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Abstract

Data sets arranged as an incomplete matrix or tensor appear frequently in problems such as creating

recommendation systems. We introduce a new gradient descent based approach to solving low-rank

matrix and tensor completion problems which utilizes maximum volume algorithms by minimizing the

norm of Schur compliments. We also prove that the low-rank completions of a partially known matrix

may be recovered algebraically by only considering the zero sets of minors containing a known full rank

submatrix. We discuss some topological properties of the space of low-rank completions and introduce

a relationship between the zeroth Betti number of the space of low-rank matrix or tensor completions

and the �rst Betti number of the union of the space of completions and the space of low-rank matrices

or tensors. Additionally, we give conditions for partially known tensors with certain structures to have

unique low-rank, low-border-rank, or low-multilinear-rank completion.

A greedy version of the maximum volume algorithm for �nding dominant submatrices is presented

which may permute more than one row at each step and can improve on the processing time of the original

maximum volume algorithm. Moreover, we introduce an upper bound on the number of r×r dominant

submatrices of almost allm×nmatrices in terms of the independence number of the Cartesian product of

Johnson graphs α(Jm,r�Jn,r). We conjecture that this bound is the essential supremum of the function

which counts the number of r × r dominant submatrices.



We show that a maximum volume skeleton decomposition method may be used as a scalable alternative

to the singular value decomposition as a low-rank approximation step in the dynamic mode decomposi-

tion. We also show that the maximum volume skeleton decomposition may be utilized to compress large

sets of tokamak edge plasma simulation data.

Index words: [Data compression, Johnson graph, Matrix completion, Maximum volume,

Plasma simulation, Tensor completion]
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Chapter 1

Low-Rank Matrix Completion

1.1 Introduction

In 2006, Net�ix announced a competition with a grand prize of one million dollars. The problem was,

given data on user’s movie ratings, create a recommendation system which would suggest �lms users

would be likely to watch and enjoy. The grand prize would be given out to anyone who could improve

Net�ix’s existing algorithm by ten percent. This is an example of a data completion problem, where we

have an incomplete set of data, and we would like to complete that set of data using the known data as

best as possible.

It is often useful to encode partially known data in a matrix. For Net�ix’s problem, on one axis we

index the users, and on the other axis we index the movies. In the corresponding entry between a user

and a movie, we enter the user’s rating of the movie. The result is a partially known matrix, and the goal

is to �ll in the matrix as best as possible. In other words, Net�ix would like to predict how users will rate

movies that they have not watched so they can suggest movies they think the user will enjoy. This problem

sparked an interest among mathematicians in studying the matrix completion problem.

A �rst approach to the matrix completion problem is to de�ne a number of features of the data which

we can use to calculate intermediate connections between users and movies. For movies, we can use genres

1



such as fantasy and mystery as features. We assign strengths between users and features, and strengths

between features and movies to decide whether or not we should recommend a movie.

D

BP C

B

A

mystery

fantasy

3

1

2

5

Figure 1.1: Example of strengths between users, features, and movies

To determine if a user would like a movie, we multiply the strengths between the user-feature score

and feature-movie score, and sum over all features. In the example shown in Figure 1.1, the �rst user would

be given a score of 3 · 2 + 1 · 5 = 11 as a prediction for how much they would enjoy movieB. There are

multiple ways we can get this data. For example, Net�ix had at one point sent users surveys to determine

which movie genres they enjoyed the most.

We can represent user-feature and feature-movie data as two matrices as shown in Figure 1.2. To obtain

the corresponding user-movie rating, we simply multiply these two matrices together. The issues with

this method are that it may be unrealistic to gather this data from all users or all movies. Moreover, these

human-created features may not be the most general way to represent the data.

We may instead reverse the problem. We measure user enjoyment of some movies through data such

as ratings as in Figure 1.3. Then, given some incomplete data on user-movie enjoyment, we produce

two factor matrices U and V such that the corresponding entries in the multiplication UV agrees with

the known data. If we can �nd such matrices then we may predict any user-movie enjoyment score by

observing the corresponding entry in UV .

2
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Figure 1.2: User-Movie rating prediction matrix obtained through matrix multiplication.
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Figure 1.3: User-Movie prediction matrix may be obtained by �nding factor matrices
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Note that the product UV will be low-rank, depending on the size of U and V . In particular, if we

assume there are r features which describe the data, U ism× r, and V is r × n the resulting matrix will

bem× n and have rank at most r. Therefore, we don’t necessarily need to �nd explicit factor matricesU

and V , we just need to �nd a rank r matrixM with entries equal to the given known entries.

Why should we assume that a given data set is part of a low rank matrix? Not all matrices will be close

to a low-rank matrix. For example, a random Gaussian matrix will not be close to a low rank matrix with

very high probability (Edelman, 1988). That being said, close to low-rank matrices appear very frequently

throughout the sciences, which means they are far from average. In fact, it has been shown that under

certain assumptions, if a matrix of data is drawn in a consistent way, it must be close to low-rank (Udell

& Townsend, 2019). This suggest that the low-rank structure of large data sets is not merely coincidental,

but rather is a universal feature.

= + + +

Figure 1.4: Mondrian, Piet. Composition with Red, Blue, and Yellow 1930, may be expressed as the sum of
four rank one matrices. Black represents zeros.

Images can be useful for testing low-rank matrix completion techniques. A rectangular grayscale

image with a resolution of m × n pixels may be represented as an m × n matrix. Each position in the

matrix corresponds to a pixel, with the entry in that position corresponding to the intensity.

We may apply low-rank matrix completion techniques to recover the missing elements of partially

complete images such as Figure 1.5b under the assumption that they are close to a low-rank matrix. In

Section 2.7, we introduce a novel low-rank matrix completion technique.

Factoring a matrix into a product of two smaller matrices also can also be used to compress data. IfM

is anm× n array of data that has rank r, then we may �nd matricesU and V such thatM = UV where

U is anm×rmatrix andV is an r×nmatrix. mn entries need to be saved to storeM , but only (m+n)r

entries need to be saved to store U and V . If r is much smaller thanm and n, then it is more e�cient to

store U and V than it is to storeM . In general,M is not low-rank, but it is common for data sets to be

4



20 40 60 80 100 120

20

40

60

80

100

120

(a) 128 × 128 penny picture, pixels correspond to
integers from 0 to 255

(b) 25% of image deleted uniformly at random

Figure 1.5: Is it possible to recover Figure 1.5a from �g. 1.5b?

close to low rank matrices. That is, we may approximate M ≈ UV with small error. For example, see

Figure 1.6. In Section 3.3, we apply data compression techniques to plasma simulation data.

(a) Rank 5 approximation (b) rank 35 approximation

Figure 1.6: Low rank approximations of 128× 128 Figure 1.5a
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1.2 Mathematical Preliminaries

We now express the matrix completion problem in more formal mathematical terms. LetMm×n denote

the space of matrices with m rows and n columns over the real numbers R or the complex numbers C.

Let [n] denote the set of integers {1, . . . , n}, and let [m]× [n] denote the set of positions (i, j) such that

1 ≤ i ≤ m and 1 ≤ j ≤ n.

De�nition 1. Given a set of observed elements {Mij}, whereMij is in position (i, j) of a partially known

m× nmatrix, we denote by Ω ⊂ [m]× [n] the set containing the positions of the known entriesMij , and

we refer to Ω as a mask. In other words, if Mij is a known element, then (i, j) ∈ Ω. We denote by |Ω| the

cardinality of the set Ω, then |Ω| is equal to the total number of known elementsMij . LetB(Ω) denote the

binary matrix where the entry in position (i, j) is equal to one if (i, j) ∈ Ω, and is equal to zero otherwise.

Because Ω andB(Ω) may be used interchangeably, we also refer toB(Ω) as a mask.

It is desirable to use as few features possible to represent the data, so we wish to minimize the rank of

the completed matrix. We may now express the matrix completion problem as �nding a solution to the

non-convex minimization problem

min
X∈Mm×n

rank(X)

s.t.Xij = Mij ∀(i, j) ∈ Ω

LetMΩ ∈Mm×n denote the partially knownm×nmatrix with known entriesMij in entry (i, j) ∈

Ω, and zeros in unknown entries. We often denote unknown elements ofMΩ with an empty square �

instead of zero. There may be �nitely many, in�nitely many, or zero ways to completeMΩ into a rank r

matrix. Consider the following incomplete matrices.
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Example 2. Let

MΩ =



3 2 1 �

4 3 � 1

5 � 3 1

� 5 4 1


.

ThenMΩ has the unique rank two completion

M =



3 2 1 1

4 3 2 1

5 4 3 1

6 5 4 1


.

If we change the known entries in the �rst column ofMΩ in Example 2, we have the following example.

Example 3. Let

MΩ =



4 2 1 �

5 3 � 1

6 � 3 1

� 5 4 1


.

ThenMΩ has exactly two rank two completions, which are

M1 =



4 2 1 1

5 3 2 1

6 4 3 1

7 5 4 1


M2 =



4 2 1 −2/3

5 3 21/8 1

6 39/11 3 1

26/3 5 4 1


.

To verify thatM1 andM2 are the only rank two completions ofMΩ, note that a matrix has rank at

most r if and only if all (r+1)×(r+1) minors vanish. Consider the system of equations in four variables
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obtained by setting all 3× 3 minors of the matrix

M(x, y, z, w) =



4 2 1 x

5 3 y 1

6 z 3 1

w 5 4 1


equal to zero. This gives a system of 16 degree two and degree three polynomials. One can verify using a

computer algebra system thatM1 andM2 are the only two solutions to this system of equations.

We now introduce the space of �xed rank r matrices. Let

Mr = {X ∈Mm×n | rank(X) = r}

denote the space ofm×n rankrmatrices overRorC, where r ≤ min(m,n). ThenMr is a (m+n)r−r2

dimensional manifold (Guillemin & Pollack, 2010). Note thatMr is not a closed set. In particular, we

may approximate any low-rank matrix as the limit of a sequence of high-rank matrices, but we may not

approximate high-rank matrices as the limit of a sequence of low-rank matrices. So the closure ofMr is

the space of matrices with rank at most r, which we denote

Mr = {X ∈Mm×n | rank(X) ≤ r}.

Because the closure operation does not change the dimension of a manifold the dimension ofMr is also

equal to (m+ n)r − r2, .

We now recall some notions from algebraic geometry.

De�nition 4. Let Ad denote the d dimensional a�ne space Rd or Cd. A closed set V ⊂ Ad is called an

algebraic variety if it is the zero set of a set of a system of polynomial equations. An algebraic variety V is

8



generated by the polynomials f1, f2, . . . , fN if

V = {x ∈ Ad | f1(x) = f2(x) = · · · = fN(x) = 0}.

The Zariski closure of a set S ⊂ Ad is the smallest algebraic variety V which contains S.

The Zariski closure of S may be expressed as the intersection of all algebraic varieties which contain

S. Because a matrixM has rank at most r if and only if all (r+ 1)× (r+ 1) minors ofM vanish,Mr is

an algebraic variety generated by the set of all (r + 1)× (r + 1) minors of anm× nmatrix. Therefore

Mr is the Zariski closure ofMr because it is the closure ofMr in the analytic sense and it is an algebraic

variety.Mr is also sometimes referred to as the determinantal variety.

De�nition 5. An algebraic varietyV is called irreducible if it cannot be expressed as the union of two proper

sub-varieties. That is, an algebraic variety V is irreducible if it cannot be written as V = V1∪V2 for proper

subvarieties V1 ⊂ V and V2 ⊂ V .

It is known thatMr is an irreducible variety (Lai & Varghese, 2017). It can also be shown that the set

of singular points ofMr is the set of matrices with rank at most r − 1, that is, it is the setMr−1 ⊂Mr.

To verify this note that the partial derivatives of the all (r+ 1)× (r+ 1) minors are equal to zero exactly

on the setMr−1.

De�ne the orthogonal projection operator PΩ : Mm×n →Mm×n such that PΩ(X) �xes entryXij

if (i, j) ∈ Ω, and setsXij equal to zero if (i, j) /∈ Ω.

Example 6. Let Ω = {(1, 1), (2, 2)}. Then

PΩ


a b

c d


 =

0 b

c 0

 .
Given a partially known matrixMΩ, a matrixX is called a completion ofMΩ if PΩ(X) = MΩ.

GivenMΩ, letAΩ = P−1
Ω (MΩ) be the linear variety of all completions ofMΩ. In other words,
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AΩ = {X ∈Mm×n | PΩ(X) = MΩ}.

BecauseAΩ is a linear variety, it is irreducible. Also becauseMr is the space of matrices with rank at most

r, andAΩ is the space of completions of MΩ, Then �nding a rank at most r completion M of MΩ is

equivalent to �nding a pointM ∈ AΩ ∩Mr.

The singular value decomposition is a matrix decomposition which is useful for calculating low-rank

approximations.

De�nition 7. Given anm× nmatrixX , the singular value decomposition ofX is

X = UΣV ∗

where U is the m × m matrix of left-singular vectors which are the eigenvectors XX∗, V is the n × n

matrix of right-singular vector which are the eigenvectors of X∗X , and Σ is the m × n diagonal matrix

of singular values, which are the square root of the eigenvalues ofXX∗ orX∗X .

Suppose n ≤ m. Then the singular values ofX are denoted σi(X) for 1 ≤ i ≤ n, and are ordered

such thatσi(X) ≤ σi+1(X) for all i. Let ‖X‖2 = σ1(X) denote the spectral norm of the matrixX . The

singular values of X are directly related to the rank of X , they give the error of X to a closest low-rank

approximation.

Theorem 8. (Eckart & Young, 1936) σr+1(X) is the error of X to a closest rank r approximation of X in

the spectral norm. That is, ifXr is a closest rank r approximation ofX in the spectral norm, then

‖X −Xr‖2 = σr+1(X).

In particular, if rank(X) = r, then σi(X) = 0 for all r + 1 ≤ i ≤ n.

We may use the singular value decomposition to explicitly calculate a closest rank r approximation of

a matrixX .
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Theorem 9. (Eckart & Young, 1936) Given anm× nmatrixX , let

X = UΣV ∗

be the singular value decomposition of X . Let Ur be the first r columns of U , let Vr be the first r columns of

V , and let Σr be the r × r diagonal matrix of the first r singular values ofX . Then

Xr = UrΣrV
∗
r

is a closest rank r approximation ofX in the spectral norm.

Let tr(X) =
∑

iXii denote the trace ofX . Let ‖X‖ denote the Euclidean norm of anm×nmatrix

X , where

‖X‖2 = tr(X∗X) =
m∑
i=1

n∑
j=1

|Xij|2 .

In terms of the singular values ofX ,

‖X‖2 =
n∑
i=1

σi(X)2.

It is often desirable to numerically approximate a point M ∈ AΩ ∩Mr by a sequence {Xk} such

that ‖Xk −M‖ goes to zero as k goes to∞.

Given a grayscale image on a computer, each pixel can be assigned a number corresponding to the

intensity of the shade of gray, often from 0 (black) to 255 (white). We use the peak signal to noise ratio to

measure the quality of image approximations.

De�nition 10. Given anm×nmatrixX with entries ranging from 0 to 255, and anm×napproximation

Y ofX , letE = 1
mn
‖X − Y ‖2 be the mean square error of Y with respect toX . The peak signal to noise

ratio, or PSNR, is defined as

PSNR = 20 · log10

(
255√
E

)
.
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The larger the peak signal to noise ratio, the higher the quality Y is as an approximation of X . For

lossy image compression methods, a PSNR of at least 30 may be considered good.

1.3 Alternating Projection

The alternating projection method has proven to be an e�ective way to �nd intersection points between

two manifolds (Lewis & Malick, 2008). As the name suggests, starting with an initial guess, we alternate

between projecting onto each manifold obtaining successive approximations of a point in the intersection.

While most extensively studied in application to �nd intersections of convex sets, alternating projection

methods have also been applied to �nd intersections non-convex sets. Some issues that may occur are that

the projection itself may be di�cult to compute. Moreover, a projection onto a non-convex set may not

be single valued, and if the initial guess is not good enough, the alternating projection algorithm may not

converge.

Given a partially known matrix MΩ, recall thatAΩ ∩Mr is the set of rank r completions of MΩ.

The alternating projection method may be used to �nd a rank at most r completion ofMΩ by alternating

between projections ontoAΩ andMr.

Note thatAΩ is convex, as it is a linear variety, so for allX ∈Mm×n there exists a unique projection

ofX ontoAΩ. Let PAΩ
: Mm×n → AΩ denote the projection map ontoAΩ. Then PAΩ

(X) is simply

calculated by setting all of the entriesXij with positions in Ω to the corresponding known entriesMij in

MΩ. In other words, let Y = PAΩ
(X), then

Yij =


Mij if (i, j) ∈ Ω

Xij if (i, j) /∈ Ω

On the other hand,Mr is not convex for r > 0, so a given X ∈ Mm×n may not have a unique

projection ontoMr. However, if rank(X) > r, then a closest rank r projection may be easily calculated

using the singular value decomposition (SVD).
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Let X = UΣV ∗ be the SVD of an m × n matrix X , where U is an m ×m orthogonal matrix of

left-singular vectors, V is ann×n orthogonal matrix of right-singular vectors, and Σ is anm×n diagonal

matrix of singular values.

Let Σr be the r × r diagonal matrix with diagonal entries equal to the r largest singular values ofX ,

letUr be them× r matrix with columns consisting of the �rst r left-singular vectors ofX , and let Vr be

the n× r matrix with columns consisting of the �rst r right-singular vectors ofX . Then if σi(X) > 0

for all 1 ≤ i ≤ r, de�ne the map

PMr(X) = UrΣrV
∗
r .

Theorem 11. (Eckart & Young, 1936) PMr(X) is a closest rank r approximation of X with respect to any

unitary invariant norm. In other words,

PMr(X) = arg min
Xr∈Mr

‖X −Xr‖ .

Moreover, PMr(X) is the unique closest rank r approximation ofX if σr(X) 6= σr+1(X).

Let us supposeAΩ ∩Mr is nonempty. Then given and initial guessX0 and a tolerance ε, the alter-

nating projection Algorithm 1 can be stated as follows.

Algorithm 1: Alternating Projection (Lai & Varghese, 2017)
Input: partially known matrixMΩ, initial guessX0, stopping criterion
Result:Xk an approximation of a rank r completion ofMΩ

for k = 1, . . . do
Yk = PMr(Xk−1);
Xk = PAΩ

(Yk);

We require some stopping criterion as an input. For example, we could �x a tolerance ε, and loop until

‖Xk −Xk−1‖ < ε. Alternatively, if we only want to run the algorithm for a certain number of iterations

N , we could loop for k = 1, . . . , N .
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Let TAΩ
(M) denote the tangent space ofAΩ at pointM , and let TMr(M) denote the tangent space

ofMr at pointM . IfM ∈ AΩ ∩Mr, and TAΩ
(M)∩ TMr(M) = {0}, then Algorithm 1 converges to

M linearly (Lai & Varghese, 2017).

Example 12. We use the alternating projection method to recover missing elements of a picture. Consider

the picture of the United States penny, Figure 1.5. The image has a resolution of 128× 128 pixels, and each

pixel corresponds to an integer from 0 to 255.

Because each entry is bounded from 0 to 255, then given a partially known imageMΩ, the set of comple-

tions also has bounded entries. That is,

AΩ = {X ∈Mm×n | PΩ(X) = MΩ, 0 ≤ Xij ≤ 255}.

This changes the projection map PAΩ
. In particular, if Y = PAΩ

(X), then

Yij =



Mij if (i, j) ∈ Ω

Xij if (i, j) /∈ Ω and 0 ≤ Xij ≤ 255

0 if (i, j) /∈ Ω andXij < 0

255 if (i, j) /∈ Ω andXij > 255

In other words, at each projection step ontoAΩ, we set all entries in known positions (i, j) equal to the known

entryMij , and we set all entries greater than 255 or less than 0 equal to 255 and 0 respectively.

We delete 25% of Figure 1.5 uniformly at random, and attempt to recover the image using Algorithm 1

under the assumption that the rank of the true image is 18.

We can see in Figure 1.8 that the singular values of Figure 1.5 taper o� at around r = 18, and the

singular values of the recovered picture closely matches the singular values of the original picture.
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(a) 25% of Figure 1.5 deleted uniformly at random (b) Recovered from Figure 1.7a with algorithm 1

Figure 1.7: Figure 1.5 recovered with 250 iterations of the alternating projection method assuming the
rank of the original image is 18. Initial guess is known entries of the image with unknown entries set to
zero. Recovery has a peak signal to noise ratio of 34.91.
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Figure 1.8: Singular values of Figure 1.5, Figure 1.7a, and Figure 1.7b
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1.4 Alternating Minimization

The alternating minimization method is an empirically successful method for �nding a low-rank com-

pletion of MΩ. Moreover, it formed a critical component in the winning entry of the Net�ix problem

(Jain et al., 2013). Given a partially known matrixMΩ, the objective of alternating minimization is to �nd

a completed matrix in bilinear form M = LR> with L being m × r and R being n × r such that the

entries ofPΩ(M) = MΩ. Such anM is found by alternating between optimizingL andR. In particular,

the non-convex problem to solve is

min
L,R

1

2

∥∥PΩ(LR>)−MΩ

∥∥2
.

The alternating minimization algorithm may be described in Algorithm 2.

Algorithm 2: Alternating Minimization (Jain et al., 2013)
Input: partially known matrixMΩ, initial guessR0 ∈Mn×r, stopping criterion
Result:Xk = LkR

>
k an approximation of a rank r completion ofMΩ

for k = 1, . . . do
Lk = arg min

L∈Mn×r

∥∥PΩ(LR>k−1)−MΩ

∥∥2;

Rk = arg min
R∈Mm×r

∥∥PΩ(LkR
>)−MΩ

∥∥2;

The minimization at each step may be solved with the method of least squares.

1.5 Orthogonal Rank-One Matrix Pursuit

Recall that we may express a matrixX as a weighted sum of rank one matrices Mi such that ‖Mi‖ = 1

for all i. That is, we may writeX as

X = M(θ) =
∑
i

θiMi.
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Here θ is the vector of weights in the sum. One way to calculate Mi and θi is with the singular value

decomposition ofX , by setting θ equal to the vector of singular values, andMi = uiv
>
i where ui and vi

are the ith left and right-singular vectors ofX respectively.

Note that the minimum value of ‖θ‖0 over all choices of θ is equal to the rank of X , where ‖θ‖0

is equal to the number of non-zero elements in the vector θ. Therefore, we may formulate the matrix

completion problem as �nding a solution to the minimization

min
θ
‖PΩ(M(θ))−MΩ‖

s.t. ‖θ‖0 ≤ r.

The goal of the orthogonal rank-one matrix pursuit algorithm is to �nd proper basis matrices Mi, and

weights θi. We do so by alternating between computing the rank one basis matricesMi and the weights θ

accordingly. In particular, suppose we have computedM1, . . . ,Mk−1 and weights θk−1 on the (k− 1)th

step. To computeMk, we �rst compute the regression residual

Rk = MΩ −
k−1∑
i=1

θiMi.

Because it is desired thatMk is rank one with unit Euclidean norm, we may search forMk in the form

Mk = uv> for unit vectors u and v. We then calculate u and v as the solution to

max
u,v
{u>Rkv | ‖u‖ = ‖v‖ = 1}.

This minimization problem has optimal solution equal to the �rst left and right singular vectors of Rk.

After we have computedMk = uv>, we then calculate θk as the solution to the minimization problem

min
θ

∥∥∥∥∥
k∑
i=1

θiPΩ(Mi)−MΩ

∥∥∥∥∥ (1.1)

17



which can be computed with least squares. In particular, letmΩ = vec(MΩ), andmi = vec(PΩ(Mi))

be the vectorization ofMΩ andPΩ(Mi) respectively. LetWk = [m1 · · ·mk] be the vectorsmi assembled

into a matrix for i = 1, . . . , k. Then

θk = (W>
k Wk)

−1W>
k mΩ

is the solution to Minimization (1.1).

In summary, the orthogonal rank-one matrix pursuit algorithm may be stated as follows.

Algorithm 3: Orthogonal Rank-One Matrix Pursuit (Wang et al., 2015)
Input: partially known matrixMΩ, initial guessX0, stopping criterion
Initialize:mΩ = vec(MΩ)
Result:Xk an approximation of a rank r completion ofMΩ

for k = 1, . . . do
Rk = MΩ −Xk−1;
Find the top left- and right-singular vectors uk and vk ofRk;
Mk = ukv

>
k ,mk = vec(Mk), andWk = [m1 · · ·mk];

θk = (W>
k Wk)

−1W>
k mΩ;

Xk =
∑k

i=1 θ
k
iMi;

The orthogonal rank-one matrix pursuit algorithm converges at a linear rate (Wang et al., 2015).

1.6 Singular Value Thresholding

In general, the problem of �nding a minimum rank completion ofMΩ is di�cult because the rank func-

tion is non-convex. Moreover, the space of matrices with rank at most r,Mr, is low-dimensional, while

real life data often has random noise. If we assume that the random noise is sampled from a continuous

density, the probability that data with noise will belong toMr is zero.

Instead of solving minX rank(X) such that Xij = Mij for (i, j) ∈ Ω, we may opt to solve a re-

laxation of the problem by replacing the rank function with the nuclear norm. In other words, we opt

to solve the convex minimization minX ‖X‖∗ such that Xij = Mij for (i, j) ∈ Ω. The nuclear norm
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‖X‖∗ is de�ned as the sum of the singular values of the matrixX . That is, ifσ(X) is the vector of singular

values ofX and σi(X) are the singular values, we have

‖X‖∗ =
∑
i

σi(X).

This convex relaxation is analogous to the `1 convex relaxation of the `0 norm for sparse signal recovery.

In fact they are directly related, as we have

rank(X) = ‖σ(X)‖0

‖X‖∗ = ‖σ(X)‖1 .

where given a vector x, ‖x‖0 is the number of non-zero values in x, and ‖x‖1 is the sum of the magnitude

of the entries in x. To understand why this relaxation is chosen, we introduce the de�nition of the convex

envelope of a function.

De�nition 13. Given a convex domain C , the convex envelope of a function f : C → R is the largest

convex function g such that g(x) ≤ f(x).

For example, the `1 norm is used as a convex relaxation of the `0 norm because it is the convex envelope

of the `0 norm on the unit ball. Similarly, the nuclear norm is the convex envelope of the rank function on

the unit ball with respect to the spectral norm. That is, on the domainB = {X ∈Mm×n | σ1(X) ≤ 1}.

Theorem 14. (Fazel, 2002) On the unit ballB = {X ∈ Mm×n | σ1(X) ≤ 1}, the convex envelope of the

rank function is the nuclear norm function ‖·‖∗.

Proof. First, recall that norms are convex functions, so the nuclear norm is convex. For X ∈ B, we

have σ1(X) ≤ 1. Because σ1(X) is the largest singular value of X , we have σi(X) ≤ 1 for all i. Let

r = rank(X). Then r is the number of non-zero singular values ofX . Therefore, we have

‖X‖∗ =
r∑
i=1

σi(X) ≤
r∑
i=1

1 = r,
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so ‖X‖∗ ≤ rank(X) for allX ∈ B. Moreover, it is shown in (Fazel, 2002) that the nuclear norm is the

tightest convex lower bound.

The rank minimization problem for matrix completion problem may then be approximated as the

nuclear norm minimization problem

min
X
‖X‖∗ (1.2)

s.t. PΩ(X) = MΩ.

Singular value thresholding is an algorithm for approximately solving the convex minimization of the

nuclear norm. Instead of directly minimizing the nuclear norm, we solve

min
X

τ ‖X‖∗ +
1

2
‖X‖2 (1.3)

s.t. PΩ(X) = MΩ

which is easier to calculate. For large values of τ , the term τ ‖X‖∗ dominates 1
2
‖X‖2, and so the solution

is approximately equal to the solution to Minimization (1.2).

We start with de�ning the singular value shrinkage operator Dτ . Let X = UΣV ∗ be the singular

value decomposition of X . Let Dτ (Σ) be equal to the diagonal matrix with ith diagonal entry equal

to max(σi − τ, 0). Then for τ ≥ 0, the singular value shrinkage operator Dτ is de�ned as Dτ (X) =

UDτ (Σ)V ∗.

Theorem 15. (Cai et al., 2010) For τ ≥ 0, the singular value shrinkage operator satisfies the minimization

Dτ (Y ) = arg min
X

{1

2
‖X − Y ‖2 + τ ‖X‖∗}

Now in terms of the shrinkage operator, we present the singular value thresholding algorithm.
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Algorithm 4: Singular Value Thresholding (Cai et al., 2010)
Input: partially known matrixMΩ, sequence of step sizes {hk}, τ ≥ 0, initial guess Y0,

stopping criterion
Result:Xk an approximation of a rank r completion ofMΩ

for k = 1, . . . do
Xk = Dτ (Yk−1);
Yk = Yk−1 + hk(MΩ − PΩ(Xk)) ;

It can be shown that the sequenceXk converges to the solution to Minimization (1.3), and for large

values of τ ,Xk approximates the solution to Minimization (1.2). Moreover, the matrices in the sequence

{Xk} empirically have low-rank (Cai et al., 2010).
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1.7 Mask Equivalence by Permutation

Given anm× n partially known matrixMΩ, it may be useful to permute the rows and columns or take

the transpose to simplify the structure of the known and unknown entries. This does not change the

number of rank r completions ofMΩ because row permutations, column permutations, and transposes

are bijections under which the rank is invariant. More speci�cally, if π is a composition of transposes, row

permutations, and column permutations, andM is a rank r completion ofMΩ, then π(M) is a rank r

completion of the partially known matrix π(MΩ).

Recall that B(Ω) is the m × n binary matrix where the entry in position (i, j) is equal to one if

(i, j) ∈ Ω and is equal to zero otherwise. We consider two masksB(Ω1) andB(Ω2) equivalent if we may

obtainB(Ω1) fromB(Ω2) by permuting rows and columns. How can we tell if two masks are equivalent?

An initial attempt may be to count the number of ones in the rows and columns ofB(Ω1) andB(Ω2).

IfB(Ω1) andB(Ω2) are equivalent, the number of ones in the rows and columns ofB(Ω1) andB(Ω2)

must be equal up to order respectively. This is a necessary, but not a su�cient, condition for two masks

to be equivalent.

Example 16. Consider the masks

B(Ω1) =


1 0 0

0 1 1

0 1 1

 B(Ω2) =


0 0 1

0 1 1

1 1 0

 .

The number of ones in the rows and columns are each (1, 2, 2) for bothB(Ω1) andB(Ω2), so they may

or may not be equivalent.
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LetBm×n denote the set ofm×n binary matrices. Because row and column permutations commute,

there is a group action ofG = Sm × Sn onBm×n, where Sn is the symmetric group over n symbols. In

particular, for (α, β) ∈ Sm × Sn andX ∈ Bm×n,

(α, β) ·X = Y

where Y is the matrixX with rows permuted by α and columns permuted by β.

De�nition 17. An element g ∈ G stabilizes an elementX ∈ Bm×n if g ·X = X . The stabilizer ofX is

the set of group elements that stabilizeX which we denote

StabG(X) = {g ∈ G | g ·X = X}.

Note that B(Ω1) from Example 16 has a non-trivial stabilizer under the action of S3 × S3 by per-

mutation of rows and columns. In particular, swapping rows or columns two and three does not change

B(Ω1). On the other hand,B(Ω2) is not �xed by swapping any two rows or columns, so it has a trivial

stabilizer. Therefore,B(Ω1) andB(Ω2) are not equivalent.

In general, there are many equivalent masks.

Theorem 18. The number ofm× nmasks up to equivalence is at least
2mn

m!n!
.

Proof. First note that |Bm×n| = 2mn. LetG = Sm × Sn, then |G| = m!n!. AlsoG acts onBm×n, and

|Bm×n/G| is the exact number of masks up to permutation of rows and columns.

By the orbit-counting theorem (Burnside, 1911), we have

|Bm×n/G| =
1

|G|
∑

X∈Bm×n

|StabG(X)| .

Because each matrix is �xed by the identity permutation, we have |StabG(X)| ≥ 1 for allX , and so

|Bm×n/G| ≥
1

|G|
∑

X∈Bm×n

1 =
|Bm×n|
|G|

=
2mn

m!n!
.
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Given a partially known matrix, it may be useful to permute the rows and columns into more desirable

positions. For example, if we know how to complete a partially known matrix with mask Ω1, then it is

likely that a matrix with mask Ω2 will be completable if the rows and columns of Ω2 may be permuted

into Ω1.

1.8 Finite Completability

A partially known matrixMΩ may have �nitely many, in�nitely many, or no rank at most r completions.

It is desirable to know ifMΩ has �nitely many rank r completions or a unique rank r completion. IfMΩ

has �nitely many rank r completions, then knowledge of not many more entries ofMΩ will result inMΩ

having a unique completion.

De�nition 19. A partially known matrix MΩ is called �nitely completable in rank r if it has finitely

many rank r completions. That is, if 0 <
∣∣AΩ ∩Mr

∣∣ < ∞.MΩ is called uniquely completable in rank

r if it has a unique rank r completion, that is if
∣∣AΩ ∩Mr

∣∣ = 1.

We discuss some necessary conditions for a partially known matrix MΩ to have �nitely many or a

unique rank r completion.

Theorem 20. Having at least r known entries per row and r known entries per column is a necessary con-

dition for anm× n partially known matrixMΩ to be finitely completable in rank r.

Proof. Let Ω be a set of known positions such that there is a row or column ofB(Ω) with fewer than r

known entries. By transpose and permutation, suppose the last column ofMΩ has k known entries which

is strictly fewer than r. Without loss of generality, assume the �rst n − 1 columns are entirely known.

Again by permuting the rows, letMΩ = [ A C
B � ], whereA andB are completely known,C is a k× 1 block

of known entries with k < r, and � is an (m− k)× 1 block of unknown entries. It su�ces to show that

MΩ is not �nitely completable in rank r.
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First note that if rank([ AB ]) > r, then any completion ofMΩ will have rank greater than r, so there

will be no completions ofMΩ inMr. If rank([ AB ]) < r, then any completion ofMΩ will have rank less

than or equal to r, soMΩ would have in�nitely many rank r completions.

We are left with the case rank([ AB ]) = r. Lets = rank(A). Note thats ≤ k BecauseA is ak×(n−1)

matrix. SupposeC is not in the column space ofA. In other words, suppose rank([ A C ]) = s+1. Then

any completionX ∈ AΩ will have rank r + 1, and so there will be no completion ofMΩ inMr. SoC

must be in the column space ofA. In other words, rank([ A C ]) = s.

Because rank([ AB ]) = r, there exists an r× (n− 1) rank r submatrix
[
A′

B′

]
. We may chooseA′ such

that it consists of s linearly independent rows ofA. Then we must choose the remaining r − s linearly

independent rowsB′ fromB because the remaining rows ofA are in the row space ofA′.

Augmenting
[
A′

B′

]
with the corresponding rows from [ C� ], we get an r × n submatrix ofMΩ of the

formM ′
Ω =

[
A′ C′

B′ �

]
, where� is an (r−s)×1 block of unknown entries. Any completionM ′ =

[
A′ C′

B′ D′

]
ofM ′

Ω will be rank r because the submatrix
[
A′

B′

]
is rank r. Moreover, there are r− s degrees of freedom,

which is greater than zero because r > k ≥ s.

LetB =
[
B′

B′′

]
, whereB′′ is the (m−k−r+s)×(n−1) submatrix ofB consisting of the rows inB

that are not inB′. Similarly, letD = [D
′

� ], where� are the remaining (m−k−r+s) unknown entries of

MΩ. Because the rows of
[
A′

B′

]
form a basis for the row space of [ AB ], there exists a unique r×(m−k−r+s)

matrixX such that
[
A′

B′

]>
X = [ B′′ ]>. In particular,X =

[
A′(A′)> A′(B′)>

B′(A′)> B′(B′)>

]−1[
A′(B′′)>

B′(B′′)>

]
. So we must

have
[
A′ C′

B′ D′

]>
X = [ B′′ � ]>, which implies the remaining unknown entries are equal to

[
C′

D′

]>
X . So

there exists a uniqueD such that rank([ A
′ C′
B D ]) = r.

Moreover, because the rank of a matrix is at least as great as the rank of any submatrix, we have

s = rank(A′) ≤ rank([ A′ C′ ]) ≤ rank([ A C ]) = s.

So rank([ A′ C′ ]) = s, which implies that the rows of [ A′ C′ ] span the row space of [ A C ]. Therefore

rank([ A C
B D ]) = rank([ A

′ C′
B D ]) = r.
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Thus any completionM ′ =
[
A′ C′

B′ D′

]
ofM ′

Ω extends to a unique rank r completionM = [ A C
B D ] of

MΩ. So dim(AΩ ∩Mr) = r − s > 0, and soMΩ has in�nitely many rank r completions.

This exhausts all cases ofMΩ, soMΩ is not �nitely completable in rank r.

It was noted in (Candès & Tao, 2010) that at least (m+ n)r − r2 entries must be observed forMΩ

to be �nitely completable in rank r. We give a precise proof.

Theorem 21. Given a partially knownm×nmatrixMΩ, Ω must contain at least (m+n)r− r2 known

positions forMΩ to be finitely completable.

Proof. From proposition I.7.1 in (Hartshorne, 2013), if V and W are irreducible algebraic varieties in d

dimensional a�ne space, then we have the inequality dim(V ) + dim(W ) ≤ dim(V ∩W ) + d.

Note that dim(Mr) = (m+n)r− r2, dim(AΩ) = mn− |Ω|, and dim(Mm×n) = mn. Suppose

MΩ is �nitely completable in rank r, then dim(AΩ ∩Mr) = 0. Applying the inequality, we must have

(m+ n)r − r2 +mn− |Ω| ≤ mn, which implies (m+ n)r − r2 ≤ |Ω|.

Given MΩ, it may not be known a priori which rank r should be chosen to complete MΩ. If r is

chosen too small, thenAΩ ∩Mr will be empty, and if r is chosen too large, thenMΩ will have in�nitely

many completions. We give a method of deciding such a rank r.

Suppose we are given Ω, but we do not know r. Let p = |Ω|. Then ifMΩ is �nitely completable in

rank r, we must have p ≥ (m+ n)r − r2 from Theorem 21. This implies

r ≤
m+ n−

√
(m+ n)2 − 4p

2
.

So a good guess for a rank r may be r =

⌊
m+n−

√
(m+n)2−4p

2

⌋
. It is worth noting that for many methods,

greater than (m+ n)r − r2 observed entries are required for convergence, in which case r may need to

be chosen smaller.

It is useful to de�ne the function ΦΩ :Mr →Mm×n as the restriction ofPΩ toMr. In other words,

ΦΩ(X) is the projection of a matrix X ∈ Mr obtained by setting entries in positions not in Ω equal
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to zero. Then given a partially known matrix MΩ, we have Φ−1
Ω (MΩ) = AΩ ∩Mr. In other words,

Φ−1
Ω (MΩ) is the space of rank at most r completions ofMΩ.

We now focus on the set of matricesX such that given Ω, the preimage Φ−1
Ω (ΦΩ(X)) is a zero dimen-

sional set. In other words, the set ofX ∈Mr such that ΦΩ(X) is �nitely completable in rank r. De�ne

the set χΩ ⊂Mr as

χΩ =
{
X ∈Mr | dim(Φ−1

Ω (ΦΩ(X))) = 0
}
.

Theorem 22. For anyX ∈ χΩ, rank(X) = r. That is, χΩ ⊂Mr.

Proof. By permuting rows and columns, suppose the position (1, 1) /∈ Ω. ConsiderX ∈ χΩ such that

X =


x11 x12 · · ·

x21 x22 · · ·
...

... . . .


Suppose rank(X) < r. Then the matrix

Y (t) =


t x12 · · ·

x21 x22 · · ·
...

... . . .


has rank at most r for any t. So Y (t) ∈ Mr for any t. Moreover Y (t) ∈ Φ−1

Ω (ΦΩ(X)) for any t

because ΦΩ(X) = ΦΩ(Y (t)). However, this implies that dim(Φ−1
Ω (ΦΩ(X))) > 0, contradicting the

assumption thatX ∈ χΩ. Therefore, we must have rank(X) = r.

By Theorem 22, ifMΩ is �nitely completable in rank r, then each rank at most r completion ofMΩ

has rank equal to r. To obtain an upper bound on the number of rank r completions, we introduce the

degree of a variety.

De�nition 23. The degree of an algebraic variety V of dimension k is the number of intersection points of

V with k hyperplanes in general position.
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For example, the degree of the algebraic varietyMr is known.

Theorem 24. (Harris & Tu, 1984) The degree of the algebraic varietyMr is

deg(Mr) =
n−r−1∏
i=0

(
m+i
n−1−i

)(
m−r+i
n−r−i

) .
Recall a generalized version of Bézout’s Theorem.

Theorem 25. (Fulton, 2016) Let V1, . . . , Vk be irreducible algebraic varieties, and let Z1, . . . , ZN be the

irreducible components of V1 ∩ · · · ∩ Vk. Then

N∑
i=1

deg(Zi) ≤
k∏
j=1

deg(Vj).

Now we are ready to present an upper bound on the number of rank r completions ofMΩ.

Theorem 26. (Lai & Varghese, 2017) Given a partially knownm× nmatrixMΩ, supposeMΩ is finitely

completable in rank r. Let N =
∣∣AΩ ∩Mr

∣∣ be the number of rank r completions of MΩ, then N ≤

deg(Mr).

Proof. GivenMΩ, recall thatAΩ = P−1
Ω (MΩ) is the algebraic variety of completions ofMΩ. Note that

AΩ is a linear variety, and so it is irreducible and deg(AΩ) = 1.

Now suppose there are �nitely many points Z1, . . . , ZN ∈ AΩ ∩Mr. That is, there are N rank

r completions of MΩ. Because deg(Zi) = 1 for all i, and both AΩ andMr are irreducible, then by

Theorem 24 and Theorem 25 we have

N =
N∑
i=1

deg(Zi) ≤ deg(AΩ) deg(Mr) = deg(Mr)

In general, deg(Mr) is very large, and is larger than the exact number of rank at most r completions.

One reason for this may be that given MΩ, the hyperplanes Hij = {X ∈Mm×n | Xij = Mij} such
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that∩(i,j)∈ΩHij = AΩ may not be in general position. In addition, some intersection points may be at

in�nity, or the intersection points may have multiplicity.

It is often desirable to have a unique rank r completion rather than �nitely many. If Ω has the right

structure, then a genericM ∈ Mr will be the unique rank r completion of the partially known matrix

MΩ = ΦΩ(M). We introduce the following de�nition.

De�nition 27. A mask Ω is called �nitely completable in rank r or uniquely completable in rank r if,

for a generic M ∈ Mr, the partially known matrix MΩ = ΦΩ(M) is finitely completable or uniquely

completable respectively.

We give a class of Ω which are uniquely completable in rank r. First we introduce the following

de�nition and theorem.

De�nition 28. A mask Ω is called completable entry by entry in r if we may find an (r + 1)× (r + 1)

submatrix of B(Ω) with exactly one entry equal to zero, replace that zero with a one, and repeat until all

entries are equal to one.

Theorem 29. If a mask Ω is completable entry by entry in r, then it is uniquely completable in r.

To prove Theorem 29, we introduce the following lemmas. First, we recall a lemma from exercise I.1.8

in (Hartshorne, 2013).

Lemma 30. (Hartshorne, 2013) Let V be an irreducible algebraic variety in affine space Ad. Let H be a

hypersurface in Ad, meaning dim(H) = d− 1. Then either dim(V ∩H) = dim(V )− 1, or V ⊂ H .

We use Lemma 30 to prove Lemma 31. First, we introduce the following notation. Given anm× n

matrix X , and sets of indices I ⊂ [m] and J ⊂ [n], de�ne XI,J as the submatrix of X with entries in

positions in I × J . Note that XI,J is only de�ned up to permutations of rows and columns because I

and J are not ordered. However, the absolute value of the determinant of XI,J is well-de�ned because

swapping rows or columns only changes the sign of the determinant.
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Lemma 31. Let H be the algebraic variety consisting of m × n matrices that have at least one vanishing

r × r minor. Then dim(Mr ∩H) < dim(Mr).

Proof. Given I ⊂ [m], J ⊂ [n], such that |I| = |J | = r, let

HI,J = {X ∈Mm×n | det(XI,J) = 0}.

ThenHI,J is a hypersurface because it is the zero set of one polynomial equation, and

H =
⋃

|I|=|J |=r

HI,J

is the algebraic variety ofm× nmatrices with at least one vanishing r × r minor. Then

Mr ∩H =
⋃

|I|=|J |=r

(Mr ∩HI,J)

So it su�ces to show that dim(Mr ∩HI,J) < dim(Mr) for all |I| = |J | = r. Note thatMr is not

contained inHI,J because there arem× n rank r matrices such that the r × r submatrix with positions

in I × J is nonsingular. For example, the matrix consisting of the r× r identity matrix in position I × J

and all other entries equal to zero. So by Lemma 30,

dim(Mr ∩HI,J) = dim(Mr)− 1 < dim(Mr)

for all |I| = |J | = r becauseMr is irreducible and not contained inHI,J .

We now de�ne the entry by entry matrix completion algorithm, Algorithm 5, which we then use to

prove Theorem 29.

Proof. Given a mask Ω, suppose Ω is completable entry by entry in r. Then given M ∈ Mr, input

MΩ = ΦΩ(M) into Algorithm 5. At each iteration we may always �nd a submatirx with exactly one

unknown entry because Ω is completable entry by entry in r. The only way Algorithm 5 may output a
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Algorithm 5: Complete Entry by Entry
Input: mask Ω0, partially known matrixMΩ0 , rank r
Result: mask Ωk such that |Ωk| ≥ |Ω0|, partially known matrixMΩk with same rank at most r

completions asMΩ0

for k = 0, 1, . . . do
�nd an (r + 1)× (r + 1) submatrix ofMΩk of the formXk =

[
Ak bk
ck xk

]
whereAk is r × r

nonsingular and xk is the only unknown element in some position (ik, jk) inXk;
if no such submatrix exists then

return Ωk andMΩk ;
else

solve det(Xk) = 0 for xk getting xk = ak
det(Ak)

for a constant ak;
MΩk+1

equalsMΩk with the entry in position (ik, jk) equal to ak
det(Ak)

;
Ωk+1 = Ωk ∪ {(ik, jk)};

matrix that is not fully completed is if there is at least one r × r singular submatrix inM . However, by

Lemma 31, the set of matrices with at least one singular r × r submatrix inMr has dimension strictly

smaller than the dimension ofMr, so a matrix with at least one singular r × r submatrix is not generic

inMr. So Algorithm 5 will output a fully completed matrix X for a generic M ∈ Mr. Moreover,

becauseM satis�es the equations used to completeMΩ, each of which had a unique solution, we must

haveX = M .

More generally, given any mask Ω and any M ∈ Mr, let MΩ′ be the output of Algorithm 5 with

inputMΩ = ΦΩ(M). Then all completed entries will be equal to the corresponding entry inM . Again,

this is because each equation used to completeMΩ had a unique solution, andM satis�es those equations.

So the entries completed by Algorithm 5 must be equal to the corresponding entry in every rank at most

r completion X ∈ Φ−1
Ω (MΩ). So the space of rank at most r completions of MΩ must be equal to the

space of rank at most r completions ofMΩ′ . That is, we have Φ−1
Ω′ (MΩ′) = Φ−1

Ω (MΩ).

Example 32. A special class of partially known matrices which is are completable entry by entry, and thus

have a unique rank r completion, are matrices of the formMΩ = [ A B
C � ].HereA is r× r and nonsingular,

B is r×(n−r),C is (m−r)×r, andA,B, andC consist of the known entries ofMΩ. In fact,MΩ may be

completed all at once to the unique rank r completionM =
[
A B
C CA−1B

]
. Note thatMΩ has (m+n)r− r2
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known entries, which is the minimum number of known entries such thatMΩ may have a unique completion

by Theorem 21.

1.9 Reduction of Generating Set

Recall thatMr is the algebraic variety generated by all (r + 1)× (r + 1) minors. In other words,

Mr = {X ∈Mm×n | det(XI,J) = 0, |I| = |J | = r + 1}

where I ⊂ [m] and J ⊂ [n]. Given a partially known matrixMΩ with known entries {Mij}(i,j)∈Ω,AΩ

is generated by the polynomialsXij −Mij for all (i, j) ∈ Ω. In other words,

AΩ = {X ∈Mm×n | Xij −Mij = 0, (i, j) ∈ Ω}

Therefore, AΩ ∩Mr is generated by the union of these polynomials. However, this set of generators

may be redundant in the sense thatAΩ ∩Mr may be generated by a proper subset of these polynomials.

In Example 32, becauseA is a full rank r×r known submatrix ofMΩ andB andC are fully known, we

may completeMΩ exclusively with equations of the form | A b
c x | = 0. Here x is an unknown element, b is

a column ofB, and c is a row ofC , gettingx = cA−1b. In other words, we don’t need all (r+1)×(r+1)

minors to �nd the rank r completion of MΩ, we only need the (r + 1) × (r + 1) minors that contain

A. What ifB andC aren’t fully known? What ifA is smaller than r × r? Can we still recover the rank r

completions ofMΩ using only the minors that containA under the assumption thatA is full rank? We

show that the answer is yes.

When MΩ contains some known full rank submatrix A, we show that there are many redundant

polynomial generators forAΩ ∩Mr in the union of the generators forAΩ andMr. Moreover, MΩ

always contains such a submatrix, as one may always at least takeA as a 1× 1 known nonzero entry. If
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every known entry of MΩ is equal to zero, then MΩ has the unique rank zero completion equal to the

zero matrix.

We start with the following lemma.

Lemma 33. Let Vq,n ⊂ M(r+1)×n be the algebraic variety generated by all (r + 1) × (r + 1) minors

containing the first q columns where q ≤ r + 1 ≤ n. In other words,

Vq,n = {X ∈M(r+1)×n | det(X[r+1],J) = 0, [q] ⊂ J}

where |J | = r + 1. Let Wq,n ⊂ M(r+1)×n be the algebraic variety consisting of matrices where the first q

columns are linearly dependant. That is,

Wq,n = {X ∈M(r+1)×n | the first q columns ofX are linearly dependant}.

Then

Vq,n =Mr ∪Wq,n.

Note that when q = 1, the only way a single column can be linearly dependant is if that column is

the zero vector. Also note that the �rst q columns of a matrixX ∈ Wq,n is a submatrix which has rank at

most q − 1. Moreover,X has (r + 1)(n− q) free parameters. Therefore,

Wq,n
∼=Mq−1 ×M(r+1)×(n−q)

whereMq−1 ⊂ M(r+1)×q. Moreover, Wq,n is irreducible because bothMq−1 and M(r+1)×(n−q) are

irreducible and the product of irreducible algebraic varieties is irreducible. Therefore, Vq,n =Mr∪Wq,n

is the decomposition of Vq,n into irreducible components.

We prove Lemma 33 by inducting on n and backwards inducting on q.
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Proof. Note thatMr ⊂ Vq,n because the set of polynomials which generateMr contain the set of

polynomials which generate Vq,n. Also, Wq,n ⊂ Vq,n because if X ∈ Wq,n, then the �rst q columns of

X are linearly dependent, so every (r + 1)× (r + 1) minor containing the �rst q columns vanishes, so

X ∈ Vq,n. Therefore,Mr ∪Wq,n ⊂ Vq,n.

For the reverse inclusion, �rst consider the casen = r+1, and q ≤ n is arbitrary. There is exactly one

(r+ 1)× (r+ 1) minor which generates both Vq,r+1 andMr, so Vq,r+1 =Mr. Also, anyX ∈ Wq,r+1

will be be singular for all q ≤ r + 1, soWq,r+1 ⊂Mr, and so Vq,r+1 =Mr =Mr ∪Wq,r+1.

Now consider the case q = r+ 1 and n ≥ q is arbitrary. Then both Vr+1,n andWr+1,n are generated

by the �rst (r + 1) × (r + 1) minor. That is, the polynomial det(XI,J) where I = J = [r + 1], so

Vr+1,n = Wr+1,n. Moreover,Mr ⊂ Wr+1,n because the polynomial that generatesWr+1,n is an element

of the set of polynomials which generateMr, so Vr+1,n = Wr+1,n =Mr ∪Wr+1,n.

Now we assume that Vq,n−1 =Mr ∪Wq,n−1, and Vq+1,n =Mr ∪Wq+1,n for some n and q, and

we seek to show Vq,n =Mr ∪Wq,n.

Consider someX ∈ Vq,n. If rank(X) ≤ r, thenX ∈Mr, so suppose rank(X) = r+ 1. Let Y be

the (r+1)×(n−1) submatrix obtained by deleting the (q+1)st column ofX . Then becauseX ∈ Vq,n,

we have Y ∈ Vq,n−1 because every minor containing the �rst q columns of Y vanishes. Moreover because

Vq,n−1 = Mr ∪Wq,n−1, then Y ∈ Mr or Y ∈ Wq,n−1. In other words, rank(Y ) ≤ r or the �rst q

columns of Y are linearly dependent.

If Y ∈ Wq,n−1 then X ∈ Wq,n because the �rst q columns of Y and X are identical. So suppose

Y ∈ Mr, then rank(Y ) ≤ r. Because rank(X) = r + 1, we must have that rank(Y ) = r, and

the (q + 1)st column of X is linearly independent from the other columns. In particular, it is linearly

independent from the �rst q columns.

Now note that X ∈ Vq+1,n because Vq,n ⊂ Vq+1,n. By assumption, Vq+1,n = Mr ∪Wq+1,n, so

X ∈Mr orX ∈ Wq+1,n. We have already assumed thatX is not inMr, so we must haveX ∈ Wq+1,n,

which means the �rst q+ 1 columns ofX must be linearly dependent. However, the (q+ 1)st column is

linearly independent from the �rst q columns, which means that the �rst q columns are linearly dependent,
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soX ∈ Wq,n. Therefore,X ∈Mr ∪Wq,n, which implies Vq,n ⊂Mr ∪Wq,n. So Vq,n =Mr ∪Wq,n.

So by induction, Vq,n =Mr ∪Wq,n for all n ≥ r + 1 and all q ≤ r + 1

More generally, given positions of any q columns, if V is the algebraic variety generated by the minors

containing those q columns andW is the set of matrices such that columns in those positions are linearly

dependant, then V =Mr ∪W . This follows simply by permuting the columns to the �rst q positions.

We use the Lemma 33 to prove the following generalization.

Theorem 34. Let Vp,q,m,n ⊂ Mm×n be the algebraic variety generated by all (r + 1) × (r + 1) minors

containing all entries in positions [p]× [q]. That is, the top-left p×q submatrix, with max(p, q) ≤ r+1 ≤

min(m,n). In other words,

Vp,q,m,n = {X ∈Mm×n | det(XI,J) = 0, [p] ⊂ I, [q] ⊂ J}

where |I| = |J | = r+ 1. LetWp,q,m,n ⊂Mm×n be the algebraic variety consisting ofm×nmatrices such

that the top-left p× q submatrix is not full rank. That is,

Wp,q,m,n = {X ∈Mm×n | the submatrixX[p],[q] is not full rank}.

Then

Mr ⊂ Vp,q,m,n ⊂Mr ∪Wp,q,m,n.

Proof. Mr ⊂ Vp,q,m,n because the set of polynomials that generate Vp,q,m,n are a subset of the set of

polynomials that generateMr.

To showVp,q,m,n ⊂Mr∪Wp,q,m,n we induct onm. By transposing, suppose q ≤ p. Letm = r+1.

Consider someX ∈ Vp,q,r+1,n, and letA = X[p],[q] be the top-left p×q submatrix ofX . If rank(A) < q,

thenA is not full rank, soX ∈ Wp,q,r+1,n.

Suppose rank(A) = q. Note that Vp,q,r+1,n = Vq,n as de�ned in Lemma 33, so X ∈ Mr or the

�rst q columns ofX are linearly dependant. However, the �rst q columns ofX are linearly independent

because rank(A) = q, soX ∈Mr. So Vp,q,r+1,n ⊂Mr ∪Wp,q,r+1,n
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Now suppose Vp,q,m,n ⊂Mr ∪Wp,q,m,n for somem ≥ r + 1. Consider someX ∈ Vp,q,m+1,n. Let

A = X[p],[q] be the top-left p× q submatrix ofX . If rank(A) < q, thenX ∈ Wp,q,m+1,n.

Suppose rank(A) = q. Consider the m × n submatrix Y of X which consists of X without the

(p + 1)st row, and exists because m + 1 ≥ p + 1. Then Y ∈ Vp,q,m,n because all (r + 1) × (r + 1)

minors containingA vanish. By assumption, Vp,q,m,n ⊂Mr ∪Wp,q,m,n, so Y ∈Mr or Y ∈ Wp,q,m,n.

However, Y is not inWp,q,m,n becauseA is full rank, so Y ∈Mr which means rank(Y ) ≤ r.

If rank(Y ) < r, then by returning the (p + 1)st row of X back into Y , we have rank(X) ≤ r,

which meansX ∈Mr. Now suppose rank(Y ) = r. LetQ be a submatrix ofA consisting of q linearly

independent rows ofA, which exists because rank(A) = q. Then the q corresponding rows in Y which

contain Q are also linearly independent. Let R be an r × n submatrix of Y consisting of r linearly

independent rows of Y which include the q linearly independent rows containingQ. Then the rows of

R form a basis for the row space of Y .

Now consider them× n submatrixZ ofX obtained by removing one row which is not contained

inR and is not the (p+ 1)st row ofX . Such a row exists becausem+ 1 ≥ r + 2.

LetB be the top-left p× q submatrix of Z . Then Z containsQ, so rank(B) = q, which meansB

is full rank. Then like before, Z ∈ Vp,q,m,n, which means Z ∈ Mr or Z ∈ Wp,q,m,n. Because B is full

rank, we must have Z ∈ Mr, so rank(Z) ≤ r. Because Z contains R, we also have rank(Z) ≥ r. So

rank(Z) = r, and the rows ofR form a basis for the row space ofZ .

Therefore, the (p + 1)st row of X which is contained in Z but not contained in R is contained in

the row space ofR, so the rows ofR form a basis for the row space ofX , which means rank(X) = r, so

X ∈Mr.

We have shown that X ∈ Vp,q,m+1,n implies X ∈ Mr ∪ Wp,q,m+1,n, so Vp,q,m+1,n ⊂ Mr ∪

Wp,p,m+1,n. So by induction, Vp,q,m,n ⊂Mr ∪Wp,q,m,n for anym ≥ r + 1.

Like Lemma 33, Theorem 34 generalizes straightforwardly.

Theorem 35. Given index sets I ⊂ [m] and J ⊂ [n], and let p = |I| and q = |J |. Let V ⊂ Mm×n be

the algebraic variety generated by all (r+ 1)× (r+ 1) minors which contain all entries in positions I × J ,
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where max(p, q) ≤ r + 1 ≤ min(m,n). Let W ⊂ Mm×n be the algebraic variety consisting of m × n

matrices such that the p× q submatrix with entries in positions I × J is not full rank. Then

Mr ⊂ V ⊂Mr ∪W.

Proof. This follows from Theorem 34 by permuting the rows in positions I to positions [p], and the

columns in positions J to positions [q].

Theorem 35 is important because if we are given a partially known matrixMΩ, thenMΩ will contain

some full rank known submatrix, which we may use to reduce the number of equations which generate

AΩ ∩Mr. More speci�cally, we have the following theorem.

Theorem 36. GivenMΩ, find a full rank submatrixA consisting of known entries in some positions I×J .

Let |I| = p and |J | = q. Let V be the zero set of all (r + 1) × (r + 1) minors containing the positions

I × J for some r ≥ max(p, q). Then

AΩ ∩Mr = AΩ ∩ V.

Proof. By Theorem 34, we haveMr ⊂ V ⊂ Mr ∪W where W is the set of matrices such that for all

X ∈ W , the submatrixXI,J is not full rank. Intersecting withAΩ, we have

AΩ ∩Mr ⊂ AΩ ∩ V ⊂ AΩ ∩ (Mr ∪W ) = (AΩ ∩Mr) ∪ (AΩ ∩W )

BecauseXI,J is full rank for allX ∈ AΩ andXI,J is not full rank for allX ∈ W ,AΩ ∩W is empty.

So

AΩ ∩Mr ⊂ AΩ ∩ V ⊂ AΩ ∩Mr

which meansAΩ ∩Mr = AΩ ∩ V .
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Theorem 36 means, given a partially known matrixMΩ, if we �nd some full rank known submatrixA

ofMΩ consisting of known entries, thenAΩ∩Mr is generated by all (r+1)×(r+1) minors containing

A, along with the polynomialsXij −Mij for all (i, j) ∈ Ω.

There are
(
m
r+1

)(
n
r+1

)
submatrices of size (r+1)× (r+1) in anm×nmatrix up to permutations of

rows and columns, which means there are
(
m
r+1

)(
n
r+1

)
equations which generateMr. GivenMΩ, there

are |Ω| equations which generate AΩ which is equal to the number of known entries in MΩ. In total,

there are
(
m
r+1

)(
n
r+1

)
+ |Ω| equations which generateAΩ ∩Mr as the union of the generators ofMr

andAΩ.

There are
(
m−p
r+1−q

)(
n−q
r+1−q

)
submatrices of size (r+1)×(r+1) which contain a p×qmatrix, so if one

can �nd a fully known and full rank p× q submatrix ofMΩ, then there are only
(
m−p
r+1−q

)(
n−q
r+1−q

)
+ |Ω|

equations which generateAΩ ∩Mr by Theorem 36. In particular, if one can �nd a fully known and

full rank r × r submatrix ofMΩ, then there are only (m− r)(n− r) + |Ω| equations which generate

AΩ ∩Mr. This can signi�cantly reduce the processing time needed to �nd the rank r completions of a

partially known matrixMΩ using algebraic methods.

Example 37. Consider the partially known matrix given in Example 3,

M(x, y, z, w) =



4 2 1 x

5 3 y 1

6 z 3 1

w 5 4 1


,

where x, y, z, andw are unknown. Note that the top-left submatrix [ 4 2
5 3 ] is nonsingular. So by Theorem 36,

AΩ ∩M2 is equal to the zero set of all 3× 3 minors containing the submatrix [ 4 2
5 3 ]. That is,AΩ ∩Mr is
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equal to the set ofM(x, y, z, w) such that

∣∣∣∣∣∣∣∣∣∣
4 2 1

5 3 y

6 z 3

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
4 2 x

5 3 1

6 z 1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
4 2 1

5 3 y

w 5 4

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
4 2 x

5 3 1

w 5 1

∣∣∣∣∣∣∣∣∣∣
= 0.

These equations simplify to

−4yz + 12y + 5z − 12 = 0

5xz − 18x− 4z + 14 = 0

2yw − 20y − 3w + 33 = 0

−3xw + 25x+ 2w − 18 = 0.

Solving this system of equations, we recover the two solutions from Example 3. There are sixteen 3 × 3 sub-

matrices of a 4×4 matrix up to permutation of rows and columns, which means there are sixteen equations

which generateM2. However, we were able to generateM2 ∩AΩ using only four equations which generate

M2.

1.10 Algebraic Combinatorics

Given a mask Ω ⊂ [m] × [n], de�ne the bipartite graph G(Ω) = (V,W,Ω) as the graph with vertices

V = [m] andW = [n], and edges Ω. Then them× n adjacency matrix ofG(Ω) is equal toB(Ω).

Example 38. The mask

B(Ω1) =


1 1 1

1 0 0

1 0 0

 ,
Corresponds to the bipartite graph Figure 1.9.

39



3

2

1

3

2

1

[m] [n]

Figure 1.9: Bipartite graphG(Ω1) from Example 38

Example 39. The mask

B(Ω2) =


1 0 0

1 1 1

0 1 0

 ,
Corresponds to the bipartite graph Figure 1.10.
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Figure 1.10: Bipartite graphG(Ω2) from Example 39

Although a partially known matrix MΩ may not be �nitely completable in rank r, there may be

individual positions have �nitely many completions in a rank r completion ofMΩ. Let P(i,j)(X) = Xij

be the map which outputs the entry ofX in position (i, j). Then in other words, the setP(i,j)(Φ
−1
Ω (MΩ))

may be �nite even if the set Φ−1
Ω (MΩ) is not �nite.
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De�nition 40. Given a partially known matrix MΩ, a position (i, j) ∈ [m] × [n] is called �nitely

completable in rank r or uniquely completable in rank r if the set of values in position (i, j) is finite or

unique respectively over allX ∈ Φ−1
Ω (MΩ).

In other words, givenMΩ, the position (i, j) is �nitely completable in rank r if

0 <
∣∣P(i,j)(Φ

−1
Ω (MΩ))

∣∣ <∞
and is uniquely completable in r if

∣∣P(i,j)(Φ
−1
Ω (MΩ))

∣∣ = 1.

Example 41. Consider the partially know matrixMΩ = [ 2 4 �
1 � � ].Then a matrix of the formM = [ 2 4 2t

1 2 t ]

will be a rank one completion ofMΩ for any t, soMΩ is not finitely completable in rank one. However, entry

(2, 2) is uniquely completable in rank r. In other words, P(2,2)(X) = 2 for allX ∈ Φ−1
Ω (MΩ).

Given a mask Ω, di�erent partially known matrices with the same mask may have di�erent numbers

of completions. However,

De�nition 42. Given a mask Ω, a position (i, j) ∈ [m]× [n] is called �nitely completable in rank r or

uniquely completable in rank r if, for a generic M ∈ Mr, the set of values in position (i, j) is finite or

unique respectively over allX ∈ Φ−1
Ω (ΦΩ(M)).

In other words, a position (i, j) is �nitely completable in rank r if

0 <
∣∣P(i,j)(Φ

−1
Ω (ΦΩ(M)))

∣∣ <∞
and is uniquely completable in r if

∣∣P(i,j)(Φ
−1
Ω (ΦΩ(M)))

∣∣ = 1
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for a genericM ∈Mr.

We address the question of whether or not an unknown entry (i, j) ∈ [m]× [n] is �nitely or uniquely

completable. In other words, given an unknown entry � ofMΩ in position (i, j), are there only �nitely

many ways to complete � such that there exists a rank r completion of the resulting matrix? In general,

for any continuous method of sampling, the question of whether or not the unknown entry� is uniquely

completable depends only on the positions of the known entries inMΩ with probability one (Király et al.,

2015).

We introduce the set of all positions which are �nitely completable, which is called the �nitely com-

pletable closure.

De�nition 43. Given a mask Ω ⊂ [m]× [n], the rank r �nitely completable closure clr(Ω) ⊂ [m]× [n]

is the set of positions which are finitely completable in Ω.

To classify clr(Ω), we introduce the following tools. De�ne the algebraic matrix multiplication map

Υ : Mm×r ×Mn×r → Mm×n by Υ : (U, V ) 7→ UV >. Note that every matrix in the image of this

map has rank at most r. Moreover,Mr is the image of the map Υ. Calculate the Jacobian J of Υ at

point (U, V ), the Jacobian has the following representation as anmn× r(m+ n) matrix in terms of the

Kronecker product, denoted⊗, and identity matrices Im and In.

J(U, V ) =


Im ⊗ v>1

... In ⊗ U

Im ⊗ v>n


where v>j is the jth row vector of V . Note that each row in J(U, V ) corresponds to some matrix entry

(i, j). In particular, for a position (i, j) ∈ [m] × [n], the row J(i,j)(U, V ) is de�ned to be the row of

J(U, V ) corresponding to position (i, j). For a collection of known positions Ω, the matrix JΩ(U, V ) is

de�ned to be the submatrix of J(U, V ) with rows corresponding to the known positions in Ω. We may

use this de�nition to classify clr(Ω).

42



Theorem 44. (Király et al., 2015) Given a mask Ω and a rank r, we have

clr(Ω) = {(i, j) ∈ [m]× [n] | J(i,j)(U, V ) is in the row space of JΩ(U, V )}

for generic UV > = M ∈Mr.

The linear independence of the rows of JΩ is a generic property, and so it does not depend on the

choice of genericM . Using Theorem 44, we may compute clr(Ω) with Algorithm 6.

Algorithm 6: Finitely Completable Closure (Király et al., 2015)
Input: mask Ω, rank r
Result: rank r �nite completable closure clr(Ω)

1 sample U ∈Mm×r and V ∈Mn×r from a continuous density;
2 calculate the Jacobian JΩ(U, V );
3 for (i, j) ∈ [m]× [n] do
4 if J(i,j)(U, V ) is in the row space of JΩ(U, V ) then
5 include (i, j) in clr(Ω);

6 return clr(Ω);

SamplingU and V from a continuous density will ensure thatM = UV > is generic with probability

one. We now explicitly calculate cl1(Ω) in Example 41 with Algorithm 6.

Example 45. Consider the case U = [ 2
1 ] and V > = [ 1 2 3 ]. Then

UV > =

2 4 6

1 2 3

 ,
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and

J(U, V ) =



1 0 2 0 0

0 1 1 0 0

2 0 0 2 0

0 2 0 1 0

3 0 0 0 2

0 3 0 0 1


.

In this case we have,

J(1,1) =

[
1 0 2 0 0

]
J(2,1) =

[
0 1 1 0 0

]
J(1,2) =

[
2 0 0 2 0

]
J(2,2) =

[
0 2 0 1 0

]
J(1,3) =

[
3 0 0 0 2

]
J(2,3) =

[
0 3 0 0 1

]
.

Now let Ω = {(1, 1), (2, 1), (1, 2)}. Then we have

MΩ =

2 4 �

1 � �


and

JΩ =


1 0 2 0 0

0 1 1 0 0

2 0 0 2 0

 .
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Assuming U and V are generic, to check if entries (2, 2), (1, 3), and (2, 3) are finitely completable, we

need to check if J(2,2), J(1,3), and J(2,3) are in the row space of JΩ. J(2,2) is in the row space of JΩ because
1
2
J(1,2) + 2J(2,1) − J(1,1) = J(2,2), so (2, 2) ∈ cl1(Ω). However, J(1,3) and J(2,3) are not in the row space

of JΩ, so cl1(Ω) = {(1, 1), (1, 2), (2, 1), (2, 2)}.

We are interested in the question of when �nite completability implies unique completability. Like

the �nite completable closure, we introduce the set of positions which can be uniquely completed which

is called the uniquely completable closure.

De�nition 46. Given a mask Ω ⊂ [m] × [n], the rank r uniquely completable closure uclr(Ω) ⊂

[m]× [n] is the set of positions which are uniquely completable in Ω.

To characterize the uniquely completable closure uclr(Ω), we introduce the stress of a matrix.

De�nition 47. Given U ∈ Mm×r(C) and V ∈ Mn×r(C), a rank r stress of M = UV > is a matrix

that, as a vector, is in the kernel of the transpose of the Jacobian of U and V . In other words, a matrix

S ∈Mm×n(C) is a rank r stress ofM if

J(U, V )> vec(S) = 0.

Given a mask Ω, the rank r stresses S such that Sij = 0 for all (i, j) ∈ Ωc are called the Ω-stresses of

M in r. The vector space of Ω-stresses ofM = UV > in r will be denoted ΨM(Ω).

Given an Ω-stress S, note that if we vectorize S and remove zeros corresponding to unknown entries,

then S is in the kernel of the submatrix JΩ(U, V )>. The maximum rank of the Ω-stresses is the property

that allows us to test for unique completability.

De�nition 48. The maximal Ω-stress rank ofM in r is defined as

ρM(Ω) = max
S∈ΨM (Ω)

rank(S)
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IfM is generic, the maximal stress rank ρM(Ω) depends only on Ω and r and not onM (Király et al.,

2015). In this case, the generic Ω-stress rank in r is denoted ρ(Ω). We may now formulate the following

theorem which gives conditions for when �nite completability implies unique completability.

Theorem 49. (Király et al., 2015) Given a mask Ω, if the generic Ω-stress rank in r satisfies the inequality

ρ(Ω) ≥ min(m,n)− r,

then clr(Ω) = uclr(Ω).

Determining if �nite completability implies unique completability relies on calculating the generic

Ω-stress ρ(Ω), which can be done by using Algorithm 7.

Algorithm 7: Generic Stress Rank (Király et al., 2015)
Input: mask Ω, rank r
Result: generic stress rank ρ(Ω) of Ω in rank r

1 sample U ∈Mm×r and V ∈Mn×r from a continuous density;
2 calculate Jacobian JΩ(U, V );
3 sample a random vector vec(S) ∈ R|Ω| in the kernel of JΩ(U, V )> from a continuous density;
4 reshape vec(S) into anm× nmatrix S with entries in Ω corresponding to entries in vec(S)

and entries in Ωc as zeros;
5 output ρ(Ω) = rank(S);

Again, sampling vec(S) from a continuous density will ensure vec(S) is generic with probability

one. Once ρ(Ω) is calculated, we simply check if ρ(Ω) ≥ min(m,n)− r to see if clr(Ω) = uclr(Ω) by

Theorem 49.

1.11 Algebraic Topology

In this section we discuss some topology properties of the spacesAΩ andMr. We start with some de�ni-

tions from algebraic topology.

De�nition 50. An n-dimensional simplex is an n-dimensional polytope which is the convex hull of n + 1

points. A simplicial complex is a topological space V which is divided into simplices such that every face of
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a simplex in V is also a simplex in V and the non-empty intersection of any two simplices is a face of each

simplex.

0-simplex 1-simplex 2-simplex 3-simplex

Figure 1.11: Examples of n-simplices for n = 0, 1, 2, 3

Figure 1.12: Example of a simplicial complex

De�nition 51. Given a simplicial complex V , the homology groups Hk(V ), k = 0, 1, . . . are abelian

groups which may be used to count the number of holes in V . The kth Betti number of V is equal to the

number of k-dimensional holes inV , and is denotedhk(V ). More formally, assumingV has finitely many

k-dimensional holes, then Hk(V ) ⊗ R ∼= Rd for some d, in which case hk(V ) = d. Here ⊗ denotes the

tensor product of abelian groups as modules over Z.

Example 52. h0(V ) is equal to the number of connected components of V , so if V is a collection ofN points,

then h0(V ) = N . h1(V ) is equal to the number of one dimensional holes in V . So if V is a collection ofN

loops, then h1(V ) = N .

De�nition 53. A sequence of homomorphisms

· · · Gi Gi+1 Gi+2 · · ·fi−1 fi fi+1 fi+2
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V =

Figure 1.13: A collection of three loops glued at a point has three one-dimensional holes, so h1(V ) = 3.
The �gure is connected, so h0(V ) = 1.

of abelian groupsGi is called exact if the kernel of fi is equal to the image of fi−1 for all i.

We now introduce the Mayer-Vietoris sequence which relates the homology groups of simplicial

complexes.

Theorem 54. (Hatcher, 2002) Let V andW be simplicial complexes such that V ∪W and V ∩W are also

simplicial complexes. There exists an exact sequence of the form

· · · H1(V )⊕H1(W ) H1(V ∪W )

H0(V ∩W ) H0(V )⊕H0(W ) H0(V ∪W ) 0

which is called the Mayer-Vietoris sequence.

Here ⊕ denotes the direct sum of abelian groups. We use the Mayer-Vietoris sequence to obtain

a relationship between the Betti numbers h0(AΩ ∩Mr) and h1(AΩ ∪Mr). First, we introduce the

following theorem.

Theorem 55. ((Hironaka, 1975) p.180) Affine algebraic varieties V andW may be triangulated so that V ,

W , V ∪W and V ∩W are simplicial complexes.

This means that we may apply the Mayer-Vietoris sequence toAΩ andMr.
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Theorem 56. Given a partially known matrixMΩ with at least one rank at most r completion,

h0(AΩ ∩Mr) = h1(AΩ ∪Mr) + 1.

Proof. Because MΩ has at least one rank at most r completion, thenAΩ ∩Mr is nonempty. By Theo-

rem 54 and Theorem 55, we have an exact sequence of the form

· · · H1(AΩ)⊕H1(Mr) H1(AΩ ∪Mr)

H0(AΩ ∩Mr) H0(AΩ)⊕H0(Mr) H0(AΩ ∪Mr) 0

(1.4)

Because scaling does not change the rank of a matrix,Mr deformation retracts to the singleton {0}

via the map

F :Mr × [0, 1]→Mr

F (X,α) = (1− α)X

soMr is homotopy equivalent to a point. Similarly,AΩ is a linear variety so it deformation retracts to

the singleton {MΩ} via the map

G : AΩ × [0, 1]→ AΩ

G(X,α) = (1− α)X + αMΩ.
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Because homology groups are invariant under homotopy equivalence, bothMr andAΩ have the homol-

ogy of a point. This implies that

H1(Mr) ∼= 0 H1(AΩ) ∼= 0

H0(Mr) ∼= Z H0(AΩ) ∼= Z.

BecauseAΩ andMr are both connected and have non-empty intersection, their union is also connected,

so

H0(AΩ ∪Mr) ∼= Z.

Therefore, Sequence (1.4) simpli�es to

0 H1(AΩ ∪Mr) H0(AΩ ∩Mr) Z2 Z 0. (1.5)

Because R is a �at Z module, we may take the tensor product of Sequence (1.5) with R to obtain

0 Rh1(AΩ∪Mr) Rh0(AΩ∩Mr) R2 R 0. (1.6)

By the general rank-nullity theorem, if

0 V1 V2 · · · Vk 0

is an exact sequence of vector spaces Vi, then
∑k

i=1(−1)i dim(Vi) = 0. Applying this theorem to Se-

quence (1.6) we get h0(AΩ ∩Mr) = h1(AΩ ∪Mr) + 1.

h0(AΩ ∩Mr) is equal to the number of connected components ofAΩ ∩Mr, so if MΩ is �nitely

completable in rank r, thenAΩ ∩Mr is a �nite collection of points. So

h0(AΩ ∩Mr) =
∣∣AΩ ∩Mr

∣∣ = N,
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whereN is the number of distinct rank r completions ofMΩ. SoN = h1(AΩ ∪Mr) + 1.

Example 57. Consider Example 3 where there are two intersection pointsM1 andM2 inAΩ∩Mr. Because

there are two connected components,h0(AΩ ∩Mr) = 2, which impliesh1(AΩ ∪Mr) = 1 by Theorem 56.

This means that there is a single one-dimensional hole inAΩ ∪Mr. See Figure 1.14 for visual intuition.

Mr

0

AΩ

MΩ

M2

M1

AΩ ∩Mr

Figure 1.14: A schematic ofAΩ ∪Mr. There are two points inAΩ ∩Mr and one hole inAΩ ∪Mr.

If MΩ is �nitely completable in rank r and it is possible to calculate h1(AΩ ∪Mr), then we may

�nd the number of rank r completions of MΩ with Theorem 56. One strategy may be to calculate the

fundamental group ofAΩ ∩Mr because its abelianization is equal toH1(AΩ ∪Mr).

De�nition 58. The Euler characteristic of a simplicial complex V , is equal to the alternating sum of the

Betti numbers of V , and is denoted χ(V ). That is,

χ(V ) =
∞∑
k=0

(−1)khk(V ).

Because the kth homology group of V is trivial for all k > dim(V ) (Hatcher, 2002), the kth Betti

number is equal to zero for all k > dim(V ), so the in�nite sum in De�nition 58 is actually a �nite

sum. Moreover because Betti numbers are homotopy invariant, the Euler characteristic is also homotopy

invariant.

Example 59. In fig. 1.13, h0(V ) = 1, h1(V ) = 3, and hk(V ) = 0 for all k ≥ 2, so V has Euler

characteristic χ(V ) = −2.
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Like Theorem 54, given simplicial complexes V and W , there is a relationship between the Euler

characteristics of V,W, V ∩W, and V ∪W .

Theorem 60. (Hatcher, 2002) Given simplicial complexes V and W such that V ∪W and V ∩W are

also simplicial complexes, the Euler characteristic satisfies the inclusion-exclusion principle

χ(V ∪W ) = χ(V ) + χ(W )− χ(V ∩W ).

Like Theorem 56, we have the following theorem relating χ(AΩ ∩Mr) and χ(AΩ ∪Mr).

Theorem 61. Given a partially known matrixMΩ with at least one rank at most r completion, we have

χ(AΩ ∩Mr) = 2− χ(AΩ ∪Mr).

Proof. Because AΩ andMr are homotopy equivalent to a point, χ(Mr) = χ(AΩ) = 1. Applying

Theorem 60 toAΩ andMr, we have

χ(AΩ ∩Mr) = χ(AΩ) + χ(Mr)− χ(AΩ ∪Mr)

= 2− χ(AΩ ∪Mr).

Again, if MΩ is �nitely completable in rank r, let N =
∣∣AΩ ∩Mr

∣∣ be the number of rank r com-

pletions of MΩ. Then because AΩ ∩ Mr is a �nite collection of N points, χ(AΩ ∩ Mr) = N , so

N = 2−χ(AΩ∪Mr). IfMΩ is �nitely completable in rank r and it is possible to calculateχ(AΩ∪Mr),

then we may �nd the number of rank r completions ofMΩ with Theorem 61.

Example 62. ConsiderMΩ as given in Example 57. BecauseAΩ∩Mr is a collection of two points, we have

χ(AΩ ∩Mr) = 2, which implies χ(AΩ ∩Mr) = 0 by Theorem 61.
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Chapter 2

Maximum Volume Principle

In several matrix analysis problems, knowledge of a quality submatrixA of a large matrixX is required.

In general,A should not be close to singular, so one way to measure the quality ofA is by modulus of the

determinant, which is called the volume.

De�nition 63. The absolute value of the determinant of a matrixX , is referred to as the volume ofX and

is denoted vol(X) = |det(X)|.

The volume of a linear mapX is the factor by which the measure of a measurable set changes under

X ((Aliprantis & Burkinshaw, 1998) p.389). Moreover, it is equal to the product of the singular values of

X .

2.1 Schur Complement

We introduce the Schur complement as an example of when knowledge of a quality submatrix is desired.

De�nition 64. LetX ∈Mm×n be anm×nmatrix. By permuting rows and columns, supposeX has the

block structureX = [ A B
C D ] whereA is r × r nonsingular,B is r × (n− r),C is (m− r)× r, andD is

(m− r)× (n− r). The Schur complement ofX with respect toA is denoted SA and is defined as

SA = D − CA−1B.
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In general,Amay be any r×r nonsingular submatrix, in which case we permute the rows and columns

ofX so thatA is in the top-left corner. IfX is square, the Schur complement ofX with respect toA has

a useful formula relating det(X) and det(A) called the Schur determinant identity.

Lemma 65. (Zhang, 2006) Given an n× nmatrixX , for any r × r nonsingular submatrixA inX , we

have

det(X) = det(A) det(SA).

Moreover, by taking the absolute value, we also have

vol(X) = vol(A) vol(SA).

Proof. (Zhang, 2006) LetX = [ A B
C D ] be an n×n block matrix whereA is r× r and nonsingular. Then

A B

C D

 =

A 0

C I


I A−1B

0 D − CA−1B


where I are identity matrices of the appropriate size. Taking the determinant we get the desired result.

The rank of the Schur complement has a useful relation the the rank ofX .

Lemma 66. (Zhang, 2006) Given an m × n matrix X , for any nonsingular r × r submatrix A in X ,

SA = 0 if and only if rank(X) = r. More generally,

rank(X) = rank(SA) + r.

2.2 Skeleton Decomposition

LetX = [ A B
C D ] be an m × n block matrix where A is an r × r nonsingular submatrix. By Lemma 66,

if rank(X) = r, then D = CA−1B, and so X =
[
A B
C CA−1B

]
. This is directly related to the matrix

completion Example 32.
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We may use the skeleton decomposition to decomposeX as a product of anm× r matrix, an r × r

matrix, and an r × nmatrix.

De�nition 67. LetX be anm×n rank r matrix with an r× r nonsingular submatrixA. After permu-

tation of rows and columns, suppose X has the block structure X = [ A B
C D ] for corresponding B, C , and D.

Then

X =

A
C

A−1

[
A B

]
=

A B

C CA−1B


is the rank r skeleton decomposition ofX with respect toA.

What ifX is not exactly rank r, but only approximately rank r? Then we may obtain a rank r approx-

imationXr ofX using the skeleton decomposition.

De�nition 68. LetX be anm× nmatrix with an r × r nonsingular submatrixA. After permutation

of rows and columns, supposeX is in the block formX = [ A B
C D ]. Then

Xr =

A
C

A−1

[
A B

]
=

A B

C CA−1B


is the rank r skeleton decomposition of X with respect to A. The skeleton decomposition is also sometimes

called theCUR decomposition.

Note that rank(Xr) = r. Moreover, the row space of Xr is spanned by the �rst r rows, and the

columns space is spanned by the �rst r columns. Also note thatXr may be stored by only storingA,B,

and C , which amounts to (m + n)r − r2 entries. On the other hand, X has mn entries total, so the

compression ratio of the skeleton decomposition is equal to

(m+ n)r − r2

mn
.
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The skeletal decomposition and the Schur complement are directly related. LetXr be a rank r skeleton

decomposition ofX with respect to a submatrixA. Then

‖X −Xr‖max =

∥∥∥∥∥∥∥
A B

C D

−
A B

C CA−1B


∥∥∥∥∥∥∥

max

=

∥∥∥∥∥∥∥
0 0

0 D − CA−1B


∥∥∥∥∥∥∥

max

=
∥∥D − CA−1B

∥∥
max

= ‖SA‖max

where ‖X‖max = maxi,j |Xij| is the max norm. So the error of the skeleton decomposition ofX with

respect toA in the max norm is equal to the max norm of the Schur complement ofX with respect toA.

Note that the error ‖X −Xr‖max = 0 if and only if rank(X) = r by Lemma 66.

The error of the rank r skeleton decomposition to the original matrix is in general larger than the

best rank r decomposition obtained with the singular value decomposition by Theorem 11. However, the

skeleton decomposition has the bene�t being a rational function of the actual entries ofM , making the

skeleton decomposition much faster to compute.

The error of the skeleton decomposition will depend on the choice of the r × r submatrix A. In

particular, the quality of the skeleton decomposition with respect toA depends on the volume ofA. It is

desirable for the volume ofA to be as large as possible.

Theorem 69. (Goreinov et al., 2010) The error of the skeleton decomposition with respect to the max norm is

minimized over all choices of r×r submatricesAwhen vol(A) is maximized. LetXr be the rank r skeleton

decomposition of X with respect to a submatrix A. Then when A is chosen with maximum volume over all

choices of r × r submatrices, we have the inequality

‖X −Xr‖max ≤ (r + 1)σr+1(X)
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where σr+1(X) is the (r + 1)st singular value ofX .

Recall that σr+1(X) is the error ofX to a best rank r approximation ofX in the spectral norm.

We denote an r × r submatrix of maximum volume over all r × r submatrices ofX byXmax. Then

vol(Xmax) = max
|I|=|J |=r

vol(XI,J).

Although it is desirable to �nd an r × r submatrix of maximum volume, it is not always feasible because

�nding Xmax is an NP-hard problem (Civril & Magdon-Ismail, 2009). It is much easier to �nd near

optimal volume submatrices by searching for submatrices which have locally maximum volume as opposed

to globally maximum volume.

To make this concept more precise, we �rst introduce the following lemma.

Lemma 70. LetX be anm× r matrix with r ≤ m. LetA be an r× r nonsingular submatrix ofX , and

let Y = XA−1. LetB equalA with the jth row ofA replaced with the ith row ofX . Then

vol(B) = |Yij| vol(A)

Proof. Note that vol(B)
vol(A)

= vol(BA−1). LetZ = BA−1, we want to show vol(Z) = |Yij|. We have

Zpq =


Yiq if p = j

δpq if p 6= j

whereZpq is the entry ofZ in position (p, q), and δpq is the Kronecker delta which is equal to one if p = q

and equal to zero otherwise. By swapping �rst and jth row, and the �rst and jth columns ofZ , we get an

upper diagonal matrix with entry in position (1, 1) equal to Yij and with the rest of the diagonal entries

equal to 1. Therefore, vol(BA−1) = |Yij|.

Lemma 70 motivates the following de�nition.
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De�nition 71. An r×r nonsingular submatrix X̂ of anm×rmatrixX , is called dominant if all entries

ofXX̂−1 are at most one in modulus.

Alternatively, becauseXX̂−1 contains the identity matrix, a submatrix X̂ is dominant if

∥∥∥XX̂−1
∥∥∥

max
= 1.

It follows from Lemma 70, that we may not increase the volume of a dominant submatrix X̂ by

swapping a row in X̂ with a row in X . It is in this sense that dominant submatrices X̂ have locally

maximal volume. Analogous to the statement that global maximums are also local maximums, we have

the following theorem.

Theorem 72. (Goreinov et al., 2010) Given an m × r matrix X with r ≤ m, an r × r submatrix of

maximum volumeXmax is a dominant submatrix.

Proof. SupposeXmax is not dominant. Then there exists an entryYij ofY = XX−1
max such that |Yij| > 1.

LetB be equal toXmax with the jth row ofXmax replaced with the ith row ofX . Then by Lemma 70,

vol(Xmax) < |Yij| vol(Xmax) = vol(B).

This contradicts the assumption thatXmax is a maximum volume submatrix, soXmax is dominant.

Dominant submatrices are useful because they are easier to search for than maximum volume subma-

trices. Moreover, they and are not too far o� in volume from a maximum volume submatrix. To show

this, �rst recall Hadamard’s inequality.

Lemma 73. (Hadamard, 1893) Given an n × n matrix X = [ x1 x2 ··· xn ] where xi is the ith column of

X , Hadamard’s inequality states that

vol(X) ≤
m∏
i=1

‖xi‖ .
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Moreover, if |Xij| ≤ N for all i ≤ n and j ≤ n, then vol(X) ≤ Nnnn/2.

Now we may state the following theorem relating the volume of dominant submatrices and maximum

volume submatrices.

Theorem 74. (Goreinov et al., 2010) Given anm× r matrixX , letXmax be an r× r maximum volume

submatrix, and let X̂ be an r × r dominant submatrix. Then we have the inequality

vol(Xmax) ≤ rr/2 vol(X̂)

Proof. (Goreinov et al., 2010) LetZ = XmaxX̂
−1. Then because X̂ is dominant, |Zij| ≤ 1 for all i ≤ r

and j ≤ r. So by Lemma 73,
vol(Xmax)

vol(X̂)
= vol(Z) ≤ rr/2.

It is useful to generalize the de�nition of an r × r dominant submatrix of matrices of sizem× r to

matrices of any sizem× n.

De�nition 75. Given an m × n matrix X , an r × r nonsingular submatrix X̂ is called dominant if it

is dominant in its respective rows and columns in the sense of Definition 71.

2.3 Maximum Volume Algorithm

One nice feature of dominant submatrices is that they are easy to �nd. In practice, given anm× r matrix

X , we only need to �nd a close to dominant r × r submatrix X̂ such that

∥∥∥XX̂−1
∥∥∥

max
≤ 1 + ε (2.1)
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for some tolerance ε. This may signi�cantly reduce the number of iterations needed to compute X̂ , while

practically keeping the volume the same because if Equation (2.1) holds, replacing a row of X̂ with a row

ofX will only increase the volume by at most a factor of 1 + ε.

We start by introducing the standard algorithm for �nding an r× r dominant submatrix of anm× r

matrix which is called the maximum volume or maxvol algorithm.

Algorithm 8: Maximum Volume (Goreinov et al., 2010)
Input:m× r matrixX , r × r nonsingular submatrixA0, tolerance ε ≥ 0
Result:Ak a close to dominant submatrix ofX .
for k = 0, 1, . . . do

Yk = XA−1
k ;

�nd a largest in modulus entry of Yk called (Yk)ij with index (i, j);
if |(Yk)ij| ≤ 1 + ε then

returnAk;
else

Ak+1 equalsAk with the jth row replaced with the ith row ofX ;

The the volume of the submatricesAk produced by Algorithm 8 increases until a close to dominant

submatrix is reached. In other words, we have the following theorem.

Theorem 76. (Goreinov et al., 2010) The sequence of matrices {Ak} given by Algorithm 8 has increasing

volume which is bounded from above, so Algorithm 8 converges. That is,

vol(Ak) < vol(Ak+1).

Proof. By Lemma 70, on the kth step,

vol(Ak) < |(Yk)ij| vol(Ak) = vol(Ak+1)

because |(Yk)ij| > 1. Moreover, there are only �nitely many submatrices in X , so the volume of the

submatrices inX are bounded. For a more explicit upper bound, we may use Lemma 73.
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Note thatAk+1 has the largest volume obtainable fromAk by swapping one row inAk with a row in

X . This is because (Yk)ij is chosen so that it is the largest entry in modulus over all indices (i, j).

We can generalize Algorithm 8 to �nd an r× r dominant submatrix of anm× nmatrixX . We may

search for the largest in modulus entry of both Yk = X[m],JA
−1
k , andZk = A−1

k XI,[n] at each iteration,

whereAk is the submatrix with entries in positions I × J inX .

Algorithm 9: Two Directional Maximum Volume
Input:m× nmatrixX , r × r nonsingular submatrixA0, tolerance ε ≥ 0
Result:Ak a close to dominant submatrix inX .
for k = 0, 1, . . . do

let I and J be the row and column indices ofAk = XI,J ;
Yk = X[m],JA

−1
k ;

�nd a largest in modulus entry of Yk called (Yk)ij in position (i, j);
Zk = A−1

k XI,[n];
�nd a largest in modulus entry ofZk called (Zk)pq in position (p, q);
if max(|(Yk)ij| , |(Zk)pq|) ≤ 1 + ε then

returnAk;
else

if |(Yk)ij| ≥ |(Zk)pq| then
Ak+1 equalsAk with the jth row ofAk replaced with the ith row ofX[m],J ;

else
Ak+1 equalsAk with the pth column ofAk replaced with the qth column ofXI,[n];

However, Algorithm 9 calculates both Yk = X[m],JA
−1
k and Zk = A−1

k XI,[n] at each iteration. To

speed up the processing time, we may consider an alternating maximum volume algorithm where we

alternate between optimizing rows and columns to make one such calculation at each iteration.

Because the sequence {vol(Ak)} is again increasing and bounded above, both Algorithm 9 and Algo-

rithm 10 converge to a dominant submatrix.

Note that because the the alternating maximum volume algorithm only searches either rows or columns

at each iteration, it may not always �nd the largest volume submatrix obtainable with one row permuta-

tion or one column permutation. For example, consider the matrixX = [ 2 3
1 4 ]. Let r = 1, and letA0 be

the 1× 1 submatrix ofX consisting of the entry 1 in position (2, 1). Then Algorithm 9 converges to the
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Algorithm 10: Alternating Maximum Volume
Input:m× nmatrixX , r × r nonsingular submatrixA0, tolerance ε ≥ 0
Result: A close to dominant submatrix inX .
initialize (Z−1)pq =∞;
for k=0,1,. . . do

let I and J be the row and column indices ofAk = XI,J ;
Yk = X[m],JA

−1
k ;

�nd a largest in modulus entry of Yk called (Yk)ij in position (i, j);
if |(Yk)ij| > 1 + ε then

Bk equalsAk with the jth row ofAk replaced with the ith row ofX[m],J ;
else

if |(Zk−1)pq| ≤ 1 + ε then
returnAk;

else
Bk = Ak;

Zk = B−1
k XI,[n];

�nd a largest in modulus entry ofZk called (Zk)pq in position (p, q);
if |(Zk)pq| > 1 + ε then

Ak+1 equalsBk with the pth column ofBk replaced with the qth column ofXI,[n];
else

if |(Yk)ij| ≤ 1 + ε then
returnBk;

else
Ak+1 = Bk;
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1 × 1 submatrix consisting of the entry 4 in position (2, 2) in one step, and Algorithm 10 converges in

three iterations with the same initialization. More generally, we have the following example.

Example 77. Let

X =



2 3 0 · · · 0 0 0

0 4 5 · · · 0 0 0

0 0 6 · · · 0 0 0

...
...

... . . . ...
...

...

0 0 0 · · · 2n− 4 2n− 3 0

0 0 0 · · · 0 2n− 2 2n− 1

1 0 0 · · · 0 0 2n


be the n × n matrix such that the kth diagonal entry is equal to 2k, the kth upper diagonal entry is equal

to 2k + 1, and the entry in position (n, 1) is equal to one. Let A0 be the 1 × 1 submatrix consisting of the

entry 1 in position (n, 1). Then Algorithm 9 converges to the 1× 1 submatrix consisting of the entry 2n in

position (n, n) in one step, and Algorithm 10 converges in 2n− 1 iterations with the same initialization.

2.4 Greedy Maximum Volume Algorithm

Note that Algorithm 8, Algorithm 9, and Algorithm 10, only permute one row or column at each iteration.

We may reduce the processing time needed to �nd a dominant submatrix by potentially swapping more

rows at each iteration. We call such an algorithm a greedy maximum volume algorithm. Note that the

maximum volume algorithm, Algorithm 8, is already a type of greedy algorithm in the sense that local

optimizations are made at each iteration.

The greedy maximum volume algorithm for �nding an r×r dominant submatrix of anm×rmatrix

is similar to Algorithm 8. The di�erence is instead of swapping one row each iteration, we may swap two

or more rows. The determinant of a small submatrix is also calculated at each iteration to ensure that the

volume is increasing.
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First, we describe the simpli�ed case where we swap at most two rows per step. We call this algorithm

the simple greedy maximum volume algorithm.

Algorithm 11: Simple Greedy Maximum Volume
Input:m× r matrixX , r × r nonsingular submatrixA0, tolerance ε ≥ 0
Result:Ak a close to dominant submatrix ofX .
for k = 0, 1, . . . do

Yk = XA−1
k ;

�nd a largest in modulus entry of Yk called (Yk)ij in position (i, j);
if |(Yk)ij| ≤ 1 + ε then

returnAk;
else

�nd a largest in modulus entry of Yk not in row i or column j called (Yk)pq in
position (p, q);
Vk =

[
(Yk)ij (Yk)iq
(Yk)pj (Yk)pq

]
;

if vol(Vk) > |(Yk)ij| then
Ak+1 equalsAk with the jth row replaced with the ith row ofX , and the qth row

replaced with the pth row ofX ;
else

Ak+1 equalsAk with the jth row replaced with the ith row ofX ;

Like Algorithm 8, the volume of the submatricesAk produced by Algorithm 11 increases until a close

to dominant submatrix is reached, so it converges. To prove that the sequence of submatrices {Ak} has

increasing volume, we �rst generalize Lemma 70.

Lemma 78. LetX be anm× r matrix with r ≤ m. LetA be an r× r nonsingular submatrix ofX , and

let Y = XA−1. Given a set of s pairs of indices {(i1, j1), . . . , (is, js)} ⊂ [m] × [r] where s ≤ r, let B

equalA with row jα row ofA replaced with row iα ofX for all 1 ≤ α ≤ s. Define the matrix

V =



Yi1j1 Yi1j2 . . . Yi1js

Yi2j1 Yi2j2 . . . Yi2js
...

... . . . ...

Yisj1 Yisj2 . . . Yisjs


.
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Then

vol(B) = vol(V ) vol(A)

Proof. Note that vol(B)
vol(A)

= vol(BA−1). LetZ = BA−1, we want to show vol(Z) = vol(V ). We have

Zpq =


Yiαq if p = jα for some α

δpq otherwise

whereZpq is the entry ofZ in position (p, q), and δpq is the Kronecker delta which is equal to one if p = q

and equal to zero otherwise. Swap rows α and jα, and columns α and jα ofZ for all α. ThenZ is in the

block upper diagonal form

Z =

V W

0 I


for some submatrixW , where I is the (r−s)×(r−s) identity matrix. So we have vol(Z) = vol(V ).

We now show that Algorithm 11 converges.

Theorem 79. The sequence of matrices {Ak} produced by Algorithm 11 has increasing volume which is

bounded above, so Algorithm 11 converges. That is,

vol(Ak) < vol(Ak+1).

Proof. First, suppose only one row inAk is swapped on step k. Then by Lemma 70,

vol(Ak) < |(Yk)ij| vol(Ak) = vol(Ak+1)

because |(Yk)ij| > 1.
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Now suppose two rows inAk are swapped on step k. Then by Lemma 78 when s = 2,

vol(Ak) < vol(Vk) vol(Ak) = vol(Ak+1)

because vol(Vk) > |(Yk)ij| > 1. Moreover, there are only �nitely many submatrices inX , so the volume

of the submatrices inX are bounded.

Note that when two rows are swapped in Algorithm 11,Ak+1 has the largest volume obtainable from

Ak when vol(Vk) is maximized.

vol(Vk) = |(Yk)ij(Yk)pq − (Yk)iq(Yk)pj|

may be small even if (Yk)ij and (Yk)pq are large. In general,

We now de�ne the greedy maximum volume algorithm, Algorithm 12. The greedy maximum volume

algorithm is similar to Algorithm 11, but we may swap at most r rows per step as opposed to at most 2

rows.

Theorem 80. The sequence of matrices{Ak} given by Algorithm 12 has increasing volume which is bounded

above, so Algorithm 12 converges. That is,

vol(Ak) < vol(Ak+1).

Proof. Suppose s rows inAk are swapped on step k. Then by Lemma 78,

vol(Ak) < vol(Vk,s) vol(Ak) = vol(Ak+1)

because

1 < vol(Vk,1) < · · · < vol(Vk,s−1) < vol(Vk,s).
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Algorithm 12: Greedy Maximum Volume Algorithm
Input:m× r matrixX , r × r nonsingular submatrixA0, tolerance ε ≥ 0
Result:Ak a close to dominant submatrix ofX
for k = 0, 1, . . . do

Yk = XA−1
k ;

�nd a largest in modulus entry of Yk called Vk,1 = (Yk)i1j1 in position (i1, j1);
if |(Yk)i1j1| ≤ 1 + ε then

returnAk;
else

for s = 2, . . . , r do
�nd a largest in modulus entry of Yk not in rows i1, . . . , is−1 or columns
j1, . . . , js−1 called (Yk)isjs in position (is, js);

Vk,s =


(Yk)i1j1 (Yk)i1j2 · · · (Yk)i1js
(Yk)i2j1 (Yk)i2j2 · · · (Yk)i2js

...
... . . . ...

(Yk)isj1 (Yk)isj2 · · · (Yk)isjs

;

if vol(Vk,s) ≤ vol(Vk,s−1) then
Ak+1 equalsAk with row jα replaced with row iα inX for all 1 ≤ α ≤ s− 1;
exit loop;

else if s = r then
Ak+1 equalsAk with row jα replaced with row iα inX for all 1 ≤ α ≤ r;
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Moreover, there are only �nitely many submatrices in X , so the volume of the submatrices in X are

bounded.

Recall that we de�ne

Vk,s =



(Yk)i1j1 (Yk)i1j2 · · · (Yk)i1js

(Yk)i2j1 (Yk)i2j2 · · · (Yk)i2js
...

... . . . ...

(Yk)isj1 (Yk)isj2 · · · (Yk)isjs


in Algorithm 12. There is a relationship between vol(Vk,s) and vol(Vk,s−1). Let

Bk,s =

[
(Yk)i1js (Yk)i2js · · · (Yk)is−1js

]>
Ck,s =

[
(Yk)isj1 (Yk)isj2 · · · (Yk)isjs−1

]

Then

Vk,s =

Vk,s−1 Bk,s

Ck,s (Yk)isjs

 .
So by Lemma 65,

vol(Vk,s) = vol(Vk,s−1)
∣∣(Yk)isjs − Ck,sV −1

k,s−1Bk,s

∣∣ . (2.2)

By Equation (2.2) the condition that vol(Vk,s) > vol(Vk,s−1) is equivalent to the condition that

∣∣(Yk)isjs − Ck,sV −1
k,s−1Bk,s

∣∣ > 1, (2.3)

in which case row js inAk will be replaced with row is inX .

Note that Inequality 2.3 will hold if the sign of (Yk)isjs is di�erent from the sign ofCk,sV −1
k,s−1Bk,s

and |(Yk)isjs| > 1. If we assume that the signs are chosen uniformly at random, then the probability that

row js inAk will be replaced with row is inX will be at least 1
2

if |(Yk)isjs| > 1.
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Like the alternating maximum volume algorithm, Algorithm 10, we may generalize the greedy max-

imum volume algorithm to an alternating greedy maximum volume algorithm to �nd r × r dominant

submatrices ofm× nmatrices.

We will not express the alternating greedy maximum volume algorithm in pseudocode due to nota-

tional complexity, but it is de�ned analogously to Algorithm 10 by alternating applying the iterations of

Algorithm 12 between rows and columns.

We compare the average number of iterations taken to converge and the average processing time of

Algorithm 8, Algorithm 11, and Algorithm 12. We �x r, then generate 50 random 2000× r matrices and

initializations. We calculate the average number of iterations and average processing time needed to �nd

dominant submatrices until the ratio of the volumes of successive submatrices is at most 1 + ε where

ε = 10−8 for various ranks. In Table 2.1, we give the average number of iterations taken to converge, and

in Table 2.2, we give the average processing time taken to converge.

Table 2.1: Iterations to �nd a dominant submatrix of 50 random 2000× r matrices, ε = 10−8

average # of iterations

Rank Maximum Simple Greedy Greedy
r Volume Maximum Volume Maximum Volume

(Algorithm 8) (Algorithm 11) (Algorithm 12)

100 61.84 39.76 30.74
200 80.70 53.18 40.44
300 95.62 63.36 44.70
400 100.14 69.16 49.60
500 109.30 73.28 53.40

Next, we compare the average number of iterations taken to converge and the average processing time

for Algorithm 9, Algorithm 10, and an alternating version of Algorithm 12. By number of iterations, we

mean the number of times a product of the formA−1X orXA−1 is calculated. We �x r, then generate

50 random 2000× 2000 matrices and random initializations. We run the maximum volume algorithms

until the ratio of the volumes of successive submatrices is at most 1 + εwhere ε = 10−8. In Table 2.3, we
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Table 2.2: Time to �nd a dominant submatrix of 50 random 2000× r matrices, ε = 10−8

average processing time (s)

Rank Maximum Simple Greedy Greedy
r Volume Maximum Volume Maximum Volume

(Algorithm 8) (Algorithm 11) (Algorithm 12)

100 0.2342 0.1573 0.1254
200 0.7382 0.4965 0.3898
300 1.5782 1.0664 0.7606
400 2.5692 1.7747 1.3187
500 3.8953 2.6378 1.9743

give the average number of iterations taken to converge, and in Table 2.4, we give the average processing

time taken to converge.

Table 2.3: Iterations to �nd a dominant submatrix of 50 random 2000× 2000 matrices, ε = 10−8

average # of iterations

Rank 2D Maximum Alternating Alternating Greedy
r Volume Maximum Volume Maximum Volume

(Algorithm 9) (Algorithm 10) (Alternating Algorithm 12)

100 132.56 76.82 41.30
200 187.72 102.60 50.96
300 215.20 122.14 64.60
400 233.48 132.56 65.20
500 240.28 142.88 70.22

Table 2.4: Time to �nd a dominant submatrix of 50 random 2000× 2000 matrices, ε = 10−8

average processing time (s)

Rank 2D Maximum Alternating Alternating Greedy
r Volume Maximum Volume Maximum Volume

(Algorithm 9) (Algorithm 10) (Alternating Algorithm 12)

100 0.6476 0.3513 0.2055
200 2.0462 1.0892 0.5621
300 3.8986 2.1676 1.2013
400 6.7108 3.7724 1.9356
500 9.6167 5.6313 2.8996
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As we can see from Table 2.3 and Table 2.4, the alternating greedy maximum volume algorithm per-

forms better than the 2D maximum volume algorithm and the alternating maximum volume algorithm.

2.5 Maximum Volume Skeleton Decomposition

For our purposes, the primary application of maximum volume algorithms such as Algorithm 10 is to

�nd an r × r dominant submatrix of an m × n matrix to use in the skeleton decomposition. We call

such an application a maximum volume skeleton decomposition. Recall that the skeleton decomposition

has least error when taken with respect to a maximum volume submatrix by Theorem 69. Also recall that

dominant submatrices are not too far o� in volume from maximum volume submatrices by Theorem 74.

In this section, we apply the maximum volume skeleton decomposition to compress various images

with integer entries ranging from 0 to 255. We use the peak signal to noise ratio from De�nition 10 to

quantify the quality of the maximum volume skeleton decomposition.

We �rst use the maximum volume skeleton decomposition to compress the 128× 128 picture of a

penny, Figure 1.5. Recall that each pixel corresponds to an integer from 0 to 255.

In Figure 2.1, we �rst choose a random 50× 50 submatrix of Figure 1.5 which we use to initialize the

alternating maximum volume algorithm, algorithm 10. Figure 2.1a shows the rows and columns corre-

sponding to the output of the maximum volume algorithm, and Figure 2.1c shows the rows and columns

corresponding to the original randomly chosen submatrix. Figure 2.1b shows the maximum volume skele-

ton decomposition, and Figure 2.1d shows the skeleton decomposition with respect to the initial randomly

chosen submatrix. As can be seen, the maximum volume skeleton decomposition performs signi�cantly

better.

We apply the maximum volume skeleton decomposition to compress a variety of pictures. The maxi-

mum volume algorithm is initialized with a randomly chosen submatrix. We give the name of the image,

the rank of the skeleton decomposition, peak signal to noise ratios, and the compression ratios in Table 2.5.
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(a) 50 rows and 50 columns chosen by Algorithm 8
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(b) Rank50 skeleton decomposition with respect to
submatrix chosen by maximum volume algorithm.
PSNR = 36.57.
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(c) 50 rows and 50 columns chosen randomly
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(d) Rank50 skeleton decomposition with respect to
a randomly chosen submatrix. PSNR = 10.01.

Figure 2.1: A comparison of skeleton decompositions. The volume of the submatrix chosen by Algo-
rithm 8 is larger than the volume of the randomly chosen submatrix by a factor of 1019. Approximations
have a compression ratio of 0.629.
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Table 2.5: Maximum volume skeleton decomposition applied to various images

Image Resolution Rank PSNR Compression %

bang 512× 512 350 32.23 0.900
Barbara 512× 512 260 32.31 0.758

bike 512× 512 420 32.18 0.968
boat 256× 256 130 32.28 0.758
brain 512× 512 115 33.53 0.400
clock 512× 512 90 33.20 0.321
F16 512× 512 230 32.22 0.697

�nger 512× 512 180 32.67 0.580
house 256× 256 75 31.35 0.500
knee 512× 512 105 32.21 0.368

monkey 512× 512 440 32.38 0.980
MRI 512× 512 105 32.73 0.368

pepper 512× 512 375 32.61 0.928
Saturn 512× 512 75 33.45 0.272

2.6 Johnson Graphs

In this section, we introduce Johnson graphs, which we relate to dominant submatrices. We use Johnson

graphs to get an upper bound on the number of r × r dominant submatrices in almost all matrices.

Given a graphG, let V (G) denote the set of vertices inG, and letE(G) denote the set of edges inG.

De�nition 81. The Johnson graph Jm,r is the graph whose vertices are the size r subsets of the m element

set [m]. There is an edge connecting two vertices I and I ′ if their intersection contains exactly r− 1 elements.

That is,

V (Jm,r) = {I ⊂ [m] | |I| = r}

E(Jm,r) = {(I, I ′) ∈ V × V | |I ∩ I ′| = r − 1}.

The Johnson graph Jm,r is an r(m − r)-regular graph, meaning each vertex has exactly r(m − r)

neighbors. Jm,r has has
(
m
r

)
vertices, (m−r)r

2

(
m
r

)
edges, and has diameter min(r,m − r). Additionally,

Jm,r ∼= Jm,m−r.
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{2, 3}{2, 4}

{3, 4}

{3, 5}

{4, 5}

{1, 4} {1, 5}

{2, 5}

{1, 2}

Figure 2.2: The Johnson graph J5,2. Each vertex is a subset of {1, 2, 3, 4, 5} of size two.

There are various ways to de�ne the product of graphs. We introduce the most useful way for our

purposes.

De�nition 82. Given graphs G and H , define the graph Cartesian product denoted G�H as the graph

with vertices

V (G�H) = V (G)× V (H).

Given vertices (u, v) and (u′, v′) in V (G�H), there is an edge between (u, v) and (u′, v′) in G�H if

either

• u = u′ and v is adjacent to v′ inH , or

• v = v′ and u is adjacent to u′ inG.

Note that ifH is the trivial graph with one vertex and no edges, thenG�H ∼= G.
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Given anm× nmatrixX , de�ne the map

FX : Jm,r�Jn,r → R

(I, J) 7→ vol(XI,J)

AlthoughXI,J is only de�ned as a submatrix ofX up to permutation of rows and columns, vol(XI,J) is

well de�ned because permuting rows or columns may only change the sign of the determinant.

Given a connected graphG, there is a distance metric onGwhere the distance between vertices u and

u′ is equal to the length of the shortest path between u and u′. Note that if a maximum volume submatrix

Xmax has entries in positions I × J , then the vertex (I, J) ∈ Jm,r�Jn,r is a global maximum of FX .

It is in the following precise sense that we consider dominant submatrices to be submatrices with

locally maximum volume.

Theorem 83. Given an m × n matrix X , if an r × r dominant submatrix X̂ has entries in positions

I × J soXI,J = X̂ , then the vertex (I, J) ∈ Jm,r�Jn,r is a maximum of FX in a closed ball of radius of

one.

Proof. Recall that an r × r submatrixXI,J = X̂ ofX is considered dominant if the volume of X̂ may

not increase after swapping a row in X̂ with a row in X in the same columns as X̂ , or by swapping a

column in X̂ with a column inX in the same rows as X̂ .

In other words, ifXI,J = X̂ is dominant inX , then vol(XI,J) ≥ vol(XI′,J ′) for all I ′ and J ′ such

that

• I = I ′ and |J ∩ J ′| = r − 1, or

• J = J ′ and |I ∩ I ′| = r − 1.

Such (I ′, J ′) are exactly the vertices that are adjacent to (I, J) in Jm,r�Jn,r, or in other words, are the

vertices in a closed ball of radius one centered at (I, J).
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The Johnson graph Jr,r is trivial, so in the special case when n = r,

Jm,r�Jr,r ∼= Jm,r.

The maximum volume algorithm on m × r matrices, Algorithm 8, has the following interpretation.

Given an m × r matrix X , on step k if Ak = XI,[r], we calculate which vertex I ′ ∈ Jm,r adjacent to I

will increase FX by the largest amount by �nding the largest in magnitude entry ofXA−1
k . We then let

Ak+1 = XI′,[r], and repeat until a maximum of FX in a closed ball of radius one is found.

More generally, the two directional maximum volume algorithm, Algorithm 9, has the following

interpretation. Given anm× nmatrixX , on step k, ifAk = XI,J , we calculate which vertex (I ′, J ′) ∈

Jm,r�Jn,r adjacent to (I, J) will have the largest increase in FX . We then letAk+1 = XI′,J ′ , and repeat

until a maximum of FX in a closed ball of radius one is found. In this sense, these maximum volume

algorithms are discrete gradient ascent methods with step size equal to one.

There is often a unique maximum of a function because the only way a function can have more

than one maximum is if there are two points of equal maximal value. For example, the only way that

a matrix can have more than one maximum volume submatrix is if there are two submatrices of equal

maximal volume. We use this principle along with Theorem 83 to obtain an upper bound on the number

of dominant submatrices for almost all matrices.

De�nition 84. An independent vertex set in a graph G is a subset of the vertices of G such that no two

vertices are adjacent in G. See Figure 2.3 for example. The independence number of a graph G is denoted

α(G) and is defined as the maximum size of an independent vertex set inG.

The only way that FX can have more than one maximum point in a closed ball of radius one in

Jm×r�Jn×r is if there are two dominant submatrices with positions in sets of indices which are adjacent

in Jm,r�Jn,r. This implies that there are two dominant submatrices of equal volume. In particular we

have the following theorem.
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Figure 2.3: The set of red vertices is an independent vertex set.

Theorem 85. Given anm× nmatrixX , if no two r× r dominant submatrices have equal volume, then

the independence numberα(Jm,r�Jn,r) is an upper bound for the number of r× r dominant submatrices

inX .

Proof. Suppose the number of r × r dominant submatrices in X is larger than α(Jm,r�Jn,r). Then

there are two dominant submatricesXI,J andXI′,J ′ such that (I, J) is adjacent to (I ′, J ′) in Jm,r�Jn,r,

because otherwise the set of (I, J) such thatXI,J is dominant would be an independent set in Jm,r�Jn,r

with larger size than the independence number of Jm,r�Jn,r. Because XI,J is dominant and (I, J) is

adjacent to (I ′, J ′) in Jm,r�Jn,r, then vol(XI,J) ≥ vol(XI′,J ′) by Theorem 83. Similarly, because

XI′,J ′ is dominant and (I ′, J ′) is adjacent to (I, J) in Jm,r�Jn,r, then vol(XI,J) ≤ vol(XI′,J ′). So

vol(XI,J) = vol(XI′,J ′).

In other words, if the independence numberα(Jm,r�Jn,r) is not an upper bound for the number of

r× r dominant submatrices in a matrixX , thenX must necessarily have least two dominant submatrices

with the same volume. We show that the set of matrices that have at least two r × r submatrices with

equal volume has measure zero inMm×n.

Theorem 86. Let V ⊂ Mm×n be the set of matrices where each matrix has at least two distinct r × r

submatrices of equal volume. Then V has measure zero inMm×n.
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Proof. Because

vol(X) = |det(X)| =
√

det(X)det(X),

the condition that vol(XI,J) = vol(XI′,J ′) is equivalent to the condition that

det(XI,J)det(XI,J) = det(XI′,J ′)det(XI′,J ′).

Here z denotes the complex conjugate of the complex number z. De�ne the set

VI,J,I′,J ′ = {X ∈Mm×n | det(XI,J)det(XI,J)− det(XI′,J ′)det(XI′,J ′) = 0}

where I, I ′ ⊂ [m] and J, J ′ ⊂ [n]. Then

V =
⋃

I,J,I′,J ′

VI,J,I′,J ′

s.t. |I| = |J | = |I ′| = |J ′| = r

I 6= I ′ or J 6= J ′.

WhenMm×n = Rm×n is the set ofm× n real matrices,

VI,J,I′,J ′ = {X ∈Mm×n | det(XI,J)2 − det(XI′,J ′)
2 = 0}.

VI,J,I′,J ′ is the zero set of one non-trivial polynomial equation, and so has codimension at least one. Be-

cause V is a �nite union of codimension at least one algebraic varieties, it has codimension at least one.

WhenMm×n = Cm×n is the set ofm× n complex matrices, note that

Mm×n ∼= Cmn ∼= R2mn.
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IfX is in VI,J,I′,J ′ , it must satisfy the non-trivial polynomial equations

Re
(

det(XI,J)det(XI,J)− det(XI′,J ′)det(XI′,J ′)
)

= 0

Im
(

det(XI,J)det(XI,J)− det(XI′,J ′)det(XI′,J ′)
)

= 0

where Re(z) and Im(z) are the real and imaginary parts of the complex numberz respectively. SoVI,J,I′,J ′

has codimension greater than zero in R2mn, which means V has codimension greater than zero.

Because the dimension ofV is strictly smaller than the dimension ofMm×n in each case,V has measure

zero inMm×n.

Theorem 87. The number of r × r dominant submatrices in an m × n matrix X up to permutation of

rows and columns is at most α(Jm,r�Jn,r) for almost allX ∈Mm×n.

Proof. Ifα(Jm,r�Jn,r) is not an upper bound for the number of r×r dominant submatrices inX , then

X must have two submatrices of equal volume by Theorem 85. So X must be in the set V de�ned in

Theorem 86 which has measure zero.

We have established thatα(Jm,r�Jn,r) is an upper bound for number of r×r dominant submatrices

inX for almost everyX ∈Mm×n. Moreover, recall that Jr,r is trivial, so α(Jm,r) is the upper bound for

the number of r × r submatrices of almost everym× r matrix.

There is no general formula for the independence number of the graph Cartesian product of graphs,

but there is the following bound.

Theorem 88. (Vizing, 1963) Given finite graphsG andH , the independence number satisfies

α(G�H) ≤ min (α(G) |V (H)| , α(H) |V (G)|) .

So by Theorem 88, we have

α(Jm,r�Jn,r) ≤ min

(
α(Jm,r)

(
n

r

)
, α(Jn,r)

(
m

r

))
. (2.4)
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The independence number of a Jonson graph α(Jm,r) is not known in general. There is lots of

literature on the independence number of Johnson graphs (Brouwer et al., 2006). It is known for example,

that the independence number of the Johnson graphJm,r is equal to the size of the largest constant weight

code of word lengthm, weight r, and distance at least four (Brouwer & Etzion, 2011). In other words, it

is equal to the maximum number of binary vectors of lengthm having r ones andm− r zeros such that

any two vectors di�er in at least four places.

There is an iterative upper bound on the independence number of Johnson graphs called the Johnson

bound.

Theorem 89. (Johnson, 1962) The Johnson bound states

α(Jm,r) ≤
m

r
α(Jm−1,r−1).

So inductively we have

α(Jm,r) ≤
m!

(m− r + 1)!r!
=

(
m
r

)
1 +m− r

. (2.5)

De�nition 90. The independence ratio of a graph G is the ratio of the independence number of G to the

number of vertices inG. That is, the independence ratio is equal to α(G)
|V (G)| .

Because the number of vertices in Jm,r is equal to
(
m
r

)
, by Inequality (2.5), the independence ratio of

Jm,r satis�es the inequality

α(Jm,r)(
m
r

) ≤ 1

1 +m− r
. (2.6)

We get a similar bound for the independence ratio ofJm,r�Jn,r using Inequality (2.4) and Inequality (2.6).

Assuming n ≤ m, we have the bound

α(Jm,r�Jn,r)(
m
r

)(
n
r

) ≤ 1

1 +m− r
.
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The independence number of Johnson graphs is known in a few cases. For example

α(Jm,1) = 1

α(Jm,m−1) = 1

α(Jm,2) =
⌊m

2

⌋
α(Jm,1�Jn,1) = min(m,n)

α(Jm,m−1�Jn,n−1) = min(m,n).

It is fairly straightforward to �nd examples of matrices that have these numbers of dominant submatrices.

To show the upper bound provided in Theorem 85 is sharp the examples must also have the property that

no two dominant submatrices have entries with positions in indices which are adjacent in Jm,r�Jn,r. We

construct an explicit example in the case when n = r = 2,

Example 91. We show that α(Jm,2) =
⌊
m
2

⌋
is a sharp upper bound for the number of 2 × 2 dominant

submatrices for almost all m × 2 matrices by constructing an m × 2 matrix such that no two dominant

submatrices have entries with positions in sets of indices which are adjacent in Jm,2.

First let us assume thatm is even. Let

Ai =

cos(θi) − sin(θi)

sin(θi) cos(θi)

 ,
where θi = π(i−1)

m
for i = 1, . . . , m

2
. We show that each ofAi are the dominant submatrices of the matrix

X =



A1

A2

...

Am
2


.
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Moreover, the submatrixAi has entries in positions {2i− 1, 2i} × {1, 2}.

Note that

A−1
i =

 cos(θi) sin(θi)

− sin(θi) cos(θi)


AjA

−1
i =

cos(θj − θi) − sin(θj − θi)

sin(θj − θi) cos(θj − θi)


=

cos(π(j−i)
m

) − sin(π(j−i)
m

)

sin(π(j−i)
m

) cos(π(j−i)
m

)

 .
Because 0 ≤ θi <

π
2

we have−π
2
< θj− θi < π

2
, and so |sin(θj − θi)| < 1. Moreover, θj− θi = 0 if

and only if j = i, and so |cos(θj − θi)| = 1 if and only if j = i. SoAi are dominant submatrices for all

i, and because each entry ofAjA−1
i is strictly less than one in modulus when j 6= i, this implies that there is

no index I adjacent to {2i− 1, 2i} in Jm,2 such thatXI,[2] is dominant by Theorem 83.

Whenm is odd them× 2 matrix

X =



A1

A2

...

Abm2 c
0


similarly has

⌊
m
2

⌋
dominant submatrices, no two of which are adjacent.

Theorem 87 says that for almost all X ∈ Mm×n, α(Jm,r�Jn,r) is an upper bound for the number

of r × r dominant submatrices in X . We conjecture that the upper bound is sharp on a set of positive

measure.
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Conjecture 92. There is a subset U ⊂ Mm×n of positive measure such that α(Jm,r�Jn,r) is equal to the

number of r× r dominant submatrices inX for allX ∈ U . In other words, α(Jm,r�Jn,r) is the essential

supremum of the function which counts the number of r × r dominant submatrices.

We give the following theorem to support Conjecture 92.

Theorem 93. Let X be an m × n matrix such that no two dominant r × r submatrices have row and

column index sets which are adjacent in Jm,r�Jn,r. Then there exists ε > 0 such that for all Y in the ball

Bε(X), the dominant r × r submatrices in Y have the same positions as the dominant r × r submatrices

inX , and soX and Y have the same number of dominant submatrices.

Proof. Given given an r × r submatrix A of X , �rst suppose A is dominant. After permuting rows

and columns, supposeX has the block structureX = [ A B
C D ] for corresponding submatricesB,C, and

D. Because no two dominant submatrices have index sets which are adjacent in Jm,r�Jn,r, another

dominant submatrix may not be obtained fromAby swapping one pair of rows or columns by Theorem 83.

Therefore, each entry ofBA−1 andA−1C is strictly smaller than one in modulus by Lemma 70. De�ne

the functions

f(X) =
∥∥BA−1

∥∥
∞

g(X) =
∥∥A−1C

∥∥
∞ .

Then f(X) < 1 and g(X) < 1. Because f and g are continuous, there exists εA > 0 such that for

all Y ∈ BεA(X), f(Y ) < 1 and g(Y ) < 1, so the submatrix of Y in the same position as A in X is

dominant in Y .

Now supposeA is not a dominant submatrix ofX . Then becauseA is not dominant, f(X) > 1 and

g(X) > 1. Similarly, because f and g are continuous, there exists εA > 0 such that for all Y ∈ BεA(X),

f(Y ) > 1 and g(Y ) > 1, so the submatrix of Y in the same position asA inX is not dominant in Y .
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Because there are only �nitely many r × r submatrices, let

ε = min
A
{εA}.

Then for all Y ∈ Bε(X), the dominant submatrices in Y have the same positions as the dominant

submatrices in X . So the number of dominant submatrices in Y is equal to the number of dominant

submatrices inX .

Theorem 93 implies that, if there exists at least onem× nmatrixX with α(Jm,r�Jn,r) dominant

submatrices such that no two dominant r × r submatrices have row and column index sets which are

adjacent in Jm,r�Jn,r, then Conjecture 92 is true. This is because the set Bε(X) would be a positive

measure set of matrices such that each matrix has α(Jm,r�Jn,r) dominant r × r submatrices. If the

volume of each submatrix could be chosen independently, or even if only the ordering of the volumes of

the submatrices could be chosen, then such a matrix would exist. For example, let S ⊂ V (Jm,r�Jn,r) be

an independent vertex set of maximal size. Suppose a matrixX ∈Mm×n has the property that

vol(XI,J) = 1 if (I, J) ∈ S

vol(XI,J) = 0 if (I, J) /∈ S.

Then the number of r × r dominant submatrices inX is equal to α(Jm,r�Jn,r), and no two dominant

r× r submatrices have row and column index sets which are adjacent in Jm,r�Jn,r. The complication is

that for r > 1, the volumes of submatrices are interdependent, and cannot be chosen individually.

In general, there will be fewer than α(Jm,r�Jn,r) dominant submatrices.

Example 94. Consider the 1 × 1 submatrices of a random 2 × 2 matrix X = [ a bc d ] where each entry is

sampled independently from an identical continuous density. Assume that no two entries are equal, which

happens with probability one. By permuting rows and columns, assume a is the largest entry in modulus.
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Then there are 3! = 6 possibilities for the order of the entries

|a| > |b| > |c| > |d|

|a| > |c| > |b| > |d|

|a| > |b| > |d| > |c|

|a| > |c| > |d| > |b|

|a| > |d| > |b| > |c|

|a| > |d| > |c| > |b|

each of which happen with probability 1/6. In the first through fourth cases, a is the only dominant subma-

trix. In cases five and six, both a and d are dominant submatrices. So the probability that X will have one

1× 1 dominant submatrix is 2/3, and the probability thatX will have two 1× 1 dominant submatrices

is 1/3.

2.7 Maximum Volume Gradient Descent for Matrix Completion

Many existing methods for matrix completion such as alternating projection, Algorithm 1, and singular

value thresholding, Algorithm 4, calculate the singular value decomposition of a matrix at each step, which

is computationally expensive.

It is worth noting that orthogonal rank one matrix pursuit, Algorithm 3, only calculates the �rst

singular value and singular vectors at each step, and alternating minimization, Algorithm 2 does not use

the singular value decomposition.

We seek a matrix completion method that is e�cient, accurate, and scalable. In this section we intro-

duce a maximum volume Schur complement based gradient descent method for low-rank matrix com-

pletion. One nice property of this method is that the gradient of the objective function is a rational
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function of the actual entries of the matrix. This means that it is not necessary to compute a singular value

decomposition at each iteration as is needed in

Recall Example 32 where them× n partially known matrixMΩ has the structure

MΩ =

A B

C �


whereA,B, andC are fully known submatrices,A is r×r nonsingular,B is r×(n−r),C is (m−r)×r,

and � is an (m− r)× (n− r) block of unknown entries. MΩ has the unique rank r completion

M =

A B

C CA−1B

 .
An arbitrary partially known matrix MΩ is unlikely to have this structure. However, if M is a rank r

completion ofMΩ, then the rows and columns ofM may be permuted so thatM = [ A B
C D ] whereA is

r × r nonsingular andD − CA−1B = 0.

To recover missing entries from MΩ, we may cast the low-rank matrix completion problem as the

minimization of the norm of a Schur complement

min
1

2

∥∥D − CA−1B
∥∥2 (2.7)

s.t. PΩ([ A B
C D ]) = MΩ.

Note that 1
2
‖D − CA−1B‖2 ≥ 0, and 1

2
‖D − CA−1B‖2

= 0 if and only if rank([ A B
C D ]) = r by

Lemma 66. So if MΩ has a rank r completion M = [ A B
C D ] such that A is nonsingular, then M is a

solution to Minimization (2.7). In general,Amay be any r × r nonsingular submatrix.

We solve Minimization (2.7) using gradient decent. Let 〈X, Y 〉 = tr(X>Y ) denote the dot product

of the matricesX and Y . Then ‖X‖2 = 〈X,X〉. We �rst introduce the following identities from matrix

calculus.
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Proposition 95. (Petersen, Pedersen, et al., 2008) Consider a function f : Rm×n → R. Let ∂f
∂X

denote the

m× nmatrix where ( ∂f
∂X

)ij = ∂f
∂xij

. Then for a function F : Rm×n → Rm×n,

∂f(X) = 〈F (X), ∂X〉

=⇒ ∂f(X)

∂X
= F (X).

We also have the identities

∂(X>) = (∂X)>

∂(tr(X)) = tr(∂X)

∂(XY ) = (∂X)Y +X(∂Y )

∂

(
1

2
‖X‖2

)
= 〈X, ∂X〉

∂(X−1) = −X−1(∂X)X−1.

LetX = [ A B
C D ] be them× nmatrix whereA is r × r,B is r × (n− r),C is (m− r)× r, andD

is (m− r)× (n− r). Let SA = D − CA−1B denote the Schur complement ofX with respect toA.

De�ne the loss function

f(X) =
1

2

∥∥D − CA−1B
∥∥2

=
1

2
‖SA‖2

We use Proposition 95 to calculate the derivatives of f .
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Theorem 96. We have the gradient information

∂f

∂A
= A−>C>SAB

>A−>

∂f

∂B
= −A−>C>SA

∂f

∂C
= −SAB>A−>

∂f

∂D
= SA

Proof. Using identities from Proposition 95, we have

∂f = 〈SA, ∂SA〉

= 〈SA, ∂(D − CA−1B)〉

= 〈SA, ∂D〉 − 〈SA, ∂(CA−1B)〉

= 〈SA, ∂D〉 − 〈SA, (∂C)A−1B〉 − 〈SA, C(∂A−1)B〉 − 〈SA, CA−1(dB)〉

= 〈SA, ∂D〉 − 〈SAB>A−>, ∂C〉+ 〈C>SAB>, A−1(∂A)A−1〉 − 〈A−>C>SA, ∂B〉

= 〈SA, ∂D〉 − 〈SAB>A−>, ∂C〉+ 〈A−>C>SAB>A−>, ∂A〉 − 〈A−>C>SA, ∂B〉.

Every term but the term with ∂Z vanishes when calculating ∂f
∂Z

where Z = A,B,C, or D, so we have

the desired result.

Assembling the derivative information from Theorem 96, we have we have

∂f

∂X
=

 ∂f
∂A

∂f
∂B

∂f
∂C

∂f
∂D


=

A−>C>SAB>A−> −A−>C>SA
−SAB>A−> SA

 .
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Note that entries are rational functions of the elements ofX . We now present a Schur complement based

gradient decent method, Algorithm 13.

Algorithm 13: Schur Complement Gradient Descent
Input: partially known matrixMΩ, initial guessX0 =

[
A0 B0
C0 D0

]
such that PΩ(X0) = MΩ,

sequence of step sizes {hk}, stopping criterion
Result:Xk =

[
Ak Bk
Ck Dk

]
an approximation of a rank r completion ofMΩ

for k = 0, 1, . . . do
SAk = Dk − Ck(A−1

k )Bk;[
Ak+1 Bk+1

Ck+1 Dk+1

]
=
[
Ak Bk
Ck Dk

]
− hkPΩc

([
A−>k C>k SAkB

>
k A
−>
k −A−>k C>k SAk

−SAkB
>
k A
−>
k SAk

])
;

It is undesirable to change the known entries ofXk in Algorithm 13. The operator PΩc is applied to

the gradient which sets all entries with positions in Ω equal to zero, this way PΩ(Xk) = MΩ for all k

under the condition that PΩ(X0) = MΩ. Empirically, σr+1(Xk) is decreasing in k. However, σ1(Xk)

tends to increase and diverge, so improvements must be made.

To improve the stability and convergence of Algorithm 13, We alternate between taking gradient

descent steps and applying a maximum volume algorithm. Recall that ‖D − CA−1B‖max is minimized

whenA is chosen with maximum volume by Theorem 69. Moreover, if SA is (m− r)× (n− r), then

‖SA‖ ≤
√

(m− r)(n− r) ‖SA‖max ,

So minimizing ‖SA‖max assists in solving Minimization (2.7). We introduce the Schur complement based

maximum volume gradient descent, Algorithm 14.

Note that the gradient in Algorithm 14 may be of a di�erent function at each iteration. In particular,

given I ⊂ [m] and J ⊂ [n] such that |I| = |J | = r. In particular, let

fI,J(X) =
∥∥XIc,Jc −XIc,J(X−1

I,J)XI,Jc)
∥∥ .

Then on step k, the gradient is of fIk,Jk . However, note that fI,J(X) = 0 if and only ifXI,J is invertible

and rank(X) = r for all I and J .
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Algorithm 14: Maximum Volume Gradient Descent for Matrix Completion
Input: partially known matrixMΩ, initial guessX0 such that PΩ(X0) = MΩ, r × r

nonsingular submatrixA0 = (X0)I0,J0 ofX0, sequence of step sizes {hk}, tolerance
ε > 0, stopping criterion

Result:Xk =
[
Ak Bk
Ck Dk

]
an approximation of a rank r completion ofMΩ

for k = 1, . . . do
Ak = (Xk−1)Ik,Jk , Ik ⊂ [m], Jk ⊂ [n] is the output of a two directional maximum volume

algorithm, such as Algorithm 10 or an alternating version of Algorithm 12, with
initializationXk−1, initial nonsingular submatrix (Xk−1)Ik−1,Jk−1

, and tolerance ε;
�nd Ick and J ck , the complements of Ik and Jk;
Bk = (Xk)Ik,Jck ;
Ck = (Xk)Ick,Jk ;
Dk = (Xk)Ick,Jck ;
SAk = Dk − Ck(A−1

k )Bk;

Xk =
[
Ak Bk
Ck Dk

]
− hkPΩc

([
A−>k C>k SAkB

>
k A
−>
k −A−>k C>k SAk

−SAkB
>
k A
−>
k SAk

])
;

Example 97. Like Example 12, we delete 25% of the 128×128 picture of the United States penny, Figure 1.5,

which we recover with Algorithm 14. For the initial guess, we first take the known entries of the image with

unknown entries set to zero. We then apply three iterations of the alternating projection algorithm, Algo-

rithm 1 to improve the initial guess. Also like Example 12, we set entries less than 0 or greater than 255 equal

to 0 and 255 respectively at each iteration.

Again, we can see in Figure 2.5 that the singular values of Figure 1.5 taper o� at around r = 18, and the

singular values of the recovered picture closely matches the singular values of the original picture.

In general it is di�cult to prove the convergence of Algorithm 13 and Algorithm 14 because Minimiza-

tion (2.7) is not convex. Starting with any initial matrix may not converge to a minimum, a good initial

guess is important for convergence. One may improve the initial guess by taking a few initial iterations

with methods such as Algorithm 1. Alternatively, one may replace the low-rank approximation step in

Algorithm 1 with a maximum volume skeleton decomposition step.
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(a) 25% of Figure 1.5 deleted uniformly at random (b) Recovered image from Figure 2.4a with Algo-
rithm 14

Figure 2.4: Figure 1.5 recovered with 50,000 iterations of Algorithm 14 assuming the rank of the original
image is 18. Step size h = 10−3, ε = 10−8. Initial 18 × 18 nonsingular submatrix chosen randomly.
Recovery has a peak signal to noise ratio of 31.71.
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Figure 2.5: Singular values of Figure 1.5, Figure 2.4a, Figure 2.4b
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Chapter 3

Maximum Volume Skeletal

Decomposition for Scalable

Plasma Physics Applications

3.1 Introduction

Oak Ridge National Lab (ORNL) is leading several branches of research e�ort to enable the successful

design and operation of fusion reactor scale devices including the international e�ort at the International

Thermonuclear Experimental Reactor (ITER) and the national e�ort towards a fusion pilot plant. To

date, 16 megawatts of energy have successfully been produced in the large magnetic con�nement device

Joint European Torus (JET). ITER has been designed to generate 1500 megawatts of energy, which is

orders of magnitude greater (Federici et al., 2001).

ITER is based on the tokamak, a toroidal device that con�nes extremely hot plasma with an axisym-

metric magnetic �eld and is presently the most promising path to the production of fusion power. The

plasma at the edge of con�nement acts as a bu�er between the high temperatures in the plasma core and

the escaping heat �ux that gets deposited on the plasma facing components of the device.
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Figure 3.1: Schematic of poloidal cross-section of the ITER tokamak device (Federici et al., 2001)

See for example Figure 3.1 and Figure 3.3, which shows an illustration of the tokamak scheme used

to contain a plasma at temperatures hotter than the surface of the sun. At high enough density and

temperature, the plasma in the core of the device will undergo fusion with the proper fuel. The fusion

produces energetic neutrons and energy su�cient to sustain the reaction. Turbulence carries some of the

particles across magnetic �elds from closed �ux surfaces to open �ux surfaces that intersect the device walls.

At the scrape-o� layer, plasma is directed along magnetic �eld lines down to the divertor component which

is designed to handle these excessive heat �ux loads and preserve the �rst wall. The separatrix indicates

the boundary between these two regions of a tokamak plasma. Understanding the dynamics of the edge

plasma is crucial to protect the material of the device and allow for operation at the reactor scale.

The Scrape-O� Layer Plasma Simulation (SOLPS-ITER) code package is the state-of-the-art tool used

to predict the steady-state physics of this tokamak boundary plasma (Bonnin et al., 2016). SOLPS-ITER

solves the multi-�uid plasma equations for continuity, momentum, and energy with a kinetic Monte Carlo

description for the plasma interactions with the neutral gas used to control and dissipate the heat �ux on
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the divertor. For a reactor con�guration, SOLPS-ITER is estimated to take upwards of weeks-months of

compute time in order to converge upon a valid solution (Kaveeva et al., 2018).

3.2 Dynamic Mode Decomposition

Researchers within the Fusion Energy Division at ORNL aim to reduce the computational complexity of

fusion plasma simulation via construction of linear time advance operators for multi-timescale problems.

This work is based on the data-driven dynamic mode decomposition (DMD) method, which has proven

to be a useful tool for the analysis of �uid dynamics (Tu, 2013). The DMD relies on the singular value de-

composition (SVD). However, for high dimensional data the SVD scales poorly, on the order ofO(m2n)

for m × n matrices with m ≤ n. The matrices to be approximated are generated by the �nite volume

SOLPS-ITER code for modeling the �ow of plasma at the edge region of a tokamak fusion device (Bonnin

et al., 2016). A typical m × n SOLPS-ITER run produces a data matrix that can have m on the order

of 1000 for spatial coordinates, and n greater than 10, 000 in the number of time steps over the roughly

ten computed variables. For kinetic plasma simulations and magnetohydrodynamic plasma simulations

of the entire core these sizes may be orders of magnitude greater. Application of the SVD to the high

dimensional data required for fusion simulation is computationally prohibitive and alternative methods

are desirable, as has been investigate in (Hatch et al., 2012) and (del-Castillo-Negrete et al., 2007). We aim

to leverage the skeleton decomposition de�ned in De�nition 68 with respect to a submatrix chosen by

the alternating maximum volume algorithm presented in Algorithm 10 or an alternating version of the

greedy maximum volume algorithm presented in Algorithm 12 to allow for the extension of the DMD to

the scales of simulation data inherent in the physics of fusion plasmas.

We �rst introduce the Moore-Penrose pseudoinverse.

De�nition 98. The pseudoinverse of a matrixX is denotedX† and is defined as follows. Let r be the rank

of X . Compute the SVD X = UΣV ∗, where Σ is the r × r diagonal matrix of non-zero singular values,

U is them× r matrix of r left-singular vectors, and V is the n× r matrix of r right-singular vectors. The
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pseudoinverse ofX is defined asX† = V Σ−1U∗. LetPX denote the orthogonal projection operator onto the

column space ofX . Then

PX = XX†.

We now present the DMD algorithm de�ned in (Tu, 2013). Consider a sequence of real valued data

vectors {z0, . . . , zn}where zk ∈ Rm for all k. Suppose the vectors satisfy the linear relationship zk+1 =

Azk for some m ×m matrix A. De�ne the m × n matrices X = [z0 · · · zn−1] and Y = [z1 · · · zn].

ThenX and Y satisfy the equation

Y = AX.

De�neA = Y X†. If the vectors of xk are linearly independent, then the equationAX = Y has the

exact solutionA = Y X† which minimizes ‖A‖. If there is no exact solution, thenA = Y X† minimizes

the quantity ‖AX − Y ‖ (Tu, 2013).

Compute the SVD ofX obtainingX = UΣV ∗ Find a closest rank r approximationXr ofX using

the �rst r singular values ofX and the �rst r columns of U and V . By Theorem 9,

Xr = UrΣrV
∗
r (3.1)

where Ur is them× r matrix consisting of the �rst r left-singular vectors, Vr is n× r matrix consisting

of the �rst r right-singular vectors, and Σr is the r × r diagonal matrix consisting of the �rst r singular

values ofX .

De�ne the matrices

Ar = Y X†r = Y VrΣ
−1
r U∗r (3.2)

Ãr = U∗rArUr = U∗r Y VrΣ
−1
r . (3.3)

It is assumed thatAr will be a suitable substitute forAwhen used to calculate the dynamics of the system.

We can �nd z̃n+N , an approximation of the unobserved data vector zn+N forN > 0 by calculating
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z̃n+N = (PXrAr)
NPXrzn

= (UrU
∗
rAr)

N(UrU
∗
r )zn

= UrÃ
N
r U

∗
r zn.

We use the fact that

PXr = XrX
†
r

= UrΣrV
∗
r VrΣ

−1
r U∗r

= UrU
∗
r .

Note that V ∗r Vr = Ir, where Ir is the r× r identity matrix, because Vr has non-zero orthogonal columns.

Because of the long processing time required to compute a low-rank approximation of X with the

singular value decomposition, an alternative low-rank approximation technique is desirable. We use the

skeleton decomposition as a faster alternative at the cost of a larger error in the low-rank approximation.

The skeleton decomposition of X is taken with respect to an r × r non-singular submatrix X̂ in

corresponding columns C and rows R. C is m × r and R is r × n. The skeleton decomposition of X

with respect to X̂ is

Xr = CX̂−1R (3.4)

where rank(Xr) = r. Because X̂ is full rank,R andC are also full rank, so

X†r = R†X̂C†

C† = (C∗C)−1C∗

R† = R∗(RR∗)−1.
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We show that several theorems from (Tu, 2013) also hold when the low-rank approximation of X

is taken with respect to the skeleton decomposition. Like Equation (3.2) and Equation (3.3), de�ne the

matrices

Ar = Y X†r = Y R†X̂C† (3.5)

Ãr = C†Y R†X̂ = C†ArC (3.6)

Note thatC†C = Ir because the columns ofC are linearly independent.

We consider the eigenvalues λ and corresponding eigenvectorsw of Ãr, so

Ãrw = λw.

De�nition 99. The projected skeletal DMD mode with respect to the eigenvalue λ is given by

ϕ̂ = Cw. (3.7)

The exact skeletal DMD mode with respect to λ is given by

ϕ =
1

λ
Y R†X̂w. (3.8)

De�ne the matrixB = Y R†X̂ . Then in terms ofB, we have

Ar = BC†

Ãr = C†B

ϕ =
1

λ
Bw.

Theorem 100. ϕ is an eigenvector of Ar with eigenvalue λ. Moreover, every non-zero eigenvalue of Ar is

also an eigenvalue of Ãr.
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Proof. We have

Arϕ = (BC†)(
1

λ
Bw)

= B(
1

λ
Ãrw)

= Bw

= λ(
1

λ
Bw)

= λϕ

Moreover, ϕ 6= 0 because if ϕ = 1
λ
Bw = 0, thenC†Bw = Ãrw = λw = 0, so λ = 0.

To show that every eigenvalue ofAr is an eigenvalue of Ãr, suppose λ is a non-zero eigenvalue ofAr

with eigenvector ϕ. Letw = C†ϕ. Then we have

Ãrw = (C†B)(C†ϕ)

= C†Arϕ

= λC†ϕ

= λw.

Moreover, w 6= 0, because if w = C†ϕ = 0, then BC†ϕ = Arϕ = λϕ = 0. So λ = 0, which is a

contradiction. So λ is an eigenvalue of Ãr with eigenvectorw.

Let PXr be the orthogonal projection operator onto the column space ofXr. Note that the column

space ofXr is equal to the column space ofC because C consists of r linearly independent rows ofXr.

So

PXr = PC = CC†.

Theorem 101. Let ϕ̂ be defined as in Equation (3.7), and let ϕ be defined as in Equation (3.8). Then ϕ̂ is

an eigenvector of PXrAr with eigenvalue λ. Moreover, ϕ̂ = PXr(ϕ).
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Proof. To show ϕ̂ is an eigenvector of PXrAr, we have

PXr(Arϕ̂) = (CC†)(BC†)(Cw)

= C(C†B)Irw

= CÃrw

= λCw

= λϕ̂.

So λ is an eigenvalue of ϕ̂. Moreover, we have

PXr(ϕ) = (CC†)(
1

λ
Bw)

=
1

λ
CÃrw

= Cw

= ϕ̂

Again, we assume Ar will be a suitable substitute for A for calculating the dynamics of the system.

We can �nd z̃n+N , an approximation of the data vector zn+N forN > 0 by calculating

z̃n+N = (PXrAr)
NPXrzn

= (CC†Ar)
N(CC†)zn

= CÃNr C
†zn.
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We use the fact that

PXr = XrX
†
r

= CX̂R†RX̂−1C†

= CC†.

Note that Theorem 100 and Theorem 101 hold for any rank r approximationXr = LS, where L is

full rankm×r andS is full rank r×n. WhenXr is a low-rank approximation obtained by the SVD, then

L = U and S = ΣV ∗. WhenXr is a low-rank approximation obtained by the skeleton decomposition,

then L = C and S = X̂−1R.

No assumptions on the error of the low-rank approximationXr are made. In practice,Xr should be

close to X so Ar closely approximates the dynamics generated by A. When a low-rank approximation

obtained by the skeleton decomposition with respect to the submatrix X̂ , a maximum volume algorithm

such as Algorithm 10 or an alternating version of Algorithm 12 should be used to choose X̂ so the error

of the low-rank approximation is minimized by Theorem 69.

Example 102. We compare dynamic mode decompositions using low-rank approximation obtained by the

SVD and the maximum volume skeleton decomposition (MVSD) by testing on one dimensional low-noise

temperature data in time. The matrix of data Z = [z0 · · · z2000] is 38 × 2001, meaning there are 38

spacial degrees of freedom and 2001 time steps. Let X = [z0 · · · z1999] be the 38 × 2000 submatrix

consisting of all but the last column and let Y = [z1 · · · z2000] be the 38 × 2000 submatrix consisting

of all but the first column. Let X10 be a rank ten approximation of X using the MVSD or SVD. Define

A10 = Y X†10. WhenX10 is obtained by the SVD as in Equation (3.1),

z̃k = U10Ã
k
10U

∗
10z0.

The vectors z̃k are assembled into the 38× 2001 matrix Z̃SVD such that the kth column of Z̃SVD is z̃k.
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WhenX10 is defined with the MVSD as in Equation (3.4),

z̃k = CÃk10C
†z0.

The vectors z̃k are assembled into the 38× 2001 matrix Z̃MVSD such that the kth column of Z̃MVSD is z̃k.
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(a) Z , low-noise data matrix
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(b) Z̃MVSD, relative error 0.0298
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(c) Z̃SVD, relative error 0.0350

Figure 3.2: Data approximated by the DMD with r = 10.

As can be seen in Figure 3.2, the dynamic mode decomposition using either the SVD or MVSD can

accurately predict the dynamics of the data.

3.3 Simulation Data Compression

It is estimated that ITER facility operations will produce upwards of a petabyte continuous stream of

diagnostic information per day resulting in exascale data handling requirements annually (Lister et al.,

2003). Application of mathematical techniques that can facilitate large-scale data compression are required

for e�cient analysis of burning plasma research.

We present numerical results on applying the skeleton decomposition as de�ned in De�nition 68 with

respect to a submatrix chosen by an alternating maximum volume skeleton decomposition presented

in Algorithm 10, and an alternating version of the greedy maximum volume skeleton decomposition

presented in Algorithm 12, to the plasma simulation data produced by SOLPS-ITER for the experimental

DIII-D device (Petty et al., 2019).
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Figure 3.3: A two dimensional plasma simulation of electron density (left) and temperature (right) at a
�xed time. The entries in the matrix are mapped to the corresponding physical location in the device.

102



The simulation data consists of electron density and plasma temperature over two spacial dimensions

and time. See Figure 3.3 for an example spacial slice. There are 98 × 38 spacial degrees of freedom, and

1633 time steps giving a 98× 38× 1633 array of data. Each 98× 38 spacial slice is vectorized resulting

in 3724× 1633 matrices, see Figure 3.4.

Unfolded Electron Density

200 400 600 800 1000 1200 1400 1600

500

1000

1500

2000

2500

3000

3500

(a) Unfolded electron density matrix

Unfolded Temperature

200 400 600 800 1000 1200 1400 1600

500

1000

1500

2000

2500

3000

3500

(b) Unfolded temperature matrix

Figure 3.4: 3724 × 1633 simulation data unfolded into matrices. Each column is a vectorized 98 × 38
spacial slice.

We compare the error and the processing time for �nding a rank r approximation of simulation data

shown in Figure 3.4 for 1 ≤ r ≤ 50 in Figure 3.5. To calculate the rank r approximation, we use the

MVSD, the greedy maximum volume skeleton decomposition (GMVSD), the SVDS which computes

the �rst r singular values and left and right singular vectors, and the SVD. The further left a node is, the

shorter the processing time. The further down a node is, the lower the error. The processing time to

compute the SVD remains constant because every singular vector and singular value is being computed

regardless of the rank. For a �xed rank r, the error of a rank r approximation will be smaller when using

the SVD compared to the MVSD because the SVD calculates a closest rank r approximation.

If there is a large enough acceptable error tolerance, the MVSD and GMVSD are much faster to

compute than the SVD and the SVDS for the same error. For example, if a relative error of 10−4 is

acceptable to compress the temperature data, then the MVSD or GMVSD can compute a low-rank

approximation with a relative error of 10−4 faster than the SVD or SVDS.
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Figure 3.5: Each node corresponds to a rank from 1 to 50 and relative error is used. The data being com-
pressed is two dimensional electron density and temperature in time. If a large enough error is acceptable
for compression, then the MVSD outperforms the SVD and SVDS.
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Chapter 4

Low-Rank Tensor Completion

The data completion methods we have discussed so far have been applicable to incomplete matrices, or

two-dimensional arrays. However, data is often parameterized by more than two dimensions. For example,

in section Section 3.3, simulated data is given in a three dimensional array which consisted of two spacial

dimensions and one time dimension.

De�nition 103. Arrays of arbitrary dimension are referred to as tensors. The dimension of the array is

referred to as the order of the tensor. For example, matrices are order two tensors. Let U be a vector space of

dimensionm with basis u1, . . . , um and let V be a vector space of dimension n with basis v1, . . . , vn. The

tensor product U ⊗ V is the vector space of dimension mn spanned by tensors of the form ui ⊗ vj with the

following relations. For elements u, u′, v, v′, an scalar λ, we have

1. λ(u⊗ v) = (λu)⊗ v = u⊗ (λv)

2. (u+ u′)⊗ v = u⊗ v + u′ ⊗ v

3. u⊗ (v + v′) = u⊗ v + u⊗ v′.

If W is a vector space of dimension p with basis w1, . . . , wp, then U ⊗ V ⊗W is a vector space of

dimension mnp spanned by tensors of the form ui ⊗ vj ⊗ wk. A tensor T ∈ U ⊗ V ⊗ W may be
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expressed as a sum

T =
m∑
i=1

n∑
j=1

p∑
k=1

aijk(ui ⊗ vj ⊗ wk)

with respect to this basis. T may also be expressed as the third order array of coe�cients

T = [aijk]

where 1 ≤ i ≤ m, 1 ≤ j ≤ n, and 1 ≤ k ≤ p. The Euclidean norm of T is de�ned as

‖T‖2 =
m∑
i=1

n∑
j=1

p∑
k=1

a2
ijk.

Given a tensor product of vector spaces V1 ⊗ · · · ⊗ Vd, an element T ∈ V1 ⊗ · · · ⊗ Vd is a tensor of

order d. In this chapter we express de�nitions and theorems in terms of order three tensors for notational

convenience. However, many de�nitions and theorems may be generalized to higher order tensors.

4.1 Mathematical Preliminaries

To generalize methods of low-rank matrix completion to methods for tensor completion, we must �rst

generalizing the notion of the rank of a matrix. There are various ways to de�ne the rank of a tensor. In

this section, we present some de�nitions and known results on the geometry of low-rank tensors.

LetU, V be vector spaces. LetU∗ denote the dual vector space ofU . Let u∗ ∈ U∗, and v ∈ V . Then

u∗ ⊗ v ∈ U∗ ⊗ V , and one can de�ne the rank one linear map

u∗ ⊗ v : U → V

(u∗ ⊗ v)(x) = u∗(x)v.
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In general, for T ∈ U∗ ⊗ V , the rank of the linear map T : U → V is the smallest r such that there

exists u∗1, . . . , u∗r ∈ U∗ and v1, . . . , vr ∈ V such that T =
∑r

s=1 u
∗
s ⊗ vs. De�ning the rank this way

generalizes to higher order tensors.

De�nition 104. An element T ∈ U ⊗ V ⊗W is called rank one if T = u ⊗ v ⊗ w, for some u ∈ U ,

v ∈ V , and w ∈ W . The rank of a tensor T is the smallest r such that T is the sum of r rank one tensors,

and is denoted rank(T ).

While this is a straightforward way to generalize the de�nition of rank, many nice properties do not

generalize. It is useful to introduce alternative generalizations of rank. Because a tensor T ∈ U∗ ⊗ V

represents a linear map T : U → V and the double dual U∗∗ is canonically isomorphic to U , a tensor

T ∈ U ⊗ V represents a linear map T : U∗ → V . For a tensor T =
∑

s us ⊗ vs De�ne T (u∗) =∑
s u
∗(us)vs.

More generally, a tensor T ∈ U ⊗ V ⊗W may be unfolded as linear maps

T (1) :(V ⊗W )∗ → U

T (2) :(U ⊗W )∗ → V

T (3) :(U ⊗ V )∗ → W.

where if T =
∑

s us ⊗ vs ⊗ ws, then

T (1)(f) =
∑
s

f(vs ⊗ ws)us

T (2)(f) =
∑
s

f(us ⊗ ws)vs

T (3)(f) =
∑
s

f(us ⊗ vs)ws

The linear map T (i) is called the mode-i unfolding or flattening of T .
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De�nition 105. The multilinear rank, also known as the Tucker rank, of T ∈ U ⊗ V ⊗W is denoted

µrank(T ), and is defined to be the 3-tuple of natural numbers

µrank(T ) =
(
rank(T (1)), rank(T (2)), rank(T (3))

)
Note that for an order two tensor T ∈ U ⊗ V , rank(T (1)) = rank(T (2)) because the row rank of a

matrix is equal to its column rank.

Proposition 106. If T is anm× n× p tensor such that µrank(T ) = (r1, r2, r3), then

r1 ≤ min(m,np)

r2 ≤ min(n,mp)

r3 ≤ min(p,mn).

This is because T (1) is anm× npmatrix, T (2) is an n×mpmatrix, and T (3) is an p×mnmatrix.

Given basis {ui ⊗ vj ⊗ wk} for U ⊗ V ⊗W , we may express T as a linear combination of basis

elements

T =

p∑
k=1

n∑
j=1

m∑
i=1

aijk(ui ⊗ vj ⊗ wk).

We may represent T as the order three array of coe�cients [aijk]. Then T (i) may be expressed as a matrix

by unfolding the slices of [aijk] along the ith coordinate.

Mode-1 �bers Mode-2 �bers Mode-3 �bers

Figure 4.1: Fibers of an order three tensor
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Mode-3 unfolding T (3)

Figure 4.2: Unfoldings of anm× n× p tensor T

The �rst, second, and third components of the multilinear are equal to the maximum number of

linearly independent mode-1 (column) �bers, mode-2 (row) �bers, and mode-3 (tube) �bers respectively.

The rank and the multilinear rank of tensors are related in the following way.

Lemma 107. (Landsberg, 2011) For any tensor T , max(µrank(T )) ≤ rank(T ).

Proof. Given a tensor T ∈ U ⊗ V ⊗W , suppose rank(T ) = r. Then T may be expressed as the sum

of r rank one tensors T =
∑r

s=1 Zs whereZs is a rank one tensor for all s. BecauseZs is rank one,

Zs = us ⊗ vs ⊗ ws

for some us, vs, andws. So

Z(1)
s (f) = f(vs ⊗ ws)us

where f ∈ (V ⊗W )∗. The image ofZ(1)
s is contained in the span of us ∈ U , so

rank(Z(1)
s ) ≤ 1
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for all s, which implies

rank(T (1)) = rank(
r∑
s=1

Z(1)
s )

≤
r∑
s=1

rank(Z(1)
s )

≤ r,

and similarly for T (2) and T (3). So each component of the multilinear rank is at most r.

One issue with the de�nition for the rank of a tensor is that, unlike the set of matrices with rank at

most r, the set of tensors with rank at most r may not be closed. In other words, it may be possible to

express a high rank tensor as the limit of low-rank tensors. To study the closure of the set of tensors with

rank at most r, we introduce the notion of border rank.

De�nition 108. The border rank of a tensor T , denoted rank(T ), is the smallest r such that there exists a

sequence of rank r tensors {Tλ} such that limλ→∞ Tλ = T . Equivalently, the border rank of a tensor T is

the smallest r such that there exists a tensor of rank r in the ball Bε(T ) = {X | ‖X − T‖ < ε} for all

ε > 0.

Note that the border rank of a tensor is no more than the rank of a tensor. That is,

rank(T ) ≤ rank(T ).

We give an example of a tensor whose rank and border rank di�er.

Theorem 109. (Landsberg, 2011) Let T = u ⊗ u ⊗ v + u ⊗ v ⊗ u + v ⊗ u ⊗ u, where u and v are

linearly independent. Then rank(T ) = 3. However, rank(T ) = 2. To see this, let

Tλ = λ(u+
1

λ
v)⊗ (u+

1

λ
v)⊗ (u+

1

λ
v)− λ(u⊗ u⊗ u).
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Then rank(Tλ) = 2, and limλ→∞ Tλ = T .

We will show rank(T ) = 3 by contradiction in the case where u = [ 1
0 ] and v = [ 0

1 ].

Proof. Let

T =

1

0

⊗
1

0

⊗
0

1

+

1

0

⊗
0

1

⊗
1

0

+

0

1

⊗
1

0

⊗
1

0

 .
Suppose rank(T ) ≤ 2. Then we may express

T =

u11

u12

⊗
v11

v12

⊗
w11

w12

+

u21

u22

⊗
v21

v22

⊗
w21

w22

 .
for some u11, u12, u21, u22, v11, v12, v21, v22, w11, w12, w21, andw22. By expanding each expression into

a 2× 2× 2 array and equating them, we get the system of eight equations

u11v11w11 + u21v21w21 = 0 u12v11w11 + u22v21w21 = 1

u11v11w12 + u21v21w22 = 1 u12v11w12 + u22v21w22 = 0

u11v12w11 + u21v22w21 = 1 u12v12w11 + u22v22w21 = 0

u11v12w12 + u21v22w22 = 0 u12v12w12 + u22v22w22 = 0.

One may use computer algebra software to verify that this system of equations has no solutions.

An open question is, given a tensor T of border rank r, what is the largest rank the tensor can have?

For example, it is known that a border rank four tensor in C4 ⊗ C4 ⊗ C4 can have rank at most seven,

but in general the question is open (Landsberg & Michałek, 2017).

Let σr denote the set of tensors in U ⊗ V ⊗W with rank at most r.
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De�nition 110. Let the Bε(T ) = {X ∈ U ⊗ V ⊗W | ‖X − T‖ < ε} denote the ball centered at

T with radius ε. The generic rank of a tensor T , denoted grank(T ), is the least r such that the intersection

Bε(T ) ∩ σr is of positive measure for all ε > 0.

Note that if r is the generic rank of T , there exists a sequence {Tλ} where rank(Tλ) = r such that

limλ→∞ Tλ = T . Therefore, the border rank of T is no larger than the generic rank of T . That is,

rank(T ) ≤ grank(T ). In general, the rank of a tensor T could be larger or smaller than the generic rank

of T . Over C, each tensor in U ⊗ V ⊗W has the same generic rank r (Landsberg, 2011). Moreover, r

is equal to the maximum border rank over all tensors in U ⊗ V ⊗W (Strassen, 1983). In this case r is

referred to as the generic, or typical, rank of U ⊗ V ⊗W . However, over R the generic rank may not

be unique. A rank r is called a typical rank if the set of tensors of rank r in U ⊗ V ⊗W has non-zero

measure. Equivalently, r is a typical rank if it is the generic rank of some tensor T . Again, over C there is

a unique typical rank, but over R there may be more than one typical rank.

InMm×n, the space ofm× nmatrices, the only typical rank is min(m,n) over R or C, which is also

the maximum rank any m by n matrix can have. In general over C, there could be ranks larger than a

typical rank such that the set of tensors with rank r is non-empty and has measure zero. It is known that

the typical rank in C2 ⊗ C2 ⊗ C2 is two. In R2 ⊗ R2 ⊗ R2, both two and three are typical ranks. More

generally, in Rm ⊗ Rn ⊗ Rp, every rank from the largest border rank to the largest rank is a typical rank

(Friedland, 2012).

Given vector spaces U, V, and W , let m = dim(U), n = dim(V ), and p = dim(W ). Note that

the set of rank one tensors in U ⊗ V ⊗W has dimension m + n + p − 2 because it is parameterized

by elements u ∈ U, v ∈ V,w ∈ W up to scale plus one scalar. Rank r tensors are sums of r rank one

tensors, so as shown in (Strassen, 1983), the space of rank at most r tensors has bounded dimension

dim(σr) ≤ r(m+ n+ p− 2). (4.1)
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To approximate the generic rank over C, note that dim(U ⊗ V ⊗W ) = mnp. By substituting mnp

into the left hand side of Inequality (4.1) we conclude that if r is the typical rank,

⌈
mnp

m+ n+ p− 2

⌉
≤ r.

De�ne the expected rank of a tensor in Cm ⊗ Cn ⊗ Cp to be
⌈

mnp
m+n+p−2

⌉
.

In general, there is no easy way to calculate the generic rank explicitly. However, it is known in some

cases. For example, it is known that for all n 6= 3, the generic rank of Cn ⊗Cn ⊗Cn is the expected rank⌈
n3

3n−2

⌉
. When n = 3, the generic rank is �ve (Lickteig, 1985).

It is useful to know the typical ranks because an incomplete tensor with entries chosen from a contin-

uous density will have a rank r completion with non-zero probability only if r is a typical rank.

Because there are several de�nitions for the rank of a tensor, there are several ways to de�ne spaces of

rank at most r tensors. Recall that σr denotes the space of tensors inU ⊗V ⊗W of rank at most r. That

is,

σr = {X ∈ U ⊗ V ⊗W | rank(X) ≤ r}.

Let σ̂r denote the set of tensors of border rank at most r in U ⊗ V ⊗W . That is,

σ̂r = {X ∈ U ⊗ V ⊗W | rank(X) ≤ r}.

By De�nition 108, σ̂r is the closure of σr. In fact, σ̂r is also the Zariski closure of σr. In other words,

σ̂r is an algebraic variety, meaning it is the zero set of a system of polynomials equations. In general, the

polynomials that generate σ̂r are not completely known. We recall some known results. Other known

results can be found in (Landsberg, 2011).

De�nition 111. The subspace variety Ŝubr ⊂ U ⊗ V ⊗W is the space of tensors such that each entry of

the multilinear rank is at most r. In other words, a tensorX is in Ŝubr if and only if rank(X(i)) ≤ r for
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all i. So we have

Ŝubr = {X ∈ U ⊗ V ⊗W | max (µrank(X)) ≤ r}

= {X ∈ U ⊗ V ⊗W | rank(X(i)) ≤ r, i = 1, 2, 3}.

Recall that a matrixM has rank at most r if and only if all (r+ 1)× (r+ 1) minors ofM vanish. So

a tensorX is in Ŝubr if and only if rank(X(i)) ≤ r for all i, if and only if all (r+ 1)× (r+ 1) minors of

X(i) vanish for each i. Therefore, Ŝubr is an algebraic variety generated by the (r+ 1)× (r+ 1) minors

of the mode-1, mode-2, and mode-3 unfoldings. These minors set equal to zero are called equations of

flattening.

Theorem 112. (Landsberg, 2011) The spaces σr, σ̂r, and Ŝubr are related in the sense that

σr ⊂ σ̂r ⊂ Ŝubr

in other words,

max(µrank(T )) ≤ rank(T ) ≤ rank(T )

for all T ∈ U ⊗ V ⊗W .

Proof. Recall from Lemma 107 that if the rank of a tensor T is at most r, then the maximum component

of the multilinear rank of T is at most r. That is, rank(T ) ≤ r implies max(µrank(T )) ≤ r. Therefore

if rank(T ) ≤ r, then the (r + 1) × (r + 1) minors of every mode-i unfolding of T vanish. In other

words, we have σr ⊂ Ŝubr. Because Ŝubr is an algebraic variety, it is a closed set, so the closure of σr, that

is σ̂r, is also a subset of Ŝubr. So we have

σr ⊂ σ̂r ⊂ Ŝubr.
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We noted in the proof of Theorem 112 that if the rank of a polynomial is at most r, the (r+1)×(r+1)

minors of the mode-i unfolding of a tensor T vanish. Because polynomials are continuous, if a sequence

of tensors each satisfy a polynomial equation, the limit must also satisfy that polynomial equation. It

follows that the (r+ 1)× (r+ 1) minors of the mode-i unfolding of a tensorT with border rank at most

r must vanish.

T ∈ Ŝubr is a necessary, but not always a su�cient condition to imply T ∈ σ̂r. However, it is

su�cient when r = 1. Moreover, it is su�cient to imply T ∈ σ1. More speci�cally, we have the

following.

Proposition 113. (Landsberg, 2011) The set of rank at most one, border rank at most one, and maximum

multilinear rank at most one tensors are equal.

σ1 = σ̂1 = Ŝub1.

In particular, this implies that σr is closed when r = 1.

We now discuss how to explicitly compute the various ranks of a tensor. The easiest type of rank to

compute is the multilinear rank. Simply compute the rank of the mode-i unfolding matrices T (i) for all i.

The border rank is di�cult to compute in general. The set of tensors of border rank at most r is

an algebraic variety, so there exists a �nite number of polynomials such that if T is a zero of all such

polynomials, then T has border rank at most r. In theory, we could test if T is a zero of each polynomial

equation. If it is, then T has border rank at most r. However, the polynomials that generate σ̂r are not all

known in general.

To compute the rank of a tensor T ∈ U ⊗ V ⊗W , we need to �nd the smallest r such that T can

be written as a sum of r rank one tensors. To check if T can be written as a sum of r rank one tensors,

assume we can express T =
∑r

s=1 us⊗ vs⊗ws for some us, vs, andws. Express T as a third order array

where

Tijk =
r∑
s=1

(us)i(vs)j(ws)k.
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This will givemnp equations, which may be solved using Gröbner bases for example. If there is a solution,

then T has rank at most r. If there is no solution then T has rank greater than r.

Given anm×n× p tensor T , if T can be approximated well by a rank r tensor for some r, it is much

more e�cient to store as sum of r rank one tensors. In particular, storing T requires storingmnp entries.

However, storing r rank one tensors only requires storing r(m + n + p) entries. It is therefore often

desirable to calculate a closest rank r approximation of T . That is, we would like to �nd a solution to the

minimization problem

min
ui,vi,wi

∥∥∥∥∥T −
r∑
i=1

ui ⊗ vi ⊗ wi

∥∥∥∥∥
s.t. ui ∈ U, vi ∈ V,wi ∈ W

Recall from Theorem 11 that the problem of �nding a closest rank r approximation is solved for matrices

by zeroing out small singular values. However, in the case of higher order tensors, the problem is ill-

posed (De Silva & Lim, 2008). This is because σr, the set of tensors of rank at most r, is not a closed

set. Recall from Theorem 109 that T is rank three, and there is a sequence of rank two tensors Tλ such

that limλ→∞ Tλ = T. So, T does not have a closest rank two approximation because there are rank two

tensors arbitrarily close to T .

Moreover, the norms of the individual rank one terms are unbounded. That is,

lim
λ→∞

∥∥∥∥λ(u+
1

λ
v)⊗ (u+

1

λ
v)⊗ (u+

1

λ
v)

∥∥∥∥ =∞

lim
λ→∞
‖λ(u⊗ u⊗ u)‖ =∞.

This phenomenon is sometimes called the problem of diverging components (Stegeman, 2008). One

approach to avoid this problem when �nding a low-rank approximation is to impose additional constraints

that bound the norms of the rank one components.

116



4.2 Exact Tensor Completion

Like matrix completion, the problem of tensor completion is, given a partially known tensorTΩ, complete

the unknown entries of TΩ subject to the constraint that the resulting tensor is low-rank. There are

multiple notions of what low-rank could mean for tensors. For example the tensor could have low-rank,

low-border rank, or low-multilinear-rank.

Let U, V, and W be vector spaces of dimension m,n, and p respectively. Let TΩ denote a partially

known tensor. Let Ω ⊂ [m] × [n] × [p] denote the set of positions of the known entries of TΩ. Let

PΩ : U ⊗ V ⊗W → U ⊗ V ⊗W denote the orthogonal projection map where PΩ(X) sets entries

with positions not in Ω equal to zero. Also letAΩ = P−1
Ω (TΩ) denote the linear variety of completions

of TΩ. The objective of low-rank tensor completion is to �nd a solution to a minimization problem

min
T∈U⊗V⊗W

rank(T )

s.t. PΩ(T ) = TΩ

min
T∈U⊗V⊗W

rank(T )

s.t. PΩ(T ) = TΩ

min
T∈U⊗V⊗W

max(µrank(T ))

s.t. PΩ(T ) = TΩ.

The set of tensors of rank at most r is not closed and the rank of a tensor is di�cult to compute, so

there are issues with minimizing the rank of a tensor. The issue with minimizing the border rank is that

the border rank is di�cult to compute.

In this section, we focus on completing partially known tensors with respect to the constraint that

each component of the multilinear rank is at most r. Recall from Theorem 112 that there is a relationship

between rank, border rank, and multilinear rank. In particular,

σr ⊂ σ̂r ⊂ Ŝubr.

Therefore, given a partially known tensor TΩ, if there is a unique maximum border rank at most r com-

pletion of TΩ, then either there is a unique rank at most r or border rank at most r completion, or none

exist. Moreover, if they exist, then they are equal to the completion with respect to the multilinear rank.
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More formally, we have the following theorem.

Theorem 114. Given a partially known tensor TΩ, supposeAΩ ∩ σr is non-empty. That is, suppose there

exists at least one rank at most r completion of TΩ. Suppose there exists a unique multilinear rank at most r

completion T of TΩ. That is, supposeAΩ ∩ Ŝubr = {T} for some T . Then

AΩ ∩ σr = AΩ ∩ σ̂r = {T}.

Proof. By Theorem 112, σr ⊂ σ̂r ⊂ Ŝubr. Intersecting withAΩ, we have

AΩ ∩ σr ⊂ AΩ ∩ σ̂r ⊂ AΩ ∩ Ŝubr = {T}.

Then by assumption, because there is at least one rank or border rank at most r completion, we must have

AΩ ∩ σr = AΩ ∩ σ̂r = {T}.

We introduce su�cient conditions for an incomplete order three tensor TΩ to have a unique multilin-

ear rank (r, r, r) completion under the assumption that at least one exists. As a special case, we introduce

su�cient conditions for an incomplete tensor to have a unique multilinear rank (1, 1, 1) completion.

Theorem 115. Given TΩ, suppose Ti,1,1 is known for all i, T1,j,1 is known for all j, and T1,1,k is known for

all k, and suppose T1,1,1 6= 0. Then ifAΩ ∩ Ŝub1 is non-empty, TΩ has a unique rank one completion.

Proof. Because Ŝub1 = {T ∈ U ⊗ V ⊗ W | rank(T (i)) ≤ 1, i = 1, 2, 3}, the polynomials that

generate Ŝub1 are all 2 × 2 minors of the mode-1, mode-2, and mode-3 unfoldings. In other words, a

tensor T is in Ŝub1 if and only if all 2× 2 minors vanish in each of the unfoldings

T (1) : (V ⊗W )∗ → U

T (2) : (U ⊗W )∗ → V

T (3) : (U ⊗ V )∗ → W.
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By assumption, the entry Tijk in TΩ is known if exactly two or more indices in (i, j, k) are equal to one.

We �rst show that we can recover all entries with one index in (i, j, k) equal to one. That is, we can recover

all entries of the form T1jk, Ti1k, or Tij1.

The equations of �attening give us equations of the form

∣∣∣∣∣∣∣
T111 T11k

T1j1 T1jk

∣∣∣∣∣∣∣ = 0

∣∣∣∣∣∣∣
T111 T11k

Ti11 Ti1k

∣∣∣∣∣∣∣ = 0

∣∣∣∣∣∣∣
T111 T1j1

Ti11 Tij1

∣∣∣∣∣∣∣ = 0

for all i, j, and k. Here the bottom-right entry of each matrix is unknown and all other entries are known.

Moreover, because T111 6= 0, we may solve for each unknown entry which is equal to

T1jk = T11k(T
−1
111)T1j1

Ti1k = T11k(T
−1
111)Ti11

Tij1 = Ti11(T−1
111)T1j1.

Next, we may complete an arbitrary entry Tijk by considering equations of �attening of the form

∣∣∣∣∣∣∣
T111 T1jk

Ti11 Tijk

∣∣∣∣∣∣∣ = 0

and solving Tijk = T1jk(T
−1
111)Ti11.
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Because every maximum multilinear rank at most r completion of TΩ must satisfy the equations used

to complete TΩ, and each equation had a unique solution, the constructed completion is the unique

maximum multilinear rank at most r completion of TΩ. Moreover, by Proposition 113, σ1 = σ̂1 = Ŝub1.

So TΩ also has a unique rank one completion which is equal to the constructed completion.

We give an example of a partially known tensor which can be uniquely completed by Theorem 115.

Example 116. Consider Ω defined as in Theorem 115, and suppose Tijk = 1 for all (i, j, k) ∈ Ω. Then TΩ

has the unique rank one, border rank one, and multilinear rank (1, 1, 1) completion T , where Tijk = 1 for

all (i, j, k). T may also be written in the rank one form

T =


1

...

1

⊗


1

...

1

⊗


1

...

1

 .

We now give the more general version of Theorem 115 for r ≥ 1.

Theorem 117. Given a partially knownm× n× p tensor TΩ, suppose that if there are two or more of i, j,

or k less than or equal to r, then (i, j, k) ∈ Ω. LetA denote the r× r× r known subtensor of TΩ consisting

of entries in positions (i, j, k) where i ≤ r, j ≤ r, and k ≤ r. Suppose A has multilinear rank equal to

(r, r, r). Also, supposeAΩ∩Ŝubr is non-empty. ThenTΩ has a unique multilinear rank (r, r, r) completion

T ∈ AΩ ∩ Ŝubr. Moreover, ifAΩ ∩ σr orAΩ ∩ σ̂r are non-empty, then T is also the unique rank r or

border rank r completion of TΩ respectively.

D �

� �
A B

C �

Figure 4.3: Incomplete tensor TΩ, with known subtensorsA,B,C ,D
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Proof. Because Ŝubr = {T ∈ U ⊗ V ⊗W | rank(T (i)) ≤ r, i = 1, 2, 3}, the equations that generate

Ŝubr are all (r + 1)× (r + 1) minors of each mode-i unfolding. In other words, a tensor T is in Ŝubr if

and only if all (r + 1)× (r + 1) minors vanish in each of the unfoldings

T (1) : (V ⊗W )∗ → U

T (2) : (U ⊗W )∗ → V

T (3) : (U ⊗ V )∗ → W.

Let TΩ be given as de�ned in Theorem 117. Let B denote the known subtensor of TΩ consisting of

entries with positions (i, j, k) such that i ≤ r, j > r, and k ≤ r. Let C denote the known subtensor

of TΩ consisting of entries with positions (i, j, k) such that i > r, j ≤ r, and k ≤ r. LetD denote the

known subtensor of TΩ consisting of entries with positions (i, j, k) such that i ≤ r, j ≤ r, and k > r.

First, we show that we may complete entries Tijk where exactly one of j or k is less than or equal to r

by using the mode-1 unfolding. Then, we complete the rest of the entries by using the mode-2 unfolding.

Because the known subtensorA has multilinear rank (r, r, r), the mode-1 unfoldingA(1) has at least one

rank r submatrix. Choose a rank r submatrix inA(1), and denote itAJ . De�ne J = {(jα, kα)}1≤α≤r as

the set of r pairs of indices such that the entry in position (i, α) ofAJ is equal to Tijαkα .

Let G denote the subtensor of T with entries Tijk such that k ≤ r, i > r, and j > r. Then each

entry Tijk ofG is unknown, and there is a (r + 1)× (r + 1) submatrix of the mode-1 �attening of TΩ

of the form AJ bjk

ciJ Tijk


where bjk = [Tljk]1≤l≤r is the r × 1 submatrix ofB(1) consisting of entries of the form Tljk, with j and

k �xed, and l ranging from 1 to r. Also ciJ = [Tijαkα ]1≤α≤r is the 1 × r submatrix of C(1) where i is

�xed, and (jα, kα) ∈ J with α ranging from 1 to r. Because every (r+ 1)× (r+ 1) minor of T (1) must
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vanish, and becauseAJ is invertible, we may set the determinant of this submatrix equal to zero and solve

for Tijk, getting Tijk = ciJA
−1
J bjk, which completesG.

LetE denote the subtensor of T with entries Tijk such that j ≤ r, i > r, and k > r. Then Tijk is

unknown, and there is a (r + 1)× (r + 1) submatrix of the mode-1 �attening of TΩ of the form

AJ djk

ciJ Tijk


where djk = [Tljk]1≤l≤r is the r × 1 submatrix ofD(1) consisting of entries of the form Tljk, with j and

k �xed, and l ranging from 1 to r. Again, setting the determinant of this submatrix equal to zero we may

solve for Tijk, getting Tijk = ciJA
−1
J djk, which completesE.

Now we consider the mode-2 unfolding of TΩ. Again, because A has multilinear rank (r, r, r), the

mode-2 unfoldingA(2) has at least one rank r submatrix. Choose a rank r submatrix ofA(2), and denote

itAI . De�ne I = {(iβ, kβ)}1≤β≤r as the set of r pairs of indices such that the entry in position (j, β) of

AI is equal to Tiβjkβ .

Let F denote the subtensor of T with entries Tijk such that i ≤ r, j > r, and k > r. Then each

entry Tijk of F is unknown, and there is a (r + 1)× (r + 1) submatrix of the mode-2 �attening of TΩ

of the form AI dik

bjI Tijk


where dik = [Tilk]1≤l≤r is the r × 1 submatrix ofD(2) consisting of entries of the form Tilk, with i and

k �xed, and l ranging from 1 to r. Also bjI =
[
Tiβjkβ

]
1≤β≤r is the 1 × r submatrix of B(2) where j is

�xed, and (iβ, kβ) ∈ I with β ranging from 1 to r. Because every (r + 1)× (r + 1) minor of T (2) must

vanish, and becauseAI is invertible, we may set the determinant of this submatrix equal to zero and solve

for Tijk, getting Tijk = bjIA
−1
I dik which completes F .

Finally, letH denote the subtensor of T with entries Tijk such that i > r, j > r, and k > r. Then

each entry Tijk ofH is unknown, and there is a (r + 1)× (r + 1) submatrix of the mode-2 �attening of
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TΩ of the form AI eik

bjI Tijk


where eik = [Tilk]1≤l≤r is the r × 1 submatrix ofE(1) consisting of entries of the form Tilk, with i and

k �xed, and l ranging from 1 to r. Again setting the determinant of this submatrix equal to zero we may

solve for Tijk, getting Tijk = bjIA
−1
I eik, which completesH , and �nishes completing TΩ.

Note that every tensor inAΩ ∩ Ŝubr must be in the zero set of the system of equations used to con-

struct the completion T . Because each equation had a unique solution, each unknown entry is uniquely

determined, and becauseAΩ ∩ Ŝubr is non-empty, the constructed completion T is unique.

Moreover, because T ∈ Ŝubr, each component of the multilinear rank is at most r. Also, becauseA

is a subtensor of T , and µrank(A) = (r, r, r), then each component of the multilinear rank of T is at

least r, so µrank(T ) = (r, r, r)

Also note that by Theorem 114, ifAΩ ∩σr is non-empty, then T is a rank at most r completion of TΩ,

and because max(µrank(T )) = r ≤ rank(T ) ≤ r, the rank of T is equal to r. Similarly, ifAΩ ∩ σ̂r is

non-empty, then T is a border rank r completion of TΩ.

In total r2(m+n+p)−r3 ofmnp entries are known. This is an improvement from (Cai et al., 2020)

in whichO(nr2 + r4) known entries are required whenm = n = p. We have the following corollary.

Corollary 118. Given an m × n × p partially known tensor TΩ, if the positions of the known entries in

TΩ are distributed correctly, andAΩ ∩ Ŝubr is non-empty, then r2(n+m+ p)− r3 observed entries is a

sufficient condition for TΩ to have a unique completion in Ŝubr.

Note there were entries inA that we did not use to compute unknown entries, we only used entries

inAJ andAI . Moreover, we did not use the fact that the mode-3 unfolding ofA is rank r, so it is likely

possible to express a similar unique tensor completion theorem under weaker assumptions.

Recall that Example 32 is the matrix analog of Theorem 117, in which case the existence of a rank r

completion always exits under the assumption that A is full rank. In fact, a rank r completion of MΩ
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will exist with probability one if the entries are sampled from a continuous density. It may be possible

that observing a fewer number of entries would guarantee the existence of a multilinear rank (r, r, r)

completion of TΩ = PΩ(T ) with probability one.

We now construct an explicit multilinear rank (2, 2, 2) completion for an example TΩ under the

assumptions of Theorem 117.

Example 119. Consider the partially known 3 × 3 × 3 tensor TΩ from Figure 4.4. Note that any way to

unfold TΩ results in an incomplete row or column. Therefore unfolding TΩ in one way is not sufficient to

complete TΩ, we must use multiple di�erent unfoldings of TΩ to find a rank (2, 2, 2) completion.

T313

1

1

T323

1

1

T333

T233

T133

1

1

1

1

1

1

T332

1

1

1

1

2

1

1

1

T331

1

1

Figure 4.4: 3× 3× 3 incomplete tensor TΩ from Example 119 with unknown entries Tijk

1 1

1 1
2 1

1 1

Figure 4.5: 2× 2× 2 known subtensorA of TΩ with multilinear rank (2, 2, 2)

We construct a multilinear rank (2, 2, 2) completion T of TΩ. Note that the subtensor,A = [Tijk] with

i, j, and k at most two, is fully known and has multilinear rank (2, 2, 2). Moreover, Tijk is known if two

or more of i, j, or k are at most two. Therefore, we may use Theorem 117 to attempt to construct a unique

multilinear rank (2, 2, 2) completion of TΩ.
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Consider the mode-1 unfoldings of TΩ andA

T
(1)
Ω =


2 1 1 1 1 1 1 1 T133

1 1 1 1 1 1 1 1 T233

1 1 T331 1 1 T332 T313 T323 T333



A(1) =

 2 1 1 1

1 1 1 1
.


First, we recover T331, T332, T313, and T323 by solving the equations of the form

∣∣∣∣∣∣∣∣∣∣
2 1 1

1 1 1

1 1 Tijk

∣∣∣∣∣∣∣∣∣∣
= 0 (4.2)

getting Tijk = 1. Next, we consider the mode-2 unfolding of TΩ,

T
(2)
Ω =


2 1 1 1 1 1 1 1 T313

1 1 1 1 1 1 1 1 T323

1 1 T133 1 1 T233 T331 T332 T333

 .

Filling in the completed entries from the mode-1 unfolding, we get

T (2) =


2 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 T133 1 1 T233 1 1 T333

 .
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We may now recover entriesT133, T233, andT333 like Equation (4.2). There also exists a rank two completion

of TΩ, and so the completed tensor T is also rank two, and border rank two. That is, we have

T =


1

0

0

⊗


1

0

0

⊗


1

0

0

+


1

1

1

⊗


1

1

1

⊗


1

1

1


If the slices of TΩ may be permuted to the appropriate form, Theorem 117 gives a constructive way to

complete TΩ to a multilinear rank (r, r, r) completion, assuming one exists. We now explicitly express the

tensor completion algorithm. Recall that in the proof of Theorem 117,T is partitioned into the subtensors

A,B,C ,D,E, F ,G, andH .

D F

E H
A B

C G

Figure 4.6: T partitioned into eight subtensors whereA is r × r × r

Subtensor of T Entries Tijk with

A i ≤ r, j ≤ r, k ≤ r

B i ≤ r, j > r, k ≤ r

C i > r, j ≤ r, k ≤ r

D i ≤ r, j ≤ r, k > r

E i > r, j ≤ r, k > r

F i ≤ r, j > r, k > r

G i > r, j > r, k ≤ r

H i > r, j > r, k > r

Then if TΩ satis�es the assumptions given in Theorem 117, we may use Algorithm 15 to complete TΩ

into a multilinear rank (r, r, r) tensor.
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Algorithm 15: Exact Tensor Completion
Input: partially known tensor TΩ satisfying assumptions from Theorem 117
Result: completed tensor T such that µrank(T ) = (r, r, r) and PΩ(T ) = TΩ

1 �nd a full rank r × r submatrixAJ ofA(1);
2 J = {(jα, kα)}1≤α≤r is the set of r pairs of indices such that the entry in position (i, α) ofAJ is

equal to Tijαkα ;
3 CJ equals the (m− r)× r submatrix ofC(1) such that the entry in position (i, α) ofCJ equals

the entry of T in position (i+ r, jα, kα);
4 G(1) = CJA

−1
J B(1);

5 E(1) = CJA
−1
J D(1);

6 reshapeE(1) andG(1) obtainingE andG;
7 �nd a full rank r × r submatrixAI ofA(2);
8 I = {(iβ, kβ)}1≤β≤r is the set of r pairs of indices such that the entry in position (j, β) ofAI is

equal to Tiβjkβ ;
9 BI equals the (n− r)× r submatrix ofB(2) such that the entry in position (j, β) ofBI equals

the entry of T in position (iβ, j + r, kβ);
10 F (2) = BIA

−1
I D(2);

11 H(2) = BIA
−1
I E(2);

12 reshape F (2) andH(2) obtaining F andH ;
13 assemble subtensors, output completed T ;

In practice TΩ may not have an exact multilinear rank r completion, so one may chooseAJ andAI

fromA(1) andA(2) respectively with a maximum volume algorithm such as Algorithm 8 or Algorithm 12

to optimize the quality of the completion.

We conjecture that analogous algorithms work to complete higher order tensors with similar struc-

tures.

Conjecture 120. Given an order d > 3 partially known n1 × · · · × nd tensor TΩ, suppose that given

a position (i1, . . . , id), if there are d − 1 or more entries less than or equal to r, then (i1, . . . , id) is in Ω.

Suppose the known subtensor A = [Ti1···id ] , ij ≤ r for all j has multilinear rank equal to (r, . . . , r),

and suppose also that there exists at least one multilinear rank (r, . . . , r) completion of TΩ. Then TΩ has a

unique multilinear rank (r, . . . , r) completion.

This means that in total (
∑d

i=1 ni)r
d−1−(d−1)rd entries are known of

∏d
i=1 ni entries total. In this

case, the expected way to recoverT fromTΩ is to �rst complete entries in positions of the form (i1, . . . , id)
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where at least d− 2 entries are at most r, then recover entries in positions of the form (i1, . . . , id) where

at least d− 3 entries are at most r, and so on.

4.3 Algebraic Combinatorics

In this section we will generalize a few concepts from Section 1.10 for tensors.

De�nition 121. A 3-partite hypergraph is a tuple (V1, V2, V3, E) whereV1,V2, andV3 are the sets of vertices,

andE ⊂ V1 × V2 × V3 are the hyperedges which consist of one vertex from each of V1, V2, and V3.

Given a mask Ω ⊂ [m]× [n]× [p], de�ne GΩ = (V1, V2, V3,Ω) as the 3-partite hypergraph with

vertices V1 = [m], V2 = [n], V3 = [p], and hyperedges Ω. There is a one to one correspondence between

masks of third order tensors and 3-partite hypergraphs.

2

1

2

1

1 2

Figure 4.7: The 3-partite hypergraph of a 2 × 2 × 2 mask Ω. Two hyperedges correspond to positions
(1, 1, 1) and (2, 1, 2).

De�nition 122. Given a mask Ω, a position (i, j, k) ∈ [m] × [n] × [p] is called �nitely completable in

rank r if, for a generic T ∈ Ŝubr, the entry in position (i, j, k) of the partially known tensor PΩ(T ) has

finitely many maximum multilinear rank at most r completions. Define the rank r �nitely completable

closure clr(Ω) as the set of positions which are finitely completable in Ω.

In terms of the rank r �nitely completable closure clr(Ω), we may reformulate Theorem 117 as follows.
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Theorem 123. Given Ω, suppose if there are two or more entries of (i, j, k) less than or equal to r, then

(i, j, k) ∈ Ω. Then cl(Ω) is equal to [m]× [n]× [p].

Proof. Suppose (i, j, k) having two or more indices less than or equal to r implies (i, j, k) ∈ Ω. We have

shown in Theorem 117 that for T ∈ Ŝubr, if the subtensorA = [Tijk] , 1 ≤ i, j, k ≤ r has multilinear

rank equal to (r, r, r), then PΩ(T ) can be uniquely completed to T . Note that for a generic T , A is

also generic, which implies any mode-i unfolding A(i) of A is full rank r. So A(i) will contain a rank r

submatrix almost surely for all i. Therefore, the subtensor A will have multilinear rank (r, r, r) almost

surely. So a generic tensor T will have subtensorAwith multilinear rank equal to (r, r, r), which means

PΩ(T ) can be uniquely completed to T , and so every entry is �nitely completable.

We may also generalize the unique completability closure to the case of tensors.

De�nition 124. Given a mask Ω, a position (i, j, k) ∈ [m]× [n]× [p] is called uniquely completable in

rank r if, for a generic T ∈ Ŝubr, the entry in position (i, j, k) of the partially known tensor PΩ(T ) has a

unique maximum multilinear rank at most r completions. Define the rank r uniquely completable closure

uclr(Ω) as the set of positions which are finitely completable in Ω.

By Theorem 117, the �nitely completable closure equals the uniquely completable closure which is

equal to all of [m]× [n]× [p]

Theorem 125. Given Ω as defined in Theorem 117, then we have uclr(Ω) = clr(Ω) = [m]× [n]× [p].

Proof. The result follows from Theorem 123 and the fact that Theorem 117 gives a unique completion.

4.4 Algebraic Topology

We may generalize many of the algebraic topology results for low-rank matrix completion from Section 1.11

to low-rank tensor completion. The spaces σ̂r, Ŝubr, andMr are alike in the sense that they are a�ne

algebraic varieties which deformation retract to a point. In particular, the border rank and multilinear
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rank are invariant under scaling (Landsberg, 2011). That is, given a tensor T , for any non-zero constant α,

rank(αT ) = rank(T )

µrank(αT ) = µrank(T ).

This implies that σ̂r and Ŝubr deformation retract to {0} through the map

F : V × [0, 1]→ V

F (T, α) = (1− α)T

where V is σ̂r or Ŝubr. Similarly,AΩ is a linear variety so it deformation retracts to the singleton {TΩ}

via the map

G : AΩ × [0, 1]→ AΩ

G(T, α) = (1− α)T + αTΩ.

Both σ̂r and Ŝubr are a�ne algebraic varieties, and so may be simultaneously triangulated withAΩ

by Theorem 55. So we have the following theorem.

Theorem 126. Given a partially known tensor TΩ, if TΩ has at least one completion in σ̂r, then

h0(AΩ ∩ σ̂r) = h1(AΩ ∪ σ̂r) + 1

χ(AΩ ∩ σ̂r) = 2− χ(AΩ ∪ σ̂r).

If TΩ has at least one completion in Ŝubr, then

h0(AΩ ∩ Ŝubr) = h1(AΩ ∪ Ŝubr) + 1

χ(AΩ ∩ Ŝubr) = 2− χ(AΩ ∪ Ŝubr).
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Proof. The proof is identical to the proofs of Theorem 56 and Theorem 61. LetV be σ̂r or Ŝubr. Suppose

TΩ has at least one completion in V , thenAΩ∩V is nonempty. By Theorem 54 and Theorem 55, we have

an exact sequence of the form

· · · H1(AΩ)⊕H1(V ) H1(AΩ ∪ V )

H0(AΩ ∩ V ) H0(AΩ)⊕H0(V ) H0(AΩ ∪ V ) 0

Because homology groups are invariant under homotopy equivalence, V andMr have the homology

of a point. So

H1(V ) ∼= 0 H1(AΩ) ∼= 0

H0(V ) ∼= Z H0(AΩ) ∼= Z

χ(V ) = 1 χ(AΩ) = 1.

BecauseAΩ andV are both connected and have non-empty intersection, their union is also connected,

so

H0(AΩ ∪ V ) ∼= Z.

So we have

0 H1(AΩ ∪ V ) H0(AΩ ∩ V ) Z2 Z 0. (4.3)

After tensoring with R, the alternating sum of the vector spaces vanish, so we have

h0(AΩ ∩ V ) = h1(AΩ ∪ V ) + 1.
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Also applying Theorem 60, we have

χ(AΩ ∩ V ) = 2− χ(AΩ ∪ V ).

If TΩ hasN <∞ completions in V where V is σ̂r or Ŝubr, then

h0(AΩ ∩ V ) = χ(AΩ ∩ V ) = N.

So

N = h1(AΩ ∪ V ) + 1 = 2− χ(AΩ ∪ V ).

4.5 Maximum Volume Gradient Descent for Tensor Completion

We now generalize the Schur gradient descent method from Section 2.7 to the case of order three tensors.

Let TΩ be a partially knownm×n× p tensor. The objective is to �nd a tensor T such thatPΩ(T ) = TΩ

and max(µrank(T )) ≤ r, which we cast as a minimization problem.

Recall that T ∈ U ⊗ V ⊗W has the mode-1, mode-2, and mode-3 unfoldings

T (1) : (V ⊗W )∗ → U

T (2) : (U ⊗W )∗ → V

T (3) : (U ⊗ V )∗ → W.

Let A1, A2, and A3 denote the top-left r × r submatrices of T (1), T (2), and T (3) respectively. To

recover missing elements from the partially known tensor TΩ, we may attempt to solve the minimization

problem
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min
T

(
1

2
‖SA1‖

2 +
1

2
‖SA2‖

2 +
1

2
‖SA3‖

2

)
(4.4)

s.t. PΩ(T ) = TΩ

where SAi denotes the Schur complement of T (i) with respect toAi. Let

f(T ) =
1

2

(
‖SA1‖

2 + ‖SA2‖
2 + ‖SA3‖

2) (4.5)

Then f(T ) is non-negative because it is the sum of squares of norms. So if f(T ) = 0 and PΩ(T ) = TΩ,

then T is a solution to Minimization (4.4). In particular, we have the following theorem.

Theorem 127. f(T ) = 0 if and only if µrank(T ) = (r, r, r) andA1, A2, andA3 are full rank r.

Proof. Suppose f(T ) = 0. Then ‖SAi‖ = 0 for all i, so SAi = 0 for all i. So rank(T (i)) = r for all i

and µrank(T ) = (r, r, r) by lemma 66.

On the other hand, if µrank(T ) = (r, r, r) andA1, A2, andA3 are full rank r, then SAi = 0 for all

i by lemma 66, so f(T ) = 0.

To �nd a minimizer T , we may employ a gradient descent method like in Section 2.7. In particular,

we have the following derivative information.
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Theorem 128. Given anm× n× p tensor T , let

T (1) =

A1 B1

C1 D1


T (2) =

A2 B2

C2 D2


T (3) =

A3 B3

C3 D3


be block matrices where Ai is the top-left r × r submatrix of T (i), and Bi, Ci, and Di are corresponding

block submatrices. Then we have

∂f =
3∑
i=1

〈SAi , ∂Di〉+ 〈A−>i C>i SAiB
>
i A
−>
i , ∂Ai〉 − 〈SAiB>i A−>i , ∂Ci〉 − 〈A−>i C>i SAi , ∂Bi〉

Proof. The result follows from the identities given in Proposition 95 as in the proof of Theorem 96.

Note that it may be tricky to calculate derivatives such as ∂D1

∂D2
becauseAi, Bi, Ci, andDi are functions

ofAj, Bj, Cj, andDj when i 6= j.

Like Algorithm 14, we alternate between taking gradient descent steps and applying a maximum

volume algorithms such as Algorithm 10 or an alternating version of Algorithm 12 to each unfolding.

Given a function f : U ⊗V ⊗W → R such as Equation (4.5), let ∂f
∂T

denote the order three tensor such

that (
∂f

∂T

)
ijk

=
∂f

∂Tijk
.

Using the derivative information, Algorithm 16 as a generalization of Algorithm 14 for tensor completion.

We apply PΩc to the gradient so the known entries ofXk remain unchanged at each iteration.
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Algorithm 16: Maximum Volume Gradient Descent for Tensor Completion
Input: partially known tensor TΩ, initial guessX0 such that PΩ(X0) = TΩ, r × r nonsingular

submatricesA1,0 ofX(1)
0 ,A2,0 ofX(2)

0 , andA3,0 ofX(3)
0 , sequence of step sizes {hk},

tolerance ε > 0, stopping criterion
Result:Xk an approximation of a multilinear rank (r, r, r) completion of TΩ

for k = 1, . . . do
Ai,k are submatrices ofX(i)

k−1, i = 1, 2, 3, which are the outputs of a two directional
maximum volume algorithm, such as Algorithm 10 or an alternating version of
Algorithm 12, with initializationX(i)

k−1, initial nonsingular submatrixAi,k−1, tolerance ε;
fk(Xk−1) = 1

2

(∥∥SA1,k

∥∥2
+
∥∥SA2,k

∥∥2
+
∥∥SA3,k

∥∥2
)

;

Xk = Xk−1 − hkPΩc

(
∂fk(Xk−1)

∂T

)
;
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Chapter 5

Conclusions

We have introduced novel theoretical results on low-rank matrix and tensor completion. We have shown

in Section 1.9 that we may reduce the number of polynomials needed to generate the space of low-rank

completions of a partially known matrix by �nding a known full rank submatrix. A remaining question

is to determine if the generating set of polynomials can be reduced even further.

In Section 1.11 and Section 4.4 we discuss some topological properties of the space of low-rank com-

pletions of a partially known matrix or tensor. We relate the zeroth Betti number and Euler characteristic

of the space of low-rank completions to the �rst Betti number and Euler characteristic respectively of the

union of the space of low-rank matrices or tensors and the space of all completions.

We propose a method to reduce the processing time of the maximum volume algorithm, Algorithm 8,

in Section 2.4 by potentially permuting more than one row at each step. We call such an algorithm a

"greedy" maximum volume algorithm which is presented in Algorithm 12. We give numerical evidence

to show that the greedy maximum volume algorithm may reduce the processing time needed for the

maximum volume algorithm.

A novel connection is made between dominant submatrices and Johnson graphs in Section 2.6. In

particular, we show that the independence number of the graph Cartesian product of Johnson graphs

given an upper bound on the number of r × r dominant submatrices in almost every matrix. An open

question is to determine if this independence number is the essential supremum of the function which
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counts the number of dominant submatrices, which means the inequality is sharp on a set of positive

measure.

We introduce a novel approach to low-rank matrix completion in Section 2.7 which utilizes the maxi-

mum volume skeleton decomposition. One of the bene�ts of this method is that it does not utilize the

singular value decomposition (SVD) which scales poorly as the matrix gets large. It may be possible to

improve this method with more sophisticated gradient descent techniques. In Section 4.5 we propose a

way to generalize this method to low-rank tensor completion.

One of our primary goals in Section 3.2 was to test if the maximum volume skeleton decomposition

could be a suitable substitute for the singular value decomposition as a low-rank approximation step in

the dynamic mode decomposition. We have shown that the maximum volume skeleton decomposition

(MVSD) can be a reasonable direct substitute for the SVD as a low-rank approximation when applied

low-noise temperature data. For theoretical results, we have reproduced several theorems by (Tu, 2013)

using the MVSD as a substitute for the SVD. We have shown that certain desirable properties hold when

using the MVSD as a low-rank approximation. However, the full-matrix is only a rank r approximation

of the original matrix. The conditions which make that approximation a suitable substitute for the full

matrix are not entirely known, but are important when generating the dynamics.

We have also studied applications of the MVSD for compressing simulation data in Section 3.3. We

have shown that if a certain threshold of error ε is acceptable, the MVSD may be multiple orders of

magnitude faster than the SVD for �nding a low-rank approximation with error ε. We compare low-rank

approximations found by the MVSD and the SVD when applied to two dimensional in time temperature

and density data unfolded into a 1633 × 3724 matrix. Moreover, we have shown that an alternating

version of the greedy maximum volume algorithm, Algorithm 12, may further reduce the processing time

while �xing the error.

Low-rank approximations used for compression or in the dynamic mode decomposition are often

generated using the SVD. When the size of the matrix is large, the SVD can be computationally prohibitive.

We have shown that a maximum volume skeleton decomposition such as Algorithm 10 can signi�cantly
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reduce the processing time needed to �nd a low-rank approximation of numerical simulation data at the

cost of moderately increased error. If the acceptable error threshold is large enough, the MVSD may be a

desirable substitute for the SVD.

Finally, we introduce a class of partially known tensors which have unique low-rank, low-border-rank,

or low-multilinear-rank completions under the assumption that one exists in Section 4.2. We also give

an explicit algorithm to construct such a completion. It may be possible to �nd a more general class of

partially known tensors which have unique low-rank completions by weakening the assumptions on the

structure partially known tensor.
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