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Abstract

We propose new methods inspired by elastic data analysis to spatially-dependent func-

tional data. We first propose a new classification algorithm of fMRI data based on the notion

of amplitude and phase variability separation and a new between-voxel similarity measure

based on the spatial dependence structure of the fMRI data. The approach is based on

support vector machine (SVM) with a new kernel. The new kernel varies by the functional

structure of interest in the brain, and it also captures the amplitude variability of the activa-

tion in the region of interest (ROI). This classification algorithm is illustrated via simulated

datasets as well as a real dataset on schizophrenia, and its performance is compared with

existing SVM based algorithms.

Second, we propose a new Bayesian registration model that incorporates the spatial

dependence structure in the priors. We propose a Bayesian registration model with a

geometrically-inspired conditional autoregressive prior on warping functions. The CAR prior



allows for warping functions to be dependent a priori, with dependencies characterized by

a graph representing spatial structure of the data. The posterior is sampled via a MCMC

algorithm that is robust to the discretization of the observed functions. This graph-based

Bayesian registration algorithm is shown to be robust to outliers in a simulation study. Its

performance is compared with an existing Bayesian registration algorithm.

Index words: Bayesian hierarchical models, Classification, Elastic functional data

analysis, Spatial temporal data analysis.
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Chapter 1

Introduction

We first introduce the idea of function registration as well as existing methods and then

describe the typical data that we are interested in applying registration (Section 1.1). In

Section 1.2, we introduce the two tasks that we aim to answer in the following chapters.

1.1 Function registration

1.1.1 Function Data Analysis (FDA)

Function registration is one important research area in functional data analysis (FDA). The

term FDA was coined by Ramsay (1982) [28] and has became an important branch of

statistics. FDA specifically deals with data in the form of functions, images and shapes,

or more general objects that vary over a continuous space. In the FDA framework, the

sample element is a random function. For each subject, one or more functions could be

observed. The above continuous space could be time, spatial location, probability and others.
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Functional data are intrinsically infinite dimensional, which brings challenges for both theory

and computation, but also opportunities for research and analysis. One of the most recent

review articles of FDA is given by Wang et al. (2016) [42].

The most popular modeling framework for FDA is assuming that functional data are

realizations of a stochastic process. For example, for curve data, or real-valued functions

on a compact interval like I = [0, 1], can be assumed to be samples from a one-dimensional

stochastic process X(t) in the Hilbert space, such as L2(I). Specific definition of a Lp space

is given in Section 2.2.1.

In real life, this underlying process is not observed directly, but as discrete data observed

on a fixed or random time gird. The time grid could be dense, which could bring in the

issue of high-dimensionality, but this abundance in information is useful, and smoothness

assumptions (e.g. L2-continuous) could be imposed to overcome the curse of dimensionality.

In addition, the observed discrete data contain random noises. Those random noises are

often assumed to be independent across subjects, but could have more complex temporal

correlation or spatial correlation structure.

Some main topics in FDA are functional principal components analysis (FPCA), func-

tional regression, and function registration. FPCA deals with dimension reduction of the

infinite-dimensional functional data to finite-dimensional random vector of scores. Specif-

ically, the underlying random function X(t) is expanded in a data-dependent functional

basis, e.g. obtained from singular value decomposition (SVD) of the covariance matrix, and

then the expansion is truncated to achieved dimension reduction. It can explain the most

variation given a fixed number of expansion components. Functional regression is a func-

tional analog of the multivariate linear model, which can have functional response and/or
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functional covariates and functional coefficients, where the functional covariates and coeffi-

cients are associated with the inner product in the L2 space, and/or vector covariates and

coefficients. Details and application of those topics of FDA can be found in [27]. The main

interest of this dissertation is in function registration, which will be introduced in the next

section.

1.1.2 Function registration

Function registration, also known as time warping, curve registration, curve alignment, aims

to identify and separate amplitude variation and time variation [29]. It is often important

when conducting FPCA and functional regression that the functions’ salient features are

registered or aligned by suitable monotone transformations, and then analyses are carried out

on the transformed functional data. One example where function registration is important

is the Berkeley Growth study [41]. In this setup, the temporal variation exists due to

the difference in children’s biological ages, because they reaches growth spurt in puberty

differently in time. In the presence of the temporal variation, the point-wise mean of the

functions is not the most informative estimate of the growth rate changes over time, as the

peaks and valleys are distorted in this mean representation.

For an observed functional data Yi, the setup of function registration is assuming Yi

is a composite of the amplitude Xi
iid∼ X and a random warping hi

iid∼ h, i.e. Yi(t) =

Xi(h
−1
i (t)), t ∈ I.

Below we introduce three methods: dynamic time warping (DTW), landmarks-based

registration, and registration using Fisher-Rao metric.
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DTW is a technique introduced in [2] in 1959 and it was a popular tool explored in the

area of speech recognition [25]. It views functional data as a series of discrete observations

and produces discrete matching between the elements of one series to another. That is,

the warping h is restricted to be a piece-wise linear function that passes through every

observational time point. In a classic DTW, the algorithm aims to minimize the L2 distance

between two series, which is a greedy optimization that can lead to the “pinching effect”.

(See Figure 2.2 in Section 2.2.)

Landmark registration is a traditional method used in shape analysis [17], where special

features in the shape are aligned to the mean location and then a smooth transformation

from the mean location to the feature location is introduced. This method works well when

the feature landmarks are distinctive and well-presented in the observed functions, but not

when the landmarks are missing from some samples or when the samples are too noisy

burying the information from the landmarks.

Registration using Fisher-Rao metric introduced by Srivastava et al. (2011) [34] is a reg-

istration method proposed in a novel geometric framework, also known as elastic functional

data analysis, for function and shape analysis which integrates registration in problem into

the whole analysis. Instead of working with the standard L2 metric in function space, they

use the Fisher-Rao Riemannian metric that is invariant to warping. The convenience of

such metric is that it is the standard L2 metric on the square-root velocity function (SRVF)

representations of the observed function, so that more traditional vector-based statistical

analyses are applicable in this setup. It borrows the ideas from statistical modeling on non-

linear manifolds and extend those ideas to build FPCA, function regression models under

the Fisher-Rao metric. We will introduce the framework of the registration and the SRVF
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representation in Section 1.1, and then develop our functional analysis method based on this

framework. More geometric properties and applications can be found in [33].

More recently, Bayesian registration has been studied. It has the advantage of having

uncertainty of the estimated warpings and mean, and being able to apply prior information

in the modeling process. A short review of Bayesian registration can be found in Section 3.1,

and we will focus on a specific Bayesian registration method proposed by Lu [22].

In a majority of the methods mentioned above, it is often assumed that the functional

data are observed independently. However, more data objects nowadays are complex func-

tions which are often observed with more sophisticated dependence structures, rendering in-

dependence assumptions poorly satisfied. One exemplary data type is the spatially-indexed

functional data.

Functional neuroimaging is an area that produces such type of data in larges quantities.

Techniques such as positron emission tomography (PET), functional magnetic resonance

imaging (fMRI), electro-encephalography (EEG), and magneto-encephalography (MEG) ac-

quire real-time observations of the underlying brain processes on different brain regions under

certain experimental conditions [37]. In nature, these time trajectories exhibit similarities if

they are obtained from neighbouring locations. For fMRI data for example, functional data

from the same ROI are associated with a common functional or anatomic feature, so it is

only appropriate to assume that those functional data are not independent. A comprehensive

overview on statistical methods in fMRI data analysis can be found in [19].

Genomics data generated from the emerging high-throughput technologies are sometimes

spatially-indexed functional data as well. For example, in the study of whole-organ histo-

logical and genetic maps (WOHGMs), genomic changes such as in molecular quantities are
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investigated for subregions that have different histologies within a single tissue map [24].

The data related to those maps are in nature “functions of genomic location for areal regions

of the tissue that are expected to exhibit spatial correlation”.

Geographic information systems (GIS) is another source of spatially-indexed functional

data. For example, the European Climate Assessment and Dataset [16] provides gridded

observation data across Europe, including cloudiness, temperature, precipitation, humidity,

pressure, snow and sunshine. Those datasets consist of time series (of e.g. temperature) from

a set of stations, which are expected to exhibit spatial correlation. There is also potential

temporal variability due to altitude differences in the stations that makes it important to

include function registration in the analysis.

In this dissertation, we try to tackle two specific analytical tasks of spatially-indexed

functional data in the framework of elastic functional data analysis. We briefly introduce

those analytical tasks and our solutions to them in the next section.

1.2 Tasks of interest

The first project is motivated by a study of fMRI data among people diagnosed with

schizophrenia and people with high and low cognition. The data generated from this study

are spatially-index functional data, and the goal is to learn from the two groups of spatially-

indexed functional data so that we can classify subjects based on their brain functional

performance during an fMRI study. We incorporate the idea of amplitude and phase vari-

ability in classifying fMRI data using a spatial functional Support Vector Machine (fSVM)

algorithm. Specific methods and results are shown in Chapter 2.
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The second project extends data objects from fMRI data to all types of spatially-indexed

functional data. The data object is only a set of spatially-indexed functions where their

temporal variation is correlated based on the spatial structure. We propose a Bayesian

framework for function alignment and registration using priors that captures the spatial

dependence across functions, and look into some properties of the proposed model. Specific

methods and results are shown in Chapter 3.
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Chapter 2

Classification of fMRI data

FMRI is a popular noninvasive technique for observing neural activity in the human brain

by observing changes associated with blood flow. FMRI technique nowadays can localize

activities within millimeters and within one to two seconds, and a typical fMRI study often

scans hundreds of thousands of locations in the brain for hundreds of time points. Hence,

data generated from an fMRI experiment are usually of massive volume and are considered

highly complex, making it hard to analyze.

A remarkable number of fMRI studies have been dedicated to the neurobehavioral studies

in schizophrenia, a chronic brain disorder. A number of cognitive impairments in schizophre-

nia have been specifically linked to abnormal activity of certain brain areas [11]. Recently,

more studies have focused on using machine learning techniques like Support Vector Machine

(SVM) [35], to characterize disease related alternation in brain structure and functions, as

well as to make diagnostic discrimination. Application of machine learning methods inte-

grated to fMRI experimental data is a valid, inexpensive, and non-invasive way to detect
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brain disorder at an early stage, and hence could play a decisive role in diagnosis and pre-

vention [35].

In this chapter, we focus on the task of improving the predictive ability of subjects with

schizophrenia, based on the task-based fMRI data. Specifically, we use ideas from manifold

learning and functional data analysis (FDA) to define a functional representation of BOLD

signals, which utilizes a warping-invariant metric in the space of fMRI functions to perform

elastic alignment of the fMRI time series. Then, we develop a spatial functional SVM for

fMRI data using the new functional representation.

This chapter is organized as follows. Section 2.1 introduces the target data objects, while

Section 2.2 and Section 2.3 introduce the methodology behind the proposed method. Section

2.4 describes the proposed classification algorithm, and Section 2.5 shows the performance

of the proposed method via simulation study and application to real fMRI data. Finally,

Section 2.6 gives a short discussion on the limitations of the proposed method.

2.1 FMRI data

In this section, we give a brief introduction on the fMRI data via key terminologies. More

details of how fMRI works and properties of fMRI data can be found in [10] .

BOLD (Blood Oxygen Level Dependent) signal

Standard fMRI data measures BOLD contrast, which is discovered by Seiji Ogawa in 1990.

BOLD signals represent the energy emitted by hydrogen atoms in the brain when excited

by a magnetic field. The strength of the signal is influenced by blood flow, blood volume

and blood oxygenation. When the brain is activated, an increase in regional oxygenated
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blood flow exceeds regional oxygen consumption, leading to an increase in signal intensity

in regions activated by the task.

Task-based fMRI and resting-state fMRI

There are two types of data of fMRI: task-based fMRI and resting-state fMRI data. Task-

based fMRI is used to detect activated areas of the brain. There are two common designs:

block and event related. In a block design, external stimuli are presented in blocks and sep-

arated by short blocks of rest, while in an event-related design, stimuli occur spontaneously

and have randomized time between events. Resting-state fMRI is used to measure regional

connectivity when the brain is in resting state, without performing any explicit task [5].

Hemodynamic response functions (HRF)

BOLD signals are functional data whose relationship with stimuli can be characterized by

the hemodynamic response functions (HRF). The HRF typically demonstrates the following

patterns: the signal peaks approximately five seconds after stimulation and is followed by

an undershoot that lasts a few seconds more. At high magnetic fields, an initial undershoot

can sometimes be observed (Figure 2.1).
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Figure 2.1: An Example of the Hemodynamic Response Function [10]

Voxel

An observed fMRI dataset contains a 3D array of intensity for each time point. A voxel is

defined as a unit element of the 3D images. The data can be organized differently depending

on the analytic tools and research questions. Here, we are more interested in the time courses

of the voxels, since the activation of voxels are different for subjects with brain disorders

including schizophrenia.

Preprocessing of fMRI data

A fMRI dataset is usually preprocessed in the following steps: skull stripping, correction

for head motion, spatial smoothing, and registration to a template. After preprocessing,

voxels are assumed to be functionally the same across subjects when they have the same

spatial location. Given this assumption, we can save the 3D fMRI dataset in a matrix format,

where each row contains the BOLD signal from a voxel, whose spatial location information

is kept elsewhere (e.g. another matrix). Such data structure is more convenient especially

when we are only interested in a small area of the brain.
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Regions of Interest (ROI)

ROIs are specified regions in the brain of interest that are usually related to functional

features or anatomic structures. While it is possible to study brain activation across all

voxels, using only voxels in ROIs that are related to the stimuli requires less computation

power and reduces the severity of multiple testing errors during statistical analysis [26]. For

example, ROIs like striatum, thalamus, cuneus, precuneus, lateral and medial frontal eye

fields (FEF), supplementary eye fields (SEF), and prefrontal cortex (PFC) have been shown

to be consistently associated with anti-saccade tasks [9].

Challenge in fMRI data analysis

Given the above fMRI data’s characterization, we are faced with the following difficulties

in analyzing such type of data: (1) low signal to noise ratio (SNR), usually in the range of

2-4% [20] (2) moderate spatial and temporal correlation (3) computation difficulty due from

having hundreds of voxels and hundreds of scans.

A desired algorithm should be able to address those problems.

2.1.1 Variability in the preprocessed fMRI data

In most previous research, variation of fMRI data is thought to stem from three aspects:

drifts, noise and BOLD signals. Drifts are periodic noise from the patient’s heartbeat or

other systematic influence, while noise reflects intrinsic temporally and spatially correlated

random variation. Variation in BOLD signals captures the variation of activation, a key

aspect for detecting abnormality from brain disorders, and distinguishing diseased subjects

given known brain areas which are influenced by the disorder.
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However, new studies in brain connectivity for resting-state fMRI [14, 21] have shown

that time lag exists across voxels and across subjects. It has been shown that accounting

for temporal delays when inferring brain connectivity has substantially increased the node

to node correlation and coherence.

While it is established that phase variability is a significant source of variation in fMRI

data , few task-based fMRI studies have considered the subject-wise phase-variation of BOLD

signals. It is only natural that the shape of the HRF differs by subject: some individuals

may have a delayed peak compared to others, and some may have a more stretched out tail

after the peak.

2.1.2 Motivating example

The study that motivates our method evaluated the effect of context on behavior and brain

activity during saccade tasks among health subjects with high cognitive control, and low

cognitive control and schizophrenia. FMRI data were collected while participants completed

two runs in a block design: fixation alternating with anti-saccades (looking away from a

cue). Specifically, a gray dot is presented on the screen, and subjects were asked to look at

the dot when it was in the center and to look in the opposite direction when it appeared at

a peripheral location.

The first run is referred to as “pre-practice” and the second run is referred to as “post-

practice”. Twenty ROIs are preselected based on the previous study of ROIs activated during

saccade tasks [9]. Standard preprocessing steps were applied on the data including despiking,

slice timing correction, masking (aligning functional images to anatomical images), warping
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functional images to a standardized space, spatial smoothing and scaling to get rid of noised

introduced by machine, anatomy differences, and head motion.

2.2 Elastic functional data analysis

To address the functional nature of the fMRI data and attempt to solve the problem of non-

zero time lag in hemodynamic impulse response functions, we introduce the idea of elastic

functional data analysis, a branch of FDA that focuses on the characterization of shapes of

functions [33]. Elastic methods are often used in applications where arbitrary reparameteri-

zations of the functions or curves of interest need to be considered, for instance the functions

or curves of interest may not be in alignment. Elastic data analysis provides a different

mean representation of curves than simple point-wise average and a special decomposition

of variation in observed functions. Apart from classification, this framework can be used in

a variety of statistical models including regression, principal component analysis, and clus-

tering analysis. A comprehensive review of shape analysis/elastic data analysis can be found

in [33].

2.2.1 Review of Lp space

Here we shortly review some properties of the the function space in the classic FDA frame-

work and show why it is not an ideal framework to deal with functional data with temporal

variability.

Let f to be a real-valued function defined on Ω, where Ω is a measurable space. The Lp

space is a collection of functions that are up-to p degrees integrable, i.e.
∫

Ω
|f |pdµ <∞.
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In FDA, it is commonly assumed that the functions are from the L2 space, where the L2

norm is defined as

‖f‖2 =

{∫
Ω

|f |2dµ
} 1

2

. (2.1)

And the corresponding inner product of f, g ∈ L2 is

〈f, g〉 =

∫
Ω

f · gdµ. (2.2)

It can be shown that the L2 space defined above is a Hilbert space (i.e. a complete space

with a metric induced by the norm), with the metric of form:

d(f, g) = ‖f − g‖2 =

√∫ 1

0

|f(t)− g(t)|2dt, f, g ∈ L2. (2.3)

For two functions in L2([0, 1]), warping is generally asymmetric: d(f, g) 6= d(f ◦ γ, g ◦ γ).

Proof.

d(f, g)2 =

∫ 1

0

(f(s)− g(s))2 ds

=

∫ 1

0

(f(γ(t))− g(γ(t)))2 γ′(t)dt (substituting variables)

6=
∫ 1

0

{f(γ(t)− g(γ(t))}2 dt (for most γ(t))

15



2.2.2 Function representation in the Riemannian structure

In FDA, the objects of interest are functions which are often not fully observed. Usually,

functional data (or “curve data”) are considered to be a random sample of independent real-

valued functions on a compact interval I ⊂ R with observation error, with functions observed

at finitely many values. Without loss of generality, we restrict the interval to I = [0, 1]. It is

convenient to assume that the observed functions (denoted as fi, i = 1, · · · , N) belong to a

function space F = {f : [0, 1] → R | f is absolutely continuous}. We denote the vectorized

observation of the functions as fi([t]) = (f(t1), · · · , f(tT )).

SRVFs: representation

For a given observed function f ∈ F , we define its square-root velocity function (SRVF)

representation as the transformation:

Q(f) : [0, 1]→ R, Q(f)(t) = sign(f ′(t))
√
|f ′(t)| (2.4)

where f ′ denotes the derivative of f , and sign(·) is a sign function that outputs -1 when

the input is negative, and 1 when the input is positive . For simplification, the SRVF

representation is represented by q. It can be shown that q ∈ L2([0, 1]) and the original

function f can be recovered by

Q−1(q)(t) = f(0) +

∫ t

0

q(s)|q(s)| ds

16



which means the transformation is bijective up to a vertical translation. Since BOLD signals

start at 0, i.e. f(0) = 0, the SRVF representation is unique for an observed fMRI function

f .

The transformation space: a space of all phase variations

Depending on application context, there could be different classes of phase variations

(i.e., shifting and scaling of the function f). Here, we assume that the space of warping of

functions are the set of diffeomorphisms that are smooth and strictly increasing:

Γ = {γ : [0, 1]→ [0, 1] | γ(0) = 0, γ(1) = 1, γ̇(t) > 0}. (2.5)

Such group of time-warping functions restricts boundary behaviors and makes it possible

to back-transform f for registration. Monotonicity is required because warping should not

change the order of events, and the amount of smoothness is required to avoid discontinuous

jumps in the time-warping functions, a practical assumptions for most applications.

This transformation space is a Lie group [33], where the identity element is γid(t) = t,

and the inverse element γ−1 is the usual function inverse. In other literature, this space is

sometime referred to as the warping group.

Similar to the observation function f , γ also has a unique SRVF representation: ψ =

Q(γ) =
√
γ′. Note that the resulting SRVF space Ψ+ = {Q(γ) | γ ∈ Γ} is the positive

orthant of the unit sphere in L2([0, 1]), because ψ is positive and has L2 norm equal to 1.

Here, L2 norm of the function has the form: ‖f‖L2 :=
(∫ 1

0
|f |2 dt

)1/2

. We introduce the

SRVF representation of the warping functions here but will defer further discussion on the
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topic until next chapter, as the SRVF space Ψ+ give us a nice description on the tangent

space, which gets used with the Bayesian registration model.

The amplitude space

When using L2 norm to register functions in F, one can find γ1, γ2 ∈ Γ such that f1 ◦ γ1

and f2 ◦ γ2 are arbitrarily close, a phenomenon referred to as the “pinching effect”. That

is, one can find warping functions γ1, γ2 which arbitrarily “shrink” the time interval over

which the two functions f1 and f2 are different, so that the distance between the warped

functions are minimized. Here we refer to the example mentioned by Srivastava et al. (2016):

in Figure 2.2, f2 has two peaks, one of which is identical to f1, a one-peak function, over the

domain [0, 0.6]. No appropriate warping functions can match the two functions over [0.6, 1],

however, γ∗ manages to pinch that interval of f2, making the two functions identical.

!!, !" !!, !" ∘ $∗ $$%, $∗ $∗ &!!, !" !!, !" ∘ $∗ $$%, $∗ $∗ &

Figure 2.2: Illustration of pinching effect using L2 distance [33]

Furthermore, the L2 distance between two functions is not preserved after the transforma-

tion from the warping group, i.e. ‖f1−f2‖L2 6= ‖f1◦γ−f2◦γ‖L2 , so infγ1,γ2∈Γ‖f1◦γ1−f2◦γ2‖ 6=

infγ1∈Γ‖f1◦γ1−f2‖ 6= infγ2∈Γ‖f1−f2◦γ2‖, resulting in the issue of asymmetry of registration.

However, this is not the case for the SRVF representation.

When warped by γ, the SRVF representation of the warped function f becomes Q(f ◦

γ)(t) = Q(f)(γ(t))
√
|γ′(t)| := (q, γ). Then, it is clear that ‖q1−q2‖L2 = ‖(q1, γ)− (q2, γ)‖L2 .

18



This property is the main reason that we use the SRVF representation. Given this property,

the equivalence class of q induced by the warping group Γ, i.e. [q] = {(q, γ) | γ ∈ Γ}, rep-

resents a collection of functions in F that have the same “amplitude”. Hence, the collection

of all equivalence classes [q], denoted by the quotient space L2([0, 1])/Γ, is referred to as

amplitude space.

2.2.3 Function alignment and registration

Here we introduce the elastic warping of FDA based on the framework laid out above.

Specifically, it seeks to minimize the L2 distance of the SRVF representation. In the pairwise

case, the formal registration problem is given by the following optimization:

inf
γ∈Γ
‖Q(f1)−Q(f2 ◦ γ)‖ = inf

γ∈Γ
‖Q(f1 ◦ γ)−Q(f2)‖. (2.6)

The infimum value is actually the distance between the two equivalence classes [q1] and

[q2], and is a proper distance measure (i.e. it satisfies the properties of symmetry, positive

definite, and triangle inequality). It can be shown that the inverse of the optimal γ on the

left side is the optimal γ on the right side, a property called “inverse consistency” in area

of image processing. In practice the optimal γ̂ can be found using a dynamic programming

algorithm (DPA), or a gradient-descent algorithm. One distinct difference between the two

algorithms is that DPA finds the global optimum, while gradient-descent only finds local

optima with no guarantees about finding the global optimum.

In the case of multiple registration, i.e. N > 2, the goal is to register all observed

functions f1, f2, · · · , fN to a common template via their corresponding equivalence classes
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so that we can compare function amplitudes across population. This requires us to use the

notion of Karcher mean of the warping functions (γ̄N):

γ̄N = argmin
γ∈Γ

N∑
i=1

dFR (γ, γi)
2 , (2.7)

where dFR is the Fisher-Rao metric of the transformation space Γ, which can be computed

via

dFR (γ1, γ2) = d (ψ1, ψ2) = cos−1 (〈ψ1, ψ2〉) = cos−1

(∫ 1

0

ψ1(t)ψ2(t)dt

)
;

and the Karcher mean of amplitudes ([µq]):

[µq] = arginf
[q]∈A

N∑
i=1

da ([q], [qi])
2 (2.8)

where A = L2/Γ is the amplitude space.

Since [µq] represents a collection of functions in F , it is sufficient to find a representative

function of the equivalence class. One way to do this is to find the “center” of [µq], which

makes the Karcher mean of all phases γ1, · · · , γN which register observations to this template,

equal to γid(t) = t.

The algorithm to find this center (also called “mean template”)of [µq] first iterates be-

tween registering sample functions to the candidate µ̃q and updating the candidate by taking

the average of the registered SRVFs, then obtains the center of [µ̃q] via warping µ̃q by the

inverse of γ̄N . An illustration of this process is shown in Figure 2.3:
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Figure 2.3: Illustration of finding the mean template in [µq] with respect to (γ1, · · · , γn)

Remark on fMRI signal registration:

We applied the multiple registration algorithm on the study of brain activity during

blocks of antisaccade tasks among subjects with high cognitive control, low cognitive control

and schizophrenia. After registration, the mean BOLD signals is able to capture the blocks

of the external stimulus. Meanwhile, the amplitude variability in the samples is preserved in

the warped mean BOLD signals while the cross-sectional mean has substantially lower level

of peaks, a pitfall from averaging data outside of their normal modalities of variation.

2.3 Support vector machine (SVM)

SVM [15] is a classification method that produces significant accuracy with less computa-

tional power. The objective of the support vector machine algorithm is to find a hyperplane

in the d-dimensional feature space that distinctly classifies the data points into two classes.
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Figure 2.4: Illustration of the SVM algorithm

The optimal hyperplane found by SVM has the largest margin, the distance between data

points (referred to as “supporting vectors”) that are the closest to the hyperplane on each

side. See Figure 2.4 for an illustration for a 2-dimensional classification problem. When

data are not linearly separable, there are usually two types of modification that can be

made. First, one can introduce regularization via slack variables so that we can have a soft

margin that allows misclassification on a limited number of samples. Second, one can use

kernel tricks that project the data feature space on a higher dimension. Popular kernels

include Gaussian kernel and polynomial kernels.

Let yi (i = 1, · · · , N) be the class of an observation (yi ∈ {1,−1}), xi be the d-dimensional

feature vector, w be the coefficient vector of hyperplane and b be the intercept of the hy-

perplane. Then the optimization problem of the regularized SVM problem can be expressed

22



as:

min
1

2
wTw + C

N∑
i=1

ξi (2.9)

s.t. yi
(
xTi w + b

)
≥ 1− ξi

ξi ≥ 0,∀i = 1, · · · , N.

Here, ξi is the slack variable and C > 0 is the penalization parameter. This is called the

regularized SVM problem, because it is equivalent to minimizing the hinge loss with a ridge

penalty:

min
w,b

1

N

N∑
i=1

max
(
0, 1− yi

(
wTxi + b

))
+ λwTw (2.10)

with λ = 1
CN

.

Suppose we can find a N -dimensional vector α = (α1, · · · , αn) that satisfies the following

Karush–Kuhn–Tucker (KKT) conditions:

w =
N∑
i=1

αiyixi,

0 =
N∑
i=1

αiyi,

αi = C − µi,∀i
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αi
[
yi
(
xTi w + b

)
− (1− ξi)

]
= 0,∀i

µiξi = 0,∀i

yi
(
xTi w + b

)
− (1− ξi) ≥ 0,∀i.

Then under KKT conditions, the optimization problem (2.9) (also called primal problem) is

equivalent to the following problem, referred as the dual form of the original problem:

max
α

N∑
i=1

αi +
N∑

i,j=1

αiαjyiyj 〈xi,xj〉 (2.11)

s.t. 0 ≤ αi ≤ C, ∀i = 1, · · · , N
N∑
i=1

αiyi = 0,

where 〈·, ·〉 is inner product in Rd. Then, the classification function at x can be written as

Ĉ(x) =
∑N

i=1 α̂iyi 〈xi,x〉 + b̂, where b̂ can be solved by the KKT conditions. Finally, the

data point x is classified as -1 if Ĉ(x) < 0, and 1 if Ĉ(x) > 0.

For nonlinear SVM problem, a transformation h(·) is applied to x, which means xi in

the optimization problem (2.9) and (2.11) are then replaced with h(xi). Essentially, this

replaces the inner product in problem (2.11) by K(xi,xi) = 〈h(xi), h(xj)〉, where the inner

product in the transformed space is properly defined (i.e. the transform space is a Hilbert

space). Notice that this means it is not necessary to specify the transformation function

h(·), as long as the kernel function K(·, ·) can be specified. A proper kernel corresponds to

the inner product in the transformed space. By the Moore–Aronszajn theorem [1], K(·, ·)

needs to be symmetric and positive definite.
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2.3.1 Functional SVM (fSVM)

When the data are discretized observations of the underlying continuous functions in an

infinite-dimensional space, functional SVM algorithms that take into account the functional

nature of the data objects could substantially improve the performance of classification [30].

Let fi ∈ F be the underlying function of the observed vector xi, and t be a vector of the

observed time points, then we can rewrite xi as fi([t]). The goal is to apply SVM on the

unobserved functions.

It is possible to use SVM directly without applying any transformation/ kernel tricks, by

approximating the inner product 〈fi, fj〉F (e.g. =
∫
fjfj dµ for F = L2([0, 1])) by discretized

observations. However, this brings out the issue of perfect fit, when the subspace of F

spanned by the N observations is N -dimensional, which is a common case in practice. Hence,

it is of interest to use adapted kernels for functional data in the framework of nonlinear SVM.

Functional kernels

It is possible to adapt the classical kernels to functions by replacing the inner product

in Rd to the inner product in F . However, that does not take into account the functional

nature of the data.

A functional kernel that takes advantage of the functional nature can be defined via finite-

dimensional projections of the functional space. Suppose the functional space is spanned by

the basis system {φ1, φ2, · · · }, then functions in the L-dimensional projection space (L < N)

have the form of
∑L

j=1 bijφj where bij’s are the basis coefficients. It is easy to see that the

inner product of this space
〈∑d

j=1 bijφj,
∑L

j=1 bi′jφj

〉
= bTi Φbi′ , where bi = (bi1, bi2, · · · , biL)
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and Φ =
(∫

φiφjdµ
)

(i,j)
. This gives us an adapted functional kernel:

K(fi, fj) = bTi Φbj,

which we replace the inner product in (2.11) with, and then we have the following formal

form of fSVM problem:

max
α

N∑
i=1

αi +
N∑

i,j=1

αiαjyiyjb
T
i Φbj (2.12)

s.t. 0 ≤ αi ≤ C, ∀i = 1, · · · , N
N∑
i=1

αiyi = 0.

The classifier produced by fSVM has the form Ĉ(f) =
∑N

i=1 α̂iyiK(fi, f) + b̂. Popular choice

of basis system includes Fourier basis, wavelet basis, and splines.

In practice, the L-dimensional presentation of the observed discretized data is found via

estimating of the basis coefficients by minimizing sum of squared errors on the observed time

points.

2.4 Proposed approach for fMRI classification

To account for the spatial correlation in fMRI data, spatial fSVM has been developed by

Samaddar (2019) [31]. Here we incorporate the ideas introduced by Samaddar to the elastic

functional data analysis framework.
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Our work uses the weighted structure of the kernel function proposed by Samaddar. Then

we incorporate the Fisher-Rao metric as well as our model on how variability in the fMRI

data should be decomposed into the construction of the kernel function. Finally, we propose

the SVM algorithm in the elastic data analysis framework.

2.4.1 Spatial fSVM with function registration

Let (X1, · · · ,XN) be a 3D fMRI dataset in matrix format, where each row contains the

BOLD signal from one voxel, accompanied by a S × 3 matrix S = (s1, · · · , sS)T that stores

the coordinates of the S voxels in Xi = (xi1, · · · , xiS)T , and (yi, · · · , yN) where yi ∈ {−1, 1}

be the corresponding classes of the N signal matrices.

Since voxels in different ROIs usually reflect different brain functions and consequently

react to external stimuli differently, it is reasonable to assume that each ROI has its own

template mean BOLD signal which is different from mean BOLD signal of another ROI in

both amplitude and phase. In addition, we assume that BOLD signals from voxels in one

ROI have additional variability in phase on the shared mean BOLD signal.

That is to say, for the observed data of voxel s in ROI r from subject i, denoted as

xi,s = fi,s([t]), the underlying function fi,s(t) can be decomposed as:

fi,s(t) = froi=r(t) ◦ γi,s(t) + εi,s(t) (2.13)

where εi,s(t) is the combination of drifts and spatially correlated noises.

Then, it is assumed that the between group variation in BOLD signals is contained in the

variation of the amplitude representation – the equivalence class [qroi=r] of froi=r(t). Since
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we are not concerned with the variability between different ROIs, and we do not intend

to compare amplitude across ROIs, we will not continue to decompose the ROI-specific

amplitude representations into the between-group variation and between-ROI variation.

In [31], the proposed spatial functional kernel of SVM is:

K (Xi,Xj) =
∑
s

∑
u

ws,ub
>
i,sΦbj,u (2.14)

where

ws,u =


1, u = s

ρd(s,u), d(s, u) < Dmax ,

0, d(s, u) ≥ Dmax

bi,s is a vector representation of projection of fi,s(t) in the L dimensional subspace with the

basis system specified in Section 2.3.1, and Φ is a matrix of inner products of the basis

functions. Here, ρ controls the spatial dependency, d(u, s) measures the spatial distance

between voxel u and voxel s, and Dmax defines the neighborhood. The value of Dmax is

usually smaller than the radius of the ROI, such that ws,u is zero for voxels u and s that are

not from the same ROI .

Essentially, (2.14) is a weighted sum of the functional kernels based on the relative dis-

tance between the voxels where the functions are from. The weight is designed to reflect

the spatial correlation, in that the voxels that are closer to each other have a higher level of

impact on each other’s activation. Because the adapted kernel above is built upon the L2

distance of the observation space, it measures a mixture of phase and amplitude variability,

when the only variability of interest is the amplitude variability.
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Under the proposed model (2.13), we introduce a new adapted kernel induced by the

elastic distance of functions, in the amplitude space for froi=r’s. A simple way of extracting

the amplitude variability is to use the SRVF representation of the registered BOLD signals

(registered to the ROI mean template) as the input data object for SVM. In this way, the

transformed input will have less noise, and we would have a smaller error rate in classification.

Specifically, we:

1. find the Lf -dimensional representations f̂(i,s) of the fMRI signals via a chosen basis

expansion,

2. find the mean SRVF of each ROI given the Lf -dimensional representations: q̃r,

3. register all Lf -dimensional representations of the fMRI signals to the corresponding

ROI mean: x̃i,s = xi,s ◦ γi,s, where γ̂i,s = arginfγ∈ΓI
‖q̃r − (qi,s, γ)‖, and obtain the Lq-

dimensional representation of the corresponding SRVF representation q̂i,s = (qi,s, γ̂i,s)

4. use cross-validation to find the optimal value of the hyper-parameters. Hyper-parameters

include spatial dependency ρ, dimension Lq and Lf , regularization parameter λ = 1
C

,

and the neighborhood distance Dmax.

Here the functional kernel is obtained via:

K(xi,s, xj,u) = 〈q̂i,s, q̂j,u〉. (2.15)

where 〈·〉 is the inner product of the Lq-dimensional space.

Suppose s and u are adjacent voxels in the same ROI while i and j are from different

classes, then the BOLD signals are registered to the same mean template when the true
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underlying amplitude should be different, i.e. [q{Y=1,roi=r}] 6= [q{Y=−1,roi=r}]. Hence, the

kernel distance from (2.15) consists of the amplitude distance between the two classes.

One drawback of this proposed method is the high computation cost of registration: The

dynamic programming algorithm (DPA) used in pairwise registration has the computation

cost in the order of O(kT 2) (T is the number of timepoints, k � T ) according to [33],

and each iteration step multiple function registration conducts DPA for all N samples, so

the computation cost of registration alone grows drastically as the number of sample and

number of time points increases. To speed up the registration process, we use subject-specific

warping functions γi,ROI=r’s to replace the γi,s’s, so that functional signals from the same

subject and same ROI share the same warping function. The subject-specific γi,ROI=r of

ROI=r is found by registering the point-wise average BOLD signals for each subject to a

common mean.

Apart from being computationally efficient, using the simple point-wise average also

mitigates the problem of over-fitting since averaging reduces the level of noise, which the

registration algorithm is usually very sensitive to. Below we show an example of the noisy

fMRI observations as well as two registration result: one based on subject point-wise mean

of the fMRI data, one directly using the fMRI data. Here we present an example using a real

fMRI study. (Data description is given in Section 2.5.2.) In Figure 2.5, the registered ROI

mean function using the subject point-wise means has much clear patterns of the underlying

block design of the study.

Then, given a new fMRI observation Xnew, subject-specific warping functions γ̂new,r’s are

found by registering point-wise mean BOLD signal in each ROI to the mean template SRVF

q̃r’s. Consequently, we haveK(Xi,Xnew) =
∑

u

∑
sws,u 〈PL(qi,s, γ̂i,s), PL(qnew,u, γ̂new,u)〉, where
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Scans

Figure 2.5: Comparison of registration by voxels. Point-wise means of the registered func-
tions is presented for one subject in the ROI of rmedFEF. The blue line represents registra-
tion using subject point-wise means, and the grey line represents registration using individual
voxels.

γ̂new,u is decided by the common warping function found for the ROI u belongs to. Finally,

we can use the above kernel values to find the classifier Ĉ(Xnew) =
∑N

i=1 α̂iyiK(Xi,Xnew)+ b̂.

2.5 Simulation and real data applications

In the following sections, we compare the performance of the following four classification

algorithms:

1. functional SVM using SRVF representation (fSVM),

2. functional SVM with registered data (rfSVM),

3. spatial functional SVM using SRVF representation (sfSVM),

4. spatial functional SVM with registered data (srfSVM).
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2.5.1 Simulation study

Simulation setup

To mimic the BOLD signals, we use the signal and noise structure in the R package

neuRosim [43]: we allow signals to follow different stimulus and noises of a mixture of

white noise, colored noise, temporal noise and spatial noise. Note that this simulated data is

“preprocessed” in the way that artifacts like head motion and inhomogeneity in the magnetic

field are not explicitly modeled.

We use N = 50 for the number of subjects in each group throughout the simulation, and

repeat each simulation setting 50 times. In general, the image space is 2-dimensional (50×50)

for easier visualization, temporal solution (TR)=2 s, and the stimulus is an ON/OFF block

design of 200s. Then, the activation in BOLD signals is modeled as the convolution of a

HRF and the stimulus vector, and the shape of HRF is modeled via the double-gamma HRF,

which models an initial dip and an undershoot after the peak in the BOLD signals.

Next, we present the framework of modeling the variability in BOLD signals.

(1) Between-ROI variability: ROIs are defined as activated areas with predefined centers

and radius, and the shape of HRFs across ROIs varies by different parameter setup of the

double-gamma HRF.

(2) Between-group variability: the between-group variability is a combination of the

difference in effect sizes of the activation and in the shape of the double-gamma HRFs.

(3) Phase variability: activation across voxels and subjects is simulated by random warp-

ing of the mean ROI BOLD signal, where the random warping function can be generated by

the R package fdasrvf [38].
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(4) Noise structure: the noise is a mixture of white noise, colored noise, temporal noise

and spatial noise. Specifically, we specify the signal-to-noise ratio, the correlation of the

autoregressive temporal noise, and the FWHM (the full-width-half-maximum of the Gaussian

kernel) of the Gaussian random field for spatial noise. We use the default setup for the rest

of the noise components.

Simulated data I

Given the simulation structure, we specify a two-group fMRI data using setup specified in

Table 2.1 below:

Table 2.1: Simulation setup I
Group 1 Group 2

General setups
effect size 1 1.2
signal-to-noise ratio (SNR) 2

double gamma parameters
a1 = 6, a2 = 12, b1 = 0.9, c = 0.35
b2 = 1.3 b2 = 0.9

ROI 1
number of voxels 49
onsets (s) 1, 50, 100, 150
duration of onsets 20
ROI 2
number of voxels 49
onsets (s) 15, 65, 115, 165
duration of onsets 10

The visualization of one simulated example is shown in Figure 2.6 and Figure 2.7.

Classification and results

To obtain better estimation of the warping functions, we allow the Fourier approximation

of the simulated data to have period equal to the period in the block design. And then,

registration is done only with the function within the period.
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Activation in ROI 1

scan

Activation in ROI 2

scan

Figure 2.6: Activation signals from setup I

Figure 2.7: Point-wise average of the simulated fMRI data I

Finally, we tune the parameters mentioned in Section 2.4.1 via 5-fold cross-validation. We

tune ρ in the range (0, 1), λ in the set {1, 0.1, 0.01, 0.001, 0.0001}, Lf in [12, 17], Lq in [12, 17],

and Dmax among the 40th, 60th, and 80th percentile of pairwise distances of voxels that belong

to the same ROI. Specific values used in the cross-validation is shown in Table 2.2. The data

are split into a training set (80%) and a testing set (20%) for performance evaluation.
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Table 2.2: Hyper parameters for the simulation study
Hyper parameters values considered
ρ 0.1, 0.2, · · · , 1
λ 0.0001, 0.001, 0.01, 0.1, 1
Lf (pairs) 3 - 7
Lq (pairs) 5 - 11
Dmax 3 - 7
fourier period 4

The registration results are shown in Figure 2.8. Comparing the subject-and-ROI specific

signals before and after registration, we can see that our registration step have successfully

separated the random warping from the general variability in the functions.
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Figure 2.8: Registration of the functions in simulated data I. The functions are color-coded

based on their group assignment: (a) and (b) are point-wise mean of the smoothed raw data for

selected subjects from the two ROIs, and (c) and (d) are the point-wise mean of the registered

version for those subjects.

The classification performances of the four algorithms on this simulation setup are shown

in the boxplot below (Figure 2.9). From the classification results, we can see that both

registration and using spatial information helps distinguish the two groups of subjects and the

srfSVM algorithm has the lowest median test error rate, even though the spatial algorithms

(sfSVM and srfSVM) shows sign of over-fitting.
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Figure 2.9: Performance comparison based on the simulated data I

Simulated data II

Another simulation is constructed based on the parameters specified in Table 2.3. This

simulation setup is the same as the previous one except that the double gamma parameters

are restricted to the same between the two groups and the signal-to-noise ratio (SNR) is

increased to 5 from 2.

The visualization of one simulated example from the second simulation setup (Table 2.3)

is shown in Figure 2.10 and Figure 2.11.

37



Table 2.3: Simulation setup II
Group 1 Group 2

General setups
effect size 1 1.2
signal-to-noise ratio (SNR) 5

double gamma parameters
a1 = 6, a2 = 12, b1 = 0.9, c = 0.35
b2 = 1.3 b2 = 1.3

ROI 1
number of voxels 49
onsets (s) 1, 50, 100, 150
duration of onsets 20
ROI 2
number of voxels 49
onsets (s) 15, 65, 115, 165
duration of onsets 10

Activation in ROI 1

scan

Activation in ROI 2

scan

Figure 2.10: Activation signals

Classification and results

Because the spatial structure and design of the fMRI study are the same between the

two simulated data, we adopt the same specifications in the cross-validation step for tuning

those hyper-parameters. Again, the data are split into a training set (80%) and a testing set

(20%) for performance evaluation.
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ROI 1 ROI 2

Figure 2.11: Point-wise average of the simulated fMRI data

The registration results are shown in Figure 2.12. Comparing the subject-and-ROI spe-

cific signals before and after registration, we still see a clear separation of the random warping

from the general variability in the functions by taking a registration step. Because the HRF

parameters are the same between the two groups, we expect that registration in this simu-

lation setup will make even more difference in the classification.
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Figure 2.12: Registration of the functions in simulated data II. the functions are color coded

based on their group assignment. (a) and (b) are point-wise mean of the smoothed raw data for

selected subjects from the two ROIs. (c) and (d) are the point-wise mean of the registered version

for those subjects.

The classification performances of the four algorithms on simulated data II are shown

in the boxplot below (Figure 2.13). From the classification results, we also see that both

registration and using spatial information helps distinguish the two groups of subjects. Apart

from the discoveries we found in simulated data I, we also see that the SVM algorithms that

involve a registration step have considerable better performance on the test set compared

to the SVM algorithms without such a step. This is consistent with our expectation, since
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now the shape of the double-gamma function is set to be the same between the two groups,

leading to less group-wise variability that can be discovered just with the raw fMRI data.
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Figure 2.13: Performance comparison based on the simulated data II
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2.5.2 Real data analysis

Data description

Healthy participants recruited from the community were categorized into two groups

based on pretest cognitive control scores: subjects scoring in the top third of the distribution

were assigned to the high cognitive control group (N = 31) and subjects scoring in the lower

third of the distribution were assigned to the low cognitive control group (N = 30). FMRI

data were then acquired while subjects were engaged in blocks of antisaccade task.

The study was conducted at the University of Georgia Bio-Imaging Research Center with

a GE Excite HD 3.0 T MRI scanner. Two runs of an antisaccade task were performed during

fMRI in an event-related design: antisaccade stimuli were presented in the center of the

screen between 2,300 and 6,000 ms, disappeared for 200 ms, and reappeared at a peripheral

location, at which time subjects had 1,000 ms to make a response. The corresponding fMRI

data were acquired with the T2*-weight scan, which resulted in 33 slices of image matrix of

64 × 64, with FOV = 22 cm and slice thickness = 4 mm that obtained with TE = 30 ms,

TR = 2000 ms. Standard preprocessing steps were taken following the same protocol used

in the motivating study.

Finally, the functional signal observed at 182 timepoints from 1666 voxels are selected

from the 20 ROIs (Table 2.4) selected by [9]. To assess classification performance, we ran-

domly divide each group into training (N=41) and testing (N=20) sets for 10 runs.
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Table 2.4: 20 pre-specified ROIs
Region Abbreviation Number of voxels in ROI
Supplementary Eye Field SEF 80
Right Thalamus rthal 81
Right Precuneus rprecuneus 87
Right PreFrontal Cortex rPFC 76
Right Middle Occipital Gyrus rMOG 82
Right Medial Frontal Eye Field rmedFEF 85
Right Lateral Frontal Eye Field rlatFEF 83
Right Inferior Parietal Lobe rIPL 84
Right Left Frontal Cortex rlFC 87
Right Cuneus rcuneus 80
Right Basal Ganglia rBG 73
Left Thalamus lthal 84
Left Precuneus lprecuneus 92
Left PreFrontal Cortex lPFC 80
Left Middle Occipital Gyrus lMOG 91
Left Medial Frontal Eye Field lmedFEF 85
Left Lateral Frontal Eye Field llatFEF 89
Left Inferior Parietal Lobe lIPL 76
Left Cuneus lcuneus 80
Left Basal Ganglia lBG 73

Classification and results

The design of this fMRI study is not given. We tune the parameters mentioned in

Section 2.4.1 via 5-fold cross-validation. Ranges of those parameters are given in Table 2.5.

Table 2.5: Hyper parameters for the real data
Hyper parameters values considered
ρ 0.1, 0.2, · · · , 1
λ 0.0001,0.001, 0.01, 0.1, 1
Dmax 4-12
Lf (pairs) 6 - 10
Lq (pairs) 8 - 15
fourier period 1

The classification performance of the four algorithms on one of the 10 splits are shown in

the table below (Table. ??). The regular fSVM algorithm is no better than random guess
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when it comes to the validation data, while all the other three algorithms has better perfor-

mance. This real data application confirms our assumption that separating the amplitude

and phase variability as well as incorporating spatial information help identify the functional

characteristics regarding the underlying brain disorder.

Table 2.6: Algorithm performance on the real data
Algorithms training error (N = 41) test error (N=20)
fSVM 0.073 0.5
rfSVM 0.0487 0.40
sfSVM 0 0.45
srfSVM 0 0.35

Here we also show the mean classification errors from the 10 runs in Table 2.7.

Table 2.7: Mean classification errors on the real data among 10 runs

Algorithms
training error (N = 41) test error (N = 41)
Mean Std. Dev. Mean Std. Dev

fSVM 0.083 0.11 0.52 0.15
rfSVM 0.092 0.15 0.45 0.10
sfSVM 0 0 0.4 0.07
srfSVM 0 0 0.37 0.06

2.6 Discussion

On registration:

Even though the method we propose for fMRI data is an improvement of the existing

method, it has the following flaws that could be improved:

1. The registration based on SRVFs involves first derivatives of functions, so there is a

strong possibility of noise influencing the alignment results. Under low signal-to-noise ratio,

the alignment is more governed by noise than signal, and in turn, registered functions may

not capture the population-level feature of the amplitude space well, especially when the
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added noised generate artificial “bumps” in the observed functional data, which makes the

algorithm search warping functions that match up the noise “bumps” with the signal-related

oscillations. We try to control this a little bit by taking point-wise averages within ROIs prior

to using SRVF-based registration, which is an ad hoc solution that might not work well with

other fMRI data. Srivastava et al. showed in [33] that pre-smoothing of the functional data

via wavelet-based denoising improves the registration result significantly for simple Gaussian

noise structure.

2. The kernel matrices of the adapted kernels are dense and full rank, which complicates

the implementation of quadratic programming algorithms. The algorithm becomes time-

consuming when the training data size is large, the number of voxels selected are large, and

the number of basis increases. Some low-rank approximation techniques could be used to

speed up the algorithm, or we simply narrow down on which voxels to select. In addition,

we find that the proposed algorithm tends to overfit the training data, a problem which

can only be mitigated via using very specific ranges of values for hyper-parameters during

cross-validation.

3. An observation we found during simulation setup is that when the period of the

activation signals increases, the classification error also increases. This is consistent with

the findings on alignment of “quasi-periodic” time-series like ECG data in [6]. Due to the

periodic design of fMRI studies, the registration results could be improved by the quasi-

periodic dynamic time warping proposed in [6], especially when the design is event-related,

i.e. the data are “quasi-periodic”.

45



On classification:

Over the years, other classification methods (e.g. [40]) have been proposed specifically for

elastic functional data analysis. Given their discussion, the following issues can be considered

on the fMRI classification task:

1. A more complex model that incorporates amplitude variability, phase variability and

variability in the initial point should be considered. The phase variability could rise from

the nature of the fMRI signals, and the variability in initial point should be considered

since SRVF representation of a function f(t) is unique only up to the constant f(0). In the

simulation study, we specifically assumed that the underlying activation is constant at start,

and the phase variability is purely random, so our proposed methods works. However, those

assumptions are not necessarily true. There are function representations proposed recently

that concatenates the three variability components and measure the overall variability based

on a new Fisher-Rao metric on the new representation space.

2. A generative model which output probabilities instead of classification should be

considered. In reality, brain disorders are rare events, so it could be more useful if doctors

can be provided with a specific risk estimation instead classification predictions. There have

been methods proposed (e.g. [39]) that estimate probabilities instead of classification result

using the framework of logistic regression. This type of model framework can be applied to

the spatially-dependent fMRI data.
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Chapter 3

Bayesian framework on the spatial

temporal data

Various models for the Bayesian registration of functional data have been developed re-

cently. Like all Bayesian methods, Bayesian registration has the benefit of incorporating

prior information, and probability-based conclusions via posterior distributions. However,

most Bayesian registration proposed assume a priori independence of functions and their

warping.

In the case of spatial temporal data like the fMRI data we investigated in the previous

chapter, spatial information can be incorporated via prior distributions. In this chapter,

we address the spatial dependence among functions and consider extending one Bayesian

registration model proposed by Lu, Herbei and Kurtek [23] to account for spatial dependence

in warping functions.

The rest of this chapter is organized as follows. Section 3.1 gives a brief introduction on

the existing Bayesian registration method, Section 3.2 explains the Bayesian framework of
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function registration proposed in [23], and Section 3.3 describes the proposed prior model

used in the special case of spatially-indexed functional data as well as the MCMC algorithm

used to obtain the posteriors. Finally, we show a simulation application in Section 3.4, a

real data application in Section 3.5 and have a brief discussion on the proposed method in

Section 3.6.

3.1 Review of Bayesian registration methods

One of the first Bayesian hierarchical registration models is proposed by Telesca et al. [36].

Their model was not based on the framework of Elastic Data Analysis, but rather based

on the shape-invariant model (SIM) [13]. The underlying subject-specific amplitude func-

tions are random linear transformation of a common smooth curve, and the subject-specific

warping functions are modeled using a pre-defined basis system and a multivariate normal

distribution of the basis coefficients after imposing the monotone and boundary conditions

for the warping function. They specifically investigated the application using B-spline basis.

For the posteriors, the samples are drawn based on a “Gibbs-within-Metropolis” algorithm,

where the parameter is updated using a Metropolis-Hastings step and a uniform proposal in-

stead of a Gibbs step, when analytical form of the full conditional distribution is unavailable.

This “Gibbs-within-Metropolis” algorithm is a prevalent trick used in Bayesian registration

problems.

In recent years, methods of Bayesian registration based on the framework of Elastic Data

Analysis have been proposed. Working with the SRVF representations enables the method

to be invariant under simultaneous warping of all the curves, but this is not the case in [36].
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Most of the methods based on the SRVF representation utilize the Gaussian process model

in the amplitude space, but they differ in the proposed models of the warping functions.

For example, Cheng et al.[7] suggested a Dirichlet process on the warping functions di-

rectly, since the warping functions are indeed cumulative distribution functions. Specifically,

the gaps γ(ti)− γ(ti+1) follow a Dirichlet distribution. In this way, they avoided the need of

a basis system, and were able to focus the spherical warping space directly.

However, using a Dirichlet process prior makes the model highly depend on the dis-

cretization of the warping functions, since the distribution is modeled based on the gaps of

consecutive values of those warping functions. Lu et al.[23] proposed that by mapping the

warping functions to their equivalence in the tangent space, they can avoid the complexity

about choosing different discretization by proposing Gaussian process priors on the tangent

space of the warping functions, which is a linear space, directly. Given their prior setup,

prior knowledge can be incorporated to control the smoothness as well concentration level

of the warping functions. Their method can be applied to data observed on a fine gridding

since it is robust to different grid sizes of the functions.

Given the advantages of the method proposed by Lu et al., we adapt this Bayesian

registration method for spatially dependent functional data.

3.2 Bayesian registration via Gaussian process priors

In this section, we briefly introduce the framework proposed by [23], using the same notation

and setup discussed in Section 2.2.
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The energy-based elastic function registration framework (Section 2.2) estimates warping

functions γ ∈ Γ via dynamic programming by solving the optimization problem in (2.6). In

this Bayesian framework, estimation of the warping functions is achieved by computing (or

sampling from) the posterior distribution given the data, a Gaussian process prior on the

amplitude space, and a series of independent Gaussian process priors on a transformed space

of the warping function space Γ.

This transformation of the space of γ exploits the Riemannian-geometric property of the

warping function space defined in (2.5). As explained in Section 2.2, the SRVF space of

warping functions Ψ+ = {Q(γ) | γ ∈ Γ} is a positive orthant of the unit sphere of L2([0, 1]),

where arclength distance is equivalent to the Fisher-Rao metric on the warping functions.

Although the SRVF representation Ψ+ of the warping group simplifies the complicated

geometry of Γ, it is still nonlinear. To deal with the nonliearity, the inverse of exponential

map is taken so that the unit sphere Ψ is unwrapped on to the tangent space, denoted as

T1(Ψ), at the constant function 1 ∈ Ψ (which represents the identity function γid ∈ Γ):

T1(Ψ) =

{
g : [0, 1] 7→ R | 〈g, 1〉 =

∫ 1

0

g(t)dt = 0

}
.

The exponential map and inverse exponential map can be explicitly expressed:

exp1 : T1(Ψ) 7→ Ψ exp1(g) = cos(‖g‖) +
sin(‖g‖)
‖g‖

g, g ∈ T1(Ψ),

exp−1
1 : Ψ 7→ T1(Ψ) exp−1

1 (ψ) =
θ

sin(θ)
(ψ − cos(θ)), θ = d(1, ψ), ψ ∈ Ψ,

(3.1)
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where d(1, ψ) = cos−1
(∫ 1

0
ψ(t)dt

)
is the arclength distance on the unit sphere Ψ. The trans-

formations mentioned above are illustrated in Figure 3.1.

•
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•
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Figure 3.1: Illustration of the transformations of the warping space

The tangent space T1(Ψ) is a linear space and hence Gaussian process prior can be

assigned on such space. Note that when mapping T1(Ψ) back to Ψ+ via exp−1
1 , an additional

truncation step need to be taken. Consequently, the Gaussian prior is actually a truncated

Gaussian process such that the domain mapped back to the sphere Ψ lies within the positive

orthant Ψ+. For observation representation, we again adopt the SRVF representations:

L2 = {q = Q(f)|f ∈ F}].

3.2.1 Bayesian model specification

To adopt the idea of the Karcher mean of the amplitude space, the model for sampling

distribution is built based on the discretized SRVF functions qi([t])’s and a multivariate

Gaussian distribution, so that Bayesian likelihood is a function of the L2 distance between

SRVF of observation and that of the mean template.
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In the case of multiple registration, we need to estimate both the subject-specific warping

functions γi’s and the template SRVF function q∗ that all qi’s are registered to. Thus, we

also assign a Gaussian process prior with this unknown template q∗.

The proposed Bayesian model can be specified as below. Let the vectorized observation

of the functions be fi([t]) = (f(t1), · · · , f(tT )), i = 1, · · · , N , and a subset A ⊂ T1(Ψ) be

defined as:

g ∈ A ⊂ T1(Ψ)⇐⇒ exp1(g) > 0. (3.2)

Model 1:

Prior:

g1, . . . , gN ∼ Gaussian (0, Cg; IA)

q∗ ∼ Gaussian (0, Cq) , i.i.d

σ2 ∼ IG( shape = a, scale = b)

(3.3)

where the joint prior is the independent joint distribution of the specified priors above.

Sampling distribution:

{(qi, γi)([t])}Ni=1 | {γi}Ni=1, σ
2, q∗ ∼MVN(q∗([t]), σ2IN), i.i.d. (3.4)

where γi and gi is linked by

γi = Q−1(exp−1
1 (gi)). (3.5)

52



Here, Gaussian (·, ·; IA) refers to the Gaussian process restricted to the domainA, IG(shape, scale)

refers to the inverse gamma distribution, and MVN refers to the multivariate normal dis-

tribution. Also, Cg, Cq are known covariance operators, and a, b are known constants.

The posterior distribution of {g1, · · · , gN ; q∗;σ2} is obtained using a Metropolis-within-

Gibbs (MwG) algorithm [8]. That is, at each step, we sample from the full conditional distri-

bution of each parameter iteratively. The function parameters are updated via a Metropolis

step and σ2 is updated via a simple Gibbs step from the Inverse Gamma distribution (3.7).

The likelihood of this model has the form:

L
(
{gi}Ni=1, σ

2, q∗ | q1, · · · , qN
)
∝

N∏
i=1

(
1

σ2

)T/2
exp

{
− 1

2σ2
SSE(gi, q

∗)

}
, (3.6)

and the full conditional distribution of σ2 is

σ2 | {qi}Ni=1 , {gi}
N
i=1 , q

∗ ∼ IG

(
shape =

1

2
NT + a, scale =

1

2

N∑
i=1

SSE (gi, q
∗) + b

)
, (3.7)

where

SSE(gi, q
∗) =

T∑
j=1

(
q∗ (tj)− qi

(∫ tj

0

exp2
1(gi)(s)ds

)
× exp1(gi) (tj)

)2

. (3.8)

The specific MCMC steps used for the Bayesian registration can be found in the com-

plementary materials in [22]. Below, we only introduce the key components in the updating

process.
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3.2.2 Z-mixture Preconditioned Crank-Nicolson (pCN) proposal

Here we lay out the specific Metropolis-Hastings (M-H) algorithm used for updating the

function parameters. M-H algorithm is a popular MCMC method, which has the form of

proposing candidate samples and accepting the candidates with some probability. Specifics

of M-H algorithms can be found in any Bayes textbook (e.g. [12]).

The key component of a M-H algorithm is the specific proposal used to generate candidate

samples. Here, the Z-mixture pCN proposal is used to update the function parameters {gi}

and q∗. This proposal enjoys the benefit of (1) being independent of the dimension of the

discretized functional data, which is far more efficient when the data are observed under a

fine grid compared to a simple random walk proposal; and (2) having simple form of the

M-H acceptance ratio which does not require a closed form expression of the distribution of

functions. The general form of the Z-mixture pCN proposal can be found in [22]. Here, we

describe the specific application of this proposal in updating {gi} and q∗.

2-mixture pCN algorithm for updating {gi} and q∗

• Update g
(m)
i to g

(m+1)
i iteratively, given all the other parameters at the current state

(m):

1. Propose

g′ =


g

(m)
i

√
(1− β2

1) + β1ξ with probability p1

g
(m)
i

√
(1− β2

2) + β2ξ with probability p2

(3.9)

where p1 + p2 = 1, ε ∼ Gaussian (0, Cg). Re-propose if exp1(g′) ≤ 0.
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2. Accept g′ as g
(m+1)
i with probability

min
{

1, exp
(
`
(
g′, · · · ,

(
σ2
)(m)

)
− `
(
g

(m)
i , · · · ,

(
σ2
)(m)

))}
, (3.10)

where the likelihood ratio can be simplified to

exp

(
− 1

2σ2(m)

(
SSE

(
g′i, q

∗(m)
)
− SSE

(
g

(m)
i , q∗(m)

)))
, (3.11)

where SSE(·, ·) is the same as (3.8).

• Update q∗(m) to q∗(m+1) given all the other parameters at their state:

1. Propose

q′ =


q∗(m)

√
(1− β2

1) + β1ξ with probability p1

q∗(m)
√

(1− β2
2) + β2ξ with probability p2

(3.12)

where p1 + p2 = 1, ε ∼ Gaussian (0, Cq).

2. Accept q′ as q∗(m+1) with probability

min
{

1, exp
(
`
(
q′, · · · ,

(
σ2
)(m)

)
− `
(
q∗(m), · · · ,

(
σ2
)(m)

))}
, (3.13)

where the likelihood is of form (3.6), and the likelihood ratio can be obtained via

exp

(
− 1

2σ2(m)

N∑
i=1

(
SSE

(
g

(m+1)
i , q′

)
− SSE

(
g

(m+1)
i , q∗(m)

)))
, (3.14)
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3.2.3 Sampling from Gaussian process

The MCMC algorithm described above needs a specific sampling method from a Gaussian

process. Lu proposed that this can be achieved by the Karhunen–Loève (KL) expansion (see

[32] for details).

Assume we have a Gaussian process with mean 0 and covariance operator C, and C can be

specified by its eigen pairs (bl, λ
2
l )l=1,··· ,∞, where {bl} is an orthonormal basis for the function

space, and
∑∞

i=l λ
2
l ≤ ∞. It can be shown that by KL expansion,

ξ(t) =
∞∑
i=l

elbl(t)

is a draw from this Gaussian process, when {el} are drawn independently from normal

distribution N(0, λ2
l ). In practice, the infinite sum of ξ(t) is approximated by truncating the

sum at a constant L ∈ {1, 2, · · · }.

For the Gaussian prior on g, we use Fourier functions as the eigenfunctions

bl(t) ∈ {0,
√

2 cos(2πlt),
√

2 sin(2πlt)}, l = 1, 2, · · · , Lg

and set eigenvalues to be λ2
i =

σ2
g

i2
. For the Gaussian prior on q∗, we use Fourier functions as

the eigenfunctions

bi(t) ∈ {1,
√

2 cos(2πlt),
√

2 sin(2πlt)}, l = 1, 2, · · · , Lq∗
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because
∫ 1

0
q∗(t)dt is not necessarily 0, and set eigenvalues to be λ2

i =
σq∗2

i2
. Both σq∗ and σg

are assumed to be known.

3.2.4 Standardization

Similar to the discussion in Section 2.2.3, since all functions f1, · · · fN are invariant to a

common warping, and the template function q∗ is only identifiable up to an equivalence class

of warpings, i.e. [µq] ∈ L2/Γ, a standardization step like the one mentioned at the end of

Section 2.2.3, is necessary in the updating process.

The standardization step is appropriate in that shifting the warping functions γi and the

template q∗ by a common γ̃ does not change the likelihood [22]. The key invariability that

leads to this result is that (q, γ ◦ γ̃) = ((q, γ), γ̃) and the L2 distance between two SRVFs q

and q∗ is invariant to a common warping.

3.2.5 Recommendations for the hyper-parameters in application

The following quantities need to be specified before applying the Bayesian registration to a

data set: (1) number of basis functions Lg used to estimate g, (2) number of basis functions

Lq used to estimate the template q∗, (3) σg that determines the Gaussian process prior on

g, (4) σq∗ that determines the Gaussian process prior on q∗, (5) Inverse Gamma parameter

a, b, and (6) grid sizes for both the observations and for the warping functions Tf and Tγ.

As illustrated by Lu in a simulation study regarding pairwise Bayesian registration, Mg ≥

20 is sufficient, and based on the deviance information criterion (DIC), a choice of Mg in

the range of 20 ∼ 30 is recommended. It is also recommended that the grid sizes Tf and
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Tγ should be the same and equal to 200 for better recovery of the observations and warping

functions. In addition, Mq is chosen based on the smoothness of the function f , σq∗ = 0.8q95

(q95 is the range of the middle 95% values of all qi), σg = 4, a = b = 0.1 in the applications

presented in [22].

3.2.6 Advantage of Bayesian registration

Apart from the advantages of being indifferent to grid sizes and having intuitive setup to

incorporate prior knowledge as mentioned at the end of Section 3.1, we further illustrate the

effectiveness of the framework introduced above using an application from the original paper

[22].

The height of girls recorded from ages 1 to 18 in the Berkeley growth study [41] is a

benchmark dataset used in FDA. The target functional object is the growth rate, represented

by the first derivatives of the height curves. Registration is important to this data because

individuals arrive at different phases of height growth at different times. The growth rate

can be better compared at the same growth window if registered. Omitting discussion on

the specific set up of the registration, here we only present the final registration result in

Figure 3.2.

In Figure 3.2, the original growth rate functions, their registered versions along with 95%

credible interval, SRVF of the original function and the registered functions with 95% credible

interval are shown in the top panel; the cross-sectional mean with a two-standard-deviation

band before and after registration are shown in the lower panel. Apparently, comparing to

the energy-based models which only output the template mean and the warping functions,
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Figure 3.2: Registration results for the Berkeley Growth Study [23]

the Bayesian formulation has the benefit of being able to quantify uncertainty on both

the warping functions as well as the template mean, as shown by the credible intervals in

this Berkeley Growth study. Apart from that, the Bayesian registration is able to gain

insight on the true variability in growth spurt among teenage girls. The mean comparison

of the mean and 2-sd band before and after registration shows that: (1) the mean growth

rate after registration captures more variability that corresponds to the growth spurt phase

and slowing-down phase; (2) the 2-sd band narrows significantly during the post-puberty

phase after registration, which picks up the pattern that growth rate varies much less across

individuals in this phase.
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3.2.7 Disadvantages of Bayesian registration assuming indepen-

dence

Despite being a relatively efficient Bayesian registration method, this model could render

odd estimates of the registered functions if the data have abnormal noises in some of the

observed functions.

Here we show one simulated example where we have one sine wave that is distinctly

different from the rest of the curves that are to be registered. This exaggerated simulated

example is selected merely for the purpose of showcasing the necessity of introducing the

dependent priors in the Bayesian registration. It should not be seen as an example that

can be related to any practical scenario. Specifics about the simulated data is described

in Section 3.4. We show the registration results as well as the original functions and their

SRVFs in Figure 3.3.

In Figure 3.3, the original functions, their registered versions along with 95% credible

interval, and the estimated warping functions are shown in the top panel; SRVF of the

original function and the registered functions with 95% credible interval and the point-

wise mean before and after registration are shown in the lower panel. It is clear that the

algorithm over-fitted as the sine wave is distorted to match the pattern of the rest of the

curves. The estimated warping function of the sine wave (the blue curve in the estimated

warping functions) deviates from the identity warping so much, that it could be seen as an

outlier among all warping functions.

Even though the prior variance σ2
g controls how concentrated the prior distribution of the

warping function is around the identity warping γ(t) = t, this algorithm is still sensitive to
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Figure 3.3: An example of over-fitting for the independent Bayesian registration method

the noise in the functions and tends to over-fit. This potential drawback on the independent

prior setup also motivates our new method.

3.3 Elastic graph-based function registration

Previously, the prior on g1, · · · , gN is assumed to be independent. However, this is usually

not the case for spatially-indexed functional data. In this section, we introduce spatial

dependency in the warping priors based on the Bayesian framework mentioned above.

We extend ideas from the conditional autoregressive (CAR) model [3] , which is one of

the most popular models in the analysis of spatial data, to the spatially-indexed functional
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data, as a way of modeling the spatial dependency. In this setup, geographic regions are

considered to be dependent if they share a boundary. This structure can be represented via

a finite graph, where an edge represents dependence between two locations.

In the case of fMRI data, voxels are viewed as nodes and two voxels are connected if

they are close enough. Using the notation of graph theory, we have G = (V,E), where

V = {f1, · · · , fN} is a set of nodes, and E = {(fi, fj), · · · } is the set of edges. N is the total

number of locations where we obtain the functional observations. The connection can be

represented via adjacency matrix W where wij = 1 if (fi, fj) ∈ E, and wij = 0 otherwise.

The aim here is to allow dependency in the parameter space (i.e. warping functions)

based on the spatial structure. Again, we want to work on the tangent space T1(Ψ) to

exploit its linearity property. The following setup is built upon the ideas introduced by

Zhang et al. [44].

3.3.1 Prior: functional CAR model

Below, we first introduce the general framework of the functional CAR model introduced

by Zhang et al., and then lay out our modification on such model that becomes the prior

distribution in our final Bayesian hierarchical model.

separable function CAR

The functional CAR model proposed by Zhang et al. is the functional analog of the classic

univariate CAR which uses basis function modeling together with spatial process modeling.

In general, the functional CAR model can deal with data generated from a spatial functional

process {fi(t) : i ∈ D} where D = {1, · · · , N} is the index set of a fixed spatial locations
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(e.g. from a lattice), and Yi(t)’s are functional random variables that are measured on a

common set of T time points.

Instead of focusing on predicting future observations, Zhang et al.’s functional CAR model

targets at discovering “highly-local changes within the functional domain”, while borrowing

strength both spatially and functionally for estimation and inference. The key properties

of their model comes from the univariate CAR model. The univariate CAR model can be

viewed as a discrete Markov random field in which the full conditional distribution depends

on the spatial adjacency. It can model spatially-smooth variances, as well as variables with

strong regional correlations.

Suppose Yij(t) = µj(t) + Eij(t) is a functional response observed in the spatial location

Ai in the lattice D for subject j, j = 1, · · · , J on a set of common timepoints t = 1, · · · , T .

In this model, functions from the same subject share the same mean µj(t), and the errors

Eij(t) follow a random Gaussian process with mean zero. Yij(t) can be represented with a

truncated basis expansion of form

Yij(t) =
L∑
l=1

φk(t)y
∗
ijl = y∗ijΦ(t)

where Φ(t) is the vector of the basis functions, and y∗ij is a row vector of the basis coefficient

for the (i, j)th curve. Then, in the basis space we have

Y ∗ = Xµ∗ + E∗,
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where Y ∗, µ∗ and E∗ are basis coefficients of the observations, the mean and the error terms

respectively.

In a separable function CAR model, it is assumed that in the basis space, the N -

dimensional error vector E∗·jl =
(
E∗1jl, · · · , E∗Njl

)′
for subject j and lth basis functions follows

the following CAR prior independently:

E∗ijl | {E∗i′jl}i′ 6=i ∼ N

(
ρ

N∑
i′=1

wii′

wi+
E∗i′jl,

s∗jl
wi+

)
, (3.15)

where wii′ is the element of the adjacency matrix W and wi+ =
∑

i′ wii′ is the number of

neighbours of the Ai in D.

In this model s∗jl is the scalar parameter that controls the smoothing between connected

sites, and ρ dictates the strength of spatial association between such sites.

functional CAR prior for Bayesian registration

We adopt the above separable functional CAR framework for our graph-based registration.

Our model is a degenerated case of the separable functional CAR model in that we do

not have subject-wise variability. However, since the model assumes independence between

subjects, (3.15) can be directly used. The only modification we have is that now the basis-

specific smoothing parameters s∗l ’s are assumed to be a function of a common smoothing

parameter in the form

s∗l =
s

l2
,

in which l depends on the basis element we are looking at. As a result, basis elements

with higher frequency have lower prior variance. Apart from that, we also use Fourier basis
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functions in our prior setup. Specifically, define Fourier basis for the tangent space T1(Ψ):

φl(t) ∈ {0,
√

2 cos(2πlt),
√

2 sin(2πlt)}, l = 1, 2, · · · ,

and ξi = (ξi1, · · · , ξiL) is the L-dimension representation of gi ∈ T1(Ψ) :

gi(t) ≈
L∑
l=1

ξilφl(t). (3.16)

Then we model spatial dependency in the prior on those Fourier coefficients ξi’s. Specifically,

we assume independent Gaussian distributions among those Fourier basis coefficients with

heterogeneous variance-covariance matrices that depend on both basis index l and function

index i.

That is, for each l = 1, · · · , L , we allow a form of autoregression given by

ξil | {ξi′l}i′ 6=i ∼ N

(
ρ

N∑
j=1

wij
wi+

ξjl,
σ2
g

l2wi+

)
, independent across l (3.17)

where wij is the element in the adjacency matrix W , wi+ =
∑

j wij represents the number of

neighbors of fi, and ρ ∈ (0, 1] is the spatial correlation parameter which describes to what

extent the neighbors are similar.

It can be easily found that when ρ ∈ (0, 1), the joint distribution of ξ·l = (ξ1l, · · · , ξNl) is

a proper multivariate normal distribution:

ξ·l ∼MVN(0N ,
σ2
g

l2
(Dw − ρW )−1), (3.18)

65



where Dw = diag{w1+, · · · , wM+}. When ρ = 1 in the CAR prior specification, joint prior

distribution is not a proper distribution. Even though we do not obtain a proper joint prior

distribution, setting ρ =1 is frequently used in practice, and is suitable if the resulting pos-

terior distribution is proper. One example of this is the intrinsic conditional autoregressive

(ICAR) model [4].

Based on the K-L expansion properties on Gaussian processes, each function gi ∈ T1(Ψ)

is a Gaussian process with the form of Gaussian (0, Cgi).

Next, we explore the properties of the joint prior of (g1, · · · , gN). Let Φ be the L × T -

dimensional matrix of Fourier basis functions evaluated at [t] : (φ)(b,j) = φb(tj). Then the

matrix of discretized functions in the tangent space T1(Ψ) has the form: G = (gm(tj)) = ΞΦ.

Suppose Φ is full rank, which is always true for orthogonal basis system like Fourier basis,

then by results from [44], the independent proper CAR prior on each ξ·b induces the following

structure on the prior distribution of {gi}Mi=1:

(1) At a specific time point t:

{gi(t)}Mi=1 ∼MVN(0M ,Ω
tt)

where Ωtt = αtDw − βtW ;

Here, αt =
∑L

l=1

v2tl·l
2

σ2
g

and βt =
∑L

l=1

v2tl·l
2

σ2
g
ρ where vtb is an element of the N × L basis

transformation matrix V = Φ
′
(ΦΦ

′
)−1. Therefore, the spatial correlation at time t is induced

by βt
αt

.
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(2) At different time point t and t′, the partial cross-covariance between gi’s have the

CAR covariance structure:

Ωtt′ = att′Dv − btt′V,

where att′ =
∑L

l=1
vtlvt′l·l2

σ2
g

and btt′ =
∑L

l=1
vtlvt′l·l2

σ2
g

ρ

Given those properties, we can see that the CAR spatial correlation structure is preserved

in (g1, · · · , gN) with the same spatial dependence between any pair of neighbors, even though

the basis functions are modeled independently. In summary, the CAR prior structure allows

for the model on (g1, · · · , gN) to capture spatial dependence across functions, while also

borrowing strength at different time points.

3.3.2 Hierarchical model for spatial function registration

Now that we have specified the transformation on T1(Ψ) (i.e. the projection on the L-

dimensional subspace spanned by the Fourier basis) and an auto-correlation distribution in

this space based on the Fourier coefficients, the final hierarchical model can be specified as

below.

Model 2:

Prior:

q∗ ∼ Gaussian (0, Cq)

σ2 ∼ IG( shape = a, scale = b)

ξil | {ξi′l}i′ 6=i ∼ N

(
ρ

N∑
j=1

wij
wi+

ξjl,
σ2
g

b2wi+

) (3.19)

where the joint prior is the independent joint distribution of the specified priors above.
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Sampling distribution:

{(qi ◦ γi)([t])}Ni=1 | {γi}Ni=1, σ
2, q∗ ∼ (i.i.d.)MVN(q∗([t]), σ2IN) (3.20)

where γi and ξi is linked via gi (3.5) and a Fourier basis expansion (3.16).

Here, parameters that need to be pre-specified are the number of basis functions Lg (here

the footnote g is included to emphasize the basis system is for the space of gi’s), spatial

correlation ρ, the variability in the warping functions σ2
g , Inverse-Gamma parameters a and

b, and covariance operator Cq. Using the K-L expansion and assumptions for variance on the

basis coefficients in Section 3.2.3, it is sufficient to specify Cq via Lq and σ2
q∗ .

Note:

ρ can be 0 in Model 2. In this case, Model 2 is equivalent to Model 1 if G is a fully

connected graph. When G is a fully connected graph, i.e., each node is connected to the rest

nodes in the graph, (3.20) can be simplified to ξ·l ∼ MVN(0N ,
σ2
g

l2·(N−1)IN
). This is exactly

the same as the prior of Model 1 specified Section 3.2.1 when you scale σg by (N − 1).

3.3.3 MCMC algorithm

Model 2 extends the independent prior structure among (g1, · · · , gN) in Model 1 to a depen-

dent structure through the basis coefficients. Despite the difference in the prior structure,

we can still apply the Metropolis-within-Gibbs (MwG) algorithm introduced for Model 1 by

[23] to the dependent prior case in Model 2.

Since the only component changes in the model is the prior on the functions g1, · · · , gN ,

the two models share the same form of full conditional distribution for σ2 and q∗ respectively.

68



That is, we can still update σ drawing samples from the Inverse-Gamma distribution (3.7)

and q∗ using the M-H steps with the z-mixture pCN proposal, given the sample and updates

of the rest of the parameters.

Here, we lay out the general updating steps for the dependent Bayesian registration

algorithm first.

the pCN algorithm for dependent Bayesian function registration

• Step 1: Draw g
(0)
i from the CAR prior which has exp−1

1 (g
(0)
i ) ≥ 0. Set the initial q∗(0)

to be the point-wise mean of fi’s, and σ(0) = 1.

For m = 1, 2, · · · , repeat the following steps until the chain has reached the desired chain

length.

• Step 2: Update g
(m)
1 , · · · , g(m)

N to g
(m+1)
1 , · · · , g(m+1)

N jointly given q∗(m),σ
(m)
g and σ(m):

1. Make a Z-mixture pCN proposal of the basis coefficients based on the prior CAR

mode. Repropose if any of the corresponding gi has exp−1
1 (g0

i ) ≤ 0.

2. Accept the proposal with probability

min
{

1, exp
(
`
(
g′, · · · ,

(
σ2
)(m)

)
− `
(
g

(m)
i , · · · ,

(
σ2
)(m)

))}
, (3.21)
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where `(·) = log(L), and the likelihood ratio can be simplified to

L
(
g′1, . . . , g

′
c, q
∗(m), σ2(m)

)
L
(
g

(m)
1 , . . . , g

(m)
c , q∗(m), σ2(m)

) =

∏C
i=1 exp(

SSE′i
2σ2(m) )∏C

i=1 exp(
SSEm

i

2σ2(m) )
(3.22)

= exp

(
− 1

2σ2(m)

C∑
i=1

(
SSE′i− SSE

(m)
i

))
,

where SSE′i = SSE(g′i, q
∗(m)) and SSE

(m)
i = SSE(g

(m)
i , q∗(m)). SSE(·, ·) is (3.8).

• Step 3: Update q∗(m) to q∗(m+1) given all the other parameters at their state:

1. Make a Z-mixture pCN proposal.

2. Accept q′ as q∗(m+1) with probability

min
{

1, exp
(
`
(
q′, · · · ,

(
σ2
)(m)

)
− `
(
q∗(m), · · · ,

(
σ2
)(m)

))}
, (3.23)

where the likelihood is of form (3.6), and the likelihood ratio can be obtained via

exp

(
− 1

2σ2(m)

N∑
i=1

(
SSE

(
g

(m+1)
i , q′

)
− SSE

(
g

(m+1)
i , q∗(m)

)))
, (3.24)

• Step 4: Transform g
(m+1)
i , i = 1, · · · , N to γ

(m+1)
1 , i = 1, · · · , N , standardize γ

(m+1)
i ’s

and q∗(m+1) using the Karcher mean γ̄. Finally, transform back the centered γi to

g ∈ T1(Ψ).
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• Step 5: Update σ2(m) to σ2(m+1) by drawing a sample from

σ2(m+1) ∼ IG

(
shape =

1

2
NT + a, scale =

1

2

N∑
i=1

SSE
(
g

(m+1)
i , q∗(m+1)

)
+ b

)
.

(3.25)

Note on the MCMC algorithm:

1. The Z-mixture pCN proposal for updating q∗ is the same as the one specified in (3.12).

2. The proposed candidate for g1, · · · , gN jointly is obtained through the proposed updates

on the basis coefficients ξ·,l, l = 1, · · · , Lg, which has the prior distribution of form

(3.20) given the CAR model assumption (3.19).

Specifically when adopting the 2-mixture pCN proposal, we propose new ξ′·1, · · · , ξ′·Lg

iteratively based on

ξ′·l =


ξ

(m)
·,l

√
(1− β2

1) + β1εl with probability p1

ξ
(m)
·,l

√
(1− β2

2) + β2εl with probability p2

(3.26)

where p1 + p2 = 1, εl ∼MVN(0N ,
σ2
g

l2
(Dw − ρW )−1).

3. In practice, the standardization step (i.e. Step 4 of the algorithm) is only performed

every 1000 updates of the parameters.

3.4 Simulation study

In this section, we describe a situation where the dependent Bayesian registration method

would be useful using a simulated example. The simulated data contains eleven functions
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on [0, 1]. fi(t) = sin(2πγi(t)) for i = 1, ..., 10, where γi(t) is a random warping function

generated from a distribution centered at Karcher mean γ(t) = t, and the last function is

f11(t) = sin(10πt) (see the first plot in Figure 3.6).

In this setting of observed functions, we do not expect the last function (f11) to play a

role as important as the rest of the functions in the multiple registration, since it clearly has

a different type of shape compared to the other 10 functions. Equivalently, we would like

the warping function of f11 to be as close to the identity warping as possible. Therefore,

the main objective of this simulation study is to investigate if estimated warping of the last

sine wave with higher frequency presents any over-fitting issue. To quantify that, we use the

Fisher-Rao distance between γid and γ̂11 as the criteria (denoted as doverfit).

To use the graph-based registration method, we need to apply a network structure on the

simulated data. Specifically, we assume that the eleven functions has the following network

structure: the last function f11 is connected to the rest of the functions, while the rest

of functions are connected to the two functions with the neighouring indices additionally

(Figure 3.4).

1
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6
7

8

9

10

11

Figure 3.4: The proposed graph structure on the simulated data

72



This network structure allows the registration of the last function that has much higher

frequency than the rest of the sine waves to borrow strength from the other ten functions,

so that it will not be over-warped in the multiple registration process.

Now we are ready to apply the elastic graph-based registration method on the eleven

functions. The first 20 pairs of the Fourier basis functions are used to estimate the warping

functions gi and the template function q∗ (i.e., Lg = Lq∗ = 20). To allow enough spatial

dependency among the functions, we set the spatial correlation parameter ρ = 0.9. The

other constants needed to be specified are chosen according to the recommendations from

Lu, Herbei, and Kurtek: σg = 4, σq∗ = 0.8q95 (q95 is defined as the range of the middle 95

values of all qi), a = 0.1 and b = 0.1. The 2-mixture pCN proposal is used to propose both

the joint of (g1, · · · , g11) and q∗. The MCMC chain is run for 104 iterations with a burn-in

period of 0.5× 104. Trace plot of the log-likelihood (Figure 3.5) shows no indication of lack

of convergence.

Figure 3.5: Trace plot of the log-likelihood for the simulation study. The horizontal dotted

line marks the end of the burn-in step.
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The final registration outcomes are shown in Figure 3.6. The graphs are organized in the

same with in Figure 3.3: the original growth rate functions, their registered versions along

with 95% credible interval, and the estimated warping functions are shown in the top panel;

SRVF of the original function and the registered functions with 95% credible interval and

the point-wise mean before and after registration are shown in the lower panel.

Figure 3.6: A simulation study of the elastic graph-based registration

Comparing our result with the result using Lu et al.’s method, our method has doverfit =

0.0403, while their method has doverfit = 0.2787. Also comparing the registered f11’s, we find

that the dependent prior has better performance with respect to over-fitting. The comparison

of the registration on f11 is shown in Figure 3.7.

The comparison of the point-wise mean after registration is shown in Figure 3.8. We

can see that around t = 0.7, the point-wise mean after registration with independent priors
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Warping functions Warped functions

Figure 3.7: Registration comparison on the sine wave with higher frequency

Independent prior Dependent prior

Figure 3.8: Comparison of the registered mean

catches more variability from the noise than that with dependent priors. This is because the

previous algorithm “pinched” the last function in this region to fit the trend from the other

functions.

Therefore, we confirm in this simulation study that compared to the Bayesian registration

using independent priors on gi’s, the graph-based method has successfully prevented the over-

fit in the last function, while still managing to match the shapes of the other ten functions.
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3.5 A real data application

We also apply the graph-based registration to the fMRI study mentioned in Section 2.5.2.

Here we restricted ourselves to one subject from the high cognitive control group and one

ROI - the right Medial Frontal Eye Field (rmedFEF). In this case, we have a total of 85

spatially-indexed functions, which have a very low signal-to-noise ratio due to the nature

of fMRI scans as mentioned in the overview of fMRI data in Section 2.1. To construct a

graph from the given spatial coordinates of the voxels, we assume that two voxels are two

nodes connected to each other, if their distance is within the Dmax = 8. Note that Dmax is

also one of the hyper-parameters in the spatial functional SVM algorithm, which defines the

neighborhood of the spatial structure. Dmax = 8 is chosen, since this is the most selected

neighborhood radius in the cross-validation step in the previous study on this data set.

Then we set the spatial correlation parameter ρ = 0.9 to allow abundant correlation among

the functions. For the MCMC algorithm, the 2-mixture pCN proposal is used to propose

candidate functions for both the joint of (g1, · · · , g11) and q∗, and the MCMC chain is run

for 104 iterations with a burn-in period of 0.5× 104.
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Figure 3.9: An application of the graph-based registration on the fMRI study

The point-wise mean before and after registration is shown in Figure 3.9. The mean after

registration contains less noise, and is a better representation of the signals from the block

design of this fMRI study. Below we also present the registration results using the Bayesian

registration with independent priors on the warpings. The estimated warping functions is

presented in Figure 3.10 (left) and the corresponding point-wise mean with a 2-SD band is

presented in Figure 3.10. Comparing the point-wise means of the two Bayesian registration

models, the i.i.d. model is over-registering the noise (relative to the signal) whereas the

spatial dependent model is not registering noise quite as much, thus preserving the block

design. This finding is also firmed by comparing the warping functions in both cases: the

spatial model has warping functions more close to the identity warping (i.e. γ(t) = t) than

the i.i.d. model.
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(a) Independent prior (b) Dependent prior

Figure 3.10: Bayesian registration comparison on the warpings of the fMRI data

(a) Independent prior (b) Dependent prior

Figure 3.11: Bayesian registration comparison on the function means of the fMRI data
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3.6 Discussion

3.6.1 Advantage of the graph-based Bayesian registration method

The proposed graph-based Bayesian registration method enjoys the benefits of both using a

Bayesian framework and assuming a spatially dependent CAR model.

It has the following features. It (1) allows correlation among the warping functions in the

prior; (2) is robust to grid size and scalable to large functional datasets sampled on a fine

grid; (3) allows uncertainty analysis of mean amplitude and the warping functions based on

the posterior distributions; (4) makes it possible to apply prior knowledge of the smoothness

and dependence level to the model.

3.6.2 Future work

In this work, we did not fully investigate how the choices of different network structure as

well as different spatial correlation levels specified in ρ affects the posterior estimates. It

is of interest that we come up with a sophisticated simulation study that explores those

properties of this registration method.

Also, in our method, we only adopted the most simple graph structure, where elements of

the edge set E is either zero or one. In a more general network/graph framework, edges can

be assigned continuous weights [18]. Graph with edge weights are referred to as “weighted

graph”. Usually, those weights are assumed to be non-negative by convention, and often are

scaled to fall between zero and one. Equivalently, the edge set E can be supplemented with

a weighting function which takes inputs as edges and outputs a continuous value, and the
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adjacency matrix W has wij equal to the corresponding weight for the vertex pair i and j.

It is possible that we extend our model to include those weighted graphs as the underlying

spatial structure for the priors of the warping functions. Additional future directions include

considering CAR priors on the SRVFs of the amplitude functions themselves, perhaps with

i.i.d. or CAR priors on the warpings.
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Chapter 4

Conclusion

In this dissertation, we investigated two specific analytic tasks of spatially-indexed functional

data using the framework of elastic data analysis. The proposed methods are based on

the work of the multiple registration of functions using the Fisher-Rao metric, which is

introduced in Section 1.1 and using an additional Bayesian framework, which is introduced

in Section 3.2.

The first task motivated by the fMRI study of schizophrenia aims at classification of

each set of spatially-index functional data. The classification tool we adopt is a generalized

support vector machine (SVM) algorithm that allows us to adopt any metric of the data

space for the adapted kernels in the classifier. In this way, we are able to combine the

Fisher-Rao metric as well as spatial weights in the classification algorithm. The final SVM

algorithm is specified in Section 2.4.1. We showed the strength of this classification algorithm

on simulated fMRI data as well as a real fMRI data set. We also discussed the shortcoming

of this algorithm in details in Section 2.6. Apart from those discussions, this algorithm is

designed specifically for brain imaging data, resulting in possible lack of generality to data
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from other fields. However, in this line of work, we managed to apply the framework of

elastic data analysis to the SVM algorithm, which is a new work in the area of classification

models in this framework. We hope that this work provides an additional classification tool

in this framework that uses the Fisher-Rao metric on a Riemannian manifold.

The second task aims at expanding the Bayesian registration methods that assumes

independence among the functions so that they can be applied to spatially-indexed functions.

We chose the Bayesian framework that models priors of the warping functions on the tangent

space, because we could apply the well defined conditional autoregressive models in this

linear space. The spatial dependency is introduced via a functional CAR model which is

specified in Section 3.3.1 in the space of the warping functions. The general model structure

is introduced in Section 3.3.2 and the MCMC algorithm is explained in Section 3.3.3. We

showed how this registration algorithm could borrow strength from neighbouring functions

to estimate the warping functions in a simulation study in Section 3.4. We also discussed how

this framework is readily available for more general graphs like weighted graphs in Section

3.6. In this model, we are able to extend the independent prior based Bayesian registration

to a dependent prior, while still maintaining the model’s robustness to grid sizes. This

proposed method requires further investigation in its performance with different choices of

hyper-parameters, but its framework makes it ready to be applied to the case where we have

randomly sampled sets of spatially-indexed functional data. From there, this Bayes model

can be combined with the general functional mixed effect model framework which specifies

different experimental designs as well as related covariates.
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