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CHAPTER I

INTRODUCTION

The reaction diffusion equations are widely used in modeling population dynamics, chemical reactions,

and certain physics phenomena, [[7]. The general form of diffusion-reaction equations is

where d is a positive constant. The left hand side term stands for time dependent variables, whereas dAwu
acts as the diffusion term, and f(u) describes the rate of formation of the components. In chemistry,
these equations represent how the rate of chemical components’ diffusion interact with the rate of their
production.

There are numerous numerical methods for solving partial differential equations, such as finite dif-
ference methods (FDMs), finite element methods (FEMs), and finite volume methods (FVMs). They
all have their own advantages and shortcomings. FDMs approximate the derivatives by finite differences.
It’s relatively easy to implement if the domain of the problem is rectangular, however, this method is
not efficient when handling curved domains [1o]. FVMs approximate PDE solutions in forms of alge-
braic equations that satisfy certain conservation laws. FVMs can be used to approximate solutions over
a complicated domain, however, the global converging order can not be easily improved by refining the
mesh [4]]. FEMs discretize large domains into smaller sub-domains, then approximate the solutions on
each sub-domains by reducing associated errors, eventually, put all approximated solutions together using
piece-wise functions. There are many benefits of FEMs including but not limited to handling complex
domains and ease of adjusting the degree of the approximated solutions. However, comparing to FDMs
and FVMs, FEMs are harder to implement due to the systems’ complexity [3]. Approximating PDE solu-
tions with splines is also a well studied subject. [5] by Gutierrez, Lai, and Slavov discussed the solution for
diffusion-reaction equations using bivariate splines.

Weak Galerkin finite element methods were first introduced in [12]] by Wang and Ye for second-order
elliptic problems. Comparing to the standard Galerkin finite element method which requires the ap-
proximating functions to be continuous polynomials, weak Galerkin finite element methods define weak



gradients to allow the approximation solutions to be discontinuous. Allowing discontinuous approxima-
tion has two advantages [14]:

1. it’s easy to construct high order elements;

2. it’s easy to work on general meshes.

Yet, discontinuous approximation may run into issues with stability, thus often requires stabilizing terms
to achieve stability and convergence, which add to the complexity of the formulation. By defining some
particular weak gradients, [14] introduced stabilizer free weak Galerkin finite element method (SFWG)
for the first time. The optimal way of defining the weak gradient is established in [r1].

Achieving a high convergence rate has always been an important goal of numerical solutions for PDEs.
For example, the standard finite element method for solving Poisson’s equation with linear equation as
bases have first-order convergence []. A method is considered to be superconvergent if the convergence
rate exceeds general expectation.

In this thesis, we will apply SFEWG to a diffusion-reaction equation and prove that it achieves supercon-
vergence order of order 3 for energy norm and order 4 for L? norm. Furthermore, we conduct numerical
experiments to validate the theoretical results.

The thesis is structured as follows: In chapter 2, we will define the finite element scheme in one
dimension, conduct error analysis and numerical experiments. We extend the result to two dimensions
in chapter 3.

We consider the following reaction diffusion equation in this thesis,

—Au+cu = f, inQ (r.1)

u = 0, ondfd. (r.2)

where () is [a, b] in one dimension case and is [a, b] X [a, b] in two dimension case, and ¢ is a positive
constant.

Let D be any domain in one or two dimension. We adopt the standard notation for Sobolev space
H?*(D) and their associated inner products (-, -)s p, norms || - ||s,p. When s = 0, the space H*(D)
coincides with L?(D), for which the norm and the inner product are denoted by || - ||p and (-, ) p,
respectively. When D = €, we drop the subscript D in the norm and inner product notation. In one

dimension, we have:
1

el = lllo =ity = ( [ fufas)”

lullop = (w(ziz1)® + U(%)Q)%

In two dimension, we have:
1

fullo =G = ( [ fupar)

nw@wzg/m%m%



Let Hj(£2) denote the closure in H'(f2) of the space of infinitely differentiable compactly supported
functions, where

H'(Q) = {f € L*();0.f € L*(Q),0,f € L*(Q)}.
Note that H}(2) C HO(Q).



CHAPTER 2

SUPERCONVERGENT WEAK GALERKIN

FINITE ELEMENT METHODS FOR ONE

DIMENSIONAL REACTION-DIFFUSION
EQUATION

2.1 Preliminaries and Notations

In this section, we define the mesh, the stabilizer free weak Galerkin finite element space, and the weak
gradient.

Let Q) = Uf\;l I with [; = [x;_1,2;] and T, = {[;|i = 1, --- , N}, where the mesh size is denoted
as h = max |[;|. For a given integer k& > 1, let V}, be the weak Galerkin finite element space associated
with 7}, defined as follows:

Vi, ={v={vo, v} : volr € Pi(I), 0] € Po(x),x C I, I € Ty, vp|lon =0} (2.1)
In one dimensional case, vj, takes a single value on z; fori = 1,--- | N.

Definition 2.x.x. Forv € Vj, a weak derivative D v is a piecewise polynomial such that on each I,
Dyv € Pyy1(1;) satisfies

(Dwv, @)1, = —(vo, D@)1, + (v, @or,  Vq € Pryagay), (2.2)
where (vy, @) o1, = Vp(x:)q(x;) — vp(xi—1)q(xi—1), and Dq is the derivative of q.

For example, in the case where k = 1, the weak derivative of v on interval [ is defined to be quadratic
polynomial, such that for all degree 2 polynomial g on I we have

(Dwv,q)r = —(vo, Dq)1 + vp(x:)q(x;) — vp(wi—1)q(@i—1).



For simplicity, we adopt the following notations,

(v,w)y, = Z (v,w), = Z/[ wwdz,
(v,w)or, = Z<U>w>ah = Z (v(@)w(z:) — v(zim1)w(@i1)) -

Algorithm 2.1.x. A SFWG finite element method for — seeks wy, € Vi, such that
(Dwuiu Dwv) + C(u()v UO) = (fa U()),VU S Vh'

Forany v € V},, we define two semi-norms,

loll* = (Dwv, Duv) + ¢llwoll?,
lollFn =Y (IDwoll? + hi'llvo = wsll3) + ellvoll®.
IeTy,

2.2 Well-posedness of the scheme

Theorem 2.2.1. Algorithm|o.1.1will give an unique solution.

Proof. By the definition of the energy norm , we can see that it is indeed an norm, i.e. |||v]|| = 0, if

and only if v = 0. Thus, it guarantees the uniqueness of the solution. Therefor, the SFWG method is

well posed.

Lemma 2.2.1. There exist a positive constant Cy independent of b, such that for any v € V},, we have

Cilloflin < vl
Proof. Choose ¢ € Pj41(I;) on each I; such that
q(@im1) = W (—vp(@im1) + vol(mim1)),
q(z:) = h™" (vp(@i-1) — vo(i-1))
(¢, pe—1)1 = (Do, pr—1)1 + c(vo, v0)1, Vpr—1 € Pr1(L;).

]

(2.8)

Since ¢ € Pyy1(1;), it will have k + 2 coeficient and they can be determined by the above equations.

By the finite dimensional norm equivalence and the scaling argument,
lqll < Cllollin
By (2.2)), with above ¢, and Cauchy-Schwarz inequality, we get
[0l = (Dwv,q) < [Duwollllgl < lvllllvlls.

2.3 Error Analysis

2.3.1 Error Equation

Let I1; be the element-wise defined L? projection onto P;(I) for I € T, and Qpu = {Iju,u} € Vj,.



Lemma 23... Letp € H'(Q),q € Pyy1(1). Then onany I € Ty, we have
(Dw(Qn9), q) = (x41(D9), q). (2.9)

Proof. Using the definition of weak derivative , definition of L? projection, integration by parts, and
definition of L? project, we have that for any ¢ € Py ()

(Dw(@n),q); = =g, Dg)1 + (¢, qor
= —(¢, Dq)r + (&, Qa1
= (Do, q)r
= (y11(D9), )1,

which implies Lemma
]

Letey, = Qpu — up, = {yu — up,u — up} € Vj,. Then, the error equation for ey, is derived as
follows.

Lemma 2.3.2. Foranyv = {vy, vy} € Vj, it holds
(Dyen, Dyv) + c(u — ug,vo) = l(u,v),
where

l(u,v) = (Du — 1 Du, vg — vp)or, -

Proof. To begin with, we multiply the main equation by a test function vy and use integration by
parts to obtain
(f,v0) = (—u" + cu,v9) = (Du, Dvg) 7, — (Du,vg)ar, + c(u, ).
Since Du is continuous at all the interior points in 7}, and v, = 0 at the boundary points, we have
<Du, Ub>67’h = O,
which implies
(f,v0) = (Du, Dvg)7, — (Du,vg — vp)a1;, + c(u, vp).
Moreover, it follows from the L? projection and integration by parts that
(DU,, D"U())Th = (Hk+1Du7 D’UD)Th = —(D(Hk_HD’LL), Uo)Th + <Hk+1DU, U0>8Th‘
In this case, we note that Dvg € P,_1(I) forany I € 7Tj,, which makes it possible to take the L?
projection of Du. Thus, by the definition of the weak derivative D,,v € Py41(]) in , We arrive at
(Du, Dvo) 1, = (g1 Du, Dyv) 7, + (g1 Du, vg — vp)ar,
= (Dw(Qhu), DwU>7’h + <Hk+1Du, Vo — Ub>67'h-
Indeed, the second equality holds because 11y 1 Du = D,,(Qnu) with respect to any polynomial of
Py41(I) in Lemmal.3.1 Therefore, we have an intermediate result,
(—UH + cu, UO) = (f7 'UO) = (Dw(QhU), Dwv)Th B <Du - Hk’—i—lDua Vo — Ub>877l + C(“) UO)' (2"10)
Finally, by subtracting (2.s)) from this intermediate result, we obtain
0 = (Dyen, Dyv)7, — L(u,v) + c(u — ug, vg).
We conclude the proof by moving I(u, v) to the other side of the above equation.



2.3.2 Error Estimate in Energy Norm

For any function ¢ € H'(I;), with [; = [z;_1, ;], the following trace inequality holds true:
llollor, < C(hﬁl O[3, + h || Do|l7).

Lemma 2.3.3. Foranyw € H*"3(Q) and v = {v, vy} € Vj,, we have
[U(w, v)| < CRM2[wjys][l0]]l. (2.11)

Proof. By Cauchy-Schwarz inequality, we have

[l(w,v)| = Z (Dw — 141 Dw, vy — vp)ar
I€T,,
<Y (|1Dw = Ty Dw|or|[vo — vilar) -
I€Ty

Applying Cauchy-Schwarz inequality for series, and multiplying and dividing by / at the same time, we

arrive at:

1 1
> (I1Dw = e Dwllar||ve — vsllar) < (Z hi||[Dw — Hk+1DwH§z) (Z hi v — Ungz) :

I€Th I€Th I€T,
Applying trace inequality to || Dw — IIj+1 Dw||3;, we have

! !
IeTh IeTh

After simplifying and applying interpolation error, we arrive at:
1

2
(Z hi|[Dw — Hk-i-lDngI) < C(h%“\w\im)% = Chk+2|w|k+3-
I€Ty,

By (2.7) and (2.2.1), we have
%
(Z hytwo — Ub||<291> < [Jvlf1n < Cv]]l-

I1€Ty,
Combining the above steps, we have proved the lemma. O
Theorem 2.3.1. Let uy, € V), be the SFWG finite element solution of (2.5). There exists a constant C such
that

1Qnu — up|| < CH*2|uljys. (2.12)

Proof. Recall e, = {Ilyu — ug,u — wp}. Letv = €5 in Lemma we have

l(u,ep) = (Dyen, Dyep) + c(u — ug, Iu — ug).
Since [Tyu — ug € Py (1), we can take the L? projection of u — g, thus

[l(u, en)| = (Dyen, Dwen) + c(lyu — ug, Hyu — ug) = |||en]||-
By Lemma applied to v = ey, we have
l(u, en) < Ch**2[ulyysenl]-
Thus,
llewll < CHFJulirs



2.3.3 Error Equation in Ly norm

The considered dual problem seeks ® € H;j () N H?() satisfying

" +cd=¢ in (2.13)
Assume that the following 2-regularity holds:
@[> < ¢f|eol|- (2.14)

Theorem 2.3.2. Letuy, € V), be the SFWG finite element solutions of (2.s)). Assume that (2.14)) bolds true.
Then there exists a constant C such that
ITLhu — ug|| < Ch¥ 3| ulpys. (2.15)

Proof. Testing by ey, we have
leol|? = (=" + c®, ).
By letting u = ® and v = ¢}, in (2.10)), we have
leoll> = (DWQr®, Dyer) + (P, e0) — L(D, ep).
By the definition of L? projection and Lemma
(DwQn®, Dyer) + (P, e9) = (Dy@n®P, Dyen) + (1P, e9)

= Z(U, th))

By triangle inequality, we have
leoll® = [1(u, Qu®) — 1P, e5)]
< |l(u, Qn®)| + |1(D, er)]- (2.16)

By Cauchy-Schwarz inequality and the trace inequality, we have

(1, Qu®)| = | Y (Du — My, T — @)y
IeTy,
<> 1Dw = g D[ TP — @l
I€Th
1 1
2 2
< (X mou- maputy ) (o7 ima - o)
IeTh, IeTy,



Applying trace inequality and using interpolation error on the first term, we have

2
(Z hi|| Du — Hk+1DU||%1>

I€Ty

1
<C (Z hr (hiY|Du — Mgy Dul|? + hy|| D(Du — HkHDu)H%))
1€Ty

N

<0 (Z B (1 )+ b (B ol ) )

I€Th
S C’hk+2|U|k+3.
Applying trace inequality to the second term, we have

1 1
3 3
(S timo-oli,) <0 (3 i7" (ima - ot 4 oo - o))
IeT, I€Th

By interpolation error and the fact that ® € Hj (), we have

[T — |7 < h7l|®|3
and
IDIL,® — ®)[|7 < h?||®]]3.

Combining the three inequalities above, we have

1
(Z hy |1 @ — ‘PH%I> < hl[®]l2.

IeTy,
Thus,

[(u, Qu®)| < CRM?|| D5 (2.17)
By Lemma we also have

By (2.15), we have

U@, en)| < Ch|®lallenl]-

(@, en)] < CREF| @5 |ulgys.
Since |P|y < ||®||2, we have

1@, en)| < CHEF2|[®]|s]ulpys.
Thus, by using (2.16) and (2.17),

leoll” < Ch*2luliys||®|lo.
Finally, by H 2—regulalrity,
lleol| < CH**|ulkys,

as desired. l

2.3.4 A Locally Lifted P}, Solution

As L? norm error of the SFWG solution with linear basis function is order one convergent, we lift the

solution to a Pj solution which achieves order four convergencen for the L? norm. In the general case,



elementwise we compute a solution iy, € II;e7;, Pyyo(1) for
(D, — Dyun, Dp) = 0, Vp € Hrer, Preyo(I)\FPo(1), (218)

(4, —up,p) = 0, Vp € Iler, Po(I). (2.19)

Remark 2.3.1. The square linear system of equations (2.18))-(2.19) has a unique solution because when
up, = 0, @a8) implies || Dy, ||* = 0 and Gy, is a constant on each 1. By (2.19)), the constant is zero.

Theorem 2.3.3. Letu € H}(Q) N H**3 be the exact solution of (ti)-(t2). Let uy, € Vi, be the SFWG
finite element solution of (2.s). Let Uy, € e, Pito be locally lifted solution of (218)-(2.19). Then there

exists a constant C such that
= anll < CHF*fulrs. (2.20)

Proof. By @),
Hoﬁh = Houh.
We separate the error into two parts:
lu = || < [[To(w = @) + [|(1 — o) (u — an)-
For the first term, by definition of L? projection and interpolation error, we have
Mo (u — i) || = T (Tpt — wp) || < [Tt — || < CHM Py s.
For the second term, we separate it into two terms using interpolation error and triangle inequality
(1 = To)(u — @n)|| < Ch[|D(u — )|
< ORIDu ~ Ty + Chll D(TTe o — )]
For the first term, we can apply interpolation error:
Ch||D(u — My ou)|| < CR 2 lulyys.

For the second term, by (2.9), (2.18)), and (2.12)),

I D(Iyy0u — )|

= (D(H;ng — u), D(H;ng — ﬁh» + (Du — Hk+1Du, D(Hk+2u — fbh))

+ (Dthu — Dwuh, D(Hk+2u — ﬁ))
By Cauchy-Schwarz inequality and the fact that ¢ is positive, we have,

DMy y2u — i) [|* <(ID[Myp2u — w)|| + [ Du — Mgy Dull + | Qnu — unl))
(D (Hypou — )]
By interpolation error and (2.12),
DMk ou — i) [|* < CR* 2 Julgys|| DTk 9w — ) |-

Combining the three main inequalities, we have

lu — an]| < O lulpes + CR P |ulpgs + CHF P fulips < ChMP ufpys.

2.4 Numerical Implementation

First we list the important notation used in this section, see Table

10



Table 2.1: Important notation for our numerical implementation

Notation

Explanation

A

stiffness matrix

M

mass matrix

global basis function

)

local basis function

ma(x) mo () = (57)°
m(z) m(z) = %(1' — ;)
n2() na(z) = —%(35 — Tiy1)

C; coeflicients for basis functions

We can represent D,,u as linear combination of monomials m ()

Dyu(x) = Z Sma (),

where S is a matrix of the coefficients of m,, () to be determined later.

We can also represent u as

N

up(z) = Z c;®i(z).

i=1
For the case where there are 2 sub intervals, we will have 2 x 2 + 3 = 7 basis functions, see Figure

T 2 o4
)
l/ ®1 ®3
0 0.5 1
o) o o)
T d5 6 ®7
.
0 0.5 1

Figure 2.1: Global Indexing of the basis functions

II



2.4.1 Derivation the stiffness matrix

Our goal is to find coeflicients ¢; to represent uy, (). The strategy is to first derive the local stiffness matrix,
using local basis functions ¢;(z) see Figure[2.2} then use it to construct the global stiffness matrix.

/\. |
o— ¥o)
0 o1 h o o2 h o 3 h o h

®4

Figure 2.2: Local Indexing of the basis functions

In this section we present the method for constructing the numerical implementation. For simplicity,
we consider the case where & = 1, and we have 2 subintervals. Let

Dydi(z) = SPmg(r), 1<i <4,

define
(m2,m2) (m17m2) (mo,m2)
G:=| (mo,my) (my,my) (mg,mq)
(m27m0) (ml,mo) (mo,mo)

Then,

(Duti(@), Duj(x)) = (Z Stma(w), ) S?mam) =S/ GS;.
Using m, (z)’s as test functions, we can find S;, however, it s iot necessary to find S. Let b; = GS;, then
(Dwis Do) = biTG_lbj- (2.21)
We can compute b; by definition:
(bi)a = — (¢, Dmg) 1 + (dis ma)ar.

We find that
11 1
5 4 3
SUEEEAE
33 1
2 1
-3 =3 0
B:(bl b2 b3 b4): —% —% O
0O 0 -1
Thus

(Dw¢ia Dw¢j) =
—-16 4 —6 18

Now we can construct the global stiffness matrix:

12



A:=(Dy®,D,®)=| 0 0 —4 16 0 —16 4

2.4.2 Derivation of the mass matrix

We can directly calculate the mass matrix:

|—=

2

1
(1,217, = (@2, ), = (@0, ), = (0,0 = [ (20) 20} = .
0
2 1
(q)l, @2)7;1 = (q)Q, @1)7;1 = (@3, @4)7;1 = (@4, @3)771 = / (2$)(—2Q? + 1)dl’ = 5
0
The terms that involve the boundary basis functions are automatically zero, because the involved basis

functions have disjoint support.

1/6 1/12 0 0 00 0
1/12 1/6 0 0 0 0 0
0 0 1/6 1/12 0 0 0
M:=(®;,®,).=| 0 0 1/12 1/6 0 0 0
0O 0 0 0 000
0O 0 0 0 000
0O 0 0 0 000

2.4.3 Derivation of the numerical solution

Gaussian quadrature is a powerful numerical tool when it comes to approximating definite integrals. The
general formula is:

2 2 2

where n is the number of quadrature points, { are the quadrature points, and w; are the corresponding

b n
b—a b—a a+b
J e S ]
a i=1

weights at each points. We list a few quadrature rules below in Table |2.2} the quadrature rules can be
computed using the code found in [13] For a given function f, to find the numerical solution, i.e. the ¢;’s,
we can test by the basis functions ®;,1 <7 < 7.

(A+ M)c, =T,
where ¢, = [c1, ¢, ..., 7] and £ = [(f, ®1), (f,P2), ..., (f, ¢7)][T17b], ie. the inner product
between f and ®; on interval [a, b].
We will use Gaussian quadrature to calculate f, since we have the formula for A and M, we can solve for
Cp, and determine up, ().

3



Table 2.2: Selected quadrature rules

Number of points, n points, &; weights, w;
1 0 2
T
2 i7§ fé
3 0 5
3 5
/5 9
7 4+0.949107912342758 | 0.129484966168870
4+0.741531185599395 | 0.279705391489277
+0.405845151377397 | 0.381830050505119
0 0.417959183673469

2.4.4 Derivation of the energy error

: . o . N
For a given v € V}, to calculate |||v||| numerically, we first rewrite v in terms of @, ie. v = > ., v; ®;.

Thus,
|||U|||2 = (Dwvv Dwv) = (Dw Zviq)iy Dw Z Uzq)z)

— Z Z 0;0;( Doy @iy Doy @)
i

= [Ul Vg * - UNKDw(Di; quDj)[vl Vg == ”UN]T.
i.e.

l[oll* = 1 vs -~ - on]A[vr g -~ wn] T

(2.22)

Next we want find a numerical representation of ) u; we denote the corresponding vector as q,. We
calculate qy, by dividing it into two parts: the part that corresponds to ITu denoted as qy, o, and the part
that corresponds to u denoted as qj, ;. If we restrict our attention to one sub-interval, we can calculate

Qp,0 on this interval:

/(Hlu(x))p(x) dr = /u(m)p(az‘) dx, Vp € Pi(I).
I I
Denote 7; () as the monomial of degree one with slope 3, and 75 () as the monomial of degree one with
slope — %, ie.
1
m(xr) = E(f - ).
Since k = 1, ITyu(x) is linear, so we can use 71 (x) and 79() as our basis functions, thus [Tyu(z) =

an (x) + b ().
Now we want to use the above relation and testing by 7 () and 72() to find @ and b

e L1 = L
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Since (71, M)1 = (12, M2)1 = §,and (M2, m)1 = (n,m2)1 = %’We have

C. { (mym)r - (n2,m)1 } _ { } '

(m,m2)r (12, m2)1
We then use 7- points Gaussian Quadrature combined with similar triangles to calculate the right-hand-

side: temp 1:= [ u(z)m(x)dz

/01< v)do ~ & sz i+ m(zE+3),

where w;’s are the the Gaussian quadrature welghts deﬁned before, and the &;’s are the corresponding

ol w|s
w|so|

quadrature points. We can use similar triangle to calculate 7; and 7, at the desired points, and we can use
the exact solution to calculate u(3&; + 3). Similarly, we can calculate temp 2:= [, u(z)n2(2) da. Thus,

[ a ] [ temp 1 ]

C = :

b temp 2

Now if we look at the whole interval [0, 1], where we have 2 subintervals, we’ll have
a ay | _ temp 1/ T
by be temp 2/

We know that a; and b; are the actual function values at the end of each subinterval for IT; u(z); thus they

on one interval we have:

can serve as the components for gy, o. By using the exact solution for u at the interior points, we can find
gp,p- We can arrange the two components in a way that matches the ordering of the c,.
Since u, = 3.1 ¢;®;, to calculate [|Qnu — up|[| numerically, we simply replace [vy vy - - - vy] in
by q5, — cp,. Thus
1@nu — unlll® = (an — cn)Alan —cx) "

2.4.s Derivation of the L’ error

We adopt a similar strategy to the previous section. To calculate the L? error numerically, we need to
first find the corresponding vectors of II;u and ug. We already defined qj, 0; we now define ¢ as the
part of vector ¢, that corresponds to the interior. Thus, we want to calculate ||qp0 — co||*. Given that

v = Z%“I’i,
o] = (v,0) = (Z v; P, Zvi@z)
= ZZvivj(q)i,CI)j)
i
= [v1vy -~ on]M[vL vy - un] T
Thus,

2 T
lan.o = col|” = (ano = co)M(ano — o) -
Since we know the mass matrix has zero entries on the boundary of each interval, we can simply use

(an — c1)M(qs — cp) " to calculate the L? error numerically.
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2.4.6 Derivation of the lifted solution and its L? error

For the numerical implementation for (2.18))-(2.19), since & = 1, we are looking for a lifted solution in P;.
On each subinterval, there are four relevant basis functions. Let

—Zﬁamax and  D,up(z ZD (e Pr(x

From (2.18)-(2.19), we test Duh by monomials up from degree one to degree three, and testing i, by
constant one, for the left hand side we get:

(Dmg, Dmg) (Dmsg, Dmg) (Dmq, Dmg) (Dmg, Dmg) U3

(Dmg, Dms) (Dmsg, Dms) (Dmy, Dms) (Dmg, Dmy) Us

(Dmg, Dmy) (Dmg, Dmy) (Dmy, Dmy) (Dmg, Dmy) Uy

(mg, ]_) (mg, 1) (ml, 1) (m(), 1) QAL()
9 6 ~
g % 1 0 Us
h 1 1 1 0 Uy
h2 h2 h2 ~
T 5 T b

For the right hand side, on each subinterval we have

4 4
Dyup = Dy, (Ckcbk)> = ci(Dys)

= (Sica + Sies + Siea + Sier) mo
+ (5}104 + Sics + Sica + Sicl) m
+ (SYca 4 Sies 4+ Shea + STer) my.
We can denote this as D, up = romg + rimy + romy. Testing D, uy, by the same monomials as we did
for D1y, we have

(Dyup, Dmg) (mg, Dms) (my, Dmgs) (mg, Dmg) o
(Dyup, Dmg) | = | (mg, Dmgy) (mq, Dms) (mg, Dms) r
(Dyup, Dmy) (mg, Dmy) (mq, Dmy) (mg, Dmy) To
AR
3 2 o
Furthermore,
- s2 g2 52 527 |
mo|=|Shsisyst||®
ol Lsysgsisil|
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We can find S by matrix B and G in (2.21). Testing uy, by constant one, we have (uj,, 1) = [ a®idr +
f ; CoPodr = %h. By setting both side equal to each other, we can solve for the coefficients . Finally,

given the exact solution, we can use Gaussian quadrature to calculate ||u — @y |].

2.5 Numerical Experiments

In this section, we examine the stabilizer free WG method by testing its accuracy and convergence order
for solving diffusion-reaction equation. For convergence tests, we consider linear basis functions, i.c.
k = 1. The mesh generation and all computations are conducted in the MATLAB environment defined
by following above section. For simplicity, we only use uniform mesh size, even though the WG method
is known to be very good at handling different finite element partitions [9,|8]. We are expecting order 3
superconvergence for the energy norm error, and order 4 superconvergence for the L? norm error. As
for the L? norm of the lifted solution, we expect order 4 superconvergence . We present several examples

here.

2.5.1  Example 1: Quadratic polynomial solution

In this test, let 2 = (0, 1), and we solve the following equation:
' +u=a*—2—2,

u(0) =u(1) = 0.
The exact solution to this problem is

u(z) = 2° — . (2.23)
Applying the stabilizer free WG finite element method, we achieve the results in Table As we can see,
our method achieves machine zero error for the energy norm, L? norm, and the L? norm for the lifted
solution. Thus, for quadratic exact solutions, the proposed method can compute the solution exactly.

Table 2.3: Error profiles and convergence rates for solution (2.24)
Grid | |[TTyu — wo|| rate | [|Qnu — upl|| rate
2 1.3741e — 15 N/A | 4.7320e — 15 N/A
3 1.8958e — 15 N/A | 7.1890e — 15 N/A
4 6.4547¢ — 15 N/A | 2.1877e — 14 N/A

Grid |lu— up|  rate |lu — || rate

2 4.6585¢ — 03 2 | 1.3682¢e —15 N/A
3 1.1646e — 03 2 | 1.8728e — 15 N/A
4 29115e - 04 2 | 6.4172e — 15 N/A
5 72789 — 05 2 | 2.5560e — 14 N/A
6 1.8197¢e — 05 2 | 1.1508¢ — 13 N/A
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2.5.2 Example 2: Cubic polynomial solution

In this test, let 2 = (0, 1), and we solve the following equation:
—u" 4+ u =2 — Tz,
u(0) = u(1) = 0.

The exact solution to this problem is

u(z) = 2° — . (2.24)
Similarly to previous example, by applying stabilizer free WG finite element method, we achieve the results
in Table As we can see, our method achieves machine zero error for the energy norm, L? norm, and
the L? norm for the lifted solution. Thus, for cubic exact solutions, the proposed method can compute
the solution exactly.

Table 2.4: Error profiles and convergence rates for solution (2.24)
Grid | |[TTyu — wo|| rate | [|Qnu — uyl|| rate
2 2.0155e — 15 N/A | 7.0125e — 15 N/A
3 2.8324e — 15 N/A | 1.0640e — 14 N/A
4 1.0134e — 14 N/A | 3.4275e — 14 N/A

Grid |lu —up|| rate |lu — 1yl rate

2 8.0109¢e — 03 2 | 1.9202¢ —15 N/A
3 2.0136e — 03 2 | 2.7845e — 15 N/A
4 5.0407e — 04 2 | 1.0075e — 14 N/A
5 1.2606e — 04 2 | 3.7842¢ — 14 N/A
6 3.1518e — 05 2 | 1.7452e — 13 N/A

2.5.3 Example 3: Quartic polynomial solution

In this test, let 2 = (0, 1), and we solve the following equation:
—u" 4+ u =zt — 142 + 2,
u(0) = u(l) = 0.

The exact solution to this problem is

u(z) = 2* — 2% (2.25)
By applying stabilizer free WG finite element method, we observe the desired convergence order in Table
It can be seen that the weak solution has convergence of order three for energy norm and order four for
L? norm. We can also observe that the error of the lifted solution has order four convergence, comparing
to the order two convergence of the non-lifted solution. A more straightforward representation of the
convergence order can be found in Figure 2.3} this graph is generated by using code developed in [2]. The
ratio between the change in the exponent for the y axis and the change in the exponent for the z axis
represent the order of convergence. As we can see, when the mesh size is too small, the convergence order
may decrease due to machine precision.
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Table 2.5: Error profiles and convergence rates for solution (2.25)
Grid | |[TTyu — wo|| rate | [|@Qpu — upl|| rate
2 1.2042e — 04 4 | 1.7999e — 03 3
3 7.5264de —06 4 |2.2539e—04 3
4 4.7040e — 07 4 | 2.8187e—05 3
5
6

2.9400e — 08 4 | 3.5237¢e—-06 3
1.8374e — 09 4 | 4.4048¢ —07 3

Grid |lu —up|| rate |lu— ap|| rate
2 9.2462¢ — 03 2 | 1.4738e —04 4
3 2.3680e — 03 2 | 9.2187e—-06 4
4 5.9552e — 04 2 | 5.7629¢ — 07 4
5 1.4910e — 04 2 | 3.6020e — 08 4
6 3.7289¢ — 05 2 | 2.2512¢e —-09 4

2.5.4 Example 4: Trigonometric solution

In this test, let 2 = (0, 1), and we solve the following equation:
—u" +u = m*(sin ) + sin(7x),
u(0) = u(1) = 0.

The exact solution to this problem is

u(z) = sin(mx). (2.26)
By applying stabilizer free WG finite element method, we observe the desired convergence order in Table
It can be seen that the weak solution has convergence order of order three for energy norm and order
four for L? norm. In Figurewe plot the figure of the exact solution in red and the numerical solution
in blue and *, to compare and observe how the performance improves as we refine the mesh size. We can
also observe that the error of the lifted solution has order four convergence, comparing to the order two

convergence of the non-lifted solution.

Remark 2.5.1. As we can see, the L? norm of the difference between the exact solution and numerical solution
has order one convergence. That is due to the interpolation error. By triangle inequality:

= un|| < flu = yull + [[hu — ],
where the first term bas second order convergence and second term is proven to be fourth order convergent.
Whereas the the L* norm of the difference between the exact solution and the numerical solution bas order
four superconvergence.
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Figure 2.3: Convergence Rate for solution (2.25))

2.5.5 Example 5: Trigonometric solution with non-homogeneous boundary
condition
In this test, let = [0, 1], and we solve the following equation:
—u" +u = 7*(cos(mx)) + cos(mzx),

u(0) =1,

u(l) = —1.
The exact solution to this problem is

u(z) = cos(mz). (2.27)
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Figure 2.4: Plot of Exact Solution and Numerical Solution of solution (j2.26])

Our method also works for non-homogeneous boundary condition. In this example, we test the method
by using non-homogeneous Dirichlet boundary condition. We observe the desired convergence order in
Table It can be seen that the weak solution has convergence order of order three for energy norm and
order four for L? norm.
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Table 2.6: Error profiles and convergence rates for solution (2.26)

Grid | ||[Ilyu — up|| rate | |||Qru — upl]| rate
2 1.2042e — 04 4 | 5.1139¢e—-03 3
3 7.5264e — 06 4 | 6.4524e —04 3
4 4.7040e — 07 4 | 8.0843e —05 3
s |2.9400e—08 4 |1.0111e—05 3
6 1.8374e —09 4 | 1.2641le—-06 3
Grid |lu — up|| rate |lu— ap|| rate
2 1.6116e — 02 2 | 4.1472¢ —-04 4
3 4.0550e — 03 2 | 2.6089¢ —05 4
4 1.0154e — 03 2 | 1.633le—06 4
5 2.5396e — 04 2 | 1.0211le—07 4
6 6.3496e — 05 2 | 6.3830e —09 4

Table 2.7: Error profiles and convergence rates for solution (22.27)

Grid | |TTyu — wo|| rate | [|@Qpu — upl|| rate
2 3.6294e — 04 4 | 5.1130e —03 3
3 2.286le—05 4 |6.4521le—-04 3
4 1.4315e — 06 4 | 8.0843e —05 3
5 8.9514e — 08 4 | 1.011le—05 3
6 5.5954e —09 4 | 1.2641le—06 3
Grid |lu —up|| rate |lu — ap|| rate
2 1.6117¢e — 02 2 | 4.3593e—-04 4
3 4.0550e — 03 2 | 2.7476e — 05 4
4 1.0154e — 03 2 | 1.7208¢ — 06 4
5 2.5396e — 04 2 | 1.0760e — 07 4
6 6.3496e — 05 2 | 6.7262e — 09 4
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CHAPTER 3

A SUPERCONVERGENT WEAK GALERKIN
FINITE ELEMENT METHOD FOR TWO
DIMENSIONAL REACTION-DIFFUSION
EQUATIONS

3.1 Preliminaries and Notations

In this section, we define the mesh, the definition of the stabilizer free weak Galerkin finite element space,
and the weak gradient. For the 2-D problem, we consider the square domain of 2 = [a, b] x [c, d].
Let Q = [a,b] X [¢,d] = UZ-]LTZ-, with T; being triangles, and 7, = {T;|i = 1,--- , N}, where h is
the largest side length of all triangles. We also define /7 as the diameter of the triangle 7'.
For a given integer k > 1, let V}, be the weak Galerkin finite element space associated with 7}, defined
as follows
Vi, = {v = {vo, v} : volr € Pe(T), vp|le € Pry1(e),Ye C OT, VT € Ty, vploa = 0}. (3.1)
For simplicity, in this section, we only consider the case k = 1, i.e.
Vi = {v = {vo, v} : volr € Pi(T),vp]e € Pa(e),¥eC T VT € Tp,vplo0 =0}.  (3.2)

Next, we define the weak derivative for the case where k = 1:

Definition 3.1.1. Forv € V), the weak derivative Vv is a piecewise polynomial such that on each T,
Vv € (Po(T))? satisfies:

[ Vr-atx= 3 [wia-mis= [w(V-ax vae (ROF 6a)

eCoT

3.2 Numerical Scheme and Wellposedness

We consider the same problem - butin 2-D.
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Algorithm 3.2.x. 4 SFWG method for problem (1.1)-(1.2) secks wy, € V}, satisfying the following equation:

(Vln, V) + c(ug, vo) = (f,v0), Vv € V. (3.4)
Forany v € V), we define 2 semi-norms using notation in 2-D:
oll* = (Vuv, Vi) + ¢llv|?, (3.5)
lollf s = > (IVeollF + Azt llvo — wll2) + ellvol|*. (3.6)
T€eTh
First, we want to establish that |||-||| is a norm, i.e. if |||v||| = 0, then v = 0.

Remark 3.2.1. If|||v]|| = 0, then V,,v = 0 Since ¢ is positive constant, by. , we have
> [ola-nds— [ w(V-ajix=0. vae (R
T

eCOT vV €
We can find qs.t. 4 -n|. = 0and V - q = vo. Thus, fT(UO)ZdX =0, z.e. vg = 0. Similarly, we can find
qst. V-q=0,withq-nl. = vy Y .cop [, vids = 0, thusvy = 0. Thusvy = vy = 0, Ze. v = 0 f
lvllf = 0.

Theorem 3.2.1. There exists a positive constant C, independent of h, such that for any v € V), we bhave
[vlln < Cloll- (37)

Proof. By similar argument as in the one dimensional case, we can pick q such that q - n = h;.' (v, — vp)
and (q, Vvg) = (Vuo, Vg) + ¢(vo, vo). By definition of the weak derivative (3.3)), integration by parts,
and the properties for q, we have

ds]

(Vuv,q) = > Z/ (a- nds—/ (V-q)dX]

TETh LeCOT

— v n) (vo,q-n) — (q, Vug)r
Z / ' q [eCE)T ! !

TE’I},, LeCOT

= Z(Ub —V0,q n)e + (VU0>VUO)T +C(v07U0>]

TeT, LeCOT

= > (IVooll + ellwollF + iz lvo — wl?)
TeT

= [Jv]l1 -
By the finite dimensional norm equivalence,
lall < C[v][1,n-
Given thatcisa positive constant,
[0]13 5 = (Vwv,q) < [Vuollllall < Cllloll[[ofli -

This implies that || - ||1 5 is also a norm. This justifies the well-poseness of the scheme.
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3.3 Error Analysis

3.3.1  Error Equations
In this section, we establish some useful lemmas for error estimates. First, let [Tou be the L2 projection
Qou, onT

Qpyu, one
Qvu € Py(e), (Qou, q)r = (ug, q)7r and (Qpu, p)e = (up, p). forallqg € Py (T) and allp € Ps(e).

from (L*(T'))* to (P(T))?. Define Qpu as follows: Qpu = { , where Qou € Py(T') and

Lemma 3.3.1. Ler q be any vector in (Po(T))?. We bave
(Vw(Qhu>7 q) = (HQVU, q)T

Proof. By the definition of the weak derivative , we have,
(VuQnu,q) = Y / Quu(q - n)ds — / Qou(V - q)dx
T

eCoT V€
= Z (Qbua q- n)e - <Q0u7 V- CI)T
eCoT
We can then apply the definition of ), u to both of the terms, we have
> (Quu,q-n)e — (Qou, V- @)y = —(ug, V-a)r + Y _ (w4, q - n)..
eCoT eCoT
Applying integration by parts, and using the definition of IIyu, we have

— (uo, V-a)r+ ) (up,q-m)e

eCoT
= (VU, q)T
= (IIL,Vu,q)r.
Thus
(Vuw(@nu), q) = (1:Vu, q)r.
]
Lete, = Qpu — up € Vj,. Next, we derive an error equation that ey, satisfies.
Lemma 3.3.2. Foranyv € Vy, the following error equation holds true
(V’weha va) + C(U — Uog, UO) = l(u7 U) (38)

where

l(u,v) = Z (vo — vp, Vu-n — I Vu - n)ar.

TeT,

Proof. By integration by parts,

Z —(Au, vo)r = Z (— Z (vo, Vu - n). + (Vu, VUO)T> :

TeTh TETh eCoT
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Using the fact that

> () (v, Vu-n).) =0,
TeT, eCoT
we have

> —(Aw,v0) = Y |(Vu, Vog)r — Y ((vo — v), Vu - m),
TeT, TeT, eCoT
By the definition of II5 and integration by parts, we also have

(VU, VU(])T = (HQVU, VUO)T
= Z (U() — HQVU . 1’1)e — (Uo, VHQVU)T

eCoT

By the definition of weak derivative ,
(Vu, ILVu)r = Z (vp, eV - ), — (vg, VIIVu) 7.

eCoT

Thus,
(Vu, Vug)r = (Vuu, 1o Vu)r + Z (vo — vy, IoVu - ).

eCoT
By Lemma (3.3.1), with V,,v € [P (T)]?,
(Vu, Vog)r = (Vuu, VuQuu)r + Z (vo — vy, [IsVu - n),.

eCoT
Thus,
Z (—(Au,vg)) = Z (Vv, Vo, Qru)r — Z (vg — vy, Vu-n — I, Vu - n),
TET, TET, eCOT
= > (Vur, VuQut)r = > (vo — vy, V- 0 = T,V m)gr
TeTh TeT,
= Z (VU,U, VthU>T - l(u7 U)'
TeTh
We have
(—AU + cu, UO) = (va, vahu) - l(uv U) + C(uv UO) = (fa UO);
thus

(Vwv, Vu@ru) = (f,v0) — c(u,vo) + I(u,v).
Subtracting , we have
(Vwen, Vyv) = l(u,v) — c(u — ug, vp).
This proves the theorem. ]

3.3.2 Error Estimates in Energy Norm

For simplicity, we assume k& = 1 in this section. We find the upper bound for the energy norm error by

finding an upper bound for [(u, v).

26



Lemma 3.3.3. Let u be the solution to the diffusion-reaction equation, thenu € H*(Q) and v € Vj,. There
exists a constant C such that

1w, )] < Chulaloll. (3.9)

Proof. Since
l(u,v) = Z (v — vy, Vu-n — I,Vu - n)grp,

TET

(u,0) < >

TETh
By Cauchy-Schwarz inequality, we have

1w, 0)] <> Jloo = vsllor|| Ve - n = TV - 0oy

(vo — vp, Vu-n — I Vu - n)gr

TeT,
1 1
2 2
5<Z h;luvo—vbn%T) (Z hTHWn—sznH%T) .
TeTh TeTh,

It is casy to sce the first term is less than or equal to the norm |[v]|1,4; by (3.7)), the first term is smaller than
the energy norm of v. We can apply trace inequality
Wl < Clhz [0li7 + herl|Vol7) (3.10)

to the second term, and use interpolation error on the result. We have
1

2
(Z hr||Vu-n — L,V - anT)

TeT,

<D hr(hg [ Vu-n = V- nlff + he[|V(Va - n = I,V - n)|)):

TeT,
< (" (ChehSlular + Chan4|ulir))?

TeT
S Ch3’U|47Q.

Thus,
|1(u, v)| < Ch*|ul4ffJv]]-
[]

Theorem 3.3.x. Let uy, € V), be the SEWG finite element solution of . There exists a constant C' such
that
1Qnu — unll] < Ch?|uls. (3.11)

Proof. By lettingv = ey, in (3.8), we have
l(u,en) = (Vwen, Vwen) + c(u — ug, Qou — ug)
= (Vwen, Vwen) + c(Qou — ug, Qou — uo).
Thus, since |V e ]|? and ¢||Qou — ug||* are both positive, and by , we have
llealll® = 1i(u, en)| < Ch*[ulallexll,
which implies . ]
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3.3.3 Error Estimates in the L? Norm

The considered dual problem seeks ® € H;j(€2), and @ = 0 on the boundary of 2 satisfying

—AD+cdP=¢e) inQ (3.12)
Assume that the following H 2—regularity holds
@2 < cfleo]|- (3.13)

Theorem 3.3.2. Let uy, € V), be the SEWG finite element solutions of (3.4)). Assume that holds true,
then there exists a constant C' such that
leoll < Ch*|ula. (3.14)

Proof. Testing by eg, we have
lleoll? = (€0, €0) = (—AD + c®, e).
Recall that
eo = Qou — uyg.
By letting u = ® and vy = ey in (3.8)), we have
leoll? = (Vwen, VuQr®) + c(®, eq) — 1(®, ep).

Since
(Vwen, VwQr®) + (P, en)
= (Vwen, VuQr®) + c(Qo®, o)
= l(u, Qn®),

we have

leoll* = U(u, Qu®) — (D, e5)
< [Uu, Qr®)| + |U(D, en)].
We can apply Cauchy-Schwarz inequality to the first term,

1w, Qu®)| = | ) (Qo® — Qu®, Vu - n — T, Vu - n)or
TeTh
< 1Qo® — Qu®|or||[|Vu - n — T,V - nl|ar.
TeTh

By the definition of ()5 u, we have below equalities, then we can apply Cauchy-Schwarz inequality
[Qo® — Q@37 = (Qo® — Qp®, Qo® — Qu®P)or

= (Qo® — D,Q0P — Qp®)ar

< Qo® — @|lor||Qo® — Qu®|lar
Thus,

[Qo® — Qu®@|or < [[Qo® — P|lor-
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Combining the steps above and applying Cauchy-Schwarz inequality, we have
(1, Qu®)[ < Y Qo® — [lor | V- n — TV - nllor

=
1 1
2 2
< (Z hElﬂQoq’—q’\%T) (Z hT||VU'n—H2VU'nH§T)
TETh TeTh

Next, by trace inequality (3.10) and interpolation error,

1

<Z hy'[|Qo® — <I>H§T>

TeT,

< | D h' (Chp' |Qo® — @7 + Che[|V(Qo® — <I>)||2T)]

LTETy

_ 1
2
<D b (Chy! (W3 ®@lar)” + ChT(hT\q’2,T|)2)]
| 7eT,

< Ch|®|aq.
In the proof of , we have shown that

3
(Z hr||Vu-n —TILVu - n||(29T> < Ch*|ulygq.

TeTh
Thus,

[1(u, Qr®)| < ChY®|3|uls < Chulalleo]-

We also have, by and that
[P, en)| < ChlPs[lenl|

< ChY|P|afuls
< Ch*lulalleo]-
Thus [|eo|| < Chéuls. 0

3.4 A Locally Lifted p3; Solution

In this section, we lift the solution to a P3 solution to achieve superconvergence. Elementwise, we compute
a solution Uy |7 € P3(T') such that
(Vin, Vips) = (Vyun, Vps), Vs € P5(T) (3.15)

(an,po) = (wo,p0), Ypo € Po(T). (3.16)

Remark 3.4.x. The square system of equations of (3.15)-(.16) has an unique solution. When uj, = 0,
IV an||2 = 0, thus iy, is a constant. Given (3.16) this constant is zero.

Theorem 3.4.1. Letu € Hy () N H*(Y) be the exact solution of (t.4)-(1.2)) let uy, € V), be the SEWG
Sfinite element solution of (3.4} and let tp|r € P3(T) be locally lifted solution of (3.15)-(3.16). There exists a
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constant C such that
[u — ]| < Ch*fuls. (3.17)

Proof. By the definition of L? projection and triangle inequality,
o — ] < o — )|+ (1 — To)(u — )|
Applying the definition of L? projection multiple times, we have
[T (uw — @n) || = (Ho(u — @n), o(u — i)
= (u — Moup, Ho(u — ap))
= (Hlu — Houh, Ho(u — fbh))
= (H()(Hlu — hh), Ho(u — 'LAl/h))
= [[Ho(Ihyu — up)||
Since
Tow||* < [|o]l|[TTov]l,
we have
o (I — up) || < [IThu — upl|-
Since ITyu = Qou, by
1T — usl| < Ch*uly.
Thus
o (u — ) || < ChYuls.
By interpolation error and triangle inequalities, we arrive at the first two inequalities; then we can apply
interpolation error to each term separately, we have
(1 = o) (u — )|l < Ch|V(u— )|
< Ch||V(u —1lzu)|| + Ch|[V(Ilzu — )|
Denote ITsu — 1y, as w, hence Vw € [Po(T')]?, and
IV (5w — ) [|* = (V(Isu — ), Vw)
= (V(ITIzu — u), Vw) + (V(u — 4y), Vw)
By Lemmal3.3.1} (3.15), and Cauchy-Schwarz inequality, we have
|V (Mzu — 43,)]|* = (V(Hzu — u, Vw)) + (Vu — Hy(Vu), Vw) + (VuQuru — Vi, Vw)
= (V(IIzu — u, Vw)) + (Vu — I (Vu), Vw) + (V,Qru — Vyup, V)
< (IVHsu = w)|| + [[Vu = o (V) || + [|Qnu — unl D[V (Hzu — a4)|]
By interpolation error and , the above expression is less than or equal to
(Ch3|uly + Ch?|uly + Ch?July) ||V TTsu — ay)||.
Thus, [|[V(ITzu — )] < Ch3|uly, and ||(I — ) (u — ay)|| < Ch*luls. Thus, [[u — 4] <
Ch4\u]4+0h4]u\4 = Ch4]u\4 O
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3.5 Numerical Experiments

In this section, we examine the stabilizer free WG method by testing its accuracy and convergence order for
solving diffusion-reaction equation. For convergence tests, we consider linear base functions for the inside
and second order polynomials for the boundary, i.e. kK = 1. The mesh generation and all computations
are conducted in the MATLAB environment; the code can be found in [6].

The main ideas of numerical implementation for two dimension are similar to one dimension but
more complicated. We are looking to set up a system of equations, with the unknowns being the coef-
ficients of the base functions. We omit the details, and only present the key ideas behind constructing
the stiffness matrix here. Similar to one dimension, we can represent V,,u as a linear combination of the
monomials m, (z, y), where the monomials are:

{[1, 007, [, 00", [y, 0]", [y, O], [2%, 0], [y*, O],
[0, 177,10, 2], [0, 41", [0, z]", [0, 2%, [0, 4%}

Thus we have
Vu(z,y) ZS m,(z,y).
Following the same idea as in one dimension, we also have. Gi; = J,m; - m;dz. Then
(Vwdi(x), Vio;( (Z Semg (x Z Seme(x ) = STGS;.

Testing by m,, and letting b; = GS;, we have

(Vudi, Vuwd;) = bi G 'by. (3.18)
We can compute b; by definition:
—/ le(v . ma)dx
T

b175 = —/ @(V . m5)dx = — / 2gbz$dx
T T

We can then use Gaussian quadrature in two dimensions to calculate — fT 2¢;xdx, then assemble the

For example,

components to calculate (V,¢;, V).

3.5.1 Example 1: Trigonometric solution over a squared domain

We solve the following diffusion-reaction equation on the unit square [0, 1] x [0, 1]:
—Au + u = 2% sin(7x) sin(ry) + sin(7z) sin Ty.
u(z,y) = 0on 0N
The exact solution is
u(z,y) = sin(mx) sin(my) (3.19)

The first level triangular mesh consists of two unit right triangles cutting from the unit square by a
backward slash. We present the third level uniform triangular mesh used in this experiment in Figure
The high level grids are the half-size refinements of the previous grid.
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Figure 3.1: Example of mesh construction for squared two dimension

The error and the order of convergence are shown in Table3.1, We are expecting order 3 convergence

and order 4 convergence for the energy norm and L? norm, respectively. The numerical results confirm

the convergence theory.

In Figure we plot the finite element solution on second, fourth, and fifth level triangular grid. We

can see, the solutions are more and more accurate as the mesh size decrease.

Table 3.1: Error profiles and convergence rates for solution (3.19)

Grid | |[TTyu — wo|| rate | [|@pu — upl|| rate
2 7.9283¢ —04 4 | 1.1023e—02 3
3 5.2668¢ — 05 4 | 1.4316e—03 3
4 3.3471le—06 4 | 1.8134e—04 3
5 2.1014e — 07 4 | 2.278le—05 3
6 1.3150e — 08 4 | 2.8535e—-06 3

3.5.2 Example 2:Trigonometric solution over L-shaped domain

We solve the following diffusion-reaction equation on the L-shaped domain [—1, 1] x[—1, 1]\ [0, 1] x [0, 1]:
—Au + u = 27% sin(7x) sin(ry) + sin(7z) sin Ty.

u(z,y) = 0on O

The exact solution is

u(z,y) = sin(mx) sin(my).

(3.20)

Unlike the previous example, for this example, we use unstructured mesh and Delaunay triangulation to

construct the triangles.
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The error and the order of convergence are shown in Table[s.2} We are expecting order 3 convergence
and order 4 convergence for the energy norm and L? norm, respectively. The numerical results confirm

the convergence theory.

Table 3.2: Error profiles and convergence rates for solution (3.20)

Grid | |[ITyu — wg|| rate | [||Qnru — upl| rate
2 1.4761le — 04 4 | 4.0319¢e—-03 3
3 9.6409¢e — 06 4 | 5.0853e —04 3
4 6.1074e — 07 4 | 6.3655e¢ — 05 3
5 3.8328¢ — 08 4 | 7.9602e —06 3

In Figure 3.3|, we plot the finite element solution on the third level triangular grid to give a general
sense of the domain, numerical solution, and the triangulation.
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Figure 3.2: Finite Element Solution on Second, Fourth, and Fifth Level Triangular Grid
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CHAPTER 4

CONCLUSION AND FUTURE WORK

In this thesis, we applied SFWG to the diffusion reaction equation and proved that it achieves supercon-
vergence of order 3 for energy norm and order 4 for L? norm. We used linear basis functions for one
dimensional case and applied linear basis functions for the interior and quadratic basis for the edges for
the two dimensional case. We conducted numerical experiments to validate the results.

Ye and Zhang [1s]] apply the SFWG method to the Poisson equation in one dimension. This work
utilizes the same method, but extends these results in two different ways. First, we work with the reaction
diffusion equation; setting the reaction term to zero recovers the Poisson equation. Second, we discuss
both one and two dimensions.

Since the coeflicient of our reaction term was set to be positive, the theoretical part was not too hard
to complete. However, in the numerical implementation, the mass matrix needed to be computed in
order to match the reaction term. As for the numerical implementation for the one dimensional case,
we experienced the most difficulty during the programming of code for the lifted solution. The code we
developed for the one dimensional case only applies to zero boundary conditions; further modification
can be done to allow the possibility for various boundary conditions.

For the two dimensional case, even though we proved the superconvergence of the lifted solution, it
was not easy not design an computational algorithm to get the related numerical results. The work for
this will be done in the near future.

More future works on SFWG may involve the possibility of extending this work to higher dimension,
employing higher degree basis functions and observing their performance, and applying the method to

more partial differential equations and examining the performance of the scheme.
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