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ABSTRACT 

Active particles, tiny fragments of matter which are driven by external forces, are 

seeing recent use in scientific fields. With new applications in medicine, and especially for 

usage within the body, there is an outstanding need to understand how active particles may 

behave and aggregate in confined fluid systems, such as blood vessels. Presented in this 

dissertation is a systematic investigation of the dynamic clustering behavior of active 

particles under confinement, including the effects of both particle density as well as active 

driving force. A hybrid coarse-grained molecular dynamics scheme is integrated with 

stochastic rotation dynamics to allow for accurate hydrodynamic interactions, and the 

diffusion-limited aggregation behavior is studied. Scaling laws based on power 

relationships define the clustering time as a function of both density of active particles, as 

well as the applied driving force. There are up to four distinct dynamic regions in terms of 

clustering as a function of time, dependent on the density of the particles within the system. 

As driving force increases, aggregation behavior also is accelerated, whereas an increase 

in density of active particles changes the dynamic procession of the system.  
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1. ACTIVE PARTICLES 

1.1. What are Active Particles 

The rapid development of novel technologies can be considered as one of the 

defining aspects of the modern age, especially in the domains of materials and medicine. 

One of the most versatile tools to arise at the intersection of these fields are particles which 

can be controlled or otherwise actively operate at the nano- and microscales; to differentiate 

these from particles which passively react to their environment, we call these ‘active 

particles’. These active particles can also be termed as nanomotors and micromotors, and 

the basis of this classification is that the particle be self-propelling. Due to the nature of 

active particles, they hold great value and potential towards the fields of chemistry and 

medicine, and as such there have been several reviews on their propulsion and applications. 

Therefore, this section focuses on recent literature pertaining to the development of active 

particles, characteristics of systems which contain active particles, the behaviors of 

mixtures of active and passive particles, and how they interact within free and confined 

systems.  

The interdisciplinary research and development of active (self-propelling) particles, 

an umbrella term which covers certain types of nanomotors and micromotors, has 

immeasurable potential for applications in a huge number of areas. Although the term 

‘micromotor’ has been around since at least 1988, when the first electrostatic motor smaller 

than a human hair was developed, in this work the term shall instead refer to propelled 

particles in fluid, rather than otherwise stationary devices or devices embedded in the walls 
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of fluid channels, although sometimes very similar motive principles are used [1-5]. 

Systems containing active particles have been studied extensively in the past two decades, 

and the vast majority of work has focused on their behavior and applications in a fluid 

environment, such as chemical mixing or biological studies [6-36]. As a matter of fact, 

many reviews shining a spotlight on active particles or micromotors have already been 

written; however, this field is still rapidly growing and requires constant attention [24, 30, 

37-51]. The field of active particles is one which is constantly generating new ideas, in 

much the same way that systems of active particles themselves demonstrate emergent 

behaviors.  

To begin, a general description of what defines active particles is in order. The 

current commonly used definition of active particles is that they are discrete bits of active 

matter, that is, matter which can achieve translational, rotational, or vibrational motion due 

to some driving force beyond the direct mechanical force applied by the surrounding 

environment, which is the cause of motion in passive matter. To clarify, passive particles 

are those which only move when directly mechanically acted upon by their surrounding 

environment, such as by surrounding fluid or solid contact forces. The autonomous or semi-

autonomous motion of active particles is the key to their unique abilities, and there are 

many different methods which have been used to drive these particles, in either a directed 

or random fashion [52-59]. While there is no definite size limit of active particle definition, 

this dissertation will focus on those of the micrometer and nanometer scale, as active 

particles of this size are seeing much attention and application in recent years, across 

various fields and disciplines. Entities or particles within a fluid such as water will always 

experience two main types of forces: inertial forces, which cause motion through the fluid 
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due to the particle’s velocity and mass; and viscous forces, which exert drag on the particle 

due to friction between the fluid and the surface of the particle. A key parameter which 

indicates the ratio of inertial to viscous forces is the Reynolds number, which is given in 

Equation 1.1. 

𝑹𝒆 =
𝒗𝒍𝝆

𝝁
=

𝒗𝒍

𝝁𝒌
 

Equation 1.1 

Here, 𝑣 is the velocity, and l is the characteristic length of the particle. The symbols 

𝜌 and 𝜇 represent the density and the viscosity of the fluid. The ratio of fluid density to 

viscosity can be represented as the kinematic viscosity 𝜇𝑘. Water has a kinematic viscosity 

of around 0.01 cm2/s. For a mass on the order of meters moving in water, such as a human, 

the Reynold’s number is around 10,000; this can be considered as a high-Reynolds number 

system where inertial forces play a strong role, and the fluid flow of this system is 

considered to be turbulent. A micrometer-sized active particle moving in water, in 

comparison, has a Reynold’s number on the order of 10−4 to 10−5 and can be considered 

to be a low-Reynolds number system where viscous forces play the dominant role, and the 

fluid flow around the swimmer is laminar, Stokes flow. Due to inertial forces becoming 

vanishingly small at this scale, active particles cannot rely on inertial forces alone to 

overcome drag, and thus constant, symmetry-breaking methods of propulsion are 

necessary, whether the active particles are micromotors or microswimmers.   

The equations of motion for an incompressible fluid, such as water, are given by 

the Navier-Stokes equations (Equation 1.2 and Equation 1.3). 
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𝝏𝒗

𝝏𝒕
+ (𝒗 ∙ 𝛁)𝒗 − 𝝁𝒌𝛁𝟐𝒗 +

𝟏

𝝆
𝛁𝑷 = 𝑭 

Equation 1.2 

𝛁 ∙ 𝒗 = 𝟎 

Equation 1.3 

The Navier-Stokes equations are functions of the fluid viscosity, density, velocity, 

pressure (𝑃), and applied body force (𝐹). However, at Reynold’s numbers 𝑅𝑒 ≪ 1, the 

Navier-Stokes equations for systems of incompressible fluids simplify to the so-called 

Stokes flow equations, as given by Equation 1.3 and Equation 1.4: 

𝝁𝛁𝟐𝐯 − 𝛁𝐏 + 𝐅 

Equation 1.4 

Equation 1.4 can be considered to be the case of Equation 1.2 where the inertial 

(time-dependent) terms vanish at low Reynold’s numbers. This differential equation is 

time-independent, and linear with respect to velocity and pressure. The following 

discussion and simulations concerning active particles on the micrometer scale will all be 

considered to be under the Stokes flow dynamics. When active particles are submersed 

within a fluid, which is very common in the biological and chemical fields, the kinematic 

reversibility of the fluid within the low-Reynold’s number environment that occurs on the 

micro- and nano-scale of these particles dictates that either an external applied field, or else 

some method of force-symmetry breaking by using local gradients (chemical or otherwise), 

are the two broad methods for providing the energy required for the active motion of these 

devices [45, 53, 55, 56, 60-74]. Additionally, many previous studies on active particles 
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have been strongly influenced by so-called “natural” active particles, that is, self-propelled 

bacteria or other types of mobile cells [33, 75-82]. Due to this, these ostensible 

microswimmers of both organic and inorganic origins have become a broad swathe of the 

types of active particles being studied today [58, 83-92]. Figure 1.1 demonstrates several 

different methods of propelling an active particle through fluid, such as chemical bubble 

catalysis, torque to linear motion, and applied external fields, each of which will be 

discussed in detail in the following Sections.  

 

Figure 1.1: Methods of active particle propulsion.  

Active particles are driven by an applied body force. (a) An active particle moving through 

a fluid. (b) Magnetic field effecting motion in active particles, but not passive particles. (c) 

Chemical fuel is converted to bubble propulsion to drive the active particle. (d) An applied 

torque causes linear motion.  
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For clarification purposes, Table 1.1 gives an overview of several different terms 

common in the field, denoting the parallels between “normal” passive matter and active 

matter, in several forms and with several ways to describe them. Figure 1.2 shows a 

hierarchical representation of the relationship between active matter, micromotors, and 

microswimmers. This figure gives a visual demonstration of how micromotors can be 

considered as a subset of active matter, and how microswimmers are a specific type of 

micromotor. Of course, there are many other categories beyond those represented here. 

 

Table 1.1: Terms for different types of passive and active matter. 

 
Passive Active 

General term for material Matter Active Matter 

Single micron-sized particle 

in fluid 

Brownian 

particle 

Active Particle / Micromotor / 

Microswimmer 

Many micron-sized particles 

in fluid 

Colloid Swarm / Active Colloid / Active 

Fluid 

Regular-lattice aggregated 

particles 

Crystal Active Crystal 
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Figure 1.2: Hierarchical representation of different types of active particles. 

 

1.2. Uses of Active Particles 

As research and insights into active particles have grown increasingly common, 

modern applications are varied and multiplex. Modern uses of active particles run quite a 

wide range; they have been used as agents of catalysis [93], toxin detection [94, 95], 

cellular marking [96], wastewater treatment [97-104], CO2 scrubbing [105], chemical and 
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biological warfare agent neutralization [46, 106-108], 2,4,6-trinitrotoluene (TNT) 

detection [109], on-the-fly hydrogel polymerization [110], micropatterning [111], and even 

energy generation [59]. Due to their small size and ability to enact change on scales and 

within environments which are difficult for standard tools and equipment, scientific interest 

in active particles has been typically focused within the closely related fields of medicine 

and chemistry, with an especially large proportion of research being carried out towards 

applications focused on the delivery and synthesis of various drugs [112-127]. For almost 

all of the afore-listed applications of active particles, they need to be present in large 

numbers within the system of interest, and the systems they are in, be it microfluidics 

devices or even the human body, can be considered as fluid systems with varying degrees 

of confinement. Due to this standard of use, the focus of this dissertation will be directed 

toward the collective behavior of microscopic active particles within confined fluid 

systems, as opposed to single active particles within a bulk system, or other manner of 

active particles in dry environments or at different length scales. 

The tools known as active particles come in a wide variety, with many diverse 

means of propulsion or activation. The most commonly utilized major methods of driving 

synthetic active particles are chemical fuel and electromagnetic fields (including those 

driven by light, as well as electric and magnetic fields). However, this does not mean that 

only a single method of propulsion can be used to drive a single type of active particle. 

There are also hybrid types of micromotors which are able to be driven by multiple distinct 

methods. In March of 2020, a research team led by Escarpa et al. published a paper which 

describes a method of manufacture for a type of micromotor which can be driven by any 

of three propulsion methods: chemical catalytic bubble propulsion utilizing Pt or MnO2 



 

9 

 

nanoparticles to hydrolyze hydrogen peroxide, light-driven propulsion utilizing quantum 

dots to provide movement, and magnetic propulsion utilizing embedded Fe2O3 

nanoparticles to allow for collective motion or capture [70]. These methods can be used 

independently as well as simultaneously, with the ability to direct and enhance each other. 

Such a design accurately captures modern scientific ingenuity, allowing for multiple 

methods to enhance each other in an elegant fashion. However, most active particles mainly 

rely on a single method of propulsion, for simplicity of manufacture and control. The 

following is a breakdown of the main methods for driving active particles. 

The first generation of micromotors tended to use catalysis of chemicals, most 

commonly hydrogen peroxide or other similarly toxic fuels [128-131]. This method relies 

on the generation of bubbles to effect propulsion, with the breakdown of hydrogen peroxide 

on the catalyst surface creating oxygen bubbles which then drive the micromotor forward. 

For such chemically-propelled motors, the propulsion velocity is often tied directly to the 

chemical fuel concentration, while also strongly influenced by the shape of the micromotor 

and the catalyst used [132]. In recent years, micromotors with linear velocities on the order 

of 100 micrometers per millisecond (or 10 cm/s) have been observed for H2O2 

concentrations up to 20% [93, 133-135]. However, chemical catalyst micromotors have 

two easily recognized and profound limitations; firstly, a certain concentration of fuel must 

be maintained in the area near the micromotor, which for many applications including 

medical usage is not feasible; secondly, only the average particle velocity can be controlled 

through fuel concentration gradients, with little ability to directly control individual 

micromotor direction. While chemical catalyst micromotors are relatively simple to 

manufacture and are quite speedy, due to these severe restrictions on usage their 
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applications can only fall within a certain niche. However, there are many other types of 

active particles which are not bound by these restrictions.  

 

 

Figure 1.3: Applications of micromotors.  

With permission from ref [136]. 

 

Micromotors which do not require in-fluid chemicals for reactions are sometimes 

termed “fuel-free” micromotors (see Figure 1.3) in order to distinguish them from chemical 

catalyst-driven micromotors. However, the term fuel-free is somewhat of a misnomer, as 

these active particles do of course require energy for propulsion. The term is often used 

when discussing light-propelled active particles [137-139]. Regarding the two major 

limitations discussed above, a type of graphene aerogel micromotor has been reported 

which uses near infrared light not only as a power source, but also as a method of steering 
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and directionality control [64]. Such light-driven micromotors can in fact be extremely 

simple, such as the reported rotary micromotors which are little more than irregularly-

shaped sheets of graphene oxide, driven by a specifically conical-shaped laser [140]. It has 

been demonstrated that depending on controllable factors influencing the particle-fluid 

interactions, active particles can exhibit either positive or negative phototaxis, moving 

either towards or away from a light gradient [141]. In a similar manner, electric fields have 

also been demonstrated to be able to propel fuel-free active particles, as well as the added 

functionality of allowing them to be used as mobile microelectrodes [142, 143]. In a similar 

fashion, magnetic iron oxide particles were incorporated into the empty spaces within pine 

pollen, in order to create magnetic field-driven biohybrid micromotors which can act as 

biocompatible cargo carriers within the body [144]. Even though non-catalytic 

micromotors have a stronger case for being used in medical applications, as they do not 

require the addition of often toxic chemical fuels to the fluid medium, it is only recently 

that light-driven micromotors have demonstrated the potential to reach such high maximum 

speeds as have been previously seen only from catalytic motors [145]. In a combination 

light-based and catalytic bubble-based propulsion method, UV light and metal/TiO2 have 

been shown to facilitate water splitting using surrounding water, rather than volatile 

chemicals such as hydrogen peroxide, as the fuel source for bubble-propelled micromotors 

[67]. This can be considered to be a hybrid-style active particle propulsion method. 

Developing methods to manufacture hybrid-style active particles is currently a 

growing trend, with the unique properties of each method of propulsion able to compensate 

for limitations of the other. A paper from early 2020 demonstrates a type of micromotor 

which uses superlattices of catalytic nanoparticles to allow for chemical fuel-driven 
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propulsion, while also incorporating magnetic nanoparticles to allow for magnetic field-

enabled control of the micromotor direction [146]. A team from France introduced LED-

based active particles which use catalytic bubble propulsion as well as induced magnetic 

field interactions to demonstrate how multiple types of gradient controls, such as pH or 

ionic gradients, can be used to fine-tune the motion of such active particles [147]. In 2019 

a team from China used magnetic fields as a directionality control for Janus micromotors, 

while the actual propulsive force came from bubbles produced via hydrogen peroxide 

decomposition [148]. Another study found that light can be used either to enhance or 

detriment propulsion from catalysis, depending on the structure of the catalytic 

micromotors [138]. In addition to studies combining electromagnetic fields with catalytic 

bubble-propelled micromotors, there has also been research into hybrid-style micromotors 

with alternative propulsion methods. A certain class of micromotor, termed as 

“microswimmers” as in Figure 1.2, with weak magnetic dipole moments have been shown 

to display reduced transport due to swimming instabilities, while higher field strengths 

stabilize the active particles and increases transport efficiency [149].  

The term microswimmer refers to active particles which are propelled mechanically 

in a similar way to living cells. Living cells such as bacteria also can be considered to be 

active particles, and one of the ways they can move through fluid is via the flagellation of 

tiny hairs or whips known as cilia. One elegant method of propelling specific cargo is to 

use the flagella of living cells, such as Escherichia coli or sperm cells, as the driving force 

used in synthetic biohybrid micromotors [76]. One such approach from 2019 demonstrated 

how marine rotifers could be functionalized in order to dramatically accelerate enzymatic 

biodegradation of living contaminants such as E. coli, or modified in a different fashion to 
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remove nonliving matter such as heavy metal ions from wastewater [150]. A similar 

method for the propulsion of fully synthetic devices involves the use of liquid crystals to 

drive motion, powered by exposure to surfactants in the system in a manner that is 

reminiscent of yet fundamentally different from chemical fuel-based bubble catalysis 

[151].  

In addition to the wide range of propulsion methods, active particles can also 

assume a wide variety of shapes, dependent on their manufacture and application. The base 

case for the study of active particles assumes axisymmetric spheroidal particles [152]. 

However, results from such a case cannot always be extended to the other commonly seen 

shapes which active particles may take. Drawing on inspiration from shapes commonly 

seen in nature, helical active particles rely on their unique shape to translate rotational 

motion to linear motion, under either AC or DC electric fields [120, 143]. One study from 

2019 introduced liquid metal microswimmers which are able to change their shape in an 

aqueous environment when subjected to alternating magnetic fields in order to achieve 

propulsion [153]. Even for active particles with a spheroidal geometry, the surface 

patterning, such as that found on Janus particles, greatly influences the motion of the 

particle. Anisotropic surface patterning has been found to give rise to linear motion, while 

active rotation for this type of particle only occurs if the surface is not axisymmetric [154]. 

Careful study of how individual active particles behave is key to correctly using them for 

research and commercial applications.  

 

1.3. Collective Motion of Active Particles 
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The collective behavior of active particles gives rise to many emergent effects when 

compared with the behavior of a single particle, and can be considered to be more than the 

summation of individual behavior, due to interactions arising between active particles 

[155-160]. The presence of other active particles in the fluid can cause complex and never-

settling flow patterns which do not follow traditional Brownian or fluid dynamics [17, 161-

170]. This can be attributed to the fact that active particles convert some other form of 

energy to kinetic motion, which changes the equations of state for both the near-field and 

far-field fluid system [24, 36, 83, 171, 172]. Modelling of the collective motion of active 

particles can be considered to be quite similar to the modelling of flock of animals, cells, 

or even robotic drones [173-184]. One of the most influential works in the current field of 

active matter modelling is the 1995 paper “Novel type of phase-transition in a system of 

self-driven particles”, from Vicsek et al. [185]. This paper gave rise to the oft-cited Vicsek 

model, which is a commonly-used mathematical model which can mimic experimentally 

seen collective behavior and swarming [186]. Above a certain individual active particle 

velocity, the system undergoes a continuous transition from zero net transport to finite net 

transport arising from spontaneous symmetry breaking of the rotational symmetry within 

the fluid. Other influential works introduced biologically-mimetic collective motion as the 

active particles influence other nearby active particles to align their propulsion vector 

orientations, transitioning from individual random walks (as in singular particle run-and-

tumble behavior) to organized collective migration, and showing strong dependence on 

particle spacing and size [176, 187, 188].  Indeed, it has been shown that, other factors 

being equal, the average active particle velocity is inversely proportional to the number 

density of active particles, giving rise to spatial variation in swim speed arising from spatial 
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variation in particle density; this produces a fluid pressure variation distribution which 

drives observed reverse-osmotic behavior in some active matter [189]. Other 

considerations include local and global chemical gradients, for those micromotors which 

use depletable fuel within their environment [190]. As might be guessed, one externality 

arising from the usage of an applied field, such as electric or magnetic fields, to drive a 

number of active particles is that all of the particles are coupled through their interaction 

with said field. One study tackled this problem by introducing transchiral helical 

micromotors, using the different chirality to enable decoupled motion between populations 

of active particles, as well as being able to set the translation direction as a function of 

rotating magnetic field frequency [191]. These devices can be tuned such that each device 

shape is only activated by a certain band of frequencies, allowing for simultaneous yet 

disparate control over multiple populations in the same system. These are some of the many 

interesting behaviors and challenges which set the study of active matter apart from 

similarly composed passive systems. Due to the added degrees of freedom for active 

particles over passive ones, the increase in complexity can lead to so-called emergent 

behavior, meaning that oftentimes for collective systems of active particles, it is necessary 

for experiments or large-scale simulation to be carried out in order to investigate the 

systems of interest.  

The collective behavior of active particles gives rise to many emergent effects when 

compared with the behavior of a single particle, and can be considered to be more than the 

summation of individual behavior, due to interactions arising between active particles 

[155-160]. It has been shown that a mixture of active and passive colloidal particles can 

lead to clustering and phase separation, forming chains or clusters of particles [192]. Active 
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colloids operate by dissipating energy at the level of the active particles in order to cause 

motion with no equilibrium equivalent, leading to clustering when dissipation is low and 

collective motion when dissipation is high [193]. The tendency of colloids to aggregate can 

have many different implications. 

 

1.4. Diffusion-Limited Colloidal Aggregation 

To appreciate the influence of active particles on their fluid systems, a brief 

discussion on similarly scaled passive systems will be presented. A solution of many 

passive particles of the micrometer scale is termed as a colloid [194-196]. Colloidal 

systems are typically defined as kinetically stable, meaning that the dispersed phase will 

eventually separate from the continuous one in which it is suspended [197]. Depending on 

the individual particle properties, as well as the dispersion fluid, colloids can aggregate, 

flocculate, or remain discrete within the fluid environment. Due to the fluid inertia and 

small length scales, most mathematical models for the base fluid on these scales use the 

Navier-Stokes equations of state for fluids, assuming incompressibility, and Neo-Hookean 

or rigid body material for the solid particles; the associated approximations included in 

these assumptions are favorably validated with experiments [198-201]. The presence of 

passive colloidal particles, although not driven as active particles are, still causes certain 

viscoelastic effects in the fluid depending on density and a number of other factors, such 

as fluid flow [202-206]. Diffusion-limited colloidal aggregation (DLCA) refers to the 

aggregation of particles which is limited only by their diffusion and subsequent collision; 

that is, if two particles collide, they will certainly stick together [207]. Another form of 

aggregation is rate-limited colloidal aggregation (RLCA), where whether two particles 
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stick together after collision is a function of their velocity and interaction potential. For 

simplification purposes, this work and all simulation and theory within it will refer only to 

DLCA except where explicitly noted.  

One of the most often-used approximations for the interactions of colloidal particles 

in fluid is called DLVO theory, named after Boris Derjaguin, Lev Landau, Evert Verwey, 

and Theodoor Overbeek. This theory quantitatively describes the aggregation behavior of 

aqueous dispersions, and as such is very useful for the modeling of colloidal interactions, 

which generally present long-range repulsion and short-range attraction between dispersed 

particulates [208-210]. DLVO describes the force between two spheres interacting through 

a combination of Lennard-Jones and doubly-screened electrostatic interactions, and with a 

certain amount of modification can also be used to describe nonspherical particles [211]. 

Due to the doubly-screened electrostatic interactions felt by the particles, aggregation 

behavior is strongly dependent on the screening potential / chemical makeup of the 

suspending fluid, with the polar solvent water being the most commonly used [212]. It has 

been shown that this type of colloidal aggregation theory can also describe general crystal 

formation, which can not only nucleate through stochastic association of atoms, but can 

also proceed through assembly of building blocks such as amorphous precursors or 

nanocrystalline fragments [208]. Further expanding on traditional colloidal theory, a 

microrheology work from 2020 demonstrates that a bath of colloidal spheres causes 

particles which actively move through it to have a larger friction coefficient to particle size 

ratio than expected from traditional Stokes law behavior [213]. This indicates that colloidal 

indications must be considered for any active particle moving through such a system. 

Similarly, much knowledge of the nonlinear fluid properties of colloids is collected through 
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“active rheology” studies, where a Brownian particle is actively moved through a complex 

fluid in order to infer the fluid properties from observing the particle motion [202, 214-

216]. Such studies are intricately tied to study of active particles, as the motion of such a 

particle is directly comparable to self-propelled active particles or micromotors [217, 218]. 

The field of colloidal aggregation is far from fully developed; the many variables and huge 

range of parameter space contribute to extreme complexity in this seemingly simple field. 

In fact, one of the most recent developments is the application of machine learning to study 

the aggregation of colloids, in an attempt to make better predictions about how clustering 

evolves within colloidal systems [219]. Due to the importance of DLVO theory, Section 

2.4 provides the governing equations from DLVO theory used for the simulations in this 

Dissertation.  

 

1.5. Active Particle Colloidal Aggregation 

For passive systems, colloidal behavior is typically exhibited by particles on the 

micrometer order of magnitude, where Brownian motion dominates [2, 220]. As such, 

collective behavior of active particles on this scale is often analyzed by the particle 

deviation from typical Brownian motion (such as by using mean squared displacement 

methods), to easily distinguish them from passive colloidal particles, and they can be 

likewise termed as active Brownian particles [221-228]. In recent years, many different 

models have been proposed for certain types of active particle suspensions. One study 

focused on active liquid crystals, in order to investigate instability phenomena observed in 

the laboratory [229]. A 2020 work devised a model for a system of magnetic spinning 

active particles, and demonstrated the potential for dynamic transitions between liquid and 
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crystalline states at the air-water interface, highlighting how a remote excitation field can 

be used for tunable reconfiguration and transport of cargo particles [230]. An even more 

general work investigated the dynamics of one- and two-particle colloidal systems under 

confinement, highlighting that active particles introduce multiplicative noise into 

stochastic descriptions of particle positions, leading to very different behavior on a 

fundamental level between active colloidal particles in a passive fluid as compared with 

passive colloidal particles in an actively fluctuating fluid [231]. This helps to highlight the 

difference between a passive fluid which is in motion due to driving forces on the system, 

and a fluid which is influenced by active particles within it, which can also be termed as 

an active fluid. A study from 2017 demonstrated that a mixture of passive and chemically 

active particles can induce self-sustained convective motion [232].  

 

Figure 1.4: Behaviors of active colloidal particles. 
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With permission from ref [233]. 

 

In the same manner that passive micron-sized particles in solution can be termed as 

a colloid, the terms “active colloid”, “active fluid”, or “active suspension” have been used 

to describe fluid systems with a relatively dense concentration of active particles [30, 33, 

42, 44, 47, 91, 233-249]. The entire field of active matter includes a much wider range of 

materials containing active agents, and covers a very wide range of length scales, and is 

beyond the scope of the current work [38, 92, 172, 250-252]. Table 1.1 defines various 

types of active matter discussed in this work, along with their passive counterparts. For all 

of these various types of active matter, there are different pertinent qualities to consider, as 

well as different applicable methods of modeling and describing these types of active 

matter. Figure 1.4 demonstrates different behaviors and applications of active colloids in 

particular, such as their ability to carry cargo, tendency to aggregate near interfaces, and 

their conduct of propulsion and clustering. 

Active colloids demonstrate many intriguing properties when compared with both 

their passive counterparts as well as singular active particles, including anomalous 

diffusion, turbulence, and thermomechanical properties [16, 17, 189, 253-256]. The most 

obvious difference between an active colloid and a collection of similarly-sized passive 

particles is of course the individual propulsion of particles beyond the direct force which 

the fluid environment exerts, which causes the term “equilibrium” to be inapplicable, as 

work is continuously being done by the active particles within the fluid [85, 257-264]. 

Active colloids operate by dissipating energy at the level of the active particles in order to 
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cause motion with no equilibrium equivalent, leading to clustering when dissipation is low 

and collective motion when dissipation is high [193].  

One of the most sought-after applications of active particles is the ability to carry 

cargo; Figure 1.5(a) demonstrates how a swarm of active particles can be used to transport 

individualized cargo containers without the added step of ligand binding [265]. Figure 

1.5(b) demonstrates how, in the same system setup, fluid velocity as well as the number 

density of the active particles both play key roles in whether the particles in an active 

colloidal system aggregate or disperse [266]. Figure 1.5(c) gives images of experimental 

validation of the aforementioned DLVO aggregation reliance on the screening capability 

of the fluid [212]. Active particle shape and volume fraction are changed in Figure 1.5(d) 

to demonstrate how these parameters influence the aggregation of active particles [267]. 

Once the particles in a dispersed active colloid aggregate, the proximity of the active 

particles can give rise to a new set of behaviors as well. As demonstrated in Figure 1.5, 

certain systems of active particles can give rise to aggregations of the active particles into 

amorphous or crystalline structures. In these systems, the larger collections of active 

particles may behave as a single, larger active structure; this type of structure has also been 

called by the term “active crystal” [13, 268-273]. This type of aggregate active structure 

opens up a variety of new applications and behaviors when compared with disperse 

solutions or active fluids. Recent studies have demonstrated that this type of aggregation 

is very controllable: light, electrical and magnetic fields, or chemical species can be used 

to dynamically change whether or not the active particles assemble together, and can 

induce so-called “swarming” behavior [138, 265, 274-277]. When the swarms become 

rigidly locked together under an external stimulus, this has been termed as “directed self-
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assembly” [278-281]. Bacterial swarms can also be considered as this type of active matter, 

and much like synthetic active matter, have the potential to be driven into organized states 

by the dissipation of energy [282].  

 

Figure 1.5: Collective behaviors of active particles.  

(a)Active particles can be used to drive a passive cargo with permission from ref [265]. 

(b) The system flow as well as the density of the active particles both play key roles in how 

active particles congregate together, with permission from ref [266]. (c)Due to the nature 

of colloidal particles in an aqueous system, ions within the water can dynamically change 

clustering behavior, with permission from ref [212]. (d) Active particle shape and volume 
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fraction, as well as system confinement parameters, can have significant influence on the 

aggregation of active particles within the systems, with permission from ref [267]. 

 

A key parameter of active colloidal systems in terms of determining behavior is the 

density of the active particles within the fluid system in question [261, 283, 284]. It has 

been shown that the propulsion motility of the active particles plays a significant role, with 

slower active particles showing a greater tendency to cluster together, while more rapidly 

moving particles are likely to remain unbound, that is, the colloidal aggregation factor can 

in fact be tuned by active particle propulsion [266]. This can lead to so-called phase 

separation of the active particles within the fluid [31, 285-293]. The physical parameters 

of the fluid wherein the active particles reside also heavily contributes to the system 

behavior, as the viscosity and diffusivity of the fluid determines how much work is needed 

to drive the particles through the fluid at a rate surpassing that of simple passive diffusion, 

while shear forces and turbulence can induce separation or migration of the active particles 

[236, 278, 294-299]. Recent research on microswimmers has shown that clustering of these 

active colloidal particles is heavily dependent on the convection of the fluid, and such 

clustering can be suppressed by changing the geometry of the fluid system [300, 301].  

When passive particles are also included in the active particle system, the system 

can reflect the behavior of active particle systems or passive particle suspensions, based on 

parameters such as species concentration or fluid properties such as the Reynolds number 

or Peclet number [242, 302]. Such active-passive particle mixtures have been termed as a 

type of “complex fluids”, although this term is relatively broad and general in scope [303]. 

As mentioned previously, the field of microrheology, the study of flow on the micrometer 
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scale, often uses a single driven particle through a suspension of passive particles as a 

method of determining the properties of the passive suspension; this has been termed 

“active microrheology” [18, 40, 269, 304-310]. The inclusion of active particles induces 

enhanced diffusion to the passive particles, as active particles interact with the passive 

particles [311]. Interestingly, the complex interaction between active and passive particles 

has been shown to have the ability to give rise to complex biomimetic “predator-prey” 

interactions and motion, in a system containing diffusiophoretic attractive microparticles 

(prey) and diffusiophoretic repulsive microparticles (predator) [312, 313]. A similar study 

demonstrated how pairwise interacting active particles can generate long-range currents on 

passive particles, sustaining such currents even without an external driving factor as is 

necessary in conventional passive fluids [314]. The activity difference between active and 

passive particles of similar sizes can also lead to either homogeneous mixing or activity-

based separation, dependent on the difference in energy dissipation between the active and 

passive particles [315]. To give another factor of complexity to the behavior of active 

matter, the geometry or confinement of the system is also a very influential factor, as 

previously demonstrated by the differences in 2D, quasi-2D, and 3D systems displayed in 

Figure 1.5(d). 

 

1.6. Active Particles Under Confinement 

The local and general environment of an active particle system plays a large role 

on the given behavior. Passive colloidal particles tend to settle along boundaries, with 

relative wall-to-fluid velocity and surface corrugation as determinants of whether these 

particles are pinned (static) or depinned (kinetic) with respect to the boundary in question 



 

25 

 

[316]. When an active swimmer is near a surface or boundary, it displays markedly 

different motion when compared with the bulk system, as confining walls tend to have a 

repulsive effect on active particles, and can exhibit elastic or inelastic properties based on 

a number of factors [29, 240, 317-319]. It has been shown that active particles may also 

produce ordered or semi-ordered layers near boundaries, due to hydrodynamic trapping 

[320]. A number of recent studies on active matter have focused on particles which are 

confined to a plane or thin slab, so-called 2D or semi-2D confinement; this approach allows 

for investigation of fluid interfaces, which are of great interest in several fields of 

application [86, 233, 266, 273, 315, 321-330]. Due to the low Reynolds number of most 

fluid systems at the micrometer scale, the confined Stokes flow is often modeled as a Hele-

Shaw confinement, wherein two flat plates bound a small gap containing Stokes flow 

liquid; such a model is useful for real confinement cases such as the interface of two fluids 

where active agents are confined at the interface [151, 300, 331-333]. Another method of 

real confinement has been realized in a study from 2019, which demonstrates how electric 

field lines can be used as a way to confine electrically polarizable Janus particle-based 

micromotors in a contactless and dynamic manner [32]. Of course, 2D or slab confinement 

is only one of the many types of fluid confinement.  

Tubular and more complex confinement of active fluids is very useful for modeling 

behavior in microfluidic or biological systems [334-337]. It has been demonstrated that 

complex boundaries or confinements can induce aggregation of active particles, while a 

dense concentration of microswimmers within a confined environment can give rise to 

spontaneous rotational flow as well as myriad other dynamical states [337-341]. Due to 

shear forces driving particles away from the center of a channel, and wall repulsion forces 
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driving particles away from walls, the precise arrangement and flow tendency of a system 

is highly dependent on the complex balance of forces, allowing for controllable tunability, 

heavily prized in microchannel sorting technologies [342]. The addition of propulsion 

forces from active particles only adds to the complexity of such behavior, which has given 

rise to many recent studies investigating such behavior [34, 39, 192, 221, 324, 343, 344]. 

A study from 2020 clearly demonstrates that for active Brownian particles in a wide-

channel plane Poiseuille flow, the steady-state concentration profile of microswimmers 

across the channel is a direct function of the Peclet number, and that such microswimmers 

migrate towards the channel walls at high-shear, and towards the center of the channel at 

low shear [295]. The Peclet number 𝑃𝑒 is given by Equation 1.5, where 𝐷 is the mass 

diffusivity rate of species within the fluid: 

𝑷𝒆 = 𝑹𝒆 ∗
𝝁

𝝆 ∗ 𝑫
 

Equation 1.5 

At the low Reynold’s numbers which occur for the active particle systems described 

in this text, the diffusion coefficient 𝐷 for spherical particles is given by the Stokes-Einstein 

equation (Equation 1.6): 

𝑫 =
𝒌𝑩𝑻

𝟔𝝅𝝁𝑹
 

Equation 1.6 

Here, 𝑘𝐵 is Boltzmann’s constant, 𝑇 is the system temperature, and 𝑅 is the radius 

of the spherical particle. The diffusion coefficient is one of the most important parameters 

for defining a colloidal particle in fluid, and it is a direct function of the temperature of the 
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system, the dynamic viscosity of the fluid, and the size of the particle in question. As many 

active particle systems occur in laminar fluid flow with colloidal sized particles, this 

quantity can be used as a basis of motion for passive (non-active) particles in order to 

discern the effects of active motion[345].  

Work on magnetic active swimmers demonstrates that population splitting across 

channels can be induced by a transverse magnetic field, implying future use of strong fields 

to preferentially direct such active particles [346]. Mathematical models have indicated 

that for fluids containing dispersed active particles, the individual and collective motion of 

the particles cause large variation in density at scales smaller than the mean free paths of 

the particles, whereas Fickian diffusion at larger length scales causes uniform fluid density 

[347]. The combination of shear flow and active particle propulsion leads to cycloidal 

trajectories, due to the competing forces on the particles [348]. The effects of the fluid 

medium play a key part in how active particles move, and in a similar fashion, the presence 

of active particles grants new behaviors to the fluid as a whole. Mathematical models have 

been used to show that active fluid demonstrates increased wetting and capillary actions, 

approximately proportional to the activity factor, and such active fluids show an increased 

capability for spontaneous imbibition into porous media [349].  Under confinement, 

micromotors have been shown to strongly affect one another, as the increased proximity 

induces single-file behavior for those traveling in the same direction, while nearby 

micromotors traveling in different directions tend to reorient and align with each other; at 

high particle densities, turbulence-like aggregates form as multibody interactions become 

complex [32]. Hydrodynamic fields acting between active particles, as well as between 

active particles and boundary walls, are crucial for determining the overall collective 
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motion of the system, as well as being a key component along with volume fraction to 

determine if the active particles aggregate [267]. The wide variety of behaviors arising 

from the complex interplay of factors in confined active particle systems allows for a huge 

amount of potential applications for these multifaceted devices. Active particles within a 

confined fluid system show strong anisotropy as well as spatial dependence of various 

properties including motor velocity, orientation, and diffusion, due to the particular 

properties of the confining geometry [132]. This has profound effects on active particle 

applications within microfluidic or even cellular environments. 

Active particles have shown themselves to be some of the most versatile tools to 

arise at the forefront of modern materials science, especially due to their ability to actively 

operate and enact changes in fluids at the nano- and microscales. Magnetically-controlled 

active particles, such as those made of iron oxide, have shown great promise in drug 

delivery as well as the removal of blockages from blood vessels within the body [144, 350, 

351]. For these purposes, active particles are generally present in large numbers, and the 

systems they are in, be it microfluidics devices or the human body, can be considered to be 

confined fluid systems; a recent experiment studied flow patterns of a 22% volume fraction 

suspension of micron-sized hard polystyrene spheres inside of a microcapillary [352]. 

However, depending on several factors such as driving force and particle density, active 

particles within the body may have the potential to aggregate and cluster together, and this 

process needs further study to understand potential risks [112, 353].  

Recent research has demonstrated that the directed assembly of colloidal 

dispersions can be used to synthesize a wide range of functional materials in a controlled 

fashion [278, 354, 355]. While passive colloids also can self-assemble, colloidal systems 
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composed of active particles demonstrate an enhanced ability to self-assemble, due to the 

driven nature of the particles [280, 356]. This type of active aggregation has been shown 

to create dynamic clusters which change over time, through work done by both the fluid 

velocity as well as individual active particle motion, in order to overcome the long-range 

repulsion common in colloidal systems [250, 357]. The aggregation of active colloidal 

particles has been shown to occur naturally in systems with colloidal volume fractions of 

3% − 50% [358]. Active particles can demonstrate enhanced diffusion of a fluid system, 

with increasing active particle density leading to a greater effective diffusion coefficient 

[329]. The aggregation of active particles can be notably complex; behavior mimicking 

that of living cell aggregates has been shown to develop as active colloids self-organize 

into clusters [313]. Active particle microswimmers in particular have been shown to 

display motility-induced clustering as well as phase separation in a quasi-2D environment 

[359]. Under weak confinement, autophoretic active particles demonstrate both clustering 

and dispersion modes, dependent on the driving force and interparticle interactions [333]. 

In many cases, the presence of geometrical confinement grants far different dynamics to 

active particles as compared to the more widely modeled unbounded case, highlighting the 

importance of considering explicit confinement when modeling non-bulk systems [240, 

360]. The presence of physical or other manner of confinement has a profound effect on 

the behavior of active particles, as the existence of a boundary introduces complexity to 

the motion of the driven motors, leading to phase separation, boundary clustering, and other 

emergent behavior [361-364]. Confinement can also be used as a tool to predict and control 

the behavior of active particles such as micromotors [365]. Thus, the behavior of active 

particles on the micrometer scale, especially within confined systems, is a system which is 
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currently worth study, to add to the rapidly growing set of literature of computational 

methods for modeling active matter [37]. Active colloidal particle aggregation has been 

shown in previous literature to be heavily dependent on the size and surface properties of 

the particles [366, 367]. In addition, the application of external electric or magnetic fields 

can also drive the aggregation process [278, 368]. However, there remains a lack of 

research towards the confined collective behavior of active colloids, specifically covering 

a range of volume fractions and driving forces, especially as it relates to their aggregation 

[42, 369, 370].  This is one of the open problems which I aim to tackle with the research 

within this Dissertation.  

 

1.7. Experimental Observations 

The applications of active particles are boundless, with new uses being realized 

constantly. When discussing modern research into active particles, one of the first things 

to consider is what the application of the particle will be. Active particles contained within 

a fluid will, by their very motion, add a certain amount of kinetic energy to the fluid around 

them. Due to this, one of the most basic uses of active particles is to increase the effective 

diffusion of both themselves, and the fluid system that they are a part of. Within the field 

of active matter, much attention is given to how the active particles change or enhance the 

local and global fluid flow. In addition to the active particles propelling themselves around, 

there has also been research into using freely suspended active particles, powered by light, 

which are able to pump fluid towards desired point sources, based on active particle density 

and light source intensity [137, 139]. A work from 2019 demonstrates how hydrogel-

encapsulated catalysts can be used as actively propelled micromotors in order to enhance 
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chemical flow and diffusion of catalysts in microreactors [130]. However, this is only the 

very beginning of the potential uses of active particles. Figure 1.3 shows a schematic view 

of how micromotors have developed in the past two decades, not only in their propulsion 

methods, but also in the various methods of utilization.  

Arising from concerns over unprecedented post-industrial levels of pollution, the 

treatment of wastewater is a common goal of many teams currently researching 

micromotors [101, 136, 371-377]. Chemically powered micromotors which use H2O2 as 

fuel have been shown to be able to efficiently catalyze methylene blue, as well as capture 

oil droplets from wastewater, with the body of the micromotors being developed from the 

airborne contaminant carbon soot, in an ingenious method of “using waste to clean waste” 

[378]. A work from 2020 has further demonstrated that not only can visible light be used 

to power micromotors which use catalysis for wastewater treatment, but that the iron oxide 

nanoparticles incorporated into them are suitable for using magnetic retrieval for easy 

recycling, in a similar composition to hybrid-powered micromotors discussed in Section II 

[379]. A similar study showed that magnetically driven BiOBr-based micromotors can use 

solar power to degrade organic pollutants, with the activity of the micromotors not only 

enhancing diffusion but also stirring the liquid to enhance diffusion [71]. Work has also 

been done on developing micromotors for the removal of heavy metal ions using various 

side-chain functional groups on tubular structures, with bubble-driven Ni/Pt catalysts for 

propulsion [380]. It has been shown that the fluid mixing induced by active particle action 

can greatly increase the chance of contact between reactive oxygen species on a 

micromotor with pollutants, enhancing wastewater treatment by up to 3.5 times when 

compared with unpropelled counterparts [93, 381]. One report from 2019 demonstrates 
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micromotors which can simultaneously sense, remove, and recycle metal ions in 

wastewater, using a composite polycaprolactone/Mg propulsion system [382]. Inorganic 

pollutants such as heavy metal ions are not the only concern with wastewater, however. 

Micromotors have been developed which can actively capture and remove antibiotics from 

water [119]. Metallodielectric Janus particle micromotors have been shown to be able to 

trap, transport, and selectively electroporate bacteria under both continuous alternating 

current as well as pulsed signal conditions in order to help combat biological waste 

products [142]. The use of graphene as the outer body of micromotors has proven to not 

only benefit from the mechanical stability of this material, but has also demonstrated 

antibacterial properties against Escherichia coli and Staphylococcus cultures [383]. 

Similarly, a large amount of research on active particles has focused on how they can be 

used in the biological and medical fields.  

As seen previously with chemical mixing, micromotors can be used to enhance 

mixing efficiency; in the medical field this can allow for faster testing with much smaller 

samples than would be needed otherwise [384]. A paper from 2020 demonstrates the usage 

of micromotors in enhancing the efficiency of C-reactive protein immunoassays for 

determining sepsis in preterm infants, allowing the usage of much smaller samples than 

needed for conventional immunoassays [384]. The ability of micromotors to demonstrate 

enhance diffusion over passive agents has been used in order to enhance the retention of 

cargo within the intestines, allowing for better deep-tissue imaging via photoacoustic 

computed tomography [385]. However, the applications of active particles in medical 

research is not limited to only this. One research team has proposed the idea of generalized, 

nonfunctionalized micromotor surfaces for label-free dynamic loading, transport, and 
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release of commercially available functionalized beads, which can be used for 

immunosensing or DNA binding tests with a major goal of reducing intermediate fluid 

handling steps such as buffer exchange or washing which are commonly used in current 

practices [386]. One study expanded upon this idea with the loading of iron and selenium 

into magnesium-based micromotors, which can operate within gastrointestinal fluids, for 

the purpose of combating anemia, and demonstrated positive results in a mouse model 

[387]. As evidenced by Figure 1.6, there has also been significant research into the use of 

magnetically-driven active particles as a method disrupt blood clots within deep veins, 

bypassing the need for surgery in some cases [351, 388]. These methods of using the 

mechanical power of micromotors all demonstrate some of the unique ways which they 

can enhance current medical technology, as well as develop it further.  

 

 

Figure 1.6: Using active particles to destroy blood clots.  

(a) With permission from ref [388], (b) ref [351]. 
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There has also been recent research which has moved beyond the concept of 

singular micromotors moving through a fluid. A lab at the University of California San 

Diego has used micromotor-style catalysis propulsion using magnesium to generate H2 

bubbles and drive microneedles from a dermal patch to enhance payload delivery; such a 

technique can be considered an alternative application of active particle technology, and 

helps to show how technology development is not always linear [389]. Beyond the usage 

of distinct, separate individual active particles, it has been shown that active colloidal 

crystal clusters can be useful as well, with the ability to be tuned to have a specific size or 

with the inclusion of catalysts or magnetic elements, in order to use as dynamic bar-coding 

to facilitate detection processes ideal for biomedical applications [96]. In addition to having 

the active particles use their driving force to perform mechanical or chemical tasks, the 

enhanced diffusion is also remarkable for the use of marking and detection applications. 

Specially coated micromotors have demonstrated ten times the light reflection of simple 

gold particles, in addition to being controllable via magnetic fields, offering great 

suitability as theranostic imaging tools [390]. Jellyfish-shaped micromotors have been used 

for the detection of DNA in solution, using the driving catalase on the micromotor limbs 

to also trigger displacement-based release [134]. Such bioinspired designs are a commonly 

seen starting point for current research using active particles. Several innovative methods 

of creating synthetic active particles involve using existing cells as the base, due to their 

motive capability and biocompatibility. A study from 2020 demonstrates the potential of 

asymmetrically immobilizing urease onto existing platelet cells, thereby creating a type of 

Janus micromotor with high biocompatibility, which can then be loaded with anticancer or 

antibiotic drugs for a variety of biomedical applications [121]. A novel approach for 
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biocompatible micromotors uses the outer membrane of red blood cells as the framework 

for platinum catalyst-powered micromotors, incorporating the strength and flexibility of a 

cell into a controllable active particle [391]. Helical magnetic micromotors inspired by the 

flagellar motion of E. coli have been put forward as cellular microcarriers to be used for 

cell seeding and cultivation, allowing for the dynamic assembly of complex cellular 

structures [120].  

Based on the astounding amount of research within the past few years, the field of 

active particle research is rapidly expanding, especially in biological and medical fields of 

study. However, there is a distinct lack of information on the clustering behavior of 

colloidal active particles in confined environments such as blood vessels and capillaries; it 

is the purpose of this Dissertation to use the theoretical and simulational techniques which 

will be explained in Chapter 2 in order to carry out a systematic investigation of this matter. 

The simulations which I carried out will be defined and explained in Chapter 3, reported 

and analyzed in Chapter 4, and then clustering behavior scaling laws based on the density 

and applied driving force of the simulated active particles will be given in Chapter 5. 

Chapter 6 is a short overview of the work, overall conclusions of the field based on the 

literature study and research, and potential directions for future research utilizing the 

simulational framework presented here.  
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2. ACTIVE PARTICLE THEORY 

2.1. Theory of Active Particles 

The potential and realized usages of active particles are varied and complex, as is 

their behavior in such fluid systems. To begin discussion on the behavior of active particles 

in a fluid environment, the behavior of a single active particle must first be studied. The 

performance of a single active particle in a fluid system lays the initial groundwork for 

modeling and understanding more complex systems [162, 392, 393]. Figure 2.1 gives some 

of the most important characteristics of active particles in a fluid system, and helps to 

elucidate what properties should be considered when discussing their behavior, and what 

influences that behavior. As mentioned in Chapter 1, at low Reynold’s numbers active 

particles must break time-reversal symmetry in order to enact motion, and systems 

containing active particles cannot be considered to be in equilibrium, due to the energy 

which active particles add to the system by definition. Active particles on the order of a 

micrometer, or even nanometer, can be considered as a special kind of Brownian particle, 

and as such the influence of Brownian motion is very strong in these systems. However, 

rather than having their motion completely dictated by heat and the random collision of the 

surrounding fluid, active Brownian particles instead rely on the extraction of energy in 

some manner as discussed above in order to drive their motion. It has been shown through 

mathematical modeling that the damping factor of the surrounding fluid is a critical 

parameter which strongly influences whether the dominant motion of such a particle is 

random-collision (Brownian) dominated or self-driving (active) force dominated; the 
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Brownian force is a function of the fluid medium, while the self-driving force corresponds 

to the induced potential of the active particle [394, 395]. It is the active force which is most 

often the subject of study in the field of active particles. 

 

Figure 2.1: Properties of active particles.  

With permission from ref [37]. 

 

The propulsion method of an active particle strongly influences its behavior; it can 

be understood that microswimmers have a different propulsion mechanism than catalytic 
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or magnetically driven particles, and the geometry must be taken into consideration as well, 

for it has been observed that linear tube or nematic micromotors have markedly different 

kinematics in fluid when compared with spherical particles or amorphous cells [8, 25, 168, 

310, 383, 396-402]. It has also been shown that L-shaped particles on the micrometer scale 

can demonstrate coupling between translational and rotational motion, and L-shaped 

micromotors have been experimentally observed to exhibit circling trajectories which 

differ greatly from typical spherical or rod-shaped micromotors [403]. One specific type 

of motive behavior, termed “run-and-tumble” motion, was first observed in natural active 

particles such as bacteria or microalgae. These particles can be considered to be driven by 

flagellar motion, and often exhibit intermittent motion between high-motility “run” periods 

broken by low-motility “tumble” periods [404]. In fact, a study on the photosynthetic 

model organism cyanobacterium Synechocystis demonstrated that light intensity had a 

profound effect on the ratio between time spent in the run versus tumble states, as well as 

collective positive phototaxis, which persisted for up to an hour after cessation of the light 

source [405]. One study from 2019 demonstrated that magnetotactic bacterium 

demonstrated complex behavior influenced not only by magnetic field lines but also by the 

chemical gradient of oxygen within the environment, influencing the natural run-and-

tumble behavior of the cells [406]. Such run-and-tumble behavior was first characterized 

by observing living cells, but has also been observed in a number of synthetic active 

particles as well. In a specific case, chemical propulsion of rod or tube-like micromotors 

has been experimentally shown to lead to this run-and-tumble behavior, as opposed to the 

relatively constant motion exhibited by field-driven or spherical catalyst micromotors [101, 

331]. These types of active particles exhibit periods of relatively linear directed motion 
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interspersed with periods of random tumbling behavior, in a similar manner as the 

aforementioned bacteria. 

Chemical propulsion, magnetic/optical field propulsion, and swimmer-based 

propulsion all generate differently shaped flow fields around each active particle, giving 

rise to differences in active fluid behavior at both the individual and bulk scales [340]. The 

hydrodynamics surrounding active particles is thus a good place to begin a discussion of 

the motion of the particles. The basis of motion for active particles within a fluid can be 

considered to be the particle-fluid hydrodynamic interactions. It is on this foundation of 

hydrodynamic interactions that the propulsive force (in most cases), drag force, and all 

other forces, act and effect motion within the fluid. Hydrodynamic descriptions also set the 

basis further, for the active particle behavior near walls, in channels, and even determine 

their collective behavior, as inter-particle interactions must all be mediated through the 

surrounding fluid, whether through direct mechanical force or field effects [37]. The 

addition of active particles to a fluid also has profound indications on the behavior of the 

fluid, making fluid-active particle influence a two-way function [407]. The scaling of the 

effective diffusion coefficient of a fluid system has been shown to be non-monotonic with 

respect to the driving force of the active particle, with these flow-field effects being 

demonstrated in the motion of biological active particles such as motile phytoplankton or 

other microorganisms [343]. Such self-propelled particles have velocity distributions 

which indicate individual particle-based turbulence, even in the absence of bulk fluid 

turbulence, leading to further complexities for the description of fluid flow when active 

matter is involved [408]. System-wide field forces must also be considered. On larger 

scales, the influence of gravity on active matter flows becomes nontrivial; although many 
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simulational studies on active particles at the micrometer scale neglect gravitational forces, 

this is not always the case [395, 409, 410]. Active particles are affected by all of the same 

forces as similar passive particle systems, but the addition of propulsive forces adds another 

layer of complexity. A study from 2019 demonstrated that asymmetrical metallic patches 

on spherical colloidal particles can allow for alternating current electric fields to tune the 

shape of individual particle trajectories, such as causing the active particles to achieve 3D 

helical pathways in order to navigate complex environments more efficiently than is 

possible with random or linear trajectories [411]. Obviously, care must be taken not to 

overly simplify or generalize complex active particle systems, as the mode of propulsion 

and geometry of the particle heavily contribute to the single-particle behavior, and also the 

collective behavior of many active particles in a fluid system [16, 70, 412]. The simulations 

performed in this work consider the active particles to be spherical and driven by a 

generalized non-chemical motive force, for simplicity.  

 

2.2. Simulational Work 

Due to the complexity of active particle systems, there has been much research done 

via simulation in order to observe emergent behaviors not able to be captured by theory 

alone. It has been shown that, while passive colloids can self-assemble, colloidal systems 

composed of active particles can demonstrate an enhanced ability to self-assemble, due to 

the driven nature of the particles [356]. This type of active aggregation has been shown to 

create dynamic clusters which change over time, through work done by both the fluid 

velocity as well as individual active particle motion, in order to overcome the long-range 

repulsion common in colloidal systems [250].  
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Lone active particles within a bulk fluid can move freely, due to the low particle 

densities; however, at high particle densities active particles have been shown to be able to 

form turbulence-like aggregates or serpentine chains [32]. The aggregation of active 

colloidal particles has been shown to occur naturally in systems with chemical signaling 

between active particles, for colloidal volume fractions of 3% − 50% [358]. At higher 

particle densities, the term active fluid is more appropriate that active colloid, as the fluid 

itself will attain a glassy state due to crowding effects and jamming of the dense active 

particles [413]. Due to this, the simulations within this work will study systems with an 

active particle density of 5% − 30%, as this range allows for rapid aggregation without 

major hindrance from the steric effects seen at higher active particle densities. 

Some simulational work has focused on the shape effect of active particles. In a 

parallel to the way different individual behaviors of active particles arise based on their 

geometry, the collective behavior of active particles in a fluid system is strongly influenced 

by the active particle shape, with rod-shaped motors demonstrating very different dynamics 

as compared to colloidal spheres or Janus particles [359]. Shape-encoded programmed 

dynamic assembly of active particles has also been demonstrated as a method of creating 

heterogenous complex devices with larger degrees of freedom as compared to monolithic 

micromachines [354]. A 2019 study on active Brownian particles used molecular dynamics 

to establish how active particles can demonstrate enhanced diffusion of the fluid system, 

with increasing active particle density leading to a greater effective diffusion coefficient 

[329]. Collective motion of cells presents a good natural model to study in order to better 

understand active particle behaviors, with prior results indicating that dynamic behavior 

arising from such collective motion spans across a wide range of length and time scales 
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[51, 414]. Recent work from 2021 has shown via several simulations and models that active 

particles increase mixing at small scales, while actually inhibiting transport across larger 

length scales; this active particle coupling between activity and flow can lead to nontrivial 

effects on mixing and transport [415]. Figure 2.2 gives a generalized overview of the 

different models used for the various categories of active matter. Due to the complexity of 

the systems in question, some of the most important steps for setting up a simulation of 

active matter is the choice of coarse-graining, as length and time scales are too long for 

first-principles or fully atomistic simulations, as well as the choice of implicit or explicit 

solvent, due to the large contributions and emergent effects of the fluid system which the 

active particles may be embedded in.  

 

Figure 2.2: Computational models for active matter 

With permission from ref [37]. 
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2.3. Fluids and Solvents 

There is a tremendous difference in scale for both length and kinematic time 

between colloidal particles and solvent particles; for example, a typical colloid particle (1 

μm diameter) occupies a volume comparable to that of 103 water molecules. Thus, coarse 

graining of the solvent is necessary in order to reasonably reach significant scales of time 

and size for the simulated system. In this work, we use stochastic rotation dynamics (SRD), 

also called multiparticle collision dynamics, in order to create a fluid system that is 

computationally efficient, hydrodynamically accurate, and can handle thermal noise[416]. 

For this work, the coarse-graining length scale is chosen to be smaller than that of the 

mesoscopic colloidal particles, but much larger than the natural length scales of the solvent 

molecules (in this case, water). By obeying local momentum conservation, the following 

methods reproduce Navier-Stokes hydrodynamics (Equation 1.2 and Equation 1.3) at 

larger length scales.  

SRD is a dynamic mesoscopic coarse graining technique which has been previously 

used to capture the behavior of passive and active colloidal particles under low Reynolds 

numbers (Equation 1.1) and low to moderate Peclet numbers (Equation 1.5) [141, 417, 

418]. SRD was developed for cases when fluid dynamics are important, but the detailed 

chemical properties can be neglected. Compared to DPD, where transport coefficients and 

effective viscosities can vary by up to 50%, SRD values are generally within 1% of 

experimental results. The lattice Boltzmann method for solvent particles can be more 

efficient than SRD, but is also far less accurate in regimes where thermal fluctuations are 

needed (such as the effect of Brownian motion). Brownian dynamics can be more efficient 
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than SRD, but less accurate if inertia and full hydrodynamics are necessary. The fluid-

representative solvent is composed of point masses, and SRD draws from both Monte Carlo 

and lattice methods with no numerical instabilities. It can also be easily coupled with MD 

simulations. The SRD method maintains synchronous, discrete-time dynamics with 

continuous velocities and local multiparticle collisions used to efficiently describe the 

dynamics of the solvent, while colloidal particles are coupled to the solvent through explicit 

interaction potentials[417].  

In SRD, the solvent is represented by a large number of point-like particles of mass 

1 𝑚𝑠 (an explanation of units is given below). These are termed the fluid particles; 

however, they are not merely composite particles or clusters made up of aggregates of 

water molecules. The particles can be considered as a convenient computational device to 

allow coarse graining of the fluid properties. SRD works as follows: In the first step, the 

streaming step, the positions and velocities of the fluid particles are calculated directly by 

integrating Newton’s equations of motion, as seen in Equation 2.1:  

𝒙𝒊 → 𝒙𝒊 + 𝒗𝒊 

Equation 2.1 

Here, 𝑥𝑖 is the position of particle 𝑖, and 𝑣𝑖 is the velocity. The forces on the fluid 

particles can be generated by external forces such as the system walls or colloidal beads, 

but there are no direct forces between fluid particles, and the lack of such pairwise 

calculations contributes to the high efficiency of the method. After the streaming step, the 

second step of the algorithm, the collision step, simulates the collisions between fluid 

particles. The system is partitioned into cubic cells of length 1 𝜎. The velocities of all fluid 
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particles are rotated by rotation vector 𝜔̂ relative to the center of mass velocity 𝑉 of their 

respective cell separate cell, as given in Equation 2.2.  

 

𝒗𝒊 → 𝑽 + 𝝎̂[𝒗𝒊 − 𝑽] 

Equation 2.2 

This step is where momentum is transferred between the fluid particles. The 

rotation procedure can thus be viewed as a coarse graining of particle collisions over time 

and space. Because mass, momentum, and energy are conserved locally, accurate Navier-

Stokes (as given in Equation 1.2, Equation 1.3, and Equation 1.4) hydrodynamic effects 

can be captured, including that of thermal noise. The method of SRD coarse-graining of a 

fluid thus allows for easy control of viscosity and coupling properties and can demonstrate 

phase segregation and reactive hydrodynamics from complex solutes.  

 

2.4. DLVO Theory 

Depending on the individual particle properties, as well as the dispersion fluid, 

colloids can aggregate, flocculate, or remain discrete within the fluid environment. Due to 

the fluid inertia and small length scales, most mathematical models for the base fluid on 

these scales use the Navier-Stokes equations of state for fluids, assuming incompressibility, 

and Neo-Hookean or rigid body material for the solid particles; the associated 

approximations included in these assumptions are favorably validated with experiments 

[198-201]. DLVO theory, named after Boris Derjaguin, Lev Landau, Evert Verwey, and 

Theodoor Overbeek, quantitatively describes the aggregation behavior of aqueous 
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dispersions, and as such is very useful for the modeling of colloidal interactions, which 

generally present long-range repulsion and short-range attraction between dispersed 

particulates [208-210]. The general form of the DLVO interaction potential is a summation 

of electrostatic (Equation 2.3) and van der Waals (Equation 2.4) forces. 

𝑼𝑪𝒐𝒖𝒍 = 𝝅𝝐𝒓𝝐𝟎 [
𝟒𝒌𝑩𝑻

𝒒
𝒕𝒂𝒏𝒉 (

𝒒𝜳𝟎

𝟒𝒌𝑩𝑻
)]

𝟐 𝒅𝟐

𝒓
𝐞𝐱𝐩(−𝜿[𝒓 − 𝒅]) 

Equation 2.3 

For the Coulombic interaction, 𝜖𝑟 is the electric permittivity of the fluid, 𝜖0 is the 

vacuum permittivity, q is the particle charge, Ψ0 denotes the effective surface potential of 

the colloid, and 𝜅 is the inverse Debye screening length. The Debye screening length is a 

measure of how quickly loose ions within the solvent attenuate particle surface charge as 

a function of the distance; this leads to the often seen “double-layer” screening seen for 

charged particles in solvents such as water. The van der Waals component of the DLVO 

interaction is given by Equation 2.4: 

𝑼𝒗𝒅𝑾 = −
𝑨𝑯

𝟏𝟐
[

𝒅𝟐

𝒓𝟐 − 𝒅𝟐
+

𝒅𝟐

𝒓𝟐
+ 𝟐 𝒍𝒏 (

𝒓𝟐 − 𝒅𝟐

𝒓𝟐
)] 

Equation 2.4 

Here, for the van der Waals interaction, 𝐴𝐻 is the Hamaker constant, 𝑑 is the bead 

diameter, and 𝑟 is the distance between the colloidal bead centers. DLVO describes the 

force between two spheres interacting through a combination of Lennard-Jones and 

doubly-screened electrostatic interactions, and with a certain amount of modification can 

also be used to describe nonspherical particles [211]. Due to the doubly-screened 
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electrostatic interactions felt by the particles, aggregation behavior of charged particles is 

strongly dependent on the screening potential / chemical makeup of the suspending fluid, 

with the polar solvent water being the most commonly used [212]. Thus, in this work, 

DLVO-based interaction potentials are used for colloid-colloid interactions, along with the 

aforementioned stochastic rotation dynamics method of modeling the solvent.  

 

2.5. Coarse Graining 

This work studies specifically the common scheme of diffusion-limited colloidal 

aggregation; that is, when two colloidal particles are close enough, they will certainly form 

a cluster together[207, 419]. This progression is inherently a non-equilibrium kinetic 

process. The CGMD colloid-colloid interaction potential uses the DLVO potential 

developed for colloidal interactions[420]: 

𝑼 = 𝑼𝒗𝒅𝑾 + 𝑼𝑪𝒐𝒖𝒍 + 𝑼𝑯𝒆𝒓𝒕𝒛 

Equation 2.5 

Equation 2.5 gives the summation of forces acting between colloidal particles. 

Here, the total potential energy between two colloidal particles is the summation of a van 

der Waals (attractive) force, given by Equation 2.4; a Coulombic (screened electrostatic) 

force, given by Equation 2.5, and a Hertz (hard repulsive contact) force.  

The Derjaguin-Landau-Verwey-Overbeek interaction is suitable for use when 

coupling CGMD with SRD, and has been proven to give accurate hydrodynamic 

interactions for colloidal systems of Peclet number smaller than 20 [421]. To model steric 
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repulsion between colloidal particles, and prevent overlap or penetration of the beads, a 

Hertz contact force is included, as given by Equation 2.6:  

𝑼𝑯𝒆𝒓𝒕𝒛 = 𝑲(𝒅 − 𝒓)
𝟓
𝟐 , 𝒓 < 𝒅 

Equation 2.6 

The hydrodynamic volume fractions of interest range from 5% to 30%; at higher 

volume fractions, steric interactions between the colloids start to dominate and frustrated 

systems can occur[417]. All quantities are described in dimensionless units with mass in 

units of 𝑚𝑠 (the mass of the solvent particles), energy in units of 𝜖, length in units of 𝜎, 

force in units of 
𝜖

𝜎
, and time in units of 𝜏 = √𝑚𝑠𝜎2/𝜖.  Parameters are chosen to model 

micrometer-sized active particles within water, and using a temperature of 310 K with the 

viscosity of water at that temperature of 694.2
𝜇𝑁𝑠

𝑚2 , physical values can be assigned to the 

micromotor clustering simulations [132]. Each SRD fluid point particle thus represents 4 

water molecules, and 𝜎 = 1𝜇𝑚 is the radius of the CGMD active particle beads.  

The focus of this work is to investigate the effects of density and driving force of 

active colloidal particles on their clustering behavior within a confined fluid system. In this 

paper we use a hybrid coarse-grained molecular dynamics model in order to simulate the 

clustering and aggregation behavior of colloidal particles of micrometer size. The fluid is 

explicit, due to the important effects of hydrodynamics on the clustering process. 

Stochastic rotation dynamics, also called multiparticle collision dynamics, is used in order 

to well replicate both long- and short-range hydrodynamic behavior at low Reynolds 

number. The active particle beads are modeled using coarse-grained molecular dynamics 

simulation with an inter-colloidal potential based on DLVO theory.  
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3. CLUSTERING BEHAVIOR OF ACTIVE PARTICLES 

3.1. Model and Setup 

Based on the coarse-graining and solvent schemes discussed in the previous 

chapter, I developed a simulational model in order to perform my own experiments for the 

clustering of active particles in a confined fluid environment. Presented in the following 

chapters is an investigation of the dynamic clustering behavior of active particles under 

confinement, including the effects of both particle density as well as active driving force. 

This chapter will discuss how the simulation was set up, the potentials used in this study, 

and the analysis methods that were carried out, the results of which will be discussed in the 

following chapters. A hybrid coarse-grained molecular dynamics scheme is used with 

stochastic rotation dynamics to allow for accurate hydrodynamic interactions, and the 

diffusion-limited aggregation behavior is studied. The variables of interest are 𝜃 and 𝐹. 

The variable 𝜃 is the 2D projection area coverage ratio of the colloidal particles to the 2D 

size of the simulation box; i.e. 𝜃 = 25% means that the total area of all particle projections 

equals 25% of the area of the box. The variable 𝐹 indicates the driving force on the 

colloidal particles along their axial direction, with 𝐹 = 0 indicating passive (nondriven) 

particles. Results indicate that both coverage and driving force have strong effects on the 

aggregation behavior of the colloidal particles, with the coverage effects dictating the 

clustering speed at low driving forces, whereas large driving forces dominate behavior. 

Power scaling laws were found to well fit the rate of cluster formation over time, with 
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anywhere from two to four different dynamic regions depending on the coverage. The 

findings presented here allow for a series of scaling laws based on power relationships for 

the clustering time as a function of both density of active particles, as well as the applied 

driving force. There are up to four distinct dynamic regions in terms of clustering as a 

function of time, dependent on the density of the particles within the system. As driving 

force increases, the aggregation behavior also is accelerated, whereas an increase in density 

of active particles changes the dynamic procession of the system. 

The system of interest is passive or active particles of the micrometer scale, which 

can be termed as a colloid [194-196]. In these colloidal systems the suspended particles 

may interact through hydrodynamic, interparticle, and Brownian (or thermal) forces[422]. 

The model setup used for all following simulations and results will directly model 

hydrodynamic and Brownian forces through stochastic rotation dynamics, and the 

interparticle interactions will be modeled with the Derjaguin-Landau-Verwey-Overbeek 

(DLVO) interaction. A multiparticle collision-based method called stochastic rotation 

dynamics will be used to model the solvent.  

 

3.2. CGMD Active Particles / DLVO  

This work studies specifically the common scheme of diffusion-limited colloidal 

aggregation; that is, when two colloidal particles are close enough, they will certainly form 

a cluster together [207, 419]. This progression is inherently a non-equilibrium kinetic 

process. Figure 3.1(a) displays a schematic representation of the attractive colloidal active 

particles under a quasi-2D confinement (Hele-Shaw confinement, as mentioned in Chapter 

1) scheme, as expounded upon below. In the simulation, colloidal spheres of mass 𝑀 are 
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propagated through the velocity Verlet algorithm with a timestep of  0.01 𝜏. The colloids 

are embedded in the fluid, and interact with the fluid particles through a repulsive-only 

Weeks-Chandler-Andersen potential (van der Waals force). While the fluid-fluid 

interactions are coarse-grained using SRD, the colloid-colloid and colloid-fluid 

interactions are integrated using a normal molecular dynamics procedure. 
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Figure 3.1: Model setup.  

(a) Schematic of the spherical active particles, with on-axis driving force, under 

confinement. The particles can attract each other (cluster) at close distances due to the 

DLVO interactions. The explicit SRD fluid grants hydrodynamic effects such as drag forces 
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in the opposite direction of motion, and random thermal forces. Model setup: (a) The 

CGMD beads in SRD solvent, and (b) the solvent with transparent beads to show solvent 

density. Solvent beads are colored as a function of their relative velocity, to demonstrate 

the distribution.  

 

The CGMD colloid-colloid interaction potential is the DLVO potential developed 

for colloidal interactions[420]. The total potential energy between two colloidal particles 

is the summation of the van der Waals (attractive) force, Coulombic (screened electrostatic) 

force, and Hertz (hard repulsive contact) force. The interbead colloidal forces are given by 

Equation 2.3, Equation 2.4, Equation 2.5, and Equation 2.6. The Derjaguin-Landau-

Verwey-Overbeek interaction is suitable for use when coupling CGMD with SRD, and has 

been proven to give accurate hydrodynamic interactions for colloidal systems of Peclet 

number smaller than 20 [421]. To model steric repulsion between colloidal particles, and 

prevent overlap or penetration of the beads, a Hertz contact force is included, as given by 

Equation 2.6. The SRD fluid point particles interact with the CGMD beads via the Weeks-

Chandler-Anderson potential as described in Equation 3.1. 

𝑼𝑾𝑪𝑨 = {
𝟒𝝐 ((

𝝈

𝒓
)

𝟏𝟐

− (
𝝈

𝒓
)

𝟔

) + 𝝐,      𝒓 ≤ 𝟐
𝟏
𝟔𝝈

𝟎,                                         𝒓 > 𝟐𝟏\𝟔 𝝈

 

Equation 3.1 

The hydrodynamic volume fractions of interest range from 5% to 30%; at higher 

volume fractions, steric interactions between the colloids start to dominate and frustrated 

systems can occur[417]. All quantities are described in dimensionless units with mass in 
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units of 𝑚𝑠 (the mass of the solvent particles), energy in units of 𝜖, length in units of 𝜎, 

force in units of 
𝜖

𝜎
, and time in units of 𝜏 = √𝑚𝑠𝜎2/𝜖.  

Figure 3.1(b-c) shows a representative snapshot of the CGMD-SRD hybrid model 

used for the simulations in this work. The SRD point particles allow for good representation 

of long- and short-range hydrodynamic behaviors, while the CGMD beads model the 

colloidal micron-sized active particles (micromotors). The CGMD beads are finite-sized 

spheres with radius 1𝜎 and density 1
𝑚𝑠

𝜎3 . The simulation box is 256𝜎 x 256𝜎 in the x-y 

plane, and 10𝜎 in the z dimension with a harmonic restraining force perpendicular to the 

z-direction on the CGMD colloidal particles only. The simulation box is periodic in all 

dimensions. The confining force in keeps the CGMD beads within a plane of approximate 

thickness 3𝜎 at the center, in a quasi-2D setup. This size disfavors bead stacking in the z-

dimension, while still allowing beads to cross over and past each other. Figure 3.2 displays 

the initial quasi-2D setup of the particles on a square lattice with areal density 𝜃 = 30%. 

The number of beads for each geometrical setup; that is for 𝜃 = 5%, 10%, 15%, 20%, 

25%, and 30%; correspond to 𝑁 = 1089, 2116, 3136, 4225, 5184, and 6241, 

respectively. A quasi-2D setup is chosen to both reflect the high confinement found in 

vascular systems as well as to allow for ease of simulation and analysis, with the results 

being easily extrapolated to 3D behavior. After the beads are created, each bead has its 

orientation randomly set, so that any propelling force will also act in a random direction at 

the beginning of the simulation. Figure 3.3 demonstrates the clustering of beads as a 

function of time, as well as their nearest neighbors. For the driving force applied to the 

active particles, the force is applied constantly along the axis of the active particle, and thus 
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due to the reorientation of spherical particles in a fluid, there is no net directional movement 

due to the driving force. 

 

Figure 3.2: Axes and initial experimental setup for θ = 30%. 
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Figure 3.3: Coordination during clustering. 

Case is for θ = 30% F = 5. (a) τ = 275, (b) τ = 2,500. The color bar indicates coordination 

of the beads. 

 

3.3. Testing and Validation 

For active particles, low-Reynold’s number systems can be assumed. In the case of 

active particles for medical usage, blood within the body generally follows Stokes’ law, as 

given by Equation 1.4. Peak Reynolds numbers within the human body (𝑅𝑒) are below 

2000, and flow within the veins is generally laminar flow at 𝑅𝑒 < 500 [423]. Figure 3.4 

demonstrates Stokes flow for a spherical bead traveling through the SRD particles. Figure 

3.5 shows the mean squared displacement curves of particles with different applied forces 

as well as their trajectories. No applied driving force is equivalent to the Brownian motion 

of passive colloidal particles. The software LAMMPS was used for all simulations [424].  
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Figure 3.4: Low Reynolds regime for laminar flow test cases.  

Cases are for spheres of different radii under driving force (a) F = 0.1, (b) F = 0.5, (c) F 

= 1, (d) F = 5. for F = 0.1The dotted line is from theory. N = 5 cases for each data point. 
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Figure 3.5: Validation of fluid.  

Path of a single bead (a) and MSD (b) comparisons demonstrating enhanced diffusion of 

active particles when compared with passive particles. 

 

Figure 3.6 shows all of the 5 independent runs for 𝜃 = 5% at different driving 

forces. It can be seen that there is very little difference between cases, and this similarity 

holds true for all 𝜃 and 𝐹. At 𝐹 = 10, occasionally a bead will temporarily detach from a 

cluster due to the similar magnitude of driving force and interbead attractive potential. Due 

to Figure 3.6, we can see that the average cluster number and therefore cluster size can be 

taken as a good approximation for all runs across each variation of driving force 𝐹 for a 

given coverage density 𝜃. Additionally, Figure 3.7 shows that only 𝜃 matters in terms of 

cluster number over time, and absolute bead number is not significant. For systems with 

16𝑥 more and 16𝑥 fewer beads, there was no big difference in clustering behavior over 

time, although there were minor size effects towards the end of the run when the number 
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of beads was small (𝑁0 < 500). This can be attributed to the discreet behavior of very few 

(𝑁 < 10) clusters when compared with the more continuous behavior of many (𝑁 ≥ 100) 

clusters. 

 

Figure 3.6: Comparison of different cases.  

Five Different runs for θ = 5%, (a) F = 0, (b) F = 1, (c) F = 5, and (d) F = 10. 
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Figure 3.7: Size effects of the system.  

Different sized simulation boxes and effects on clustering behavior. θ = 25% F = 0. 

 

3.4. Analysis Methods  

Cluster number tracking: A cluster here is defined as an arrangement of particles 

where at least two particles are within the skin distance of each other. The skin distance is 

𝑟𝑖𝑗 < 2.3 𝜇𝑚 where 𝑟𝑖𝑗 is the distance between two particles. Two particles are a part of 

the same cluster if a path can be drawn from one to the other solely by connecting particles 

within skin distance.  

A program was written using MATLAB to count the clusters and their sizes for 

each snapshot of the system (301 snapshots for each of the five runs for each given force 

and coverage density (see Appendix). The clusters and sizes were used to generate a 

histogram of cluster size distributions which could be well-fit by the gamma distribution, 

given below: 
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𝑷(𝑺) =
𝒃−𝒂𝑺𝒂−𝟏𝒆−

𝑺
𝒃

𝜞(𝒂)
 

Equation 3.2 

Equation 3.2 gives the probability distribution defined by the gamma function, 

termed as the gamma distribution. Here, 𝑃(𝑆) is the probability of a cluster being size 𝑆. 

The gamma distribution has a shape parameter (𝑎 > 0), a scale parameter (𝑏 > 0), a cluster 

size (𝑆 > 0), and Γ(𝑎) is the gamma function. As 𝑎 increases the distribution approaches 

a normal distribution. The gamma distribution is useful in applications with a physical 

lower bound but no non-statistical upper bound. 

The periodic system can be analyzed through fast Fourier transformation (FFT) of 

snapshots of the system taken in the x-y plane, as the quasi-2D nature of this system allows 

for ease of spatial analysis. For each snapshot of the system used for analysis, an image 

was generated. The image was composed of 1024x1024 pixels for the 256x256 μm 

system (16 pixels/μm2 resolution), and generated as completely black-and-white. From this 

initial image, a 2D-fast Fourier transform (FFT) was performed. In the clustering image, 

white pixels (background) are treated as zeros, while black pixels (colloidal particles) are 

treated as one. The circular average of the power of the 2D FFT transform was calculated, 

and the k-space power spectra was determined. The code used is given in the Appendix. 

This k-space was used to determine the representative length of the system, which denotes 

the average cluster size and spacing between clusters. The inverse length scale of the 

system is termed as 𝑘𝑟, while the circularly averaged FFT power spectra is denoted as 
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𝑃𝑆𝐷(𝑘𝑟). To find the representative length 𝑘0, a Gaussian curve was fit to the first peak 

for every snapshot, and 𝑘0 and 𝑃𝑆𝐷(𝑘0) were found and plotted.  
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4. TIME-DEPENDENT BEHAVIOR 

4.1. Clustering Behavior 

The fundamental quantity of interest for this system is the number and distribution 

of clusters, which changes over time due to the diffusion-limited aggregation of the 

individual particles and clusters which, in this confined setup with a set number of particles, 

drives towards fewer and fewer clusters. The individual particles aggregate into clusters, 

which further aggregate with the increment of time. Figure 4.1 gives a visual representation 

of how both time and driving force affect the clustering behavior for a given coverage (in 

this case, 𝜃 = 15%). An increase in the active driving force causes more rapid clustering 

behavior, especially near the beginning of the simulation. This causes clusters to form and 

aggregate more rapidly when compared with the passive colloidal particles (those with no 

driving force; 𝐹 = 0). The dynamics of clustering are intrinsically changed by the addition 

of a driving force, with more complicated effects overall than a mere acceleration of the 

clustering seen. As evidenced in Figure 4.2, the coverage and driving force both contribute 

heavily to the time evolution of clustering behavior; the snapshot time for each given force 

and coverage is 𝑡 = 1000𝜏. At higher coverages, clustering proceeds more rapidly, 

especially at smaller times, due to the decreased average interbead distances which arise 

due to the geometrical realities of increased particle coverage.  
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Figure 4.1: Clustering behavior over time. 

Time is 50 𝜏 to 50,000 𝜏 for 𝜃 = 15%, for different applied force 𝐹. 
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Figure 4.2: Clustering behaviors at different densities and driving forces.  

Time is 𝑡 = 1000 𝜏. 
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Figure 4.3: Cluster number versus time. 

Clustering behavior over time for (a) 𝜃 = 5%, (b) 𝜃 = 10%, (c) 𝜃 = 15%, and (d) 𝜃 =

30%. 

As the CGMD particles collide, they will stick together and form cluster aggregates. 

Figure 4.3 gives an overview of how the number of clusters proceeds over time, 

demonstrating how the number of clusters decreases monotonically over time, due to the 

DLCA assumption outlined in Chapter 1. As the driving force increases, the rate of cluster 

formation increases in a monotonic fashion. The clustering behavior can be well described 
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by Equation 4.1, which describes the number of clusters as a function of the time and 

number of particles in the system: 

𝑵 ∝ 𝑵𝟎 ∗ 𝒕𝒎 

Equation 4.1 

Where 𝑁 is the total number of clusters at a given time 𝑡 (a monomer is considered 

as a cluster of one particle), 𝑁0 is the number of particles in the system (determined by the 

coverage), and 𝑚 is a scaling exponent for the cluster number with respect to time, which 

will be discussed at greater length in Chapter 5.  

As particle aggregation into clusters proceeds, the cluster size is an important metric 

used in conjunction with total cluster number to determine uniformity of clustering 

behavior. The size of each cluster is calculated for this section as the total number of 

particles within the cluster. Figure 4.4 gives a depiction of the cluster size distribution 𝑃(𝑆) 

and the mean cluster size 𝑆̅, where 𝑆 represents the number of particles within an individual 

cluster. The fitting lines for determining the time evolution of 𝑆̅ and the peak of the 

probability distribution are given, as well as demonstrating how the exponents can be used 

to scale the cluster size distributions to a single curve. From this it can be seen that, for a 

given section of the curve, the clustering behavior can be well represented by the simple 

power law given in Equation 4.1. This form of scaling law for diffusion-limited cluster 

aggregation and growth has been shown to fit quite well in previous literature [425, 426]. 

This power law allows for not only the instantaneous but also dynamic behavior of such a 

clustering process to be well documented and characterized for future reference. This 

scaling is based upon the stochastic nature of clustering, which smooths out for large 
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sample sizes. Figure 4.5 demonstrates power law behavior and how division by the scaling 

exponent allows the graphs to collapse to a single curve for 𝜃 = 20%, 𝐹 = 0.5, 465𝜏 <

𝑡 < 6,000𝜏. The lower number of clusters at this time causes more obvious scattering from 

the fit when compared to that seen at lower time intervals. 

 

 

Figure 4.4: Cluster size distributions over time. 

Case is for 𝜃 = 5%, 𝐹 = 0. (a) The mean of the cluster number distribution, with fitting 

line for Region II; (b) the peak height of the cluster number distribution, with fitting line 
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for Region II. (c) The cluster size distributions for 𝑡 = 300 𝜏 to 𝑡 = 5,000 𝜏. (d) The same 

cluster size distribution after being scaled by the scaling function for the pertinent region. 

 

 

Figure 4.5: Cluster size probability distribution. 

Labeled Region 4 for θ = 20%, F = 0.5. (a) Mean size fitting, (b) size peak probability 

fitting, (c) cluster sizes for Region 4, (d) scaled cluster sizes for Region 4. 

 

The probability distribution of the cluster size can be fit well by the gamma 

distribution, as previously discussed in Chapter 3. Figure 4.6 demonstrates a fitting of the 
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gamma distribution to the cluster size over time for various 𝜃 and 𝐹. The fitting can be 

plotted as parameters 𝑎 and 𝑏, and from this the skew and the mean can be easily seen. The 

mean of the distribution 𝑆̅ = 𝑎𝑏, and the skew is inversely proportional to the shape  
2

√𝑎
 . 

From Figure 4.6 it can be seen that the flattening, or reduced clustering, of the middle 

region is quite apparent in the plots of the scale parameter, which is closely linked with 

cluster size.  
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Figure 4.6: Gamma function plots. 
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Gamma function parameters 𝑎 (shape) and 𝑏 (scale) parameters over time for (a) 𝜃 =

 5%, 𝐹 =  0, (b) 𝜃 =  5%, 𝐹 =  5; (c) 𝜃 =  15%, 𝐹 =  0, (d) 𝜃 =  15%, 𝐹 =  5; (e) 

𝜃 =  30%, 𝐹 =  0, (f) 𝜃 =  30%, 𝐹 =  5. The solid vertical lines mark the transition 

between regions. 

 

Another aspect of clustering behavior, along with cluster size and number, is the 

physical distribution of the clusters in space. The periodic system can be analyzed as 

discussed in Chapter 3 through fast Fourier transformation (FFT) of snapshots of the 

system taken in the x-y plane, as the quasi-2D nature of this system allows for ease of 

spatial analysis. Figure 4.7(a) shows a representative 2D-fast Fourier transform (FFT) of 

the clustering image in Figure 4.7(b). The circular average of the power of the FFT 

transform was calculated, and the k-space power spectra was plotted as seen in Figure 4.7 

(c, d). To find the representative length k0, a Gaussian curve was fit to the first peak for 

every snapshot, and k0 and the power spectra PSD(k0) were found and plotted as shown 

in Figure 4.8. Figure 4.8 demonstrates that, for each given dynamic region (here, Region 

II for θ = 5%, F = 0) a fitting power law allows for scaling of the FFT spectra by the 

power law exponent, which allows for all snapshot spectra over the given region to collapse 

to a single curve after scaling. Figure 4.9 shows a representative FFT transformation of an 

image of clustering, as well as the circularly averaged power profile for θ = 15%, F = 0, 

t = 5000τ.  
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Figure 4.7: Cluster spatial distributions.  

(a) FFT of image in (b) for 𝜃 = 5%, 𝐹 = 0, 𝑡 = 5000 𝜏; (c) and (d) show the circularly 

averaged intensity profile plotted at different scales. 
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Figure 4.8: 2D circularly averaged FFT spectra over time. 

Case is for 𝜃 = 5%, 𝐹 = 0. (a) The FFT power spectra peak center for k0, with fitting line 

for Region 2; (b) the power spectra peak intensity of k0, with fitting line for Region 2. (c) 

The FFT power spectra for 𝑡 = 300 𝜏 to 𝑡 = 5,000 𝜏. (d) The same spectra after being 

scaled by the scaling function for the pertinent region. 
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Figure 4.9: Cluster spatial distribution.  

(a) FFT of image in (b) for θ = 15%, F =0, t = 5000 τ (c) and (d) show the circularly 

averaged intensity profile. 
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Figure 4.10: Snapshots taken at τ = 5,000. 

 

Figure 4.10 shows representative snapshots of low, medium, and high coverage and 

force, at a chosen timestep of 5000𝜏, to demonstrate how the snapshots used for FFT 

analysis change as a function of these parameters. After this much time, the clustering has 

proceeded towards fewer, smaller clusters across each of the cases. However, it can be seen 
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still that the spatial distribution of clusters is relatively uniform, and this is the case for 

each of the 5 independent runs for every variation of 𝐹 and 𝜃. Due to this spatial uniformity, 

the FFT analysis used can be reasonably relied upon to determine the average intercluster 

spacing distance, as portrayed by Figure 4.7 and Figure 4.8. This intercluster spacing 

distance is represented by its inverse, 𝑘0. It can be seen that higher coverage and driving 

force both accelerate the rate of clustering. At higher 𝜃, there are more particles in solution, 

and thus the rate of collision and clustering is increased. For higher 𝐹, the effective 

diffusion constant for the colloidal particles is higher, and thus clustering proceeds 

following a scaling law with a higher exponent. Both FFT spatial distribution and 

clustering number can be well represented by their power law scaling exponents.  

 

4.2. Dynamic Regions 

This section presents definitions and descriptions of the different dynamic regions 

observed during clustering, from both the evolution of the number of clusters, cluster size 

distribution, as well as the spatial analyses which are discussed in detail in the preceding 

sections. Figure 4.11 shows the power law curves fitting the different dynamic regions, and 

their intersection is termed as the critical time for the distinction of regions. As seen in 

Figure 4.11, there are only two distinct dynamic regions for 𝜃 = 5% and 10%, but for 𝜃 =

15 − 30%, four distinct dynamic regions occur, each of which follow the power law given 

by Equation 4.1.  

Table 4.1 briefly describes the different dynamic regions, with a detailed 

description as follows: The first dynamic region, Region I, is pre-clustering, where the 
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average cluster size is approximately one (monomer region). It can be considered for 

Region I that the scaling exponent is 0 for all cases, as there is no functional change to the 

system. As the coverage density grows higher, the time for this region grows shorter due 

to the decrease in inter-bead spacing in the initial configuration. The length of Region I 

also decreases in time as the driving force 𝐹 increases, due to the increased average velocity 

of the active particles. During Region I, effectively no clustering can be seen, this pre-

clustering region can be considered as the preliminary stage where the average cluster size 

is effectively zero. This region can be seen in Figure 4.11(a) at 𝑡 < 100𝜏, or in the initial 

stages of Figure 4.12(c). Region I becomes vanishingly small as the coverage or the driving 

force increases, due to the more rapid initiation of clustering at higher particle densities 

and velocities (Figure 4.12).  
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Figure 4.11: Dynamic Regions. 

Demonstration of fitting curves for the average cluster size 𝑆̅ and the associated different 

dynamic regions for (a) 𝜃 = 5%, (b) 𝜃 = 10%, (c) 𝜃 = 15%, and (d) 𝜃 = 30%. 

 

Table 4.1: Different dynamic regions 

   

Region 1 Effectively no clustering seen 𝜃 = 5 − 30% 

Region 2 Initial rapid clustering 𝜃 = 5 − 30% 

Region 3 Marked slowing of clustering 𝜃 = 15 − 30% 

Region 4 Long-time clustering behavior 𝜃 = 15 − 30% 
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Figure 4.12: Normalized cluster number.  

(a) 𝐹 = 0, (b) 𝐹 = 5, (c) 𝜃 = 5%, (d) 𝜃 = 30%. Each case is an average of five runs. 

 

Region II can be considered as the initial clustering behavior, and this region 

dominates for 𝜃 = 5 − 10%. As seen in Figure 4.12(d), the driving force 𝐹 has minimal 

effect on the clustering behavior of this region at higher coverage densities. Region III 

demonstrates a marked slowing of clustering, especially prominent at higher 𝜃 and lower 

𝐹. This region is characterized by larger clusters, and a near-disappearance of the monomer 

phase, as seen in the 500 τ snapshots given in Figure 4.2. At very large driving forces, this 
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region becomes far less prominent. The final region is Region IV, the long-time clustering 

behavior. The clustering here is comparable to that seen in Region II, as discussed below, 

and this region is characterized by large clusters flocculating towards the limit of one single 

cluster within the system. Figure 4.13displays a 3D representation of the different dynamic 

regions, and the critical time separating them, as a function of both driving force 𝐹 and 

coverage 𝜃. It can be seen that the transition between Region I and Region II is smooth and 

monotonic across all 𝐹 and 𝜃; however, there is much greater variation in the transition 

between Region III and Region IV. Table 4.2 gives a detailed breakdown of the critical 

times for the transitions between dynamic regions. Figure 4.14 demonstrates that, for each 

given dynamic region (represented by Region IV, 𝜃 = 15% and 𝐹 = 0) a fitting power 

law allows for scaling of the FFT spectra by the power law exponent, which allows for all 

snapshot FFT spectra over the given region to collapse to a single curve.  
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Figure 4.13: Parameter space of Regions I, II, III, and IV. 

Here are the Regions as parameter spaces plotted as filled colored volumes, and the 

transition times between them (plotted as gridded surfaces), as a function of both coverage 

(𝜃) and driving force (𝐹). The surfaces have been smoothed between discrete points using 

a modified cubic spline interpolation. 
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Table 4.2: Critical time for region transitions (t1, t2, t3).  

 𝑭 = 𝟎 𝑭 = 𝟎. 𝟓 𝑭 = 𝟏 𝑭 = 𝟓 𝑭 = 𝟏𝟎 

𝜽 = 𝟎𝟓% 129.4 93.82 65.05 23.88 19.52 

𝜽 = 𝟏𝟎% 22.05 20.71 18.42 11.83 9.78 

𝜽 = 𝟏𝟓% 9.49 

99.93 

1,114 

9.17 

84.58 

1,186 

8.72 

75.60 

1,207 

6.44 

55.16 

1,180 

5.21 

44.21 

1,519 

𝜽 = 𝟐𝟎% 5.19 

69.41 

1,094 

5.09 

65.74 

464.3 

5.56 

70.78 

497.2 

4.22 

67.26 

501.7 

3.61 

60.06 

636.7 

𝜽 = 𝟐𝟓% 3.66 

75.41 

1,014 

3.15 

72.80 

901.6 

3.11 

72.29 

803.6 

2.88 

64.64 

687.7 

2.25 

59.54 

383.2 

𝜽 = 𝟑𝟎% 2.01 

102.2 

1,234 

1.99 

91.96 

589.4 

1.98 

88.46 

623.5 

1.49 

80.81 

1,813 

1.31 

73.54 

1,013 

Units are in τ. 
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Figure 4.14: 2D circularly averaged FFT spectra over time. 

Case is for θ = 15%, F =0. (a) The peak center for 𝑘0, with fitting line for Region 4; (b) 

the peak intensity of 𝑘0, with fitting line for Region 4. (c) The FFT spectra for t = 1,000 τ 

to t = 4,000 τ. (d) The same spectra after being scaled by the scaling function for the 

pertinent region.  

 

To give a comparison with the clustering behavior demonstrated for 𝜃 = 15% as 

given in Figure 4.1, representative snapshots of clustering over time were taken and given 

for the remainder of the coverage parameters, and displayed in the following figures.  
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Figure 4.15 shows an overview of the clustering process over time for 𝜃 = 5%, for various 

driving forces. Figure 4.16 shows an overview of the clustering process over time for 𝜃 =

10%, for various driving forces. Figure 4.17 shows an overview of the clustering process 

over time for 𝜃 = 20%, for various driving forces. Figure 4.18 shows an overview of the 

clustering process over time for 𝜃 = 25%, for various driving forces. Figure 4.19 shows 

an overview of the clustering process over time for 𝜃 = 30%, for various driving forces. 

Together these figures show representative clustering behavior evolution over time for each 

coverage 𝜃 and driving force 𝐹, in order to give a full overview of the procession of the 

clustering process. Chapter 5 will go in-depth into the scaling laws and the effects of 

coverage and driving force on how the clustering behavior proceeds over time.  

 



 

86 

 

 

Figure 4.15: Clustering behavior over time for θ = 5%. 
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Figure 4.16: Clustering behavior over time for θ = 10%. 
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Figure 4.17: Clustering behavior over time for θ = 20%. 
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Figure 4.18: Clustering behavior over time for θ = 25%. 

 



 

90 

 

 

Figure 4.19: Clustering behavior over time for θ = 30%. 

 

4.3. Limitations 

The pre-clustering of Region I, defined as the individually separated particles prior 

to clustering, was not suitable for FFT calculation as demonstrated by Figure 4.20, wherein 

the initial square-lattice geometrical configuration of particles at setup causes a crystalline 
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FFT power spectra distribution, and the crystalline peaks disappear as the system evolves 

to amorphous clustering. In addition to the fact that there is little to no clustering happening 

during this period, and as such there are no scaling laws for cluster distribution or spacing 

presented or discussed for the pre-clustering behavior in this work. That is to say, for 

Dynamic Region I, there are no scaling laws due to the lack of cluster evolution in the 

system. Due to this, where scaling law exponents are reported for this work, there are no 

exponents given for Region I, where clustering is assumed to be nonexistent.  
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Figure 4.20: FFT peaks during pre-clustering. 
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(a, c, e) Cluster distribution and (b, d, e) FFT power spectra showing presence and 

disappearance of crystalline peaks due to the initial setup geometry for θ = 5%, F = 0 for 

(a, b) τ = 0, (c, d) τ = 100, (e, f) τ = 200. 

 

The applied driving forces above 𝐹 = 10 were strong enough that the assumption 

of diffusion-limited colloidal aggregation no longer holds. As can be seen in Figure 4.21, 

as the applied driving force increments for 10 < 𝐹 < 20, the driving force is large enough 

to overcome the attractive potential between CGMD beads, leading to a breakdown of 

clustering behavior. Once the driving force is able to overcome the attractive interaction 

between colloidal particles, the diffusion-limited colloidal aggregation theory no longer 

holds, as active particles have a certain probability to either fail to form a cluster upon 

collision, or else detach from a cluster which they were previously part of. This result 

implies that there is a balance between the interaction potential and the driving force of an 

active particle, such that clustering behavior is a metric that is influenced not only by 

coverage and surface interaction potential, as in passive clustering, but also is heavily 

influenced by the driving force of the active matter. 
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Figure 4.21: Reversible clustering at high driving forces. 

For the snapshots shown, the applied driving forces in the simulation are (a) 𝐹 = 12, (b) 

𝐹 = 13, (c) 𝐹 = 14, (d) 𝐹 = 15, (e) 𝐹 = 16, (f) 𝐹 = 17. For all cases 𝜃 = 5% and 𝑡 =

50,000𝜏. 

 

Of course, due to the complex nature of these simulations, there is a limit to the size 

and time scale which is reachable with current resources. Due to this, the studies performed 

and described in this work only reach a limited parameter space. However, the results 

presented in this dissertation may be used to inform and guide future works in order to test 

and validate them. The particles here were uncharged, and the solvent viscosity was that of 

water. The fluid parameters and the interaction potential between beads are very impornat 

parameters for clustering dynamics, and as such there is still much research to be carried 
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out in order to better flesh out current understanding of this field. This work does not 

consider chemical species or reactions, and as such is not suitable for the modeling of 

chemically propelled micromotors.   
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5. SCALING LAWS AND RELATIONSHIPS 

5.1. Coverage-based Scaling 

One of the most important parameters for the clustering of colloidal particles is how 

densely packed they are, represented in this work by the coverage, 𝜃. The clearly different 

behaviors seen in the previous section for low and high coverages has much to do with the 

increased particle proximity at the beginning of the simulation, as well as the overall larger 

and more numerous clusters seen as time proceeds. Here we take the qualitative behavior 

discussed in the previous section and use the fitting exponents to describe the behavior, 

which can be quantified and scaled. For each given dynamic Region except Region I (as 

defined in Chapter 4), the power law fitting exponent for Equation 4.1 is given in Table 

5.1. Different clustering evolution behaviors occur for various 𝐹 and 𝜃. The clustering 

coverage 𝜃, has a pronounced effect on the shape of the cluster number curve, with simple 

clustering behavior observed for low coverage (𝜃 = 5, 10%), and more complex time 

evolution of the cluster number for higher coverage (𝜃 > 10%). The simple clustering 

behavior means that there are only two clear Dynamic Regions, Region I (pre-clustering), 

and Region II (initial clustering). Due to the active particles being spaced out in the initial 

setup at the low coverages of  𝜃 = 5% and 𝜃 = 10%), Region I is extended, and clustering 

does not initiate immediately, even at higher applied driving forces.  
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Table 5.1: Dynamic region scaling exponent 𝒎 for Regions II-IV, respectively. 

 𝑭 = 𝟎 𝑭 = 𝟎. 𝟓 𝑭 = 𝟏 𝑭 = 𝟓 𝑭 = 𝟏𝟎 

𝜽 = 𝟎𝟓% 0.5454 0.5837 0.5781 0.7252 0.8177 

𝜽 = 𝟏𝟎% 0.4867 0.5078 0.5587 0.6969 0.8226 

𝜽 = 𝟏𝟓% 0.6388 

0.4065 

0.4824 

0.6484 

0.4115 

0.5433 

0.7126 

0.4859 

0.5779 

0.8629 

0.6931 

0.7468 

0.9273 

0.7962 

0.8922 

𝜽 = 𝟐𝟎% 0.6840 

0.3039 

0.4793 

0.7057 

0.3100 

0.4939 

0.7327 

0.3595 

0.5018 

0.8302 

0.6246 

0.7161 

0.8711 

0.8389 

0.8896 

𝜽 = 𝟐𝟓% 0.6682 

0.2197 

0.5359 

0.6946 

0.2379 

0.4422 

0.7227 

0.2886 

0.5107 

0.7740 

0.6132 

0.6647 

0.8778 

0.7971 

0.9489 

𝜽 = 𝟑𝟎% 0.6660 

0.1432 

0.3621 

0.7582 

0.1323 

0.3955 

0.7302 

0.1848 

0.4053 

0.7729 

0.6006 

0.7583 

0.8195 

0.7693 

0.9453 
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Figure 5.1: Cluster number. 

Given are plots for (a) F = 0, (b) F = 1, (c) F = 5, (d) F = 10. 

 

Figure 5.1 shows the absolute cluster number over time for various 𝜃 and 𝐹 (rather 

than the normalized number shown in Figure 4.12). This visualization helps to highlight 

the rapid clustering behavior seen at higher 𝜃, the extended Region I dynamic region for 

lower 𝜃, and also the similarities in long-time behavior (𝑡 > 3000𝜏). 
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5.2. Force-based Scaling 

The addition of a driving force is what differentiates passive particles from active 

particles. Due to this, it can be inferred that the magnitude of the driving force, given by 𝐹, 

is a key parameter to consider when determining cluster aggregation behavior. Looking at 

Figure 5.2, which plots the different scaling exponents for the cluster size distribution and 

2D cluster spatial distribution power laws across all coverages and driving forces for 

Region II, it can be seen that within a given region, there is some clear variation in the 

clustering behavior as a function of 𝐹. The differences become more pronounced, however, 

for Region III and Region IV. As can be seen, driving force 𝐹 tends to flatten and accelerate 

the clustering behavior, in line with previous reports of driving force causing an increased 

effective diffusion coefficient for active particles. Figure 5.3 demonstrates the differences 

between cluster size scaling exponents, while Figure 5.4 demonstrates the differences 

between cluster spatial distribution scaling exponents (𝑚𝑘, ℎ𝑘), for Regions II, III, and IV 

for 𝜃 =  15 − 30%. These figures make it easy to see that the scaling exponent for Region 

II is not heavily affected by the coverage percentage; this early clustering behavior can thus 

be attributed to diffusion-driven (or enhanced diffusion for 𝐹 > 0) clustering behavior, 

with less dependence on the density of colloidal particles or micromotors. As 𝜃 becomes 

larger, the scaling exponent for Region III decreases, indicating a marked slowing of the 

clustering behavior. However, as 𝐹 increases, the scaling exponent for Region III increases 

rapidly, to the extent that for 𝐹 = 10, there is no noticeable difference in scaling exponents 

for different 𝜃; it can be seen in Figure 5.3 that for 𝐹 = 10, Region III, the scaling exponent 
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𝑚 is always near 0.8. The different behaviors seen at low and high driving force represent 

the difference between passive colloidal clustering and the clustering of active colloidal 

micromotors; active motion not only increases the effective diffusion coefficient of 

Brownian particles, but causes a difference in the scaling of clustering times as well. 

 

 

Figure 5.2: Scaling exponents. 

Scaling exponents (a) 𝑚, (b) ℎ, (c) 𝑚𝑘, and (d) ℎ𝑘 for Region 2 across all 𝜃 and 𝐹 tested. 
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Figure 5.3: Scaling exponents 𝒎 and 𝒉 for different dynamic regions.  

Scaling exponent results for (a)  𝜃 = 15% at different 𝐹; (b) 𝜃 = 20% at different 𝐹; (c) 

𝜃 = 25% at different 𝐹; (d) 𝜃 = 30% at different 𝐹. 

 



 

102 

 

 

Figure 5.4: Scaling exponents 𝒎𝒌 and 𝒉𝒌 for different dynamic regions.  

Spatial scaling exponent results for (a) 𝜃 = 15% at different 𝐹; (b) 𝜃 = 20% at different 

𝐹; (c) 𝜃 = 25% at different 𝐹; (d) 𝜃 = 30% at different 𝐹. 

 

5.3. Potential-based Scaling 

For clustering colloidal particles, the level of attraction between discrete particles 

is a very important parameter which is strongly influenced by multiple factors, including 

surface potential, charge, and the chemistry of the solution. However, via simulation, it is 
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much easier to control the interaction between particles. In order to examine the effect of 

different interbead potentials between CGMD beads, the strength of the van der Waals 

force (Equation 2.4) was modulated and the clustering results plotted to observe how 

changing the interaction strength affected the clustering behavior over time.  

 

 

Figure 5.5: Interbead potential vs clustering over time. 

For different CGMD potential strengths, (a) demonstrates the effect of potential on 

clustering with (a) no added force, and (b) with driving force for comparison. For all cases, 

𝜃 = 5%. 𝐸 = 10 is the potential strength used in all other cases presented. 

 

Figure 5.5 demonstrates that, for a given coverage, once the interbead potential is 

great enough for clustering to proceed in the diffusion-limited aggregation regime, there is 

very little change in clustering behavior. That is, if two beads will definitely form a cluster 

upon contact, the strength of their adhesion is negligible in terms of how clustering is 
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affected. However, if there is a driving force applied, a weak interbead potential will not 

prevent beads from separating and de-clustering. These results can be compared with the 

results from Figure 4.21, which show that for a given potential strength, there is a force 

threshold where the beads do not remain in a cluster. Due to time and equipment 

constraints, it was not possible to run a thorough investigation into how potential strength 

effects clustering behavior. As discussed in Chapter 6, this can be considered to be an open-

ended question to be answered by future investigation.  

The scaling laws demonstrated here show that, for all driving forces, coverages, 

and potential strengths presented, diffusion-limited colloidal aggregation can well explain 

the clustering behaviors observed. For these DLCA-based active particle confined fluid 

systems, the scaling law presented in Equation 4.1 fits the data completely for the dynamic 

regions defined in Chapter 4. This scaling law and the scaling law time exponents presented 

in Table 5.1, and in Figure 5.2, Figure 5.3, and Figure 5.4 allow for an increment into 

understanding the behavior of colloid-sized active particles and their time-dependent rate 

of aggregation.  
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6. CONCLUSIONS 

Active systems operate out of equilibrium, which makes it challenging to 

understand and predict the operation of these systems. However, it is precisely this 

representative characteristic which allows systems containing active particles to 

demonstrate unique and diverse behavior. By studying models of active systems, where the 

parameters are all under control, and comparing them with experimental observations and 

theory, explanations of the emergent phenomena arising from collective motion of active 

particles may be developed, in order to allow scientists to make better use of these 

wondrous tools. For the propelled active particles studied in Chapters 4-6, the particle-fluid 

interactions and the particle-particle interactions are well-described in accordance with 

modern theory. Of course, due to the complex nature of these simulations, there is a limit 

to the size and time scale which is reachable with current resources. Due to this, the studies 

performed and described in this work only reach a limited parameter space. However, the 

results presented in this dissertation may be used to inform and guide future works in order 

to test and validate them. The particles here were uncharged, and the solvent viscosity was 

that of water. The fluid parameters and the interaction potential between beads are very 

impornat parameters for clustering dynamics, and as such there is still much research to be 

carried out in order to better flesh out current understanding of this field. This work does 

not consider chemical species or reactions, and as such is not suitable for the modeling of 

chemically propelled micromotors.  
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To summarize this work, Chapter 1 was on overview and introduction to the state 

of the art for active particles, including definitions and applications. Chapter 2 gave a more 

in-depth presentation of recent experimental, theoretical, and simulational works in the 

field, with special attention given to the DLVO interaction potential and methods of 

modeling fluids for active matter simulation. Chapter 3 described the simulational model 

used in the studies presented in this work, along with testing and validation, and the 

methods of data analysis used. Chapter 4 presented the results of the simulations, and 

defined dynamic regions of clustering which are observable for the forces and coverages 

tested. Scaling laws of clustering behavior were given in Chapter 5. 

The study of active particles is irrevocably tied to the future of all scientific fields, 

especially those pertaining to medicine or health. This can be considered as the logical next 

step in the medical fields, as our bodies perform their most important functions at the 

microscale. Active particles on this scale, such as micromotors, are demonstrably able to 

synthetically and controllably perform tasks in a similar fashion to natural bacteria or cells. 

As the field of active matter grows and expands, we will see active particles becoming a 

larger and larger part of not only scientific work, but also potentially our daily lives. 

Systems containing active particles pose challenges for understanding their behavior due 

to the fact that they are complex, operate out of equilibrium, and can display a wide range 

of phenomena which cannot be directly predicted from first principles. Thus, simulational 

models across different levels of fidelity can be used to observe, predict, and ultimately 

understand the origins of these phenomena. Due to the high variability in active particle 

type and system geometry, the field is definitely still expanding and being refined. 
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This work has presented the state of the art in the field of active matter simulation, 

performed novel simulations of colloidal active particles under confinement, and from that 

defined scaling laws for the clustering of passive and active colloidal particles under 

confinement at Reynolds numbers and Peclet numbers that are biologically relevant to 

micromotors within laminar blood flow. The overall goal of this research is developing a 

better understanding of the aggregation and possible removal of micromotors in the 

medical and waste removal fields. Future work on this topic could use the framework 

presented here in order to investigate differently shaped active particles, systems 

containing active particles of different sizes, and active particles within a non-water fluid 

environment, such as the modeling of active particles within the blood of an animal or 

human capillary.   
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APPENDIX 

The following are the software scripts written to organize and process the data in 

this Dissertation. All scripts listed here were written by myself, and used with MATLAB 

R2019a which was generously provided by the College of Engineering at the University of 

Georgia. 

 

The following code was used to generate FFT power spectra and their 

associated Gaussian curves for 301x5 snapshots (5 runs, of 301 snapshots each), as 

seen in Figure 4.7, Figure 4.8, Figure 4.9, Figure 4.14, and Figure 4.20:  

% 2d_fft_image_five_runs 

gaussEqn =  'a1*exp(-((x-b1)/c1)^2)'; % Gaussian equation 

for i = 0:300  % 0 - 300 

I{1} = abs(1-double(imbinarize(rgb2gray(imread(sprintf('oxNMCC-

SRD_d2_c30_f100_r41_%04d.png',i)))))); %#ok<*CTPCT> 

I{2} = abs(1-double(imbinarize(rgb2gray(imread(sprintf('oxNMCC-

SRD_d2_c30_f100_r42_%04d.png',i)))))); 

I{3} = abs(1-double(imbinarize(rgb2gray(imread(sprintf('oxNMCC-

SRD_d2_c30_f100_r44_%04d.png',i)))))); 

I{4} = abs(1-double(imbinarize(rgb2gray(imread(sprintf('oxNMCC-

SRD_d2_c30_f100_r46_%04d.png',i)))))); 
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I{5} = abs(1-double(imbinarize(rgb2gray(imread(sprintf('oxNMCC-

SRD_d2_c30_f100_r50_%04d.png',i)))))); 

for j = 1:5 

f{j} = fft2(I{j}-mean(I{j}(:)));P{j}=(abs(fftshift(f{j}))).^2/(1024.^2); 

[Zrp{j}, Rp{j}] = 

radialavg(P{j},512);Rp{j}=Rp{j}.*2;[M{j},I{j}]=max(Zrp{j});k0{j}=Rp{j}(I{j}); 

D2C30F100_Parray{i+1,j}=[Zrp{j}]; % Power spectra for all images 

fnan{j}=find(isnan(Zrp{j})); 

f{j}=fit(Rp{j}',Zrp{j}',gaussEqn,'Startpoint',[M{j} k0{j} 0.01],'Exclude', 

fnan{j});coeffs{j}=coeffvalues(f{j}); 

end 

for h = 1:3 

coeff{h}=mean(coeffs{j}(h)); 

D2C30F100_k0(i+1,h)=coeff{h}; % Gaussian curves for all images 

end 

end 

 

The following code was used to find the scaling exponents 𝒎𝒌 and 𝒉𝒌 for the 

power law fit to the power spectra data, as seen in Figure 4.8:  

b = D2C30F100_k0; % Data 

k2 = b(:,2); % k0 

I2 = b(:,1); % Intensity 
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tn = [tc1 tc2]; % Chosen start and end values 

j = []; 

for i = 1:2 

j(i) = find(t300 == tn(i));%#ok<*SAGROW>   % find appropriate indices  

end 

 

PowerEqn =  'a1*x^b1';  

fitk=fit(t300(j(1):j(2)),k2(j(1):j(2)),PowerEqn,'Startpoint',[0.5 0.5]); 

coeffk=coeffvalues(fitk)  

fitI=fit(t300(j(1):j(2)),I2(j(1):j(2)),PowerEqn,'Startpoint',[0.5 0.5]); 

coeffI=coeffvalues(fitI) 

 

The following code was used to plot the chosen cluster size data and scale it by 

the scaling exponents 𝒎 and 𝒌, as seen in Figure 4.4 and Figure 4.5:  

set(0,'DefaultFigureWindowStyle','docked') % Docked Figures 

ha = D2C20F05_harray; % Chosen array 

tn = [500 1000 2000 3000 4000 5000 6000]; % Chosen values for tau 

m = 0.3939; % Scaling factor for mean 

h = -0.4881; % Scaling factor for peak 

nb = 20; % Number of bins for histogram 

j = []; 

for i = 1:length(tn) 
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j(i) = find(t300 == tn(i));%#ok<*SAGROW>   % find appropriate indices  

end 

figure; hold on;  

for i = j(1:end) % Plot histogram data 

    if (max(ha{i}-1)./nb) < 1  

        q = 1; 

        bn = max(ha{i}); 

    else 

        q = (max(ha{i}-1)./nb); 

        bn = nb+1; 

    end 

p = plot((1:q:(max(ha{i}))),... % X values 

     histcounts(ha{i},bn)./sum(ha{i}),'DisplayName',num2str(t300(i))); % Y values 

p.LineStyle = 'none'; p.MarkerSize = 10; p.Marker = '+'; p.LineWidth = 3; 

end 

xlabel('S','FontSize', 20,'FontWeight','bold');ylabel('P(S)','FontSize', 

20,'FontWeight','bold'); 

set(gca,'fontsize',30,'FontName','Garamond','fontweight','bold'); 

figure; hold on; 

x3 = [];y3 = []; 

for i = j(1:end) % Plot scaled histogram data 

    if (max(ha{i}-1)./nb) < 1  
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        q = 1; 

        bn = max(ha{i}); 

    else 

        q = (max(ha{i}-1)./nb); 

        bn = nb+1; 

    end     

p = plot((1:q:(max(ha{i})))./(t300(i).^m),... % Scaled X values 

   histcounts(ha{i},bn)./sum(ha{i})./(t300(i).^h),'DisplayName',num2str(t300(i))); 

% Scaled Y values  

p.LineStyle = 'none'; p.MarkerSize = 10; p.Marker = '+'; p.LineWidth = 3; 

x3 = horzcat(x3,(1:q:(max(ha{i})))./(t300(i).^m)); 

y3 = horzcat(y3,histcounts(ha{i},bn)./sum(ha{i})./(t300(i).^h)); 

end 

xlabel('S / t^m','FontSize', 20,'FontWeight','bold');ylabel('P(S) / t^h','FontSize', 

20,'FontWeight','bold');  

set(gca,'fontsize',30,'FontName','Garamond','fontweight','bold'); 

x1 = [];y1 = []; hb = [];% Define blank x1, y1 

for i = j(1):1:j(end) 

    if (max(ha{i}-1)./nb) < 1  

        q = 1; 

        bn = max(ha{i}); 

    else 
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        q = (max(ha{i}-1)./nb); 

        bn = nb+1; 

    end 

x1 = horzcat(x1,(1:q:(max(ha{i})))./(t300(i).^m)); 

y1 = horzcat(y1,histcounts(ha{i},bn)./sum(ha{i})./(t300(i).^h)); 

hb = horzcat(hb,(ha{i}./t300(i)^m)); 

end 

 q = (max(hb)./nb); 

 bn = nb; 

x2 = (q:q:(max(hb))); y2 = histcounts(hb,bn)./sum(hb); %#ok<BDSCI> % Scaled 

histogram data 

pd = fitdist(hb','gamma'); 

pd.a 

pd.b 

figure 

histfit(hb,nb,'gamma'); 

xlabel('Scaled Cluster Size','FontSize', 

20,'FontWeight','bold');ylabel('Count','FontSize', 20,'FontWeight','bold'); 

set(gca,'fontsize',20,'FontName','Garamond','fontweight','bold'); 
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