitisa relatively uncommon
cancer, the overall s-year survival rate for people with MM is not high. Modern treatments such as induc-
tion, consolidation and maintenance therapies for MM have emerged over the years (Terragna et al., 2016)).
However, the prognosis of MM still remains variable, partly due to the heterogeneity of patients’ response
to the treatments. The dataset can be assessed from the GEO database with accession number GSE68871.
It was generated using the Affymetrix HG-Ur33 Plus 2.0 Array and consists of 118 primary tumor cell sam-
ples obtained from new MM patients who received the Bortezomib-Thalidomide-Dexamethasone (VID)
induction therapy. The clinical outcome in this study is a five-class ordinal outcome: Complete Response
(CR), Near Complete Response (NCR), Very Good Partial Response (VGPR), Partial Response (PR)
and Stable Disease (SD). The order of the classes follows CR < NCR < VGPR < PR < SD.

IV. Multiple Myeloma with Bortezomib Data  This dataset was originally from a study by Mulligan
etal. (2007), on the relationship between gene expression profiling and the treatment outcomes of protea-
some inhibitor Bortezomib, for patients with MM. In the study of Mulligan et al. (2007)), they aimed to
predict the complete response of treatment with Bortezomib for MM patients. The dataset can be assessed
from the GEO database with accession number GSE9782. It was generated using the Afftymetrix HG-Ui33

A/B platform and consists of 169 pre-treated tumor cell samples from the patients with relapsed myeloma
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who were enrolled in the phase 2 and phase 3 clinical trials of Bortezomib. The outcomes in this dataset are
categorized as Complete Response (CR), Partial Response (PR), Minimal Response(MR), No Change
(NC) and Progression Disease (PD), according to the European Group for Bone Marrow Transplantation

criterion (BladE et al.,. The order of the classes follows: CR. < PR < MR < NC < PD.
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Figure 2.21: The bargraph shows the number of observations in the ordinal categories for the four datasets.

A summary of the four datasets is given in Figure Both of the two tumor-grade datasets have four
ordinal outcomes and both of the two treatment-response datasets have five ordinal outcomes. Note that
the number of samples are not balanced in the datasets.

For each of the datasets, we randomly split it into a training set with 70% observations and a test set

with 30% observations and repeat the random split for ten times. In each repetition, we pre-screen s00
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probes using the univariate ordinal logistic regression model by Zhang et al. (2018) with the training set.

To be specific, for the jth probe, an ordinal logistic regression model is fitted:

(

1— lOg’it_l((bl'ij + ﬁlj), fork =1,

P(Z/Z = k) = logit’l(quij + 6(16—1)]') — lOgitil(gf)Z’ij + 6@'), forl < k< K,

lOgit_1<¢$ij + ﬁkj), fork = K,
\

where logit™!(z) = j» B are the corresponding intercept terms under the constraints: 5y <

1
1+exp(—2z
- < Pk;j. After fitting the model, the probes are ranked based on the p values for testing the null
hypothesis Hj : ¢ = 0 and the top soo probes are selected based on the top smallest p values.
We test the performance of FWOC(k) and FWOC(sp) with two dimensions (as suggested by the
average number of discriminant dimensions produced by PLDA), WSDA(k), WSDA(sp), and all the

other methods for comparison in the simulation study.

2.7.1  Results

The results for the four datasets are averaged over ten repetitions and are presented in Figure and
We present classification accuracy, Kendall’s 7, class-averaged precision and class-average recall in
the results. Note that due to the reason that classes are highly imbalanced, we can not rely on one metric.
According to Figure both FWOC and WSDA generally have a strong performance. The detailed
discussions on the performances for each of the four datasets are given in the following.

For the classification of Beell, FWOC(k) and FWOC(sp) achieve the highest accuracy, followed by
WSDA(k), PLDA and BhAGLM. PCRM obtains the highest Kendall’s 7, followed by WSDA (k). WSDA (k)
also obtains the highest class-averaged recall and class-averaged precision, indicating that it performs the
best in identifying individual classes. Also, WSDA performs better than SDA for the Beell data. B\nGLM

and PCRM performs well in terms of a high Kendall’s 7.
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Figure 2.22: Results over ten repetitions for the four datasets. The classification performances are pre-
sented in the x-axis, measured by classification accuracy, Kendall’s 7, class-average precision, and class-
averaged recall. The standard deviations of the measurements are presented by the error bars. The perfor-
mances for the four datasets are presented in the four rows, respectively.
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For the GDS1962 dataset, FWOC(sp), FWOC(k) and BhGLM perform the best, with the highest
accuracy and Kendall’s 7. Also, FWOC(sp) and FWOC(k) achieve the highest class-averaged recall and
class-averaged precision while BhAGLM losses its advantage in class-averaged recall and precision. Compa-
rably, PCRM does not perform well for this dataset. SDA is slight better than WSDA. PLDA lies in the
middle tier.

In the data of the clinical responses to the induction therapy for MM patients (GSE68871), WSDA(k)
has the strongest performance in accuracy and PLDA has the strongest performance in Kendall’s 7.
FWOC(k) achieves the highest class-averaged precision and recall. Although BhGLM achieves a rela-
tively high Kendall’s 7, it has the lowest class-averaged recall and precision, indicating that it may tends to
classify classes to the majority class. Also, WSDA performs better than SDA for this dataset.

In terms of the data of the clinical responses to Bortezomib for MM patients (GSE9782), PLDA and
FWOC(k) have the strongest performance in accuracy and Kendall’s 7, respectively. WSDA works better
than SDA. FWOC also performs the best in terms of class-averaged recall and class-averaged precision.

In addition, Kendall’s 7 works better with FWOC than Spearman’s rank, except for GDS1962. Ac-
cording to Figure generally the most sparse solution is achieved by PCRM. WSDA and SDA also
achieve solutions with high sparsity. The solution of PLDA and BhGLM are generally not very sparse.
FWOC performs in the middle tier in terms of feature selection.

Above all, both of FWOC and WSDA have a consistently strong performance in classifying these
four ordinal datasets. In addition, methods perform better with four classes than five classes, in which the
GDSi1962 dataset is the easiest one to be classified.

As discussed earlier, FWOC, PLDA, WSDA and SDA estimate the discriminant subspace onto which
we can project the data to see the pattern of classes. To visualize the underlying structure of the datasets,

we further project the four datasets onto a two-dimensional subspace obtained from these methods, as

shown in Figures|2.24} [2.25} [2.26} [2.27| for Beell, GDS1962, GSE68871, GSE9782, respectively.

In general, the two-dimensional projections for the four datasets reveal that the classes have a non-

linear ordinality and one dimension is not sufficient to separate the classes. The projections from the
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Figure 2.23: Results of feature selection over ten repetitions for the four datasets. The number of selected
features is presented as bar-graphs in the x-axis. The four rows indicate four datasets.
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four methods look similar but actually different. For Beell, all of the four projections make a good job in
separating class 1 (B1), class 2 (B2) versus class 3/4 (B3/B4). Classes of B3 and B4 are not very separable in
these projections, which may indicate that the pathological differences between tumor grade B3 and B4

are not significant.

FWOC's projection: 1st vs. 2nd dimensions PLDA's projection: 1st vs. 2nd dimensions
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Figure 2.24: Two-dimensional projection for Beell dataset. Classes are marked by different colors and

shapes.

For GDS1962, FWOC works the best in separating the four classes. The projected class 4 (Grade
IV) are more close to projected class 1 (Normal) and class 2 (Grade II), in the projections obtained from
PLDA and SDA. This is in disagreement with the fact that ‘Normal’ samples should be far apart from
‘Grade IV’ samples. Also, there exists some ordinality in the first dimension of the FWOC’s projection,

in which the centers of class 1 to class 4 are aligned from the left to the right. In comparison, the center
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of projected class 2, 3,and 4 are overlapped in the first dimension of projections from WSDA and SDA.

This observations is also in agreement with the observation that FWOC works the best for GSE1962 in

terms of the evaluation metrics. Also, the ordinality observed in the first dimension is consistent with the

phenomenon that BhGLM also has a good performance in terms of evaluation metrics.

Second Dimension

Second Dimension

FWOC's projection: 1st vs. 2nd dimensions

PLDA's projection: 1st vs. 2nd dimensions
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Figure 2.25: Two-dimensional projection for GDS1962 dataset.

The projections for the GSE68871 dataset are presented in Figure[2.26l FWOC has the best projection

in terms of class separation. The classes overlap a lot in PLDA’s projection. The projections from WSDA

and SDA are similar, but we can observe that class 2 and class 3 are more separable in WSDA’s projection.

In addition, among the four projections, we can see that samples from class 1 (CR) and class 2 (NCR)

are heavily overlapped, implying that the pathological differences between ‘complete response’ and ‘near

complete response’ to the VID therapy may be negligible.
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For the dataset of GSE9782 shown in Figure FWOC, WSDA and SDA show much better class

separation than PLDA. The projected classes are more condensed in the projection from SDA. Also,

the centers of the classes align from the left to the right, which is consistent with the ordering of the

classes. Furthermore, we see that class 3 (MR ) and class 4 (NC) are close to each other compared with the

other three classes, which indicates that the pathological difference between ‘no change’ and ‘minimum

response’ to Bortezomib therapy may be small.
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Figure 2.26: Two-dimensional projection for GSE68871 dataset.

Above all, both FWOC and WSDA produce good projections of the datasets. The model-based

approaches are not capable of providing projections with two and more dimensions. We see that additional

information such as the adjacency between certain classes are revealed by these projections, which will

help in understanding the underlying similarities or differences among the classes.
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Figure 2.27: Two-dimensional projection for GSE9782 dataset.
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2.8 Conclusions

In this work, we introduce the concept of ‘feature weighting’ in the context of ordinal classification, to
quantify the contribution of individual features. Based on ‘feature weighting’, we propose two novel ordi-
nal classification methods, namely feature-weighted ordinal classification method (FWOC) and weighted
sparse discriminant analysis (WSDA). FWOC works by incorporating the feature weights into the frame-
work of LDA and finding a balance between class separation and ordinality. FWOC works well when the
dimension exceeds the sample size and is able to achieve a sparse solution through a group Lasso penalty.
It also has been shown that FWOC is closely related to the well-known classification methods, such as
ridge-corrected LDA and optimal scoring. In comparison, WSDA works by incorporating the feature
weights into the framework of sparse optimal scoring via adaptive Lasso. It is also closely related to the
work proposed by Clemmensen et al. (2011).

Difterent from the existing ordinal approaches which assume a linear ordinality among classes, both
FWOC and WSDA are capable of learning the true structure of the ordinality and detecting a nonlinear
ordinal structure if exists. Simulation studies demonstrate that both WSDA and FWOC have promising
performances across different scenarios. It is also interesting to know that WSDA performs better than
SDA in the ordinal scenarios and such advantages vanish when the data are purely nominal. This indicates
that the incorporation of feature weights does help in the ordinal settings.

When applied to the real data examples, both FWOC and WSDA obtain competitive performances
compared with other methods, in which their projections reveal that the underlying structures of the
classes are not linearly ordinal. This indicates that imposing a strict linear ordinal assumption on the
classes is not appropriate.

A main limitation of FWOC is that it is time-consuming to search for an optimal parameter pair in a
2-dimensional grid. A possible solution to reduce the computation time is to pre-define a smaller tuning
range. In addition, in both FWOC and WSDA, we use pre-defined number of discriminant vectors,

which can probably be considered as a tuning parameter in the future. However, adding another tuning

69



parameter will definitely increase the complexity and weaken the interpretations of the effects of individual
parameter. Thus, a further investigation might be needed. A limitation of WSDA is that the tuning range
is not bounded when we carry the calculations from the work by Clemmensen et al. (2011). Therefore,
in practice, it may yield a trivial solution with a large tuning parameter. It remains efforts to study an
appropriate range of the tuning parameter. What is more, the feature weights are only applicable with
continuous features. When there are categorical features, new weighting criterion is needed to be explored.
Also, there might be other choices of weights other than Spearman’s rank correlation and Kendall’s 7
that could also be applied to the two methods, such as the Goodman and Kruskal’s gamma (Goodman &

Kruskal, 1959} 1963} 1972} 1979).

2.9 Supplement

This section contains the supplementary materials.

2.9.1 Connections between LDA and Optimal Scoring

In this section, we discuss the connections between LDA and optimal scoring, according to the work of
Hastie et al. (1995). The connections have to be formulated via the link of canonical correlation analysis
(CCA). Here, we assume that X has been centered in columns, and Y is the dummy indicator matrix

defined in Section .2.2] We introduce some notations:

1

Yyy = =YY denotes the diagonal matrix of the class proportions,
n
 ——— . .

Yixx = — X" X denotes the total covariance matrix,
n

1
Yyx = X%y = ~YTX.
n

Then, CCA isintroduced as follows. Given X, ., and Y,, « k as two sets of observations of two random
variables, CCA aims to find linear combinations of X and Y with the largest correlation with each other.

Assume X 3and Y 0 are the desired linear combinations of X and Y, the optimization problem of finding
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sequential canonical pairs (8, 3) is given by:

max eTnyﬁ,

0cRK BeRp
subject to 07Yyy0 =1, (2.23)
B ExxB=1.
Let© = (0y,...,6;) and B = (B, ..., B) be the collections of optimal canonical vectors, where

[ = min(p, K). In fact, © and B are the left and right singular matrix obtained through the singular

.. 1 -1 . . .
value decomposition of Xy.y Xy x Xy, with orthogonality constraints:

Yoy Syx Sy = ©DyBT,
GTEYY@ — 17 (2.24)

BTSyxB =1,

where Dy is a diagonal matrix with non-negative singular values d;.

Next, we rewrite the optimization criterion in as:
R(6,8) =0"Syy6 — 20"y xB + BT Sy xB. (2.25)

By (2.23)), given 0, the optimal estimate of 3 is given by: B,s = E}lx Y xy 0. Then, if we substitute 3,
into (2.2, the optimal estimate of 6 will minimize: 1 — 07y x E)_(IX Y xy 0. A direct comparison of
and suggests that optimal scoring is minimizing the same criterion as CCA when given the
same constraints on @ and 3. Also, it can be shown that, when given 0, the optimal estimate of 3 in CCA
problem is given by:
Yk Sxy 0
\/ (CxxExv0) Exx (Nxy Xxv0)
Bos
VBLExy Bos

/Bcca =
(2.26)
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which is the same as 3,5 up to a constant scale. Also, if we substitute 3., into (2.23)), the criterion will
be the same as maximizing 07y« E}lx Y xy 0. Thus, CCA and optimal scoring obtain the same score
vectors (0) and discriminant vectors (3) up to a scale factor.

What is more, by relating CCA to LDA using (2.24)), it can be shown that B.., D ()3 satisfies
the criterion (2.9) in LDA, where B, denotes the optimal solution given by CCA and D (

a2y} isa
diagonal matrix with elements (1 — df)_%. Above all, the discriminant vectors obtained by LDA and

optimal scoring are the same up to a constant scale, therefore, they are indeed equivalent.

2.9.2 Coordinate Descent with Lasso

Here, we introduce the coordinate descent algorithm, which is designed to find the solution that minimizes
a function: mingegrs f(x), where x = (z1,...,2,)". The main idea of coordinate descent is to
minimize f(x) by finding the minimum in each coordinate, which solves a univariate problem instead of
a multivariate problem during the iterations. Specifically, the steps of coordinate descent are given below:

1. initial value: x° = (29, 29, ..., 297,

2. At k"iteration step:

k_ - k-1 k-1 k-1

xy argrr;mf(xl,xZ LT3, Ty ),
1

ko ~ k k-1 k—1

:1:2—argrr%mf(:l:l,asg,ac3 e Ty ),
2

ko : kook ok

T, = arg min flay, x5, 25, ..., 2,),
P

. . . . . o .

where x* is the solution in k step. The updating rule for each coordinate is: z; = x; — a%, with
J

« being the learning rate. Note that if a closed-form solution for the minimum at the coordinate exists,

we can directly use the closed form instead of the updating rule. The steps in coordinate descent satisfy

f(x%) > f(x) > f(x?) > ..., which guarantee the convergence. What is more, the order of updating

coordinates can be arbitrary, which is not necessary from 1 to p.
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In the steps in Algorithm 2} we aim to find 3;;, as the solution to:

min [|Y6,, — XuB;, 13 + MBI (2.27)

m

where the coordinate descent algorithm can be applied. We first introduce the concept of sub-gradient as

given below, since the absolute function in the Lasso penalty is not directly differentiable at 0.

Definition 3. The sub-gradient of function || By = >7_, |8;| is defined by:

,
—1,-](2)}"5]' < 0,
> 01155l
95118l = % =S [=1,1], forB; = 0, (2.28)
J
1,_f07'ﬁj > 0.
\

Next, the steps of finding the optimal solution of 3, is given as follows. Denote Y’ = Y 8,, and

B=0:=,...,5)", then is equivalent to the following:

min 1Y = XuBl3 + MBI,

p
& min B X X0 -2V TXB+ A 16, (2.29)

j=1

< mﬁiDLl + Lo,

where L1 = B7X1X,,8 — 2V "X, Band Ly = AY)_ 5] Let A = 2X7X,,d" = ZY'TX,,
then: 1
Ly = §ﬁTAB —-d’'g

p

1 p
= 5(2 ajjﬁf + Z azB;iB) — Z d;B;, (2.30)
j=1

=1 I#]

p
Ly = )‘Z |5j|’
j=1
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where aj; is the (7, [)th element of A and d; is the jth component of d. Then, by taking the derivatives,

we have: oL
8_5 = a;;5; + Z ab — dj,
J Vi
)
—A, for B; <0,
0Lo
a8, =Y [\ A, for B =0,
A, for 3; > 0.
\
and
(
ajiB; + Dz b — dj — A, for B; <0,
oL, 0Ls

a8, - a8, A (05585 + 2z anBy — dj = N agi By + Dz any — dj + A, for B = 0,

\ajjﬁj + ZVl;éj ajlﬁl — dj + )\, for 5j > 0.

By setting the derivatives to zero, we get:

’
d'-‘r)\—zl caq16
Gy W o g S anfh <

ajj

Bj = 0, for — A < dj - ZZ;éj ajlﬂl < >\7

LD 0 for dy — Y, anbi > A

\ Ajj

Define

(

c+ A\, forc < =\,

Sx(c) = 0, for — A <c < A,

c— A\, forc> A\

\

Then the solution to (2.27) is 5; = Sk(drzﬂ# aﬂﬁl). Clearly, when —\ < d; — caiyf < A,
j a Y; j 145 4

Ji -

Bj = 0,ie, when Bsareall zero, A > [d; — >_,; auffi| > |d;|. Thatis to say, when A > max; [d;| =

2 max; (X, Y"), the solution of 3 will be trivial, where Xy, is the jth column of X,
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2.9.3 Tables for Simulation Results

Table 2.4: Class-averaged recall and precision in the scenario with a linear ordinality. Standard deviations
are presented within parenthesis.

Auto-correlation Compound Symmetry Identity
avg_recall avg_prec | avg_recall avg_prec | avg_recall avg_prec

BhGLM | 0.68s 0.708 0.626 0.657 0.603 0.641

(0.062) (0.064) | (0.079) (0.077) (0.078) (0.075)

FWOC(k)(c2)_2D | 0.706 0.714 0.796 0.813 0.729 0.75
(0.074) (0.076) | (0.066) (0.068) (0.069) (0.065)

FWOC(k)(c2)_3D | 0.729 0.735 0.795 0.809 0.721 0.739
(0.070) (0.074) | (0.077) (0.073) (0.078) (0.082)

FWOC(k)(c1)_2D | 0.706 0.714 0.796 0.812 0.729 0.75
(0.074) (0.076) | (0.066) (0.068) (0.069) (0.065)

FWOC(k)(c1)_3D | 0.729 0.735 0.795 0.809 0.721 0.739
(0.070) (0.074) | (0.077) (0.073) (0.078) (0.082)
FWOC(sp)(c2)_2D | o.71 0.717 0.798 0.815 0.726 0.747
(0.073) (0.077) | (0.065) (0.065) (0.070) (0.067)

FWOC(sp)(c2)_3D | o0.73 0.737 0.794 0.809 0.723 0.74
(0.066) (0.069) | (0.080) (0.077) (0.077) (0.081)
FWOC(sp)(c1)_2D | o.71 0.717 0.799 0.815 0.726 0.747
(0.073) (0.077) | (0.065) (0.065) (0.070) (0.067)

FWOC(sp)(c1)_3D | 0.73 0.737 0.794 0.809 0.723 0.74
(0.066) (0.069) | (0.081) (0.078) (0.077) (0.081)

PCRM | 0.665 0.71 0.764 0.79 0.71 0.739

(0.075) (0.071) | (0.070) (0.061) (0.071) (0.070)

PLDA | o.524 0.543 0.798 0.818 0.779 0.797

(0.082) (0.090) | (0.077) (0.067) (0.058) (0.058)

SDA | 0.646 0.652 0.64 0.649 0.589 0.596

(0.081) (0.084) | (0.086) (0.094) (0.084) (0.086)

WSDA(k) | 0.8 0.82 0.788 0.801 0.715 0.733
(0.055)  (0.055) | (0.070)  (0.066) | (0.073)  (0.074)

WSDA(sp) | 0.822 0.832 0.789 0.802 0.724 0.739
(0.062) (0.061) | (0.072) (0.070) (0.063) (0.068)
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Table 2.5: Class-averaged recall and precision in the scenario with a nonlinear ordinality. Standard devia-
tions are presented within parenthesis.

Auto-correlation | Compound Symmetry Identity
avg_recall avg_prec | avg_recall avg_prec | avg_recall avg prec

BhGLM | 0.578 0.589 0.503 0.538 0.46 0.507
(0.082) (0.089) | (0.083) (0.093) (0.090) (0.106)

FWOC(k)(c2)_3D | 0.62 0.628 0.65 0.663 0.586 0.6
(0.095) (o.101) (0.087) (0.090) (0.081) (0.085)

FWOC(k)(cr)_3D | o.621 0.629 0.65 0.663 0.585 0.599
(0.095) (0.100) | (0.087) (0.090) (0.081) (0.086)
FWOC(sp)(c2)_3D | 0.625 0.634 0.652 0.666 0.591 0.606
(0.098) (0.104) | (0.08s) (0.086) (0.084) (0.087)
FWOC(sp)(c1)_3D | 0.625 0.634 0.652 0.666 0.59 0.605
(0.098) (0.104) | (0.08s) (0.086) (0.084) (0.088)

PCRM | o.515 0.551 0.561 0.61 0.502 0.553

(0.090) (0.105) (0.080) (0.078) (0.075) (0.082)

PLDA | 0.423 0.436 0.544 0.573 0.534 0.567
(0.069) (0.100) | (0.096) (0.116) (0.080) (0.094)

SDA | o0.542 0.547 0.527 0.538 0.489 0.497
(0.092) (0.098) | (0.090) (0.097) (0.083) (0.090)

WSDA(k) | 0.76 0.775 0.656 0.674 0.587 0.602
(0.083) (0.083) | (0.079) (0.083) (0.091) (0.096)

WSDA(sp) | 0.773 0.79 0.66 0.678 0.592 0.608
(0.074)  (0.074) | (0.071)  (0.074) | (0.089)  (0.093)
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Table 2.6: Class-averaged recall and precision in the scenario of mixed ordinality. Standard deviations are
g p
presented within parenthesis.

Auto-correlation | Compound Symmetry Identity
avg_recall avg_prec | avg_recall avg_prec | avg_recall avg prec

BhGLM | 0.366 0.394 0.414 0.449 0.557 0.594
(0.070) (0.085) | (0.075) (0.085) (0.081) (0.081)
FWOC(k)(c2)_3D | 0.861 0.874 0.812 0.826 0.875 0.887
(0.059) (0.057) | (0.068) (0.064) (0.051) (0.049)

FWOC(k)(c1)_3D | 0.862 0.874 0.812 0.826 0.875 0.886
(0.059)  (0.057) | (0.067)  (0.064) | (0.050)  (0.049)
FWOC(sp)(c2)_3D | 0.8ss 0.869 0.81 0.822 0.872 0.884
(0.056) (0.057) | (0.068) (0.066) (0.052) (0.049)
FWOC(sp)(c1)_3D | 0.855 0.869 0.81 0.823 0.872 0.883
(0.056) (0.057) | (0.068) (0.066) (0.052) (0.048)

PCRM | 0.339 0.376 0.391 0.44 0.604 0.645

(0.062) (0.088) | (0.082) (0.099) (0.074) (0.074)

PLDA | o.572 0.642 0.662 0.694 0.814 0.83

(0.133) (0.126) (0.126) (0.114) (0.084) (0.077)

SDA | 0.8s1 0.862 0.751 0.764 0.826 0.84

(0.051) (0.052) | (0.074) (0.072) (0.063) (0.061)

WSDA(k) | 0.872 0.881 0.73 0.744 0.816 0.832
(0.071)  (0.071) | (0.075)  (0.074) | (0.059)  (0.058)

WSDA(sp) | 0.877 0.885 0.736 0.749 0.82 0.835
(0.070) (0.069) | (0.076) (0.073) (0.060) (0.061)
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Table 2.7: Class-averaged recall and precision in the nominal scenario. Standard deviations are presented
within parenthesis.

Auto-correlation | Compound Symmetry Identity
avg_recall avg_prec | avg_recall avg_prec | avg_recall avg prec

BhGLM | 0.283 0.242 0.307 0.287 0.297 0.267
(0.066) (0.126) (0.068) (0.116) (0.066) (0.119)
FWOC(k)(c2)_3D | 0.439 0.45 0.445 0.455 0.425 0.439
(0.087) (0.095) | (0.106) (0.118) (0.080) (0.091)

FWOC(k)(c1)_3D | 0.439 0.45 0.445 0.455 0.425 0.439
(0.087) (0.095) | (0.106) (0.118) (0.080) (0.091)
FWOC(sp)(c2)_3D | 0.437 0.446 0.444 0.454 0.42 0.429
(0.090) (0.098) | (0.105) (0.119) (0.082) (0.094)
FWOC(sp)(c1)_3D | 0.437 0.446 0.444 0.454 0.42 0.429
(0.090) (0.098) | (0.105) (0.119) (0.082) (0.094)

PCRM | 0.267 0.274 0.305 0.33 0.287 0.31

(0.063) (0.087) | (0.072) (0.089) (0.062) (0.089)

PLDA | 0.327 0.323 0.354 0.361 0.355 0.362

(0.067) (o.101) (0.062) (0.092) (0.072) (0.100)

SDA | 0.491 0.505 0.447 0.457 0.404 0.409

(0.095) (0.098) | (0.072) (0.078) (0.084) (0.090)

WSDA(k) | 0.48 0.486 0.416 0.424 0.396 0.402
(o0.110) (o0.115) (0.082) (0.085) (0.075) (0.080)

WSDA(sp) | 0.487 0.495 0.416 0.425 0.397 0.404
(0.104) (0.109) | (0.079) (0.084) (0.074) (0.078)

78



Chapter 3

Trace Regularization in Dimension Reduction

and its Applications on High-dimensional CCA

3.1 Introduction

High-dimensional data are unavoidable in machine learning and pattern recognition, which bring the
curse of dimensionality (Bellman, 2015)) in many model building processes. For example, as the dimension
gets higher, the data will become more and more sparse since the volume of the data space increases very
fast. This phenomena can be illustrated by the following. Suppose we have 100 data points that are
uniformly distributed in an interval of unit length (dimension is one), then the average distance between
points is 0.01. If these data points are distributed in an unit square (dimension is two), then the average
area taken by each pointis 0.01 and the average distance (edge of the area) between points is 0.012 = 0.1.
For a unit space of dimension 7, the distance would become 0.01%. Figureshows the average distance
between points with respect to different dimensions. Clearly, the distance grows exponentially with the
dimensions and will converge to 1, indicating that the sample points will be close to the edges of the
space eventually. Therefore, samples will become more and more sparse as dimension increases. In fact,
the sparsity of samples is a problematic issue in many machine learning problems. Image the situation

when we want to use the nearest neighborhood of a sample point to help us determine the class of it,
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if the samples are distributed near the edges of the space, a very large edge of the neighborhood would
be required in order to cover a sufficient amount of neighbors (J. Friedman et al., 2001), which will be
undesirable. A high dimension will also increase the computational time of any algorithm, for example,

calculating a p x p matrix will cause O(p?) of computation time.

1.0

Average Distance

00 02 04 06 0.8

[ | I [ | I
0 200 400 600 800 1000

Dimensions
Figure 3.1: The average distance between sample points in a unit space with respect to the dimensions.

A proper reduction in the dimensionality can yield more accurate estimates, get rid of noise, save
computational time and storage. Therefore, dimension reduction techniques are on demanding in the
high-dimensional space, which refer to the methods that could transform the high-dimensional data to
a low-dimensional representation such that the important information carried by the original data will
be preserved to the maximum extent. Specifically, given an input data matrix X = [x1,...,x,] € R"*?,
the goal is to find a faithful representation of X: Y = [y1,...,y.,] € R™™, where m < p.

Many of the supervised and unsupervised algorithms in the family of dimension reduction can be

formulated into the framework of a ‘trace ratio’ optimization problem, such as linear discriminant analysis
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(LDA) (Fisher, 1936)), canonical correlation analysis (CCA) (Hotelling, [1992) and principle component
analysis (PCA) (Hotelling, 1992). Kokiopoulou et al. (2011) provided a comprehensive overview of some
well-known dimension reduction techniques and elaborated on how the methods can be seen as trace

ratio optimization problems. The trace ratio problem finds a matrix V' that maximizes a trace ratio:

max Tr(VIMV)/Tr(VIQV), (3.1)

VTv=I

where T'r(+) denotes the the trace of a matrix, M and () are symmetric matrices that characterize the ‘signal’
and ‘noise’ of the algorithm, respectively. Take LDA as an example, the objective of LDA is to find a lower-
dimensional representation of the original data matrix X, by Z,,x,,, = XV, in order to maximize
the between-class scatter while minimizing the within-class scatter, where m < pand V' € RP*™ is
the desired transformation matrix. The between-class scatter is the signal part which can be expressed as

. L VT (g, — )" [VT (pr,— )] and the within-class scatter is the noise part which can be expressed

S iy D gk VT(x; — )] [VT(x; — g )], where g and gy, are the global class mean vector and

class mean vector for class k, respectively (see other notations in Section . Therefore, maximizing

Tr(VTY,V)
Tr(VTE,V)?

¥, and X, are the between- and within- class covariance matrix defined in Section[2.2.2} Thus, LDA is

the ratio of signal versus noise in LDA can be equivalently written as: maxy ¢ goxm where
indeed a trace ratio optimization problem under the conventional orthogonality constraint: VTV =1.

However, solving the trace ratio optimization problem is not straightforward since it does not have a
closed-form solution. Therefore, it is conventionally transformed to a ‘ratio trace’ optimization problem

given as:

Jmax - Tr{(VEMV)TH(VIQV)],

which can be solved by a generalized eigenvalue decomposition (GEVD), i.e., MV = AQV, where Aisa
diagonal matrix consisting of the 1 largest generalized eigenvalues. Therefore, traditional LDA mentioned

above actually solves the ratio trace problem, or equivalently, a problem of GEP: ¥,V = AX,,V.
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However, there are two main weaknesses of the ratio trace approach: 1. The ratio trace problem is
indeed inferior to the trace ratio problem. H. Wang et al. (2007) argued that the solution to the ratio
trace problem does not necessarily optimize the trace ratio in and it may sacrifice the performance
of the original trace ratio algorithm; 2. Solving the generalized eigenvalue decomposition will become
degenerate when the dimension p is much higher than the sample size n. What is more, there have been
some efforts that aim to solve a ‘trace difference’ problem, which is closely related with the trace ratio
problem. According to the work by Kokiopoulou et al. (2011), solving is indeed equivalent to finding

the zero point of the trace difference function defined as:

f(r) = max Tr[Vi(M —7Q)V]. (32)

Tr(VE MVopt)

Tr(VE,QVopt)’

then it can be seen that for any V' that satisfies VTV = I, the condition of % < 6 holds, i.e.,

In fact, let V,,,; be the optimal solution to which yields the maximum trace value § =

Tr[VT(M — 6Q)V] < 0. The optimal solution V,,; will satisfy T'r[V,L,(M — 0Q)V,,,] = 0. Thus,
finding the optimal solution to the trace ratio problem is equivalent to finding the zero point of the (3.2).
It is also easy to see that f(7) is decreasing in 7 when @) is positive definite. The existence of the zero
point is also guaranteed, as f(7) > 0 when 7 = 0, and f(7) < 0 when 7 is greater than the maximum
generalized eigenvalue obtained in the GEP: MV = AQV.

Given the sub-optimal property of the ratio trace optimization, some efforts have been made in the
machine learning community on optimizing the trace ratio problem directly by finding the root of f(7).
For example, Guo et al. (2003) proposed to optimize the trace ratio via finding the root of f(7) by a
heuristic bisection approach; H. Wang et al. (2007) proposed an iterative procedure to solve the trace
ratio optimization problem and they argued that their method is superior to the work by Guo et al. (2003)
in terms of a faster convergence and stronger theoretical justifications of the convergence issues; Jia et al.
(2009) also introduced a method to solve the trace ratio problem based on the eigenvalue perturbation

theory. However, these methods mentioned above generally aim to optimize the trace ratio itself while

lacking statistical interpretations in the context.

82



The rest of this chapter is structured as the following. In Section we introduce a trace regularization
method that transforms the trace ratio problem into the well-defined generalized eigenvalue decomposi-
tion problem, which has shown its strong performance in classification. In Section [3.3}and Section
we introduce the canonical correlation analysis (CCA), a well-known dimension reduction method and
the sparse CCA, a demanding topic designed for the high-dimensional situation where traditional CCA
fails. In Section we discuss how CCA can be formulated into the framework of a trace optimization
problem and introduce how to use the trace regularization method to get sparse estimations of CCA.
In Section [3.6}, we carry out a simulation study to test the performances of the proposed method and
related work under different settings. Finally, we conclude this chapter with some discussions and future

directions in Section

3.2 Trace Regularization

Under the context of multi-class discriminating problems, Ahn et al. (2020) proposed the trace regular-
ization method as a new trace ratio optimization criterion that considers regularizing Tr(V?QT) when
maximizing 77 (VT MV). In fact, in the high-dimensional setting where the dimension p exceeds the
sample size n, () will generally be rank-deficient. It can be shown that there exists an infinite number
of V that satisfies Tr (VT QV') = 0, which makes the trace ratio become infinite. Therefore, maximiz-
ing the trace ratio alone will naturally minimize 7'r (V7 QV') which might become degenerate. Thus, a
regularization of Tr(VTQV') seems more reasonable.

The trace regularization method can be formulated as:

max Tr(VTMYV), subjectto Tr(VIQV) < ¢, (33)

VTv=J

where ¢ > 0 is a regularization parameter, M and () are both symmetric and semi-positive definite matrix.

It can be shown that the solution to (3.3)) lies at the boundary of the constraint, with a very mild condition
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(See Lemma1in Ahn et al. (2020)), i.e., can be thought of equivalent to:

max Tr(VTMV), subjectto Tr(VTQV) = c, (3-4)

VTv=I

where ¢ > 0. Further, the solution to can be obtained via the method of Lagrange multipliers. Let

L=Tr(VIMV) —7[Tr(VTQV) — ] — Tr[O(V'V —I)], (3.5)

where 7 > 0 is a Lagrangian multiplier, O is a Lagrangian multiplier matrix that satisfies: oT = O.
Taking the partial derivatives of L with respect to V, 7 and O and setting them to zero, it is easy to see

that the solution to (3.5), V, satisfies:

(M — TQ)V =Vo, (3.6a)
Tr(VTQV) = ¢, (3.6b)
VIV =1. (3.6¢)

Let the eigenvalue decomposition of O be: O = RDR”, where RTR = I and D is the diagonal matrix
consisting of the eigenvalues of O. Then, multiplying 12 on both sides of (3.6a) yields:

(M —7Q)VR =VRD.

Let W = VR, then W contains the eigenvectors of M — 7). Therefore, the solution V lies in the
eigen-space of M — 7(Q) for some 7 > 0. It is known that the trace of V7' MV is maximized when V'
contains the eigenvectors of M associated with the m largest eigenvalues (Kokiopoulou et al., 2011), where
m is the number of columns in V. Therefore, optimizing the trace regularization criterion is then

equivalent to:

max Tr(VI(M - 1Q)V), (3.7)
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where 7 > 0 is a tuning parameter. Denote the solution to as V(1) for a given 7 and g(7) =
Tr{V ()" MV (1)}, h(1) = Tr{V(7)TQV (1)} as the corresponding trace values. Let [(7) = g(7) —
Th(7) be the objective value. Since both M and () are semi-positive definite, the sum of the first m largest
eigenvalues of M — 7() will be non-increasing when 7 increases, therefore, [(7) is non-increasing in 7.
This observation implies that the tuning parameter 7 has to be tuned independently from the objective.
In addition, it can be seen that both ¢(7) and h(7) are non-increasing in 7.
What is more, as discussed by Ahn et al. (2020]), the trace regularization is also closely related
with the ridge-type GEP:
MV =(Q+ §I)VA, (3.8)

where § > 0 is a tuning parameter. The ridge-type GEP has also been shown to maximize T'r(VI MV)
while controlling 77 (VT QV') when V is a vector (M. H. Lee et al., 2013), with the same objective as the
trace regularization. Moreover, when ¢ — oo and 7 — 0, the solutions to both ridge-type GEP and
trace regularization will be close to the leading eigenvectors of M. On the other hand, when § — 0
and 7 — 00, their solutions are close to PéM where Pé is the projection matrix to the orthogonal
complement of the column space spanned by ). Thus, the ridge-type GEP and trace regularization are
connected in the sense that there exist some tuning parameters J and 7 that make the solutions same to
each other.

The trace regularization method is shown to work well in a wide range of problems under the context
of classification, we are therefore interested in applying the trace regularization idea out of the framework

of discriminating problems.

3.3 Canonical Correlation Analysis

Canonical correlation analysis (CCA) is a multi-variate method that studies the correlations between
two random vectors, proposed by Hotelling (1992)). CCA has been widely applied to different research

areas, such as information retrieving, psychology and genomics (Hardoon et al., 2004; Parkhomenko
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etal.,2009; Weiss, [1972; D. M. Witten & Tibshirani, 2009). In the traditional setting, CCA aims to find
linear combinations of two random vectors X € RP andy € RY, denoted as a’ x and b”'y, such that

the correlation between a”

x and b”'y is maximized, where a € R? and b € R are canonical vectors.
ssuming that the covariance of X an is 2.y, an , respectively, an e covariance between X an
A g that th fxandyis ¥ d Xy, respectively, and th bet d

y is X4y, then the objective function of CCA can be written as:

_ corr(a’x, bTy) — a’>,,b
aelgol,abXERq p=coma x, Y= (aTsza)1/2<bTZyyb)l/2’

(3-9)

where corr(+) denotes the Pearson correlation. Note that, scaling of either a or b will not affect the
correlation in (3.9), therefore, we can further assume a’ ¥, ,a = 1and b3, b = 1, such that (3.9) is

equivalent to:

nax p= corr(a’x,b"y) = a’,,b, subjectto a’ ¥,,.a=1,b"%,,b = 1. (3.10)
acRP, becR?

To solve , we can apply the method of Lagrange multipliers. Let

1 1
L=a"%,b- 5A(asza —1) - §u(szyyb —1), (3.11)

where A > 0 and p > 0 are Lagrangian multipliers. Setting the partial derivatives of L with respect to a

and b to zero will yield

L
g—a = Ygyb — AXa =0, (3.12a)
oL
T Yyed — 12,,b = 0. (3.12b)
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Then if we left-multiply a” and b” on both sides of and , respectively, and substitute the

constraints in (3.10)), we will get:

a’y,,b=2Xa"%,,a= )\ (3.132)

by, a = b’ b = p. (3.13b)

Clearly, p = A = p is the target correlation to be maximized. Next, based on the calculations from

Izenman (2008), it can be shown that the solutions to are:

a=Y_, 5,5 v,
(3.14)
b =25, " v,

. . -1
where vy is the first eigenvector of Xy,

/ Ve E;;ZIyZ;yl/ ? that corresponds to the largest eigenvalue.

Given the first pair of the canonical vectors, denoted as (aj, by), the subsequent canonical pairs can
be found by maximizing the canonical correlations under the constraints that they are uncorrelated with
the previous pairs. For example, the second pair of canonical vectors (az, bs) can be obtained by:

max  pg = agExybz, subject to a2TZJma2 = 1,ngyyb2 =1, agEmal =0, ngyybl = 0.
az€RP, boeRY

We could get a total number of m = min(p, ¢) canonical pairs. Further, it can be shown that the kth
canonical pair is given by: a; = X} Z:CyE;yl v, and by, = Ey_yl /2y, where vy, is the kth eigenvector
of Z;;/QEWE;; ExyE;ylﬂ (See Izenman (2008)).

T T

Consider two data matrices X,,x, = [X1,...,x.]and YV, = [y7,...,y.] whose rows vectors

are the sets of observations of x and y, respectively, then in practice, we will use the following sample
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estimates of X, >z, and X, to calculate the canonical vectors:

A 1

Ema: = n—1 ;(X% - X)<Xi - X)T7

. 1 <«

Xy = > yi-9)yi -9
=1

. 1 <« - -

E:z:y = n—1 Z(X’L - X)(Yz - Y)TJ
i=1

where X, y are the sample means.

3.4 Sparse Canonical Correlation Analysis

When the dimensions are low, the canonical vectors can be directly estimated from the eigenvalue decom-

&—1/2

_12%2;;/2, or the singular value decomposition (SVD) of 2;;/22% sz, as

position of f};yl/ 22%2”
discussed in Section However, when the dimensions p and g are larger than the sample size n, f)yy and
f]m do not have full rank, indicating that taking the inverse will not yield unique solutions, and the tradi-
tional CCA problem will become degenerate. In addition, when the variables are highly correlated, the
estimation of the sample covariance matrices will become unstable or undefined. What is more, when the
dimensions are high, the linear combinations are difficult to interpret unless sparse solutions are obtained.

To solve theses issues, many efforts have been made by using penalties or regularization techniques on
CCA. Vinod (1976)) adapted the ridge-regression concepts (Horel, 1962) to overcome the collinearity issue
in CCA and proposed a ‘canonical ridge’ model which adds penalties on the corresponding diagonals
of the sample covariance matrices. Similar work includes replacing the covariance matrices with identity
matrices and diagonal matrices (Parkhomenko et al., 2009; D. M. Witten et al., 2009). Waaijenborg et al.
(2008)) proposed to use the elastic-net penalties (Zou & Hastie, 2005)) and the univariate soft-thresholding
(UST) in CCA through a modification of the iterative partial least square algorithm (Horel, 1962). Later,
Chalise and Fridley (2012) made a comparison of the different penalty functions imposed for sparse canon-

ical correlation analysis, including the Lasso, elastic-net, SCAD and hard-thresholding. Their study favors
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the SCAD penalty with BIC filter when applying the algorithms on genomic data. Most recently, Gao
et al. (2014)) proposed a two-stage approach to estimate the sparse canonical vectors, which consists of an
initialization stage and a group-Lasso refinement stage. Chen et al. (2013)) proposed an computational
efficient algorithm named CAPIT, to estimate the sparse canonical vectors through iterative thresholding,
after transforming the data using the estimators of the precision matrix ¥} and ¥, 1.

Among the decentamount of work on sparse canonical correlation analysis, we would like to elaborate
several of them which are given in the following. The work by D. M. Witten et al. (2009) is one of the most
popular methods which always works as a benchmark method for comparison. D. M. Witten et al. (2009)
proposed the penalized matrix decomposition (PMD) which replaces >J,, and 3, with the identity
matrices and adds additional penalties on the canonical vectors for sparsity. Specifically, the estimated

penalized canonical vectors from PMD solve the objective:

acihax a’%,,b, subjectto ||a|3 < 1,|bl|3 < 1, Pi(a) < ¢1, Py(b) < ¢y,

where P (-) and P (+) are convex penalty functions, such as the Lasso penalty and the fused Lasso penalty.
D. M. Witten et al. (2009) stated that with sufficiently small ¢y, ¢z and the Lasso penalty, PMD can yield
sparse estimations of the canonical vectors (a, b). However, Chen et al. (2013) argued that PMD is not
consistent when the true covariance structure is not close to identity matrix. A similar idea to PMD is the
work proposed by Suo et al. (2017)), which can be expressed as :

min  — Cov(Xa,Yb) + m|lalj; + 72|bl|,

E€RP, beERY
* (3.15)

subject to Var(Xa) <1, Var(Yb) <1,

where 71 and 73 are tuning parameters. The objective in is a biconvex problem and can be addressed
by an iterative process of alternately solving a and b.
The next method to be elaborated is a very recent one proposed by Mai and Zhang (2019). They

introduced a sparse CCA method (SCCA) by recasting the CCA problem into a least square problem
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and imposing Lasso penalty to obtain sparse solutions. The kth pair of sparse canonical vectors (ay, by,)

from SCCA could be obtained by:

n

. 1 P
N S (x/ar —y!br)” +af (O mSeedib] Sy )by + Arflagll2 + Aal[bell1},

i=1 I<k
subject to égi]mék =1, Bfﬁyyf)k =1,
(3.16)

where p; = élTnybl, and A\, \g are positive tuning parameters. As mentioned by Mai and Zhang
(2019), the first term (x] a; — y? by,)? is a least square term that measures the dependence between x! ay,
and y] by, and smaller values will yield larger correlations. The second term in (3.16)) is adjusting the

variability that has already been explained by the first & — 1 canonical pairs, which is similar to the purpose

of orthogonality constraints in the traditional CCA.

3.5 Trace Regularization on High-dimensional CCA

Next, we will discuss the application of the trace regularization method by Ahn et al. (2020) on CCA
problems. Similar to LDA, the traditional CCA can also be formulated into a trace ratio optimization

problem. Let z; = [al, bT]” and set

O X Ex wa 0 X
Mya=| "7 1 Qaxd = S (3.17)

)

yr OqX q Oq Xp Eyy

where d = p + ¢. Then according to and (3.12D)), the desired first canonical pairs will satisfy:

Mz, = pQz, (3.18)

whose solution will maximize T'r(z” Mz) with respect to the constraint: z” Qz = 1. Assume that the

number of population canonical pairs is m, let Zyx,, = [AT, BT]", where Ay, = [a1, ..., a,) and
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Byxm = [b1, ..., bp] are the collections of the canonical vectors, then the objective of CCA can also be

written as:

Tr(ZTMZ) 10
max ——————=- .
zerixm Tr(ZTQZ)’ 9

which is clearly a trace ratio optimization problem in a dimension of p + ¢. Therefore, as discussed in

Section[3.2) we can apply the trace regularization method here and achieve the target canonical vectors by:
3 pPply g g y

max Tr(Z"MZ), subjectto Tr(Z*QZ) = c. (3.20)
ZeRaxm

3.5.1 Low Rank Approximation

Different from high-dimensional LDA, in which the between-class scatter and within-class scatter are
linearly independent with probability one, the two matrices in the trace optimization for high-dimensional
CCA have exactly the same column space, as shown by lemmals.s.1l Therefore, the idea of maximizing
Tr[Z" M Z) while regularizing T'r[ 27 () Z] seems not reasonable.

Lemma 3.5.x. When p,q >> n (high-dimensional setting), the column space of M and () defined in CCA

(3.17) are exactly the same.

Proof. Based on matrix algebra, we can see that:

rank(X,,) = min(n — 1,p) = n — 1;

rank(X,,) =min(n — 1,¢) =n — 1;

rank(X,,) = rank(X,,) = min(n — 1,p,q) =n — 1;
rank(M) = rank(¥,,) 4 rank(X,,) = 2(n — 1);
rank(Q) = rank(X,,) + rank(2,,) = 2(n — 1);

rank([M, Q]) > rank(Q).
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Since

0p><p Z:z:y wa Oqu

rank([M, Q]) = rank( )

Eym Oqu Oq><p Zyy

:rank( Opo Eajy wa Opxq:|)+rank(|:zym 0q><q OqXp Eyy>

= rank( Yoy Zm} ) + rank( {Zyz Zyy} )

< min(n — 1,p) + min(n — 1,¢) = 2(n — 1) = rank(Q),

and we also have rank([M, Q]) > rank(Q), thus rank([M, Q]) = rank(Q),so C(M) C C(Q).
On the other hand, rank(M) = rank(Q) = rank([M, Q)]), thus C(Q) C C(M).
Aboveall, C(M) = C(Q), i.e., M and () have exactly the same column space. ]

However, although the column spaces of M and () are the same, the interpretations of M and () are
actually different in the sense that M accounts for the correlations between X and Y, and () consists of
the information of the variance of X and Y. Then, it is reasonable to achieve the linearly independent
piece of the column space of M and (), where an appropriate low rank approximation will help. A basic
low-rank approximation problem finds a matrix W that s close to the original matrix W but with a lower

rank 7, i.e., it solves the objective:

min |W — WHF, subject to rank(W) <r, (3.21)
w
where || - || p denotes the Frobenius norm. The analytic solution to (3.21) is the truncated singular value

decomposition at the first 7 terms (Eckart & Young, 1936).

According to the canonical pair model proposed by Chen et al. (2013), the sequence of canonical
vectors (ay, by) satisfies X,y = 3y, (ZZLZI Pra b{) >y where m is the number of population canonical
correlations. It is then reasonable to assume that >J;,, and 3., can be well-approximated by a lower rank

matrix with rank m. Thus, M can be well-approximated by a lower rank matrix M;,,, with rank 2m.

92



Consequently, () can be approximated by a lower rank matrix (4, with rank 2(n — 1) — 2m such that
the approximates of M and () are independent.

The approximations of M and () are obtained by replacing ¥, ¥, and ¥, in (3.21) with their
corresponding lower rank approximations. Let 7y, = mandrg = (n —1) —m. Take ¥, as an example,
given the SVD of ¥, = >, dyuyvi, where dys are singular values, uy, and vy, are left and right singular
vectors, then >, can be approximated by iwy = ZZM dkukvz, i.e., the first ), terms of SVD. ()}, can
be obtained similarly. After that, we replace M and () with their low-rank approximations in the trace

regularization method (3.20)) and solve it by a generalized eigenvalue decomposition of Moy, — TQiow-

3.5.2 Row-wise Soft Thresholding for Sparsity

When dimensions are high, we would like to achieve a sparse estimation of the canonical vectors for better
interpretations. We implement the sparse version of DTR method proposed in Ahn et al. (2020), which
uses the group-wise soft-thresholding. Specifically, given the non-sparse solution to (3.20|) denoted as Z,

the sparse estimation denoted as Z can be obtained by:

A

125112

z; = max(0,1 — )Z;, (3.22)
where Z; and Z; are the jth row vector of Zand Z , respectively, and A > Ois a tuning parameter. Itis then
easy to see that the maximum value of A that yields a non-trivial solution to is Apgz = max ||z |2
In practice, we re-parameterize the method to make the tuning range bounded. The eigenvalue de-
composition with be performed on (1 — &) M4, — aQon with v € [0, 1.
Above all, the details of the trace regularization on high-dimensional CCA can be found in Algorithm

Note that there is no iterative process in the algorithm and the computation time is less compared with

other algorithms that require convergence.
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Algorithm 3: Trace Regularization on High-dimensional CCA

Given « and ), and the number of desired canonical pairs m,
L Initialization: Calculate the sample covaraince estimate: 3, 3, and 3, ;
IL. Low rank approximation: Construct M, () and get their low rank approximations Mg,

Qlow 5

IIL. Eigen-value decomposition: Let S = (1 — ) Mjpy — aQjow» obtain Z that consists of
the first m eigenvectors of S';

IV. Sparse Estimation: Obtain the jth row of the sparse solution Z by:

A

125112

z; = max(0,1 —

)Z;

Then A consists of the first p row vectors of Z, B consists of the p + 1 to p + ¢ rows of Z.

3.6 Simulation Studies

In this section, we carry out a simulation study to measure the empirical performance of the trace regular-
ization method (TR) on estimating high-dimensional canonical vectors and compared with the penalized
matrix decomposition (PMD) by D. M. Witten et al. (2009) as well as the sparse CCA (SCCA) by Mai
and Zhang (2019).

We evaluate the methods with respect to the following metrics. (1) Error of the estimated canonical
vectors (Mai & Zhang, 2or9): Err(A) = ||P; — Pa,|| and Err(B) = ||P5 — Pg, ||, where A (or
B ) and A (or By) denotes the estimated and true canonical vectors, respectively, Py = A(ATA)~1AT
is the projection matrix onto the column space of A. (2) Number of variables selected in the estimated
canonical vectors: NZ(A) and NZ(B). Note that when there are more than one column vectors in A (or
B), NZ(A) (or NZ(B )) will consider the variables as long as they are selected by one column vector in
A (or B). (3) Matthew correlation coefficient (MCC) (Matthews, 1975), which is essentially a correlation

measurement between the predicted and observed class labels in a binary classification. Under the context
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of high-dimensional CCA, we define the following:

TP(TN) : number of signal (noise) variables that are selected,
F'P : number of noise variables that are selected,

F'N : number of signal variables that are not selected.
Then MCC is expressed as:

TP.-TN —FP.FN
V(TP +FN)(TP + FP)(TN + FP)(TN + FN)’

MCC =

which is bounded in the interval of [—1, 1]. A MCC of 1 implies a perfect prediction of the signal and
noise variables; a MCC of 0 implies a prediction that is no better than random guessing; a MCC of —1
implies a total disagreement between predictions and observations. Note that, when there are multiple
canonical pairs, we only consider the MCC evaluated at the first canonical vector pair. (4) When the true
canonical correlation is known, we also evaluate how far the estimated correlation is apart from the true
canonical correlation.

Next, we discuss the tuning process of each method. Based on the results form empirical tries, for
TR, we vary « in an equally spaced grid on [0.1, 0.5] with 10 values and X in a log-scale grid on [0, A0z
with 30 values. Note that depends on the specific setting, we may slightly reduce the tuning range and
the number of grids for computational efficiency. For each training set (Xtrqin, Yirain), We generate a
separate tuning set (Xyyne, Yiune) which has exactly the same distribution as the training set, and select

the optimal parameter pair (tpt, Aopt) that minimizes:
|C0rr(XtrainA1 ) thrainBl) - Corr<XtuneA1 ) Y;funeBl )) | )

where A; (or Bl) is the first estimated canonical vector. For SCCA, we vary the tuning parameter in an
equally space grid on [0.01, 0.2] with 20 values and select the best tuning parameter that yields the largest

first canonical correlation on the tuning set. For PMD, we use the Lasso penalty on both A and B, the
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optimal tuning parameter is chosen by permutation tests implemented by the function CCA.permute in
the R package PMA (D. Witten et al., 2020).

In the following, we will introduce how the simulations are designed.

Simulation I  The first simulation uses the same settings implemented in the work of Safo (2014) and
the number of population canonical pairs is fixed to be 1. The sample size is n = 80 and the dimensions
of X and Y are p = 200 and g = 150, respectively. In addition, the population covariance matrices >,
Yyy and X, are pre-defined and the true canonical vectors a and b will be obtained as the first left and
right singular vector from the SVD of S/ ZEWZ;; /2 The true canonical correlation is then the first
singular value from the SVD. The numbers of non-zero coefficients (signal variables) in a and b are set

to be 10% of the total number of variables, i.e., 20 and 15, respectively. The data matrices (X, xp, Yixq)

are generated from a multivariate normal distribution MVN(0,,4,, X), where

EIJ? E{l‘
3= Y
v

)

yr vy

We consider the same covariance structures as Safo (2014), which are introduced in the following. Let
pn = p — 20, gn = g — 15 be the number of noise variables for X and Y, respectively. For simplicity, we
use J to denote a matrix whose elements are all 1. We use C(s); to denote a compound symmetry matrix

with correlation s and dimension [ X {:

1 s S

s 1 s
C(S)l =

s s 1

The following four settings of the population covariance structures in the Simulation I consider different

correlations among signal variables and noise variables.
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¢ Setting 1. The signal correlations in X and Y are 0.7, the noise correlations are both 0.1.

EII _ 0(07)20 0 ’ Eyy _ C<O7>15 0 7 Zmy _ O.6J20><15 0
0 C(0.1),, 0 C(0.1)g 0 0

* Setting 2. The signal correlations in X and Y are 0.7, the noise correlations are both 0.

0(07)20 0 0(07)15 0 0.6J20><15 0

E:m: - ) yy — ) Ty —

0 I, 0 I 0 0

* Setting 3. The signal correlations in X and Y are 0.5 and 0.3, respectively. The noise correlations

are 0.3 and 0.1, respectively.

C(05) O C(0.3); 0 0.35J20x15 O

E:m: = ) Eyy - ) Ty

0 C(0.3),, 0 C(0.1)g 0 o0

* Setting 4. The signal correlations in X and Y are 0.5 and 0.3, respectively. The noise correlations

are both 0.

0(05)20 0 0(03)15 0 0.35J20><15 0

Tr — ) Hyy y Hry —

0 I, R 0 0

Simulation II  In the second simulation, we keep the same population covariance structures as Simu-
lation I, but change the underlying distribution from multivariate normal to multivariate t distribution

with df = 3.

Simulation III In the third simulation, we consider the settings in D. M. Witten et al. (2009) and
extend it to t distribution as well. Specifically, the sample size is set to be n = 50, and the dimensions

are set to be p = ¢ = 100. There are two true canonical pairs, (a;, by), (a2, by) with the coefficients
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defined as follows:

a; = (1a0, —120,060)",
ay = (—110, 110, — 110, 110, Ogo) ",
by = (060, —120, 120)”,
by = (0o, 110, —110, 110, —110)”"
Let w, W be two orthonormal vectors with length of 7 that connect X and Y. We consider both normal

distribution and non-central t distribution.

* Simulation III - Setting 1.

Xij ~ N(wualj + Wo;A2;, 009), Y;'j ~ N(wublj + wgibgj, 009),

where wy; and ws; are the ith elements from w; and wy, respectively.

* Simulation III - Setting 2.

Xij ~t(df =10,6 = wya1j + woiag;), Yi ~ t(df = 10,0 = wy;b1j + wo;ba;),

where 0 is the non-centrality parameter in the t distribution.

3.6.1 Results

For each simulation setting, we generate 100 training sets and 100 tuning sets, and calculate the evaluation
metrics averaged on the 100 training sets.

Figure3.2{shows the average estimated error, number of selected variables and the MCC values under
the four settings in Simulation I. In setting 1, 2 and 4, we see that TR obtains the lowest error which is
significantly lower than the other two methods. Also, the MCC values from TR are the highest in setting
1, 2 and 4. In setting 3, PMD has the lowest error, SCCA and TR have relatively larger and similar error

and SCCA has the largest MCC values. In general, SCCA yields the most sparse estimation in setting 1, 3
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Figure 3.2: Results of Simulation I. The average estimation error, number of selected variables, and MCC
over 100 simulated data sets. The three rows show the three metrics on the y-axis, with setting number
presented in the x-axis.
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and 4, presented by the second row in the figure and PMD achieves the most sparse one in setting 2. TR
does not achieve the most sparse solution but produces the highest MCC in setting 1, 2 and 4, indicating
that it has a superior performance in variable selectivity in these settings. TR does not show its superior
performance in setting 3, in which the noise variables are higher correlated compared with other settings.
We also see that the performance of SCCA is comparably stable across the four settings compared with
the other two methods, indicating that the correlations among signal and noise variables would make less
influence on the estimations from SCCA.

Figureshows the results under the four settings in Simulation II. TR achieves the lowest estimated
error in setting 1 and 2, but a higher error in setting 3 and 4. In terms of MCC, TR does not perform
well, which may due to the fact that less sparsity is obtained in TR compared with the other two methods.
Comparably, under the t distribution, TR still works better when the correlations among noise variables
are smaller. Different from settings of the normal distribution in which SCCA is rather stable, with t
distribution, SCCA performs worse when the noise correlations are relatively large. In terms of sparsity,
the estimations from SCCA are almost the most sparse ones except for setting 2, in which PMD is the
most sparse one (same as Simulation I). In generally, all the methods perform worse when the underlying
distribution is changed from normal distribution to t distribution.

We also compare the estimated first canonical correlations for the three methods, as shown in Figure
In Simulation I and II, SCCA overestimates the true correlation. Comparably, TR and PMD obtain
more close estimations to the true canonical correlation, and PMD is more conservative. Notice that the
estimated canonical correlations from TR and PMD both drop in setting 3 when the noise correlations
are relatively large, indicating the impacts of noise correlations.

Tableshows the results for Simulation III. In general, all the three methods perform better in the
normal scenario (setting 1) than the t scenario (setting 2). In both settings, TR has the highest MCC
values and its superior performance is much more obvious in setting 1. The solutions from SCCA are the

still the most sparse ones.
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Figure 3.3: Results for Simulation II. The average estimation error, number of selected variables, and
MCC over 100 simulated data sets.
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Figure 3.4: The average first estimated canonical correlations in Simulation I and Simulation II. True
canonical correlations are marked as red lines.

Table 3.1: Results of Simulation III. The metrics are averaged over 100 repetitions. Standard deviations
are given inside of the parenthesis. Best metrics are bolded.

Setting 1
Methods  Err(A) Err(B) NZ(A) NZ(B) MCC(A) MCC(B)
PMD 1.047 1.047  69.620 69.510 0.283 0.281
(0.331) (0.330) (33.389) (33.533)  (0.184) (0.172)
SCCA 1.632 1.640  33.222 33.283 0.305 0.294
(0.077) (0.075) (6.960)  (6.136) (0.069) (0.069)
TR 1.190 1.177 45.050 44.970 0.665 0.664
(0.353) (0.362) (19.651) (19.798)  (0.201)  (o.21)
Setting 2
Methods  Err(A) Err(B) NZ(A) NZ(B) MCC(A) MCC(B)
PMD 1.954 1.958 44.432 44.500 0.005 —0.007
(0.038) (0.035) (34.017) (33.824)  (0.107) (0.097)
SCCA 1.974 1.971  24.323 24.061 —0.004 0.018
(0.022) (0.020) (8.600)  (8.252) (0.074) (0.067)
TR 1.942 1.943  51.200 49.950 0.050 0.038
(0.039) (0.039) (24.921) (24.242)  (0.109)  (0.109)
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Aboveall, TR can achieve a promising performance under certain circumstances, in terms of achieving
a higher value of MCC. We find that under the setting 1, 2 and 4 in Simulation I, in which the underlying
distribution is multivariate normal distribution and the noise correlations are small, TR performs much
better than the other two methods. When the noise correlations increase, methods will generally perform
worse. In addition, we also find that the performance of all the three methods are worse when the data are
t distributed compared with normal distributed. In Simulation III when there are two canonical vectors,
TR still works better than the other two methods in terms of MCC. Notice that TR generally does not
achieve the most sparse solution but obtains a higher MCC, indicating that TR does well in variable

selectivity.

3.7 Discussions and Conclusions

In this chapter, we introduce the trace ratio optimization problem involved in dimension reduction tech-
niques, which is always solved by a conventional sub-optimal ratio trace problem that becomes degenerate
when the dimensions are high. Although there are many efforts that optimize the trace ratio problem
directly, these work generally lack statistical interpretations. Comparably, the trace regularization method
proposed by Ahn et al. (2020) is more emphasized on the interpretations and at the same time optimizing
the trace ratio. However, the trace regularization method was proposed under the context of discrimi-
nating problems. Given the promising performance of it, we apply the trace regularization method on
the non-discriminating context, i.e., the canonical correlation analysis (CCA), a well-known dimension
reduction technique. We modify the trace regularization method by adding low rank approximations
such that it can be applied to the high-dimensional CCA. A sparse version of the solution is obtained by
the group-wise soft-thresholding.

The results from different simulation settings suggest that the trace regularization method does a better
job in variable selectivity (measured by MCC) compared with some well-known sparse CCA methods,

when the correlations among noise variables are small and the underlying distribution of the data is normal
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distribution. However, there could be other settings that the trace regularization might not be that strong,
which needs future investigations.

In addition, we use the lower-rank approximation by SVD to separate the column space of M and
(), along with a reasonable choice of the target ranks of the two matrices. The choice of the ranks works
well in practice, however, there still remain further investigations on the theoretical justifications. Also,
there might be other methods that can achieve a better approximation of the matrices that would worth
a try. What is more, it is reasonable to assume that adding sparsity in the low-rank approximations might
increase the estimation accuracy of the true canonical vectors. In terms of the sparse estimation, we use
the group-wise soft-thresholding on the row vectors which is very straightforward and implementable-
friendly. There might be other algorithms that could also be applied on the trace regularization to achieve
a sparse solution (Ma et al., 2013). In the future, the trace regularization method could also be studied to

be extended to the problem of multi-set canonical correlation analysis (Parra, 2018)).
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