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ABsSTRACT

Data sets arranged as an incomplete matrix or tensor appear frequently in problems such as creating
recommendation systems. We introduce a new gradient descent based approach to solving low-rank
matrix and tensor completion problems which utilizes maximum volume algorithms by minimizing the
norm of Schur compliments. We also prove that the low-rank completions of a partially known matrix
may be recovered algebraically by only considering the zero sets of minors containing a known full rank
submatrix. We discuss some topological properties of the space of low-rank completions and introduce
a relationship between the zeroth Betti number of the space of low-rank matrix or tensor completions
and the first Betti number of the union of the space of completions and the space of low-rank matrices
or tensors. Additionally, we give conditions for partially known tensors with certain structures to have
unique low-rank, low-border-rank, or low-multilinear-rank completion.

A greedy version of the maximum volume algorithm for finding dominant submatrices is presented
which may permute more than one row at each step and can improve on the processing time of the original
maximum volume algorithm. Moreover, we introduce an upper bound on the number of r X r dominant
submatrices of almost all m X n matrices in terms of the independence number of the Cartesian product of
Johnson graphs a(J,, -[0.J,, ). We conjecture that this bound is the essential supremum of the function

which counts the number of r X 7 dominant submatrices.



We show thata maximum volume skeleton decomposition method may be used as a scalable alternative
to the singular value decomposition as a low-rank approximation step in the dynamic mode decomposi-
tion. We also show that the maximum volume skeleton decomposition may be utilized to compress large

sets of tokamak edge plasma simulation data.

INDEX WORDsS: [Data compression, Johnson graph, Matrix completion, Maximum volume,

Plasma simulation, Tensor completion]
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CHAPTER I

Low-RANK MATRIX COMPLETION

1.1 Introduction

In 2006, Netflix announced a competition with a grand prize of one million dollars. The problem was,
given data on user’s movie ratings, create a recommendation system which would suggest films users
would be likely to watch and enjoy. The grand prize would be given out to anyone who could improve
Netflix’s existing algorithm by ten percent. This is an example of a data completion problem, where we
have an incomplete set of data, and we would like to complete that set of data using the known data as
best as possible.

It is often useful to encode partially known data in a matrix. For Netflix’s problem, on one axis we
index the users, and on the other axis we index the movies. In the corresponding entry between a user
and a movie, we enter the user’s rating of the movie. The result is a partially known matrix, and the goal
is to fill in the matrix as best as possible. In other words, Netflix would like to predict how users will rate
movies that they have not watched so they can suggest movies they think the user will enjoy. This problem
sparked an interest among mathematicians in studying the matrix completion problem.

A first approach to the matrix completion problem is to define a number of features of the data which

we can use to calculate intermediate connections between users and movies. For movies, we can use genres



such as fantasy and mystery as features. We assign strengths between users and features, and strengths

between features and movies to decide whether or not we should recommend a movie.

LW 4 ; A
2

B

& 2

RS :

Figure .1: Example of strengths between users, features, and movies

To determine if a user would like a movie, we multiply the strengths between the user-feature score
and feature-movie score, and sum over all features. In the example shown in Figure the first user would
be given ascore of 3 -2 4 1 -5 = 11 as a prediction for how much they would enjoy movie B. There are
multiple ways we can get this data. For example, Netflix had at one point sent users surveys to determine
which movie genres they enjoyed the most.

We can represent user-feature and feature-movie data as two matrices as shown in Figure[r.2} To obtain
the corresponding user-movie rating, we simply multiply these two matrices together. The issues with
this method are that it may be unrealistic to gather this data from all users or all movies. Moreover, these
human-created features may not be the most general way to represent the data.

We may instead reverse the problem. We measure user enjoyment of some movies through data such
as ratings as in Figure Then, given some incomplete data on user-movie enjoyment, we produce
two factor matrices U and V' such that the corresponding entries in the multiplication UV agrees with
the known data. If we can find such matrices then we may predict any user-movie enjoyment score by

observing the corresponding entry in UV
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Figure 1.2: User-Movie rating prediction matrix obtained through matrix multiplication.
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Figure 1.3: User-Movie prediction matrix may be obtained by finding factor matrices



Note that the product UV will be low-rank, depending on the size of U and V. In particular, if we
assume there are  features which describe the data, U is m x r,and V' is r X n the resulting matrix will
be m x m and have rank at most 7. Therefore, we don’t necessarily need to find explicit factor matrices U
and V, we just need to find a rank 7 matrix M with entries equal to the given known entries.

Why should we assume that a given data set is part of a low rank matrix? Not all matrices will be close
to a low-rank matrix. For example, a random Gaussian matrix will not be close to a low rank matrix with
very high probability (Edelman, 1988). That being said, close to low-rank matrices appear very frequently
throughout the sciences, which means they are far from average. In fact, it has been shown that under
certain assumptions, if a matrix of data is drawn in a consistent way, it must be close to low-rank (Udell
& Townsend, 2019). This suggest that the low-rank structure of large data sets is not merely coincidental,

but rather is a universal feature.

!.+!+m+.

Figure 1.4: Mondrian, Piet. Composition with Red, Blue, and Yellow 1930, may be expressed as the sum of
four rank one matrices. Black represents zeros.

Images can be useful for testing low-rank matrix completion techniques. A rectangular grayscale
image with a resolution of m X n pixels may be represented as an m X n matrix. Each position in the
matrix corresponds to a pixel, with the entry in that position corresponding to the intensity.

We may apply low-rank matrix completion techniques to recover the missing elements of partially
complete images such as Figure under the assumption that they are close to a low-rank matrix. In
Sectionfo.7} we introduce a novel low-rank matrix completion technique.

Factoring a matrix into a product of two smaller matrices also can also be used to compress data. If M
isanm X n array of data that has rank r, then we may find matrices U and V such that M = UV where
Uisanm x r matrixand V' is an r X n matrix. mn entries need to be saved to store M, butonly (m+n)r
entries need to be saved to store U and V. If 7 is much smaller than m and n, then it is more efficient to

store U and V' than it is to store M. In general, M is not low-rank, but it is common for data sets to be



(a) 128 x 128 penny picture, pixels correspond to (b) 25% of image deleted uniformly at random
integers from 0 to 255

Figure 1.5: Is it possible to recover F igurefrom fig.

close to low rank matrices. That is, we may approximate M ~ UV with small error. For example, see

Figure[r.g In Section[3.3} we apply data compression techniques to plasma simulation data.

(a) Rank 5 approximation (b) rank 35 approximation

Figure 1.6: Low rank approximations of 128 x 128 Figure



1.2 Mathematical Preliminaries

We now express the matrix completion problem in more formal mathematical terms. Let M,;, ., denote
the space of matrices with m rows and 7 columns over the real numbers R or the complex numbers C.
Let [n] denote the set of integers {1, ..., n}, and let [m] x [n] denote the set of positions (i, j) such that

1<i<mandl1 <5 < n.

Definition 1. Given a set of observed elements { M;; }, where M, is in position (i, j) of a partially known
m X n matrix, we denote by Q0 C [m] X [n] the set containing the positions of the known entries M, ;, and
we refer to ) as a mask. In other words, if M;; is a known element, then (i, j) € L. We denote by || the
cardinality of the set ), then |SY| is equal to the total number of known elements M;;. Let B(Q) denote the
binary matrix where the entry in position (i, j) is equal to one if (1, j) € ), and is equal to zero otherwise.

Because ) and B(SY) may be used interchangeably, we also refer to B(SY) as a mask.

It is desirable to use as few features possible to represent the data, so we wish to minimize the rank of
the completed matrix. We may now express the matrix completion problem as finding a solution to the

non-convex minimization problem

min rank(X)

GMan

Let Mo € M,,«n denote the partially known m x n matrix with known entries M;; in entry (4, j) €
(2, and zeros in unknown entries. We often denote unknown elements of Mg, with an empty square []
instead of zero. There may be finitely many, infinitely many, or zero ways to complete M, into a rank r

matrix. Consider the following incomplete matrices.



Example 2. Let

A~ W

O w
N
= U]

Mq =

Then Mg has the unique rank two completion

If we change the known entries in the first column of Mg in Example we have the following example.

Example 3. Let

4 2 1 0O

5 3 0O 1
Mq =

6 U 3 1

g 5 4 1

Then Mg, has exactly two rank two completions, which are

4 2 1 1 4 2 1 —2/3
53 2 1 5 3 21/8 1
6 4 3 1 6 39/11 3 1
75 41 2/3 5 41

To verify that M; and M are the only rank two completions of Mg, note that a matrix has rank at

most 7 ifand onlyifall (r+1) X (r+1) minors vanish. Consider the system of equations in four variables



obtained by setting all 3 X 3 minors of the matrix

4 2 1 x

5 3 y 1
M(z,y,z,w) =

6 z 3 1

w H 4 1

equal to zero. This gives a system of 16 degree two and degree three polynomials. One can verify using a
computer algebra system that M; and M5 are the only two solutions to this system of equations.

We now introduce the space of fixed rank 7 matrices. Let

M, ={X € M,xn, | rank(X) =1}

denote the space of m X n rank r matrices over R or C, where 7 < min(m, n). Then M, isa (m~+n)r—r?
dimensional manifold (Guillemin & Pollack, 2010). Note that M, is not a closed set. In particular, we
may approximate any low-rank matrix as the limit of a sequence of high-rank matrices, but we may not
approximate high-rank matrices as the limit of a sequence of low-rank matrices. So the closure of M, is

the space of matrices with rank at most 7, which we denote

M, ={X € My»p | tank(X) < 7}

Because the closure operation does not change the dimension of a manifold the dimension of M, is also
equal to (m +n)r —r?,.

We now recall some notions from algebraic geometry.

Definition 4. Let A denote the d dimensional affine space R or C. A closed set V' C A? is called an

algebraic variety 7f it is the zero set of a set of a system of polynomial equations. An algebraic variety V' is



generated by the polynomials fy, fo, ..., fn if

V={zeA’| filw) = fala) = = () = O}

The Zariski closure of a set S C A% is the smallest algebraic variety V which contains S.

The Zariski closure of S may be expressed as the intersection of all algebraic varieties which contain
S. Because a matrix M has rank at most r if and only if all (r + 1) x (r + 1) minors of M vanish, M, is
an algebraic variety generated by the set of all (7 + 1) x (r + 1) minors of an m X n matrix. Therefore
M, is the Zariski closure of M, because it is the closure of M., in the analytic sense and it is an algebraic

variety. M, is also sometimes referred to as the determinantal variety.

Definition s. An algebraicvariety V' is called irreducible if it cannot be expressed as the union of two proper
sub-varieties. That is, an algebraic variety V' is irreducible if it cannot be written as V= Vi UV, for proper

subvarieties Vi CV and Vo C V.

It is known that M, is an irreducible variety (Lai & Varghese, 2017). It can also be shown that the set
of singular points of M,. is the set of matrices with rank at most » — 1, that is, it is the set M,_; C M,..
To verify this note that the partial derivatives of the all (7 4+ 1) x (7 + 1) minors are equal to zero exactly
on the set M, _1.

Define the orthogonal projection operator Pq : My, 5, — My, xy, such that Po (X)) fixes entry X

if (7, j) € €, and sets X;; equal to zero if (7, j) ¢ €.

Example 6. Ler Q2 = {(1,1),(2,2)}. Then

Given a partially known matrix Mg, a matrix X is called a completion of M, if Po(X) = M.

Given Mg, let Aq = P *(Mgq) be the linear variety of all completions of M. In other words,



Because Ag, is a linear variety, it is irreducible. Also because M,. is the space of matrices with rank at most
7, and Ag is the space of completions of Mg, Then finding a rank at most  completion M of M, is
equivalent to finding a point M € Ag N M,..

The singular value decomposition is a matrix decomposition which is useful for calculating low-rank

approx1mat10ns.

Definition 7. Given an m X n matrix X, the singular value decomposition of X 7s

X =UxV"

where U is the m X m matrix of left-singular vectors which are the eigenvectors X X*, V is then x n
matrix of right-singular vector which are the eigenvectors of X* X, and ¥ is the m X n diagonal matrix

of singular values, which are the square root of the eigenvalues of X X* or X* X.

Suppose n < m. Then the singular values of X are denoted ¢;(X) for 1 < i < n, and are ordered
such that 0;(X) < 0,41 (X) foralli. Let || X||, = 01(X) denote the spectral norm of the matrix X . The
singular values of X are directly related to the rank of X, they give the error of X to a closest low-rank

approxlmatlon.

Theorem 8. (Eckart € Young, 1936) 0,11(X) is the error of X to a closest rank r approximation of X in

the spectral norm. That is, if X, is a closest rank v approximation of X in the spectral norm, then

X = Xelly = 0741 (X).

In particular, if rank(X) = r, then 0;(X) = 0 forallr +1 < i < n.

We may use the singular value decomposition to explicitly calculate a closest rank 7 approximation of

a matrix X.
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Theorem 9. (Eckart & Young,|1936) Given an m X n matrix X, let
X =UxV"

be the singular value decomposition of X. Let U, be the first v columns of U, let V. be the first v columns of
V, and let 3, be the v X v diagonal matrix of the first v singular values of X. Then

X, = U3,V

is a closest rank v approximation of X in the spectral norm.

Lettr(X) = ). Xj; denote the trace of X. Let || X || denote the Euclidean norm of an m X n matrix

X, where

IX|* = tr(X*X) ZZIXUI

=1 j5=1

In terms of the singular values of X,

IX[1* = ou(X)?
i=1

It is often desirable to numerically approximate a point M € Agq N M, by a sequence { X}, } such
that || X, — M || goes to zero as k goes to 0.

Given a grayscale image on a computer, each pixel can be assigned a number corresponding to the
intensity of the shade of gray, often from 0 (black) to 255 (white). We use the peak signal to noise ratio to

measure the quality of image approximations.

Definition 1o. Given an mxn matrix X with entries ranging from 0 to 255, and an m X n approximation
Yof X,let E = L | X — YH2 be the mean square ervor of Y with respect to X. The peak signal to noise
mn

ratio, or PSNR, s defined as

255
PSNR = 20 - log;, ( .
VE

II



The larger the peak signal to noise ratio, the higher the quality Y is as an approximation of X. For

lossy image compression methods, a PSNR of at least 30 may be considered good.

1.3 Alternating Projection

The alternating projection method has proven to be an effective way to find intersection points between
two manifolds (Lewis & Malick, 2008)). As the name suggests, starting with an initial guess, we alternate
between projecting onto each manifold obtaining successive approximations of a point in the intersection.
While most extensively studied in application to find intersections of convex sets, alternating projection
methods have also been applied to find intersections non-convex sets. Some issues that may occur are that
the projection itself may be difficult to compute. Moreover, a projection onto a non-convex set may not
be single valued, and if the initial guess is not good enough, the alternating projection algorithm may not
converge.

Given a partially known matrix Mg, recall that Ag N M, is the set of rank r completions of M.
The alternating projection method may be used to find a rank at most 7 completion of Mg, by alternating
between projections onto Ag and M,..

Note that Ag is convex, as it is a linear variety, so for all X € M,,, ,, there exists a unique projection
of X onto Agq. Let Py, : My, xn — Aq denote the projection map onto Ag. Then Py, (X) is simply
calculated by setting all of the entries X;; with positions in {2 to the corresponding known entries M;; in

Mq. In other words, let Y = Py, (X), then

M;; if(i,5) € Q
Yij =

X if(i,7) ¢ Q

On the other hand, M, is not convex for r > 0, so a given X € M,,,, may not have a unique
projection onto M,.. However, if rank(.X') > r, then a closest rank 7 projection may be easily calculated

using the singular value decomposition (SVD).
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Let X = UXV™ be the SVD of an m X n matrix X, where U is an m X m orthogonal matrix of
left-singular vectors, V is an n x n orthogonal matrix of right-singular vectors, and ¥ is an m x n diagonal
matrix of singular values.

Let 3, be the r x 7 diagonal matrix with diagonal entries equal to the r largest singular values of X,
let U, be the m X 7 matrix with columns consisting of the first r left-singular vectors of X, and let V; be
the n X 7 matrix with columns consisting of the first  right-singular vectors of X. Then if 0;(X) > 0
forall 1 < i <, define the map

Py, (X) =U,%. V"
Theorem 11. (Eckart € Young, 1936) P, (X) is a closest rank r approximation of X with respect to any

unitary invariant norm. In other words,

Pp, (X) = arg min | X — X, .

XreEMr
Moreover, Py, (X) is the unigue closest rank r approximation of X if 0,.(X) # o,11(X).

Let us suppose Ag M M, is nonempty. Then given and initial guess X, and a tolerance ¢, the alter-

nating projection Algorithrncan be stated as follows.

Algorithm 1: Alternating Projection (Lai & Varghese, 2017)

Input: partially known matrix Mg, initial guess X, stopping criterion
Result: X}, an approximation of a rank r completion of Mg
fork=1,... do

Yi = P, (Xp-1)s

We require some stopping criterion as an input. For example, we could fix a tolerance €, and loop until
| Xk — Xk_1]| < e. Alternatively, if we only want to run the algorithm for a certain number of iterations

N, wecouldloopfork =1,...,N.
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Let T4, (M) denote the tangent space of Agq at point M, and let T)r4, (M) denote the tangent space
of M, at point M. If M € Aqg N M., and Tu, (M) N Ty, (M) = {0}, then Algorithmconverges to

M linearly (Lai & Varghese, 2017).

Example x2. We use the alternating projection method to recover missing elements of a picture. Consider
the picture of the United States penny, Figure|l.s| The image bas a resolution of 128 x 128 pixels, and each
pixel corresponds to an integer from 0 to 255.

Because each entry is bounded from 0 to 255, then given a partially known image Mq, the set of comple-

tions also has bounded entries. That is,

This changes the projection map P . In particular, if Y = P, (X), then

;

M;; if(i,5) € Q

255 if (i,]) ¢ Qand X;; > 255

\

In other words, at each projection step onto Aq, we set all entries in known positions (i, j) equal to the known
entry M;j, and we set all entries greater than 255 or less than 0 equal to 255 and O respectively.

We delete 25% of Fzgure uniformly at random, and attempt to recover the image using Algorithm [ﬂ
under the assumption that the rank of the true image is 18.

We can see in Figure @ that the singular values of Figure|1.s|taper off at around r = 18, and the

singular values of the recovered picture closely matches the singular values of the original picture.

14
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(a) 25% of Figure deleted uniformly at random (b) Recovered from F igurewith algorithm

Figure 1.7: Figure recovered with 250 iterations of the alternating projection method assuming the
rank of the original image is 18. Initial guess is known entries of the image with unknown entries set to
zero. Recovery has a peak signal to noise ratio of 34.91.
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Figure 1.8: Singular values of Figure F igure and F igurem
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1.4 Alternating Minimization

The alternating minimization method is an empirically successful method for finding a low-rank com-
pletion of M. Moreover, it formed a critical component in the winning entry of the Netflix problem
(Jain et al., 2013). Given a partially known matrix Mg, the objective of alternating minimization is to find
a completed matrix in bilinear form M = LR" with L beingm x r and R being n X r such that the
entries of Po(M) = Mgq. Suchan M is found by alternating between optimizing L and R. In particular,

the non-convex problem to solve is

1 2
min o |Pa(LRT) — Mq||”.

The alternating minimization algorithm may be described in Algorithm

Algorithm 2: Alternating Minimization (Jain et al., 2013)

Input: partially known matrix Mo, initial guess Ry € M,, .., stopping criterion
Result: X; = LkR/,;r an approximation of a rank r completion of Mg

fork=1,... do
Ly = arg min HPQ(LR;_I) — Mo %
LeMan

2
5

Ry = arg min HPQ(L]CRT) — Mg

mxXr

The minimization at each step may be solved with the method of least squares.

1.5 Orthogonal Rank-One Matrix Pursuit

Recall that we may express a matrix X as a weighted sum of rank one matrices M; such that || M;|| =1

for all 7. That is, we may write X as

X =M(@O0)=>_0:;M,.
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Here 6 is the vector of weights in the sum. One way to calculate M; and 0; is with the singular value
decomposition of X, by setting 6 equal to the vector of singular values, and M; = uiviT where u; and v;
are the ¢th left and right-singular vectors of X respectively.

Note that the minimum value of ||6||, over all choices of § is equal to the rank of X, where ||6]|,
is equal to the number of non-zero elements in the vector §. Therefore, we may formulate the matrix

completion problem as finding a solution to the minimization

mein [ Pa(M(0)) — Mol

st |6, <.

The goal of the orthogonal rank-one matrix pursuit algorithm is to find proper basis matrices M;, and
weights 0;. We do so by alternating between computing the rank one basis matrices M; and the weights 6
accordingly. In particular, suppose we have computed My, . .., My_; and weights *~! on the (k — 1)th

step. To compute M, we first compute the regression residual
k—1
R, = Mq — E 0; M.

=1

Because it is desired that M, is rank one with unit Euclidean norm, we may search for M, in the form

M, = uv' for unit vectors u and v. We then calculate u and v as the solution to

mac{u” Ryo | [lu]l = [ol] = 1}.

This minimization problem has optimal solution equal to the first left and right singular vectors of Rj,.

After we have computed M, = uv ", we then calculate 8" as the solution to the minimization problem

k
min Z; 0; Po(M;) — M, (1.1)
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which can be computed with least squares. In particular, let mq = vec(Mg), and m; = vec(Pq(M;))
be the vectorization of Mg and Po(M;) respectively. Let Wy, = [my - - - my,] be the vectors m; assembled

into amatrixfori = 1,..., k. Then

oF = (W, W) "'W,) mq

is the solution to Minimization .

In summary, the orthogonal rank-one matrix pursuit algorithm may be stated as follows.

Algorithm 3: Orthogonal Rank-One Matrix Pursuit (Wang et al., 2015)

Input: partially known matrix Mo, initial guess X, stopping criterion
Initialize: mq = vec(Mj)

Result: X}, an approximation of a rank 1 completion of Mg
fork=1,... do

Ry, = Mg — Xp_1;

Find the top left- and right-singular vectors uy, and vy, of Ry;

M, = ugvy, my = vee(My,), and Wy, = [my - - - my;

ok = (W,IWk)”W,ImQ,

Xy, = Zf:l 0; M;

7

The orthogonal rank-one matrix pursuit algorithm converges at a linear rate (Wang et al., 2015)).

1.6 Singular Value Thresholding

In general, the problem of finding a minimum rank completion of Mg, is difficult because the rank func-
tion is non-convex. Moreover, the space of matrices with rank at most r, M,., is low-dimensional, while
real life data often has random noise. If we assume that the random noise is sampled from a continuous
density, the probability that data with noise will belong to M, is zero.

Instead of solving minx rank(X) such that X;; = M;; for (i,7) € €2, we may opt to solve a re-
laxation of the problem by replacing the rank function with the nuclear norm. In other words, we opt

to solve the convex minimization miny || X||, such that X;; = M;; for (¢, j) € Q. The nuclear norm
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| X||, is defined as the sum of the singular values of the matrix X. Thatis, if o(X) is the vector of singular

values of X and 0;(X) are the singular values, we have

X1, =) oulX).

i

This convex relaxation is analogous to the £ 1 convex relaxation of the /° norm for sparse signal recovery.

In fact they are directly related, as we have

rank(X) = [lo(X) [,

X1 = lle (X5 -

where given a vector z, ||z ||, is the number of non-zero values in z, and ||z || is the sum of the magnitude
of the entries in 2. To understand why this relaxation is chosen, we introduce the definition of the convex

envelope of a function.

Definition 13. Given a convex domain C, the convex envelope of a function f : C' — R is the largest

convex function g such that g(x) < f(x).

For example, the /! norm is used as a convex relaxation of the £ norm because it is the convex envelope
of the /° norm on the unit ball. Similarly, the nuclear norm is the convex envelope of the rank function on

the unit ball with respect to the spectral norm. Thatis, on the domain B = {X € M, ., | 01(X) < 1}.

Theorem 14. (Fazel, 2002) On the unit ball B = {X € M« | 01(X) < 1}, the convex envelope of the

rank function is the nuclear norm function ||-|.

Proof. First, recall that norms are convex functions, so the nuclear norm is convex. For X € B, we
have 01(X) < 1. Because o1 (X) is the largest singular value of X, we have 0;(X) < 1foralli. Let

r = rank(X). Then r is the number of non-zero singular values of X. Therefore, we have

r

X, =) oX)< 1=
i=1

i=1
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so || X, <rank(X)forall X € B. Moreover, it is shown in (Fazel, 2002)) that the nuclear norm is the

tightest convex lower bound. O]

The rank minimization problem for matrix completion problem may then be approximated as the

nuclear norm minimization problem

min [|X]], (12)

.t PQ(X) = Mq.

Singular value thresholding is an algorithm for approximately solving the convex minimization of the

nuclear norm. Instead of directly minimizing the nuclear norm, we solve

) 1 2
min 7 | X[|, + 3 1 X]] (13)

S.L. PQ(X) = MQ

which is easier to calculate. For large values of 7, the term 7 || X ||, dominates 1 || X ||?, and so the solution
is approximately equal to the solution to Minimization (.2).

We start with defining the singular value shrinkage operator D.. Let X = UXV™ be the singular
value decomposition of X. Let D, (X) be equal to the diagonal matrix with ith diagonal entry equal
to max(o; — 7,0). Then for 7 > 0, the singular value shrinkage operator D; is defined as D, (X) =

UD,(S)V*.

Theorem 15. (Cai et al., 2010) For 7 > 0, the singular value shrinkage operator satisfies the minimization

1
D(Y) = arg min {7 X — YI* 47X,

Now in terms of the shrinkage operator, we present the singular value thresholding algorithm.
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Algorithm 4: Singular Value Thresholding (Cai et al., 2010)

Input: partially known matrix M, sequence of step sizes {hy, }, 7 > 0, initial guess Y,

stopping criterion
Result: X}, an approximation of a rank 1 completion of Mg
fork=1,... do

Xe = D (Yi-1);
Yi =Yio1 + hi(Mg — Po(Xk))

It can be shown that the sequence X, converges to the solution to Minimization (r.3), and for large
values of 7, X}, approximates the solution to Minimization . Moreover, the matrices in the sequence

{ X} } empirically have low-rank (Cai et al., 2010).
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1.7 Mask Equivalence by Permutation

Given an m X n partially known matrix Mg, it may be useful to permute the rows and columns or take
the transpose to simplify the structure of the known and unknown entries. This does not change the
number of rank r completions of Mg because row permutations, column permutations, and transposes
are bijections under which the rank is invariant. More specifically, if 7 is a composition of transposes, row
permutations, and column permutations, and M is a rank r completion of Mg, then m(M) is a rank r
completion of the partially known matrix 7(Mgq).

Recall that B(€2) is the m X n binary matrix where the entry in position (i, j) is equal to one if
(i,7) € and is equal to zero otherwise. We consider two masks B(2;) and B(2s) equivalent if we may
obtain B(2;) from B(£2y) by permuting rows and columns. How can we tell if two masks are equivalent?
An initial attempt may be to count the number of ones in the rows and columns of B(€);) and B(€2,).
If B(€2;) and B(€2y) are equivalent, the number of ones in the rows and columns of B(€);) and B({2y)
must be equal up to order respectively. This is a necessary, but not a sufficient, condition for two masks

to be equivalent.

Example 16. Consider the masks

100 00 1
Bx)=10 1 1 B()=10 1 1
01 1 110

The number of ones in the rows and columns are each (1,2, 2) for both B(4) and B(§2s), so they may

or may not be equivalent.
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Let B, x,, denote the set of m X n binary matrices. Because row and column permutations commute,
there is a group action of G = S,,, X S,, on By, ., where S, is the symmetric group over n symbols. In

particular, for (o, 8) € Sp, X Sy, and X € Byyxn,

(a,ﬁ)-X:Y

where Y is the matrix X with rows permuted by o and columns permuted by /3.

Definition 17. An element g € G stabilizes an element X € B,y xy, if g - X = X. The stabilizer of X is

the set of group elements that stabilize X which we denote

Stabg(X)={ge G |g- X = X}.

Note that B(£2;) from Examplehas a non-trivial stabilizer under the action of S5 x S5 by per-
mutation of rows and columns. In particular, swapping rows or columns two and three does not change
B(€). On the other hand, B(£2,) is not fixed by swapping any two rows or columns, so it has a trivial
stabilizer. Therefore, B(£2y) and B({);) are not equivalent.

In general, there are many equivalent masks.

mn

Theorem 18. The number of m X n masks up to equivalence is at least .
min!

Proof. First note that | By, | = 2. Let G = S,;, X Sy, then |G| = m!nl. Also G acts on By, ,, and
| Bixn/ G| is the exact number of masks up to permutation of rows and columns.

By the orbit-counting theorem (Burnside, 1911), we have

1
| Brxn/ G| = 1 > [Staba(X)] .

’ | XEBpmxn

Because each matrix is fixed by the identity permutation, we have |Stab(X)| > 1 for all X, and so

1 |Biscn| 2™
Busn/G| > — 1= = :
[Brmxn/G] 2 |G| Z |G| mlin!

XeBan
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Given a partially known matrix, it may be useful to permute the rows and columns into more desirable
positions. For example, if we know how to complete a partially known matrix with mask €25, then it is
likely that a matrix with mask €25 will be completable if the rows and columns of {2, may be permuted

into 4.

1.8 Finite Completability

A partially known matrix Mg may have finitely many, infinitely many, or no rank at most  completions.
It is desirable to know if Mg, has finitely many rank r completions or a unique rank 7 completion. If Mg
has finitely many rank  completions, then knowledge of not many more entries of Mg will resultin Mg

having a unique completion.

Definition 19. A partially known matrix Mg is called finitely completable in rank r if it has finitely
many rank v completions. That is, if 0 < ‘AQ N MT‘ < 00. Mg, is called uniquely completable in rank

1 if it has a unique rank r completion, that is if ‘ Aa N MT\ =1

We discuss some necessary conditions for a partially known matrix Mg to have finitely many or a

unique rank 7 completion.

Theorem 20. Having at least v known entries per row and v known entries per column is a necessary con-

dition for an m X n partially known matrix M to be finitely completable in rank r.

Proof. Let €2 be a set of known positions such that there is a row or column of B(£2) with fewer than
known entries. By transpose and permutation, suppose the last column of M, has k known entries which
is strictly fewer than r. Without loss of generality, assume the first 7 — 1 columns are entirely known.
Again by permuting the rows, let M = | 4 €], where A and B are completely known, C'isa k x 1 block
of known entries with & < r,and O is an (m — k) x 1 block of unknown entries. It suffices to show that

My, is not finitely completable in rank r.
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First note that if rank([ 4]) > r, then any completion of My, will have rank greater than 7, so there
will be no completions of Mg in M. Ifrank([ 4]) < 7, then any completion of M, will have rank less
than or equal to 7, so Mg would have infinitely many rank r completions.

We are left with the caserank ([ 4]) = r. Let s = rank(A). Note thats < k Because Aisakx (n—1)
matrix. Suppose C'is not in the column space of A. In other words, suppose rank([ 4 ¢ |) = s+ 1. Then
any completion X € Ag will have rank 7 4 1, and so there will be no completion of M, in M,.SoC
must be in the column space of A. In other words, rank([4 ¢ ]) = s.

Because rank([ 4]) = r, there exists an 7 X (n — 1) rank r submatrix | 4, |. We may choose A’ such
that it consists of s linearly independent rows of A. Then we must choose the remaining r — s linearly
independent rows B’ from B because the remaining rows of A are in the row space of A’.

Augmenting [gﬁ ] with the corresponding rows from [ § ], we get an 7 x n submatrix of M, of the

form M{, = [ 4, €' |, where Oisan (r—s) x 1 block of unknown entries. Any completion M’ = [ 4, &, |

A

! .
o } is rank r. Moreover, there are 7 — s degrees of freedom,

of MY, will be rank r because the submatrix [
which is greater than zero because r > £k > s.

Let B = [ B, ], where B" isthe (m —k —r+s) x (n— 1) submatrix of B consisting of the rows in B
thatare notin B’. Similarly, let D = [ 2], where [ are the remaining (m — k —r+s) unknown entries of
Mg Because the rows of [ 4, | form a basis for the row space of | 4 ], there exists a unique r x (m—k—r+s)

, / ’ ’ -1 ’ 1"
matrix X such that [g;}TX _ [B”]T' In particular, X = [A (ANT A/(B )T} [A BT

B/(A/)T B/(B/)T B’(B”)T :| . So we must

T T C 1. . .. . T
have [ 4, ¢/] X = [B” 0], which implies the remaining unknown entries are equal to [ §, ] X. So
there exists a unique D such thatrank([4 ¢ ]) = r.

Moreover, because the rank of a matrix is at least as great as the rank of any submatrix, we have
s =rank(A4’) <rank([4' ¢']) < rank([4c]) = s.

Sorank([ 4’ ¢']) = s, which implies that the rows of [ 4’ ¢ | span the row space of [ A4 ¢]. Therefore

rank([ 5 §]) = rank([% §]) = 7.
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Thus any completion M’ = [ 4, & | of M{, extends to a unique rank 7 completion M = [4 §] of
Mgq. So dim(Ag N Mr) =1 — 5 > 0, and so Mg, has infinitely many rank r completions.

This exhausts all cases of Mg, so Mg is not finitely completable in rank 7. O

It was noted in (Candeés & Tao, 2010) that at least (m + n)r — r? entries must be observed for Mg

to be finitely completable in rank r. We give a precise proof.

Theorem 21. Given a partially known m X n matrix Mo, Q must contain at least (m+ n)r — r? known

positions for Mg to be finitely completable.

Proof. From proposition I.7.1 in (Hartshorne, 2013), if V' and W are irreducible algebraic varieties in d
dimensional affine space, then we have the inequality dim(V) + dim(W) < dim(V N W) + d.

Note that dim(M,.) = (m +n)r —r?,dim(Aq) = mn — |Q|, and dim(M,,,,) = mn. Suppose
My, is finitely completable in rank 7, then dim(.Aq N M,.) = 0. Applying the inequality, we must have

(m +n)r —r* + mn — |Q| < mn, which implies (m + n)r — r? < |Q|. O

Given Mg, it may not be known a priori which rank r should be chosen to complete Mq. If r is
chosen too small, then Aq N M, will be empty, and if 7 is chosen too large, then M, will have infinitely
many completions. We give a method of deciding such a rank r.

Suppose we are given €2, but we do not know . Let p = [Q2|. Then if My, is finitely completable in

rank r, we must have p > (m -+ n)r — r? from Theorem|oq This implies

m+n—/(m+n)?—4p
5 :

r <

m+n)2—4p
2

m+n— . .
So a good guess for a rank 7 may be r = { ( J . Itis worth noting that for many methods,
greater than (m + n)r — r? observed entries are required for convergence, in which case 7 may need to
be chosen smaller.

Itis useful to define the function ®q : M, — M,,,«,, as the restriction of Py, to M,,.. In other words,

®q(X) is the projection of a matrix X € M, obtained by setting entries in positions not in {2 equal
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to zero. Then given a partially known matrix Mg, we have @51 (Mg) = Aq N M,.. In other words,
®,' (Mg) is the space of rank at most 7 completions of M.

We now focus on the set of matrices X such that given {2, the preimage ®,' (®q (X)) is a zero dimen-
sional set. In other words, the set of X € M, such that ®(X) is finitely completable in rank 7. Define
the set Yo C M, as

Xo = {X € M, | dim(®g'(Pa(X))) = 0} .

Theorem 22. Forany X € xq, rank(X) = r. That is, xo C M,.

Proof. By permuting rows and columns, suppose the position (1,1) ¢ 2. Consider X € xq such that

T11 T12
X = |zy @
Suppose rank(X') < 7. Then the matrix
t T2

Y<t): To1 To2

has rank at most 7 for any t. So Y (t) € M, for any t. Moreover Y (t) € @' (®q(X)) for any ¢
because P (X) = P (Y (t)). However, this implies that dim(®g,' (®q(X))) > 0, contradicting the

assumption that X € xgq. Therefore, we must have rank(X) = r. O

By Theorem if Mg, is finitely completable in rank 7, then each rank at most r completion of Mg
has rank equal to 7. To obtain an upper bound on the number of rank r completions, we introduce the

degree of a variety.

Definition 23. The degree of an algebraic variety V' of dimension k is the number of intersection points of

V with k byperplanes in general position.
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For example, the degree of the algebraic variety M,. is known.

Theorem 24. (Harris € Tu, 1984) The degree of the algebraic variety M, is

Recall a generalized version of Bézout’s Theorem.

Theorem 25. (Fulton, 2016) Let V1, . ..,V be irreducible algebraic varieties, and let 7y, . . ., Zn be the

irreducible components of Vi O - - - N Vi Then

D> _deg(Z) < [[ deg(V).

Now we are ready to present an upper bound on the number of rank r completions of M.

Theorem 26. (Lai € Varghese, 2017) Given a partially known m x n matrix Mg, suppose M, is finitely
completable in rank r. Let N = ’AQ N HT’ be the number of rank v completions of Mg, then N <

deg(M,).

Proof. Given Mg, recall that Ag = P, ! (Mq) is the algebraic variety of completions of M. Note that
Ag is a linear variety, and so it is irreducible and deg(Aq) = 1.

Now suppose there are finitely many points Z, ..., Zy € Agq N M,. Thatis, there are N rank
r completions of Mq. Because deg(Z;) = 1 for all 7, and both Ag and M,. are irreducible, then by
Theorem 24]and Theorem [25| we have

N = Z deg(Z;) < deg(Aq) deg(M,) = deg(M,)

]

In general, deg(M,) is very large, and is larger than the exact number of rank at most r completions.

One reason for this may be that given Mg, the hyperplanes H;; = {X € M,,x,, | X;; = M;;} such
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that N jyenH;; = Agq may not be in general position. In addition, some intersection points may be at
infinity, or the intersection points may have multiplicity.

It is often desirable to have a unique rank r completion rather than finitely many. If €2 has the right
structure, then a generic M € M, will be the unique rank 7 completion of the partially known matrix

Mg = ®o(M). We introduce the following definition.

Definition 27. A mask () is called finitely completable in rank 7 or uniquely completable in rank 7 7f;
for a generic M € M,, the partially known matrix Mg = ®q(M) is finitely completable or uniguely

completable respectively.

We give a class of €2 which are uniquely completable in rank 7. First we introduce the following

definition and theorem.

Definition 28. A4 mask ) is called completable entry by entry in r if we may find an (r + 1) x (r + 1)
submatrix of B(SY) with exactly one entry equal to zero, replace that zero with a one, and repeat until all

entries are equal to one.
Theorem 29. If a mask S is completable entry by entry in v, then it is uniquely completable in r.

To prove Theorem we introduce the following lemmas. First, we recall alemma from exercise I.1.8

in (Hartshorne, |2013).

Lemma 30. (Hartshorne, 2013) Let V' be an irreducible algebraic variety in affine space A%. Let H be a

hypersurface in A%, meaning diim(H) = d — 1. Then either dim(V N H) = dim(V) — 1,00V C H.

We use Lemma to prove Lemma First, we introduce the following notation. Given anm x n
matrix X, and sets of indices I C [m]and J C [n], define X; ; as the submatrix of X with entries in
positions in I x .J. Note that X; ; is only defined up to permutations of rows and columns because /
and J are not ordered. However, the absolute value of the determinant of X7 ; is well-defined because

swapping rows or columns only changes the sign of the determinant.
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Lemma 31. Let H be the algebraic variety consisting of m X n matrices that have at least one vanishing

r X 1 minor. Then diim(M, N H) < dim(M,.).

Proof. Given I C [m], J C [n],suchthat |I| = |J| =1, let
HI’J = {X € M, xn | det(X[’J) = O}
Then Hj j is a hypersurface because it is the zero set of one polynomial equation, and
H= |J Hi,
1=l |=r
is the algebraic variety of m X n matrices with at least one vanishing r X 7 minor. Then

./VTHH: U (mTﬂHLJ)

[|=|J|=r
So it suffices to show that dim(M, N Hy ;) < dim(M,) forall |I| = |J| = r. Note that M, is not
contained in [ ; because there are m x n rank r matrices such that the 7 x r submatrix with positions
in I x J is nonsingular. For example, the matrix consisting of the 7 X 1 identity matrix in position I x .J

and all other entries equal to zero. So by Lemrna
dim(M, N H; ;) = dim(M,) — 1 < dim(M,)

forall |I| = |.J| = 7 because M, is irreducible and not contained in H7 ;. O

We now define the entry by entry matrix completion algorithm, Algorithrn which we then use to

prove Theorem

Proof. Given a mask (2, suppose (2 is completable entry by entry in r. Then given M € M,, input
Mg = ®q(M) into Algorithm 5| At each iteration we may always find a submatirx with exactly one

unknown entry because €2 is completable entry by entry in 7. The only way Algorithm | may output a
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Algorithm s: Complete Entry by Entry

Input: mask (), partially known matrix Mg, rank r
Result: mask €, such that || > ||, partially known matrix Mg, with same rank at most r
completions as Mg,
fork=0,1,... do
findan (r + 1) x (r 4 1) submatrix of Mg, of the form X, = [ 4+ U | where Ay isr x r
nonsingular and zy, is the only unknown element in some position (i, ji) in X3
if no such submatrix exists then
‘ return {2, and Mg, ;
else
solve det(X},) = 0 for z, getting ), = m for a constant ay;

ag

M, ., equals Mg, with the entry in position (i, ji) equal to Tet(An)

Q1 = U U{(tk, Ji) b5

matrix that is not fully completed is if there is at least one X r singular submatrix in M. However, by
Lemma the set of matrices with at least one singular 7 X 7 submatrix in M,. has dimension strictly
smaller than the dimension of M., so a matrix with at least one singular r X 7 submatrix is not generic
in M,. So Algorithm [s| will output a fully completed matrix X for a generic M € M,.. Moreover,
because M satisfies the equations used to complete Mg, each of which had a unique solution, we must

have X = M. O

More generally, given any mask {2 and any M € M,., let My be the output of Algorithm With
input Mg = ®o(M). Then all completed entries will be equal to the corresponding entry in M. Again,
this is because each equation used to complete Mg had a unique solution, and M satisfies those equations.
So the entries completed by Algorithm sjmust be equal to the corresponding entry in every rank at most
7 completion X € @' (Mg). So the space of rank at most r completions of Mg must be equal to the

space of rank at most  completions of Mgq,. That is, we have @, (Mg:) = @' (My).

Example 32. A special class of partially known matrices which is are completable entry by entry, and thus
have a unique rank r completion, are matrices of the form Mg = | é B. Here Adsr X 1 and nonsingular,
Bisrx(n—r),Cis(m—r)Xxr,and A, B, and C consist of the known entries of M. In fact, Mg may be

completed all at once to the unique rank r completion M = [ & 51 5 |. Note that Mg bas (m + n)r — r?
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known entries, which is the minimum number of known entries such that Mq may have a unique completion

by Theorem @

1.9 Reduction of Generating Set

Recall that M, is the algebraic variety generated by all (7 + 1) % (r + 1) minors. In other words,
M, ={X € Myup | det(X; ;) =0,|I| = |J| =7+ 1}

where I C [m]and J C [n]. Given a partially known matrix M with known entries { M;;} (i j)eq, Ao

is generated by the polynomials X;; — M;; forall (4, j) € Q. In other words,
AQ = {X € men ’ X’L’j - Mij = 07 (Zu?) € Q}

Therefore, Ag N M, is generated by the union of these polynomials. However, this set of generators
may be redundant in the sense that 4g N M, may be generated by a proper subset of these polynomials.

In Example because A isa full rank r X r known submatrix of Mg and B and C are fully known, we
may complete Mg, exclusively with equations of the form | 4 ? | = 0. Here 2 is an unknown element, b is
a column of B, and cis arow of C, getting x = cA~'b. In other words, we don’t need all (r+ 1) x (r+1)
minors to find the rank 7 completion of M, we only need the (7 + 1) x (r + 1) minors that contain
A. Whatif B and C aren’t fully known? What if A is smaller than 7 x r? Can we still recover the rank r
completions of M, using only the minors that contain A under the assumption that A is full rank? We
show that the answer is yes.

When Mg, contains some known full rank submatrix A, we show that there are many redundant
polynomial generators for Ag N M,. in the union of the generators for Ag and M,.. Moreover, Mg,

always contains such a submatrix, as one may always at least take A asa 1 X 1 known nonzero entry. If
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every known entry of Mg, is equal to zero, then Mg has the unique rank zero completion equal to the
Zero matrix.

We start with the following lemma.

Lemma 33. Let V,, C My i1yxn be the algebraic variety generated by all (v + 1) x (r 4 1) minors

containing the first q columns where ¢ < v + 1 < n. In other words,

‘/q,n - {X S M(r+l)><n | det(X[T—i-l],J) = 07 [Q] C J}

where |J| = 1+ 1. Let Wy ;, C Myq1)xn be the algebraic variety consisting of matrices where the first q

columns are linearly dependant. That is,

Wan = {X € M(y11)xn | the first q columns of X are linearly dependant} .

Then

‘/qn = Mr U Wq,n'

)

Note that when ¢ = 1, the only way a single column can be linearly dependant is if that column is
the zero vector. Also note that the first ¢ columns of a matrix X € W, ,, is a submatrix which has rank at

most ¢ — 1. Moreover, X has (1 + 1)(n — ¢) free parameters. Therefore,

Waom = Mgt X M i1)x(n—g)

where Mq_l C M 41)xq- Moreover, W, ,, is irreducible because both Mq_l and M, 1)x (n—q) are
irreducible and the product of irreducible algebraic varieties is irreducible. Therefore, V,,, = M, U Won
is the decomposition of V,, ,, into irreducible components.

We prove Lemmaby inducting on n and backwards inducting on g.
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Proof. Note that M, C V,,, because the set of polynomials which generate M, contain the set of
polynomials which generate V, ,,. Also, W, ,, C V,,, because it X € W, ,,, then the first ¢ columns of
X are linearly dependent, so every (r 4+ 1) x (7 + 1) minor containing the first ¢ columns vanishes, so
X €V, . Therefore, M, U Wyn C Vgn.

For the reverse inclusion, first consider the case n = r +1,and ¢ < n isarbitrary. There is exactly one
(r+1) x (r + 1) minor which generates both V,, 1 and M,., so Var+1 = M,.. Also, any X € W, 1
will be be singular forall ¢ < r 4+ 1,s0 W, ;41 C M, and so Var+1 = M, =M, U Wyrs1-

Now consider the case ¢ = r + 1 and n > ¢ is arbitrary. Then both V,. ,, and W,.;; , are generated
by the first (r + 1) x (r 4+ 1) minor. That is, the polynomial det(X; ;) where I = J = [r + 1], so
Vit1n = Wiyt n. Moreover, M, C W41, because the polynomial that generates W, 1 ,, is an element
of the set of polynomials which generate M,, so Vicin = Wipin = M, U Wiiin.

Now we assume that V, ,_; = M, U Wyn—1,and Vi1, = M, U W41, for some n and g, and
we seek to show V,,,, = M, U Wy n.

Consider some X € V.. If rank(X) < r, then X € M., so suppose rank(X) =7+ 1. Let Y be
the (r+1) x (n— 1) submatrix obtained by deleting the (¢ + 1)st column of X. Then because X € V ,,
we have Y € V,,,_ because every minor containing the first ¢ columns of Y vanishes. Moreover because
Vign—1 = M, U Wyn-1,thenY € M,orY € Wy n—1. In other words, rank(Y") < r or the first ¢
columns of Y are linearly dependent.

ItY € W, 1 then X € W,,, because the first ¢ columns of Y and X are identical. So suppose
Y € M,, then rank(Y) < 7. Because rank(X) = r + 1, we must have that rank(Y") = r, and
the (¢ + 1)st column of X is linearly independent from the other columns. In particular, it is linearly
independent from the first ¢ columns.

Now note that X € V4, because V,,, C V11 ,. By assumption, Vi1, = M, U Wot1n> SO
X € M, or X € W41 ,. We have already assumed that X is not in M., so we must have X € W1 ,,
which means the first ¢ + 1 columns of X must be linearly dependent. However, the (g + 1)st column is

linearly independent from the first ¢ columns, which means that the first ¢ columns are linearly dependent,
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50 X € W, Therefore, X € M, UW,_,, which implies V,,, C M, UW,,,.So V,,, = M, UW,...

So by induction, V, , = M, UW,, foralln > r + landallg <r +1 ]

More generally, given positions of any ¢ columns, if V' is the algebraic variety generated by the minors
containing those ¢ columns and W is the set of matrices such that columns in those positions are linearly
dependant, then V' = M, UW. This follows simply by permuting the columns to the first g positions.

We use the Lemma to prove the following generalization.

Theorem 34. Let Vi, gy C Miyn, be the algebraic variety generated by all (r + 1) x (r + 1) minors
containing all entries in positions [p| X [q|. That is, the top-left p X q submatrix, withmax(p,q) < r+1 <

min(m, n). In other words,

Voamn = {X € Myxn | det(X; ;) =0,[p] C I,[q] C J}

where |I| = |J| =1+ 1. Let Wy g C Myxcn, be the algebraic variety consisting of m X n matrices such

that the top-left p X q submatrix is not full rank. That is,

Wygmmn = {X € My | the submatrix Xip),[q) 25 not full rank}.

Then

MT - %7Q>m7n - m”‘ U Wp7q7m7n'

Proof- M, C Vp,q.m.n because the set of polynomials that generate V}, ; 1, ,, are a subset of the set of
polynomials that generate M,.

To show V,, g.mn C My UW,, 4m.n we induct on m. By transposing, suppose ¢ < p. Letm = 7+ 1.
Considersome X € V,, 441n,andlet A = X [ be the top-left p x ¢ submatrix of X. If rank(A) < ¢,
then A is not full rank,so X € W), 5 r41.1.

Suppose rank(A) = ¢. Note that V), ;,11,, = V,,, as defined in Lemma so X € M, orthe
first ¢ columns of X are linearly dependant. However, the first ¢ columns of X are linearly independent

because rank(A4) = ¢,50 X € M,. S0V, gri1m C My, UW, g ri1m
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Now suppose Vp g m.n € M, U W), 4m.p for somem > r + 1. Consider some X € V,, ni1,- Let
A = X [q) be the top-left p X ¢ submatrix of X. If rank(A) < ¢, then X € W), g nq1.n-

Suppose rank(A) = ¢. Consider the m x n submatrix Y of X which consists of X without the
(p + 1)st row, and exists because m + 1 > p+ 1. Then Y € V), ; ., because all (r + 1) x (r + 1)
minors containing A vanish. By assumption, V,, ;s C M UW, ymnss0Y € My orY € W, g .
However, Y is notin W), ; 1, , because A is full rank, so Y € M, which means rank(Y") < 7.

If rank(Y) < 7, then by returning the (p + 1)st row of X back into Y, we have rank(X) < r,
which means X € M,. Now suppose rank(Y") = r. Let () be a submatrix of A consisting of ¢ linearly
independent rows of A, which exists because rank(A) = ¢. Then the g corresponding rows in Y which
contain () are also linearly independent. Let R be an 7 X n submatrix of Y consisting of r linearly
independent rows of Y which include the ¢ linearly independent rows containing (). Then the rows of
R form a basis for the row space of Y.

Now consider the m X n submatrix Z of X obtained by removing one row which is not contained
in R and is not the (p + 1)st row of X. Such a row exists because m + 1 > r + 2.

Let B be the top-left p x ¢ submatrix of Z. Then Z contains (), so rank(B) = ¢, which means B
is full rank. Then like before, Z € V}, ; n.n, which means Z € M, or Z € W), ;1 n- Because B is full
rank, we must have Z € M,., so rank(Z) < r. Because Z contains R, we also have rank(Z) > r. So
rank(Z) = r, and the rows of R form a basis for the row space of Z.

Therefore, the (p + 1)st row of X which is contained in Z but not contained in R is contained in
the row space of R, so the rows of R form a basis for the row space of X, which means rank(X') = r, so

X e M,.

We have shown that X € V), ; 41, implies X € M, U W amt1ms 0 Vpgmiin C M,

U
W pmt1.n- So by induction, V,, g imn C M, UW,, 4 foranym > r + 1. O]
Like Lemma Theorem generalizes straightforwardly.

Theorem 35. Given index sets I C [m]and J C [n], andletp = |I| and q = |J|. Let V' C My xn, be

the algebraic variety generated by all (r + 1) x (r + 1) minors which contain all entries in positions I x J,
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where max(p,q) < r+ 1 < min(m,n). Lee W C M,y xn, be the algebraic variety consisting of m x n

matrices such that the p X q submatrix with entries in positions I X J is not full rank. Then

M, cVcCcM,UW.

Proof. This follows from Theorem 34| by permuting the rows in positions I to positions [p|, and the

columns in positions J to positions [g]. O

Theoremis important because if we are given a partially known matrix Mg, then Mg will contain
some full rank known submatrix, which we may use to reduce the number of equations which generate

Ag N M,.. More specifically, we have the following theorem.

Theorem 36. Given Mo, find a full rank submatrix A consisting of known entries in some positions I X J.
Let|I| = pand |J| = q. Let V be the zero set of all (r + 1) x (r + 1) minors containing the positions

I xJ for somer > max(p, q). Then
Aq N ﬂr =AqNV.

Proof. By Theorem we have M, C V € M, U W where W is the set of matrices such that for all

X € W, the submatrix X ; is not full rank. Intersecting with Aq, we have
AoNM, C ANV C AN (M, UW) = (AgNM,)U (Ag N W)

Because X ; is full rank for all X € Ag and X; ; is not full rank for all X € W, Aq N W is empty.
So

which means Aqg N M, = AgNV. O
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Theoremmeans, given a partially known matrix Mo, if we find some full rank known submatrix A
of Mg, consisting of known entries, then Ag MM, is generated by all (7 +1) X (r + 1) minors containing
A, along with the polynomials X;; — M;; forall (¢, j) € Q.

There are (TTl) (TL) submatrices of size (7 + 1) X (r+ 1) in an m X n matrix up to permutations of

n

, +1) equations which generate M,.. Given M, there

rows and columns, which means there are (T,Tl) (
are |()| equations which generate Aq which is equal to the number of known entries in M. In total,
there are (rTl) (TL) + || equations which generate Ag N M,. as the union of the generators of M,
and Aq.

There are (TT; P q) (ri;gq) submatrices of size (74 1) X (r+ 1) which contain a p X ¢ matrix, so if one

can find a fully known and full rank p X ¢ submatrix of Mg, then there are only (TT; P q) (riiq) + 19|
equations which generate Ag N M, by Theorem In particular, if one can find a fully known and
full rank 7 X 7 submatrix of Mg, then there are only (m — r)(n — r) + |£2| equations which generate

Agq M M,.. This can significantly reduce the processing time needed to find the rank r completions of a

partially known matrix Mq using algebraic methods.

Example 37. Consider the partially known matrix given in Example[s

4 2 1 «x

5 3 y 1
M(x7 y? Z7 w) - )

6 z 3 1

w 5 4 1

where x,y, z, and w are unknown. Note that the top-left submatrix | 2 3] is nonsingular. So by Theorem @

Aq N My is equal to the zero set of all 3 X 3 minors containing the submatrix [ 2. That is, Ag N M, is
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equal to the set of M (x,y, 2, w) such that

4 2 1 4 2 x 4 21 4 2 x
5 3 y=15 3 1|=1[5 3 y|=1|5 3 1|=0.
6 z 3 6 z 1 w 5 4 w 5 1

These equations simplify to

—4yz 4+ 12y + 52— 12 =10
Sz —18x —42+14 =0
2yw — 20y — 3w+ 33 =0

—3xw + 25z + 2w — 18 = 0.

Solving this system of equations, we recover the two solutions from Exa mple@ There are sixteen 3 X 3 sub-
matrices of a 4 X 4 matrix up to permutation of rows and columns, which means there are sixteen equations

which generate M. However, we were able to generate Mo N Aq using only four equations which generate

M.

1.I0 Algebraic Combinatorics

Given amask © C [m] x [n], define the bipartite graph G(£2) = (V, W, Q) as the graph with vertices
V = [m]and W = [n], and edges €2. Then the m x n adjacency matrix of G(£2) is equal to B(£2).

Example 38. The mask

111
B =11 0 o,
100

Corresponds to the bipartite graph Fz’gure
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1 1
2 2
3 3

Figure 1.9: Bipartite graph G(€2; ) from Example

Example 39. The mask

100
B(%:)= {1 1 1},
010
Corresponds to the bipartite graph Figure|r.1o]
[m] 7]
1@ 1
2 2
3 3

Figure r.10: Bipartite graph G(£2;) from Example

Although a partially known matrix Mg may not be finitely completable in rank 7, there may be
individual positions have finitely many completions in a rank r completion of Mq. Let P; ;(X) = Xj;
be the map which outputs the entry of X in position (4, j). Then in other words, the set P; ;) (®q" (Mq))

may be finite even if the set @' (Mgq) is not finite.
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Definition go0. Given a partially known matrix Mg, a position (i,7) € [m] x [n] is called finitely
completable in rank 7 o7 uniquely completable in rank r if the set of values in position (i, j) is finite or

unigue respectively over all X € ®5'(Mg).

In other words, given M, the position (i, 7) is finitely completable in rank 7 if
0 < [P (®g' (Ma))| < oo
and is uniquely completable in 7 if
| Py (95" (Ma))| = 1.

Example 41. Consider the partially know matrix Mo = [3 & B]. Then a matrixofthe form M = [3 § % |
will be a rank one completion of M, for anyt, so M is not finitely completable in rank one. However, entry

(2,2) is unigquely completable in rank r. In other words, Po2)(X) = 2 forall X € ®g'(Mq).

Given a mask (2, different partially known matrices with the same mask may have different numbers

of completions. However,

Definition 42. Given a mask Q, a position (i, j) € [m] X [n] is called finitely completable in rank r or
uniquely completable in rank 7 7f; for a generic M € M, the set of values in position (i, j) is finite or

unigue respectively over all X € &5 (g (M)).

In other words, a position (i, j) is finitely completable in rank r if
0 < |Pijy(@g! (2o (M) < oo
and is uniquely completable in 7 if
| Py (g (Pa(M)))| =1
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for a generic M € M,..

We address the question of whether or notan unknown entry (2, j) € [m] X [n] is finitely or uniquely
completable. In other words, given an unknown entry O of My, in position (3, j), are there only finitely
many ways to complete [ such that there exists a rank r completion of the resulting matrix? In general,
for any continuous method of sampling, the question of whether or not the unknown entry (1 is uniquely
completable depends only on the positions of the known entries in M, with probability one (Kirély et al.,
2015)).

We introduce the set of all positions which are finitely completable, which is called the finitely com-

pletable closure.

Definition 43. Given a mask 2 C [m] X [n], the rank r finitely completable closure cl,.(2) C [m] x [n]

is the set of positions which are finitely completable in ().

To classify cl,(£2), we introduce the following tools. Define the algebraic matrix multiplication map
Y : My X Mysy = My by T 2 (U, V) — UV, Note that every matrix in the image of this
map has rank at most r. Moreover, M,. is the image of the map 1. Calculate the Jacobian J of T at
point (U, V'), the Jacobian has the following representation as an mn X r(m + n) matrix in terms of the

Kronecker product, denoted ®, and identity matrices I,,, and ,,.

Im®vlT
J(U,V) = : LU

Im®vg

where UJT is the jth row vector of V. Note that each row in J(U, V') corresponds to some matrix entry
(¢, 7). In particular, for a position (4, j) € [m] x [n], the row J(; j(U, V) is defined to be the row of
J(U, V) corresponding to position (%, j). For a collection of known positions €2, the matrix Jo (U, V') is

defined to be the submatrix of J(U, V') with rows corresponding to the known positions in §2. We may

use this definition to classify cl,(€2).
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Theorem 44. (Kirdly et al., 2015) Given a mask ) and a rank r, we have
cl () = {(4,7) € [m] x [n] | Ju;) (U, V) isin the row space of Jo(U,V')}

forgenericUVT = M € M,.

The linear independence of the rows of .Jg, is a generic property, and so it does not depend on the

choice of generic M. Using Theorem we may compute cl,(£2) with Algorithm

Algorithm 6: Finitely Completable Closure (Kirily et al., [2015))

Input: mask €2, rank 7
Result: rank r finite completable closure cl,.(€2)
v sample U € M, and V' € M, from a continuous density;
» calculate the Jacobian Jo (U, V');
for (i,7) € [m] x [n] do
L if J; j)(U, V) is in the row space of Jo(U, V') then

E NN

L include (¢, 7) in cl,.(Q);

w

¢ return cl,.(2);

Sampling U and V' from a continuous density will ensure that M = UV " is generic with probability

one. We now explicitly calculate cl; (£2) in Example[41]with Algorithm [g]

Example 4s. Considerthe case U = (3] and V' = [123]. Then

UVT:246,
1 2 3
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and

In this case we have,

and

JU, V) =

Jo =10

44
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Assuming U and V' are generic, to check if entries (2,2),(1,3), and (2,3) are finitely completable, we
need to check if J2 9y, J1,3), and Ja 3y are in the row space of Jo. Ja,2) is in the row space of Jq becanse
%J(LQ) +2J21) — Ja,1) = Ji2,2), 50 (2,2) € cli(Q). However, J(1 3y and Ja 3) are not in the row space
of Jo, socli () = {(1,1),(1,2),(2,1),(2,2)}.

We are interested in the question of when finite completability implies unique completability. Like
the finite completable closure, we introduce the set of positions which can be uniquely completed which

is called the uniquely completable closure.

Definition 46. Given a mask Q2 C [m] X [n], the rank r uniquely completable closure ucl,.(2) C

(m] x [n] is the set of positions which are uniquely completable in Q.
To characterize the uniquely completable closure ucl,.(€2), we introduce the stress of a matrix.

Definition 47. Given U € M,y (C) and V' € M, (C), a rank 7 stress of M = UV’ is a matrix
that, as a vector, is in the kernel of the transpose of the Jacobian of U and V. In other words, a matrix

S € Myyxn(C) is a rank r stress of M if

J(U, V)T vec(S) = 0.

Given a mask S, the rank 1 stresses S such that S;; = 0 for all (1, j) € Q¢ are called the Q)-stresses of

M in 1. The vector space of Q-stresses of M = UV " in r will be denoted W 51 (2).

Given an {2-stress .S, note that if we vectorize S and remove zeros corresponding to unknown entries,
then S is in the kernel of the submatrix Jo(U, V') '. The maximum rank of the {)-stresses is the property

that allows us to test for unique completability.

Definition 48. The maximal 2-stress rank of M in 7 is defined as

pm(Q) = SeD\[Ifli}}({Q) rank(S)
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If M is generic, the maximal stress rank py/(£2) depends only on {2 and 7 and not on M (Kirély etal.,
2015)). In this case, the generic (2-stress rank in r is denoted p(€2). We may now formulate the following

theorem which gives conditions for when finite completability implies unique completability.

Theorem 49. (Kirdly et al., 2015) Given a mask S, if the generic Q)-stress rank in v satisfies the inequality

p(Q) > min(m,n) — r,

then cl,.(Q) = ucl,.(Q).

Determining if finite completability implies unique completability relies on calculating the generic

Q-stress p(€2), which can be done by using Algorithm [7]

Algorithm 7: Generic Stress Rank (Kirély et al., 2015)

Input: mask 2, rank r
Result: generic stress rank p(€2) of Q in rank 7
v sample U € M, and V' € M,,, from a continuous density;
» calculate Jacobian Jqo (U, V');
3 sample a random vector vec(S) € RI®!in the kernel of Jo (U, V)T from a continuous density;
4+ reshape vec(S) into an m X n matrix S with entries in {2 corresponding to entries in vec(S)
and entries in )€ as zeros;

s output p(€2) = rank(S);

Again, sampling vec(S) from a continuous density will ensure vec(S) is generic with probability
one. Once p(€2) is calculated, we simply check if p(€2) > min(m, n) — r toseeif cl,.(©2) = ucl, () by
Theorem [49]

r.ix  Algebraic Topology

In this section we discuss some topology properties of the spaces Aq and M,.. We start with some defini-

tions from algebraic topology.

Definition so. An n-dimensional simplex is an n-dimensional polytope which is the convex bull of n 4 1

points. A simplicial complex s a topological space V' which is divided into simplices such that every face of
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a simplex in V' is also a simplex in V' and the non-empty intersection of any two simplices is a face of each

simplex.
[ ) o — A
O-simplex 1-simplex 2-simplex 3-simplex

Figure r.11: Examples of n-simplices forn = 0, 1,2, 3

=\

Figure 1.12: Example of a simplicial complex

Definition s1. Given a simplicial complex V, the homology groups Hi(V'), k = 0,1,... are abelian
groups which may be used to count the number of holes in V. The kth Betti number of V' is equal to the
number of k-dimensional boles in' V', and is denoted hy,(V'). More formally, assuming V' bas finitely many
k-dimensional holes, then H,(V) @ R = R? for some d, in which case hy,(V') = d. Here ® denotes the

tensor product of abelian groups as modules over Z.

Example s2. ho(V') is equal to the number of connected components of V, so if V' is a collection of N points,
then ho(V') = N. hy(V) is equal to the number of one dimensional holes in' V. So if V' is a collection of N
loaps, then hy (V') = N.

Definition s3. A sequence of homomorphisms

fi—1

fi fit1 fit2
» Gi —— Gigg —— Gigg —— -
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Figure 1.13: A collection of three loops glued at a point has three one-dimensional holes, so h; (V') = 3.

The figure is connected, so hg(V') = 1.

of abelian groups G; is called exact if the kernel of f; is equal to the image of f;_1 for all i.

We now introduce the Mayer-Vietoris sequence which relates the homology groups of simplicial

complexes.

Theorem s4. (Hatcher, 2002) Let V and W be simplicial complexes such that V-UW and V O\W are also

simplicial complexes. There exists an exact sequence of the form
q

oo — Hi(V)o Hi(W) —— Hi(VUW) j

{—) Ho(VNW) —— Ho(V)® Hy(W) —— Hy(VUW) —— 0
which is called the Mayer-Vietoris sequence.

Here @ denotes the direct sum of abelian groups. We use the Mayer-Vietoris sequence to obtain
a relationship between the Betti numbers ho(Aq N M,.) and hy (Aq U M,.). First, we introduce the

following theorem.

Theorem ss. ((Hironaka, 1975) p.180) Affine algebraic varieties V and W may be triangulated so that V,
W, VUW and VW are simplicial complexes.

This means that we may apply the Mayer-Vietoris sequence to Ag and M,.
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Theorem s6. Given a partially known matrix Mg with at least one rank at most v completion,

ho(Aqg N M,) = hi(Aq UM,) + 1.

Proof. Because Mg, has at least one rank at most r completion, then Aq N M,. is nonempty. By Theo-

rem|s4|and Theorem we have an exact sequence of the form

cor —————— Hi(Ag) @Hl(MT) — Hy(Aq UMT) j
(1.4)

t—) H()(.AQ QMT) s HO(AQ) ) H(](MT) —_— H()(AQ UMT> — 0

Because scaling does not change the rank of a matrix, M, deformation retracts to the singleton {0}

via the map

so M, is homotopy equivalent to a point. Similarly, Ag is a linear variety so it deformation retracts to

the singleton { Mg} via the map

G:Aq x[0,1] = Aq

G(X,a)=(1—-a)X + aMq.
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Because homology groups are invariant under homotopy equivalence, both M, and Ag have the homol-

ogy of a point. This implies that

12

H{(M,) =0 Hi(Ag) =0

12

Ho(M,) = Z Hy(Aq) = Z.

Because Ag and M, are both connected and have non-empty intersection, their union is also connected,

SO

Hy(AqUM,) = 7.

Therefore, Sequence simplifies to

0 —— Hi(AgUM,) —— Hy(Aq N M,) > 72

~
~
S
—
-
N
~

Because R is a flat Z module, we may take the tensor product of Sequence (f.5) with R to obtain

0 —— Rhl(AQUﬂr) SN Rho(Agﬂﬂr) s R2 s R

e}
—~

I

[
~—

By the general rank-nullity theorem, if

=}

0 > Vi > Va > Vi

is an exact sequence of vector spaces V;, then Zle(—l)i dim(V;) = 0. Applying this theorem to Se-

quence 1} we get ho(Aq N M,) =h(AqgUM,) + 1. O

ho(Ag N MT) is equal to the number of connected components of Ag N M., soif Mg is finitely

completable in rank r, then Ag N M,. is a finite collection of points. So

hO(AQ HMT) = ‘AQ ﬂﬂr

= N,
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where NV is the number of distinct rank 7 completions of Mq. So N = hy(Aq U Mr) + 1.

Example s7. Consider Exa mplea where there are two intersection points My and My in AqgNM.,. Because
there are two connected components, ho(Aq N MT) = 2, which implies hy (Ag U MT) =1by Tbeorc‘m@

This means that there is a single one-dimensional hole in Aq U M,. See Figure or visual intuition.

Figure 1.14: A schematic of Aq U M,.. There are two points in Ag N M.,. and one hole in Ag U M,..

If Mg, is finitely completable in rank 7 and it is possible to calculate by (Aq U M,.), then we may
find the number of rank  completions of Mg with Theorem |56, One strategy may be to calculate the

fundamental group of Ap N M, because its abelianization is equal to Hy(Aq U ./VT)

Definition s8. The Euler characteristic of a simplicial complex V', is equal to the alternating sum of the

Betti numbers of V, and is denoted x (V). That is,

o0

X(V) = (=1 (V).

k=0

Because the kth homology group of V is trivial for all £ > dim(V") (Hatcher, 2002)), the kth Betti
number is equal to zero for all & > dim(V'), so the infinite sum in Definition [58|is actually a finite
sum. Moreover because Betti numbers are homotopy invariant, the Euler characteristic is also homotopy

invariant.

Example s9. In fig. ho(V) = 1, (V) = 3, and hy(V) = 0 forall k > 2, 50V bas Euler

characteristic x (V') = —2.
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Like Theorem [s4} given simplicial complexes V' and W, there is a relationship between the Euler
characteristicsof V, W, VN W, and V U W.

Theorem 6o. (Hatcher, 2002) Given simplicial complexes V and W such that VU W and V N W are
also simplicial complexes, the Euler characteristic satisfies the inclusion-exclusion principle

X(VUW) =x(V)+x(W) —x(VnW).

Like Theorem we have the following theorem relating x (Aq N Mr) and x(Aq U NT)

Theorem 61. Given a partially known matrix Mo with at least one rank at most r completion, we have
X(AaNM,) =2 = x(Ag UM,).

Proof. Because Ag and M,. are homotopy equivalent to a point, X(MT) = x(Aq) = 1. Applying
Theoremto Aq and M., we have

X(Aq r\'mr) = x(Aq) + X<m?") - x(Aq U mr‘)
=2—x(AqU WT)

]

Again, if My, is finitely completable in rank 7, let N = ‘AQ N MT\ be the number of rank r com-
pletions of Mq. Then because Ag N M,. is a finite collection of N points, x(Aq N WT) = N, so
N = 2—x(AqUM,). If Mg is finitely completable in rank 7 and it is possible to calculate y (Aq UM.,.),

then we may find the number of rank 7 completions of Mg, with Theorem

Example 62. Consider Mg as given in Exﬂmple@ Because Aq N\ M, is a collection of two points, we have
x(Aq N M,) = 2, which implies x(Aq N M,.) = 0 by Tbeorem

52



CHAPTER 2

MaxiMuM VOLUME PRINCIPLE

In several matrix analysis problems, knowledge of a quality submatrix A of a large matrix X is required.
In general, A should not be close to singular, so one way to measure the quality of A is by modulus of the

determinant, which is called the volume.

Definition 63. The absolute value of the determinant of a matrix X, is referred to as the volume of X and

is denoted vol(X) = |det(X)|.

The volume of a linear map X is the factor by which the measure of a measurable set changes under
X ((Aliprantis & Burkinshaw, |1998)) p.389). Moreover, it is equal to the product of the singular values of
X.

2.1 Schur Complement

We introduce the Schur complement as an example of when knowledge of a quality submatrix is desired.

Definition 64. Let X € My, be an m X n matrix. By permuting rows and columns, suppose X has the
block structure X = [ & Bl where Aisr X r nonsingular, Bisr x (n —r), Cis(m —r) X r, and D is

(m — 1) x (n — r). The Schur complement of X with respect to A is denoted S 4 and is defined as

Sa=D — CA'B.
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In general, A may be any 7 X r nonsingular submatrix, in which case we permute the rows and columns
of X so that A is in the top-left corner. If X is square, the Schur complement of X with respect to A has

a useful formula relating det(X') and det(A) called the Schur determinant identity.

Lemma 6s. (Zhang, 2000) Given ann x n matrix X, for any r X v nonsingular submatrix A in X, we

have

det(X) = det(A) det(S4).

Moreover, by taking the absolute value, we also have
vol(X) = vol(A) vol(Sa).
Proof: (Zhang,2006) Let X = [4 B]beann x n block matrix where A is 7 X r and nonsingular. Then

A B A 0| |1 A'B
C I||0 D-CA'B
where I are identity matrices of the appropriate size. Taking the determinant we get the desired result. [

The rank of the Schur complement has a useful relation the the rank of X.

Lemma 66. (Zhang, 2006) Given an m X n matrix X, for any nonsingular v X r submatrix A in X,

Sa = 0ifand only if rank(X) = r. More generally,

rank(X) = rank(Sy4) + 7.

2.2 Skeleton Decomposition

Let X = [4 B]beanm x n block matrix where A isan 7 X r nonsingular submatrix. By Lemma
if rank(X) = r,then D = CA7'B,andso X = [é CAjilB } This is directly related to the matrix

completion Example
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We may use the skeleton decomposition to decompose X as a product of an m X r matrix, an 7 X r

matrix, and an 7 X n matrix.

Definition 67. Let X be an m X n rank v matrix with an v X r nonsingular submatrix A. After permu-
tation of rows and columns, suppose X bas the block structure X = [ & B for corresponding B, C, and D.

Then

A
X = A_I{A B}Z
C

A B
C CA™'B

is the rank r skeleton decomposition of X with respect to A.

Whatif X is not exactly rank 7, but only approximately rank r? Then we may obtain a rank 7 approx-

imation X, of X using the skeleton decomposition.

Definition 68. Let X be an m X n matrix with an v X v nonsingular submatrix A. After permutation

of rows and columns, suppose X is in the block form X = [4 B . Then

A B

I
I

-
C CA'B
Zs the rank 1 skeleton decomposition of X with respect to A. The skeleton decomposition is also sometimes

called the CU R decomposition.

Note that rank(X,) = r. Moreover, the row space of X, is spanned by the first r rows, and the
columns space is spanned by the first 7 columns. Also note that X, may be stored by only storing A, B,
and C, which amounts to (m + n)r — 72 entries. On the other hand, X has mn entries total, so the
compression ratio of the skeleton decomposition is equal to

(m +n)r —r?

mn
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The skeletal decomposition and the Schur complement are directly related. Let X, be a rank r skeleton

decomposition of X with respect to a submatrix A. Then

A B| |A B
X = Xl = -

- C D C CA'B

L max

0 0

0 D-CA™'B

max

= |p-ca”B,,

= [[Sall

max

where || X ||, = max; ; | X;;| is the max norm. So the error of the skeleton decomposition of X with

max

respect to A in the max norm is equal to the max norm of the Schur complement of X with respect to A.

Note that the error || X — X, | = Oifand only if rank(X) = r by Lemmal6d|

max
The error of the rank r skeleton decomposition to the original matrix is in general larger than the
best rank 1 decomposition obtained with the singular value decomposition by Theorem il However, the
skeleton decomposition has the benefit being a rational function of the actual entries of M/, making the
skeleton decomposition much faster to compute.
The error of the skeleton decomposition will depend on the choice of the r x 7 submatrix A. In

particular, the quality of the skeleton decomposition with respect to A depends on the volume of A. Itis

desirable for the volume of A to be as large as possible.

Theorem 69. (Goreinov et al., 2010) The error of the skeleton decomposition with respect to the max norm is
minimized over all choices of 1 X 1 submatrices A when vol(A) is maximized. Let X, be the rank r skeleton
decomposition of X with respect to a submatrix A. Then when A is chosen with maximum volume over all

choices of T X 1 submatrices, we have the inequality

X' = X[l paxe < (r + Dora(X)

max
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where 0,41(X) is the (v + 1)st singular value of X.

Recall that 0,41 (X) is the error of X to a best rank 7 approximation of X in the spectral norm.

We denote an 7 x r submatrix of maximum volume over all 7 x r submatrices of X by Xy,ax. Then

vol(Xpax) = max vol( X7 ;).
(Ko = i vollX1s)

Although it is desirable to find an r X 7 submatrix of maximum volume, it is not always feasible because
finding X nax is an NP-hard problem (Civril & Magdon-Ismail, 2009). It is much easier to find near
optimal volume submatrices by searching for submatrices which have locally maximum volume as opposed
to globally maximum volume.

To make this concept more precise, we first introduce the following lemma.

Lemma 70. Let X beanm X v matrix withr < m. Let A be an v X r nonsingular submatrix of X, and

letY = X AL Let B equal A with the jth row of A replaced with the ith row of X. Then

vol(B) = |Y;;| vol(A)

Proof. Note that gg% = vol(BA™). Let Z = BA™!, we want to show vol(Z) = |Y;;|. We have

Y ifp=
pq =
by D # ]
where Z,,, is the entry of Z in position (p, ¢), and 6, is the Kronecker delta which is equal to one if p = ¢
and equal to zero otherwise. By swapping first and jth row, and the first and jth columns of Z, we get an
upper diagonal matrix with entry in position (1, 1) equal to Y;; and with the rest of the diagonal entries

equal to 1. Therefore, vol(BA™!) = |Y};]. O

Lemmamotivates the following definition.
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Definition 71. An 1 X r nonsingular submatrix X of an m X r matrix X, is called dominant if all entries

of XX ~1 are at most one in modulus.

Alternatively, because X X ~1 contains the identity matrix, a submatrix X is dominant if

HXX‘I ~ 1.

max

It follows from Lemma that we may not increase the volume of a dominant submatrix X by
swapping a row in X with a row in X. Itis in this sense that dominant submatrices X have locally
maximal volume. Analogous to the statement that global maximums are also local maximums, we have

the following theorem.

Theorem 72. (Goreinov et al., 2o10) Given an m X v matrix X withr < m, anr X r submatrix of

maximum volume X oy 15 a dominant submatrix.

Proof. Suppose X yax is notdominant. Then there existsan entry Y;; of Y = X X1 suchthat|Y;;| > 1.

max

Let B be equal to X, with the jth row of X\,ax replaced with the ith row of X. Then by Lemma
vOl(Xmax) < |Yij| vol(Ximax) = vol(B).

This contradicts the assumption that X,y is 2 maximum volume submatrix, so X,ay is dominant. [

Dominant submatrices are useful because they are easier to search for than maximum volume subma-
trices. Moreover, they and are not too far off in volume from a maximum volume submatrix. To show

this, first recall Hadamard’s inequality.

Lemma 73. (Hadamard, 1893) Given ann X n matrix X = [21 22 - =n | where x; is the ith column of

X, Hadamard’s inequality states that

vol(X) < [ llall -
=1
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Moreover, if | X;;| < N foralli < nandj <n, thenvol(X) < N2,

Now we may state the following theorem relating the volume of dominant submatrices and maximum

volume submatrices.

Theorem 74. (Goreinov et al., 2010) Given an m X r matrix X, let X nax be an v X v maximum volume

submatrix, and let X beanr X r dominant submatrix. Then we bave the inequality
Vol (X max) < 7"/2 vol(X)

Proof. (Goreinov et al.,|2010) Let Z = XmaXX_l. Then because X is dominant, | Z;;| < 1foralli <r
and 7 < 7. So by Lemma
vol(Xmax)

e = vol(Z) <2,
vol(X)

O

It is useful to generalize the definition of an r X 7 dominant submatrix of matrices of size m X 7 to

matrices of any size m X n.

Definition 75. Given an m X n matrix X, anr X r nonsingular submatrix X is called dominant zf st

is dominant in its respective rows and columns in the sense of Definition @

2.3 Maximum Volume Algorithm

One nice feature of dominant submatrices is that they are easy to find. In practice, given an m X r matrix

X, we only need to find a close to dominant 7 X 7 submatrix X such that

<l+4e (2.1)

max

Jxx
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for some tolerance €. This may significantly reduce the number of iterations needed to compute X, while
practically keeping the volume the same because if Equation holds, replacing a row of X with a row
of X will only increase the volume by at most a factor of 1 + €.

We start by introducing the standard algorithm for finding an 7 X 7 dominant submatrix of anm x r

matrix which is called the maximum volume or maxvol algorithm.

Algorithm 8: Maximum Volume (Goreinov et al., 2010)

Input: m x r matrix X, 7 X 7 nonsingular submatrix Ay, tolerance € > 0
Result: A;, a close to dominant submatrix of X.
fork=0,1,... do

V= XA

find a largest in modulus entry of Y}, called (Y ),; with index (2, 5);

if |(Ys)ij| < 1+ ethen

return Ay;
else
L Ap41 equals Ay, with the jth row replaced with the ith row of X;

The the volume of the submatrices A, produced by Algorithmincreases until a close to dominant

submatrix is reached. In other words, we have the following theorem.

Theorem 76. (Goreinov et al., 2010) The sequence of matrices { Ay} given by Algorithm|§ bas increasing

volume which is bounded from above, so Algorithm @converges. That is,

vol(Ay) < vol(Agi1).

Proof. By Lemmalyol on the kth step,

VOl(Ak> < ‘(Yk>lj‘ VOl(Ak) = VOI(Ak+1)

because |(Y%)ij| > 1. Moreover, there are only finitely many submatrices in X, so the volume of the

submatrices in X are bounded. For a more explicit upper bound, we may use Lemma O
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Note that A has the largest volume obtainable from Ay, by swapping one row in A, with a row in
X. This is because (Y} );; is chosen so that it is the largest entry in modulus over all indices (4, 7).

We can generalize Algorithm[8]to find an r x 7 dominant submatrix of an m x n matrix X. We may
search for the largest in modulus entry of both Y, = X, JAI;I, and 7, = AI;IX 1,[n] at each iteration,

where Ay, is the submatrix with entries in positions I x J in X.

Algorithm 9: Two Directional Maximum Volume

Input: m x n matrix X, r X r nonsingular submatrix Ay, tolerance € > 0
Result: A;, a close to dominant submatrix in X .

fork=0,1,... do

let I and J be the row and column indices of Ay = X7 j;

Vi = X g AL
find a largest in modulus entry of Y}, called (Y} );; in position (i, j);
Zy = Angl,[n];

find a largest in modulus entry of Zj, called (Z),, in position (p, ¢);
if max(|(Yi)ij|,[(Zk)pq|) < 1+ € then
return Ay;
else
if [(Ye)ij| = [(Zk)pq| then
Ap41 equals Ay, with the jth row of Ay, replaced with the ith row of X{,,,), ;
else

L A1 equals Ay, with the pth column of Ay, replaced with the gth column of X7 ,,);

However, Algorithmcalculates both Y}, = Xy, JAIZI and Z;, = AI;IX 1,[n] at each iteration. To
speed up the processing time, we may consider an alternating maximum volume algorithm where we
alternate between optimizing rows and columns to make one such calculation at each iteration.

Because the sequence {vol(Ay,)} is again increasing and bounded above, both Algorithm [g]and Algo-
rithm converge to a dominant submatrix.

Note thatbecause the the alternating maximum volume algorithm only searches either rows or columns
at each iteration, it may not always find the largest volume submatrix obtainable with one row permuta-
tion or one column permutation. For example, consider the matrix X = [? 3]. Let 7 = 1, and let A be

the 1 X 1 submatrix of X consisting of the entry 1 in position (2, 1). Then Algorithmconverges to the
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Algorithm 10: Alternating Maximum Volume

Input: m X n matrix X, 7 X r nonsingular submatrix Ay, tolerance € > 0
Result: A close to dominant submatrix in X.
initialize (Z_1),, = 003
for k=o,1,... do
let I and J be the row and column indices of Ay = X7, 3
Y, = X[m],JAil;
find a largest in modulus entry of Y}, called (Y});; in position (i, j);
if [(Y%)i;] > 1+ e then

By equals Ay, with the jth row of Ay, replaced with the ith row of X[, 13
else

if [(Zk—1)pq| < 1+ € then

‘ return Ay;
else

| Be= A

Zx = B " X1 s
find a largest in modulus entry of Z, called (Z}),, in position (p, ¢);
if |(Zk)pq| > 1 + € then
‘ Aj11 equals By, with the pth column of By, replaced with the gth column of X7 p,;

else

if |(Yk)1]| <l+4e€ then

‘ return By;
else

L Apy1 = By
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1 x 1 submatrix consisting of the entry 4 in position (2, 2) in one step, and Algorithm converges in

three iterations with the same initialization. More generally, we have the following example.

Example 77. Let

—2 3 0 0 0 0 ]

0 4 5 0 0 0

0 0 6 0 0 0
X =

000 -+ 2n—4 2n—-3 0

000 - 0 2n—2 2n—1

_1 o0 - 0 0 2n |

be the n X n matrix such that the kth diagonal entry is equal to 2k, the kth upper diagonal entry is equal
to 2k + 1, and the entry in position (n, 1) is equal to one. Let Ay be the 1 X 1 submatrix consisting of the
entry 1 in position (n, 1). Then Algorithmlgconverges to the 1 X 1 submatrix consisting of the entry 2n in

position (n,n) in one step, and Algorithm|io|converges in 2n — 1 iterations with the same initialization.

2.4 Greedy Maximum Volume Algorithm

Note that Algorithm Algorithm and Algorithm only permute one row or column at each iteration.
We may reduce the processing time needed to find a dominant submatrix by potentially swapping more
rows at each iteration. We call such an algorithm a greedy maximum volume algorithm. Note that the
maximum volume algorithm, Algorithm |8}, is already a type of greedy algorithm in the sense that local
optimizations are made at each iteration.

The greedy maximum volume algorithm for finding an 7 X r dominant submatrix of an m X r matrix
is similar to Algorithm 8] The difference is instead of swapping one row each iteration, we may swap two
or more rows. The determinant of a small submatrix is also calculated at each iteration to ensure that the

volume is increasing.
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First, we describe the simplified case where we swap at most two rows per step. We call this algorithm

the simple greedy maximum volume algorithm.

Algorithm 1x: Simple Greedy Maximum Volume

Input: m X r matrix X, 7 X r nonsingular submatrix A, tolerance € > 0
Result: A;, a close to dominant submatrix of X.
fork=0,1,... do
Y, = XA
find a largest in modulus entry of Y}, called (Y% );; in position (i, j);
if ’(Ykz)z]’ < 1+4+¢€ then
return Ay;
else
find a largest in modulus entry of Y}, not in row ¢ or column j called (Y%),, in

position (p, q);
_ | Me)is (Ye)ig |,
Vie = [ Vs (Ve ] ;
if VOl(Vk> > ‘(Yk>lj| then
Ap41 equals Ay, with the jth row replaced with the ith row of X, and the gth row
replaced with the pth row of X;

else
L A1 equals Ay, with the jth row replaced with the ith row of X

Like Algorithm the volume of the submatrices A, produced by Algorithmincreases until a close
to dominant submatrix is reached, so it converges. To prove that the sequence of submatrices { A } has

increasing volume, we first generalize Lemmal7ol

Lemma 78. Let X beanm X v matrix withr < m. Let A be an v X r nonsingular submatrix of X, and
letY = XA~ Given a set of s pairs of indices { (i1, j1), - - ., (is, Js) } C [m] x [r] where s < r, let B

equal A with row jo, row of A replaced with row i of X forall 1 < o < s. Define the matrix

Yi1j1 Y;lljz Kljs

Yizji Y;sz Y;QJS
V =

_}/;:sjl }/is]é }/;'Sjs_

64



Then
vol(B) = vol(V') vol(A)

Proof. Note that Zzigljg = vol(BA™). Let Z = BA™!, we want to show vol(Z) = vol(V'). We have

Yi.q ifp = j, forsome a
pe =
0p;  otherwise

where Z,,, is the entry of Z in position (p, ¢), and 6,,, is the Kronecker delta which is equal to one if p = ¢
and equal to zero otherwise. Swap rows o and j,, and columns « and j, of Z for all . Then Z is in the

block upper diagonal form

for some submatrix W, where I is the (r — s) X (r — s) identity matrix. So we have vol(Z) = vol(V). [
We now show that Algorithm i converges.

Theorem 79. The sequence of matrices { Ay} produced by Algorithm|u bas increasing volume which is

bounded above, so Algorithm @converges. That is,
vol(Ag) < vol(Agi1).
Proof. First, suppose only one row in Ay, is swapped on step k. Then by Lemmal7o]
vol(Ay) < |(Yi)ij| vol(Ay) = vol(Agi1)

because |(Y%);] > 1.
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Now suppose two rows in Ay, are swapped on step k. Then by Lemma[78|when s = 2,

vol(Ax) < vol(Vy) vol(Ax) = vol(Ag+1)

because vol(V},) > |(Y%)i;| > 1. Moreover, there are only finitely many submatrices in X, so the volume

of the submatrices in X are bounded. O

Note that when two rows are swapped in Algorithm Ap41 has the largest volume obtainable from

A, when vol(V},) is maximized.

VOl(Vk) = ‘(Yk)ij(yk)pq - (Yk>iq(Yk)pj‘

may be small even if (Y},);; and (Y},),, are large. In general,
We now define the greedy maximum volume algorithm, Algorithm The greedy maximum volume
algorithm is similar to Algorithm 11, but we may swap at most 1 rows per step as opposed to at most 2

rows.

Theorem 8o. Thesequence of matrices { A} given by Algorithm|idbas increasing volume which is bounded

above, so Algorithmli2|converges. That is,
vol(Ag) < vol(Ag41).
Proof. Suppose s rows in Ay, are swapped on step k. Then by Lemmal78]
vol(Ay) < vol(Vys) vol(Ay) = vol(Aj41)
because

L <vol(Vi1) <+ < vol(Vis—1) < vol(Vis).
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Algorithm 12: Greedy Maximum Volume Algorithm

Input: m X r matrix X, 7 X r nonsingular submatrix A, tolerance € > 0
Result: A}, a close to dominant submatrix of X

fork=0,1,... do

Y, = XA

find a largest in modulus entry of Y}, called Vi, 1 = (Y});,, in position (71, j1);
if [(Yi)iyj| < 1+ €ethen

return Ay;
else
fors=2,...,rdo
find a largest in modulus entry of Y}, notin rows ¢y, . .., %5_1 or columns
j17 e 7j5—1 called (Yk>isjs in pOSitiOI’l (is, js)5
Yi)in V)i -+ (Vi)
Yi)ini Vi)inis -+ (Yi)ing,
Vk,s - . . . . 5
Yi)in Vi (Yi)ias,

if vol(V} s) < vol(Vis—1) then
A1 equals Ay, with row j,, replaced with row 7, in X forall1 < a < s —1;
exit loop;
else if s = r then
L A1 equals Ay, with row j,, replaced with row i, in X forall 1 < o <1
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Moreover, there are only finitely many submatrices in X, so the volume of the submatrices in X are

bounded. O

Recall that we define

Ye)is (Mi)ige - (V)i
Yi)izs  (Ye)inge =+ (Ya)inj
V}c,s -
| Ye)iii (V)i - (Yi)ii

in Algorithm There is a relationship between vol(Vj ) and vol(Vj, 5_1). Let

.
Bk’s = |:(Yk7)7«1.75 (Yk)ZQJS e (Yk)is—1j5:|
Chs = [(Yk)z‘sjl (Yi)isjn = (Yk)isjs_l}
Then
Vk,s—l Bk,s
V;c,s -
Crs  (Ya)id.
So by Lemmal6s)

VOI(‘/;C7S) = VOl(ngsfl) |(Yk)isjs - Ck,s‘/k;l_lBk,s‘ . (2.2)

By Equation the condition that vol(Vj, ;) > vol(V} s_1) is equivalent to the condition that
‘ (Y;c)isjs - Ok,svkjsllek,s| > ]-7 (2'3)

in which case row j; in Ay, will be replaced with row ¢, in X.
Note that Inequalitywill hold if the sign of (Y},);_;, is different from the sign of C, stjsl_lBh s
and | (Y%)s, 5,

> 1. If we assume that the signs are chosen uniformly at random, then the probability that

row j, in Ay, will be replaced with row i, in X will be at least $ if | (Y},);,;,| > 1.
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Like the alternating maximum volume algorithm, Algorithm we may generalize the greedy max-
imum volume algorithm to an alternating greedy maximum volume algorithm to find r X r dominant
submatrices of ™ X n matrices.

We will not express the alternating greedy maximum volume algorithm in pseudocode due to nota-
tional complexity, but it is defined analogously to Algorithm by alternating applying the iterations of
Algorithm between rows and columns.

We compare the average number of iterations taken to converge and the average processing time of
Algorithm Algorithm and Algorithm We fix r, then generate 50 random 2000 x 7 matrices and
initializations. We calculate the average number of iterations and average processing time needed to find
dominant submatrices until the ratio of the volumes of successive submatrices is at most 1 + ¢ where
¢ = 10~® for various ranks. In Table[o.1] we give the average number of iterations taken to converge, and

in Table we give the average processing time taken to converge.

Table 2.1: Iterations to find a dominant submatrix of 50 random 2000 X r matrices, € = 108

average # of iterations

Rank  Maximum Simple Greedy Greedy
r Volume Maximum Volume Maximum Volume
(Algorithm (Algorithm (Algorithm
100 61.84 39.76 30.74
200 80.70 53.18 40.44
300 95.62 63.36 44.70
400 100.14 69.16 49.60
500 109.30 73.28 53.40

Next, we compare the average number of iterations taken to converge and the average processing time
for Algorithm ol Algorithm ro, and an alternating version of Algorithm By number of iterations, we
mean the number of times a product of the form A1 X or X A~ 1 is calculated. We fix 7, then generate
50 random 2000 x 2000 matrices and random initializations. We run the maximum volume algorithms

until the ratio of the volumes of successive submatrices is at most 1 4 € where € = 107%. In Tablef.3} we
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Table 2.2: Time to find a dominant submatrix of 50 random 2000 X 7 matrices, € = 1078

average processing time (s)

Rank  Maximum Simple Greedy Greedy
r Volume Maximum Volume Maximum Volume
(Algorithm (Algorithm (Algorithm
100 0.2342 0.1573 0.1254
200 0.7382 0.4965 0.3898
300 1.5782 1.0664 0.7606
400 2.5692 1.7747 1.3187
500 3.8953 2.6378 1.9743

give the average number of iterations taken to converge, and in Table we give the average processing

time taken to converge.

Table 2.3: Iterations to find a dominant submatrix of 50 random 2000 x 2000 matrices, € = 10~°

average # of iterations

Rank 2D Maximum Alternating Alternating Greedy
r Volume Maximum Volume Maximum Volume
(Algorithm (Algorithm (Alternating Algorithm
100 132.56 76.82 41.30
200 187.72 102.60 50.96
300 215.20 122.14 64.60
400 233.48 132.56 65.20
500 240.28 142.88 70.22

Table 2.4: Time to find a dominant submatrix of 50 random 2000 x 2000 matrices, € = 1078

average processing time (s)

Rank 2D Maximum Alternating Alternating Greedy
r Volume Maximum Volume Maximum Volume
(Algorithm (Algorithm (Alternating Algorithm
100 0.6476 0.3513 0.2055
200 2.0462 1.0892 0.5621
300 3.8986 2.1676 1.2013
400 6.7108 3.7724 1.9356
500 9.6167 5.6313 2.8996
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As we can see from Tablefo.3/and Table the alternating greedy maximum volume algorithm per-

forms better than the 2D maximum volume algorithm and the alternating maximum volume algorithm.

2.5 Maximum Volume Skeleton Decomposition

For our purposes, the primary application of maximum volume algorithms such as Algorithmis to
find an r X 7 dominant submatrix of an m X n matrix to use in the skeleton decomposition. We call
such an application a maximum volume skeleton decomposition. Recall that the skeleton decomposition
has least error when taken with respect to a maximum volume submatrix by Theorem 69| Also recall that
dominant submatrices are not too far off in volume from maximum volume submatrices by Theorem

In this section, we apply the maximum volume skeleton decomposition to compress various images
with integer entries ranging from 0 to 255. We use the peak signal to noise ratio from Deﬁnitionto
quantify the quality of the maximum volume skeleton decomposition.

We first use the maximum volume skeleton decomposition to compress the 128 x 128 picture of a
penny, Figure Recall that each pixel corresponds to an integer from 0 to 255.

In Figure we first choose a random 50 x 50 submatrix of Figurewhich we use to initialize the
alternating maximum volume algorithm, algorithm Figure shows the rows and columns corre-
sponding to the output of the maximum volume algorithm, and Figure[2.1c|shows the rows and columns
corresponding to the original randomly chosen submatrix. F igureshows the maximum volume skele-
ton decomposition, and Figurefo..1d|shows the skeleton decomposition with respect to the initial randomly
chosen submatrix. As can be seen, the maximum volume skeleton decomposition performs significantly
better.

We apply the maximum volume skeleton decomposition to compress a variety of pictures. The maxi-
mum volume algorithm is initialized with a randomly chosen submatrix. We give the name of the image,

the rank of the skeleton decomposition, peak signal to noise ratios, and the compression ratios in Table
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(a) 50 rows and 50 columns chosen by Algorithm (b) Rank 50 skeleton decomposition with respect to
submatrix chosen by maximum volume algorithm.

PSNR = 36.57.

(c) 50 rows and 50 columns chosen randomly (d) Rank 50 skeleton decomposition with respect to
arandomly chosen submatrix. PSNR = 10.01.

Figure 2.1: A comparison of skeleton decompositions. The volume of the submatrix chosen by Algo-
rithmis larger than the volume of the randomly chosen submatrix by a factor of 1019, Approximations
have a compression ratio of 0.629.
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Table 2.5: Maximum volume skeleton decomposition applied to various images

Image Resolution Rank PSNR Compression %

bang  512x 512 350 32.23 0.900
Barbara 512 x 512 260 32.31 0.758
bike  512x 512 420 32.18 0.968
boat 256 x 256 130  32.28 0.758
brain 512 x 512 115  33.53 0.400
clock  512x512 90  33.20 0.321
Fi6  512x512 230  32.22 0.697
finger 512 x512 180  32.67 0.580
house 256 x 256 75  31.35 0.500
knee 512x512 105  32.21 0.368
monkey 512 x 512 440  32.38 0.980
MRI 512 x512 105 32.73 0.368
pepper 512 x 512 375  32.61 0.928
Saturn  512x 512 75 33.45 0.272

2.6 Johnson Graphs

In this section, we introduce Johnson graphs, which we relate to dominant submatrices. We use Johnson
graphs to get an upper bound on the number of 7 X 7 dominant submatrices in almost all matrices.

Given a graph G, let V(G denote the set of vertices in GG, and let ££(G) denote the set of edges in G.

Definition 81. 7he Johnson graph J,, , is the graph whose vertices are the size v subsets of the m element

set [m]. There is an edge connecting two vertices I and 1' if their intersection contains exactly r — 1 elements.

That is,

V(iJmy) ={I Cm] | [I] =7}

E(Jm,r):{<[,fl) EVXVH[QI/| :r_l}

The Johnson graph J,,, . is an 7(m — r)-regular graph, meaning each vertex has exactly 7(m — )

(m—r)r
2

neighbors. J,,,  has has (") vertices, (™) edges, and has diameter min(r, m — r). Additionally,

Jm,r = Jm,m—r-
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{2,4} {2,3}

{3,4} {1,3}

N

{3,5} {1,2}

{4,5} {2,5}

{1,4} {1,5}

Figure 2.2: The Johnson graph J; 5. Each vertex is a subset of {1, 2, 3,4, 5} of size two.

There are various ways to define the product of graphs. We introduce the most useful way for our

purposes.

Definition 82. Given graphs G and H, define the graph Cartesian product denoted GUIH as the graph

with vertices

V(GOH) = V(G) x V(H).

Given vertices (u,v) and (u',v") in V(GOH), there is an edge between (u,v) and (u',v") in GOH if

either
* u = v and v is adjacent rov' in H, or
* v = and uis adjacent to v’ in G.

Note that if H is the trivial graph with one vertex and no edges, then GLH = G.
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Given an m X n matrix X, define the map

Fx : Jy,0J,, = R

(I, J) — VOl(XLJ)

Although X7 ; is only defined as a submatrix of X up to permutation of rows and columns, vol(X; ;) is
well defined because permuting rows or columns may only change the sign of the determinant.

Given a connected graph G, there is a distance metric on G where the distance between vertices « and
' is equal to the length of the shortest path between © and . Note that if a maximum volume submatrix
Xinax has entries in positions / x .J, then the vertex (1, J) € J,, ;0J,, , is a global maximum of Fy.

It is in the following precise sense that we consider dominant submatrices to be submatrices with

locally maximum volume.

Theorem 83. Given an m X n matrix X, if an v X v dominant submatrix X has entries in positions
I x Jso X=X, then thevertex (1,J) € Jy, .0, isa maximum of Fx in a closed ball of radius of

one.

Proof. Recall thatan r X r submatrix X7 ; = X of X is considered dominant if the volume of X may
not increase after swapping a row in X with a row in X in the same columns as X , or by swapping a
column in X with a column in X in the same rows as X.

In other words, if X; ; = X is dominant in X, then vol(Xy,s) > vol(Xp ) forall I" and J’ such

that
s /=Iand|JNJ|=r—1o0r
s J=Jand|INI'|=7r—-1

Such (I’, J') are exactly the vertices that are adjacent to (1, J) in J,, ,[0.J,, -, or in other words, are the

vertices in a closed ball of radius one centered at (1, J). O
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The Johnson graph J, , is trivial, so in the special case when n = r,

The maximum volume algorithm on m X r matrices, Algorithm [8} has the following interpretation.
Given an m X r matrix X, on step k if Ay = X7 ), we calculate which vertex I’ € J,, , adjacent to [
will increase I'x by the largest amount by finding the largest in magnitude entry of X A,;l. We then let
Aps1 = Xp [, and repeat until a maximum of F'x in a closed ball of radius one is found.

More generally, the two directional maximum volume algorithm, Algorithm |9} has the following
interpretation. Given an m X n matrix X, on step k, if A, = X s, we calculate which vertex (I, J') €
IOy adjacent to (1, J) will have the largest increase in F'x. We then let Ay 1 = X v, and repeat
until a maximum of F'x in a closed ball of radius one is found. In this sense, these maximum volume
algorithms are discrete gradient ascent methods with step size equal to one.

There is often a unique maximum of a function because the only way a function can have more
than one maximum is if there are two points of equal maximal value. For example, the only way that
a matrix can have more than one maximum volume submatrix is if there are two submatrices of equal
maximal volume. We use this principle along with Theoremto obtain an upper bound on the number

of dominant submatrices for almost all matrices.

Definition 84. An independent vertex set i a graph G is a subset of the vertices of G such that no two
vertices are adjacent in G. See Figurelp.3|for example. The independence number of a graph G is denoted

a(G) and is defined as the maximum size of an independent vertex set in G.

The only way that F'x can have more than one maximum point in a closed ball of radius one in
JmxrOdpxr is if there are two dominant submatrices with positions in sets of indices which are adjacent
in Jy, ,00J, ;. This implies that there are two dominant submatrices of equal volume. In particular we

have the following theorem.
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Figure 2.3: The set of red vertices is an independent vertex set.

Theorem 8s. Given an'm X n matrix X, if no twor X r dominant submatrices have equal volume, then
the independence number o Jyy, ,J,, ) is an upper bound for the number of v X 1 dominant submatrices

in X.

Proof. Suppose the number of 7 X 7 dominant submatrices in X is larger than o(J,, .00, ). Then
there are two dominant submatrices X ; and X/ v such that (1, J) is adjacent to (I, J') in Jp, .00 T, 1
because otherwise the set of (1, J) such that X ; is dominant would be an independent setin J,,, .07, ,
with larger size than the independence number of .J,, .[0.J,, . Because X ; is dominant and (I, J) is
adjacent to (I', J') in J,, .0, ,, then vol(X; ;) > vol(Xp ;) by Theorem Similarly, because
Xy is dominant and (I’, J') is adjacent to (1, J) in J,,, .00, 1, then vol(X; ;) < vol(Xp yv). So
vol(X7,) = vol(Xpr y). O

In other words, if the independence number a(.J,,, ,[1.J,, ,-) is not an upper bound for the number of
r X r dominant submatrices in a matrix X, then X must necessarily have least two dominant submatrices
with the same volume. We show that the set of matrices that have at least two X 7 submatrices with

equal volume has measure zero in M, ..

Theorem 86. Let V. C M,y be the set of matrices where each matrix bas at least two distinct v X 1

submatrices of equal volume. Then' V' has measure zero in My, .
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Proof. Because

vol(X) = |det(X)| = 1/ det(X)det(X),

the condition that vol(X7 ;) = vol(X ) is equivalent to the condition that
det(X1 Aot (Xr ) = det(Xr ) At (X ).
Here Z denotes the complex conjugate of the complex number 2. Define the set
Vigr.y =4{X € My, | det(X; y)det(X; ;) — det(Xp y)det(Xp 5) = 0}
where [, I’ C [m]|and J, J' C [n]. Then

V= U Vi,
LII,J

st [I|=|J| =|I'| =T =r

I#1T'orJ#J.
When M,,,«,, = R"™*™ is the set of m X n real matrices,
Vi ={X € Myxn | det(XI,J)Q - det(XI',J/)2 =0}.

V1,51, is the zero set of one non-trivial polynomial equation, and so has codimension at least one. Be-
cause V is a finite union of codimension at least one algebraic varieties, it has codimension at least one.

When M, «,, = C™*" is the set of m X n complex matrices, note that

Moy, & C™ =2 R,
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If X isin V7 s 1y, it must satisfy the non-trivial polynomial equations

Re (det(XLJ)det(XLJ) - det(XpJ/)det(XpJ,)> —0

Im <det(X[7J)det(X[’J) - det(X[/’J/)det(Xp’J/)) =0

where Re(z) and Im(z) are the real and imaginary parts of the complex number 2 respectively. So V; 17 v
has codimension greater than zero in R?™" which means V has codimension greater than zero.
Because the dimension of V' is strictly smaller than the dimension of M, »,, in each case, V' has measure

zero in M, «n. O

Theorem 87. The number of v X 1 dominant submatrices in an m x n matrix X up to permutation of

rows and columns is at most o Jp, ;0T ) for almost all X € M,y .

Proof. 1f a(Jy, »J,,,) is notan upper bound for the number of 7 X  dominant submatrices in X, then
X must have two submatrices of equal volume by Theorem So X must be in the set V defined in

Theorem[88 which has measure zero. OJ

We have established that o(J,,, .3/, ) is an upper bound for number of 7 X  dominant submatrices
in X for almost every X € M, »,,. Moreover, recall that J,.,. is trivial, so «(.J,, ;) is the upper bound for
the number of 7 X r submatrices of almost every m X r matrix.

There is no general formula for the independence number of the graph Cartesian product of graphs,

but there is the following bound.

Theorem 88. (Vizing, 1963) Given finite graphs G and H, the independence number satisfies
a(GOH) < min (a(G) [V(H)|, a(H) [V(G)]) .
So by Theorem 88} we have

(I, 0Jp,) < min (a(Jm,r) (") s () <m>> . (2.4)
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The independence number of a Jonson graph o(J,, ;) is not known in general. There is lots of
literature on the independence number of Johnson graphs (Brouwer et al., 2006)). Itis known for example,
that the independence number of the Johnson graph .J,,, , is equal to the size of the largest constant weight
code of word length m, weight r, and distance at least four (Brouwer & Etzion, 2011). In other words, it
is equal to the maximum number of binary vectors of length m having r ones and m — r zeros such that
any two vectors differ in at least four places.

There is an iterative upper bound on the independence number of Johnson graphs called the Johnson

bound.

Theorem 89. (Johnson,|1962) The Jobnson bound states

m
a(Jm,r> S 705(<]m71,r71)-
So inductively we have
m/! m
O‘(Jm,r> < (T) (2.5)

(m—r—l—l)!r!:l—i-m—r'

Definition 9o. The independence ratio of a graph G is the ratio of the independence number of G to the

. . . . a(G)
number of vertices in Gi. That is, the independence ratio is equal to .

Because the number of vertices in J,,, , is equal to (T) , by Inequality , the independence ratio of

Jm,r satisfies the inequality

a(Jmr) < 1
(™) T l4m—r

T

(2.6)

We get a similar bound for the independence ratio of .J,,, ,[J.J;, , using Inequality and Inequality (2.6).

Assuming n < m, we have the bound

(D ng) _ 1
() S Temer

T T
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The independence number of Johnson graphs is known in a few cases. For example

a(Jm 1) =1

)

a(Jm,m—l) -
m

o(na) = |5
a(Jpm10J,1) = min(m, n)

a(Jmm—10Jpn-1) = min(m,n).

It is fairly straightforward to find examples of matrices that have these numbers of dominant submatrices.
To show the upper bound provided in Theorem|8s]is sharp the examples must also have the property that
no two dominant submatrices have entries with positions in indices which are adjacent in J,,, .[.J,, ,.. We

construct an explicit example in the case whenn = r = 2,

Example 91. We show that o(Jy,2) = |2 | is a sharp upper bound for the number of 2 x 2 dominant
submatrices for almost all m X 2 matrices by constructing an m X 2 matrix such that no two dominant
submatrices have entries with positions in sets of indices which are adjacent in J,, o.

First let us assume that m is even. Let

cos(#;) —sin(6;)
sin(0;)  cos(6;)

where 0; = %fori =1,..., 5. Weshow that each of A; are the dominant submatrices of the matrix
Ay
A
X =
Am
72 ]
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Moreover, the submatrix A; bas entries in positions {21 — 1,2i} x {1,2}.

Note that

cos(#;)  sin(6;)
—sin(#;) cos(6;)

cos(f; — 0;) —sin(6; — 6;)
sin(6; — 6;) cos(0; —6;)

Cos(—w(fn_i)) —sin(”(zn_i))

WQ—U)

sin (2=

COS

Because 0 < 0; < T we have =3 < 0; —0; < T, and so |sin(0; — 0;)| < 1. Moreover, 0; — 0; = 0 if
and only if j = 1, and so |cos(0; — 0;)| = Lifand only if j = i. So A; are dominant submatrices for all
i, and because each entry of A; A; " is strictly less than one in modulus when j # i, this implies that there is

no index I adjacent r0 {21 — 1,2i} in J,, o such that X 1,[2) 25 dominant by Theorem

When m is odd the m X 2 matrix

sitmilarly has | = | dominant submatrices, no two of wnich are adjacent.
larly bas | 5 | d t submat t hich djacent.

Theorem says that for almost all X € M, a(J,, .0J,,,) is an upper bound for the number
of r X r dominant submatrices in X. We conjecture that the upper bound is sharp on a set of positive

measure.
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Conjecture 92. There is a subset U C M,y ., of positive measure such that o J,, .0, ) is equal to the
number of r X 1 dominant submatrices in X forall X € U. In other words, o J,, .0, ) is the essential

supremum of the function which counts the number of v X r dominant submatrices.
We give the following theorem to support Conjecture[o2]

Theorem 93. Let X be an m X n matrix such that no two dominant v X r submatrices have row and
column index sets which are adjacent in J,, LT, ;. Then there exists € > 0 such that for all' Y in the ball
B (X), the dominant v X 1 submatrices in' Y bave the same positions as the dominant r X r submatrices

in X, and so X and'Y have the same number of dominant submatrices.

Proof. Given given an r X r submatrix A of X, first suppose A is dominant. After permuting rows
and columns, suppose X has the block structure X = [4 B] for corresponding submatrices B, C, and
D. Because no two dominant submatrices have index sets which are adjacent in J,,, ,[1.J,, ., another
dominant submatrix may not be obtained from A by swapping one pair of rows or columns by Theorem(83]
Therefore, each entry of B A land A71C'is strictly smaller than one in modulus by Lemrna Define

the functions

fX) = [|BA7

9(X) = 470, -

Then f(X) < land g(X) < 1. Because f and g are continuous, there exists €4 > 0 such that for
alY € B.,(X), f(Y) < land g(Y) < 1, so the submatrix of Y in the same position as A in X is
dominantin Y.

Now suppose A is not a dominant submatrix of X. Then because A is not dominant, f(X) > 1and
g(X) > 1. Similarly, because f and g are continuous, there exists €4 > 0 such thatforall Y € B, (X),

f(Y) > 1land g(Y) > 1, so the submatrix of Y in the same position as A in X is not dominantin Y.
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Because there are only finitely many r X r submatrices, let
€= mjn{e At

Then forall Y € B.(X), the dominant submatrices in Y have the same positions as the dominant
submatrices in X. So the number of dominant submatrices in Y is equal to the number of dominant

submatrices in X . O

Theoremimplies that, if there exists at least one m x n matrix X with a(.J,,, .00, ) dominant
submatrices such that no two dominant r X r submatrices have row and column index sets which are
adjacent in J,, ,00J,, ,, then Conjectureis true. This is because the set B.(.X) would be a positive
measure set of matrices such that each matrix has o(J,, ,00.J,, ) dominant 7 X r submatrices. If the
volume of each submatrix could be chosen independently, or even if only the ordering of the volumes of
the submatrices could be chosen, then such a matrix would exist. For example, let S C V' (J,,, ,00J,, ) be

an independent vertex set of maximal size. Suppose a matrix X € M, ,, has the property that

VOI(X],J) = ]_lf(], J) S}

VOI(X[,J) = Olf([, J) ¢ S.

Then the number of X r dominant submatrices in X is equal to «(J;, -[0.J,, ), and no two dominant
r X r submatrices have row and column index sets which are adjacentin J,, .[1.J,, ;. The complication is
that for 7 > 1, the volumes of submatrices are interdependent, and cannot be chosen individually.

In general, there will be fewer than «(.J,,, .[0J,, ) dominant submatrices.

Example 94. Consider the 1 X 1 submatrices of a random 2 X 2 matrix X = [ Y] where each entry is
sampled independently from an identical continuous density. Assume that no two entries are equal, which

happens with probability one. By permuting rows and columns, assume a is the largest entry in modulus.
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Then there are 3! = 6 possibilities for the order of the entries

jal > o] > |e| > |d|
jal > e[ > [b] > |d|
lal > o] > |d] > |¢]
jal > e[ > |d]| > [b]
lal > [d| > [b] > |¢]

lal > [d| > [e| > [b]

each of which happen with probability 1/6. In the first through fourth cases, a is the only dominant subma-
trix. In cases five and six, both a and d are dominant submatrices. So the probability thar X will have one
1 % 1 dominant submatrix is 23, and the probability that X will have two 1 x 1 dominant submatrices

is1/3.

2.7 Maximum Volume Gradient Descent for Matrix Completion

Many existing methods for matrix completion such as alternating projection, Algorithm i, and singular
value thresholding, Algorithrn calculate the singular value decomposition of a matrix at each step, which
is computationally expensive.

It is worth noting that orthogonal rank one matrix pursuit, Algorithm [3} only calculates the first
singular value and singular vectors at each step, and alternating minimization, Algorithmlz] does not use
the singular value decomposition.

We seek a matrix completion method that is efficient, accurate, and scalable. In this section we intro-
duce a maximum volume Schur complement based gradient descent method for low-rank matrix com-

pletion. One nice property of this method is that the gradient of the objective function is a rational
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function of the actual entries of the matrix. This means thatit is not necessary to compute a singular value
decomposition at each iteration as is needed in

Recall Example where the m x n partially known matrix Mg has the structure
Mq =

where A, B, and C are fully known submatrices, A is 7 X r nonsingular, Bisr x (n—r), C'is (m—1) xr,

and Oisan (m — r) x (n — r) block of unknown entries. M, has the unique rank r completion

A B
M:

C CA'B
An arbitrary partially known matrix My, is unlikely to have this structure. However, if M is a rank r
completion of Mg, then the rows and columns of M may be permuted so that A/ = [4 5] where A is
r X rnonsingularand D — CA™'B = 0.
To recover missing entries from Mg, we may cast the low-rank matrix completion problem as the

minimization of the norm of a Schur complement

ming ||D — 4™ B (27)

st Po([A B)) = Mo,

Note that £ |[D — CA™'B||* > 0,and L |D — CA7'B||* = 0if and only if rank([4 2]) = 7 by
Lemrna So if M, has a rank r completion M = [& B] such that A is nonsingular, then M is a
solution to Minimization . In general, A may be any 7 X r nonsingular submatrix.

We solve Minimization using gradient decent. Let (X,Y) = tr(X "Y") denote the dot product
of the matrices X and Y. Then || X ||* = (X, X). We first introduce the following identities from matrix

calculus.
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Proposition 9s. (Petersen, Pedersen, et al.,2008) Consider a function f : R™*" — R. Let g—)’; denote the

m X n matrix where (%)zj = %. Then for a function F' : R™*" — R™*™,
ij

If(X) = (F(X),0X)
- % = F(X)

We also have the identities

A(XT) = (9X)7
A(tr(X)) = tr(X)
A(XY) = (0X)Y + X(9Y)
o(L1x)?) = xax
(51X1°) = exox)

X hH=-X1ox)x

Let X = [4 B] be the m x n matrix where Aisr x r, Bisr x (n —r),C'is (m —r) x r,and D

is(m — 1) x (n—r). Let Sy = D — C'A~' B denote the Schur complement of X with respect to A.

Define the loss function

f(X) =5 ||D~cA” B!

1 2
=S
= IS4

We use Proposition [os|to calculate the derivatives of f.
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Theorem 96. We have the gradient information

of _
DA

S—JJ; =—ATCTS,
% =-—S,BTA T

A TCTSs,BTAT

Proof. Using identities from Proposition we have

Of = (Sa,084)
= (S4,0(D — CA™'B))
= (S4,0D) — (S4,0(CA™IB))
= (S4,0D) — (S4,(0C)A™'B) — (S4,C(0OA™")B) — (S, CAY(dB))
= (S,4,0D) — (S4BTA™T,0C) + (CTS4BT, AL (0A)A™Y) — (A" TCTS,,0B)

= (S4,0D) — (S4yBTA™T . 0C) + (A"TCTS4B AT 0A) — (A"TCTS,,0B).
Every term but the term with 0Z vanishes when calculating g—é where Z = A, B, C, or D, so we have
the desired result. l

Assembling the derivative information from Theorem we have we have

of  of
of _|oa oB
0X  |or or
oCc 90D

A-TCTSA,BTA™T —A"TCTS,
—SABTA_T Sa
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Note that entries are rational functions of the elements of X'. We now present a Schur complement based

gradient decent method, Algorithm 13}

Algorithm 13: Schur Complement Gradient Descent

Input: partially known matrix Mg, initial guess X, = [ég [B)g } such that Po(Xo) = Mg,
sequence ¢ of step sizes { h, }, stopping criterion
Result: X, = [ cr gk } an approximation of a rank 7 completion of Mg
fork=0,1,... do
SAk =D, — Ck(Alzl)Bk,

T T T
Aptr Brpr | [Ak Bk} — hPoe [ [ Oy Say, B Ay —Ag O Say |,
Cr41 Dit1 Cy Dy kL Qe *SAkB;A;T Sa ’

It is undesirable to change the known entries of X}, in Algorithm r3] The operator Pe is applied to
the gradient which sets all entries with positions in {2 equal to zero, this way Po(X}) = Mq forall k
under the condition that P (Xy) = Mq. Empirically, 0,11 (X)) is decreasing in k. However, o1 (Xj)
tends to increase and diverge, so improvements must be made.

To improve the stability and convergence of Algorithm |13, We alternate between taking gradient
descent steps and applying a maximum volume algorithm. Recall that || D — CA™'B|| .. is minimized

when A is chosen with maximum volume by Theorem|[69} Moreover, if S4 is (m — ) x (n — r), then

1Sall < v/ (m = 7)(n =) [1Sall s

So minimizing |[Sa|| ., assists in solving Minimization (2.7)). We introduce the Schur complement based

max
maximum volume gradient descent, Algorithm
Note that the gradient in Algorithm may be of a different function at each iteration. In particular,

given I C [m]and J C [n] such that |I| = |J| = r. In particular, let

fra(X) = HXIc Je — XIC,J<X;})XI,JC)

Then on step k, the gradientis of f;, j,. However, note that f; ;(X) = 0ifand only if X ; is invertible

and rank(X) = r forall ] and J.
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Algorithm 14: Maximum Volume Gradient Descent for Matrix Completion

Input: partially known matrix Mg, initial guess X such that Po(Xo) = Mo, r x r
nonsingular submatrix Ay = (Xo),., of Xo, sequence of step sizes { h, }, tolerance
€ > 0, stopping criterion

Result: X, = [‘é’; gi } an approximation of a rank r completion of M,

fork=1,... do

A = (Xk—1) 1,00 I C [m], J C [n] is the output of a two directional maximum volume

algorithm, such as Algorithmor an alternating version of Algorithrn with
initialization X},_1, initial nonsingular submatrix (X;_1)s,_, s._,>and tolerance €
find I} and Ji, the complements of I}, and Jj;

By, = (Xk)lk,J,g;

Cr = (Xi) 12,005

Dy, = (Xk)lg,J,g;

Sa, = Dy, — Cu(A 1) By

-T -T -T
X, — [Ak Bk} — hPoe A O Say By Ay —A, G Say .
k Cy Dp k1 *SA;@B;AIZT SAk 5

Example 97. Lz'/eeExample we delete 25% of the 128 x 128 picture of the United States penny, Fz;gurf
which we recover with Algorithm|i4| For the initial guess, we first take the known entries of the image with
unknown entries set to zero. We then apply three iterations of the alternating projection algorithm, Algo-
rithm|l|to improve the initial guess. Also like Example|i2] we set entries less than 0 or greater than 255 equal
to 0 and 255 respectively at each iteration.

Again, we can see in Fz'gure that the singular values of Fz'guremper off at around r = 18, and the

singular values of the recovered picture closely matches the singular values of the original picture.

In general it is difficult to prove the convergence of Algorithm r3/and Algorithmbecause Minimiza-
tion is not convex. Starting with any initial matrix may not converge to a minimum, a good initial
guess is important for convergence. One may improve the initial guess by taking a few initial iterations
with methods such as Algorithm i, Alternatively, one may replace the low-rank approximation step in

Algorithm [ with 2 maximum volume skeleton decomposition step.
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h

(a) 25% of Figuredeleted uniformly at random (b) Recovered image from Figure with Algo-

rithm

Figure 2.4: F igure recovered with 50,000 iterations of Algorithm assuming the rank of the original
image is 18. Step size h = 1073, ¢ = 10~®. Initial 18 x 18 nonsingular submatrix chosen randomly.
Recovery has a peak signal to noise ratio of 31.71.
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Figure 2.5: Singular values of F igure Figure Figurem
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CHAPTER 3

MAxiMuUM VOLUME SKELETAL
DECOMPOSITION FOR SCALABLE

PrasMA PHYSICS APPLICATIONS

3.1 Introduction

Oak Ridge National Lab (ORNL) is leading several branches of research effort to enable the successful
design and operation of fusion reactor scale devices including the international effort at the International
Thermonuclear Experimental Reactor (ITER) and the national effort towards a fusion pilot plant. To
date, 16 megawatts of energy have successfully been produced in the large magnetic confinement device
Joint European Torus (JET). ITER has been designed to generate 1500 megawatts of energy, which is
orders of magnitude greater (Federici et al., 2001).

ITER is based on the tokamak, a toroidal device that confines extremely hot plasma with an axisym-
metric magnetic field and is presently the most promising path to the production of fusion power. The
plasma at the edge of confinement acts as a buffer between the high temperatures in the plasma core and

the escaping heat flux that gets deposited on the plasma facing components of the device.
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G. Federici et al.
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Figure 3.1: Schematic of poloidal cross-section of the ITER tokamak device (Federici et al., 2001

See for example Figure 3.1 and Figure 3.3, which shows an illustration of the tokamak scheme used
to contain a plasma at temperatures hotter than the surface of the sun. At high enough density and
temperature, the plasma in the core of the device will undergo fusion with the proper fuel. The fusion
produces energetic neutrons and energy sufficient to sustain the reaction. Turbulence carries some of the
particles across magnetic fields from closed flux surfaces to open flux surfaces that intersect the device walls.
Atthe scrape-off layer, plasma is directed along magnetic field lines down to the divertor component which
is designed to handle these excessive heat flux loads and preserve the first wall. The separatrix indicates
the boundary between these two regions of a tokamak plasma. Understanding the dynamics of the edge
plasma is crucial to protect the material of the device and allow for operation at the reactor scale.

The Scrape-Oft Layer Plasma Simulation (SOLPS-ITER) code package is the state-of-the-art tool used
to predict the steady-state physics of this tokamak boundary plasma (Bonnin et al., 2016)). SOLPS-ITER
solves the multi-fluid plasma equations for continuity, momentum, and energy with a kinetic Monte Carlo

description for the plasma interactions with the neutral gas used to control and dissipate the heat flux on
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the divertor. For a reactor configuration, SOLPS-ITER is estimated to take upwards of weeks-months of

compute time in order to converge upon a valid solution (Kaveeva et al., 2018).

3.2 Dynamic Mode Decomposition

Researchers within the Fusion Energy Division at ORNL aim to reduce the computational complexity of
fusion plasma simulation via construction of linear time advance operators for multi-timescale problems.
This work is based on the data-driven dynamic mode decomposition (DMD) method, which has proven
to be a useful tool for the analysis of fluid dynamics (Tu, 2013). The DMD relies on the singular value de-
composition (SVD). However, for high dimensional data the SVD scales pootly, on the order of O(m?n)
for m x n matrices with m < n. The matrices to be approximated are generated by the finite volume
SOLPS-ITER code for modeling the flow of plasma at the edge region of a tokamak fusion device (Bonnin
etal.,2o16). A typical m x n SOLPS-ITER run produces a data matrix that can have m on the order
of 1000 for spatial coordinates, and n greater than 10, 000 in the number of time steps over the roughly
ten computed variables. For kinetic plasma simulations and magnetohydrodynamic plasma simulations
of the entire core these sizes may be orders of magnitude greater. Application of the SVD to the high
dimensional data required for fusion simulation is computationally prohibitive and alternative methods
are desirable, as has been investigate in (Hatch et al., 2012) and (del-Castillo-Negrete et al., 2007). We aim
to leverage the skeleton decomposition defined in Definition [68] with respect to a submatrix chosen by
the alternating maximum volume algorithm presented in Algorithm{io|or an alternating version of the
greedy maximum volume algorithm presented in Algorithm [r2{to allow for the extension of the DMD to
the scales of simulation data inherent in the physics of fusion plasmas.

We first introduce the Moore-Penrose pseudoinverse.

Definition 98. The pseudoinverse ofa matrix X isdenoted X' and is defined as follows. Let r be the rank
of X. Compute the SVD X = UXV™, where ¥ is the v X 1 diagonal matrix of non-zgero singular values,

U isthe m X r matrix of v left-singular vectors, and V' is the n X v matrix of v right-singular vectors. The
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psendoinverse of X is defined as X1 = VS 7YU*. Let Px denote the orthogonal projection operator onto the
column space of X. Then
Py = XX'.

We now present the DMD algorithm defined in (T, 2013). Consider a sequence of real valued data
vectors {29, . . . , 2, } where 2, € R™ for all k. Suppose the vectors satisfy the linear relationship 241 =
Az for some m x m matrix A. Define the m X n matrices X = [zg -+ z,_1]and Y = [z -+ z,].
Then X and Y satisfy the equation

Y = AX.

Define A = Y X . If the vectors of zj, are linearly independent, then the equation AX = Y has the
exact solution A = Y X which minimizes || A||. I there is no exact solution, then A = Y X T minimizes
the quantity || AX — Y| (Tu, 2013).

Compute the SVD of X obtaining X = UXV™ Find a closest rank 7 approximation X, of X using
the first 7 singular values of X and the first  columns of U and V. By Theorem o)

X, =UX, V" (3-1)

where U, is the m X r matrix consisting of the first r left-singular vectors, V. is n x r matrix consisting
of the first  right-singular vectors, and X, is the r X 7 diagonal matrix consisting of the first r singular
values of X.

Define the matrices

A, =YX =YV,S U (3.2)
A, =UAU =UYVS (33)

Itis assumed that A, will be a suitable substitute for A when used to calculate the dynamics of the system.

We can find Z,4 v, an approximation of the unobserved data vector z, y for N > 0 by calculating
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2n+N = (PX,.AT)NPXTZn
= (UUANN(UU) 2,

= U ANU?2,.
We use the fact that

Px, = X, X]
= UV V2 U

= U,U".

Note that V*V,. = I,, where I, is the r X r identity matrix, because V;. has non-zero orthogonal columns.
Because of the long processing time required to compute a low-rank approximation of X with the
singular value decomposition, an alternative low-rank approximation technique is desirable. We use the
skeleton decomposition as a faster alternative at the cost of a larger error in the low-rank approximation.
The skeleton decomposition of X is taken with respect to an 7 X 7 non-singular submatrix X in
corresponding columns C' and rows R. C'ism X r and Risr X n. The skeleton decomposition of X

with respect to X is

X, =CX 'R (3.4)

where rank(X,.) = r. Because X is full rank, R and C are also full rank, so

X! = RTXCt
ct=(co)tor

R' = R*(RR*)™".
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We show that several theorems from (Twu, |2013) also hold when the low-rank approximation of X
is taken with respect to the skeleton decomposition. Like Equation and Equation , define the

matrices

A, =YX =VRIXCH (3.5)
A, = C'YR'X = CtA.C (3.6)

Note that CTC' = I, because the columns of C' are linearly independent.

We consider the eigenvalues A and corresponding eigenvectors w of A, so
flrw = \w.
Definition 99. The projected skeletal DMD mode with respect to the eigenvalue X is given by
¢ = Cuw. (3.7)
The exact skeletal DMD mode with respect to X is given by
1 N
p =Y R Xw. (3.8)

Define the matrix B = Y RT X. Then in terms of B, we have

A, = BCT
A, =C'B
1
Y = XBw.

Theorem 100. ¢ is an eigenvector of A, with eigenvalue \. Moreover, every non-zero eigenvalue of A, is

also an eigenvalue of A,.
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Proof. We have

Moreover, ¢ # 0 because if p = %Bw =0, then CTBw = A,w = Aw = 0,50 A = 0.
To show that every eigenvalue of A, is an eigenvalue of /L,, suppose A is a non-zero eigenvalue of A,

with eigenvector . Let w = C'fp. Then we have

dyw = (CTB)(Cly)
= CTAr(p
= \CTp

= \w.

Moreover, w # 0, because if w = CTp = 0, then BCTp = A, o = A\p = 0. So A = 0, whichisa

contradiction. So A is an eigenvalue of A, with eigenvector w. L]

Let P, be the orthogonal projection operator onto the column space of X,.. Note that the column
space of X, is equal to the column space of C' because C consists of 7 linearly independent rows of X..
So

Px. = Po = CC".

Theorem rox. Let p be defined as in Equation (3.7), and let o be defined as in Equation (3.8). Then { is

an eigenvector of Px, A, with eigenvalue \. Moreover, $ = Px, ().
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Proof. To show ¢ is an eigenvector of Px, A,, we have

Px,(Ar¢) = (CCT)(BCT)(Cw)

= C(C'B)Lw

So A is an eigenvalue of 0. Moreover, we have

Py, () = (CCT)(; Bu)

= lC’/Lw

A
Cw
=¢

O

Again, we assume A, will be a suitable substitute for A for calculating the dynamics of the system.

We can find Z,,; y, an approximation of the data vector 2,4 ; for N > 0 by calculating

2n+N = (PXTA'I‘)NPXTZTZ
= (CCTA)N(CCN) 2,

= CANC1,.
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We use the fact that

Px. = X, X!
— CXRTRX'CT

=CCH.

Note that Theorem and Theorem rorhold for any rank 7 approximation X, = LS, where L is
full rank m x rand S'is full rank 7 X n. When X, is alow-rank approximation obtained by the SVD, then
L =Uand S = XV*. When X, is alow-rank approximation obtained by the skeleton decomposition,
then L = Cand S = X 'R.

No assumptions on the error of the low-rank approximation X, are made. In practice, X, should be
close to X so A, closely approximates the dynamics generated by A. When a low-rank approximation
obtained by the skeleton decomposition with respect to the submatrix X , amaximum volume algorithm
such as Algorithmor an alternating version of Algorithmshould be used to choose X so the error

of the low-rank approximation is minimized by Theorem

Example x02. We compare dynamic mode decompositions using low-rank approximation obtained by the
SVD and the maximum volume skeleton decomposition (MVSD) by testing on one dimensional low-noise
temperature data in time. The matrix of data Z = [zy - -+ zaoo0| 5 38 X 2001, meaning there are 38
spacial degrees of freedom and 2001 time steps. Let X = [z - - 21999] be the 38 x 2000 submatrix
consisting of all but the last column and let Y = [z1 -+ za000] be the 38 x 2000 submatrix consisting
of all but the first column. Let X1 be a rank ten approximation of X wusing the MVSD or SVD. Define
Ap=YX Io- When X is obtained by the SVD as in Equation ,

~ 1k *

The vectors Zy, are assembled into the 38 x 2001 matrix Z syp such that the kth column of Z svD 15 2k

100



When X1 is defined with the MVSD as in Equation (3.4),

5, = CAK,CT .

The vectors Zy, are assembled into the 38 x 2001 matrix Z Mmysp such that the kth column of Z MVSD 15 Zg.

True Data MVSD DMD SVD DMD

200 400 600 800 1000 1200 1400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000

(a) Z, low-noise data matrix (b) ZMVSD, relative error 0.0298 (c) ZSVD, relative error 0.0350

Figure 3.2: Data approximated by the DMD with r = 10.

As can be seen in Figure the dynamic mode decomposition using either the SVD or MVSD can

accurately predict the dynamics of the data.

3.3 Simulation Data Compression

It is estimated that ITER facility operations will produce upwards of a petabyte continuous stream of
diagnostic information per day resulting in exascale data handling requirements annually (Lister et al.,
2003). Application of mathematical techniques that can facilitate large-scale data compression are required
for efficient analysis of burning plasma research.

We present numerical results on applying the skeleton decomposition as defined in Definition[68|with
respect to a submatrix chosen by an alternating maximum volume skeleton decomposition presented
in Algorithm [ro, and an alternating version of the greedy maximum volume skeleton decomposition

presented in Algorithm|r2} to the plasma simulation data produced by SOLPS-ITER for the experimental

DIII-D device (Petty et al., 2019).
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Figure 3.3: A two dimensional plasma simulation of electron density (left) and temperature (right) at a
fixed time. The entries in the matrix are mapped to the corresponding physical location in the device.
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The simulation data consists of electron density and plasma temperature over two spacial dimensions
and time. See Figurefor an example spacial slice. There are 98 x 38 spacial degrees of freedom, and
1633 time steps giving a 98 x 38 x 1633 array of data. Each 98 x 38 spacial slice is vectorized resulting
in 3724 x 1633 matrices, see Figure

Unfolded Electron Density Unfolded Temperature

500

500

1000 1000

1500 1500
2000 2000
2500 2500
3000 3000

3500 3500

200 400 600 800 1000 1200 1400 1600 200 400 600 800 1000 1200 1400 1600

(a) Unfolded electron density matrix (b) Unfolded temperature matrix

Figure 3.4: 3724 x 1633 simulation data unfolded into matrices. Each column is a vectorized 98 x 38
spacial slice.

We compare the error and the processing time for finding a rank 7 approximation of simulation data
shown in Figure forl1 < r < 50in Figure To calculate the rank r approximation, we use the
MVSD, the greedy maximum volume skeleton decomposition (GMVSD), the SVDS which computes
the first 7 singular values and left and right singular vectors, and the SVD. The further left a node is, the
shorter the processing time. The further down a node is, the lower the error. The processing time to
compute the SVD remains constant because every singular vector and singular value is being computed
regardless of the rank. For a fixed rank r, the error of a rank r approximation will be smaller when using
the SVD compared to the MVSD because the SVD calculates a closest rank r approximation.

If there is a large enough acceptable error tolerance, the MVSD and GMVSD are much faster to
compute than the SVD and the SVDS for the same error. For example, if a relative error of 1074 is
acceptable to compress the temperature data, then the MVSD or GMVSD can compute a low-rank

approximation with a relative error of 10~ faster than the SVD or SVDS.
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Figure 3.5: Each node corresponds to a rank from 1 to 50 and relative error is used. The data being com-
pressed is two dimensional electron density and temperature in time. If a large enough error is acceptable
for compression, then the MVSD outperforms the SVD and SVDS.
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CHAPTER 4

Low-RANK TENSOR COMPLETION

The data completion methods we have discussed so far have been applicable to incomplete matrices, or
two-dimensional arrays. However, data is often parameterized by more than two dimensions. For example,
in section Section simulated data is given in a three dimensional array which consisted of two spacial

dimensions and one time dimension.

Definition 103. Arrays of arbitrary dimension are referred to as tensors. The dimension of the array is
referred to as the order of the tensor. For example, matrices are order two tensors. Let U be a vector space of
dimension m with basis uy, . . ., U, and let V' be a vector space of dimension n with basis vy, . . ., vy,. The
tensor product U @ V' is the vector space of dimension mn spanned by tensors of the form u; @ vj with the

following relations. For elements u,u',v,v', an scalar \, we have
L AMu®v)=(Au)®@v=u® (\v)
2 (u+d)@uv=uv+u v
2 u@U+v)=uRv+ulv.

If W is a vector space of dimension p with basis wy, . .., w,, then U ® V' ® W is a vector space of

dimension mnp spanned by tensors of the form u; ® v; ® wy. AtensorT” € U @ V' ® W may be
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CXpI‘CSSCd as a sum
n p

T = Z aiik(u; ® v; ® wy)

i=1 j=1 k=1

with respect to this basis. 7" may also be expressed as the third order array of coefficients
T = [aiju]

where1 <7 <m,1 <j<n,and1 < k < p. The Euclidean norm of T is defined as

m n p
T =23 ai

i=1 j=1 k=1

Given a tensor product of vector spaces Vi @ - -+ @ Vg, anelementT € V; ® - - - ® Vj is a tensor of

order d. In this chapter we express definitions and theorems in terms of order three tensors for notational

convenience. However, many definitions and theorems may be generalized to higher order tensors.

4.1 Mathematical Preliminaries

To generalize methods of low-rank matrix completion to methods for tensor completion, we must first

generalizing the notion of the rank of a matrix. There are various ways to define the rank of a tensor. In

this section, we present some definitions and known results on the geometry of low-rank tensors.

Let U,V be vector spaces. Let U* denote the dual vector space of U. Let u* € U*,and v € V. Then

u* ®v € U* ® V,and one can define the rank one linear map

wRu: U=V

(v ®@0v)(z) = u*(z)v.

106



In general, for 7" € U* ® V/, the rank of the linear map 7" : U — V' is the smallest 7 such that there
exists uf,...,us € U*andvy,...,v, € VsuchthatT = > | | u’ ® vs. Defining the rank this way

generalizes to higher order tensors.

Definition 104. An clementT € U @ V & W is called rank one if T' = u ® v ® w, for some u € U,
v € V,andw € W. The rank of a tensor T' is the smallest v such that T is the sum of v rank one tensors,

and is denoted rank (T).

While this is a straightforward way to generalize the definition of rank, many nice properties do not
generalize. It is useful to introduce alternative generalizations of rank. Because a tensor 7" € U* ® V
represents a linear map 7" : U — V and the double dual U** is canonically isomorphic to U, a tensor

T € U ® V represents alinearmap 7" : U* — V. Foratensor T = ) us ® vs Define T'(u*) =

Zs u* (US)US-

More generally, atensor 7' € U ® V' ® W may be unfolded as linear maps

TO (VW) = U
T® (UeW) -V

T® (U V) = W.
where if T' = ) u; ® vy ® ws, then

TO(f) =) flos @ wy)u,
T(2)(f) = Z f(us ® U}S)Us

TOf) =) flus @ vy)w,

The linear map T is called the mode-i unfolding or flattening of T
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Definition 10s. The multilinear rank, also known as the Tucker rank, of T € U ® V' ®@ W is denoted

prank(T), and is defined to be the 3-tuple of natural numbers
prank(T') = (rank(T(l)), rank(7®), rank(T(3)))

Note that for an order two tensor T € U @ V, rank(T™1)) = rank (7)) because the row rank of a

matrix is equal to its column rank.

Proposition 106. If T isan m x n X p tensor such that prank(T') = (ry,r2,73), then

r1 < min(m, np)
ro < min(n, mp)

rs < min(p, mn).

This is because TV s an m x np matrix, T® is an n x mp matrix, and T®) is an p x mn matrix.

Given basis {u; ® v; @ wy} for U ® V ® W, we may express 1" as a linear combination of basis

elements

p n m
T= ZZZazjk(ui ®Uj ®wk)

k=1 j=1 i=1
We may represent 7" as the order three array of coefficients [a;;1,]. Then T may be expressed as a matrix

by unfolding the slices of [a;;;] along the ith coordinate.

Mode-1 fibers Mode-2 fibers Mode-3 fibers

Figure 4.1: Fibers of an order three tensor
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np mp

m LX) n XX

Mode-1 unfolding T Mode-2 unfolding T® Mode-3 unfolding TG

Figure 4.2: Unfoldings of an m X n X p tensor T'

The first, second, and third components of the multilinear are equal to the maximum number of
linearly independent mode-1 (column) fibers, mode-2 (row) fibers, and mode-3 (tube) fibers respectively.

The rank and the multilinear rank of tensors are related in the following way.

Lemma x07. (Landsberg, For any tensor T, max(prank(7")) < rank(T).

Proof. GivenatensorT € U ® V @ W, suppose rank(7") = r. Then 7" may be expressed as the sum

of r rank one tensors T' = Zzzl Z, where Z is a rank one tensor for all s. Because Z is rank one,
Zy = Us @ Vs @ Wy

for some ug, v, and w;. So

Zs(l)(f) = f(vs ® w)u,

where f € (V ® W)*. The image of 7Y is contained in the span of us € U, so

rank(ZM) < 1
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for all s, which implies

rank(7T0) = rank(z ZW)

s=1

< Z rank(Z{")
s=1

<r

— )

and similarly for T®@ and T®), So each component of the multilinear rank is at most r. OJ

One issue with the definition for the rank of a tensor is that, unlike the set of matrices with rank at
most 7, the set of tensors with rank at most 7 may not be closed. In other words, it may be possible to
express a high rank tensor as the limit of low-rank tensors. To study the closure of the set of tensors with

rank at most , we introduce the notion of border rank.

Definition 108. 7he border rank of a tensor T', denoted rank(T'), is the smallest v such that there exists a

sequence of rank 1 tensors {1} such that imy_,oo T\ = T. Equivalently, the border rank of a tensor T is
the smallest v such that there exists a tensor of rank r in the ball B.(T) = {X | || X = T|| < €} forall

e > 0.

Note that the border rank of a tensor is no more than the rank of a tensor. That is,
rank(7") < rank(7).

We give an example of a tensor whose rank and border rank differ.

Theorem 109. (Landsberg, zo11) LetT = u @ u@ v +u®@v Q@ u+ v ® u @ u, where w and v are

linearly independent. Then rank(T) = 3. However, rank(T") = 2. 10 see this, let

1 1 1
TA:/\(u—|—XU)@(U—I—XU)@(U—I—XU)—/\(u®u®u).
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Thenrank(Ty) = 2, and limy_,o, T = T.
We will show rank(7") = 3 by contradiction in the case where v = [} ] and v = [9].

Proof. Let

for some w11, w12, U1, U2z, V11, V12, Va1, V22, W11, W12, Wa1, and wag. By expanding each expression into

a2 X 2 x 2array and equating them, we get the system of eight equations

U1V W11 + U V2 wo = 0 U2V W11 + UV Woy = 1
U1 V11 W12 + U2 V21 Wap = 1 U2V11 W12 + UgaV21Wa = 0
U11V12W11 + U2 VW21 = 1 U2V12W11 + UgaU2aWa1 = 0
U11V12W12 + U VW2 = 0 U2V12W12 + UgaU2aWaa = 0.
One may use computer algebra software to verify that this system of equations has no solutions. O]

An open question is, given a tensor 1" of border rank 7, what is the largest rank the tensor can have?
For example, it is known that a border rank four tensor in C* @ C* ® C* can have rank at most seven,
but in general the question is open (Landsberg & Michalek, 2017).

Let 0, denote the set of tensorsin U ® V' ® W with rank at most r.
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Definition o, Letthe B(T) = {X e UV @ W | ||X = T|| < €} denote the ball centered at
T with radius €. The generic rank of a tensor T, denoted grank(T), is the least v such that the intersection

B.(T) N o, is of positive measure for all € > 0.

Note that if r is the generic rank of 7', there exists a sequence {7 } where rank(7%) = r such that
limy_,o Ty = T. Therefore, the border rank of 7" is no larger than the generic rank of 7". That is,
rank(7) < grank(T'). In general, the rank of a tensor 7' could be larger or smaller than the generic rank
of T'. Over C, each tensorin U ® V' ® W has the same generic rank r (Landsberg, |2011). Moreover,
is equal to the maximum border rank over all tensorsin U @ V' @ W (Strassen, 1983). In this case 7 is
referred to as the generic, or typical, rank of U ® V' ® W. However, over R the generic rank may not
be unique. A rank r is called a #ypical rank if the set of tensors of rank 7 in U @ V' ® W has non-zero
measure. Equivalently, r is a typical rank if it is the generic rank of some tensor 7. Again, over C there is
a unique typical rank, but over R there may be more than one typical rank.

In M,y xn, the space of m X n matrices, the only typical rank is min(m, n) over R or C, which is also
the maximum rank any m by n matrix can have. In general over C, there could be ranks larger than a
typical rank such that the set of tensors with rank 7 is non-empty and has measure zero. It is known that
the typical rank in C? ® C? @ C?is two. In R? ® R? ® R?, both two and three are typical ranks. More
generally, in R @ R"™ @ RP, every rank from the largest border rank to the largest rank is a typical rank
(Friedland, 2012).

Given vector spaces U, V, and W, let m = dim(U), n = dim(V), and p = dim(W). Note that
the set of rank one tensors in U ® V' ® W has dimension m + n + p — 2 because it is parameterized
by elementsu € U,v € V,w € W up to scale plus one scalar. Rank r tensors are sums of r rank one

tensors, so as shown in (Strassen, 1983), the space of rank at most r tensors has bounded dimension

dim(o,) <r(m+n+p—2). (4.1)
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To approximate the generic rank over C, note that dim(U ® V' ® W) = mnp. By substituting mnp

into the left hand side of Inequality we conclude that if 7 is the typical rank,

mnp
<r.
m+n+p—2| "

Define the expected rank of a tensor in C™ @ C" @ CP to be [MZ—ZZJ-‘ )

In general, there is no easy way to calculate the generic rank explicitly. However, it is known in some

cases. For example, it is known that for all n # 3, the generic rank of C" ® C™ @ C" is the expected rank

[ 3:;-‘ . When n = 3, the generic rank is five (Lickteig, 1985).
It is useful to know the typical ranks because an incomplete tensor with entries chosen from a contin-
uous density will have a rank 7 completion with non-zero probability only if 7 is a typical rank.
Because there are several definitions for the rank of a tensor, there are several ways to define spaces of

rank at most 7 tensors. Recall that 0, denotes the space of tensorsin U @ V' & W of rank at most . That

is,

o, ={XeUV W |rank(X) <r}.

Let 6, denote the set of tensors of border rank at most rin U ® V' ® W. That s,
o, ={XeUV W |rank(X) <r}.

By Definition 0, is the closure of o,. In fact, &, is also the Zariski closure of ¢,.. In other words,
0, is an algebraic variety, meaning it is the zero set of a system of polynomials equations. In general, the
polynomials that generate &, are not completely known. We recall some known results. Other known

results can be found in (Landsberg, 2o11).

Definition 1xx. The subspace variety Sub, C U @ V @ W s the space of tensors such that each entry of

the multilinear rank is at most . In other words, a tensor X is in Sub, ifand only ifrank(X W) < r for
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all 1. So we bhave

Sub, = {X e U@V @ W | max (urank(X)) < r}

— (X cU@V@W |rank(X®) <ri=1,23}.

Recall that a matrix M has rank at most 7 if and only if all (7 4 1) X (r + 1) minors of M vanish. So
a tensor X is in Sub, if and only if rank(X ) < r forall 4, if and only ifall (7 + 1) x (r 4 1) minors of
X @ vanish for each i. Therefore, Sub, is an algebraic variety generated by the (7 4+ 1) X (r + 1) minors

of the mode-1, mode-2, and mode-3 unfoldings. These minors set equal to zero are called equations of

flattening.

Theorem 1x2. (Landsberg, l2o11) The spaces o, 0, and S ub, are related in the sense that
o, C 6, C Sub,
in other words,
max(urank(7")) < rank(7") < rank(7")

forallT€eURV @W.

Proof. Recall from Lernrna that if the rank of a tensor 7" is at most 7, then the maximum component
of the multilinear rank of 7" is at most 7. Thatis, rank(7") < r implies max(urank(7")) < r. Therefore
ifrank(7") < r, then the (r + 1) X (r 4+ 1) minors of every mode-i unfolding of T" vanish. In other
words, we have o, C S ub,. Because S ub, is an algebraic variety, it is a closed set, so the closure of ¢, that

is 0,, is also a subset of Sub,.. So we have

o, C 6, C Sub,.
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We noted in the proof of Theorem|ir2|that if the rank of a polynomial is at most r, the (r4-1) X (r+1)
minors of the mode-i unfolding of a tensor 7" vanish. Because polynomials are continuous, if a sequence
of tensors each satisfy a polynomial equation, the limit must also satisfy that polynomial equation. It
follows that the (r 4 1) X (7 + 1) minors of the mode-i unfolding of a tensor T" with border rank at most
r must vanish.

T € Sub, is a necessary, but not always a sufficient condition to imply T' € 6,. However, it is
sufficient when r = 1. Moreover, it is sufficient to imply 7' € o;. More specifically, we have the

following.

Proposition 113. (Landsberg, zo11) The set of rank at most one, border rank at most one, and maximum

multilinear rank at most one tensors are equal.
o1 = (3'1 = SUbl .

In particular, this implies that o, is closed when r = 1.

We now discuss how to explicitly compute the various ranks of a tensor. The easiest type of rank to
compute is the multilinear rank. Simply compute the rank of the mode-i unfolding matrices T® forall .

The border rank is difficult to compute in general. The set of tensors of border rank at most 7 is
an algebraic variety, so there exists a finite number of polynomials such that if T is a zero of all such
polynomials, then 7" has border rank at most r. In theory, we could test if 7" is a zero of each polynomial
equation. Ifitis, then 7" has border rank at most . However, the polynomials that generate &, are not all
known in general.

To compute the rank of a tensor 7' € U ® V' ® W, we need to find the smallest 7 such that 7" can
be written as a sum of 7 rank one tensors. To check if T' can be written as a sum of r rank one tensors,
assume we can express T’ = Y| u; ® v5 ® W, for some U, Vs, and w;. Express T as a third order array

where
,

Tije = Y (us)i(03);(we)s-

s=1
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This will give mnp equations, which may be solved using Grébner bases for example. If there is a solution,
then 7" has rank at most r. If there is no solution then 7" has rank greater than .

Givenanm x n x ptensor T', it T" can be approximated well by a rank r tensor for some 7, it is much
more efficient to store as sum of 7 rank one tensors. In particular, storing 7" requires storing mnp entries.
However, storing 7 rank one tensors only requires storing 7(m + n + p) entries. It is therefore often
desirable to calculate a closest rank 7 approximation of T". That is, we would like to find a solution to the

minimization problem

UG, Vi, Wy

,
min T—g u; ® v; Q w;
i=1

s.t.uiEU,viEV,wz-EW

Recall from Theorem [t that the problem of finding a closest rank r approximation is solved for matrices
by zeroing out small singular values. However, in the case of higher order tensors, the problem is ill-
posed (De Silva & Lim, |2008)). This is because o, the set of tensors of rank at most r, is not a closed
set. Recall from Theorem that 7" is rank three, and there is a sequence of rank two tensors T such
that limy_,o, T = 7. So, T" does not have a closest rank two approximation because there are rank two
tensors arbitrarily close to 7.

Moreover, the norms of the individual rank one terms are unbounded. That is,

1 1 1
)}LII;O H)\(u—l— XU> ® (u+ Xv) ® (u+ XU) ‘ = 00
lim [[A(u® u®u)| = oo.
A—00

This phenomenon is sometimes called the problem of diverging components (Stegeman, 2008). One
approach to avoid this problem when finding alow-rank approximation is to impose additional constraints

that bound the norms of the rank one components.
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4.2 Exact Tensor Completion

Like matrix completion, the problem of tensor completion is, given a partially known tensor T, complete
the unknown entries of Tj, subject to the constraint that the resulting tensor is low-rank. There are
multiple notions of what low-rank could mean for tensors. For example the tensor could have low-rank,
low-border rank, or low-multilinear-rank.

Let U, V, and W be vector spaces of dimension m, n, and p respectively. Let Ty denote a partially
known tensor. Let 2 C [m] x [n] x [p] denote the set of positions of the known entries of Tf,. Let
Po: UV @W = U®V ®W denote the orthogonal projection map where P (X)) sets entries
with positions not in (2 equal to zero. Also let Aq = Py, " (Tq) denote the linear variety of completions

of Tq. The objective of low-rank tensor completion is to find a solution to a minimization problem

min  rank(7") min  rank(7") min  max(urank(7))
TeURQVeW TeURVeW TeUVeW
S.L. PQ(T) = TQ S.L. PQ(T) = TQ S.z. PQ(T) = TQ.

The set of tensors of rank at most 7 is not closed and the rank of a tensor is difficult to compute, so
there are issues with minimizing the rank of a tensor. The issue with minimizing the border rank is that
the border rank is difficult to compute.

In this section, we focus on completing partially known tensors with respect to the constraint that
each component of the multilinear rank is at most . Recall from Theoremthat there is a relationship

between rank, border rank, and multilinear rank. In particular,

o, C 6, C Sub,.

Therefore, given a partially known tensor T, if there is a unique maximum border rank at most 7 com-
pletion of 1§, then either there is a unique rank at most r or border rank at most 7 completion, or none

exist. Moreover, if they exist, then they are equal to the completion with respect to the multilinear rank.
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More formally, we have the following theorem.

Theorem 114. Given a partially known tensor T, suppose Aq N o is non-empty. That is, suppose there

exists at least one rank at most v completion of Tq. Suppose there exists a unique multilinear rank at most r

completion T' of Tg,. That is, suppose Ag N S ub, = {T'} for some T’ Then
AoNo, =Aqne, ={T}.

Proof. By Theorem o, C 6, C S ub,.. Intersecting with Aq, we have

Ao Mo, C AgNé, C Ag N Sub, = {T}.

Then by assumption, because there is at least one rank or border rank at most 7 completion, we must have

AgNo,. =Aqna, ={T}. O

We introduce sufficient conditions for an incomplete order three tensor 75, to have a unique multilin-
ear rank (7, 7, ) completion under the assumption that at least one exists. As a special case, we introduce

sufficient conditions for an incomplete tensor to have a unique multilinear rank (1, 1, 1) completion.

Theorem 115. Given T, suppose T} 1 1 is known for all i, T ;1 is known for all j, and T} 1 , is known for

all k, and suppose T 11 # 0. Then if Ag N S uby is non-empty, T, has a unique rank one completion.

Proof. Because Suby = {T e U@V @W | rank(T®) < 1,i = 1,2,3}, the polynomials that
generate S uby are all 2 X 2 minors of the mode-1, mode-2, and mode-3 unfoldings. In other words, a

tensor T'is in S uby if and only if all 2 X 2 minors vanish in each of the unfoldings

TV (VeoW) - U
T®  (UW) =V

™. (U V) — W.
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By assumption, the entry T} in T, is known if exactly two or more indices in (4, j, k) are equal to one.
We first show that we can recover all entries with one index in (¢, 7, k) equal to one. Thatis, we can recover
all entries of the form Tz, 115, or Tjj1.

The equations of flattening give us equations of the form

Tlll Tllk

=0
Tiji Tk
Tlll Tllk

=0
Tinn Tk
T Tij

=0
T Tijt

forall 7, j, and k. Here the bottom-right entry of each matrix is unknown and all other entries are known.

Moreover, because 1711 # 0, we may solve for each unknown entry which is equal to

Tije = Tun(Ti1)Tijn
Tk = Tllk(Tfﬁ)Tm

Tij1 = Till(Tﬁ%)lel-

Next, we may complete an arbitrary entry 7} ;;, by considering equations of flattening of the form

Tinn T

T T

and SOlViI‘lg T;jk = lek: (Tﬁ})ﬂn
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Because every maximum multilinear rank at most r completion of 7Tt must satisfy the equations used
to complete T, and each equation had a unique solution, the constructed completion is the unique
maximum multilinear rank at most 7 completion of Tq. Moreover, by Proposition o1 = 01 = Sub;.

So Tg, also has a unique rank one completion which is equal to the constructed completion. L]
We give an example of a partially known tensor which can be uniquely completed by Theorem

Example 16. Consider Q) defined as in Theorem|us, and suppose Tyjn = 1 forall (i, j, k) € Q. Then Tg
has the unique rank one, border rank one, and multilinear rank (1,1, 1) completion T, where T;j, = 1 for

all (i, j, k). T may also be written in the rank one form

We now give the more general version of Theorem|us|for r > 1.

Theorem 1x7. Given a partially known m x n X p tensor T, suppose that if there are two or more of i, J,
or k less than or equal tor, then (i, j, k) € . Let A denote the r X v X r known subtensor of Tq, consisting
of entries in positions (i, j, k) wherei < r, j < r,and k < r. Suppose A has multilinear rank equal to
(1, r, 7). Also, suppose Aq N Sub, is non-empty. Then Tq bas a unique multilinear rank (r, v, ) completion
T e Ag N S uby. Moreover, if Aq N o, or Aq N G, are non-empty, then T is also the unique rank r or

border rank v completion of T, respectively.

Figure 4.3: Incomplete tensor T, with known subtensors A, B, C, D
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Proof. Because Sub, = {TeU®V W |rank(T®W) < r,i = 1,2, 3}, the equations that generate
Sub, areall (7 + 1) x (r + 1) minors of each mode-i unfolding. In other words, a tensor T'is in Sub, if

and only if all (r + 1) X (r 4 1) minors vanish in each of the unfoldings

TO: (VeW) = U
TO . (UeW) -V

T (UeV) = W.

Let T, be given as defined in Theorem Let B denote the known subtensor of T, consisting of
entries with positions (¢, 7, k) such thati < r,j > r,and k < r. Let C denote the known subtensor
of Ty, consisting of entries with positions (4, j, k) such thati > r, 7 < r,and k < r. Let D denote the
known subtensor of T, consisting of entries with positions (4, j, k) such thati <7, j <r,and k > r.

First, we show that we may complete entries T} j;, where exactly one of j or k is less than or equal to r
by using the mode-1 unfolding. Then, we complete the rest of the entries by using the mode-2 unfolding.
Because the known subtensor A has multilinear rank (r, 7, ), the mode-1 unfolding A" has at least one
rank 7 submatrix. Choose a rank r submatrix in A(); and denote it A ;. Define J = {(ja, ko) b 1<a<r as
the set of 7" pairs of indices such that the entry in position (i, &) of A is equal to T}; ., -

Let G denote the subtensor of T" with entries 77, such that & < 7,4 > r,and j > r. Then each
entry T}, of G is unknown, and thereisa (7 4+ 1) x (r + 1) submatrix of the mode-1 flattening of T§,

of the form
AJ bj

¢y Tk

where b, = [Ti;1], <<, is the 7 X 1 submatrix of B @) consisting of entries of the form 7}, with j and

k fixed, and [ ranging from 1 to . Also ¢iy = [Tij k)i <o, is the 1 X 7 submatrix of C™M) where i is

fixed, and (i, ko) € J with a ranging from 1 to 7. Because every (r + 1) x (1 + 1) minor of 7" must
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vanish, and because A is invertible, we may set the determinant of this submatrix equal to zero and solve
for T}, getting T} 1, = CiJAjlbjk, which completes G.
Let E denote the subtensor of 1" with entries 75, such that j < 7,7 > r,and k > r. Then T, is

unknown, and thereisa (7 + 1) X (r + 1) submatrix of the mode-1 flattening of T, of the form

Ay d

CiJg Tijk

where ;. = [Ti;1), <l<y 18 the r x 1 submatrix of D) consisting of entries of the form 7} 4, with j and
k fixed, and [ ranging from 1 to r. Again, setting the determinant of this submatrix equal to zero we may
solve for T}, getting T, = CiJA;ldjk, which completes £.

Now we consider the mode-2 unfolding of T,. Again, because A has multilinear rank (7, 7, 7), the
mode-2 unfolding A® has at least one rank r submatrix. Choose a rank r submatrix of A?), and denote
it A;. Define I = {(ig, k3) }1<p<r as the set of r pairs of indices such that the entry in position (j, 3) of
Arisequal to T; iy, -
Let F' denote the subtensor of 1" with entries T} ;;, such that¢ < r, j > r,and k > r. Then each

entry T, of F'is unknown, and thereisa (7 4+ 1) x (r + 1) submatrix of the mode-2 flattening of 1§,

of the form
Ar  di

bir Ty

where di, = [Tig), <<, is the r x 1 submatrix of D® consisting of entries of the form 77, with ¢ and

k fixed, and [ ranging from 1 to r. Also b;; = [Tiﬁjkﬁ} is the 1 x r submatrix of B® where j is

1<B<r
fixed, and (ig, kg) € I with 3 ranging from 1 to 7. Because every (r + 1) x (r + 1) minor of T® must
vanish, and because A7 is invertible, we may set the determinant of this submatrix equal to zero and solve
for T}, getting T, = b; IAfldik which completes .

Finally, let  denote the subtensor of 1" with entries 7}, such thati > r, 7 > r,and k > r. Then

each entry T, of H is unknown, and thereisa (7 4+ 1) X (r + 1) submatrix of the mode-2 flattening of
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T of the form

Ar e

bir Tijk

where e;;, = [Ty, <i<, 1 ther X 1 submatrix of £ @) consisting of entries of the form 7}, with ¢ and
k fixed, and [ ranging from 1 to 7. Again setting the determinant of this submatrix equal to zero we may
solve for T}, getting T}, = b; [Ajfleik, which completes H, and finishes completing T5,.

Note that every tensor in Ag N S ub, must be in the zero set of the system of equations used to con-
struct the completion 7. Because each equation had a unique solution, each unknown entry is uniquely
determined, and because Aq N S ub, is non-empty, the constructed completion 7" is unique.

Moreover, because T' € S ub,., each component of the multilinear rank is at most 7. Also, because A
is a subtensor of T', and prank(A) = (r,7,r), then each component of the multilinear rank of 7" is at
least r, so prank(7T") = (r,r,r)

Also note that by Theorem if Aq N o, is non-empty, then 7" is a rank at most  completion of Tg,
and because max(purank(7")) = r < rank(7") < r, the rank of 1" is equal to r. Similarly, if Ag N &, is

non-empty, then 7" is a border rank r completion of T5,. O

In total 7*(m+mn+p) — r of mnp entries are known. This is an improvement from (Cai et al., 2020)

in which O(nr? + r*) known entries are required when m = n = p. We have the following corollary.

Corollary 8. Given an m X n X p partially known tensor T, if the positions of the known entries in
Tq are distributed correctly, and Aq N Sub, is non-empty, then r2(n +m + p) — r3 observed entries is a

sufficient condition for Tq to have a unique completion in Sub,.

Note there were entries in A that we did not use to compute unknown entries, we only used entries
in Ay and A;. Moreover, we did not use the fact that the mode-3 unfolding of A is rank 7, so it is likely
possible to express a similar unique tensor completion theorem under weaker assumptions.

Recall that Example 32]is the matrix analog of Theorem in which case the existence of a rank r

completion always exits under the assumption that A is full rank. In fact, a rank 7 completion of M
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will exist with probability one if the entries are sampled from a continuous density. It may be possible
that observing a fewer number of entries would guarantee the existence of a multilinear rank (7, 7, )
completion of Ty = Po(T") with probability one.

We now construct an explicit multilinear rank (2,2, 2) completion for an example T, under the

assumptions of Theorem

Example xxg9. Consider the partially known 3 x 3 x 3 tensor Tq, from Figure|y.4| Note that any way to
unfold Tq, results in an incomplete row or column. Therefore unfolding Tq in one way is not sufficient to

complete Tq, we must use multiple different unfoldings of T, to find a rank (2, 2, 2) completion.

\1\\T1\3\3\ BRREN

1 1 T233 1 -1 Tl

T313 T323 T333 1 1 1 2 1 1

Figure 4.5: 2 X 2 x 2 known subtensor A of Ty with multilinear rank (2, 2, 2)

We construct a multilinear rank (2,2, 2) completion T' of T,. Note that the subtensor, A = [T};1] with
i, j, and k at most two, is fully known and has multilinear rank (2, 2, 2). Moreover, Ty, is known if two
or more of 1, j, or k are at most two. Therefore, we may use Theorem |tr7| to attempt to construct a unique

multilinear rank (2,2, 2) completion of Tg,.
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Consider the mode-1 unfoldings of T, and A

2 1 1 1 1 1
=111 11|11 1

I 1 T30 |1 1 33
o |2

1 11 1

1 Tiss
1 Thas
T393 T333

First, we recover Ts31, T332, Ts13, and Tz by solving the equations of the form

21 1
11 11]=0
1 1 Ty

getting Ty, = 1. Next, we consider the mode-2 unfolding of To,

2 1 1
V=11 1

Filling in the completed entries from the mode-1 unfolding, we get

11 1
11 1

T33 1

21 1 |11 1
T =111 1111 1
11 T133 11 T233 1
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We may now recover entries T35, Tass, and Tss like Equation (4.2)). There also exists a rank two completion

of Tq, and so the completed tensor T is also rank two, and border rank two. That is, we have

1 1 1 1 1 1
T=lo|®(o|®@|0l+|1|®|1]|®]|1

0 0 0 1 1 1

If the slices of Ty, may be permuted to the appropriate form, Theorem gives a constructive way to
complete T, to a multilinear rank (7, 7, ) completion, assuming one exists. We now explicitly express the

tensor completion algorithm. Recall that in the proof of Theorem T is partitioned into the subtensors

A B C,D,E,F,G,and H.

Figure 4.6: T" partitioned into eight subtensors where Aisr X r X r

Subtensor of 7' | Entries T} 5, with

A i<rj<r,k<r

1<nr,g>rk<r

1>, <nrk<r

1 <r,g<r,k>r

1>, <nr,k>r

1<r,yg>r,k>r

Q" | = |0 QW

1>r g >rk<r

H t>r,g>rk>r

Then if T, satisfies the assumptions given in Theorem we may use Algorithmto complete T

into a multilinear rank (7, 7, ) tensor.
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Algorithm 15: Exact Tensor Completion

Input: partially known tensor T, satisfying assumptions from Theorem
Result: completed tensor 7" such that prank(7") = (r,7,7) and Po(T') = Ty
¢ find a full rank 7 x r submatrix A; of AW,
2 J = {(Ja, ka) F1<a<r is the set of 1 pairs of indices such that the entry in position (7, o) of A is
equal to T35 k..
3 Cequals the (m — ) x r submatrix of C") such that the entry in position (i, @) of C'y equals
the entry of T'in position (i + 7, ja, ko );
4 G = (]JAng(l);
5 EQ) — CJAjlp(l);
6 reshape &/ W and GO obtaining £ and G;
» find a full rank 7 X 7 submatrix A; of A®);
s [ = {(ig, kg)}1<p<r is the set of 7 pairs of indices such that the entry in position (j, 5) of Ay is
equal to Tiyikgs
o Bjequals the (n — r) x r submatrix of B® such that the entry in position (7, 3) of B; equals
the entry of 1" in position (ig, j + 1, k3);
w F? = B A1 DO,
i H(Q) == B[AflE(z);
r reshape I 2) and H® obtaining F" and H;
5 assemble subtensors, output completed 7'

In practice Ty, may not have an exact multilinear rank  completion, so one may choose A ; and A;
from A and A® respectively with a maximum volume algorithm such as Algorithm 8for Algorithm
to optimize the quality of the completion.

We conjecture that analogous algorithms work to complete higher order tensors with similar struc-

tures.

Conjecture 120. Given an order d > 3 partially known ny X - - - X ng tensor T, suppose that given
a position (i1, . . ., 1q), if there are d — 1 or more entries less than or equal to r, then (i1, . .., iq) is in (L.
Suppose the known subtensor A = [T,...,| ,i; < v for all j bas multilinear rank equal to (v, ..., 7T),
and suppose also that there exists at least one multilinear rank (v, . . ., r) completion of Tq. Then Tq, has a
unigue multilinear rank (v, . .., r) completion.

. . d _ . d . :
This means thatin total (Y5, n;)7% ! — (d—1)r% entries are known of [ [;__, n; entries total. In this

case, the expected way to recover T' from T, is to first complete entries in positions of the form (i1, . . . , iq)
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where at least d — 2 entries are at most 7, then recover entries in positions of the form (i1, . . ., i4) where

at least d — 3 entries are at most 7, and so on.

4.3 Algebraic Combinatorics

In this section we will generalize a few concepts from Sectionfor tensors.

Definition 121. 4 3-partite bypergraphisa tuple (Vy, Va, Vs, E) where Vi, Va, and Vs are the sets of vertices,
and E C Vi x Va x Vi are the hyperedges which consist of one vertex from each of V1, Vs, and V.

Given a mask 2 C [m] x [n] x [p], define G = (11, Va, V53, Q) as the 3-partite hypergraph with
vertices Vi = [m], Vo = [n], V5 = [p], and hyperedges €2. There is a one to one correspondence between

masks of third order tensors and 3-partite hypergraphs.

Figure 4.7: The 3-partite hypergraph of a 2 x 2 x 2 mask ). Two hyperedges correspond to positions
(1,1,1)and (2, 1,2).

Definition 122. Given a mask €, a position (i, j, k) € [m] x [n| X [p| is called finitely completable in
rank 7 if, for a generic'T’ € Sub,, the entry in position (1, j, k) of the partially known tensor Po(T') has
[finitely many maximum multilinear rank at most r completions. Define the rank r finitely completable

closure cl,-(€2) as the set of positions which are finitely completable in Q).

In terms of the rank r finitely completable closure cl,(€2), we may reformulate Theoremas follows.
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Theorem 123. Given $Q, suppose if there are two or more entries of (i, j, k) less than or equal to v, then

(4,4, k) € Q. Then cl(Q) is equal to [m] x [n] x [p).

Proof. Suppose (i, j, k) having two or more indices less than or equal to r implies (7, 7, k) € 2. We have
shown in Theorem|ir7|that for T € Sub,, if the subtensor A = [Tj;x],1 < 4, j, k < r has multilinear
rank equal to (7, 7,7), then Py(T") can be uniquely completed to 7. Note that for a generic 7', A is
also generic, which implies any mode-i unfolding A of Ais full rank r. So A® will contain a rank r
submatrix almost surely for all i. Therefore, the subtensor A will have multilinear rank (r, , ) almost
surely. So a generic tensor 7" will have subtensor A with multilinear rank equal to (7, 7, '), which means

P (T') can be uniquely completed to 7', and so every entry is finitely completable. l
We may also generalize the unique completability closure to the case of tensors.

Definition x24. Given a mask S, a position (i, j, k) € [m| x [n] x [p] is called uniquely completable in
rank 1 if, for a generic T € Sub,, the entry in position (i, j, k) of the partially known tensor Po(T) has a
unique maximum multilinear rank at most v completions. Define the rank r uniquely completable closure

ucl, (2) as the set of positions which are finitely completable in ).

By Theorem the finitely completable closure equals the uniquely completable closure which is

equal to all of [m] x [n] x [p]
Theorem 125. Given 2 as defined in Theorem|uz} then we have ucl,(Q) = cl,.(Q) = [m] x [n] x [p].

Proof. Theresult follows from Theoremand the fact that Theoremgives aunique completion. [

4.4 Algebraic Topology

We may generalize many of the algebraic topology results for low-rank matrix completion from Section
to low-rank tensor completion. The spaces 7,, Sub,, and M, are alike in the sense that they are affine

algebraic varieties which deformation retract to a point. In particular, the border rank and multilinear
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rank are invariant under scaling (Landsberg, 2011). That is, given a tensor 7', for any non-zero constant c,

rank(aT) = rank(7T)

purank(aT") = prank(7T).
This implies that &, and Sub, deformation retract to {0} through the map

F:Vx[0,1]—V

FT,a)=(01—-a)T

where V' is 6, or Sub,. Similarly, Ag, is a linear variety so it deformation retracts to the singleton {7}

via the map

G:Ag x[0,1] = Aq

G(T,a)=(1—a)T + aTg.

Both &, and Sub, are affine algebraic varieties, and so may be simultaneously triangulated with Ag

by Theorem So we have the following theorem.

Theorem 126. Given a partially known tensor Tq, if T has at least one completion in 6, then

ho(.AQ N (3'7,) = hl(AQ U 5'7,) +1

X(.AQ N (3}) =2 X(.AQ U 5}).
If'Tq has at least one completion in S ub,, then

ho(Ag N Sub,) = hy(Ag U Sub,) + 1

X(Aq N S’ubr) =2 — x(AqU Subr).
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Proof. The proofisidentical to the proofs of Theorem and Theorem Let V be &, or Sub,.. Suppose
Tt has at least one completion in V/, then Ag NV is nonempty. By Theoremand Theorem we have

an exact sequence of the form

i ————— H i (Ag) @ Hi(V) —— Hi(AqUYV) j

[—) H(](AQ N V) — H()(AQ) SP) HO(V) — H()(AQ U V) — 0

Because homology groups are invariant under homotopy equivalence, V" and M, have the homology

of a point. So

H (V) =0 Hi(Ag) =0
Ho(V)=7Z Hy(Aq) = Z
x(V) =1 X(Ag) = 1.

Because Ag and V are both connected and have non-empty intersection, their union is also connected,

SO

Hy(AqUV) = Z.

So we have

0 —— Hi(AqUV) —— Ho(AqNV) > 72

N

N2

e
—
N
nN
~

After tensoring with IR, the alternating sum of the vector spaces vanish, so we have

ho(AQ N V) = hl(AQ U V) + 1.
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Also applying Theorem we have

XA NV)=2—x(AqUV).

If T has N < oo completions in V' where V' is ¢, or S ub,, then
ho(AQ N V) = X(AQ N V) = N.

So
N=h(AquUV)+1=2—-x(AqUYV).

4.5 Maximum Volume Gradient Descent for Tensor Completion

We now generalize the Schur gradient descent method from Section to the case of order three tensors.
Let T, be a partially known m X n X p tensor. The objective is to find a tensor 1" such that P (T") = T§,
and max(urank(7")) < r, which we cast as 2 minimization problem.

Recall that 7' € U ® V' ® W has the mode-1, mode-2, and mode-3 unfoldings

T (VeoW) - U
T® . (UeW) =V

TG (U V) = W

Let Ay, Ay, and A3 denote the top-left r X r submatrices of 7O, 7@ and TG) respectively. To
recover missing elements from the partially known tensor Tt, we may attempt to solve the minimization

problem
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) 1 1 1
win (31501 + 5 ISl + 151 (49

S.L. PQ(T) =Tq
where Sy, denotes the Schur complement of T with respect to A;. Let

(1S 1”4+ 1S 1” + 15, 1%) (4)

N —

f(T) =

Then f(T) is non-negative because it is the sum of squares of norms. Soif f(T") = 0 and Po(T) = Ty,

then 7 is a solution to Minimization . In particular, we have the following theorem.
Theorem 127. f(T') = 0ifand only if prank(T') = (r,r, 1) and Ay, As, and As are full rank r.

Proof. Suppose f(T') = 0. Then [|S4,

= 0 foralli,so S4, = 0foralli. Sorank(T®) = r forall i
and prank(T) = (r,r,r) by lemmal6d]

On the other hand, if purank(7") = (r,r,r) and Ay, Ay, and Aj are full rank 7, then S4, = 0 for all
i by lemmal66} so f(T') = 0. O

To find a minimizer 7", we may employ a gradient descent method like in Section In particular,

we have the following derivative information.
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Theorem 128. Given an m X n X p tensor T, let

Ci Dy
02 D2
76 _ As Bs
C3 Dy

be block matrices where A; is the top-left v X r submatrix of TD, and B;, C;, and D; are corresponding

block submatrices. Then we have

3
of = Z<5Ai, OD;) + (A7TCT S, Bl A7 T 0A;) — (Sa, Bl A7 T,0C;) — (A7 TCl Sy, 0B;)

i=1
Proof. The result follows from the identities given in Propositionas in the proof of Theorem O]

9D,

5Dy because A;, B;, C;, and D; are functions

Note that it may be tricky to calculate derivatives such as
OfAj, Bj, Cj, and Dj when ¢ 7é ]
Like Algorithm |14} we alternate between taking gradient descent steps and applying a maximum

volume algorithms such as Algorithm [ro| or an alternating version of Algorithm 12| to each unfolding.

Given a function f : U ® V ® W — R such as Equation 1) let g—; denote the order three tensor such

().~
or ijk aTijk'

Using the derivative information, Algorithm 16|as a generalization of Algorithrn for tensor completion.

that

We apply Pqe to the gradient so the known entries of X}, remain unchanged at each iteration.
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Algorithm 16: Maximum Volume Gradient Descent for Tensor Completion

Input: partially known tensor T, initial guess X such that P (X() = Tq, 7 X 7 nonsingular
submatrices A ofX(l), Az ofXSQ), and A3 ofXé?’), sequence of step sizes {hy },
tolerance € > 0, stopping criterion

Result: X, an approximation of a multilinear rank (r, 7, ) completion of T,

fork=1,... do

A, i are submatrices of X kl) 1» 1 = 1,2, 3, which are the outputs of a two directional
maximum volume algorithm, such as Algorlthm.or an alternating version of

Algonthrnl w1th initialization X ,g )1, initial nonsingular submatrix A; ;,_1, tolerance ¢;

FiXiea) = 5 (IS 18an .l + 1153, ]1%)s

Xk = Xk,1 — hk-PQc (—8]0}6(5;5_1));
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CHAPTER §

CONCLUSIONS

We have introduced novel theoretical results on low-rank matrix and tensor completion. We have shown
in Section 19| that we may reduce the number of polynomials needed to generate the space of low-rank
completions of a partially known matrix by finding a known full rank submatrix. A remaining question
is to determine if the generating set of polynomials can be reduced even further.

In Section and Sectionwe discuss some topological properties of the space of low-rank com-
pletions of a partially known matrix or tensor. We relate the zeroth Betti number and Euler characteristic
of the space of low-rank completions to the first Betti number and Euler characteristic respectively of the
union of the space of low-rank matrices or tensors and the space of all completions.

We propose a method to reduce the processing time of the maximum volume algorithm, Algorithm
in Section |2.4| by potentially permuting more than one row at each step. We call such an algorithm a
"greedy” maximum volume algorithm which is presented in Algorithm 12} We give numerical evidence
to show that the greedy maximum volume algorithm may reduce the processing time needed for the
maximum volume algorithm.

A novel connection is made between dominant submatrices and Johnson graphs in Section In
particular, we show that the independence number of the graph Cartesian product of Johnson graphs
given an upper bound on the number of 7 X 7 dominant submatrices in almost every matrix. An open

question is to determine if this independence number is the essential supremum of the function which
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counts the number of dominant submatrices, which means the inequality is sharp on a set of positive
measure.

We introduce a novel approach to low-rank matrix completion in Sectionwhich utilizes the maxi-
mum volume skeleton decomposition. One of the benefits of this method is that it does not utilize the
singular value decomposition (SVD) which scales poorly as the matrix gets large. It may be possible to
improve this method with more sophisticated gradient descent techniques. In Section|4.s|we propose a
way to generalize this method to low-rank tensor completion.

One of our primary goals in Section 3.2 was to test if the maximum volume skeleton decomposition
could be a suitable substitute for the singular value decomposition as a low-rank approximation step in
the dynamic mode decomposition. We have shown that the maximum volume skeleton decomposition
(MVSD) can be a reasonable direct substitute for the SVD as a low-rank approximation when applied
low-noise temperature data. For theoretical results, we have reproduced several theorems by (T, 2013)
using the MVSD as a substitute for the SVD. We have shown that certain desirable properties hold when
using the MVSD as a low-rank approximation. However, the full-matrix is only a rank r approximation
of the original matrix. The conditions which make that approximation a suitable substitute for the full
matrix are not entirely known, but are important when generating the dynamics.

We have also studied applications of the MVSD for compressing simulation data in Section We
have shown that if a certain threshold of error € is acceptable, the MVSD may be multiple orders of
magnitude faster than the SVD for finding a low-rank approximation with error €. We compare low-rank
approximations found by the MVSD and the SVD when applied to two dimensional in time temperature
and density data unfolded into a 1633 x 3724 matrix. Moreover, we have shown that an alternating
version of the greedy maximum volume algorithm, Algorithrn may further reduce the processing time
while fixing the error.

Low-rank approximations used for compression or in the dynamic mode decomposition are often
generated using the SVD. When the size of the matrix is large, the SVD can be computationally prohibitive.

We have shown that a maximum volume skeleton decomposition such as Algorithm can significantly
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reduce the processing time needed to find a low-rank approximation of numerical simulation data at the
cost of moderately increased error. If the acceptable error threshold is large enough, the MVSD may be a
desirable substitute for the SVD.

Finally, we introduce a class of partially known tensors which have unique low-rank, low-border-rank,
or low-multilinear-rank completions under the assumption that one exists in Section We also give
an explicit algorithm to construct such a completion. It may be possible to find a more general class of
partially known tensors which have unique low-rank completions by weakening the assumptions on the

structure partially known tensor.
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