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Abstract

With the rapid development of science and technology, large and complex
data have been generated in many areas, such as social science, neuroscience, and
biomedicine. The extraordinary amount of data revolutionize our conventional
decision-making system. This new phenomenon poses signi�cant challenges on
current statistical research. Therefore, my primary research goals are to develop
new theoretically justi�able and computationally e�cient methods for tack-
ling big data applications from a computational and modeling perspective. To
achieve my goals, a novel non-oracular quantum adaptive search (QAS) method
for the best subset selection problem is proposed as the �rst topic. QAS per-
forms almost identically to the naive best subset selection method but reduces its
computational complexity fromO(D) toO(

√
Dlog2D), whereD = 2p is the

total number of subset over p covariates. The second topic focuses on a social
network application. Drawing on the concepts of community and brokerage
from network analysis, we argue that the network of nongovernmental orga-
nizations (NGOs) may reinforce power disparities and inequalities at the very
same time that it improves access to global governance and provides social power.
Finally, the third topic is about biomedicine. The novel statistical analysis is
applied to the clinical research on Obstructive Sleep Apnea (OSA). We found
that several soluble cytokine receptors are associated with OSA. These �ndings
may facilitate developing new treatment/therapy for patients with OSA.

Index words: Best subset selection, NP-hard problem, non-oracular
quantum search, quantum linear prediction,
community detection, role analysis, obstructive sleep
apnea (OSA)
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Chapter 1

Overview

With the rapid development of science and technology, large and complex data
have been generated in many areas, such as genomics, neuroscience, and social
science. The extraordinary amount of data land for arti�cial intelligence and rev-
olutionize our conventional decision making system. This new phenomenon
posts great challenges on current statistical research. For example, the ultra-large
size of dataset renders the application of many statistical methods computation-
ally infeasible. Developing new theoretically justi�able and computationally
e�cient methods for tackling big data problems from a computational and
modeling perspective is the primary goal for my research. To achieve my goals
in this thesis,

1. In Chapter 2, I develop quantum computing algorithm to overcome
computing bottleneck for NP-hard problem in big data environment.

2. In Chapter 3, I borrow role identi�cation concepts after community
detection to further understand the mechanism of network evolution
based on massive network

3. In Chapter 4, I apply statistical method to identify four cytokines asso-
ciated with autoimmune disease. These �ndings may facilitate develop-
ing new treatment/therapy for patients with Obstructive Sleep Apnea
(OSA).

In Chapter 2, I investigate solving the best subset selection problem by
quantum computation. Speci�cally, it proposes a quantum adaptive search
(QAS) algorithm to solve the best subset selection problem. Why choosing
quantum computation? Classical computers only manipulate ones and zeros
through bit operations. Unlike classical computers, quantum computers use
qubits(quantum bits) which have a third state called “superposition”. The
superposition could represent a one or a zero at the same time. For example, a
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quantum system with p qubits can be in any superposition of 2p di�erent states
simultaneously, while a classical system with p bits can only be in one state of
2p di�erent states at a time. With this great advantage, Quantum computers
can solve problems that are impossible or would take a classical computer an
impractical amount of time to solve, such as NP-hard problem caused by best
subset selection. In order to overcome the computational bottleneck caused by
best subset selection methods, we investigate the possibility of solving the best
subset selection problem on a quantum computing system.

Although quantum mechanism has motivated signi�cant developments of
scalable quantum algorithms in many areas such as algebraic number theory,
scienti�c simulations, optimization, and many more, existing quantum search
algorithms are not tailored for statistical learning problems like the best subset se-
lection. We [10] propose a novel non-oracular quantum adaptive search (QAS)
method for the best subset selection problems. QAS performs almost identical
to the naive best subset selection method but reduces its computational com-
plexity from O(D) to O(

√
D log2D), where D = 2p is the total number of

subsets over p covariates. Unlike existing quantum search algorithms, QAS
does not require the oracle information of the true solution state and hence is
applicable to various statistical learning problems with random observations.
Theoretically, we prove QAS attains any arbitrary success rate q ∈ (0.5, 1)

withinO(log2D) iterations. When the underlying regression model is linear,
we propose a quantum linear prediction method which is faster than its classical
counterpart. We further introduce a hybrid quantum-classical strategy to avoid
the capacity bottleneck of existing quantum computing systems and boost the
success rate of QAS by majority voting. The e�ectiveness of this strategy is
justi�ed by both theoretical analysis and extensive empirical experiments on
quantum and classical computers.

In Chapter 3, I focus on social network analysis. A social network consists
of a set of actor(node) and a set of relationships(edges) between them which
describe certain patterns of interaction. Classifying actors by roles they are
playing in the network can give us a comprehensive view of the network and can
help us understand how it is organized, and even to predict how it could behave
in a speci�c event. In this chapter, we have a nongovernmental organizations
(NGOs) network, which is built on the dataset of the 3, 903 NGOs connected
through 1.3 million ties occurring through meetings and conferences for NGOs
put on or coordinated by the United Nations (UN).

We �rst outline how community detection helps us understand emergent
divisions within NGOs network with 1.3 millions edges. Then we use a time-
varying stochastic block model to identify the optimal common composition
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of communities that maximizes the modularity across years. The concept of
modularity was introduced for networking clustering in 2004 by M. E. J. New-
man (Newman, 2006). Next, we then turn our focus to brokerage and broker-
age roles (coordinator, itinerant broker, gatekeeper/representative, liaison) of
each node/organization. These concepts can signi�cantly help us understand
how the advocacy network can extend power. Some communities are likely
to have more coordinator brokers, connecting organizations mainly within a
speci�c community, while other communities could have more itinerant, gate-
keeper/representative, or liaison brokers, connecting organizations outside of
their speci�c community in divergent ways. In this way, brokerage provides
power to organizations di�erently across communities.

In Chapter 4, I turn my attention to clinical data analysis related to Ob-
structive sleep apnea. Obstructive sleep apnea (OSA) is a sleep-related breathing
disorder associated with numerous adverse health e�ects. It is estimated that
22 million Americans su�er from sleep apnea, with 80 percent of the cases of
moderate and severe obstructive sleep apnea undiagnosed. OSA patients may
display any one or several symptoms including fragmented sleep, snoring, ex-
cessive daytime sleepiness, fatigue, high blood pressure, irritability, depression,
memory loss, and loss of concentration. These health problems develop over
months and years and include cardiovascular disease, metabolic syndrome, kid-
ney disease, autoimmune diseases, and neurodegenerative disease (ND). In this
chapter,

1. Identi�cation: We identi�ed four cytokines (APRIL, CD30, IFN-Alpha-
2 and IL-2) associated with autoimmune disease from 37 in�ammatory
cytokines candidates. We can �nd that cytokine levels in airways treated
patients were similar to the levels in control subjects.

2. Visualization: The techniques for dimension reduction based on high
dimensional patient cytokine data, t-SNE and UMAP, identify only two
groups in 2-dimensional space. Group 1 represents all the untreated OSA
patients. Group 2 represents all the control individuals and 80% of air-
ways treated OSA patients.

3. Therapeutic Treatment: New treatment/therapy may be developed for
patient with Obstructive sleep apnea based on those four identi�ed cy-
tokines.
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Chapter 2

Novel Statistical
Methods in Quantum
Computing for Best
Subset Selection

2.1 Introduction
Best subset selection has been a classical and fundamental method for linear
regressions (e.g. Beale et al., 1967; Fan et al., 2020; Hocking & Leslie, 1967;
Shen et al., 2012). When the covariates contain redundant information for the
response, selecting a parsimonious best subset of covariates may improve the
model interpretability as well as the prediction performance.

The best subset selection for linear regression can be formulated as

min
β∈Rp
‖Y −Xβ‖22 subject to ‖β‖0 ≤ t, (2.1)

whereY = (y1, . . . , yn)ᵀ ∈ Rn is a response vector,X = (xi,j)1≤i≤n,1≤j≤p ∈
Rn×p is a design matrix of covariates and β = (β1, . . . , βp)

ᵀ ∈ Rp is a vector
of unknown regression coe�cients. Throughout this chapter, we assume Y
andX are centered for the simplicity of presentation. Further, ‖β‖0 is the `0
norm of β and 0 ≤ t ≤ min (n, p) is a subset size. In general, solving (2.1) is
a non-convex optimization problem. Without a convex relaxation or a stage-
wise approximation, the optimization involves a combinatorial search over all
subsets of sizes {1, . . . , min(n, p)} and hence is an NP-hard problem (Natara-
jan, 1995; Welch, 1982). Therefore, seeking the exact solution of (2.1) is usually
computationally intractable when p is moderate or large.
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To overcome the computational bottleneck of the best subset selection,
many alternative and approximate approaches have been developed and care-
fully studied. Stepwise regression methods (e.g. Draper & Smith, 1966; Efroym-
son, 1960) sequentially add or eliminate covariates according to their marginal
contributions to the response condition on the existing model. Stepwise re-
gression methods speed up the best subset selection as they only optimize (2.1)
over a subset of all candidates, and hence their solutions may not coincide with
the solution of (2.1). Besides, stepwise regression methods su�er from the in-
stability issue in high dimensional regime (Breiman, 1996). Hard thresholding
pursuit (e.g. Blumensath et al., 2007; Fan et al., 2020; X.-T. Yuan et al., 2017)
proposes an iterative greedy selection procedure to �nd sparse solutions for un-
derdetermined linear systems. Regularized regression methods suggest to relax
the nonconvex `0 norm in (2.1) by various convex or nonconcave alternatives.
A celebrated member in the house is LASSO (Tibshirani, 1996) which solves
an `1 regularized problem instead. Elegant statistical properties and promising
numerical performance soon made regularized regression a popular research
topic in statistics, machine learning and other data science related areas. We re-
fer to basis pursuit (Chen & Donoho, 1994), SCAD (Fan & Li, 2001), elastic net
(Zou & Hastie, 2005), adaptive LASSO (Zou, 2006), Dantzig selector (Candes
& Tao, 2007), nonnegative garrotte (M. Yuan & Lin, 2007), and MCP (C.-H.
Zhang, 2010), among many others. Though regularized regression methods
can perform equivalent to or even better than the solution of (2.1) in certain
scenarios (e.g. Fan et al., 2014; Hastie et al., 2020; P. Zhao & Yu, 2006), they are
not universal replacements for the best subset selection method. Nevertheless,
solving (2.1) e�ciently remains a statistically attractive and computationally
challenging problem.

Recently, (Bertsimas et al., 2016) has reviewed the best subset selection prob-
lem from a modern optimization point of view. Utilizing the algorithmic ad-
vances in mixed integer optimization, (Bertsimas et al., 2016) proposed a highly
optimized solver of (2.1) which is scalable to relatively largen and p. Later, (Haz-
imeh & Mazumder, 2018) considered a new hierarchy of necessary optimality
conditions and propose to solve (2.1) by adding extra convex regularizations.
Then, Hazimeh and Mazumder, 2018 developed an e�cient algorithm based
on coordinate descent and local combinatorial optimization. Such recent op-
timization developments push the frontier of computation for the best subset
selection problems by a big margin. Despite the NP-hardness of the best subset
selection problem has not been improved, an up-to-date electronic computer
together with a state-of-the-art optimization algorithm can solve (2.1) with hun-
dreds or even thousands of covariates.
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In this chapter, we investigate the possibility of solving the best subset selec-
tion problem on a quantum computing system. Unlike electronic computers,
a quantum computer operates on quantum processing units, or qubits, which
can take values 0, 1, or both simultaneously due to the superposition property.
The number of complex numbers required to characterize quantum states usu-
ally grows exponentially with the size of the system. For example, a quantum
system with p qubits can be in any superposition of 2p orthonormal states si-
multaneously, while a classical system can only be in one state at a time (Nielsen
& Chuang, 2010). Such a paradigm change has motivated signi�cant develop-
ments of scalable quantum algorithms in many areas such as algebraic number
theory (Hallgren, 2002; Shor, 1999; Van Dam & Shparlinski, 2008), scienti�c
simulations (D. S. Abrams & Lloyd, 1997; Byrnes & Yamamoto, 2006; Hu &
Wang, 2020; Kassal et al., 2008; Y. Wang, 2011), optimization (Harrow et al.,
2009; Jansen et al., 2007; S. P. Jordan, 2005), and many more.

However, quantum algorithms tackling the best subest selection problem
are still lacking. The most closely related algorithms are quantum search algo-
rithms (e.g. Boyer et al., 1998; Grover, 1997; Høyer et al., 2002; Kwiat et al.,
2000; Long, 2001). There are signi�cant challenges to apply these algorithms
to subset selection problems. On one hand, they are designed to search an item
from a non-random database such as a set of �xed numbers or solutions for a
Sudoku problem. Thus, a quantum search algorithm may fail when it is applied
to a random set that depends on the observed sample. On the other hand, exist-
ing quantum search algorithms are, in general, oracular algorithms that depend
on an oracle to decide if an item is a solution or not. For example, Grover’s
algorithm (Grover, 1997) requires an oracle function that can map all solution
states to 1 and all non-solution states to 0 with one operation. However, such a
piece of oracle information is usually not available in statistics as the solution is
usually a function of random observations.

When the oracle is inaccurate, Grover’s algorithm can perform as bad as a
random guess which will be demonstrated in our numerical experiments.

To overcome the aforementioned limitations, we propose a novel non-oracular
quantum method named quantum adaptive search (QAS). QAS starts with
an equally weighted superposition of all candidate models and iteratively up-
dates the superposition towards the direction that minimizes the `2 loss in (2.1).
Within each iteration, the new superposition is compared with the old one
through a local evaluation function which does not require any oracle infor-
mation of the true solution. For a best subset selection problem overD = 2p

candidate models, an electrical computing algorithm requiresO(D) quires to
search the best model. In contrast, within O(log2D) iterations, QAS con-
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verges to a superposition that heavily weighs on the solution state and hence
output the exact solution of (2.1) with a high probability. The computational
complexity of QAS is upper bounded by the order O(

√
D log2D) which is

only a log2D factor larger than the theoretical lower bound for oracular quan-
tum search algorithms (Bennett et al., 1997). Though the NP-hardness has not
been fully conquered, QAS has made a steady step to downscale the computa-
tional complexity of the best subset selection problem. When the underlying
regression model is linear, we propose a quantum linear prediction method
which is faster than its classical counterpart. We further introduce a hybrid
quantum-classical strategy to avoid the capacity bottleneck of existing quan-
tum computing systems and boost the success probability of QAS by majority
voting.

The rest of the chapter is organized as follows. We review the state-of-the-
art quantum search algorithm and its limitation in Section 2.2. In Section 2.3,
we propose a novel non-oracular quantum search algorithm named quantum
adaptive search (QAS), and discuss its intuition and theoretical properties. In
Section 2.4 , we introduce a quantum linear prediction algorithm and suggest
a quantum-classical hybrid strategy to improve the stability of quantum best
subset selection. In Sections 2.5 and 2.6, we evaluate the empirical performance
of the proposed method via extensive experiments on quantum and classical
computers. Section 2.10 concludes the chapter with a few remarks. Due to the
limitation of space, the proofs of main theoretical results, additional simulation
results, and a real data application are relegated to a supplemental material.

2.2 Review of quantum search algorithm

2.2.1 Notations and de�nitions
To facilitate the discussion in the chapter, we review some essential notations
and de�nitions used in quantum computing which may be alien to the audience
of statistics. We refer to (Nielsen & Chuang, 2010) and (Schuld & Petruccione,
2018) for more detailed tutorials of quantum computing. We start by intro-
ducing the linear algebra notations used in quantum mechanics, which were
invented by Paul Dirac. In Dirac’s notation, a column vector a is denoted by
|a〉which reads as a in a ‘ket’. Typical vector space of interest in quantum com-
puting is a Hilbert space H of dimension D = 2p with a positive integer p.
Further, the dual space ofH is de�ned as follows.

De�nition 2.2.1. For a Hilbert spaceH, the dual Hilbert spaceH∗ is defined as
the set of linear mapsH → C, where C is the complex space.
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For a vector |a〉 ∈ H, we denote its dual vector as 〈a| (reads as a in a ‘bra’),
which is an element ofH∗. Besides, H andH∗ together naturally induce an
inner product 〈a|b〉 = 〈a,b〉, which is also known as a ‘bra-ket’. We say |a〉 is a
unit vector if 〈a|a〉 = 1. The orthonormal basis ofH can be de�ned as below.

De�nition 2.2.2. For a Hilbert spaceH of dimensionD = 2p, a set ofD vectors
B = {|b0〉 , |b1〉 , . . . , |bD−1〉} is called an orthonormal basis ofH if

〈bi|bj〉 = δi,j, ∀ bi, bj ∈ B,

where δi,j = 1 when i = j and δi,j = 0 otherwise.

The framework of quantum computing resides in a state-space postulate
which describes the state of a system by a unit vector in a Hilbert space. Recall
that, a classical bit in an electronic computer can only store one state at a time
over two possibilities (i.e. 0 or 1). In contrast, a state of a quantum bit (or qubit)
can be described by a complex unit vector |ψ〉 in a two-dimensional Hilbert
space. It is usually convenient to represent this quantum state as an ancilla
qubit

|ψ〉 = cos

(
θ

2

)
|0〉+ eiφ sin

(
θ

2

)
|1〉 ,

which corresponds to a point on a three-dimensional sphere, known as the
Bloch sphere. A visualized comparison between a classical bit and a qubit is
given in Figure 2.1.

1

0

Classical Bit Qubit

Superposition

Figure 2.1: Classical bit v.s. qubit

Similarly, a quantum computer of p qubits can represent a state of a system
by a unit vector |ψ〉 in a D = 2p dimensional Hilbert space H. Let B =

{|bi〉}D−1i=0 be an orthonormal basis of H. Every unit state |ψ〉 ∈ H can be
represented as

|ψ〉 =
D−1∑
i=0

φi |bi〉 , (2.2)
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where φ0, . . . , φD−1 is a set of coe�cients with φi = 〈bi|ψ〉 and
∑D−1

i=0 φ2
i =

1.
Another salient feature of quantum computing is the measurement of a

quantum system yields a probabilistic outcome rather than a deterministic one.
Suppose the superposition |ψ〉 in (2.2) is measured, it collapses to a random state
inB. In addition, the probability we observe |bi〉 is |φi|2 for i = 0, . . . , D− 1.

2.2.2 Grover’s algorithm
We shall now review the state-of-the-art quantum algorithm to search a partic-
ular state in a system ofD = 2p states. For example, searching the smallest real
number from a set ofD real numbers, or searching a word from a vocabulary
list ofD words. For the simplicity of discussion, we assume the solution to this
searching problem is unique.

In the framework of quantum computing, each state of the system can
be modeled by a vector in an orthonormal basis D = {|i〉})D−1i=0 of a D di-
mensional Hilbert space H. The solution state is denoted by |k〉 for some
k ∈ {0, . . . , D − 1}. (Grover, 1997) proposed a quantum search algorithm
with a success probability of at least 50%. The computational complexity of
Grover’s algorithm is of the orderO(

√
D). (Bennett et al., 1997) showed that

this rate is optimal, up to a constant, among all possible quantum search algo-
rithms. In contrast, any classical search algorithm needs to query the system for
at least 0.5D times to solve the searching problem with a 50% or higher success
probability. As a result, most classical search algorithms have the computational
complexity of the orderO(D).

Grover’s algorithm assumes that there exists an oracle evaluation function
S(·), such that S(|k〉) = 1 and S(|i〉) = 0 for i 6= k. Grover’s algorithm
is initialized with a superposition as the equally weighted average of quantum
states |i〉, i = 0, . . . , D − 1. To be speci�c, the initial superposition is de�ned
as

|ψ0〉 =
1√
D

D−1∑
i=0

|i〉 ≡ c0 |k〉+ d0
∑
i 6=k

|i〉 ,

where c0 = d0 = 1√
D

. Then, Grover’s algorithm updates c and d in an iterative
manner. In the jth iteration, Grover’s algorithm applies the following two
operations to the current superposition |ψj−1〉 = cj−1 |k〉+ dj−1

∑
i 6=k
|i〉,

(a) A �ip operationF to |ψj−1〉, whereF |i〉 = (1− 2S(|i〉)) |i〉. In other
words, F |k〉 = − |k〉 and F |i〉 = |i〉 for i 6= k.

9



(b) A Grover’s di�usion operationG toF |ψj−1〉, whereG = 2 |ψ0〉 〈ψ0|−
ID and ID is aD ×D identity matrix.

In the rest of this chapter, we call the two operations together, i.e. GF , as
Grover’s operation

After the jth iteration, the superposition |ψj−1〉 is updated to

|ψj〉 = GF |ψj−1〉 = cj |k〉+ dj
∑
i 6=k

|i〉 ,

where the coe�cients cj and dj satis�es{
cj = D−2

D
cj−1 + 2(D−1)

D
dj−1,

dj = D−2
D
dj−1 − 2

D
cj−1.

Let θ be the angle that satis�es sin2 θ = 1
D

. The coe�cients cj anddj admit
a closed form (Nielsen & Chuang, 2010),{

cj = sin
(
(2j + 1)θ

)
,

dj = 1√
D−1 cos

(
(2j + 1)θ

)
.

This closed form provides an intuitive geometric interpretation of Grover’s
algorithm. Let |ζ〉 = 1√

D−1

∑
i 6=k
|i〉 be the average of all non-solution states

which is orthogonal to the solution state |k〉. It is easy to check that the angel
between the initial superposition |ψ0〉 and |ζ〉 is θ. In the �rst Grover’s opera-
tion, the step (a) transforms |ψ0〉 to F |ψ0〉, which is equivalent to re�ect |ψ0〉
with respect to |ζ〉. In the step (b), the Grover’s di�usion operationG re�ects
F |ψ0〉with respect to |ψ0〉. As a result, the angle betweenGF |ψ0〉 and |ζ〉 is
3θ. The Figure 2.2 below provides a visualization of the two steps in the �rst
Grover’s operation.

Similarly, every iteration in Grover’s algorithm is equivalent to rotate the
superposition |ψj〉 towards the solution state |k〉 by 2θ. WhenD is large, i.e.,
θ is small, we can approximate the angle by θ ≈ sin θ = 1√

D
. Then, a natural

stopping criterion for Grover’s algorithm is to choose the number of iterations
τ by (2τ + 1)/

√
D = π/2, which yields τ is approximately d

√
Dπ/4e, where

d·e is the ceiling function. Grover’s algorithm is summarized in Algorithm 1
below. Grover’s algorithm can be easily extend to a search problem with mul-
tiple solutions by changing the stopping criterion to τ(M) = d

√
D/Mπ/4e,

where M is the number of solutions. We refer to (Boyer et al., 1998) for more
detailed discussions.
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Figure 2.2: Geometrical visualization of the two steps in the �rst Grover’s oper-
ation.

Algorithm 1 Grover’s algorithm
Input: An orthonormal basisD of sizeD = 2p, a binary evaluation function
S associated with an oracle state |k〉, such that S(|k〉) = 1 and S(|i〉) = 0
for i 6= k. Number of iterations τ = dπ

√
D/4e, where d·e is the ceiling

function.
Initialization Prepare an equally weighted superposition on a quantum
register of p-qubits |ψ0〉 = 1√

D

∑D−1
i=0 .

for j = 1, . . . , τ do
Grover’s operation: Let |ψj〉 = GF |ψj−1〉, where F |i〉 =

(1− 2S(|i〉) |i〉,
G = 2 |ψ0〉 〈ψ0| − ID, and ID is aD ×D identity matrix.

end for
Output: Measure the latest superposition |ψτ 〉 on the quantum register.

2.2.3 Limitation of Grover’s algorithm
Grover’s algorithm is an oracular quantum algorithm as it depends on an oracle
evaluation function that maps the solution state to 1 and all other states to 0.
However, such a piece of oracle information is usually not available in statistical
learning problems as the states are measured over random samples.

When we have partial or inaccurate oracle information of the solution state,
say we may only identify the solution state up to a subset of states, i.e. |k〉 ∈
M ⊂ {|0〉 , . . . , |D − 1〉}, the best oracle evaluation function that we can
construct is {

S(|i〉) = 1, when i ∈M,

S(|i〉) = 0, when i ∈Mc.
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Then, each iteration of Grover’s algorithm rotates the current superposition
towards the hyper-plane spanned by the states inM instead of the true solution
state |k〉. As a result, Grover’s algorithm may fail to converge to the truth and
provide a biased estimator. The bias is lower bounded by the di�erence between
|k〉 and the projection of the initial superposition on the hyper-plane spanned
by the states inM.

When we have no oracle information of the solution state at all, the oracle
evaluation function can only be constructed by a randomly selected solution
state. Then, Grover’s algorithm is highly likely to rotate the initial superposition
towards a wrong direction and the output of the algorithm can be as bad as a
random guess. We empirically demonstrate this phenomenon in Section 2.5.2.

2.3 Best subset selection with quantum adaptive
search

2.3.1 Quantum adaptive search
In this subsection, we propose a novel non-oracular quantum search algorithm
named quantum adaptive search (QAS) which aims to overcome the aforemen-
tioned limitation of Grover’s algorithm. Let us consider the best subset selection
problem (2.1) and assumen ≥ p such that allD = 2p subsets of p covariates are
attainable. When n < p, we only need to search over

∑n
t=0

(
p
t

)
< 2p subsets

which is a less challenging combinatorial search problem.
To implement the combinatorial search on a quantum computing system,

we encode each subset of {1, . . . , p} as a state in an orthonormal basisD =

{|0〉 , . . . , |D − 1〉}, which consists of D = 2p elements of a Hilbert space
H. Further, we de�ne a state loss function g(·) : H → R as follows

g(|i〉) := Ln(t; j1, · · · , jt; β̂j1 , . . . , β̂jt) =
1

n

n∑
i=1

(
yi −

t∑
l=1

β̂jlxi,jt

)2

,

(2.3)
where the state |i〉 ∈ D is a vector inH that corresponds to the subset{j1, · · · , jt},
and β̂j1 , . . . , β̂jt are the regression coe�cient estimates obtained by minimiz-
ing (2.1) with �xed t and {j1, · · · , jt}. Intuitively, the best subset corresponds
to the state that minimizes the state loss function.

Next, we introduce the proposed non-oracular quantum adaptive search
method, i.e. QAS, by three key steps as follows.

12



( 1 ) Initialization: We choose an initial benchmark state |w〉 randomly
from the setD = {|0〉 , . . . , |D − 1〉}. Also, we pre-specify a learning rate
λ ∈ (0, 1).
(2 ) Updating: We run Algorithm 1 on setD by inputting the benchmark
state |w〉 and the number of iterations τ = dπλ−m/2/4e, wherem is a positive
integer. Denote the output of Algorithm 1 as |wnew〉 which is a state in D.
Then, we compare |wnew〉with |w〉 in terms of the state loss function g(·). If
g(|wnew〉) < g(|w〉), we update the current benchmark state |w〉with |wnew〉,
otherwise we do not update |w〉.
( 3 ) Iteration and output: Start withm = 1 and repeat the updating
step. After each updating step, set m = m + 1. The QAS stops when m >

C(λ) lnD, whereC(λ) is a positive constant that depends on the learning rate
λ. Then, we measure the quantum register with the latest superposition. The
output is the observed state inD and its corresponding subset.

Unlike Grover’s algorithm, QAS randomly selects a state inD as the bench-
mark state which does not require any oracle information of the solution state.
Then, QAS iteratively updates the benchmark state towards the direction that
reduces the state loss function. Besides, QAS is data-adaptive in the sense that
it starts with a conservative learning step size (e.g. m = 1) and gradually in-
crease the learning step size as the benchmark state has been updated towards
the truth. We summarize QAS in Algorithm 2 below.

Algorithm 2 Quantum adaptive search
Input: An orthonormal basis D of size D = 2p, a state loss function g(·)
that maps a state inD to a real number, a learning rate λ ∈ (0, 1).
Initialization Set m = 1. Randomly select a state in D as the initial
benchmark state |w〉. De�ne a local evaluation function S( · , |w〉 , g) such
that S(|i〉 , |w〉 , g) = 1 if g(|i〉) ≤ g(|w〉) and S(|i〉 , |w〉 , g) = 0 if
g(|i〉) > g(|w〉).
repeat

(1) Run Algorithm 1 by inputting D, S( · , |w〉 , g) and τ(m) =
dπλ−m/2/4e.

(2) Measure the quantum register and denote the readout by |wnew〉.
(3) If g(|wnew〉) < g(|w〉), set |w〉 = |wnew〉 and update S( · , |w〉 , g)

accordingly.
(4)m = m+ 1.

untilm > C(λ) lnD, whereC(λ) is a positive constant depends on λ.
Output: The latest benchmark state |w〉.

Algorithm 2 provides a general non-oracular quantum computing frame-
work for best subset selection problems as the state loss function g(·) can be
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tailored for various statistical models, such as nonlinear regression, classi�cation,
clustering, and low-rank matrix recovery.

2.3.2 Intuition of quantum adaptive search
In this subsection, we demonstrate the intuition of QAS. Suppose that we im-
plement QAS on an orthonormal basisD = {|i〉}D−1i=0 with a pre-speci�ed state
loss function g(·) : H → R and a learning rate λ ∈ (0, 1). We assume there
exists a sole solution state inD that minimizes g(·). Without loss of generality,
we number the states in D as the ascending rank of their state loss function
values, i.e.

g(|0〉) < g(|1〉) ≤ g(|2〉) ≤ · · · ≤ g(|D − 1〉), (2.4)

where |0〉 is the sole solution state.
If the initialization step in Algorithm 2 luckily selects the sole solution

state |0〉 as the initial benchmark state, QAS will never update the benchmark
state and hence reduces to Grover’s algorithm with a known oracle state and
τ ≈

√
Dπ/4. Therefore, QAS can recover the true state with a high success

probability.
A more interesting discussion would be considering the initial benchmark

state |w〉 does not coincide with the truth, i.e. |w〉 6= |0〉. Given the rank in
(2.4), the local evaluation function S(|i〉 , |w〉 , g) can be simpli�ed as{

S(|i〉 , |w〉 , g) = 1, if i ≤ w,

S(|i〉 , |w〉 , g) = 0, if i > w.

In themth iteration, QAS calls Algorithm 1 by inputtingD, S( · , |w〉 , g)

(suppose that w 6= 0) and τ(m) = dπλ−m/2/4e. Algorithm 1 initializes a
equally weighted superposition as

|ψ0〉 =
1√
D

D−1∑
i=0

|i〉 ≡ α0

w∑
i=0

|i〉+ β0

D−1∑
j=w+1

|j〉 , with α0 = β0 =
1√
D
.

Then, Algorithm 1 applies τ(m) Grover’s operations to |ψ0〉 which updates
|ψ0〉 to

∣∣ψτ(m)

〉
with coe�cients satisfy{
ατ(m) = 1√

w+1
sin
(
(2τ(m) + 1)θ

)
,

βτ(m) = 1√
D−w−1 cos

(
(2τ(m) + 1)θ

)
,
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where the angle θ satis�es sin2 θ = (w + 1)/D. After the mth iteration, Al-
gorithm 1 outputs a random state |wnew〉 ∈ D with the following probability
mass function

P (|wnew〉 = |i〉) =

{
α2
τ(m), if i ≤ w,

β2
τ(m), if i > w.

Since the learning rate λ ∈ (0, 1), we have α2
τ(m) > 1/D > β2

τ(m) for
some positive m. After the mth iteration, QAS ampli�es the probability of
drawing the states whose state loss function values are smaller or equal to g(|w〉).
Meanwhile, QAS suppresses the probability of drawing the states whose state
loss function values are greater than g(|w〉). Geometrically, QAS rotates the

initial superposition |ψ0〉 towards 1√
w+1

w∑
i=0

|i〉, which is an average over the

states that can reduce the state loss function from |w〉. If the output of themth
iteration is |wnew〉 = |i〉 for some i ≥ w, QAS will not update |w〉. On the
other hand, if i < w, QAS will update |w〉with |wnew〉which is equivalent to
descend |w〉 to a state with a smaller state loss function value. In Figure 2.3, we
visually illustrate the mechanism of QAS when p = 2.
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Figure 2.3: Illustrative example of quantum adaptive search.

Intuitively, one can think of QAS as a “quantum elevator” that starts at a
random �oor of a high tower and aims to descent to the ground �oor. In each
operation, a quantum machine will randomly decide if this elevator stays at the
current �oor or goes down to a random lower-level �oor. Besides, the probabil-
ity of going down will gradually increase as the number of operations increases.
Thus, it is not hard to imagine that the “quantum elevator” can descent to the
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ground �oor with a high success probability after a large enough amount of op-
erations. Our intuition of QAS is justi�ed by the following theorem. Theorem
2.3.1 states that, withinO(log2D) iterations, QAS �nds the sole solution state
for any pre-speci�ed success probability greater than 50%.

Theorem 2.3.1. Let κ ∈ (0.5, 1) be a constant. With probability at least κ,
the quantum adaptive search (e.g. Algorithm 2) finds the sole solution state |0〉
withinCκ log2D iterations, whereCκ is a positive constant that depends on κ.

Suppose that, in themth iteration of Algorithm 2, the current benchmark
state is |wm〉with g(|wm〉 being the rmth smallest among {g(|i〉)}D−1i=0 . Theo-
rem 2.3.2 below shows the expected number of Grover’s operations that Algo-
rithm 2 needs to update g(|wm〉) is on the order O(

√
D/rm). This together

with Theorem 2.3.1 imply the computational complexity upper bound of QAS
is of order O(

√
D log2D) which is only a log2D factor larger than the theo-

retical lower bound of any oracular quantum search algorithm (Bennett et al.,
1997). Notice that, QAS achieves a near optimal computational e�ciency as
oracular quantum search algorithms without using any oracle information.

Theorem 2.3.2. Let |wm〉 be the current benchmark state in themth iteration of
Algorithm 2. Let rm be the rank of g(|wm〉) in the sorted sequence of {g|i〉}D−1i=0

in ascending order, rm = 1, . . . , D. The expected time for Algorithm 2 to update
|wm〉 is of orderO(

√
D/rm).

2.4 Implementation of quantum adaptive search

2.4.1 Linear prediction with quantum computing
Linear regression is a pivotal component of QAS as the local evaluation func-
tion compares two states through the state loss function de�ned in (2.3). Re-
cently, a line of studies (Rebentrost et al., 2014; G. Wang, 2017; Wiebe et al.,
2012; Z. Zhao et al., 2019) focuses on formulating linear regression as a matrix
inversion problem, which can be tackled by the quantum algorithm to solve
linear systems of equations (Harrow et al., 2009). Their goal is to �nd a series
of quantum states whose amplitudes represent the ordinary least squares esti-
mator of linear regression coe�cients. Although their algorithms can encode
such quantum states e�ciently, “it may be exponentially expensive to learn via
tomography” (Harrow et al., 2009). As a result, most existing quantum linear
regression algorithms require the input design matrix to be sparse. Otherwise,
the computation is slow and the estimation accuracy may su�er from noise ac-
cumulation. In this chapter, we investigate a novel quantum linear prediction
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approach which is based on the singular-value decomposition. The proposed
method avoids the matrix inversion problem. Instead, we estimate the inverse
singular values by utilizing a recently developed quantum tomography tech-
nique (Lloyd et al., 2014).

Let {j1, . . . , jd} be a subset of {1, . . . , p} with d ≤ n. DenoteXd ∈
Rn×d the sub-matrix ofX corresponding to the subset {j1, . . . , jd}. Let x̃
be a new observation of the d selected covariates. Then, the corresponding
response value ỹ can be predicted by

ŷ = x̃ᵀ(Xᵀ
dXd)

−1Xᵀ
dy. (2.5)

Suppose that the rank ofXd isR ≤ d, a compact singular value decompo-
sition ofXd yields

Xd = UΣV ᵀ =
R∑
r=1

σrurv
ᵀ
r ,

where Σ = diag{σ1, . . . , σR} is a diagonal matrix of R positive singular
values, andU = (u1, . . . , uR) ∈ Rn×R and V = (v1, . . . , vR) ∈ Rd×R

are matrices of left and right singular vectors, respectively. Further, we have
UU ᵀ = V V ᵀ = IR. Then, the linear predictor in (2.5) can be represented by

ŷ =
R∑
r=1

σ−1r x̃
ᵀvru

ᵀ
ry. (2.6)

Motivated by the quantum principle component analysis (QPCA) (Lloyd
et al., 2014) and the inverted singular value problem (Schuld et al., 2016), we
propose to calculate (2.6) by a quantum linear prediction (QLP) procedure,
which can be summarized as the following three steps.
Step 1 : Quantum states preparation.

We encodeXd, vr andur, r = 1, . . . , R, into a quantum system as

|ψXd
〉 =

d∑
j=1

n∑
i=1

ai,j |i〉 |j〉 , |ur〉 =
n∑
i=1

µr,i |i〉 and |vr〉 =
d∑
j=1

νr,j |j〉 ,

(2.7)
where

∑
i

∑
j |ai,j|2 =

∑
i |µr,i|2 =

∑
j |νr,j|2 = 1, and {|i〉}ni=1 and

{|j〉}dj=1 are orthonormal quantum bases representing the linear space spanned
by the left and right singular vectors ofXd, respectively.
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Then, we encodeXᵀ
dXd and the compact singular value decomposition of

Xd into a quantum system as

ρ ≡ ρ(Xᵀ
dXd) =

d∑
j,j′=1

n∑
i=1

ai,jai,j′ |j〉 〈j′| and |ψXd
〉 =

R∑
r=1

σr |ur〉 |vr〉 .

(2.8)
Similarly, we can encode y and x̃ into a quantum system as

|ψy〉 =
N∑
µ=1

bµ |µ〉 and |ψx̃〉 =
d∑

γ=1

cγ |γ〉 , (2.9)

with
∑

µ |bµ|2 =
∑

γ |cγ|2 = 1, and {|µ〉}nµ=1 and {|γ〉}dγ=1 are orthonormal
quantum bases.

Step 2: Extracting the inverted singular values.
To calculate (2.6) with a quantum computer, we �rst need to calculate the

inverse of singular values ofXd. According to the ideas of QPCA (Lloyd et al.,
2014), we apply ρ to |ψXd

〉 and follow the quantum phase estimation algorithm
(e.g. Shor, 1994; Szegedy, 2004; Wocjan et al., 2009) which yields

R∑
r=1

σr |vr〉 |ur〉 |λr〉 , (2.10)

where λr = σ2
r , r = 1, . . . , R, are the eigenvalues of ρ which is encoded in

a quantum register |λr〉. Then, by adding an extra qubit and rotating (2.10)
conditional on the eigenvalue register |λr〉, we have

R∑
r=1

σr |vr〉 |ur〉 |λr〉
[√

1− (
c

λr
)2 |0〉+

c

λr
|1〉
]
, (2.11)

where c is a constant to ensure the inverse of eigenvalues are no larger than 1.
We can repeatedly perform a conditional measurement of (2.11) on the an-

cilla qubit until it is in state |1〉. After that, we can uncompute and discard the
eigenvalue register which results in

|ψ1〉 ≡
1√
p(1)

R∑
r=1

c

σr
|vr〉 |ur〉 , (2.12)
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where p(1) =
∑R

r=1 |
c
λr
|2 is the probability of the ancilla qubit in (2.11) col-

lapsing to state |1〉.

Step 3 : Calculating the inner products.
Follow the notations in (2.7) –(2.9), we can rewrite (2.6) as

R∑
r=1

σ−1r 〈x̃|vr〉 〈y|ur〉 . (2.13)

Motivated by the strategy in (Schuld et al., 2016), we write (2.13) into some
entries of an ancilla qubit so that it can be assessed by a single measurement.
To this end, we construct two states |ψ1〉 and |ψ2〉 that are entangled with an
ancilla qubit, i.e.

1√
2

(|ψ1〉 |0〉+ |ψ2〉 |1〉) ,

where |ψ1〉 is de�ned in (2.12) and |ψ2〉 = |ψy〉 |ψx̃〉. Then, the o�-diagonal
elements of this ancilla qubit’s density matrix read

c

2
√
p(1)

R∑
r=1

σ−1r 〈x̃|vr〉 〈y|ur〉 =
c

2
√
p(1)

R∑
r=1

σ−1r x̃
ᵀvru

ᵀ
ry,

which contains the desired results (2.6) up to a known normalization factor.
Given a testing set of nt observations, i.e. {ỹi, x̃i}nti=1, the prediction error

can be calculated as

g̃(|i〉) =
1

nt

nt∑
i=1

(ŷi − ỹi)2, (2.14)

where |i〉 is a quantum state represents {x1, . . . , xd} and ŷi is the predictor
of ỹi which can be calculated follow the QLP procedure introduced above. In
addition, the computational complexity of running QLP over a training set of
size n and a testing set of nt is approximately of the orderO ((n+ nt) log2 d)

which is faster than the classical computing algorithm that usually of order
O ((n+ nt)d).

2.4.2 Hybrid quantum-classical strategy
In high dimensional regime, implementing the best subset selection procedure
completely on a quantum computing system is desirable since both QAS and
QLP are substantially faster than their classical counterparts. However, such
an objective may not be readily accomplished due to the prototypical develop-
ment of quantum computers. On one hand, the capacity of the state-of-the-art
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quantum processor (about 70 qubits) is still far from large enough to carry out
big data applications. For example, the quantum state preparation step of QLP
requires at least 2(log2 d + log2 n) qubits which may exceed the capacity of
most public available quantum computers when d and n are moderate or large.
On the other hand, existing quantum computing systems are usually highly sen-
sitive to the environment and can be in�uenced by both internal and external
noises (Sung et al., 2019). For example, a superconducting quantum comput-
ing system can be a�ected by the internal noises due to material impurities as
well as the external noises that come from control electronics or stray magnetic
�elds (Kandala et al., 2019). Further, such noises can accumulate through the
computing process and create a non-negligible bias.

To address the aforementioned practical challenges, we propose a hybrid
quantum-classical strategy to balance computational e�ciency, scalability, and
reliability of quantum best subset selection, which is summarized in Algorithm
3 below.

Figure 2.4: Flowchart of hybrid quantum-classical strategy.

The intuition of the hybrid quantum-classical strategy is to avoid the NP-
hard computational bottleneck by implementing QAS on several quantum
nodes while calculating the remaining parallelable steps on a classical computer.
The accuracy of QAS will be boosted by a majority voting step. To be speci�c,
we �rst input the data into a classical computer and parallelly compute the linear
prediction errors (2.14) overD = 2p candidate models. The linear prediction
errors, stored in aD-dimensional vector, will be passed toK quantum nodes.
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Then, we independently implement QAS on K quantum nodes to select the
minimum element in theD-dimensional prediction error vector. The selection
results, stored in a list ofK items, will be passed back to the classical computer
for a majority voting. The best subset with the most votes is selected as the �nal
estimator. We present the �ow chart of this procedure in Figure 2.4 above.

Algorithm 3 Hybrid quantum-classical strategy for best subset selection
Input: A training set {xi, yi}ni=1 with xi ∈ Rp. A testing set {x̃i}nti=1

with x̃i ∈ Rp. A number of available quantum nodes K . A learning rate
λ ∈ (0, 1).
Stage 1 on a classical computer:

(1.1) Compute, in parallel, the prediction error (2.14) over all D = 2p

candidate models.
(1.2) Save the prediction errorsGD = (g(|0〉), . . . , g(|D − 1〉)).

Stage 2 on K quantum nodes:
(2.1) Independently implement Algorithm 2 over GD on K quantum

nodes.
(2.2) Save the results in a list ofK selected modelsM = {m1, . . . , mK}.

Stage 3 on a classical computer:
A majority voting over models inM. Denote the model with the

most votes as m̂.
Output: The selected model m̂.

The Theorem 2.4.1 below states a majority voting over K = 2ξ + 1 in-
dependent quantum nodes can boost the success probability of �nding the
best subset. The lower bound of success probability in Theorem 2.4.1 can be
boosted by increasing the number of quantum nodes or improving the success
probability on each quantum node.

Theorem 2.4.1. Let’s consider a majority voting system that consists ofK = 2ξ+

1 nodes, where ξ is a positive integer. Suppose that each node works independently
with probability q > ξ+1

2ξ+1
to vote the correct model and probability 1− q to vote

an incorrect model. Let E denote the event that the majority voting system selects
the correct model. Then, the probability of E is lower bounded by

P(E) > Φ

(√
2(2ξ + 1)DKL(q,

ξ + 1

2ξ + 1
)

)
,

where Φ(·) is the cumulative distribution function of a standard normal random
variable and

DKL(a, b) = b ln
b

a
+ (1− b) ln

(1− b)
(1− a)
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quantum-computing
2 https://qiskit.org/

is the Kullback-Leibler divergence between two Bernoulli distributions with pa-
rameters a and b, respectively.

Figure 2.5: Lower bounds of successful probability whenK = 5, 7, 9.

In Figure 2.5, we plot the the lower bound of P(E) versus the values of q.
We letq increase from 0.75 to 1 and choose the number of nodesK = 5, 7, 9.

According to Figure 2.5, all three solid lines are concave curves which means a
majority voting system with a moderate number of nodes can e�ectively boost
the success probability of �nding the correct model. For instance, a majority
voting overK = 9 independent nodes with q = 0.75 can boost the probability
of �nding the correct model to 0.9 or higher.

2.5 Experiments on the quantum computer
In this section, we implement the proposed hybrid quantum-classical strategy
on IBM Quantum Experience1 which is a publicly available cloud-based quan-
tum computing system. This platform has developed a Qiskit Python devel-
opment kit2, which allows users to perform both quantum computing and
classical computing in a single project. In Section 2.5.1, we analyze the perfor-
mance of Algorithm 3 regarding the selections of tuning parameters. In Section
2.5.2, we assess the best subset section performance of Algorithm 3 under var-
ious linear regression settings and compare QAS with Grover’s algorithm in
stage 2.

2.5.1 Selection of tuning parameters
The proposed hybrid quantum-classical strategy involves two tuning parame-
ters: the number quantum nodesK ; and a learning rate λ ∈ (0, 1) which will
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be passed to each quantum node to implement Algorithm 2. As suggested by
Theorem 2.4.1, the success probability of Algorithm 3 converges to 1 as K in-
creases when the success probability of each individual quantum node surpasses
0.5. Therefore, one should chooseK as large as possible subject to the availabil-
ity of quantum computing resources. On the other hand, the learning rate λ
controls the “step size" of each iteration in Algorithm 2. In this subsection, we
use an experiment to assess the performance and the sensitivity of Algorithm
3 with respect to the choices of K and λ. To focus on the selection of tuning
parameters, we skip the stage 1 in Algorithm 3. Instead, we generateGD as an
i.i.d. sample of size D = 32 from the uniform distribution U [0, 1]. Then we
use the stages 2 and 3 in Algorithm 3 to �nd the minimum element inGD. We
setK = 1, 3 or 5, and let λ be a sequence of grid points between 0.40 and 0.60
with a step size of 0.01. For each pair ofK and λ, we simulate 200 replications.
The performance is measured by the accuracy rate which is de�ned as

Accuracy rate =
Number of replications with correct solution

Number of replications
. (2.15)

Figure 2.6: Accuracy rates of Algorithm 3 with K = 1, 3, 5 and λ ∈
[0.40, 0.60].
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The results are presented in Figure 2.6. The accuracy rates forK = 1, 3 or
5 are plotted as blue, orange and green dots with di�erent symbols. The solid
lines are corresponding smoothed curves. According to Figure 2.6, we �nd that
increasing the number of quantum nodes K can improve the accuracy rate
though the improvement is marginal when K is large enough, e.g. K = 5.
Besides, we observe that the highest accuracy rates are attained with some λ
between 0.5 and 0.55 for both choices ofK . One can notice that the accuracy
rates are close to 1 when λ ∈ (0.5, 0.55) andK ≥ 3 which can be considered
as a rule-of-thumb recommendation. Further, the smoothed curves in Figure
2.6 indicates that Algorithm 3 is not very sensitive for the selection of tuning
parameters.

2.5.2 Best subset selection with hybrid quantum-classical
strategy

In this subsection, we assess the best subset selection performance of the pro-
posed hybrid quantum-classical strategy. We consider a linear regression model

yi = xᵀ
iβ
∗ + εi, i = 1, . . . , n, (2.16)

where y ∈ R,xi ∈ Rp,β∗ = (β1, . . . , βp)
ᵀ ∈ Rp, and εi ∈ R. First, we draw

{xi}ni=1 as an i.i.d. sample from a multivariate normal distributionNp(0,Σ),
where the (i, j)th entry of Σ equals ρ|i−j| for some ρ ∈ (0, 1). Then, we draw
{εi}ni=1 as an i.i.d. sample from a normal distributionN(0, σ2). Notice that, ρ
controls the autocorrelation level among covariates, and β∗, ρ and σ together
control the signal to noise ratio (SNR), i.e. SNR = b∗ᵀΣb∗/σ2. Let s < p be
a positive integer indicating the model sparsity. We set the �rst s elements of
β∗ to be 1 and the rest p− s elements to be 0.

Subject to the capacity of the quantum computing system, we set n = 100,
p = 7, and s = 4. We choose the autocorrelation levelρ ∈ {0.25, 0.5} and the
signal to noise ratio SNR ∈ {0.5, 1.0, 2.0, 3.0}, respectively. For each scenario,
we simulate 200 replications. We implement the hybrid quantum-classical strat-
egy as proposed in Algorithm 3 with K = 3 and λ = 0.55 to select the best
subset of the linear regression model. We denote this method as QAS since
it implements the quantum adaptive search in stage 2. Besides, we consider
two variants of Algorithm 3 as two competitors. The �rst competitor, denoted
as Grover Oracle, replace QAS in stage 2 by Grover’s algorithm with
a known oracle state. The second competitor, denoted as Grover Ran-
dom, replace QAS in stage 2 by Grover’s algorithm with a randomly selected
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oracle state. Notice that Grover Oracle is an oracular method and not
applicable in practice since the oracle state is not observable.

For each replication, we record the false positives (FP) and false negatives
(FN) of each method. FP is the number of inactive covariates that are selected
into the model and FN is the number of active covariates that are ignored in
the selected model. The box-plots of FP and FN over 200 replications are
reported in Figure 2.7 below. According to Figure 2.7, Grover Oracle
performs the best among the three competitors which is not surprising as it
utilizes the oracle information of the true best subset. The proposed QAS
method, as a non-oracular approach, performs almost identical to Grover
Oracle in nearly all scenarios. QAS is slightly outperformed by Grover
Oracle when the correlation level is high (ρ = 0.5) and the signal to noise
ratio is small (SNR = 0.5), which is the most challenging scenario. In contrast,
Grover Random performs as bad as random guesses in all scenarios. This
observation, which is inline with the discussions in Section 2.2.3, shows oracular
quantum search algorithms are not applicable to statistical learning problems.

Figure 2.7: Box-plots of false positives (left) and false negatives (right) over 200
replications.

2.6 Comparison with classical methods
In this section, we compare the empirical performance of quantum adaptive
search (QAS) with the naive best subset selection method (BSS) implemented
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on a classical computer. We also include some popular approximate best subset
selection methods designed for classical computers: forward stepwise
selection (e.g. Draper & Smith, 1966); LASSO (Tibshirani, 1996); and the fast
best subset selection method (L0Learn) (Hazimeh & Mazumder, 2018). The
implementation details of the 5 comparison methods are summarized in Table
2.1.

Table 2.1: Implementation details for the 5 comparison methods in Section 2.6.
Method name Computing method Tuning parameter selection

QAS Algorithm 3 K = 5 and λ = 0.5
BSS Naive best subset selection NA
Forward stepwise R package bestsubset NA
LASSO R package glmnet 10-folds cross-validation
L0Learn R package L0Learn 10-folds cross-validation

We consider the same linear regression model in (2.16). The coe�cient vec-
tor β∗ is generated from one of the following two settings.

(1) Strong sparsity: the �rst s elements ofβ∗ equal to 1 while the rest p−s
elements equal to 0.

(2) Weak sparsity: the �rst s elements of β∗ equal to 1, s−1
s
, s−2

s
, . . . , 1

s

while the rest p− s elements equal to 0.

In this experiment, we set n = 100, p = 10 and s = 5. We choose the
autocorrelation level ρ ∈ {0.25, 0.5} and the signal to noise ratio SNR ∈
{0.5, 1.0, 2.0, 3.0}, respectively. For each scenario, we simulate 100 replica-
tions. Additional results for p = 20 and a real data analysis are relegated to
the supplemental material. Besides the false positives (FP) and false negatives
(FN) de�ned in Section 2.5.2, we measure the prediction performance of each
method by the relative test error (RTE):

RTE = E(ỹ − x̃T β̂)2/σ2 = (β̂ − β∗)ᵀΣ(β̂ − β∗)/σ2 + 1,

where (ỹ, x̃) is a testing observation which is i.i.d. with the training sample
{yi,xi}ni=1. It is easy to see that RTE is lower bounded by 1 and the smaller
the better.

Figures 2.8 and 2.9 present box-plots of FP, FN and RTE over 100 replica-
tions under strong sparsity and weak sparsity settings, respectively. According
to the box-plots, none of the 5 competing methods dominate the others in terms
of all three measurements, which is inline with the discussions in (Hastie et al.,
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2020). Generally speaking, LASSO tends to select generous models which
may have small FNs but large FPs. Forward stepwise and L0Learn
prefer to select parsimonious models which may lead to small FPs but large
FNs. However, none of the three methods can be considered as a good ap-
proximation of BSS since their performance are distinct in most scenarios. In
contrast, QAS performs almost identical to BSS in terms of all three measure-
ments in every scenario.

Figure 2.8: Strong sparsity setting: Boxplots of relative test error (left), false
positives (middle) and false negatives (right) over 100 replications.
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Figure 2.9: Weak sparsity setting: Boxplots of relative test error (left), false
positives (middle) and false negatives (right) over 100 replications.

Next, we take a closer look at best subset selection behaviors of the 5 compar-
ison methods. We simulate 1,000 replications of (2.16) with n = 100, p = 10,
s = 5, ρ = 0.5, SNR = 0.5, and the weak sparsity β∗. In the top panel of
Figure 2.10, we present the histogram of selected model sizes for 5 methods. In
the bottom panel of Figure 2.10, we report the box-plots of RTSs for 5 methods.
According to Figure 2.10, the selected model sizes of QAS and BSS sharply
concentrates around the truth, i.e. s = 5. The histograms of Forward
stepwise and L0Learn are severely left skewed which indicates they tend
to underestimate the size of the active set. In contrast, LASSO has a right
skewed histogram and hence often select oversized models. Again, the selection
as well as prediction performances of QAS and BSS are almost identical. The
results in Figure 2.10 further justi�ed our argument that QAS is an e�cient
quantum alternative of BSS while Forward stepwise, LASSO and
L0Learn are not ideal approximates of BSS.
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Figure 2.10: Best subset selection behaviors: histogram of selected model size
(top) and boxplots of relative test error (bottom).

2.7 Additional numerical results

2.7.1 Additional results for Section 6
In this subsection, we report additional simulation results for Section 6. All
the simulation settings are the same as introduced in Section 6 except that we
increase p to 20. Figures 2.11 and 2.12 present box-plots of FP, FN and RTE
over 100 replications under strong sparsity and weak sparsity settings, respec-
tively. The results for p = 20 are similar as the results we reported in the main
document for p = 10.

29



Figure 2.11: Strong sparsity setting with p = 20: Boxplots of relative test
error (left), false positives (middle) and false negatives (right) over 100 replica-
tions.

Figure 2.12: Weak sparsity setting with p = 20: Boxplots of relative test error
(left), false positives (middle) and false negatives (right) over 100 replications.

2.8 Real data analysis
We compare the performance of the methods listed in Table 1 on a real dataset.
The dataset (Johnson, 1996) contains 18 measurements including body fat, age,
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weight, height, and ten body circumference measurements, e.g., abdomen, on
252 men. The percentage of body fat (brozek) is considered as the response.
More details are summarized in Table 2.2.

Table 2.2: Descriptions of 18 health measurements in the dataset (Johnson,
1996).

variable description
brozek Percent body fat using Brozek’s equation
density Density (gm/cm3)
weight Weight(lbs)
adipos Adiposity index = Weight/Height2 (kg/m2)
neck Neck circumference (cm)

abdom Abdomen circumference (cm) at the umbilicus and level with the iliac crest
thigh Thigh circumference (cm)
ankle Ankle circumference (cm)

forearm Forearm circumference (cm)
siri Percent body fat using Siri’s equation
age Age(yrs)

height Height(inches)
free Fat Free Weight = (1 - fraction of body fat) * Weight, using Brozek’s formula (lbs)

chest Chest circumference (cm)
hip Hip circumference (cm)

knee Knee circumference (cm)
biceps Extended biceps circumference (cm)
wrist Wrist circumference (cm) distal to the styloid processes

The goal is to �nd a linear model that can accurately predict body fat (brozek)
using the other variables except siri (another way of computing body fat), den-
sity (it is used in the brozek and siri formulas) and free (it is computed using
brozek formula). So the total number of predictors is 14. We randomly split
the dataset into 80% training and 20% testing for 100 replications. The out-
of-sample mean-squared error (Test MSE) is used as a evaluation metric in this
study. In addition, we report the support size, i.e., the number of non-zero
coe�cients.
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Figure 2.13: Left: boxplots of Test MSE for �ve methods. Right: boxplots of
support sizes for �ve methods.

Table 2.3: Test MSEs and support sizes for �ve methods on the body fat dataset.

Forward stepwise L0Learn LASSO QAS BSS

Test MSE median 18.92 18.85 19.81 18.12 18.12
mean 21.85 23.00 25.87 19.52 19.51

sd 13.85 15.24 18.04 8.06 8.06

Support Size median 3.50 9.00 8.00 7.00 7.00
mean 5.17 9.49 8.21 6.99 6.99

sd 3.43 3.44 4.36 1.31 1.31

According to Figure 2.13 and Table 2.3, we observe that QAS and BSS per-
form identical and outperform the other methods. Moreover, Table 2.4 shows
the percentage of each predictor that has been selected within 100 repetitions
across �ve di�erent methods. According to Table 2.4, we can see abdom is the
key factor in predicting the percentage of body fat. This �nding is inline with
the studies in (Ochiai et al., 2010) and (Flegal et al., 2009).
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Table 2.4: Measurements selected percentage

Rank Forward Stepwise L0Learn LASSO QAS BSS

1 abdom(100%) abdom(100%) abdom(100%) abdom(100%) abdom(100%)
2 weight(74%) wrist(92%) wrist(98%) wrist(92%) wrist(92%)
3 wrist(67%) age(78%) age(97%) weight(84%) weight(84%)
4 neck(38%) height(73%) height(94%) forearm(84%) forearm(84%)
5 forearm(36%) forearm(71%) forearm(77%) neck(74%) neck(74%)
6 age(33%) neck(60%) neck(76%) thigh(67%) thigh(68%)
7 biceps(28%) biceps(52%) ankle(66%) age(62%) age(61%)
8 height(22%) thigh(49%) biceps(64%) hip(54%) hip(54%)
9 hip(22%) knee(45%) thigh(52%) biceps(26%) biceps(26%)
10 thigh(22%) ankle(45%) hip(49%) height(18%) height(18%)
11 adipos(21%) hip(44%) weight(48%) chest(12%) chest(12%)
12 chest(20%) weight(41%) knee(48%) adipos(11%) adipos(11%)
13 ankle(18%) chest(40%) adipos(40%) knee(11%) knee(11%)
14 knee(16%) adipos(32%) chest(40%) ankle(4%) ankle(4%)

2.9 Proofs

2.9.1 Technical Lemmas
In this subsection, we provide two technical lemmas to pave the way for the
proof of main theorems. We omit the proof of Lemma 2.9.1 as it can be found
in the literature.

Lemma 2.9.1 (c.f. Lemma 1 in Boyer et al., 1998). For any real numbersα and
β and any positive integerm, we have

m−1∑
j=0

cos(α + 2βj) =
sin(mβ) cos(α + (m− 1)β)

sin β
.

In particular, when α = β, the above equality can be simplified as

m−1∑
j=0

cos(α + 2βj) =
sin(2mα)

2 sinα
.

Lemma 2.9.2. Let s0 be the (unknown) number of solutions states among D
states. Let θ be such that sin2 θ = s0/D. Let γ be an arbitrary positive integer.
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Let j be an integer sampled uniformly between 0 and τ−1. If we observe the regis-
ter after applying j Grover’s operations to the initial state |ψ0〉 =

∑D−1
i=0

1√
D
|i〉,

the probability of obtaining a solution is exactly

Pτ =
1

2
− sin(4τθ)

4τ sin(2θ)
. (2.17)

Further, we have Pτ ≥ 1
4

when τ ≥ 1
sin(2θ)

.

Proof of Lemma 2.9.2. The probability of �nding one solution state among s0
if we perform j Grover’s operations is s0k2j = sin2((2j + 1)θ). It follows that
the average success probability when 0 ≤ j < τ is chosen randomly is

Pτ =
τ−1∑
j=0

1

τ
sin2((2j + 1)θ)

=
1

2τ

τ−1∑
j=0

{1− cos((2j + 1)2θ)}

=
1

2
− sin(4τθ)

4τ sin 2θ
.

If τ ≥ 1
sin(2θ)

, we complete the proof as the following inequality holds

sin(4τθ)

4τ sin 2θ
≤ 1

4τ sin 2θ
≤ 1

4
.

2.9.2 Proof of Theorem 3.1
For the ease of presentation and without loss of generality, we re-numbering
the states in descending order in this proof, i.e.

g(|0〉) > g(|1〉) ≥ g(|2〉) ≥ · · · ≥ g(|D − 1〉) > g(|D〉), (2.18)

where |D〉 is the unique solution state and |0〉 is an added initial state to facilitate
the discussion with g(|0〉) being an arbitrarily large value.

Let’s assume Algorithm 2 is initialized with the least favorable state |0〉. Let
Z denote the number of iterations the algorithm takes to arrive at the solution
state |D〉. The rule that Algorithm 2 moves from |0〉 to |D〉 can be abstracted
as the following mathematical process.

Iteration 1: Draw an integer X1 uniformly from 0 to D, then the
algorithm moves from |0〉 to |X1〉.
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Iteration 2: Draw an integerX2 uniformly from 0 toD−X1, then
the algorithm moves from |X1〉 to |X1 +X2〉.

...

Iteration z: Draw an integerXz uniformly from 0 toD−
∑z−1

i=1 Xi,
then the algorithm moves from

∣∣∑z−1
i=1 Xi

〉
to |
∑z

i=1Xi〉. If
∑z

i=1Xi =

D, then the algorithms stops atZ = z as it �nds the solution state |D〉.
Otherwise, the algorithm goes to the (z + 1)th iteration.

As we can see, the total number of iterationsZ is a discrete random variable
that can take any positive integer values. To prove Theorem 1, it is equivalent to
show that the κth quantile of the discrete random variableZ is upper bounded
byCκ lnD for a positive constantCκ. The proof will be unveiled by three steps.

Step 1: A partial sum process.
To investigate the probability distribution ofZ , we �rst study a partial sum

ofXi which is de�ned as follows

Sz =
z∑
i=1

Xi for z = 1, 2, . . . .

Notice that (Sz|Sz−1 = sz−1, . . . , S1 = s1)
D
= (Sz|Sz−1 = sz−1) ∼

unif{sz−1, D}. Also, we can show{Sz}z=1,2, ... is a submartingale, i.e. E[Sz|S1, . . . , Sz−1] =

E[Sz|Sz−1] ≥ Sz−1. Thus, {Sz}z=1,2, ... is a discrete-time Markov chain with
a �nite state space {0, 1, 2, . . . , D}.

Moreover, the expectation of Sz satis�es

E[Sz] = E [E[Sz|Sz−1]] = E
[
Sz−1 +D + 1

2

]
= E[Sz−1]/2 + (D + 1)/2

= E[X1]/2
z−1 + (D + 1)

(
1− 1/2z−1

)
= (D + 1)/2z + +(D + 1)

(
1− 1/2z−1

)
= (D + 1)

(
1− 1/2z

)
.

Step 2: The probability mass function of Z.
Next, we derive the probability mass function ofZ . The derivation is based

on the Markov property of the partial sum process {Sz}z=1,2, .... De�ne a tran-
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sition matrix P as

P =



1
D+1

1
D+1

1
D+1

· · · 1
D+1

1
D+1

0 1
D

1
D
· · · 1

D
1
D

0 0 1
D−1 · · ·

1
D−1

1
D−1

...
...

... . . . ...
...

0 0 0 · · · 1
2

1
2

0 0 0 · · · 0 1


.

Let πz be a row vector with dimensionD + 1 that denotes the distribution of
the chain {Sz}z=1,2,... at time z. By the de�nition of {Sz}z=1,2, ... and P , we
have

πz+1 = πzP, for z = 1, 2, . . . .

Hence, we can write out π1, π2 and π3 as

π1 =
( 1

D + 1
,

1

D + 1
,

1

D + 1
, . . . ,

1

D + 1
,

1

D + 1

)
,

π2 =
1

D + 1

(
1

D + 1
,
D+1∑
i1=D

1

i1
,

D+1∑
i1=D−1

1

i1
, . . . ,

D+1∑
i1=2

1

i1
,
D+1∑
i1=1

1

i1

)
, and

π3 =
1

D + 1

(
1

(D + 1)2
,
D+1∑
i2=D

1

i2

D+1∑
i1=i2

1

i1
,

D+1∑
i2=D−1

1

i2

D+1∑
i1=i2

1

i1
, ..,

D+1∑
i2=2

1

i2

D+1∑
i1=i2

1

i1
,
D+1∑
i2=1

1

i2

D+1∑
i1=i2

1

i1

)
In general, we can summarize the expression of πz for z = 1, 2, . . . as

πz =
(
P(Sz = 0),P(Sz = 1),P(Sz = 2), . . . ,P(Sz = D − 1),P(Sz = D)

)
,

where

P(Sz = j) =
1

D + 1

D+1∑
iz−1=D+1−j

1

iz−1

D+1∑
iz−2=iz−1

1

iz−2
· · ·

D+1∑
i1=i2

1

i1
, for j = 0, 1, . . . , D.
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Therefore, we can write out the probability mass function of Z = z for
z = 1, 2, . . . as

P(Z = z) = P
(
Sz = D

)
=

1

D + 1

D+1∑
iz−1=1

1

iz−1

D+1∑
iz−2=iz−1

1

iz−2
· · ·

D+1∑
i2=i3

1

i2

D+1∑
i1=i2

1

i1
.

(2.19)

Notice that the last summation in (2.19), i.e.
∑D+1

i1=i2
1
i1

, is a �nite partial
sum of a harmonic series. Therefore, we can write it as

D+1∑
i1=i2

1

i1
= ln(D + 1) + ηD+1 − ln(i2)− ηi2 � ln(D + 1)− ln(i2),

where ηz � 1
2z

.
Let us move on to the next level of summation in (2.19), which is upper

bounded by

D+1∑
i2=i3

1

i2

D+1∑
i1=i2

1

i1
�

D+1∑
i2=i3

1

i2

[
ln(D + 1)− ln(i2)

]
. ln(D + 1)

[
ln(D + 1)− ln(i3)

]
. ln2(D + 1),

and lower bounded by

D+1∑
i2=i3

1

i2

D+1∑
i1=i2

1

i1
�

D+1∑
i2=i3

1

i2

[
ln(D + 1)− ln(i2)

]
� ln(D + 1)

[
ln(D + 1)− ln(i3)

]
−

D+1∑
i2=i3

ln(i2)

i2
& ln2(D + 1)− ln(D + 1) ln(i3),

since
∑D+1

i2=i3

ln(i2)
i2
� 1

2
ln2(D + 1)− 1

2
ln2(i3).

Similarly, we can go through all the summations in (2.19) and show

P(Z = 0) =
1

D + 1
and P(Z = z) � lnz−1(D + 1)

D + 1
. (2.20)

Step 3: The κth quantile of Z.
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With the results in (2.20), we summarize the cumulative distribution func-
tion ofZ as

FZ(z) = P(Z ≤ z) =
z∑
j=0

P(Z = j) � 1

D + 1
+

z∑
j=1

lnj−1(D + 1)

D + 1
� lnz−1(D + 1)

D + 1
.

Let z = c ln(D + 1) + 1 with a positive constant c ∈ (0, 1), we have

FZ(z) � lnz−1(D + 1)

D + 1
� (D + 1)c ln ln(D+1)

D + 1
� 1.

Therefore, for any κ ∈ (1
2
, 1), there exists a positive constantCκ such that the

κth quantile ofZ is upper bounded byCκ log2D which completes the proof.

2.9.3 Proof of Theorem 3.2
Suppose we are in the mth iteration of Algorithm 2. Let |wm〉 be the cur-
rent benchmark state and rm be the rank of g(|wm〉) in the sorted sequence
of {g|i〉}D−1i=0 in ascending order, rm = 1, . . . , D. Notice that, Algorithm
2 implements τ(m) = dπλ−m/2/4e ≡ dπ

4
γme Grover’s operations, where

γ = λ−1/2. We are interested in �nding the expected number of Grover’s
operations to update |wm〉.

Let θ be the angle such that sin2 θ = rm/D. Let

τ ∗m =
1

sin(2θ)
=

D

2
√

(D − rm)rm
<

√
D

rm
.

We say that Algorithm 2 reaches a phase transition for |wm〉 if τ(s) exceeds
τ ∗(m) for some s ≥ m.

The expected total number of Grover’s operations needed to reach the phase
transition for |wm〉 is upper bounded by

π

4

dlogγ(τ∗m)e∑
j=0

γj <
π

4

γm − 1

γ − 1
<
τ ∗m + 1

γ − 1
.

Thus, if the algorithm updates |wm〉 before it reaches reach the phase transition,
the expected number of Grover’s operations is at most of the order O(τ ∗m),
which is further upper bounded byO(

√
D/rm).

If the phase transition for |wm〉 is reached, as proved by Lemma 2.9.2, every
new iteration of Algorithm 2 will be able to update |wm〉 with a probability
at least 1/4 since τ(s) ≥ τ ∗m. Then, the expected iterations to update |wm〉
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after the phase transition is upper bounded by a positive constant. Hence, the
expected number of additional Grover’s operations needed to update |wm〉 after
the phase transition is upper bounded by Cτ ∗m for some positive constant C .
These two scenarios together completes the proof.

2.9.4 Proof of Theorem 2.4.1
Recall that the K = 2ξ + 1 nodes work independently and share the same
“success" probability q. Let B ≡ B(ξ, q) denote the random variable that
indicates the number of nodes who vote for the correct model in the system. It
is easy to see thatB follows a binomial distribution with parameters 2ξ+1 and
q.

Then, the probability of E follows

P(E) =

2ξ+1∑
i=ξ+1

pB(i) = 1−
ξ∑
i=0

pB(i) = 1− FB(ξ),

where pB(i) and FB(a) are the probability mass function and the cumulative
distribution function (CDF) ofB, respectively.

Theorem 1 in Short, 2013 provides an upper bound for FB(ξ), i.e.,

FB(ξ) < Φ

(
sign(ξ + 1−Kq)

√
2KDKL(q,

ξ + 1

K
)

)
,

where Φ(·) is the CDF of a standard normal random variable and sign(·) is the
sign function. Further

DKL(a, b) = b ln
b

a
+ (1− b) ln

(1− b)
(1− a)

is the Kullback-Leibler divergence between two Bernoulli distributions with
parameters a and b, respectively.
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Thus, we bound the probability of E from below,

P(E) > 1− Φ

(
sign(ξ + 1−Kq)

√
2KDKL(q,

ξ + 1

K
)

)

= Φ

(
sign(Kq − ξ − 1)

√
2KDKL(q,

ξ + 1

K
)

)

= Φ

(√
2(2ξ + 1)DKL(q,

ξ + 1

2ξ + 1
)

)
,

where the last equality uses the factK = 2ξ + 1 and the condition q > ξ+1
2ξ+1

.

2.9.5 Proof of query complexity of Grover algorithm
This proof is a geometric proof based on Figure 2.2. Consider a plane spanned
by |k〉 and |ζ〉. Let |ζ〉 = 1√

D−1

∑
i 6=k
|i〉 be the average of all non-solution states

which is orthogonal to the solution state |k〉, whereD = 2p.
In the �rst iteration, the re�ection angle θ could be calculated using inner

product

< ψ, ζ > = (
1√
2p

D−1∑
i=0

|i〉)( 1√
2p − 1

∑
i 6=k

|i〉)

=
1√
2p

1√
2p − 1

(2p − 1)

=

√
2p − 1

2p

= |ψ| × |ζ| × cosθ
= 1× 1× cosθ
= cosθ

Therefore,

cosθ =

√
2p − 1

2p

sinθ =

√
1

2p
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When p is large, 1√
2p

is a extremely small value, so we have

sinθ = θ

=

√
1

2p

So

θ =

√
1

2p

After re�ectingψ about ζ , we further re�ect the state vector about the orig-
inal ψ. Starting from a state vector which has an angle of π

2
− θ, after each

iteration, the state vector moves angle 2θ closer to |k〉. Suppose the number of
iterations we conducted is τ , we have

(τ +
1

2
)× 2θ =

π

2

Therefore,

τ =
π

4θ
− 1

2

≈ π
√

2p

4
−−1

2

≈ π
√

2p

4

Therefore, the asymptotically the query complexity isO(
√

2p) = O(
√
D),

whereD = 2p

2.10 Chapter conclusion
In this chapter, we investigated the solution of the best subset selection problem
in a quantum computing system. We proposed an adaptive quantum search
algorithm that does not require the oracle information of the solution state and
can signi�cantly reduce the computational complexity of classical best subset
selection methods. An e�cient quantum linear prediction method was also
discussed. Further, we introduced a novel hybrid quantum-classical strategy
to avoid the hardware bottleneck of existing quantum computing systems and
boost the success probability of quantum adaptive search. The quantum adap-
tive search is applicable to various best subset selection problems. Moreover, our
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study opens the door to a new research area: reinvigorating statistical learning
with powerful quantum computers.
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3 some of text in this chapter
also appears in my coau-
thored article

Chapter 3

Novel Statistical
Methods and Application

in Network

3.1 Introduction
Networks have become increasingly popular as representations of complex data
because everything is connected now. For example, genes to proteins, proteins
to disease, disease to drugs, and drugs to proteins. All these connections are
both simple and complex simultaneously. How can we make sense of such data?
How do we discover associations between two or three, or hundreds of di�er-
ent entities? What is linked to what else? How do we �nd inter-dependencies?
All those questions can be explored by statistical network analysis. Network
Analysis can be de�ned as ‘modeling an entire data set as a network in a graph
database to emphasize, reveal, or re�ect the relationships or connections (a.k.a
edges) between various components or entities (a.k.a nodes). In other words,
Network Analysis o�ers an all-around graphical view of all the links between
various nodes. Network Analysis, in the social science, for instance, is the pro-
cess of investigating social structures through the use of networks and graph
theory; in the life sciences, for instance, graphically demonstrates associations
between genes, drugs, diseases, and proteins. In all, network analysis is an in-
teractive representation of data analysis used to generate useful insights from
results shown in a graphical form. In this chapter, I would use my coauthored
article 3 (H. Cheng et al., 2021) to demonstrate some interesting �ndings on the
international non-governmental organizations (hereafter NGOs) network.

The idea that non-governmental organizations work within networks is cen-
tral to our understanding of international relations. NGOs gain information
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and increase their advocacy power through networking with other concerned ac-
tors (Keck & Sikkink, 1998). When organizations are connected, they become
more powerful in their struggle against repressive states or polluting govern-
ments, among a myriad of other advocacy causes.

Transnational advocacy networks (TANs) are the “most familiar example”
of networks in international relations (Hafner-Burton et al., 2009). Made up
primarily of non-governmental organizations (NGOs) from around the world,
the information, resources, and power of transnational advocacy actors have
been argued to increase as a result of their networking behavior (Risse-Kappen
et al., 1999). By joining forces around a common cause, NGOs succeed in their
collective struggle against repressive states or polluting governments, among the
myriad of other advocacy causes.

While much research has shown how networking improves advocacy out-
comes, other research has highlighted how the structure of advocacy networks
can reinforce global power discrepancies. Even though NGOs are often as-
sumed to increase governance access to the world’s powerless, not all NGOs
have equal access to or equal involvement with the advocacy network. Orga-
nizations from the global South are regularly left out of the overall advocacy
network (Fowler, 2000; Shumate & Dewitt, 2008; Townsend & Townsend,
2004). A lack of resources, both human and material, often means that organi-
zations from the global South cannot attend NGO conferences or participate
in working groups. When organizations from the global South do participate
in the network, many raise concerns about exploitation by their global North
counterparts (Kassal et al., 2008; Nelson, 1997). Organizations in the global
North may use information on the plight of individuals in the global South
for their personal fundraising or mission goals (Bob, 2005; Pallas & Urpelainen,
2013). Moreover, power di�erentials within the advocacy network may make it
di�cult for organizations in the global South to have their issues championed
by the overall network (Carpenter, 2014).

The troublesome power disparities identi�ed in the structure of the advo-
cacy network are incredibly important in today’s political environment. NGOs
are currently facing a global backlash and “closing space” in the world com-
munity (Brechenmacher, 2017). Repressive regimes have ousted international
NGOs for not being well connected to local communities and pursuing their
own agenda. Regimes have stopped international aid to NGOs, claiming that
this aid makes global South organizations beholden to the foreign policy desires
of powerful countries from the global North. The power disparities that seem
endemic to the advocacy network could diminish the access NGOs have to cer-
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tain a�ected populations and/or provide a cover through which states could
counter the advocacy concerns of civil society actors (Terman, 2019).

Our study seeks to contribute to this growing debate about the utility and
structure of the advocacy network for NGOs:

• How power disparities in�uence the structure of the advocacy network

• How the community detection helps us understand emergent divisions
within the advocacy network

• How concepts of brokerage and brokerage roles analysis help us under-
stand how the transnational advocacy network can both extend power
to organizations, while at the same time reinforcing power inequalities
among NGOs

However, the following chapter is organized as follows. First, we outline the
existing literature on transnational advocacy networks, paying special attention
to divisions within this literature. Next, we present a cross-disciplinary review
of the concepts of community and brokerage and apply these concepts to the
study of NGOs. We present our argument and some testable hypotheses that
�ow from our logic. We then present our novel data and describe our results.
Our study concludes with some practical steps that the UN and other concerned
actors can take to increase representation and limit divisions within the NGO
network.

3.2 Promise and problems of transnational advo-
cacy networks

When compared to the states and corporations that they often seek to change,
NGOs are relatively powerless actors in international politics. They do not have
standing militaries or deep co�ers; many have no paid sta� at all. NGOs gather
information, frame issues, educate populations, and mobilize global dissent in
order to pressure more powerful actors to change behaviors and adopt certain
policies, like getting a government to release a political dissident or getting a
company to reduce its carbon footprint. As the number of NGOs began to
exponentially grow at the end of the Cold War, scholars recognized that or-
ganizations do not work in isolation (Brysk, 1993). Successful advocacy often
depends on organizations working together with a variety of other actors that
share their same advocacy goals. These actors may include local movement lead-
ers, churches, labor unions, parts of various intergovernmental organizations,
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and sympathetic government o�cials. Either internationally or domestically,
organizations can also join forces with other NGOs in order to amplify their
message and increase their reach.

In their study of international advocacy, Keck and Sikkink (Keck & Sikkink,
1998) call this “dense web of connections” between organizations the transna-
tional advocacy network. In certain situations, the transnational advocacy net-
work increases the advocate’s power, leading targeted actors to make concessions
in line with the advocate’s desires, even if those targeted had previously resisted
change. One way that this network can work is through a “boomerang pattern,”
where connected domestic advocates call out to their transnational network
partners to increase international pressure and domestic resources. As DeMars
(DeMars, 2005) points out, the overall advocacy network provides additional
resources to involved organizations, giving them new tools through which to
advocate for change. The transnational advocacy network, with NGOs as the
key actor, can be thought of as a public good (Shumate & Dewitt, 2008). It
increases the advocacy output and perceived success of involved organizations
(Murdie, 2014; Tallberg et al., 2018)

Keck and Sikkink (Keck & Sikkink, 1998)’s characterization of the transna-
tional advocacy network marked a turning point in the study of international
politics. Unlike traditional realists, Keck and Sikkink (1998) and later work
by Risse, Ropp, and Sikkink (1999), among others, laid out how NGOs and
other advocates can become powerful players on the world stage, even without
substantial military or material resources. Through this work, even the term
“networks” became associated with a structure through which “otherwise weak
actors” could “voice their interests and in�uence governance outcomes in in-
ternational relations (Avant & Westerwinter, 2016). To note, most of the �rst
wave of work that followed Keck and Sikkink (Keck & Sikkink, 1998) took a
“network-as-actor” approach, where “the network is no longer just a way of
describing relationships among actors, but an actor until itself” (Kahler, 2011).

The study of the transnational advocacy networks then moved from a “network-
as-actor” and to a “network-as-structure” approach, examining relationships
within the network (Kahler, 2011; Murdie & Polizzi, 2017). This shift brought
many critiques against the somewhat rosy view of NGOs and transnational ad-
vocacy networks that had dominated the turn of the millennium. Some of these
critiques focused on the assumption that NGOs were more “principled” than
other actors in world politics (Cooley & Ron, 2002). Other, more “network-as-
structure” critiques centered on how advocacy networks might mirror global
power inequalities, with powerful organizations from the global North con-
trolling the advocacy network for their personalistic goals. NGOs in the global
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South can become dependent on Northern organizations with more preexisting
resources, or may be missing from the overall network in the �rst place (Jack-
son, 2020; Murdie, 2014). Savvy organizations and a�ected populations may
have to market their plight to global North organizations interested in their
own personal gain (Bob, 2005). Moreover, powerful organizations can act as
“gatekeepers,” keeping new ideas and issues from permeating through the net-
work (Carpenter, 2014). In addition, the network can include organizations
that are free-riders, taking information and resources from others without con-
tributing to the public good (Murdie, 2014). The structure of the network can
also a�ect the strategies taken by organizations, sometimes limiting innovation
(Bush, 2015; Hadden & Jasny, 2019; Wong, 2012). To the best of our knowledge,
there have been few attempts to reconcile the optimistic view of many of the
“network-as-actor” studies with the more pessimistic “network-as-structure”
research.

We argue that the network science concepts of community and brokerage
provide us with a rich theoretical lens through which to understand the complex
nature of the transnational advocacy network. These concepts are relatively
new to the growing network literature in IR, especially the literature on NGOs.
Below, we �rst outline how community detection helps us understand divisions
within the advocacy network. We then turn our focus to brokerage, a concept
which can greatly help us understand how the transnational advocacy network
can both extend power to organizations, while at the same time reinforcing
power inequalities among NGOs.

3.3 Communities in network
At the most basic level, scholarship on transnational advocacy networks has not
envisioned one advocacy network but many separate network structures. Orga-
nizations are connected to others in pursuit of common goals; these goals are
not uniform across advocacy organizations. As such, an organization should
connect to others that share a speci�c goal or have certain expertise or resources
that the organization sees as necessary. Over time, this should create not one
“dense web of connection” for NGOs but multiple distinct sub-networks uni-
�ed over shared values, ideas, or targets (Keck & Sikkink, 1998).

This basic understanding of the creation of transnational advocacy net-
works molds well with ideas from network science, especially with research on
community detection (H.-M. Cheng et al., 2018; Newman, 2006). Networks
have emergent properties: as connections occur, new subgroups can emerge
within the structure (Maoz, 2017). These endogenous groups or communities
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are determined both by the actors themselves but also by the evolving structure
of the network.

A community is de�ned as a “group of nodes that are more tightly con-
nected to each other than they are to the rest of the network” (X. Liu et al.,
2019; Mucha et al., 2010). For our purposes, nodes refer to the organizations
in the network. Moreover, for our purposes, the network can be thought as
the web of connections between organizations generally. Within this overall
network, we can identify certain communities that are closely connected. These
communities may be driven in part by shared characteristics or issue; however,
the communities are also endogenously driven. As Maoz (Maoz, 2017) remarks,
these emergent communities form “naturally” over time as a result of the ties
that actors develop.

In our empirical models, we rely on a community detection algorithm that
will endogenously determine the best composition of communities in our evolv-
ing advocacy network over the years (You et al., 2016). Community detection,
which is increasingly common in network science, is succinctly summarized by
Newman (Newman, 2006):

“Community structure methods normally assume that the network of in-
terest divides naturally into subgroups and the experimenter’s job is to �nd
those groups. The number and size of the groups are thus determined by the
network itself and not by the experimenter”

Community detection insights do not provide us with testable implications
per se, other than the general idea that there will be distinct communities iden-
ti�ed in the NGO network. For us, community detection is like data coding:
we use community detection methods to identify endogenous communities
in our dataset. After using community detection methods, plots, tables, word
clouds, and descriptive analysis will help us interpret the legitimacy of the as-
signment of nodes into various communities. Unlike most existing empirical
work on networks of NGOs, we are not assuming that communities are driven
only by broad issue-focus or attendance at one speci�c issue meeting. Commu-
nity detection methods allow us to remain open to endogenous complexity in
community formation. Communities of organizations may be in part driven
by advocacy issue or leadership connections (Carpenter, 2014; Henriksen &
Seabrooke, 2016), but they also may form for a myriad of reasons particular to
the evolving network structure. We think this focus on communities better
captures the theoretical insights of the classic “network-as-actor” transnational
advocacy network scholarship (Keck & Sikkink, 1998; Risse-Kappen et al., 1999).
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3.4 Brokerage in networks
Given that the overall advocacy network is comprised of endogenously emerging
communities, how then can we best understand the power disparities identi�ed
in the existing “network-as-structure” literature? How can the network both be
a powerful actor for international political change and reinforce or exacerbate
existing power inequities? We argue that insights from network science and
sociological discussions of brokerage are key to understanding this puzzle.

Brokerage is de�ned as a relationship “involving three actors, two of whom
are the actual parties to the transaction and one of whom is the intermediary or
broker” (Gould & Fernandez, 1989). We have brokers in many di�erent aspects
of our daily lives, from the real estate agent that brokers a deal between buyer
and seller to the department head that serves as an intermediary between fussy
colleagues. Brokerage is thought to help with innovation (Avant & Westerwin-
ter, 2016). When focusing on advocacy networks, we can think of the broker as
the organization that connects two NGOs that otherwise would not have been
connected. This could be the regional NGO that takes the interests of a local
NGO and frames it for presentation to a big international NGO. It could be
the sustainable development organization that participates in discussions both
with health and with environmental organizations. Alternatively, it could be
the organization that reaches out individually to transitional justice advocates
and women’s rights advocates after it hears of the abuse of a local individual.
This basic idea is at the heart of our understanding of transnational advocacy
networks, speci�cally the boomerang model (Keck & Sikkink, 1998). There are
organizations that help in connecting those with needs to those with resources,
both internationally and domestically.

Sociologists have highlighted a “dual aspect of brokerage” (Stovel & Shaw,
2012). While brokerage does help transmit information and could help in the
pursuit of a speci�c social, economic, or political goals, brokerage “often breeds
exploitation, the pursuit of personal pro�t, corruption, and the accumulation
of power,” exacerbating “existing inequalities” (Stovel & Shaw, 2012). Brokers
can accumulate power as they control information and access between com-
petitive groups (Burt, 2003). Brokers may control access to communities in
ways that sti�e innovation. They could selectively relay information for their
own goals, ultimately accumulating more power from their brokerage roles. As
Stovel and Shaw (Stovel & Shaw, 2012) point out, the idea that brokers bene-
�t from their role is well-established in sociology and network science; brokers
can gain “money, information, access to opportunities, enhanced status, or
ill-de�ned claims on side parties’ loyalty”. This discussion of brokers’ accumu-
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lation of power is very similar to the “network-as-structure” critiques about
transnational advocacy networks: certain organizations enhance their power
from the network, acting as gatekeepers or using network information for their
gain (Bob, 2005; Carpenter, 2014; L. Jordan & Van Tuijl, 2000).

On the other hand, new research from organizational studies has shown
that not all brokers accumulate equal bene�ts from their brokerage role; certain
brokers may lose status in the eyes of their peers. Because brokers are conduits
between other actors, they may receive little attention and lack a clear identity
themselves, ultimately hurting their status (Sullivan & Stewart, 2017). Cru-
cially, however, the possible negative e�ect of the brokerage on actor status may
depend on the “actor’s prior established status” (Sullivan & Stewart, 2017). Ac-
tors without a prior high status may see brokerage reduce their status, unlike
the general idea that brokerage is a conduit of social power seen in much of the
sociological research.

Gould and Fernandez (Gould & Fernandez, 1989)’s in�uential work serves
to connect ideas of community and brokerage. There are di�erent roles that
brokers take dependent on whether they are acting as a broker within a speci�c
community or between communities. According to their in�uential work, in a
nondirectional network, there are four potential brokerage roles: coordinator,
itinerant broker, gatekeeper/representative, and liaison. Figure 3.1 provides a
graphical representation of these relationships.

Figure 3.1: Brokerage Roles

A coordinator, also called a local broker, is a broker within one speci�c
community (Gould & Fernandez, 1989). Within its community, it may have
more resources or incentives to network than its peers. For NGOs, we could
think of this as the organization that knows everyone within a speci�c area. Its
leadership could have a long history working for di�erent NGOs within an
area (Henriksen & Seabrooke, 2016). The NGO could transmit ideas or share
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strategies between groups that might have trouble connecting directly. The
status bene�ts that this coordinator receives for its role may only be known
within the community.

An itinerant broker, also called a cosmopolitan broker, is a broker that is
outside a community but is connecting members within that community. An
itinerant broker may have special qualities or resources that enable it to connect
to two actors within the same community, even when those actors cannot con-
nect themselves. This could be the international NGO that serves to connect
two domestic organizations at di�erent sides of a country. This could be the
NGO funder that has connections with two competing organizations that rely
on outside donations (Cooley & Ron, 2002). Or, this could be an organiza-
tion that works to represent itself to others outside its area of expertise, like a
professional organization (Boli & Thomas, 1999).

A gatekeeper/representative broker connects its community to the outside
community. It could be a gatekeeper, being the conduit of information into
the community. Or, it could be the representative, being the conduit of infor-
mation outside the community. Because it controls information and resource
�ow for members within its community, a gatekeeper/representative broker can
accumulate a lot of power and status. It may also be able to manipulate infor-
mation and resource �ows in ways that are personally bene�cial. It may develop
special skills that help it retain its role. Although not always using these terms,
the gatekeeper/representative brokerage role has been talked about extensively
in the “network-as-structure” literature on transnational advocacy. This is the
NGO that can either facilitate or stop a new issue from making it to the broad
advocacy stage (Bob, 2005; Carpenter, 2014).

Finally, a liaison broker connects two actors from separate communities,
itself not being a member of either community. Mediators between unions
and management would be a classic example of a liaison broker (Fernandez &
Gould, 1994). There may be structural reasons why actors from each commu-
nity cannot or do not connect directly. The liaison broker may have interests
that bridge the communities, or it may have resources that allow it to connect
when others do not. Liaison brokers may be capable of talking to diverse au-
diences about a moderate message, like Stroup and Wong (Stroup & Wong,
2017)’s discussion of “leading” international NGOs. According to Stroup and
Wong (Stroup & Wong, 2017), leading organizations “receive deference from
di�erence audiences in global politics and therefore have authority”. These au-
diences “can be quite diverse in their preferences,” requiring the leading NGO
to develop a moderated approach to advocacy (Stroup & Wong, 2017).
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We think unpacking brokerage into these distinct brokerage roles can be
incredibly useful for international relations. To our knowledge, Gould and
Fernandez (Gould & Fernandez, 1989)’s conceptualization of these roles has
received limited attention within our sub�eld.

3.5 Hypotheses
Combining network science and sociological understandings of emergent com-
munities and brokerage roles suggests a much richer picture of the divergent
scholarship on transnational advocacy networks. Drawing on this literature,
the �rst goal of our empirical analysis is to identify endogenous communities
in the NGO network. Community detection is not a method directly for hy-
pothesis testing (Clauset et al., 2004). Instead, through investigating the results
after community detection methods, we can better understand the endogenous
process underlying divisions in the advocacy community.

Aided by community detection, we also focus on three testable hypotheses
that are implied from our overall theoretical argument connecting communities
and brokerage roles in the NGO network. To start, we assume that networking
is costly. Organizations with more resources should be more likely to be part
of the advocacy network in the �rst place. Organizations with fewer resources,
like comparatively more of the organizations from the global South, may be left
out. Although scholarship and organizational initiatives have tried to make it
easier for NGOs to network, these power disparities should persist over time.

Within the larger advocacy network, we contend that distinct communities
emerge and evolve endogenously, creating separation within the advocacy space.
This is consistent with our traditional understanding of advocacy networks:
networks are evolving as needs, issues, and actors change (Keck & Sikkink, 1998).
These separate communities and the pre-existing power disparities between
organizations in the global North and the global South provide an opportunity
for some organizations to become more powerful than others as a result of
their network position. Although existing work has found that the network
may provide resources for all involved (DeMars, 2005; Murdie, 2014; Shumate
& Dewitt, 2008), these resources may not be evenly distributed, with some
organizations potentially gaining more social power as a result of their particular
network position. In general, brokerage positions both provide power and favor
the powerful. Although transnational advocacy would never function without
brokers, the brokerage also reinforces and exacerbates existing power disparities.
This re�ects the dual nature of brokerage outlined in Stovel and Shaw (Stovel
& Shaw, 2012). Because of this, not only should we see more global North
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organizations involved in the network, we should also see more global North
organizations as brokers. In short:

Hypothesis 1: Greater participation in the NGO network is associ-
ated with global North status.

Second, Gould and Fernandez (Gould & Fernandez, 1989)’s typology of
brokerage roles allows us to examine how community and brokerage interact.
As communities emerge and evolve, we should see some communities more
likely to have organizations acting as particular types of brokers. Some commu-
nities may mainly have organizations that are coordinators, rarely venturing out
of the speci�c community. Other communities may be comprised of a dispro-
portionate number of itinerants, gatekeepers/representatives, or liaisons. Over
time, evolving communities may develop similar behavioral and interest pro�les,
leading communities to value certain brokerage roles and have organizations
with the social power to retain these brokerage roles. This would both re�ect
and contribute to growing power disparities within the overall network. This
leads to the following testable hypothesis:

Hypothesis 2: There is an association between the community and
the distribution of brokerage roles.

And, �nally, even within communities with di�erent brokerage role distri-
bution, brokerage roles should be associated with global North status. Becom-
ing an itinerant broker, gatekeeper/representative, or liaison requires resources,
both human and material. It requires an organization to be able to speak to
divergent audiences, as Stroup and Wong (Stroup & Wong, 2017) point out.
Moreover, organizations in these brokerage roles may try to limit the ability of
other organizations to take their social power. These ideas suggest that global
North organizations may not only dominate the NGO network; they may also
dominate certain roles within emerging network communities. This implies:

Hypothesis 3: Within communities, there is an association between
global North status and brokerage roles.

The goal of these hypotheses is to provide some basic tests of the implica-
tions of our argument. This helps enrich the presentation of the results from
the community detection, an approach that is not commonly associated with
testable implications per se. We now turn to describe the innovative way we
empirically capture NGO networking behavior.

3.6 Data collection
Although theoretically important, NGO networking data has been particularly
di�cult to gather. Scholars have used many innovative sources and approaches
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4 https://esango.un.org/
civilsociety/login.do

(Bush, 2015; Carpenter, 2014), and data from the Yearbook of International
Organizations (Caniglia, 2001; Murdie, 2014).

We take a somewhat di�erent approach that allows us to examine the NGO
network over time. Speci�cally, we crawled information provided on the UN’s
“integrated Civil Society Organizations (iCSO) System” during the summer of
2018 for NGO pro�les4.This is a database of over 24, 000 NGOs from all UN
member states. Organizations opt into the database when they establish a rela-
tionship with the UN’s Department of Economic and Social A�airs (DESA) or
when they apply for consultative status with the Economic and Social Council
(ECOSOC). Participation in UN meetings as an NGO can also lead to an orga-
nization having a listing in the database. As DESA’s NGO Branch summarizes
on its website, in addition to listing an overall organizational objective, NGO
pro�les include “a general part (name, address, organization type), contacts
and meeting participation, activities, and information related to the substan-
tive areas of DESA” (DESA 2019). Figure 2 provides a screenshot of a sample
organization’s pro�le. Figure 3.2 provides a screenshot of a sample organiza-
tion’s pro�le.

Figure 3.2: Screenshot of iCSO Organizational pro�le

To obtain NGO-to-NGO network data, we �rst focused on the meetings
that NGOs have attended over time. Figure 3.3 provides a screenshot of meeting
participation for a sample organization.
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Figure 3.3: Screenshot of iCSO Meeting Participation

During our coding, we were able to identify meetings NGOs attended from
1992 through 2017. We then turned this two-mode (organizations and meetings)
network dataset into a one-mode network of organizations connected through
joint meeting attendance (Wasserman, Faust, et al., 1994). This is common
in community detection (Alzahrani & Horadam, 2016). In total, there were
3, 903 organizations and 1, 300, 519 ties or edges. For our analysis, we deleted
edges with a weight of one6 and then isolated nodes were removed, giving us a
working dataset of 1, 200 organizations, with edge total varying by year. There
were 437, 152 edges identi�ed in the �nal year of the sample. Figure 3.4 shows
how the number of connections between our nodes increases over time. After
removing isolated nodes and edges with a weight of one, the remaining NGO
organizations rarely registered on the UN’s “integrated Civil Society Organiza-
tions (iCSO) System” before 2002. As a result, the following analysis focuses
on the data from 2002 to 2017.
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Figure 3.4: The NGO Network over time

We think this dataset will be incredibly useful for future researchers. We
also think it matches closely with our central concepts of interest. Joint meeting
attendance provides an opportunity for NGOs to strategize, share information,
change tactics, address targets, and form partnerships, all practices commonly
thought of as NGO networking. Additionally, we think this dataset provides an
especially stringent test of our hypotheses. As Moloo (Moloo, 2011) points out,
the UN has taken steps over the time period of our sample to increase and ease
access for NGOs in the UN system, especially relevant for organizations from
the global South. The UN’s legitimacy in global governance rests on NGO
involvement (Moloo, 2011). As such, the costs of networking for global South
organizations in UN meetings may be lower than other comparable network-
ing forums, increasing their likely involvement and biasing our dataset against
�nding evidence for Hypothesis 1 and 3. Despite this, as discussed below, we
�nd support for our three hypotheses.

3.7 Analysis

3.7.1 Participation in the NGO network
We �rst extract information on NGO headquarters from the iCSO database
and examine whether countries in the global North are overrepresented in the
network, as argued in Hypothesis 1. Among the 1200 NGOs in our sample,
1, 116 have addresses listed in iCSO; 102 di�erent countries are listed as the
address for these organizations. Figure 3.5 shows the distribution of the top 10

countries of residence of the NGOs in our sample.
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Figure 3.5: Top 10 Country Distribution of NGOs in NGO Network

There is no universal list or de�nition of countries in the global North.
For our study, we code addresses of organizations in the 36 countries that are
members of the Organization of Economic Co-operation and Development
(OECD) as global North organizations; all other organizations with addresses
listed are categorized as organizations from the global South. As Figure 3.6
shows, despite much discussion of the issue of power imbalances in the NGO
network, even when focusing just on 2002-2017, after this problem had been
widely discussed in the network-as-structure and practitioner literature, we see
very little movement in the percentage of global South NGOs involved in the
network over time.
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Figure 3.6: Comparing Global South and Global North NGO Percentages in
the Network

To test Hypothesis 1, we focus on di�erences between the average degree
centrality scores between organizations from the global North and the global
South. Degree is a basic network measure of the total number of ties connecting
an actor to others in the total network (Wasserman, Faust, et al., 1994). Figure
3.7 provides an illustration of the distribution of degree over time. Again, to be
as stringent as possible, we focus this test only on the years 2002-2017, after there
had been widespread discussion of the power disparities between organizations
in the global North and global South. Results of Wilcoxon rank sum test (p <
0.05) in each year support Hypothesis 1: greater participation in the NGO
network is associated with global North status.
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Figure 3.7: Average Degree Centrality over Time within the NGO Network

Another measure of centrality, betweenness centrality, closely relates to
ideas of brokerage. In fact, it has been referred to as “brokerage capacity” in
extant literature (Caniglia, 2001). Betweenness centrality is thought to capture
those that are in the “middle” or “bridges” in that it captures the total number
of shortest paths between nodes that go through a particular node (Murdie &
Davis, 2012; Wasserman, Faust, et al., 1994). Figure 3.8 provides the OECD and
non-OECD distribution of betweenness centrality scores over time. Results of
the Wilcoxon rank test sum (p < 0.05) in each year also support Hypothesis 1:
global North organizations are more likely to participate more in the network,
even in ways that resemble brokerage.
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Figure 3.8: Average Betweenness Centrality over Time within the NGO Net-
work

3.8 Community detection
Our next task was to detect emerging communities within the NGO network.
We used a time-varying stochastic block model to identify the optimal common
composition of communities that maximizes modularity across years. For the
static network at time t, the concept of modularity was introduced for network-
ing clustering in 2004 (Newman & Girvan, 2004)

modularity(t) =
1

2mt

∑
i,j in the same community

[Aij(t)−
ki(t)kj(t)

2mt

]

WhereAij(t) is the number of edges between vertices i and j (the quanti-
ties Aij(t) are the elements of the so-called adjacency matrix), ki(t) and kj(t)
are the degrees of the vertices i and j, mt is the total number of edges in the
networkmt = 1

2

∑
i ki(t), and the leading factor 1

2mt
of is merely conventional

for normalization. Zhang and Cao (J. Zhang & Cao, 2017) de�nes the mean
modularity of di�erent time as the �nal modularity of the time-varying network.
Modularity varies from 0 to 1. A higher modularity value indicates denser con-
nections between nodes within communities (groups) and sparser connections
between communities (H.-M. Cheng et al., 2018; Newman & Girvan, 2004;
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J. Zhang & Cao, 2017). In this chapter, we adopt the Louvian maximization
method, which is a greedy community detection method (Blondel et al., 2008).
The algorithm iteratively builds new communities until the modularity reaches
its maximum. Thus, the algorithm automatically provides us a rationale for the
number of communities identi�ed.

As shown in Table 3.1, the four identi�ed communities have between 186

and 354 organizations each. Community 3 has the highest mean degree central-
ity score for its organizations; however, it also has the lowest average betweenness
centrality score. Community 4 has the highest mean betweenness centrality. To
note, betweenness centrality and degree here record ties to the whole network;
our brokerage role analysis, discussed below, discusses how ties di�er between
and within communities. The modularity value (0.25) of our network suggests
many cross-community ties, providing opportunities for brokers.

Table 3.1: Community Detection

Community
Label

Community
1

Community
2

Community
3

Community
4

Nodes
count

350 310 186 354

Degree Aver-
age

143.87 317.32 329.71 167.27

Betweenness
Average

550.48 535.89 430.04 628.63

How can we explain the character of these emergent communities? Word
clouds of the names of the organizations are shown in Figure 3.9. These help us
identify some interesting patterns in the communities. First, Community 1 is
composed of many smaller organizations that have names that re�ect geographic
locations and regions. There appears to be a focus on indigenous or people’s
rights.

Community 2 is comprised of what many would consider the classic or
textbook international NGOs. There are quite a few organizations in Commu-
nity 2 that are household names: Amnesty International, CARE International,
Open Society, and Oxfam, for example. Although there are many mentions
of women or women’s rights, there are many other organizations that appear
generally focused on human rights and development.

Community 3 includes many professional organizations, like the Interna-
tional Sociological Association, the American Psychological Association, and
the International Studies Association. It also includes many research-focused
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foundations at both ends of the political spectrum, like the Kroc Institute for
Peace and Justice, Focus on the Family, the Heritage Foundation, and the Inter-
national Planned Parenthood Federation. The �nal community, Community
4, appears to have a large proportion of environmental organizations, includ-
ing Greenpeace International, Earth Action, Friends of the Earth International,
and the Sierra Club.

The composition of the communities detected has a lot of face validity for
NGO scholars. Communities 1 and 4 appear to have some issue that may be
helping to drive the structure. Community 2 is comprised by many high-status
organizations; it is fascinating that the algorithm was able to group so many
of these together with no other information other than their network data. Fi-
nally, the ideological diversity in Community 3 is especially interesting. In some
regards, these organizations are working with very separate and competing agen-
das.

Figure 3.9: Community Grouping
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3.9 Brokerage roles
Hypothesis 2 concerns the distribution of brokerage roles across communities.
As we argued, some communities are likely to have more coordinators, con-
necting organizations mainly within a speci�c community, while other com-
munities could have more itinerants, gatekeepers/representatives, or liaisons,
connecting with organizations outside of their speci�c community in divergent
ways. In this way, brokerage provides power to organizations di�erently across
the communities.

Brokers must connect two organizations. As such, only organizations with
at least two neighbors were assigned a speci�c role. Given our communities, bro-
kerage properties were determined in line with Gould and Fernandez (Gould
& Fernandez, 1989) using the “brokerage” command in the “sna” R package
(Butts et al., 2008). Table 3.2 provides a breakdown of the brokerage role dis-
tribution in each community. A Chi-squared test allows us to reject the null
hypothesis that there is no association between community and brokerage role
at the p < 0.05 level, providing support to Hypothesis 2. As expected, there is
an association between community and brokerage role.

Table 3.2: Brokerage Role Distribution by Community

Role Community
1

Community
2

Community
3

Community
4

Coordinator 0.55 0.43 0.00 0.70

Gatekeeper
Representative

0.35 0.50 0.49 0.23

Liaison 0.10 0.07 0.29 0.07

Itinerant 0.00 0.00 0.22 0.00

Although the Chi-squared test supported Hypothesis 2 , when taken with
a qualitative understanding of the organizations in each community, there are
many things in Table 3.2 that are both interesting and surprising. First, Com-
munities 1 and 4 are similar in that they have their largest percentages of brokers
in coordinator roles, connecting unconnected organizations within their com-
munities. For both communities, over half of their brokers are coordinators,
operating inside the community, instead of outside the community. Commu-
nity 4, where we identi�ed many environmental organizations, has the highest
percentage of brokers (70%) that are coordinators. Perhaps this issue area is
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particularly prone to isolation from the overall network; organizations in Com-
munity 4 may see limited value in brokering with other communities.

Community 2 was the community with many of the household-name orga-
nizations. Although there is still a large percentage of coordinators, indicating
that brokers in this community still work to connect others within the commu-
nity, half of the brokerage roles are gatekeeper/representative roles. This is con-
sistent with much of the “network-as-structure” critiques of these household-
name organizations (Bob, 2005; Carpenter, 2014). Somewhat surprisingly, there
are no itinerant brokers in this group and a very low percentage of liaison bro-
kers (7%). There are many organizations in Community 2 that Stroup and
Wong (Stroup & Wong, 2017) classi�ed as “leading” organizations. However,
when compared to Community 3, where there is a higher percentage of liaison
and itinerant brokers, Community 2 organizations are somewhat less moderate
in their advocacy strategy and may have less need to connect organizations in
another community or to connect organizations across communities.

Community 3, where we saw many professional organizations and parti-
san research organizations, is perhaps the most interesting and divergent in its
role distribution. It is the only community to have no coordinators, indicat-
ing that brokerage between organizations in this community may be of little
value to the organizations. Given the divergent partisan bent of many of the
organizations in this community, this could be expected. Community 3 is also
the only community where we �nd itinerant brokers. This could be linked to
the large percentage of professional organizations in this community; these or-
ganizations often have missions to support the professional interests of their
members to the outside world.

Given this discussion of the various distribution of roles across these com-
munities, we now examine the distribution of global North organizations within
speci�c brokerage roles. Within the speci�c communities, our third hypothesis
was that brokerage roles are associated with global North status. Global North
organizations may be more likely to get those roles that broker relationships
across communities, namely gatekeepers/representatives, liaisons, and itinerant
brokers.

It is worth noting that there is no association (p > 0.05) between com-
munity and OECD status: all communities are made up of between 67% and
74% OECD organizations. In all four communities, however, we do �nd an
association between brokerage role types and OECD status (p < 0.05). Fig-
ure 3.10 summarizes the percentage of OECD organizations in each brokerage
role in each community. The horizontal line in each graph signi�es the overall
percentage of OECD organizations in each community.
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Figure 3.10: OECD Status and Role

In the communities where there are coordinators (Communities 1, 2, and
4), these coordinator roles are �lled with the lowest percentages of global North
organizations. Gatekeepers and liaison roles are �lled with a higher percentage
of global North organizations. This is consistent with our expectations and
with the extant literature: organizations with pre-existing power have been able
to gain additional power through the advocacy network (Bob, 2005). Their
brokerage roles could help reinforce their power within their community as a
gatekeeper/representative and between multiple communities as a liaison.

As before, Community 3, the community with many partisan and/or pro-
fessional groups, shows a very di�erent pattern. Since this community is likely
to contain organizations whose goals may include reaching outside of profes-
sional or issue boundaries, it is somewhat expected that this group has an in-
creased percentage of global South organizations in these brokerage roles. The
results concerning itinerant brokers were surprising to us: only 61% of itinerant
brokers are from the global North. Perhaps, for organizations in this particular
community, networking into a separate community is a special priority, making
it the brokerage strategy for both organizations from the global North and the
global South. If the organization had a little prior status in Community 3, how-
ever, this brokerage role may provide limited status gains in the organization’s
community (Sullivan & Stewart, 2017).
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The social network analysis of this new dataset not only provides support
for our hypotheses, it also provides many insights into the evolving structure of
networked advocacy and the current NGO environment. The transnational ad-
vocacy network may be a public good, increasing perceived success and output
(Murdie, 2014; Tallberg et al., 2018). It is also an unequal power environment,
with comparatively little participation from the majority of the world’s popula-
tion living outside of the global North.

Further, the network is evolving into distinct communities, with human
rights and development organizations that are household names being in one
community (Community 2), separate from communities that focus on envi-
ronmental issues (Community 4), indigenous or regional issues (Community
1), and professional and partisan research organizations (Community 3). Pro-
fessional and partisan research organizations, although long recognized as part
of the INGO community (Boli & Thomas, 1999), have received comparatively
little attention in the NGO literature, especially from within international re-
lations. Our examination of community and brokerage, however, shows how
di�erent organizations in this community (Community 3) are in their network-
ing behavior from the rest of the communities in our network. This community
does not have coordinators and was the only community where we identi�ed
itinerant brokers. Further research on this particular community and how it
interacts with other NGO communities is de�nitely necessary.

Our analysis of brokerage roles also provides many insights into the work-
ings of the NGO network and how pre-existing power di�erences may be asso-
ciated with certain brokerage roles within communities. In the communities
comprised of organizations that have been the traditional focus of international
relations (Communities 1, 2, and 4), global North organizations are not only
more likely to be involved in the network, they are more likely to take liaison
and gatekeeper/representative roles within their community These roles enable
organizations to shape the advocacy agenda their community shares with the
outside world, ultimately reinforcing and growing their personal power and
status. For each community that represents the traditional focus of interna-
tional relations (Communities 1, 2, and 4), a larger percentage of organizations
from the global South are in a coordinator broker role. Although this role may
still give these organizations access to the network, a coordinator role will not
provide the agenda-setting or resource-allocating power associated with gate-
keeper/representative or liaison roles. Through evolving communities and dis-
parities in roles, the advocacy network could be exacerbating power inequalities.
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3.10 Chapter contribution
Questions about power are central to international relations and political sci-
ence; it is critical to understanding who gets what, when, and how (Lasswell,
2018). For a long time, NGOs were considered epiphenomenal to world pol-
itics. Later work, however, theorized that NGOs can become powerful con-
duits of social change through their collective involvement in transnational
advocacy networks (Joachim, 2003). Much work has assumed that networks
give the powerless a voice (Avant & Westerwinter, 2016). Although networks
can help NGOs increase their collective power, our study has shown that the
transnational advocacy network may also reinforce power disparities, especially
between organizations in the global North and the global South. Distinct com-
munities emerge endogenously. Within these communities, organizations from
the global North occupy brokerage roles that help them reinforce their power
through resource allocation and information transmission. These �ndings pro-
vide insights into a long-standing puzzle in the NGO literature: namely, why
the “network-as-actor” literature sees so much promise in networks while the
“network-as-structure” literature sees so much exploitation.

Our study illustrates the utility in incorporating brokerage and community
detection into network studies in international relations, especially studies of
NGOs. There is a dual nature of brokerage (Stovel & Shaw, 2012). The broker-
age allows networks to function, transmitting resources and information to oth-
erwise unconnected actors. However, it also exacerbates power inequalities and
can drive manipulation and corruption (Stovel & Shaw, 2012). This dichotomy
could be useful to studies of peacekeeping arrangements, rebel, and terrorist
groups, or multinational corporations. Further, although existing work within
international relations has examined brokerage, to our knowledge, examina-
tions of brokerage have not been divided into separate brokerage roles. Gould
and Fernandez (Gould & Fernandez, 1989)’s conceptualization of distinct bro-
kerage roles helps provide leverage on how power, information, and resources
may disproportionately �ow to some brokers and not others.

Discussions of the community from network science are also informative
for NGO researchers. Instead of assuming communities based on issue-focus,
community detection algorithms from network science allow communities to
emerge endogenously. Our four detected communities have much face valid-
ity. Using nothing but information on networking behavior, we were able to
identify a community of household name organizations (Community 2) as
well as separate communities of environmental (Community 4) and indige-
nous/regional (Community 1) organizations. We were also able to identify a
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community composed of both partisan and professional organizations (Com-
munity 3). This community’s unique behavior should be the focus of addi-
tional research. Community detection could be a useful tool for understanding
IGO voting networks and alliance patterns.

Our study o�ers a cautionary note for NGO practitioners and UN o�-
cials interested in ensuring a multitude of civil society voices at UN-facilitated
meetings. Despite e�orts to the contrary, we �nd no discernible reduction in
the overrepresentation of OECD-based organizations in the NGO network
over time. Further, within communities, global North organizations still oc-
cupy crucial brokerage roles. These disparities give fuel to repressive regimes
interested in limiting civil society space or countering critiques from advocates
(Brechenmacher, 2017; Carothers, 2016; Terman, 2019). E�orts to speci�cally
seek global South involvement and representation across communities may be
helpful. Grants or donations to foster NGO meeting attendance could also be
useful, as long as such grants do not further dependencies and power disparity.
Moreover, �nally, simply acknowledging that powerful actors still dominate
the civil society space and get additional power from networking opportunities
could help encourage organizational re�ection. To the extent that voices from
global South NGOs are critical to UN legitimacy, easing the ability for NGOs
to be involved in meetings may help improve public opinion about the UN
(Moloo, 2011). Through these changes, the advocacy network may be better
equipped to listen to and respond to the plight of the world’s powerless.
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5 my main jobs include data
exploration, data analysis,
and data visualization

Chapter 4

Novel Statistical
Methods and Application

in Biomedicine

4.1 Introduction
Statistical thinking is commonly used in public health and clinical research.
In biomedical area, the studies usually involve animals, cell lines and human
subjects. Those studies typically include experimental design, sample size calcu-
lation, power determination, data collection, data analyses and interpretation,
all require statistical support. In this Chapter, I will use my coauthored articles
(Phillips et al., 2020; Y. Wang et al., 2020)5 to illustrate how statistical thinking
facilitate the clinical research.

Obstructive Sleep Apnea (OSA) is the most common cause of sleep apnea
and accounts for 75% of all cases of disordered sleep. OSA patients may display
abnormally long pauses in breathing or abnormally low levels of breathing dur-
ing sleep, and often have fragmented sleep, snoring, excessive daytime sleepiness,
fatigue, high blood pressure, irritability, depression, loss of concentration, poor
neurocognition, and reduced work performance (ARAI et al., 1998; Flemons
& Tsai, 1997; Omachi et al., 2009; Rajaratnam et al., 2011; Ward et al., 2009). Be-
cause sleep disorders and lack of sleep a�ect 35% of adult and 68% of adolescent
Americans, the CDC has declared sleep deprivation as an epidemic (for Disease
Control, Prevention, et al., 2017). Interruptions of breathing, while asleep, re-
sult in chronic intermittent low oxygen levels (chronic intermittent hypoxia)
and tissue in�ammation. Hence, OSA is most commonly treated with Con-
tinuous Positive Airway Pressure (CPAP) administered at night while sleeping.
Dental airways devices produce a similar treatment e�ect, and thus, have gained

69



some recent acceptance as an e�ective alternative to CPAP (Cantore et al., 2016;
Kostrzewa-Janicka et al., 2016).

Hypoxia induced systemic in�ammation is often considered the major cause
of increased risk for the various apnea-related health problems. These problems
develop over time and include cardiovascular disease, metabolic syndrome asso-
ciated insulin de�ciency and diabetes, tissue in�ammation, hypertension, obe-
sity, depression, cognitive decline, and stroke, all of which increase mortality
(Fava et al., 2011). More recently apnea has been linked to increased risk for a
number of autoimmune diseases a�ecting a variety of tissues and organs includ-
ing autoimmune encephalitis (Blattner et al., 2019), systemic lupus erythemato-
sus (SLE), rheumatoid arthritis, ankylosing spondylitis, Sjogren’s syndrome,
and systemic sclerosis, autoimmune hypopituitarism, atopic dermatitis, and
psoriasis.

Even though OSA has been linked to the risk of autoimmune disease (B.
Abrams, 2005; E Mirrakhimov, 2013; Kang & Lin, 2012), the evidence that
chronic intermittent hypoxia-induced chronic in�ammation might be the mech-
anistic cause is only emerging recently (Masarsky, 2018; Serebrovskaya & Xi,
2015; Vakil et al., 2018a). Hypoxia leads to necessary changes in energy metabolism
in myeloid cells (Sadiku & Walmsley, 2019) with the potential to in�uence auto-
antibody production (Jing et al., 2020). It is well known that in cultured cells
hypoxia induces a number of stress signaling cascades mediated by factors in-
cluding HIF-1, NF-kappa B, and Nrf2, endothelin 1 and VEGF. By one current
model, oxidative stress signaling induces higher levels of a number of in�amma-
tory cytokines to initiate an in�ammatory cascade, which in turn increases the
risk of autoimmune disorders (Vakil et al., 2018b). In�ammatory cytokine cas-
cades (Vakil et al., 2018b) and over stimulation of dendritic cells by autoantigens
may stimulate auto-reactive B cells to increase the production of autoantibod-
ies (Toubi & Vadasz, 2019). Altered levels of TNF-Alpha (Andreakos, 2003;
Z. Liu et al., 2011; Loftus Jr, 2007), IL-17 (Huang et al., 2016; Kuwabara et al.,
2017; Tabarkiewicz et al., 2015) and IL-6 (Ding et al., 2009a; Kishimoto et al.,
2015; Tanaka et al., 2014) are all associated with autoimmune disease and appear
to play roles in initiating hypoxia-induced in�ammatory cascades. Relative to
control subjects OSA patients are reported to have 1.2 to 2.5 fold higher levels
of, TNF-Alpha, IL-17 and IL-6. Most, but not all, of these studies show airways
therapy results in more normal levels of TNF-Alpha, IL-17, and IL-6, more
similar to the levels in control individuals without apnea. Based on a model
in which these cytokines initiate in�ammatory signaling, TNF-Alpha and IL-6
are targets for immunotherapeutic suppression of in�ammatory autoimmune
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diseases (Andreakos, 2003; Ding et al., 2009b; Kishimoto et al., 2015; Loftus Jr,
2007; Tanaka et al., 2014).

Our goal was to discover other novel autoimmune-associated cytokines that
responded to airways treatment in OSA patients and might play roles in au-
toimmune diseases. Their identi�cation would increase our understanding the
link between OSA and autoimmunity and these cytokines might be additional
targets for therapeutic treatment of OSA. We compared the levels of several in-
�ammatory cytokines previously linked to autoimmunity in serum among well
matched patients with OSA not yet receiving airway therapy to OSA patients
receiving airways therapy, and also to healthy control individuals. We found
signi�cant changes in the levels of APRIL (TFNSF13), CD30 (TNFRSF8), IFN-
Alpha-2 (IFNA2), and IL-2 (IL2) in OSA patients receiving airway therapy, such
that cytokines were more similar to the levels observed in healthy control sub-
jects.

Moreover, the following chapter is organized as follows. First, some details
about patient data are explored. Next, I apply statistical test to identi�ed four
cytokines associated with autoimmune disease, whose median serum levels were
signi�cantly di�erent for OSA patients receiving airways therapy, from the levels
in untreated OSA patients, APRIL (5.2-fold lower, p = 3.5× 10−11), CD30
(1.6-fold higher, p = 7.7× 10−5), IFN-Alpha-2 (2.9-fold higher, p = 9.6×
10−14) and IL-2 (1.9-fold higher, p = 3 × 10−4). Then I present that t-SNE
and UMAP analysis of these high dimensional patient cytokine data identi�ed
only two groups, suggesting a similar global response for all four cytokines to
airways therapy. These �ndings suggest the levels of these four cytokines may
be altered by disordered sleep and perhaps by chronic hypoxia.

4.2 Data exploration

4.2.1 Patient data
Nineteen OSA patients had formerly been diagnosed using polysomnography
(PSG) based on their Apnea Hypopnea Index (AHI> 5), but were currently
receiving nightly airways therapy and were designated airways treated OSA pa-
tients. Eighteen of these recorded using CPAP, while patient 31 reported using
a dental airways device (Cantore et al., 2016). There were 19 OSA patients cur-
rently with apnea, but not receiving airways therapy. Also 8 Control individuals
were recruited, but among these, patient 9 was borderline for high blood pres-
sure (PB 145/89). Although autoimmune disorders can develop in younger
or older individuals, none of our patients reported having an autoimmune dis-
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ease. Neither patient 31 nor patient 9 produced outlying data. Patients were
evaluated in this study after obtaining written informed consent. Gender, BMI,
CVD, age, ESS (M. Johns & Hocking, 1997; M. W. Johns, 1991), AHI, SaO2%
low, glucose levels, Cholesterol, LDL, HDL, and CRP, were assessed at the
time of �rst recruitment in Table 4.1, which in the case of the airways treated
patients was after months of treatment. A Yes/No indication was recorded
for chronic medications. Compliance with nightly airways therapy was con-
�rmed by patients’ response to a simple yes/no question. The airways therapy
treated OSA patients and untreated OSA patients were well matched for nearly
all parameters. The control group was considerably younger and leaner, and
potentially represented more nearly optimal biometric data and cytokine lev-
els. Patients were recruited, consented, and blood drawn at the University of
Georgia’s Clinical and Translational Research Unit (CTRU) in Athens, GA.

Table 4.1: Summary of patient biometric, sleep and laboratory data

Control sub-
jects (n=8)

Airways treated
patients (n=19)

Apneic patients
(n=19)

Female/Male 6/2 7/12 7/12
Age 37.7± 11.5 60.6± 10.5 58.2± 12.4
Hypertension
or heart disease
Y/N

2 Yes / 6 No 11 Yes/8 No 11 Yes/8 No

Race C/H/B/A 4C/0H/3B/1A 17C/0H/2B/0A 11C/1H/6B/1A
BMI 26.8± 5.96 33.1± 9.07 35.0± 9.22
AHI at time of
diagnosis

1.58± 1.64 35.7± 24.8 26.8± 25.7

SaO2 low % 91.5%± 2.8% 80.7%± 5.4% 76.4%±10.3%
ESS 5.33± 3.67 7.16± 5.80 7.94± 4.02
Glucose mg/dL 94.8± 8.70 106± 18.7 104± 12.1
Cholesterol
mg/dL

165± 26.8 181± 25.1 179± 43.1

HDL mg/dL 52.1± 14.6 51.8± 18.1 45.7± 17.3
LDL mg/dL 96.4± 22.6 104± 27.6 106± 35.8
hs-CRP mg/L 1.07± 0.689 4.84± 7.65 3.48± 5.60
Chronic Meds
Y/N

2 Yes/6 No 16 Yes/3 No 16 Yes/3 No

Airways ther-
apy adherence

0 Yes/8 No 19 Yes/0 No 0 Yes/19 No
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4.2.2 Cytokine levels
The levels of in�ammatory cytokines were examined using Bio-PlexTM Pro Hu-
man In�ammation Panel 1 multiplex kits that quantify biomarkers of human
in�ammation (BioRad 171AL001M4). Multiple 96 well plates were assayed
using Bio-Rad Bio-Plex instrument at UGA’s Cytometry Shared Resource Lab-
oratory. The Bio-Plex system has the advantage that hundreds of individual
beads each estimate each cytokine level in each well, which improves the statis-
tical accuracy of each individual well estimate of all cytokines assayed. All the
�ash frozen serum samples were thawed only once. Serum, standards and assay
controls were diluted as per the manufacturer’s instructions (Bio-Rad Bulletin
10,044,281). Table 4.1. As recommended, each serum sample was diluted 4-fold.
Fifty microliters of this dilution were run in triplicate for the 8 control, 19 un-
treated OSA patients, and 19 airways therapy treated OSA patients, instead of
running duplicate patient serum samples recommended by the manufacturer.
This allowed a more robust assessment of potential experimental errors in each
cytokine assayed. The picogram output data for each serum cytokine level was
normalized to the concentration of standards, run as an eight-step, four-fold
dilution series of each cytokine, and run in duplicate on each assay plate. The
quantitative nature of these assays over the expected concentration ranges esti-
mated for serum samples was con�rmed by comparing the �uorescence output
of the quadruplicate standard samples (two from each plate). The standard
error of the lowest concentration standards used to estimate concentration was
less than 15% and less than that for higher concentrations.

4.3 Statistical analysis
The data from separate plates were combined to make multiple excel data �les,
one for each cytokine. The levels of IFN-Alpha-2 among some untreated OSA
patients and �ve airways treated patients were either at or were below the range
of detection, with the latter being designated as out of range,OOR <, by the
instrument software. The lowest picogram patient serum sample concentration
of IFN-Alpha-2 that was estimated to be in the range of detection was substi-
tuted forOOR < cytokine values. In this way, any estimate of fold di�erence
for IFN-Alpha-2 between OSA patients and airways therapy treated OSA pa-
tients would not over-estimate the actual fold di�erences. At this point, the data
were moved intoR v3.5.1 for further statistical analysis. The data for patient
groups were visualized using Boxplot.
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After applying the Kolmogorov–Smirnov test in R (Marsaglia et al., 2003;
Oztuna, n.d.; N. Smirnov, 1948; N. V. Smirnov, 1939; Zar, 1972), it was clear that
the airways treated patient data for cytokine levels were not normally distributed
(p < 0.05) and often fell into two groups of values. The Kolmogorov–Smirnov
test is a nonparametric goodness-of-�t test and could be used to determine
whether an underlying probability distribution di�ers from the hypothesized
normal distribution. Therefore, without the normality assumption, the non-
parametric Wilcoxon rank-sum test was used to estimate p values for the signif-
icance of pairwise di�erences in cytokine levels among OSA patients, airways
treated OSA patients, and controls. The two-sample Wilcoxon rank sum test is
a rank-based test that compares values for two groups. Without any distribution
assumption, the test addresses if it is likely that an observation in one group is
di�erent from an observation in the other, with signi�cance level α = 5% in
our case (Vargha & Delaney, 2000).

To visualize the high-dimensional data for the levels of all four cytokines
among all patients and controls in a two-dimensional map, the nonparametric
t-distributed Stochastic Neighbor Embedding (t-SNE) visualization method
(Maaten & Hinton, 2008) was applied using the Rtsne version 0.15 statistical
R package available online (Rtsne, 2017). T-SNE reduces dimensionality by
�rst using a Gaussian distance to analyze the similarity among data points in
high-dimensional space and then projecting these data into two dimensional
space (Dorrity et al., 2020). We also employed Uniform Manifold Approxima-
tion and Projection (UMAP) as an alternative method to visualize these high-
dimensional data in two-dimensions (Becht et al., 2019; Dorrity et al., 2020).
UMAP analysis is quite distinct from t-SNE in that it �rst estimates a topology
for the high-dimensional data and then uses the topology information to con-
struct two dimensional space. It has been argued that UMAP may be superior
to and/or equivalent to t-SNE at recovering the global structure among high
dimensional data (Kobak & Linderman, 2019).

4.4 Results
Cytokine levels were examined in the serum of nineteen OSA patients receiving
airways therapy (airways treated patients, Table 4.1) and compared to nineteen
OSA patients not receiving airways therapy and a group of volunteers without
OSA (control individuals). Table 4.1 summarizes important biometric, sleep
and laboratory data for the three groups of subjects with details.

We found the levels of four cytokines with previously reported rolls in au-
toimmunity were signi�cantly di�erent in airways treated OSA patients relative
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to untreated OSA patients, including APRIL (TFNSF13), CD30 (TNFRSF8),
IL-2 (IL2) and IFN-Alpha-2 (IFNA2) with the detailed data presented as four
box plots in Fig 4.1. Increased serum levels of APRIL (Tumor Necrosis Factor
Superfamily Member 13) and increased APRIL signaling have been linked to
several autoimmune disorders including rheumatoid arthritis (Boghdadi et al.,
2015), eczema (Mohamed Ezzat et al., 2016), multiple sclerosis (Thangarajh et
al., 2005), and systemic lupus erythematosus (Samy et al., 2017). We found the
median pg/mL serum level of the soluble isoform of APRIL was 5.2-fold lower
in airway treated OSA patients relatively to the median level in untreated OSA
patients (p = 3.5× 10−11, Fig 4.1 A). The level in airways treated patients was
still 1.7-fold higher than the levels in control subjects (p = 6.6×10−8). Hence,
patients receiving airways therapy had levels of APRIL that were much closer
to those in controls, but still higher than the levels observed in controls.

Figure 4.1: The levels of four cytokines involved in the autoimmune disease
are signi�cantly altered in OSA patients receiving airways therapy. The serum
picogram per milliliter (pg/mL) levels of (A) APRIL, (B) CD30, (C) IFN-Alpha-
2 and (D) IL-2 from control individuals, airways treated OSA patients and OSA
patients not receiving airways therapy are summarized in box blots. The top
box encloses the third quartile and is bounded by median pg/mL value, the
lower box encloses �rst quartile and is bounded by median value. The whiskers
indicate the median values± 1.5 IQR (interquartile range), and hence exclude
outliers. The median value is indicated by a black line. Each of the three in-
dependent estimates of a cytokine level for each patient are represented by sep-
arate data points. Outliers among the airways treated patients that resemble
untreated OSA patient data are encircled with a red dotted line.
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CD30 (CD30L) is member of the Tumor Necrosis Factor Receptor Su-
perfamily expressed in activated T and B cells. Its soluble isoform is generally
found to be upregulated in leukocytes in patients with chronic in�ammatory
and autoimmune diseases including lupus erythematosus, asthma, rheumatoid
arthritis and atopic dermatitis and CD4+ T cell-mediated graft-versus-host dis-
ease (Blazar et al., 2004; O�azoglu et al., 2009). However, we found the me-
dian pg/mL level of CD30 was 1.6-fold higher in the serum of airways treated
OSA patients relative to untreated OSA patients (p = 7.7× 10−5, Fig 4.1 B).
Whereas the median level in airways treated patients was slightly lower than that
in controls, this di�erence was not statistically signi�cant (p = 0.064).

Interferon Alpha 2 (IFN-Alpha2) expression is elevated in a number of
autoimmune diseases such as arthritis, systemic lupus erythematous and Sjo-
gren’s syndrome with the proposed e�ect of reducing both in�ammation and
the autoimmune response (Hall & Rosen, 2010; Kim & Moudgil, 2017). The
median pg/mL level of the soluble isoform of INF-alpha2 was 2.9 -fold higher
in the serum of airways treated OSA patients relative to untreated OSA patients
(p = 9.6 × 10−11, Fig 4.1 C). Median IFN-Alpha-2 levels in airways treated
OSA patients were more similar to the levels in control subjects, but were sta-
tistically distinguishable (p = 0.015)

Defects in T Cell Growth Factor Interleukin IL-2 (IL2) or in IL-2 signaling
produce multiorgan autoimmunity and are linked to systemic lupus erythe-
matosus (Humrich & Riemekasten, 2016), asthma (Movahedi et al., 2008), and
multiple sclerosis (Cannella & Raine, 1995; Shokrgozar et al., 2009). We found
the median pg/mL serum level of IL-2 was 1.9-fold higher for airways treated
OSA patients relatively to untreated OSA patients (p = 0.0003, Fig 4.1 D).
The median level in airways treated OSA patients was not statistically distin-
guishable from the median level in controls subjects (p = 0.15).

In short, it appears that OSA patients had aberrantly low levels of all four
autoimmune-related cytokines, and OSA patients receiving airways therapy had
cytokine levels more similar to those observed in control subjects. However, the
cytokine levels for airways treated OSA patients did not appear normally dis-
tributed and the data for �ve patients appeared as outliers with levels that were
more similar to those of untreated patients (red encircled data, Fig 4.1). In or-
der to visualize the potentially coordinated response of all four cytokine levels
independent of the direction of that response for most of airways treated OSA
patients relative to OSA patients and controls and the potential common rela-
tionship among the outliers, we applied two machine-learning 2D visualization
strategies (Fig 4.2). The �rst, t-SNE is a non-linear dimensionality reduction
method, that has the capacity to capture local structures among these high-
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dimensional data, while also revealing the presence of groups of related data as
global, and to present these data in two-dimensional space (Maaten & Hinton,
2008).

Figure 4.2: t-SNE and UMAP placed the high dimensional patient cytokine
data into the same two groups in two dimensions. The high dimensional data
for the changes in the levels of APRIL, CD30, IFN-Alpha-2 and IL-2 were re-
duced to a two dimensional visualization by t-SNE (A) and UMAP (B). A.
t-SNE. Group 1 represents the dimensional distribution of the levels of four
cytokines among all the untreated OSA patient and a �ve of the nineteen pa-
tients airways treated OSA patients. Group 2 represents the cytokine data for
all the control individuals and fourteen of the nineteen airways treated OSA
patients. B. UMPA. Group 1 and 2 in have the same a�liated patients as ob-
served with t-SNE. Each patient is represented by 34 data points that combine
the dimensional distribution of the levels of the three measurements made for
each of four cytokines for that patient.
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As shown in the t-SNE analysis in Fig 4.2 A, all the patient cytokine data
lie in two clusters, with Group 1 representing the cytokine data among all the
untreated OSA patients and �ve of the nineteen airways treated OSA patients.
Group 2 represents the cytokine data for all the controls and fourteen of the
nineteen airways treated OSA patients. The robustness of the t-SNE result was
tested by applying UMAP, an alternative method for recovering global structure
among high dimensional data. Applying UMAP to these patient data (Fig 4.2)
we again found two groups. Group membership is the same for Group 1 and
Group 2 data using either t-SNE or UMAP.

4.5 Chapter conclusion
Sleep apnea is highly associated with increased risk of various autoimmune dis-
eases. Three cytokines, TNF-Alpha, IL-17, and IL-6, that are positively asso-
ciated with autoimmune disorders are often elevated in OSA patients and de-
creased in response to airways therapy. Herein, and �tting this pattern, we �nd
the levels of APRIL were relatively high in apneic patients, but were signi�cantly
reduced by airways therapy. Airways therapy did not reduce APRIL all the way
to the very low levels observed in controls. By contrast, the levels of CD30, IFN-
Alpha-2, and IL-2 were relatively low in OSA patients and were signi�cantly
increased by airway therapy, increased to levels similar or statistically indistin-
guishable from controls. Using t-SNE to analyze our high-dimensional data for
the levels of all four cytokines among all subjects, we found that most airways
treated patients clustered with the control individuals, while data from the �ve
outlying airways treated patients clustered with the apneic patients. The cluster-
ing of these high-dimensional patient data for all four autoimmune-associated
cytokines suggests their miss-expression in OSA patients may be linked to in-
creased risk of autoimmune disease.

The low levels of CD30, IL-2 and IFN-Alpha-2 we observed in OSA patients
contrasted with expectations of increase in their expression based on previous
direct or indirect evidence linking their elevated expression with acute hypoxia.
APRIL levels were higher in OSA patients than in airways treated OSA patients,
but the link between APRIL expression and hypoxia experienced by OSA has
not been suggested in previous literature. Perhaps the chronic intermittent
hypoxia experienced for months and years by OSA patients leads to an attenu-
ation of the acute response and chronically altered levels of all four cytokines.
This distinction, that cytokine levels respond di�erently to chronic intermit-
tent hypoxia experienced by OSA subject than to acute hypoxia in experimental
systems was described previously (Vakil et al., 2018a). The fact that all four
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were more similar to control levels in airways treated OSA patients suggested
the likely link to blood oxygenation levels. However, the lack of a correlation
between cytokine levels and either SaO2 low % or CRP levels of any patient
group or groups draws into question any clear conclusion about the direct role
of hypoxia. Airways therapy of OSA patients appears to be an e�ective way to
control aberrant levels of these four cytokines involved in autoimmune disease
and immune processes. The outlying cytokine data for �ve airways treated pa-
tients, suggests we may need a more critical method to access compliance with
airways therapy.
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