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CHAPTER 1

INTRODUCTION

This thesis studies uniformity results for torsion growth of elliptic curves over number fields in
two contexts: asymptotically in the degree, where the elliptic curves vary in fixed geometric
isogeny classes; and with regards to prime factors of the degree, where the base field is fixed.
These results are from recent papers [Genll, [Gen2, [Gen3, [Gend].

Let E,p denote an elliptic curve E defined over a field F', i.e., a smooth, connected,
projective algebraic curve of genus one with a distinguished F-rational point. Then the set
E(F) of F-rational points on F is is an abelian group, via a chord and tangent process. When
F' is a number field, the Mordell-Weil Theorem implies that the torsion group E(F')[tors| is
finite.

Within the last century, it has been of great interest to understand torsion groups of
elliptic curves uniformly. For example, for a field extension F'/Q with degree [F : Q] < 3,
classification results have completely determined what the group E(F)[tors| can be for any
elliptic curve E/p [Maz77, KMSS|, [Kam92al Kam92bl, [DEvH+21]; moreover, these papers
show there are finitely many possibilities for E(F")[tors] over such degrees.

In this direction, a celebrated result of Merel [Mer96| showed that the size #FE(F')[tors]

is always uniformly bounded in the degree:



Theorem 1. [Mer96| For each integer d > 0 there exists a constant B(d) € Z* such that for
all number fields F/Q with [F : Q| = d and for all elliptic curves E,p one has

#E(F)[tors] < B(d).

In this thesis, we present uniformity results on the size of torsion groups of elliptic curves
over number fields whose degrees can be arbitrarily large. Each result employs a close study
of degrees of fields of definition of torsion points on elliptic curves. The collections of elliptic
curves that we study can be contextualized in terms of Q-curves.

By a family of elliptic curves, we mean any collection of elliptic curves defined over number
fields. The families that we study in [Genll, [Gen2, [Gen3|, [(Gen4] are defined as follows. Fix

an algebraic closure Q of Q and a number field Fy C Q. Let us define four families
Bp, = {Elliptic curves E,p base-changed from Fj}, (1.1)

Er, = {Elliptic curves E,p with Fy-rational j-invariant}, (1.2)
Tr, := {Elliptic curves E,r which are Q-isogenous to some E' with j(E') € Fy}  (1.3)

and
Qr, := {Elliptic curves E/r : Vo € Gal(Q/Fy), E is Q-isogenous to E”}. (1.4)
We have the following containments:
Br, C&r, C Ik, C Qp,.

Notice that when £ = Q, the family Qg is the family of Q-curves.

Elliptic curves E,p from each family above can be defined over number fields F' with
arbitrarily large degree [F' : Q], and in particular #FE(F')[tors] can be arbitrarily large.
However, in this thesis we will show that E(F')[tors| is “well-behaved" once we impose certain

restrictions on the degrees [F' : Q].



This thesis is organized as follows. Chapter [2| gives some background on elliptic curve
torsion points, Galois representations and isogenies that will be used throughout the thesis.
Chapters [3] [4] and [5] concern asymptotic results on the growth of torsion groups from €, and
Tr,, namely typical boundedness and polynomial bounds. Chapter [6| will study torsion growth

of elliptic curves in Bg,.

1.1.1 Typical boundedness

Recall that any subset S C Z* has a well-defined upper (asymptotic) density

5(S) := lim sup #(Sﬂ—[l,:p])

T—00 x

Given a family F of elliptic curves closed under rational isomorphism (i.e., given an elliptic
curve E,p € F and another curve E}F with B/ =p E’, one has E}F € F; this includes our
four families above), we say that F is typically bounded in torsion if for all € > 0 there is a

constant B, > 0 such that the set of “bad degrees"
{deZ" :3E/p € F so that [F : Q] = d and #E(F)[tors] > B.}

has upper density at most e. Informally stated, F is typically bounded in torsion if the
torsion groups of elliptic curves in F are absolutely bounded away from a subset of elliptic
curves E/p € F whose degrees [F' : Q] lie in an arbitrarily thin subset of Z*.

Typical boundedness has been previously studied by Clark, Milosevic and Pollack [CMP18§];
in particular, they show that if one assumes the Generalized Riemann Hypothesis (GRH), as
well as the technical assumption that Fj has no “rationally defined CM", then the family g,
is typically bounded in torsion. In Chapter |3| we will prove this result for £, unconditionally

on Fy.
Theorem (Theorem . For any number field Fy, torsion is typically bounded on &g, .
In Chapter ] we extend this result to Zg,.

Theorem (Theorem . For any number field Fy, torsion is typically bounded on Ly, .

3



The family Zp, is significantly larger than £g,, as we now explain. Given an algebraic
number j € Q and any elliptic curve E with j-invariant j(£) = j, the Q-rational isogeny
class of F contains j-invariants j' of arbitrarily large degree [Q(j') : Q]. In the case where
E has complex multiplication (henceforth abbreviated as CM) this follows from class field
theory: given a CM elliptic curve E' whose geometric endomorphism ring is (isomorphic to)
an imaginary quadratic order O, its j-invariant has degree [Q(j(F)) : Q] = #Pic(QO), where
Pic(0O) is the class group of O. By a classic result of Heilbronn [Hei34], as the discriminant
A(O) — —oo the class number #Pic(O) — oo. Since any two CM elliptic curves will
be geometrically isogenous if their geometric endomorphism rings have isomorphic fraction
fields, one concludes that the isogeny class of any CM elliptic curve will have j-invariants
of arbitrarily large degree. On the other hand, given any non-CM elliptic curve E defined
over a number field Fj, Serre’s open image theorem [Ser72, Théoréme 2| tells us that for
¢ >p r, 0 one has that the mod-¢ Galois representation of £ is surjective. It follows then
that for any order ¢ subgroup Cy, C F, the field of definition of C, over F{, has degree ¢ + 1.
By [Cla, Proposition 3.2| the field of definition equals Fy(j,) where j, is the j-invariant of
the quotient elliptic curve E/Cy. Thus the isogeny class of E contains j-invariants of degree

¢+ 1 over Fy for all primes £ >p g, 0.

1.1.2 Polynomial bounds

We say that a family F is polynomially bounded in torsion if there exist constants ¢(F), B(F) >
0 such that for all elliptic curves E,r € F one has

#E(F)[tors] < ¢(F) - [F : Q[F¥).

Polynomial bounds are tied in with Theorem I} In this theorem, Merel gave an explicit upper
bound on prime power divisors of #E(F)[tors] in terms of d, which was later strengthened
by Parent [Par99, Corollaire 1.8]: if p" | #F(F)[tors] then p"® < 129(5% — 1)(3d)®. This

gives explicit bounds B(d) which are larger than exponential in the degree d. It is a folklore



conjecture that there exists polynomial bounds on torsion groups of elliptic curves over

number fields. More precisely:

Conjecture 2. There exist constants ¢, B > 0 such that for all elliptic curves E/p one has

#E(F)[tors] < c-[F:Q]P.

Parent’s bounds [Par99] are more than an exponential factor away from this conjecture.
However, several results in the literature support this conjecture once we restrict certain
parameters of our elliptic curves. For example, for any elliptic curve E/r with integral j-
invariant, Hindry and Silverman have shown that #FE(F)[tors] < 1977408 - dlog(d) when
d:=[F : Q] > 1 [HS99, Théoréme 1|. In a stricter case, if E has complex multiplication
(CM) then Clark and Pollack have shown that #FE(F)[tors] < C - dloglogd when d > 2,
where C' € Z* is some absolute, effectively computable constant [CP15, Theorem 1].

There are also polynomial bounds for elliptic curves in the family £g: Clark and Pollack
have shown that for each € > 0 there exists a constant C. > 0 such that for any elliptic curve

E/p whose j-invariant j(E) € Q, one has that the exponent]]
exp E(F)[tors] < C. - [F : Q*/**<,

as well as

#E(F)[tors] < C. - [F : Q]>/**e

[CP18, Theorem 1.3]. An identical result holds when one assumes the Generalized Riemann
Hypothesis (GRH) and replaces Q with a number field Fy which has no rationally defined
CM |CP18] Theorem 1.6].

Our result on polynomial bounds is for any fixed geometric isogeny class of elliptic curves.
In contrast to the family &g for [CP18, Theorem 1.3|, a geometric isogeny class will contain

elliptic curves whose j-invariants have arbitrarily large degree.

Theorem (Theorem 21). Fiz a number field Fy and an elliptic curve Ey g, Then for each
e > 0 there exists a constant C. := C.(Ey, Fy) > 0 such that for any elliptic curve E/p

LGiven a finite group (G, +), its ezponent exp G is the least integer n € Z* such that nG = 0. When G
is abelian, the exponent is equal to the largest possible order of an element in G.
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geometrically isogenous to Fqyp, one has both
exp E(F)[tors] < C, - [F : Q]'*

and

#E(F)[tors] < C. - [F : Q]**.

1.1.3 Base change

In Chapter [6] we study the growth of torsion groups in the family Bg,. Previously, Gonzalez-
Jiménez and Najman have shown that for all elliptic curves E/p € By, if [F : Q] is coprime

to 210 then one has E(F)[tors] = E(Q)[tors] [GIN20, Theorem 7.2.i]. The main result of
Chapter [0] is a generalization of this.

Theorem (Theorem [28). Assume that GRH is true, and let Fy be a number field with no
rationally defined CM. Then there exists an effectively computable constant B := B(Fy) € Z*
for which the following holds: for any finite extension L/Fy whose degree [L : Fy| is coprime
to B, one has for all elliptic curves E defined over Fy that

E(L)[tors| = E(Fy)[tors].

We also show that this result fails when F{, has rationally defined CM, due to the exis-
tence of Fy-rational isogenies of arbitrarily large prime degrees satisfying certain congruence

conditions.

Theorem (Theorem . Let Fy be a number field with rationally defined CM. Then for all
integers B € Z" there exists a finite extension L]/ Fy whose degree [L : Fy] is coprime to B,

and a CM elliptic curve E,p, for which

E(L)[tors] # E(Fy)[tors].



Finally, towards proving Theorem [28 we prove a result on relative uniform divisibility of
the index of a mod-¢ Galois representation of an elliptic curve over Fy. Each of the subgroups

below are defined in Chapter [2]

Theorem (Theorem . Assume that GRH is true, and let Fy be a number field with no
rationally defined CM. Then for all primes { >, 0, one has for any elliptic curve E,p, that
its mod-C Galois representation G := pp(Gr,) is either surjective, or is contained in Ny({)

or Nps(0) up to conjugacy.

1. If G C Ny({) then D¢ C G for some e € {1,2,3,4,6}, and if £ # 37,73 then the center
Z(0) C G, and in fact
[Ns(€) : G] | ged(€ — 1, e).

2. If G C Nyus(€) then Cs(0)¢ C G for some e € {1,2,3,4,6}, and in fact
[N.s(€) : G] | 6.

a. If ¢ =1 (mod 3), then G equals Nys(¢) or Cys(f), with G = Nps(l) if Fy has a
real embedding.

b. If ¢ =2 (mod 3), then G equals N,s({), Crs(£), G(£) or Cpns(£)?, with G = N,s(¢)
or G(0) if Fy has a real embedding.



CHAPTER 2

BACKGROUND

Throughout this thesis, we are interested in understanding the rationality of torsion points
on elliptic curves over number fields. To this end, we also seek to understand the Galois
representations associated to such elliptic curves, and their connections to fields of definition

of torsion points.

2.1.1 Galois representations of elliptic curves

Let us recall the ring of profinite integers, which is the inverse limit

2 := lim Z/nZ.

neZt

For each integer N € Z*, we also have the ring of N-adic integers

Zy := lim Z/N*Z.
kez+t

Then one has an isomorphism

I

7 H Zo.

prime (€ZT

Let us also define the ring of N-adic numbers as Qy :=Zy @ Q = H£|N Qy.



For the rest of this thesis, fix an algebraic closure Q of Q. Let F/Q be an algebraic
extension, regarded as a subextension of Q. We will write G := Gal(Q/F) for the absolute
Galois group of F'. Let us consider an elliptic curve £ defined over F', written E,p. Since F

is defined over F', the Galois group G acts on F(Q). For each integer N € Z*, we write
E[N] := E(Q)[N] for the N-torsion subgroup of E. Since addition of points in E(Q) is
F-rational, it follows that E[N] is stable under the action of Gg. The corresponding group
homomorphism

PEN": GF — Autz/Nz(E[N])

is called the mod-N Galois representation of E. Since E[N] is a free rank two Z/NZ-
module [Sil09, Corollary 6.4], it follows that fixing a basis for F[N] gives an isomorphism
Auty/nz(E[N]) = GLy(Z/NZ); thus, the image pg n(Gr) may be realized as a subgroup of
matrices in GLy(Z/NZ).

For each integer N € Z*, let us define the N-adic Tate module as the inverse limit
Ty(E) = hm, E[N*]. Tt follows that Ty (E) is a free rank two Zy-module. The action of
GF on N-power torsion induces an action on Ty (F), and we are afforded the N-adic Galois

representation of E, denoted
PE N GF — AutZN(TN(E)).

When fixing a basis for Ty (F), one can identify Autz, (Tn(E)) = GL2(Zy).
Finally, we have the adelic Tate module T(E) := l'ﬁnn>1 E[n], which is a free rank two
Z-module. The action of G on Eltors] induces an action on T(E), and we have the adelic

Galois representation of E, denoted
PE": GF — Autz(T(E))

When fixing a basis for T(E), we have an isomorphism Aut,(T(E)) 2 GLy(Z).
The adelic Galois representation packages together all information of rationality of torsion

points on . When E has no complex multiplication (see Section [2.1.5]) the image pg(GF) of



its adelic Galois representation is open in GLQ(Z) [Ser72, Théoréme 2|. Equivalently, its image
contains an open neighborhood of the identity matrix I, say ker(my; : GLy(Z) — GLy(Z/MZ))
for some M € Z", where 7, denotes the natural projection map mod M. We will call the
least such M the adelic level of Ep. Since pp(Gr) is open, it follows for each integer N € Z*
that the N-adic image pg y~(Gp) is also open in GLy(Zy); the least integer k € Z* for
which pg ye(GF) contains ker(myk : GLo(Zy) — GLo(Z/N*Z)) is called the N-adic level of
E (or simply the level of pg n=(GF)).

In each of the following chapters, we will study the image pg(Gp) for large primes ¢,
utilizing the fact that it lands inside certain maximal subgroups of GLy(Z/¢Z) (see Theorem
. In Chapters 4] and [5| we also study the N-adic image pg ye(GF).

2.1.2 Degrees of torsion points

Given an elliptic curve E/p, one can recontextualize degrees of torsion points of £ in terms
of the sizes of orbits under the action of Gr. To be precise, fix an integer N € Z*, and fix
a basis {P,Q} of E[N] for which the image G := pp n(GF) := pe.npro(Gr) is realized as a
subgroup of GLy(Z/NZ). Identifying P and ) with unit basis vectors ey, e5 over Z/NZ, the
action of Gp on E[N] is given by the action of G on the Z/NZ-module V := (Z/NZ){e1, e3),
via left multiplication.

Given a torsion point R € E[N], its field of definition over F', denoted F(R), is the
minimal field extension of F' over which R becomes rational. This field can be characterized
as the fixed field of the stabilizer of R under the action of Gr on E[N]. When F is given
via an explicit equation, F'(R) can be obtained by adjoining the coordinates of R to F. The
N-division field of Ep, written as F'(E[N]), is the compositum of all fields F'(R) for which
R € E[N]. The N-division field is also characterized as the fixed field for the action of Gp
on E[N].

Given a torsion point R € E[N], let us write Og(R) for the orbit of R under G. Then
the Orbit-Stabilizer Theorem implies that #Og(R) = [F(R) : F]. Thus the degree of an

N-torsion point over F' is the size of its orbit under the action of pg nv(GF), a vantage point

10



we will exploit with the classification of subgroups of GLy(Z/NZ) when N is prime. It’s

worth noting that this size is invariant under a change of basis for E[N].

2.1.3 Subgroups of GLy(Z/(Z)

Let us review an important classification result for subgroups of GLo(Z/(Z) as seen in [Ser72],
essentially due to Dickson [Dic5§].
Throughout the following, we let ¢ > 5 be a prime; we will sometimes write F, := Z/{Z.

We define the split Cartan subgroup mod-¢ as the subgroup of diagonal matrices in GLo(Z/(Z),
0
Cs(0) == ta,d e Ff

Fix the least positive integer e which generates ;. Then we define the non-split Cartan
subgroup mod-{ as the regular representation of F,[\/€]* acting on itself via multiplication

with respect to the basis {1, \/e}; this representation is

b
Crs(l) = Z “| - (a,d) #(0,0) € F, x F,
a

Note that Cys(¢) = Fj,. For these two Cartan subgroups, one has their normalizers

0
Ns(0) = Cs(0) U Cs(0)
1 0
a O_ 0
= , ca,d e Ff
0 d a 0

11



and

1 0
Nus(0) = Crs(0) U Chs(0)
0 —1
a be a be
- ) :(a7b)7é(070>€FZXF€
b a -b —a

Clearly, both Cartan subgroups have index two in their respective normalizers.

Let us also define the Borel subgroup mod-£ as the subgroup of upper triangular matrices,
b
B(0) = ca,d e F)

In his seminal paper on the adelic open image theorem for elliptic curves, Serre [Ser72]
analyzed the various mod-¢ Galois representations of a fixed elliptic curve E over a number

field. To do this, he used the following classification of subgroups of GLy(Z/lZ) [Sex72, §2|.

Theorem 3 (Classification of subgroups of GLy(Z/lZ)). Let £ > 5 be a prime, and let G be
a subgroup of GLo(Z/VZ).

1. If 0| #G, then one of the following holds:

a. G contains SLy(Z/UZ).

b. G is contained in B({), up to conjugacy.
2. If 1 #G, then one of the following holds:

a. G is contained in N(€) or Ny,s({), up to conjugacy.

b. The image G of G in PGLy(Z/Z) := GLy(Z/lZ)/F} is isomorphic to one of the
groups Ay, Sy or As.

In Chapter [0, we will also need two more subgroups. We will let D denote the semi-Cartan

subgroup of GLy(Z/¢Z), and G(¢) the unique subgroup of N,s(¢) with G(¢) € C,s(¢) and

12



[Crs(€) : G(0) N Crs(€)] = 3; these are defined as

and

G{) := ,Crs(0)? ).
0 —1

Our definitions and terminology for isogenies follow Silverman [Sil09]. Given two elliptic

2.1.4 Isogenies

curves F and E’ defined over Q, an isogeny from F to E’ is a nonconstant algebraic map
¢: B — E’ which preserves basepoints. Such a morphism induces a group homomorphism
¢: B(Q) — E'(Q) [Sil09, Theorem I11.4.8]. The kernel of such an isogeny is a finite subgroup
of Eltors| [Sil09, Corollary I11.4.9]. We say that ¢ is cyclic if its kernel is cyclic, and call ¢ a
cyclic N-isogeny, where N := # ker ¢.

For an algebraic extension F'/Q, we say that an isogeny ¢: £ — E’ is F-rational if E,
£’ and ¢ are defined over F'. Observe that “Being F-rationally isogenous" is an equivalence
relation. When F' = Q, we say that ¢ is a geometric isogeny. For a fixed elliptic curve E, its
geometric isogeny class is its equivalence class under “being geometrically isogenous."

Given an F-rational isogeny ¢: E — E', we let ¢V: E' — E denote its dual isogeny [Sil09,
Chapter II1.6]. The dual isogeny has the same degree and field of definition as ¢, and when
¢ is cyclic, so is @Y.

When a cyclic N-isogeny ¢: E — E’ is F-rational, its kernel Cy := ker ¢ is stable under

the action of Gp. In particular, we are afforded a group homomorphism

T GF — Aut(CN)

called the isogeny character of ¢. Fixing a generator for C'y gives an isomorphism Aut(Cy) =

(Z/NZ)~.

13



2.1.5 Complex multiplication

Given an algebraic extension F'/Q and an elliptic curve E,p, the F-rational endomorphism
ring of E, denoted Endp(FE), is the ring of F-rational isogenies from FE to itself. It is a
standard fact that Endg(FE) is isomorphic either to Z or to an order O in an imaginary
quadratic number field [Sil09, Corollary 111.9.4]. In the latter case, we say that E has F'-
rational complex multiplication by O, or F-rational O-CM. Without qualifications, when
we say that an elliptic curve E,r has CM, we mean that E has Q-rational O-CM for some
imaginary quadratic order O.

In general, given an algebraic extension F'/Q, we say that F' has rationally defined CM

if there exists an elliptic curve defined over F' with F-rational CM.

14



CHAPTER 3

TYPICALLY BOUNDING TORSION ON

ER,

3.1 Introduction

3.1.1 Bounds on torsion groups

Recall that Merel’s Theorem (Theorem [1f) says that there exists a uniform bound on torsion
groups of elliptic curves over number fields of a fixed degree. A natural follow-up question is
what the sharpest bound can be over a fixed degree. Let us define a function which records

such values:

T(d) := E/Fr’r[lgg]:d #E(F)[tors].

Only a few values of T'(d) are currently known. Via a complete classification of torsion
subgroups over degree d < 3 number fields, one has T'(1) = 16 [Maz77|, T'(2) = 24 [KMSS,
Kam92al [Kam92b| and 7'(3) = 28 [DEvH+21]. In general, a lower bound of the form
C-v/d < T(d) is also known [CMPIS]. Finally, we have explicit upper bounds on 7'(d) which
are greater than exponential in d [Par99].

Let us also define the CM-analogue of T'(d),

Tem(d) == o Er/r;?}:(@]:d #E(F)[tors].

15



This arithmetic function records the largest size over all CM elliptic curve torsion subgroups
over all degree d number fields. One clearly has Ty (d) < T'(d) < oc.

Via a complete classification of CM torsion subgroups over number fields of a fixed
degree, many values of Ton(d) are known. For example, for a CM elliptic curve E,p where
[F: Q] <13, E(F)[tors] is recorded in [CCRS14]. For all primes ¢ > 5 one has Tom(¢) = 6
[BCS17, Theorem 1.4]. For each n € Z* one has for sufficiently large primes ¢ >, 0 that
Tem(0™) = 6 [BCPIT, Theorem 1.4]. In fact, for any odd d € Z* Tem(d) is also known [BP17,
Theorem 1.1].

Bourdon, Clark and Pollack [BCP17| also treat Tcm(d) as an arithmetic function and
study its behavior as d — oo. As noted above, Tey(d) = 6 for infinitely many d € Z*. In
general, one has the lower bound Tom(d) > 6 for all d € Z* due to Olson [Ols76], whence
the “lower order" of Tom(d) is

lim inf Ty (d) = 6.
d—ro0
Similarly, Clark and Pollack have shown the “upper order" result (JCP17, Theorem 1.1])

li TCM (d) e’m
11m su = .
i’ dloglog d V3

Bourdon, Clark and Pollack [BCP17| also study the typical order of Tom(d), e.g., its
statistical behavior away from certain sets of arbitrarily small upper density. Recall that the

upper (asymptotic) density of a subset S C Z* is

5(S) := limsup #(Sﬁ—[l,x])

T—00 X
They prove the following typical order result on Ty (d).

Theorem. [BCPIT, Theorem 1.1.(i)] For all € > 0 there exists B, € Z* so that

5({d € Z" : Tom(d) > B.}) < e.
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The above theorem says that for any € > 0 we choose, by removing some subset S C Z*
of upper density < ¢, there exists a uniform bound B, on all CM torsion subgroups over all

degree d ¢ S number fields; writing this out,
#E(F)[tors] < B,

for any CM elliptic curve E,r where F' is a number field whose degree [F: Q] ¢ S. In light
of this, we say that the family of CM elliptic curves over number fields is typically bounded
i torsion.

Compare this result to the following, which shows that torsion is decidedly not typically

bounded on the family of all elliptic curves over all number fields, which we denote by A(1).

Theorem. [CMP18, Theorem 1.7] For all B € Z* the set

{deZ* . T(d) > B}

is cofinite in ZT, whence its upper density is equal to 1.

3.1.2 Typically bounding torsion for other families

Despite the failure of A(1) to be typically bounded in torsion, we saw that the proper
subfamily Acy(1) of CM elliptic curves over number fields is. We will see there are also other
familiar subfamilies of A(1) which are typically bounded in torsion.

Let F = {E;/p, }ier be a family of elliptic curves E; defined over number fields F;. From
here on out, we assume that any such F is “closed under rational isomorphism", e.g., if
Ei/p € F and Ey)p is an elliptic curve with Ey =g Fy, then Ey )p € F. We say that F is
typically bounded in torsion if the torsion subgroups E(F')[tors| of elliptic curves E,p € F
can be made uniformly bounded after removing those elements whose number field degrees

all lie in a certain subset of Z* of arbitrarily small upper density. Formally stated, F is
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typically bounded in torsion if for all € > 0 there is a constant B, > 0 so that the set
{deZ* :3E/r € F so that [ : Q] = d and #E(F)[tors| > B.}

has upper density at most e.

For a family F of elliptic curves, one can define an F-analogue of 7'(d),

Tr(d) == max  #E(F)[tors].

E,p€F,[F:Q=d

Observe that T’7(d) < T(d) < co. By our notation, Ten(d) = Tacyy(d). It is clear that F

is typically bounded in torsion iff for all € > 0 there exists a constant B, > 0 so that
0({d € Z" : Tx(d) > B.}) < e.

Compare this to [BCP17, Theorem 1.1.(i)] above.

One important family of elliptic curves is By, which are those base-changed from Q (see
also (1.1))). For example, Lozano-Robledo shows that for all elliptic curves E,p € Bg and all
primes ¢ > 11 with ¢ # 13,37, if ¢ | #E(F)[tors] then ¢ < 2[F : Q] + 1 [LR13, Theorem 1.3]|.
On the other hand, Gonzalez-Jiménez and Najman show that for elliptic curves E/r € By,
one has E(F)[tors] = E(Q)[tors] when 2,3,5, 71 [F : Q] [GIN20, Theorem 7.2.i|; as an aside,
this latter result is generalized in Chapter [6]

A (subtly) larger family is £g, that of elliptic curves E,p with Q-rational j-invariant. For
example, the elliptic curve E : y* = 23 + iz is clearly defined over Q(i), but its j-invariant
J(E) = 1728. For an elliptic curve E,p € £y, Propp [Prol8] provides (conditional) bounds on
prime divisors of E(F)[tors| when [F : Q] is fixed. Clark and Pollack [CP18] also show that
for each € > 0 there is a constant C(e) > 0 such that for all £/ € £, one has polynomial
bounds #E(F)tors] < C(e)[F : Q]2+,

For this section, we study the more general family Eg, (see also ) Clark, Milosevic
and Pollack study the subfamily £, of elliptic curves E,; € £p, with L 2 Fy [CMP18|. They

show that torsion is typically bounded in £, provided Fy contains no Hilbert class fields of
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imaginary quadratic fields and that GRH is true [CMP18, Theorem 1.8]. By a brief twisting
argument, their proof also shows that g, is typically bounded in torsion when one imposes
these conditions on Fj.

Our main result is a generalization of [CMP18|, Theorem 1.8]: we prove it for £, uncon-

ditionally.

Theorem 4. For any number field Fy, torsion is typically bounded on the family Er,.

3.1.3 Strategy of the proof

Our proof of Theorem 4] will be broken down into several steps, following [CMP18]|. To begin
with, let us recall from [CMPI18| properties P1 and P2 which apply to certain families F of
elliptic curves. For an elliptic curve E/r and an integer N € Z*, we will use E(F)[N]* to

denote the set of F-rational torsion points on F of exact order N.

P1: Given integers ¢,ng € Z* with ¢ prime, there exists n := n(F, ¢, ng) € Z* such that for
all E/p € F, if E(F)[("]* # 0 then

e [ [F-Ql

P2: There exists ¢ := ¢(F) € Z* such that for all primes ¢ € Z* and all E/p € F, if
E(F)[(]* # 0 then
(—1|c[F:Q).

Remark 1. For a family F, if for some constants c, {, € Z* we show that for all E/p € F
and for all primes ¢ > {, with E(F)[(]* # () one has ¢ — 1 | ¢[F' : Q], then it follows that
F satisfies P2 with the constant ¢(F) := ¢ [[,, (¢ — 1). In particular, to prove that F
satisfies P2, we only need to show that ¢ — 1| ¢[F : Q] holds for sufficiently large primes ¢
with respect to F.

The utility of property P1 and P2 is in the following theorem (which was partially referred
to in Chapter (3)).
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Theorem 5. [CP18, Theorem 3.2| If a family F satisfies P1 and P2, then F is typically

bounded in torsion.

Note that by Remark [1} for property P2 to hold for a family F, it only needs to hold for
sufficiently large primes with respect to F. Property P1 is based off the fact that over number
fields of a fixed degree, degrees of /-primary torsion points on elliptic curves uniformly tend
to infinity as the torsion point orders get larger. Property P2 is related to a theorem of Erdds
and Wagstaff [EWS80, Theorem 2|. For more context, see the proof of [CMP18|, Theorem 3.2].

For an integer d € Z* let us consider the family &; of elliptic curves over number fields

with degree d j-invariant,

Ea ={E/r:[F:Q] <00, [QU(E)): Q] =d}.

By [CMP18, Theorems 3.2.b and 3.5] any subfamily of a finite union of &; will be typi-
cally bounded in torsion if and only if the subfamily satisfies P2. In particular, from the

containment

to prove Theorem (4] it suffices to show that £p, satisfies condition P2.
Following the proof of [CMP18| Theorem 4.3], to show that P2 holds for g, it suffices to
construct a constant ¢ := ¢(Fy) € Z* such that for any prime ¢ >, 0 and any elliptic curve

E/p, with an Fy-rational (-isogeny, one has for all nontrivial R € E[(] that
(—1]c-[Fy(R):Q]. (3.1)

Since F has an Fj-rational /-isogeny, the image G of its mod-¢ Galois representation is
conjugate to a subgroup of upper triangular matrices in GLy(Z/¢Z). We will use this fact to
compare the orbits of this representation acting on the standard unit vectors, to the orbits
of its semisimplification.

First, a careful analysis of the description of our isogeny character from case 1 of Theorem

(see the following section) will allow us to relate the semisimplification of G' to the mod-/
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Galois representation of some CM elliptic curve E}FO with Fj-rational CM. By an orbit-
divisibility argument, we will show that holds when we replace E with E’, and conclude
that such a divisibility holds for £ with constant ¢ := 864. Following this, we will show that
the same constant also works when in case 2 of Theorem [7l

It is worth noting that Lozano-Robledo [LR18| uses a similar analysis of Theorem [7| to
deduce, under certain hypotheses, degree-linear bounds on the order of any rational prime
power torsion point. In fact, [LRI8, Theorem 1.9] proves in the form of an inequality.
However, divisibility allows us to apply [CMP18, Theorem 3.2| and conclude that torsion is
typically bounded on &g, .

3.1.4 An additional result

In our proof of Theorem [] the constant ¢ := 864 for which holds is independent of the
choice of base field Fy. We will use this to improve [CMP18 Theorem 1.10].

For a fixed integer dy € ZT, we denote by SI(dy) the strong isogeny conjecture in degree
do, which asserts that there exists a prime (o := {y(do) € Z* so that for all primes ¢ > ¢,
there do not exist non-CM elliptic curves £, with an F-rational (-isogeny when [F': Q] = dy.
The strong isogeny conjecture SI(dy) would follow from a stronger conjecture of Serre which
has been used to prove other results, see for example [BELOV19, Theorem 1.6].

Let us denote by LV (dy) the hypothesis that the set Sr of primes from Theorem [7] (see
the next section) depends only on dj for all number fields F' of degree dy. One may check

that LV (dp) is a weaker hypothesis than SI(dy).

Theorem 6. Fix an integer dg € Z*. If LV(dy) holds, then the family
Eap ={Eyr : [F: Q] <00,[Q((E)) : Q] = do}

15 typically bounded in torsion.

The proof of Theorem [6] is similar to the proof of [CMPIS8, Theorem 1.8], which boils
down to the proof of [CMP18, Theorem 4.3]. By [CMP18 Theorem 3.5|, to show that &, is
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typically bounded in torsion it suffices to show it satisfies condition P2. In turn, this reduces
to showing that for any prime ¢ >, 0 one has a constant ¢ := ¢(dy) € Z* such that for any

non-CM elliptic curve E/q(j(r)) with a Q(j(£))-rational ¢-isogeny, the divisibility

(=1]c-[QU(E)(R):Ql

holds for all nontrivial R € E[¢]. In [CMP18§|, the authors cite SI(dy) to exclude this case.
But if one assumes LV (d) instead, then our proof of Theorem || applies here and we may

take ¢ := 864.

3.2 Isogeny Characters a la Larson and Vaintrob

Given a group homomorphism f: G — H, we sometimes write im f for its image f(G). We
will also sometimes write Fy := Z/(Z.
A crucial component of the proof of Theorem {4 is an analysis of the description of our

isogeny character from a result of Larson and Vaintrob |[LV14].

Theorem 7. [LV14, Theorem 1| Let Fy be a number field. Then there is a finite set of primes
Sk, € Z* such that for all primes { & Sg,, if E/g, is an elliptic curve with an Fy-rational
(-isogeny, then for the corresponding isogeny character r: Gg, — F; one of the following
holds:

1. There exists a CM elliptic curve E' defined over Fy such that its CM field K :=
End(E') ® Q is contained in Fy. Furthermore, there exists a character ': Gp — F, " for

which we have both similarity

! *

(pere ®r, Fr)(GR,) ~ im
0 X!

and equality

7,12 _ ¢/12.
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2. GRH fails for Fo(v/—L), and we have
r? =8

As per the theory of complex multiplication, the ring class field of an order O in an
imaginary quadratic field K will equal K (j(£")) for any O-CM elliptic curve E’, and all such
fields will contain the Hilbert class field of K. In particular, for Fy not to contain Hilbert
class fields of imaginary quadratic fields is equivalent to there being no CM elliptic curve £’
defined over Fy for which End(E’) ® Q C Fy. For such a field Fy, if one also assumes that
GRH is true then Theorem [7| tells us that for ¢ >p, 0 there are no Fy-rational /-isogenies on
any elliptic curve. It is this observation, coupled with the fact that if F satisfies condition
P2 then one can exclude finitely many primes ¢ € Z* and still have condition P2 hold for F,
which shows us that &g, satisfies condition P2 — this is outlined in [CMP18], Theorem 4.3.b].
In particular, torsion is typically bounded on &g, conditionally.

To prove Theorem |4] we will not assume that GRH is true nor that F{ does not contain
the Hilbert class field of any imaginary quadratic field. Instead, we will leverage the extra
information from Theorem [7] on our possible isogeny characters to construct a constant ¢ for

which (3.1]) holds for all £ >p, 0 and all /g, with an Fj-rational (-isogeny.

3.3 Orbits Under the (GGalois Representation

In our study of the mod-¢ Galois representations of an elliptic curve E,p, it will help to

understand the orbits of the Fy[G p|-module E[¢] under various subgroups of GLy(Z/lZ).
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3.3.1 The semisimplification of an upper triangular subgroup of
GL,(Z/7)

Fix a prime /¢, and suppose G C GL3(Z/¢Z) is a subgroup of upper triangular matrices. Let

us consider its semisimplification

B a 0 a b
G* = € GLy(Z/0Z) : b € T, eG
0 d 0 d
1
The group GLy(Z/¢7Z) acts on the F-vector space V spanned by the column vectors e; :=
0
and ey := via multiplication on the left. Consequently, its subgroups G and G** also act

1
on V via left multiplication.

Ultimately, we will compare divisibility of the sizes of such orbits from the action of
Gal(F(E[(]))/F) on E[f]* := E[{] ~ {O}. The following lemma is an important step towards

such a comparison.

Lemma 8. Let { € Z*1 be prime, and let G be an upper triangular subgroup of GLy(Z /7).
Then G* C G or G is diagonalizable.

Proof. We will break the proof into three cases. In the first two cases, we will show contain-
ment G* C (.

Case 1: GG contains a non-diagonal matrix with repeated eigenvalues. Such a matrix is

a b
of the form with b # 0. For such a matrix v, its power v*~! equals
0 a
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where \ := (¢ — 1)ba*~2 # 0. It follows that G contains the transvection

11
=7' €@,
01

where A € Z is taken so that A = A™! (mod ¢). We conclude that for each n € Z we have

a b
It follows that G* C G. Indeed, for any element ¢ := € G we check that

a 0O
so taking n € Z such that n = —ba™! (mod ) shows that € G.

0 d

Case 2: (G is not commutative. Then choosing any =1, 7, € G with nontrivial commutator,

their commutator v;727; 75 * must be of the form for some X\ € F;. Then the steps
0 1

following show that G* C G.

Case 3: Neither case 1 nor case 2 holds. Then G is commutative, and its non-diagonal
matrices have distinct [Fy-rational eigenvalues. In particular, each non-diagonal matrix is
diagonalizable over F,, and since all matrices in G commute we deduce that there is a
simultaneous diagonalization for these matrices over I, [ The conclusion is that G is conjugate

to a subgroup of diagonal matrices. O]

IFor a proof of this fact, see e.g. [Conl.
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3.3.2 Orbits in the diagonal case

In our describing the orbits of the action of Gal(F(E[(])/F) on E[(]*, we will relate them
to the orbits of E[¢]* under its semisimplification, the latter of which is contained in the
subgroup Cy(¥) of diagonal matrices.

Let G' C GLy(Z/lZ) be a subgroup of diagonal matrices. Associated to this group are

the two characters which describe the diagonal entries of matrices in G/,

: G = F) o0 >
X1+ ) a
0 d

and

- G = Fr a0 — d
X2. R .
0 d

We will study the orbits of elements v in V'* := Fy(eq1, e5) \ {0} under G’; we will use Og/(v)
to denote G’-orbits.

The following lemma describes the orbits under a diagonal subgroup.

Lemma 9. Let G’ C GLy(Z/lZ) be a subgroup of diagonal matrices, with diagonal characters
X1 and x2. Then the number of orbits of the form Og(aer) (resp. Ocs(des)) with a € F)
(resp. d € F) ) is equal to the index [F; : imx;] (resp. [F, :imx2]), and each such orbit is of
size #imy; (resp. #imys). Orbits of the form O¢s(aer + des) with a,d € F) are in bijection
with the orbit O (e1 + e3), and the number of such orbits is (( — 1)*/#O¢ (e1 + €2).

Proof. First, we claim that there are [; := [F, : im ] distinct orbits of the form O¢ (ae;)

where a € F. To see this, let us check that the map
F) /im x; — {Orbits O¢r(aey) : a € F}, @ Oc(aey)

is a well-defined bijection:
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ab™! 0
1. Well-defined: if a = x1()b then v = for some d € F, and thus
0 d

(’)G/(bel) = OG/ (’7()61) = (’)G/(ael).

2. Injective: suppose that Ogs(ae;) = Og/(ber). Then for some v € G’ we have ab~'e; =

ve1, whence we have x1(vy) = ab™', ie.,, a-imyx; =b-imy; in F/im x;.
3. Surjective: obvious.

We conclude that e; contributes I; distinct orbits of the form O¢(ae;) with a € F), each of
size #im x;. An identical argument shows that e, contributes I, := [F : im x| distinct orbits
of the form O/ (dey) where d € F, each of size #im x5. The remaining orbits are of the form
Ocr(aey+dey) where ad # 0. A similar argument shows that #O¢ (ae1+des) = #Ocr(e1+€3)
when ad # 0.

The orbits above partition V* := Fy(ej,es) ~ {0}. If we let X denote the number of
distinct orbits of the form Og(ae; + deg) with ad # 0, then we deduce that

Li#Hm xy + L#imxs + X#O0a(er +e) = £2 — 1.
In particular, since I;#im x; = Io#im xo = ¢ — 1 we conclude that
X#Oq (61 +e2) = (£ —1)% O

3.3.3 Uniform orbit divisibility

Suppose that a group G acts on a finite set X. For an element z € X let us use Og(z) to
denote its orbit. Let us say that an integer M € Z* uniformly divides G-orbits if there exists

an integer ¢ € Z* such that for all x € X one has

M| c-#Og(x).
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Clearly, any integer M > 0 will uniformly divide G-orbits if we take ¢ := M. The relevance
of uniform divisibility comes from the following lemma, which will allow us to prove (3.1)
when we replace the image G of our mod-¢ Galois representation with a particular subgroup,
and then “carry over" this constant ¢ to the divisibility for E£. As will be shown in the
proof of , such a constant will not depend on M :=/¢ — 1, nor on F.

Lemma 10. Let G be a group which acts on a finite set X on the left, and let H C G be a

finite index subgroup.

1. If for an integer M > O there is a constant ¢ € Z such that for all x € X we have
M | ¢ - #0O0g(z), then we also have for all x € X the divisibility M | ¢ - #O¢(x).

2. If for an integer M > 0 there is a constant C € Z" such that for all x € X we have
M | C-#0O¢(z), then we also have for allx € X the divisibility M | C-[G : H]-#Ogy(z).

Proof. Let us write the left coset representatives of H as g;*,. .. ,g[_G1: ) Then one has

[G:H]
Oc(z) = | | Oulgiw).
i=1
It follows that for all x € X one has
[G:H

]
#0¢(z) = Z #O0p(giw),

from which the first part follows. The second part follows from the fact that for each x € X
one has #0¢(x) | [G: H] - #0pu(x). O

3.3.4 Action on /-torsion

Let F' be a number field and E/r an elliptic curve. Throughout this paper we are considering
for various primes ¢ € Z* the mod-¢ Galois representation of the absolute Galois group
Gr acting on the Fy-module E[f]. At each level ¢, our action induces a faithful action

pee: Gal(F(E[(])/F) < Aut(E[(]). We will often work with a basis {P,Q} of E[{] in
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mind, in which case the image G := pgpo(Gal(F(E[(])/F)) of our Galois representation is
identified with a subgroup of GLy(Z/(Z).

3.4 Part One of the Proof: Allowing Rationally Defined
CM

To recapitulate our goals: we will prove Theorem , which is an unconditional form of [CMP18],
Theorem 1.8]. This means we will allow our number field F' to contain Hilbert class fields of
imaginary quadratic fields, and we will not assume that GRH is true. Following the proof of
[CMP18|, Theorem 4.3], we will show the following: for all primes ¢ >p, 0 and all non-CM
elliptic curves E,p, whose mod-¢ Galois representation image G := pg (G p,) is contained in
a Borel subgroup — i.e., G is conjugate to a subgroup of upper triangular matrices — one has
that all G-orbits are uniformly divisible by ¢ — 1 with an absolute constant, i.e., there exists

¢ € Z" such that for all ¢-torsion R € E[{]°*, one has that Equation (3.1]) holds,
C—1]c-[Fo(R): Q).

For this section, let us assume that GRH is true. This will land us in case 1 of Theorem
7l where our isogeny character agrees with a CM “mod-¢ associated character" up to twelfth
geny g P

powers.

3.4.1 Reducing to the split prime case

As per Remark[I] we can exclude any finite amount of primes from our consideration. We will
show why this lets us assume that ¢ >p, 0 is split in the orders which come from Theorem

For any O-CM elliptic curve E’ defined over Fy where K := O ® Q C Fj, we have that
the ring class field K(O) = K(j(E')) C Fy. Since Fy may contain only finitely many such

ring class ﬁeldsE] we need only to consider finitely many imaginary quadratic orders O and

2This is an application of Heilbronn’s classic result on imaginary quadratic class numbers [Hei34] towards
showing that the class number of an imaginary quadratic order O tends to infinity as its discriminant
A(O) = —o0.
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(up to isomorphism) finitely many O-CM E} 7, In particular, for the rest of the section let us
assume that ¢ is unramified in any imaginary quadratic order O with [K(O) : Q] < [F : Q].
It will follow that our CM associated character ¢’ in Theorem [7| will give us a diagonalization
of the image of our CM Galois representation over [Fy.

Suppose that E,p, is an elliptic curve whose mod-¢ Galois representation image is con-
tained in a Borel subgroup, i.e., suppose that £ has an Fj-rational (-isogeny. Let r: G, — F/
denote its isogeny character. Assuming ¢ >p, 0 as above and ¢ ¢ Sp where Sp, is as in
Theorem |7} there exists an elliptic curve E; 7, With CM by an imaginary quadratic order O
whose CM field K := O ® Q C Fy, and there exists a character ¢': Gg, — EX for which
both

_ . )’ 0
(pEgg ® F€)<GFO) ~ 1m (3.3)
0 xe!
and
P2 =2 (3.4)
We note that Equation implies
ng(127 #¢/(GF0)) ’ #T(GFO) = ng<12> #T(GFO)) ' #wl(GFo)' (35)

We may assume that ¢ is odd. Suppose that £ is inert in O. In this case, up to conjugation
the image pg/ ¢(GR,) of the CM Galois representation lands in the non-split Cartan subgroup
Chs(€) of GLy(Z/CZ), see Section 2.1.3] For £ > 2, one has an isomorphism Fy(y/€)* 2 C,(¢)

a be

b a
The eigenvalues of such matrices are a & by/e, and since the Galois group Gal(F,(y/€)/F,) is

by sending each element a 4 by/e € Fy(1/€)* to its regular matrix representation

generated by the Frobenius automorphism a +— of, these eigenvalues are Galois conjugates.

This implies that 1’ and y,'~! are Galois conjugates. Therefore, Equation ([3.3)) shows that

#pr o(Gr) = #YV' (GR).
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Since #r(Gp,) | (¢ — 1), comparing this to (3.5 shows that
#pp(Gry) [ 12(0 = 1). (3.6)

On the other hand, O-CM theory with ¢ inert tells us that for any torsion point P’ € E'[(]*®

one has

(2 = 1) | #0* - [Fy : K(O)] - [Fo(P') : Fy)

where O* denotes the unit group of O, see [BC20), Theorem 7.2|. In particular, from
[Fo(P') : Fo | [Fo(E'[0]) : Fo] = #ppe(GRy)

we find that
(2 =1) | #O* - [Fy : K(O)] - #p (G ry).

Comparing this with (3.6), we conclude that £+1 | 72[Fy : K(O)], which bounds ¢ that come
from the case where an elliptic curve has an Fj-rational ¢-isogeny for ¢ inert in an imaginary
quadratic order in Fj.

Henceforth, we assume that ¢ splits in any order O we are considering. This implies
that the CM image pgr¢(Gr,) lands in the split Cartan subgroup Cs(¢) of GLo(Z/¢Z) up to
conjugacy, and so pg/ ¢(Gr,) is diagonalizable over F,. In particular, our character ¢ must

be the isogeny character of an Fy-rational (-isogeny (P’) of E'.

3.4.2 Showing that &p, satisfies P2, conditional on GRH

As per Lemma 4, by conjugating if necessary we may assume that with respect to a basis
{P,Q} of E[{], G is both upper triangular and contains its semisimplification G*. Without
loss of generality, let us suppose that (P) is an Fy-rational /-isogeny whose isogeny character

is r: Gg, — F;. Then we have

X T *
G = ppero(Gr) =im

0 xer !
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where *: G, — F; is not necessarily a character. Let us assume that ¢ >pg 0 as in the
previous subsection and ¢ € Sp,. Then Theorem [7| applies: we have an O-CM elliptic
curve £/ with an Fy-rational (-isogeny (P'), say with isogeny character ¢': Gr, — F/,
and there is a complementary basis element () to P’ so that the image of the mod-¢ Galois
representation of E’ is diagonal with respect to the basis {P’,Q’}. Let us write
G' = pp e @ (Gr) = im vy
0 e

We have written our actions here as left multiplication on the two-dimensional [F,-vector space
V :=T(ey, e2) with e; the unit column vectors. So for each v = ae; + des € V', under G one
has that v corresponds to R, := aP + dQ € E[{], and under G’ one has that v corresponds
to R == aP' 4+ dQ’ € E'[{].

Since both G% C G and r'? = ¢"'2, we have the inclusions
C,(0) DG DG CG*CQG.

Suppose we have a constant C' € ZT so that uniform Cj(¢)-orbit divisibility by ¢ — 1 holds
with C: ie., forallve V*

{=1]C - #O0c,)(v).

Then by Lemma [10} the containment Cy(¢) 2 G’ implies that for all v € V'®
(—1]1C-[Cs(0) : G- #Oc (v).

With uniform divisibility of G’-orbits via the constant C' - [Cs({) : G'], we apply Lemma
to the containment G/ D G'*? and find that for all v € V*

(—11C-[Cs(0): G- G G- #Ogn2(v).
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A final application of Lemma towards the containment G’'** C G implies that for all
v € V* one has

(1] C-[Cy(0): G- G G- #06(v),

ie., for all R € E[(]*
(=1|C-[Cy(0): G- [G": G- [Fy(R) : Fy.
Since [G" : G"2] | (12)2, this simplifies to
0—1]144C - [Cy(0) : G'] - [Fo(R) : Fy). (3.7)

With in mind, we will conclude that holds with an absolute constant by showing
that uniform Cy(¢)-orbit divisibility by ¢ — 1 holds with an absolute constant, and that the
index [C5(¢) : G'] is bounded in terms of [F : Q.

First, we claim that uniform Cy(¢)-orbit divisibility by ¢ — 1 holds with constant C' :=1 —
i.e., all C(¢)-orbit sizes are divisible by ¢ — 1. By Lemma |§], there are exactly three orbits
of Cy(¢) under its action on V*: they are Oc¢, ) (e1), Oc, @ (e2) and O¢ (e + e2), and each
are of size { — 1, — 1 and (¢ — 1)?, respectively. This proves our first claim.

Next, we will show that the index [Cs(¢) : G'] is bounded in terms of [Fj : Q]. In
general, for an O-CM elliptic curve E;FO with Fp-rational CM — ie., O ® Q C F, — one
has for any N € Z* that the image of its mod-N Galois representation will land inside the
mod-N Cartan subgroup Cy(O) := (O/NO)*. In fact, the indices of all mod-N Galois

representation images of E’ are uniformly bounded in terms which involve Fj.

Theorem 11. [BC20, Corollary 1.5] Let K be an imaginary quadratic field. Then the
index of the image of the mod-N Galois representation of any O-CM elliptic curve E}F with
O ®Q = K C F satisfies

[Cn(O) : per n(Gr)] | #O™[F - K(j(E))].
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Since ¢ splits in O, the mod-¢ Cartan subgroup is split, i.e., Cx(O) = Cs(¢). Then by
Theorem we have that the index of the image of our CM mod-¢ Galois representation G’

satisfies

[Ca(0) : G') | 6[F% - Q.

Combining this with (3.7)) shows that for all R € E[(]* one has

We conclude that (3.1]) holds for E with constant ¢ := 864.

3.5 Part Two of the Proof: Removing GRH

Let E/p, be an elliptic curve with an Fy-rational f-isogeny for £ >p, 0. We will show that
holds with constant ¢ := 864 without assuming that GRH is true. In doing so, there is
an additional case which may appear from Theorem [7] that will be dealt with in this section.

Let (P) be an Fy-rational (-isogeny of E; let us write its isogeny character as r: Gg, — F}.

Suppose we are in case 2 of Theorem [7] so that
r? =0 (3.8)

where x;: G, — F; is the mod-¢ cyclotomic character.
As per Lemma , let us choose a basis {P, @} of E[{] for which G := pg,po(Gr,) is

upper triangular and G* C . Then we have

r *
G =1im
0 xer!
and thus
r 0
G® =im
0 Xﬂ’*l
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By Equation (3.8)) we have (x,r~!)% = r% whence we deduce that

is a subgroup of scalars. As per the inclusions (G*)% C G* C G, to show that (3.1 holds
it suffices by Lemma (10 to show that ¢ — 1 uniformly divides (G*)%-orbits with constant
864[Fp : Q]. In fact, we will show that for all v € Fy(eq, e2)® one has

(-1 ‘ 36[F0 : @] : #O(Gss)6<v).

By Lemma [J] the sizes of orbits of the form O(gssjs(aer) and Ogsys(des) with ad # 0
are #r°(Gr), and the rest of the orbits Ogssys(aey + des) with ad # 0 share the same
size as the orbit Ogssjs(e; + ez). Since the action under G* is scalar, it is clear that
#0O g5 (€1 + €2) = #19(Gr,). Therefore, to prove with constant ¢ := 864 it suffices to
show that

(—1|864[Fy: Q|- #r°(Gp,). (3.9)

Since 7(GF,) is cyclic, we observe that

#T(GFO)

12 _
#r(Gry) = ged(12, #r(Gr))

Since x/(GF,) is also cyclic, the image of its sixth power has size

(-1

#x¢0(Gr,) = scd(6.0=1)"

12

Since x¢ = r'?, we compare these sizes and find that

#XK(GFO) ’ ng(lza #T(GFO)) = ng(Ga #XK(GF())) ’ #T<GF0)7

whence we have

#x0(Gr,) | 6-#7(Gr,).

35



Since we also have

#r(Gr,) = #1°(Gr,) - ged (6, #r(Gr,))

it follows that
#xe(GR,) | 36 - #r°(Gr,).

Finally, since x¢: Gg — F/ is surjective, we have [F) : x¢(Gg,)] | [Fb : Q], and so we conclude
that
(—1|36[F: Q- #r°(GR,).

This proves (3.9), which concludes our proof of Theorem
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CHAPTER 4

TYPICALLY BOUNDING TORSION ON

Ig,

4.1 Introduction

The results in this chapter are a direct extension of those from Chapter [3| In particular, the

following theorem extends Theorem [4]
Theorem 12. For each number field Fy, the family I, is typically bounded in torsion.

As noted in the introduction, the study of torsion subgroups from Zp, fits into a larger
program of studying Galois representations of Fy-curves. Recall that for the family Qp, of
Fy-curves (see also (1.4))), one has Ty, C Qp,. If Fy = Q, then Qp, = Qg is the well-studied
family of Q-curves. By results of [Rib92, [KW09al, KWQ9b|, an elliptic curve is a Q-curve iff
it is a modular elliptic curve, i.e., is a quotient of the Jacobian J;(N) of the modular curve
Xi(N) for some N € Z". Furthermore, for any non-CM Q-curve E,p, if [F : Q] is odd then
E is isogenous over F to an elliptic curve with Q-rational j-invariant [CN21, Theorem 2.7].
Additionally, this forces the prime divisors of #F(F')[tors] to lie in the set {2,3,5,7,11,13},
and in fact #F(F)[tors] < 1441440+/35 - \/[F : Q] — these are consequences of recent work
of Bourdon and Najman [BN, Proposition 4.1]. These results on torsion subgroups from Zg

are part of the motivation for studying the family Zp, in this paper.
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It is very interesting to ask whether Qg is typically bounded in torsion. Proving this
using properties P1 and P2 (defined in Chapter [3|) requires at least knowledge of degrees
of torsion points on central Q-curves (these are defined in e.g. [CN21]). Alternatively, a
certain uniform boundedness conjecture for rational non-cuspidal non-CM points on the full
Atkin-Lehner quotient modular curves X*(N), as described by Elkies [EIk04, Section 3| (see
also Ellenberg [ElI04, Conjecture 3]), would imply that Qg is typically bounded in torsion.

But a proof of this boundedness conjecture currently seems out of reach.

4.1.1 An additional result

Similar to |Genll Theorem 2| we have an additional result under an extra hypothesis. For

each integer dy € Z*, let us define the family
T4y :={E/F : E is geometrically isogenous to some E’ with [Q(j(E")) : Q] = dy}.

Theorem (7| says that for any number field Fy and for all primes ¢ >, 0, if an elliptic curve
defined over Fy has an Fy-rational isogeny of degree ¢, then the twelfth power of its isogeny
character is either the twelfth power of an isogeny character from a CM elliptic curve, or the
sixth power of the mod-¢ cyclotomic character. In [LV14] Theorem 7.9] Larson and Vaintrob
give an upper bound on the implied constant ¢ g 0 from Theorem [7], which depends on
Fy. For dy € ZT, recall from Chapter 3 that LV (dy) denotes the hypothesis that this implied
constant ¢ >, 0 can be chosen to be the same between any degree dy number field Fj. Then

our proof of Theorem [12] also proves the following.

Theorem 13. For any integer dy € 77, if LV (dy) is true then the family Ty, is typically

bounded in torsion.

4.1.2 Notations and conventions

We will follow the notation and conventions set forth in Chapter 2] Given an elliptic curve

E/p, for any integer N € Z* we will use E(F)[N]* to denote the set of F-rational points on
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E of exact order N. Additionally, for a prime ¢ € Z* we will use v,: Q — ZU {00} to denote

the usual /-adic valuation.

4.2 Strong Uniform /-Adic Divisibilities for Fields of Def-
inition of Cyclic /-Primary Isogenies

Before we prove that Zp, and Z,, are typically bounded in torsion, let us develop some
necessary theory for fields of definition of cyclic isogenies.

The following result is due to Cremona and Najman [CN21].

Proposition 14. [CN21|, Proposition 3.7| If E,p is a non-CM elliptic curve defined over a

number field and ¢ € Z* is a prime for which the (-adic representation pge~(Gr) has level

N, then for alln > N and for any cyclic subgroup C C E(Q) of order ("™ one has
[F(C): F(eC)) =¢.

The following proposition is a generalization of Proposition which we will prove in

this section and apply in the next.

Proposition 15. Fix an integer dg € Z" and a prime € € Z". Then there exists an integer
A(dy, l) € ZT for which the following holds: for all integers n € Z with n > A(dy, t), and
for all non-CM elliptic curves E;p where [F' : Q] = dy, one has for any cyclic subgroup

C C E(Q) of order (™ the equality
[F(C) : F(r A0 0] = = Aldoh),
In particular, one has the divisibility

(= AdD | [F(C) : F.
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Our strengthening uses the following uniformity result on levels of ¢-adic representations
of non-CM elliptic curves, first proven by Arai [Ara08, Theorem 1.2] and later strengthened
by Clark and Pollack [CP18, Theorem 2.3.a].

Theorem 16. [CP18, Theorem 2.3.a] Fiz an integer dy € Z*. Then for each prime ¢ € Z*
there exists an integer A(dy,l) € Z* such that for all number fields F' with [F : Q] = dy and

for all non-CM elliptic curves E,p, the (-adic representation pge~(Gr) has level at most

A(dy, 0).

Proof of Proposition[I5 Suppose that E,p is a non-CM elliptic curve with [F': Q] = dp, and
suppose that ¢ € Z* is a prime for which pg < (Gr) has level N; then by Theorem (16| we
have N < A(dy, ?).

Fix n > N and a cyclic subgroup C C E(Q) of order ¢*. Then Proposition [14] implies
that for each 0 < k < n — N, the cyclic /" *-isogeny /*C' C E(Q) is such that

[F(6FC) : B0 = .
Since N < A(dp, ¢), from the tower of degree ¢ extensions
FO)DF(C)D ... F(" N 1C) D F(mNO)

our results immediately follow. ]

4.3 Typically Bounding Torsion on Zr, and Zg,

Recall that by Theorem [ a family F of elliptic curves which satisfies properties P1 and
P2 will be typically bounded in torsion. In this section, we will show that both Zp, and
14, satisfy P1, and that Zp, satisfies P2 but Z,, only does conditionally. Let us note that a
finite union of families which are typically bounded in torsion will also be typically bounded
in torsion. Therefore, since the family of CM elliptic curves is typically bounded in torsion

IBCP17, Theorem 1.1.i], we will assume hereafter that all of our elliptic curves are non-CM.
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4.3.1 Z1p, and Z;, satisfy P1

Proposition 17. For each dy € Z", the family Iy, satisfies P1.

Proof. Fix an integer ng € Z* and a prime ¢ € Z*. Let us take A := A(dp,¢) to be the
“strong uniform (-adic Arai level" from Theorem [16] Let us set n := 2(A + ng + ve(do!)) + 1;
we will show that P1 holds for Z,;, with this integer n.

Let £/ be a non-CM elliptic curve isogenous to an elliptic curve with degree dy j-invariant,
denoted j'. Taking a quadratic twist if necessary, by |Clal Proposition 3.2] we have that £
is L-rationally isogenous to an elliptic curve E’ defined over Q(j’) with j(E") = j', where
L/F(j') is at most a quadratic extension. Let us write this L-rational isogeny as ¢ : E — E';
we may assume that ¢ is cyclic.

Let us assume that E(F)[("]* # 0; choose any point P € E(F)[("]*. Let us set k :=
ve(|¢(P)]), so that the order |¢(P)| = €% where k > max{n — v,(deg¢),0}. Then ¢(P)

generates an L-rational cyclic *-subgroup C’ C E'(Q). We consider two cases.

1. If n — ve(deg ) > A + ng + ve(dp!) + 1: then necessarily n — vo(deg @) > 0. We get
that k > A + ng 4+ ve(dp!) + 1, so by applying Proposition [15|to the L-rational cyclic

(*-subgroup C’, we have
roteelD QU (C) - QU | L= QU] | 2(do)![F - Q).

2. If n —wvp(deg @) < A+ ng+ ve(do!) + 1: then vy(degd) >n —1— (A4 ng+ve(dy!)) =
A+ ng + ve(dg!). The subgroup C” := (deg ¢/¢"*(°89)) . ker ¢V is an L-rational cyclic
(veldeg9)_subgroup of E’, so because vy(deg ¢) > A + ng + vy(dp!) + 1, Proposition

implies that
ot Q) (C" s QUL | (L2 QY | 2(do)![F : Q.

We thus find in both cases that ¢ | [F': Q], whence we conclude that Z,, satisfies P1. [

Corollary 18. For each number field Fy, the family Tg, satisfies P1.
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Proof. Since I, satisfies P1 for all dy € Z* by Proposition from the containment

Ip, C U Zy
1<d<[Fo:Q]
it immediately follows that Zp, also satisfies P1, since this property is closed under finite

unions of families. OJ

4.3.2 1f, satisfies P2, as does Z;, conditionally

Throughout the following, we let dy denote the degree of Fj.
Proposition 19. For each number field Iy, the family Ir, satisfies P2.

Proof. We must construct a constant ¢ := ¢(Zg,) € Z* such that for any non-CM elliptic

curve E/p isogenous to an elliptic curve with Fy-rational j-invariant, if ¢ € Z* is a prime

such that E(F)[(]* # (), then one has
C—1]c[F:Q). (4.1)

Before doing this, we will explain the constant ¢(Ep,) that we get in Theorem [4] since it
is closely related to the constant ¢(Zpg,) we will construct. As shown in the proof that the
family

Er = {E)r: j(E) € Fo}

conditionally satisfies P2 [CMP18| Theorem 4.3], for any non-CM elliptic curve E,p, and
for any prime ¢ € ZT, at least one of the following holds: one has ¢ — 1 | 2[Fy(R) : Q] for all
R € E[]*, or else £ < 15dy + 1 or E has an Fy-rational ¢-isogeny; these correspond to Case
1-3, Case 4 and Case 5 of the proof of [CMP18, Theorem 4.3|, respectively. For Case 1-3
the authors can take ¢ := 2 in , and by Remark [1| they can exclude Case 4. For Case 5,
their hypotheses imply that ¢ is contained in a finite set of primes Sg, from [LVI14, Theorem
1], which they then exclude by Remark [1l Then Theorem 4| makes Case 5 unconditional:

it £ ¢ Sg,, as well as ¢ > 72dy — 1 and /¢ is unramified in any imaginary quadratic order
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whose whose ring class field has degree at most dy, then one has ¢ — 1 | 864[Fy(R) : Q] for all
R € E[(]*. By Remark ] this proves that &g, satisfies P2 — an arbitrary non-CM E,p € Eg,,
while not necessarily defined over Fj, will be isomorphic to an elliptic curve E} 7, Over a
quadratic extension of F'. Note that working up to quadratic twist implies one must take
c(Er,) :=2-864 = 1728 for £ >p, 0.

For the rest of this proof, let us take ¢ >pg 0 to mean that ¢ € Sg,, £ > 72dy — 1 and
that ¢ is unramified in all imaginary quadratic orders O whose ring class field K (Q) satisfies
[K(O) : Q] < dp. Then as noted above, we have for all non-CM elliptic curves E,p € &,
and for all primes ¢ g, 0 that £ — 1| 1728[F : Q] whenever E(F)[(]* # 0.

Let E/r € Ig, be a non-CM elliptic curve. Then by assumption, £ is isogenous to an
elliptic curve with Fy-rational j-invariant, denoted j'. Arguing as in the last subsection, by
[Clal, Proposition 3.2] there exists both an elliptic curve E’ defined over Q(j') with j(E') = j’
and an L-rational isogeny ¢ : E — E’, where L/F(j') is at most a quadratic extension.

Fix a prime ¢ >p, 0, and suppose that E(F)[{]* # (. Then by [BN| Corollary 4.3] there
exists an extension M/L of degree dividing ¢ for which E'(M)[¢]* # 0. Since £/, € &g, by

our previous discussion on ¢(Eg,) it follows that
0—1]1728[M : Q].
We check that
(M= Q)| 26[F (") : Q] = 24(F() : F] - [F: Q] | 26(do)! - [F : Q).
Since ged(¢ — 1,¢) = 1, we deduce that
0 —1]3456(do)! - [F : Q).

Thus the constant ¢ := 3456(dp)! is such that (4.1) holds for all non-CM elliptic curves
E/p € I, when £ >p 0. We conclude by Remark 1| that Zp, satisfies P2. ]
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For our final result, recall that LV (dp) is the assumption that the set Sg, from [LV14]

Theorem 1| can be chosen to be the same between any degree dy number field Fj.
Corollary 20. For any integer dy € Z*, if LV (dy) is true then the family Z,, satisfies P2.

Proof. Our proof of Proposition [I9] showed that for any number field Fjy, for sufficiently large
primes ¢ >p 0 and for all non-CM E/p € Ip,, if E(F)[(]* # () then

0—13456(dy)! - [F : Q] (4.2)

where dy := [Fp : Q]. Our implied constant ¢ >p, 0 was such that ¢ ¢ Sg,, £ > 72dy — 1 and
¢ is unramified in any imaginary quadratic order whose whose ring class field has degree at
most dy. Since we are assuming that LV (dp) is true, this implied constant ¢ >g 0 can be
chosen to be the same between any number field of degree dy; let us write this as £ >4, 0.
In particular, for any non-CM E/r € Zg,, fixing a degree dy j-invariant j* which is isogenous
to E, we have E/p € Iy, where I, := Q(j'), and so our proof of Proposition (19| shows that
holds when ¢ >4, 0 and E(F)[(]* # 0. Since E,p € I, was arbitrary and the implied
constant ¢ >4, 0 depends only on dy, we conclude by Remark (1| that Z,, satisfies P2. O
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CHAPTER 5

POLYNOMIAL BOUNDS ON TORSION
FROM GEOMETRIC ISOGENY

CLASSES

5.1 Introduction

The principal result of this chapter constructs polynomial bounds on orders of torsion points

(and thus torsion groups) of elliptic curves within a fixed geometric isogeny class.

Theorem 21. Fix a number field Fy and an elliptic curve Eo . Then for each € > 0 there
exists a constant C. := Cc(Ey, Fy) > 0 such that for any elliptic curve E;p geometrically

isogenous to Fyp,, one has both
exp E(F)[tors] < C, - [F : Q]'*

and

#E(F)[tors] < C. - [F : Q]**.

The family of CM elliptic curves is polynomially bounded in its torsion subgroups — in

fact, stronger bounds are known for CM curves [CP15, Theorem 1]|. Thus, we will assume for
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the rest of this paper that our elliptic curves have no CM. A key step for us in polynomially
bounding torsion from a non-CM geometric isogeny class £ will be to polynomially bound
the orders of torsion points that are supported away from the adelic level of Ep g, .

In contrast to [CP18, Theorem 1.3|, the collection of elliptic curves in Theorem [21| will
contain curves whose j-invariants j’ have arbitrarily large degrees [Q(j') : Q]. However, both
Theorem [21| and [CP18, Theorem 1.3| are part of a natural uniformity conjecture on torsion
groups that is motivated by our current understanding of Galois representations of rational

elliptic curves.

Conjecture 22. There exist constants C, o > 0 such that for all elliptic curves E/p geomet-

rically isogenous to some elliptic curve defined over Q, one has #E(F)[tors] < C' - [F : Q]*.

This is a special case of Conjecture 2] There is recent work which suggests its tractability:
as noted earlier, work of Bourdon and Najman [BN| Proposition 4.1| shows that when [F' : Q)]
is odd and E,r is Q-isogenous to a rational elliptic curve, one has exp E(F) < 720720v/35-[F :
Q)z, and thus #E(F)[tors] < 1441440/35 - [F : Q]z.

5.2 Results on Galois Representations of Elliptic Curves

5.2.1 A composite version of a result of Greenberg

In this section, we will show that a result of Greenberg on ¢-adic Galois representations
[Grel2 Proposition 2.1.1] has a proof which applies to n-adic representations for composite
n € Z* after some modifications. We will use this composite version to show that rationally
isogenous non-CM elliptic curves have n-adic Galois representations whose images in GLy(Z,,)
share equal indices, which will be applied in our proof of Theorem For notation, refer to
Chapter

Proposition 23. Fiz a positive integer n. Let V' be a free finite rank Q,,-module. Suppose
that G is a compact open subgroup of Autg, (V). If T and T" are two G-invariant Z,-lattices
mn 'V, then

[Autz, (T) : G] = [Autg, (T') : G].
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Proof. Suppose that V' is free of rank d over QQ,,. Fixing a basis for V', one has an isomorphism
Autg, (V) = GLa(Qn) = 1y, GLa(Qo).

For each prime ¢ € Z", the group GL4(Qy) is a locally compact topological group, and
thus has a left Haar measure. In fact, since GL4(Qy) is a reductive f-adic group it is also
unimodular: every left Haar measure is also a right Haar measure [GI696, Theorem 5.1|. Tt
follows then that the finite product [],,, GLa(Q¢) = GL4(Qs,) is also unimodular for composite
nezr.

Fix a Haar measure p on GL4(Q,); since G is compact open in GL4(Q,,), we have
w(G) > 0, so we may assume that u(G) = 1. Given a Z,-lattice T in V, we can identify
Autg, (T') = GL4(Z,,) once we choose a Zj,-basis for T'. For any o € Autg, (V') one has that
o(T) is a Zy-lattice; this gives us an action of Autg, (V') on the set of Z,-lattices in V. This
action is clearly transitive, and the stabilizer of any Z,-lattice T" is Autz, (7). Additionally,
Autg, (T) is a compact open subgroup of Autg, (V'), and G is contained in Autz, (7') and has
finite index. Since Autgz, (7') is a finite disjoint union of left cosets of G, and since u(G) =1

and p is left invariant, it follows that
w(Autz, (T)) = [Autg, (T) : G]. (5.1)

Let T and 7" be G-invariant Z,-lattices of V. Since Autg, (V) acts transitively on Z,-
lattices, there exists 0 € Autg, (V) with o(T) = T". It follows then that Auty, (1") =
oAuty, (T)o™'. As p is both left and right invariant, we conclude that p(Autz, (77)) =
u(Autz, (T)), which by implies our result. O

5.2.2 Rational Galois representations of elliptic curves

Given an elliptic curve E over a number field F', one has an associated adelic Galois repre-
sentation pg: Gp — Auty(E[tors]) & GLy(Z) (see Chapter . Assume hereafter that our

elliptic curves are non-CM.
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The action of Gr on Ty (FE) extends naturally to an action on the rational N-adic Tate
module Vy(E) = Tn(E) ®z, Qn. We can realize pg n(Gr) as finite-index subgroup of
Autz, (Tn(E)), the latter of which is a compact open subgroup of Autg, (Vn(E)).

Suppose two elliptic curves E/r and E;F are F-rationally isogenous; let us write this
(cyclic, without loss of generality) isogeny as ¢: E — E’. This isogeny induces a Zy|GFr]-
module homomorphism ¢: Ty (E') — Tn(E). In fact, we have a short exact sequence of

ZN|Gp]-modules,

0— Tn(E") S Ty(E) = C — 0,

for some finite module C. Tensoring this sequence to Qu shows that the rational Tate
modules Vy(E') and Vy(E) are isomorphic G p-modules, and so T (F) and T (E’) may be
realized as Gp-stable Zy-lattices in Viy(F). By Proposition , this implies that

(GL2(ZnN) : peN=(GF)] = [GL2(ZN) : ppr N~ (GF)].

We record this important fact as a corollary, along with an additional consequence.

Corollary 24. Let E/p and E;F be F'-rationally isogenous non-CM elliptic curves. Then

for each integer N € Z" one has
[GL2(Zn) = pe.ne(Gr)] = [GLa(ZN) = ppr v (Gr)].
In particular, one has

(GL2(Z/NZ) : ppn(Gr)] | [GL2(ZN) : ppr v (Gr)].
Proof. For the latter divisibility, we note that the mod-N projection map my: GLo(Z) —
GLy(Z/NZ) factors through the N-adic projection map myee : GLy(Z) — GLy(Zy). O
By abuse of notation, we will often suppress its dependence on E and F.

Proposition 25. Let E/p be a non-CM elliptic curve with adelic level M. Then for each

integer N € Z* coprime to M, one has that pg ne(GFp) is surjective.
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Proof. Let x € GLo(Zx) be an arbitrary element; we will show that z lies in pp yo (Gp). Since
the reduction map GLo(Zy X Z/MZ) — GLo(Zy) X GLy(Z/MZ.) is an isomorphism, there ex-
ists a (unique) element xy € GLo(Zy X Z/M7Z) with xy = z (mod Zy) and xy = I (mod M).
Lift 2 to an element X € GLy(Z). Since X = I (mod M), we have X € ker(my: GLy(Z) —
GLy(Z/MZ)) C pr(Gr), and so mn=<(X) = © € Ty (pp(Gr)) = prn=(Gr). We thus

conclude that GL2(Zy) = pr.n=(GF). O

Let us note one more fact about Galois representations of elliptic curves with a rational

torsion point. For each integer N > 2, we define a distinguished subgroup of GLy(Z/NZ),

By(N) = b € GLy(Z/NZ)
0 d

When an elliptic curve £, has an F-rational order N torsion point, it follows that the image

pe.n(Gr) is contained in By (N) up to conjugacy. This implies the divisibility
[GL2(Z/NZ) : Bi(N)] | [GL2(Z/NZ) : pp,n(GF)].

The former index can be written more explicitly. Let us recall Euler’s phi function ¢: Z* —
Z7" and the Dedekind psi function ¢ : ZT — Z*, both arithmetic multiplicative functions

defined on prime powers via @(¢*) = (*71(¢ — 1) and (%) = £*~1(¢ + 1) respectively.

Lemma 26. For N > 2 one has
(GLo(Z/NZ) : By(N)] = p(N)(N).

Proof. See e.g. [CGPS22, §7.2]. O
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5.3 Polynomial Bounds on Torsion

5.3.1 Polynomial bounds over a finite support

Before we prove Theorem let us prove one more fact. The following theorem is an
“isogenous" variant of [CP18, Theorem 2.8|. It will be used to polynomially bound a uniformly

supported factor of the exponent of our torsion groups.

Theorem 27. Fix integers dy, N > 0. Then there exists a constant C := C(dy, N) > 0 such
that for any non-CM elliptic curve E;p geometrically isogenous to an elliptic curve whose

j-invariant jo has degree [Q(jo) : Q] = do, one has
exp E(F)[N®] < C-[F : QY%

Proof. By |[LEN20, Lemma 3.1] there exists an elliptic curve Ey defined over Fy := Q(jo)
whose j-invariant j(Ey) = jo, for which F and Ej are L-rationally isogenous, where L/F Fy
is at most quadratic. As a consequence of e.g. Corollary [24] one has for all primes ¢ € Z*
that

[GL2(Ze) = pp = (GL)] = [GLa(Zy) © pEye=(GL)]. (5.2)

Fix any prime ¢ € Z* for which both ¢ | N and ¢ | exp E(F)[tors|; let us write ¢* ||
exp E(F)[tors|. Tt follows that pg x(Gr) C Bi(¢*) once fixing an appropriate basis, and so
pee<(Gp) C m (B((%)) where mpu: GLa(Z¢) — GLo(Z/(*Z) is the mod-£* reduction map.
Since [GLa(Zy) : m (B(6F))] = [GLo(Z/C*Z) = By (€F)] = 25D (¢% — 1) (Lemma, we have
that (2F=D (2 — 1) | [GLy(Z) : pre~(Gr)]. Additionally, as the fixed field of the f-adic
representation pg, s : Gg, — GLo(Zy) is Fy(Ep[0>°]), we also find that

(GL2(Zy) : ppy e (GL)] = [GLa(Ze) : proee(Gry)] - [L N Fo(Eol€™]) : Fol.
Combining these facts with , we deduce that
CED 1) | [GLa(Ze) : pros=(Gry)] - [L 2 Fol.
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By the Strong Uniform /-adic Arai Theorem (see Theorem , there exists a constant
a(do, l) € Z* which depends only on dy and ¢ for which the (-adic valuation v,([GLa(Zy) :
pE.e(GRy)]) < aldy, £). It follows that

raxc{0.2(k=1)=aldo.O} | [T, Fy] | 2(do — 1)! - [F - Q. (5.3)
Compiling the divisibilities from (5.3)) across all ¢ | n, we conclude that

exp E(F)[n>=) | 2] [ 7% - (do — 1)! - [F - Q].
LN

The result then follows by taking C' := \/2 [Ty 20D - (dg — 1) O

5.3.2 Proof of the main theorem

Proof of Theorem[21] Let us factorize the exponent of E(F')[tors] as

exp E(F)[tors] = H exp E(F)[¢*] - H exp E(F)[¢
oM M
where M := M(Ey, Fy) is the adelic level of Ey/p . For our first term, Theorem 27| shows
that

[[exp E(F)e™] < e - [F: Q) (5.4)
oM

for some ¢; := ¢1(Ey, Fy) € Z*. For the remainder of this proof, we will deal with bounding
the second term [],,, exp E(F)[(>’]. More precisely, we will show that it is bounded above
by co(do, €) - [F = Q]/?*< for some constant cy(dy, €) > 0.

Let us write N := [] ), exp E(F)[(>]. Since E(F) has a torsion point of order N, up to
conjugacy we have pg,,(Gr) C B1(N), and so by Lemma 26| we get

P(N)Y(N) | [GL2(Z/NZ) :pE,N<GF)]' (5.5)
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By |[LEN20, Lemma 3.1] there exists a quadratic extension L/F'F, for which E and Ej
are L-rationally isogenous. Write this L-rational isogeny as ¢: E — FEj; we may assume that

¢ is cyclic. Since FEj is defined over Fjy C L, we find that
[GL2(ZN) : pron=(GL)] = [GL2(ZN) : pron=(Gry)] - [L N Fo(Eo[N]) : Fo].

Furthermore, as N is coprime to M, Proposition [25)shows us that [GLy(Zy) : ppy v (Gr,)] =
1. Combining these two facts, we check using Corollary [24] that

(GL2(Z/NZ) : pen(GL)] | [GLo(ZN) : pryne=(GR,)] - [L 0O Fo(Eo[N*]) : Fo
=1-[LNFy(Eo[N*]) : Fo
| [L : Fp

| 2(do — 1)! - [F : Q).
Combining this with gives us the divisibility
e(N)Y(N) [ 2(do — 1) - [F = Q. (5.6)

One can check directly that ¢)(N) > N for any N > 1. Fixing an € € (0,1), by [HWO08,

Theorem 327] there exists a constant ¢, > 0 such that for all N > 1 one has
o(N) > - N7

Thus, from (5.6) we deduce that
N*“<c - [F:Q)

for some ¢, := c.(dy) > 0, i.e.,
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By definition of IV, this is an upper bound on [],,, exp E(F)[(>°]. We combine this with

(5.4) to conclude that
exp B(F)tors] < Coy - [ Q'™ 5.0

for some C.; := C.1(Ep, Fy) > 0.

Next we will give our polynomial bound on #E(F)[tors], following [CP18, §3.3]. Writing
N = exp E(F)[tors], we have E(F)[tors] = Z/dZ x Z/NZ for some d | N where d > 0. Since
E has full d-torsion over F', we find that F' contains a primitive d’th root of unity [Sil09,
Corollary 8.1.1], and so ¢(d) | [F': Q]. By [HWO08, Theorems 327 and 328], this implies that
d < C!-[F:Q]'* for some C! > 0. Since #E(F)[tors] = dN, we combine this with
and conclude that

#E(F)[tors] < C.o - [F : Q'

for some C o := C.2(Ep, Fy) > 0. O
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CHAPTER 6

TORSION IN Bp, UPON BASE CHANGE

6.1 Introduction

Fix a number field Fp, and let £/, be an elliptic curve defined over Fy. By the Mordell-Weil
Theorem, the set F(F,) of Fy-rational points on E is a finitely generated abelian group;
consequently, the Fy-rational torsion subgroup F(Fp)[tors] is finite. For any extension L/Fj,
one has the inclusion of subgroups E(Fy) C E(L). A natural question to ask is how much
the torsion subgroup E(Fp)[tors| grows once base-changed to L.

When the base field is Fy := Q, there are several results which establish constraints on
torsion growth uniformly in the degree [L : Q]. For example, when [L : Q] < oo, Lozano-
Robledo gave a linear bound on the prime divisors of #F(L)[tors| in terms of [L : Q] [LR13
Theorem 1.3|. He did this in part by determining lower bounds on the degrees of fields of
definition of torsion points on E of prime order ¢, via analyzing the image of the mod-/
Galois representation of E as a subgroup of GLy(Z/¢Z) a la Serre [Ser72] (see also Theorem
).

Continuing this idea of studying Galois representations of elliptic curves to better under-
stand their torsion points, Gonzélez-Jiménez and Najman [GJN20| have determined restric-
tions on the degrees of number fields over which torsion can grow for rational elliptic curves

under base change. One of their results is as follows.
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Theorem. |GJN20, Theorem 7.2.i] For all finite extensions L/Q whose degree is coprime to
2-3-5-7, one has for all elliptic curves E defined over Q that

E(L)[tors] = E(Q)]tors].

In this chapter, we prove a number field analogue of [GIN20, Theorem 7.2.i] wherein our
base field can be larger than Q. The proof of our theorem is split into Propositions [31] and
B33

Theorem 28. Assume that GRH s true, and let Fy be a number field with no rationally
defined CM. Then there exists an effectively computable constant B := B(Fy) € Z* for which
the following holds: for any finite extension L/Fy whose degree [L : Fy| is coprime to B, one
has for all elliptic curves E defined over Fy that

E(L)[tors] = E(Fy)]tors].

As we will see, the proof of Theorem |28 reduces to determining a finite set Ap, of prime
numbers such that for any elliptic curve E/p, and for any prime order torsion point R € E,
the degree [Fy(R) : Fo) of the field of definition of R equals 1 or is divisible by some prime in
Ap,; in fact, we will show that [Fy(R) : Fpl is always even when ¢ > g, 0.

For our analysis of torsion point degrees, we will prove Theorem [29] a result on relative
uniform bounds for mod-¢ Galois representations of elliptic curves over fields larger than Q.
The proof will utilize Serre’s work on the image of inertia under mod-¢ Galois representations
[Ser72] (see also Theorems [3| and [38).

In the following, we will let Sg, denote the finite set of primes from [LV14, Theorem 1],
see Remark 2

Theorem 29. Assume that GRH is true, and let Fy be a number field with no rationally
defined CM. Then for all primes £ >pg, 0, one has for any elliptic curve E,p, that its mod-{
Galois representation G := pg(Gp,) is either surjective, or is contained in Ns({) or Nys(¢)

up to conjugacy.
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1. If G C Ny({) then D¢ C G for some e € {1,2,3,4,6}, and if £ # 37,73 then the center
Z(¢) C G, and in fact
[Ns(0) : G | ged(€ — 1, €).

2. If G C N,s(€) then Cns(0)¢ C G for some e € {1,2,3,4,6}, and in fact
[N.s(€) : G] | 6.

a. If ¢ =1 (mod 3), then G equals N,s(£) or Cns(l), with G = N,s(¢) if Fy has a

real embedding.

b. If ¢ =2 (mod 3), then G equals N,s({), Crs(£), G(£) or Cpns(£)?, with G = N,s(¢)
or G(0) if Fy has a real embedding.

Remark 2. As we will see in our proof of Theorem 29, by ¢ >g 0 we can take ¢ >
max{29, 15[Fy : Q] + 2}, ¢ unramified in Fy and ¢ € Sg,, where Sp, is from [LV14] Theorem
1.

Let us briefly explain Sg, and the two assumptions from Theorems 28| and that GRH
is true and Fy has no rationally defined CM. Under these assumptions, Theorem [7] shows
there exists a finite set of primes S, such that the prime degree of any Fp-rational isogeny of
an elliptic curve lies in Sg,. As noted previously, there also exists an effectively computable

upper bound on the primes from Sg, [LV14, Theorem 7.9].

Remark 3. One has additional information about the mod-¢ Galois representation of an
elliptic curve over Q: for any prime ¢ > 1.4 x 10" and any elliptic curve E/q, one has that

pe.o(Gg) equals either GLo(Z/lZ) or N,s(¢) up to conjugacy [LFL21, Theorem 1.2].

It is natural to ask whether the “rationally defined CM" hypothesis on Fj is necessary.
Indeed it is, as is shown by the following theorem — we will prove this in Section [6.5]

Theorem 30. Let Fy be a number field with rationally defined CM. Then for all integers

B € Z* there exists a finite extension L]/Fy whose degree [L : Fy] is coprime to B, and a
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CM elliptic curve E/g, for which

E(L)[tors| # E(Fy)[tors].

6.2 Towards the Proof of Theorem 28|

6.2.1 Definition of Ar, and Bp,

To prove Theorem [28 we need to keep track of prime divisors of torsion point degrees of
elliptic curves over Fy. Once and for all, fix an algebraic closure Q; let F;/Q be an algebraic
extension. Let us call a subset Ap, C ZT of prime numbers Fy-admissible if for all elliptic
curves B/, and all prime order torsion points R € E(Q), one has that either [Fy(R) : Fp] = 1
or there exists p € Ag, so that p | [Fo(R) : Fp]. For example, [GIN20, Theorem 5.8] shows
that Ag := {2,3,5,7} is Q-admissible. As we will see in the proof of Proposition [31] if Ag,
is any Fyp-admissible set and [L : Fp] is coprime to all primes p € Ag,, then for all elliptic
curves E/p, one has E(L)[(] = E(Fy)[{] for all primes ¢ € Z*.

Next, let us define Rp, as the set of prime divisors of Fy-rational torsion subgroups of

elliptic curves,

Rp, :={p € Z" : 3E R, with p | #E(Fy)[tors|}.

Equivalently, Rp, is the set of all primes that are the order of some Fy-rational torsion point
on an elliptic curve. If Fj is a number field, then one has that # Ry, is finite and bounded
uniformly in the degree [Fy : Q] — this is a consequence of Merel’s strong uniform boundedness
theorem [Mer96l, Corollaire].

Following Rp,, we define the set Bp, as follows,

Bp, = U {p} U {prime divisors of p — 1}.

PERR,

Obviously Rp, C Bp,, and if #Rp, < oo then #Bp, < co. When Fy = Q, Mazur’s torsion
theorem [Maz76|] shows that Rg = By = {2,3,5,7}. As we will see in the proof of Proposition
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31} Br, controls which primary torsion point orders can appear upon finite degree base change
for any elliptic curve E/p,.

With Fy-admissible sets and Bp, defined, we are able to prove the first key step in the
proof of Theorem [28]

Proposition 31. Let Fy/Q be an algebraic extension and Ag, an Fy-admissible set. Let
L/Fy be any finite extension for which all primes p € Ag, U Bg, do not divide [L : Fy|. Then

for all elliptic curves E,p, one has that
E(L)[tors| = E(Fp)[tors].

Before we prove Proposition [31], let us record an important lemma which controls the

degrees of finite extensions over which one attains new prime power torsion.

Lemma 32. [GJN20, Proposition 4.6] Let Fy/Q be an algebraic extension, E; g, an elliptic
curve and R € E/, a torsion point of prime order {* > {. Then [Fy(R) : Fo((R)] divides (?
or £(£ —1).

Proof of Proposition[31. Tt suffices to show that for all primes ¢ € Z* one has
E(L)[t>] = E(F)[€*],

which is equivalent to showing that for each prime ¢ € Z* and for all integers n > 0 one has
E(L)[t"] = E(Fy)[e"].

We proceed via induction on n. The case n = 1 follows from the assumption that [L : Fp)
is coprime to all primes p € Ap,. Suppose then that both n > 1 and the result is true for
k <n. Let R € E(L)[¢"] be a point of exact order £". Then the inductive hypothesis implies
that /"' R is an Fj-rational point of order ¢, whence ¢ € Rp,. The inductive hypothesis also
implies Fy(¢R) = Fy, so by Lemma 32| we have

[Fo(R) : Fy] | (¢ —1).
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By this divisibility, any prime divisor p | [Fo(R) : Fp] divides ¢(¢ — 1), which from ¢ € Rp,
implies p € Bp, — which would be impossible since [Fy(R) : Fo] | [L : Fy] and [L : Fp) is
coprime to all primes in Bp,. This forces [Fy(R) : Fo] = 1, which shows that R € E(Fy)[("].
We conclude by induction that E(L)[(>°] = E(F,)[(>]. O

As noted earlier, the existence of the constant B := B(Fy) € Z" in Theorem [28| depends
on the existence of a finite Fy-admissible set Ap. When assuming GRH, the following

proposition gives us a class of number fields for which this happens.

Proposition 33. Assume that GRH is true. Then for any number field Fy which has no

rationally defined CM, one can make a finite choice of Fy-admissible set Ap,.

Theorem 28| is an immediate consequence of combining Propositions [31] and 33} Sans
including Section [6.5, the rest of our paper is devoted to proving Theorem and then
using it to prove Proposition 33} Our proofs will involve an analysis of the mod-¢ Galois
representation of an arbitrary elliptic curve defined over Fj. As noted earlier, the assumption
that both GRH is true and that F{ has no rationally defined CM will rule out the case where

an elliptic curve E/p, has an Fy-rational isogeny of uniformly large prime degree.

6.2.2 Orbits under the normalizer of a Cartan subgroup

Let V := {ejy, ea} be the two-dimensional Fy,-vector space spanned by the unit vectors e; :=

1 0
and ey 1= . Then one has an action of GLy(Z/¢Z) on V via left multiplication. For

0 1
a subgroup G C GLy(Z/(Z) and a vector v € V* := V ~ {0}, we will use Og(v) to denote

the orbit of v under G. We will also use (v) to denote the subspace spanned by v.

In our applications, V' := E[{] is the (-torsion subgroup of an elliptic curve. As noted
earlier, by the Orbit-Stabilizer Theorem one has for any point R € E[{] that the size of its
orbit O, ,(Gr,) (1) is equal to its degree [Fp(R) : Fpl. In this subsection, we will see how we
can exploit this to determine factors of the degree via the classification in Theorem [3]

The following proposition describes the orbits of V* under the action of N,(¢).
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Proposition 34. V* has two Ny({)-orbits: they are Oy, g)(e1) = On,0)(e2) and Oy, (e1 +
e3), which are of size 2(¢ — 1) and (¢ — 1)?, respectively.

a 0 0 d
Proof. Since both -e; = ae; and e = aey, we find that O, (e1) =
0 d a 0
On,0)(e2) = {xes + yey : either x = 0 or y = 0} = (eq) U (e2) . {0}. On the other hand,
a 0 0 a
(e1+e9) = -(e1+e2) = aey +deg, and so On,g)(e1+€2) = {wer +yeq : vy #
0 d d 0
0} =V~ ((e1) U(ea)). O

The following proposition describes the orbits of V* under C,5(¢), and thus N,s(¢).

Proposition 35. The group C,s({) acts transitively on V*. In particular, for each v € V*®
we have #O0,,)(v) = #O0¢,, ) (v) = €2 = 1.

o |x ye
Proof. For any v := xe; + yey € V*, one sees that the matrix € C,5(0) takes ey to

Yy T
V. O

Recall the following basic fact about orbit divisibility for subgroups.

Lemma 36. Let a finite group G act on a set X. Then for any subgroup H C G, one has
for all x € X that

#0c¢(x) | |G - H] - #0n ().

Remark 4. Suppose we have an elliptic curve E/ g, for which G := pg ¢ po(Gr,) is contained

in a subgroup N (¢) C GLy(Z/(Z). Then by Lemma [36] for each R € E[(]* one has
4O (R) | IN(0) - G) - [Fo(R) - Fo). 61)

By Propositions |34] and , this can give us divisibility information about the degree [Fy(R) :
Fy). For example, Proposition (35 implies that if N(¢) = N,5(¢) then

0 — 1| [Nps(0) : G] - [Fo(R) : Fy).
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When N (¢) = N,(¢), using Proposition B4 one has for nonzero R € (P) U (Q) that
2(0=1) [ [Ns(0) : G] - [Fo(R) : Fol,

and when R ¢ (P) U (Q) one has instead that
(=1 [ [N(€) : G] - [Fo(R) = F].

To prove Proposition we will use this remark to show that when ¢ is sufficiently large
with respect to Fj, one has for all nontrivial R € E[{] that [Fy(R) : Fo is even.

6.3 The Image of Inertia

In this section, we will describe the image of inertia under our mod-¢ Galois representation

when ¢ >, 0. This will be towards proving Theorem

6.3.1 The image lies in the normalizer of a Cartan subgroup

In the following subsection, we will show that under sufficient assumptions, for an elliptic
curve E/p, and a prime ¢ € Z*, the image pg (G p,) either equals GLy(Z/(Z) or is contained

in the normalizer of a Cartan subgroup.

Proposition 37. Assume that GRH is true, and fix a number field Fy without rationally
defined CM. Then for all primes ¢ > 15[Fy : Q| + 1 unramified in Fy with ¢ ¢ Sg, (see
Remark @), for any elliptic curve E,p, the image pgo(Gr,) of its mod-C Galois representation

is either equal to GLo(Z/UZ) or contained in Ng(€) or Nys(€) up to conjugacy.

Proof. Let G := ppy(Gp,). By Theorem [3] either G contains SLy(Z/{Z), is contained in
B(f), Ny(€) or N,s(¢) up to conjugacy, or has a projective image G := G /F, C PGLy(Z/(Z)

isomorphic to either Ay, Sy or As.
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Since ¢ is unramified in Fp, it follows that the mod-¢ cyclotomic character x,: G, — F/
is surjective. Since both x¢(Gpg,) = det(G) and SLo(Z/(Z) = ker(det: GLo(Z/lZ) — F[), it
follows that G contains SLo(Z/(Z) iftf G = GLy(Z/(Z).

Henceforth, let us assume that G # GLy(Z/(Z). If G is isomorphic to either A4, S, or
As, then Etropolski has shown that ¢ < 15[F; : Q] + 1 |Etr, Proposition 2.6]. The case where
G is contained in B({) up to conjugacy is equivalent to F having an Fj-rational ¢-isogeny,
which cannot happen since ¢ ¢ Sg, [LV14, Theorem 1]. We thus conclude that G is contained

in the normalizer of a Cartan subgroup up to conjugacy. [

6.3.2 The shape of the inertia subgroup

Let Fy be a number field and E/p, an elliptic curve. Following [Ser72], depending on the
reduction type of E at a prime £ C FE lying above ¢ > 5, we will see that the image pg¢(I¢)
of the inertia group I¢ C G, contains a uniformly large subgroup.

Let us regard E as lying over the local field K := (F)e, the £-adic completion of Fj at £.
Then there exists a finite extension L/K for which E has semistable reduction [Sil09, §VIL5]|.
Assume L is such an extension of minimal degree. If £/, has bad multiplicative reduction,
then [L : K] < 2 by the theory of Tate curves [Sil09, §C.14]. If E/;, has good reduction, then
the ramification index e(L/K) € {1,2,3,4,6} — a more precise version of this is given in e.g.
ILR18, Theorem 6.1].

The following result is essentially due to Serre [Ser72|, with a slight generalization to
account for elliptic curves defined over a finite extension of @Q,. Fix a prime ¢ € Z" and
an algebraic closure Q; of Q,. Given a local field K /Qy, we let K™ denote the maximal
unramified extension of K, and Ix := Gal(Q,/K™) the inertia group of K. We also let
K;/K™ denote the maximal tamely ramified extension of K, and I, := Gal(Q,/K;) the
wild inertia group; Ix, is a pro-¢-group. Additionally, the tame inertia group is defined as
I = Gal(K;/K™) = Ix/Ik,, and is a pro-cyclic group.

The following theorem describes the image of inertia based on the reduction type of Ep,

with a few extra conditions to simplify the result.
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Theorem 38. Let { > 5 be a prime and K/Qq a finite unramified extension. Let E/i be an
elliptic curve, and L/K a minimal extension such that E; is semistable. Then the absolute
ramification index e == e(L/Q) = e(L/K) € {1,2,3,4,6}. Assuming that {1 #pr (1), one

also has the following subgroup of pp(Ir), based on the reduction type of E;:
e Good ordinary reduction: then pge(I) contains D¢ up to conjugacy.
o Good supersingular reduction: then pg (1) = Cys(€)¢ up to conjugacy.
e Bad multiplicative reduction: same as good ordinary.

Remark 5. Assume that GRH is true, and let E,r be an elliptic curve over a number
field Fy with no rationally defined CM. If ¢ is sufficiently large, then by Proposition [37] we
must have ¢ { #pg(Gp,) when pp(Gp,) isn’t surjective. In such a case, the conditions
e((Fy)e/Qp) =1 and £ 1 #pr (1) of Theorem [38| are automatically satisfied for any prime

£ C Fy above ¢ and appropriate choice of extension L/(Fp)e.

Remark 6. The theorem above is a very mild generalization of [LR13, Theorem 3.1] in the
case {1 #pp (1) where our elliptic curve is defined over (Fp)e instead of Q. In fact, [LR13]
Theorem 3.1] is a generalization of several results of [Ser72|, where Lozano-Robledo does not
assume that e(L/Q,) = 1 — this is to allow his elliptic curves E/q to have additive reduction.
Since Theorem [28|is a uniformity result independent of reduction type, we must also allow

E/F, to have additive reduction.

Proof of Theorem 38 If E,;, has bad reduction, then e(L/K) | 2 follows from the theory of
Tate curves. If E/; has good reduction, then one has e(L/K) € {1,2,3,4,6} by e.g. [LRIS,
Theorem 6.1]. We are thus left to determine the image of inertia. Since I, is a pro-¢-group
and ¢ 1 #ppe(1L), it follows that the action factors through tame inertia I, ,; In particular,
the results from [Ser72| for the image pg ¢(I1,) will also apply to pg(I1).

Suppose that E/; has good ordinary or bad multiplicative reduction. Then by [Ser72)

Propositions 11 and 13|, I5; acts on the semisimplification of E[¢] via the trivial charac-
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ter and 65_,, where 0,_;: I, — F} is a surjective character.ﬂ The kernel of the reduction

map E[(] — E[ﬁ] is an L-rational (-subgroup, and so one can identify pg(GL) C B({).

*x %
With this identification, one has pg (1) C . Thus, its semisimplification
0 1
. 0, 0 .
im = D¢ is a subgroup of pg () by e.g. [Genl, Lemma 4].
0 1

Suppose then that £, has good supersingular reduction. Following the proof of [LR13|
Theorem 3.1], since ¢ { #pg (1) one has that I1, acts on E[(] via a character 0% ,, where
Opr_1: Iy — 5 is surjective [Ser72 Proposition 10]. Therefore, pg¢(I1,) is a cyclic subgroup

of F); with index ged(¢€? — 1,e), and so is isomorphic to the e’th power of Cys(¢). O

Next, we will mildly generalize part of [LR13, Theorem 3.2]. For a diagonal matrix

a 0 d 0
vi= € Cs(0), we let v denote its “Hip" . For a subgroup H C (), we let

0 d 0 a
Hfiz{")/fi’}/EH}.

Proposition 39. With assumptions as in Theorem assume further that ¢ > 17 with
0 #23. Let us set H := pg(IL).

o If HC Ny({), then D° C H orD; C H.
o [fHC Nys({), then H = C,4(0)°.

Proof. First, let us assume that H C N,(¢). Then by Theorem 38 D¢ is contained in H up

to conjugacy — otherwise we’d have C,5(¢)¢ = H up to conjugacy, which is impossible since

a b
¢+1148. Thus, for some M = € GLy(Z/lZ) we have MD*M~* C H C N,(¢). Since
c

D¢ is cyclic and #D° > 2, it must have an element of order at least 3, and so one can show
through calculations that either a = d = 0 or b = ¢ = 0, whence we have MD°M ! = D¢ C H
or MD*M~! :ch CH.

For ¢ t d and a uniformizer z of L™, one has a character 64 via the natural isomorphism
0q: Gal(L™(/x)/L") = pa C L, where pq is the group of d’th roots of unity. Such characters parametrize

the continuous Fy-valued characters of Iy, ; [Ser72, Proposition 5].
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Next, let us assume that H C N,4(¢). We claim that D¢ is not contained in N,(¢) up
to conjugacy. To see this, we note that elements of D¢ have eigenvalues a and 1 where
a € F), whereas elements of N,,(¢) have Galois-conjugate eigenvalues of the form a £ by/e
or +v/a% — b%e where (a,b) € F2 < {(0,0)}. As noted in the previous paragraph, D¢ has
an element of order at least 3, which then must have eigenvalues 1 and a € F ~\ {£1};
in particular, such an element does not have an eigenvalue pair of the form a + by/e or
+1/a2 — b%e. We thus deduce by Theorem [38|that H equals C(£)® up to conjugacy.

We are left to show that H = C,,5(£)°, not just up to conjugacy. We claim that H C C,,(¢);
observe that if this were true, then both H and C,,s(¢)¢ are subgroups of the cyclic group C,,s(¥)
with equal sizes, whence they must be equal. Both by cyclicity of H and #H = #C,s({)°,
there exists an element in H of order at least (/2 —1)/6. Since elements of N,,(£) ~ Cps(¢)
have order dividing 2(¢ — 1), we deduce that H must be generated by an element of C,4(),
whence we conclude that H = C,,4(¢)°. O

Before we prove Theorem 29| let us record the following simple yet useful fact about

non-diagonal subgroups of N(?).

Lemma 40. Let G be a subgroup of Ny(¢) that is not contained in Cs(¢). Then for all
v € GNCy(L), one has vy € G.

a 0 d 0
Proof. For any matrix M € Ny(¢) \ Cs(¢), one checks that M M~ = . O

0 d 0 a

6.4 The Proofs of Theorems 28 and 29

We will first prove Theorem [29] After doing so, we will also prove Proposition in the
following subsection, thereby proving Theorem [28]

6.4.1 The proof of Theorem

Proof of Theorem |29 Fix a prime ¢ > max{29, 15[Fy : Q] + 2} unramified in F where
¢ & Sp,. Fix an elliptic curve E/g,, and assume that pg(Gp,) is not equal to GLo(Z/(Z).
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Then by Proposition [37, we may fix a basis {P, Q} of E[(] such that G := pg e po(Gr,) is
contained in Ny(¢) or N,4(¢).

Fix a prime £ C Fj over ¢, and set K := (Fy)e. Taking an extension L/K of minimal
degree for which F/;, is semistable, we know by Theorem [38| that e := e(L/K) = e(L/Qy) €
{1,2,3,4,6}.

Suppose first that G C Ng(¢); assume that ¢ # 37,73. Since ¢ ¢ Sg,, we must have
G Z Cs(¢). By Proposition [39| we have D¢ C pg,(IL), without loss of generality. We claim
that pgi(Ix) C Cs({): for the sake of contradiction, suppose this isn’t true. Then since
pe(Ik) is cyclic, it must be generated by an element M in Ny(¢) \ C4(¢); such an element
has order dividing 2(¢ — 1). By Lemma [0} we have both containments D¢ C pg (Ix) and
D5 C pee(Ix). Since D¢ and D$ commute with each other, it follows that their product
DD§ = C,(¢) is a subgroup of pg ¢(Ix). We thus have that #C, () = ({—1)?/ ged({—1, ¢)?
divides #pg (I ), which is impossible since #pg (Ix) | 2(¢ —1). We deduce that pg(Ix) C
Cs(0).

The following work will construct a subgroup of G with size 2(¢ —1)?/ ged(¢ — 1, €), which
will prove the main index result for the case G C N,(¢). First, we note that det pg(Ix) =
x¢(Ik), which surjects onto F; since K/Q, is unramified. Additionally, for any matrix
v € Cs(¢) one has yy; = det(y)I. Therefore, since pr(Ix) € G N Cs(¢) and G € Cy(¥),
Lemma [40] implies that Z(¢) C G.

Since D¢ is a subgroup of G, it follows that DD} = Cs(0)¢ is also a subgroup, and has
size (( —1)%/ ged (¢ —1, €)% In fact, since Cs(£)°NZ(¢) = Z(£)° with size (¢ — 1)/ ged({—1,¢),
we find that Z(¢)C(¢)° is a subgroup of G with size

1 o (e—1p

#Z(E)CS(E)G = #Z(E) ’ #Os(g)e ’ #Cs(g)e N Z(g) o gcd(f —1 6)'

0
Next, we fix an element N € G ~ C,({); writing N = , one has N? = bel =

c 0
—det(N)I € Z(¢). As shown in the proof of Lemma [40] one has for all v € C,(¢) that

NN~ = 74, whence we have N(Z(0)C(€)¢ )N~ = Z(£)Cs(¢)°. In particular, (N)Z(£)Cs(£)®
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is a subgroup of G, whose size is 2| — det(N)] - gc(dé(;i)fe) : #<N>mzl(z)cs(£)e' One checks that

(NYN Z(0)Cs(£)¢ = (—det(N)I), from which we deduce that

200 — 1)?

#(N)Z(O)Cs(0)° = scd((—1,e)

From the containments (N)Z(¢)Cs(£)¢ € G C N(¢), we compare indices and conclude that
N.(0) : G | ged(t — 1)

Suppose next that G C N,s(¢). This argument will follow a proof of Le Fourn and
Lemos [LFL21, Proposition 1.4|, which itself follows an unpublished note of Zywina [Zyw,
Proposition 1.13]. By Proposition (39 we have C,s(¢)¢ = pg¢(IL); the final paragraph of that
proof can also be used to show that pg(Ix) C Cys().

Since pg (1) has index ged(£? — 1,€) in Cps(€), the index of pg(Ix) in Cps(€) divides
ged(? — 1,e). Since K/Qy is unramified, it follows that det(pg(Ix)) = F,. This forces
the index [Cys(€) : pre(Ik)] to be odd, since otherwise pg ¢(Ik) is a subgroup of the square
elements of C,4(¢), which contradicts surjectivity of the determinant of pg ¢(Ix). We conclude
that [Crs(0) = pee(IK)] | 3.

Let us set C(G) := G N Cps(f). By the containment pg(Ix) € C(G), one has [Cys(f) :
C(@)] | 3; in particular, C(G) = Cps(€) or Cy5(£)3. Since det: pp(Ix) — F) is surjective
and pg(Ik) is contained in C(G), we have that det C(G) =F/.

We break our analysis into two cases:

1. £ =1 (mod 3). Tt follows that C(G) = C,s(¢), since otherwise det C,s(¢)* = F),
which is impossible since #(F;)® < ¢ — 1. In particular, we have C,s(¢) C G, and so
G = Cps(0) or N,s(0).

2. £ =2 (mod 3). If C(G) = Cps(f), then G = Cps(f) or N,s(¢). Suppose then that
C(G) = C,s(0)>. One checks that N,s(f) := N,s(¢)/Cps(€)® is isomorphic to the
dihedral group Dj of order 6, and the quotient group G := G/C,.(¢)® has index
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I == [N,s(f) : G] | 6; note that I = [N,s(¢) : G]. Keeping in mind that C(G) =
G NCh(l) = Cps(0)3, we have several cases for the index:
a. I = 1: then G = N,,(¢), which is impossible since G N C,;(£) = Cps(£)3.

b. I = 2: then [N,s(¢) : G] = 2. Thus we have
6 = [Nns(€) : Crs(0)®] = 2[G : G N Crs(0)],

and so [G : G N Cys(f)] = 3. This is impossible since [G : G N Cys(f)] < [Nps(¥) :
Crs(0)] = 2.

1 0
c. I = 3: then the even order element v := must lie in G (recall that

0 -1
Nps(€) = {7y, Crs(£))). Therefore, since the subgroup G(£) := (v, Cps(¢)?) of G has

the property that [N,s(¢) : G(¢)] = [Nns(€) : G], we deduce that G = G(¥).

d. T =6: then [Nys(€) : Cus(€)?] = [Nps() : G], and s0 G = Gy (€)%,

We conclude that when ¢ = 2 (mod 3) one has that G equals either N, (¢), C,s(¢),
G(¢) or Cps(0)3, which are of index 1,2,3 and 6 in N,4({), respectively.

Finally, we conclude our proof by noting that if Fj has a real embedding, then it must have

an element of trace 0 and determinant —1, from which we get G Z C,,5(¢). O

6.4.2 The proof of Proposition

Recall that a set of primes A, is Fy-admissible if for any elliptic curve E,p,, any prime

¢ € Z* and any point R € E[{], if R ¢ E(F},) then there exists a prime p € Ap, for which

P #O0pp Gy (R) = [Fo(R) : Fpl.

Assume that GRH is true, and that Fy has no rationally defined CM. We will now prove
Proposition [33] which is that one can pick a finite choice of Ag,.
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Proof of Proposition[33 Fix an elliptic curve E,p,; below, for each prime ¢ € Z* we will
write G := pg(GrR,). First, we observe that we may exclude any finite amount of primes ¢
from our analysis. This is because for any point R € E[(]*, the size of its orbit Og(R) equals
the index of the stabilizer of R in G, and this index divides #GLo(Z/0Z) = (({ — 1)?(£ + 1).
To this end, let us start by adding to Ap, := () the set of prime divisors of #GLy(Z/lZ),
where we range over ¢ ramified in F, ¢ < max{29, 15[Fy : Q] 4+ 2}, { = 37,73 and { € Sk,.

Fix a prime ¢ ¢ Ap,. We will show that every order ¢ point of F has even degree over Fj,
which will show that Ag, is Fy-admissible. If G = GLy(Z/(Z), then G acts transitively on
E[{)* and thus the degree of any point in E[(]* over Fy is ¢? — 1, which is a multiple of 8. To
this end, let us assume that G' # GLy(Z/¢Z); then Proposition [37| implies that G lies in the
normalizer of a Cartan subgroup up to conjugacy. Let us fix a basis { P, Q} of E[¢] for which
G = ppipro(Gr,) is contained in Ng(€) or N,4(¢).

Suppose G is contained in N,(¢). Since £ € Sg,, we must have G C Ny(¢) \ Cs(¢). Fix
a point R € E[¢]* which is not Fy-rational, and set H := pg ¢ po(Gryr)). Then we have

(G H] = [Fo(R) : Fy).

Since H acts trivially on the subgroup (R), [LR13, Lemma 6.6] applies and we land in one

of the following 3 cases:
i. H is contained in D;
ii. H is contained in Dy;

0
iii. H equals < I, for some b € F/'.
b= 0
By Theorem [29| we have that Z(¢) C G. Thus, since Z(¢) N H =1 in all three cases, we find
that Z(¢)H is a subgroup of G of size (( —1)#H, andso {—1| [G : H],i.e., {—1| [Fo(R) : Fyl,

whence we find that [Fy(R) : Fo is even.
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Suppose G is contained in N,;(¢). Then combining Equation (6.1)) with Theorem
we have for all points R € E[(]* that

> —1|6-[Fy(R): Fy.

Since /2 =1 (mod 8), we deduce that 4 | [Fy(R) : Fy]. We thus conclude that our finite set
Ap, is Fy-admissible. []

6.5 The Case Where CM is Rationally Defined

We conclude this paper by proving Theorem which says that the conclusion of Theorem
fails when we allow F{ to have rationally defined CM. In particular, we will show in
this situation that no Fp-admissible set Ap, is finite. To construct the appropriate coun-
terexamples, we will use a mild generalization of Dirichlet’s theorem on primes in arithmetic

progressions.

Lemma 41 (Primes in multiple arithmetic progressions). Let M, ..., M, be pairwise coprime
positive integers. For each1 <1 < r, fix an integer a; coprime to M;. Then there are infinitely

many primes { € Z* such that for each 1 < i <r one has { = a; (mod M;).

Proof. By the Chinese Remainder Theorem, there exists an integer € Z such that for each
1 <1 < r we have

for some k; € Z. Since each ged(a;, M;) = 1, it follows that x is coprime to the product
MMy - - M,.

Dirichlet’s theorem on primes in arithmetic progressions tells us there are infinitely many
primes in the congruency class {x + MiMy--- M,k : k € Z}. Let £ € Z* be any such prime;
then we can write

gzl’—i-MlMngk
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for some k£ € Z. Thus for each 1 <7 < r one has
0= a; + M(ki + M\ My --- M;_1 My - - M.k)

from which it follows that ¢ = a; (mod M;). O

As we will see, our proof of Theorem [30] requires the existence of an arbitrarily large
prime which both splits in at least one imaginary quadratic order in Fj and satisfies certain

coprimality conditions.

Lemma 42. Let K be an imaginary quadratic field and O C K an order. Then for any
integer B > 0 there are infinitely many primes £ which split in O and, depending on the

fundamental discriminant Ag, will satisfy one of the following:

1. If Ax = =3, then Z_Tl 18 coprime to B.

2. If Ax = —4, then KTTl s coprime to B.
3. If Ag < —4, then 4_71 s coprime to B.

Proof. Throughout this proof, we will assume that B is squarefree and B > 2. Let us write
K = Q(v/—d) where d € Z* is squarefree. Given an integer n € Z*, let us also write odd(n)
for the odd part of n.

First, let us suppose that d = —1, i.e., O = Z[fi]| where f := [Z]i] : O]. Then by Lemma
there are infinitely many primes ¢ € Z* with £ 1 f for which / = —3 (mod 8) and ¢ = —1
(mod odd(B)). The first congruence shows that =} is odd, and since £ = 1 (mod 4) we have
that ¢ splits in O. From the second congruence, we get that £ —1 = —2 # 0 (mod odd(B)),
whence odd(B) is also coprime to ZTTI. We conclude that both the splitting and coprimality
conditions hold.

Next we suppose that d = —3, i.e., O = Z[f(3] where (3 is a primitive cube root of unity
and f := [Z[(3] : O]. Let us write odd(B) = 3°B’ where ged(6,B') = 1and 0 < e < 1.
Then by Lemma [41] there are infinitely many primes ¢ € Z* with ¢ t f for which ¢ = —5
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(mod 36) and ¢ = —1 (mod B’). One similarly checks that “Z* is coprime to B, and since
¢ =1 (mod 3) it follows that ¢ splits in O. Thus both desired conditions on ¢ hold.
In what follows, we suppose that d # —1, —3; we will check several cases for d. Recall

that for any prime ¢ € Z*, ¢ splits in O iff both ¢4 f and the Legendre symbol
—d\ X
)=t

d=—-2° Hpi : Hq]',
i=1 j=1

where 0 < e < 1 and the primes p; = 1 (mod 4) and ¢; = 3 (mod 4) (allowing » = 0 or

Let us write

s = 0). Then given a prime ¢ € Z*, the Legendre symbol factorizes as

() -(7)-C) -1

i=1 j=1
In particular, if £ = —1 (mod 4) then quadratic reciprocity implies
—d 2\ v/ /!
) =(=1)t. (2] . R = . 6.2
(7)o (0) -0 G) 1) 02

We divide our work into three cases:

1. e = 1: then there are infinitely many primes ¢ € Z* with ¢4 f such that £ = 3 (mod 8)

and { = —1 (mod odd(lem(d, B))). The former condition implies () = —1, and the

latter condition implies that each (p%) =1 and <£> = —1, whence we have by (6.2))

that (7%) = 1. Furthermore, from ¢ = —1 (mod odd(B)) and ¢ = —1 (mod 4), we

find that B is coprime to K_Tl.

2.e=0andr #0: fix 1 <k <r with p, =1 (mod 4), and fix a nonsquare o mod py.
Then by Lemma 15, there are infinitely many primes ¢ € Z* with ¢4 f such that ¢ = «
(mod py) and £ = —1 (mod 4 - %). We check by that (5%) = 1, and that
B is coprime to %
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3. ¢ =0 and r = 0: then there exists 1 < k < s with ¢ # 3, since otherwise we have
d = —3. Fix such a k, and fix a square & # 1 (mod ¢i). Then by Lemma [1] there
are infinitely many primes ¢ € Z* with ¢ t f such that { = a (mod ¢;) and £ = —1
(mod 4 - M). Thus by we have that both /¢ splits in O and B is coprime

dk

to Z_Tl ]

Proof of Theorem [30, We will first prove the case where Fy := Ko is a ring class field of an
order O from an imaginary quadratic field K.

Fix an integer B € Z*. First, let us assume that the fundamental discriminant Ay #
—3,—4. Then by Lemma , there exists a prime ¢ > 7 for which both ¢ splits in O and Z_Tl
is coprime to B. By [BC20, Corollary 1.8|, there exists an O-CM elliptic curve g, whose
mod-¢ Galois representation image pg (Gk,) equals Cs(¢) with respect to some basis { P, Q}
of E[(]. It follows that the G ,-stable subgroup (P) induces a Kp-rational (-isogeny of E,
and since pg(Gg,) = Cs(¢) the degree of P over Ko is

[K@(P) . K@] =/—1.

Let r: Gk, — F;* denote the isogeny character of (P), i.e., the action of G, on (P). Then

we have

#r(Gky) = [Ko(P) : Ko] = — 1.

Let us define a new character x: Gk, — I, via
-1
x(0) :=r(0) 7.

Thus x(o) = 1if r(o) is a square mod ¢, and is —1 otherwise. Let £’ be the quadratic twist
of E' by x; then E’ is also defined over K» and has CM by O. Furthermore, P induces a point
P’ € E'[{]* that generates a Kp-rational ¢-isogeny, and whose isogeny character is ' := x - r.

We claim that the order #r'(Gr,,) = 5. To see this, we first note that for each 0 € G,
if the image (o) has even order, then it must be a non-square modulo ¢; this follows from

¢ = 3 (mod 4). It follows that r’(0) = —r(o) has odd order equal to gcd(é—el;,}%l—&-k)’ where
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we've written (g) = F, and r(0) = ¢g*. So taking a generator ¢ := (o) of F, it follows that
r'(0) has order 5, whence we deduce that r'(Gy,,) is an index two subgroup of F}.

By the above work, we conclude that

(—1
[K@(Pl> : K@] = T,
whence the degree of P’ over K¢ is coprime to B. Since @71 > 1, we find that P’ is not

Kp-rational. We conclude that
E'(L)[(] 2 E'(Ko)l]

where L := Kp(P'). In particular, for a set A, of primes to be Kp-admissible, for any
integer B € Z* it must contain a prime coprime to B, which forces # Ak, = .

Next, we suppose that Ax = —4, and so O C Z[i]. By Lemma we can choose a prime
¢ > 13 which splits in O — by its proof, let us choose £ = —3 (mod 8) — and for which % is

coprime to B. Again by [BC20, Corollary 1.8] there exists an O-CM elliptic curve Eg,, for
which

pe(Gro) = Cs(l) (6.3)

with respect to some basis {P, Q} of E[{].

By [BP17, Proposition 2.2] there exists a Z[i]-CM elliptic curve E7, ~and a Ko-rational
cyclic f-isogeny E — E”, where f := [Z[i] : O]. Since ¢ 1 f, this restricts to a Fy[G g, |-
module isomorphism E[¢] = E”[{], whence we have isomorphic mod-¢ Galois representations,
pe(Gro) = pen i(Gro)-

So without loss of generality, let us assume that O = Z[i]. Then tells us there is a
Kop-rational (-isogeny (P) C E[{] for which [Ko(P) : Ko] = —1; write its isogeny character
as 7: G, — F/. Let us define the quartic character x := P Gk, — F,. Then one

obtains a quartic twist E; ko, Of £ via x. Corresponding to P € E, one has an {-torsion point

P’ € E' whose isogeny character is y - r. Since £ = —3 (mod 8), we find that the image
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(x - 7)(Gk,) is an index 4 subgroup of F;*, whence we have

[K@(Pl) . K@] = KTTl

In particular, over the extension Ko (P') of Ko, the elliptic curve £’ obtains a new torsion
point P’ whose nontrivial degree [Ko(P') : Ko] = &1 is coprime to B. We conclude that
# Ak, = oo for any Kp-admissible set Ag,,.

A similar analysis shows that when K = Q(v/—3) there exists a prime ¢ > 31 with £ = -5
(mod 36), for which a sextic twist £’ of a Z[(3]-CM elliptic curve E, ., with pg(Gk,) = Cs(¢)
will have an /-torsion point P’ of degree z% > 1 over Ko, and for which z% is coprime to
B. This concludes the proof in the case where the base field Fj is a ring class field Ky of an
imaginary quadratic order.

Finally, let us assume that F{, contains a ring class field Ky of an imaginary quadratic
field. Then our work above shows that for B € Z*, there exists a prime ¢ >k, 5 0, an
O-CM elliptic curve E/k,, and a torsion point P € E[(] such that E(Ko(P))[(] # E(Ko)[/]
and the degree [Ko(P) : Kp| is coprime to B. Since ¢ is allowed to be arbitrarily large with
respect to Fy, we may assume that [Fo(P) : Fy] > 1; for example, by Merel’s Theorem we
can take ¢ > max{7, [F, : QPFo@*} [Mer6, Théoréme|. Furthermore, since Ko(P)/Kp is
Galois we find that [Fo(P) : Fy] | [Ko(P) : Ko, and so it follows that the degree of P over
Fy is also coprime to B. We deduce that E(Fy(P))[(] # E(Fp)[f], and so we conclude that

any Fy-admissible set Ap, must have #Ap, = oo. O
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