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CHAPTER 1

INTRODUCTION

For F' a number field and E/F an elliptic curve, the group E(F') of F-rational points on £
is a finitely generated abelian group [Mor22|. Hence, we have a decomposition of E(F') into

a free part of some rank r > 0, and a finite torsion part:
E(F)27Z" ® E(F)iors-

A natural question follows: which groups arise as FE(F)os for some elliptic curve E/F over
a given number field F'?7 A theorem of Merel [Mer96| provides that there are finitely many
possibilities not only over a fixed F', but over a fixed degree d = [F' : QJ; that is, for any
d € 77, there exists a constant B(d) > 0 such that

#E(K)iors < B(d)

for all elliptic curves E/F over a number field F' of degree d.

The question of which groups arise as F(F')yys for some elliptic curve E/F has been
answered for number fields F' of degree d = 1, the case F' = Q, by work of Mazur [Maz77|, for
d = 2 by work of Kenku-Momose [KM88| and Kamienny [Kam92|, and for d = 3 by recent
work of Derickx—Etropolski-Morrow—van Hoeij—Zureick-Brown [DEMHZ21]. We should view
this work as a feat; it does not appear likely that many similar results will be achieved without

significant theoretical advances.



With that said, let us switch our vantage and study something of a dual problem — instead
of fixing a degree d and asking about the possibilities of E(K)s, we may fix a possible

torsion subgroup and ask:

Question 1.1. For a fixed group 7', over which degrees d do we have a number field F' of
degree d and an elliptic curve E/F with E(F)s = T7 More specifically, over which number

fields F' do we have such an elliptic curve?

This question fits into what is referred to as Mazur’s Program B, and it has a natural
reformulation as a problem in Diophantine geometry using the language of elliptic modular

curves. For example, the existence of an elliptic curve E/F with
Z/NZ — E(F)tors

is equivalent to the existence of an F-rational point on the modular curve Y3 (V) q, that is,
to the statement that Y;(N)(F) # 0. This displays that Question [L.1]is intimately related

to the following question:

Question 1.2. Over which degrees d do we have a number field F such that Y;(/N) /g has an
F-rational point? More specifically, for which number fields F' do we have Y;(N),q(F) # 07

With this motivation, this thesis is devoted to studying rational points on the families
of Shimura curves X’(N) g and X{’(N) g, with the example of X (N) g = Y1(N)/q being
a special case. In particular, our study is focused on CM points on these moduli spaces,
corresponding to elliptic curves and higher dimensional analogues with extra endomorphisms.
The extra structure provided in the CM case often affords paths to greater results than can
be achieved by similar means in the general case. Following foundational work of Silverberg
on CM abelian varieties [Si88|, [Si92], much progress has been seen via this restriction in the
study of elliptic curves over number fields (see, e.g., [CCS13| [CP15, BCP17, BCS17, BP17,
CP17, LR18, BC20al, BC20b]).

In particular, recent work of Clark and Clark—Saia [CI23] [CS23], continuing a research pro-

gram from the perspective of CM points on modular curves (see [CCS13], [ BC20bl, [CGPS22]),
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approaches the study of the CM locus on the modular curves Xo(M, N) g and X,(M,N) g

via a study of CM components of isogeny graphs of elliptic curves over Q. This includes the
special cases of Xo(1,N)g = Xo(V),0 and X;(1, N),g = X1(NN) g, while [CI23] provides a
general definition of these curves.

In this thesis, we undertake a similar study, generalizing in the M = 1 case to the
more general setting of Shimura curves X (N),g and XP(N) g, parametrizing abelian
surfaces with quaternionic multiplication (QM) by the indefinite quaternion algebra B over
Q of discriminant D, along with certain specified level structure. Our results allow for an
algorithmic description of the 0-CM locus on these curves for D the discriminant of any
indefinite quaternion algebra over QQ, any positive integer N relatively prime to D, and o any
imaginary quadratic order.

Our convention is that the 0-CM locus on either of these curves refers to the collection
of fibers lying above 0-CM points on X (1) /o under the natural modular maps (see Remark
for the alternate convention). The fiber over an o-CM point z € X”(1),q under such a
map is a finite SpecQ-scheme, of the form F' = SpecA for A some finite dimensional, hence
Artinian, Q-algebra A. We then have finitely many closed points on F', and for each point
we have a corresponding residue field and a ramification index over z. For A < —4 there
is no ramification, and in the absence of ramification F' is reduced, hence A is the product
of those number fields arising as residue fields of closed points in F' (with multiplicity). A
A-CM point which is ramified over its image on X”(1) g has ramification index 2 if A = —4
and 3 if A = —3. With that said, our main algorithmic result for the first family has the

following structure:
Algorithm 1.3 (The o-CM-locus on X (N)q).

e Input: an indefinite rational quaternion discriminant D, a positive integer N coprime

to D, and an imaginary quadratic order o

e Qutput: the complete list of pairs (L, e) consisting of a number field L and e € {1,2,3}
such that there exists an 0-CM point on X (N) g with Q(z) = L and with ramification



index e respect to the natural map to XD(l)/@. For each such pair, we give a count of

all closed o-CM points with that corresponding pair.

The D =1 case of this algorithm results from the work of [CI23] and [CS23|. For all D,
we show the following: suppose that x € XJ’(N),g has CM by the order o(f) of conductor
f in the imaginary quadratic field K. The residue field Q(z) is then either a ring class field
K(f) for some f with f | f | Nf, or is isomorphic to an index 2 subfield of such a field
K(f'). The ramification index mentioned in the algorithm is always 1 when the CM order
has discriminant f2Ax = A < —4, and otherwise can be at most 3. Algorithm has
been implemented, and is publicly available at [Rep| along with Magma code for all other
computations described in this thesis.

In §2 we begin with relevant background and prior results on CM points on the Shimura
curves of interest. We then provide results on concrete decompositions of QM abelian surfaces
with CM as products of CM elliptic curves in §3| with the original results here being Theorem
and Corollary [3.5]

We then begin the work necessary for implementation of Algorithm 1.3 In and
we consider QM-equivariant isogenies and the QM-equivariant (-isogeny graph GP. We prove
in Theorem [4.2.5]that a CM component of this graph for a prime ¢ and quaternion discriminant
D has the structure of an ¢-volcano for CM discriminant A < —4. (We handle the slight
deviation from the structure of an ¢-volcano in the A € {—3, —4} case in Proposition 4.4.1])

We study the action of Gal (@/ @) on such components in , allowing for an enumeration
of closed point equivalence classes of paths in these graphs and hence a description the CM
locus on a prime-power level Shimura curve X{((*),q as provided in . The algebraic
results of then feed into a description of the CM locus on X (N) g for general level N
coprime to D provided in §5.3] which provides Algorithm [T.3]

The ability to transition to information about the o-CM locus on X{(N) g is explained

in §5.4} in which we prove the following result:

Theorem 1.4. Suppose that x € X(?(N)/Q s a point with CM by the imaginary quadratic

order of discriminant A. Let m: XP(N),o — X (N),q denote the natural morphism.



1. If A < —4, then 7 is inert over x.
2. Suppose that A € {—3, —4}.

a) If x is a ramified point of the map XP(N),o — XP(1),p or if N < 3, then 7 is
0 /Q /Q

mert over x.

(b) Otherwise, we have

fA = —4 N)/4 f A = —4
=10 7 wmd f@ =]
3 ifA=-3 S(N)/6  if A=-3

for the ramification index and residual degree of x, respectively, with respect to .

In particular, in all cases we have that the scheme-theoretic fiber of ™ over x consists of a

single closed point.

Our work allows for a determination of all primitive residue fields and primitive degrees of o-
CM points on X’ (N) g, as discussed in . Here, by a primitive residue field (respectively,
degree) of 0-CM points on XJ’(NN) g we mean one that does not properly contain (respectively,
does not properly divide) that of another 0-CM point on the same curve. An abridged version

of the main result here is as follows, with Theorem [5.3.3| providing the complete result:

Theorem 1.5. Let o(f) denote the order of conductor f in an imaginary quadratic field K,
and let B denote the indefinite rational quaternion algebra of discriminant D. Suppose that K
splits B, and that N is a positive integer relatively prime to D, with prime-power factorization

N = (1" --- 2. Then one of the following occurs:

1. There is a unique primitive residue field L of o(f)-CM points on X (N),q, with L an
index 2, totally complex subfield of a ring class field K(H f) for some H | N.

2. There are exactly 2 primitive residue fields of such points, with one of the same form

as L in part (1) and the other being a ring class field of the form K(Cf) with C' < B.



Knowledge of all primitive degrees provides the ability to compute the least degree dy cnm (X (N))
of an 0-CM point on X (N) g for any imaginary quadratic order o. In , we discuss min-
imizing over orders o to compute the least degree doy(X§(N)) of a CM point on X (N) g,
and Proposition allows one to transition from this to computations of least degrees of
CM points on X (N) q.

A closed point x on a curve X q is said to be sporadic if there are finitely many points y
on X g with deg(y) < deg(x). We apply our least degree computations towards the existence
of sporadic CM points on X (N),q and X7’ (N),q with the following as an abridged version
of the end result (see Theorem [5.5.9)):

Theorem 1.6. Let F be the set of all 455 pairs (D, N) appearing in Tables[5.3 and[5.5 If
(D,N) & F consists of a rational quaternion discriminant D > 1 and a positive integer N
which is relatively prime to D, then X[?(N)/@ has a sporadic CM point. If we have such a
pair (D, N) with

(D,N) ¢ FU{(91,5)},

then XP(N),q has a sporadic CM point.

Our work determining residue fields of CM points on X(N),g can be viewed as a
generalization of prior work on the Diophantine arithmetic of Shimura curves via an alternate
approach (specifically work of Jordan [Jor81] and Gonzalez—Rotger [GR06] — see Theorem
2.3.6)). Of course, our results are also aimed towards better understanding the torsion of
low-dimensional abelian varieties over number fields, via restriction to a case with extra
structure. On this point, the question of which number fields admit abelian surfaces with
certain specified rational torsion subgroups is closely related to our results, just as in the
elliptic modular case. A result of Jordan (see Theorem clarifies this relationship.

Unlike the elliptic modular curves Xo(N) g, the curves X (N),q for D > 1 have no
cuspidal points. For this reason, understanding the CM points and, more generally, low
degree points on Shimura curves may be of greater interest. Additionally, while our approach
is in analogy to that of [CI23] and [CS23] in the elliptic modular case, there are interesting

deviations and difficulties arising in this work due to technical differences in the D > 1 case.



For example, fields of moduli are not necessarily fields of definition in the case of QM abelian
surfaces, as noted in Jordan’s Theorem m Further, while the field of moduli Q(z) of any
CM point € X (1) /g has a real embedding, a result of Shimura (see Theorem states
that X (1),q has no real points for D > 1. This fact is inherent in fundamental differences
between our general study and the D = 1 case. It also opens the door for the potential of
Hasse principal violations by Shimura curves, which has been a subject of significant study
(see [CI09, [CSt18, RSY05]). If one aims to study the Hasse principle for Shimura curves over
some fixed number field (respectively, over a fixed degree), then studying the CM points
rational over that field (respectively, over number fields of that degree) seems to be a natural

initial point of investigation, and so our results may be of interest in that direction.



CHAPTER 2

BACKGROUND

2.1 Shimura curves

2.1.1 Modular curves

Prior to jumping to Shimura curves in general, we mention some things about the possibly
more familiar setting of elliptic modular curves, with [DS05, §2| serving as a reference.

First, we recall the familiar action of I'(1) = SLy(Z) on the complex upper half plane
a b

H := {z € C | Im(z) > 0} via linear fractional transformations: for v = e I'(1) and
c d
z € H, we have
az+0b
cz = .
7 cz+d

For a given z € H, we have an elliptic curve E, := C/A,, where A, =< 1,z > is the rank 2
lattice in C generated by 1 and z. Homothetic lattices yield isomorphic elliptic curves, such
that any elliptic curve is isomorphic to one of this form, and moreover we have a bijective

correspondence

['(1)\H « {elliptic curves £/C}/ = .

That is, F, = E’ if and only if z = vz’ for some v € I'(1). This gives us our first instance of
a classical modular curve over C, denoted Y'(1) := I'(1)\H. The compactification X (1) :=

['(1)\H* has a single additional “cuspidal” point, which one can interpret as corresponding
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to the isomorphism class of a nodal cubic curve. Via the j-invariant, we have X (1) = P¢,
and one often refers to X (1) as the “the j-line.”

For N € Z*, we let
10
[(N):=<~vel'(1) |y= (mod N)

be the kernel of the map SLy(Z) — SLy(Z/N7Z) given by reduction modulo N . We call
H <T(1) a congruence subgroup if I'(N) < H for some N € Z*, and given such a T we
define

Yy:=H\H and Xy:=H\H".

For H < H’ congruence subgroups, we then have a natural quotient map Yy — Yy and

Xy — X of degree (JDS05, §3.1])

[H' : H]
{£I}YH' : {£I}H] = 2
[H' : H] otherwise.

if —IeH and —1 ¢ H,

In particular, we have natural maps from any Xy to the j-line X (1), and hence can consider
the fiber over any j € X(1). The points in this fiber have a moduli interpretation, corre-
sponding to isomorphism classes of elliptic curves E, with j(E) = j, equipped with extra
torsion structure which we may refer to as “H-level structure.”

For instance, the curve Yr(y) has a moduli interpretation as parametrizing triples (£, P, Q)
as follows: FE is an elliptic curve over C, and P and () are points of order N on F such that

the N-torsion F[N] of E is generated by P and @) and such that, with
EN E[N] X E[N] — UN

denoting the Weil pairing, we have ey (P, Q) = ¢*™/N ([DS05, p. 38|). In other words, this

modular curve parametrizes elliptic curves with full level-N structure in this specific sense.



We mention here two other classical families of modular curves which will be especially

relevant to us in this work: consider the congruence subgroups

b
To(N) =y er(1)[y= | (mod N) % ,and
0 d
1 b
(N):=<¢~vel(1) |y= . (mod N)

We then have the following

Proposition 2.1.1. 1. The modular curve Yo(N) = Ypr,) has Yo(N)(C) in bijective
correspondence with the set of isomorphism classes of pairs (E,C) where E is an

elliptic curve over C and C < E[N] is a cyclic subgroup of order N .

2. The modular curve Y1(N) := Ypr, (v has Y1(N)(C) in bijective correspondence with the
set of isomorphism classes of pairs (E, P) where E is an elliptic curve over C and

P € E[N] is a point of order N.

3. We have natural modular maps

[E, Pl = [E,(P)] — [E],

with deg(m) = max{@, 1} and deg(my) = (IN), where ¢ denotes the Euler totient
function and 1 denotes the Dedekind 1 function, that is the multiplicative function

defined by

¢(N):NH<1+%).

pIN
At this point, we have defined algebraic curves Yy and Xy over C associated to a
congruence subgroup H. In fact, for our families of interest we have models Yy(NV)/g and
Y1(N),q (and similarly for the compactified versions) over the rationals which preserve the

moduli interpretations mentioned above and are isomorphic to the defined complex curves

10



upon base change to C. We will work with these rational models in this work, as we aim to
study abelian varieties with torsion data over number fields. More generally, for a congruence
subgroup H with I'(V) < H, we have a model Y4 /g which in general may not be geometrically

connected, while there exists a nice model over the cyclotomic field Q((y).

2.1.2 Quaternion algebras

Our transition from elliptic modular curves to the families of Shimura curves we are studying
will involve a transition from considering the action of the split quaternion algebra M;(Q)
over Q on the upper half plane H, to considering that of an arbitrary indefinite quaternion
algebra over Q. We review here the basics we will need in quaternion arithmetic, all of which
and more can be found in the classic [Vig80] as well as in the more modern treatment [Voi21].

Throughout this section, F' will denote a field with char(F') # 2. We call an F-algebra
simple if it has no proper, non-trivial two-sided ideals. A central simple algebra over
F' is a finite dimensional associative F-algebra which is simple and has center equal to F.
A quaternion algebra over F' is a central simple algebra over F' of dimension 4. Every
quaternion algebra B over F' has a presentation B = (%b> for some a, b € F*, where <a,?b)
denotes the F-algebra with generators o and f such that ([Voi2ll Cor. 7.1.2])

a’=a, B?=0b, and aff = —fa.

The Wedderburn—Artin Theorem ([Wed08| [Art26], see also [Voi2l, Thm. 7.3.10]) gives
that any central simple algebra over F' is isomorphic to a matrix algebra over a division
ring, and so in the dimension 4 case it is forced that a quaternion algebra over F' is either
isomorphic to My(F) or is itself a division algebra. As an example, in the case of F' = R there

are exactly two quaternion algebras over R up to isomorphism: we have the split quaternion

—-1,-1
algebra Ms(R), and the Hamilton quaternions ( ]i% )

11



For B a quaternion algebra over F', we have a unique anti-involution oo — @ on B such

b
that aa € F for all o € B. Concretely, if B = (%), then

r+ya+z0+wap =x—ya— z3 —wap.
We define the reduced norm on B to be the map

nrd :B — F

o — Q.

The quaternion algebras relevant to our study will all be over Q, so let us specify to the

case of F' a number field. For v a place of F', let F, denote the completion of I’ at v and let
B, :=B®p F,.

We say that B is split at v if B, = Ms(F,), and we say that B is ramified at v if B, is a
division algebra over F,. The set Ram(B) of places at which B is ramified is finite and of

even cardinality, and we define the discriminant of B to be the product of all these places:

disc(B) := H v.
vERam(DB)
Two quaternion algebras B and B’ over F are isomorphic if and only if disc(B) = disc(B’).
We will let Bp denote the quaternion algebra over F' of discriminant D, when F' is understood
from context.

Specifying to the case F' = Q, we will call B over Q definite if it is ramified at oo, i.e., if

-1,-1
B R = ’

12



and we will call B indefinite if it is split at oo, i.e., if
B ®¢ R = My(R).
We then have the following bijections:

indefinite quaternion ~ even cardinality sets of
{ algebras over Q } / - {rational prime numbers }7 and

Clebras over © 1 / = > {iabional prime mumbers 1
where in each case the isomorphism class of the quaternion algebra Bp corresponds to the
set of finite primes dividing D.

An order of a Q-algebra B of finite dimension is a lattice in B (that is, a full-rank
Z-submodule of B) which is a subring of B. A maximal order is one which is maximal
with respect to containment, i.e., is not properly contained in another order. There exists a
maximal order in every such B, and moreover every order in B is contained in a maximal
order [Voi2ll, Prop. 15.5.2].

We also define an Eichler order to be an order in B which is the intersection of two
maximal orders. If O’ is an Eichler order contained in a maximal order O, then the quantity
(O : O] is independent of the choice of O containing O’ and we refer to it as the level of
O’ ([Voi2ll §23.4.19]). A maximal order is then an Eichler order of level 1. In the theory of
Shimura curves, Eichler orders serve the purpose of providing certain level structure. That
said, we will work almost exclusively with maximal orders in this work, and will only refer
to Eichler orders in commenting on how our approach to level structure compares to an

alternate approach (see Remark [2.3.7)).

Example 2.1.2. The order M5(Z) in the split quaternion algebra M>(Q) is a maximal order,

and in fact any maximal order in M5(Q) is conjugate to My(Z). For every N € Z™, the order

a b
On:=R7v€EMZ)|~= (mod N)

13



is an Fichler order of level N.

2.1.3 Shimura curves

For the remainder of this work, we will let B denote the indefinite quaternion algebra of
discriminant D over Q, and will fix a maximal order O in B. As B is indefinite, i.e., split at

the infinite place, we have an isomorphism

We will also fix, using the terminology of [Voi21, §43.1], a principal polarization on O. By

this, we mean an element p € O satisfying p? + D = 0, which induces the involution
o = p ap

on O.

We start by defining the moduli spaces we are considering, and discussing the moduli
interpretations of those families of particular interest to us in this study. The main source
here is the foundational work of Shimura [Sh67]. Let O' denote the units of reduced norm 1 in
O, which we realize as embedded in SLy(R) via U. The subgroup I'°(1) := ¥(O') C SLy(R)
is discrete, and is cocompact if and only if D > 1. Via the action of this subgroup on the

upper-half plane H we define over C the Shimura curve
XP(1) = Xprogy := DP(1)\H.

In the D =1 case of B = M,(Q), we have that I''(1) is conjugate to SLy(Z) and recover the
elliptic modular setting; X*(1) 2 Y(1) 2 AL. For D > 1, we have that X”(1) is a compact
Riemann surface. For any » € H, we get a rank 4 lattice A, via the action of O on (1, 2) € C?

via the embedding W above:
A, :=0-(1,z) CC%.
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From this we obtain a complex torus
A, =C*(0-(1,2))

of dimension 2, which comes equipped with an O-action ¢, : O < End(A,). We require some
rigidification data, namely a Riemann form, in order to recognize A, as an abelian surface.
It turns out that we always obtain such data in this setting; there is a unique principal
polarization A, , on A, such that the Rosati invoution on End”(A) := End(A) ® Q agrees

with the involution induced by our polarization p on (Q) [Voi2ll, Lemma 43.6.23].

Definition 2.1.3. An (O, 1)-QM abelian surface over F' is a triple (A, ¢, A) consisting of
an abelian surface A over F', an embedding ¢ : O < End(A) which we will refer to as the
quaternionic multiplication (QM) structure, and a polarization A on A such that the

following diagram is commutative

B —— End"(A)

ool

B —— End’(4)
where T denotes the Rosati involution corresponding to A.

With this definition, we have moreover that X (1) is the coarse moduli space of (O, 1)—QM
abelian surfaces over C, with the association z — [(A.,¢:, A;,)] [Voi2l, Main Theorem

43.6.14].

Remark 2.1.4. For an abelian variety A over a field F', by End(A) we mean the ring of
endomorphisms defined over the base field F'. For an extension F' C L, we set A/ :=
A ®gpecr SpecL and put

Endy(A) := End(A)L).

More generally, if ' < T'P(1) C SLy(R) has finite index in I'P(1), we can consider the

curve Xp = I'\H, and for I” < T there is a corresponding covering of curves X — Xr.
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Our focus will be on the families of Shimura curves X (N) and XP(N), for N a positive
integer with ged(D, N) = 1, with XP(1) = XP(1) = XP(1) being a special case of each. In
these cases, a substantial result of Shimura [Sh67, Main Theorem I| concerning models of
Shimura curves in provides that we have canonical rational models X{’(N) g and X{(N) q.
That is, such that

XP(N) g Especq SpecC = XP(N)

and simiarly for X{’(N) q.

Following the careful exposition of [Buz97], let

R:= lim Z]/mZ
ged(m,D)=1
and fix an isomorphism k : O ®z R — My(R). This map k induces, for m relatively prime
to D, a map
U : O RZL — Gly (Z)mZ) .

The curve XP(N) can then be described as the Shimura curve corresponding to the compact,

open subgroup

a b ~
Uy € Gh(Z/NZ) | c=0 <0 ®zZ.
c d
Equivalently, fixing a level N Eichler order Oy in B, the curve X,(N) can be described, in
the manner mentioned above, as that associated to the arithmetic group of units of reduced
norm 1 in Oy. The Shimura curve XP(N) is that corresponding to the compact, open

subgroup

a b ~
uy € GLL(Z/NZ) |c=0and d =1 <0 ®zZ,
c d

For N coprime to our quaternion discriminant D, the notion of “level N-structure” is
group-theoretically just as in the elliptic modular case. In particular, we have a natural

modular covering map X{(N) — XP(N) which is an isomorphism for N < 2, and has
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degree ¢(IN)/2 for N > 3. We continue to assume that N and D are coprime through this

study. We now provide moduli interpretations for these families of Shimura curves as in

[CI03, §0.3.2].

Definition 2.1.5. Suppose that (A,¢, A) and (A',J, ') are (O, u)-QM abelian surfaces over
F, we will call an isogeny ¢ : A — A’ of the underlying abelian surfaces a QM-cyclic

N-isogeny if it respects the polarizations and both of the following hold:

e The isogeny ¢ is QM-equivariant. That is, for all a € O we have

/(@) o = poua)

e The kernel ker(y) is a cyclic O-module, with underlying Z-module structure

ker(p) 2 Z/NZ x Z/NZ.

Proposition 2.1.6. Let D be a rational quaternion discriminant and N € Z*1 coprime to
D. The Shimura curve XP(N) is the coarse moduli space for any of the following moduli

problems:

1. tuples (A, 1, N\, Q), where (A,t,\)/C is an (O, u)-QM abelian surface and Q@ < A[N] is
an order N? subgroup of the N-torsion subgroup of A which is stable under the action

of O.
2. QM-cyclic N-isogenies ¢ : (A, 1, \) = (A, /', N) of (O, n)-QM abelian surfaces.
The curve XP(N) is in general the coarse moduli space for the following moduli problem.:

triples (A, 1, A\, P), where (A,1,\)/C is a QM abelian surface and P € A[N] is a point of
order N.

Because these interpretations hold for any choice of principal polarization p of O, and
because a principal polarization A on a pair (A, () is canonically determined from a fixed p,

moving forward we will suppress polarizations and refer simply to QM abelian surfaces (A, ¢).
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It is important to recognize that rigidification is lurking in the background, though, as it is

essential in the initial formulation of our moduli problem.

Remark 2.1.7. Letting Oy denote an Eichler order of level N in B, the curve XP(N) has
the equivalent interpretation of parametrizing pairs (A, ¢) where A/C is a QM abelian surface
and ¢ : Oy — End(A). That said, interpretations (1) and (2) in Proposition will be
the primary ones used in our study (see Remark for related comments). Thus, we will
mainly speak of QM by maximal quaternion orders, and it will benefit us to spell out the
connection between interpretations (1) and (2) here. Let (A, ¢) be a QM abelian surface. The
N-torsion of A is acted on by ¢(O), and the corresponding representation factors through

O ®y Z/NZ = My(Z/NZ). The resulting map must then be equivalent to

My(Z/NZ) —— End(A[N]) & My(Z/NZ)

a 0 b 0

a b 0 a 0 b
E—

c d c 0 d 0

0 c 0 d

This can be viewed as a case of Morita equivalence, but it is worth being explicit here: let e

and ey denote the standard idempotents in My(Z/NZ),

€1 = ) €2 =

We then have A[N] = e1(A[N]) @ e2(A[N]), and Ms(Z/NZ) acts on this direct sum in
precisely the way noted by the above map.

Any proper, nontrivial, O-stable subgroup @ < A[N]| must then have order N? (this
justifies our definition of QM-cyclic isogenies, along with the equivalence of the moduli

interpretations presented above). Further, such a subgroup @ is determined by the cyclic
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order N subgroup of A[N]: we have Q = e1(Q) ® e3(Q) where each summand is cyclic of
order N, and conversely @ = O - ¢;(Q) for i =1, 2.

For our applications in §5.5] the genera of our Shimura curves of interest will be of use. The
derivation of the following formula for the genus of X (N) can be found in many locations,

such as [Voi2l, Thm. 39.4.20]:
Proposition 2.1.8.

g(X(’)D(N)) — 14 P(D)(N) B e1(D,N) B e3(D, N)

12 A 3 ,
where
e(D, N) = H (1_(_?4>)pHN<1+<_74)> if4fN
X if 4| N
&(D, N) = H(l‘(_?g»g(l%‘f’)) iFOtN
" if9| N

are the numbers of elliptic Z[\/—1]-CM and elliptic Z [#]-CM points on X (N)q,

respectively.

In the D > 1 case, a formula for the curve attached to a general finite index subgroup

[' < TP(1) seems harder to find in the literature, so we provide a derivation here:

Proposition 2.1.9. Let D > 1 be an indefinite rational quaternion discriminant and I' <
I'P(1) be a finite index subgroup, with = : Xr — XP(1) the natural modular map. Let
d = deg(m), and let (") and e3(I") denote the total number of elliptic points on X(I') of

order 2 and of order 3, respectively. We then have

ﬁXﬂ:1+dﬁf)_ﬁf)_@g)
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Proof. For a point P € XP(1), let ep denote the ramification index of P with respect to 7.

The Riemann—Hurwitz formula provides

29(Xr) — 2 = d2g(X°(1)) =2+ 3 (ep—1).
PexD(1)
We know that P is unramified with respect to m, that is, ep = 1, unless possibly if P is an
elliptic point on XP(1). For an elliptic point P on XP(1), we have ep = 1 exactly if the

points on Xr lying over P remain elliptic, and ep € {2,3} otherwise. We then have

S (ep—1)= d- e (D, ;) —a) 2(d.€3(D,31) — (D)

PexP(1)

Hence, we find

29(Xr) — 2 = d(29(XP(1)) —2) + L (D, ;) —al) | 2d 63(D,31) — ()
_dé(D) d-e(l)  2d-e(T)

6 2 3 ’

which provides the stated equality. O

Example 2.1.10. Consider the case of I' = TP (N). Here, the degree of the map XP(N) —
XP(1) is d = 9(N). Let v; and v denote, respectively, the number of order 2 and order 3

elliptic points on X lying over a given elliptic point of the same order on XP” (1)E| We then

6611((%%) and v3 = 22N and. for a fixed elliptic point Q on X (1),

have v; = 3(D.1)

'd—l/l
2

if () is elliptic of order 2,

> (ep—-1)=

Per@ 2(d — vs)

\ 3

if @) is elliptic of order 3.

With this, we recover the stated formula of Proposition [2.1.8]

!The quantities ; and v3 are well defined here; each of the €, fibers of 7 above elliptic points of order h = 1
and h = 3 are isomorphic via Atkin-Lehner involutions wj, for primes p | D which are inert in, respectively,

Q(i) and Q(v/3).
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Example 2.1.11. Let I' = TP (N) be the congruence subgroup corresponding to the Shimura
curve XP(N). For N < 2, we have XP(N) = XP(N), such that Proposition applies.
For N > 3, this curve has no elliptic points, so €;(I'P(N)) = e3(T'P(N)) = 0, and the degree

N)Y(N
of the natural map XP(N) — XP(1)is d = % We then find

g(XP(N)) =1+

More generally, for any I" with Xt having no elliptic points we note that

2.2 Complex multiplication

2.2.1 Elliptic curves and complex multiplication

Let K be number field and let 0 be an order in K, i.e., a finite index subring of the full ring of
integers oy in K Letting f = [0k : 0] denote this index, and letting A and Ak, respectively,

denote the discriminants of 0 and of 0k, we have the relation
A= f?Ag.

By a fractional o-ideal, we mean a subset of K which is nonzero and is finitely generated
as an o-module, from which it follows that it is of the form «a for some o« € K* and some
o-ideal a in K.

We let I(0) denote the group of invertible fractional o-ideals in K under multiplication
of ideals. This commutative group has as a subgroup the group P(o0) of principal o-ideals in

K, and we define the Picard group of o to be

Pic(o) := I(0)/P(0).
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The class number of the order o is the size h(0) := |Pic(0)| of this finite group. By the
existence theorem of global class field theory, there is a canonical finite abelian extension
K(0)/K such that

Gal(K(f)/K) = Pic(o).

We call K (o) the ring class field of 0. The case of H = K(0y) recovers the Hilbert class
field of K, by which we mean that maximal unramified abelian extension of K. If o C o’ are
orders in K, then this inclusion induces an inclusion K (o’) C K (o) in the reverse direction,
and a surjection Pic(o) — Pic(0’) corresponding to the map a — a - o’ on fractional ideals.
We now restrict to the case of K an imaginary quadratic field. Here, the study of orders
in K is relatively simple: an order o in K is uniquely determined up to isomorphism not only

by its discriminant but also by its conductor § := [0k : 0], with

o(f) i= Z + fox

providing the order of conductor f for any f € Z*. In this setting, we will use the notation
K(f) := K(o(f)) to denote the ring class field of the order of conductor f. We also have
alternate descriptions of the class group in this setting, and the following interpretation in
particular will be useful to us. For K an imaginary quadratic field, denote by Ik (f) < I(ok)
the subgroup generated by ox-ideals prime to f, and let Pgz(f) < Ix(f) be the subgroup
generated by principal ideals of the form « - 0x where a € o0y satisfies « = a (mod §- ox)

for some a € Z relatively prime to f. We then have the following [Cox13, Prop. 7.22]:

Proposition 2.2.1. Let K be an tmaginary quadratic field. There is then a natural isomor-

phism

Pic(o(f)) = Ix(f)/ Pk z(f)

a—a-0g,
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Let wgi denote the number of units in 0x. Concretely:

;

2 it A< —4

Wk =#0g =<4 ifA=—4

6 ifA=-3,

\

The following proposition and its corollary provide explicit relative class number formulae

for imaginary quadratic orders (see [Cox13| Cor. 7.28]):

Proposition 2.2.2. For a fized imaginary quadratic field K, let 9(f) := [K(f) : K(1)]. We

then have

1 iff=1
o(f) = § 2f

1—1—)- otherwise.
WKIE_H[ 14 14
In particular, this function 0 is multiplicative if and only if Ax < —4.

Corollary 2.2.3. Let K be an imaginary quadratic field, let f € Z*, and let ¢ denote a prime

number.

1. If *Ax = =3, then

£l jfi=1 (mod 3)
[K(f): K] =41 if 0 =3

1 if¢=2 (mod 3).

2. If PAx = —4, then

T
L

if¢=1 (mod 4)

=
—~
N
=
=
—~
=
|
—_

if 6 =2

Bl yfr=3 (mod 4).
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3. If fPAx < —4, then

-1 () -1
[K(F) : K(f)] = 4 ¢ if (B2) =0
e+l (Fox) = —1.

Imaginary quadratic fields are notable in that class field theory is made explicit over these
fields via the theory of complex multiplication, or CM for short. For F = C/A an elliptic
curve over C, we say that E has complex multiplication, and may refer to F as a CM
elliptic curve, if

Z C End(FE) ={aeC|aA C A}

In this case, we have End(F) = o for an imaginary quadratic order o = o(f) in some
imaginary quadratic field K. In this case, we will say that £ has K-CM, or that F has 0-CM
or f?Ag-CM if we want to specify the order by which we have complex multiplication. If E,p
is an elliptic curve over a number field F' with E/¢c = E/r ®specr SpecC having 0-CM, then we
say that F,p has potential CM by o. We further say that E,p has 0o-CM if End(E/r) = o.

The set of 0-CM elliptic curves over C is in bijective correspondence with Pic(0), and in
fact is a torsor under Pic(o) ([Cox13, Cor. 10.20]). Moreover, we have the following result

(|[Cox13l Thm. 11.1]):

Theorem 2.2.4. Fix an imaginary quadratic field K and f € Z*. If E is an elliptic curve
with o(f)-CM, then

where j(E) denotes the j-invariant of E.
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2.2.2 CM points on Shimura curves

Let B be a quaternion algebra over Q with O a fixed maximal order, and suppose that (A, )

is a QM abelian surface over a number field F' such that

1%

End’(A) =~ B.
If A is non-simple, such that A ~ E; x E, is isogenous (over an algebraic closure F of F) to
a product of elliptic curves, then it must be the case that F; and E, are isogenous elliptic

curves with complex multiplication (CM); we have

End(F Hom(F,, E
End(E; x E) = (24) (B2 )
Hom(El, EQ) End(Eg)

and note that B embeds in End’(E, x E,) if and only if £, and E; have CM by a common
imaginary quadratic field K which splits B. In this case, then, we have A ~ E? where E is
a K-CM elliptic curve and

B ®q K = My(K).

In this case in which A is non-simple, we refer to (A4,:) as a QM abelian surface with
CM and we call the corresponding point [(A,:)] € XP(1) a CM point. We call a point z
on XP(D) or XP(N) a CM point if it lies in the fiber over a CM point on X?(1) under the

natural modular map.

If (A,¢) has K-CM, then the ring
Endqum(A) :={¢ € End(A) | t(a) 0o o = p o (a) for all a« € O}

of QM-equivariant endomorphisms of A is an imaginary quadratic order in K. This exactly

means that we have some § € Z* such that

Endqu(4) = off),
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where o(f) denotes the unique order of conductor § in K. We will call this f the central
conductor of (4, ). We will refer to [(A,:)] € XP(1), or to any point in the fiber over [A, (]
under some covering of Shimura curves X — X7 (1), as an o(f)-CM point or an A x-CM
point when we wish to make the CM order clear.

This indeed generalizes the notion of CM points on classical elliptic modular curves: a
CM point on a Shimura curve is exactly one that lies in the fiber over a CM point on X?(1),
which is our analogue of the j-line for D > 1 (and is exactly Y (1) when D = 1). That said,
we find it important to note that this is not the only notion of a CM order attached to a
QM abelian surface with CM that exists in the literature, and we expand on this point in

Remark 2.3.7

2.3 Fields of moduli

2.3.1 Beginning notions

The notion of a field of moduli originates in work of Matsusaka [Mat58| in the context of
polarized varieties, which was followed by a further treatment for polarized abelian varieties
given by Shimura [Sh59]. The context in which one may define fields of moduli was later
carefully formalized by Koizumi with the notion of FM-systems and FM-structures [Koi72],
though we will be less formal about the notion until the next section in which we carefully
define fields of moduli for our objects of interest, QM abelian surfaces and QM-cyclic isogenies
thereof.

Roughly, if we fix a field K and a separable closure K*®, then for an algebraic structure

X/K*®P, the field of moduli Kx of X (relative to K) is the field fixed by
Hyx :={0 € Awt(K*?/K) | X° = X}.
The field of moduli of X is then characterized by the property that X7 = X if and only if

the restriction oy, of o to Kx is the identity map. We say that a field L C K% is a field
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of definition for X if there exists some X'/L such that
X' ®gpecr, SpecK*P = X

For any field of definition L of X, we then necessarily have Kx C L. The field of moduli

need not itself be a field of definition, however.

Example 2.3.1. Consider the genus 2 hyperelliptic curve X/C given by an affine model of
the form:

Xy =2+ a2’ + ba' + 2° — o (b)2® + o(a)z — 1.

where 0 € Gal(C/R) denotes complex conjugation. Let ¢ : (z,y) — (z,—y) denote the
hyperelliptic involution on X. If f € Aut(X), then the induced map f on the quotient
X /(1) = P{ must send branch points to branch points. If a,b € C are chosen generically
enough, it follows that the only branch-point preserving map on the quotient is trivial and
thus that Aut(X) = {idy,¢}. If X had a field of definition F' C C, then this automorphism
group would be larger (with Aut(C/F) — Aut(X)), so C must be the minimal field of
definition in this case.

We have an affine model
X7y =2+ o(a)r® + o(b)a* + 2 — ba® 4+ ax — 1,
and an isomorphism X = X7 induced by the birational map

f: X--X°

(ZE, y) — <_$_17 ix_gy)'

The field of moduli of X relative to R is therefore Ry = R. In this case, then, X does not
have a model over its field of moduli. (This example is [amn]. See [Pol7, Exc. 4.1] and [Sh72]

p. 177] for more general classes of examples of the same type.)
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Related to Example [2.3.1] Huggins determined a sufficient condition for a hyperelliptic
curve to be defined over its field of moduli [HO6, Thm. 4.1.2]:

Theorem 2.3.2 (Huggins). Let X be a hyperelliptic curve given by the affine model y* = f(x)
over K, where char(K) # 2. Let ¢ : (z,y) v (x,—y) denote the hyperelliptic involution on
X. If Aut(X) /(1) is not cyclic, then X is defined over its field of moduli Kx relative to K.

Generalizing work of Matsusaka and Shimura to more general structures and characteris-
tics, Koizumi proved sufficient conditions for a structure to have a well-defined field of moduli
and for a structure to have a field of definition which is a finite separable extension of its field
of moduli, which apply for example to polarized curves and to polarized abelian varieties
[Koi72, Thm. 2.2|. He also proved that, for char(K') # 2, if X is a polarized abelian variety
or a complete non-singular curve, then Ky can be characterized as the intersection of all
fields of definition of structures isomorphic to X (|[Koi72, Cor 3.2.2]).

When there exists a moduli space Y/K parametrizing our algebraic structures of interest,
the field of moduli of such a structure X/K also has the characterization as the residue field
of the corresponding point & = [X] € Y. A first example here is the j-line Y = Y(1) q,
parametrizing elliptic curves (which have a canonical polarization, so this is the dimension
1 case of polarized abelian varieties). For x € Y (1),g, we have a model inducing z defined
over its field of moduli; the residue field of z is Y (1) ,g(z) = Q(j(E)) for some E/Q(j(F))
inducing z, as £° = E if and only if j(£)? = j(E?) = j(E). For this reason, one often
does not encounter discussion about the field of moduli versus fields of definition for elliptic
curves (or in the more general context of elliptic curves with level structure, by celebrated
work of Deligne-Rapoport [DR73), §4]). The analogous statement does not hold for X7 (1)

when D > 1, prompting the present discussion.

2.3.2 The field of moduli of a QM-cyclic isogeny

We start by spelling out the notions we have just laid out in the specific context of interest
in this work. The field of moduli of a QM abelian surface (A, :) defined over Q is the fixed
field of those automorphisms o € Gal (Q/Q) such that (4,:)7 := (A7,.7) is isomorphic to
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(A, 1) over Q. Here, A” is defined as the fiber product A Qspecd SpecQ over o:

A7 ——— A

| |

SpecQ —Z— SpecQ ,

and (7 is defined via the action of 0 on endomorphisms of A. By an isomorphism of QM abelian
surfaces, we mean an isomorphism of abelian surfaces A = A which is QM-equivariant.
Equivalently, the field of moduli of (A, ) is the residue field Q(x) of the corresponding point
z = [(A,1)] on XP(1) 0.

More generally, for a QM-cyclic isogeny ¢ : (A, 1) — (A’,¢') defined over Q, the field of

moduli of ¢ is the fixed field of

(A7 L> - (A/7 L/) commutes, and the
H((,O) =< o0 € Gal (Q/Q) la la Veigig;?érrélﬁﬁinasre

(A7,07) =7 (). (0))
In other words, it is the minimal field over which ¢ is isomorphic to all of its Galois conjugates.
Equivalently, it is the residue field of the corresponding point [¢] on X (N) q.

We call a field F' a field of definition for a QM-cyclic isogeny ¢ as above, or say that
¢ is defined or rational over F, if ¢ and both (A, ) and (A,:) can be given by equations
defined over F'. By this, we mean that we have ¢’ so that ¢’ @ C = ¢. It follows that if
x € XP(N)q corresponds to the class of o, then any field of definition for ¢ contains the
field of moduli Q(x).

In the analogous case of points on the elliptic modular curves X(N),@ and X;(N),q,
fields of moduli are always fields of definition and hence are minimal fields of definition. More
generally, a result of Shimura states that a generic principally polarized abelian variety of
odd dimension is rational over its field of moduli [Sh72, Thm. 1|, and a result of Milne [Mil72,

Thm.| provides that any principally polarized CM abelian variety also has this propertyE]

2By a CM abelian variety here, Milne means a principally polarized abelian variety A with multiplication
by a CM field of degree 2dim(A) over Q. In particular, this implies that A is simple, and so this result does
not apply to our main objects of study: QM abelian surfaces with CM.
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It is not generally the case that fields of moduli are fields of definition for higher dimensional
(polarized) abelian varieties, though, and this is a source of difficulty and interest in the study
of their arithmetic. For instance, Shimura also proved that the generic principally polarized
even-dimension abelian variety does not have a model defined over its field of moduli [Sh72]
Thm. 2|. Particular towards our interests here, a QM abelian surface (or, more generally,
a QM-cyclic isogeny) need not be rational over its field of moduli. However, we have the

following result of Jordan [Jor81, Thm. 2.1.3|:

Theorem 2.3.3 (Jordan). Suppose that (A,1)/Q is a QM abelian surface with QM by B
and with Autqm(A) = {£1} (equivalently, (A, 1) does not have CM by A € {—3,—4}). Let
z=[(A,1)] € XP(1) g be the corresponding point. Then a field L containing Q(z) is a field of
definition for (A, ) if and only if it splits B, by which we mean if and only if B&g L = My(L).

If L is a field of definition for (A, ¢), then the QM action on the holomorphic 1-forms of
A/L yields a map B — Ms(L), so L must be a splitting field. The harder direction is the

sufficiency, which Jordan accomplishes via a descent argument using Weil’s descent criterion.

2.3.3 The CM case

Our attention in this study will primarily be aimed at determining fields of moduli, particularly
in the presence of CM. We now recall prior work determining the field of moduli of a CM
point on XP(1) .

The answer begins with a result of Shimura [Sh67, Main Thm. 1|, and for this result and

the remainder of this section we fix an imaginary quadratic field K and f € Z*.

Theorem 2.3.4 (Shimura). Let x € XP(1),q be an o(f)-CM point with residue field Q(x).
Then

This tells us that in this setting there are two possibilities: either Q(x) is the ring class
field K (f), or it is an index 2 subfield thereof. In the D = 1 elliptic modular case, the latter is
always true; here we have that Q(z) = Q(j(E)) for E any o(f)-CM elliptic curve. Following
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the notation of [CI23, [CS23|, we set

Q(f) := QI (C/o())),

and refer to this field (or, often, any isomorphic field) as a rational ring class field
corresponding to o(f). For D > 1, however, we will see that it is in a sense generically the
case that Q(z) = K(f). Furthermore, while Q(f) always has a real embedding, and indeed
is the subfield of K (f) fixed by complex conjugation, for D > 1 the residue field Q(z) can
never have a real embedding by the following result of Shimura [Sh75, Thm. 0]:

Theorem 2.3.5 (Shimura). For any rational quaternion discriminant D > 1, we have

XP(1)(R) = 0.

In his thesis [Jor81l, §3|, Jordan determined exactly when the residue field of a CM point
r € XP(1) is a ring class versus an index 2 subfield of a ring class field in the case of CM
by the maximal order of K (i.e., the f = 1 case). Work of Gonzalez—Rotger allows for a
generalization of Jordan’s result to arbitrary CM orders [GROG6, §5].

To state their result, we first set the following notation: for D a rational quaternion
discriminant and K an imaginary quadratic field splitting the rational quaternion algebra B
of discriminant D, let

D(K) := H p.
o, (5)=-1
The assumption that K splits B is exactly the assumption that no prime divisor of D splits
in K. From this we see that D(K) = 1 if and only if all primes dividing D ramify in K,

while D(K) > 1 exactly when some prime dividing D is inert in K.
Theorem 2.3.6 (Jordan, Gonzalez—Rotger). Let x € XP(1),q be an o(f)-CM point.
1. If D(K) =1, then we have Q(z) = K(f).

2. Otherwise, [K(f) : Q(z)] = 2. In this case, Q(x) C K(f) is the subfield fized by

o=T1oo0, € Gal(K(f)/Q),
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where T denotes complex conjugation and o, € Gal(K(f)/K) is the automorphism

associated via the Artin map to a certain fractional ideal a of o(f) with the property that

p (Anetlua(@)

More specifically, a is such that

wp(ry (7)) = 7(x),

where wy, denotes the Atkin-Lehner involution on X (1),q corresponding to a divisor

m | D.

We reiterate that, in this result, the field Q(x) must be totally complex if and only if D > 1
by Theorem and the discussion preceding it.

Remark 2.3.7. In fact, Gonzalez—Rotger provide a generalization of Jordan’s result to all
CM points on X (N) g for squarefree N. In comparing our work to [GRO6], it is important
for the reader to note that the definition of an o-CM point on X{(N)/q that they work
with is different from ours; whereas our definition is that a CM point has 0-CM for an
imaginary quadratic order o if it lies over an 0-CM point on X (1) g, their definition is that
z € X (N),q has 0-CM if it corresponds to a normalized optimal embedding of o into an
Eichler order of level N in B. The definition used in [GRO6] provides a pleasantly uniform
result similar to Jordan’s N = 1 case, with every o(f)-CM point z € X (N) g having field
of moduli Q(z) with K - Q(x) = K(¥).

This definition used by Gonzélez—Rotger is common in the literature, appearing for exam-
ple in work of Rotger and his collaborators and also in recent work of Padarariu—Schembri
[PS22] in which the authors compute rational points on all Atkin-Lehner quotients of geo-
metrically hyperelliptic Shimura curves. A main advantage of our definition and approach,
beyond the generalization from squarefree N to all positive integers N that appears in the
present work, is that it provides not just the residue fields of CM points but a description

of the fiber of the covering X (N),q — XP”(1),g over any CM point. Additionally, as
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previously remarked, our notion is a clear generalization of that appearing in the setting of

modular curves.
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CHAPTER 3

DECOMPOSITIONS OF QM ABELIAN

SURFACES WITH CM

There are strong analogies between QM abelian surfaces and elliptic curves, earning them
the moniker of “fake elliptic curves” in the literature. Restricting to the case of a QM abelian
surface (A4,t) with CM over C, we have seen that in fact A is isogenous to a square of an
elliptic curve with CM. Through a correspondence between QM abelian surfaces with CM
and equivalance classes of certain binary quadratic forms, Shioda—Mitani [SM74] proved the

following strengthening of this fact:

Theorem 3.1 (Shioda—Mitani). If (A,:)/C is a QM abelian surface with K-CM for an
imaginary quadratic field K, then there exist K-CM elliptic curves Ey, Fy over C such that

A%JElXEQ.

The number of distinct decompositions of a given A as above is finite, resulting from
finiteness of the class number of any imaginary quadratic order in K. This theorem was
generalized to higher dimensional complex abelian varieties isogenous to a power of a CM
elliptic curve independently by Lange [La75] and Schoen [Sc92]. A generalization from C to
an arbitrary field of definition F' is a result of Kani [Kalll, Thm 2|

34



Theorem 3.2 (Kani). If A/F is an abelian variety which is F-rationally isogenous to E™,
where E/F is a CM elliptic curve, then there exist CM elliptic curves E\/F, ..., E,/F such
that we have an isomorphism

A2 E x---E,
over the base field F.

Kani in fact says more, which is relevant in the case of QM abelian surfaces with CM [Kalll
Thm 67|: fixing a K-CM elliptic curve E/F with endomorphism ring of conductor fg, there
is a bijection

F-isomorphism classes [E’] with F-isomorphism classes of abelian surfaces
E~E'" and fg/|fg A/F with A~E? and central conductor f4=fg

which sends an F-isomorphism class [F’] to the F-isomorphism class [E x E'].

In order to obtain concrete decompositions of QM abelian surfaces with CM, the remaining
task is to identify which such products of CM elliptic curves have potential quaternionic
multiplication, i.e., can be given QM structures, and to further describe the classes of QM
abelian surfaces with CM. The following result provides the number of such classes (see

[Vig80, Cor. 5.12] and [ABO4, Thm. 6.13]).

Proposition 3.3. Let K be an imaginary quadratic field splitting B, and let f € Z*. Let
b denote the number of primes dividing D that are inert in K. The number of geometric
o(f)-CM points on XP(1) is then 2° - h(o(f)), where h(o(f)) denotes the class number of the
order off).

In his thesis, Ufer touches on this topic of taking QM structures into account. In particular,
he proves the following [Uf10, Thm. 2.7.12]: with the notation of Proposition , there

exists a 2°-to-1 correspondence

{ K-CM points on X" (1)} — {K-CM elliptic curves over C} / = .

Based on the proof therein, it seems that Ufer could have said more, and so we do that here

with reference to his argument:
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Theorem 3.4. Let (A, 1)/C be a QM abelian surface with CM by o(f). There is then a unique
o(f)-CM curve E4/C, up to isomorphism, such that

A=C/o(f) x Ea.
Additionally, there is a 2°-to-1 correspondence
{O(f)-C’M points on XD(l)} — {0(f)-CM elliptic curves over C} /=

sending a point [(A, )] € XP(1) to the class of Eax.

Proof. Part (2) of the proof of [Uf10, Thm. 2.7.12| details the construction of a QM-structure
by a maximal order O in B on E x E’ for E and E’ both o(f)-CM elliptic curves. The product
E x E' with the constructed QM structure then corresponds to a CM point on X (1) with
central conductor f.

Let E, E’ be K-CM elliptic curves. Part (3) of Ufer’s proof explains that if the abelian
surface E x E' has potential quaternionic multiplication then in fact it has 2° non-isomorphic
QM structures. Put differently but equivalently to therein: let W be the group generated by
the Atkin-Lehner involutions w, on X?(1) for p | D inert in K. The group W x Pic(o(f)) then
acts simply transitively on the set of o(f)-CM points on XP(1). If [(4, )] € XP(1) is such a
point, then the action of any element w € W leaves [A] unchanged, providing the claim (this
is proved by Jordan [Jor81] in the f = 1 case, and extended to the general case by [GRO0]).
By the count of Proposition [3.3, Theorem and the fact that C/o(f) x E = C/o(f) x E’

implies £ 22 E’ the claimed result follows. O

Corollary 3.5. Let (A,1)/F be a QM abelian surface with CM by o C ox. Suppose that
K C F and that we have an F-rational isogeny A ~ E? to the square of an elliptic curve. Fix
Ey/F any elliptic curve with o-CM. There then exists an o-CM elliptic curve Es/F, unique
up to twist, such that A = Ey X Ey over F.
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Proof. Let Ey ¢ := Ey ®specr SpecC and Ajc = A®gpecr SpecC. Theorem provides that

there is a unique o(f)-CM elliptic curve Es /C such that we have an isomorphism
h:A/C—)El/CXE;

By Theorem and our assumption that K C F| the field of definition F' of (A,:) must
contain the ring class field K(f). We therefore have a model E,/F of E» over F. We may
transfer the QM structure ¢ on Ac to a QM structure ¢ on Ey ¢ x E’; via our isomorphism
h, and this descends to a QM structure on F; x Fy over F as K C F.

Currently, we have that A and F; x FEy are twists. By our assumption that A is F-
rationally isogenous to the square of an elliptic curve, Theorem [3.2] implies that there is a
unique K-CM elliptic curve E}/F such that we get an F-rational isomorphism A & E; x El,
and from Theorem [3.4]it must be the case that E} has o(f)-CM, as we can transfer the QM
structure on A to one on E; x E) via our isomorphism. By the uniqueness statement in

Theorem [3.4] we see that Es and E} become isomorphic over some extension. O
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CHAPTER 4

QM-EQUIVARIANT ISOGENY

VOLCANOES

4.1 (QM-equivariant isogenies

Our goal in the following section will be to determine the residue field of any CM point on
XP(N) sq for any N coprime to D, generalizing Theorem . A main component in accom-
plishing this in our work is the study of the structure of, and the action of automorphisms
on, components of certain isogeny graphs. Paths in these graphs of consideration will be in
correspondence with isogenies of QM abelian surfaces respecting their QM structures.

In this section, we prove facts about QM-equivariant isogenies needed in the proceeding
section. Much of what we do in both this section and the next is in strong analogy to the case
of isogenies of elliptic curves over Q studied in work of Clark and Clark—Saia [CI23], [CS23].

We provide proofs here for completeness and for clarity of said analogy.

Lemma 4.1.1. Let F' be a field of characteristic zero, and let (A, 1) be a QM abelian surface
over F which does not have CM by an order of discriminant A € {—3,—4}. For { a prime
number, the number of QM-equivariant (-isogenies emanating from (A, 1) which are F-rational,

up to isomorphism, is either 0,1,2, or £ + 1.
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Proof. Note that ¢ being prime means we are counting isomorphism classes of QM-cyclic
(-isogenies. The hypotheses on A are equivalent to our QM abelian surface having no extra
automorphisms. That is, Aut(A,¢) = {£1}. In this case, we have a bijective correspondence
between isomorphism classes of QM-equivariant ¢-isogenies and O-submodules of A[¢] of rank
1. Under this correspondence, the F-rational isogenies correspond to gg-stable submodules.

Now, with the notation of Remark , we have that e;(Q) < ey (A[N]) = (Z/(Z)* is
a cyclic subgroup of order ¢, and in this way we have a bijective correspondence between
the non-trivial proper QM-stable subgroups of A[¢] and cyclic order ¢ subgroups of e;(A[{]).
This correspondence preserves the property of being gg-stable. We have thus reduced to
the situation of the elliptic curve case, and may proceed as such: we are counting gg-stable
cyclic order ¢ subgroups of (Z/¢Z)*. The total number of cyclic order ¢ subgroups is (+1,

and if more than 2 such subgroups are fixed then gr is forced to act by scalar matrices on

(Z/0Z)°. O

4.1.1 Compositions of QM-cyclic isogenies

The following result is in analogy with [CS23, Prop 3.2].

Proposition 4.1.2. Suppose that ¢ = s 0 @1 is a QM-cyclic isogeny, where @; : (A;, 1) —
(Ait1,tiv1) s a QM-cyclic isogeny for i =1,2.

1. We have
Q(p) 2 Q1) - Q(p2).

2. If (Ag, 12) does not have CM by A € {—3,—4}, then

Q(p) = Q1) - Qlp2).
Proof. The containment of part (1) is clear. The assumption that (As, t5) does not have —3

or —4 CM is equivalent to Aut((Asg,t2)) = {£1}, and in this case the reverse containment in

part (2) follows by the same argument as in [CI23, Prop. 3.1 b)]. O
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4.1.2 Reduction to prime power degrees

First, let us say something about rationality. Let ¢ : (A,1) — (A’,¢/) be a QM-cyclic N-
isogeny which is rational over F'; where N has prime-power decomposition N = ¢{* ... 0% . If
@ is the kernel of this isogeny, then ¢ is isomorphic to the quotient (A,:) — (A/Q,¢) (the
latter pair provides a well-defined QM abelian surface as @ is stable under (), though really
we are abusing notation by referring to the QM-structure on the quotient as ¢). We have a
decompositon () = C'@® D with each of C' and D cyclic of order N, such that O-C' = O-D = Q.

This cyclic subgroup C' then decomposes as

where C; < C'is the unique subgroup of order ¢;*. Letting Q); = O - C}, each Q; is QM stable
and isomorphic to (Z/(;“7Z)>.

From the uniqueness of C; < C, and hence of the corresponding O-cyclic subgroup
Q; < Q, we get that each @; is F-rational, resulting in F-rational QM-cyclic £;*-isogenies ¢; :
(A 1) = (A/Q;,¢) for each i. On the other hand, given a collection of F-rational QM-cyclic
(7i-isogenies with kernels Q;, we get an F-rational QM-cyclic N-isogeny (A,t) — (A/Q,¢)
where QQ = @_, Q.

As for fields of moduli, more towards our needs for what follows, we have the following:

Proposition 4.1.3. Let Ny, ..., N, € Z* be pairwise coprime, let k be a field of characteristic
0, and let x € XP (1), be a closed point which does not have CM by discriminant A €
{-3,—4}. Foreach i, let m; : XP(N;) . = XP (1), be the natural map, let F; = ;' (z), and
let F be the fiber over x of m: X (N) — XP (1)), where N = Ny---N,. Then

F= Fl ®Speck(z) to ®Speck($) Fr-

Proof. This follows as in the D = 1 case of [CI23, Prop. 3.5], using that X (N) for D > 1
is a cover of XP(1) with the same corresponding subgroup of GLy(Z/NZ)/{+1} as in the
case of Xo(N) — X(1). O
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It follows that if 2 € X{(N) g is a point which does not have —3 or —4-CM and N = [],_, ¢

i=1"1

with m; : XP(N) g = XP(£]") o the natural maps, then

4.2 Volcanoes

Fixing a prime ¢, we describe in this section CM components of ¢-isogeny graphs of QM
abelian surfaces over Q. We will use the work of this section to study CM points on the
curves X’ (0*) g for a € Z* and D an arbitary indefinite rational quaternion discriminant,
in analogy to the D = 1 elliptic modular case of [CI23] [CS23].

This study, like that of [CI23, [CS23], is motivated by the foundational work on isogeny
volcanoes over finite fields by Kohel in his PhD thesis [Koh96| and by Fouquet [Fou0l] and
Fouquet—Morain [FMO02|. We also recommend, and will refer to, a more recent, expository

account of isogeny volcanoes in the finite field setting by Sutherland [Sut13].

4.2.1 QM-equivariant isogeny graphs

Fix a prime number ¢ and an imaginary quadratic field K. In [CI23]| and [CS23|, the authors
consider the multigraph with vertex set that of j-invariants of K-CM elliptic curves, and
with edges corresponding to C-isomorphism classes of cyclic (-isogenies.

Here, we seek an analog for “fake elliptic curves,” meaning QM abelian surfaces with QM
by a fixed maximal order O of the indefinite rational quaternion algebra B of discriminant

D with £+ D. We let GP denote the directed multigraph with
e vertex set consisting of C-isomorphism classes of O-QM abelian surfaces, and

e edges from vy = [(Ay, t1)] to vg = [(Ag, t2)] corresponding to C-isomorphism classes of

QM-cyclic l-isogenies ¢ : (A1, 1) — (Ag, ta).

A given vertex v has ¢ + 1 edges emanating from it, via the correspondence of QM-stable

subgroups of A;[¢] with cyclic order ¢ subgroups of e1(A4,[(]) = (Z/(Z)*.

41



Because a QM structure ¢ determines a unique principal polarization, we have dual edges
via dual isogenies as in the elliptic curve case. As long as the source vertex v; corresponds to
an isomorphism class [(A, ¢)] having only the single non-trivial automorphism [—1], we obtain
a bijection between the edges from v, to vy and those from vy to vy; in this case, outward
edges from v; are in bijective correspondence with QM-stable subgroups of A;[¢] of order ¢2.
This occurs precisely when [(A,¢)] does not have CM by discriminant A = —3 or A = —4.

Our attention will be to vertices in GP corresponding to QM abelian surfaces with CM.
For an abelian variety (A, ) with QM by O and K-CM, recall that the central conductor of
(A, 1) is defined to be the positive integer f such that Endqu(A4) = o(f) C ok.

Lemma 4.2.1. Suppose ¢ : (A,1) — (A, /) is a QM cyclic N-isogeny, with (A,1) a QM
abelian surface with K-CM. Then

1. The QM abelian surface (A’',1') also has K-CM.

2. Let § and § denote the central conductors of (A, 1) and (A’,(), respectively. Then § and
f differ by at most a factor of N. That is,

f| Nf and§ | Nf.

Proof. The argument is similar to that of the elliptic curve case. In our context, we need

only remember that we care specifically about those endomorphisms commuting with the

QM.

Consider the homomorphism

F :End(A4,:) — End(A4’, /)

Y oo .
Because ¢ is assumed to be QM-equivariant, this restricts to a homomorphism

Endgu (A4, ) — Endgu(A’, ).
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As in the argument in the elliptic curves case, the algebras of endomorphisms commuting
with the quaternionic multiplication are isomorphic by the multiple %F of the map above.
That is,

K = Endgm(4,:1) ® Q = Endgu(A’, ) @ Q.

This completes part (a). Moreover, that

1
NF : EHdQM(A, L) X Q — EHdQM(A/, L/>

is an isomorphism tells us that
N - Endgm (4, ) C Endgu (A, ),

yielding § | N f. Via the dual argument, we obtain § | N¥.
O

For an imaginary quadratic field K, we are therefore justified in defining g}-;g to be the
subgraph of GP consisting of vertices corresponding to QM abelian surfaces with K-CM. An
edge in G, corresponds to a class of QM-cyclic (-isogenies [¢ : (A, 1) — (A, /)] between
QM abelian surfaces with K-CM, and the above lemma tells us that as we move along paths
in gg,g, the central conductors of vertices met have the same prime-to-¢ part. It follows that

Gi ¢ has a decomposition

D D
Gre= || GReso

(fo,0)=1
where QI?MO denotes the subgraph of Q}%K with vertices having corresponding central conduc-
tors of the form §y¢* for some a € N.
Any edge in G 5, has vertices with corresponding central conductors § and §' satisfying
f/f' € {1,£,£7'}. Defining the level of a vertex in G, having central conductor f to be

ord,(f), we note that a directed edge can do one of three things:

e increase the level by one, in which case we will call the edge ascending,

e decrease the level by one, in which case we will call the edge descending, or
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e leave the level unchanged, in which case we will call the edge horizontal.

We will refer to ascending and descending edges collectively as vertical edges. For a
connected component of g,l?mo, we refer to the subgraph consisting of level 0 vertices and
horizontal edges between them as the surface of that component. In other words, the vertex
set of the surface consists of vertices with corresponding central conductor f,. This choice
of terminology is reflective of the fact that we cannot have an ascending isogeny starting at
level 0, and of the fact that horizontal edges can only occur between surface vertices, as the

following lemma states.

Lemma 4.2.2. Suppose that there is a horizontal edge in Q]%Z’fo connecting vertices vy and
vy. Letting §; denote the central conductor corresponding to v; for i = 1,2, we then have
f1 = fo = fo. Furthermore, the number of horizontal edges emanating from a given surface

vertezr in g;g“o is 14 (ATK), hence 1is
o 0 if £ is inert in K,
o 1 if ¢ ramified in K, and
e 2 if { is split in K.

Proof. That f; = f, is part of our definition of horizontal edges. What we must prove is that
¢ does not divide | := f; = fo.

The given edge corresponds to a QM-cyclic ¢ isogeny

@ . (Al,Ll) — (AQ,LQ),

where (A;, ¢;) has central conductor f for ¢ = 1,2. By Theorem [3.4] we have a decomposition

of these two QM abelian surfaces resulting in an isomorphic isogeny ¢ as below:

(A1, 1) — (Ag, 12)

5 i

(Ey X B}, 1) LN (Ey x Ej,19),
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where each F; and each E! is an elliptic curve with K-CM by conductor § for i = 1,2.
Restricting ¢ to F; and to E7, respectively, yields isogenies of K-CM elliptic curves

E— w(El) = F C FE, X E!
’ (4.1)
E, — §(E)) = E' C By x E),

This provides the decomposition
FEyx B~ E x E'.

The conductors of the endomorphism rings of £ and E’ must each be in the set {f, f, %f}
and must have least common multiple f. This provides that either £ or £’ must have CM
conductor f.

We now consider the corresponding isogeny of K-CM elliptic curves of conductor § from
([4.1). In doing so, [CI23, Lemma 4.1| tells us that we must have ¢ { f. There, the result is
reached using the correspondence between horizontal ¢-isogenies of o(fy)-CM elliptic curves
over C with proper o(fy)-ideals of norm ¢. This also gives us the count of horizontal isogenies
mentioned; we have the count in the elliptic curve case as in [CI23|, and from a horizontal
isogeny of elliptic curves as in (4.1)) we generate a QM-cyclic isogeny of our QM-abelian

surfaces via the QM action. O

Each surface vertex has 1 + (ATK) horizontal edges emanating from it, and therefore has
(— (ATK) descending edges to level 1 vertices. For vertices away from the surface, we have

the following:

Lemma 4.2.3. If v is a verter in Q}?MO at level L > 0. then there is one ascending vertex
from v to a vertex in level L — 1, and the remaining { edges from v are descending edges to

distinct vertices in level L + 1.

Proof. We will use the same type of counting argument one may use in the elliptic curve
case, as in [Sutl3, Lemma 6]. The action of Gal(Q/Q) on GR 15, Dreserves the level of a given

vertex, and hence preserves the notions of horizontal, ascending, and descending for edges.
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As a result, the number of ascending, respectively descending, edges out of v must be the
same as for any other vertex at level L by transitivity of this action on vertices at each level.

For L = 1, there are

<£ - (%)) Ph(o(fo)) = 2h(o(tFo))

total descending vertices from surface vertices (where b is as in Proposition . The equality
above states that this is equal to the total number of level 1 vertices, and so the edges must
all be to distinct level 1 vertices. For L > 1, the result follows inductively using the same

counting argument along with the fact that

h(o(€*f0)) = € - h(o(* o).

4.2.2 QM-equivariant isogeny volcanoes

For a prime number ¢, we define here the notion of an /-volcano. This notion for the most
part agrees with that in the existing literature, with the only caveat being that in the original
context of isogeny volcanoes over a finite field one has volcanoes of finite depth. In our case,
working over an algebraically closed field in characteristic 0 as in [CI23], [CS23|, we adjust the

definition to allow for infinite depth volcanoes.

Definition 4.2.4. Let V be a connected graph with vertices partitioned into levels
vV=||v
i>0

such that if V; = () for some d, then V; = () for all © > d. If such a d exists, we will refer
to the smallest such d as the depth of V' and to Vj for d the depth as the floor of V', and

otherwise we will say that the depth of V' is infinite.
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Fixing a prime number ¢, the graph V' with its partioning is an ¢/~-volcano if the following

properties hold:
1. Each vertex not in the floor of V' has degree ¢ 4 1, while any floor vertex has degree 1.
2. The subgraph Vj, which we call the surface, is regular of degree 0,1 or 2.

3. For 0 < i < d (colloquially: “below the surface” and “above the floor”), a vertex in
V; has one “ascending” edge to a vertex in V;_;, and ¢ “descending” edges to distinct
vertices in V;,1. This accounts for all edges of V' which are not “horizontal,” by which

we mean edges which are not between two surface vertices.

The results of the previous section have built to the following theorem, declaring that
in most cases connected components of the subgraphs Q}?MO of Q}%K earn the title of QM-
equivariant isogeny volcanoes and justifying our use of terminology regarding edges and

vertices in these subgraphs.

Theorem 4.2.5. Fiz an imaginary quadratic field K, a prime ¢ and a natural number §o with
(0,f0) =1 and f2Ax < —4. Consider the graph Q}?MO as an undirected graph by identifying
edges with their dual edges as described above. FEach connected component of this graph has

the structure of an ¢-volcano of infinite depth.

A path in Q’I[()MO refers to a finite sequence of directed edges, say ey, ...,e,, such that
the terminal vertex of e; is the initial vertex of e;,; for all 1 <7 <r — 1. In the )%AK < —4
case, because the edges in Q[D(MO all have canonical inverse edges we are justified in using the
following terminology: we call an edge backtracking if e;, is inverse to e; for some edge e;
in the path. Note that in the case of ¢ ramified in K, a path consisting of two surface edges
always is backtracking. If ¢ is split in K, a path consisting of traversing a loop at a surface
vertex any number of times does not have backtracking.

In exact analogy to [CI23, Lemma 4.2|, our definitions and the results of this section lead

us to the following correspondence:
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Lemma 4.2.6. Suppose that f2Ax < —4. We then have a bijective correspondence

Dty ogenice of QM helion sfoges it } e { " g}
In §5.1, we will describe the Galois orbits of such paths in order to describe the K-CM
locus on X (£*) via the above correspondence. For this, the following observation will be
of use: any non-backtracking length a path in Gg, for ffAx < —4 can be written as a
concatenation of paths P;, P, and P3, where P is strictly ascending, P, is strictly horizontal
and hence consists entirely of surface edges, and Pj is strictly descending, such that the

lengths of these paths (which may be 0) sum to a.

4.2.3 The field of moduli of a QM-cylic /¢ isogeny

A QM-cyclic ¢ isogeny ¢ of K-CM abelian surfaces with £ { D corresponds to an edge e in
QID(MO, say between vertices v and v’ in levels L and L', respectively. Assume that L > L/,

soeither L=L"or L =1L"+ 1.

An automorphism fixing e must fix both v and ¢/, and so by Theorems [2.3.4] and [2.3.6| we

have that either Q(¢) = K (¢Lfy), or [K(£%§) : Q()] = 2. In the latter case, there exists an

involution o € Gal(K (¢£f,)/Q) fixing v, and we know precisely when this occurs by Theorem
2.3.6| - that is, when D(K) = 1.

Assume that ffAx < —4, such that G¢, ;. has the structure of an (-volcano. (We will
deal with the case of f2Ax € {—3,—4} in the remarks leading up to Proposition ) Ife
is the unique edge between v and a vertex in level L', then e is fixed by o if and only if v is.
This is the case unless L = L' = 0 and /¢ splits in K, in which case there are two edges from
v to surface vertices (which are not necessarily unique, or distinct from v). In either of these
cases, consider [(E x E' )], with E having CM by o(fy), a decomposition of our QM abelian
surface corresponding to v;. The two outward edges from v then have corresponding kernels
t(O) - Elp] and +(O) - Ep], with p a prime ideal in o(fy) of norm ¢.

We claim that, in this situation, the involution o € Gal(K (f,)/Q) fixing v cannot fix p,

and hence cannot fix our edge e. Indeed, the exact statement of Theorem says that
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o = 1o, for a certain ideal a of o(fy), so to fix e it would have to be the case that o, acts
on e and hence on v by complex conjugation. It follows from [GR06, Lemma 5.10| that this
cannot be the case, as wp(x) acts non-trivially on v. From this discussion, we reach the

following result regarding fields of moduli corresponding to our edges.

Proposition 4.2.7. Let ¢ be a QM cyclic (-isogeny corresponding to an edge e from v to v’

in G5, s above, with f§Ax < —4.
o If D(K) #1, i.e., if there is a prime p | D which is inert in K, then Q(p) = K ((Xf,).
o Suppose that D(K) = 1.

— If ¢ is a QM cyclic isogeny of QM abelian surfaces with CM by o(fo) and ¢ splits
in K, then Q(¢) = K (jo).

— Otherwise, [K (%) : Q(p)] = 2, with Q(¢) equal to the field of moduli correspond-

ing to v as described in Theorem (2.5.6.

4.3 The action of Galois on g;g&fo

We have an action of Aut(C) on QID(’“O: an automorphism ¢ maps a vertex v corresponding
to an isomorphism class of QM abelian surfaces [(A,¢)] to the vertex corresponding to
[(0(A), ()], and edges are mapped to edges via the action on the corresponding isomorphism
classes of isogenies. This action factors through Gal(Q/Q), and preserves the level of a vertex.
It follows that it also preserves the notions of ascending, descending and horizontal for paths.

For a fixed level L > 0, let QID(!’fO’ ; denote the portion of Q}?MO from the surface (level 0)

to level L:

L
D o D
GReior = || Vi € GReyo-
=0

By Theorem the action of Gal(Q/Q) on GR 5, factors through Gal(K(£f,)/Q). If
D(K) # 1, i.e., if there is some prime p | D which is inert in K, then Theorem says that

the action of this group on Vj is free. Otherwise, each vertex v in level L is fixed by some
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involution o, and the class of QM abelian surfaces corresponding to v has field of moduli
isomorphic to K (¢%f,)°.

We now fix a vertex v in level L in G, , and suppose that o € Gal(K((*f,)/Q) is an
involution fixing v, forcing D(K) = 1. In the following two sections, we provide an explicit
description of the action of ¢ on g}g’g,fm ; in all cases. First, we note here the number of

vertices at each level fixed by o.

Proposition 4.3.1. Let © € XP(1),q be an o((*fy)-CM point fized by an involution o €
Gal(K ((%)/Q). Let b denote the number of prime divisors of D which are inert in K. For

0 < L' < L, the number of vertices of QI[{),MO in level L' fixed by o is
2" #Pic(o(¥fo))[2].

Proof. By Theorem , the involution o is of the form o = 700y for some oy € Pic(o(¢Xfy)),
where 7 denotes complex conjugation. The set of vertices of g,?m at level L' has cardinality
2% - h(0(£¥f)), consisting of 2° orbits under the action of Pic(o(¢*'fy)). Each orbit is a
Pic(o(¢"'fy))-torsor, and oy yields a bijection on each.

As a result, we have that the number of level L’ vertices in a given orbit which are fixed
by o is the same as the number of elements of Pic(o(¢'f,)) fixed by 7. As shown in [CI23,
Prop 2.6], this count is equal to #Pic(o(¢*'fy))[2], as 7 acts on Pic(o(¢*'fy)) by inverting
ideals. O

Regarding this count, by [Cox13|, Prop 3.11] we have the following:
Lemma 4.3.2. Let r denote the number of distinct odd prime divisors of a fixed imaginary

quadratic discriminant A. Then Pic(oa)[2] = (Z/2Z)", where

r—1 ifA=1 (mod 4) or A=4 (mod 16),
=9 if A=8,12 (mod 16) or A=16 (mod 32),

r+1 ifA=0 (mod 32).
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4.4 The field of moduli of a QM-cyclic /* isogeny

Let ¢ be a QM cyclic £ isogeny of K-CM abelian surfaces inducing a A = f?Ax-CM point on
X§(£) g, with £4 D. Let P be the length a non-backtracking path in G, corresponding
to o, via Lemma for the appropriate fo € Z*. The ordered edges in P correspond to a

decomposition

SOZQOIO..'O@H‘)

where each ¢; is a QM-cyclic f-isogeny. If A < —4, then Lemma {4.1.2| provides

Q(¢) = Q1) - - Q(a),

and for f2Ax < —4 Proposition determines Q(y;) for each i. Note that if Q(p;) is a
ring class field for any 4, then Q(p) must contain K

For Ay € {—3,—4}, it is impossible to have D(K) = 1 unless D = 1, as A has only
a single prime divisor while D has at least 2. This is of course consistent with, and can
be seen from, the general fact that Shimura curves have no real points when D > 1; the
residue field of a —3-CM or —4-CM point on X (1) g must be K in this situation. By these
observations and the discussion of the Galois action in the previous section, we have the

following proposition.

Proposition 4.4.1. Let ¢ : (A,1) — (A',0) be a QM-cyclic €* isogeny. Suppose that (A, 1)
has K -CM with central conductor f4 = (*§y and that (A’,1') has central conductor fa = £%F,.

Let L = max{a,a'}. Let P be the path corresponding to ¢ in Gg ¢ ;.
o If D(K) #1, i.e., if there is a prime p | D which is inert in K, then Q(p) = K ((Xf,).
o Suppose that D(K) =1 and f2Ax < —4.

— If 0 splits in K and ¢ factors through an €-isogeny of QM abelian surfaces with
foAx-CM, then Q(¢) = K (o).
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— Suppose that we are not in the previous case. Let o € Gal(K((Lfy)/Q) be an
involution fizing the class of (A,¢) or (A',1). If o fizes the path P, then Q(y) =
K({*f0)°. Otherwise, Q(p) = K(£*f,).

We now explicitly analyze the Galois action in all cases as done in [CI23, §5.3] and |[CS23]
§4.2] in the D = 1 case. (There are additional subtleties when D =1 and faAx € {—3, —4},
handled in [CS23| in a manner we will recall.) Borrowing the notation therein, for a specified

K, fo, and ¢ we let
71, := #Pic(o(¢0)[2].

By Proposition m, the number of vertices in level L' in Q]l;“o which are fixed by an

involution o € Pic(¢Lfy) of the type we are studying is 2° - 77,

4.5 Explicit description: A < —4

In the current section, we assume fAx < —4, such that each component of g}g,% has the
structure of an ¢-volcano of infinite depth. This is in exact parallel to [CI23, §5.3|, baring
the same structure of results.

Let 0 < I/ < L, and let o € Pic(¢fy) be an involution fixing a vertex v in g}?,e,fo in level
L. In the following lemmas, we describe the action of o on Q[lgmm ;- In each case, we provide
example figures of a component of ggam (up to some finite level). In these graphs, vertices
and edges colored purple are fixed by the action of the designated involution o, while black
edges and vertices are acted on non-trivially by o. Without loss of generality based on the
symmetry of our graph components, we will always take v to be the left-most vertex in level

L in our figures.

Lemma 4.5.1. Let { > 2 be a prime which is unramified in K and fo € Z+ with faAr < —4.

Let v, L and o be as above with L > 1, and consider the action of o on

L
|_| ‘/Z g gID{7£7fO.
=0
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FEach surface vertex has two descendants fized by o in level 1. For 1 < L' < L, each fized

vertex in level L' has a unique fixed descendent in level L' + 1.

Proof. By Lemma we have 11 = 27, while 7, = 77,41 for 1 < I/ < L. The number of
edges descending from a given vertex in level L' > 1 is ¢, hence is odd, and so we immediately
see that each fixed vertex in level I/ with 1 < L’ < L must have at least one fixed descendant
in level L’ + 1, hence exactly one by our count.

The number of descending edges from a given surface vertex is either /+1 or /—1 depending
on whether £ is inert or split in K, hence is even in both cases. With our involution being of
the form o = 70y, a translated version of the argument of [CS23, Cor. 5.5| gives that each
fixed surface vertex has at least one fixed descendant in level 1. Therefore, each fixed surface

vertex must have at least two fixed descendants in level 1 by parity, giving the result. O]

Lo

Figure 4.1: ¢ = 3 inert in K with L =2

-h .I\. .h .k

Figure 4.2: ¢ = 3 split in K with L =2
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Lemma 4.5.2. Let { > 2 be a prime that ramifies in K and fo € Z% with fiAx < —4. Let

v, L and o be as above, and consider the action of o on

L
| Vi€ GRuy,
=0

Any vertex v’ in level L' with 0 < L' < L which is fized by o has ezxactly one descendant in
level L' + 1 fized by o.

Proof. Each vertex in level L' has ¢ descendants in level L' + 1. A descendant of v must
be sent to another descendant of v' by o, by virtue of v/ being fixed by o. At least one
descendant must be fixed by ¢ by the assumption that ¢ is odd. Lemma [4.3.2 gives that

T = Trr41, and so there must be exactly one fixed descendant of v'. O

Figure 4.3: ¢ = 3 ramified in K with |[Vy| =1 and L =2

Figure 4.4: ¢ = 3 ramified in K with || =2 and L =2

o4



Lemma 4.5.3. Suppose that { = 2 is unramified in K and that f2Ax # —3. Let v, L and o

be as above with L > 1, and consider the action of o on

L
|_|‘/7' g g[D(727f0‘
=0

1. Every surface vertex fized by o has a unique fized descendant in level 1.

2. Suppose L > 2. FEach vertex in level 1 which is fixed by o has all of its descendants in
levels 2 to min(L,3) fized by o.

3. Let 3 < L' < L. Ifv is a vertex in level L fixed by o, then the vertex w in level L'
which shares a neighbor in level L' — 1 with v’ is also fized by o, and exactly one of V'

and w has its two descendants in level L' + 1 fized by o.

Proof. (1) Lemma provides 71 = 79. If 2 is inert in K, then each fixed surface vertex
has three neighbors in level 1 and hence at least one must be fixed. The count then implies
exactly one of these neighbors must be fixed. If 2 splits in K, then each fixed surface vertex
has exactly one neighbor in level 1 which then must be fixed.

(2) Lemma m provides 73 = 275 and 7, = 277. As each non-surface vertex has two
immediate descendants in the next level, the claim follows.

(3) For 3 < L' < L, we have 17,,1 = 71. Let vy be a fixed vertex in level L' having a
fixed neighbor vertex in level L' — 1. By a parity argument, there must then be another fixed
vertex wy, in level L' with the same neighbor in level L' — 1 as vy,. By the count, it suffices
to show that vy, and wy, cannot both have descendants fixed by o.

Suppose to the contrary that vy, and wy.,q are o-fixed neighbors of vy, and wy/, respec-
tively, in level L' + 1. We find that this cannot be the case as in [CI23, Lemma 5.6 c|; this
would imply that we have a QM-cyclic 2*-isogeny which , upon restriction, would provide a
cyclic, real 2%-isogeny of elliptic curves with CM by A = 225%2f2A ;- This in turn implies

the existence of a primitive, proper real o(2571f)-ideal of index 16, which does not exist. [
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Figure 4.5: ¢ = 2 inert with L =4

Figure 4.6: ¢ = 2 split with L =4

In the case of ¢ = 2 ramifying in K, the discriminant of K must be of the form Ax = 4m
form =2or3 (mod 4), and so A =8 or 12 (mod 16). Hence, the discriminant of the order
0(fo) corresponding to the surface of QIDQQJO will also lie in one of these congruence classes

mod 16. Whether these components have a surface loop is answered by the following lemma.

Lemma 4.5.4. Consider a component of QI[()’QJO with 2 ramified in K. The surface Vi of this
component consists of a single vertex with a single self-loop if and only if A € {—4,—8}

and fo = 1.

Proof. This proof comes down to a simple argument about ideals of norm 2 in o(f), as in

[CI23, Lemma 5.7] O

The following lemmas therefore cover all possible cases.

Lemma 4.5.5. Let Ax = —8 and ¢ = 2, and let v, L and o be as above with L > 1. Consider

the action of o on

L
| Vi c6Rss
=0
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1. The two descendants in level 1 of the single surface vertex are fixed by o.

2. For 1 < L' < L, there are 2 vertices in level L' fized by o and they have a common

neighbor vertex in level L' — 1. One of these must have both descendants in level L' + 1

fixed by o, while the other has its direct descendants swapped by o.

Proof. There is a single vertex on the surface, as the class number of K is 1. Lemma [1.3.2]
tells us that 7 = 27y in this case, so both descendants of the surface vertex are fixed by o.

For 1 < L' < L, we have

Top1 =T =2,

so one of the fixed vertices in level L’ must have both descendants in level L' + 1 fixed by o,

while the other has its vertices swapped by o. O

Figure 4.7: fAA = —8 and ¢ = 2 with L =3

Lemma 4.5.6. Suppose that Ax = 12 (mod 16) and faAx # —4 with £ = 2. Let v, L and

o be as above with L > 1. Consider the action of o on
L
| Vi€ GRas-
i=0

1. There are two surface vertices, both fixed by o. One surface vertex, which we will

denote by vy, has both descendants in level 1 fixed by o, while the other has its level 1

descendants swapped by o.

2. If L > 2 (such that the action of o is defined at level 2), then each of the 4 vertices in

level 2 which descend from vy are fixed by o.
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3. For2 < L' < L and for a vertex v' in level L’ fized by o, let w denote the other level L'
vertex sharing a neighbor vertex in level L' — 1 with v' (which must also be fixed by o).
Exactly one of v' or w has both descendants in level L' + 1 fixed by o, while the other

vertex has its direct descendants swapped by o.

Proof. In this case the surface has two o-fixed vertices with a single edge between them. We

have

=7 and T =271

by Lemma [£.3.2] giving parts (1) and (2). For 2 < L' < L, we have
T = TL'—1,

so half of the o-fixed vertices in level L' — 1 must have both descendants in level L’ fixed by
o, while the other half have their descendants in level L’ swapped by o. That there must

be exactly one pair of fixed vertices in level L’ descending from a given fixed vertex in level

L’ — 2 follows as in part (3) of Lemma [4.5.3| O

e,

Figure 4.8: Ag # —4 with £ = 2, ordy(Ak) =2 and L =3

Lemma 4.5.7. Suppose that Ax = 8 (mod 16) with Ax < —8 and { = 2. Let v,L and o

be as above with L > 1. Consider the action of o on
L
| Vi€ GRas-
i=0

1. There are two surface vertices, both fixed by o, and all 4 vertices in level 1 are fixed by

og.
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2. For1 < L' < L and for a vertex v' in level L’ fized by o, let w denote the other level L'
vertex sharing a neighbor vertex in level L' — 1 with v'. Exactly one of v or w has both
descendants in level L' + 1 fized by o, while the other vertex has its direct descendants

swapped by o.

Proof. In this case again we have two o-fixed vertices comprising our surface. Here Lemma
gives 71 = 279, providing part (1). For 1 < L’ < L, Lemma [4.3.2] gives 7/, = 77,_1. The
same argument as in part (3) of Lemma then provides part (2). O

Figure 4.9: Ag < —8 with £ =2, ordy(Ax) =3 and L =3

4.6 Explicit description part II: A € {3, —4}

Keeping our notation from the previous section, we now assume fo = 1 and Ay € {—3, —4}.
As mentioned earlier in this section, we have D(K) # 1 if and only if D # 1 in this case.
Therefore, if D > 1 then the action of Gal(K (¢£)/Q) on Vy, is free for all L > 0. This is
wonderful news for us; while the CM fields Q() and Q(v/—3) require extra attention at other
points in this study, they cause absolutely no difficulties as far as determining the explicit
Galois action on Q[L;”m unless D = 1, which is the case handled in [CS23| §4|. There, much
care goes into defining and explicitly describing an action of complex conjugation on CM
components of isogeny graphs in these cases. We first recall the action in this D = 1 case,

and then quickly remark further on the D > 1 case for clarity.
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4.6.1 Thecase D=1

For D = 1, we may orient ourselves (via choice of vertex) such that an involution o €
Gal(K (¢*§,)/Q) fixing a vertex in level L is complex conjugation, which we denote as o =
7 € Gal(K (¢5fy) /Q(¢*fo). In this section, we handle the case of faAx € {—3, —4}, and hence
G0 is not an £ volcano due to having edges with multiplicity between levels 0 and 1. That

said, we still have the following:

e If vis a vertex at level L > 1 and e : v — w is a downward edge, then it is the only
edge from v to w, so e is real if and only if v and w are. (Because we are below the
surface, Aut £, = {£1}, so the action of complex conjugation on subgroups of FE, is

independent of the chosen R-model.)

e An upward edge e : v — w gets mapped under complex conjugation to the unique

upward edge with initial vertex 7(v), so e is real if and only if v is real.

The trickier cases are those of a surface edge and of an edge running from the (unique, real)
surface vertex vy to a real level 1 vertex. We will discuss these in detail.
For this section, we use the following convention: for all L € Z=° we mark one vertex at

level L: the one with j-invariant

g = j(C/o(L")).

In our diagrams, this is always the leftmost vertex in a given level. The lattice o(¢L) gives
rise to a particular model E; over Q(j.) = Q(¢F) and hence to a particular model over R.
These models are compatible: for all L > 1, the upward edge from j; to jr_; is realized
by the Q(jr)-rational isogeny C/o(¢%) — C/o(¢*~1). With this setup, we now provide the

explicit analysis of the action of 7 in each case:

e Suppose A = —4 and ¢ > 2. We have 7o = 1 and 7, = 2 for all L > 1. Each real
vertex v in level L > 1 has an odd number, ¢, of descendant vertices, so at least one of
these must be fixed by complex conjugation, and it follows that v has exactly one real

descendant.
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It remains to discuss the action of complex conjugation on the set of directed edges
emanating from the surface vertex vy, which corresponds to “the” elliptic curve E /¢ with
j-invariant 1728. By [CI23, Thm. 5.3|, for any real elliptic curve and any odd prime ¢,
there are exactly 2 order ¢-subgroups of E(C) stabilized by complex conjugation. When
¢ =1 (mod 4) there are two surface loops corresponding to E[p] and E[p] where p and
p are the two Z[y/—1]-ideals of norm £. These two edges are interchanged by complex
conjugation (independently of the chosen R-structure on F). So the two real edges
must be downward edges. For each real level one vertex v, there is a pair of edges from
vy to v; evidently complex conjugation stabilizes the pair, so if one is real, then both
are real. It follows that for exactly one of the two level 1 real vertices both edges from
the surface to that vertex are real, whereas for the other level 1 real vertex neither edge
is real. Which is which depends upon the chosen R-structure on vy: indeed, for each
level 1 real vertex v, the unique upward edge e : v — vy can be defined over Q(j(E,))

and hence over R; this provides an R-model for £ on which the dual isogeny is real.

If our path starts at vy and ends at level L then it is clear that the field of moduli is
K (¢Y) if the path includes a surface edge, and is isomorphic to Q(¢%) otherwise. The
harder case is if our path starts at j; with L > 1 and ascends to the surface. In this case,
when we ascend to the surface we get the real model for E given by the lattice Z[v/—1],
and in this real model it is the two edges from jj to j; that are real. The significance
of this for our counting problem is that if we start below the surface and ascend to
the surface, then there is a unique way to extend the path so that the corresponding
isogeny is fixed under complex conjugation: we take the unique edge from jy to j; that

is not the inverse of the ascending edge from j; to jg.

Thus one sees that in this case we are able to define an action of 7 on G 1, but to do

so we had to make a choice that was appropriate for our applications.
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Figure 4.10: %(ﬁ)’m, ¢ split (¢ =5, left) and inert (¢ = 3, right) up to level 2

Suppose A = —3 and ¢ > 3. As above, we have 79 = 1 and 7, = 2 for all L > 2. And
again, each real vertex v in level L > 1 has an odd number, ¢, of descendant vertices,
so v has a unique real descendant. If / =1 (mod 3) there is a pair of surface loops that
are interchanged by complex conjugation; if £ =2 (mod 3) there are no surface edges.
So by [CI23, Thm. 5.3] in either R-model of “the” elliptic curve E/c with j-invariant
0 corresponding to the surface vertex vy there are precisely 2 order ¢-subgroups stable
under complex conjugation. But this time things work out more nicely: there are three
edges from vy to each of the two real level 1 vertices, which as a set are stable under
complex conjugation. Since 3 is odd, at least one edge in each set must be fixed by 7,

hence exactly one because there are three such edges in total.

Figure 4.11: gé(ﬁ)m, ¢ split (¢ =7, left) and inert (¢ = 5, right) up to level 2
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e Suppose A = —3 and ¢ = 2. Now we have o =7, =1, 7, = 2 and 7, = 4 for all L > 3.
This means that every vertex of level L < 3 is real. For each L > 3, the real vertices
of level L can be partitioned into pairs in which each pair has a common neighbor in
level L — 1, and in each pair, exactly one of the two vertices has two real descendants
and the other vertex has no real descendants. This follows from the same argument as

in the proof of [CI23, Lemma 5.7c)].

....,/‘\ 0.0../\

Figure 4.12: %(m)’z,l up to level 4

e Suppose A = —4 and ¢ = 2. We have 1o = 7, = 1 and 7, = 2 for all L > 2. For all
L > 2, the vertex vy, corresponding to j-invariant j; is real; the other real vertex in

level L therefore must be the other descendant vertex from vy_;.

Let us now discuss the action of complex conjugation on edges. Let E,¢ be “the” elliptic
curve of j-invariant 1728. In either R-model of E, the surface loop corresponds to the
isogeny with kernel E[p], where p is the unique prime ideal of Z[y/—1] lying over 2,
which is stable under complex conjugation. If we choose the R-model of F with real
lattice Z[v/—1], then all three order 2 subgroups are stable under complex conjugation:
they can be seen quite clearly as 1 + Z[v/—1, g + Z[v/—1] and HT‘H + Z[v/—1]. So
it may seem that we have defined an action of complex conjugation on %( VDt

However, this graph cannot be used for our study of isogenies! To see why, consider
either of the two paths that starts at the vertex v; in level 1, ascends to level 0, takes

the surface loop, and then descends back down to level 1. These correspond to two

cyclic 8-iosgenies with source elliptic curve of discriminant —16. However, contrary to
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what the graph suggests, neither of these two isogenies is defined over R. Our graph is
letting us down because the surface loop, which can be realized on uniformizing lattices
as C/Z[(4] — C/(1 + (4)Z[C4] is an isogeny of real elliptic curves, but the source and
target have different R-structures. Recall that every elliptic curve E/,c with j(E) € R
has precisely two nonisomorphic R-models [Sil, Prop. V.2.2|. When j ¢ {0,1728},
these two models are just quadratic —1 twists of each other, but this is not the case
when j € {0,1728}. When j = 1728 (i.e., A = —4), for our purposes the most useful
way to distinguish between the two models is to observe that in the model C/Z[{4] all
three order 2 subgroups are real, whereas in the model C/(1 + (4)Z[(4] there is exactly
one real order 2 subgroup, generated by 14 (1+(4)Z[C4]. This means that in our length
3 paths considered above, once we take the surface loop, we arrive at an elliptic curve
over R for which the two order 2 subgroups that correspond to the 2 downward edges

from vy to v; are now interchanged by complex conjugation.

We remedy this by passing from G = Qé( /T2 O the double cover G by unwrapping
the surface loop, to get a graph that now at each level L, consists of two copies of the
vertex set of G at level L. We decree that complex conjugation acts on the second copy
of the vertex set the same way it does on the first copy. The surface edge between the
two copies of vy is real, but in the second copy the two downward edges from vy to
vy are now complex. Complex conjugation acts on all other edges in the second copy
the same as it does in the first copy (away from the surface, the action of complex

conjugation on cyclic subgroups is independent of the choice of R-model).

Figure 4.13: the double cover G of %(m) ,, up to level 3
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Remark 4.6.1.

a) In Figure , we did not draw the upward edge with initial vertex the level 1
vertex in the right hand copy of G = gQ(\/jl)7271. As far as the action of 7 on 5 is
concerned, it is clear that this edge must be fixed. However the 7-fixedness of this
edge has no elliptic curve interpretation; no nonbacktracking path starting in the
lefthand copy of G in G contains this edge. Drawing this edge as 7-fixed seems to

invite confusion, so we have not done so.

b) It’s interesting to compare G to Figure . These graphs are not isomorphic, but

their enumerations of real and complex paths are the same.

e Suppose A = —3 and ¢ = 3. We have 7, = 1 for all L > 0, so the unique real vertex in

level L is vy, corresponding to the elliptic curve C/o(3%).

There is a “more benign” analogue of the phenomenon encountered in the previous case
which is present in this case: the surface loop in this graph corresponds to the R-isogeny
C/Z[¢) — C/(1 — (3)Z][(s]. The source and target elliptic curves are isomorphic over
C but have different R-structures. Indeed, by [BCS17, Lemma 3.2|, if A; and A, are
real lattices in C, then they determine the same R-isomorphism class of elliptic curves
if and only if they are real homothetic: there is & € R* such that Ay = aA;. The two
lattices Z[(g] and (1 — (3)Z[(s] are not real homothetic: one can see this directly or use

IBCS17, Lemma 3.6a)].

So we defined an action of complex conjugation on the three downward edges with initial
vertex the surface vertex vg: one is real and two are complex. After we take the surface
loop we are now considering the action of complex conjugation on a nonisomorphic
real elliptic curve. Because of this, the principled response is to again pass from
g = Q(é( /B a1 O the double cover G obtained by unwrapping the surface loop to get a
graph that at each level L consists of two copies of the vertex set of G at level L, and

we define the action of complex conjugation in the same way as above.
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Figure 4.14: the double cover ij of G = g@(\/_—gml up to level 2

While in the previous case the change of R-structure changed the number of order £ = 2
subgroups fixed by complex conjugation, in this case ¢ = 3, so [CI23, Thm. 5.1] applies
to show that in any R-model exactly one of the three “downward” order 3 subgroups
is real. While in the previous case we needed to pass to the double cover in order to
ensure the correctness of our enumeration of real and complex paths, in this case the
enumeration of real and complex paths is the same whether we pass from G to G or

not.

4.6.2 Thecase D >1

As we have noted, the action of Gal(K (¢1)/Q) on V7, is free for all L > 0 when D > 1.
Still, we provide here example figures of components of G ¢ (up to finite level L) for each
case as reference for the reader for the path type analysis and enumeration done in §5.1] In
these cases, edges from level 0 to 1 have multiplicity, as exposited in [CS23, §3| and seen
in the previous section, due to the presence of automorphisms that do not fix kernels of
isogenies. We therefore do not have a one-to-one identification between edges and “dual”
edges in this case, and so as in the referenced study we clearly denote edges with orientation

and multiplicity between levels 0 and 1.
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Figure 4.15: f2A = —4,¢ = 2 up to level 3

oV

Figure 4.16: f2Ax = —4, ¢ split (¢ = 5, left) and inert (¢ = 3, right) up to level 2

L cnrn

Figure 4.17: f2Ax = —3,¢ = 3 up to level 2 (left) and ¢ = 2 up to level 3 (right)
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5.0

Figure 4.18: f2Ax = —3, £ split (£ = 7, left) and inert (¢ = 5, right) up to level 2
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CHAPTER 5

CM POINTS ON SHIMURA CURVES

5.1 CM points on X ((%) g

We fix (¢ a prime power with £ { D and A = A = LA, with ged(fo,¢) = 1, an
imaginary quadratic discriminant. In this section, we describe the A-CM locus on X (¢%) /Q-
To this aim, we fully classify all closed point equivalence classes, by which we mean Gal(Q/Q)
orbits, of non-backtracking, length a paths in g}g%. We record the number of classes of each
type with each possible residue field (up to isomorphism).

In the f§Ax € {—3,—4} cases, the notion of backtracking in G, has subtlety between
levels 0 and 1 that is not present in isogeny volcanoes. We address this now: traversing any
edge from a vertex v in level 0 to a vertex w in level 1 followed by the single edge from w
to v corresponds to a composition of dual isogenies, and thus is backtracking. On the other
hand, for a given isogeny ¢ corresponding to the edge e from w to v, there is a single edge
from v to w corresponding to its dual @. Therefore, traversing e followed by the other edge
(respectively, either of the two other edges) from v to w does not count as backtracking in
the case of f2Ax = —4 (respectively, f2Ar = —3).

With b denoting the number of prime divisors of D which are inert in K, we have 2°

A-CM points on X (1) g, with the fibers over each under the natural map from X (¢*) g
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to XP(1),q being isomorphic via Atkin-Lehner involutions. In all cases, we then have

D epdy = 2°deg(Xo () = X(1)) = () = 2°(6° + 71,

C(e)
where our sum is over closed-point equivalence classes C'(p) of QM-cyclic £ isogenies ¢ with
corresponding CM discriminant A.

The map X (€*),q — XP(1)q is ramified over A if and only if A € {—3,—4}. For
example, for A = —4 and ¢* = 2, we have 2°*! such classes, both having residual degree 1.
Half of these classes, corresponding to self-loop edges at the surface, have no ramification,
while each of the 2 classes C(y) corresponding to a pair of descending edges to level 1 has
e, = 2. More generally, for A € {—3, —4} and path length a, we have that a closed point
equivalence class has ramification, of index 2 or 3 in the respective cases of A = —4 and —3,
if and only if the paths in the class include a descending edge from level 0 to level 1. This
allows for a check on the classifications and counts that we provide.

If D(K) =1, then the path types showing up in our analysis of each Q’IZ%MO are exactly
those appearing in [CI23] and [CS23]. In this case, each graph G, . consists of 2° copies
of the analogous graph Gg 5, from the D = 1 elliptic modular case. Moreover, we have
shown that the action of relevant involutions on each component is identical to the action of
complex conjugation in the D = 1 case, up to symmetry of our graphs. In each place where
the isomorphism class of a residue field in the referenced D = 1 analysis is a rational ring
class field, we have in its place here some totally complex, index 2 subfield of a ring class
field as described in Theorem [2.3.6l

If at least one prime dividing D is inert in K, i.e., if D(K) > 1, then all of the residue
fields of A-CM points on X (1) g, and hence on X’ (£*) g, are ring class fields. The path
types showing up are exactly those in [CS23|, but the counts will in general differ from the
case of the previous paragraph. Specifically, a given path type in our analysis in the case
of D(K) =1 consists of m classes with corresponding residue field K (f') and n classes with

corresponding residue field an index 2 subfield of K(f') for some §f € Z* and m,n > 0.
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In the case of D(K) > 1, the same path type then consists of 2m + n classes, each with
corresponding residue field K ().

A non-backtracking length a path in Gg,; starting in level L consists of ¢ ascending
edges, followed by h horizontal edges, followed by d descending edges for some ¢, h,d > 0
with ¢ + h 4+ d = a. We denote this decomposition type of the path with the ordered triple
(¢, h,d).

5.1.1 Path type analysis: general case

We begin here by considering the portion of the path type analysis that is independent of ¢
and Ag.

I. There are classes consisting of strictly descending paths, i.e., with (¢, h,d) = (0,0, a).
If D(K) # 1, then there are 2° such classes, each with residue field K (¢f). Otherwise, there
are 2° such classes, each with corresponding residue field an index 2 subfield of K (£f).

IL. If a < L, there are classes of strictly ascending paths, i.e., with (¢, h,d) = (a,0,0).
If D(K) # 1, then there are 2° such classes, each with corresponding residue field K (f).
Otherwise, there are 2° such classes, each with corresponding residue field an index 2 subfield
of K(¥).

III. If L = 0 and (ATK) = 0, then there classes of paths with (¢, h,d) = (0,1,a — 1). If
D(K) # 1, then there are 2° such classes, each with corresponding residue field K (£¢~).
Otherwise, there are 2° such classes, each with corresponding residue field an index 2 subfield
of K(£*7).

IV.If L =0 and (ATK) = 1, then for each h with 1 < h < a there are classes of paths with
(¢, h,d) = (0,h,a — h) and residue field K (¢>~"f). There are 2°™ such classes if D(K) # 1,
and there are 2° such classes otherwise.

X.Ifa>L >1and (ATK) = 1, then there are classes of paths with (¢, h,d) = (L,a— L,0)
and residue field K (). There are 2°*! such classes if D(K) # 1, and there are 2° such classes

otherwise.

71



5.1.2 Path type analysis: ¢ > 2

Here we assume that ¢ is an odd prime.

V. If L > 2, then for each ¢ with 1 < ¢ < min{a — 1, L — 1} there are paths which
ascend at least one edge but not all the way to the surface, and then immediately descend
at least one edge, with (¢, h,d) = (¢,0,a — ¢). Each such class has corresponding residue
field K (¢max{a=2¢0}5) There are 2°(¢ — 1)¢min{ea=ct=1 guch paths if D(K) # 1, and 2°7(¢ —
1)¢minfea=ci=1 guch paths otherwise.

VI.Ifa> L+1>2and (ATK) = —1, then there are paths which ascend to the surface and
then immediately descend at least one edge, with (¢, h,d) = (L,0,a — L). If D(K') # 1, then
there are 20/m™{Ea=L} classes of such paths with corresponding residue field K (¢max{a=2L0}5),
Otherwise, there are 20=1 (¢min{la=L} — 1) classes of such paths with corresponding residue
field K (¢max{a=2L0}) "and 2° classes of such paths with corresponding residue field an index
2 subfield of K (¢max{a=2L.0kg),

VII.Ifa > L+1> 2 and (ATK) = 0, then there are paths which ascend to the surface and
then immediately descend at least one edge, with (¢, h,d) = (L,0,a— L). Each such path has
corresponding residue field K (¢m>{e=2L0}) Tf D(K) # 1, then there are 2°(¢—1)¢mn{La—-Li—1

gmin{La—L}~1 (]aq0q.

classes of such paths. Otherwise, there are 2°=1(¢ — 1)

VIII. If a > L +1 > 2 and (ATK) = 0, then there are paths which ascend to the surface,
follow one surface edge, and then possibly descend, with (¢, h,d) = (L,1,a — L — 1). If
D(K) # 1, then there are 20¢™n{L-a=L=1} classes of such paths with corresponding residue field
K (gmax{a=2L=10}5) - Otherwise, there are 20~ (¢mintla=L=1} _ 1) classes of such paths with
corresponding residue field K (¢m>{a—2L=10}5) "and 2° classes of such paths with corresponding
residue field an index 2 subfield of K (fmax{a=2L=10}s),

IX.Ifa>L+12>2and (ATK) = 1, then there are paths which ascend to the surface
and then immediately descend at least one edge, with (¢, h,d) = (L,0,a — L). If D(K) #

1, then there are 2°(¢ — 2)¢mir{Ea—L}=1 classes of such paths with corresponding residue

field K (¢maxte=2L.0}k5)  Otherwise, there are 20=! ((¢ — 2)¢mintla=L}=1 _ 1) classes of such
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paths with corresponding residue field K (¢max{e=2L.0}5) " and 2° classes of such paths with
corresponding residue field an index 2 subfield of K (¢ma{a=2L0}y),
XI.Ifa>L+2>3and (ATK) = 1, then for each 1 < h < a — L — 1 there are paths
which ascend to the surface, traverse h edges on the surface, and then descend at least one
edge, with (¢,h,d) = (L,h,a — L — h). Each such path has corresponding residue field
K (gmaxta=2L=h0}5) " 1f D(K) # 1, then there are 20+ (¢ — 1)¢mn{la=L=h=1 classes of such

paths. Otherwise, there are 2°(¢ — 1)¢mintla=Ll=hi=1 clagges,

5.1.3 Path type analysis: { = 2, (%) #0

Here we assume that ¢ = 2 with Ay odd.
V. If L > 2, we have classes consisting of paths which ascend at least one edge but not
all the way to the surface, and then immediately descend at least one edge. We have the

following types:

V. If a > 2, then there are classes with (¢, h,d) = (1,0,a—1). If D(K) # 1, then there are
2% such classes, each with corresponding residue field K (2%72f). Otherwise, there are

2% such classes, each with corresponding residue field an index 2 subfield of K (277%f).

Vy. If L > a > 3, then there are classes with (¢, h,d) = (a — 1,0,1). If D(K) # 1, then
there are 2° such classes, each with corresponding residue field K (2272f). Otherwise,

there are 2° such classes, each with corresponding residue field an index 2 subfield of

K (297%).

Vs. If @ > L+ 1 > 4, then there are paths with (¢,h,d) = (L — 1,0,a — L + 1). If
D(K) # 1, there are 2m{a—L+1LL=1}+b=1 (lasses of such paths with corresponding
residue field K (2mexte=2L420}f) - Otherwise, there are 2° (2minte=E+1LL=1}1=2 _ 1) clagses
of such paths with corresponding residue field K (2mx{a=2L+20k) “and 20*! classes of

such paths with corresponding residue field an index 2 subfield of K (2max{a—2L+20kg),

V. For each ¢ with 2 < ¢ < min{L — 2, a — 2}, there are paths with (¢, h,d) = (¢,0,a — ¢).
Each such path has corresponding residue field K (2m@{¢=2¢0}f) " There are 2mir{e.a—ct+o-1
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equivalence classes of such paths if D(K) # 1. Otherwise, there are 2mn{ea—ci+b=2 gych

classes.

VI.Ifa>L+12>2and (ATK) = —1, there are paths that ascend to the surface and
then immediately descend at least one edge, with (¢, h,d) = (L,0,a — L). Each such class
has corresponding residue field K (2max{e=2L0k) If D(K) # 1, then there are 2min{la=Li+b
classes of such paths. Otherwise, there are 2mn{Le—L}—14b gych classes.

XI. If a > L+ 2 and (ATK) = 1, then for all 1 < h < a — L — 1 there are paths
which ascend to the surface, traverse h horizontal edges, and then descend at least once, with
(c,h,d) = (L,h,a— L—h). Each such class has corresponding residue field K (2ma{a—2L=h0}g),
If D(K) # 1, then there are 2mM{Ea=L=h}+b clagses of such paths. Otherwise, there are

gmin{La—L=h}+b=1 g ch classes.

5.1.4 Path type analysis: { = 2, ords(Ag) = 2

Here we assume that ¢ = 2 with ords(Ag) = 2.
V. If L > 2, we have classes consisting of paths which ascend at least one edge but not
all the way to the surface, and then immediately descend at least one edge. We have the

following types:

V. If a > 2, then there are classes with (¢, h,d) = (1,0,a—1). If D(K) # 1, then there are
2% such classes, each with corresponding residue field K (2%2f). Otherwise, there are

2% such classes, each with corresponding residue field an index 2 subfield of K (227%f).

Vy. If L > a > 3, then there are classes with (¢, h,d) = (a—1,0,1). If D(K) # 1, then there
are 2° classes of such paths, each with corresponding residue field K (f). Otherwise,

there are 2° classes of such paths, each with corresponding residue field an index 2

subfield of K (f).

V3. For each ¢ with 2 < ¢ < min{L — 1, a — 2}, there are paths (¢, h,d) = (¢,0,a —¢). Each
such class has corresponding residue field K (2m>{a=2¢0k) If D(K) # 1, then there are

gminfe.a—ch+b=1 clagses of such paths. Otherwise, there are 2mn{ee—ct+6=2 gych classes.
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VI. If L > 1, then we have paths which ascend to the surface and then immediately

descend at least one edge, with (¢, h,d) = (L,0,a — L). We have the following cases:

V1.

Vi,.

V.

Suppose L = 1. If D(K) # 1, then there are 2° classes of such paths, each with
corresponding residue field K (2472f). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K (272f).

Suppose @ = L + 1 > 3. If D(K) # 1, then there are 2° classes of such paths, each
with corresponding residue field K (). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K ().

Suppose @ > L + 2 > 4. If D(K) # 1, then there are 2mn{la—Li+t=1 clagses
of such paths, each with corresponding residue field K (2m@{e=2L0}f)  Otherwise,
there are 2° (Qmin{L’“*L}*z — 1) classes of such paths with corresponding residue field
K (2max{a=2L0k) and 20! classes of such paths with corresponding residue field an

index 2 subfield of K (2max{a=2L.0k5),

VIII. If a > L+1 > 2, then we have paths which ascend to the surface, and then traverse

the unique surface edge, and then possibly descend, with (¢, h,d) = (L,1,a — L — 1). We

have the following cases:

VIIIL,.

VIII,.

Suppose a = L + 1. If D(K) # 1, then there are 2° classes of such paths, each
with corresponding residue field K (f). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K(f).

Suppose a > L + 2. Each such path has corresponding residue field K (2max{e=2L=1.0}5),
If D(K) # 1, then there are 2mM{Ea=1=L1+b clagses of such paths. Otherwise, there are

gmin{La—1-L}+b-1 g ch classes.

5.1.5 Path type analysis: { = 2 ordy(Ag) = 3

Here we assume that ¢ = 2 with ords(Ag) = 3. The types of paths occurring here are the

same as in the previous section, owing to the fact that the structure of ggf’fo here is the
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same as therein. The corresponding residue field counts may differ, though, as the Galois
action differs.

V. The analysis of this type is exactly as in

VI. If L > 1, then we have paths which ascend to the surface and then immediately
descend at least one edge, with (¢, h,d) = (L,0,a — L). We have the following cases:

VI;. Suppose L = 1. If D(K) # 1, then there are 2° classes of such paths, each with
corresponding residue field K (2*%f). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K (2*%f).

VI,. Suppose a = L+ 1 > 3. If D(K) # 1, then there are 2° classes of such paths, each
with corresponding residue field K (f). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K(f).

VIz. Ifa > L+2 > 4, then each such class has corresponding residue field K (2m>{a=2L.0}f) If
D(K) # 1, then there are 2min{£-a=L}H+b=1 gych classes. Otherwise, there are 2min{Fa—Li+b

such classes.

VIII. If a > L+1 > 2, then we have paths which ascend to the surface, and then traverse
the unique surface edge, and then possibly descend, with (¢, h,d) = (L,1,a — L —1). We

have the following cases:

VIII;. Suppose a = L + 1. If D(K) # 1, then there are 2° classes of such paths, each
with corresponding residue field K (f). Otherwise, there are 2° such classes, each with

corresponding residue field an index 2 subfield of K(f).

VIII,. Suppose that a > L + 2. If D(K) # —1, then there are 2min{fa—1=Li+b clagses
of such paths, each with corresponding residue field K (2m@{e=2L=10})  Otherwise,
there are 2° (2mintbe=1=L3=1 _ 1) classes of such paths with corresponding residue field
K (2maxta=2L=10}5) "and 20%! classes with corresponding residue field an index 2 subfield

of K(2max{a—2L—1,0}f) )
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5.1.6 Primitive residue fields of CM points on X{’(¢*) q

Fixing A an imaginary quadratic discriminant and N € Z* relatively prime to D, we say

that a field F' is a primitive residue field for A-CM points on X (N)q if
e there is a A-CM point = € X (N) g with Q(z) = F, and
e there does not exists a A-CM point y € X (N),o with Q(y) = L with L C F.

The preceding path type analysis in this section allows us to determine primitive residue
fields for prime powers N = ¢*. It follows from this analysis that, In all cases, there are at
most 2 primitive residue fields, and that each primitive residue field is either a ring classes
field or an index 2 subfield of a ring class field.

The cases occurring here are in line with those in [CI123] and [CS23], though here the
primitive residue fields depend on whether D(K) = 1. In particular, if some prime dividing
D is inert in K, then all residue fields of CM points on X£(¢*) g are ring class fields and

hence there can only be one primitive residue field.

Case 1.1. Suppose (¢ = 2.

Case 1.1a. Suppose (%) # —1. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (§).

Case 1.1b. Suppose (%) = —1. If D(K) = 1, then the only primitive residue field is
an index 2 subfield of K (2f). Otherwise, the only primitive residue field is

K(2§).

Case 1.2. Suppose (* > 2, L = 0 and (%) = 1. If D(K) = 1, then the primitive residue
fields are K (f) and an index 2 subfield of K (¢*f). Otherwise, the only primitive residue field
is K(f).
Case 1.3. Suppose ¢* > 2. L. = 0 and (%) = —1. If D(K) = 1, then the only primitive
residue field is an index 2 subfield of K (£%f). Otherwise, the only primitive residue field is
K (0%).
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Case 1.4. Suppose ¢* > 2, L =0 and (%) = 0. If D(K) =1, then the only primitive residue
field is an index 2 subfield of K (¢~'f). Otherwise, the only primitive residue field is K (£*~'f).
Case 1.5. Suppose £ > 2, L > 1 and (ATK) =1

Case 1.5a. Suppose a < 2L. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (f).

Case 1.5b. Suppose a > 2L+ 1. If D(K) = 1, then the primitive residue fields are K (f)
and an index 2 subfield of K (¢~2f). Otherwise, the only primitive residue
field is K ().

Case 1.6. Suppose £ > 2, L > 1 and (ATK) =—1.

Case 1.6a. Suppose a < 2L. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (¥).

Case 1.6b. Suppose a > 2L+ 1. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (¢£272Lf). Otherwise, the only primitive residue field is
K(ga_sz).

Case 1.7. Suppose ¢ > 2, L > 1 and (ATK) = 0.

Case 1.7a. Suppose a < 2L+ 1. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (f).

Case 1.7b. Suppose a > 2L+ 2. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (¢¢~2E71f). Otherwise, the only primitive residue field
is K (022171,

Case 1.8. Suppose £ =2, >2,L > 1 and (ATK) =1

Case 1.8a. Suppose L = 1. If D(K) = 1, then the primitive residue fields are K (f) and
an index 2 subfield of K (2%f). Otherwise, the only primitive residue field is

K()-
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Case 1.8b. Suppose L > 2 and a < 2L —2. If D(K) = 1, then the only primitive residue
field is an index 2 subfield of K (f). Otherwise, the only primitive residue
field is K (f).

Case 1.8c. Suppose L > 2 and a > 2L — 1. If D(K) = 1, then the primitive residue
fields are K (f) and an index 2 subfield of K (2%72.72f). Otherwise, the only
primitive residue field is K (f).

Case 1.9 Suppose £ =2.,a > 2,L > 1 and (ATK) =—1.

Case 1.9a. Suppose L = 1. If D(K) = 1, then the primitive residue fields are K (2%~%f)
and an index 2 subfield of K (2%f). Otherwise, the only primitive residue field
is K(297%).

Case 1.9b. Suppose L > 2 and a < 2L —2. If D(K) = 1, then the only primitive residue
field is an index 2 subfield of K (f). Otherwise, the only primitive residue
field is K(f).

Case 1.9c. Suppose L > 2 and @ > 2L — 1. If D(K) # 1, then the primitive residue
fields are K (2@2x{e=2L.0}f) and an index 2 subfield of K (22~26+2f). Otherwise,
the only primitive residue field is K (2max{a=2L.0}),

Case 1.10 Suppose ¢ =2,a > 2,L > 1, (ATK) = 0 and ordy(Ag) = 2.

Case 1.10a. Suppose a < 2L. If D(K) # 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (f).

Case 1.10b. Suppose a > 2L + 1. If D(K) # 1, then the primitive residue fields are
K(2°7271) and an index 2 subfield of K(2¢72Lf). Otherwise, the only
primitive residue field is K (2272F71f).

Case 1.11 Suppose £ =2,a > 2,L > 1, (35) = 0 and ordy(Ag) = 3.

Case 1.11a. Suppose a < 2L+ 1. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (f). Otherwise, the only primitive residue field is K (§).
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Case 1.11b. Suppose a > 2L+ 2. If D(K) = 1, then the only primitive residue field is an
index 2 subfield of K (2%72L71f). Otherwise, the only primitive residue field
is K (207271,

5.1.7 Primitive degrees of CM points on X (%) q.

We say that a positive integer d is a primitive degree for A-CM points on X (N) q if
e there is a a A-CM point of degree d on XP(N) g, and
e there does not exist a A-CM point on X (N),q of degree properly dividing d.

If d is such a degree, then the residue field of a degree d point on X (N) /0 is a primitive
residue field of A-CM points on X (N),g. For N = (* a prime power, we then have from
the previous section that there are at most two primitive degrees.

While there are several cases that admit two primitive residue fields when D(K) = 1,
the only case admitting two primitive degrees is Case 1.5b. In Case 1.5b, our two primitive
residue fields are K(f) and an index 2 subfield L of K(¢*2Lf), with respective degrees
[K(§) : Q] =2h(o(f)) and [L : Q] = ¢*2Lh(o(f)). As £ is odd, we indeed have two primitive

degrees in this case.

5.2 Algebraic results on residue fields of CM points on
XP(1) g

We develop here algebraic number theoretic results on fields which arise as residue fields of
CM points on X”(1),g which will feed into our main results. In particular, a determination
of composita and tensor products of such fields will be needed in determining information
about the CM locus on X§’(N) g for general N from information at prime-power levels.
For an imaginary quadratic field K, we let K (f) denote the ring class field corresponding

to the imaginary quadratic order o(f) of conductor f in K, i.e., that of discriminant f2A .

Proposition 5.2.1. Let K denote an imaginary quadratic field of discriminant Ag.
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1. If Ag & {—3,—4}, then for any f1,fs € ZT we have

K(f1) - K(f2) = K(lem(fy, f2))-

2. Suppose Ak € {—3,—4}.
(a) For any f1,fo € Z* with ged(fy,§2) > 1, we have

K(f1) - K(f2) = K(lem(fy, f2))-

(b) If the class number of the order of discriminant f3Ax is 1, i.e., if f2Ax € S =
{-3,—4,—-12,—-16,—27}, then

K(f1) - K(f2) = K(f2)-

(c) Suppose we have positive integers f, . .., f. which are all pairwise relatively prime
and not in the S defined above. Then K(f1)--- K(f,) € K(fi--- f.), with

2L if A = —4
[K(fr-- fr) s K(f1) - K(f)] =
371 if A = —3

3. In all cases, K(f1) and K(fs) are linearly disjoint over K(ged(f1,f2))-

Proof. Part (1) is [CI23, Prop. 2.10]. We repeat the proof of part (2) here from [CS23, Prop.
2.1]:

We will use the classical description of ring class groups and ring class fields, with notation
as in §2.2.1] Let m = ged(f1,f2) and M = lem(fi,f2). By class field theory, we have
K(f1)K(f2) = K(M) if and only if

Prz(f1) N Prz(f2) = Prz(M).
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Clearly in all cases we have
Prz(f1) N Prz(f2) 2 Prz(M).

2. (a) Suppose Axg = —4 and m > 1, so the units of Zy are £1, £v/—1. Let () € Pxz(f1) N

Py 7(f2). We may choose « such that
a=a; (mod f1Zk)
and then there is u € Zy such that
ue = a5,  (mod foZg).

If w € {£1}, then the argument of Part 1 works to show that (o) € Pxz(M). After

replacing o with —a if necessary, the other case to consider is that
vV—la=a;, (mod f2Zk).

If this holds then

e — (mod mZy),
CLfl
which is manifestly false.
Next, suppose Axg = —3 and m > 1, so the units of Zy are +1, +w, +w, where

w = %:9’ As above, we may suppose that o = a;, (mod f1Zg) and « is congruent

modulo foZg to either way, or to wa;,. We then get

which is again manifestly false.
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2. (b) This is a trivial case, listed for completeness: if the order of discriminant f2Ax has class

number 1 then K(f;) = K(1) (and conversely), so K (1)K (f2) = K(1)K (f2) = K (f2)[]

2. (c) We claim that the extensions K (f;),..., K(f,) are mutually linearly disjoint over K (1):
that is,

K(f1) ®kq) - @y K(Fr) = K(f1) - - - K(fr)-

Since everything in sight is Galois, it is enough to check that (K (f1)--- K(f,—1)) N
K(f,) = K(1). The conductor of K(f;)--- K(f,—1) divides f; - - - f,_1, and the conductor
of K(f,) divides f,. Therefore, the conductor of their intersection is the unit ideal. It
follows that the intersection is contained in the Hilbert class field K (1), and hence is

equal to K(1). From this it follows that

K §): K1) KG,)] = H

and the latter expression can be evaluated using Proposition [2.2.2]

We now handle part (3). It is immediate that K(m) C K(f1) N K(fz). The case m =1
is relatively simple: here K (f;) N K (f2) has conductor dividing f; and fs, so its conductor is
the unit ideal, so K (f;) N K (f2) is contained in the Hilbert class field of K, which is the ring
class field K(1).

We therefore suppose that m > 1, and thus by part 2.(a) we have K(f;)K(f2) = K(M).

We claim the formula

(m)o(M) = (1)0(f2).

First we observe that this formula g(m)g(M) = g(f1)g(f2) holds for any multiplicative function
g : ZT — C. If we have Ax < —4 then the function 0 is multiplicative. Otherwise, 0 is
a constant multiple of a multiplicative function except for its value at 1. This justifies the

claim. The claim can be rewritten as

[K(F)K(f2) - K(m)] = [K(M) : K(m)] = [K(f) : K(m)][K(fz) : K(m)],

IThis gives rise to cases in in which K(M) 2 K (f1)K (f2): e.g., when Ay = —3 we have K(2)K (3) = K(1)
but [K(6) : K(1)] = 3.
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so K(f1) and K(fy) are linearly disjoint over K(m), and thus K(m) = K(f1) N K(f2). O

We now use Proposition to get analogues of [CI23] Prop. 2.10] and [CS23, Prop 2.2],
in which “rational ring class fields” are generalized to those index 2 subfields of rings class

fields which arise as residue fields of CM points on X (1) q.
Corollary 5.2.2. Suppose that x1 € X (N1)g and x5 € XP(N2) g are o(f)-CM points,
where o(f) is an imaginary quadratic order in K. Fori= 1,2, let f; € Z* such that

K- Q(x;) = K(i).

Let M = ged(Ny, Na) and m = lem(Ny, No), and suppose that x € XP (M) g is a point lying
above x1 and xo which is fized by an involution o € Gal(K(M)/K). Let 7 : X (M), —
XP (1), denote the natural map. Then

1. The fields Q(z1) and Q(z2) are linearly disjoint over Q(mw(x)).

2. We have

1%

Q(r1) ®g(n(z)) Qlz2) = Q(x).

3. We have
Q(21) ®qr(x)) K (22) = K ().

Proof. The ring class fields K (f;) and K (f2) are linearly disjoint over K (m) by Proposition
m That Q(x;) and Q(z5) are linearly disjoint over Q(m(x)), and that

Q) - Q1) - Qa2)] = [K () : K(21) - K (2] = [K(m) - K(f1) - K(F2)],

follow by the same type of arguments as in the specific case of rational ring class fields in
[CI123, Prop. 2.10] and [CS23, Prop 2.2|, using that K(z) = K(z1) - K(z2) = K(f1) - K(f2)
via Proposition m (note that the assumption that x is fixed by o forces fPAx < —4 unless

D =1, so this proposition applies to handle the D > 1 case).
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Part (2) now follows from the preceding remarks, combined with Proposition [5.2.1} As
for part (3), first note that the fact that Q(x) is fixed by some involution o € Gal(K (M)/K)
immediately implies that h(o(f)) > 1 (as XP(1) g has no real points). We note that the map

Q(z1) x K(z3) — K(z1) - K(x2)

(x1,22) — 1 - X9

is Q(m(z))-bilinear, and the induced map on the tensor product over Q(m(x)) must be an

isomorphism

Q(71) ®qr(a)) K(z2) = K(71) - K(229)

as the two finite Q(f)-algebras here have the same dimension. The result then follows as

K(x1) - K(z9) & K(x). O

Corollary 5.2.3. Suppose that x1,x2,...,x, are o(f)-CM points with x; € X (N;)q for

eachi=1,...,r, where o(f) is an imaginary quadratic order in K. For eachi=1,...,r, let

f; € Z* such that
K- Q(a:) = K(f).

Let M = ged(Ny, ..., N,) and m = lem(Ny,...,N,). Let m : X (M), = XP(1) 0
denote the natural map. Let S = {—3,—4,—12,—16,—27} be the set of discriminants of

imaginary quadratic orders of class number 1 with Ax € {—3,—4}.

1. Suppose that r = 2. If f; € S, then we have
K(11) @g(n(ay) K(22) = K(22) X K(22).
Now assuming 1,2 € S, if Ax < —4 or if ged(f1,f2) > 1 then

K (21) ©ggeiey) K(2) = K(M) x K(M),
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2. Suppose that Ax € {—3,—4}, that f1,..., fr € S, and that fy, ..., f. are all pairwise

relatively prime. We then have

Q1) Bg(r(e)) - - - Bn(@)) Qr) = K (1) @g(n(a)) - - - B(r(a)) K (7) = L,

with L a subfield of K(M) of index 2"~ if Ax = —4 and index 3"' if A = —3.

Proof. 1. Using part (3) of Corollary we have

(Q(21) By K (2)) Som) (Qw2) Soniay) K (2))
(Q21) @q(r(a) @(1‘2)@9@ (@) (K(%) @gay) K())
= (Q(71) Og(r(x)) Q2)) Roray) (K (2) x K(2))
(Q(z1)

D) K(2)) x (Q(21) @g(ra)) K(22)) -

)
)

The stated result then follows from another use of Corollary part (3) if Q(z)
properly embeds in the ring class field K (f;). Otherwise, Q(z;) = K(f;) for i = 1,2
and Q(m(x)) = K(f). The case of f; € S is then clear, so assume fi, f» ¢ S and at least
one of Ag < —4 or ged(fy,f2) > 1 holds. It then follows from Proposition that

K(21) ®@ger(ay) K (22) = (K(F1) @) K(f2)) x (K(21) @) K(F2))

~ K(M) x K(M).

2. This result follows similarly to the above argument using Proposition [5.2.1] once more.
Note that our assumption that the f; are relatively prime forces Q(x;) to be a ring class
field for each ¢; this assumption gives K - Q(w(z)) =2 K (1) = K as Ag € {—3,—4}, and

[a)

our Shimura curves have no real points so indeed Q(7(z)) = K.
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5.3 CM points on X' (N) g

In this section, we describe the A-CM locus on X’ (N) g for any N € Z7 relatively prime
to D and any imaginary quadratic discriminant A. For A < —4, this description is possible
using the foundations we have built thus far, specifically Propositions and [4.4.1] along
with the path type analysis in For A = Ag € {—3,—4}, however, Proposition
does not apply.

We first elaborate on the description in former case, and then provide a result for compiling
across prime powers in the case of A € {—3, —4}. Following this, we discuss primitive residue

fields and degrees of A-CM points on X (N)q.

5.3.1 Compiling across prime powers: A < —4

For a fixed prime / relatively prime to D, let A = Lf2A with ged(fo,¢) = 1 be an
imaginary quadratic discriminant. Fixing a € Z", let F' be a fiber of the natural map
XP(") g = XP(1),g over a A-CM point z € XP(1),g (recalling that there are 2° such
fibers, which are all isomorphic). We then have F' = SpecA with

A= H L% x H K (0Ff)e (5.1)
j=0 k=0

for some non-negative integers b;, ¢, where L; is an index 2 subfield of K (¢/f) for all0 < j < a.
The explicit values b; and ¢, based on ¢* and A, are determined by our path type analysis
in §5.1]

Now assume A < —4, let N denote a positive integer relatively prime to D, and let F' be
the fiber of X{(N),o — X (1) g over a A-CM point € XP(1),g. Let N = ({" --- {2 be the
prime-power factorization of N, and for each 1 < i < r let F}; be the fiber of XP(¢{")g —
XP(1) g over z. We then have

F; = SpecA;
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with each A; of the form given in (5.1]). Proposition then provides that F' = SpecA
with
A=A B - o) Ar

It follows that A is a direct sum of terms of the form
M = M, @) -+ - Oq(a) Mr,

where for each 1 < i < 7 we have that M; is isomorphic to K (¢°f), or a totally complex index
2 subfield thereof, for some 0 < j; < a;.

Let s be the number of indices 1 < i < r such that K is contained in M;, i.e., such that
M; = K(£%) is a ring class field. The results of then tell us that

L ifs=0

=
It

K6 )2 otherwise,

where L C K(£2'---#ir) is a totally complex, index 2 subfield in the s = 0 case. (Note that
(A € {—12,—-16,—27} can only occur, due to the A < —4 assumption, if j; = 0, so these

possibilities do not require special attention here.)

5.3.2 Compiling across prime powers: A € {—3, —4}

Here, we determine how to compile residue field information across prime-power level for
A € {-3,—4}. We begin with a result in the D = 1 situation, wherein more work is required
due to the fact that residue fields of —3 and —4-CM points on Xy(V) g do not always contain
the CM field K.

Proposition 5.3.1. Suppose that ¢ : E — E' is a cyclic N-isogeny of K-CM elliptic
curves, with N having prime-power factorization N = (7' --- {2 . For each i € {1,...,r}, let
@i : E — E; be the li-primary part of ¢. Let b; such that Q(g;) is isomorphic to either K (%)
or to Q(£%). Then

QUL - 1) CQUp) C K(E ).
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Proof. Let C = ker(yp), and for each i € {1,...,r} let C; < C be the Sylow-¢; subgroup of C,
that is C; = ker(y;). Let § denote the conductor of End(F), and for 1 <1i < r let f; denote
the conductor of End(E;). Let

Z = {i|ord(f;) > ordy,(f))} € {1,...,7},

and let
' = <{Ci}iez> ccC

Then ¢ factors as ¢ = ¢" o ¢/, where ¢’ : E— E/C". Using the fact that isogenies of degree
prime to ¢; cannot change the ¢;-part of the conductor, we see that End(£/C”") has conductor
divisible by ¢ - - - ¢b. Thus we have

QA ---£5) C Qy') € Q(y).

It remains to show the containment Q(p) C K ({5 ---¢b). If j(E) ¢ {0,1728}, then this
follows from [CS23, Thm. 4.1] and [CI23 Prop. 3.5], so we suppose j(E) € {0,1728}. If
J(E") = j(E), then ¢ is (up to isomorphism on the target) an endomorphism of E, hence
defined over K. If j(E') # j(E) then j(E') ¢ {0,1728}, so our previous work applies via
consideration of the dual isogeny as Q(¢) = Q(p"). O

Proposition [5.3.1] provides bounds on the field of moduli of an isogeny. We now use this
result to determine the exact field of moduli in the case where our source elliptic curve has
—3-CM or —4-CM and D = 1, which we state from the perspective of determining the residue
field of the corresponding CM point on Xo(V),qg. We also handle the D > 1 case here:

Theorem 5.3.2. Let N € Z" coprime to D with prime-power factorization £7* - - 0% and

suppose © € X (N) g is a A-CM point with A € {—3,—4}. Let m; : XP(N) g = XL (}) 0
denote the natural map, and let v; = m;(x) for each 1 < i < r. Let P; be any path in the
closed point equivalence class corresponding to x; in Q}%K%l, and let d; > 0 be the number of

descending edges in P; (which is independent of the representative path).
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a) If D > 1 orif there is some 1 < i < r such that {; splits in K and the path P; contains
a surface edge, then

Q(x) = K& - £7).

b) In every other case, we have
Q) = Q& - £7).

Proof. We first handle the case of D > 1. Because A € {—3,—4}, we know that the residue
field of the image of 2 under the natural map to X (1) /o is necessarily K. Therefore,
K C Q(x;) for each i and hence Q(z;) = K (¢%) for each 1 < i < r. We now argue similarly
to as in the previous proposition:

Let ¢ : (A 1) = (A, /) be a QM-cyclic N-isogeny over Q(z) inducing z (necessarily there
is such an isogeny, as K C Q(z)). Let Q = ker(p), let C' = €1(Q), and for each 1 <1i <r let
C; < C be the Sylow ¢; subgroup of C. Let ¢; : (4,t) — (A/(O - C;), ;) be the ¢;-primary
part of ¢, and let f; denote the central conductor of (A/(O-C;), ) (where by ¢ here we really

mean the induced QM structure on the quotient). Put
Z:={i|d;>0}={i|ord,(f;) >0} C{1,...,r}

and

Q= ({0-Cl) < Q.

Our original isogeny ¢ then factors as ¢ = ¢” o ¢ where ¢’ : (A,1) = (A/Q’, ). Because
a QM-cyclic /;-isogeny preserves the prime-to-¢; part of the central conductor, the central

conductor of (A/Q’,¢) must be divisible by ¢ --- ¢%. We then have

K630 C Q(¢') € Q(y),

and it remains to show the reverse containment. If the central conductor of (A’,/') is also

1, then (up to isomorphism on the target) ¢ is a QM-equivariant endomorphism of (A, ¢)
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and therefore Q(¢) C K as desired. Otherwise, the dual isogeny ¢ induces a A’-CM point
2’ € XP(N))g with A" < —4. We have Q(z) = Q(z), and the claim then holds via an
application of Proposition to a’.

Now suppose that D = 1, and let ¢ : E — E’ be a cyclic N-isogeny inducing the point z.
For each 1 <1 <r, let ¢; : E — E; be the {;-primary part of ¢: that is, the kernel of ¢; is
the ¢;-Sylow subgroup of the kernel of ¢. We have two cases:

Case 1: Suppose that E’ is also a Ag-CM elliptic curve. By [CI23] §3.4], the isogeny ¢ is
isomorphic over C to E — E/[I] for a nonzero ideal I of Zg, and we have Q(p) =
Q(j(E)) = Qif I is real ideal (i.e., I = I) and Q(¢) = K(j(E)) = K is I is not a real
ideal. If we factor I = p{*---p% into prime powers and p; lies over ¢;, then we have
(up to an isomorphism on the target) that ¢, : E — E/[p;’]. Notice that the path in

G s,1 corresponding to ¢; lies entirely on the surface. If some ¢; splits in K, then p;’

is not a real ideal, so Q(¢) = K. If no ¢; splits in K, then each p{* is real, so [ is real
and Q(¢) = Q.

Case 2: Otherwise E’ is a A = f?Ax-CM elliptic curve for some f > 1. Since Q(¢) = Q(p"),
we may compute the field of moduli of the dual isogeny ¢¥ : E' — E. Since Aut B’ =
{#£1}, the rationality of a subgroup of E’ is independent of the model, so we have
Q(¢) = Q(¢1) - - - Q(y), and the result now follows from [CI23] Thm. 5.1].

5.3.3 Primitive residue fields of CM points on X§’(N) g

The preceding results imply that the residue field of any A-CM point on X (N) g is isomor-
phic to either a ring class field or an index 2 subfield of a ring class field arising as the residue
field of a CM point on X (1) g as described in Theorem . As a result, there are at most
two primitive residue fields of A-CM points on X (N) /- Moreover, there exists a positive
integer C' such that an index 2 subfield of K(C'f) is a primitive residue field of A-CM points
on XP(N) g if and only if for each 1 < i < r there exists a positive integer C; such that an
index 2 subfield of K(C;f) is a primitive residue field of A-CM points on X (¢) .
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We begin by investigating the cases in which we do have such a field as a primitive residue
field, determining when we have two primitive residue fields and, if so, whether we have two
primitive degrees of residue fields. Note that this assumption requires D(K) = 1, and hence
D=1or Ag < —4. Let H; = ("
2 subfield L; of K(H;f) is a primitive residue field of A-CM points on X (¢;) q for each

1 <1 <r. Setting

(7" be the unique positive integer such that an index

H=H - H,

we have that a totally complex, index 2 subfield L of K(Hf) is a primitive residue field of
A-CM points on X (N),q by the results of §5.3.1}
If L, is the unique primitive residue field of A-CM points on X (£;7) g for each 1 < i < r,

then L is the unique primitive residue field for X§’(N)q. Otherwise, let C; = (5 | £ be the

smallest positive integer such that there is a A-CM point on X (¢;") o with residue field
isomorphic to either K (C;f) or an index 2 subfield thereof for each 1 < i < r. Setting

C=C--C,

we then have that K(Cf) is also a primitive residue field for X (N) q.
Now assume that we have two primitive residue fields, L C K(H f) with [K(Hf) : L] =2
and K (C¥), of A-CM points on X (N)q. Set

di:=[L:Q] and dy:=[K(Cf):Q)].

We note C; < H; for each 1 < i < r by the definitions of these quantities. Further, by
assumption we have at least one value of i such that K(C,f) is a primitive residue field for

XP(05) g, and thus

K< Ly g

It follows that dy < d;. Therefore, we have a unique primitive degree of A-CM points on
XP(N) if and only if dy | dy, in which case ds is the unique primitive degree. The following

result determines when this occurs:
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Theorem 5.3.3. Let A = Ak be an imaginary quadratic discriminant and let N be a
positive integer relatively prime to D with prime power factorization N = ({*--- 4. For
each 1 < i <r let B;,C; and L; be as above, and also let B,C,dy,dy and L be as above. Let
s be the number of indices 1 < i < r such that K(B;f) is a primitive residue field of A-CM
points on XP(¢3%) (or equivalently, such that C; < B;).

1. If s =0, then L is the unique primitive residue field of A-CM points on X (N), and

dy 15 the unique primitive degree.

2. Suppose that s > 1 and that for some 1 <1 < r with C; < B; we are not in Case 1.5b
with respect to A and the prime power (;*. We then have that L and K(Cf) are the
two primitive residue fields of A-CM points on XP(N), while dy is the unique primitive

degree.

3. Suppose that s > 1 and that for all 1 < i < r with C; < B; we are in Case 1.5b with
respect to A and the prime power (;*. We then have that L and K(Cf) are the two
primitive residue fields of A-CM points on X (N), and that dy and dy are the two

primitive degrees of such points.

Proof. The proof follows exactly as in [CI23, Thm 9.2]; the main inputs here are the degrees
of our residue fields, which are the same for our totally complex index 2 subfields of ring class

fields as they are for the rational ring class fields appearing in the elliptic modular study. [

5.4 CM points on XlD(N)/@

In this section, we prove Theorem showing that there is a very close relationship between
CM points on the Shimura curves X (N) g and X{’(N) . This is a generalization of [CS23)
Thm 1.2], which was specific to the D =1 case, and allows us to go from our understanding

of the A-CM locus on X’ (N) g based on to an understanding of that on X (N),q. We

restate the result here for the convenience of the reader.

Theorem 1.4. Suppose that x € X(?(N)/@ 15 a point with CM by the imaginary quadratic
order of discriminant A. Let m: XP(N) o — X (N),q denote the natural morphism.
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1. If A < —4, then 7 is inert over x.
2. Suppose that A € {—3,—4}.

(a) If z is a ramified point of the map X (N),q — XP(1),q or if N < 3, then 7 is

mert over x.

(b) Otherwise, we have

A =—4 N)/4 fA=—4
o () = 2 if wnd  fo(x) ¢(N)/ if
3 ifA=—3 O(N)/6  ifA=-3

for the ramification index and residual degree of x, respectively, with respect to .

In particular, in all cases we have that the scheme-theoretic fiber of ™ over x consists of a

single closed point.

Proof. We first recall some relevant facts: for N < 2 the map 7 is an isomorphism. For N > 3
it is a (Z/NZ)*/{£1}-Galois covering, hence has degree ¢(N)/2. All points on X{P(N) g
not having CM by discriminant A € {—3, —4} are unramified over their image on X (1) q.
For N > 4, just as in the D = 1 case, the curve XlD(N)/@ has no elliptic points of periods
2 or 3, from which it follows that all —4 and —3-CM points on X{’(N) g are ramified with
ramification index 2 or 3, respectively. The curve X{(2) /0 has a single elliptic point of period
2 lying over each of the 2° points on X (1), with —4-CM, while the curve X{(3) ¢ has a
single elliptic point of period 3 lying over each of the 2° points on X (1) g with —3-CM. (One
can see these claims regarding elliptic points and ramification from elementary arguments
involving congruence subgroups. For example, for D = 1 this is [DS05, Exc. 2.3.7]).

First, suppose that A < —4. If N < 2 then this map is an isomorphism, so assume

(N)

N > 3 in which case the degree of the map is d)T Let f be the conductor of A, such that

A = f? Ak, and consider a point Z € 7 !(z). It suffices to show that [K(z) : K(z)] = @,
viewing 7 as a morphism over K.
Take ¢ : (A,1) — (A', ) to be a QM-cyclic N-isogeny over K (z) inducing z € X (N) k.

By Theorem we have that the field of moduli of (A4,:) is K(f), and we have a well

94



defined +1 Galois representation
pn : G — GLa(Z/NZ)/{+1}

not depending on our choice of representative for z, as Aut(A,:) = {£1}. Letting Q =
ker(p) < A[N] and letting P € @ be a choice of generator (of e;(Q) as an abelian group, or
equivalently of @ as an O-module), then the action of Gk on P is tracked by an isogeny
character

\: Gxg — (Z/NZ) J{*1}.

Theorem [3.4| gives that Ac := A ®gpec i (z) Spec C has a decomposition ¢ : Ac = C/o(f) x Ea,
where F 4 is a A-CM elliptic curve over C. The elliptic curves in this decomposition both
have models over K (f), and hence a K (f)-rational model for this product is a twist of A.

It then suffices, as our representation is independent of the choice of K (f)-rational model,
to consider the case A = F x E' with £ and E’ being A-CM elliptic curves over K(f). Here,
our QM-stable subgroup @ < A[N] corresponds to a cyclic subgroup of E[N], and A is
induced by the Galois action on this cyclic subgroup. This +1 character A is surjective by
[StO1] (see also [BC20b, Thm 1.4]). Therefore, if {P,—P} is stable over an extension L of
K(f), such that Gal(Q/L) is in the kernel of A\, we have

O(N)

5 | [L: K(f)],

and so indeed we have [K(Z) : K(z)] = ¢(N)/2.

We next tackle case (2)(a), assuming that z is a ramified point of the map X (N),q —
XP(1) 9. Equivalently, the point z is non-elliptic. In this case, we have that a representative
(A,1,Q) k() inducing x, where @ < A[N] is a QM-cyclic subgroup, is well-defined up to
quadratic twist, as all models for (A, ) are defined over K (z). The same argument as in the
A < —4 case above then applies.

We now assume that z is an elliptic A-CM point on X§’(N),q with A € {-3,—4}. If

N = 2, then 7 is an isomorphism, so the claim is trivial. If N = 3, the fact mentioned above
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that there is one point lying over each elliptic point on X (1) /o is exactly the inertness claim.
For N > 4, we know that z is elliptic while every point in 7~!(x) is ramified with respect to
the map X{(N),9 — X”(1) g, giving the claimed ramification index. The residual degree
is therefore at most the claimed residual degree in each case.

To provide the lower bound on the residual degree, we modify the argument of the A < —4
case slightly in a predictable way. If A = —4, then a representative for x is well-defined up
to quartic twist. We consider a representative of the form (E; X Es,¢,O - C') where Ey, Es
are o(f)-CM elliptic curves and C' < E}[N] is a cyclic order N subgroup (again, via the type
of argument as in the A < —4 case using Theorem . Let gy : 0x — 05 /NOk denote the
quotient map. By tracking the action of Galois on a generator P of C' we get a well-defined

reduced mod N Galois representation

7N Gal(Q(2)/Q) = (O /NOK)* Jqn(O%)

which is surjective (see [BC20D, §1.3]). As the set { P, —P,iP, —iP} is stable under the action
of Gal(Q(z)/Q) for & € 7 !(z), we must have

2 _ 4 (v (CalQ®)/Q) | Q) : Qe

giving the result for A = —4. For A = —3, exchanging “quartic” for “cubic” and pu4 for s

results in the required divisibility % | fr(). O

5.5 Sporadic CM points on Shimura Curves

Fix D > 1 an indefinite rational quaternion discriminant and N € Z* relatively prime to
D. In analogy to prior work on degrees of CM points on certain classical families of elliptic
modular curves [CGPS22|, we may consider the least degree dey(X) of a CM-point on a
Shimura curve X for the modular Shimura curves X = X{’(N) g and X = XP(N)q. For
an imaginary quadratic order o, the results of allow us to compute all primitive residue
fields and degrees of 0-CM points on X{’(N) g, and hence to compute the least degree
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do.cm(X$ (N)) of an 0-CM point on X (N),q. Note that the least degree of an 0-CM point
on XP(N),q always satisfies
h(0) | do,cn(Xy' (V).

Using a complete list of all imaginary quadratic orders o of class number up to 100, it then

follows that if we have some order 0q with
oy, (X5 (N)) < 100,

then we can solve the minimization over orders problem to compute the least degree of a CM

point on X&' (N) q:
dem(XF (N)) = min {docna (X (N)) | h(0) < 100} .

We have implemented an algorithm to compute least degrees over specified orders and, when
possible, to compute d, cm(XEP(N)) exactly as described above. The relevant code, along
with all other code used for the computational tasks described in this section, can be found at
the repository [Rep]. One may also find there a list of computed exact values of day (XP (NV)),
along with an order minimizing the degree, for all relevant pairs (D, N) with DN < 10°. All
computations described in this section are performed using [Magmal].

Theorem [1.4] provides all of the information we need to go from least degrees of CM points
on X (N),q to least degrees of CM points on X{’(N),q. For ease of the relevant statement,
we first generalize some terminology from [CGPS22|: we will call a pair (D, N) with N > 4

e Type Lif D splits Q(v/—3), we have ords(/N) < 1, and N is not divisible by any prime
¢ =2 (mod 3), and

e Type II if D splits Q(v/—1), we have ordy(/N) < 1, and N is not divisible by any
prime ¢ = 3 (mod 4).

Proposition 5.5.1. Let D > 1 be a rational quaternion discriminant and N € Z" coprime

to D.
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1. If (D,N) is Type I, then

dons(xP () = 200,
2. If (D, N) is not Type I and is Type II, then
don(xP(N)) = 20
3. If (D, N) is not Type I or Type II, then
don(XP (V) = X5 dew (XD (),

Proof. The natural map X{(N),q — X (N) /g has non-trivial ramification exactly when
(D, N) is either Type I or Type II. In these cases, we have doy(X{P(N)) = 2, which is
as small as possible as the D > 1 assumption implies these curves have no rational points.

The statements then follow immediately from the residual degrees with respect to this map

provided by Theorem [1.4] O

For a curve X /g, let 6(X) denote the least positive integer d such that X has infinitely
points of degree d. We call a point x € X sporadic if

deg(z) := [Q(z) : Q] < o(X).

That is, x is a sporadic point if there are only finitely points y € X with deg(y) < deg(z). In
the remainder of this section, we apply our least degree computations towards the question

of whether the curves X (N) g and X{?(N) g have sporadic CM points.

5.5.1 An explicit upper bound on doy (X (N))

In analogy to the Heegner hypothesis of the classical elliptic modular case, we make the

following definition:
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Definition 5.5.2. Let D be an indefinite quaternion discriminant and N a positive integer
relatively prime to D. We will say that an imaginary quadratic discriminant A satisfies the

(D, N) Heegner hypothesis if

1. for all primes ¢ | D, we have (£) = —1, and

2. for all primes ¢ | N, we have (%) =1,

If A satisfies the (D, N) Heegner hypothesis, this implies the existence of a A-CM point on
XP(N) g which is rational over K (f), the ring class field of conductor f where A = f?A.
This point therefore has degree at most 2 - h(o(f)).

We provide an upper bound on the least degree of a CM point on X(N),q as follows:
let L be the least positive integer such that

. (%) = —1 for all odd primes p | D,

. (%) =1 for all odd primes p | N, and

e we have

5 (mod8)if2|D

h
Il

1 (mod 8) otherwise.

Then 0 < L < 8DN, and so dy = L—16DN is an imaginary quadratic discriminant satisfying
the (D, N) Heegner hypothesis with —16DN < dy < —8DN. It follows that there exists
a fundamental discriminant Ag of an imaginary quadratic field K satisfying the (D, N)
Heegner hypothesis with |[Ax| < 16 DN; take K such that dy corresponds to an order in K
and hence dy = f?Ak for some positive integer .

For an imaginary quadratic field K of discriminant Ay < —4, we have
e
hic = h(o(Ax)) < 5—V/|d| log |d|
(see, e.g., [CCS13l Appendix]), such that the above provides

dos(XP(N)) <2 hy < %\/DNlog(mDN). (5.2)
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5.5.2 Shimura curves with infinitely many points of degree 2

If §(XP(N)) =2, then as X (N) /g has no real points it certainly does not have a sporadic
point. We mention here all pairs (D, N) for which we know §(XP(N)) = 2 based on the
existing literature.

All genus 0 and 1 cases necessarily have (X (N)) = 2, as we have no degree 1 points.

Voight [Voi09)] lists all (D, N) for which X{’(N) g has genus zero:

{(6,1),(10,1), (22, 1)},

and genus one:
{(6,5),(6,7),(6,13),(10,3), (10,7), (14,1), (15,1), (21,1),(33,1), (34, 1), (46, 1)}.

By a result of Abramovich-Harris [AH91], a nice curve X defined over Q of genus at least 2
with 0(X) = 2 is either hyperelliptic over Q, or is bielliptic and emits a degree 2 map to an
elliptic curve over Q with positive rank. The pairs (D, N) for which XJ’(N)q is hyperelliptic
of genus at least 2 were determined by Oggﬂ [Ogg83|:

{(6,11), (6, 19), (6,29), (6, 31), (6,37), (10, 11), (10, 23), (14, 5), (15, 2),
(22,3),(22,5), (26,1), (35, 1), (38,1), (39, 1), (39,2), (51, 1), (55, 1), (58, 1), (62, 1),
(69,1), (74,1), (86,1), (87, 1), (94, 1), (95, 1), (111,1), (119, 1), (134, 1),

(

146, 1), (159, 1), (194, 1), (206, 1)}.

As for the bielliptic case, Rotger [Rot02] has determined all discriminants D such that
XP(1) = X (1) is bielliptic, and further determines those for which this curve is bielliptc

over Q and maps to a positive rank elliptic curve. All such discriminants D with g(X (1)) > 2

2 Actually, for the pairs (10,19) and (14,5), the referenced work of Ogg says that the corresponding curves
are hyperelliptic over R. Ogg does not say whether that is the case over Q, but work of Guo-Yang [GY17|
answers negatively for the former pair and positively for the latter.
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and with X (1), not hyperelliptic are as follows:

D € {57,65,77,82,106, 118,122,129, 143, 166, 210, 215, 314, 330, 390, 510, 546 }.

5.5.3 Sporadic CM points

In order to declare the existence of a sporadic CM point on a Shimura curve X (N) g, a
main tool for us will be the following result of Frey [Frey94, Prop. 2| on the least degree

d(X) over which a nice curve X,r has infinitely many closed points:

Theorem 5.5.3 (Frey 1994). For a nice curve X defined over a number field F', we have

where yp(X) denotes the F-gonality of X, i.e., is the least degree of a non-constant F-rational

map to the projective line.

It follows from Theorem [(£.5.3] that if

don (X (N)) <

then there exists a sporadic CM point on X§(N),g. To complement this, a result of
Abramovich (JAbr96, Thm. 1.1]) provides a lower bound on the gonality of a Shimura curve.
Our cases of interest in applying this result are X’(N) = Xpp vy and X{"(N) = Xppy) (or,
equivalently, XP(N) = Xo1,, where Oy is an Eichler order of level N in B, for the former

curve).

Theorem 5.5.4 (Abramovich 1996). Let Xt be the Shimura curve corresponding to T < O!

a subgroup of the units of norm 1 in an order O of B. Then

21

%(Q(Xﬂ —1) < (X)) < 7(Xr).
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The following result will allow us to transfer information about the existence of sporadic

points on X{(N) g to those on X{(N) q:

Proposition 5.5.5. Let 7 : XP(N) ;g — XP(N) g denote the natural modular map. Suppose
that Py € X{(N)q satisfies

deg(P) < s (9(XP(N) = 1)

Then any P € X (N)q with m(P) = Py is sporadic.

Proof. For such a point P € XP(1),g, using the notation and results of Proposition m

and Example [2.1.11| we have

deg(P) < deg(Fy) - deg(n)

= deg(F) - @
<3£@@WWL;&MW_@QM)¢W)
— 400 12 4 3 2
GQGWWWW)

— 400 24

It then follows from Theorem that P is sporadic. O

We now obtain a lower bound on the genus of X (N) that will be amenable to our

arguments:

Lemma 5.5.6. For D > 1 an indefinite rational quaternion discriminant and N € Z*

relatively prime to D, we have

12 \ evloglog D + —=— 3

S DN 1 VDN
12 ev log log (DN) + m 3 )

DN 1 7VDN
JXPV) - 1> ( : >_
log log (D)
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Proof. We recall the genus formula from Proposition [2.1.8}

¢(D)¢(N) . el(DvN) . 63(D>N)

XP(N) =1

where

61(D,N)=<(g <1_<_?4))g(1+(_74>) if 44 N

. if4] N
&(D,N) = (g <1_(_?3)>g<1+(_73>) iF9 N
< it 9| N.

We make use of the trivial bound ¢(N) > N, and the lower bound

D

evloglog D + @'

¢(D) >

For M € Z7", let w(M) and d(M) denote, respectively, the number of distinct prime divisors
of M and the number of divisors of M. We then have

e1(D,N),e3(D,N) < 2°PN) < 4(DN) < d(D) - d(N) < 4V/DN.

Using these bounds along with the fact that D > 6 and N > 1, we arrive at the stated

inequalities. O

The combination of this lemma with (5.2) and (5.3) guarantees a sporadic CM point on
X3 (N)g if

4
~“V/DN log (16DN) <
m

7DN ( 1 > _ 49VDN
— 1600 log log(6)

eloglog (DN) + —=— 400

This inequality holds for all pairs (D, N) with DN > 5.60483 - 101°.
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Ranging through pairs (D, N) with DN below this bound, we attempt to determine the
fundamental imaginary quadratic discriminant Ag of smallest absolute value satisfying the
(D, N)-Heegner hypothesis, and check whether

7o(D)Y(N) 49v DN

h _ . A
K< 73500 800 (5:4)

We confirm that (5.4) holds, and thus a sporadic CM point on X{’(N) g is ensured, for all
pairs (D, N) with DN > 15078 aside from the 20 pairs comprising the following set F;:

Fi = {(101959,210), (111397, 210), (141427, 210), (154583, 210), (164749, 210),

( ) ( ) ( ) ( ), ( )
(165053, 330), (174629, 330), (190619, 210), (192907, 210), (194051, 210),
(199801, 330), (208351, 210), (218569, 210), (233519, 210), (240097, 210),
( ) ( ) ( ) ( ) ( )

272459, 210), (287419, 210), (296153, 210), (304513, 210), (307241, 210)}.

For each pair (D, N) € Fy, it is not that the inequality (/5.4) does not hold. Rather, there is no
imaginary quadratic discriminant of class number at most 100 satisfying the (D, N)-Heegner
hypothesis, such that we fail to perform the check using only such discriminants. For these
pairs, we compute doy(XP(N)) exactly and find that for each the inequality

7¢(D)Y(N) 49V DN

dew(Xy' (V) < =300 ~ 200

holds. By the preceding remarks, this confirms that the curve X(NN) g has a sporadic CM
point for all (D, N) € F.

There are exactly 4691 pairs (D, N) with DN < 15078 for which the inequality
does not hold. For each of these, we perform an exact computation of doy (X (N)). By the

above, a sporadic CM points on X{’(N) g is guaranteed if

den(Xy'(N)) <

21 (qb(D)w(N) _alD,N) 63(D’N)> : (5.5)

400 12 4 3
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Lemma 5.5.7. There are exactly 682 pairs (D, N) consisting of a rational quaternion dis-
criminant D > 1 and a positive integer N coprime to D such that the inequality (5.5) does
not hold. For all such pairs we have dey(XEP (1)) € {2,4,6}, and the largest value of D

occuring among such pairs 1s D = 1770.
Proof. This follows from direct computation. m

Lemma 5.5.8. For each of the 227 pairs (D, N) in Table the curve XP(N)q has a

sporadic CM point.

Proof. For each pair (D, N) appearing in the referenced table, from §5.5.2f we know that
XF(1) /g does not have infinitely many degree 2 points and hence X (N) g does not have
infinitely many degree 2 points. At the same time, this curve has a CM point of degree 2,

which is therefore necessarily sporadic. O
We are now prepared to end with the main result of this section:

Theorem 5.5.9. 1. For each pair (D, N) in Table the Shimura curve X§(N) g has
no sporadic points. For each of these pairs, we have doy(XP(N)) = 2.

2. For each pair (D, N) in Table except for possibly the 6 in the following set:
{(6,7), (6,13), (6,19), (6,31), (6,37), (10,7)},

the Shimura curve XP(N) g has no sporadic CM points.

3. For all pairs (D, N), consisting of a rational quaternion discriminant D > 1 and a
positive integer N coprime to D, which are not among the 64 listed in Table 5.4 and

the 391 pairs in Table the Shimura curve X (N) g has a sporadic CM point.

4. For all pairs (D, N), consisting of a rational quaternion discriminant D > 1 and a
positive integer N coprime to D, which are not listed in Table or Table and not
equal to (91,5), the Shimura curve X (N) g has a sporadic CM point.
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Proof.

1. These Shimura curves X’(N),q are exactly those for which we know that

S(XP(N)) = 2 via §5.5.2l That each such curve has a CM point of degree 2 follows

from direct computation.

2. For each pair in this table, we have

S(XP(N)) < 2- deg(XP(N) — XP(N)) = max{2, 6(N)}.

For each pair in this table other than the 6 listed pairs, we compute that

max{2, o(N)} < dem(XP(N)).

3. This is an immediate consequence of the preceding discussion, including Lemmas [5.5.

and [5.5.8]

4. By Proposition [5.5.5, we have that X(N) g has a sporadic CM points for all pairs
(D, N) aside from possibly the 682 referred to in Lemma [5.5.7 Of the 227 pairs in
Table p.1], we compute that each pair except for (D, N) = (91,5) satisfies

den(XP(N)) =2 < 6(Xg’ (1)) < 6(XT(N)),

and hence we have a sporadic CM point on X{’(N),q for all such pairs. The result

then follows from part (2).

0
(6,17) | (6,23) | (6,25) | (6,35) | (6,41) | (6,43) | (6,47) | (6,49) | (6,53)
(6,55) | (6,59) | (6,61) | (6,65) | (6,67) | (6,71) | (6,73) | (6,77) | (6,79)
(6,83) | (6,85) | (6,89) | (6,91) | (6,95) | (6,97) | (6,101) | (6,103) | (6,107)
(6,109) | (6,113) | (6,115) | (6,119) | (6,121) | (6,125) | (6,127) | (6,131) | (6,133)
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(6,137) | (6,139) | (6,143) | (6,145) | (6,149) | (6,151) | (6,155) | (6,157) | (6,161)
(6,163) | (6,167) | (6,169) | (6,173) | (6,179) | (6,181) | (6,185) | (6,187) | (6,191)
(6,193) | (6,197) | (6,199) | (6,203) | (6,211) | (6,223) | (6,227) | (6,229) | (6,233)
(6,241) | (6,287) | (6,295) | (6,319) | (6,335) | (6,355) | (6,371) | (6,407) | (10,9)
(10,13) | (10,17) | (10,19) | (10,21) | (10,27) | (10,29) | (10,31) | (10,33) | (10,37)
(10,39) | (10,41) | (10,43) | (10,47) | (10,49) | (10,51) | (10,53) | (10,57) | (10,59)
(10,61) | (10,63) | (10,67) | (10,69) | (10,71) | (10,73) | (10,77) | (10,79) | (10,81)
(10,83) | (10,87) | (10,89) | (10,91) | (10,97) | (10,101) | (10,103) | (10,107) | (10,109)
(10,113) | (10,119) | (10,141) | (10,159) | (10,161) | (10,191) | (14,3) | (14,9) | (14,11)
(14,13) | (14,15) | (14,17) | (14,19) | (14,23) | (14,25) | (14,27) | (14,29) | (14,31)
(14,33) | (14,37) | (14,39) | (14,41) | (14,43) | (14,45) | (14,47) | (14,51) | (14,53)
(14,55) | (14,59) | (14,61) | (14,67) | (14,71) | (14,73) | (14,87) | (14,95) | (15,4)
(15,7) | (15,8) | (15,11) | (15,13) | (15,14) | (15,16) | (15,17) | (15,19) | (15,22)
(15,23) | (15,26) | (15,28) | (15,29) | (15,31) | (15,32) | (15,34) | (15,37) | (15,41)
(15,43) | (15,47) | (15,49) | (15,53) | (15,68) | (21,2) | (21,4) | (21,5) | (21,8)
(21,10) | (21,11) | (21,13) | (21,16) | (21,17) | (21,19) | (21,20) | (21,22) | (21,23)
(21,25) | (21,29) | (21,31) | (21,37) | (21,38) | (21,55) | (22,7) | (22,9) | (22,13)
(22,15) | (22,17) | (22,19) | (22,21) | (22,23) | (22,25) | (22,27) | (22,29) | (22,31)
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(22,35) | (22,37) | (22,41) | (22,43) | (22,51) | (26,3) | (26,5) | (26,7) | (26,9)
(26,11) | (26,15) | (26,17) | (26,19) | (26,21) | (26,23) | (26,25) | (26,27) | (26,29)
(26,31) | (26,37) | (33,2) | (33,4) | (33,5) | (33,7) | (33,8) | (33,10) | (33,13)
(33,16) | (33,17) | (33,19) | (34,3) | (34,5) | (34,7) | (34,9) | (34,11) | (34,13)
(34,15) | (34,19) | (34,23) | (34,29) | (34,35) | (35,2) | (35,3) | (35,4) | (35,6)
(35,8) | (35,9) | (35,11) | (35,12) | (35,13) | (35,17) | (38,3) | (38,5) | (38,7)
(38,9) | (38,11) | (38,13) | (38,15) | (38,17) | (38,21) | (38,23) | (39,4) | (39,5)
(39,7) | (39,8) | (39,10) | (39,11) | (39,17) | (39,20) | (39,31) | (46,3) | (46,5)
(46,7) | (46,9) | (46,11) | (46,13) | (46,15) | (46,17) | (46,19) | (51,2) | (51,4)
(51,5) | (51,7) | (51,8) | (51,10) | (51,11) | (51,13) | (51,20) | (55,2) | (55,3)
(55,4) | (55,7) | (55,8) | (57,2) | (57,4) | (57,5) | (57,7) | (57,8) | (57,11)
(58,3) | (58,5) | (58,7) | (58,9) | (38,11) | (58,13) | (62,3) | (62,5) | (62,7)
(62,9) | (62,11) | (62,13) | (62,15) | (65,2) | (65,3) | (65,4) | (65,7) | (69,2)
(69,4) | (69,5) | (69,7) | (69,11) | (74,3) | (74,5) | (74,7) | (74,9) | (74,11)
(74,15) | (77,2) | (77,3) | (77,4) | (77,5) | (77,6) | (82,3) | (82,5) | (82,7)
(86,3) | (86,5) | (86,7) | (87.2) | (87,4) | (87.5) | (87,7) | (87,8) | (94,3)
(94,5) | (94,7) | (95,2) | (95,3) | (95,4) | (95,6) | (95,9) | (106,3) | (106,5)
(106,7) | (111,2) | (111,4) | (111,5) | (111,8) | (118,3) | (118,5) | (118,7) | (119,2)
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(119,3) | (119,6) | (122,3) | (122,5) | (122,7) | (129,2) | (129,7) | (134,3) | (134,5)
(134,9) | (143,2) | (143,4) | (146,3) | (146,5) | (146,7) | (159,2) | (166,3) | (183,5)
(185,4) | (194,3) | (206,3) | (215,2) | (215,3) | (219,5) | (274,5) | (326,3) | (327,2)
(327,2) | (327,4) | (335,2) | (390,7) | (546,5)

Table 5.3: All 391 pairs (D, N) with D > 1 for which

we remain unsure whether X (N) g has a sporadic CM

point
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Table 5.1: 227 pairs (D, N) for which X (N) /g has a sporadic CM point of degree 2 via

Lemma [5.5.§

85,1) | (85,2) | (85,3) | (85,4) | (91,1) | (91,2) | (91,3) | (91,4) | (91,5)
93,1) | (93,2) | (93,4) | (93,5) | (115,1) | (115,2) | (115,3) | (123,1) | (123,2)
(133,1) | (133,2) | (133,3) | (141,1) | (141,2) | (142,1) | (142,3) | (142,5) | (145,1)
(145,2) | (145,3) | (155,1) | (155,2) | (158,1) | (158,3) | (158,5) | (161,1) | (161,2)
(177,1) | (177,2) | (178,1) | (178,3) | (183,1) | (183,2) | (185,1) | (185,2) | (187,1)
(201,1) | (201,2) | (202,1) | (202,3) | (203,1) | (205,1) | (209,1) | (213,1) | (213,2)
(214,1) | (214,3) | (217,1) | (218,1) | (218,3) | (219,1) | (219,2) | (221,1) | (226,1)
(226,3) | (235,1) | (237,1) | (237,2) | (247,1) | (249,1) | (253,1) | (254,1) | (259,1)
(262,1) | (265,1) | (267,1) | (274,1) | (278,1) | (287,1) | (201,1) | (295,1) | (298,1)
(299,1) | (301,1) | (302,1) | (303,1) | (305,1) | (309,1) | (319,1) | (321,1) | (323,1)
(326,1) | (327,1) | (329,1) | (334,1) | (335,1) | (339,1) | (341,1) | (346,1) | (355,1)
(358,1) | (362,1) | (365,1) | (371,1) | (377,1) | (381,1) | (382,1) | (386,1) | (391,1)
(393,1) | (304,1) | (395,1) | (398,1) | (403,1) | (407,1) | (411,1) | (413,1) | (415,1)
(417,1) | (422,1) | (427,1) | (437,1) | (445,1) | (446,1) | (447,1) | (451,1) | (453,1)
(454,1) | (458,1) | (462,1) | (466,1) | (469,1) | (471,1) | (473,1) | (478,1) | (481,1)
(482,1) | (485,1) | (489,1) | (493,1) | (497,1) | (501,1) | (502,1) | (505,1) | (511,1)
(514,1) | (515,1) | (517,1) | (519,1) | (526,1) | (535,1) | (537,1) | (538,1) | (542,1)
(543,1) | (545,1) | (553,1) | (554,1) | (562,1) | (565,1) | (566,1) | (570,1) | (573,1)
(579,1) | (586,1) | (591,1) | (597,1) | (614,1) | (622,1) | (626,1) | (633,1) | (634,1)
(662,1) | (669,1) | (674,1) | (681,1) | (687,1) | (690,1) | (694,1) | (698,1) | (699,1)
(706,1) | (714,1) | (717,1) | (718,1) | (734,1) | (746,1) | (758,1) | (766,1) | (770,1)
(778,1) | (794,1) | (798,1) | (802,1) | (818,1) | (838,1) | (842,1) | (858,1) | (862,1)
(866,1) | (870,1) | (878,1) | (886,1) | (898,1) | (910,1) | (914,1) | (922,1) | (926,1)
(930,1) | (934,1) | (958,1) | (966,1) | (1110,1) | (1122,1) | (1190,1) | (1218,1) | (1230, 1)
(1254,1) | (1290,1) | (1302,1) | (1326,1) | (1330,1) | (1410,1) | (1482,1) | (1518,1) | (1554, 1)
(1590,1) | (1770, 1)
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Table 5.2: 64 pairs (D, N) with ged(D, N) = 1 for which §(X{(N)) = 2, and hence X{(N) ¢
has no sporadic points

6,1) | (6,5 | (6,7) | (6,11) | (6,13) | (6,19)
(6,29) | (6,31) | (6,37) | (10,1) | (10,3) | (10,7)
(10,11) | (10,23) | (14,1) | (14,5) | (15,1) | (15,2)
(21,1) | (22,1) | (22,3) | (22,5) | (26,1) | (33,1)
(34,1) | (35,1) | (38,1) | (39,1) | (39,2) | (46,1)
(51,1) | (55,1) | (57,1) | (58,1) | (62,1) | (65,1)
(69,1) | (74,1) | (77,1) | (82,1) | (86,1) | (87,1)
(94,1) | (95,1) | (106,1) | (111,1) | (118,1) | (119,1)
(122,1) | (129,1) | (134,1) | (143,1) | (146,1) | (159, 1)
(166,1) | (194,1) | (206,1) | (210,1) | (215,1) | (314,1)
(330,1) | (390,1) | (510,1) | (546,1)
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