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CHAPTER I

INTRODUCTION

.1 Background

For g a semisimple Lie algebra over C, .J a subset of simple roots and p; = [; @ u; the corresponding

parabolic subalgebra, a famous theorem of Kostant demonstrates that

H s, Lp) = @ Liw-p),
weW  l(w)=k
where L(j1) is an irreducible module of highest weight 1 for g and Lj(w - p) is an irreducible finite-
dimensional module corresponding to the Levi factor [ for J [BBCTo9]]. Kostant’s theorem is piece of

a larger picture where in the (parabolic) Category O ; one has the isomorphism:
Extty, (2(A), L(p)) = Homy, (L (A), H" (us, L(p))), (11.1)

where Z;(\) is a (parabolic) Verma module arising from inducing a finite-dimensional [ ;-module L ; ()
and L(y1) is an irreducible representation in O;. Itis a deep theorem that these extension groups in

can be computed via Kazhdan-Lusztig polynomials [Kumo2].



In the case when g is a classical simple Lie superalgebra one would like to have a Kazhdan-Lusztig
theory and a Kostant-type theorem in the context of a Category O theory. This was accomplished in
specific cases by various authors [Bruos},|CZo4}/CKo8,/CLio} (CKW1o, (CLWii].

Recently, D. Grantcharov, N. Grantcharov, Nakano, and Wu [GGNW2i1] introduced a family
of parabolic subgroups for G called BBIW parabolic subgroups. These parabolic subgroups arise nat-
urally when considering the detecting subalgebras as defined by Boe, Kujawa and Nakano in the mid
2000’s [BKNoo]. In [GGNW?21], it was shown that if B is a BBW parabolic, the polynomial p¢ 5(t) =
5%, dim Riind%C #' is equal to a Poincaré polynomial for a finite reflection group W specialized at
a power of t. The existence of the BBW parabolics was also used in [GGNWai] to resolve a 15 year old
conjecture posed in [BKNog] on the realization of the cohomological support varieties for the pair (g, g5)
as a rank variety over a detecting subalgebra. Additionally, there exists a natural triangular decomposition
of g=n" & § @ n" where b = f & n" and the Lie superalgebras n* are nilpotent subalgebras.

Moreover, Lai, Nakano and Wilbert have recently constructed a Category O via this triangular decom-
position and have proved an analog to (r..1). Other efforts have been made in understanding a Category
O for Lie superalgebras on a case-by-case basis; however, up to this point there has not been a unified
treatment. A fundamental question is to compute H" (n*, L(\)), where L(\) is a finite-dimensional
g-module, and to determine if there is a Kostant-type theorem in 0.

Now let GG be a reductive algebraic group over an algebraically closed field k. If B is a Borel subgroup
of G then the sheaf cohomology groups

H*(\) := H*(G/B, L(\)) = R*ind% )

play a central role in the representation theory for G Itis well-known that the irreducible (finite-dimensional)
G-modules are indexed by dominant integral weights, X ,, and can be realized as the socles of H’(\). More
precisely, for any A € X, one has L(\) = socg H’(\). Another result that holds over arbitrary k is
Kempf’s vanishing theorem which states that for A € X, H"(\) = 0 forn > 0. When the field % is of
characteristic zero, the rational representations of G are completely reducible, and a description of H*(\)

is given via the classical Bott-Borel-Weil (BBW) theorem. For fields of characteristic p > 0, the general



vanishing behavior for H*(\) is not known, and it is not clear how to formulate an appropriate gener-
alization of the BBW theorem. The only known case of additional information in regards to vanishing
behavior is due to Andersen for n = 1 [And79] where he described soce H' (\) for all weights A.

Now consider the more general case when G is a supergroup scheme with Lie G = g where g is a
classical “simple” Lie superalgebra over C, and P a parabolic sub-(super)group scheme of G. A central
problem in the super-representation theory is to understand the behavior of the sheaf cohomology groups
Riind%(—). Zubkov has published a general discussion on this topic [Zubo6]]. Specific calculations
of sheaf cohomology have been made for specific supergroups such as GL(m|n), OSP(m|2n), and
()(n) with certain parabolic/Borel subgroups [Zubo6, [GS10, |GS13} [Pen88} [PS97} Sero6, Seri4]. From
these computations, it was not clear whether there was a general theory that could be applied for all
classical simple Lie superalgebras like the one for reductive algebraic groups where computations of sheaf

cohomology could be related to the combinatorics of finite reflection groups.

1.2 QOutline

The goals of this dissertation are thus twofold. First, we aim to take the first steps towards the computation
of the Lie superalgebra cohomology groups H" (n, C), in particular, the groups corresponding to degrees
one and two. Second, we wish to study the behavior of the cohomology groups R‘indg(Lf()\)) where
L;(\) is an irreducible representation for the detecting subalgebra f.

To that end, this dissertation is outlined as follows. Chapter 1 gives an introduction to the paper
as a whole, and to the basic notions of Lie superalgebras, Lie superalgebra cohomology, and detecting
subalgebras. Chapter 2 discusses the fundamentals of sheaf cohomology and parabolic subalgebras. In
Chapter 3, a Hochschild-Serre type spectral sequence is constructed for each of the infinite families of
classical simple Lie superalgebras, which in each case is shown to collapse. Chapters 4 and s discuss the first
and second degree cohomology groups H" (n, C) for each of these simple Lie superalgebras, respectively.
Chapter 6 goes through the construction of several key spectral sequences which will be used to compute

sheaf cohomology for various supergroups. In Chapter 7, we parametrize the simple G-modules L(\) via



a correspondence with the socles of the induced modules H()). In Chapter 8, we analyze the behavior of
BBW parabolics. In particular, we obtain analogs of Kempf’s vanishing theorem and the BBW theorem
for supergroups. Finally, Chapter 9 consists of tables characterizing the cohomology groups H" (n, C)

described in Chapters 4 and s in terms of their weight-space decomposition.

1.3 Preliminaries

1.3.1 Notation

Throughout this dissertation, all vector spaces, unless otherwise noted, will be over C.

Definition 1.3.1. A superspace is a vector space V' = V5 @ Vi with a Zy-grading. An elementv € Vj
is referred to as even, and an element in V7 as odd. Such an element in either V5 or V7 is referred to as

homogeneous. If v is homogeneous, we define the degree |v| of v as the element i € Zy such thatv € V.
Definition 1.3.2. A Lie superalgebra is a superspace g = gy ® g1 equipped with a bilinear multiplication
[+, -] satisfying the following properties:

L [9i,85] € gi+y

2. [a,b] = —(—=1)l""[p, q]

3. [a, [b,]] = [[a, b], ] + (=1)*"[b, [a, c]],

where properties 2 and 3 hold for homogeneous elements, and the multiplication is extended to all of g

linearly [CWi12} Definition 1.3].

Definition 1.3.3. If g is a Lie superalgebra, a g-module M is a superspace equipped with an action by g

that is compatible with the Z-grading and with the multiplication on g.

The notion of a universal enveloping algebra generalizes to the superalgebra case as well. Given a Lie
superalgebra g let 7'(g) denote the tensor algebra on g. Let I denote the ideal generated by elements of
the form

r@y— (—1)"Wy @ a — [z,



Let U(g) = T(g)/!I and let i be the canonical embedding of g into U(g). Then U(g) satisfies the

universal property thatif j : g — M is any linear map satisfying

([, y)) = ()i (y) — (=) 5(y)j (),

where M is an associative algebra, then there is a unique algebra homomorphism ¢ : U(g) — M such
that ¢ o ¢ = j. We let /g denote the augmentation ideal of U(g), i.e. the kernel of the canonical map

from U(g) to C.

1.3.2 Lie superalgebra cohomology

We define the Lie superalgebra cohomology of g with coefficients in a module M as follows. Consider

the Koszul complex whose cochain groups are given as
C"(g, M) = Hom(A{(g), M),

where A”(g) denotes the superexterior algebra

= P AN(gw) @ S (g1).

i+j=n

The differential maps d" : C"(g, M) — C™ (g, M), for homogeneous [, are given by the formula

n

df(wo Ao Awn) =Y (=1)7w; - flwg A AD A= Awy)
=0 (1.3.1)
+Z )78 f([wi, wi] Awo A - @ -5+ -+ Awy),
1<J

where

7o =i+ |wil (Jwo| + - - + |wica] + | f]),



and

i = i+ 5 iy il (ol + -+ fwsoal) + byl (ol + -+ + ko)),

and which is then extended linearly to all of C"™(g, M). It follows that d" o d"~ = 0, and so we define
the nth cohomology group as

H"(g, M) = kerd"/im d" .

Letting C denote the g-module of dimension 1 concentrated in the even component on which g acts

trivially, we define the cohomology of g as H" (g, C).

1.3.3 Detecting and nilpotent subalgebras

We now define the notion of a detecting subalgebra, essentially an analog of the Cartan subalgebra in the

classical case, following D. Grantcharov, N. Grantcharov, Nakano, and Wu [GGNW21].

Definition 1.3.4. A Lie superalgebra g is classical if there is a connected reductive algebraic group Gy
such that Lie(Gg) = gg and if the action of G5 on g7 differentiates to the adjoint action. Furthermore,
a Lie superalgebra g is basic classical it it is classical with a nondegenerate invariant supersymmetric even

bilinear form.
Definition 1.3.5. A pointx € gy is semisimple if the orbit G - x is closed in gj.

Definition 1.3.6. The action of G on g is stable if there exists an open dense subset of g7 consisting of

semisimple points.

If g is a classical Lie superalgebra, g1 admits a stable action by Gg. Following the construction in
[BKNog), Section 8.9], fix a generic element 7y € g7 and set H = Stabg, 9. We define f; = g{{ and
fog = [f1, f1] and let f = fg @ f1 be the detecting subalgebra.

Moreover, as per [BKNog, Section 8], we can make the odd roots corresponding to f explicit. Let (2

denote the set of odd positive roots of f. Then

fi = {Z(uaxa + 'Uaxfo) | Uq, Vo € C},

a€ef)



where ., is a nonzero element of the root space corresponding to . {5 can then be obtained by taking
brackets.

Let ¢; and 0, be linear functionals on diagonal matrices

a = diag(a, -+, Gnym)

which satisty

ei(a) = aq;
and
6;(a) = amy;.

By convention, let r denote the minimum of m and n in the table below. Then for each of the classical
simple Lie superalgebras, we have the following values for €2, following the notation found in [GGNW21,

Section 3.2] for the exceptional Lie superalgebras:

g Q
gl(m|n) {e; =611 <i<r}
sl(m|n) {e; —0; |1 <i<r}
psl(n|n) {e;—0;|1<i<n}

osp(2m +112n) {e—0;|1<i<r}

osp(2m|2n) {e—0; |1 <i<r}

D(2,1; o) {(e.—€,6)}
G(3) {(w1, =€)}
F(4) {(ws, —€)}

In the case of q(n) we let f1 be the collection of all matrices whose odd part is diagonal.

Looking at the adjoint action of the maximal torus in f5 on g produces a root-space decomposition of

g, and letting n denote the space of positive roots and n™ the space of negative ones, we obtain a triangular



decomposition g = n~ @ f © n. In table below, we list the collection of root spaces corresponding

ton~ for each of the the classical Lie superalgebras, where ®1 refers to the set of odd roots for n™.

g oy
gl(m|n) {ei =05, =6+t e |i<j}
sl(m|n) {ei =065, —dite|i<j}
osp(2m + 1|2n) {—€+9;, =6 +¢j, —ep — O, =0 |7 < j}
osp(2m|2n) {e; —0j,—0;i+¢€;,—ex — i < j}
q(n) {eit+eli<j}
D(2,1;a) {(—€e. =€, =€), (=€, —€,6), (6, =€, —€) }
G(3) {(—w1 + w2, —€),(2w1 — w2, —€),(0, —€),(w1 — wa, —€),(—2w1 + w2, —€),(—w1, —€)}
F(4) {(w2 —ws, =€), (w1 —w2tws, —€), (w1 —ws—€), (—wr+tws —e)
(—wi + wa — ws, —€), (—wi + w3, —€), (—ws, —€)}




CHAPTER 2

SHEAF COHOMOLOGY

2.1 Notation

We will use and summarize the conventions developed in [BKNog, BKNi1o, BKN11, LNZ11,[GGNW21].
For more details we refer the reader to [BKNo9, Section 2].

Let g = gg @ g1 be a Lie superalgebra over the complex numbers C with supercommutator | , | :
g ® g — g. At times, we will impose more conditions on g, such as requiring it to be classical or basic
classical.

The super-analogs for reductive groups will be supergroup schemes that arise from classical “simple”
Lie superalgebras. As far as the author knows, there has not been a formal theory developed for reductive
supergroup schemes. The classical "simple” Lie superalgebras are not always simple, simple in the sense of
[GGNWoa2i|. These Lie superalgebras have appeared frequently in the literature and are of general interest.

When we refer to a simple superalgebra, it will be one of “simple” superalgebras listed below:

gl(m|n), sl(m|n), psl(n|n) [general and special linear Lie superalgebras),
* osp(m,n) [ortho-symplectic Lie superalgebras),
* D(2,1,«), F(4),G(3) |exceptional Lie superalgebras),

* q(n),psq(n) [queer Lie superalgebras],



* p(n),p(n) [periplectic Lie superalgebras).

For the queer Lie superalgebras, q(n) will be the Lie superalgebra with even and odd parts gl,,, while
psq(n) is the corresponding simple subquotient of q(n) (cf. [PS97]). The periplectic Lie superalgebras
include p(n) with even component sl,, and its enlargement p(n) having even component gl,,.

Let U(g) be the universal enveloping superalgebra of g. Modules over Lie superalgebras can be viewed
as unital modules for U(g). If M and NN are g-modules one can employ the properties of U(g) as a super
Hopf algebra to define a g-module structure on the dual M* and the tensor product M ® N.

The cohomology theory of g-modules has a natural interpretation when one uses relative cohomology.
The projective objects are relatively projective U (gg)-modules, and every U (g)-module admits a relatively
projective U (gp)-resolution. By using these facts, given g-modules, M, N, one can define the relative

extension groups Ext . (M, V') by taking a relatively projective U (gg)-resolution for M. Furthermore,
Ext{y g (M, N) = H" (g, go; M" © N)

where H" (g, g5; M* ® N) denotes relative Lie superalgebra cohomology which can be computed using

an explicit complex (cf. [Kumoz2), 3.1.8 Corollary, 3.1.15 Remark], [BKNog, Section 2.3]).

2.2 Rational modules

Let G be an affine supergroup scheme over C and Mod(G) be the category of rational modules for G.
Let H be a closed subgroup scheme of G and R’ ind% (—) be the higher right derived functors of the
induction functor ind% (—). For a general overview about supergroup schemes and induction, the reader
is referred to work of Brundan and Kleshchev. See [BKo3, Sections 2,4,5] [Bruo6, Section 2].

In the case when g is a classical Lie superalgebra and g = Lie G, the category Mod(G) is equivalent
to locally finite integral modules for Dist(G) = U(g) (cf. [BKo3, Corollary s5.7]). In particular, if g is
a classical Lie superalgebra, then Mod(G) is equivalent to C(g q,) (i.e., the category of g-supermodules

that are completely reducible over gg). The projectives in the category C(q g, are relatively projective

10



U (gg)-modules. Therefore, if M and N are rational G-modules then

Extf,(M, N) 2 Extl, . (M, N)

0

foralln > 0.

2.3 Parabolic subalgebras

Let g be a classical simple Lie superalgebra, and t be a fixed maximal torus in gg. One can use the action of
ton g to obtain a set of roots . We can now invoke the ideas presented by Grantcharov and Yakimov in
[GY13] to define parabolic subsets .S that correspond to parabolic subalgebras p of g. For precise details,
see [GY13]), [GGNW21, 3.1, 3.2]. Given a parabolic subalgebra p, one has a decomposition of S = Sy LIS~
with p = [ @ u where (i) [ is the Levs subalgebra with roots in Sy, and (ii) u is the nilradical of p with
rootsin S7.

A parabolic subalgebra b arises from taking a principal parabolic subset given by S = S(H) =
SO11S~, where H is listed in [GGNW21, Table 7.1.2]. In this case, b 2 f & u where the Levi subalgebra is
the detecting subalgebra f that was first introduced in [BKNog]. The Lie subalgebras f (resp. u) are given
in [GGNW?21, Table 7.1.1] (resp. [GGNW2i1, Table 7.1.3]).

The subalgebra b is a parabolic subalgebra and technically is not a Borel subalgebra. In this paper, we
will view b as analogous to a Borel subalgebra for a simple Lie algebra arising from an algebraic group.
The detecting subalgebra f will be analogous to a maximal torus. There exists a natural triangular decom-
position of g = u* @ § & u where the roots in u{r (resp. ug) coincide with —(.S™) (resp. S™). Note the
BBW parabolic subalgebra identifies with b = § @ u, and the BBW parabolic subalgebras are defined for

classical simple Lie superalgebra that are not of type P.

II



Example 2.3.1. Consider the case when G = GL(n|n) with g = gl(n|n) or G = Q(n) with g = q(n).
The BBW parabolic b can be realized in g as

Al|B
b= €g:A B, C, DeL,C)
C|D

where L, (C) is the set of n x n lower triangular matrices. There exists a supergroup scheme B with
Lie B = b that corresponds to Dist(B) = U(b).

In [GGNW2i1, Theorem 4.10.1], the sheaf cohomology R'indg(c was completely described as a G-
module. Its Poincaré series was shown to be equal to the Poincaré series in a variable s of a finite reflection

group, specialized either at s = ¢ for Q(n) or s = ¢ for GL(n|n).

12



CHAPTER 3

HocHSCHILD-SERRE SPECTRAL

SEQUENCE

As in the case of classical Lie algebra cohomology, letting fj denote an ideal of g, we construct an analogue
of the Hochschild-Serre spectral sequence for Lie superalgebras.

Consider a short exact sequence of Lie superalgebras
0—=Hh—g—g/b—0

and functors:

F : g/b-mod — C-mod
G : g-mod — g/bh-mod,

which are given by F(—) = H%(g/h, —) and G(—) = H"(h, —). Both F and G satisfy the conditions

given in [Janos} Proposition 4.1], and so we obtain a Grothendieck spectral sequence:
EY" = RPF(RY(G(-))),
which converges to RP*4(FG)(—). As F o G = H’(g, —), this simplifies to

3



qu = Hp(Q/b? Hq<h7 _)) = Hp-i—q(g’ _)'

3.1 Infinite families

In this section, we provide a basis for n for each of the infinite families of classical simple Lie superalgebras,

and define an ideal J of n. As a consequence, for each family we will obtain a short exact sequence
0—=J—=n—->n/J—0,
which will give rise to a Hochschild-Serre spectral sequence
EY =H'(n/3,H(3,C)) = H*(n,C).

We then show in the following section that each of these spectral sequences collapses.

3.2 gl(m|n)

Letg = gl(m|n) wherem > nandletn™ @ §@nbe its triangular decomposition. Following [CW12} Sec-
tion 1.1.2] we label the rows and columns of elements of gl(m|n) by elements of theset {1, - - - 1, 1, - - - n }.
We let £;; denote the elementary matrix for row ¢ and column j. Then n is spanned by

Egj (62'—6]') 1§Z<]§m

\Eij (5i_€j) 1§@§n,1§jgmul<]7

where the quantity in parentheses denotes the corresponding weight under the action of the maximal

torus.

14



Welet J C nbe the subalgebra spanned by elements F 7, E; ,,, E; m, and E; ;, in the case where m =
n,andbyjust £ ;, and E; 5, whenm > n, with the appropriate bounds on i. Using the supercommutator
identity:

[Eij, Ew] = 0By — (—1) /Pl 1Blsy, By

J

it is a simple computation to show that J is an ideal of n.

3.3 o0sp(2m + 1]2n)

Let m > n. We may view 0sp(2m + 1|2n) as being a subalgebra of gl(2m + 1|2n), and so we may
describe its spanning set by means of the same elementary matrices. In particular, osp(2m + 1|2n) will
be the span of the root vectors and maximal torus as described in [CW12) Section 1.2.4]. Restricting our
view to the weight spaces listed in Table[1.3.3} let n be the subalgebra whose odd component is spanned by
the elements:

By nimm + B (—e + 0;)

—Bmhin T Bri (=0 +¢j)

Eyni = By (—€x — 1)

\E2n+1,f + Errmont (01),

where 1 <7 <mand1 < k < n, and whose even component is the direct sum of the nilpotent radicals
of s0(2m + 1) and sp(2n).
We let J be the subalgebra of n spanned by all root vectors with weights containing an €,,, or a ¢, term.

Again, it may be shown that this constitutes an ideal of n.

15



3.4 0sp(2m|2n)

The narising from 05p(2m|2n) has a similar basis as in the 0sp(2m + 1|2n) case, with an odd part given
by:

¢

By ynimm + B (—e +6;)

~Brmiin + Bri (=0 +¢5)

| Erng = By (=6 — 1)
where 1 <7 < mand1 < k < nand an even part given by the direct sum of the nilpotent radicals of
50(2m) and sp(2n).

We may define an ideal just as we did for 0sp(2m + 1|2n), letting J be the collection of all root vectors

corresponding to weights of 1 containing an €, term.

35 q(n)
We may view ¢(n) as the subalgebra of gl(n|n) spanned by the elements:

Ejj:=FE5+E; (6—¢), Ej=E;+FE;; (- 6;-), 1<i,7<n.

Then n is the subalgebra spanned by all El-j and Eij where @ < j. Let J be the subalgebra of n generated

by all Em and E,,,. Again, it is not too difficult to show that J is an ideal of n.

3.6 Collapsing
As aresult of how the ideals were chosen in each case, we obtain the following result.

Theorem 3.6.1. For any of the infinite families of classical Lie superalgebras g, the corresponding spectral

sequence B9 collapses on the r = 2 page.
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Proof. Recall that the differentials d, on the rth page of a spectral sequence have bidegree (1,1 — ),
sending E’ij to Ef;”’j —r+1 Qur goal is to show that for each page r > 2, the differentials must all be
0. First, note that we may decompose all E¥ into a direct sum of weight spaces under the action of
the maximal torus of §. The differentials respect this action, and so to show that d, is identically o, it is
sufficient to show that no weight in E% appears in EX*"7~"*1, To demonstrate this, we split the proof

up into different cases for each classical superalgebra.

1. gl(m|n) Consider an arbitrary differential from the F page: dy : By — Ey 277"

The term EY is a subquotient of A%(n/J)* @ AJ(3)*, and so any weight of £ must also be a
weight of AL (n/J)* @ AZ(J)*. As the weights of n/J are of the form €, — d;, 0 — €, €, — €, and
0 — 0y for1 < k <l < nand the weights of J are of the form €; — 0,,, 0; — 0, €; — €5, and d; — €,
for 1 < i < n, the weights of E% all have j summands containing either €, or d,,. As the weights

of B2~ have only j — 1 such summands, dy must be the zero map.

We therefore have that B = EY for all i and j. However, we can apply the same argument to the
differentials on the F, page for any arbitrary r > 1. Namely, if the weights in the domain of d,
have j copies of €, or d,, then those in the image have only j — 7 such copies. Thus, d, must again

be the o map. Thus for all 7 > 2, E¥ = EY/, and so the spectral sequence collapses.

2. sl(m|n) The collection of weights corresponding to the n in s[(m|n) are identical to those for
gl(m|n). Hence, we may take the same ideal of n C sl(m|n) and the same spectral sequence will

collapse.

3. 05p(2m + 1|2n) The ideal J is spanned by all weight spaces of a root containing €,,. Thus an
arbitrary weight of 29 must have a total of q copies of or €,,, whereas those in E? a1 pave
only ¢ + 1 — r copies. Thus any differential d, must be 0, 7 > 1, and so the spectral sequence

collapses on the £ page.

4. 0sp(2m|2n) We defined the ideal for 0sp(2m|2n) similarly to how it was defined for

0sp(2m + 1|2n), and so the above argument follows in the same way.
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5. q(n) As £ isasubquotient of A% (n/J") ® AJT*, all of its weights must contain j total summands
containing either copy of e,,, whereas Ey""*'~" only contains j + 1 — 7 such copies, and thus
an arbitrary differential d, : £ — E5 " must be 0 for 7 > 1, so the spectral sequence again

collapses.

As this covers all cases, this completes the proof. O
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CHAPTER 4

H'(n,C) CoHOMOLOGY

4.1  Superderivations

It is well known that in the case of ordinary Lie algebras, H' (g, M) corresponds to derivations from g to
M modulo inner derivations [HS97]. This situation generalizes to the Lie superalgebra case.

We define a superderivation from a Lie superalgebra g to a g-module M to be a linear map ¢ satisfying

o[z, ) = - d(y) — (=) y - o(x).

An inner superderivation is a derivation of the form ¢,(z) = z - a for some a € M. We define
SupDer(g, M) to the set of all superderivations from g to M, and then InnSupDer(g, M) to be the set

of all inner superderivations. Based on these definitions, we obtain the following two results.
Proposition 4.1.1. SupDer(g, M) = Hom(Ig, M).

Proof. Letd : g — M be a superderivation. Consider the map f); : T'(g) — M givenby fy(z1 ® - - ®
T,) = x1 0 -+ od(x,)and which sends 7°(g) to 0. It follows immediately that f/, vanishes on I and

thus defines a morphism on U (g) which restricts to a homomorphism fy : Ig — M.
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Conversely, given a homomorphism f : /g — M, we can extend it to a map on all of U(g) by setting
f(T°(g)) = Oand letting df = f o i. Itis straightforward to show that fz, = f and dy, = d, and so
the map sending f to d; is an isomorphism between SupDer(g, M) and Hom(Ig, M). O

Proposition 4.1.2. H'(g, M) = SupDer(g, M)/ InnSupDer(g, M).

Proof. From the augmentation map, we obtain the following short exact sequence:
0—=Ig—U(g) —C—0.

From the corresponding long exact sequence in cohomology, we obtain that
H'(g, M) = coker(Hom(U(g), M) — Hom(Ig, M)) = SupDer(g, M)/ im(Hom(U(g), M)).

However, if f € Hom(U(g), M), and f(1) = a, then the corresponding derivation is dy(z) = z - a,
and thus H' (g, M) =2 SupDer(g, M)/ InnSupDer(g, M). O

In particular, when using trivial coefficients, we have the following result:

Theorem 4.1.3. H'(g, C) = (g/[g. g])".

4.2 Explicit calculations

By the above theorem, to compute the first n-cohomology, it is sufficient to describe both n and [n, n]. As
we have already provided bases for n in Section 3, below we do the same for [n, n] and give formulas for

the dimensions of n, [n, ], and H' (n, C). A table of corresponding weights is given in Section 6.
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420 gl(mn)

We have that the elementary matrices £;; that span n will be in [n, n] precisely when j — i > 2, and so

[n, n] will have a basis given by

(

Ei; 1<4,j<n,j—1>2

By 1<i<m1<j<nj—i>?2

\Ei,j 1<i<nl<j<m,j—i=>2

The Lie superalgebra nn has dimension (}) + n - (m — n) 4+ 3 - (3) and [n, n] has dimension

(m;1)+2-(n;1)+n-(m—n—1)+(g),

and so H' (n, C) has dimensionm — 1 +n — 1 +n — 1 +n = m + 3n — 3. The weights of H' (n, C)

can be found by using the information listed in the previous section and are included in the tables in the

appendix.

422 sl(n|n)

The weight space decomposition for n is identical to thatin the gl(n|n) case, and thus the above dimension

formula and weight space decomposition hold.
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4.2.3 0sp(2m|2n)

The derived subalgebra [n, ] is spanned by the elements

(
Ej,% - Ei+n,j+m
E

E,

jmitn — i

El,kJrn - Ek+n,l+m

E

iy

i,k+n + EE,iJrn
EE,E - Ek’—l—n,i—i—n

Ejivm — Eijm

Ejl - El+m,j+ma
\

where 1 < ¢,k <nand1 < j,l <mandj — i > 2. The quotient by this subalgebra consists of root
vectors solely with the corresponding weights €; — 041, 0; — €j41, € + Oy 200, 0; — 041, and €; — €;41.

As a result, H! (n, C) has dimension

2m —1)+2(n—1)+2=2m+2n —2.

4.2.4 o0sp(2m + 1|2n)

The only difference in terms of dimension between this and the preceding case is the existence of a root in
n not found in [n, n]. Thus, the dimension calculation may proceed in essentially the same way, yielding

a dimension formula for H' (n, C) of 2m + 2n — 1.

425 q(n)

Much like in the case of gl(m|n), if g = q(n), then [n, n] is spanned by the matrices:
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Ei; 1<ij<n,j—i>2

Hence, the dimension of [n,n]is 2 - (";') = (n — 1)(n — 2). As the dimension of nis 2 - (}) =

n(n — 1), this implies that the dimension of H' (n, C) is
nn—1))—m-=2)(n—1)=2(n—1).

426 D(2,1,a),G(3),and F'(4)

For each of the exceptional superalgebras, we may look at the weights given in the Table As no two

weights add up to a third, it follows that the bracket is 0 on ny, and so n is abelian and thusn = n/[n, n].
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CHAPTER §

H%(n,C) COHOMOLOGY

5.1 Central Extensions

As in the case of H' (n, C), the classical Lie algebra interpretation of equivalence classes of extensions

extends to the superalgebra case. On the cochain complex C" (g, M) we set the following Z; grading:

C™(g, M)a = {f € Hom(A{(g, M))[f(AS(9))s © Mays},

where o and 3 are elements of Z,. As the differential map preserves this grading, this gives rise to a Zs
grading on H" (g, M) as well.
If M is a g-module, regarding M as an abelian superalgebra, we say that b is an extension of g by M

if there is an exact sequence of g-modules:
0—=M-—=bH—=9—0,

where b is a Lie superalgebra. Two such extensions are said to be equivalent if there is a commutative

diagram
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0 ) ! > g > 0
idl l lid
0 s My > g s 0

Given an even 2-cocycle h, we define the extension £}, via the short exact sequence
0—-M-—=gdM —g—0,
where the productin g & M is given by

[(x>m)7 (y7n>] = ([$, y]a In — (_1)|m|\y|ym + h(x>y))

Every extension will be equivalent to Fj, for some even 2-cocycle h [Musi2), Section 16.4]. Moreover,
one can show that two extensions £, and Ej, are equivalent if and only if there is some even linear map
f g — M suchthatdf = h — I/, and thus the equivalence classes of extensions are in one-to-one

correspondence with H?(g, M) [Musiz} Section 16.4].

5.2 Computing H*

Computing the H (1, C) cohomology involves a term mixing together both odd and even elements, and
thus requires much more care than the H' case. The main idea will be to compute the dimension of these
groups recursively. For simplicity’s sake, let us restrict our attention to g = gl(n|n), and let n(n) denote
the corresponding nilpotent radical. From the collapsing of the Hochschild-Serre spectral sequence, we

have that:
H?(n(n),C) = H(n(n)/J,H*(3,C)) ® H'(n(n)/3,H (3,C)) @ H*(n(n) /3, H°(J,C)), (s5.2.1)

where J is the ideal described in Section 3. As J is abelian, the cohomology groups H"(J, C) can be

easily computed. Additionally, there is a natural isomorphism between n(n)/J and n(n — 1). Thus, in
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the above decomposition, the first term can be computed directly, viewing it as the set of fixed points of
H?(J, C) under the action of n(n — 1), and the third can be computed recursively. Thus, the main issue

is the computation of H' (n(n)/J, H' (3, C)), which is isomorphic to H' (n(n — 1), J*).

5.3 Low-Dimension Examples

As an example where all of the computations are relatively straightforward, let us first consider the case of
ol(2/2) where we wish to compute H*(n(2), C). Asn(2) is abelian, all of the differentials in the cochain

complex

' —=Ct 0%

are 0, where C* = A¥(n(2)*). As such, for any k, H*(n(2), C) = A¥(n(2)*). In particular,

H?(n, €) = A(n") = (D) A'(ng) @ 87 ().

1+j=2

Using the formulas for the dimensions of exterior and symmetric algebras on a vector space of dimension

n, namely
. ; n
dim A" (V) = (2>
and
. 1
dim &7 (V) = <”+? )
J
we obtain

dim H*(n,C) = dimA%(n) =1-3+2-24+1-1=38.

Now consider the case where g = gl(3]3), and we wish to compute H*(n(3), C). Letting n denote n(2),

note that as n is abelian, ng is an ideal of n, and so we obtain a short exact sequence

0—=ng—=n—->n;—0.
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This gives rise to a second Hochschild-Serre spectral sequence:
Ey = Hi(ng, B (ng, 72 @ 7%)) = H (n, 7% @ 77).

Again appealing to an argument with weights, the differential d? sends ES 140 0. As the spectral sequence

is in the first quadrant, all subsequent differentials must do the same. Thus, we have that

H'(n, 7t @ 7%) = EY' @ E,)°.
As F)° = H'(ng, H (ng, JE@Ty) = H' (ng, C®*), we can simplify this as H' (n1)®4. As ny is abelian
of dimension 2, E;* must have dimension 8. On the other hand, 5" 22 H%(ng, H! (ng, 3*)). However,

as Ny is a classical Lie algebra, by Kostant’s theorem,

H'(ng, %) = EB w - Aj,
U(w)=1,j€]
where w is an element of the Weyl group of ng and 3* = € ies L(A;) as a direct sum of ng modules.
(Viewing J* as an s[(2) x s[(2)-module shows it is isomorphic to L((1,0)) @ L((1,0)) & L((0,1)) &
L((0,1)).) As the Weyl group of ng is isomorphic to 3y X X, there are 2 elements of length 1, and so
Ey' = H%(ng, s, - J*), which has dimension 4. Thus, altogether H' (ng, 3*) has dimension 8, from
which an easy computation shows that the dimension of the set of fixed points under the action of ny is
4, which implies H' (n, 3*) to have a total dimension of 12. Using the argument below, we can see that
H°(n, A2(3*)) has dimension 8 and we already know H? (n, C) has dimension 8, so altogether, this implies
that H?(n(3), C) has dimension 8+12+8= 28. However, the argument for computing the dimension
of H'(n,J*) was only valid because n was abelian. For general gl(n|n) this isn’t the case, so ng is not

necessarily an ideal of n.
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s.4 Explicit Calculations

s-4.1  gl(n|n)

Before beginning with the more general case of gl(m|n), we start with the more special case of gl(n|n).
As in the general case above, we may compute H?(n, C) by means of the direct sum decomposition from

the spectral sequence, i.c.,
H?(n,C) = H(n/J,A%(3%)) ® H'(n/3,7") ® H*(n/3,C).

The first term can be identified with the set of fixed points of A%(J*) under the action of n/7, i.e., all
x € A2(J*) such that (n/J) - = 0. This set is not particularly difficult to calculate, and we get the

following result.
Proposition s.4.1. Foralln, H'(n/3, A2(3%)) has dimension 8.

Proof. Note thatifa € n/Jand x € A2(J*) are weight vectors of weights A and 1, then @ - @ has weight
A + 11, and so a sends distinct weight spaces to distinct weight spaces. In particular, if 21 + - - - + 2, isa
sum of weight vectors of distinct weights in A2(J3*) and a - (z1 + - - + 2,,) = 0, then a - x; must equal
0 for all i. Since the standard basis for A?(J*) consists of root vectors all of distinct weights, it suffices to
look at which basis elements are sent to 0 by n/J.

Recall that J* has a basis given by EZ* > E;* i EZ* - and E;* s for1 < ¢ < n — 1. Based on the
supercommutator identity, if £ ; isinn/Jand £}, or B}, - isin 3%, E; j - B}, doesn’t vanish precisely
when i = k. In particular, as there are no elements E; j in n/J wherei = n — 1 orn — 1, it is precisely

the basis elements E* Ex _ E*

* ~
-t By o By and X - thatare sent to 0 for all a € n/J. Any element

of AZ(J*) that is sent to 0 is the superexterior product of two such basis elements of J*, and as there are
two even and two odd such basis elements, viewing A2(J*) as A%(J%) & (J5 @ J%) @ S2(3§), the total

dimension of H'(n/J, A2(3*))is1 +2-2 + 3 = 8. O
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Moreover, the third term may be computed recursively, using the fact that n/J is isomorphic ton,,_.
Thus, it remains to compute the middle term.

Let us consider the cochain complex
C' = C' = 0% — -,

where C* 2 A% (n/J*) ® J* and where the differentials are as in the introduction. Then the middle term
H'(n/J,3*) is given by the cohomology of the complex at C'!. Since the differentials preserve the action
of the torus, it follows that we may break up C" into its weight spaces. The weights of (n/J)* are of the
form o; — By, where a and 3 correspond to either € or §, and k < j < n. The weights of J* are of
the form o/, — (3], where i < n and o’ and 8’ again correspond to either € or d. All weights of C* will
be sums of weights of these forms. Actually, using the fact that the cohomology will be a subquotient
of n/J/[n/J,n/J]* ® J*, we need only consider those weights of (n/J)* of the form aj 11 — ;. Asa
shorthand, given a weight a; — 3;, we let F;; j and G; j denote the basis vector of (n/J)* of weight a;; — 3,

or more explicitly:

Eji"Z a=¢ [f=c¢

Ez; a=0,0=90

E,j) G’L,j =
ET—. o = 67 ﬁ = (5

])l

E]i‘l a=90,0=c¢
Proposition s.4.2. The dimension for a weight space of C* is at most 2.
Proof. Suppose two basis vectors for C'', Fj1; ® G, with weight (a;41 — ;) + (o), — ;) and
Fri1 @ G, with weight (a1 — ;) + (o, — f3),) actually had the same weight. As the €;, d; are

linearly independent, any weight has a unique representation as a sum of €;’s and 6;’s. This leads to two

Ccases:
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. If g, B, o, and 3y, are all distinct, these must be, in some order, the same weights as (;41, 75,
/,and ... Since | + 1 < n, it follows that (/, = o/, and ;41 = (j41,s0 j = . Thus, either 7
equals either 3; or 3}, which leads to two possible basis vectors of the same weight, giving a total

dimension of at most two.

2. If oy = B, then (), = o), m = By and (41 = n,,,. Since this forces [ 4+ 1 to equal j + 1 and m

to equal [ + 1, (;41 can equal only € or d;41, which yields at most two basis vectors.
O

With this in mind, we aim to determine the dimension of the image of d° and kernel of d*. To do this,
we will determine which weights appear in both C' 0 and C' and which appear in C' I'but not C?. For the

former calculation, to calculate the dimension of the image of d°, first note that since its image isin C L

the differential defined in Equationsimpliﬁes to

d'f(wo) = (=1)"wo - (1),

where a function f : C — J* is identified with an element of J* via the map sending f to f(1). What
this means is that so long as there exists an element 2 of nJ such that z - f(1) # 0, then d° does not map f
to 0. If f(1) € 3" and 2 € n/T are nonzero weight vectors, this condition holds if the sum of the weights
of f(1) and x is again a weight of J*.A weight o], — /3, of a basis vector G}, j, of J* may be written as a
weightin C 1 precisely when k < n — 1. In particular, G, ;, will map to an element in the linear span of
the root vectors Iy, , @Gy, yand Y/, @ G7 1 corresponding to (€11 — ;) + (a;, — €x41) and
(0k+1—B) + (), — Ok1), respectively. Since the differential preserves weights, and J* has4(n—1) —4 =
4(n — 2) weights of the above form, the dimension of the image of d” is 4(n — 2).

To compute the dimension of the kernel, we rely heavily on the differential defined in Equationm
and note that a generic weight will be of the form ;11 — 5; + o, — [}, where j < n — 1. So long
as i < n — 1, this weight may be written as (o], — o ;) + (o), — B!) + (aj41 — ), and so the
differential will send the weight vector corresponding to (cv;+1 — ;) + (a), — ;) to a nonzero element

of C?. Thus the only weight vectors in the kernel have J* component with ¢ = n — 1. There are four
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basis elements of J* with @ = n — 1 and there are 4(n — 2) basis elements of (n/J/[n/J,1n/7])*, so
the one-dimensional weight spaces in the kernel contribute total dimension 4(n — 2) - 4 = 16(n — 2).
Note, however, that none of these elements are in the image of d°. Besides those corresponding to weights
a;, — [/ _,, which are already included in the span of the root vectors listed above, each of these adds 1
more dimension to the kernel. As there are 4(n — 3) such elements, this gives the kernel a total dimension
of atleast 20(n — 2) — 4.

To show that no other elements are in the kernel, let Fj1 ; ® G, ; of weight (a1 — €;) + (o, — d;)
and F, ; ® G, ; of weight (aj 41 — d;) + (a, — €;) be two basis vectors of the same weight, where
J < n — 1. Identify these basis elements with functions f and ¢ from n/J to J. Using the action of the
differential, we see that df will send some element Fj 1 ; A H; 1 j of weight oy —€; + 41 —d;t0a
root vector of weight o, — 3,1, where 3 is either € or §, depending on what « is not. However, dg will
send the same element to o. Similarly, dg will send F7; . A Hjy j of weight a1 — 6 4 41 — €; to
), — [(+1 while df sends the same element to 0. As df and dg are nonzero on different subsets of the
basis elements, it follows that they must be linearly independent, and hence there is no nontrivial linear
combination of df and dg equal to o. Since f and g span their weight space, any other nonzero element

of that weight space gets mapped to a linear combination of df and dg, and so cannot be mapped to 0

!/

and is thus not in the kernel. Therefore, any weight of the form (cj 11 —€;) + (o,

— §;) does not appear
in the kernel and thus the kernel must have dimension exactly 20(n — 2) — 4, and so the dimension of

the first cohomology is
dimker d' — dimimd® = 20(n — 2) — 4 — 4(n — 2) = 16(n — 2) — 4.

Combining this with the fact that the first term in the direct sum decomposition above has dimension 8,

we have that when n > 2, the dimension of H?(n, C) equals

8+i(16(i—2) —4+38),
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which simplifies to

8+ 16(i — 28) = 8+ 8(n® + n) — 48 — 28(n — 2) = 8n” — 20n + 16.

=3

s.4.2  gl(mn)

We now proceed to the general case of gl(m|n), where we assume that m > n > 2. Note that in this case
the ideal J is defined slightly differently from how it is in the case where m = n, leading to n/J being

isomorphic to the n from gl(m — 1|n). Thus, using the spectral sequence decomposition
H?(n,C) = H(n/3, A2(3*)) @ H' (n/3,7*) © H*(n/3,C)

we can compute H(n, C) recursively, working our way up from the n corresponding to gl(n|n).

From here, the principles behind the computation are largely the same as in the gl(n|n) case, where
H°(n/3, A%(3*)) is computed by looking at the fixed points of A2(J*) and H' (n/J, 3*) is computed by
observing how the differentials act on weights. Putting this all together, we obtain the following formulas

for the dimension of H?(n, C) corresponding to gl(n + p|n):

(

8n? — 12n + 8, p=1
dimH*(n, C) = { 8p2 — 8 + 8, p=2
\8n2—8n+8—|—4n(p—2)—|—(p_3)22ﬂ, p > 2.

s.4.3 q(n)

The calculation of the dimension of the second cohomology for ¢(n) is similar to that for gl(n|n). Note

first that when n = 2, nis a 2-dimensional, abelian Lie superalgebra, and so the ith cohomology will be

isomorphic to A’ (n*). Since both n¥ and n? have dimension 1, A’(n}) = 0 foralli > 0 and S (n?) has
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dimension 1 for all 7, so A%(n*) is 2-dimensional for all 7. For general n, we may use the same direct sum
decomposition derived from the spectral sequence as in Equation|s.2.1]

To compute H%(n/3, A%(I*)), which corresponds to fixed points of A2(1*) under the action of n/J,
note that again the only weight vectors of A2(1*) that will vanish under the action of all elements n/J
will be superexterior products involving maximal even root and maximal odd root vectors, in particular,
E;szl,n and E;_, .. Unlike in the gl(n|n) case however, here there is only one such even root vector and
one such odd root vector, so H’(n/J, A2(I*)) is spanned by E:Lfl’n Q@ FE, 1,and B, @ E; .
Thus, in the case where n > 2, the dimension of H(n/J, A2(I*)) is equal to 2.

In computing the middle term H' (n/J, J*), we may again use the fact that we can decompose the
terms of the cochain complex into their weight spaces, and the differentials will still preserve the action
of the torus. Again, we may look solely at weights from (n/[n/J,n/3])* ® I* and argue as we did in the
gl(n|n) case. Here, the kernel of d* will have dimension 4(n — 2) + 2(n — 3) and the image of " will
have dimension 2(n — 2), giving H' (n/J, 3*) a dimension of 4n — 10.

Combining these terms together, we have the dimension of H?(n, C) equals

2+§5@r—&,
=3

which simplifies to

2n? — 6n + 6.

5.4.4 05p(2m|2n)

The same principles apply in computing the second cohomology for the 0sp(2m|2n) superalgebras. As
before, we may decompose the cohomology into its direct sum decomposition as in Equation Note
that the last term is again computed recursively, starting with the base case 0sp(2|2n). In this case, ng is

abelian, and so we obtain the direct sum decomposition:

H?(n,C) = H?*(ng,C) @ H'(ng, n}) & H*(ng, S*(ny)).
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Since ng is the nilpotent radical of an ordinary Lie algebra, these cohomologies may be computed via
Kostant’s theorem, which can be shown to sum up to have dimension MQ"M. Using the fact for
0sp(2m|2n), the n/J is isomorphic to the n from osp(2(m — 1)|n), the dimensions and weight space
expressions for H(n, C) for m > 1 may then be computed recursively as in the case for gl(m|n) and

q(n). These are listed in the tables in Section 6.

5.4.5  05p(2m + 1|2n)

We begin again with the direct sum decomposition from Equation Much of the calculation is similar
to that in the case of 0sp(2m|2n). We begin with the base case of 0sp(3|2n) and use the recurrence from

the direct sum formula to determine the weight space decomposition for any higher osp(2m + 1|2n).

5.4.6 D(2,1,a),G(3),and F'(4)

Just as in the case of H' (n, C), the second cohomology for D(2,1, ), G(3), and F(4) can be easily
computed using the fact that the corresponding subalgebras n are abelian. In particular, in each case
H?(n, C) is isomorphic to C%(n, C) in the corresponding cochain complex. A description in terms of its

weight space decomposition is given in the tables below.
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CHAPTER 6

SPECTRAL SEQUENCE CONSTRUCTIONS

6.1 Spectral Sequence I

Let G be a supergroup scheme and H be a closed subgroup scheme in G. Given an H-module, M,
a natural question to ask is whether one can express R*ind%; M when considered as a Gg-module in
terms of R'indgg (—)- In [Bruo6, Corollary 2.8], Brundan showed that this can be accomplished in the
Grothendieck group of Gi-modules by looking at alternating sums via Euler characters. This presents
some difficulties when one wants to analyze R"ind% M for a fixed n. The following theorem relates
R"ind$ M for a fixed n as a Gg-module to certain cohomologies for R’indgg (—) via a spectral sequence.
Our construction was inspired by the result stated for the structure sheaf by Sam and Snowden (cf. [SS21,

Proposition 2.1]), and employs the work in [Bruo6, Section 2].

Theorem 6.1.1. Let G be a supergroup scheme and H be a closed subgroup scheme of G, with g = Lie G

and Yy = Lie H. If M is an H-module then there exists a spectral sequence
By = R ind°[M ® N (g1/b1)"] = [R' ind§ Mg,

where |, denotes restriction down to G,
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Proof. We will apply the spectral sequence construction given in [Kumoz2}, E9 Theorem, Appendix E]. In
order to do so we need to construct a convergent cochain filtration, F, bounded above on the cochain

complex, C, whose cohomology is [R* ind$, M] |5 This will yield a convergent spectral sequence where
Ei’j — Hgiti (Fio/FiJrl O)
Recall that R*ind% M = H*(H, M ® k[G]) = Ext};(k, M ® k[G]) (cf. [FP8G, Section 1]). Let
O—->M-—-I1Iy—>1H—....
be an injective H-resolution of M. By tensoring by k[G] one has an injective H-resolution for M ® k[G]:

0= MQK[G] - Ih@k[G] = [ ®k[G] — ...

Now one filters k[G] by powers of Z = k[G|k[G]7. Note that Z is an H-Gg-bimodule.
This induces a filtration on C" = H(H, I,, ® k[G]):

C"D>HYH,I,®T) DH(H,I,®Z%) D.... (6.1.1)
Since 1,, is injective, H' (H, I,, ® Z%) = 0, thus
H(H,I, ® T"/T""") 2 H"(H, 1, ® T /1,  T"*") * H°(H, I, ® ") /H°(H, I, @ T"').
By applying the construction described in the first paragraph, there exists a spectral sequence
EY =H™(H,M ®T'/T"") = H™(H, M ® k[G]).
The result now follows by applying the isomorphisms given in [Bruo6, Theorem 2..7]

H*(H,M ® T'/T"*") = H*(Hy, M @ A'((g1/b1)") © k[Gy)).
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O]

One of the immediate consequences of this spectral sequence is the following fact. Let G’ be a super-
group scheme arising from a classical Lie superalgebra. In this case G is reductive. Let P be a parabolic
subgroup scheme which implies that G5/ Fj is a projective variety. Then R”indgg’ takes finite-dimensional
rational Pg-modules to finite-dimensional rational Gg-modules. It now follows from Theorem|[6.1.1]that
if M is a finite-dimensional rational P-module then R"ind M is a finite-dimensional rational G-module

foralln > 0.

6.2 Applications

In this section we demonstrate how several key results in [GGNW2i1, Propositions 4.1.1 and 4.1.2] can be

steamlined with shorter and more efficient proofs by using the the spectral sequence in Theorem|6.1.4]

Corollary 6.2.1. Let g = Lie G be a classical simple Lie superalgebra and P be a parabolic subgroup with
M a P-module.

(a) Assume thar R"ind5°[M @ N ((g1/p1)*)] = 0 when n # j. Then
(R"ind§ M)|g, = R ind5°[M ® A*((g1/p1)")]
forn > 0.
(b) Assume that M = C and R" ind7? [A ((g1/p1)*)] = 0 forn # j. Then
(R"indf} C)|g, = R™ ind7°[A*((g1/p1)")]

forn > 0.

"In the original statement of [GGNW?21, Proposition 4.1.1], % is used instead of j. In Corollary we use j to facilitate a
smoother transition from the notation used in the spectral sequence given in Theorem
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Proof. Observe that part (b) which is [GGNW21, Proposition 4.1.1(b)] follows immediately from part (a).
Also, note that part (a) is a stronger version of [GGNWai, Proposition 4.1.1(a)].

For part (a), set H = Pj and apply the spectral sequence given in Theorem|[6.1.1, Under the assump-
tion, one has Ei] = Owheni + j # j orequivalently Ei] = Ounless 2 = 0. The spectral sequence lives
on the vertical axis (i.e., E\" for j > 0). Using the fact that the bidgrees of d,. are (r, 1 — r) (cf. [Kumoz}

E.9 Theorem, proof]), it follows that the spectral sequence collapses and yields the isomorphism. O

Corollary 6.2.2. Let g = Lie G be a classical simple Lie superalgebra and P be a parabolic subgroup with
M a P-module. Assume that R" indgﬁ6 (M @ A*((g1/p1)*)] = 0 forn > 0. Then

(R"ind§ M)|e, = R"ind5°[M @ A*((g1/p1)")]

forn > 0.

Proof. Set H = Fj and apply the spectral sequence given in Theorem In this case, one has F/ = 0
unless i + j = 0 or j = —i. The spectral sequence collapses because the bidgrees of d,. are (r, 1 — r) for

r > 1, and the result follows. O

6.3 Spectral Sequence II

One can use the theorem in [Janos), I. 4.1 Proposition] to construct a spectral sequence that relates the

composition of two induction functors.

Theorem 6.3.1. Let G be a supergroup scheme with H < K < G an inclusion of closed subgroup schemes

contained in G. If N is an H-module then there exists a first quadrant spectral sequence

Ey = R'ind§ R ind}y N = R/ ind% N.
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6.4 Spectral Sequence III

The third spectral sequence below was constucted in [GGNW21, Proposition 6.2.1] and relates the relative
Lie superalgebra cohomology with sheat cohomology. The standard construction involves a composition
of left exact functors. This spectral sequence is a first quadrant spectral sequence and the difterentials also
have bidegree (r, 1 —1r). This spectral sequence can be viewed analogously to the one relating cohomology

for algebraic groups and sheaf cohomology presented in [Janos3, I.4.5 Proposition].

Theorem 6.4.1. Let G be a supergroup scheme where § = Lie G is a classical simple Lie superalgebra, and
H be a closed subgroup scheme of G with by = Lie H. If M, is a G-module and M, is an H-module then

there exists a first quadrant spectral sequence:

By = Ext{g o) (M1, R ind§ My) = Bxt(f7 (M, My).
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CHAPTER 7

IRREDUCIBLE REPRESENTATIONS VIA

H(A)

=1 Preliminaries

Throughout this chapter, we will assume that G is a classical simple algebraic supergroup scheme and B
is a BBW parabolic for G In particular, we will be tacitly assuming that G'is not of type P. Recall that
one has a triangular decomposition g = u @ f © u™ with corresponding supergroup schemes G, U, F'
and U™. The supergroup schemes U and U are unipotent, that is, the only finite-dimensional simple
module for these subgroup schemes is C.

There exists a maximal torus 75 contained in the even part of F'. Set X = X (75). Then there exists
a subset of weights X C X that indexes the set of finite-dimensional irreducible representations for
F.For A € Xp,let Lj(\) be the corresponding simple /'-module. One can then inflate this module to
B = F x U, and consider H"()\) = R"ind% L;(\).

The goal of this chapter is to show how to classify finite-dimensional simple G-modules via G-socles
of HY(\). The proofs follow are the same lines as those in [Jano3, Section II, Chapter 2] and generalize

the statement of the theorem for (1) in [Bruo6, Theorem 4.4].
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7.2 Simple F-modules

For the algebraic supergroup scheme F' where Lie F' = § is a detecting subalgebra, one can determine the

set Xp.

Example 7.2.1. Let G = Q(n). Inthiscase F = Q(1) x Q(1) x -+ x Q(1),and X = X (T5). The
irreducible representations are given by Clifford modules 7(\) [Bruog].

Example 7.2.2. Let G = GL(n|n). The subgroup F' = GL(1|1) x GL(1]|1) x --- x GL(1|1) and
Xp = X(T5). The irreducible representations are formed by taking outer tensor products of simple

G L(1]1)-representations which are either one-dimensional or two-dimensional.

~.3 Induced Modules

Let L be a finite-dimensional simple G-module. Then for some A € Xp, Homp(L, L;(\)) # 0.
Therefore, by Frobenius reciprocity 0 # Homg(L, H°(\)), and L < HY(\) for some A\ € Xp.
LC’CXF7+ = {/\ € Xp: HO(A) # 0}

Proposition 7.3.t. Let A € Xp . Then HO(N\)V" = Li(\).

Proof. We first consider a more general idea about induction. Let M be a rational B-module and let
€M - indgM — M be the evaluation homomorphism. Using the same proof in [Jano3], one can show

that [ind% M]Y" < M under €. This is a monomorphism of F-modules.

Now apply this to the case when M = L;(\). The statement of the proposition now follows since

L;(\) is simple as an F-module and the U *-fixed points of H"(\) cannot be zero for A € Xp ... O

7.4 Parametrization

We can now give a parametrization of simple G-modules.

Theorem 7.4.1. Let G be a classical simple algebraic group scheme. Then there is a 1-1 correspondence

between simple G-modules and X, given by L(\) = socg H°(N).
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Proof. First we need to show thatif A € X, then socgH"(\) is simple. This can easily be seen because
if Ly and Ly are simple G-modules with L; & Ly < H°(\), then one can take U " -fixed points to get
a monomorphism of F-modules: LY @ LY" < L;()\). Since U, -fixed points on L;, j = 1,2 are
non-trivial and L;(\) is a simple /-module, one obtains a contradiction.

Let L = socg H(\). Then LY" =2 L;()\). This shows that the socles of H°(\) and H(p1) where
A, it € Xp 4 are notisomorphic unless A = y. Therefore, for A € Xp ., onecanset L(\) = socgH%(\)

to obtain the desired bijective correspondence. L]

7.5 Example: Q(n)

We will now indicate how one can parametrize the simple modules using this setup for G = Q(n). Let
M be a G-module and M = @, x M, be its weight space decomposition. We have f = f5 @ f1 with
fg = t,and [fg, f1] = 0. This implies that the weight space M), is an F-module.

Now let M be a simple ()(n)-module. Then for some A € Xp,

0 # Homg(M, ind5 Li(\)) = Homp(M, L;(\)).

It follows that L;(\) has to appear in the head of M as B-module and A must be the highest weight of

M. The ordering is given by the roots Ag = {€1 — €2, €2 — €3,...,€,-1 — €, }. Furthermore,
0 # Homp (M, Li(\)) € Homp, (M, Li()\)) = Homg, (M, ind7 Li(\)).

Now L;(\) = @\ asa By-module, so that it follows that A must be in (X3) 4, i.e. itisa dominant integral
weight. The upshot of this analysis is that L(\) = socgH"(\) where A € (Xj) and A is the highest
weight of L(\) (cf. [Bruo6, Theorem 4.18]).

For G not of type () the weight spaces no longer yield /'-modules, so this analysis would not work.
An interesting problem would be to provide explicit parametrization of simple modules involving weights

for the other classical simple Lie superalgebras. Moreover, once one has an explicit parametrization, an
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interesting problem would be to develop a theory of decomposition numbers (e.g., [H°()\) : L(p)] for

)\7 [ XF,+)'

43



CHAPTER 8

GENERIC BEHAVIOR FOR BBW

PARABOLICS

8.1 Redux: GGN'W Computations

Assume throughout this section that g is a classical simple Lie superalgebra not of type P. Furthermore,

let G be a supergroup scheme with g = Lie G, and B a BBW parabolic subgroup of G. Set

pe.s(t) =) dim Rind§C ¢
i=0
For the detecting subalgebra f associated to b, there is an isomorphism of rings given by the restriction

map:
S*(g7)% = S* ()"

where NV is a reductive algebraic group. If N is the connected component of the identity in /V then

Wi = N/Ny is a finite reflection group. Let pw; (s) = >_,,cyr, s!®) be the Poincaré polynomial for 7.

A fundamental result in [GGNW21, Sections 4.2-4.9] was the calculation of R'indﬁé’/\'(( g1/b1)").

It was shown that

R"ind5° A ((g1/b1)") = 0 forn # j. (8.1.1)

44



Furthermore, in the case when n = 7, R”indgg A"((g1/b7)*) is a direct sum of trivial modules whose
number is prescribed by the coefficients of pyy; (). These results in conjunction with Corollary[6.2.1yield

the calculation of R'indgC which is summarized below (cf. [GGNW2i1, Theorem 4.10.1]).

Theorem 8.1.1. Let § be a classical simple Lie superalgebra with g = Lie G. Assume that g is not isomorphic

to P(n). Let B be the parabolic subgroup such that b = Lie B where b isa BBW parabolic subalgebra. Then
(a) R*ind$ C is a direct sum of trivial modules.

(b) The number of trivial modules in R™ ind$; C is given by the coefficient in front of t™ in

pa,B(t) = pw;(s)

where s = t when G is of type Q, and s = t* otherwise.

8.2 An Analog of Kempf’s Vanishing Theorem

Let 75 the a maximal torus in Gg, X = X (75) and (Xj)4 the dominant integral weights. The Weyl
group of Gy is denoted by W with identity element 1 € W,
Moreover, let V be a Tg-module and V' = @.,c x V, be its weight space decomposition. Set wt(V') =

{v € X : V, # 0} (i.e., the set of weights of V). We start off this section by stating a key definition.
Definition 8.2.1. Let A € Xpandw € Wj.
(a) The weight \ is very dominantif p + o € X forall p € wt(Ls(A\)) and o € wt(A*((g/b)*)).
(b) The set of very dominant weight will be denoted by X ;.

(c) Set (A, w) = wt(L;(\) @ wtA*((g/b)*)). Fory € T'(\, w), let mﬁy\,w be the multiplicity of
the weight v in L;(\) ® w™'A*((g/b)*).

As a consequence of Theorem we can provide a criterion for the vanishing of the higher sheaf

cohomology groups for weights that are very dominant.
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Theorem 8.2.2. Let A € X, and 1 be the identity element in Wy. Then
(2) R"ind% Ly(\) = 0 forn > 0.
(b) indg Li(N)|a; = @qern) [indgg ’y]@m?l as a Gg-module.

Proof. One can apply the spectral sequence in Theorem[6.1.1with H = B and M = L;()). Under the
condition that A € X, ., one has Eij = Ofor7 + j > 0. Therefore, the spectral sequence degenerates

and yields part (a). Part (b) follows because under the assumption that A € X |, one has Rlindg27 =0

forally € T'(\, 1). O

We now illustrate how this theorem works for q(n).

2

Example 8.2.3. Let g = q(n), G = Q(n) and B be a BBW parabolic subgroup. For A € Xp, L;(\)

MA@ dim L) (direct sum of copies of C,) as a Byg-module.

First observe that A = 0 is not very dominant because 0 # R'ind%C = R'ind$\ by Theorem
Let A € X . Inthiscase, A € X, ifandonlyif A+ 0 € (Xo)4 forallo € wt(A®*((g/b)*)). Since o
can be zero, one has X, ; C (Xp),.

The weight o is a sum of distinct roots from the set —®F = {¢; —¢; : 1 <i < j < n}. Now the
simple roots for G are given by Ag = {av, ..., o, } where a; = ¢, — €41 wherei = 1,2,...,n — 1.
The condition that A + o € (X)) is equivalent to (A + 0,a") > Ofora € Ag.

A direct calculation shows that — (o, @) > n + 1, and it follows that

DeX: n+1< (N aY)foralla € Ag C X, C(Xp)s.

8.3 An Analog of the Bott-Borel-Weil Theorem

For w € Wj, recall that the dot action on X is given by w - A = w(A + p) — p, where p is the half-sum
of the positive roots of gg. Let C'y, for G be defined as in [Jano3, IL s.s].

For a given w € Wy, set

Qw) ={N€ Xp:pu+w'o € Cgforall p € wt(Li(\)) and o € wt(A®*((g1/b1)*))}-
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Observe that Q(w) C Oy forallw € Wy since 0 is a weight of A*((g7/b1)*). We say that a weight z1
is a generic weight if and only if 11 € Uyew,w - Q(w) =: . The set 2 will be called the set of generic
weights.

We can now prove a version of the Bott-Borel-Weil Theorem for generic weights. Note that this
theorem encompasses Theorem|8.2.2)which coincides with how the ordinary BBW Theorem encompasses

the classical Kempf’s vanishing theorem (see [Janos3} IT. Chapters 4 and s]).

Theorem 8.3.1. Let w € Wy and w - X is a generic weight where A € Q(w). Then

. 1G5 _1@m)
D cronw [indg; YFMe 0= 1l(w)

0 n # l(w).

(R™ind§ Li(w - \))|e, =

Proof. Let i +w~'o € Cz where 1 is a weight of Li(w - \) and o a weight of A*((g1/b1)*). According
to the ordinary BBW Theorem [Janos} I 5.5 Corollary], one has

) 0 ifn # l(w)
Rnindggw (p+w o) = (8.3.1)

indgg,u +wlo ifn=l(w).

Now apply the spectral sequence in Theorem [6.11|with H = Band M = Lg(w - A). From (8.3.1),
it follows that 7 = 0 fori + j # I(w). One can now apply the same reasoning as in the proof of

Theorem(8.2.2} The spectral sequence degenerates and yields the desired result. ]

8.4 Generic Weights

Let G = Q(n). Since wt(Lj(\)) = {\}, one has for a given w € W,
Qw)={ e X : A+w o e Ogforallo € wt(A*((g1/b1)*))}.

We now show that 2 can be obtained by translating 2(1) by the ordinary action of the Weyl group Wj.
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Lemma 8.4.1. Let g be a semisimple Lie algebra and let o be a sum of distinct negative roots of'g. Then for

all w in the Weyl group W of g, w - 0 is also a sum of distinct negative roots.

Proof. Let A, be the set of all roots v in @ such that w(a) € @, and let B,, be the set of all roots 3

in @* such that w(3) € ®*. If o is sum of distinct negative roots, then it may be written as

o=—ar— - —ap— b1 == Oy

where a; € A, foralliand 3; € B, forall j. Then we have that

w-o=wo)+w-0=-wlag) — - —wlay) +w(=pF) + - +w(—Lm) +w-0.

Notice that

w-0=Y wla),
a€Ay
and so
—w(an) = -+ — wlan) +w-0
is a sum of distinct negative roots
—wfe) =+ () w0 = w() +-+ w(),

where the 7, are all in A,,. Moreover, since 3} is in B,,, each w(—[3;) is a negative root, so this implies
that w - o is a sum of negative roots. Finally, since the 74 and —3; are all distinct roots, so too are the

w(7yx) and w(—fB;), so 0 is a sum of distinct negative roots. O

Proposition 8.4.2. Let G = Q(n). The generic regions w - QU(w) are conjugate under the regular action

of the Weyl group Wy. Consequently, ) = Uypew,w(§2(1)).
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Proof. Itis enough to show thatw - Q(w) is equal to w(€2(1)). Let A € ©(1). Then for all positive roots

« and all sums of distinct negative roots o,

A+o+p,a’) >0.

-1

By the above lemma, w™" - o is a sum of distinct negative roots, and so

A+w o+ p,a’)>0.

Now

1

Apt+twt-o=DN4+wlp—pl+wlto+p.

However, the condition for y to be in 2(w) is that
(n+wlo+p,a) >0,

so A +w™tp — pisan element of Q(w). This is equal to w™" - (wA), and so wA € w - Q(w). Thus,
w((1)) C w - Q(w). The other direction follows similarly. ]

8.s Example: G = Q(2)
In this case G =2 G'Lo(C) and W = ¥y = {1, 5, }. Moreover, wt(A*((g1/b1)*)) = {0, —a}. Using

the definition of (w), one can directly show that

Q1) = {(AnA): A — A > 1)

Qsa) = {(MAe) s A —de > —1}

Therefore,
Q= J w-Qw) = {p= (1, p2) : pa — o # 0},

wEW()
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It follows that for y1 € Q, H"(1)|c, can be computed for all 7 by Theorem This agrees with the

calculation for G = ()(2) given in [Bruo@, Lemma 4.4].

8.6 Example: G = (3)

One has G = GL3 C) and
0
W 0 = Z3 - {L Sayr Sags SarSass SasSars 804180428041}-

Moreover, the generic region €2 = (J, oy, w - Q(w) where

Q1) = {AeX:
N(sq,) = {AeX:

N(sqy) = {AeX:

{
{
{

QSa150) = {NEX: (N a)) >3, (\ay) > -1}
QSay501) = {NEX: (
{

Q(50y5a250,) = {AeX:

Therefore, it can be shown that

Q= U w{ihe X (\af) >2,(\ay) > 2},

weW

which are the W-conjugates of €2(1) under the regular action.
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8.7 Comparison of Cohomology for (g, gg) and (b, bg)

For reductive algebraic groups, one can use the induction functor to compare cohomology for G to P
where P is any parabolic subgroup [Janos, I. 4.5 Proposition]. Using Theorem [6.4.]and 8.3.1 one can

obtain a comparison theorem for extensions between modules for (g, gg) and (b, bg).

Theorem 8.7.1. Let G be a supergroup scheme where § = Lie G is a classical simple Lie superalgebra, and
B be a BBW parabolic subgroup of G. Moreover, let w € W, w - X be a generic weight where X € Q(w)
and M be a G-module. Then fori > 0,

M, R indS Li(w - \)) = Ext*™ (M, Li(w - \)).

EXt?{ (bvb())

gvgo)(

Proof. Consider the spectral sequence in Theoremwith H = B. Under the condition that w - A
is a generic weight, R’ ind$, Li(w - A) # 0 when j # I(w). Therefore, the spectral sequence collapses,

and B5") & Bt (M, Ly - 1) forall i > 0. -
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CHAPTER 9

REsuLTs oN H())

For the moment, assume that G is a reductive algebraic group and B is a Borel subgroup (arising from
the negative roots) [Jano3]). If A is a weight then Andersen [And79] proved that H*(\) = indg)\ is
either zero or has a simple G-socle. The socle of H*(\), socgH' (), can be explicitly described [Jano3)
IT 5.15 Proposition]. For H" (), n > 2, the vanishing behavior remains an open question over fields of
characteristic p > 0.

Let us now return to the situation where G is a supergroup scheme with Lie G = g where gisa
simple classical Lie superalgebra and B is a BBW parabolic subgroup in G. In Section (7, we proved
that H%(\) is either zero or has simple socle. In dramatic contrast to the situation for reductive groups,
Theorem demonstrates that H'(\) need not have simple socle. For example, if G = Q(3) then
H'((0,0,0)) = R'ind$C = C @ C.

9.1 Socles for H'()\)

Let P = Lp x Up be a parabolic subgroup such that B € P C G. Forany 0 € X, let & be the

weight in X with Lp(5) = L(0)YP where Lp(5) is the inflation of a simple L p-module.

Theorem 9.1.1. Let G be a supergroup arising from a simple Lie superalgebra 9, B be a BBW parabolic
subgroup and \ € X. Suppose there exists a parabolic subgroup scheme P in G with B C P C G with
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RYind}, Li(\) = 0. Then forall o € Xp 4
[socg HY(A) : L(0)] = [socy, R ind}; Li(A) : Lp(5)]

Proof. Suppose that R ind}; Li(A) = 0. Consider the spectral sequence given in Theoremwith
K = P,H = Band N = Lj()). One has a five term exact sequence of the form

0— Ey° - B, — EY' - E2° - B,
The assumption implies that E;’O = 0 fori > 0. Therefore,
H'()\) 2 ind%[RYind} Li(\)].
In order to compute the socle we need to consider homomorphisms of L(c) into H*(\):

Homg(L(o), H'()\)) = Homg(L(0),ind%[Rind, Li(\)])

I

Homp(L(o), R'ind}, L;()\))

I

Homy,,, (k, Homy, (k, L(c)* ® Rlind, Li(\)))

12

Homy,.(k, Homy, (k, L(0)*) ® R'ind[;L;(\))

I

Homy,, (k, Lp(5)* ® RtindgLi(\))

I

HornLP (Lp(&)), RllndgLf()\))

The statement of the theorem follows from this chain of isomorphisms. OJ

Additionally, the following result uses Theorem and provides a criterion for the irreducibility of
socg HY(N).
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Corollary 9.1.2. Let G be a supergroup arising from a simple classical Lie superalgebra 9, B be a BBIW
parabolic subgroup and \ € X. Suppose there exists a parabolic subgroup scheme P in G with B C P C G

satisfying:
(2) R%ind}, L;(\) =0,
(b) RYind}, Li(\) has simple L-socle.

Then socg H' () is simple.

9.2 Applications

Let G = Q(2) and 0 = (07, 02) be a weight in (Xj) . In [Pen86, Section 7], Penkov computed the
characters of all the irreducible ()(2)-modules L (o) of highest weight o. In particular, suppose o is not a

nonzero integer multiple of p. Then

p

e? og=0

char L(0) = { 2 char Lg(0) + 2char Ly(o — o) o1 — 03 # 1

| 2 char Ly(o) o1 — 09 =1

where Lg(0) is the irreducible Gg-module of highest weight o, with
char Lg(o) = €7 + €7 + -+ + "7 4 "7,
If o is a nonzero integer multiple of p, then

char L(o) = 2 char Lg(0).
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On the other hand, from [Bruo6| Lemma 4.4] the character of the induced module ind% L;(o) for

nonzero dominant o is
charind$ Li(0) = 2(e” + 277 4 -+ - 4 27 4 7).

Therefore, when o is not an integer multiple of p with oy # o5 + 1, ind% L;(0) is an irreducible module
isomorphic to L(c). Otherwise, ind% L;(c) has length 2, with composition factors L(c) and L(o — ).
Moreover, by Serre duality [Bruo6, Theorem s.1], H'(0) = H°(—0)*. Ifwo € (X5)4, then H'(0) is
either irreducible or has socle isomorphic to L(wo — «). In summary, if H'(0) # 0 then H' (o) will
have simple G-socle.

Let G = Q(n),and fixarootawin Ag = {¢; — €41 : @ = 1,2,...,n}. Let P, be a minimal
parabolic subgroup containing B such that Lie F, is the Lie superalgebra generated by b = Lie B along
with the root space go. Then P, = L, x U, where L, is a supergroup scheme of type Q(2).

Now assume that A € X with (X, a") < 0. Then by Theorem|6.1.1}

R%indp* Li(\)|r, = R%indf; Li(N)|r, = 0.
One can now invoke Theorem|[9.1.1]
[socq H'()) : L(0)] = [socr, R*indf Li(\) : Lp, (7). (9.2.1)

The analysis for Q(2) shows that R* ind %> L;(\) has asimple L,-socle. We can now state the following

theorem.

Theorem 9.2.1. Let G = Q(n) and X € X where (A, ") < 0 forsome o« € Ng. Then H'(\) has a

simple G-socle.
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9.3 Open Problems

When g is a simple classical Lie superalgebra of type other than (), a similar type of analysis can be done for
minimal parabolic subgroups P, = L, % U, where L, is of type G L(2|2). This motivates the following

open problem.
Problem 9.3.1. Determine when socg H* () is simple for G = GL(2]2).

The solution to the aforementioned problem in conjunction with Corollary [9.1.2] would provide

necessary insights into solving the more general problem.
Problem 9.3.2. ComputesocgH'(\) forall A € X.

The sheaf cohomology groups H™ () for n > 0 are central objects for the cohomology and represen-
tation theory of G. As demonstrated in this dissertation, these sheaf cohomology groups unify the theory
of Lie superalgebra representations. Their vanishing behavior is tied in with the combinatorics of the Weyl
group for G acting on odd roots. Furthermore, concrete calculations are, for general A, highly dependent
on the use of the detecting subalgebra  along with the finite reflection group Wi. This produces a unique
mixture of the odd and even theories. Further investigations along these lines should yield solutions to
the open questions about these G-modules and provide new insights into the representation theory for

classical simple Lie superalgebras.
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CHAPTER IO

APPENDIX: TABLES OF WEIGHTS AND

DIMENSIONS

In the tables below, we compile a list of all of the weights appearing in the first and second cohomologies
for the Lie superalgebras used above, as well as their dimensions. As a shorthand, we use the following
notation. For gl(m|n), we let cy; be the weight €11 — €;, &} be the weight 0,11 — 0;, ; be the weight
dit1 — €, and [3] be the weight €;.1 — §;. In the case of gl(m|n), we assume that m > n. In the case of
osp, welet i1, - - -, [, denote the simple weights of B,,, or D,,,, and let vy, - - - | 1, be the simple weights

of C),. Again, for the exceptional Lie superalgebras, we follow the notation in [GGNW?21, Section 3.2].
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101 H'(n, C) Cohomology

H'(n, C) Cohomology (Classical Cases)

Lie Superalgebra Corresponding Corresponding
Even Weights Odd Weights
gl(n|n) a, 1 <i<n-—1, Bi,1<i<n-—1,
apl1<j<n-—1 },1§j§n—1
gl(m|n) o, 1 <i<m-—1, B, 1 <i<n-—1,
ap1<j<n-—1 5, 1<j<n
osp(2m/|2n) —€; — €41, 1 <i<m—1, €iy1 — 05,1 <0 <

—0ip1 — 0,1 <7 <n—1,
—20,

m— 1,
Oip1 — 6,1 <i <
n—1,
€Em + On

osp(2m + 1(2n)

—€ — €41, 1 <1 <m—1,
—0i41 — 05,1 <7 <n—1,
5,

€ir1 — 051 <4 <
m—1,
div1 — €, 1 < <
n—1,

€m + On
q(n) €i+1 — € diy1 — 0s,
1<i<n-1 1<i<n-1

58




H'(n, C) Cohomology (Exceptional Cases)

Lie Superalgebra Corresponding | Corresponding Odd
Even Weights Weights

D(27 17 CY) — M1, — 2, —HU3 <_€v —-€, _6)9
(—e, —¢,€),
(€, —€, —€)

G(3) —p1, —a, —f3 (—w1 + wo, —€),
(2w — wa, —€),
(0, —e),
(w1 — wy, —€),
(—2001 + wo, —6),
(_wlv _E)

F(4) —p, —Vi, —Vo, | (W — w3, —€),
(
(
(
(
(
(
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H'(n, C) Cohomology Dimensions (Classical Cases)

Lie Superalgebra || Even | 0dd | Total
gl(n|n) 2(n—1) 2(n—1) 4(n—1)
gl(mn) m—1+n—1 2n — 1 m+3n—3
osp(2m|2n) m+n—1 m+n—1 2m +2n — 2
osp(2m + 1|2n) m+n—1 m+n—1 2m + 2n — 2
q(n) n—1 n—1 2n — 2

H'(n, C) Cohomology Dimensions (Exceptional Cases)

Lie Superalgebra Even Odd Total
D(2,1,0) 3 3 6
G(3) 3 9
F(4) 4 1
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10.2 H?*(n,C) Cohomology

Every weight in H*(n, C) corresponds to the sum of two roots of the Lie superalgebra. Those weights
which are the sum of two odd or two even roots are listed as even, and those which are the sum of an
odd and even root are listed as odd. Note that some weights may appear twice in the list. For example,
in the case of gl(3|3), the weight €5 + d2 — €1 — d1 may be written as both (€2 — €1) + (62 — 01) and
as (e2 — 01) + (62 — €1), corresponding to oy + ¢ and 1 + /3 in the table below. In this case, this

corresponds to the weight space having dimension 2.

For the sake of brevity, the cases gl(m|m + 1) and gl(m|m + 2) are omitted.
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H?(n, C) Cohomology (Classical Cases)

Lie Superalgebra || Even Weights | Odd Weights
gl(n|n) a; + aj, a; + B,
1<i<j<n-—1, 1<i,j<n-1
a; + o, a; + B,
1<i<yi<n—1, 1<, 5<n—-1
o +al, o} + B
1<i, j<n-—1, 1<id,j<n-—1,
Bi + Bj, i—J#F1
1<i<j<n-—1, o + B,
B+ B, 1<i,j<n-—1,
l<i<jsn-—-1 J—1#1
Bi + Bjs
1§Z7j§n_1)
i —jl #1
gl(m|n), m—n>2 | o; + oy, a; + B;,
1<i<yi<m-—1, 1<, <m-—1
ozé%—oz}-, 1<j<n-1
1<i<j<n—1 |a;+p,
o; + o, 1<i<m-—1,
1<i<m-—1, 1<j<n
1<j<n-1, o + Bjs
Bi + Bj, 1<i<n-—1,
l<i<js<n-—1 I1<j<n-1
B+ A, i—j£1,
1<i<j<n, o + B,
1< <n, 1< <n,
I<j<n-—-1 j—1#1
li —jl # 1, p + (€ny1 — 0n)
205 + iy,
n <i<m,
a; + 204541,
n<i<m
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H?(n, C) Cohomology (Classical Cases)

Lie Superalgebra || Even Weights | Odd Weights
0sp(2m|2n) i + s pi + (0541 — €5),
1<i<i+l<j<|1<i<i+l<j<
m—1, r—1
v + v, i — (6551 — €)s
1<i<i4+l< <1 <i<i+1<g<
n—1 r—1
Vi + (841 — ),
I1<i<i+1<j<
r—1
vi = (011 =€),
1<i<i+l<j<
r—1
osp@m +12n) | i+ iy i+ O — &)
1<i<i+l< i< |1I<i<i+1<y <
m— 1, r—1
VZ{‘FV],', /fli_(éj+1_€j),
1<i<i+l<j<|1<i<i+l<j<
n—1 r—1
Vi + (841 — ),
I1<i<i+1<j<
r—1
vi = (0j+1 =€),
1<i<i+l<j<
r—1
q(n) ; + g, a; + o,
l<i<j<n-1 1<4,j<n-1,
aj + aj, j—i#1

1<i<j<n-—1,

j—i#1
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H?(n, C) Cohomology (Exceptional Cases)

Lie Superalgebra H Even+Even Weights ‘ 0dd+0dd Weights ‘ Odd+Even Weights
D(2,1,a) Sums of any distinct two | Sums of one weight from | Sums of any two of
of the following weights: | left column with one | the following weights:
— i1, — fh2y — 43 from right column (—€, —€, —¢€),
(—e€, —¢€,€),
(e, —€, —€)
G(3) Sums of any distinct two | Sums of one weight from | Sums of any two of
of the following weights: | left column with one | the following weights:
— 1, —a, —[3 from right column (—w1 + wy, —€),
(2wy — waq, —€),
(07 _6)7
(w1 — wa, —€),
(—2(,«)1 + W, —6),
(_wlv _6)
F(4) Sums of any distinct two | Sums of one weight from | Sums of any two of

of the following weights:

—M1, — V1, — Vo, — U3

left column with one
from right column

the following weights:
(w2 — Ws, — ),

(w1 — Wy + w3, —6)
(Wl ws, — ),

( %) + W3, — ),
(—wi + wy — w3, —€),
(—wy + w3, —€),

( W3, — )
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H?(n, C) Cohomology Dimensions (Classical Cases)

Lie Superalgebra H Even Dimension ‘ Odd Dimension ‘ Total Dimension
gl(n|n) 4n? —10n + 8 4n? —10n + 8 8n? — 20n + 16
gl(m|n) ("I + () +m=2n | (m+n—2)(2n—1)+1 | 8n® — 8n +8
+4n(m —n — 2)
m—n—3)%+(m—n—3
| (moneghmony
0sp(2m|2n) ((n=12+m-1)+|(n+m—-2)2(m—n)) | 5((n—1)*>+ (n—1)
(m—1)242((m—n)*+ (m—=12+(m—1
(m —n))

osp(2m + 1|2n)

5((n —

m —n))

12+ (n—1)+
Em— 1)2+2((m—n)*+

(n+m—2)(2(m—n))

q(n) n® —3n+3 n® —3n+ 3 2n? —6n +6
H?(n, C) Cohomology Dimensions (Exceptional Cases)
Lie Superalgebra H Even ‘ Odd ‘ Total
D(2,1,a) 12 6 18
G(3) 21 21 42
F(4) 34 28 62
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