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ABSTRACT

This dissertation studies autocovariance change point problems in heavy-tailed and high-dimensional
time series under both offline and online scenarios. In the first project, we consider the offline multiple au-
tocovariance change point detection problems in high-dimensional and heavy-tailed time series. First, we
introduce an element-wise truncated autocovariance estimator for high dimensional and nonstationary
time series. Next, we introduce a moving sum statistic and a binary segmentation segmentation algo-
rithm to detect the number and locations of change points. Detection consistency is guaranteed under
mild moments, dependence and signal-to-noise ratio conditions. Simulation study demonstrates superior
performance of the proposed approach. The second project of this dissertation involves autocovariance
change point problems in a online manner. Besides the element-wise truncated estimator, we introduce a
spectrum-wise truncated estimator of which the nonasymptotic property is provided. Next, we construct
CUSUM-type statistics with the two estimators to run through the data sequence as new observation

arrives concurrently and detect the change point as soon as it occurs. We show that, under mild moments,



dependence and signal-to-noise ratio conditions, with appropriate threshold of certain order, false alarm
rate of the scheme can be controlled, and detection delay is upper bounded with high probability. We
introduce a more efficient algorithm with linear computational cost, which preserve the same theoretical
guarantees as before. In addition, we study the delay and provide a minimax lower bound from indepen-
dent Gaussian setting. The proposed online approach is evaluated by two experiments in the end. The
last project is concerned about application of proposed change point detection approach to pandemic
time series data. We conduct retrospective analysis with offline method and identify several change points
which might relate to several important events over the course of Covid-19 pandemic. Besides that, we
apply the online method in the monitoring case and provide a hybrid model with the assistance of change
points to improve the forecasting. Results shows the proposed model moderately improves the accuracy

and dramatically boosts the efficiency.
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CHAPTER I

INTRODUCTION

.1 Overview

Opver the past decade, time series analysis has become increasingly important and been widely applied in
various aspects of science and industry. Time series is a sequence of observations taken in time order,
measuring the behavior of the subject over time. Due to some internal or external events, the property of
the series may abruptly change. Change point detection (CPD) is a common task in time series analysis
and signal processing. It is to identify the times when the underlying structure of the observed data
changes. The fundamental assumption of CPD is that the observed process is stationary between the
change points (Truong et al., |2018)).

The discovered change point may signal valuable retrospective information for researchers to analyze
or raise alarm on the monitored system for timely reaction. CPD methods have extensive applications in

various domains. Some examples are shown as follow.



Finance. CPD has been widely applied in financial market time series such as stock and foreign ex-
change market (Lynch and Mestel, 2019; Liu et al., 2010 Takayasu, 2015).

Climate Analysis. CPD methods are applied to find discontinuities in the climatological records such
as temperature and precipitation (Reeves et al., 2007; Ducré-Robitaille et al., 2003; Itoh and Kurths,
2010).

Speech Recognition. Change points are detected for online environment learning in automatic speech
recognition and audio segmentation, which is an essential preprocessing step in audio processing applica-
tions (Rybach et al., 2009; Harchaoui et al., 2009; Chowdhury et al., 2012).

Medical Analysis. Online medical condition monitoring utilize CPD to evaluate the patient’s health.
For examples, heart rate and electroencephalogram (EEG) monitoring (Ping et al., 2006; Gao et al., 2018).

Brain image analysis Functional magnetic resonance imaging (fMRI) is now a well-established tech-
nique for studying the brain. CPD can help infer connectivities in the brain and model the onset times and
durations of underlying psychological activity when they are unknown(Lindquist et al., 2007; “Detecting
changes in the covariance structure of functional time series with application to fMRI data”, 2021).

In general, change point detection methods can be divided into two branches: ‘online’ and "offline’.
Offline methods focus on identifying the location and the number of change points in a retrospective
manner when the entire series is available. The change points fond often contain meaningful information
and represent some events of interest, which are valuable for practitioners to interpret and investigate.
On the other hand, Online techniques are applied in a streaming setting where they run concurrently
with each data point acquired. The objective is to detect the change point as soon as it occurs for prompt

reaction while keeping the chance of falsely triggering alerts as small as possible.



In the next two sections, we will briefly introduce a number of popular offline and online CPD meth-

ods in the last few decades.

1.2 Introduction to offline change point detection

In this section, we review important works in the literature regarding change point detection in the offline
setting. Consider a R%-valued random process {Y;}/_; where d > 1. We say it is piecewise stationary
if the statistical property of the series change at some unknown times ty < ¢ < to < ...tx < tg41,
where typ = 1 and tx41 = T'. Consequently, those K change points will divide the sequence into K + 1
segments, with the ith segment Y{;, 1 1).,. The offline change point detection consists in estimating the
locations ¢;, where 7 = 1,2, ..., K, and the number of change points K, if it is unknown.

In the context of model selection, the task of identifying multiple change points can be viewed as deter-
mining the best segmentation 7 according to some criterion V' (7") that needs to be minimized (Truong
et al., 2o18). Here the offline detection problem can be framed as the following discrete optimization
problem

mTin V(T,Y)+ P(T), (1.2.1)

where P(7T) can regarded as a penalty on the number of change points |7| = K, measuring the com-
plexity of a segmentation, and it equals zero when K is known. V' (7T) can be defined as the sum of costs

fora particular segmentation
K

V(Ta y) = Z C(}/(t1‘71+1):ti>7

1=0



where K is the number of change points, and C(-) is a cost function measuring the goodness-of-fit of
each segment.

In terms of cost function, negative log likelihood is a common choice, especially for the distributional
change in the normally distributed data (Horvath, 1993; Pein et al., |2017; Keshavarz et al., 2018)). When
detecting the change in mean, it is ubiquitous to use the quadratic loss function (Sen and Srivastava, 1975;
Yao and Au., [1989; Lavielle and Moulines, 2000). It is equivalent to minimise the negative log likelihood
when assuming 7.7.d Gaussian with unchanged variance. Due to the fact that squared-error loss sufters
from outliers, Fearnhead and Rigaill, 2019 adapt the idea of robust estimation and propose to use absolute
error loss, Huber loss and bi-weight loss to estimate the change points in the presence of outliers.

The cumulative sum (CUSUM) has been widely adopted in offline change point detection. In general
it can also be viewed as a way to construct the objective function V' (7,Y) inalthough it is not often
connected with cost function. Many efforts have been made on this to deal with both first and second order
change. Inclan and Tiao, 1994 use cumulative sums of squares to identify multiple changes in variance
in the sequence of independent variables. J. Chen and Gupta, 1997 construct a CUSUM-type statistic
based on Schwarz information criterion and study the variance change in the sequence of independent
Gaussian variables. Cho, 20164/ propose the double CUSUM statistic which aggregates the signals in
multivariate series to detect mean changes in panel data. Jirak, 2015/introduced coordinate-wise CUSUM
statistic for testing mean in high dimensional dependent time series data. Zhang and Lavitas, 2018|propose
an unsupervised self-normalized test statistic for testing changes in mean and and other quantites such
as median. They use a function of CUSUM process as self-normalizer to avoid the direct estimation of

asymptotic variance.



Moreover, non-parametric methods have appeared in the literature in the sense that they do not
impose any parametric assumptions on the distribution of the series. Zou et al., 2014)|develop a non-
parametric multiple change point detection procedure based on the empirical cumulative distribution.
Lung-Yut-Fong et al., 2015/ propose rank-based homogeneity test statistic to compare multiple samples and
apply it on the change point detection problem. S. Li et al., 20152 adopt the idea of B-test and construct
two computationally efficient kernel-based M-statistic using the maximum mean discrepancy to compare
the difference between the right window and re-sampled left window. Shi et al., |2o17|consider the change
point in distribution based on the minimal spanning trees and design a Bayesian-type running statistic
with the shortest Hamiltonian path.

Generally speaking, there are two major approaches to solve the minimization problem exact
search and approximate search. Exact search aims to find the optimal solution of problem A naive
example is to find the exact solution by exhaustively searching all possible segmentations. Thanks to the
dynamic programming (Bellman & Dreyfus, 1962), several exact search algorithms have been designed over
the past decade. Jackson etal., 200s|introduce the Optimal Partitioning (OP) which first considers the cost
for the last segment according to the last change point and then minimizes the cost of the segmentation
given the last change point. The time complexity of this recursion is or order O(7?). Killick et al., 2012/
propose the Pruned Exact Linear Time (PELT) method which increase the computational efficiency by
introducing a pruning step within the OP algorithm. The expected CPU cost of PELT is shown to be
bounded above by LT for some constant L < 0o under certain assumptions while the optimality of the
solution remains unchanged. Functional Pruning Optimal partitioning (FPOP) (Maidstone et al., 2017)
is another updated version of OP, which uses functional pruning to reduce the computational cost and is

shown to prune more and therefore works more efficiently than PELT.



When the computational complexity of exact search methods for detecting change points is too high
for a particular application, approximate methods can be used instead.

Binary segmentation (BinSeg) (Scott & Knott,|1974) is arguably the most popular search algorithm in
the change point literature. The idea is to iteratively apply single change point detection method on sub-
sequences. BinSeg first searches for the change point with the largest signal. The series is then split into
two sub-sequences, and the search is repeated on the new sequences. This procedure will continue until
certain stopping criterion is met. The computational cost of BinSeg is of order O (7" log T"). Thanks to its
low complexity and well-established theory, BinSeg has been widely adopted in the detection procedure
(Bai, 1997; Olshen etal., 2004; Niu and Zhang, 20125 Cho, 20164; Jirak, 2015/; M. Yu and Chen, 2021; Wang
etal., 2020). However, BinSeg may not always be as accurate or reliable as optimal methods. Jandhyala
etal., 2o13/argues that the change points tends to be inaccurately identified in the presence of short spacing
between them. The following approach can mitigate this issue.

A well-known extension to BinSeg is Wild Binary Segmentation algorithm (WBS) (Fryzlewicz, 2014)).
In short, the single change point detection in each iteration is performed on a number of random sub-
intervals of which the starting and ending indices are drawn (independently with replacement ) uniformly
from the the parent interval. WBS is shown to be effective when the change points are close and jump
magnitude of the signal is small.

In the context of the machine learning, one possible way to approach the offline CPD is to frame
it as a binary classification problem, where one class represents all possible change points and the other
class includes all sequences in-between the change points. Some interpretable supervised models such
as support vector machines and logistic regression (KD et al., |2015) can help address this problem if

informative features are available. However, such a learning problem will become more complicated if a



large number of possible types of change point exist and may also suffer from class imbalance problem
(Cook & Krishnan, 2o1s)). From a different perspective, the problem of change point detection can be
considered as a clustering problem with a unknown number of clusters, such that observations within
clusters are identically distributed. One famous clustering approach used for change point detection
combines sliding window and bottom up methods into an algorithm called SWAB (Sliding Window and

Bottom-up) (Keogh et al., 2001).

1.3 Introduction to online change point detection

Most of the change point literature is centered around the offline or posterior analysis on the observed data
sequence, as introduced in the preceding section. Despite its long history, online change point detection
algorithms has grown in popularity over the last decade and has been applied in many situations due to the
dramatic development in technology. Online or sequential change point analysis involves monitoring the
sequence as each data point arrives successively and conducting quickest detection once the underlying
statistical structure of the monitored sequence has changed. A false alarm occurs when a change point s
identified before it actually happens. The goal of sequential change point detection is to detect the change
point as soon as it occurs while keeping the probability of raising a false alarm small. In this section, we
review important works in online methods.

The earliest research on online or sequential change point detection can trace back to Shewhart’s
control chart (Shewart, 1931) and Page’s cumulative sum or CUSUM (Page, 1954)). They were originally
designed from the standpoint of quality control. Typically, at a production line, people tend to observe

the output and assume that a particular feature fluctuates within a specific control limit. However, there



are instances where this feature unexpectedly starts to fluctuate outside of that control limit, possibly due
to a malfunction of the production equipment.

CUSUM is arguably the most prominent and established statistic in the online change point literature
and many variants or extensions have been developed. Suppose we are monitoring a sequence of 7.7.d

univariate Gaussian variables { X; } with mean p and unit variance and see if the mean changes or not.

t
=S

We define the partial sum S(s,t) = > . (x; — ). Based on that, Kirch and Weber, |2018|pointed out

several commonly used statistics.

1
CUSUM %S(O, t)

1
Page’s CUSUM —maxlgsgt,lS(s, t)

-5

MOSUM ——S(t — w, t)

_ 3

mMOSUM

S(t— |kt],t)

—
?‘
~+
| I

MOSUM was first considered in Eiauer and Hackl, 1978 and studied in Horvith et al., 2008, Aue et al.,
2012/and Avanesov and Buzun, 2021 Its modified version mMOSUM was proposed by Z. Chen and Tian,
2010, The scaler is used to standardize the variance of S(). Usually we monitor the statistic value of data
stream and declare a change point if it exceeds some pre-determined threshold. The threshold is often a
function of the length of observed sequence so far.

Mean change is a fundamental topic that researchers focus heavily on. Mei, 2010|focuses on mean

change in multiple data streams by looking at the sum of local CUSUM statistics. Aue et al., 2o12/develop



the theory the MOSUM statistic for monitoring univariate mean change and focus on the limiting distri-
bution for the delay time. Y. Yu et al., 2020 study the CUSUM-type statistic for univariate mean change
of which the detection delay is nearly minimax optimal while controlling the false alarm rate. Romano
et al., 2021 propose a efficient online algorithm using functional pruning CUSUM statistics of which
the expected time complexity is O(log T"). Gsmann et al., 2022|consider the weighted CUSUM-type
statistic to learn mean change in high-dimensional time series with temporal and spatial dependence. Y.
Chen etal., 2022/study the change in mean of high-dimensional Gaussian data by utlizing likelihood ratio
test and aggregating statistics across difterent scales and coordinates.

In contrast to the extensive research on mean change, second-order change is uncommonly studied in
the literature. Choi et al., 2008 propose non-parametric spectral-based methods to identify change in the
autocorrelation structure by looking at the change in the Fourier or wavelet-based spectrum. Avanesov
and Buzun, 2021 construct a MOSUM statistic for testing change in covariance matrix and propose a
non-standard bootstrap scheme for selecting threshold. L. Li and Li, 2019 propose a stopping rule for
change in covariance structure of M-dependent time series and derive explicit expression for detection
delay.

When monitoring a data sequence, which characteristics has shifted is in fact unknown to us. This
will bring issues if we are not specifically aware of how to deal with the data at hand. Fortunately, many
approaches have been developed that can monitor more than one characteristic or general distributional
change. Kawahara and Sugiyama, |2009| provided a detection algorithm based on direct density-ratio
estimation that can be computed very efficiently in an online manner. S. Li et al., porsb| constructed a
B-statistic based on maximum mean discrepancy that can identify change points in various settings. H.

Chen and Zhang, |2o15 developed graph-based methods to measure the similarity between the left and



right windows around the candidate change points. H. Chen, 2019 propose a two sample test based on
k-nearest-neighborhoods. They both can be applied to sequences of multivariate observations. Bayesian
Online Change Point Detection (BOCPD) proposed by Adams and MacKay, 2007 utilize a recursive
message passing algorithm to evaluate the posterior probability of run length given the data sequence.
Saatchi et al., 2010/ use the BOCPD algorithm in Gaussian process and allow the algorithm to learn the
hyper parameters which have to be manually chosen before.

Other than the common time series, sequential change point detection has been adopted in many
other models in the recent year of study. Chu et al., 1996 develop the CUSUM statistic of recursive
residuals and the parameter fluctuation to detect change of parameters in linear regression. Marangoni-
Simonsen and Xie, 2015/ develop three algorithms for identifying the emergence of a community in large
networks. Keshavarz et al., 2020/ focus on the shift in the precision matrix of high-dimensional sparse
Gaussian graphical models in the sequential setting. Non-parametric approaches such as graph-based
methods also appeared in recent years of study. Dubey et al., 2021 consider online change point detection

in dynamic networks with missing values.

1.4 Organization of this dissertation

The flow of this proposal is as follow. In this chapter, we introduce the background of change point
detection and review existing research work in the literature. In we proose an offline autocovari-
ance change point detection approach. We construct a moving sum statistic with element-wise truncated
autocovariance estimator and apply binary segmentation to detect the number and locations of change

points. The consistency is shown under mild moments, dependence and signal-to-noise ratio condition.
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In[chapter 3} we consider the online monitoring scenario and propose CUSUM-type statistic with both
element-wise truncated autocovariance and spectrum-wise truncated estimators. In addition,
pandemic time series data related to Covid-19 mortality is investigated using both offline and online tech-
niques. We conduct retrospective analysis on state-level mortality data and study detected change points.
Under online monitoring setting, we use change points in a sequential manner to facilitate the forecasting

of time series.

1.5 Notation

Let Z, Nand R denote the set of integers, natural numbers and real numbers, respectively. Let | S| denotes
the cardinality of a set S. Forny,ne € Nand ny < ng, we denote [n1,no] = {ny,n1 + 1,...,n2}.
The superscript T denotes the transpose of a matrix or a vector. Given a vector & = (1, ...,74)T € R,
we write the vector [,-norm as |x|, = (Z;l:l |2;19) Yifor1 < g < o0 and the vector l,,-norm as
|| = maxjepq |z;]. Lee ST = {& € R? : |x|y = 1} denotes the d-dimensional unit sphere.

. . . d : .
Given two vectors &,y € R?, we write the inner product (z,y) = > _, z;y;. Given a matrix A =

j=1
(Akl)ke[dl};le[dg] € Ri*d ifd) = dy = d, tr(A) and det(A) denote the trace and the determinant
of A, respectively. If A is a symmetric matrix, Apax(A) and Apin(A) denote the largest and smallest
eigenvalues of A, respectively. The spectral-norm, Frobenius-norm, 1-norm, co-norm and max-norm
of A are respectively [ Allr = /ir(ATAY, 1Al = masy S0y [Aul, [Allo = mae, S, |4
and ||A||max = maxy; [Ag|. For a sequence of matrices {A; }ics with S C Z, we write A; (1) as the

(k,1)-th entry of matrix A;. Let I; denote the d-dimensional identity matrix. For an R-valued random

variable X with mean 1 and variance 02, let kurt(X) = E[(X — u)*]/0? be the kurtosis. For ¢ > 0,

II



we write the L,-norm of X as || X||, = (]E[\X]q])l/q. Fora € R, let |a] = max{z € Z,z < a} and
[a] = min{z € Z,z > a}. Fora,b € R, letsign(a) be the sign of a, and denote & A b = min(a, b)
and a V b = max(a, b). For two positive values a and b, we write @ < b (resp. a < b) if there exists a
positive constant C' such that C~! < a/b < C (resp. a/b < C). Let C, Cy, Oy, . . . be positive absolute

constants which may be different in each place.

12



CHAPTER 2

AUTOCOVARIANCE CHANGE POINT

ANALYSIS FOR HIGH-DIMENSIONAL

TIME SERIES

We establish a framework to study multiple autocovariance change-points problems in high-dimensional,
piece-wise stationary, and heavy—tailed time series. First, we propose an element-wise truncated autoco-
variance estimator for high dimensional and nonstationary time series. We prove the estimator enjoys
nice nonasymptptic and asymptotic properties when the time series data exhibits nonlinear temporal
dependency and heavy-tailedness. Next, we introduce a moving sum statistic and a binary segmenta-
tion algorithm to consistently detect the number and locations of autocovariance change-points in high-
dimensional time series. The detection threshold in the algorithm is selected by a block-wise Gaussian
multiplier bootstrap method. Further, we study the inference for the existence of a change-point around a

pre-specified location and false discovery rate control for multiple autocovariance change-points detection.

3



In Section 2.1, we illustrate the setup for multiple autocovariance change-points problems. In Section
2.2, we introduce a tail-robust autocovariance matrix estimation method for nonstationary time series
and study its properties. In Section 2.3, we propose a multiple autocovariance change-points detection
algorithm and a data-driven threshold selection strategy. In Section 2.4, we discuss several inference
problems with asymp- totic analysis. In Sections 2.5 and 2.6, we use simulation experiments to assess the

empirical performance of the proposed methods.

2.1 Problem Setup

We define {Y;}7_; as an R%valued time series of the following form

Y = Gt("rt)a (2.1.1)

where Gy(+) = (gtl(-), Gia(+),s - - ,gtd(-))T isan R%-valued measurable function,and F; = o (..., €_1, €)
is a filtration with {€; },c7 being a sequence of i.i.d. random variables. In this paper, we allow {Y;}]_,
to follow various heavy-tailed distributions. Besides, we would like to emphasize that the function G is
time-dependent, thus the representation covers a large amount of nonstationary time series models,
including the second-order piece-wise stationary model that we will study in this paper. The represen-
tation can also be regarded as a generalization of the stationary process Y, = G (F:) with the
measurable function G(-) being independent of time.

Let {€;ky1,..., &} = Owhenk < 0. Wedefine Y, ;i1 = Gi(Fy 11—k}) as a coupled version of
Y;, where Fy gy iy = 0(. .., €—p—1, eg_k, €t—ki1,s---,€)and e;_k is an i.i.d. copy of €;_j. To measure

the dependence of {Y; }+cz, we define the functional dependence measure in Wu and Zhou, 2011/ for a

14



nonstationary process as
Okqg = Sup[[Yij = Yiayjllg, for k>0, ¢>1, andj € [1,d],
t

where Y} ; is the j-th component of ;. Asa generalization of the classical functional dependence measure
‘Wu2 for stationary time series, 0y, 4 j uniformly quantifies the lag-k dependence by the moment of order g.
As the lag k increases, 0y, 4 ; would decrease in general, and we will further impose dependence conditions
by restricting the decay rates of dy, , ; with respective to k.

Next, we introduce a general second-order piece-wise stationary model for {Y; }]_,. For the simplicity
of presentation, we assume E[Y;] = Ofor1 < ¢ < T. Let K € N be the number of underlying

change-points, and the change-points {¢; } &, satisfy
l=ti<ti<ta<- - <tg <tgy1=T.

Here, ¢y and ;1 are defined only for notational convenience. For a nonnegative integer £, we define the
lag-¢ autocovariance matrices as X(t) = E[Y;_,Y;'] € R%*?. Note that forany ¢ > 0,k € [1, K + 1]
and t € [tp_1 + ¢, tg], we have 3y(t) = 2T ,(t — £). Without loss of generality, we only consider 3,(t)
with £ > 0 throughout this paper. We say {Y;}{_, is second-order piece-wise stationary, if the following

three conditions are satisfied:

(2) {Y:}i,, 1 is astationary process, forany k € [1, K + 1];
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(b) 3¢(t) depends on ¢ such that

3, te[l+4,t],

7 teti+1+4,t,
3(t) = (2.1.2)

Eerl’ te[tK_’_l—i_g?TL

\

where X5 # ¥ forany k € [2, K + 1].

2.2 Element-wise truncated estimator

Let {Y;}~ | be a centered R%-valued time series following the representation (3.1.1). For ¢ > 0, denote
Iy =1[{+s,e] C[1,T|withs,e € [1,T]ande — s > (. Forany ¢t € I, the lag-¢ outer product of Y;

is defined as

d

Hy, =Y. Y = (Ht,f,(jk:))j’kzl- (2.2.1)
Define the truncation function ¢, : R +— R as
Ur(u) = sign(u)(|ul A7), (2.2.2)
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where 7 > 0 is a robustification parameter. It is easy to see that 9/, () is Lipschitz continuous and the

first order derivative of the Huber loss function defined as follows

u?/2, if |ul <7
l(u) = , u € R

Tlu| —72/2 if|ul > T

Using the truncation operator - (-), the truncated estimator of B[ Hy 4 (jx)| is defined as

'VIu(Jk Z@/JW t,0 (jk)) forl1 < g,k <d.

teI

By collecting the element-wise truncated estimators, the tail-robust lag-¢ autocovariance matrix estimator

is formed as

- ~ d
Y, = (fYIb(jk))j,k:l' (2.2.3)

Assumption 1. Suppose that the marginal fourth moment of {Y, }]_, satisfies

w

N

= [max sup [1¥2,5ll4 < oo.

Assumption 2. There exists some p € (0, 1), such that the coordinate-wise dependence adjusted fourth

moment of { Y, } 1| satisfies

|Y]]4 = max sup p~ Z(SMJ < 0.

1<j<d m>0
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Theorem 2.2.1 (Nonasymptotic error bound). Let {Y; }iez be a centered R%-valued time series following

(3.1.1). Denote the long-run variance of the lag-C cross term as

vip = max 2w | cov (¥, (e )s e (Hee e w)) |

For any integer interval Iy = [{ + s, €] with |Zy| > 2 and for any m > 0, we choose the robustification

PdVﬂV}’ZEtE}" as

o T max{wd, v}
Te = Ur )
© 7 Tlog(|Zi]) (m + log )2

(2.2.4)

where C. > 0 is an absolute constant. Then, under Asmmptz’omE]and @ we have vy < o0 and the

following result holds with a probability at least 1 — 2e™™,

max{w?, vy } log(|Z,|)(m + log d)*/?
Z,[172 )

1357, llmax S

where i%{ = ize — |Z,| 7t Zteﬂ (t).

2.2.1 Gaussian approximation

Theorem has shown that, with a proper chosen robustification parameter 74, the element-wise
truncated autocovariance estimator possesses an exponential type error bound even for nonstationary
and heavy-tailed time series. In this subsection, we study the Gaussian approximation for our element-
wise truncated autocovariance estimator. To be specific, we aim to show that the limiting distribu-

tion of |Z,|"/? H i%ﬁ can be approximated well by the I, norm of an R* -valued Gaussian vector

Hmax
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Zz, ~ N(0,T). Moreover, I' can be defined as a long-run covariance matrix, i.e.

I'= lim var (UL_,) (2.2.5)

‘Zg‘—}()o

where Uy, is the vectorization (i.e. staking the columns into a vector) of | Z,|*/ 25312. We give the Gaussian
approximation result in Corollary[a.2.1 The proof of Corollary[o.2.1is a direct application of Theorem ??.
Next, we introduce and discuss several assumptions before stating the corollary. Note that instead of pur-
suing the minimum moment condition (6 € (0, 1]) required by Theorem ??, the following assumptions

are based on ¢ = 1 for the simplicity of presentation.

Assumption 3. Suppose that the marginal sixth moment {Y; }]_, satisfies
W = max sup 12l < o0.

1<5<d 4

Assumption 4. There exists some p € (0,1), such that the coordinate-wise dependence adjusted sixth

moment of { Y, }1_| satisfies

Y]l = max supp Z Ok 6, < 00.

Assumption s. There exists an absolute constant b > 0, such that

1
min inf —|V&1" (ZYt_g’th,o > b.

1<j,k<d SCn] | P
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Remark 2.2.x. Assumptionl§|requires finite coordinate-wise moments up to sixth order for all dimensions of
{Y,}L . Assumption|4|requires an exponential decay of dependence measure for all dimensions of {Y; ;.
Asmmptz'ons@and mﬂe‘ imposed on bigher order moments of {Y; }{_, and hence can imply Assumptions
Hand(8 Assumptionls|ensures the nondegeneracy of the partial sums of lag-L cross products, which is a very

mild condition.

Corollary 2.2.1 (Gaussian approximation). Suppose Assumptionsfs}lgand[s\hold. Let C, C; > 0 be some
absolute constants. Assume thatlog d = C|Z,|° for some 8 < 1/19. Choose the robustafication parameter

T = C.[|Z,|'9"(log d) '] Y2 Then, as |Z¢| — o0, we have that

max

sup [P (1702|825, (0)| o < ¢) = B(| 22|, <1)| S 1T 20200 5,
teR )

where Zz, ~ N(0,T).

The Gaussian approximation result in Corollary paves the way for the inference problems to
be discussed in Section ??. Note that the asymptotic covariance matrix I' is usually unknown to us, and

hence need to be estimated. We propose a block-wise Gaussian multiplier bootstrap method in Section

to address this issue.

2.3 Tail-robust moving sum statistic

Suppose we observe {Y;}7; as a centered R%-valued time series following the second-order piece-wise
stationary model defined in Section ?2. Let ¢ be a checkpoint of interest and W be a pre-specified window

size, such thatl < ¢ —W +1 < ¢ < ¢+ W < T. Further, foralag ¢ > 0, we denote the integer
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intervals Z2(¢) = [{ + ¢ — W + 1, c]and Z*(¢) = [( + ¢ + 1, ¢ + W] as two windows before and after
the checkpoint ¢, respectively. Follow the definition in (3.2.3), we can construct element-wise truncated

lag-¢ autocovariance matrix estimators based on Z(c) and Z;*(c) as
37(c) =3m( and 37(c) = Zpa,

Note that |ZP(c)| = |Z;*(¢)] = W — {. Next, we define a lag-¢ moving sum difference matrix at

checkpoint c as

Se(c) =[(W — 0)/2]'*[ZB(c) — ZP(c)]

=W —0)/2)/* [f:eB(c)—eB# S m0] - B0 - e S0

ZP©N, S5 22O, e
W -0 Y s - Y s
teZP(c) teZ(c)
=S;(c) + S;(c), (2.3.1)

- t=c+1+¢

where Sj(c) = [2(W — O)] 72| S 1o De(t) oW Zg(t)] is the population counter-
part of Sy(c) and S7(c) = Sy(c) — S;(c). Note that S7(c) is a re-scaled difference of the estimation
errors before and after ¢. The expectation of S (c) is not zero in general as the element-wise truncated
autocovariance estimators are biased. However, the biases can be well controlled with a properly chosen
robustifcation parameter. The next corollary gives a nonasymptotic error bound for the max-norm of

S¢(c) under general heavy-tailed settings.
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Corollary 2.3.x (Max-norm of re-scaled estimation error difterence matrix). For any window size W such

that W — U > 2 and for any m > 0, we choose the robustification parameter as

W —C (W — O)YV?max{w?, vy}

= TlOg(W _ g) (m + log d>1/27 (2.3.24)

where C. > 0 is an absolute constant. Then, under Assumptz’om@and E’] we have vy < o0 and the
following result holds with a probability at least 1 — 2e™™,

HS}?(C)” < max{w?, vy} log(W — £)(m + log d)l/z.

max "

Provided the max-norm of S{(c) is well controlled, we use the max-norm of Sy(c) to construct a

tail-robust lag-¢ moving sum statistic at the checkpoint ¢, i.e.

Tg(C) = HS((C)H (2‘-3-3)

max’

Note that Tj(c) is a non-negative quantity. When there is no change-point in Z2(c) U Z*(c), we
have T;(c) = HSZ(C) Hmax. On the other hand, when there is a significant enough autocovariance change

in ZP(c) U Z{*(c), we have that T;(c) is dominated by |

S;(c) H which should be distinct from 0.
max
Therefore, a large value of T)(c) provides some evidence that an autocovariance change occurs near ¢ and

vice versa.
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2.4 Detection algorithm

In this subsection, we introduce a generic algorithm to detect all autocovariance chagnepoints that lie in
the observed time series. To begin with, we consider a simple scenario by assuming there exists only one
change-point for the lag-¢ autocovariance of {¥;}7_ ;. In other words, for a reasonable IV and some ¢;

satisfy W < ¢; <T — W, we assume that

E%v t€[1+£7t1]7
S(t) = (24)

X2, telti+1+4,T).

Note that (2.4.1) is a simplified version of with only one change-point. It is easy to check that,
1S;(c) Hmax is maximized at ¢ = t;. Empirically, we slide the checkpoint ¢ over the interval [W, T" — W].
For each ¢, we construct two windows Z7?(¢) and Z;* (¢), and compute the moving sum statistic 7;(c) =
|Se(c) ||max. Lett, = argmax, Ty(c) and y > 0 be a suitable threshold to represent the minimal signal
strength. If T} (;ﬁ\l) > X, we estimate 1 by tAl

When there are multiple change-points, say X' > 1 in (2.1.2)), we propose a recursive segmentation
procedure to detect all change-points, which is summarized in Algorithrnbelow. The algorithm starts
with finding one change-pointin the interval [, T—W]. Let A be an empty setand #, = argmax, Ty(c).
ItT, (%\1) >\, we add 7; to A as the first detected change-point. Then, the algorithm divides the interval
[W, T — W] into two sub-intervals [W,#,] and [t; + 1,7 — W]. For each sub-interval, the algorithm
recursively detects if there exist at least one change-point. If so, the algorithm adds the newly detected

change-point to A and further divides the current sub-interval into two smaller ones. The algorithm
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stops dividing an sub-interval if there is no change-point to be detected in it or its size is no larger than
2W. The algorithm stops if no new change-point can be added to A. The algorithm outputs the set A

which contains the locations of all detected change-points.

Algorithm 1 Multiple Autocovariance Change-points Detection. MACD(s, e, W, £, x)

t Input: {Y;}{_,, a window size W, alag ¢ > 0, and a detection threshold .
2. Initialize FLAG < 0, A < (),s = 1,ande =T
3: whilee — s > 2W and FLAG = 0 do

4: Compute Ty(c) = HSg || force [s+ W —1,e — W], and find ¢ « argmax, 1.
5 if Tg( ) < Xthen

6: FLAG « 1.

7 else

8: Add t to A; Do MACD(s, t — 1, W, £, ) and MACD(t, e, W, £, x).

9: Output: A.

Next, we analyze the properties of Algorithm We define an event as follows
SF’T}(A) = { max HS}?(C)HmaX < /\}. (2.4.2)

If the event 5 LT\ (A) holds, the estimation errors of autocovariance matrices are uniformly bounded by
A over all checkpoints in the interval [W, T — W]. The probability of the event Egl’T] (A) to hold can be

discussed in low and high dimensional regimes, respectively.

L. (Fixed/low-dimensional regime: d S T') By Corollaryp.3.0and let m = £ log T for some absolute

constant § > 1, we have

P& () <1 -2,
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where \g = C max{w?, vy } log(W — £)(log T')'/, for some sufficiently large absolute constant

C>0.

II. (High-dimensional regime: d > T') By Corollary[z.3.and let m = log d, we have

P(EM () <1-2Td Y,

where Ay = C'max{w?, vy } log(W — £)(log d)*/2, for some sufficiently large absolute constant

C > 0.

In either regime, we can uniformly upper bound HSZ(C) Hmax with a high probability. Next, we
prove that Algorithm i can consistently detect the number and locations of all change-points under mild
conditions on 0 and K, as well as a properly chosen threshold x. The detailed results are stated in the

theorem below.

Theorem 2.4.1 (Detection consistency). Assume that the event £ F’T} (Xo) holds with probability at least
ar — 1. Let by be any slowly divergent sequence. Assume that the minimal jump size k and the minimal

spacing 0 satisfy that

ﬁ_l = O(bT) and 5@ 2 C(snr‘bT)\O W — g? (2"4'3)

for some sufficiently large absolute constant Cs,,. > 0. Choose the threshold

X = CxﬁilAOa (2‘44)
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for some sufficiently large absolute constant C, > 3. Let A = {t }kf(:l be the locations of change-points

detected by Al gorz'thm@ We bave that
IP’([A( = K and max |ty —%\k| < V2% NV — E) > ar.
1<k<K

Remark 2.4.x. In Theorem we restrict the ratio between the maximal and minimal jump sizes by
the diverging sequence by. Since by appears also in the signal-to-noise condition in (2.4.3)), the stronger the
signal-to-noise condition one imposes, the weaker the restriction will be. Note that we allow the scenarios that

some (or all) of Ky, vanishes.

Further, the discussion of Eél’T} (A) above suggests that we can choose m and Ag such thatay — 1

in both low and high dimensionality regimes. Therefore, we have the following corollary.

Corollary 2.4.x. Let Cyy,r, C > 0 and C, > 3 be sufficiently large absolute constants, and by be any

slowly divergent sequence. Under the same conditions as in Corollary mzd Theorem Assume that

6k > Cappbp log(W — £)y/(W — €) log(max{T, d}).

For any window size W such that W — £ > 2, we choose the robustification parameter and the threshold

respectively as

= C. W —¢ and x = C, log(W — 0)/log(max{T, d})
log(W — £)y/log(max{T, d}) K
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Let A = {%\k}kf(:l be the locations of change-points detected by Al gorz'thmH 1t holds with probability at least

1 — (max{T,d})"? that

R=K and mas |ty — 5| < 028V = OVIV =) log(max{T, d})
1<k<K o

Corollary].4.1follows directly from Corollary[z.3.]and Theorem].4.1]by letting . = 4 log(max{T, d}).

Then, it follows that A\g = C'log(W — ¢)(log(max{T, d}))I/Q and

P(EM (M) > 1 — 2T (max{T, d}) .

2.4.1 Threshold selection by block-wise Gaussian multiplier bootstrap

The threshold  plays an important role in Algorithm If x is chosen too large, the algorithm may
miss some underlying change-points. On the other hand, if X is chosen too small, the algorithm can
commit several false discoveries. The theoretical order of the optimal choice of , provided in Theorem
involves some unknown quantities and hence may not readily guide the practice. In this subsection,
we propose a data-driven threshold selection method based on a novel block-wise Gaussian multiplier
bootstrap idea.

Recall that, H,  is the lag-¢ outer products at time ¢ defined as in (3.2.1). For a given checkpoint
¢, we construct two sets of lag-¢ outer products {Ht,é}tezf(c) and {Ht,é}tezﬁ(c) based on the intervals
ZB(c) and Z;*(¢) defined in Section Let R < (W — {)/2 be a positive integer. We divide each

window into 2R blocks. For simplicity, we assume the window length is divisible and let the block size
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S = (W —)/(2R). The total 4R blocks, denoted by S, . . ., Sy, can be expressed as

c—=W+Ll+ (r—1)S,c =W +L+1S], r=1,...,2R,
S, =
c—W4+20+1+(r—-1)S,c—W+20+1+7rS], r=2R+1,...,4R.
Forr € {1,...,2R}, the local tail-robust autocovariance estimators in odd and even blocks can be

written as follows

S, (c) = Z Yo, (Hyy) and g, (c Zwm (Hyp).

tESQy t682r

With block-wise quantities, we can rewrite the lag-¢ moving sum difference matrix Sy(c) as

S,(c) = [2(W 1/25{2 Se () + S5 ()] = 3 [isw<c>+232r<c>]}.

r=R+1

Next, we describe the block-wise Gaussian multiplier bootstrap. Let M be the number of bootstrap
samples. Let {e, }2%, be a sequence of i.i.d. standard normal random variables, and {eW }2E beani.id.
copy of {e, } 2%, used in the m-th bootstrap sample, for m = 1, ..., M. The m-th Gaussian multiplier

lag-¢ moving sum difference matrix can be constructed by

S (c) = [2(W — )] 1/252 B, ,(c) =g, (c)], for m=1,... M.
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Then, we define the m-th Gaussian multiplier bootstrapped sample of 7} (c) as

Te(m)(c) = HSém)(c)H = |U£(m)(c)| , for m=1,..., M, (2.4-5)

max o0

where Ue(m)(c) is the vectorization of Sﬁm)(c). The block-wise differences [, ,(c) — S, (c)] are
tailored for piece-wise stationary time series. When there is a change pointin [c—W +1+1, c4+ W], it will

cause an autocovariance structure change in at most one pair of consecutive odd and even blocks, while

M
m=1

the rest 2R — 1 pairs remain unaffected. Thus, the bootstrap sample {Tg(m) (c) well approximates
the empirical distribution of 7} (c) under the “null case” when R is reasonable and M is large.

Here we use a toy example to illustrate the intuition of block-wise Gaussian multiplier bootstrap. We
generate a two-dimensional time series by concatenating three stationary VAR(1) segments with different
transition matrices. Each VAR(1) segment is of length 300. Hence, the autocovariance changes occur
at time 301 and 601. The generated time series are shown in Figureo.1{a). Figure.1(b) plots the lag-1
moving sum statistic of each checkpoint and highlights the values at two true change-points. In Figure
c), we plot the ingredients of computing the moving sum statistics, i.e each entry of the 2 by 2 lag-1
outer products at each checkpoint, and highlights the checkpoint (and the windows around it) which
outputs the largest moving sum statistic. Figure[2.1{d) enlarges the segment highlighted in Figure[2.1{c)
and illustrates the 4R blocks to be divided. For each divided block, we multiply it by an independent
standard norm random. Two Gaussian multiplied copies of Figure[2.1{d) are presented in Figure[o.1fe)
and (f). Clearly, the moving sum statistics based on the block-wise Gaussian multiplier bootstrap sample

are significant smaller than the actual moving sum, and thus can be utilized to identity the existence of a

change-point.
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Figure 2.1: An illustrative example (d = 2) for block-wise Gaussian multiplier bootstrap. The bi-variate
time series contains two autocovariance change-points which are correctly detected.

Since {e{™}22, areiid. standard normal, we have the conditional distribution of Uz(m) (c) given the

sample Y (¢, W) = {Y: },c18 )z (o) satisfies

U @V W) ~ N (0. 57— 3 DD ). (40

where D,.(c) = (D,. j);-lil is the vectorization of v/'S [25%71 (c)— ngr (¢)]. Then, forapre-specified v €

(0, 1), we propose to choose the data-driven threshold at the checkpoint ¢, denoted by x (¢), as the (1 —a)-

M
m=1"*

th empirical quantile of {Tg(m) (c) In practice, we can choose X (c) as the |« M |-th largest value in

{Tg(m) (¢)}M_, when M is large enough. On the other hand, if we sort {7} (c), Tg(l) (€)y..uy TZ(M) (¢)}in
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descending order, we can compute an empirical p-value for Ty (c) as p(c) = Rank(c)/M, where Rank(c)

is the rank of Ty(c) in the sorted sequence.

2.5 Inference

2.5.1  Test the existence of a lag-¢ change-point

A fundamental inference problem in multiple change-points detection is to test if there exist a change-
point in a neighborhood of a checkpoint. Following our model setup, we formalize this testing problem
as follows. Let ¢ € [W, T — W] be a checkpoint of interest and t* = t*(c; £) € {tx}5_; be the lag-¢
autocovariance change-point that is the closest to c. The null and alternative hypotheses are formulated

as
Hy:le—t|>W wvesus Hj:lc—t"| < (1—nw)W, (2.5.1)

where 1y € (0, 1) is some slowly vanishing sequence to be discussed later.
We use the tail-robust moving sum statistic 7 (c) defined in (2.3.3) as our test statistic. The following

corollary provides the limiting distribution of 7} (¢) when the null hypothesis is true.

Corollary 2.5.x (Limiting distribution under the null). Suppose Assumptionsls|[fandlsbold. LerC, C; > 0
be some absolute constants. Assume thatlogd = CWP for some 8 < 1/19. Choose the robustafication

pammc‘ter as

(W _ €)16/19>1/3

= CT( log d

(2.5.2)
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For any checkpoint ¢ € [W, T — W, when the null hypothesis Hy in is true, we have that

sup |P(Ty(c) <t) —=P(|Z| < t)‘ S (W —0)2W0=A8 40 45 W — oo,

teR

where Z ~ N(0,T') and T is defined as in (2.2.3).

Remark 2.5.x. Corollary llowy directly from Corollmy Please notice that the choice of the robust
parameter Ty in is slightly different from the choice in (2.3.2)). Both choices try to balance the bias
and robustness trade-off but under different measurement. The bias and robustness are measured by the
Kolmogorov distance in Corollaryle.s.1| while they are measured by the matrix max norm in Corollaryl.3.
Houwever, these two choices of Ty can of the same order if we set m in as

W25/57(10g d)2/3
log(W —0)]2 -

m:Cl

The above choice of m leads to m — 00 as W — oo. Therefore, Corollary together with Ny =

CoW /W4 (log d)Y/? can still guarantee

P(gggl’ﬂ(/\o)) >1—2exp(—m)—>1 as W — 0.

Moreover, with this choice of m and Ny, we can update the signal-to-noise condition and the choice of the
threshold in Theorem.4.accordingly, and show that Algorithm |l achieves consistency of detecting multiple

change-points.

32



For a pre-specified significance level o € (0, 1), Corollarysuggests us to choose the critical value
for the test as the (1 — «)-th quantile of | Z|,, which can asymptotically control the probability of

committing a type-I error at cv.

2.6 Simulation

In this section, we use simulated experiments to assess the empirical performance of the proposed multiple
autocovariance change-points detection method. Throughout this section, we use MACD to represent
the autocovarience change-points detection method proposed in Algorithm. The threshold parameter
Xa is selected by the block-wise Gaussian multiplier bootstrap procedure introduced in Section[2.4.1 The
robustificaion parameters in tail-robust autocovariance matrix estimations are chosen by the gap-block
cross-validation (Shu & Nan, 2019). In this section, we set the window size W = 300, the number of
blocks as 4R = 24, the number of bootstrap samples M/ = 100, and o = 0.01 unless otherwise stated.
We also compare MACD with three state-of-the-art second-order change-points detection methods:
the sparsified binary segmentation algorithm (SBS, Cho & Fryzlewicz, |2015) and the double CUSUM
algorithm (D-CUSUM, Cho, 2016b). The implementation of the competing methods follows the
instructions in their respective literature. Due to the limitation of space, we present selective simulation

results in this section and defer more results to an appendix in the supplementary material.
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2.6 Experiment 1: covariance change-points detection

Consider an R%-valued VAR (1) model

Y, =pY, 1+ Z, t=1,....T, (2.6.1)

where p = 0.5, Z, = £%¢;, and /2 = (o)

il jelid © R%*4 js a symmetric and deterministic
matrix. Further, {€,}{ ; is an i.id. random sequence with E(¢;) = 0 and var(¢;) = I;. In this
experiment, we set d = 100 and 300, and we set the total length of time series as T = 3, 200 with three
covariance change-points located at t; = 800, t, = 1600 and t3 = 2400, respectively. For 1 <t < ¢;
andty <t < 3, weset o;; = 0.5"791, Forty < t < ty, we seto;; = 2if1 < i =j <d/10,and
Oij = 0.5/=31 otherwise. Fort3 < t < T, we set £Y/2 = 21,

Denote ¢, ; the j-thentry of €, fort € [1,T]andj € [1, d]. We generate €; j from one of the following

two heavy-tailed distributions.

(1) (Student’s t). € ; follows a standardized Student’s ¢4 distribution, ie. € ; = 2~/ 2X, j where

Xy ;’sareiid. fromat, distribution.

(2) (Log-Normal). ; ; follows a standardized Log-normal distribution, i.e. €, ; = (e2—e)™Y/2[exp(X; ;) —

exp(1/2)] where X; ;’s are i.i.d. from a standard Normal distribution.

In each scenario, we simulate 200 replications. For each competing method, we report the number of
detected change-points in Table[o.1l According to Table[o.1} the histograms of MACD correctly detects 3
change-points in more than 95% of replications in all scenarios. In contrast, all three competing methods

tend to under/over-estimate the number of change-points in a good proportion of replications in most

34



scenarios. Further, to evaluation the estimation accuracy of change-point locations, we report the sample
mean and sample standard deviation of adjusted Rand index hubertig8scomparing over 200 replications in
Table Adjusted Rand index uses the permutation model to measure the similarity between estimated
set of change-point locations and the ground truth. The results in Table 2.2 show that MACD has a
high sample mean and a low sample standard deviation of adjusted Rand index in every scenario. All three
competing methods fail to achieve high adjust Rand index when the dimension is high and the data is
heavy-tailed. The experiment results suggest MACD can accurately detect the number and locations
of covariance changes in high-dimensional and heavy-tailed time series, while all three state-of-the-art
second-order change-points detection methods perform poorly.

Table 2.1: Experiment 1: number of detected change-points over 200 replications.

Noises 2*Dimension Methods Number of Change Points
<1 2 3 4 >0
ty MACD o o 97% 3% o)
100 SBS o o 27%  32%  41%
D-CUSUM | 44.5% o s35% 1% 1%
MACD o o 97% 3% o
300 SBS o o 0% 0%  100%
D-CUSUM | 955% o 4% o 0.5%
Log-Normal MACD o 5%  95%  3.5% o
100 SBS 30% 1% 40% 8% 2%
D-CUSUM | 935% 25% 15% os5% 2%
MACD 0 o 99% 1% 0
300 SBS Ls% 3% 15%  275%  53%
D-CUSUM | 98% 1.5% o) o) 0.5%

2.6.2 Experiment 2: autocovariance change-points detection
3200

In this experiment, we generate an R¢%valued time series {Y;}72Y° with three autocovariance change-

points located at ¢; = 800, ¢, = 1600 and t3 = 2400. We design the data generating process such that
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Table 2.2: Experiment 1: sample mean and sample standard deviation (in parentheses) of adjusted Rand
index over 200 replications.

Noises Dimension | MACD SBS D-CUSUM
ty 100 0.96 (0.03) 0.93(0.05)  0.70(0.33)
300 0.96 (0.03) 0.83(0.04)  0.36(0.14)
Log-Normal 100 0.96(0.04) 0.63(0.33)  0.33(0.02)
300 0.97 (0.03) 0.84(0.22) 0.33 (0.01)

3200

the covariance matrix of {Y; };2y is unchanged over the whole period, while the autocovariance matrices

with lage £ > 1 changes att; = 800, Z5 = 1600 and t3 = 2400.

To be specific, we generate the four segments {Y; }52, {Y; },2%0,, { ¥; }729%; and {Y; }72%, sequen-
tially as follows. First, we generate {Y;}3% from the VAR(1) model withp = 0.5and ¥ = 1.
Also, we generate €, j from either the standardized Student’s ¢4 or standardized Log-normal distributions
as described in Section|2.6.1} For the second segment, we first generate 4000 observations { Z, } 1% using
the same setting as we generate the first segment. Denote Y; ; and Z; ; the j-th entries of Y; and Z;,

respectively. We obtain {¥; };%%; as

U Zy, if1<j<d/10,
{}/; 16%%1 - smod 5=0
JJt -

{Zs33: %0, ifd/10<j <d.

In other words, the first 10/d entries of {Y; };%%, are obtained by removing the first four observations

per five from the the first d/10 entries of { Z }1°%, while the rest entries of {Y; };9%; are the first 8oo

observations of corresponding entries in { Z; }1%. We generate the third segment {Y; }749%, using the

4000

same setting as we generate the first segment. Finally, for the fourth segment, we generate {Zt use the
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same setting as we generate the first segment. We obtain {Y; }72%),; by removing the first four observations

per five in { Z, } 2000,

We use MACD with lags £ = 0, 1 as well as the two competing methods to detect change-points in
{Y;}329°. We setd = 300 and 500. For each scenario, we simulate 200 replications. In Table we report
the number of detected change-points for all competing methods. For all scenarios, MACD correctly
detects all three change-points at lag ¢ = 1 and identifies there is no change point at lag ¢ = 0 in most
replications. In contrast, the competing methods completely fail when the second-order change-points
do not appear in the covariance matrix. In Table we report the sample mean and sample standard
deviation of adjusted Rand index over 200 replications for M ACD withlag ¢ = 1 and the two competing
methods. Again, MACD achieves the highest adjusted Rand index in all scenarios, while the competing
methods struggle.

Table 2.3: Experiment 2: number of detected change-points over 200 replications.

Noises Dimension Methods Number of Change Points
o 1 2 3 4 >5
ty MACD¢/ =1, o 2.5%  10%  82% 5% 0.5%
MACD{ =0) | 84.7% 147% o 0.6% o) o
300 SBS o o o) o o 100%

D-CUSUM o 97.5% o 1.5% o 1%
MACD¢/ =1, o 2%  9.5% 84.5% 4% )

MACD/ =0) | 85.6% 13.6% 0.8% o o o

500 SBS o o o o o 100%

D-CUSUM o 62% 05% 34.5% 1.5%  15%
Log-Normal MACD¢ =1) o 3% 6%  89% 2% o)
MACD{ =0) | 88.6% 10.9% o0.5% 0% 0% 0%

300 SBS o 7%  6.5%  35%  26.5%  15%
D-CUSUM o 100% o o o o
MACD¢/ =1, o 2.5%  7.5% 85.5% 4.5%0 o
MACD(/ =0) | 8.7% 1% 13% o o o

500 SBS o 5% 0.5% 18.5% 27.5% 2%
D-CUSUM o 100% o o o o
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Table 2.4: Experiment 2: sample mean and sample standard deviation (in parentheses) of adjusted Rand
index over 200 replications.

Noises Dimension | MACD ¢ = 1) SBS D-CUSUM
t4 300 0.91 (0.13) 0.84(0.04)  0.35(0.10)
500 0.92 (0.12) 0.81(0.05) 0.58 (0.32)
Log-Normal 300 0.92 (0.12) 0.77 (0.28)  0.33 (2€-05)
500 0.92 (0.12) 0.87 (0.15) 0.33 (1€-05)

2.7 Proofs for chaper 2

2.7.1 Proof of Theorem j2.2.1

Proof of Tbeor@m Under Assumption foranys > 0,1 < j,k < dand 7, > 0, the functional

dependence measure of {1, (Hyr,(jk)) }iEZ’ satisfies that

Sl;p HQpTl (Htafz(.]k)) - le (Htv{tfs}zzv(jk)) H2

<sup [|YieejYek — Yoo t—syj Yegt—shelle < wa(0s—pa + ds4),
t

where the first inequality follows from the Lipschitz continuity of ¢, (+), the second inequality follows

from Hélder’s and the triangle inequalities. So,

m2>0

supp "y SUD |17, (Hg 1)) = Y (Hgo-sp.ei) 2 < (1+ P Oewa||Y |-
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Since |7, (Hy .z, (k) )| < 74, the conditions of Theorem ?? are fulfilled. Moreover, by Lemma ??, we have

that the long-run variance of {wn (Hi,jky) }ieZ satisfies that

lim Var< U, (H, )
|Z¢|—o00 \/| é é ’ R

< éfjl,%}édl__ b;lelg | cov (w‘rg(HtZ jk)) ng(Ht—l—Zf (k) )| = VH < Q.

Forany u > 0, set # = max {\/u(v}|Z| + 72), ure(logn)*}. Then, for any |Z,| > 2 and any u > 0,

we have with probability at least 1 — 2¢=%/C that

IZel [z 3 — EAz 1] < max {\/U(Virlfel +77), uTe(log IIZI)Q}

u|Tylve + ure + ure(log |Zy|)?, (2.7.1)

where the second inequality follows from Lemma ??. Moreover, we have forany 1 < j, k < d that

|E[Hy g, (k)] — Blr, (Hee )|
=|E[(Y24,jYi,k — 1)Y= Yok > 7} + E[(Yiee;Yir + 1) 1{Yie;Yer < —7¢}] }
<E[Y;—r; Vi I{Yi—e; Y > 7o} + E[ = Yieo;YiuI{Vier;Yir < —7}]

=E (Y0 YVir | 1{|Yie;Vir| > 7}] < E[(Yi—e;Yir)?) /7 < Wi/,
where the second inequality follows from Markov’s and Holder’s inequalities. Thus, it follows that

| > ElH 0] — ITAE G, ]| < il /7 (27.2)

tely
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By the triangle inequality, it follows for any j, k € [1, d] that

\Ze [z, k) — ZE[HM(M]‘ < |Zul [z, 5w — Efz ]| + ‘ > E[Hi i) = LB Rz, 6w |
tely teLy

To balance the upper bounds given in (2.7.1) and (2.7.2)), we set

]Ig|1/2max{wz,uH} B \Ig!l/zmax{wZ,VH}
2[(log(Zo)) u+ vau)? " log(Zut?

u

we have for u > 0, with probability at least 1 — 2e™

max{w?, vy } log(|Zy|)u'/?

Ao,k — 1 Ze| ™" Z E[Hy (i) ‘ S 7 . (2.7.3)
teT, [ Ze|
£
Finally, setting v = m + log d? and applying the union bound concludes the proof. O

2.7.2  Proof of Theorem [2.4.1

Proof of Theorem Throughout this proof, we assume the event EF’T] (Ao) holds. Define

n=2V2"1 (W — 0)7Y2),.

The proof is by induction.

Step 1: We discuss all the possible cases which would happen for the current segment [s, €], and show that

with the threshold , we can distinguish the undetected change-points and the detected change-points.
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Case 1: There exists at least one undetected true change-point in [s,e]. Letty € [s, €] be (any of)
the undetected change-point(s). Due to the fact that ¢}, is undetected from the previous steps, we have
min{ty — s,e — tx} > 0 — n(W — £). Then we have that

max [Se(o)]| > max |
sHW—-1<c<e—W max sHW—-1<c<e—-W

SO = gy 25 82O e

2[6 = n(W = O]2(W — 0]k = Ay

22_1/2CsnrbT)\O - i))AO > X

where the first inequality follows from and the triangle inequality, the second inequality follows
from the fact that ||S}(¢)||max is maximized at (one of) the undetected change-point(s) and the event
EEI’T] (Ao), and the third inequality follows from the assumption that dx > Cjp, bp AoV W — L.

Case 2: There exists no true change-pointin [s, e]. Then, we have that

max (i), <, max |
s+W—-1<c<e—W s+W—-1<c<e—W

St s+, 2 NISHO e

S)\O < X

where the first inequality follows from and the triangle inequality, the second inequality follows
from the fact that || S} (¢)||max = O forany ¢ € [s + W — 1, e — W] and the definition ofgl[l’T} (No)-
Case 3: There exists one detected true change-point from previous steps in [s, €]. Let ¢, € [s, €] be such

change-point. Since t}, is detected from the previous steps, we have that max{t;, —s, e —t,} < n(W —/).
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Then, it follows that

mas (S0 <, e

< S;(o) + max HS}?(C)”
sHW—1<c<e—W s+W—-1<c<e—-W max max

sH+W—-1<c<e-W

<[(W = 0)/2]Y*0F + Xo = (1+267"R) Ao < 35 "RAo < x.

Case 4: There exists two detected true change-points from previous steps. For instance, we consider
s <ty < tgy1 < e.Sincetyandtyq are detected from the previous steps, we have max{t;,—s, e—t;} <
n(W —¢) and max{ty11 — s, — tgr1} < (W —{). Then

mas (S0 <, s |
s+W—-1<c<e—-W s+W—-1<c<e—-W

SHO s+, max L 1S2O]]

<[(W = 0)/2]"*n7 + X0 < 36~ 'Fo < x.

Step 2: Consider an undetected change-point t;, € [s, €] which satisfies that min{t;, — s,e — ¢} >
§ —n(W — £) and that {;, = argmax,,y 1<.<. w [S7(€)|/max- In order to complete the loop of
induction, we need to show that if a checkpoint b such that b € argmax , v jc.c. w || Si(c) H

max’

then it must follows that |b — ¢;| < n(W — {). For t;, we have

max

IS (t)llnas =20V =012 max | 3 - Y D)
)

sH+W—-1<c<e—W
teZP (c tEIé“(c)

< max [Se(c)] + o

T st W—1<c<e—-W

20 = [|S:(0)]

‘ max max

42



b b+W

<spw -0l Y =w- Y = 42 @7
t=b—W+1+¢ t=bt 140 max
and by triangle inequality, we have that
t AW b b+W
> =0- X =0 - ¥ =o- Y =
bty — WA 140 t=tp+1+£ max t=b—W 140 t=bt1+0 fmax
:(W - E)Iik - (W — 0 — |tk - b|)l€k == |tk - bllik (2,.7.5)

Combining (2.7.4) and (2.7.s)), we have

It — b < 2V2X ok WV — € < 2V2X 05 VIV — £ < (W — 1),

Combining Step 1 and Step 2 concludes the proof. H
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CHAPTER 3

AUTOCOVARIANCE CHANGE POINT
DETECTION FOR STREAMING TIME

SERIES

In this chapter, we study the second-order autocovariance change point detection in an online manner,
i.e. with each data point being monitored and processed, we determine if the data collected so far or in the
near past present enough evidence for ocurance of change point. We construct a CUSUM-type statistics
which is robust against heavy-tailed distribution. The quality of a online monitoring scheme is measured
by false alarm rate or average run length and the detection delay. A good online procedure is considered to
have less chance of making type I error or incorrect identifications if no shift happened as well as shorter
delay after the true change point occurs. We show that with proper choice of threshold, false alarm rates
of our procedure can be controlled and also the high-probability upper bound for the detection delay. In

the end, we present results for simulation study.
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3.1 Problem Setup

In this section, we introduce the sequential change point problem associated with second-order structure
change in autocovariance matrix 3, which is characterized by its lag-¢, | = 0,1,2.... We begin this
section with conditions of temporal dependence on the nonstationary process {Y; }ren+.

Consider an R%valued process

Y, = Gi(F), (3.1.1)

where Gy(+) = (gﬂ('), Gia(*), - - ,gtd(~))T isan R%-valued measurable function,and F; = o (e, €, . . . , €)
is a fileration with {€; };en+ being a sequence of i.i.d. random variables. Again, in this paper, {Y; }1en+ is
allowed to follow various heavy-tailed distributions. Besides, we would like to emphasize that the func-
tion G is time-dependent, thus the representation covers a large amount of nonstationary time
series models, including the piece-wise stationary model in {6} The representation can also be re-
garded as a generalization of the stationary process Y, =G (F3) with the measurable function G(+) being
independent of time.

Let{€—i1,..., 6} = Dwhenk < 0. Wedefine Y ;;_xy = G¢(F; 1—k}) asacoupled version of Y,
where F iy = o(€1, ..., €—p—1, 6;_,€, €t—ki1,---,€)and e;_k is an i.i.d. copy of €_j. To measure

the dependence, we define the functional dependence measure Wu2 for a nonstationary process as
Ok,qj = sup || Ye; — Yip—nyjllgy for £>0,¢>1,andj € [1,d],
t

where Y} ; is the j-th component of ;. Asa generalization of the classical functional dependence measure

(Wu, 2005) for stationary time series, 0y, 4 ; uniformly quantifies the lag-k dependence by the moment of
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order g. As the lag k increases, dj, , ; would decrease in general, and we will further impose dependence
conditions by restricting the decay rates of 0y, 4 ; with respective to k.

For simplicity, we assume EY; = 0 throughout rest of the chapter. For ¢ € N, we define the lag-¢
autocovariance matrices X(t) := E(Y;_,Y,") € R?*?. We unfold this problem by a general assumption

as follows.

Assumption 6. Assume that there exists a positive integer \ such that

S =Nl=. =S AT == (3.1.2)

In addition, define the jump sizes with respect to matrix max and spectral norms respectively as

Kmax = HEZAH - EﬁAHmax

and

fispee = 1377 = B lapec-

Note that A = oo indicates that change point does not exist, and without loss of generality, we
consider / to be fixed.

In this paper, we are concerned with change of second-order structure in autocovariance matrix. Tem-
poral dependence undoutedly brings difficulties to sequential detection. Besides that, we allow {Y} }en+
to follow various heavy-tailed distributions. This will considerably affect the detection as well. Before
presenting our detection procedure, we introduce two tail-robust autocovariance estimators studied in

Xuetal., 2021
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3.2 Tail-robust Autocovariance Estimators

3.2.1 Element-wise truncated estimator

Let {Y; }ien+ be a centered R%-valued time series following the representation (3.1.1). For a segment of
observations {Y; }§__ with starting and ending indices s, e satisfyinge —s > ¢ > 0, denote Z, = [(+s, €]

. The lag-¢ outer product of Y; is defined as

d
H,, =YY, = (Htvf:(jk)>j,k:17 fort=s+4,...,e. (3.2.1)

Define the truncation function ¢, : R +— R as
() = sign(u)(ju] A 7). (3:22)

where 7 > 0 is a robustification parameter. Notice that ¢, () is the first order derivative of the Huber

loss function huber1984finite defined as follows

u?/2, if lu] <7
L.(u) = , u € R.

Tlu| —72/2 if|ul > T

Using the truncation operator - (-), the truncated estimator of E[H ¢ (jx)] is defined as

ﬁy\([jke)} =(e—s—Ll+ 1)71 Z Ur,(Hygjry), forl <jk <d,

t=s+/¢
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where the robustification parameter 7y needs to be chosen properly to balance the tail-robustness and the
bias due to the truncation. By collecting the element-wise estimations, the tail-robust lag-£ autocovariance

matrix estimator is formed as

[s.e] _ (~[se] d
Yoy = (’Y(jk))j’kzl- (3.23)

The nonasymptotic properties of X ¢ has been studied in Xu et al., 2021 when {Yt}thl is stationary,

ie. Gy(¥) (+) in (3.L1).

Assumption 7. Suppose that the marginal fourth moment of {Y, } e+ satisfies

wi = max, sup Y24 < oo

Assumption 8. There exists some p € (0, 1), such that the coordinate-wise dependence adjusted fourth

moment of {Y, }ren+ satisfies

o0
|Y]]4 = max sup p~ Z Ok < 00.
k=m

1<j<d m>0

Theorem 3.2.1 (Theorem 2 in Xu et al., po21). Consider the setting described in For any integers

0 < s<eande— s> U and for anym > O, choose the robustification parameter

e—s+1—1¢

T(,(jk) = wi(log(e — s+ 1-— g))—l m

(3-2.4)
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Then, under Assumptions[and|§ ife — s + 1 — € > 4\/log(p™") /2, we have with probability at

least1 — 4e ™,

S\se _ [ m+ 2logd
||E[ele,}€ - Zé“ma$ S Ce[p l||X||4 + Wy log(n - 6)](4()4 m (32’5)

3.2.2  Spectrum-wise truncated estimator

In contrast to the previous element-wise truncated estimator, the spectrum-wise truncated estimator is
robustin the spectrum domain against extreme deviations from the mean, and it results in a bound of error

with respect to the spectral norm. We begin introducing the estimator with two definitions as follows.

Definition 3.2.1. Given a function [ defined on R and a symmetric matrix A € R and the eigenvalue
decomposition A = UNUT such that \i(A) € R i = 1,2,...,d, define f(A) = Uf(ANUT where

f(A) = diag(f (M), f(A2), - -, f(Aa)).

Definition 3.2.2. Consider any square matrix A € Réx4, define the Hermitian dilation of A as

Remark 3.2.1. Definition|s.z.lcannot be applied to asymmetric matrices. To address this issue, we transform
the asymmetric square matrix into a symmetric one by its Hermitian dilation A. In addition, A is a block

anti-diagonal matrix and therefore || Al| spec = || Al| spec-
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Hence, we have the spectrum-wise truncation by deﬁnition

A

7'1Zl = Wr Aspec T
5o0) = Al 57—

and the eigenvalues of A are now bounded by 7. In general, the lag-¢ outer product H;y = Y;_,Y," is
asymmetric when ¢ > 0, and we then apply the Hermitian dilation on H; ; for ¢ > 0.

Let {Y, }sen+ be a centered R%-valued time series following the representation (3.1.1). For a segment
of observations {Y; }_, with starting and ending indices s, e satisfyinge — s > ¢ > 0, we define the

spectrum-wise truncated estimator by

oo (e—s+1)"1>7 ¢, (Hep), if¢t =0
D — (3.2.6)

spec,t —
(e—s—C+1)71 30, TY(Hy )T, ifl >0
where T jx24 = (0axa, Lixa) is to take the upper-right d x d matrix of the 2d x 2d block anti-diagonal
matrix 1, (Hy ).
Later in this subsection, we provide the nonasymptotic properties of the spectrum-wise truncated
estimator studied in Xu et al., 2021, Before that, we first state several necessary assumptions. Denote
0% = 05 = (70,4;)jelq) as the diagonal of X.

2

Assumption 9. 0° 1= maxje[d]ajz- < 0.

Assumption 1o. The kurtosis of linear forms:

K := sup [kurt((u,Yy))]* = ||(u,Y0>||4 < 0o

ucRd ueRd ||< >||2

i
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Assumption 1. There exist constants Cy, Cy > 0 and some py, pa € (0, 1) such that for all i > 0

1Y = Yio—ool2ll2 < C1 tr(Xo)pl,

and

sup [|(v, Vi — Yig—oo)2ll2 < Cal|Xol|2 pb.

veSd—1

Assumption 12. There exists a constant K* > 0 such that

N

K™ = sup sup [kurt((0, Y; — Y {0,—00}))]
120 ycR4

= sup sup I(w, Y = Yigo,-o}))la

20 uewe [1{0, Y = Yigo—oo)) D3

< 00

In comparison to the coordinate-wise conditions on moment and dependence measure in matrix

norm, Assumptions offi2] consider the projected sequences by ly-norm and linear forms.

Theorem 3.2.2. (cf. Theorem 6 in Xu et al., z0z21) Let v¢(p) = % max (1, %{?ﬂﬁ)) ,ne = C(1+

PN tr(S0) and 1(Xo) = tr(X0) /|| Xollspec be the effective rank of the covariance matrix . For

m > 0, if we choose the robustification parameter

fe—s—t+1
= K2|| 0| specve(p) 3y [ 2= 2
y [ Zo0llspecye(p) 2 T log2d)”
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then under assumptions|lliz} we bave with probability at least 1 — 2e™™,

m + log(2d)

S S e < CoF 20l svec K*/K)2p3/r(%
| tllspec < 120 || spec (V/7e(p) + (K*/K)2p2+/17(X0)) Py

spec,t

3.3 CUSUM-type Statistic

In this section, we adopt the CUSUM statistic with the element-wise truncated estimator and spectrum-
wise truncated estimator to detect change points associated with autocovariance matrix. Following the
representation in (3.1.1), for any pair of integers 0 < s < ¢, we define the CUSUM statistics with respect

to max norm and spectral norm as

3 — : [ 7t] S [1’ ]
D:}tax - Hzesle,e - Eeles,EHmaxa (331)
and
. s .,
D = |58 = 252 llspee (3:3.2)

Algorithrnrun through the current data sequence with a pre-specified and time-dependent threshold.
Alarm will be triggered as long as there exists an integer s € (1, ¢ — ¢) such that the statistic D, ; > ;. In
the rest of the section, we analyze the algorithm E] and provide theoretical guarantees for the two statistics.

We begin with the signal-to-noise ratio for D" in assumption

Assumption 13 (Signal-to-noise ratio).

dA

RV A—1= CSNR(A}4 IOg(?) (333)
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Algorithm 2 CUSUM

Input: {n}k:1727._., 6, §
t<—1+7¢
while FLAG =0 do
t—t+1;
s=1
while FLAG=0and s <t — {do
s s+1
FLAG=1{D,; > &}

9: end while

® N v A v oo

10: end while

In the signal is characterized by the jump size k and the pre-change length A while the noise is

related to the dimension d, fourth moment wy and adjusted fourth moment ||Y.||4.

Theorem 3.3.1. Consider the setting described in Letov € (0,1) and A fromEl For any integers

O0<s<tandt—s >/, underAsmmptz'omE]and @ choose the robustification parameter

e—s+1—1/

_ 2 -1
To k) = wi(logle —s +1—=1)) log(%)

With the choice of threshold being

log log(%)
& =C ew4{\/ s+1—€ \/s—f}

under A\ = oo,

Po(A < 00) < a (3.3.4)
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Under Assumption @

Pa(A < A) < a. (335)

If Assumptions @and holds,

PA(A<A<A4e)>1-a, (3.3.6)

where

2dA
e={+Ck? log(T).

The bound guarantees that with the absence of change point, the detection procedure will
continue indefinitely with probability at lease 1 — . Under Assumtion when the change point exists,
ensures that the false alarm probability of our procedure is no larger than .. As far as the detection
delay is concerned,provides a high probability bound on the delay of order k=% log(222). It suggests
that the delay shrinks with higher jump size x and slowly increases with dimension d. Additionally, there

is a trade-off between the desired false alarm rate o and the delay (A=A,

Similarly, we show the results for ﬁjﬁec as follows.

Assumption 14 (Signal-to-noise ratio).

/ dA
RspecV A—1= CSNRHEOHSPEC log(?)a (337)

In[3.3.7} the signal is characterized by the jump size in spectral norm ke, and the pre-change length

A. On the other hand, the noise is captured by dimension d, the spectral norm of covariance matrix

%0l spec-
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Theorem 3.3.2. Consider the setting described in Letov € (0,1) and A fromEl For any integers

0 < s <tandt— s >, under Assumptionso} |12} we choose the robustification parameter

e—s—(+1
m + log(2d)

_1
2

T =X K2|‘20"sp607€(p)

Then with the choice of threshold being

|Q.

— (Kt () log(%) log(‘7)
gs,t—CEK HEOHSPec{ M (p)_'_ KHEO”speC}{ t_5—|—1—€+ s—1{ }

under A = 00,

P (A < 00) < a (3.3.8)
and underAsmmptz’on@
Pa(A < A) < a. (33.9)
If Assumptions @and bolds,
PA(A<A<A+€+6)21—0¢, (3.3.10)
where
2dA

€ = Cﬁﬁ;s}?@c log(T)
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In practice, as it is often the case in the applications, the threshold &, ; needs to be calibrated from
observations obtained from the pre-change distribution. One major challenge here is the presence of
dependence. Regular resampling method such as bootstrap and permutation will not work. Hence, we
adopt the block-wise permutation to obtain the threshold from the calibration data setsince it can preserve
the dependence of the data sequence.

Another practical issue is computational complexity. At each time t, one can store partial sums of
truncated outer products { >3, , 7, (Hp,) }izl The computational cost of algorithm 1is O(?) as it
needs one more loop for all possible s.

In order to reduce the computational burden, we propose to compute D,_ 1+ only over a geometrically
increasing sequence of values for h, stated in Algorithmbelow. It takes time in a linear order, and more

importantly, it can hold the same theoretical property as before.

Corollary 3.3.1. Consider the setting described in Letov € (0,1) and A from Algorz'ﬂomEl For any

integers 0 < s < tandt — s > {, under Assumptions[zland|8) choose the robustification parameter

e—s+1—1¢

To, (k) = wi(log(e —s+1-— 5))_1 log(%)

With the choice of threshold being

log() log(%)
fs,t—Cew4{\/t_S+1_g+ 5—6}
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under A = oo,

Po(A < 00) < a (3.3.11)
Under Assumption @
Pa(A < A) < a. (3.3.12)
If Assumptions @dnd holds,
PA(A < A<A+ &) >1—a, (3.3.13)

where

/ 2dA /
e =+ Ok 2wy log(—)andC, > C..
«

The major benefit of Algorithm 3|is ease of computation. It will reduce the computational cost to
O(tlogt). Besides, this scheme yields the same nearly optimal guarantees of Theorem as shown in
the corollary Similarly, it can also be extended for statistic with spectrum-wise truncated estimator

and measured in matrix spectral norm.

Algorithm 3 CUSUM
t Input: {Y;}ieio,, 6, €
uwt+1+7¢
3: while FLAG =0 do
&ttt

J = [log(t)/log(2)];

5:

6: j =0

7: while FLAG=o0and j < J do
8: J = ] +1

9: st —2071

1o0: FLAG=1{D,; > &}

1I: end while

2: end while
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3.4 Lower bound for the detection delay

In the proceeding section, we find a upper bound on the detection delay in Theorem|.3.1and3.3.2] with
high probability. In this section, we derive the minimax lower bound on the expected detection delay.
The proof adapts arguments used for mean change in Proposition 7 of Y. Yu et al., 2020/and Theorem 2

of Lai, 1998.

Proposition 3.4.1. Assume that {X;}i—1 2 .. is a sequence of independent Gaussian random variables with

gooe

E(X;) = 0and Var(X;) = o Denote the joint distribution of {X;}i=1 2. as Py s . Fora € (0,1),

goes

under Assumption|6) consider the following estimators
Dy = {T'| T'is a stopping time with respect to the natural filtration and satisfies Poo (T < 00) < ar}.
Define
1 1 7 11
S.={0<a<1|18log(—)a <aiamda+az+ai< 5}
a

and

1
SH,UO = {(lﬁ 00) ‘

600<m< 00}

Then, for sufficiendly small o € S, (k,05) € S, 52, and any change point time A,

. 1
nfsup Ep{(A-A) )= 2 g( ).
AED(O‘) PKO‘A Q
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3.5 Simulation Study

In this section, we use simulated experiments to evaluate the performance of the two proposed robust
online change point detection methods based on CUSUM process and measured in spectral and max norm
respectively, denoted as CUSUM-spec-spec and CUSUM-ele-max. For comparison, replacing the robust
estimators by the sample autocovariance estimators, we get two competitors, denoted as CUSUM-sa-spec

and CUSUM-sa-max.

3.5.1 Experiment 1

In this experiment, we generate the R%valued time series {Y; }?Z, composed of pre-change and post-

change segments with same length L. We consider an R%-valued VAR(1) model

K:lef—1+Zta tzla"'72L7

where p = 0.5, Z, = 2'/%¢,,and T = (i)

ielLdljefd © R%*4 is a symmetric and deterministic
matrix. Further, {€,}?%, is an i.i.d. random sequence with E(e;) = 0 and var(€;) = I,;. We set the
length of calibration to be 2d and allow the variation of pre-change and post-change segments by choosing
L =2d+ Unif(0,50). Forl <t < L, weseto;; = 0.5"=J1. For the post-change segment, where
L <t < 2L, we only change the first | d/5] diagonal entries to 2, i.e. weset 0;; = 2if 1 <1i = j < d/5,
and 0;; = 0.5/ otherwise.

Denote € ; the j-th entry of €; fort € [1,2L] and j € [1,d]. We generate €, ; from one of the

following three standardized distributions.
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(1) (Normal). € ; follows a standard Normal distribution.

(2) (Student’s t). € ; follows a standardized Student’s ¢, distribution, i.e. € ; = 2~/ 2X, j where

Xy ;s areiid. fromat, distribution.

(3) (Log-Normal). ¢, ; follows a standardized Log-normal distribution, i.e. ; j = (e2—e)™V/2[exp(X; ;) —

exp(1/2)] where X, ;’s are i.i.d. from a standard Normal distribution.

In the calibration process, we run blockwise permutation X = 200 times and compute the CUSUM
- A (k . . .
statistics {HD;t) [112%, to evaluate the unknown constant Cz in the detection threshold. It is chosen

such that the proportion of { ||D§kt) |29,

cross &+ is capped at . In addtion to the threshold, we use
the calibration data to obtain the robustification parameter 7 by gap-block validation, which is the same
strategy of offline procedure in chapter 2.

To fairly evaluate the performance of online change point approach, we consider three metrics: pro-

portion of false alarm, power and average detection delay. The proportion of false alarm is given by

N
Ny 1{A< Ly,
j=1

where N' = 200 is the number of replicates and A is the estimated change point location (true location
A = L). Again in this experiment, the pre-change and post-change length equal to L, and we say the
dection scheme commits a type II error if it fails to discover a change point within the total run length

2L,1i.e., A > 2L. Thus, the power is defined by

N
NS 1{L <A <2L},

J=1
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and the average detection delay is given by

S (A-L)I{L<A<2L}
Sy {L<A<2ry

Table 3.1: Proportion of false alarm over 200 replications Considered in Scenario 2 when p = 20.

normal t4 lognorm

CUSUM -sa-spec 0.02  0.0§ 0.02
CUSUM-spec-spec 0.03 0.05 0.04
CUSUM -sa-max 0.01 0.03 0.07
CUSUM-ele-max 0.00 0.03 0.04

Table 3.2: Average delay and power(in parentheses) over 200 replications when d = 20 in experiment 1.

normal t4 lognorm

27.48(0-59)
27.17 (0.61

CUSUM-sa-spec  7.99(0.97)  28.90(0.42)
CUSUM-spec-spec  8.01(0.97) (0.69) )

CUSUM-sa-max  1.95(1.00) 12. 57(0 97) 10.91(0.92)

CUSUM-ele-max  2.64(1.oo)  4.53(0.97)  4.30(0.95)

Table 3.3: Porpotion of false alarm over 200 replications when d = so.

normal t4 lognorm

CUSUM-sa-spec 0.5 0.00 0.00
CUSUM-spec-spec 0.0  0.0I 0.03
CUSUM -sa-max 0.05 0.00 0.02
CUSUM-ele-max 0.04 0.0 0.00
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Table 3.4: Average Delay and Power(in parentheses) over 200 replications Considered in Scenario 2 When
p = so.

normal t4 lognorm

CUSUM-sa-spec  4.91(1.00)  38.64(0.53) 40.49(0.59)
CUSUM-spec-spec  2.92(1.00)  33.54(0.55)  34.45 (0.66)
CUSUM-sa-max 3.67(1.00) 16.24(0.97) 34.80(0.96)
CUSUM-ele-max  3.13(r.oo) 10.73(0.98)  18.75(0.97)

3.5.2 Experiment 2: Autocovariance Change

In the second experiment, we want to restrict our attention to the autocovariance change only while
keeping the same covariance structure before and after the change point. This motivates us to consider

the following setup.

1221/26,5 if0<t<L
1—p ’
)/;g =

pY,_1 + 3%, ifL <t<2L,

where ¥ = I,,, L = Unif(50, 100), and €, still follows one of the three standardized distributions as

described in the previous experiment. Under this scenario, the covariance matrix 3o remains 4 / WE

along the series, but the lag-1 autocovariance matrix 3J; alters from 0 to , / I L 2 3. at change point L.

Compared to the previous experiment, the signal in this case is definitely weaker.
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Table 3.5: Porpotion of false alarm over 200 replications when p = 20 in experiment 2.

normal t4 lognorm

CUSUM-sa-spec 0.02 0.0I 0.02
CUSUM-spec-spec 0.0I  0.0I 0.0I
CUSUM-sa-max 0.04 0.00 0.03
CUSUM-ele-max 0.04 0.00 0.04

Table 3.6: Average Delay and Power(in parentheses) over 200 replications when p = 20 in experiment 2.

normal t4 lognorm

CUSUM-sa-spec  18.08(0.94) 47.90(0.05)  37.85(0.03)
CUSUM-spec-spec  12.75(0.96) ) 20.51(0.94)
CUSUM-sa-max 27.80(0.61) so0. 67(0 05) 37.69(0.24)
CUSUM-ele-max  26.75(0.69)  31.59(0.32)  25.71(0.84)

Table 3.7: Porpotion of false alarm over 200 replications when p = so in experiment 2..

normal t4 lognorm

CUSUM-sa-spec 0.1 0.00 0.00
CUSUM -spec-spec 0.01  0.0I 0.03
CUSUM-sa-max 0.05 0.00 0.02
CUSUM-ele-max 0.04 0.00 0.00

Table 3.8: Average Delay and Power(in parentheses) over 200 replications when p = 5o in experiment 2.

normal t4 lognorm

CUSUM-sa-spec  4.91(1.00)  56.64(0.18)  59.61(0.19)
CUSUM-spec-spec  2.92(1.00)  9.94(1.00) 15.34 (1.00)
CUSUM-sa-max  21.49(1.00)  59.81(0.16)  51.80(0.39)
CUSUM-ele-max  21.79(1.00) (0.58) 14.75(0.76)

15.15(0.58

Table 3.9: Porpotion of false alarm over 200 replications when p = 100 in experiment 2.

normal t4 lognorm

CUSUM-sa-spec 0.00 0.00 0.0I
CUSUM-spec-spec 0.00 0.04 0.06
CUSUM-sa-max 0.00 0.0 0.20
CUSUM-ele-max 0.04 0.00 0.00
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Table 3.10: Average Delay and Power(in parentheses) over 200 replications Considered in Scenario 2 When
p = 100.

normal t4 lognorm

CUSUM-sa-spec  5.32(1.00) 90.671(0.16)  95.48(0.48)
CUSUM-spec-spec  2.69(1.00) ) 7.28(1.00)
CUSUM-sa-max  32.39(1.oo)  97.14(0.11)  63.54(0.96)
CUSUM-ele-max  23.83 (1.00) ) 14.59(1.00)

6.43(1.00

12.22(0.50
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3.6 Proofs for chaper

3.6.1

Proof of Theorem 3.3.1

Lemma 3.6.1. Assume A = 00. Define

where

A={Vs,t eN*t > 24 Landt —s > 1+ |S5) — Byl < a,0(0)},

. 0+ 2logd
a41(8) = Culp™ || X la + walog(t — s+ 1 —5)]W4w/—t_s+1g_ga

with) < o < 1,

d= —2log(%).

Then, it holds that

P(A) > 1—a.

Proof of lemma Consider A°, the complement of A.

P(A°) =P{3s,t e N*,t > 2+ Candt —s > 1+ L |5, — Sllnee > as,(0)}

<SELCT] I 2S5~ Sl > 00s0)} =1}

7=1 27 <t<2i+1 0<s<t—1—¢

M)

2] { A[Sit] _ > — }
mas PLOTT IS5~ Sl 2 0000} = 1
1 - 0<s<t—1—4

.
Il

M

25+1 \[s:it] > — }
2 jmax omax P{L{ISE) — Dl > a,(6)) = 1

<.
Il

6s



By the estimation error provided in Theorem choose

1 o alog?(2)
0= 4 tog { 2[log(t) + log(2)]?t? s

Then
) =< 2j+1 { Ssit] > N }
A =< Z;Q 2i<pezi og?f‘_lp IEeice = Zellmas = as2(9)
]:
o2 log*(2)
< 22j+1 «
S 2 B B Fog(e) + g2
< 92j+1 a
= 2(j +1)%2%
S 67 S « =
;(1+J)2 ;(1+3)y
Because
1l { alog??2 }< 10 { alog? 2 }
—-1lo -
1% 2[log(t) +log(2)]%t2” — 4 & 8log(t)2t?
S -2 10g(%)7
for simplicity, we take
d= —210g(%).

Proof of Theorem Recall

A={Vs,t eNt 1 >2 t>s: |25 — 5| <ay,(6)}
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with

. 5+ 2logd
150(6) = Clp | Xl + walog(t — 5+ 1 = oy [ —B e

and
§ = —2log(2).
t
_ 16+ 2logd
as,t:Ce[p l||X.H4—|—w4log(t—s—i—1—E)]w4 ﬁ
/ log(%) :
< - X. . Stal — /9
S Celp7 [ X s + dws]ws t—s+1—£(Ce V2C.,,log(t) < d)
_ log(%)
I VI Ry

Foranyt < A,

>Ns:t N1:s N1:s SNs:t
1S5 = S e < IIE = B2 e + 1E5 = 22| miae
log(% log( %
:CE{ g g<a>}:5&t
t—s+1-—4¢ s—/

Consequently, we have A > A.

Fort > A, we are seeking an upper bound for AorA — A, and it will immediately yield Let
A= min{t > A Hﬁ)LA:t] — ZA)E:A}H > fA,t} ande = A — A. Then A — A < ¢. Hence, it suffices

to find an upper bound for €.
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By the definition of A, we have

IZE = S e = S5 = 2+ 22 - 3P 32— S,
2 A:A N[1:A
Z HZéA—'—1 o EZAHmax - (HEE ] o EEA+1||ma:c + ||E€A - EL ]Hmaw)

> K- fA,A

Thus, a proper upper bound of € can be obtained if K — {5 x > & A-

It now suffices to show that with the choice of

2dA
e—0=r"C, log(T),

itholds that K — A Ate > EaAte 1.6 K 2> 28A Ae.

Due to the signal ratio in

dA

VA == Cown (p7'| X-llaws + det) y[log(—=),
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then

—

2£A,A+€ = 2CE + 1 — f

log(244) log(
< o <
_QCE{\/6+1—€+ A }rede+1 A)

2dA 1 20"
§2(]E\/1og( d )\/ g—i-/{ C.

o e+1— Csnr
< 20 o 20"
- C Csnr
/{/’

'
Ce CE
SNR’ Ce) <

where maz (5

3.6.2 Proof of Theorem 3.3.2

Lemma 3.6.2. Assume A = oo. Define

A={Vs,teN" t>2+landt —s>1+(: [l =3 < as(0)},

spec,t

where

tr(Xo) d + log(2d)
1,4(0) = C. Sl { V/(p) ”ZOHK jy ey,

with) < o < 1,

5 = —4log(%).
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Then, it holds that

P(A)>1-—a.

Proof of lemma Consider A¢, the complement of A.

P(AY) =P{3s,t € N* .t > 24 Landt —s > 1+ |SFT =) > a.,(6)}

<> e{ II TII w=hh, - = = a0} =1}
j=1

27 <t<27+1 0<s<t—1

2 max P{ ] 1IZHL, - Sl = a(0)} = 1}

21 <t<2i+1
1 - 0<s<t—1

J

<

“

2j+1 SIC > _ }
2 | mae P{UIEE0, - B0 > 09} = 1

J

By the estimation error provided in Theorem choose

alog?(2)
R {2[10g(t) + log(2)]22 I8

S
I

Then

]2

P(A°) = < 25+l max  max IP’{Hﬁlgs;t] -3 > as,t(g)}

20 <t<29+1 0<s<t—1

<.
I
—_

2
i alog®(2)

92j+1
21 21aa+1 025911 2[log(t) + log(2)]2¢2

WK

1

<.
Il

«

92j+1
2(j + 1)22%

WK

1

> 1 > 1
o < « =«
2 7 SO 2T,

<.
Il

IN
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Because

1 alog??2 1 alog? 2
| < _Z s 2
2 0% { 2[log(t) + log(2)]?t? < 2 %% {8 log(t)%t? }
< —410g(%)
for simplicity, we take
)= —4log(%)

Proof of Theorem Recall

A={Vs,t e N" t>2+4Landt —s>1+(: HSLL;Z]M_EZH < gy}

with

L —— . [tr(So)K* | —4log(§) + log(2d)
as,t—CeK HEOH{ ryl<p)+ ||EO||K } t—s—1+1 ’

Denote A = K2 |5, and B = (£2)1/2 3120,

1ol
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t—s—1+1

s — C’eA{ T(p) N B}\/log@d) - 410%(%)

< C’EA{\/VZ(p) - B} t_IZL%) red(Cy = 2v/2C,)

—1+1
log
< CpA{\/7;(p } P— E l)+ | red(log(t) < d)
/ log(4)
< __"Ola)
< Cr t—s—1+1

where 7/ (p) = 1022 max (1, W) and Cp = C,A{\/~ (p) + B}.

Foranyt < A,

1S 0ees = Saieell <150 — S2U+ 1250, - =21

spec,t spec,t spec,t spec,t
log(4) log
—C { _ %8\ .
g t—s—1+1 * } Soi

Consequently, we have A > A.
Fort > A, we are seeking an upper bound for Aor A — A, and it will immediately yield ??. Let
A= min{t > A : Hﬁ)ﬁetc]e — ;eAc]eH > Eafande = A — A.Then A — A < e. Hence, it suffices

to find an upper bound for €.

By the definition of A, we have

[£hcet — BLRll = 12500 - 237+ mp -2 4 mp - 80T

spec,t spec,t spec,l spec,t

A:A A
> S BB - (IS0 - S| =8 — s

spec,l spec,t

> K= 5A,A
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Thus, a proper upper bound of € can be obtained if K — {5 x > & A-

It now suffices to show that with the choice of

Ve—l=r1C, log(ZC(iA)

itholds that K — A Ate > EaAte 1.6 K 2> 26a Ae.

Due to the signal ratio in

A-‘rE) 10g
2§A,A+e - 2CE + 1_ E
{ log log }
€+ 1 — E A — E

<2
\/1 sz\/ 1 QC’E
Og €+1—£ CSNR
</<a
- Ce OSNR
<K

where max( CgﬁR, %—E

) <

N

3.6.3 Proof of Corollary

W

3.1

Step 1. Forany ¢ > 2 + {, we define

S(t)={t— 20—t —2—0,. . . t— 9llog(t)/log2| _ 0},
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Assume A = 00. Define

B={Vs,t e Nt >2+lands e S(t): ||z:jl§1£ S llmar < Eai}s

where & ; = C’E{\/tloi(rl s+ \/log( )} From lemmafs.6.11and theorem3.3.1, it follows that P(53) >

1—o.

Step 2. We define A* = min{t > A : ||E — plAl | > €a}. Itis not hard to see that

spec, Z spec,l

A* > A from the previous cases. With the choice of
, 2dA
Ve—{0=r"1C/log(—— - ),

where C’ée, itholds that K — A Ate > EaAte 1.6 K 2> 28 Ace.

3.6.4 Proof of Proposition 3.4.1

Step 1. Let F,, be the o-field generated by the observations Y7, Y5, . .., Y, and let P, be the restriction

of a distribution P" to F,,. Forany v > landn > v,

dpP" -
T Ro0v
TP = exp ( E Zi), (3.6.1)

K,00,00 i=v+1

where P, is the joint distribution under which there is no change point and
1 o o —o2 [Y?
Z,= -1 .
9 %8 (01 ) * 202 0%

74




We assume that kK = 0} — 0(2) > (), and for any v > 1, define the event

ol 1 d 5 1
— 0 — e = -
C,,—{V<T<V—|—2K2log<a), ZZz<2log(a>}.

i=v+1
By we have

n

Pr.oor(Cy) = / arPr, , = / exp( > ZZ-) AP, oo < exp{(5/2)10g(1/a))} Py 50,00 (Cy)

i=v—+1

; 1
<exp{(5/2)log(l/a))} Propocs v <T < v+ U—g log (—) } < a®?a=a"?,
K a

(3.6.2)

where the last inequality follows from the definition of D(a),PK7007m{V <T< 1/+Z—§ log (é) } <
]ID,{7007OO{T < oo} < .

4
99

Step 2. We assume for simplicity that 5% log (<) is an integer. Since {T' > v} € F,_1,

1=v+1

4 T
o 1
IP’,,@,(,OJ,{J/ <T<v+ @log (5)’ g Z; > (5/2) log(l/oz)‘ T > V}

t
< ess sup IP’,WW{ max Z Z; > (5/2)log(1/a) ‘ Y1,Y,,... ,YV}

4
o
1<t< G log () —1i=v+1

Y2
< ess sup ]P)H:UOJ/{ max iQ (—g) > (5/2)log(1/a) ‘ Y1,Ys,. .. ,Y,,}
1<t< =% log(1)—1 90 i=v+1 o1
) log(1)
5.2 08ly
4 1 K 2 “ Y2 02
0 7 0
< 2—#108;(5) ess sup ]P)H,Uoﬂl{ 202 ) (U—% - 1) > log(1/a) {(5/2) - ﬂ} ‘ Y1,Ys,. .. ,YV}
25 log (1)
4 2 @ 9
o 1 K Y,
S 2—/{/2 10g(a) €SS sup ]P)K,O'o,l/{ T"g o <0'_% — 1) Z lOg(l/Oé) ‘ Yi, Yé, e >Yz/}
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4 1 1 2
< 0_0210g(—) exp{ — min [ U4og W/a) = log(ln/oz)]}
252 8 g log(l/a) sy Ba
oy 1 log(1/a)
T e ——
< 52 10g(&) exp{ min | log(1/a), I
90
og 1
< 20 —
< 5.5 l08(~)a
< 18log(—)a
<ai

o N

where the second inequality holds due to log(=%) < 0, the third one is given by the union bound ar-

g,
o

= |

gument, the fourth inequality holds for x > %08, the fifth one is by the Berinstain’s inequality for
sub-exponential variables (Theorem 2.8.1in Vershynin, 2018), the seventh inequality holds provided that
K < 106, and the last inequality is met for sufficiently small ..

Because the upper bound is independent of v, then we have

4 1 T
supIP’,wO,,,{l/ <T<v+ ;—/3210g ( ), Z Z; > (5/2) log(l/a)} < i, (3.6.3)

@
vzl i—t+1

Then, combining and we have

oy 1
Pioosv<T <v+4+ —log| — <«
o 2K2 Q@

[SIEN]

+
2

(3.6.4)
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Step 3. For any change point A,

E T—A), > % 1 1 P T_A> i
K,O’mA{( - )+} = 2_52 Og(a) n,ao,A{ = 2/{2}
Ué ! A A A O'g
- 2_/<L2 log(a) PH’UO’A{T 2 } - PH,UO,A{ <T<A+ 2—&2}
(3.65)
% : A A<T<A %
_2_/€210g(a) 1 ]P)”“UOOO{T< }_PN,GOA{ <T < +2—/€2}
or 1 . L ot 1
> 20 jog(=) (1—a —af —a) = L log(~
= 5.2 Og(@)( a—az —aqz)> 12 Og(a)’
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CHAPTER 4

APPLICATIONS TO PANDEMIC TIME

SERIES DATA

Since early 2020, the Covid-19 pandemic has spread rapidly across the globe and brought significant impact
on human’s lives, leading to widespread illness, death, and economic disruption. The mortality data over
the two years contain valuable information for us to understand the evolution of varus, progression of
the pandemic and the influence of key public health policies. In the first part, we conduct a retrospective
change pointanalysis on the U.S. state-level mortality data by implementing MACD, the offline procedure
in chapter In the second part, we assume the online setting and attempt to put online detection in a
broader picture. We incorporate the change points into time series modeling to facilitate the forecasting.
Results show that with the assistance of change points, the accuracy and efficiency of prediction can be

greatly improved.
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4.1 Retrospective change point analysis

The data setis collected from the New York Times Github repository, containing the state-level daily death
data from 3/18/2020 to 8/16/2022 in the 48 adjoining U.S. states and the District of Columbia. Instead
of using the original scale of the data, we use 7-day log return to adjust for the weekly seasonality. To be
specific, denote X; as the daily death counts observed at time t. We define Y; = log(X;) — log(X;_7)
as the 7-day log return of X;. In addition, we choose window size W = 180 and consider three different
lags o, 1, and 7 to analyze this data set. Note that, if W =180, we assume the minimum distance between
two consecutive change points is at least 180 days.

Before implementing the method, it is necessary to check if the data present the heavy-tailedness by
their kurtosis. Figure 4.1 displays the presence of heavy-tailedness in most of the states and minimum
kurtosis value across states is around 6.8. Hence, it is appropriate to apply the robust autocovariance

change point algorithm on this data set.

Histogram of log(kurtosis) of 49 states
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Figure 4.1: Histogram of Kurtosis of 49 states in logarithm scale
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Table 4.1: Offline second-order change points in U.S. state level COVID-19 mortality data

Lag Date (YYYY-MM-DD)
¢ =0 | 2020-09-20, 2021-05-17, 2021-12-13
(=1 2021-01-29
(=17 2021-01-07

epuo|4 SasNUDESSER  HIOA Map

Ej0saULIY

El0%EQYINOS

2021-01-01
2022-01-01
2022-07-01
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Figure 4.2: Seven-days log returns of five states with change points indicated

Fig. displays the 7-days log returns of five representative states and the segmentation by detected

change points. It contains information about the diagonal of autocovariance or covariance matrix while
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the association between states cannot be visualized by this graph. As we can see, those change points
discovered by MACD can capture the the variation of second-order structure well.

The first change-point on 2020-9-20 under ¢ = 0 is likely to result from the resurgence of COVID-19
cases and deaths due to increased travel and large gathering for events related to the U.S. presidential
election. FDA issues emergency use authorizations for Pfizer-BioNTech and Moderna Covid-19 vaccines
in December and vaccine doses begin to be administered. Nevertheless, in the early 2021, the Alpha variant
starts to become the predominant variant in US, which is more contagious and deadlier than the original
virus. Consequently, it is reasonable to see a change point around January, as suggested by the results
for ¢ = 1and ¢ = 7. The change point 2021-05-17 discovered under £ = 0 could be explained by the
widespread vaccination by which more than 200 million COVID-19 vaccine doses have been administered
in the U.S, leading to steady decline of mortality rate. On the other hand, the arrival of Delta variant
rapidly reverse that trend which is more transmissible than Alpha and can cause more severe disease to
unvaccinated people. In the midst of a Delta variant spike, CDC recommends taking the booster shotand
wearing mask indoors, which mitigate the situation. However, as Omicron arrives in October, the case
number in U.S. skyrocket again. This can explain why we find the last change point on 2021-12-13. The
retrospective analysis above provides some hypotheses that policy changes and significant events in the
COVID-19 timeline may lead to fundamental second-order structure changes in state-level mortality data.
The findings may motivate a line of public health research to validate the causal relationship between
policies and temporal patterns of mortality data during the pandemic.

The main purpose of offline CPD is to facilitate the retrospective study. While in the online streaming
setting, new observation arrive steadily and people can take actions once a change point is identified in

the system. In the next section, we attempt to put online change point detection in a broader picture
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by combining it with time series modeling. Roughly speaking, we want to update the forecasting model

once a change point is found instead of ignoring it.

4.2 Change point assisted online forecasting

The importance of structural stability cannot be overlooked in statistical modeling of time series. In
particular, if the underlying process undergoes unexpected changes, it can cause a loss of accuracy in the
forecasts. In this study, we adopt the online approach in chapter 3 to sequentially detect change points in
the second order. Those change points serve as break times when the forecasting model will restart to train
with the new observations. This is an ongoing project while preliminary results have shown that with the
assistance of change points, the accuracy of forecasting is improved in terms of sSMAPE and efficiency of
training and prediction process is greatly boosted.

The data set is collected from *Our World In Data’ (Ritchie et al., n.d.), aggregated from multiple
sources. The data ranges from 2020-07-24 to 2022-08-14 and contains the national level daily death data
and other important information about cases, hospitalizations, ICU patients, etc. Here we focus on the
daily death count for monitoring change points, some of the other variables may be of interest in building
prediction models. Again, the kurtosis of the data series is around 4.1, indicating that heavy-tailedness is
present.

We adopt the online second-order change point detection approach in chapter 3. We choose av = 0.01
and take 100 data points as calibration set to obtain the threshold. To dealing with multiple change points,
every time we encounter a change point, the threshold is re-calibrated. Tabledisplays the sequentially

detected change points. Note that the results here differs from the previous offline results. Moreover,
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2021-02-T7, 2021-06-08 and 2021-11-26 found in this table are close to 2021-01-29, 2021-05-17 and 2021-12-13
respectively in table whereas other dates differs a lot. It could be caused by multiple reasons. First,
in the offline detection we set window size equal to 180, which, indicated by our binary segmentation
algorithm that the minimum space between two consecutive change points is assumed to be at least 180.
But this is not the case here for the sequential detection. The second reason is that, online procedure
would be more sensitive to the abrupt changes because it make decisions based on the historical values
instead of the whole sequence that is available in the offline setting. As a result, it is not surprising to see
more and different change points discovered here in table

Table 4.2: Online second-order change points in U.S. national level COVID-19 mortality data

Lag Date (YYYY-MM-DD)

¢ =0 | 2021-06-08, 2021-09-13, 2021-11-26, 2022-04-24, 2022-06-25

¢ =1 | 2021-02-17, 2021-07-13, 2021-11-26, 2022-05-04, 2022-07-03

(=1 2021-06-10, 2022-04-17, 2022-06-2.2

Unstable underlying structure of the time series poses challenges on forecasting. We consider a hybrid
modeling process that can adapt to change points. The idea is simple, every time when we encounter a
shift, we refit the model with new observations after that. In table we compare in terms of SMAPE
the CP model using CPs at £ = 0 with baseline model which ignore the existence of CPs. The choices of
forecasting approaches has been rapidly grown in recent years. Here we choose eight predictors coming of
three major types: traditional statistical model (AR and AR(Lx1)), tree-based model (RF,XGB) and neural
network model (TCN, LSTM, GRU and TRF). Results show that after introducing CPs, the accuracy

of forecasting is improved. Additionally, the time spent for each method is dramatically reduced.
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