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One particularly valuable aspect of these methods is to identify meaningful
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tial filtrations, we show the performance of each in estimating the number of
Rossby waves on a daily basis, leading to a discussion of the utility of multiscale
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CHAPTER I

INTRODUCTION

In many different scientific endeavors, data are collected and researchers use
them to seek answers to many different questions. Great science is performed
in countless subject areas and there is no single way to describe all valid research
questions. We have found that one of the more common questions could be
described as a question of “What in these data is a true pattern with some cause,
and what parts of these data are just noise”? In this dissertation, we will present
one specific incarnation of that problem from atmospheric science. There’s
been a good variety of work done towards answering this question, and we
hope to highlight many of the current approaches to providing an answer. We
will then proceed to highlight some of the challenges that these approaches face.
It turns out that this question is a hard one to answer!

We will then provide some information on a growing topic in statistical
research named Topological Data Analysis (or TDA), which we feel is well-
positioned to answer this question. We will summarize some of the foundations
of TDA, moving towards a description of uses of TDA which are used on data

somewhat similar to the real data at hand in the motivating scenario. We will



describe why work up to this point in TDA is not quite equipped to handle the
data at hand. The solution to this question was not sitting ready-made for use.

In subsequent chapters, we will discuss how we’re adapting TDA methods
to directly answer the scientific question at hand. Namely, how many Rossby
waves are present in the northern hemisphere at a given time? We’ll go into
more detail about Rossby waves and their importance later in this chapter. We’ll
describe a new use of TDA that allows us to estimate them at scale consistently
with clear specifications, something that current answers to the question of

counting these waves sometimes struggles to do.

.1 Motivation for Analysis

Since we wish to develop methods that help us to model the structure of atmo-
spheric circulation, it is first important to provide a description of how that
circulation system functions, at least at a basic level. The two largest contribu-
tors to this system are the temperature gradient, which we explain below, and
the Coriolis force, which is the frictional force on the air due to the rotation of
the earth.

We’ll go into how researchers currently estimate Rossby wave frequencies.
We’ll describe some of the challenges one must overcome in such estimation and
will highlight a few key issues that arise from these current estimation methods,
which seem to create and solidify disagreement among those who study the

polar stream and related topics.

L.LI Rossby Waves and the Polar Jet Stream

Since we wish to develop methods that help us to model the structure of at-

mospheric circulation, it is first important to provide a description of how that



circulation system functions atleast ata basic level. The two largest contributors
to this system are the temperature gradient, explained below, and the Coriolis
force, which is an apparent force on the rotating earth.

The earth’s atmosphere is composed of a mixture of gases whose particles
flow freely above the surface of the earth. Generally speaking, warm air (which
often carries more moisture) is more bouyant and tends to rise, then spread pole-
ward, which explains the Hadley circulation. Cool air which is often less moist
tends to contract in volume. Since the equator is generally warmest, warm air
tends to expand outward from the equator towards the poles. The atmosphere
is generally warmer towards the equator where there is a surplus of net radiation
and cooler towards the poles where there is a radiation deficit at a given eleva-
tion. The observed dynamics of this exchange of warm and cool air operate in
specific ways in certain parts of the atmosphere, and atmospheric models help
describe how this exchange functions de Silva and Carlsson [6].

The first layer of the atmosphere, which extends from the surface of the
earth to an elevation of about 12 km is called the troposphere. In the tropo-
sphere, a first-level approximation for atmospheric circulation is known as a
three-cell model (Figure . This model is not fully accurate, but is useful
in considering circulation within each hemisphere. In this model, each hemi-
sphere is divided into three regions: the tropical region (=~ 0° —30° N), the mid
latitudes (= 30° — 60°), and the polar region (= 60° — 90°). In the tropical
and polar cells, air close to the surface travels towards the equator until reaching
the boundary between cells, at which point air tends to travel upwards, cooling
and spreading poleward. This cooler air cycles towards the pole until it cools
and starts to sink, getting closer and closer to the surface. As this occurs, the air
starts to warm and travels poleward again. In the midlatitudes, warm air at the

surface travels poleward, while cool air at higher altitudes travels towards the



equator. The polar, mid-latitude, and tropical cells are known as Polar, Hadley,
and Ferrell cells respectively, and the exchange of air between the cells tends to
spread heat and moisture in the atmosphere which helps to transport moisture

across the surface of the earth.

Polar cell

Mid-latitude

cell \

Figure r.1: Three-Cell Model for atmospheric circulation. Image Credit Piana
[zo]

The three-cell model helps to describe how air circulates from north to
south, but air certainly flows along latitudinal lines as well. As the earth spins
daily on its axis, the planet itself rotates in an anticlockwise direction when
viewed from space. The Coriolis force deflects motion to the rightin the North-
ern Hemisphere and to the left in the Southern Hemisphere Winds traveling
south from the equator deflect to the left. The opposite is true for winds travel-
ing from the poles, further cementing the tendency for wind to flow from west
to east. Wind can flow in any direction, but the Coriolis force deflects large scale

motion relative to the flow that would be imposed by the pressure gradient.



The jet stream is a band of fast-flowing air traveling from west to east across
the northern hemisphere. This band of air is focused in the midlatitudes (~
30 — 60° N). The actual north-south extent of the jet stream is not usually the
entire range of latitudes of the cell, but it may deviate from its central latitude by
asmuch as15°. On a planetary scale, the flow in the atmosphere is approximately
in geostrophic balance, which is a balance of the forces produced the pressure
gradient and the Coriolis effect. The thermal wind is the vector difference be-
tween the lower- and upper-troposphere geostrophic wind. The increase in
wind speeds with height in the mid-latitude troposphere, which leads to the jet
stream, is produced by the temperature gradient and described by the thermal
wind.

Atmospheric circulation tends to follow a model described in Palmen [r9],
which is a more accurate representation of ciculation than the three-cell model.
The dominantcirculation is the Hadley cell in the tropical belt, while the middle
latitudes, circulation is more driven by thermal wind. This revised model is
more accurate at explaining circulation in the northern hemisphere.

Large scale meanderings of the polar jet stream in the northern hemisphere
are known as planetary waves, the most important form of which are quasi-
stationary mid-latitude Rossby waves. The number of Rossby waves present in
the jet stream, or wavenumber, is in almost constant flux. Waves travel through
the midlatitudes, forming new waves or combining multiple waves together
which increases and decreases the total number of waves present. This is espe-
cially evident seasonally.

In summer, the poles are warmer than they are in winter, while the equa-
tor receives the same amount of solar heat year round. Temperature gradients
are accordingly greater in the winter and lower in the summer. Since higher

temperature gradients correspond to greater differences in pressure and den-



sity between the polar and equatorial air masses, this causes a smaller number
of high amplitude Rossby waves. In contrast, since summer generally experi-
ences a lower temperature gradient, the decreased temperature gradient results
in slower zonal wind speeds, which better support more waves, as seen in the
Rossby wave equation. Wavenumber is typically a number between zero and
ten. This number could be zero in the case of symmetric flow. Wavenumbers
of one-three are sometimes called long waves, while wavenumbers of four-ten

are sometimes called synoptic waves.

r.r.2 Understanding Rossby waves

Literature on the number of waves present on each day listed in a systematic
manner is lacking, in part because the determination of the number of waves has
been somewhat subjective. One of the goals of this dissertation is to provide a
more rigorous and repeatable way to estimate or calculate the number of waves
present in a given isobaric surface, which is a surface in the atmosphere where
the pressure is equal everywhere along that surface. Although data for various
isobaric surfaces is available, we utilize the 500 hectoPascals (hPa) surface, which
is the set of locations in the atmosphere where the pressure has been measured
at 500 hPa. Various work in the field sometimes uses other heights, but soo
hPa is a commonly-used pressure value for this type of work. This is because
this surface is approximately in the middle of the troposphere and this is a level
where we tend to see a minimum in divergence in windflow.

Recent work has pointed to the importance of knowing the number of
waves, as an increased number of waves is associated with persistent episodes of
extreme weather Mann et al. [13] because move waves tend to be slower moving,
as mentioned earlier. This extreme weather which includes extreme precipita-

tion and temperature events Screen and Simmonds [23], results from slower



moving waves (when there are more waves, their speed is slower than when
there are fewer waves). The movement of Rossby waves has been associated
with differences in North American and European weather patterns Kaspi and
Schneider [13] as well as serving as one indicator for the extent of circulation
between cells. Figureshows two images of the jet stream which help to high-
light the type of variation which can be expected in the number and amplitude
of Rossby waves. One question which we'd like to focus on is how one can
count these waves and how to identify which north south deviations in the po-
lar jet stream constitute Rossby waves and which are small deviations due to

other forces.

Figure 1.2: Two still images from NASA’s Visualization Explorer Project titled
"Aerial Superhighway"Viz [26]. Note that the same geographic region can ex-
hibit highly variable behavior in Rossby wave amplitude, frequency, and the

overall jet stream size.

One of the main tools used to understand the number of Rossby waves

present at a given time is the following wave equation:

k

il (r1)

where w is the frequency of the waves, k and [ are the zonal and meridional
wavenumbers, U is the mean wind speed, and f3 is called the Rossby parameter

and is calculated as a function of the angular speed of the Earth’s rotation, the



latitude where the jet stream is centered, and radius of the earth. The zonal
wavenumber denotes the total number of trough ridge pairs which can be ob-
served around the globe ata given latitude. Rossby waves contribute to the zonal
wavenumber but so does any other cause of local maxima minima in the wave
form. Meridional wavenumber refers to the number of troughridge pairs which
are observed around the globe at a given longitude. This number is typically
small.

Using this equation, one can theoretically calculate the frequency of Rossby
waves at a given time and latitude/longitude on the earth. However, this equa-
tion is bound to provide different values of w at different locations on the earth,
as the zonal and meridional wavenumbers vary from one location to the next,
as well as the varying radius of the earth, which is larger at more equatorial lo-
cations and smaller at more polar locations. There are certainly some locations
which one would never choose when calculating w, like locations at the actual
equator or at the north pole, both of which are not suitable locations to locate
or count Rossby waves, but should one attempt to calculate that number at 30°
N, 45° N, 60° N, or somewhere in between? There is not a single approach
which provides a uniformly correct value for w in the way that one might hope
it would.

One of the specific obstacles in calculating wavenumber here is that as sea-
sons change, the jet stream shifts in some predictable ways. One of these shifts
which affects the choice of location when calculating the estimated wavenum-
ber is that the center of the jet stream, which is sometimes close to 45° N, travels
south in the winter and north in the summer by as much as 10°, as seen in Figure
Even if the jet stream exhibited the same wavenumber in winter and summer,
using the same location and time of day during those two days may yield a very

different frequency. That is not to say that the wave equation is incorrect , but



its use may produce results which count the frequency of non-Rossby waves
during some portion of the year while counting the exact Rossby wavenumber
at other times in the year. Essentially, the nature of this wave structure does not

lend itself to the use of a single location, or even a single latitude.

Polar front jet stream, average summer position (60 km/hr) ¥ ,’

PN

Figure 1.3: An illustration of seasonal trends in the center of the polar jet stream
from North Carolina State University’s climate office. In winter months when
the temperature gradient is highest, the jet stream resides further south. In
summer months when the gradient is smaller, the jet stream moves north.

This dynamic nature of where the polar jet stream resides brings up the
issue of how to estimate waves in a scalable way. If a research group wanted to
get an estimate for the wavenumber, it is not enough to simply count troughs
and ridges at a single latitude, as we could perhaps try if the jet stream’s center
line were stable. Instead, it seems that researchers need to either pick general
latitudes that seem to work well for certain time periods (such as the seasons),
or to manually “find” the centerline for each isobaric surface or wind map and
make estimations from there. While this approach may work quite well when
examining a small number of surfaces, it becomes quite time consuming at scale

and may not be preferable.



Wind maps can help to provide useful information about the prevailing
behavior of the jet stream, but without a concrete set of criteria for identifying
Rossby waves, this method can sometimes lead to the estimated wavenumber
falling subject to the eye of the beholder, making the judgement of the person
reading the wind map the only source on which to rely when finding the fre-
quency. If'a new person reads the same map, they may not agree on the number
of waves.

One alternative to wind maps is known as an isobaric surface. This surface
is obtained by first selecting a level of barometric pressure (such as 500 hPa), and
then observing the elevation above sea level at which the given barometric pres-
sure is observed. Isobaric surface data are publicly available through radiosonde
observations that became routine in the late 1940s, as well as atmospheric reanal-
ysis products, such as the NCEP/NCAR reanalysis project Kalnay et al. [1z].
These data (which date from before 1955 through the present year) are provided
with accompanying information on how they were obtained and estimated. Fig-
ure[r.4]shows the midlatitudes of one such surface. Isobaric surfaces illustrate
the movement of the jet stream in addition to Rossby waves. These surfaces are
also a scalar valued object which make analysis more direct than a vector-valued
object like a wind map.

In this isobaric surface, soo hPa heights are highest closer to the equator (the
bottom of the figure). This makes sense as warmer temperatures correspond
to higher pressure throughout the troposophere due to the hypsometric rela-
tionship. There is a prevailing wavelike formation which corresponds to the jet
stream. This formation does not look the same as one might expect from wind
maps. On an isobaric surface, the prevailing trend of values is a decrease when

traveling from the equator to the north pole, with warps in the surface due to

10



Figure 1.4: An image of the smoothed isobaric surface for Oct 11, 2016 between
25°N and 65°N based on NCEP/NCAR reanalysis data from NOAA [1z].
The pattern of Rossby waves is not obvious, but some waves (red arrows) are
noticeable as ripples along the horizontal midline of this surface (which is where
the jet stream should be centered)

variation in pressure from the general temperature trend. This includes some
long waves which correspond to Rossby waves and some other features.

The dynamic nature of atmospheric circulation makes finding or reporting
a single elevation which always corresponds to the location of the jet stream
impossible. The pattern of waves on the date shown in Figure [r.4|(October
11, 2016) is apparent; some waves wander further north than others, but there
are five or six waves present, as seen by the vertical "ridges" along the isobaric
surfaces which correspond to the north-south meanderings of the jet stream.

At this point, there are two very important issues to address. The first deals
with the way that wavenumbers are currently estimated, and the second deals
with the use of TDA in this application. We discuss the firstissue in this chapter,
while chapter 4 will address the second question in more detail.

If scientists have associated wavenumbers with extreme weather and other

phenomena, then one might assume that a single method already exists for

II



calculating the wavenumber. Unfortunately, this is not the case. From what
we have seen in the literature, wavenumber calculations are performed using a
variety of methods. Anecdotally, climatologists may look atimages such as those
seen in Figurer.2{and report the number of waves they can see using "the eye
test” or some other rule which may or may not be the same as other researchers.
This could include counting the number of wave/trough pairs ata given latitude
such as 45° N or at varying latitudes as mentioned above. These methods may
be prone to errors in observation and are not necessarily reproducible, as the
rules for selecting a latitude are not well-defined and different groups may use
different rules. Relying on judgement, no matter how grounded in experience,
decreases the reproducibility of research by not providing a consistent method
for estimating the true frequency w.

The second method involves Equation The problem here is the same as
we noted before: there is too much chaotic behavior in the atmospheric system
for this wave equation to be totally precise due to other forces which act on
the jet stream in unpredictable ways. This method improves on the previous
method in some ways. The most obvious improvement relates to reproducibil-
ity: If one used this equation to compute the Rossby wavenumber and reported
the day, time, and location used in computing that wavenumber, anyone else
could perform the same calculations and obtain the exact same value. The
downside of this equation was mentioned before but is perhaps best illustrated
by asking how one picks the location and time used in computation. Is there
an automated way to pick a location? Will that location always work? These
questions point out some room for improvement in finding Rossby wavenum-
ber.

There are two additional ways which are currently employed for measuring

wavenumber which we’ve found. The first is fairly straightforward: one can
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define a specific contour, such as the s400m contour, and a specific latitude,
such as 50°N. Wavenumber is then computed by dividing the number of times
that the countour crosses the given latitude, then dividing that number by 2.
Thomas LeBlanc [z3] shows one example of this method.

Another method is based on using spectral analysis. Researchers have ex-
amined data from projects such as the Poseidon data from the North Atlantic
to find signal the frequency/wavenumber spectrum to calculate wavenumber.
One example of this method is found in Osychny and Cornillon [r7], where the
authors found the highest amount of Rossby wave activity in the midlatitudes
below 40°N.

Consequently, current estimates of wavenumbers are not necessarily consis-
tentfrom one research group to the nextespecially when a north/south meander
is on the border between being classified as a Rossby wave or not. Some using
the eye test might agree or disagree on the number of waves, with no way to
settle which individual’s eyes did a better job at discerning the wavenumber.
Others may use the wave equation, but disagree on the location or time to use
when computing frequencies.

Currently used quantification methods open the door for researchers using
the same data to report differing wavenumbers, which can lead to confusion. In
Screen and Simmonds [22] the authors investigate the relationship between a
phenomenon called Artic amplification, which describes the faster near-surface
warming in Arctic latitudes as opposed to equatorial or mid-latitudes. Part of
this work focuses on one way of looking at Rossby waves proposed earlier in
[9] and compares it to a new manner described in [2z]. In the conclusion of
that paper, Screen and Simmonds note that “[these] two different measures
of amplitude show notably different trends, and in many cases the trends are

of opposing sign”. While this work is a bit more focused on measuring the
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amplitude of waves as opposed to wavenumber, it is clear that work in this field
is still not quite sure of how best to measure various attributes of these waves.
Clearly, there is room for improvement in the way that wavenumbers are
reported and computed. The inherent variability in the number and size of
waves suggests that statistical techniques may help to quantify wavenumbers
in a consistent and reproducible way. We will discuss how Morse theory and

persistent homology can be applied to this question.

1.2 Foundations of Topological Data Analysis

Topological Data Analysis (TDA) is a growing field of research for both math-
ematicians and statisticians. TDA gives a framework for recognizing and sum-
marizing the structure, or shape, of data, often considered from a geometric
perspective. As the name implies, this area of research has at its roots the math-
ematical field of topology, which includes the study of homological features of
an object. Homological features are critical defining characteristics of an object
or dataset; if two objects have the same homological features, then one can be
transformed into the other by expanding/compressing different portions of that
item. The development of topology in relation to data analysis capitalizes on
knowledge that some homological features present in data are not meaningful;
some data may appear to have different topology even though the main features
between two observations may be similar. Properly developed methods can
filter out features which are not meaningful in discerning between objects, thus
maximizing the ability to make correct comparisons.

TDA approaches have been used in many applications, such as 3D image

recognition Singh et al. [24], asthma endotype classification Hinks et al. [xx],
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identification of the level of fragmentation in the U.S. Congress P. et al. [18],
and predicting fluid flow through various materials Moon et al. [16].

Much of the literature developing TDA focuses on this framework’s ca-
pabilities as a method of exploring data or extracting insight from data, but
statistical inference via TDA has much less presence in the literature. We will
proceed to discuss the theoretical framework for TDA, especially as outlined in
Ghrist [10] and Carlsson [g]]. This framework includes an overview of how to
construct a simplicial complex (a mathematical structure constructed from the
points in a dataset), using persistent homology to describe and understand each
of the homological features of the data, and how to summarize that homology

with a persistence diagram or barcode, two of the most well-known graphics

used in TDA.

1.3 The Simplicial Complex

As afirst step in an approach to analyzing data, one may think of data as points
in a high dimensional cloud. Before examining the shape or specific features of
this cloud, one may first wanta consistent way to describe whether two points or
a group of points are connected to one another. The mathematical simplex and
related complex will help achieve this goal. A simplex is a collection of points in
space as well as the line segments that attach these points. A simplicial complex
is a set composed of any number of simplices. Any dataset can be divided into
simplices based on some criterion such as a distance measure. Any number
of the resulting simplices (up to and including all of them) can be considered
together as a simplicial complex.

Many data can be considered as a point cloud. In this case, one can consider

the Euclidean distance between points as a way to decide whether two points
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are part of the same shape or structure in the cloud. For a given threshold,
simplexes can be constructed using rules based on this distance, and then the
collection of non-empty simplexes is considered as the simplicial complex for the
given distance threshold and data. Note that one or many singleton simplexes
may exist and are included in the complex even though they do not hold much
insight for most applications. There are many different approaches which can
be used to construct this complex, but we’ll just describe two here, as explained
in Ghrist [10].

One approach for constructing this complex (called the Céch complex) con-
structs each simplex by considering the pairwise distance between the points.
A second method for generating the simplicial complex (called the Vietoris-
Rips or Rips complex) depends on distance between each individual pair of
pointsCarlsson [3]. For both of these approaches, we consider our data of di-
mension d as occupying points in a Euclidean space E?, even though topology
has applications in non-Euclidean space.

The Céch complex is constructed by selecting a filtration value €, and then
forming simplexes within the data based on the points in the cloud whose closed
ball neighborhoods of radius €/2 have at least one point of intersection. This
method uses the Euclidean distance measure and can be thought of as creating
asort of Venn diagram with balls around each point with radius €. The simplex
exists if and only if there is some point or collection of points of total overlap
amongst the points in question. This means that several points sampled at
even spacing from the circumference of a circle could potentially be in several
simplexes without all being in the same simplex.

One desirable property of the Céch complex results from the Céch theorem
(also called the nerve theorem) Bjorner [1], which states that the Céch complex

and the original data cloud have the same homology . In essence, performing
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data analysis which uses the Céch complex is possible because the complex is

capable of capturing the shape of the original space.

Figure 1.5: Figure 2 of Ghrist [10]. A fixed set of points [upper left] can be
completed to a Céch complex C, [lower left] or to a Rips complex R [lower
right] based on a proximity parameter € [upper right].

The Rips complex is constructed by first choosing a value for €. Instead of
considering points whose €/2 balls overlap, we consider as simplexes collections
of points which are pairwise within distance €. This complex can be thought
of as inflating points, as if they were expanding droplets of water. Just as water
droplets combine when they touch, forming one larger droplet, so too we con-
sider two points to be part of the same complex when their €/2 balls overlap.
This means that a circle with hundreds of points sampled at even spacing from
its circumference would combine all at once and the entire circle would count
as one simplex in the simplicial complex for a proper choice of €.

Figure helps to illustrate the differences between these two complexes
for the same value for €. The clearest illustration of this difference is shown

in the "hexagonal” pattern of six points on the far right of the complex: in the
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Céch complex, the points are gathered into simplexes which take a triangular
shape because not all the points have a shared intersection in their €/2 balls. In
the Rips complex, the points form a single simplex because the points connect
together from one to the next, ‘chaining’ into a a simplex of the six points in
question.

Rips complexes do not follow the Céch theorem, but are much less com-
putationally expensive. Fortunately, it has been shown in de Silva and Carlsson

[5] that for any € > 0, there is a chain of inclusion maps

RG%CE\@%RE\@.

This chain garauntees that the Rips complex can capture all of the topological
features of the Céch complex. This idea makes it possible to use the computa-
tionally efficient Rips complex while still leveraging the benefits of the Céch
theorem as a tool for dimension reduction from the original data to the chain
of complexes.

Different values of epsilon provide different perspectives: a very small value
of e will return a simplicial complex where many or most simplexes are singleton
points (thus providing no information about meaningful topological features),
while a very large € value will return only a single simplex consisting of all points,
which is an equally uninformative representation of the point cloud. Figure
which shows a set of points randomly sampled inside the selected region helps
to illustrate this idea. The two smallest values of € yield a simplex which does
not capture the true homology (an annulus) of the point cloud, while the two
largest values yield a cloud which obscures the homology in a different way.

However, in TDA we are not faced with the decision of selecting a single
value for €. These approaches look at the totality of filtration values. We are not

attempting to treat € as a value to optimize, but rather as spectrum of values
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Figure 1.6: Figure 3 of Ghrist [10]. A sequence of Rips complexes for a point
cloud dataset representing an annulus. Upon increasing €, holes appear and
disappear. Which holes are real and which are noise?

which can be informative about the persistent features in the data. The maxi-
mum homology dimension for this type of approach is & — 1, where k is the

number of dimensions in the dataset.

1.4 Persistent Homology

Since the choice of € determines how close two points must be for inclusion in
the same simplex, it is not hard to imagine that for any given dataset, there may
be two features which are present at non-overlapping choices of €. There is no
single value of € which tells the entire story. Additionally, each data cloud will
yield homological features at different values of €, which requires a new investi-
gation of which value(s) to select and explore. This variability of € indicates that

a systematic way to evaluate which value or range of values offer meaningful
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information holds high value. Due to both a) the presence of features at non-
overlapping ranges of € and b) the variable nature of what values make sense
when using a new set of data, we examine each set of data at many values of €
for the sake of discovering the full range of topological features.

The persistence complex is a series of the simplicial complexes, each at a
different € value. As the values increase from zero towards infinity, the shape
of the data can be seen more clearly; some features are present only in certain
ranges of €, while perhaps a large prevailing feature (such as a large hole in the
sample space) will be present in more of the individual simplicial complexes.
As the value of € shifts, the complex (Rips, Céch, or otherwise) may change
accordingly. If one were to choose an increasing sequence (€1 < ... < € <
€j < ... < €maz), then the sequence of complexes (R, , Re,, . - .) will show
how the complex changes.

Given a point cloud X and a filtration value €, increasing € will cause sim-
plexes to combine in a predictable and consistent way. Given two specific sim-
plicial complex based on filtration value €; and another filtration value €, there
is an inclusion relationship of these complexes which preserves the homomor-
phism, fi’ : Hy(R(X;¢;)) — Hi(R(X;¢;)) Ghrist [1o]. Pairing the exis-
tence of this inclusion relation with the sequence of filtration values, we can
track and summarize how each topological feature persists with the filtration
value. This information can be summarized in a number of ways, which we will
discuss in section 1.5 and 1.6.

When we speak of persistent homology groups (topological features), we
mean the k" Betti number. The k" Betti number is an approximate numerical
measure of the homomorphism. Each Betti number denotes the number of
k-dimensional holes in the space. We are primarily concerned with the first

three Betti numbers. Dimension zero (¢ = 0) corresponds to the number
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of connected components in the topological space, which correspond to zero-
dimensional holes. This is the number of simplexes in a given simplicial complex.
Dimension one denotes the number of one dimensional holes in the space. This
would correspond to empty spaces surrounded by points in a single simplex.
Dimension two features are two dimensional "holes”, sometimes referred to as
voids. The maximum homology dimension for this type of approach is k — 1,
where k is the number of geometric dimensions in the dataset.

Imagine a single point in space. This point is a dimension zero feature
because it is a single connected component (a simplex composed of one point).
There are no dimension one or two features in this space. Now, consider an
empty circle in space. This object is composed of a single connected component
(dimension zero feature), and contains a dimension one feature (the hole in
the middle of the circle) but no features of higher dimension. Contrast those
objects with a hollow torus, which contains one dimension zero feature as the
whole object is a single connected component. This torus has two dimension
one features: the circle that goes around the hole in the torus, and the circle
that acts as a ring around the torus without going around the hole (see Figure
. These features are present regardless of whether the torus is hollow or not.
This hollow torus has a dimension two feature (the hole which comprises the
interior of the torus). This dimension two feature would not be present if the
torus were full instead of hollow.

For the sake of clarity, there are features at higher dimensions. We don’t
discuss them here because the interpretation of such features is difficult at best
and our work generally focuses on dimension-zero and dimension-one features.
The dimension of the data determines how many dimensions of persistent ho-

mology exist, and existing algorithms can generate persistence diagrams for

21



bo=1,b =1 bo=1,b =2 bo=1,b =2 by =1

Figure 1.7: Homological feature counts for a hoop, two adjoined hoops, and
an empty torus. Note that all three objects have one dimension zero feature
because they are composed of one single connected component. The adjoined
hoops and empty torus have two dimension one features because there are two
loops which enclose an empty space. Only the empty torus has a dimension
two feature because the shell of the torus encloses a two dimensional space.

dimension-zero, one, and two; additional dimensions are generally viewed as

having very little interpretability.

1.5 Persistence Diagram

At each value of € (called a filtration value), one can count the number of fea-
tures present of each dimension by summarizing the simplicial complex. The
first time that a feature appears, it is said to be "born". That feature is said to per-
sistuntil it joins with another feature with smaller birth value, at which point we
record that filtration value as the "death” of the feature. In Figure there are
six features born at e = 0, and deaths occurate = 5, 10 (twice), 15, and /325,
leaving only one feature for all € > V/325. Since this last feature persists for
all values of €, we don’t consider values beyond the last death, leaving only a
final trivial feature, so called because this connected component contains no
information other than the existence of a complex which contains a single sim-
plex. When focusing on which homological complex holds true meaning and

which parts of a complex can be classified as noise, the existence of such a com-
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plex doesn’t provide different information than knowing all previous birth and

death times.
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Figure 1.8: Rips filtrations for a six point dataset in space with four different val-
ues for € (5, 10, 15, /325). With the Rips filtration, all dimension-zero features

are born simultaneously, and die oft as circles overlap.

With an adequate range of filtration values, we can thus record the birth
and death times of each nontrivial feature and report a lifetime (death time -
birth time) associated with each one. The summary of lifetimes can be displayed
in a horizontal image known as a barcode. Features are displayed such that the
feature born first is shown at the top of the barcode, with the last feature born
shown at the bottom of the barcode. For each feature, the birth time and death
time are marked and a filled in bar connects them, creating a staggered sequence
of bars which mark the birth and death times for each feature. Another way to

visualize this information is known as a persistence diagram.
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In a persistence diagram such as that shown in Figure|r.9} the x-axis repre-
sents the filtration value where a feature first appears (called the "birth" of the
feature), while the y-axis represents the largest filtration at which the feature
persists ("death" of the feature). Since death cannot occur until after birth of a
feature occurs, we see that all points will be on or above the identity line. The
further away from the identity line that we see a point, the longer its lifetime is,
indicating that the feature is present at a larger range of filtration values. Thus
the persistence diagram helps extract true shape and structure from the data, as
these features should persist over a larger range of filtration values, while avoid-
ing noise and false features, which are not likely to persist for long. Since data
can vary greatly, there cannot be a single lifetime length to point to for features
of a given dimension, but often the true features of the data are immediately

apparent from the persistence diagram.

Figure 1.9: Persistence Diagram and Barcode for dimension-zero homological
features for data used in Fig All features are born at zero; deaths occur
ate = 5, 10(twice),15, and v/325.

Topological summaries of data, whether point clouds or some other type of
data, can provide interesting information about the number, dimension, and
persistence of each homological feature. One thing that TDA methods don’t
currently provide is information regarding location. In each case of construct-
ing a simplicial complex, the information stored only includes that which is

summarized in the barcode or persistence diagram; birth times, death times,
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and the dimension of each feature. The advantage of this style of computation
is that the homology of a cloud may not be sensitive or focused on location; stor-
ing and carrying location information through the entire process creates bulky
algorithms and conflates homological information with raw values which may
or may not be meaningful or interpretable.

As we continue in our discussion of TDA, it is valuable to keep in mind
what information is and is not extracted and kept though the process. This
introduction focused on TDA performed on data which takes the form of a
point cloud, with no real response value. When data take a different form, as

we will see in the next section, a difterent filtration proves more useful.

1.6 The Morse Filtration

When data are simple (such as a list of coordinates or a multivariate observation
with no response), the Rips and Céch complexes perform well in summarizing
topological features of the point cloud. However, many data consist of some
number of predictors as well as one or more response variables. In the case of
a univariate response, TDA methods adopt the use of a tool called the Morse
filtration Bubenik et al. [z], which embraces such a structure. We will define
the Morse filtration as well as highlight its uses.

Consider a manifold M with a function f : M — R. Then we define the
level sets Ml as the subset of the manifold in the direction of f. As an example,
if we consider Ml o, where a is called filtration value, then we will ignore the
parts of the response surface with a value less than a. The smallest nontrivial
level set is Mlf>,,,..., which only returns the set of points where the response
takes its absolute maximum value. This is analogous to a simplicial complex

with € = 0 in the persistence complex.
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As the level sets measure against a set of sequentially decreasing response
values, the results will show when each local maximum of f appears and over
which values of @ that maximum remains as a distinct level set from the other
local maxima of the function. Each level set found in this way comprises a zero-
dimension homological feature of M], since this set forms a single connected
component over a specific range of values for a.

If all local maxima of M are absolute maxima, then the Morse filtration
begins much the same as the Rips or Céch complex: all features are "born” at
the same value, in this case @y, Features would then "die", or cease to persist
as unique features, as a reaches each local minimum. Visually, this occurs as two
components of the response surface join to form a single component. If some
local maxima are not absolute maxima of f on M, then each feature’s birth
occurs at fp,qz,. In this case, the general pattern of the persistence diagram or
barcode may take a different pattern or shape than it does in the case of the
complexes discussed previously.

The process of starting at the maximum value and slowly decreasing the
filtration value a is known as taking the superlevel sets of M. Alternatively, one
can start at the minimum value (My<,, . ) and slowly increase the filtration
value (known as taking the sublevel sets of M). Both methods rely on the dif-
ferentiability of the surface, which guarantees adequate smoothness Bubenik
etal. [z]. We can use this procedure to find the number and lifetime of features
of other dimensions. Figurehelps to illustrate sublevel sets of a two-feature
manifold. Just as in Figure[r.6} the two bumps in the function are identified as
distinct or as a single feature, depending on the choice of €.

Morse theory has many potential applications, especially for data with a
geographical location. The spatial characteristics of an observation can serve as

covariates and the response variable is a natural measurement at that location.
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Figure 1.10: Figure 2 of Bubenik (2009). A mixture of two bump functions,
along with contours which highlight sublevel sets for varying values of €.

One example of this is that one can use sublevel sets to find and draw topo-
graphical maps, using the latitude and longitude of a point as the covariates
and the ground elevation above sea level as the response. Thus, one should be
able to identify features using Morse theory directly to create a map for a hiker
or cartographer. One application of interest for our work centers on studying
connected components in the Earth’s atmosphere. In the next section, we will
describe some of the basic mechanisms which guide that system in the northern
hemisphere, focusing particularly on the jet stream’s northward and southward
motion. This is a case where the true homological structure is not known; we
obtain a sample of data but do not have the "outline" of the true structure. Itis
our goal to describe a process which allows us to identify that structure.

In this chapter, we’ve described one topic of active study among atmo-
spheric researchers. We have described some sources of disagreement in mea-
suring Rossby waves as well as some of the complexities which may contribute
to these disagreements. We’ve even shown examples where researchers in the

field have clearly identified that the conclusions one reaches about changes in
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the atmosphere are somewhat dependent on the way that one measures various
attributes of the waves in question. We’ve described some of the background
for using TDA to analyze the persistent homological features of data. This back-
ground lays the framework for the development of new tools which can help
to address the question of estimating the number of Rossby waves.

In chapter 2, we develop and provide a new TDA tool that helps us consider
multiscale persistence. There, we combine some of the ideas behind persistence
diagrams and barcodes with the desire to look at persistence across multiple
scales. The resulting sequential Morse filtration leads to the genesis of a new
visualization, the seahorse plot.

Chapter 3 contains a description for how we can apply this new filtration
to geopotential height data, especially as it relates to estimating Rossby waves
for a given isobaric surface. Given such a surface, we discuss how the sequential
Morse filtration and accompanying seahorse plots can aid in such estimation in
a general sense.

Chapter 4 provides a simulation which can generate surfaces which mimic
the behavior seen in isobaric surface data. Creating such a simulation enables us
to use filtrations and seahorses to estimate R ossby waves and validate the quality
of such estimation. We provide some interpretations of the results of our simu-
lation and its usefulness in estimating Rossby waves and in assessing multiscale
persistence more generally. We also discuss future work and describe additional

ways to consider or summarize the information contained in a seahorse plot.
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CHAPTER 2

THE SEQUENTIAL MORSE

FILTRATION

One can consider an isobaric surface as a manifold quite naturally: the latitude
and longitude of a location on the surface of the earth are the covariates of
the manifold M, while the elevation of the isobaric surface is the height of
the manifold. Since these surfaces are relatively smooth, we can consider the
function which creates the isobaric surface as differentiable and thus valid for
Morse filtration TDA.

When using Morse filtrations, we would expect that at a given filtration
height, the number of connected components above that height would help
us to count the most relevant features in that surface. Since the focus of our
current work revolves around finding and identifying Rossby waves, we are
interested in knowing whether Rossby waves show up as distinct components
when the Morse filtration is applied. However, Figure [1.4/shows that all five
or six waves are part of the same connected component, which corresponds to
higher-temperature regions closer to the equator. Consequently, using Morse

filtrations yields results very much in line with our discussion of isobaric surfaces
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from Section geopotential heights reflect the temperature gradient and are
higher at the equator.

Consider Figure which shows superlevel sets of geopotential height data
from Oct. 11, 2016 with a filtration height of 3100 meters. This filtration yields
three separate connected components. The first component, which dominates
the visible space, contains most of the 25 ° N line and includes wavelike portions
of multiple Rossby waves. The other two connected components are composed
of small sections at the 65° deg N line. These smaller features are part of an
isolated area of high pressure and consequently higher geopotential heights in
the upper latitudes. This is a feature of interest in climatology, but not strictly

tied to the number of waves.

Figure 2.1: A superlevel set of the surface shown in Figurewith e = 3100.
Two dimension zero features are present: one in the North end of the surface
(which wraps around the vertical edges in this view) and one focused near the
southern side of this surface. Rossby waves do not appear as individual features.

Analyzing isobaric surfaces using Morse filtrations does not provide an ad-
equate framework for counting Rossby waves. The structure of these surfaces
does not divide waves into separate connected components, instead identifying
the entire equatorial to poleward feature as a single dominating connected com-

ponent. One potential solution to this challenge involves looking at wind speed
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surfaces instead of geopotential height surfaces which helps to isolate areas of
high wind speed including the polar jet stream.

Using reanalysis data of wind speeds presents the same problems, but in a
slightly different form. The jet stream is the prevailing wind feature in these
latitudes, so the result of using Morse filtrations on a wind speed map would
yield only one component which encompasses the entire jet stream, only pro-
viding additional features if wind speeds die out in one or more areas across the
Hadley cell but then pick up again as one looks from east to west. This result
would not help to quantify the number of waves present; it would only identify
that the jet stream exists and provide information on how many times it fades
out and surges back into relatively strong wind values.

However, data regarding both geopotential heights and wind speed show
one clear trend. At each latitude close to the midline of the jet stream there is
clear evidence of Rossby waves in the form of rising and falling heights on the
isobaric surface. Figure 2.2 shows three such wave forms.

In each individual waveform there is clear evidence of peaks and troughs,
likely corresponding to Rossby waves. Some peaks only appear at one latitude,
as in the peak around 250°E in Figure [2.2{c) at the 35° NV line, while other
waves are clearly present at all three latitudes (see the dominating peak in all
three waves around 0°E ). Combining information about the location and
persistence of connected components at many successive latitude lines can pro-
vide information about the overall structure of waves, including the quantity of
waves present and the persistence of each component. Connected components
which persist over a large range of filtration heights and which appear over many
different latitudes are meaningful ripples in the manifold, and likely indicative

of the presence of waves.

31



7400 -

E7300' E

= i = 7300 -

£, 7200 5

() () yis

L 7100- T 7200

C C

® 7000~ ®

= =

agr i 7000
1 1 1 1 6900 - 1 1 1 1
0 100 200 300 0 100 200 300

Longitude Longitude

~
[6)]
o
o
1

7400 -

Filtration Height(m)
3
8

0 100 200 300
Longitude

Figure 2.2: 500 hPa geopotential heights for 35°N(a), 45°N (b), and 55° N (c)
on Oct 11, 2016. Individual features can be seen as peaks in the curves. Some
waves are present in all three curves (red circles), while others are present in only
one curve (blue).

We propose a method of using Morse filtrations in a sequential manner
which enables the isolation of Rossby waves from the dominating climatological
trends in the data. This sequential Morse filtration provides an opportunity to
gather information at each latitude and then combine this information across
latitudes to help distinguish topological features from topological noise. The
method for using a sequential Morse filtration on geopotential height data is as

follows:

1. Select a number of connected components on which to focus.
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2. Perform Morse filtrations at each lower-dimensional wave. In our case
this is a two-dimensional wave form at each latitude available in the 25-65°

N range.

3. Create a summary of this information which displays how the features
persist over filtration heights (within alatitude) and adjacent waves (across

latitudes).

4. Perform analysis on the summary data to answer statistical questions of

interest.

More generally, we define the sequential Morse filtration mathematically.
Consider a manifold M with at least two covariates, one of which we will call d
and the other called a with a function f.M — R. Then we define the sequen-
tial Morse filtration of M along d by considering M~ 44—4;, Where a is the
filtration value and d; is one in a range of values for d. Clearly, d; should take
only values between dyn, and dypq. These two values are determined by the
nature of the data. In our case, d,;, is equal to the equator where latitude is at
its minimum value and d,;,4, is equal to the 90° N, the north pole. If one were
to apply this method to different data, the range of the dimension of interest
should dictate the choice of d,,;,, and d,,qz.-

By varying d across its range of values, we obtain information about how the
number and persistence of connected components varies through d. Whereas
typical filtrations help to classify the “shape” of data, sequential Morse filtra-
tions can help to identify more about the “texture” of data, showing what each
connected component or hole or other topological feature looks like. Sequen-
tial Morse filtrations can accordingly illuminate aspects of topological features

which would otherwise remain unexplored.
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Since NCEP/NCAR data are available at the 2.5°22.5° resolution, we can
look at "slices" of latitude every 2.5°. The jet stream is known to occupy space
limited between 25° N and 65° N, which gives seventeen different "slices” to
combine. For each slice, we perform Morse filtrations at a large number of
filtration heights and count the number of zero-dimension homological features
present. This value typically varies from zero to seven, depending on the season
of the year as well as natural variation in the atmospheric system. Equipped
with this information, we can display a summary graphically, as in Figure
Due to the temperature gradient and tendency to observe higher feature counts
in the middle set of filtration values of the surface where the tallest waves are still
present and the shortest waves are detected, these plots generally create shapes
similar to that in the figure, causing us to refer to these images by the name
"seahorse plots".

Since the seahorse plot provides a new way to summarize topological in-
formation from data, it is instructive to talk about how the literature uses the
visualizations already discussed, namely persistence diagrams and barcodes. In
Fasy et al. [8], a single value c,, is calculated based on distance metrics on the
diagram. A confidence band is then defined as the region between the identity
line d = bto theline d = b + ¢,, which forms a constant lifetime against
which each observed feature’s lifetime is compared. As shown in Figure
features whose deaths occur outside the band are deemed significant. A similar
method can be applied to barcodes since they display the same information. In
particular, for each topological feature with birth time b; and death time d;, a
feature is found to be significant if d; — b; > ¢,,.

Some have attempted to present variations on this idea, incorporating the
notion that perhaps the confidence band should not have a constant length for

all birth times[8]. In particular, one method suggests that for larger values of
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Seahorse plot for October 11, 2018
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Figure 2.3: Seahorse plot of wave counts on Oct 11, 2016. For varying latitudes,
the wavenumber is computed for many consecutive filtration heights. Red,
purple, and blue pixels indicate combinations of latitude and filtration height
where a Morse filtration finds five or more dimension zero features. If such a
pattern persists across many latitudes and many filtration heights, the resulting

collection of red and purple pixels indicates some strength of evidence in the
presence of five or more Rossby waves.

b;, the threshold which d; must exceed is larger. There are some data for which
this may make sense, while in other settings this adaptive confidence limit may
not fit the type of shapes or features one wishes to detect.

One way to use visualizations like seahorse plots is to focus on a specific
number of features. Due to the sequential nature of the seahorse plot, we can

see persistence in two dimensions. Persistence over filtration values is seen when
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Figure 2.4: Figure 4 from Fasy et al. [8]. In this work, the authors consider
features with a lifetime longer than a specific constant to be ‘signal’” and other
features are considered ‘noise’.

the seahorse plot yields the same value for many vertically consecutive values.
Persistence over latitudes can be seen when the plot yields the same value over
horizontally consecutive values. We can illustrate this by exploring the presence
and persistence of five-wave structures, which appear as clusters of neighboring
blue dots. In Figure which is a day in mid-October 2016, one can see a very
large cluster of connected blue dots, which is indicative that the wavenumber
for this day is at least five.

Seahorse plots like this created for consecutive days can provide a measure
for each day of a given year in the form of the size of the region where five or
more features are detected and interpret it as one measure of relative evidence
of a five-wave structure on the given day.

We record the size of the largest connected cluster for each day, where con-
nected is defined by adjacency of points. Each day’s cluster size can be con-

sidered as observations in a time series which show the strength of evidence
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supporting the presence of a five-wave structure. Figure [2.5|shows this time
pp g p g 5

series for 1950.

Day

Figure 2.5: A time series of five-wave cluster size for 1950. Each day, we record
the size of the largest connected region where w > 6, i.e. where five or more
waves are detected.

We can recreate this plot year after year to geta good idea of how this measure
looks as well as whether it changes over time. When the northern hemisphere
has a decreased temperature gradient, we expect to see more Rossby waves. This
lower gradient occurs seasonally as well as any other time when polar regions
and equatorial regions are more similar to one another in termperature. Figure
shows this metric (the strength of evidence for five-wave structures) year
after year from 1950 - 2000.

This visualization is called a “ridgeline” plot. As best we can tell, the plot
used to be named a “joyplot”, thus dubbed due to the cover art from an album
by a band named ‘Joy Division’. This title was suggested by Dr. Jenny Bryan
on Twitter on April 24, 2017. Around that same time, Dr. Claus Wilke wrote
an R package named “ggjoy” to assist in creating these plots. However, due
to some of the background of the band’s name, the name “joyplot” has since
been abandoned and the ggjoy package has been deprecated. In a blog post on
September 15, 2017, Wilke announced this deprecation which was paired with
the posting of a new package named “ggridges”. He additionally suggests the
name “ridgeline plot”, which we use throughout the this work.

In Figure we see a slight but noticeable increase in the this evidence in

the spring and fall seasons. In addition, the figure shows that fall formations
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of wavenumber 5 or greater begin earlier in the year while lasting just as long
into the winter, as seen from the “stretching” of the set of higher values in the
fall season to a larger range of days. These two aspects of the plot are consistent
with both a) an increase in the certainty of five wave formations as well as b)
indicating that such formations are lasting for longer periods of time. Both of
these phenomena are supported by the claim that under decreased temperature
gradients, the atmosphere will feature more Rossby waves and subsequently we
will observe high numbers of waves more often.

Temperature gradient is at its very lowest in summer. It naturally follows
that we might expect that five-wave structures should then be highest in the
summer, which is clearly not the case in Figure The evidence for such
a structure is lower in the summer for two main reasons. First, seahorses are
smaller overall in the summer than the winter, so the total number of non-
zero points is smaller. This fact makes it even more clear that winter, when
the seahorse is largest, has the least amount of five-wave structures. The second
reason: seahorses in summer months have smaller values for five-wave structures
because they instead have greater evidence for structures with more than five
waves, often supporting the idea of seven or more waves.

Sequential Morse filtrations provide a conclusion consistent with climato-
logical theory as we would expect based on the construction of the plot. Numer-
ical summaries of information contained in a seahorse plot can provide insight
on both a) the number of features present on a given day and b) how those
features persist both over a range of filtration heights and across varying lati-
tudes. We’ve discussed the size of a region where a specific number of features
are detected; sizes for regions where any given number of topological features

are present may serve to identify characteristics on any geopotential height data.
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Figure 2.6: Ridgeline plot of five-wave cluster size annually, 1950 - 2000. Even
numbered years are shown in red, odd-numbered years shown in tan. The
evidence supporting the claim of five-wave formations is increasing through
time (higher peaks for longer periods of time in the spring and fall) and the
length of five-wave seasons is expanding (the periods of time with high heights
are lasting longer).

One way to capitalize on all the information contained in the seahorse plot
as opposed to only the size of one specific region instead utilizes the feature
counts throughout the entire nontrivial range of filtration values and latitudes.
Everywhere in the seahorse plot where the Morse filtration detects at least one
feature is a part of the surface, and we can use information about the size of
the region with each number of features to summarize information about the

dimension-zero homological features.

Table 2.1: Summary of feature count values for July 1 and Oct 11, 2016. As
in most days, smaller feature numbers have high counts since there is almost
always some fluctuation in values. In comparison with Oct 11, the total number
of pixels with features in July is lower; the seahorse shape shrinks in the summer
and expands in the winter due to the changes in temperature gradient.

Feature Count I 2 3 4 5 6 |7
Number of pixels (July 1, 2016) | 342 | 656 | 372 | 172 |17 |35 |3 | o

Number of pixels (Oct 11 2016) | 253 | 707 | 515 | 221 | 100 | 49 | 25 | 3
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Tabulating information about feature counts serves as one numerical sum-
mary of the information contained in the seahorse plot. Some nuance included
in the plot is no longer present, but the overall trend that low feature counts are
most common, decreasing by a significant ratio from one feature count to the
next. As seasons tend to exhibit different numbers of waves with varying shapes
of seahorses, Tableshows the frequencies for two different days; one in sum-
mer and one in fall. One interesting difference between the summary for Octo-
ber and July data lies in the five feature counts: In October, there are less than
half as many five-feature pixels as there are four-feature pixels(ps ~ 2.23 * ps),
while the ratio is much smaller in July (ps ~ 1.47 * ps).

Comparing two days by themselves can highlight some similarities and dif-
ferences, but can these summaries, either graphical or numeric, provide clear
information about the true number of features? Previously, we mentioned two
methods currently used in calculating wavenumber, one using a location and
time dependent formula and the other based on interpreting wind maps. In
either case, some amount of subjective judgment is needed.

When choosing a location as a central point when using the formula for
w, the choice of location impacts the estimated frequency and the correct loca-
tion should change at least some over time, seeing as the central latitude where
the polar jet stream resides shifts north and south throughout the year. Using
this formula is therefore prone to inconsistencies which are difficult to control;
prudent science indicates that the best locations to detect the jet stream are mov-
ing, but how does one pick one latitude (or longitude) over another? There
is not a clear and consistent way to do this that avoids potential confounding
information. Using estimates from this formula results in inconsistencies with
unknown bias; these inconsistencies contribute to some scientists uncertainty

about what wavenumber actually means.
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Using wind maps is subject to a different type of challenge. Since there is
no set formula for computing frequency, finding the correct number of Rossby
Waves is more or less dependent on the eyes and subjective training of the in-
dividual looking at the map. Some people may have very consistent judgment
on these maps, but there is bound to be some degree of variability from one
individual or group to the next when making such determinations.

Both methods currently used for calculating Rossby wave frequency are
backed by sound theory and are usually exactly the same as that of other re-
searchers or close to it. However, when the number of Rossby waves only varies
from two to eight, being off by one is very meaningful. Superseding all these
potential pitfalls when finding wavenumbers is the fact that there is no real
training set of data. Individuals who read wind maps and estimate frequencies
are rarely given a set of maps for days where the true wavenumber is known;
how could such a number be provided when there are many different factors
which contribute to wind speed, geopotential heights, and any other data which
provides information about Rossby waves? Without such a set of days, its difhi-
cult to assess the quality of any method for computing the wavenumber. Our
goal is now to create such a set of simulated isobaric surfaces and then use them
to both a) create an honest representation of these surfaces which generates a
surface with a given number of waves and b) to develop a classifier which as-
sociates a geopotential height surface to various wavenumbers with predicted
probabilities.

With such a classifier, we will provide practitioners with a tool that is use-
ful in ways which are not currently present. First, our classifier is transparent.
Whichever classifier we use, we can clearly explain how we come to whatever
estimates we reach. We value this transparency because it provides a clear vehi-

cle for potential improvement: with a transparent mode of estimation, those
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who work with this kind of data can iterate, suggest changes, and even see how
a change in the classifier performs on both simulated and historical data. The
second way that our classifier adds value is that it is objective. We don’t think
that anyone intentionally estimates incorrect wavenumbers, but currently avail-
able methods often leave a bit too much up to the literal eyes of the beholder of
awind map or isobaric surface. Some may feel more optimistic about whether a
small northward peak in the polar jet stream is a Rossby wave, while others may
dismiss that as not quite reaching their internal threshold for inclusion as such
a feature. The same set of eyes might even make different conclusions if they
looked at the same map at two different times! The consistency of a classifier
provides clear benefits.

Another benefit of developing a classifier is speed. An expert takes some
time to look at one of these maps and determine their best estimate of the num-
ber of Rossby waves; this can add up quite quickly if one is trying to estimate
this number for many plots, such as estimating this number for one plot per day
from 1980 and one plot per day from 2010. However, with our work, we can get
these estimates quite quickly for a large number of surfaces. This would enable
researchers not only to compare two individual years, but to compare decades
or even longer periods of time while keeping the transparency and consistency

mentioned above!
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CHAPTER 3

SIMULATING GEOPOTENTIAL

HreicHTS

3.1 Basis of Simulation

As noted previously, we cannot use reanalysis data directly to build or validate
a model because the true number of Rossby waves is an unknown quantity.
Subsequently, there is no way to compare the number of waves between days;
the response value of interest is not known for either day. This is part of the
foundation for our work; since the true number of waves cannot be found
empirically, it is impossible to validate any method of estimating the number
of Rossby waves on a given day.

We propose one solution to this problem: applying trends seen in reanalysis
data to create simulated isobaric surfaces which mimic real data. Using simula-
tions allows us to create a surface with any given number of Rossby waves, so we
can get a large sample of days with each wavenumber. Each of these simulated
surfaces can include various structural components which are consistent with

the type of variability seen in NOAA’s reanalysis data which currently produces
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so much inconsistency in estimation by traditional methods. The advantage
here is that one facet of this imposed structure is the type and number of Rossby
waves present in each simulated surface.

In this chapter, we discuss the different components that comprise each
simulated surface. We begin the discussion by focusing on overall trends in
geopotential height data throughout the year such as the effect of the tempera-
ture gradient seen in the decline in heights from equatorial to polar regions. We
then progress to other components which contribute in a much more localized
and/or seasonal way, such as the presence and effect of isolated high and low
pressure zones as well as the presence and size of each Rossby wave.

In constructing simulated surfaces, we take an additive approach: each
"layer" of the simulation is considered as though it exerts its effects on the sur-
faces in a manner that is agnostic to the size and location of the effects of any
other layers. Using additive effects allows for a layer-based construction of
each simulated surface, and helps to reduce complexity. Since there is no other
known method for performing such simulations, this construction method has
useful intuitive interpretations and produces surfaces that reasonably imitate
the patterns we see in observed data, while providing a basis to obtain model-
based predictions of wave numbers.

This additive simulation has some very clear benefits. The relatively in-
tuitive nature of the simulation should improve the capacity for statisticians,
atmospheric scientists, and others to discuss the simulation overall as well as
to discuss a specific layer. Lets suppose, for example, that a simulated surface
looked fairly odd to a practitioner. They could, with a few pieces of information,
both a) recreate the surface as many times as they wished and b) decompose the
simulated surface into its constituent parts, which enables them to see which

layer or combination of layers in contributing to any odd behavior. A more
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complicated model is not likely to have this level of intuition and is even less
likely to have the same sort of decomposition as an option.

Another convenient aspect of this additive approach to the construction of
the simulation is that it allows one to simulate some situations that don’t cur-
rently happen with any regularity. What would a January day look like if it had
a wavenumber more in line with a summer month, such as seven or even eight
waves? Simulations which are only based on historical data and the dynamics
of atmospheric circulation are not likely to produce such a day, but our simula-
tion can create such a surface just as easily as creating a day in August with that
number of Rossby waves. This is a valuable feature because some suspect that
the temperature gradient may continue to decrease as time moves forward, so
practitioners may want to take a look at what surfaces might look like in winter
months with more waves. While it is perhaps a less likely future scenario, the
simulation could generate a surface in summer months where there are very few
(or even zero) Rossby waves. The customizability in this admittedly simple sim-
ulation provides a lot of flexibility in the types of surfaces that we can generate
and analyze with a classifier.

The third beneficial aspect of this approach that we discuss here is that this
simulation is that the modular nature of layers means that others can easily add
layers, remove layers, or alter existing layers in fairly rapid succession. As one
example, one could pretty quickly modify these layers to make a simulated 700
hPa surface instead of a soo hPa surface by modifying each layer. If a researcher
felt that one or more layers were missing, making the necessary addition would
not be too difficult. This modular nature allows for adjustment and/or im-
provement of each layer without worrying to much about effects on any other

layers.
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The following sections describe each of the layers present in the simulation.
These layers are: overall trend due to temperature gradient, signal due to Rossby

waves. Isolated highs and lows, and geopotential noise.

3.2 Simulation layer 1: Overall Trends

The first layer we would like to add to each simulated surface is what we feel
is the foundation for these data. Due to the nature of the temperature gradi-
ent in the northern hemisphere, we know that geopotential heights are higher
near the equator and lower towards the poles. This is because warmer tempera-
tures are generally associated with higher pressure, which means that isobaric
surfaces will have higher heights in equatorial regions. It is true that in regions
with cooler temperatures, the isobaric surface has lower heights, often seen in
polar regions. This effect is seen throughout each year of data, and is more
clearly present in the winter as the temperature gradient is highest during win-
ter months. Our simulation needs to incorporate this large-scale component
in the structure of each simulated surface. However, simply accounting for the
change in heights based on distance to the equator or poles is not sufficient.
There are other structural components which contribute meaningfully to the
overall structure of the data, regardless of the number of waves.

Geopotential heights are affected by surface features in the northern hemi-
sphere, such as the shift from land to ocean, effects due to mountain ranges
which serve as barriers to the free flow of air along the surface, and the pres-
ence of various currents which tend to push air into specific regions, affecting
pressure and therefore geopotential heights.

Each of these effects are stationary in location, so their effect on a given

isobar should be consistent over time. We can capture all of these trends by
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taking the mean isobar over time. Rossby waves have peaks as well as troughs,
which means averaging out over alonger time period yields a reasonable estimate
of geopotential heights with all short-term features removed. Figureshows
a simulated surface with just this layer. It turns out that for this year (and many
years), the averages are quite smooth from east to west, so the height of the
surface is almost entirely determined by latitude. We do not consistently see
much longitudinal effect.

Rossby waves certainly persist as a feature in the northern hemisphere, but
their presence travels along the hemisphere with the jet stream, which is what
makes this averaging fulfill the intended role. By starting with the mean geopo-
tential height when generating a simulated surface, we ensure that we are start-
ing not with a blank canvas, but a representative starting point for isobaric sur-
face data. These average surfaces will have some high and low heights along a
given latitude, but these highs and lows are generally much smaller in magni-
tude than one typically sees from a Rossby wave. We can use these averaged
values as the first layer in each simulated geopotential height surface.

In constructing each simulated surface, we use the mean annual surface
from whatever year is randomly selected for a given surface. This helps to pro-
vide a baseline layer for the simulation which is based on that particular year’s
average geopotential height data.

We have not included a seahorse plot for this simulation layer because the
graphic is uninformative. Since geopotential heights are constant for any given
latitude, that means that there are no dimension-zero features with non-zero
lifetimes. The seahorse plot would look much like 3.3/ but with no non-zero

pixels. For this reason, we’ve not included the seahorse for this layer by itself.
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Figure 3.1: A simulated surface which includes only layer 1 from 1980. The x-axis
represents longitude, the y-axis represents latitude, and the z-axis represents the
average height of the isobaric surface at that latitude for the given year.

3.3 Layer 2: Rossby Waves

When the jet stream wanders poleward, it brings with it warm moist air from
the equator. We see the effect of this circulation on geopotential height data:
the peaks of Rossby waves cause geopotential heights to remain higher when
traveling from north to south, sometimes creating new peaks but often just
causing the region of highest geopotential heights to jut up to higher latitudes
than seen elsewhere. This added height shows up in reanalysis data almost as
if one were looking at one side of a mountain with a large plateau; the waves
create various ripples which extend out and down from the plateau.

Rossby waves in the data show up as northward bulges and southward
canyons regions of latitude and longitude with higher overall heights at the

peaks and lower heights at the troughs. These elliptical regions have their major
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axis more or less along a line of longitude with their minor axis along a line of
latitude. These are not strict requirements though, sometimes the wave can be
somewhat tilted off of the "vertical” appearance it typically maintains.

The number of waves plays a role on how large an effect the wave exerts on
geopotential heights. At times with fewer waves, Rossby waves tend to have
larger amplitudes (higher heights) and extend further in both the north-south
and east-west directions. Conversely, heights and axis size decrease in the pres-
ence of a higher wavenumber. Regardless of the number of waves, the effects
of these waves are heavily concentrated in the region from 25 ° N - 65 ° N and
have little to no effect outside of this region.

To simulate the effects of Rossby waves on geopotential heights, we first
select the number of up-swells that we intend to include. This value should be
somewhere between two and ten, as the number of Rossby waves in the simula-
tion will be no larger than the number of up-swells. We then randomly choose
the longitude where each up-swell is centered, with some loose constraints to en-
sure spacing between waves which accurately shows the types of spacing which
occur naturally in empirical data. Due to the ways that Rossby waves can clash
and combine with each other though, the spacing between up-swells is not ex-
plicitly guaranteed; this allows for the possibility of two up-swells comprising
part of the same wave.

The number of up-swells is an upper bound on the total number of waves
in the simulated surface, but there may be fewer waves than individual up-swells.
This phenomenon occurs more often when the wave number is larger, just as
would be expected. The more waves there are, the more often they clash into
one another; with smaller amplitudes these waves are more easily impacted,
interrupted, and shifted by lower frequency waves which can contribute to

collapsing one Rossby wave into another.
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We mentioned previously that each Rossby wave extends more in the north-
south direction than the east-west direction, but these waves are not perfectly
vertical. It is not unusual for a wave to "lean" eastward or westward against the
overall flow of the jet stream. Each up-swell in our simulation incorporates this
idea of lean, resulting in waves that are not always perfectly vertical. This helps
each simulates surface to more closely emulate empirical and reanalysis data,
but it should have little to no effect on the homology of the surface since our

filtrations are agnostic to translation and rotation of features.
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Figure 3.2: layer 2 only from a simulated surface.
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Simulated Rosby waves, 4 waves in simulation
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Figure 3.3: A seahorse plot of a simulated surface using the first two layers de-
scribed in the simulation. The heart of this seahorse is large and uniformly
shows evidence of five features, which corresponds to four waves.
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3.4 Layer 3: Atmospheric Noise

With the overarching trends present in the data as well as a simulated set of
up-swells which make up the Rossby waves, the simulation captures the over-
all signal structure we expect to see in geopotential height data. However, the
chaotic nature of atmospheric circulation includes many sources of variation
which are not captured by the trends described in the previous sections. Some
of the other variation can be described as ‘noise’; random variability which
increases or decreases geopotential heights by varying amounts in a mostly ran-
dom way. Even though this source of variation is unlikely to produce changes
in the persistent homology and hence the seahorse plot for a given simulated
surface, we include this layer to create a more realistic surface.

We add this random noise to a surface by adding normally distributed heights
ateach 2.5° x 2.5° point on the northern hemisphere. These heights follow a
N (0, Sresiduals) distribution, where s is the standard deviation of a given day’s
residuals compared to the annual mean. These values are smoothed over the
surface using a kernel smoother and scaled to ensure the proper amount of vari-
ability to match with real data. This layer plays the role of random noise present
in the atmosphere. One realization of such noise is shown in Figure[3.4}

As mentioned at the start of this section and throughout this work, mean-
ingful dimension zero features should exhibit multiscale persistence. When we
consider the potential effect of this noise layer, we expect to see additional de-
formations on the simulated surface. Areas with positive noise may look like
small bulges in the surface, while negative noise will be seen as slight puckers in
the same surface. Overall, this creates a surface that could be considered as more
bumpy and varied. However, a feature which is born and dies at two heights

which are meaningfully different will be minimally impacted. When we con-
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Figure 3.4: Layer 3 from a simulated surface, which fills the role of atmospheric
noise. This noise is generated via smoothed random normal noise across the
northern hemisphere.

sider Figure we can see that at a latitude of 35°N, the seahorse reports four
waves from a height of about 2850 meters through 2550 m. The effect of a small
amount of noise, such as the noise added in this layer, would at worst alter these
birth and death values by a little.

This noise may serve to increase the lifetime of one or more features. In
theory, noise could push the peaks of these waves even higher and the troughs
even lower. In such a case, the lifetime of any such features would be longer
than would be seen without this layer. Conversely, if the noise pushes a peak
downward and pulls a tough upwards, then we might see a lifetime that is a
little smaller than would be seen without this noise layer. This is one of the best
features of seahorse plots and their use in examining multiscale persistence.

The effect of a localized source of random noise might have a slight local

effect on the lifetime of a particular feature, but since we look at the persistence

53



of dimension zero features over a range of filtration heights as well as looking at
persistence over a range of latitudes, these local effects should have a relatively
small impact on our ability to detect the true number of rossby waves we added

to a simulated surface in the second layer of the simulation, as seen in Figure

3.5
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Figure 3.5: A seahorse plot of a simulated surface using the first three layers
described in the simulation. The heart of this seahorse is large and uniformly
shows evidence of five features (which corresponds to four waves).

The two types of local effects we discussed are visible in Figure[s.s} there
are some areas (especially around 35° /N and 2900m height) where the noise is
“pushing” one of the peaks down, which leads to an inflated feature number;
the seahorse reports six features when there are only five waves. In regions near
the bottom of the surface, like the 50°/NV and 2600 m height area, the noise
instead sometimes “pushes” up on a trough. The net effect of this is that the
trough is now above the filtration height, so that feature is not detected. The
results is that the seahorse shows an undercount of the number of features in

the surface as seen by a local density of 3 feature and 4 feature counts.
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Each of these local effects are expected and support the importance of the
idea of multiscale persistence. In each of these local effects, we do see a trend
in the plot that has some persistence in just one dimension (in this case, across
latitudes) but that trend does not exhibit persistence across both scales. Ad-
ditionally, this persistence is nowhere near the strength of persistence seen in
the heart (where the waves dominate the overall behavior of dimension zero
features.

As we would expect, the seahorse in F igure has largely the same appear-
ance as Figure[3.3} it has a large “heart” region with five features (what we would
expect with four waves) that exhibits persistence in both latitudes and in fil-
tration heights. The main difference between these two seahorses is that the
addition of a third layer adds a fair amount of noise, which leads to locally high
feature numbers even in the presence of no true features. This noise does not
meaningfully alter the main message of the seahorse; there is a large range of lat-
itudes and filtration heights with five dimension zero features, which is present

because of the four waves we introduced in layer 2.

3.5 Layer 4: Non-Rossby signal

In addition to this random noise, each simulated surface includes a small num-
ber of up-swells in geopotential height, which are not as large in magnitude as
each Rossby wave. This sort of isolated cell of high pressure occasionally appears
in the northern hemisphere, especially in the polar regions. Many times these
cells are separate and disconnected from the jet stream and all Rossby waves,
but occasionally, these cells can be close to or even on in the same latitude and
longitude as the peak of a high amplitude Rossby wave. In some cases, higher

amplitude Rossby waves lead to the genesis of these high pressure cells. Each sim-
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ulation run includes between two and four such cells, with magnitudes equal
to the 70™ percentile of residual values for that day versus the annual average.

While the smoothed noise throughout the hemisphere which we mentioned
already is not likely to have any effect on our ability to detect Rossby waves,
isolated high pressure cells could potentially exert a different effect on feature
counts in a seahorse plot, especially across several filtration heights. We are
interested in assessing whether this is likely to create difficulties in detecting the
correct number of Rossby waves.

The easiest way to encounter such difficulty is in a theoretical case where two
Rossby waves are fairly close to each other longitudinally with one of these up-
swells between them. In this case, the persistence of each wave will be reduced
since those two features join together to become a single connected component
at a higher filtration height than might be expected, which could lead to under-
estimates of the number of waves. This type of underestimation is most likely to
occur when the true number of waves is large. The reason for this is that Rossby
waves are often well-spaced, so in surfaces with fewer Rossby waves, each wave
is generally not close enough the others for this type of effect to occur.

Question for Lynne and Nicole: Do I need a figure that shows the thing in
the above paragraph?

Due to the nature of where these cells are positioned, it is possible that an
isolated cell may be generated between two Rossby waves which are far apart
longitudinally, which is most likely when the true number of waves is at its
lowest observed numbers, such as two or three. In this case, if the isolated cell is
not so much isolated as it is positioned rather close to the jet stream, it is possible
that sequential Morse filtrations will detect the cell and the Rossby waves at a

meaningful number of filtration heights and enough similar latitudes that the
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corresponding seahorse plot may lead to the conclusion that there are more
features than expected based on the true wave number.

The two previous examples help to illustrate that we do expect some noise
and imperfect seahorses to result from simulating isobaric surfaces from this
simulation. Using feature and cell placement which are bound to occur at ran-
dom in some simulation runs, it would not surprise us to encounter some sim-
ulation runs in which even sequential Morse filtrations may miscount the true
number of waves. However, in most cases, we should be able to identify which
parts of the surface are true signal while filtering out the parts of the isobaric
surface which are not associated with the waves we care about most. Another
interesting thing to note is that based on the context of the data, we know what
types of prediction error are most likely. When the simulation generates a large
number of waves, there is a higher chance that the model will under-predict
versus over-predict. When the simulation instead generates a small number of
waves, we are more likely to over-predict the number of waves.

There is a second type of non-Rossby signal that we find in the data. Very
similar to the up-swells we’ve noted in this section, we also observe down-swells
in the data from time to time that are larger than the random noise identified
in layer four. Each simulated surface incorporates between four and twenty of
these smaller down-swells, and we combine both of these sources of variation
together in a fourth layer of the simulation. Figure 3.6{shows one example of
this layer.

Layer three and layer four are designed to replicate separate aspects of the iso-
baric surface. While layer three adds in the type of random noise which is quite
unlikely to alter the heart of the seahorse, it does have the potential to change
the number of dimension zero features in a small area almost anywhere with-

out otherwise dominant dimension zero features. Layer four’s impact is limited
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Figure 3.6: Layer four from a simulated surface, a combination of upward and
downward swells in the simulated surface.

to a smaller number of regions, but has more potential to alter the number of
dimension zero features at a certain latitude over a larger number of filtration
heights. As is turns out, both layer three and four have similar effects for our
purposes: when attempting to identify the number of Rossby waves present in
the data, all non-wave contributions serve to essentially ‘distract’ the seahorse
plot from clearly displaying the true number of waves.

We note here that each layer of the simulation serves a purpose, and layers
which may feel much like noise when using this work to estimate Rossby waves
may be absolutely essential if one were using this approach to multiscale per-
sistence for another purpose, such as attempting to counting isolated cells in
the polar region. Such work may require practitioners to consider the effects
of Rossby waves to be noise or otherwise unimportant. We have discussed how

some portion of this noise (atmospheric variability) is unlikely to affect our
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model’s predictions while other noise from isolated cells has a stronger likeli-
hood of altering our model’s performance.

In addition, there are signals in geopotential height data which do not relate
to Rossby waves. Although we are not particularly interested in these types of
signals, we need to include them in our simulation so that the performance of
our model can be tested in as realistic a scenario as possible.

Now that our simulated surface has all four layers, we should check the
visual of the seahorse plot. Figure[3.7|shows this seahorse, and the change we
see is largely expected. In this surface, there are two postive upswells in the
20° — 40° N range (see Figure[3.6), which makes the trough two of the waves
less deep (one more than the other), this results in regions in that range at lower
filtration heights where three or four features are detected, even when four waves
would typically indicate the presence of five features. The various downswells
(there are thirteen distinct ones in Figure[3.6)) exert very mild variation in feature
numbers towards the heart of the seahorse, and translate to a bit more variation

in the tails as well.
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Figure 3.7: Seahorse plot of a simulated surface with four layers
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3.6 Simulated Surfaces

Combining each of these layers yields a simulated geopotential height surface
with underlying geopotential heights based on a specific day and year. These val-
ues informed by empirical data help guarantee that the surface takes the correct
overall shape. This first layer is based only on reanalysis data and removes any
transient features, including random variability and wave structures including
the effects of Rossby waves.

The key to each simulated surface is that the second layer of the simulation
contains information about the Rossby waves, which manifest as increases and
decreases in the geopotential height values due to the peaks and troughs of
these waves. If one were to perform sequential filtrations on this layer alone,
the result would always show evidence exactly in favor of the true wave number.
Combining wave-based fluctuations to date-based geopotential height values,
we obtain a surface which provides an accurate representation of these data
while providing a crucial piece of information: the number of Rossby waves
are known for each surface, which means that its possible to see if an estimated
or calculated wavenumber is correct or not.

Each surface contains noise in two forms; the first includes smoothed ran-
dom normal noise and the second contains non-Rossby fluctuations. These
two sources of noise contribute the type of variability which the overall trend
values have filtered out, but which typically arise in this type of data.

Each surface then takes the same overall form as a real day. Although each
date in time exhibits behavior for only a single wavenumber or evidence of a
transitioning wavenumber, these simulated surfaces allow us to examine any day
and year from 1955 onward while imposing a specified wave number, allowing

for the possibility of examining the surfaces on the same date with the same wave
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number but a different realization of the position, amplitude, and orientation
of each Rossby wave, as well as variation on each type of noise.

When we take all of these layers together, we get a simulated isobaric surface
like the one in In this particular surface, the Rossby waves are particularly
clear since their amplitude is large. Some simulation runs yield more subtle
Rossby waves, and variation from each other layer varies some from one simu-
lated surface to the next. The overall trend from layer one is clear, as is the set
of Rossby waves, but layer three and layer four are a bit more subtle.

Layer three is the most visible in Figure [3.8| at high latitudes. While the
entire surface resides at relatively low heights, smaller localized deformations
are present in several places. We can see some of this small-scale deformation in
the middle latitudes.

Layer four is at its most visible around 20° N and about 300°W (60° E') lon-
gitude; the large upswell contributes to the region on the surface with the high-
est geopotential height on the entire surface. Some of the down-swells, which
are a bit smaller than the upswells in amplitude, are visible at high latitudes and

in a few other locations in the figure.

3.7 Goals of Simulation

One of the main reasons to use a simulation to create surfaces which replicate
the behavior of the 500 hPa isobar is that these is that we can create a surface
with a "known" true number of Rossby waves. This will allow us to assess the
accuracy of any potential method for estimating the number of Rossby waves
for a given surface. Before doing so, we would like to outline how we plan to

use the simulation to accomplish this goal.
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Figure 3.8: A simulated surface using all four layers,including trend from tem-
perature gradient, four Rossby waves, random noise, and a combination of
upward and downward swells.

We first use the simulation to build a “training” set of surfaces which is
composed of one thousand surfaces for each wavenumber from two to nine
for a total of nine thousand surfaces in this training set. In Chapter 4, we will
describe each of three metrics we will use to make estimations. Cross-validation
will be used on the training set to enable us to tune how to best make estimates
for a given metric, but accuracy will be measured by looking at the percent of
predictions that are correct using a different “test” dataset. We will consider a
prediction to be accurate if the estimated wavenumber matches exactly with
the true wavenumber.

Table 3.1: Frequencies of each wavenumber in the “test” dataset. These frequen-
cies are weighted towards more common wavenumbers in current data as well
as anticipated future trends of increasing wavenumbers.

Wavenumber {2 |3 |4 |5 |6 |7 |8 |9
Frequency 10 | 20| 40 | 60 | 6o | 6O | 40 | 40
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In building a “test” set of simulated surfaces, we chose a number of surfaces
to try to mimic the general frequency of each wavenumber that we tend to see
in real data, with perhaps a bit more emphasis on high wavenumbers, since data
points to an decreasing temperature gradient which should lead to an increase
in Rossby waves over time. The set of simulated surfaces with each wavenumber
is given in Table It may be possible that we have overrepresented the number
of nine wave surfaces we include in the test set; prediction results will be shown

for each wavenumber separately for the convenience of the viewer.
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CHAPTER 4

INTERPRETING MULTISCALE

PERSISTENCE

4.1 A Return to the Seahorse Plot

Each seahorse plot is a visualization of a sequential filtration, which shows the
number of dimension o features across all latitudes at a given filtration height
and a given latitude. Recall from the initial description that this visualization is
a multiscale approach for understanding both how many features are present
at a certain filtration height and captures some big-picture information about
where those features occur. When used to describe an isobaric surface, the
seahorse plot generally includes the two features: shape and structure.

First, we will address the shape of a seahorse plot. The non-trivial region
of the plot is tapered at the high and low ends of latitude. These tapers follow
naturally from the nature of the surface. Closer to the north pole, the circumfer-
ence of a given latitude line decreases. This indicates that for northern latitudes,
the distance from one longitude to the next (in meters) becomes smaller and

smaller. Additionally, once one reaches latitudes above the jet stream, the plot
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should not show additional signal due to Rossby waves, and other sources of
topological features are not very persistent in height or across latitudes. At the
“bottom” end of the seahorse plot we can see indications of the presence of
topological features around the equator, which is south of the jet stream. Our
understanding of atmospheric science and empirical data indicate that a sea-
horse will not detect dimension o features related to Rossby waves at equatorial
latitudes. and there are not any or many features at any given height at these

central latitudes. This feature is one of the main reasons for the name of the

plot, as the shape resembles seahorse with an extended tail, as in

Figure 4.1: A aseahorse, the inspiration for the name of the sequential filtration
plots used throughout this work. Photo Credit: Charleston Animal Society

The second characteristic that shows up in geopotential height data is the
structure of the shape that emerges. We notice this behavior in a couple key
ways. At the tapered edges (which we sometimes call the “head” and “tail” of
the plot), we notice a scattered number of pixels with three or more features.
These are usually fairly isolated and show instances where a feature may have

a particularly short lifetime if it persists for very few filtration heights or a may

6s



not persist over many latitudes. In many cases, small sources of noise are subject
to both of these, leading to pixels that reside in relative isolation in the plot.
Another way that layers come into play is found in the central region of the
plot. Since Rossby waves persist over a larger range of both filtration heights
and latitudes, the plot displays concentric regions of pixels with a given feature
number, with higher numbers in the middle. This trend creates a region that
we sometimes call the “heart” of the seahorse plot. Generally speaking, we
would expect that the number of Rossby waves in an isobaric surface would be
indicated by the highest feature number that is prominently presentin the heart,
as such a structure indicates that a given number of features are present over a

variety of heights and latitudes; this indicates persistence across both scales.

4.2 Identifying Trends in Seahorse plots

Visualizing a sequential filtration can be a useful tool, but understanding which
parts of a seahorse are the most important is critical in interpreting these plots.
In this section, we will discuss which features are most meaningful, which are
less meaningful, and how to best interpret a set of seahorse plots. These in-
terpretations are useful in many scenarios, including ones where we want to
understand how this information changes from one day to the next.

We begin our explanation of how to understand and interpret these plots
by considering all the possible range of feature numbers which we may expect
to see in these images. Although seahorse plots display the number of points
whose sequential filtration yields a specific number of dimension zero features,
(one, two, etc) we recall that we are using ‘superlevel sets in these filtrations.
Subsequently, a surface with w Rossby waves, each forming a trough shape

in the isobaric surface, should detect w + 1 dimension zero features. This
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means that anywhere where we detect zero, one, or even two features is not
a combination of latitude and filtration height where we believe there is any
strong indication of Rossby waves. This is because we typically expect to see
at least two Rossby waves in the jet stream on any given day. Accordingly, the
coloring used to create seahorse plots for an isobaric surface uses more muted
tones forw € 0, 1, 2.

With this increased understanding of some of the lower-count pixels in the
plot, we turn our focus on the presence and size of clusters of points with like
feature counts. In Chapter 2 we highlighted a key motivation for this work:
Rossby waves should be visibly persistent across many adjacent combinations
of filtration height (an indication of depth of the waves) and latitudes (an indi-
cation of the north-south amplitude of the waves). This means that although
we can see many small details in a seahorse plot, we may want to direct much
of our focus on clusters of points with similar feature counts. A single isolated
pixel whose feature count is eight is almost certain to be the result of random
fluctuations in the isobaric surface since it demonstrates no persistence in either
dimension: height or latitude. However, a large cluster where the seahorse sees
mostly five and six as feature counts (such as the ‘heart’ of a seahorse) is likely
an indication of four to five persistent waves, which may all be Rossby waves.

It is certainly possible for a seahorse plot to include more than one cluster,
but we find that seahorse plots don’t typically feature many clusters in the "head’
or ’tail’ and typically only feature one large cluster in the central region, typically
25 — 65° N. This central cluster features combinations of filtration height
and latitudes that we would typically associate with Rossby waves. In many or
most seahorses based on daily average heights, we find that there is a single such
cluster. In the winter months, the heart includes many points with three to

five features, indicating evidence for the presence of two to four Rossby waves.
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In summer months, this cluster often features many points with five to eight
features, indicating evidence of four to seven Rossby waves.

We reiterate here the importance of clusters in these plots, especially in the
heart of the plot. Clusters of connected points with identical or very similar
feature counts show persistence across multiple scales. We introduce two hypo-

thetical scenarios to solidify how persistence is connected to these plots.
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Figure 4.2: Hypothetical examples of persistence along each scale. (a) shows
persistence across filtration heights alone, while (b) shows persistence across
only latitudes.

First, consider a seahorse plot that looks much like Figure except that
the entire central region consists of only points with four features detected, so
the central region is almost completely yellow, with the following exception:
At 50°N, there is a column of purple points (indicating seven topological
features of dimension zero) which starts at s250m above sea level and ends at
s6som.Figure|4.2(a) displays such a configuration.

This vertical cluster shows strong evidence of persistence across many fil-
tration heights, as the feature number does not change meaningfully over that
entire 200 meter range.

As a related but differing example, consider the same plot with homoge-

neous feature counts of ’4’ across its central region with a different twist: in this
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plot, suppose that the feature count was seven at the filtration height of s5500m
from 40° N continuing until 70° N. Figure[4.2{b) displays such a configuration.
This connected region would be an indication of persistence across that entire
range of latitudes, even though it is not an indication of persistence across many
filtration heights.

The two previous examples are unrealistic; it is very rare to persist along
many filtration heights but no latitudes or vice versa. However, we can see from
these examples that a cluster may persist more along one scale than the other,
and a roughly ’square’ cluster is an indication that a cluster persists across both
scales. Thus, clusters in a seahorse plot provide information about multiscale
persistence. We are not aware of other work that attempts to capture persistence
in this manner. While this particular application captures persistence across fil-
tration heights and latitudes, one could certainly apply the same framework to
persistence across longitudes. More generally, one could examine persistence
across any two scales, although the use of sequential Morse filtrations to an-
alyze multiscale persistence would suggest that at least one of those scales be
reasonably considered as a response variable, as is the geopotential height in our
data.

This work helps to highlight one quality of analyzing multiscale persistence.
In a low-dimensional dataset like ours (where & = 3), the choice of scales is
fairly straightforward. However, in the case where statisticians wish to perform
similar analysis on more high-dimensional data, this choice might not be as
obvious.

Another point to consider is what a seahorse plot does and does not com-
municate. We will compare a seahorse plot like Figur with a barcode like
the one in Figure The dimension and type of data is a bit different between

the two, but both give a sense of both the number of features present at various
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filtration values as well as the birth and death of features. In the barcode, we
track this information by showing the lifetime of each feature distinctly. The
seahorse instead shows this information as a summary of all the features, as the
color of any given pixel displays the number of features which are still ‘alive’
at a given filtration value and latitude. Both figures convey information about
which filtration values are the floor and ceiling of reasonable filtration values to
consider; the barcode by showing a minimum and maximum along the x axis
and the seahorse showing the general shape for which it is named (which may
look very different if used for data other than geopotential height values).

While these two summaries have some similarities and some differences,
it is clear that each one is designed to properly summarize the persistence of
dimension-zero features for the corresponding data. We recommend the use of
seahorse plots for data that have a similar overall structure to three-dimensional
data with a single response value as one of the dimensions. For practitioners
interested in summarizing data with a higher dimension, we suggest looking at
barcodes and seahorse plots for suggestions of how to develop additional tools
for visualizing and summarizing those data.

If seahorses are a useful display of multiscale persistence, what can they tell
us about how Rossby waves change over time? Before we move ahead too far,
its important to be clear about what we do and do not know from looking at
feature numbers in a visual like the seahorse plot. First, these plots endeavor
to provide information about the number of sublevel sets or troughs on our
response surface. A feature number of four would indicate that there are four
troughs on the surface at a given combination of latitude and filtration height.
The Morse filtration does not have any way to designate the source of any given
trough (or peak), and we do not claim to interpret such a designation. However,

Rossby waves are known to persist across a moderate to large range of filtration
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heights and latitudes. Based on this knowledge of how these waves manifest
in our data, we can use information about feature numbers to understand and
infer meaningful information about the number of Rossby waves. One of the
key ideas we leverage here is that Rossby waves are among the features with the
greatest degree of persistence in these geopotential height surfaces.

We should view the feature numbers on a seahorse plot not as an exact value
of the number of Rossby waves for a given day, but rather as a good estimate for
the upper bound of the number of Rossby waves present in the data. For any
given combination of filtration height and latitude, the number of dimension-o
features is not a declaration that "there are w waves present on this day”, but
rather as a general indication of the maximum number of waves which may be
present. We’ll discuss this more, but we are particularly focused on the heart of
each seahorse plot.

While there are multiple ways to approach the interpretation of this mul-
tiscale version of persistence, we would like to focus on two specific ways that
we can discuss changes in Rossby waves over time. First, how do wavenumbers
change throughout a single year? In Figure we can see a seahorse for day 9o,
180, 270, and 360 of 1980. These days were chosen to give a spaced out view of
seahorses through all four seasons within a given year.

As seen in Figur we can see that the overall structure of the seahorse
plot remains largely the same through the year, as mentioned above. In spring
and summer like days 9o and 180, we can see that there are varying strength of
evidence of a cluster of six or seven features ,as in Figure[4.3(a) and (b). However,
we can see that in fall and winter, such as in Figure|4.3(c) and (d) , there is little
evidence of a six or seven feature cluster. This is expected, as scientists generally
agree that there are more Rossby waves in warmer seasons, and fewer of these

waves in colder months. While Figure shows four days that were evenly
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Figure 4.3: Four seahorses from 1980, spaced across seasons. From left to right
and top to bottom, March 29, June 27, Sept 25, and Dec 25. In the winter
(bottom right), the heart has lower feature counts, while summer and fall yield
hearts with higher feature counts. We note the seasonal changes in the overall
size of the plot: summer has the smallest plot overall, while winter and spring
have the largest amount of nonzero pixels.

spaced, the results are largely the same across the span of one year. comparing
seasons.

We have gathered that seahorses do display change in how many features
are detected using sequential filtrations within a given year, and note that this
is in line with general expectations about the ebb and flow of wavenumbers. A
related question focuses on looking at wavenumbers across years. We'd like to
use seahorse plots to investigate if there is any evidence pointing to a change
in wavenumbers over time. While we do expect these numbers to shift within
a year, it would be noteworthy if, for example, seven wave formations appear
more often in the 2000s as opposed to the 1980s. We’ll examine a few plots to
look into this question.

In figure we see seahorses for approximately the same days (90, 180,
270, and 359), this time in 2010. While we would expect to see some amount of

random variation in seahorses from the same day across years, one thing that
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Figure 4.4: Four seahorses from 2010, spaced across seasons. From left to right
and top to bottom, March 29, June 27, Sept 25, and Dec 25. In the winter
(bottom right), the heart has lower feature counts, while summer and fall yield
hearts with higher feature counts. We note the seasonal changes in the overall
size of the plot: summer has the smallest plot overall, while winter and spring
have the largest amount of nonzero pixels.

we notice is that this more recent set of seahorses seem to indicate an increase in
both a) the highest wavenumber seen in the heart of the seahorse plot and b) the
size of the central region of that plot. These changes over time are consistent
with the hypothesis that the polar jet stream experiences more Rossby waves
now than it did in 1980, and could provide some evidence to support the notion
that wavenumbers have increased over time.

To pick one particular point of reference, let’s examine day 270 from 1980
and 2010. In 1980, the central region of the seahorse includes a combination of
filtration heights and latitudes that range from about 5300 to s60oom and 32 —
40°N , respectively. In this cluster, we can see that the largest wavenumber in
the cluster is four (remember that the wavenumber is one less than the number
of features found in the seahorse). If we then turn our attention to day 270 in
2010, we now see that the location of the central region has shifted somewhat,

and is located in the range of s400-5700m for filtration heights and 35 — 45° V.
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This small shift in location is not particularly noteworthy, but something else
about this central cluster is quite meaningful: the maximum wavenumber in
this cluster is six (up from four in 1980) and most of the filtration values indicate
the presence of at least five waves.

Comparingjust one pair of days is notintended to serve as proof of changing
wavenumbers over time, but this evidence is a meaningful display of some of
the changes consistently present in such comparisons; seahorses in 2010 show
larger clusters with higher wavenumbers. We are now motivated to take a more
systematic look at changes in wavenumbers, cluster size, and other differences

in the persistent homology of geopotential height data.

4.3 Summarizing Trends in Seahorse Plots

We’ve discussed each of the kinds of trends we see in seahorse plots: within a sin-
gle year, such as a seasonal trend, and across years at the same season to see/show
changes over time within a season. While each plot does show some meaning-
tul information about the number of waves or other features on a given day,
we'd prefer to have a way of summarizing this information in a more condensed
manner, such as numerically or with a single graph to show trends as opposed
to a separate plot for every day of data. In this section, we’ll discuss a several
potential ways to create this type of summary and evaluate the usefulness of
each one.

In discussing this usefulness, we need to reiterate that reanalysis data do not
have a "true” wavenumber, so it is not possible to directly measure how well a
summary displays this information. However, we can create many simulated

isobaric surfaces which are created to have a specific number of waves. We can
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evaluate each candidate summary for seahorse plots by counting how many
plots are correctly identified using that summary.

Since seahorse plots consistently show trends in shape and structure, it may
be useful to consider a tabular summary of feature numbers in the plot. Such a
summary records the frequency of pixels that where the Morse filtration detects

each number of features. Taken in this way, we can display these frequencies as
in Table[4.1}

Table 4.1: The general form of a frequency table of feature numbers

Feature Number |1 |2 | .. |8 | ot

Frequency ny | No | ... | ng | Noy

We’ll use these tables to discuss how to summarize the results of a seahorse
plot.

Since the goal here is to identify the number of waves present in an iso-
baric surface and we are accomplishing this by comparing real days to simulated
ones, it is important for us to describe how to make these comparisons. Due
to the amount of variation present in seahorse plots, it is unlikely that any two
seahorses will be exactly identical in their feature number tabulations. Indeed,
even for two simulated surfaces with the same starting conditions, we would ex-
pect mild to moderate variation due to randomness alone. However, the feature
counts should follow some sort of pattern based on the wave number. For each
metric, part of the discussion will focus on how that metric will be compared
to simulated surfaces to make an estimate at the true wave number. We will
include information based on simulated surfaces. The advantage here is that
we can compare the estimate against a known wavenumber, which is one of the
initial conditions in the simulation process.

The first candidate method we examine is to look at what proportion of the

seahorse plot has a feature number greater than some given number 7. One can
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think about this metric as the proportional prevalence of high feature counts.

This proportional prevalence measure for a seahorse could be measured by com-

puting
. ni—l—n(i+1)+~--+n9+
ny + %) —I— +7’Lg+

Pprev,i =

Based on this measure, we can get several different values for each surface
(Pprev,2; Pprev,3; Pprev.4 €tc.). This set of proportional prevalence values can be
viewed sequentially as in a scree plot. Using cross validation of 8,000 simulated
surfaces (one for each wavenumber from two to nine), we found that the most
accurate way to Use Dprey,; is to predict that there are w waves in a surface, where
w is the smallest value of ¢ with ppreyi—i < .51 * Pprey s This choice means
that we are not looking for a static threshold value for pp,., ;; predictions are all
relative based on the overall set of Py, ; values.

This prediction method has a few bits of interesting behavior and overall
it does not perform at a particularly high level. Tabl shows the outcome of
using this model for predictions using our set of 330 simulated surfaces. Using
Dprev,i tends to yield correct predictions a little under half of the time. One big
issue we face with this method is that we are especially prone to underestimating,
especially for large wavenumbers.

One reason for this poor performance is that pixels that are far from the
central cluster in the seahorse are counted as being informative about the num-
ber of Rossby waves, which we would typically expect to see only in the heart
of the seahorse. This means that ny4, ns, and similar counts are inflated due to
sources that are not part of the true pattern.

A second candidate method to examine is based on the first. Since pprey.; is
sometimes prone to estimation inaccuracies in Rossby wave estimation due to
behavior in the tails, we propose a metric which operates in a similar manner,

conditioned on the latitude of the points. In particular, we propose measuring
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Table 4.2: A confusion matrix of predictions from 330 simulated surfaces using
Dprev,i- We note that this method almost never over-predicts the true number
of waves, but is sometimes prone to underpredicting. The overall accuracy of
Pprev,i is about 48.4%.

Predictedwaves | 2 |3 |4 |5 |6 |7 |8 |9
2, 8|1 |o o |o |0 |oO
3 1|19 |10 o |o |o |o
4 1o |29]2t|1 |0 |O |O
5 o|lo |o |37|28|4 |0 |oO
6 o|lo|o |0 |31 [33]5 |o
7 o|o |0 |0 |0 |23]|28]|6
8 olo|o |o |o |o |7 |28
9 o|lo|o |o|o |o|o |6

this by quantifying the proportion of all pixels with a feature count above four
subject to a condition: we will count only those pixels with such a feature count
that lie between 25 — 65° N in the numerator of our fraction. In this manner,
we will capture all the information from the heart where Rossby waves tend to
show up without inflating our sense of the prevalence via the additional noise
from the tails of the seahorse plot. Such a measure has the added benefit of
ignoring features out in the tails of the plot, which are certainly not evidence

related to the feature of interest. The formula for this metric is

T + N4 + 0+ Nogr
ny +ng + ... +n9+

Prprevi =

, where T is used to denote the trimmed region of interest used in estimating
prevalence.

This approach gives us eight different values, one for each value of 7 from
two to nine. Justas we did with the set of p,y,.¢,, ; values, we used cross validation

to determine a method for selecting the “best” wavenumber to predict. In this
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case, we found that using prprev,i—i < .65 * Prprev,i gave the best results on
the 9,000 simulated surfaces in the training dataset.

Compared t0 Ppreys PTpres performs better, as shown in Table Over-
all, we feel that this metric is less than ideal because the prediction is based on
comparisons between consecutive pairs of values instead of using as much infor-
mation from the seahorse plot and accompanying set of frequencies as possible.
The loss of resolution is expected with this method, and the prediction accuracy
of this metric is not as high as we might hope, even for the first work on this
method of estimation. Overall, we do find that this method has a prediction
accuracy over 67%, which is encouraging and reinforces the idea that the tails

can be a bit distracting overall.

Table 4.3: A confusion matrix of predictions from 330 simulated surfaces using
DPTprev,i- We note that this method almost never over-predicts the true number
of waves, but is sometimes prone to underpredicting. The overall accuracy of
DTprev,i is about 67.5%.

Predicted Waves | 2 |3 |4 |5 |6 |7 |8 |9
2 slo|lo|o|o |o |o|o
3 1 |16|3 |o|o |o |0 |oO
4 3|3 |3 |7 |o |o |o]o
5 1|1 |1 |s3]|15 |1 |O |oO
6 o|o |0 |0 |[45|22]|2 |o
7 0jo o |o 37 11713
8 o|lo |0 |o o | 21|27
9 o|lo|o |o|o |o |o IO

In a slightly different approach, we propose a metric which simultaneously
uses all the information in the original table. We can directly compare the set of
observed frequencies of each feature number, starting at 1, and compare them
to the set of counts recorded for the simulated surfaces in our training dataset.

The distance measure is a familiar formula used in comparing expected and
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Table 4.4: A confusion matrix of prediction results using x?. This metric never
predicts a two-wave structure, and is more prone to over-prediction than either
of the other two. Overall, this metric performs rather well, with a prediction
accuracy over 86%.

Predicted Waves

213 |4 |5 |67 |89
2 olo|o|o |o |o |oOo]|oO
3 9185 |o |o |o |Oo]|oO
4 o|2 (3|4 |o |0 |o]oO
5 I1|o |0 |s4]|]0 |0 |O]|oO
6 o|lo|o |2 |s9|1 |o|oO
7 o|lo |o |0 |I 59| 0 | o
8 o|lo|o|o |0 |0 |31]|9
9 o|lo|o|o |o |0 |9 |3I

observed counts, and is calculated as

9 .
observed; — simulated;)?
X =) ( )

- simulated,;
1=

This metric is not a test statistic, as it is not used in traditional inference, but
uses the same name since the formula is reminiscent of the familiar statistic.

Using the x? metric one would obtain a different value for each candidate
wave number due to using a different set of simulated counts. We propose
that the estimated wave number be whichever set of simulated values yields the
smallest value of x2. Using this strategy is fairly promising. A confusion matrix
of estimates is shown in Table[4.4]

We’ve described three different measures here for estimating R ossby wavenum-
bers. Each of the three has a natural explanation for why it might be used, and
we see varying levels of performance for the three metrics. Unsurprisingly, x?
performs the best, likely due to the fact that it considers all the different feature

counts simultaneously instead of combining those counts into a smaller sum-
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mary. The prediction accuracy with this metric of over 86% serves as a strong
indication that this metric can be used to estimate Rossby waves more broadly
for data similar to the test set, which certainly includes all NCEP/NCAR data

in the 1980-2010 era.
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4.4 Alternative summaries for seahorse plots.

4.4.1 Movies

We’ve discussed several different ways to summarize information from seahorse
plots, especially as it relates to using these summaries to estimate the number of
Rossby waves in an isobaric surface. During our work, we encountered some
other tools for summarizing these plots. While they have not yet proven useful
for our goals, we feel that it’s worth mentioning them here. These visualizations
are interesting and show some meaningful information, and future work in
this direction may wish to employ some or all of these tools in gaining more
understanding from seahorse plots.

One way that may not feel like a “summary” per se is to view a video or
animation of seahorses for a specific time period, such as a single year. We’ve
created several animations of these plots, with a timing of around 1-3 seconds per
plot. By watching these videos, one can get a better sense of how the seahorse
and hence the isobaric surface changes over time. Among the behaviors that we
have noticed in most or many years, itis quite typical to see the trends mentioned
above: namely, the shift in shape, size, and location of the plot seasonally and
the changes in the behavior of the central cluster or “heart” of the plot. Here is
a link to one such video: | Seahorse Plots - 2000

While these animations can help one to conceptualize the changes in Rossby
wavennumbers through time, it is true that there is not an especially clear path
from these videos to inference. While this is true, there is definite precedent
for the use of movies as a dynamic representation used in assessing a summary
Lazar and Kadane [14]. We feel that this movie may serve as a similarly useful

tool. As noted by Lazar and Kadane, movies are flexible in the period that you
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choose to display, they can help to display characteristics that might be difficult
to observe otherwise, and movies can be used for pragmatic purposes such as
identifying an outlying day which may feature an especially strange plot.

We’ve actually used one video-adjacent example already in this chapter:
when we investigated four distinct seahorse plots from each of 1980 and 2010,
we were basically analyzing a very granular version of the type of video we’ve
discussed here. Instead of considering general trends in a seahorse plot based
on a subset of days, videos allow us to see the entire time course we can get
from the original data. Throughout this work we’ve used daily mean geopoten-
tial heights, but videos could display this data at any resolution, which could
include NOAA’s four times daily data for geopotential heights.

We used movies like these multiple times when looking at trends in these
plots, but we were unable to develop any hard and fast rules for how to make
estimates of wavenumbers based on the videos directly. While investigating

these plots, it seems clear that there may be more work to do with these videos.

4.4.2 Ridgeline plots

We’ve just discussed the concept of using a movie or animation to view how sea-
horses change over time, especially over several or many consecutive days. In sec-
tion we discussed the idea of measuring quantities like pprey, DTprev, Peenter,i
and x2. Our goal there was focused on looking at these metrics for one surface.
Doing so allowed us to estimate the number of Rossby waves present on a cer-
tain day. Here, we call back an alternate summary which may allow us to look
at similar information over time.

While the traditional series or time-series plot allows one to examine how
the value of some measure changes over a given time course, we showed a vi-

sualization in Figure which varies somewhat from a traditional time-series
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plot. We propose the use of ridgeline plots, as in Figure[4.s|to visualize any of

the following over time:

L Pprev
2. PTPrev
3. pcenter,i

4. N4y, N5y, Ny, N7y of similar metrics

5. X

Six or more wave joyplot
2020~

2010~

year

2000~

1990-

1980~

Figure 4.5: An example Ridgeline plot of 7254, 1980-2010. While the trends are a
bit difficult to parse in this plot, we do see the expected behavior of much higher
values in the middle of the year in summer and fall months, and lower values in
winter and spring months. There is a slight increase in the average value of 16
over time

The reasoning behind the first three proposed plots should be fairly clear:
the same reasoning to look at any of these measures for an individual day is the
very reason why it would be beneficial to look at that measure over time. Each

of these three measures are clearly defined for a specific surface, so creating a
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joy plot for these surfaces would be a way to see how the values of that measure
change over the entire time course, both within and across years.

The rationale behind 4. is not entirely different, but we note that these
are no longer displayed as proportions. This means that if the entire seahorse
grows in size, proportional measures will not display any change, while measures
like 44 will increase. A natural consequence here is that a measure based on
frequencies may do a better job in a circumstance where one believes that the
entire seahorse is growing, as opposed to only the central region growing. One
potential expected result from these metrics comes from the higher indices on
n. Since the number of Rossby waves is subject to some amount of change
over time, let us consider ng; as an example. In a typical year, we would expect
that this measure has a frequency of zero or some very small number for the
winter, spring, and fall seasons for the most part. On days where we see five or
six Rossby waves, we may see a nonzero value for ng; which is still small. If
there is a day with seven or more waves, then we would expect to see a higher
count for ngy. Thus, if we create a joy plot, we expect to find mostly a flat
series outside of the summer months. If the plot yields higher values of ng as
you move forward in time or backward in time, this could point to a transition
towards or away from seven-wave days.

Preliminary investigation did not yield much indication of a large shift of
this nature, but would certainly be a measure to keep in mind in looking for
shifts in the number of waves. One could spend some more time investigating
the presence or absence of patterns in these ridgeline plots, and we believe that
it is a very reasonable place to point future efforts on this type of research.

While we will not spend an immense amount of time discussing proposal
5., we'd like to explain our overall approach and the reason why it may not be

ideal to create ridgeline plots in this way. First, there is not only one x* measure
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for a given surface on a given day; there is a different set of x? values for each
set of simulated counts (which are based on the average of multiple simulated
surfaces). If one has a target number of waves, say five, then it is possible to look
at the x? values using that set of simulated counts, but the issue would then be
that there is no way to tell from the ridgeline plot whether x? is lower for six
features than other feature counts. There are two other ways that one could
consider ridgeline plots as it pertains to the x* measure.

One somewhat novel idea would be to use the x? measure to estimate the
most likely wavenumber on each day through the year and then plot thatas a
series plot or ridgeline plot. This would certainly not serve any inferential pur-
pose or operate as a way to estimate values, but could be one way of displaying
the results of said estimation.

Another way of considering the x? measure is to pick a short time course
(such as one month or one year) and then to create a ridgeline plot where each
series plot is one set of x? measures instead of a different year. This may help in-
vestigators to geta sense of which y? values are more likely or less likely at various
points in that time course. We would generally expect that lower wavenumbers
have the smallest 2 values in the winter months, while larger wavenumbers
would generally have higher x? values in the summer months. These ridgeline
plots would need to employ some sort of transparency, and tracking the smallest
value for each day may be tricky due to the nature of the ridgeline plot (with
vertical offsets for each separate series in the plot). Further investigation of this
style of ridgeline plot may yield additional information, and we encourage in-
terested parties to take a look for any other patterns we did not notice in such
visualizations.

Creating these ridgeline plots enables us to see how each of these metrics

change in the two manners we’ve described before: change within a year and
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across years. We observe the change within a year by looking at how values of the
plot change within a single horizontal series plot. as well as looking at change
across years. We observe the change across years by looking at how values of the
plot change from one horizontal series to the next, hence showing the change

in the given metric year-over-year, instead of day-after-day.

4.5 Future Work

We’ve discussed the use of sequential Morse filtrations for estimating Rossby
wavenumber, in part by using simulated isobars to evaluate various methods
of estimation. While this application serves as the primary motivation for the
development of sequential Morse filtrations, our work has pointed to several
directions for future work. In this section, we describe some potential directions
for future work. Some of these directions discuss future developments related
to Rossby waves in the polar jet streams while others point to uses of sequential

Morse filtrations elsewhere.

4.5 Simulation Settings

We created the initial conditions and settings of the simulation with the goal of
creating simulated surfaces which are an accurate representation of the types
of surfaces that we see in 1980 - 2010, but with further research, we believe that
it may be possible that other suitable initial conditions exist and may be even
better for creating simulated surfaces. As an example, perhaps some researchers
may want to design a simulation where the north and south ends of waves curl’
instead of forming a largely vertical pattern. Another example could be that
some wish to impose additional or different types of noise beyond that which

we instituted.
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Some differences which some may think are important or necessary may
include turning the simulated surface into a half-spheroid or another similar
shape. While this is not wrong, the result will be the same, as the homology of
the surface is the same whether it is created as a four-sided surface or a hemi-
sphere. Different conditions or settings which create a more ’accurate’ depiction
of the surface are totally acceptable, but the results of any analysis will be gen-
erally identical. The only potential issue we need to resolve when performing
TDA on a real isobaric surface is to make sure to "cut” the hemisphere at the
latitude with the highest average height. This will have the effect of making sure
that the surface is highest at the edges, just like the simulated surfaces.

One note that we make here is that some may wish to create a simulation
which simulates the behavior of the northern hemisphere or globe over the en-
tire time course, or at least for multiple days at once. We do not criticize this
notion, but we do offer one perspective; no matter whether a simulation is cre-
ated for one day or multiple days, we have yet to encounter examples where
estimation of wavenumber is based on information outside of a single isobaric
plot. From this, we believe that creating simulated surfaces in isolation is appro-
priate: surfaces are created in roughly the same way that they are assessed, which
should lead to few or no issues with using a simulation created in the manner
we used. Again, others may find positive results with a different simulation;
we encourage the use of any tool that can improve estimation of wavenumbers

through TDA and the sequential filtration.

4.5.2 Alternative Metrics for Estimating Wavenumbers

In Section we discussed three different metrics for estimating the number of
Rossby waves in a surface. We used these metrics along with a training and test

dataset to evaluate the accuracy of each metric. While the best of these metrics,
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X2, has a very reasonable measure of accuracy at over 86% accuracy, we readily
acknowledge that seahorse plots and their summaries as in Table |4.1 may be
summarized in numerous ways. We describe one avenue for exploration here
and acknowledge the possibility for other metrics as well.

In contrast to the measures used in Section 4.3} wed like to mention one
metric focused on the heart of the plot. This cluster typically has a known
structure; namely, we observe concentric regions, with the innermost regions
indicating higher feature numbers. If we take w to be the maximum wave num-

ber in the central region and then count all pixels which meet two criteria:

a) the pixel shares a side with the central cluster (which starts at just single

point)
b) the pixel’s wave number satisfies w; > w.

By using the above criteria on all pixels in the plot (or by iterating around
the points connected to the initial heart), the central cluster of pixels will grow
to include all points that are connected to the center where w; € {w,w—1,w—
2}. The resulting cluster typically will have the appearance of three concentric
rings. Since this approach only considers pixels which are connected to the
main central cluster, it will be completely unaftected by any tail behavior. We

can compute this metric using

Ci
n1+n2+...+n8+n9+’

DPeenteri =

Where C; is the pixel count of the set of connected pixels using the above criteria.
One could formulate this metric for a different range of feature counts, although
we found that two consistently yielded the best results.

We believe that such a metric could serve as part of an approach for estimat-

ing wavenumbers, but the current description does not lead to a clear set of
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values to compare for differing candidate wavenumbers. With the three metrics
we used, it was clear how to go from the values produced by that metric to an
estimated wavenumber. With this general approach, we do not have the same

path which makes the estimation process unclear.

4.5.3 Number of Hearts

In examining seahorse plots over many days from 1980-2010 as well as other
years, we occasionally witnessed a somewhat strange phenomenon. Instead of
a plot which featured a single central region (which we’ve sometimes called a
’heart’), we have occasionally witnessed two distinct central regions. We will say

that a seahorse plot has a second central region if it meets the following criteria:

1. the region has a highest feature number w’ and two concentric regions
with feature numbers w’ — 1 and w’ — 2 which are unconnected from

the first central region.

2. this second feature occupies at least 20% as many pixels as the first central

region (this number may need revision).

This type of structure, which we’ll call a’two-heart’ plot, does not follow the
expected structure of these plots. Part of the issue here is that with two central
clusters, one may naturally wonder whether the Rossby waves are showing up
in the first heart, the second heart, both, or neither. The truth is that there is not
a single correct answer to this question. When we look at these two-heart plots,
it does not seem that there is a clear pattern in how to estimate Rossby waves on
these days. We believe that estimating wave numbers on these days is difficult
or even impossible, and we leave it as an open question. Currently, we would

perhaps suggest that parties especially interested in estimation of wavenumbers
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may want to adapt their solutions to return a result of "Inconclusive” for any

two-heart days.

4.5.4 Other Rossby Waves

While the additional topics one may investigate with ideas from this work may
expand beyond topics already listed, we do want to list one additional applica-
tions for this work or something similar to it. The first is analysis of Rossby
or Rossby-like waves outside of earth. In Covey and Schubert [4], the authors
describe the presence of Rossby waves on Venus, while Solar Rossby waves are
modeled and described in Dikpati et al. [7]. While the specific dynamics of
Rossby waves on each of these objects may be different than the Rossby waves
analyzed here, we do note that our work may have a natural extension to Rossby

waves in other places.

4.5.s Manifold Deformation

Atits core, this work has provided a tool for describing the “texture” of a mani-
fold. We used these tools for describing deformations in isobaric surfaces. None
of this work is restricted to studying isobaric surfaces. The use of sequential
filtrations could be a candidate method for describing the number and type of
deformations on a manifold. Staying within the realm of studying various man-
ifolds on Earth, we point oceanography as a natural arena for use of sequential
Morse filtrations. Instead of going “up” from the surface, we could envision
response values within a region (such as an individual ocean) as the depth below
sea level where a certain pressure value or temperature is reached. Alternatively,
the response value could be based on surface temperature, windspeed, current
speed, or other features of the ocean. Some of these data may be available via the

Argo satellite system Program [z1] or from other sources. These data may help
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those who study oceans to gain insights about deformations in manifolds of
the above response values, which is a very natural extension of the work already

included in this dissertation.

4.5.6 Access to Turnkey results

Part of the benefit we provide in this work is the development of tools which
provide estimated Rossby wave frequencies for each day of NCEP/NCAR data.
One tool which we do not present in this work, but which we plan on develop-
ing, is a web portal where researchers can provide various inputs such as: start
date, end date, desired frequencies, length of the given wavenumber, choice
of metric (Dprev, Prprev x? or others), and others. The portal would then re-
turn to the user the range or ranges of dates where this method yields the given
number of waves. To our knowledge, such a turnkey dataset does not exist. We
are very excited to share this result publicly. Developing and maintaining this
portal would also enable us to update estimates with additional metrics and

different simulation settings.
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CHAPTER 5

CONCLUSION

In this dissertation, we’ve identified an ongoing issue in atmospheric science
research. Namely, many researchers are interested in identifying the number of
Rossby waves in the polar jet stream given an isobar such as the soo hPa surface.
Those in the field have gone to far as to state that meaningful conclusions about
climate, weather, and other events are dependent on the method used to sum-
marize various attributes of these waves. We’ve shown how this question can
be considered as a question about the number of persistent deformations in the
surface using Topological Data Analysis(TDA). Our work here has focused on
refining current TDA tools to analyze this type of data, developing a simulation
to create an accurate representation of soo hPa surfaces, and the development
of three separate metrics whose accuracy points to encouraging potential for
such a tool.

The Morse filtration in TDA is used to measure the number of persistent
features of a given dimension and has been used in a variety of applications.
When the response surface is dominated by a single feature, the “shape” of
those data is not very compelling from a homological standpoint. While TDA

has often been described as a way to analyze the “shape” of data, the nature of
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Rossby waves requires us to know about the “texture” of the data instead. We
developed a TDA tool which we call sequential Morse filtration which helps to
measure persistence across two different scales. We can measure the persistence
of features in the isobar across latitudes (one scale) as well as filtration heights
(a second scale). This multiscale approach to TDA enables us to look at the
“texture” of surfaces like the soo hPa surface of geopotential heights. Part of this
developmentinvolves the development of a new visualization tool for sequential
Morse filtration which we’ve named the seahorse plot which serves as a way to
visualize multiscale persistence.

We then developed a simulation to replicate the behavior of isobaric sur-
faces. This simulation has beneficial properties. It has an intuitive construction
which allows for clear discourse between practitioners and statisticians, which
is crucial in discussions for development of current and future approaches for
analysis. The simulation is modular, which enables researchers to add new layers
or remove existing layers as a method for envisioning these data in the presence
or absence of various phenomena. Additionally, this simulation method is flex-
ible; it is based on historical data but allows for the creation of surfaces which
not represented frequently, such as very high wavenumbers. We then used this
simulation to form a basis for measuring and estimating wavenumbers in cases
where the true wavenumber is known; something we cannot do with existing
data.

We have proposed three different metrics for this estimation process. All
three have some intuitive application, but performed at differentlevels. The best
measure, which operates similar to the familiar x* value for a frequency table,
obtains a prediction accuracy over 86%. This metric proves to be a promising
overall metric for analyzing soo hPa geopotential height data, which can en-

able the creation of a turnkey dataset for estimated wavenumbers using current
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geopotential height data. We expect that the use of this estimation method
will create greater cohesion among atmospheric scientists as it provides an clear
and logical framework for estimating wavenumbers and helps to serve as an
automated and accurate method for such estimation using sequential Morse
filtrations.

This work is among the first approaches to multiscale persistence using a
TDA framework and can be used to provide accessible and universal tools for
Rossby wave estimation. We look forward to helping to promote adoption of
sequential Morse filtrations for Rossby wave estimation. This work advances
TDA by expanding descriptions of overall persistence of features using Morse
filtrations towards describing more localized persistence using sequential Morse
filtrations.

We also describe future directions for related work, including potential av-
enues for improving these estimation methods. We have noted some trends in
seahorse plots which may merit further study, like the phenomenon of multiple
hearts in a seahorse. We believe that the development of additional metrics for
estimation remains an open question. This work also has natural extensions to
studying Rossby waves in places other than Earth, and we also point to the use
of sequential Morse filtrations more generally, as in the case of oceanographic
data or any other manifold whose texture is of interest. We look forward to
using sequential Morse filtrations in providing a turnkey dataset for Rossby
wavenumbers thoughout all years with NCEP/NCAR data and maintaining

development of related tools.
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