
FRAMEWORK AND ALGORITHMS FOR ONLINE
INVERSE REINFORCEMENT LEARNING UNDER

IMPERFECT OBSERVATIONS

by

Saurabh Arora
(Under the Direction of Prashant Doshi)

Abstract

Autonomous systems predominantly deploy IRL (inverse reinforcement learning) to model the task
preferences of a user (often called an expert), as a reward function, by observing the user while executing
the task. While IRL is witnessing sustained attention, the related problem of online IRL– where the
observations are incrementally accrued, yet the real-time demands of the application often prohibit a
full rerun of an IRL method – has received much less attention. Furthermore, most of the current on-
line learning literature assumes perfect noise-free completely perceivable training data along with a prior
knowledge of features for the model of task being learned. Unfortunately, these assumptions do not hold
in real life applications. The following data imperfections and lack of prior knowledge impact learning
accuracy: 1) some of the data in input trajectories is missing, 2) data is mixed up with some data from
other sources, 3) input data has perception noise and observation model is unknown, 4) input data has
perception noise and manual engineering of system features is not possible. The research contributions
from my team address these gaps. Experimental evaluation of these cases on robotic domains (navigation
and manipulation) and OpenAI gym domains showed a signi�cant improvement in performance w.r.t.
state-of-the-art baselines.

Index words: inverse reinforcement learning, online machine learning, missing data, multi task
data, noisy data, perception noise, robotics
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Chapter 1

Motivation

At the core of various robotics applications lies the challenge of learning how to map the world state to
appropriate actions. A manual development of this mapping, also called a policy, is typically arduous. In
the �eld of RL (Reinforcement Learning), the policy is learned via generating examples of interaction
with the environment and receiving rewards as feedback for actions. The mechanism providing the reward
(called the reward function) is the motivation behind action selection, and consequently also guides
task execution. The function models the motivation or preferences of an agent executing the task at
hand. Nevertheless, it is not always straightforward to de�ne a reward function that precisely captures
the intended behavior of a task. An alternative to manual designing is to learn the reward function from
the examples of task execution, a technique referred as IRL (Inverse Reinforcement Learning).

IRL is the problem of inferring the reward function of an agent (also called an "expert"), given the
examples (behavior) of task execution by the expert. It is perceived both as a problem and as a class of
methods. A learner uses IRL to model the preferences of an expert by using observations of the expert’s
behavior, thereby avoiding a manual speci�cation of said preferences.

Why does knowing about IRL matter? Learning the reward function from the demonstration is
signi�cant for multiple reasons:

1. In a task de�ned as a MDP, solving forward reinforcement learning problem involves computing
an optimal policy (or controller) given a pre-de�ned reward function. The manual speci�cation of
the reward values for most real-life applications needs a skill set that is rarely available. Learning a
reward function from a demonstration of an optimal execution of a task avoids the need for manual
speci�cation.

2. The extent of generalization of learned information via learning a reward function is greater than
through directly learning a policy

3. The ever-expanding set of potential IRL applications. While introducing IRL, Russell [70] al-
luded to its potential application in providing computational models of human and animal behavior
because these are di�cult to specify. In this regard, Baker et al. [10] and Ullman et al. [79] demon-
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strate the inference of a human’s goal as an inverse planning problem in an MDP. Furthermore,
IRL’s use toward apprenticeship has rapidly expanded the set of visible applications such as:

(a) Learning to create another agent using the learned preferences of expert. Examples of such
applications include helicopter �ight control [3], boat sailing [59], socially adaptive navigation
that avoids colliding into humans by learning from human walking trajectories [54, 50], house
chores like arranging dishes in a dish rack [34], sorting vegetables in vegetable processing
facility [7, 6], and so on;

(b) Learning to predict an expert’s behavior. In this use, applications include destination or route
prediction for taxis [87, 89], footstep prediction for planning legged locomotion [67], the
anticipation of pedestrian interactions [90], energy e�cient driving [80], and penetration of
a perimeter patrol [14] by learning the patrollers’ preferences and navigation route.

Figure 1.1: (a) A schematic showing the subject agent (shaded in blue) performing RL [48]. In forward
learning or RL, the agent chooses an action a at a known state s and receives a reward r in return. Please
refer MDP de�nition in Chapter 2 for the detailed meaning of mathematical termsS, T ,R. (b) In inverse
learning or IRL, the input and output for the learner L are reversed. L perceives the states and actions
{(s, a)(s, a) . . .} of expert E (an alternative to input policy πE), and infers a reward function, R̂E , of
E as an output. Note that the learned reward function may not exactly correspond to the true reward
function. Color should be used for this �gure in print.

Russell [71, 60] introduced the IRL problem: learning the preferences of a reinforcement learning
agent (expert) executing a task, by observing an optimal execution of a task by the expert. The interac-
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tion of the expert with their environment is modeled as a MDP and the reward function of the MDP
represents an expert’s preferences for �nishing the task.

IRL aims to �nd a reward function under which the observed behavior (training data) from the
expert is optimal [71, 60]. The observed behavior is typically in the form of a set of trajectories, where a
trajectory is a sequence of actions the expert takes to �nish the task she is executing. After learning the
reward function, the learner uses that function to �nd a decision-making strategy function called a policy
(Chapter 2 explains a trajectory and a policy more formally). Notice that IRL inverts the RL problem.
Whereas RL seeks to learn the optimal policy given a reward function, IRL seeks to learn the reward
function that best supports a given policy or observed behavior. We illustrate this relationship between
RL and IRL in Fig. 1.1.

Since its introduction, IRL has witnessed a signi�cantly improved understanding of the inherent
challenges and limitations, along with various methods for addressing them. We introduce here some of
the prominent methods in IRL literature 1. Maximum margin prediction methods aim to predict a reward
function that makes the expert’s policy look better than its alternatives by a margin. e.g. Apprenticeship
Learning [1]. As multiple reward functions can explain the expert’s behavior, max-margin may introduce
a bias into the learned reward function. Thus, multiple methods take recourse to the maximum entropy
estimation [45] of a probability distribution parameterized by a reward function. e.g. MaxEntIRL

[87]. Bayesian IRL [64] is another prominent approach towards IRL. It applies a Bayesian update to
an assumed prior distribution over possible hypotheses. Another approach toward IRL utilizes deep
learning techniques. Examples of this approach include FIRL, deep MaxentIRL [85], AIRL [] and
GAIL.

1.1 Research contributions in thesis

Our research contributions are new online learning methods that address the following gaps noticed in
the realms of online learning and imperfect input data (Fig 1.2).

1.1.1 Scarcity of incremental learning methods

To understand this contribution well, it is important to review the di�erences between batch learning
and incremental (online) learning. In batch approach, the learner has to process entire dataset at once.
However, in a situation where the data is generated as a function of time or where batch learning is
computationally very slow, the learner need to update the model sequentially as the next installment of
training information gets available. Latter approach is known as incremental learning or online learning.
In incremental learning, it is crucial that the learner does not forget the information learned in past,
regardless of how distant the past is. Most IRL methods operate on batches of observations, and, in
a single pass, these methods estimate the expert’s reward function [2, 9, 21, 27, 64]. These methods
may be satisfactory for the applications where the performed task is �rst observed for some time and this

1Further discussions will use the acronyms for some of the methods mentioned here.
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Online IRL

Imperfection in training data

Missing 
data

Multiple 
preferences

Noisy 
perception

No feature 
engineering 

Figure 1.2: Within the realm of online IRL, we focused on applications where demonstration data has
three speci�c kinds of imperfections. For last kind of imperfection, we extended our contribution to a
case without need for manual engineering of reward function features.

gathered data is utilized toward IRL. However, newer applications of IRL impose a di�erent set of
requirements. These applications require the learner to continuously observe and repeatedly update the
learner’s estimation of the inferred reward function. Consider these examples: the task of forecasting
a person’s goals in an everyday setting by observing her ongoing activities using a body camera [69],
or a robotic learner that is continuously monitoring surveillance patrol activities from a given location
and learning the patrol pattern for reaching a speci�c goal as quickly as possible without being detected
(application named Perimeter Patrol, explained in detail in Chapter 7) [13]. As such, the progress made
in making the methods of IRL on-line is rare [46, 69, 35].

1.1.2 Imperfections in online learning data

There are many possible ways in which the expert’s demonstration data received by a learner can be faulty.
We focus here on a speci�c subset of those imperfections:

• some of the information is missing from the training data

• expert executes a task in di�erent ways and data for those ways got mixed up before showing data
to the learner

• learner perceives data corrupted by factors like sensor’s hardware limitations, an inadequate orien-
tation of camera, etc.

For the last type of imperfection, we go one step further by proposing a method that learns under percep-
tion noise but without the need for feature engineering.
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Missing data

Methods like online linear programming IRL [46], on-line maxent IRL [69] assume that input data
is not missing any relevant information, which is not always true. The learner may not be able to perceive
states completely or may have a partially blocked �eld of view. As an example, a part of the patrolling path
is always occluded from the learner in perimeter patrol (application explained in the previous paragraph).
So learner needs a way to learn the patroller’s reward function online, and she needs to approximate the
missing data. Choi et al. extend apprenticeship learning method to partially observable state-space [28],
Bogert et al. [18, 16] formulated maxentIRL [87] for settings where the learner is unable to see por-
tions of demonstrated trajectories due to occlusion, and (hioc) [51] casts maxentirl to the setting
modeling learner’s sensing-noise as a hidden variable. However, these methods have signi�cant limita-
tions: they do not work in online learning settings where not all demonstration is available and they take
a longer time to converge. For time-limited tasks, a slow convergence leads to timeouts, which lowers the
performance in solving problem post-learning.

To address the above two gaps, we present the

�rst formal framework to facilitate investigations into online IRL

The framework interprets incremental learning as a sequence of sessions and each session adds currently
inferred information onto the reward learned previously. We named this framework I2RL (Chapter 3).
The framework establishes the notion of incremental IRL casting existing online methods in the formal
context. In Chapter 4, we introduce

a method called LME-I2RL [5] that admits a formally provable convergence of online learning under
observations with missing data

thereby addressing the gaps mentioned before. Evidence showed that faster learning leads to better per-
formance of the learner in solving time-limited robotic problems. Also, the method admits convergence
guarantees, which is rare in online IRL research.

Data from diverse preferences

An expert (demonstrator of a task) can choose many ways to �nish the same task. Some learning appli-
cations have data generated from more than one set of preferences (modeled as reward functions). The
learner has to �rst distinguish them and then learn each reward function accurately. Here is an example
application from the agriculture industry where data from multiple behaviors easily mix up. The task of

sorting onions can be accomplished in many ways (inspecting them one at a time, inspecting multiple
vegetables simultaneously by rolling hand on them), and the choice depends on the preferences of the
sorter between having high precision or high speed of sorting (Fig 1.3). The goal of a learner robot is to ob-
serve the sorter execute all possible ways of sorting and then distinguish them, all while receiving training
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data continually in installments. In Multi-task IRL, the imperfection in data comes from the demon-
strator either switching between multiple ways (preferences) of solving the given problem or performing
multiple tasks together.

In a previous approach to multi-task Bayesian IRL, DPM-BIRL [29], a Dirichlet process model is used
to perform non-parametric clustering of the trajectories, where each cluster corresponds to an underlying
reward function. Di�erent from Bayesian IRL, Babes-VRoman et al. [9] apply the iterative EM-based
clustering (EM-mlirl) by replacing the mixture of Gaussians with a mixture of reward functions, and a
reward function of maximum likelihood is learned for each cluster. However, as pointed out by Ziebart et
al. [88], such methods use exponentiated Q-function (credit assigned to an action in a speci�c state) to get
the probability of each state-action pair. Due to the locality of the action probability computation, the
likelihood of a trajectory is impacted by the number of action choice points (branching) encountered by a
trajectory. The bias may cause a trajectory with a higher cumulative return to have a lower likelihood under
the learned policy, leading to a sub-optimal learned reward function. Also, mlirl and dpm-birl as is
do not admit online learning.

To �ll the void in the literature, unlike previous approaches, we present a

a method called online MME-MTIRL that admits faster online multi-task IRL than the state of the
art without the label bias pointed in [88]

This new method for multi-task IRL generalizes the well-known maximum entropy approach to IRL
(MaxEntIRL) [88]. We call our method Min-Max Entropy Multi-Task IRL, or MME-MTIRL (Chapter
5) [6]. We formulate the problem as a single entropy-based nonlinear program that combines the Max-
EntIRL objective with the objective of �nding a cluster assignment distribution having the least entropy.
Taking a di�erent viewpoint, Gleave and Habryka [38] propose regularized MaxEnt multi-task IRL that is
based on the premise that each reward function being learned is close to the mean across all functions, thus
transferring information across tasks. Unlike [38], MME-MTIRL has been tested on a real-life physical
cobot and it does not need task speci�cations to be close to each other. After formulating a batch version
of this method, we extend it to online learning to help reduce learning time in time-limited domains. In
our evaluations, we found that online MME-MTIRL performed the task better and learned faster than
batch MME-MTIRL; which in turn performed better than mlirl and dpm-birl.

Perception noise

In real-life applications, unwanted noise may perturb the perception process and a learner may need to
learn incrementally from noisy input because not all the training data is available in one batch. Motivated
by the challenging goal of bringing robotic automation to post-harvest processing lines for vegetables, we
consider examples of noisy perception by a robot learner observing a human sorting onions by removing
the blemished ones. To learn this complicated manipulation task from its observations, the learner needs
to unambiguously understand when is an onion considered blemished, and how the various locations of
the expert’s hand help realize the task (e.g., hand hovering over the table, hand near the eyes of the sorter);
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(a) (b)

Figure 1.3: (a) (top) A human demonstrator picks an onion, inspects it closely to check if it is blemished, and places
it in the bin on �nding it to be blemished. (bottom) The learner (Sawyer) robot uses the learned policy to imitate
the observed behavior. (b) (Examples of noisy perception: top) a blemished onion detected as being unblemished.
(bottom-left) An onion held in the hover region. (bottom-right) An onion held at the eye (or in inspection) region.

see Fig. 1.3(a). When the expert places a blemished onion in a bin for bad onions, as the robot’s sensing
is imperfect, the blemish may not be perceived correctly by the learner’s camera. This introduces an
error in the perceived state because the learner incorrectly sees the human placing an unblemished onion
in a destination meant for bad onions (see Fig. 1.3(b) top). Another example of imperfect perception is
shown in Fig. 1.3(b) bottom: although the expert is holding an onion just above the table, the learner may
incorrectly perceive it to be in the inspection (or eye) region. This ambiguity occurs because these two
regions are in close proximity.

Max-margin approaches use slack and regularization variables for accommodating noisy input, but
they may learn inaccurately [3] or predict the control poorly [65], resulting in unstable learned behavior.
More robust approaches like maxentirl, birl, mlirl and gpirl use probabilistic frameworks
to account for perturbation or noise in training data. mmp learns while matching the state visitations in
demonstrated trajectory and that of the learned trajectory, an approach not robust to undesirably long
input trajectories. [30, 67] solved the issue by modifying the method by applying a functional gradi-
ent normalized by the state visitation counts of a whole trajectory. As these methods are not explicitly
modeling for noise, their results are mostly wanting. Shahryari and Doshi [74] approach the problem
of o�ine IRL under noisy observation using the Robust IRL method (sampling hidden ground truth
using an observation model or sensor model), but they assume that the learner knows the observation
model. This assumption may not be pragmatic because the observation model is typically a function of
obscure variables including inaccuracies in sensing hardware and computer vision. Real-world robotic
applications need a method that can learn the unknown observation model under noisy input and use that
model to learn a reward function. Furthermore, these methods as such are not incremental learners and
therefore are limited to domains where all data is available in one go. On the other hand, in our evaluation
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experiments, the IRL methods which are online did not perform well if input data has perception noise
(AIRL [35]).

The analysis leads to the requirement of an online method that can learn under perception noise
without the knowledge of the observation model. To meet this challenge, in Chapter 6, we present

a method labeled as RIMEO [7] that generalizes the batch Robust IRL to the incremental setting,
and without prior knowledge of the observation model

Our method engages in robust incremental IRL with a maximum entropy estimation of the observation
model, and is an instantiation of the I2RL framework. We formulate it as a sequence of incremental
learning sessions where each session is a two-step process – maximum entropy learning of the observation
model of the learner, followed by inversely learning the reward function of the expert by utilizing the
learned observation model.

Using noisy observations of a human engaged in sorting onions, we evaluate the performance of
RIMEO in a Gazebo sim of the onion-sorting domain in which Sawyer processes the observations incre-
mentally and eventually imitates the task of sorting the onions. We show that it generates a signi�cantly
improved sorting performance compared to a recent end-to-end IRL baseline that accepts raw images
as input. As this and other IRL methods do not directly learn an observation model, we also evaluate
the comparative advantage of RIMEO against a custom baseline that learns a less sophisticated observa-
tion model. Similar results are observed in another application used for evaluation. Furthermore, we
formally prove that RIMEO’s data likelihood improves monotonically with more sessions, and it admits
a probabilistic bound for sample complexity.

Neu et al. [59] emphasized the limitation that the accuracy of many IRL methods [61, 1, 65, 59, 87]
closely rely on the correctness of prior knowledge of reward features. Recent advances like regression or
deep-learning (deep-learning based online method AIRL [35], regression-based method firl, and gcl)
have attempted to remove the need for prior knowledge of features, by automatically constructing the
features. However, extension or analysis of such methods to online settings under perception noise is
missing from the literature. While working on RIMEO, we noticed similar gaps that motivated further
research. Firstly, noise-robust methods likeRIMEO need manual engineering of reward features and AIRL
does not need that prior engineering. And secondly, under noisy input, AIRL (as a baseline for RIMEO)
performs worse than other methods [7]; potentially due to the inability of the existing structure of AIRL
to explicitly account for the noise in the input data. To address both problems, we found a way to improve
the performance of AIRL under perception noise, which in turn also helped avoid the need for manual
feature engineering in online learning under perception noise.

Some researchers attempted to �ll these gaps but their modi�ed the goal of learning. Chen et al. [25]
proposed a method called ‘SSRR noisy-AIRL’. The method �rst �ts the input data to a function that
can characterize noise level for trajectories and then uses regression to learn a reward function that makes
the learner explore to �nd a policy with returns higher than sub-optimal input. However, in such an
approach, the learned reward function may be very di�erent from the ground truth reward function or
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expert. To handle noise-robustness di�erently, in Chapter 6, we propose a method that exploits the direct
conditional probabilistic model between noise-free ground truth and noisy observations.

robust-AIRL, a sampling based IRL method that avoids manual engineering of rewards and im-
proves the performance of AIRL under perception noise

Via evaluation on standard Mujoco benchmark domains, we demonstrated that this method achieves a
higher ‘correlation with ground truth’ as compared to ‘SSRR noisy-AIRL’.

1.2 Thesis structure

The current chapter explained the motivation and signi�cance of contributions made in this research.
The research attempted to address the aforementioned gaps in the literature.

In Chapter 2, we give some related work and background needed to introduce the research contribu-
tions. That is followed by the introduction of new algorithms proposed in the research work.

Chapter 3 introduces I2RL framework leading the way for Chapter 4 with LME-I2RL method
which can learn online under input with missing data. In Chapter 5, we show the multi-task learning
method MME-MTIRL wiht its online variant. In Chapter 6, we derive two methods (RIMEO and robust-
AIRL) which can learn online under noisy input.

Chapter 7 depicts the experimental evaluation of all the research contributions; and the �nal chapter
concludes this thesis with the signi�cance of contributions and ideas for future work.
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Chapter 2

Background and related work

A signi�cant amount of work has been accomplished in IRL over the past two decades. Our primary focus
in this thesis is on exploring the existing literature that pertains to the contributions made in this thesis.
However, it is worth noting that relatively little progress has been made in the area of online learning when
it comes to dealing with imperfect input. If we examine each imperfection individually, such as missing
data, mixed-up data from di�erent approaches to achieving the same task, and data corrupted by learner
perception errors, we can �nd some related methods.

In addition, we elucidate the conceptual framework derived from previous research. While these
imperfections overlap on a broader level, the speci�c details of the related works are mostly distinct from
one another. In order to gain a thorough understanding of these concepts, we will commence with some
mathematical fundamentals, proceed to provide a formal background on IRL, and subsequently delve
into the literature that focuses on the contributions made in this thesis.

2.1 Preliminaries

While IRL methods in literature variously ascribe models to the expert (using an MDP, hidden-parameter
MDP, or a POMDP ), we focus on the most popular model by far, which is the MDP.

De�nition 1. [MDP] An MDPM := 〈S,A, T,R, γ〉models an agent’s sequential decision-making
process. S is a �nite set of states and A is a set of actions. Mapping T : S × A → Prob(S) de�nes
a probability distribution over the set of next states conditioned on the agent taking action a at state s;
Prob(S) here denotes the set of all probability distributions overS. Tsa(s′|s, a) ∈ [0, 1] is the probability
that the system transitions to state s′. Reward function R : S → R speci�es the scalar reinforcement
incurred for reaching state s. Another variant R : S × A → R outputs the reward received after
taking action a at state s. Discount factor γ is the weight for past rewards accumulated in a trajectory,
〈τ = (s0, a0), (s1, a1), . . . (sj, aj)〉, where sj ∈ S, aj ∈ A, j ∈ N.

A policy is a function mapping the current state to the next action choice(s). It can be deterministic,
π : S → A or stochastic π : S → Prob(A). For a policy π, value function V π : S → R gives the value
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of a state s as the long-term expected cumulative reward incurred from the state by following π. The value
of a policy π is,

Es0 [V π(s0)] = E

[
∞∑
t=0

γtR(st)|π

]
(2.1)

where s0 is the state in which the reinforcement learning agent starts executing the task.
Let N+ be a bounded set of natural numbers. It is pertinent to formally de�ne a demonstration here.

De�nition 2 (Set of �xed-length trajectories). The set of all trajectories of �nite length T from an MDP
attributed to the expertE is de�ned as, XT = {X|X = (〈s, a〉1, 〈s, a〉2, . . . , 〈s, a〉T ), T ∈ N+},∀s ∈
SE, ∀a ∈ AE}.

Then, the set of all trajectories isX = X1 ∪ X2 ∪ . . . ∪ X|N+|. A demonstration is some �nite set of trajec-
tories of varying lengths,X = {XT |XT ∈ XT , T ∈ N+}, and it includes the empty set. 1 Subsequently,
we may de�ne the set of demonstrations.

De�nition 3 (Set of demonstrations). The set of demonstrations is the set of all subsets of the set of
trajectories of varying lengths. Therefore, it is the power set, 2X = 2X1∪X2∪...∪X|N+| .

IRL is the problem of inferring the reward function of an agent (also called an "expert"), given the
examples (behavior) of task execution by the expert. To address the problem of IRL, Abeel and Ng [2]
modeled the reward function as a linear combination of K binary features, φk, each of which maps a
state and an action to a value in {0,1}. The linearized reward function is Rθ(s, a) = θTφ(s, a) =∑K

k=1 θk · φk(s, a), where θk are the feature weights in θ. When using a linear reward function, the
learner’s task is to �nd aθ that makes the observed behavior optimal in the completed MDP 〈S,A,Rθ, T 〉.
The cumulative value of any feature φk for trajectory X is given by a function fk : X → R de�ned as
fk(X) =

∑
〈s,a〉t∈X γ

tφk(〈s, a〉t), where t is the temporal index of a state-action pair in the trajectory.
Please note that Abeel and Ng [2] pointed out that, under linear reward function with weights θ, the

expected value of an agent’s behavior can be presented using the expected cumulative value of

features φ activated while simulating agent’s policy,Es0 [V π(s0)] = θ×Eπ[
∑∞

t=0 φ(〈s, a〉)]. max-
entIRL method exploits this equivalence. The termEπ[

∑∞
t=0 φ(〈s, a〉)] is called feature-expectations.

Legacy maxentIRL (Maximum-Entropy Inverse Reinforcement Learning):

Many of the early methods for IRL bias their search to combat the ill-posed nature of IRL and the very
large search space [2, 88]. Ziebart et al. [88], taking a contrasting perspective, seeks a distribution over all
trajectories (sequences of state-action pairs) that exhibits the maximum entropy while being constrained
to match the feature-expectations of learned behavior with those estimated for the observed behavior.

max
∆

(
−
∑

X∈X P (X) log P (X)
)

subject to

∑
X∈X P (X) = 1

EX[φk] = φ̂k ∀k
(2.2)

1Repeated trajectories in a demonstration can usually be excluded for many methods without impacting the learning.
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Here, ∆ is the space of all distributions over the setXof all trajectories. LHS termEX[φk] =
∑

X∈X P (X)fk(X) =∑
X∈X P (X)

∑
〈s,a〉t∈X γ

tφk(〈s, a〉t) is feature expectations derived from learned behavior and RHS
φ̂k = 1

|X |
∑

X∈X fk(X) = 1
|X |
∑

X∈X
∑

(s,a)∈X φk(s, a) is an empirical estimate of the feature
expectations for the observed behavior. The problem reduces to �nding θ, which parameterizes the ex-
ponential distribution that exhibits the highest likelihood. As the distribution P(·) is parameterized by
learned weights θ,EX[φk] represents the feature expectations φπEk .

By now, the readers know the basic mathematical concepts needed to understand the math in the rest
of the thesis. The remaining part of this chapter will �rst talk a bit about related work in online IRL and
then go one by one through related work for each imperfection of training data. Please refer to Table 2.1
for a summarized version of the discussion.

Table 2.1: Related work.

My focus Related work Analysis

Online learning max-margin and Bayesian IRL
methods [2, 9, 21, 27, 64]

not amenable to online learning

online learning methods using max-
imum entropy / deep learning [69,
46, 35, 42]

No formal analysis and no conver-
gence properties

Missing data LME-IRL [13, 17] slow convergence and lack of con-
vergence guarantees

Mixed up data EM-MLIRL [9] prior knowledge of the number of
tasks, label bias, no online learning

DPM-BIRL [26] label bias, no online learning
Perception noise Robust IRL [74],

MMAPIRL[78]
prior knowledge of observation
model, no online learning

Bogert et al. [17] technique used for inferring transi-
tion model inspired the technique
for learning observation model

deep IRL [85, 34] inspiration for using deep learning
to avoid manual feature engineer-
ing

AIRL [35] no noise model accommodated,
performed worse in evaluations

SSRR noisy-AIRL [25] learned reward function may be
too distant from the expert’s re-
ward function

2.2 Online Learning

Most IRL methods in literature process observations in a single pass [2, 9, 21, 27, 64], i.e. they are
o�ine or batch methods. These methods work for cases when all the training data is available at one time,
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however, as explained in Chapter 1, some real-life applications require the learner to continuously observe
and process the observations.

As the �eld of online IRL is relatively new, the research literature is in the nascent stages of evolution.
There is an early method for online IRL [46] that modi�es Ng and Russell’s linear program [60]. It takes
as input a single trajectory (instead of the policy) and replaces the linear program with an incremental
update of the reward function. In particular, for each new observation, the learner updates the reward
weights every time the observed action di�ers from the predicted action of the expert. Apart from the
algorithm for this method, the authors provide error bounds as well.

Activity forecasting has been one of the newer applications of IRL. Researchers have focused on
learning human behavior models from observations, and predicting latent goals [52]. A recent method
called DARKO [69] performs online IRL for activity forecasting. By tracking the short-term location
goals of a person wearing a camera, DARKO uses IRL to learn a reward function based on the types of
locations and objects in the environment. Based on the inferred model, it predicts a subset of possible
future goals from a given �nite set of goals. Herman et al. [42] present a solution to the problem of
(online) learning socially acceptable navigation behavior. By using an input demonstration labeled with

acceptability, this method incrementally adapts a learned reward function according to recent changes in
the navigation behavior of the observed humans. As observed behavior can continuously change, there is
no concept of a stopping criterion for the method.

There are some online learning approaches in imitation learning, however, these methods do not
solve IRL problem in the original form posed by Russell [71]. The batch algorithm of maximum margin
planning (MMP) [66] is a method for imitation learning, evaluated on path planning domains. In that
paper, the authors also provide an extension of MMP to online MMP, and prove that the algorithm
admits a sub-linear regret bound. In a separate paper [68], the same authors present an application of the
technique to the problem of online structured prediction but focused primarily on classi�cation domains.
Other relevant methods admit online learning given deliberate teaching from a human [49, 4], but we
focus on the class of methods with passive observations by the learner without any deliberation on the part
of the demonstrator.

Even though these researchers made attempts to �ll the gap but a focused formal analysis of online
learning is missing from the literature.

2.3 Imperfect Input

As we have discussed the literature we could �nd about online learning, let’s have a look at di�erent data
imperfections we targeted in the thesis.

2.3.1 Missing information in training data

Our motivation behind proposing ‘online IRL under missing data’ is an application that involves a subject
robot that must observe other mobile robots from a �xed vantage point. Its local sensors allow it a limited
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observation area; within this area, it can observe the other robots fully, outside this area it cannot observe
at all. Previous methods [13, 17] denote this special case of partial observability where certain states are
either fully observable or fully hidden as occlusion. Subsequently, the trajectories gathered by the learner
exhibit missing data associated with time steps where the expert robot is in one of the occluded states.

Bogert and Doshi [13], while maximizing entropy over policies [21], limited the calculation of feature
expectations for policies to observable states only. To ensure that the feature expectation constraint of
IRL methods account for the missing data, batch method [15, 19] improves on this method by taking an
expectation over the missing data conditioned on the observations.

Let’s understand the mathematical formulation of batch LME-IRL method in [19]. For introducing
occlusion in data, let Y be the observed portion of a trajectory observed by the learner, andZ is one way
of completing the hidden portions of this trajectory, andX = Y ∪Z . TreatingZ as a latent variable and
taking its expectation gives a new de�nition for the expert’s feature expectations:

φ̂
Z|Y
θ,k ,

1

|Y|
∑
Y ∈Y

∑
Z∈Z

P (Z|Y ;θ)
∑T

t=1
γtφk(〈s, a〉t) (2.3)

where 〈s, a〉t ∈ Y ∪ Z ,Y is the set of all observed partial trajectory Y , Z is the set of all possible hidden
Z that can complete a trajectory Y . The program in legacy maxentIRL (de�ned in Chapter 2) is
modi�ed by replacing φ̂k with φ̂Z|Yθ,k , as we show below. Notice that in the case of no occlusion Z is empty
andX = Y . Therefore φ̂Z|Yθ,k = φ̂k and this method reduces to Legacy maxentIRL explained before.
Thus, this method generalizes the maximum entropy IRL method.

max
∆

(
−
∑

X∈X P (X) log P (X)
)

subject to

∑
X∈X P (X) = 1

EX[φk] = φ̂
Z|Y
θ,k ∀k

(2.4)

However, the program in (2.4) becomes nonconvex due to the presence ofP (Z|Y ). As such, �nding
its optima by Lagrangian relaxation is not trivial. Wang et al. [83] suggests a log-linear approximation to
cast the problem of �nding the parameters of distribution (reward weights) as the likelihood maximization
that can be solved within the schema of expectation-maximization [31] (also called E-M schema).
E-step: This step involves calculating Eq. 4.1 to arrive at φ̂Z|Y ,(t)θ,k , a conditional expectation of the K
feature functions using the parameter θ(t) from the previous iteration. We may initialize the parameter
vector randomly.
M-step: In this step, the modi�ed program (2.4) is optimized by utilizing φ̂Z|Y ,(t)θ,k from the E-step above as
the expert’s constant feature expectations to obtainθ(t+1). Normalized exponentiated gradient descent [53,
77], a version of gradient descent in which the learned parameter is scaled using the exponent of the
gradient, solves the program.

The next imperfection we aimed to address is the case when data from multiple ways (modeled as
reward functions) to �nish the same task is mixed up before showing it to the learner. The problem of
learning these multiple ways is referred to as multi-task learning.
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2.3.2 Demonstration using multiple preferences

The same job may be performed in one of many ways, each guided by a distinct set of preferences. An expert
may switch between these varied behaviors as she performs the job, or multiple experts may interleave to
perform the job. If the reward functions producing these behaviors are distinct, then the traditional IRL
would yield a single reward function that cannot explain the observed trajectories accurately. However,
modeling it as a multi-task problem allows the possibility of learning multiple reward functions. If the
number of involved reward functions is pre-determined, we may utilize the iterative EM - MLIRL to
learn distinct reward functions [9]. The method treats each unknown reward function as a generative
model producing a cluster of trajectories. But, if the number of reward functions is not known apriori,
multi-task IRL can be viewed as non-parametric mixture model clustering, which is typically anchored
by a Dirichlet process (DP) [36].

Dirichlet process mixture model A DP is a stochastic process whose sample paths are drawn from
functions that are distributed according to the Dirichlet distribution. DPs �nd application in Bayesian
mixture model clustering [36] due to an interesting property exhibited by distributionG ∼ DP (α,H),
whereα is the concentration parameter andH is a base distribution. Irrespective of whetherH is smooth,
G is a discrete distribution. Observations θ distributed according to G allow us to update the DP. The
i.i.d. draws of observation θ are typically interpreted as cluster parameters. A generic DP-based Bayesian
mixture model can be seen as:

G|α,H ∼ DP (α,H); θ|G ∼ G; Xi|θ ∼ F (θ)

where data Xi has distribution F (θi). Notice the lack of any bound on the number of mixture com-
ponents. To utilize this mixture model for clustering observed data {Xi}, we must additionally assign
each data point to its originating cluster, and these assignments are drawn from convex mixture weights
(π = {π1, π2, . . . , πD}) which are themselves distributed randomly. For most Dirichlet Prcoess Mixture
models, the distributionG is the discrete mixture distribution parameterized byπ as

∑D
d=1 πdδθ∗d , where

θ∗d denotes parameter value unique to mixture component indexed d. The number of components D
may grow as large as needed. We may then obtain a cluster assignment ci for data pointXi by sampling
from distributionG. probabilitiesπ. Then, for each data point

θ∗d|H ∼ H; ci|π ∼ G; Xi|ci, {θ∗d} ∼ F (θ∗ci) (2.5)

Choi and Kim [26] utilize this Bayesian mixture model application of a DP toward multi-task IRL.
The data points in DPM-BIRL {Xi} are the observed trajectories, {θ∗d} parameterizes the D distinct
reward functions, and F (θ∗ci) corresponds to 1

Z(θ∗ci )
e
∑T
t=1Q(st,at;θ∗ci ), where T is the �xed length of the

trajectory,Z(θ∗ci) is the partition function, andH is taken as the Gaussian distribution. Neal [58] discusses
several MCMC algorithms for posterior inference on DP-based mixture models, and Choi and Kim select
the Metropolis-Hastings.
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Our second contribution of ‘online multi-task learning’ was inspired from the realization that preva-
lent multi-task methods of EM-MLIRL and DPM-BIRL are o�ine and they su�er from label bias pointed
out in Ziebart et al. [88] (label bias has been explained in Chapter 1).

The next imperfection we focused on is the presence of perception noise in demonstration data. Later,
we introduce two online methods to handle the problem - the �rst approach infers an observation model
and the second approach avoids manual feature engineering.

2.3.3 Perception noise

Prior knowledge of observation model

Observation noise is not widely addressed by the IRL literature, which tends to assume that the state-
action data is accurate. However, this assumption may not hold in robotic applications where the learner
is using (noisy) sensors to watch the expert (a paradigm called learn-from-observation (LfO)). Robust
IRL [74] was an early technique, which estimated the ground truth underlying the noisy observations
using a known observation model. But, it did not address cases where the observation model is unknown,
or when the data is only available incrementally. More recently, a hierarchical Bayesian model [12] was
presented to enable IRL in partially-controlled environments where elements that confound the obser-
vations of the expert may be present. The model o�ers a way to sample the source of each observation
and a hyperprior over the observation models is de�ned. Bayesian IRL has also recently been extended
to contexts involving both occluded and noisy observations using marginal maximum-a-posteriori in-
ference [78]. However, the observation or sensor model is assumed to be known in order to utilize this
method. In general, all current methods of learning under noisy input are not incremental and therefore
can not be used in real-life applications where training data comes in installments.

We also note IRL methods that learn the stochastic transition dynamics, either by using impor-
tance sampling [20] or by decomposing each transition into its component features and learning from
feature aggregates [17]. Adapting the former method for unknown observation models requires a preex-
isting near-perfect base observation model, which may get unrealistic. We take inspiration from the latter
method, where, analogously to Bogert and Doshi [17], we decompose an observation into its component
observation features followed by learning the feature probabilities, and the learner generalizes from that
information. To our knowledge, there are no existing methods that have approximated the observation
model for online IRL under noisy input. To that end, we introduced method RIMEO. Additionally,
existing methods that learn under perception noise are not structured to work in an incremental or online
fashion.

We addressed the problem by introducing an online technique that can learn using noisy input without
prior knowledge of the observation model. However, the technique needs manual engineering of reward
features. That led to our contribution to learning online under perception noise but without manual
feature engineering. The next section explains related work for that part.
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Manual engineering of features

In the realm of learning a reward function without manual engineering of reward features, some re-
searchers have explored deep neural network architecture as approximations of complex nonlinear reward
functions in large state spaces. Wulfmeier et al. [85] and Finn et al. [34] propose neural networks as func-
tion approximators that avoid the cumbersome hand-engineering of appropriate reward features. They
investigated computation of the gradient of maxent objective function using back-propagation making
IRL scalable to large spaces with nonlinear rewards. However, [85] has been limited to overly simpli�ed
applications, and [34] heavily rely on tricks like applications speci�c reward regularization and can not ef-
�ciently work with complete trajectories. The bene�ts of GANs and the limitations of previous methods
motivated GAN-based online learning approaches like AIRL [35]. Learning process based on Generative
adversarial network [39] can adapt the information in input data to improve the e�ciency of learning.
AIRL uses GAN training to train a discriminator that has the following closed-form representation that
is parameterized by reward network fθ and generator-policy network π.

Dθ(s, a) =
exp fθ(s, a)

exp fθ(s, a) + π(a|s)
where (s, a) is a state-action pair in the current input demonstration.
The authors proved that the objective of training the above discriminator solves the IRL problem

resulting in a reward function given by fθ(s, a). Besides the obvious bene�t of not needing manual
engineering of features or special regularizations, the online method of AIRL has been shown to learn a
reward function that is disentangled from underlying dynamics.

However, as observed in experimental evaluations of RIMEO, AIRL, as is, does not do well under
perception noise. Our method RIMEO can learn well with input comprising perception noise but it
needs manual engineering of reward features.

Some researchers proposed IRL methods that can learn from faulty input data. The methods that use
supervised learning directly necessitate either manual clustering or labeling of sub-optimal demonstrations
[40, 75], which is an additional overhead. [86] extended BIRL to the case of noisy input, by using the
temperature parameter of data likelihood (Boltzmann distribution) to characterize the noise level of input.
However, the method has been evaluated on low-dimensional domains, it needs a signi�cant amount of
input data, and, as is, does not admit incremental learning.

Some methods target the problem of learning a behavior with returns better than the expert (demon-
strator) regardless of whether the perception process is noisy or not [24, 33, 72, 44]. We, on the other hand,
use the premise that input is noisy, and it is noisy due to the learner’s faulty perception. Therefore, the two
problems are di�erent from each other. Moreover, the problem of learning better than the demonstrator
is distant from Russell’s de�nition of IRL [71]. Some of these methods come closer to our goal though.

Chen et al. [25] proposed a method called ‘SSRR noisy-AIRL’. The method �rst �ts input data to
a noise-and-performance relationship function that can characterize noise level for trajectories and then
uses regression to learn a reward function with returns higher than sub-optimal input. However, in such
an approach, the learned reward function may be very di�erent from the noise-free ground truth reward
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function of the expert. And, consequently, the learned policy may be very di�erent from the noise-free
ground truth policy. In a similar direction of work, Brown et al. [23] introduced D-REX which uses
behavior cloning to generate ranked training data and runs supervised learning on this ranked data to
learn a reward function with average returns higher than noisy input. However, Chen et al. [25] proved
that the supervised learning process of D-REX su�ers from an inductive bias which leads to an inaccurate
characterization of the noise-and-performance relationship for ranked trajectories.

A few shortcomings that are shared by most of the related work: it is not clear if the source of sub-
optimality in data is expert or it is the learner’s perception, and it is not clear how the methods can be
deployed in an application that needs an incremental or online learner. To handle robustness di�erently,
instead of learning by using trajectory labels, our approach (called robust-AIRL) exploits the conditional
probabilistic relationship between noise-free ground truth and noisy observations. We chose ‘SSRR noisy-
AIRL’ as a baseline because it outperformed D-REX. We demonstrated that our method achieves a higher
correlation with ground truth as compared to ‘SSRR noisy-AIRL’.

The current chapter introduced the work done in the literature about online learning and imperfec-
tions in training data. Next chapter formally established the framework of online inverse reinforcement
learning so that coming chapters can use that framework for addressing the challenges explained in the
�rst chapter.
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Chapter 3

Framework of Online IRL

We introduce in this chapter a framework meant for a mathematical analysis of the problem of incremental
or online learning of reward function. The basic premise behind incremental learning of reward function
is that the training data (trajectories of an expert executing a task) is either available or perceived in chunks.
Our framework, labeled as incremental IRL (I2RL), establishes the key components of this problem
and rigorously de�nes the notion of an incremental variant of IRL. We formally introduce the concept
of a learner building up a new inference by using the old learned information and data recently received.
We explain di�erent ways in which the value of learned information can be measured and, therefore, used
for stopping the learning process. To demonstrate its usefulness, we model existing methods that perform
online IRL [46, 69] using the components of this framework. This provides initial evidence that the
framework is complete.

Inverse RL aims to �nd a reward function under which the observed behavior of the expert is optimal,
with the behavior modeled as an incomplete Markov decision process (MDP) 〈S,A, T 〉 [71, 60]. Per the
de�nitions in Chapter 2, IRL ascribes an MDP without the reward function to the expert, and thus,
consists of estimating the reward function, R̂E ∈ R, to provide the best explanation of the learner’s
observationsX ∈ 2X. Therefore, we can view IRL as a function: ζ(MDP/RE ,X ) = R̂E .

3.1 Incremental IRL (I2RL) Framework

We present a framework for incremental IRL that provides a common foundation for researchers inter-
ested in developing new techniques for online IRL, and facilitates comparison between them as well as
developing their theoretical properties.

To establish the de�nition of incremental IRL, we must �rst de�ne a session of I2RL. Let R̂0
E be an

initial estimate of the expert’s reward function. Our de�nitions reference trajectories and demonstrations,
which were previously de�ned.

De�nition 4 (Session). A session of I2RL, ζi(MDP/RE ,X i, R̂
i−1
E ), i > 0 and i ∈ N, takes as input

the expert’s MDP sans the reward function, the current (ith) demonstration,X i ∈ 2X, and the reward
function estimated previously. It yields a revised estimate of the expert’s reward function, R̂i

E .
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Note that we may replace the reward function estimates with some parameter su�ciently representing
it (e.g., θ). Also, for expedience in formal analysis, we may assume that the trajectories in a sessionX i are
i.i.d. from the trajectories in the previous session. When the trajectories inX i are i.i.d., the demonstrations
{X i, i ∈ {1, 2, . . .} are also i.i.d. This assumption enables deriving probabilistic convergence bounds by
making it possible to apply Hoe�ding’s inequality, as we demonstrate later in Chapters 4 and 6.

We may let the sessions run inde�nitely. Alternately, we may establish some stopping criteria for
incremental learning, which then o�er a basis to automatically terminate the sessions once the criterion is
satis�ed. LetLL(R̂i

E|X 1:i) be the log-likelihood of the demonstrations received up to the ith session given
the current estimate of the expert’s reward function. We may view this likelihood as a measure of how
well the learned reward function explains the observed data. In the context of I2RL, the log-likelihood
must be computed without storing data from previous sessions. Here onwards, X̂ denotes a su�cient
statistic that replaces all input trajectories from previous sessions in the computation of log-likelihood.

De�nition 5 (Stopping criterion #1). Terminate the sessions of I2RL when |LL(R̂i
E|X i, X̂ ) −LL(

R̂i−1
E |X i−1, X̂ ′)| 6 ρ, where ρ is a very small positive number.

De�nition 5 re�ects the fact that additional sessions are not improving the learning performance
signi�cantly. On the other hand, a more e�ective stopping criterion is possible if we know the expert’s
true policy π∗E . We can utilize the inverse learning error [27] in this criterion, which gives the loss of value
if the learner uses the learned policy on the task instead of the expert’s:

ILE(π∗E, πE) = ||V π∗E − V πE ||1

Here, V π∗E is the optimal value function ofE’s MDP and V πE is the value function due to utilizing
the learned policy πE (obtained from solving the MDP with the learned reward function) in E’s true
MDP.

Let πiE be the optimal policy obtained from solving the expert’s MDP with the reward function R̂i
E

learned in session i. Another stopping criterion is de�ned as given below.

De�nition 6 (Stopping criterion #2). Terminate the sessions of I2RL when ILE(π∗E, π
i−1
E )−ILE

(π∗E, π
i
E) 6 ρ, where ρ is a very small positive error and is given.

Obviously, prior knowledge of the expert’s policy is not common in practice. Therefore, we view this
criterion as being more useful during the formative evaluation of I2RL methods.

Utilizing Defs. 4, 5, and 6, we formally de�ne I2RL next.

De�nition 7 (I2RL). Incremental IRL is a sequence of learning sessions {ζ1(MDP/RE ,X 1, R̂
0
E), ζ2

(MDP/RE ,X 2, R̂
1
E), ζ3 (MDP/RE ,X 3, R̂

2
E), . . . , }, which continue in�nitely or until a stopping cri-

terion assessing convergence is met (criterion #1 or #2 depending on which one is chosen apriori).

Please note that executing a session should happen without storing any data from previous sessions.
So, if needed, a session uses the su�cient statistic X̂ as information passed on from the previous session
(in addition to R̂i−1

E ), ζi(MDP/RE ,X i, R̂
i−1
E , X̂ ). Also, reward function R̂i−1

E can take a parametrized
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form, depending on the representation being used I2RL method, e.g. weights of a linear combination
of features, weights of the neural network, etc.

Regret is a common performance measure for online learning methods. It is often de�ned based on an
expected value of cumulative loss or gain. For example, in the context of online learning in the multi-arm
bandit problem [8], regret is de�ned as the di�erence between the expected value of total loss from method
A, and the total loss from the best decision in hindsight.

RegretT (A) = E{xt|t∈{1,2,...T}}[Σ
T
t=1l(xt)]−min

x∈I
E{xt|t∈{1,2,...T}}[Σ

T
t=1l(x)]

where l(·) is a loss function, and xt is the decision made at time t. If the distribution over {xt|t ∈
{1, 2, . . . T}} is unknown, it may be estimated as

RegretT (A) =
1

T
[ΣT

t=1l(xt)]−min
x∈I

1

T
[ΣT

t=1l(x)]. (3.1)

We may model the sessions of I2RL as the iterations of an adversarial iterative game with the learner as a
player, and the IRL hypotheses {R̂i

E} as the decisions made by the player. Note that the best possible
hypothesis for R̂i

E is the true reward function RE of the expert. Thus, the minimum loss achievable
relative toRE is 0; and the loss from decision R̂i

E can be measured in terms of the log-likelihood di�erence(
LL(RE|X i, X̂ )− LL(R̂i−1

E |X i−1, X̂ ′)
)

. Plugging these choices into equation 3.1, we get the following
de�nition of average regret:

De�nition 8 (Average Regret in I2RL). With
(
LL(RE|X i, X̂ )− LL(R̂i−1

E |X i−1, X̂ ′)
)

as the loss
incurred in session i by the learning algorithmAI2RL , average regret after T sessions is given by:

RegretT (AI2RL) =
1

T
ΣT
i=1

(
LL(RE|X i, X̂ )− LL(R̂i−1

E |X i−1, X̂ ′)
)
.

While somewhat straightforward, these rigorous de�nitions for I2RL allow us to situate the few
existing online IRL techniques, and to introduce online IRL with hidden variables, as we see next.

3.2 Existing online methods formulated as I2RL

One of our contributions is to facilitate a portfolio of online methods each with its own appealing prop-
erties under the framework of I2RL. This will enable online IRL in various applications. We may
easily present the method by Jin et al. [46] within the framework of I2RL. A session of this method
ζi(MDP/RE ,X i, R̂

i−1
E ) is realized as follows: EachX i is a single state-action pair 〈s, a〉 and initial reward

function R̂0
E = 1√

|SE |
. For i > 0, R̂i

E = R̂i−1
E + α · vi, where vi is the di�erence in the expected value

of the observed action a at state s and the (predicted) optimal action obtained by solving the MDP with

21



the reward function R̂i−1
E , and α is the learning rate. While no explicit stopping criterion is speci�ed, the

incremental method terminates when it runs out of observed state-action pairs.
Another I2RL method is DARKO algorithm, used for �rst-person activity forecasting [69]. Casting

the method to the framework of I2RL, a session of this method is ζi(MDP/RE ,X i,θ
i−1), which yields

θi. When the person wearing a camera stops the current activity, the stoppage is perceived as reaching
a goal state in MDP. Input demonstration for the session, X i, comprises all the activity trajectories
observed since the end of the previous goal until the next goal is reached. The session IRL �nds the
reward weights θi that minimize the margin EX[φ|π∗E] − φ̂ using gradient descent. Here, the expert’s
policy π∗E is obtained by using soft value iteration for solving the complete MDP that includes a reward
function estimate obtained using previous weights θi−1. No stopping criterion is utilized for online
learning, thereby emphasizing its continuity.

A more recent I2RL method is the deep learning (GAN) based approach of AIRL [35] (explained
at the end of Chapter 2). Interpreting AIRL in I2RL framework, each iteration of GAN training can
be formulated as a single session ζi(MDP/RE ,X i,θ

i−1,θi−1
gen) taking reward-network (learned reward

function) weights θ from the previous session, generator-network (learned policy) weights θgen from the
previous session, currently input batchX i of state-action pairs as inputs. Each session starts by training
the discriminator to distinguish input demonstration from the generator’s output. Then, the process
trains the generator to bring the generator’s output closer to the input data (expert’s behavior). The
outputs of a session are updated weights θi,θigen of the two networks. As no explicit stopping criterion
is speci�ed, the incremental process terminates when it runs out of batches of observed state-action pairs.
A similar formulation is applicable to GAN based method called GAIL [43].

This chapter introduced the formal framework of I2RL, the stopping criteria for online learning,
and how related work is captured by the framework. The next four chapters elaborate on our research
contributions in the �eld of online learning of reward function(s) under imperfect input. These chapters
go one by one through each type of imperfection. The next chapter focuses on online learning under
occlusion.
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Chapter 4

Missing data

The �rst research contribution of this research is a new method that advances the recent progress in
maximum entropy IRL with a partially hidden demonstration of data [19] (LMEIRL, Chapter 2 section
‘Missing information in training data’) by generalizing it to an online setting. We will see later in Chapter
7 that making this o�ine (batch) method online boosts the convergence speed and, therefore, the success
rate in time-limited application domains. In addition to making the method online, we establish key
theoretical properties of this new method, which we call online latent maximum entropy IRL (LME-
I2RL). Speci�cally, we show that the demonstration data likelihood increases monotonically for this
method as more of the demonstration is seen. Consequently, the method shows probabilistic convergence
up to a given con�dence and within a desired error if a pre- computable amount of training data is available.
In an experimental evaluation (Chapter 7), we exploited this convergence property to calculate how much
training data must be enough for online learning. Finally, we prove that, with a high con�dence, the
method exhibits no-regret learning asymptotically as the number of sessions increases. In other words,
the average loss across multiple sessions approaches zero with an increasing number of sessions, which is
a desirable property for online learning.

4.1 Online maxentIRL under Occlusion

This chapter contributes a new method for online IRL, under the I2RL framework, which modi�es
LME IRL. It o�ers the capability to perform online IRL in contexts where portions of the observed
trajectory may be occluded.

For di�erentiation, we refer to the original method as the batch LME IRL [19]. Recall from Chapter
2 Section 2.2.1 that the kth feature expectation of the expert computed as part of the E-step.

φ̂
Z|Y
θ,k ,

1

|Y|
∑
Y ∈Y

∑
Z∈Z

P (Z|Y ;θ)
∑T

t=1
γtφk(〈s, a〉t) (4.1)
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φ̂
Z|Y ,i
θi,k

is the expectation of kth feature for the demonstration obtained in ith session, φ̂Z|Y ,1:i

θi,k
is the

expectation computed for all demonstrations obtained till ith session, we may rewrite Eq. 4.1 for feature
k as:

φ̂
Z|Y ,1:i

θi,k
,

1

|Y1:i|
∑
Y ∈Y1:i

∑
Z∈Z

P (Z|Y ;θ)
T∑
t=1

γtφk(〈s, a〉t)

=
1

|Y1:i|
∑

Y ∈(Y1:i−1∪Yi)

∑
Z∈Z

P (Z|Y ;θ)
T∑
t=1

γtφk(〈s, a〉t)

=
1

|Y1:i|

( ∑
Y ∈Y1:i−1

∑
Z∈Z

P (Z|Y ;θ)
T∑
t=1

γtφk(〈s, a〉t)+

∑
Y ∈Yi

∑
Z∈Z

P (Z|Y ;θi)
T∑
t=1

γtφk(〈s, a〉t)
)

=
1

|Y1:i−1|+ |Y i|

(
|Y1:i−1| φ̂Z|Y ,1:i−1

θi−1,k
+ |Y i| φ̂Z|Y ,iθi,k

)
(Using Eq. 4.1 and |Y1:i| = |Y1:i−1|+ |Y i|)

=
|Y1:i−1|

|Y1:i−1|+ |Y i|
φ̂
Z|Y ,1:i−1
θ,k +

|Y i|
|Y1:i−1|+ |Y i|

φ̂
Z|Y ,i
θ,k (4.2)

A session of incremental LME takes as input the expert’s MDP sans the reward function, the cur-
rent session’s trajectories, the number of trajectories observed until the previous session, the expert’s
empirical feature expectation and reward weights from previous session. More concisely, each session is
denoted by, ζi(MDP/RE , Y i, |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1). The su�cient statistic X̂ for the session com-
prises (|Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ). In each session, the feature expectations using that session’s observed tra-
jectories are computed, and the output feature expectations are obtained by including these as shown
above in Eq. 4.2; the latter is used in the M-step. The equation shows how computing su�cient statistic
replaces the need for storing the data input in previous sessions. Of course, each session may involve several
iterations of the E- and M-steps until the converged reward weights θi are obtained thereby giving the
corresponding reward function estimate. We refer to this method as LME I2RL. Appendix A has the
link to our github codebase, which has implementation for this method.

Stopping Options There are multiple ways to stop the online learning process. In the experiment appli-
cations we focused on, it made sense that the learner kept learning until the demonstrations keep coming.
But, for other applications, IRL practitioner can choose to stop learning earlier if the log-likelihood has
stopped changing signi�cantly, regardless of availability more input demonstrations.

Wang et al. [84] shows that if the distribution over the trajectories is log linear, then the reward function
that maximizes the entropy of the distribution over trajectories also maximizes the log likelihood of the
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observed portions of the trajectories. Given this linkage with log likelihood, we show an algorithm using
the stopping criterion #1 as given in Chapter 3. As shown in Algorithm 2, the sessions will terminate when,
|LL(θi|Y i, |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1)−LL(θi−1|Y i−1, |Y1:i−2|, φ̂Z|Y ,1:i−2

θi−2 ,θi−2)| ≤ ρ, where θi fully
parameterizes the reward function estimate for the ith session and ρ is a given acceptable di�erence.

Avoiding early stopping However, there should be additional precaution to avoid early stopping due
to a temporary drop in chosen stopping metric (say livelihood). One can use an upper-bound on stddev
values of log-likelihood computed over a moving window of iterations. Bigger the size of this window,
less are the chances of early stopping. Precautions like these also avoid the cases like p-hacking where
convergence is an artifact of the speci�c data, i.e. happens by chance by chance rather than merit.

Algorithm 1 Algorithm INCREMENTAL-LME(MDP/RE ,φ)
1: i← 1;Y1:i−1 ← ∅
2: φ̂Z|Y ,1:i−1

θi−1,k
← 0; [θ0]k ∼ uniform(0, 1)

3: while |LL(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi)− LL(Y i−1, |Y i−2|, φ̂Z|Y ,1:i−2

θi−2 ,θi−1)| > ρ do

4: /* session ζi(M/RE ,Y i, |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) */
5: repeat

6: /* E-step */
7: Use MCMC to sample trajectories from P ((Y, Z)|θi−1), and compute φ̂Z|Y ,i

θi
for sampled

trajectories.
8: /* Updating feature expectations using sufficient statistic. */
9: Use Equation 4.2 to compute φ̂Z|Y ,1:i

θi,k
for all k.

10: |Y1:i| ← |Y1:i−1|+ |Y i|
11: /* M-step */
12: θ0 ← θi−1, t← 1
13: repeat

14: Compute π∗E,(t−1) using θ(t−1) andEX[φk] using trajectories sampled from π∗E,(t−1).
15: z(t−1) ← φ̂

Z|Y ,1:i

θi
− EX[φ] {gradient}

16: θt,k ←
θ(t−1),k exp(−ηz(t−1),k)∑k
i=1 θ(t−1),k exp(−ηz(t−1),k)

17: t← t+ 1
18: until |z| ≤ ε/(1− γ)
19: until gradient of likelihood≈ 0
20: Compute π̂i using learned reward θi ← θt.
21: i← i+ 1

4.1.1 Convergence Bounds

LME I2RL admits some signi�cant convergence guarantees with a con�dence of meeting the speci�ed
error on the demonstration likelihood. We defer the proofs of these results to Appendix B. To establish
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the guarantees of LME I2RL, we �rst focus on the full observability setting. For a desired relaxed bound
ε on the feature matching constraint (see line 18 in Algorithm 2) for session i, the con�dence is bounded
as follows:

Theorem 1 (Con�dence for ME I2RL). Given X 1:i as the (fully observed) demonstration till session i,

θE ∈ [0, 1]K is the expert’s weights, and θi is the converged weight vector for session i for ME I2RL, we

have,

LL(θE|X 1:i)− LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) 6
2Kε

(1− γ)

with probability atleast max(0, 1− δ), where δ = 2K exp(−2|X 1:i|ε2).

Note that su�cient statistic X̂ for full-observability scenario is (|X i−1|, φ̂1:i−1).
Relaxing the full observability assumption, the following lemma proves that LME I2RL converges

monotonically.

Lemma 1 (Monotonicity). LME I2RL increases the demonstration likelihood monotonically with each
new session, LL(θi|Y i, |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) − LL(θi−1|Y i−1, |Y1:i−2|, φ̂Z|Y ,1:i−2

θi−2 , θi−2) > 0,
when |Y1:i−1| � |Y i|.

Lemma 7 suggests that the log likelihood of the demonstration can only improve from session to
session after learner has accumulated a signi�cant amount of observations.

Following result illuminates the con�dence with which I2RL under occlusion can minimize the log
likelihood error. Please consider the error in approximating the feature expectations of the unobserved
portions of the data, accumulated from the �rst to the current session of I2RL. Notice that φ̂Z|Y ,1:i

θi,k
given

by Eq. 4.2 is an approximation of the expectation φ̂1:i
k under full-observability , computed by sampling

the hidden Z from P (Z|Y,θi−1) [19]. The following lemma relates the error in this sampling-based
approximation to the di�erence between feature expectations for learned policy and that estimated for
the expert’s true policy.

Lemma 2 (Constraint Bounds for LME I2RL ). Suppose X 1:i has portions of trajectories in Z1:i =

{Z|(Y, Z) ∈ X 1:i} occluded from the learner. Let εs be a bound on the error
∣∣φ̂1:i
k − φ̂

Z|Y ,1:i

θi,k

∣∣
1
, k ∈

{1, 2 . . . K} after ns samples for approximation. Then, with probability at least max(0, 1− (δ + δs)),
the following holds: ∣∣∣EX[φk]− φ̂Z|Y ,1:i

θi,k

∣∣∣
1
6 ε+ εs, k ∈ {1, 2 . . . K}

where ε, δ are as de�ned in Theorem 3, and δs = 2K exp(−2nsε
2
s).

LME I2RL computes θi by an optimization process using the result φZ|Y ,i of E step (sampling of
occluded data) of current session along with other inputs (feature expectations and θ computed from pre-
vious session) which, in turn, depend on sampling process in previous sessions. Theorem 3 and Lemma 6
allows us to probabilistically bound the error in log likelihood for LME I2RL:
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Theorem 2 (Con�dence for LME I2RL). LetY1:i = {Y |(Y, Z) ∈ X 1:i} be the observed portions of the

demonstration until session i. ε and εs are inputs as defined in Lemma 6, and θi is the solution of session i

for LME I2RL. Then

LL(θE|Y1:i)− LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) ≤ 4Kεl
(1− γ)

with confidence at least max(0, 1− δl), where εl = ε+εs
2

, and δl = δ + δs.

Given ε, εs, N and the total number of input partial -trajectories, |Y1:i|, Theorem 4 gives the con�-
dence 1−δl for I2RL under occlusion. Equivalently, |Y1:i| can be derived using desired error bounds and
con�dence. As a boundary case of LME I2RL, if learner ignores occluded data (no sampling or ns = 0

for E-step ), the con�dence for convergence becomes zero because δs becomes larger than 1. Please note
that the above two theorems are based on assumption that, for each feature-pair in K reward features,
the expectation of one feature computed over a trajectory is independent from the expectation of another
feature over same trajectory. This is the basis of applying Hoe�ding inequality in the proofs.

A desirable feature is for an online learning algorithm to be no-regret, i.e., where the average regret
vanishes in the limit. In the context of ME I2RL, we follow our de�nition of average regret (Chapter 3,
De�nition of Regret) up to session i = T as

RegretT (AME I2RL) =
1

T

T∑
i=1

LL(θE|X 1:i)−
1

T

T∑
i=1

LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1)

This is the regret that I2RL experiences in hindsight, in terms of log-likelihood loss, for returning θi

instead of θE after session i, i = 1, . . . , T , averaged over the T sessions. Theorem 3 implies that with a
high con�dence, the above expression for average regret is constant bounded, speci�cally by 2Kε/(1−γ).
However, By setting a diminishing (variable) threshold in line 18 of Algorithm 2, the total regret can be
made to grow slower than T , so that the average regret vanishes in the limit (as T →∞). One such choice
(by no means unique) for a variable ε for line 18 is

εi/(1− γ) = c/i (4.3)

where c is some constant and i is the session index. This choice ensures that with a high con�dence,
RegretT (AME I2RL) is O(log T )/T , which indeed vanishes in the limit. We formalize this intuition for
the fully observable setting (i.e., in the context of Theorem 3; a similar result follows in the context of
Theorem 4 as well) in the following theorem.

Theorem 3 (No Regret Learning). There exist choices for a variable threshold bound on the feature match-

ing constraint, εi as a function of session i, such that with probability at least max(0,
∏i=T

i=1 (1− δi)), where

δi = 2K exp(−2|X 1:i|ε2
i ),

RegretT (AMEI2RL) = o(T )/T,

thus approaching 0 as T →∞.
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Note that the above theorem assumes that line 18 of Alg. 2 exits in every session. If this does not occur
in some session, for instance if the algorithm gets stuck in a local optima which becomes increasingly likely
as the threshold in equation 4.3 tightens, then the theorem does not apply.

In contrast with Theorem 3, this theorem takes a long term view of the learner’s performance. The
theorem itself demands a gradually improving performance by this measure (due to Equation 4.3), while
Theorem 3 merely improves the con�dence (δ) on the learner’s performance. The price for demanding
greater long term accuracy is the diminishing schedule of ε, which may become increasingly harder to
meet.

Generalization to Existing Methods: Theorem 3 holds for the online method by Rhinehart et al. [69]
because it uses incremental (full-observability) maximum entropy IRL. As the latter implements online
learning without an incremental update of feature expectations of the expert, thus set φ̂1:i = φ̂i, an
absence of su�cient statistic, set |X i−1| = 0, and set φ̂1:i−1

k = 0,∀k in Theorem 3. This demonstrates
the bene�t of Theorem 3 to relevant methods.

The current chapter introduced a method LME-I2RL to address the lack of online learning of reward
function under demonstration with missing data. We proved that if an expert provides the learner with
a pre- computable amount of partial data, LME-I2RL converges monotonically within a given error
bound with a given con�dence. We also showed that the method learns with ‘no regret in the limit’ if
we set a convergence threshold value that diminishes with every subsequent session. The next chapter
shows a new method ‘online MME-MTIRL’, which can learn online multiple reward function(s) using
a training dataset comprising trajectories mixed up from a diverse set of preferences (di�erent reward
functions to �nish the same task).

28



Chapter 5

Mixed data from different
preferences

This chapter focuses on addressing the second kind of imperfection in input data used in online learning
applications. Traditional methods of IRL assumed that an expert’s ’preference of �nishing the task’ can
be modeled uniquely via a single reward function and learning can be done o�ine. As we explained in
Chapter 1, this is not always true. One task of sorting onions can be done in multiple ways depending on
whether the sorter prioritizes the precision of sorting over the speed of sorting or vice-versa. The demon-
stration observed by the learner may have trajectories from di�erent reward functions mixed together and
the learner’s goal is to infer all these reward functions distinctly, and incrementally using I2RL sessions.
That motivation led to the creation of a multi-task online learning approach, online Min-Max Entropy
Multi-Task IRL or online MME-MTIRL.

We present a new method for multi-task IRL that generalizes the maximum entropy IRL (MaxEn-
tIRL) [88] to multi-task learning. Figure 5.1 shows the overview of using this method. After formulating
a batch version of this method, we extend it to online learning which, in turn, helps reduce learning time
in time-limited domains.

5.1 Min-Max Entropy Multi-Task IRL

Ziebart et al. [88] notes a key bene�t of the MaxEnt distribution over trajectories over the distribution
F (θ∗ci) mentioned in Background chapter (which is the prior over trajectories utilized in the Bayesian
formulation for IRL [64]), despite their initial similarities. Speci�cally, the latter formulation, which
decomposes the trajectory into its constituent state-action pairs and obtains the probability of each state-
action as proportional to the exponentiated Q-function, is vulnerable to the label bias. Due to the locality
of the action probability computation, the distribution over trajectories is impacted by the number of
action choice points (branching) encountered by a trajectory. On the other hand, the MaxEnt distribution
does not su�er from this bias. A major consequence of this bias is that Bayesian methods may not assign
higher likelihoods to trajectories that have higher rewards, but MaxEnt does. To illustrate this distinction,
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we conducted experiments in a 10 × 10 Object World [55] with two desirable objects at corners, and
randomly placed walls. We noted the correlation coe�cients (ρ) between the variablesA (log-likelihood
of a trajectory as assigned by the method) and B (total reward of a trajectory) for 75 expert trajectories.
While ρAB is 1 for MaxEnt due to a strictly linear relation betweenA andB, it is 0.1771 (p-value 0.2914)
for Bayesian IRL, showing no signi�cant correlation betweenA andB.

Table 5.1 shows the correlations between the log-likelihoods and the total rewards of the expert trajec-
tories, from BIRL and MaxEnt. While the log-likelihood of a trajectory from MaxEnt is strictly linearly
related to its total reward (hence the correlation coe�cient of 1), there is no signi�cant correlation between
these variables for BIRL.

Table 5.1: Correlations coe�cients, ρAB , between variablesA= log-likelihood of a trajectory, andB= total
reward of a trajectory.

ρAB for BIRL p-value for BIRL ρAB for MaxEnt p-value for MaxEnt
0.1771 0.2914 1.0 0.0

This important observation motivates a new method that combines the non-parametric clustering of
trajectories and the learning of multiple reward functions by �nding trajectory distributions of maximum
entropy. This method has the bene�t of avoiding label bias.

5.1.1 Uni�ed Optimization

A straightforward approach to the combination would be to replace the parametric distribution in Max-
EntIRL with F (θ∗ci) of DP-based mixture model (please refer Chapter 2 for the details of DPM), and
the distribution over the trajectories with cluster assignment value ci. Solving the nonlinear program will
yield parameter θ∗ci that maximizes the entropy of F (θ∗ci). Though simple, this approach is ine�cient
because it requires solving the MaxEnt program repeatedly – each time the DP-based mixture model is
updated.

Instead, we pursue an approach that adds key elements of the DP-based mixture modeling to the
nonlinear program of Max Entropy optimization. Maximum entropy optimization can learn those pa-
rameters {θd} (these are the Lagrangian multipliers) which maximize the entropy of the component
(cluster) distribution F (θd) over the trajectories {Xi} with cluster assignment ci = d. Subsequently,
each component distributionF assumes the form of an exponential-family distribution parameterized by
θd, which is known to exhibit the maximum entropy. For our DPM model, the distributionG is the mix-
ture

∑D
d=1 πdδθ∗d . We present distribution F (θd) as P (·|ci = d) and we use D = {1, 2, . . . D}, K =

{1, 2, . . . K} for brevity. To the goal of maximizing the entropy of each cluster-speci�c distribution
P (·|ci = d), we add a second goal of �nding component weightsπ = {πd}d∈D that exhibit a minimal
entropy. The e�ect of this second objective is to learn a minimal number of distinct clusters. Formally,
the two optimization programs are written separately as
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Overview of Paper

learned tasks

trajectories

state 
recognition

MME-MTIRL

infer reward params for 
clusters of trajectories

use params to learn minimal 
trajectory assignments

multi task demonstration

...

Figure 5.1: States are identi�ed using SA-Net [76] from the human demonstration of onion sorting, and the tra-
jectories are given as input to MME-MTIRL method. Learned tasks are demonstrated using the Sawyer cobot.

maxP (Xi|ci)∈∆−
∑D

d=1

∑|X|

i=1
P (Xi|ci = d) log(P (Xi|ci = d))

subject to∑
d

∑
Xi∈X

P (Xi, ci = d) = 1

EX[φk|ci = d] = φ̂d,k ∀d ∈ D, ∀k ∈ K

minπ∈∆

∑D

d=1
πd log(πd)

subject to∑D

d=1
πd = 1

Here P (Xi|ci = d) can be written as δd(ci)Prd(Xi) where δd(ci) is the Kronecker delta taking a value
of 1 when ci = d, and 0 otherwise, and Prd(Xi) is the distribution over all the trajectories for cluster d.

As we want to unify the problem into a single optimization program, we combine the above two
programs into one program, a uni�ed nonlinear optimization problem given by
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maxPrd(Xi)∈∆D,π∈∆−
∑

d

∑|X|

i=1
δd(ci)Prd(Xi) (5.1)

log(δd(ci)Prd(Xi)) +
∑

d
πd log(πd)

subject to∑
d

∑
Xi∈X

P (Xi, ci = d) = 1

EX[φk|ci = d] = φ̂d,k ∀d ∈ D, ∀k ∈ K∑D

d=1
πd = 1 (5.2)

The �rst constraint above simply ensures that the joint probability distribution sums to 1. The second
constraint makes the analogous constraint in MaxEntIRL more speci�c to matching expectations of
feature functions that belong to the reward function of cluster d. Here,

EX[φk|ci = d] =
∑|X|

i=1
P (Xi, ci = d)

∑
(s,a)∈Xi

φk(s, a)

=
∑|X|

i=1
P (Xi|ci = d)P (ci = d)

∑
(s,a)∈Xi

φk(s, a)

= πd
∑|X|

i=1
δd(ci)Prd(Xi)

∑
(s,a)∈Xi

φk(s, a),

Last equality follows from P (Xi|ci = d) = δd(ci)Prd(Xi) and πd = P (ci = d) since G is a
mixture distribution. The estimated feature expectation of the trajectories assigned to cluster d can be
written as

φ̂d,k =
1

|X |
∑|X |

i=1
δd(ci)

∑
(s,a)∈Xi

φk(s, a).

Constraint 3 of the program in (5.2) ensures that the mixture weights are convex. Recall that the DP-
based mixture model obtains cluster assignment ci from mixture weights π. We may approximate this
simulation ofci simply asπd = 1

|X |
∑|X |

i=1 δd(ci), which is the proportion of observed trajectories currently
assigned to cluster ci. For notational convenience, let us denote δd(ci) as indicator vd,i. We may then
rewrite the �rst constraint as ∑

d

∑|X|

i=1
P (Xi, ci = d) = 1

⇔
∑

d
πd
∑|X|

i=1
P (Xi|ci = d) = 1

⇔
∑

d
πd
∑|X|

i=1
δd(ci)Prd(Xi) = 1

⇔
∑

d

1

|X |
∑|X |

i=1
vd,i
∑|X|

i=1
vd,iPrd(Xi) = 1
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and the second constraint is rewritten as,

EX,d[φk] =

∑|X |
i=1 vd,i
|X |

|X|∑
i=1

vd,iPrd(Xi)
∑

(s,a)∈Xi

φk(s, a) (5.3)

while

φ̂d,k =
1

|X |
∑|X |

i=1
vd,i
∑

(s,a)∈Xi
φk(s, a). (5.4)

Furthermore, we may expand the third constraint of the nonlinear program as follows:

∑D

d=1
πd = 1⇔

∑D

d=1

1

|X |
∑|X |

i=1
vd,i = 1

⇔
∑|X |

i=1

∑D

d=1
vd,i = |X |

⇔
∑D

d=1
vd,i = 1, ∀i

The last equivalence follows from the fact that every observed trajectory must belong to a single cluster,
and vd,i ∈ {0, 1}. The �nal form of the NLP of (5.2) is as follows.

max
Prd(Xi)∈∆D,vd∈{0,1}|X|

−
∑
d

|X|∑
i=1

vd,iPrd(Xi) log(vd,iPrd(Xi))

+
1

|X |
∑
d

|X |∑
i=1

vd,i log

 1

|X |

|X |∑
i=1

vd,i



subject to∑
d

1

|X |
∑|X |

i=1
vd,i
∑|X|

i=1
vd,iPrd(Xi) = 1

EX,d[φk] = φ̂d,k ∀d ∈ D, ∀k ∈ K∑
d
vd,i = 1,∀i ∈ {1, . . . , |X|} (5.5)

whereEX,d[φk], φ̂d,k are de�ned in Eqs. 5.3 and 5.4.

5.1.2 Gradient Descent

The Lagrangian dual for the nonlinear program in (5.5) is optimized as maxPrd,vd minη,θd,λ Lwith
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L =

(
−
∑

d

∑|X|

i=1
vd,iPrd(Xi) log(vd,iPrd(Xi))

)
+

(
1

|X |
∑

d

∑|X |

i=1
vd,i log

(
1

|X |
∑|X |

i=1
vd,i

))
+ η

(∑
d

(
1

|X |
∑|X |

i=1
vd,i

)∑|X|

i=1
vd,iPrd(Xi)− 1

)
+
∑

d,k
θd,k

((
1

|X |
∑|X |

i=1
vd,i

)∑|X|

i=1
vd,iPrd(Xi)

∑
(s,a)∈Xi

φk(s, a)− 1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi

φk(s, a)

)
+
∑|X |

i=1
λi

(∑
d
vd,i − 1

)
(5.6)

where the multipliers η, {λi}Xi∈X can be substituted by using relations derived from equating the deriva-
tives ofLw.r.t. the variables of optimization to 0. We show the derivations of these gradients in Appendix
D. The target is to learn the multipliers θd (weights for the linear reward function for each learned cluster
d) and the variables vd,i (for each trajectoryXi ∈ X) that achieve maxPrd,vd,i minθd,k L. We achieve the
target via gradient ascent for vd,i and descent for θd,k using the following partial derivatives:

∂L
∂θd,k

= EX,d[φk]− φ̂d,k

∂L
∂vd,i

=

(∑|X|
i=1 P (Xi|ci = d) + 1 + |X |

vd,i
(1− logZ(θd,k)

)∑|X |
i=1 vd,i

whereP (Xi|ci = d) =
exp(πd

∑K
k=1 θd,k

∑
(s,a)∈Xi

φk(s,a))
Z(θd,k)

andZ(θd,k) =
∑

d∈D πd
∑|X|

i=1 exp
(
πd
∑K

k=1

θd,k
∑

(s,a)∈Xi φk(s, a)
)

. The �rst derivative is the same as that used for single-task MaxEntIRL. The
second derivative indicates that the chances of change in assignment is less if a cluster has many trajectories
assigned to it (inversely proportional to

∑|X |
i=1 vd,i ) and has a higher likelihood of generating trajectories.

We approximateEX,d[φk] as a running average over feature expectations of the trajectories generated by
the policy computed using θd, which are the reward weights learned for cluster d in the current iteration
of gradient descent. The code implementation for the method is available in the github link shared in
Appendix A.

5.2 Extension from batch to online learning

As we are using index i for trajectories, let’s use index j for I2RL session. In session j, su�cient statistic
from previous session represents the information learnt until session j − 1. This statistic includes reward
weights θj−1

d,k for allD clusters, weights πj−1
d for all clusters, and total size |X 1:j−1| of cumulative demon-

stration from session 1 to session j − 1. In session j, learner computes the cluster weights and cluster
speci�c feature expectations incrementally by using following equations
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πjd =
1

|X 1:j|
∑|X 1:j |

i=1
vd,i (5.7)

=
1

|X 1:j−1|+ |X j|

(∑|X 1:j−1|

i=1
vd,i +

∑|X j |

i=1
vd,i

)
=

1

|X 1:j−1|+ |X j|

(
πj−1
d × |X 1:j−1|+

∑|X j |

i=1
vd,i

)

φ̂1:j
d,k =

1

|X 1:j|
∑|X 1:j |

i=1
vd,i
∑

(s,a)∈Xi
φk(s, a) (5.8)

=
1

|X 1:j|

(∑|X 1:j−1|

i=1
vd,i
∑

(s,a)∈Xi
φk(s, a) +

∑|X j |

i=1
vd,i
∑

(s,a)∈Xi
φk(s, a)

)
=

1

|X 1:j|

(
|X 1:j−1| × φ̂1:j−1

d,k + |X j| × φ̂jd,k
)

Every session of online learning solves a problem of batch learning. So the expressions for computing
gradients extend as is from batch learning. As information from previous sessions is already assimilated
in πjd and φ̂1:j

d,k, the gradients for session j are computed w.r.t only the trajectories inX j .

∂L
∂θjd,k

= EX,d[φk]− φ̂1:j
d,k

∂L
∂vd,i

=

(∑|X|
i=1 P

j(Xi|ci = d) + 1 + |X j |
vd,i

(1− logZ(θd,k))
)∑|X j |

i=1 vd,i

whereP j(Xi|ci = d) =
exp(πjd

∑K
k=1 θ

j
d,k

∑
(s,a)∈Xi

φk(s,a))
Z(θjd,k)

for every trajectoryXi ∈ X j andZ(θjd,k) =∑
d∈D π

j
d

∑|X|
i=1 exp

(
πjd
∑K

k=1 θ
j
d,k

∑
(s,a)∈Xi φk(s, a)

)
.

In a session ζj(MDP/R,X j, {θj−1
d }∀d∈D, {π

j−1
d }∀d∈D, |X 1:j−1|) of online MME-MTIRL, for

each cluster d, the learner starts reward function weights with values from the previous session (θj−1
d ) and

then uses gradient descent for updating the weights to θjd. In parallel, the process starts cluster membership
indicators (vd,i for each trajectory Xi ∈ X j) with random values and update them over iterations of
gradient ascent process.

The current chapter introduced a new method for online learning using training data with trajectories
coming from di�erent policies corresponding to multiple reward functions. Modeling the problem of
min-max entropy multi-task IRL as a uni�ed optimization program enables the direct application of
well-studied optimization algorithms (e.g. fast gradient-descent) to the problem. In particular, we derive
the gradients of the Lagrangian relaxation of the nonlinear program, which then facilitates the use of
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fast gradient-descent algorithm in every session of learning. The next chapter addresses the problem of
learning online when learner’s perception mechanism is noisy (a di�erent kind of imperfection).
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Chapter 6

Noise in the perception of learner

The last two chapters emphasized on the imperfections of missing data and mixed-up data. The motivation
for this chapter is to address the imperfection of the noise caused by a faulty perception of an online learner.
In real-life applications, due to hardware limitations or due to other uncontrollable external perturbations,
it is common that the learner can not understand the information in a state-action pair the same way an
expert demonstrated that pair. With that focus in mind, we divide this chapter into two parts. The
�rst part introduces a method RIMEO that can learn online with noisy training data without the need
for prior knowledge of an observation model (sensor model). We also derive signi�cant convergence
properties of RIMEO. However, RIMEO and the methods introduced in previous chapters rely on the
manual creation of reward model features. To overcome that limitation, the second part of the chapter
borrows inspiration from a deep-learning based online method AIRL and introduces online method
of robust-AIRL. To explain these two methods, we must �rst go through some basic mathematical
concepts related to observation model and robustness under noise. The next few paragraphs discuss the
technical background for a noise robust batch IRL method from literature, and the relationship between
the prediction scores from neural-network based perception and the observation model features.

There are multiple ways to deploy a perception mechanism for the learner. An observation can be
some aspect of a state, or a complete state, or even a state-action pair in the trajectory. We use a neural
network architecture–SA-Net [76]–that receives an image-stream of the expert’s behavior and detects the
sequence of (s, a) pairs from it. As the output of this observation process is a (s, a) pair, we consider the
observation model to be a mapping that takes an observed state-action pair (〈s, a〉o) and a demonstrated
(ground truth) state-action pair (〈s, a〉g) as input and gives the likelihood of observing the former pair
given the latter 1.

Let ιsa = {〈s, a〉i |i ∈ Nsa = {1, 2 . . . |S| × |A|}} be an enumerated space for all possible (s, a)

pairs. We de�ne the observation model as a function that gives the likelihood of a perceived state-action
1Although we use a state-action pair as an observation, the concept of robust-IRL is generalizable to any form of observa-

tion [74].
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pair 〈s, a〉o given the demonstrated (ground truth) state-action pair 〈s, a〉g 2. That is,Ob : |S||A|×ιsa →
[0, 1] where

Ob(〈s, a〉o , 〈s, a〉g) , P (〈s, a〉o | 〈s, a〉g) (6.1)

where g, o ∈ Nsa. RHS is the probability of the learner observing 〈s, a〉o when the expert actually
demonstrated 〈s, a〉g.

In past chapters, learner directly observed the noise free data. But, that is not true for current chapter.
Therefore, we distinguish ground truth from learner’s observations by introducing new notations for
noise-free data. Let Ξ be the space of all possible noise-free ground-truth trajectories of �nite time-step
length T (i.e., sequence of T 〈s, a〉 pairs) executable by the expert, andX be the set of (noisy) trajectories
observed by the learner. Extending this observation model to trajectories, for a ground truth trajectory
ξg ∈ Ξ, the probability of observing trajectory ξo = Xo ∈ X is

P (ξo|ξg) =
∏

〈s,a〉o∈ξo,〈s,a〉g∈ξg

P (〈s, a〉o | 〈s, a〉g). (6.2)

The batch learning method of Robust IRL [74] uses this observation model to learn the reward function
under noisy observations. In the process, it estimates the kth feature expectation as

φ̂θ,k =
1

|X |
∑

ξo∈X

∑
ξg∈X

P (ξg|ξo;θ)fk(ξg) (6.3)

whereP (ξg|ξo;θ) = ηP (ξo|ξg)P (ξg;θ) andP (ξg;θ) is the probability of the generation of a trajectory
ξg using a policy computed with θ. Then the program of legacy maxentIRL (Chapter 2) becomes

max
∆

− ∑
ξo∈X ,ξg∈X

P (ξo, ξg) logP (ξo, ξg)

 (6.4)

subject to∑
ξo∈X ,ξg∈X

P (ξo, ξg) = 1

EX[φk] = φ̂θ,k ∀k

whereEX[φk] =
∑

ξo∈Xd

∑
ξg∈X P (ξo, ξg) fk(ξg). We extend this optimization problem to the case of

an unknown observation model and online learning in Sections 6.1 and 6.1.2, respectively.
2Although we use a state-action pair as an observation, the robust-IRL method is generalizable to any form of observa-

tions [74].
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6.1 RIMEO

6.1.1 Learning distribution over observation features

Our overall approach is to approximate the unknown observation model using an underlying feature set
shared among observations, and then �t it to the noisy observations via maximum entropy optimization.
Let Ψ be this set ofm observation features. Each feature, ψj ∈ Ψ, j ∈ {1, 2, . . .m} is a predicate that is
true if and only if a speci�c characteristic represented by that feature appears in the observed state-action
pair under consideration. As a small example of such features, the perception of a learner observing onion
sorting (task introduced in Chapter 1) can be decomposed into observation features, ψ1: <did onion
move with the hand of sorter?> and ψ2: <is the considered onion blemished?>.

Letψo,g be the set of indicators, whose memberψo,gj assumes a value based on comparing the value of a
feature on ground truth pair 〈s, a〉g and on observation 〈s, a〉o: ψo,gj = 1ψj(〈s,a〉o)=ψj(〈s,a〉g), where ψj ∈
Ψ and j ∈ {1, 2, . . . ,m}.

We assume that the learner knows the feature set and that the features are independent. For simplicity
of notations, we can drop superscript o, g for features ψo,gj without sacri�cing comprehension. For each
〈s, a〉o ∈ X , 〈s, a〉g ∈ Ξ, we approximate the observation probability (Eq. 6.1) to be the product of
(unknown) probabilities of the features ψj according to the values taken by the corresponding indicators
ψo,gj ,

Ob(〈s, a〉o , 〈s, a〉g) ≈
∏

ψj∈Ψ,s.t.ψo,gj =1

P (ψj) ·
∏

ψj∈Ψ,s.t.ψo,gj =0

P (ψ̄j) (6.5)

Here P (ψj) can be interpreted as the the probability of the jth feature being non-noisy, and P (ψ̄j) =

1− P (ψj). Though the learner knows the features, it cannot see the noise-free ground truth state-action
pairs and those pairs not included in the demonstration. Therefore, obtaining a complete observation
model requires inferring a distribution over observation features for all state-action pairs, regardless of
whether they are observed or not.

Scores for observations Most robotics applications use some classi�cation or regression architectures
(typically a neural network) for perceiving the current con�guration of the environment. In a neural
network, a linear layer before the output layer predicts the activation values z = ηTh + b, where h is the
output from the hidden layers and b is the bias. As a speci�c example, let {1, 2 . . . , n} be the set of indices
mapping to the set of labels, wheren is the total number of output nodes of the network. Then, the output
of o-th node in the �nal layer is a score c(o) = P (yx = o|x) = exp zo∑

j∈{1,2...,n} exp zj
, o ∈ {1, 2 . . . , n}

We focus on the online IRL problem with the learner’s perception pipeline using such architecture for
identifying the state-action pairs (an example of such architecture is [76]). Using the above interpretation,
the score at the oth node of the output layer, c(〈s, a〉o), is the likelihood that the observation is 〈s, a〉o
when the ground truth pair is 〈s, a〉g. The proposed method is based on the knowledge that the scores
are available from the perception neural network of the learner, and that the ground truth is unavailable.
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Figure 6.1: An overview of RIMEO. On the left is an image stream depicting the hidden ground truth, 〈s, a〉g , of
the expert’s behavior. As the perception process is not perfect, the input to the learning algorithm is noisy. This in-
put is an array of possibly incorrect observations and corresponding (classi�cation) scores, c(〈s, a〉o), that measure
possible match with unknown 〈s, a〉g . Not knowing the ground truth, the learner uses the scores as the likelihood
of the similarity between ground truth and observation. In every session of online learning, the learner uses maxi-
mum entropy optimization with observationsX and corresponding scores as inputs to learn conditional probabil-
ities in the observation model, which in turn, are used to learn the reward function.

Maximum-Entropy Observation Model The likelihood of an observation 〈s, a〉o given any ground
truth 〈s, a〉g can be empirically estimated as a running average of the con�dence scores from observed
trajectories:

Ô(〈s, a〉o , ·) ,
∑

ξo∈X
∑
〈s,a〉∈ξo c(〈s, a〉)1〈s,a〉o=〈s,a〉∑

ξo∈X
∑
〈s,a〉∈ξo 1〈s,a〉o=〈s,a〉

. (6.6)

Utilizing the principle of maximum entropy (a form of least commitment), the learner infers a unique
distribution over the observation features Ψ which has the maximum entropy, while satisfying the con-
straint imposed by Eqs. 6.5 and 6.6: that the aggregated observation feature probabilities match the cor-
responding empirical estimates of observation likelihoods. As the ground truth is not available to the
learner, it may instead consider the state-action pairs that could have been in the input, 〈s, a〉ĝ where ĝ is
the estimated ground truth from the expert, rather than considering all possible state-action pairs.

We simplify the notation here by usingψj andψj for casesψo,ĝj = 1 andψo,ĝj = 0. The optimization
problem is:

max
∆ψ

−
∑

ψj∈Ψ

(
P (ψj) logP (ψj) + P (ψ̄j) logP (ψ̄j)

)
subject to∏

ψo,ĝj =1

P (ψj)
∏

ψo,ĝj =0

P (ψ̄j) = Ô(〈s, a〉o, ·), ∀ 〈s, a〉o ∈ Ξd

P (ψj) + P (ψ̄j) = 1 ∀ψj ∈ Ψ.
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The Lagrangian relaxation of the above program is:

L(Ψ,v,λ) = −
(∑

ψj∈Ψ
P (ψj) logP (ψj) + P (ψ̄j) logP (ψ̄j)

)

+
∑

〈s,a〉ĝ∈X,〈s,a〉o∈X

vo,ĝ

 ∏
ψo,ĝj =1

P (ψj)
∏

ψo,ĝj =0

P (ψ̄j)− Ô

+
∑
ψj∈Ψ

λψj
((
P (ψj) + P (ψ̄j)

)
− 1
)

(6.7)

where v,λ are vectors of multipliers vo,ĝ and λψj .
Notice that the same feature ψj could be shared by multiple, distinct 〈s, a〉ĝ and observation 〈s, a〉o

pairs, which then activate ψo,ĝj . Several of these active indicators for various j can be present in the LHS
of the �rst constraint and these receive a probability in aggregate from Ô. Bard [11] was the �rst to note
that a maximum entropy approach is bene�cial when just the aggregate probabilities are available. The
critical points of a Lagrangian often occur at saddle points rather than at local maxima or minima [82],
and numerical optimization solvers may not �nd the saddle points. Therefore, we modify the Lagrangian

objective to make critical points occur at local optima, L′ =

√(
∂L

∂P (ψj)

)2

+
(

∂L
∂vo,ĝ

)2
+
(

∂L
∂λψj

)2

, and

use limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) [56, 62] unconstrained optimization
solver to learn the maximum-entropy distribution P ∗. Equation 6.5 then obtains the observation model
from this distribution, which paves the way to obtain P (ξo|ξg) using Eq. 6.2 making it possible to apply
the previous Robust IRL technique.

6.1.2 Session of RIMEO

In session i of online process, learner receives demonstration Ξd,i and solves above optimization problem
to infer P ∗i . The learner uses distribution P ∗i to estimate the feature expectations:

φ̂iθi,k ,
1

|Ξd,i|
∑

ξo∈Ξd,i

∑
ξg∈X

P ∗i (ξg|ξo;θ)fk(ξg) =
1

|Ξd,i|
∑

ξo∈Ξd,i

∑
ξg∈X

ηP ∗i (ξo|ξg)P (ξg;θ)fk(ξg). (6.8)

Let Ξd,1:i be the cumulative demonstration from 1st up to ith session, and φ̂1:i
θi,k be the corresponding

incremental feature expectations. The learner updates the latter from session to session as

φ̂1:i
θi,k ,

1

|Ξd,1:i|
∑

ξo∈Ξd,1:i

∑
ξg∈X

P ∗1:i(ξg|ξo;θ)fk(ξg) =
1

|Ξd,1:i|

( ∑
ξo∈Ξd,1:i−1

∑
ξg∈X

P ∗1:i−1(ξg|ξo;θ) fk(ξg)

+
∑

ξo∈Ξd,i

∑
ξg∈X

P ∗i (ξg|ξo;θ)fk(ξg)

)
=

1

|Ξd,1:i−1|+ |Ξd,i|

(
|Ξd,1:i−1| φ̂1:i−1

θi−1,k
+ |Ξd,i| φ̂iθi,k

)
. (6.9)
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Algorithm 2 RIMEO
1: WS (window size) ← 5; max-restarts ← 5; i ← 1; Ξd,1:i−1 ← ∅; φ̂1:i−1

θi−1,k
← 0; [θ0]k ∼

uniform(0, 1);P ∗1:i−1(ψ) ∼ uniform(0, 1)
2: while std_dev_z > ρ do

3: P ∗1:i ← P ∗1:i−1

4: Compute Ôo using scores for Ξd,i from Eq. 8.
5: repeat

6: ComputeL′,∇L′ using P ∗1:i(ψ) and Ξd,i.
7: P ∗1:i(ψ)← update-step-LBFGS(L′,∇L′)
8: until ||∇L′||1 ≈ 0
9: Update learned observation model using P ∗1:i in Eq. 7.

10: repeat

11: compute φ̂iθi and φ̂1:i
θi,k using Eqs. 10, 11.

12: |Ξd,1:i| ← |Ξd,1:i−1|+ |Ξd,i|
13: θ0 ← θi−1, t← 1
14: repeat

15: Compute π∗E,(t−1) using θ(t−1) andEΞ[φk] using trajectories sampled from π∗E,(t−1).
16: z(t−1) ← φ̂1:i

θi − EΞ[φ] {gradient}
17: θt,k ←

θ(t−1),k exp(−ηz(t−1),k)∑K
k=1 θ(t−1),k exp(−ηz(t−1),k)

18: t← t+ 1
19: until |zt| ≤ εr/(1− γ)
20: j ← j + 1
21: until j >max-restarts
22: Compute π̂i using learned reward θi ← θt.
23: i← i+ 1 {next session}
24: zi ← zt; mov-window-z← [zi−WS, . . . , zi]
25: std_dev_z← std-dev(mov-window-z)

Following the concept of a session in I2RL, a session of RIMEO takes as input the expert’s MDP
sans the reward function, the current session’s trajectories, the number of trajectories observed until the
previous session, the observation feature distribution learned in the previous session, the expert’s empirical
feature expectations from the previous session, and the reward weights from the previous session. It
is ζi(MDP/R, Ξd,i, α1:i−1,θ

i−1) where su�cient statistic α1:i−1 contains the summary up to the last
session (i − 1), viz., cumulative size of the demonstration set (|Ξd,1:i−1|), the learned P ∗ values from
the optimization in Eq. 6.7, and the cumulative feature expectations (φ̂1:i−1

θi−1 ). Speci�cally, α1:i−1 =

(|Ξd,1:i−1|, P ∗1:i−1, φ̂
1:i−1
θi−1 ). This information, together with Ξd,i and θi−1, is su�cient for Eq. 6.8 and

thence Eq. 6.9.
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For demonstration Ξd,i of the current session i, the scores c(〈s, a〉) for input (s, a) pairs are available
from the perception pipeline. The process starts by computing Ô using the scores and Eq. 6.6. The
resulting Ô is plugged into Eq. 6.7 to get ∇L′, using which P ∗1:i is updated by the L-BFGS gradient
ascent starting with the initial value ofP ∗1:i−1(ψ). The learnedP ∗1:i are then used to compute the updated
observation model probabilitiesP (〈s, a〉o | 〈s, a〉g) (Eqs. 6.1, 6.5). This extends to a corresponding update
for full trajectories, P1:i(ξo|ξg,θ) (Eq. 6.2).

After getting P ∗1:i, the learner uses MCMC to sample ground truth trajectories from P ∗1:i(ξg|ξo,θ)

for computing the feature expectations φ̂iθi (Eq. 6.8), followed by computation of φ̂1:i
θi via incremental

update (Eq. 6.9). Finally, the latter is used for the main Robust IRL optimization (Eq. ??) via exponential
gradient descent to learn the reward weights (θi) and corresponding policy πi. The link to our GitHub
codebase implementing RIMEO is in Appendix A. 3. One common problem faced in incremental learning
is abnormally high jumps in the metric used for stopping, often leading to an early termination or p-

hacking bias. To avoid that, we use a threshold over the standard deviation of a moving window over the
gradients for IRL. When the deviation in gradient is low, then there are no frequent spikes in the learned
observation model and the learned weights.

6.1.3 Convergence Properties of RIMEO

While some of the results in this section are analogous to those for LME - I2RL [5] (Chapter 4), Lemma
2 is the main original result of this paper since it incorporates the additional uncertainty due to noisy
observations and an unknown observation model. We present proofs for all convergence properties in
Appendix E. The demonstration log-likelihood for session i is given by LL(θi|Ξd,i, α1:i−1,θ

i−1).

Lemma 3 (Monotonicity). The demonstration likelihood increases monotonically with each new session,
LL(θi|Ξd,i, α1:i−1,θ

i−1)− LL(θi−1|Ξd,i−1, α1:i−2,θ
i−2) > 0, when |Ξd,1:i−1| � |Ξd,i|.

Note that feature expectations estimated under noisy perception with an estimated observation model,
φ̂1:i
θi,k from Eq. 6.9, is an approximation of the expectations when the observation model is known accu-

rately. φ̂1:i
θi,k is computed by sampling the hidden ground truth ξg fromP (ξg|ξo,θi−1). This, in turn, is an

approximation of the expectations estimated under noise-free perception, φ̂1:i
k . As in I2RL [5], we assume

that the latter estimation usingns samples obeys Hoe�ding bounds, i.e.,P (|φ̂1:i
k − φ̂1:i

θi,k| ≤ εs) ≥ 1−δs,
where δs = 2K exp(−2nsε

2
s). Additionally, we assume that our observation model estimation with no

samples also obeys Hoe�ding bounds as P (max〈s,a〉o |O − Ô| ≤ εo) ≥ 1 − δo/K , where O is the
true observation model (of which Ô is an estimate), and δo = 2K|Ψ| exp(−2noε

2
o). Note that the max

operator in this assumption is only for observed 〈s, a〉o, not all possible 〈s, a〉o.
We also assume that all features in Ψ are observed in the very �rst session. Then the following lemma

relates the error due to the sampling-based approximation, i.e.
∣∣∣φ̂1:i
k − φ̂1:i

θi,k

∣∣∣, to the cumulative di�erence
w.r.t. feature expectations for the expert’s true policy,EX[φk].

3For the gradient descent part, we use exponentiated gradient descent, but any solver should work.
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Lemma 4 (Constraint Bound ). Under the assumptions stated above, with probability at least max(0, 1−
δr):

∣∣∣(1− γ)
(
EX[φk]− φ̂1:i

θi,k

)∣∣∣
1
6 εr,∀k ∈ {1, 2 . . . K}, where δr = δ+δs+δo, εr = ε+εs+L|Ψ|εo,

L is the longest trajectory length, and ε, δ are as de�ned in Theorem 1 in [5].

Lemma 8 allows us to probabilistically bound the error in the log likelihood for RIMEO, leading to
the main result below specifying the con�dence in its convergence.

Theorem 1 (Confidence ) . Let εr, δr be as defined in Lemma 8, and θi be the solution of ses-

sion i for RIMEO. Then LL(θE|Ξd,1:i) − LL(θi|Ξd,i, α1:i−1,θ
i−1) ≤ 2Kεr

(1−γ)
, with confidence at least

max(0, 1− δr), where θE are the true weights of the expert.

Given ε, εs, L, |Ψ|, εo and the total number of noisy observed trajectories (|ξ1:i|), Theorem 6 gives the
con�dence 1− δr for convergence of RIMEO. Equivalently, given desired error bounds and con�dence,
the size of data required |ξ1:i| can be derived.

Extending the de�nition of average regret (Chapter 3) up to session i = T to RI2RL-MEOM, we
get

RegT (ARI2RL−MEOM ) =
1

T

T∑
i=1

LL(θE |Ξd,1:i)−
1

T

T∑
i=1

LL(θi|Ξd,i, ξ̂i−1,θ
i−1).

Then Theorem 6 implies no-regret learning, following the same arguments presented in [5]. The
formal result is:

Theorem 2 (No Regret Learning) . There exist choices for a variable threshold bound on the

feature matching constraint, e.g., εr,i = const/i as a function of session i, such that with probability at least

max(0,
∏i=T

i=1 (1− δr)), where δr is as defined in Lemma 8 ,

RegT (ARI2RL−MEOM) = o(T )/T,

thus approaching 0 as T →∞.

Please note that these convergence properties have similarities with those for LME-I2RL in Chapter
4. That happens because both the methods follow same I2RL framework for online learning of reward
function.Theorem 7 takes a long term view of the learner’s performance where convergence demands a
gradually improving performance through a tighter threshold, whereas the Theorem 6 merely improves
the con�dence (δ) on the learner’s performance with accumulating sessions without similarly demanding
an improved performance (e.g., by reducing the log likelihood loss). The price for demanding greater long
term accuracy is the diminishing ε, which may become increasingly harder to meet.

Note that the above theorem assumes that descent of Fig. 2 exits in every session. If this does not
occur in some session, for instance if the algorithm gets stuck in a local optima which becomes increasingly
likely as the threshold in equation 4.3 tightens, then the theorem does not apply.
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6.1.4 Computational complexity

We enunciate the complexity of the major steps of Algorithm 2 below, and then combine them into the
overall complexity.

Computation of Ô: O(total number of observed state action pairs) + constant =O(|Ξd|L).

Complexity of BFGS update: 2×O(m2) wherem is the number of observation features.

#Updates for convergence in gradient of Lagrangian: nbfgs.

Complexity of updating observation model Ob using Eq 6.5: O(m|Ξd|LNsa).

#Iterations for forward RL: nRL.

Feature expectations E: (number of trajectories simulated to approx trajectory space)× complexity
for one trajectory =O(LK), when the number of simulated trajectories is a constant.

Complexity of step updating θ: O(K).

#Descent iterations for reaching z < ε: ndesc.

Therefore, the complexity of each iteration of each session is O(m|Ξd|LNsa + LK + m2nbfgs + η),
where η = nRL + ndesc. The quantities of η as well as nbfgs are di�cult to bound and in practice are
often set to some predetermined constants, making them independent ofm orK . As a result, the method
scales gracefully w.r.t the number of observation featuresm and reward function featuresK , because the
complexity is polynomial w.r.t both.

While conducting research on RIMEO, we identi�ed similar gaps that spurred further investigation.
Firstly, noise-robust methods such as RIMEO necessitate manual engineering of reward features, whereas
AIRL eliminates the need for such prior engineering. Secondly, when confronted with noisy input, AIRL
(employed as a baseline for RIMEO) exhibits inferior performance compared to alternative methods [7],
potentially because the existing structure of AIRL lacks the explicit capacity to account for input data
noise.

To address both of these issues, we devised a method to enhance the performance of AIRL under
perception noise. This improvement, in turn, eliminates the requirement for manual feature engineering
in online learning scenarios a�ected by perception noise.

6.2 robust-AIRL

This section begins by introducing the concepts behind the robust-AIRL method, which involves modi-
fying the GAN-training objective for AIRL. Subsequently, it delves into the implementation details of
the algorithm for proposed method.
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6.2.1 GAN-training objective

We can logically write the GAN training objective given in the �rst part in Algorithm 1 in paper [39] as
following

max
θ

(
E(xi)∼px

[
logD(xi)

]
+ E(zi)∼pg

[
log[1−D(G(zi))]

])
or equivalently

max
θ

m∑
i=1

(
px(x

i) logD(xi) + pg(z
i) log[1−D(G(zi))]

)
where θ are weights of the discriminator network, x is input data,m are number of input data points,

px is distribution used for sampling input data,D is output of discriminator network, z is input noise for
generator, pg is noise prior for generator input,G is generator network.

If we can use above representation for GAN training objective, then the objective of discriminator
training in AIRL [35] is same as

max
θ

∑
ξ∈Ξ

Pexp(ξ)
∑

(s,a,s′)∈ξ

logD(s, a, s′) +
∑

ξ∈Xgen

P (ξ|θgen)
∑

(s,a,s′)∈ξ

log[1−D(s, a, s′)]


where Ξ is set of noise free input trajectories, Pexp is true trajectory distribution of expert (can be de-

rived from expert’s policy),Xgen is set of trajectories generated by generator, θgen are weights of generator
network.

A discriminator in AIRL computes a divergence between the input demonstration and the genera-
tor’s output. If input itself is noisy, is AIRL by design capable of learning e�ciently? Instead of using
noisy input directly in computations, the discriminator can sample hidden noise-free ground truth and
average the divergence over multiple samples. That way, instead of using noisy input, the divergence is
computed by using an approximation of ground truth. If input trajectories ξo in set Ξd are noisy, then
we can use Gibbs sampling with transition dynamics and observation model to sample ground truth
trajectory ξg ∈ X. Then the objective of discriminator becomes:

max
θ

∑
ξo∈Ξd

P (ξo)
∑
ξg∈X

P (ξg|ξo)
∑

(s,a,s′)∈ξg

logD(s, a, s′) +
∑

ξ∈Xgen

P (ξ|θgen)
∑

(s,a,s′)∈ξ

log[1−D(s, a, s′)]


Here P (ξo) is the empirical distribution governing noisy input data and P (ξg|ξo) is the distribution

over noise-free ground truth conditioned on noisy input. P (ξg|ξo) can be derived from an observation
model for the noisy perception mechanism of the learner. To address the problem of avoiding manual
engineering of the reward function, we assume that the observation model is available.

46



6.2.2 Session of robust-AIRL

Most of the current online methods need manual engineering of rewards ([73] and [7]). Using AIRL as
an online method will help avoid that limitation. Therefore, we use ‘AIRL as is’ in an online fashion by
processing each batch of training samples as ‘an individual demonstration for a session’ of I2RL. With
this motivation in mind, we will analyze robust-AIRL as an online method that admits the incremen-
tal learning framework introduced in the third chapter. That means, here onwards, robust-AIRL is a
sequence of sessions with θi as the ith session’s estimate of the expert’s reward function.

Algorithm

Each session ζi uses the weights θi−1 of reward network f i−1
θ and the weights θi−1

gen of generator-policy
network πi−1 from the previous session i− 1 as the su�cient statistic. This su�cient statistic contains
summarized information learned from all previous sessions. Along with the weights and su�cient statis-
tics, each session needs the following as inputs: observation model P (〈s, a〉o | 〈s, a〉g), state transition
model P (Sg,t|sg,t−1, ag,t−1), currently observed noisy demonstration Ξd,i, Gibbs sampling convergence
threshold δG. Learner simulates an assumed ground truth trajectory from policy πi−1 learned in the pre-
vious session. In every iteration used for computing discriminator logits, the process computes Gibbs
sampling probability distributions (P (sg,t|MB(sg,t)) and P (ag,t|MB(ag,t)) ) for each time step t in in-
put batch of state-action pairs. Then learner samples ground truth from Gibbs sampler and uses that to
compute a running average of logits. The cycle keeps going until logits converge to stable values, at which
point the regular steps of AIRL (train discriminatorD, reward net fθ, and generator π) are followed.

6.2.3 Gibbs samplers

This section explains the computation of Gibbs sampling distributions used in the algorithm. We analyze
the perception and decision-making process of the learner as a dynamic Bayesian network and found the
Markov blankets for noise free ground truth state and action at time step t (Figure 6.2). With observation
model P (so,t, ao,t|sg,t, ag,t) and transition dynamics (either approximated or exact) available, one can
derive a Gibbs sampling distribution (referred as Gibbs sampler here on-wards) [41] for ground truth as
following:

P (sg,t|MB(sg,t)) = α× T1 × T2 × T3 × T4 × T5

P (ag,t|MB(ag,t)) = α× T2 × T3 × T5 (6.10)

where α is a normalization constant and
T1 : P (sg,t|sg,t−1, ag,t−1) is the probability of ground truth current timestep state given previous

timestep state and action.
T2 : π(ag,t|sg,t) is the probability of ground truth action being ag given ground truth state.
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𝑠௚,௧

𝑎௚,௧

𝑠௢,௧

𝑎௢,௧

𝑠௚,௧ାଵ

...

P (𝑠௚,௧| MB(𝑠௚,௧)) = 𝛼 x P (𝑠௚,௧| parents(𝑠௚,௧)) x P (𝑎௚,௧| parents(𝑎௚,௧)) x P (𝑠௚,௧ାଵ| parents(𝑠௚,௧ାଵ)) x P (𝑠௢,௧ | parents(𝑠௢,௧ )) x P 
(𝑎௢,௧| parents(𝑎௢,௧)) 
= 𝛼 P (𝑠௚,௧|𝑠௚,௧ିଵ, 𝑎௚,௧ିଵ) P (𝑎௚,௧|𝑠௚,௧) P (𝑠௚,௧ାଵ|𝑠௚,௧, 𝑎௚,௧) P (𝑠௢,௧|𝑠௚,௧, 𝑎௚,௧) P (𝑎௢,௧|𝑠௚,௧, 𝑎௚,௧)

Figure 6.2: top DBN shows the markov blanket for ground truth noise free state at time step t and bottom DBN
show Markov blanket for ground truth action at time step t.
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Algorithm 3 Session ζi(MDP/R, Ξd,i,θ
i−1,θi−1

gen) of robust-AIRL
1: concatenate ξo ∈ Ξd,i to create batches of so, ao
2: for each batch of so, ao pairs do

3: simulate a same sized batch of sg, ag using πi−1

/* "potential" ground truth needed to create Gibbs sampler */

4:5: i← 0, lD,avg ← 0
6: repeat

7: Compute distribution P (sg,t|MB(sg,t)) and P (ag,t|MB(ag,t)) for each timestep so, ao
8: Use them to sample a new batch of ŝg, âg
9: (sg, ag)← ŝg, âg

/* update potential ground truth with sampled data */

10:11: compute discriminator logits lD using sg, ag
12: i← i+ 1
13: lD,avg ← lD,avg(i−1)+lD

i

14: last_avg← lD,avg
15: until |lD,avg − last_avg|1 ≤ δG
16: use lD,avg to train discriminatorD
17: use trainedD to update reward network weights
18: train generator-policy network πi−1 updating its weights

T3 : P (sg,t+1|sg,t, ag,t) is the probability of sg,t+1 as the next timestep state given ground truth
current timestep state and action

T4 : P (so,t|sg,t) is the probability of observing state so given ground truth state
T5 : P (ao,t|sg,t, ag,t) is the probability of observing a0 given ground truth state and action
To derive the product distributions in Eq 6.10, for every time step t of observed trajectory, one

will need following inputs:

• prev step sg,t−1, ag,t−1 from ground truth trajectory

• next step sg,t+1 from ground truth trajectory

• observed state so

• observed action ao
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6.2.4 Continuous state domains

For continuous state domains, we have tried two techniques to compute Gibbs samplers. First one dis-
cretizes the state space but doesn’t scale well with the number of dimensions of state space. To address
that issue, the second approach uses a product of Gaussians.

Most continuous state gym environments have deterministic transition dynamics,. Let sin,st−1,at−1 =

f(sg,t−1, ag,t−1) be deterministic next state we can derive from transition dynamics. This knowledge is
useful in both techniques.

Technique 1: Discretization of state space

For simplicity of analysis, let’s consider the case of continuous states and discrete actions. Let’s say we
have divided each dimension of continuous state intoQ parts. For ns dimensional state space, there are
totalQns partitions (multi-dimensional intervals) of state space S. For sampling a continuous state sg,t,
the learner will have to compute the Gibbs sampling distribution for ground truth state-space partition
at timestep t. The learner will �rst draw a sample of state-space partition Sg and then she will sample
randomly from Sg partition to get sg,t. In DBNs (Fig 6.2), The state-space partition nodes replace the
state nodes, and that leads to following Gibbs distribution expressions:

P (Sg,t|MB(Sg,t)) = α× T6 × T7 × T8 × T9 × T10

P (ag,t|MB(ag,t)) = α× T7 × T8 × T10 (6.11)

As Sg is a continuum, we need integrals to compute terms used in above equations.
T6 : P (Sg|sg,t−1, ag,t−1) =

(∫
sg,t∈Sg P (sg,t|sg,t−1, ag,t−1)d(sg,t)

)
is the probability of ground

truth current timestep state being in partition Sg given previous timestep state and action.
T7 : π(ag,t = ag|Sg)=

(∫
sg,t∈Sg π(ag,t = ag|sg,t)

)
is the probability of ground truth (discrete)

action being ag given ground truth state being in partition Sg.
T8 : P (sg,t+1|Sg, ag,t = ag) =

(∫
sg,t∈Sg P (sg,t+1|sg,t, ag,t = ag)d(sg,t)

)
is the probability of

sg,t+1 as next timestep state given ground truth previous timestep state in partitionSg and current timestep
discrete action is ag.

T9 and T10: P (so|Sg) P (ao,t = ao|sg,t ∈ Sg, ag,t = ag) =
(∫

sg,t∈Sg P (so|sg,t)d(sg,t)
)
P (ao,t =

ao|sg,t ∈ Sg, ag,t = ag) is the probability of observing state so and discrete a0 given ground truth state
is in partition Sg and ground truth action is ag.

One can use the knowledge of deterministic next state sin,st−1,at−1 to make the computation for terms
T6 and T8 simpler

P (sg,t|sg,t−1, ag,t−1) =

{
1 if sg,t = sin,st−1,at−1

0 otherwise
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Scalability issue For every time step t of an observed trajectory, the algorithm will need a Gibbs sam-
pling probability measure over sample space comprising all values of Sg and action ag. The computation
of gibbs sampling probability has to be done for every combination of a ‘state space partition’ and an
action. For ns number of dimensions, the total number of partitions areQns . Since the latter increases
exponentially with the number of dimensions, the complexity for computing gibbs samplers does not
scale gracefully 4. The same problem extends to environments with continuous states and continuous
actions.

Technique 2: Product of multi-variate Gaussians

Instead of discretizing the state space, one can approximate the terms T1−5 in Eq 6.10 as multi-variate
Gaussian distributions with the following mean and co-variances:

T1 and T3: As dynamics are deterministic for many continuous state continuous action Gym environ-
ments, the mean tensor is the deterministic next state sin,st−1,at−1 , and covariance tensor can be a matrix
with assumed small values on its diagonal. This way we model transition dynamics such that a given action
in a given state leads to the deterministic next state with close to highest probability.

T2: Learner samples a large set of actions predicted by policy and then uses the mean and the covariance
of that sample set. The result is an approximation of generator’s policy as a Gaussian distribution.

T4 and T5: The mean is noise-free ground truth and covariance can be a diagonal matrix with its
values depending on the level of noise wanted in the perception process of observing the expert’s behavior.
Higher the covariance, more are the chances of having observation further away from the ground truth.

Please note that here we approximate learned policy (term T2 = P (a|s)) to a be a multi variate
Gaussian. The level of accuracy of this approximation is dependent on upon how to close to a uni-modal
{P (a|s),∀s ∈ S} distributions actually are. The approximation accuracy will impact the relevance of
MCMC samples, and thereby the accuracy of robust-AIRL process.

The mean and covariance for two product distributions in Eq 6.10 can be computed using standard
formulae for the product of multi-variate Gaussians (Section 8.1.8 in [63]). The rest of the steps of robust-
AIRL are same as the algorithm shown before.

Chapters 4 to 6 introduced the methods to address di�erent kinds of imperfection (missing data,
mixing up of data, noisy perception, etc.) in training data for online learning. The next chapter has the
results of an evaluation of proposed four methods using simulated and real-life challenging applications.

4Please note that this limitation does not hold in discrete state discrete action domains.
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Chapter 7

Experimental Evaluation

To comprehensively evaluate the performance of our research contributions, we used a diversity of chal-
lenging application domains and IRL metrics. We have organized this chapter in the following manner
so that the readers can easily understand the process of evaluation and can reproduce it if needed. It
starts with an explanation of application domains used for experimentation, followed by details about
the metrics used for measuring performance. After that, we talk a little bit about the baselines used for a
comparison against the performances of the proposed methods. The discussion leads to an explanation
about how each experiment was setup and what results we got. We explain the results in the same order
as we introduced the research contributions in previous chapters: LME-I2RL, online MME-MTIRL,
RIMEO, robust-AIRL.

7.1 Evaluation domains

We used following application domains for the evaluation:

7.1.1 Observing and Penetrating Cyclic Patrols

Bogert and Doshi [13] introduced the domain of robot patrolling for evaluating IRL under occlusion
and simulated it in ROS-based Player Stage [37]. It involves a robotic learner observing patrollers from a
vantage point with a limited view continuously navigate some hallway in cyclic trajectories. The learner
is tasked with reaching a goal location without being spotted by any of the patrollers. Each patroller can
see up to three grid cells in front.

We evaluate the performance of LME I2RL on three instances of the patrolling domain. The �rst
instance, shown in Fig. 7.1(a), involves a single patroller covering fully four hallways protruding from a
common corridor in a loop. The learner is able to see a portion of just the corridor (shown shaded) from
its vantage point leading to about 70% of the patroller’s trajectory being occluded from its view. We utilize
this �rst instance to evaluate the accuracy of learning only. Figure 7.1(b) shows a second instance of the
patrolling domain, also utilized by Bogert and Doshi previously. The map for this instance pertains to a
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(a) A single patroller denoted
by the triangle moves clockwise
to the ends of four hallways in
the numbered order, and only
the shaded area is visible to the
learner.

(b) Two patrollers on the right navigate the hallways in an environment, which
simulates that of a real building [13]. The color shaded regions (long hallway,
turning points and three small divisions in small hallways on both sides) are the
�ve regions de�ning movement and turn-around features. S and G are start and
goal locations for the learner.

S

G1

G2

(c) A larger instance of the multi-robot patrolling domain. The two patrollers are navigating the hallway while the
learner penetrates the patrol after learning has �nished. The patrollers and their corresponding trails are shown in
yellow and light pink, the learner is shown in green. The adjacent grid indicates navigable cells of hallways in orange
and those of rooms in yellow. We show the two goal locations in the grid. S is the start location, G1 and G2 are the
two goal locations. The area visible to the learner is shown in dark orange at the top right region of the grid.

Figure 7.1: We use three di�erently-sized instances of the patrolling domain [13] for evaluating the per-
formance by LME I2RL. The learner is unaware of where each patroller turns around, their speed or
navigation capabilities.

portion of the �fth �oor of the Boyd building on the University of Georgia campus. Two patrollers execute,
independently for the most part, a cyclic trajectory with the learner able to view just 32% of the trajectory
from its vantage point in the physical instance. The patrollers engage in coordinated motion when they
pass by each other to avoid collisions. The learner is tasked with reaching the cell location marked ’G’
without being spotted by any of the patrollers. Consequently, this instance requires the learner to utilize
the learned behaviors of the patrollers in its own planning problem and execute its plan. The �nal instance
of the domain, shown in Fig. 7.1(c), involves two patrollers executing cyclic trajectories in a signi�cantly
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larger space (also on Boyd’s �fth �oor) with the learner located in a room and viewing outside. Both
patrollers and the learner can also enter two rooms whose entrances lie in the two hallways. The learner
is able to view just 18% of the patrolling trajectory from its vantage point, and is tasked with reaching
one of two possible goal locations without being detected by any patroller. Consequently, this instance
uses a map that is signi�cantly larger than the previous ones, potentially more complex trajectories and
planning, and signi�cantly greater occlusion. Second and third instances are more complex than �rst
instance, because the learner needs to solve its own distinct decision-making problem (modeled as another
MDP) to reach the goal location(s). The solution to learner’s problem depends on correctly predicting
the patrols. The latter can be estimated from inferring each patroller’s preferences given that the learner
knows their dynamics.

MDP Setup

The learner ascribes an MDP sans the reward function to model the expert’s task behavior. In all instances
of the domain, each patroller’s behavior is modeled using an MDP. The state of each patroller in the
MDP has three dimensions 〈x, y, θ〉, which gives the x and y coordinates of the cell decomposition of
the corridors and hallways, and θ is the orientation of the patroller. Each patroller executes one of four
possible actions: move-forward, turn left or turn right 90 degrees, and stop. The motion model of the
patroller, modeled as the transition function in the MDP, is stochastic. The MDP for instance 1 of the
domain has 192 states, instance 2 has 124 states while the MDP for the third instance has 184 states. Please
refer Appendix C for the reward features and expert’s weights used in three patrolling domains.

For the second and third instances of domains, after learning the reward function, the learner computes
the policies for both patrollers. It uses the policies and recently observed locations to predict the future
locations of the two patrollers. The learner’s own MDP has the same state space as the patroller’s and
additionally includes a discrete timestep as a fourth dimension of its state. As the patrollers are constantly
moving and the learner incurs a penalty for being spotted, the timestep allows the learner to represent the
map with the patrollers’ current location included. The learner solves its MDP over a �nite horizon to
obtain a policy that guides its actions to reach the goal location. On seeing both patrollers, it waits until a
state with a positive value occurs before moving.

7.1.2 Robotic Sorting of Onions

This proof of concept domain was inspired from the long term vision to deploy robotic arms on complex
processing lines involving manipulation tasks, using IRL. The setup involves a learner robot observing
an expert sort onions in a post-harvest processing facility. The expert aims to identify and remove onions
with blemishes from the collection of onions present on a static conveyor belt. Blemished onions are
dropped in a bin while others are left on the table.
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MDP Setup

The state of a sorter is perfectly observed and composed of four factors: onion and gripper location, quality

prediction, and multiple predictions. Here, an onion’s location can be on the sorting table, picked up,
under inspection (involves taking it closer to the head), inside the blemished-onion bin, or the onion has
been returned to the table post inspection. Gripper location is similar but does not include the return
back to the table. Quality prediction of the onion can be blemished, unblemished, or unknown. The
simultaneous predictions for multiple onions is either available or not.

The expert’s actions involve focusing attention on a new onion on the table at random, picking it up,
bringing the grasped onion closer and inspecting it, placing it in the bin, placing it back on the table, roll
its gripper over the onions, and attend to the next onion among those whose quality has been predicted.
Please refer Appendix F for reward features used for this MDP.

In a visit to a real-world onion processing line attached to a farm, we observed that two distinct
sorting techniques were in common use and the human sorters frequently switched from one technique
to another. For evaluating MME-MTIRL ( multi task learning), we model the expert as acting according
to the output of two MDPs both of which share the state and action sets, the transition function and the
reward features. They di�er in the weights assigned to the features, which yields di�erent behaviors (ways
of sorting). When used two distinct vectors of real-valued weights on these feature functions yield two
distinct reward functions for the two behaviors:

• Pick-Inspect-Place sorting: The MDP with one of these solves to obtain a policy that makes the
expert randomly pick an onion from the table, inspect it closely, and place it in the bin if it appears
blemished, otherwise place it back on the table.

• Roll-Pick-Place sorting: The second reward function yields a policy that has the expert robot roll
its gripper over the onions, quickly identify blemished onions, pick only those and place them in
the bin.

In the MDP, we model the classi�cation of blemished and unblemished onions by using a distribution
over prediction values. For careful inspection, our distribution assigns higher mass to the correct predic-
tion. For rolling, this mass is lower than that of inspection. This makes the accuracy of careful inspection
higher. Both these sorting techniques are illustrated in Fig. 7.2.

For evaluating RIMEO, we made some changes to this domain because the method needs only one
reward function for onion-sorting. We used only pick-inspect-place sorting trajectories in training data.
We also reduced the state space by removing multiple predictions part of state. A state of this task is
composed of onion location and end-e�ector location {on table, picked up in hover region, at eye level
(under inspection), or near the bin for blemished onion}, and quality prediction {blemished, unblemished,
or unknown}, resulting in 22 states. The actions involve attending to a new onion on the table, picking
it up, bringing the grasped onion closer to eye and inspecting it, placing it in the bin, and placing it back
on the table. We utilize K = 11 predicates as reward features, φk(s, a), listed in Appendix F. To learn
the observation model, we use 8 binary predicates ψj as observation features, also listed in Appendix F.
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(a)

(b)

Figure 7.2: Human demonstration and learned behaviors executed by Sawyer of the two sorting techniques: (a)
pick-inspect-place (picks each onion, inspect it closely), (b) roll-pick-place (roll them, expose hidden surfaces, to
classify many onions simultaneously). The process of identi�cation of states in demonstration involves tracking the
locations of claimed onion and hand (referred as EE), prediction of claimed onion, and list of blemished onions.
First two can be at four locations: conveyor, hover, front of eyes, and bin; and last two are derived directly from
YOLO’s output.

We used Pearson product-moment correlation (0.03 with p-value 0.04, averaged over all pairs of features
from demonstration) to con�rm that these observation features are su�ciently independent.

7.1.3 OpenAI Gym Domains

For evaluating robust-AIRL, we used standard benchmark RL domains from OpenAI (Refer https:
//gymnasium.farama.org/environments for OpenAI domains).

Mountain car

Mountain car (Figure 7.11) is a continuous state reinforcement learning domain with deterministic transi-
tion dynamics [57]. The car starts from a location stochastically chosen in the valley. The goal of agent is to
derive best strategy to accelerate the car making it reach the goal state located at the top of right hill. A state
of Mountain Car is a combination of two elements: Position along x-axus and Velocity. The valid ranges
for position and velocity are [-1.2, 0.6] and [-0.07, 0.07]. An action decides the direction of application of
force: value 0 accelerates car to left, 1 means do not accelerate, and value 2 accelerates car to right. As the
goal is to reach right side top as soon as possible, reward function penalizes agent for every time step. Please
refer https://gymnasium.farama.org/environments/classic_control/mountain_car/ if
interested in further details on the environment.
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Some of the standard high-dimensional RL environments often used in literature are Half Cheetah,
Hopper, and Walker2D [22].

Hopper

The hopper is a �gure with one leg, existing in two dimensions, comprised of an upper torso, a middle
thigh, a lower leg, and a solitary foot supporting the entire body. The objective is to generate forward
(rightward) movement by exerting torques on the three hinges that connect the four body parts, enabling
hopping motions. The domain has 3 dimensional action space [−1, 1]3 and 11 dimensional state space
comprising positions and velocities of di�erent links. We used the default reward function of this envi-
ronment to generate expert’s behavior, which incentivizes forward movement and penalizes large torque
values. An episode ends when an upper bound of 1000 steps is reached or state elements go outside a
prede�ned healthy range of values.

Walker 2D

The walker is a �gure with two legs, composed of a singular upper torso, with the legs branching out from
it. The objective is to synchronize the movements of both legs to achieve forward (rightward) motion.
This is accomplished by exerting torques on the six hinges that connect the six body parts. An action is a
6-dimensional vector of torque values applied to the joints, with each torque value limited to the interval
[−1, 1]. A state is a 17-dimensional vector comprising a) positional values of links, b) velocity of those
parts. The reward function and the episode ending conditions are same as Hopper.

Half Cheetah

Half Cheetah is a cat-like robot consisting of 9 links connected by 8 joints. The goal of environment is to
�nd torque values that will make the cheetah run forward as fast as possible, toward the right direction.
The domain has 6 dimensional actions and 17 dimensional states.

For inserting noise in the behavior of expert, we use high covariance value of 0.05 in Gaussian distribu-
tions representing the observation model terms used in Gibbs samplers (Chapter 6, second part). Readers
interested in more details about any of three environments can refer https://gymnasium.farama.
org/environments/mujoco/.

7.2 Metrics

We measured the e�cacy of the methods in learning a reward function by using the following metrics:

• Learned behavior accuracy (LBA) is the proportion of all states at which the actions prescribed by
the inversely learned policy is same as the action prescribed by demonstrator’s policy;

• Inverse learning error (ILE), as previously de�ned in Chapter 3, loss in value incurred of one uses
the learned policy in the demonstrator’s MDP; and
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• Expected Value Di�erence (EVD) (common in multi-taskIRL [27]) is the loss of value, averaged
over the trajectories, if the learner uses the policy obtained by solving the expert’s MDP with the
learned reward function (parameterized by θL) instead of the expert’s true policy obtained by
solving its MDP with its actual reward function.

• Correlation w.r.t. ground truth is the correlation between ground truth reward values and learned
reward values for same state-actions pairs, thereby, measuring the degree of closeness between two.

Note that when the learned behavior accuracy is high, the ILE is expected to be low. However, as
MDPs admit multiple optimal policies, a low ILE need not translate into a high behavior accuracy. As
such, these two metrics are not strictly correlated.

As explained in Chapter 3, ILE is calculated as ILE(π∗E, πE) = ||V π∗E − V πE ||1. Here, V π∗E is the
optimal value function ofE’s (expert’s) MDP and V πE is the value function due to utilizing the policy
πE (obtained from solving the MDP with the learned reward function) inE’s MDP.

We used EVD in evaluating performance of multi-task learning. Since the learning process involves
cluster assignments for input trajectories yi, the metric EVD is computed as

EVD =
1

|Y|
∑|Y|

i=1

∑
(s,a)∈yi

‖V σ
θ∗ci (s)− V σ

θLci (s)‖1.

θ∗ci and θLci are the true and learned reward weights (component parameters) for the cluster ci assigned to
the observed trajectory yi ∈ Y , and σ{·} denotes the corresponding policy.

Since above de�nition of LBA works only for discrete states, we modi�ed it slightly to measure LBA
for OpenAI gym domains.

LBA for continuous state discrete action domain For input state s, ag|s is deterministically sampled
action from ground truth (expert’s) policy and al|s is deterministically sampled action from the learned
policy. Indicator function 1ag|s=al|s takes the value 1 if the two actions are same for a state. With that
structure, LBA is the approximated integral of indicator values over state space S.

100

|S|

∫
s∈S

1ag|s=al|s =
100

|Q|

 ∑
Si,i∈{1,2...Q}

∫
s∈Si

1ag|s=al|s



where Si are state space partitions.

LBA for continuous state continuous action domains For extending the previous expression of
LBA to continuous actions, we need a metric to calculate the similarity between two action vectors. Let
Da(ag|s, al|s) be the distance between ag|s and al|s. We usedDa to be L2-norm but it can be any distance
metric of user’s choice (Manhattan distance, max of absolute values, etc.). LetDm be the maximumDa
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distance possible between two actions. As almost every gym domain de�nes max and min values possible
for the dimensions of action space, for L2-norm,Dm is the distance between minimum valued and maxi-
mum valued action. The metric of similarity between two actions ag|s andal|s is (1−Da(ag|s, al|s)/Dm).
Then LBA is the Monte carlo approximation of integral over the similarity w.r.t. each ofN states sampled
from S.

100

|N |

 ∑
i∈{1,2...N}

(1−Da(ag|s, al|s)/Dm)



Some metrics are speci�c to the application domains.
For 2nd and 3rd instances of Perimeter Patrol application, we used Success rate and Timeout rate. Success

rate is the percentage of runs where the learner reaches the goal state undetected by the patrollers, which
is the culmination of learning the patrollers’ trajectories accurately, planning, and navigating to the goal
location. The latter metric calculates the percentage of runs in which IRL fails to converge to a reward
estimate in a reasonable amount of time. We set the threshold for a timeout as the total time taken for the
‘perception of trajectories in demonstration, learning, and two rounds of patrolling’, averaged over many
trials. This gives the learner at least two chances for penetrating the patrol.

For Onion Sorting application, we used a pair of metrics to measure the performance of Sawyer on
the sorting task using the learned reward functions. Precision is the ratio of the number of onions placed
in the bin that are actually blemished to the total number of onions placed in the bin. Recall is the ratio
of the number of onions placed in the bin that are actually blemished to the number of onions that are
actually blemished (including both in bin and on table).

For three OpenAI continuous state continuous action environments, we used the averaged return

of trajectory because it is a commonly used metric in literature for high-dimensional OpenAI domains,
and using that will help put the results in the same perspective as the rest of the literature. In these three
environments, due to the structure of reward function, a longer trajectory have a default tendency for
larger return. Therefore, to make this metric fair, we �x the episode length and then calculate return
averaged over multiple episodes.

We should recall the goals of contributions so that there is more clarity about why we chose some of
the metrics speci�cally to evaluate these contributions.

• LME-I2RL learns a reward function online using demonstration with occluded (missing) infor-
mation, and it learns faster than batch method LME-IRL. To visualize the impact of improvement
in the learning speed, we used the metrics of ’learning duration’, Success rate, and Timeout rate in
perimeter patrol domain.

• online MME-MTIRL learns reward function(s) when input has data generated using one reward
function mixed up that from other reward function(s). EVD is a commonly used metric in such
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multi-task learning methods because it allows accumulating the information from all learned clus-
ters in one metric.

• RIMEO learns observation features distribution and learns reward function under perception noise.
We use KLD (KL-divergence) metric because that metric can compare learned feature distribution
with ground truth distribution available in simulated domains.

• robust-AIRL learns under perception noise without manual engineering of reward features. For
evaluating GAN-based methods in OpenAI gym domains, metric reward correlation is common
because it enables measuring the closeness of learned information and expert without relying on the
distance based metrics. Also, this metric was precise enough to capture the impact of perception
noise.

7.3 Baselines

For online learning under missing data (LME-I2RL), we used two baselines: the o�ine or batch version
of learning under missing data (LMEIRL), an online variant of imitation learning method GAIL [43].
The reason for choosing LMEIRL is to show the impact of modifying batch learning to online learning.
We choose GAIL as a baseline for comparison against state-of-the-art. An online learning process must use
the information passed from an I2RL session to its subsequent session. To dive deeper into the impact
of this transfer of knowledge, we created a custom baseline (LME I2RL with random weights) that uses
sessions but without passing information.

Since online MME-MTIRL is multi task learning method, we choose state-of-the-art multi task
learning methods as baselines: DPM-BIRL [29] and EM-MLIRL [9]. Using these baselines helped
brought out the impact of removing label bias via proposed method. We also used these batch learning
baselines to depict the impact of learning faster using online learning.

We use MLIRL [81] and AIRL [35] as baselines for the proposed method RIMEO. Especially, since
AIRL is online learning method, it served as a good choice for a baseline. To our knowledge, no other
IRL method infers an observation model. Therefore, we create a custom baseline using the frequentist
approach, which uses robust I2RL with a frequentist estimation of the observation model (RIFOM).
While RIMEO solves an optimization problem to learnP ∗i , RIFOM assumes that the ground truth is the
same as the observation and learns P ∗i as the running average of normalized frequencies of observation
features activated in the demonstration.

Since SSRR noisy-AIRL [25] is a state-of-the-art method to learn well despite noisy input and without
need for manual engineering of reward features, it �ts well as a baseline for robust-AIRL. As robust-
AIRL is derived from AIRL, AIRL (both under noise-free and noisy input data) became an obvious
choice for another baseline.
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7.4 Evaluation Results

In this section, we will show evaluation results for the research contributions addressing the issue of
online learning under certain imperfections in input data. We categorize the sub-sections the same way
we categorized the last few chapters, by type of imperfection in data: missing information, data mixed up
from other preferences for �nishing a task, and noise coming from the faulty perception of the learner.

7.4.1 Missing data: LMEI2RL

The performance of LME-I2RL is compared with the previous batch LME to evaluate the advantage
of online IRL in the above mentioned domain in both simulations and physical experiments. As the
learner’s vantage point in perimeter patrol domain limits its observability, the patrolling domain requires
IRL but under occlusion. Please note that if we say that the domain has 30% occlusion, that means 70%
(100 -30) part of the information about patrolling trajectories is missing from demonstration data. Our
evaluation shows that the incremental method learns the patrolling behaviors faster as compared to the
batch method, which leads to a higher success rate. It su�ers from far fewer timeouts as compared to
the batch method where timeouts result due to failures to complete the inverse learning and forward
planning within a speci�c time limit. Furthermore, LME-I2RL learns behavior that is also signi�cantly
more accurate as compared to online GAIL.

Experiment Setup

In our simulation experiments of perimeter patrol domain, we vary the degree of occlusion, the number
of states in the domain, as well as the number of patrollers. Our experiments with physical TurtleBots in
two environments con�rm the performance obtained in simulation with the learner capable of observing
just about 30% and 18% of the patrollers’ trajectories, respectively. For scalability, later on, we show a
comparison on physical robots on two instances of the domain, one of which is signi�cantly larger than
the other.

The same data was input to both proposed method and baselines in order to achieve a fair comparison.
Each data point is the mean of 100 trials for a �xed degree of observability and a �xed number of trajectories
in a demonstrationX . While the entire demonstration was given as input to the batch variant, theX i for
each session of I2RL had one trajectory composed of �ve state-action pairs. As such, the incremental
learning stops when there are no more trajectories remaining to be processed.

Theorem ‘Con�dence for LME I2RL’ from Chapter 4 allows us to derive an upper bound on the
number of state-action pairs needed across all sessions to meet the given log likelihood error, which signals
convergence. Table 7.1(a) shows this relation between the acceptable error εl, which is a function of ε
(error bound for full observability) and εs (error bound for approximating feature expectations in Lemma
‘Constraint Bounds for LME I2RL’), and the number of trajectories for a 80% con�dence level. In our
simulations, we choose ε = 0.05 and εs = 0.05, which yields εl = ε+εs

2
= 0.075. Setting εs = 0.05

yields the maximum number of MCMC samples required in each E-step as N = − 1
2ε2s

ln δs
2K

= 957.
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Table 7.1: (a) Number of trajectories required for εl convergence in the second patrolling domain (K =
6, γ = 0.99) with con�dence 1− δl = 1− (δ + δs) = 1− (0.1 + 0.1) = 0.8. We use εs = 0.075 for
both 30% and 70% observability. (b) Con�dence of convergence increases with more trajectories (from
more sessions) with εl = 0.075.

εl (ε, εs) |Y1:i|
0.125 (0.2, 0.05) 60
0.075 (0.1, 0.05) 239

0.05 (0.05, 0.05) 957
0.045 (0.04, 0.05) 1496

(a)

max
|Y1:i| (0, 1− δl)

115 0
135 0.19

200 0.78
375 0.99

(b)

For a εl of 0.075 for our experiments, Table 7.1(a) shows that at most 239 trajectories would be needed.
Table 7.1(b) shows that, for the chosen value of εl, the con�dence of convergence increases with more
sessions as we should expect.
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Figure 7.3: Performances of batch and incremental LME in the �rst domain instance of Figure 7.1(a). All
simulations were run on a Ubuntu 14 LTS system with an Intel i5 2.8GHz CPU core and 8GB RAM.
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Performance Results in Simulation

In the single-patroller instance of patrolling domain, LME I2RL shows a learning accuracy that remains
close to that of batch LME with the accuracy increasing as the number of observed trajectories increase
Figs. 7.3). Importantly, LME I2RL processes the trajectories and achieves the eventual learning accuracy
in signi�cantly less time. Furthermore, it shows slow growth in its cumulative learning duration as we
provide more trajectories.
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(a) Learned behavior accuracy, ILE, and learning duration under a 30% degree of observability.
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(b) Learned behavior accuracy, ILE, and learning duration under a 70% degree of observability.
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(c) Success rates and timeouts under 30%, 70%, and full observability. Performance when the learner employs a
random policy is shown as well. This baseline method does not engage in IRL and picks a random set of reward
weights for computing the patroller’s policy. Rightmost chart shows the relative di�erence computed as (LBA for
full observability - LBA under occlusion)/(LBA for full observability) for both 30% and 70% observability. We
expect this ratio to reduce as the observability increases.

Figure 7.4: Various metrics for comparing the performances of batch and incremental LME on the second
instance of the patrolling domain (Fig. 7.1(b)).

Next, we report the evaluation results for the second instance of patrolling domain (involving two
patrollers). As these experiments are simulations, we may vary the learner’s observability, and Fig. 7.4(a)

shows the results under a 30% degree of observability while Fig. 7.4(b) is for 70% degree of observability. To
better understand the di�erentiations in performance, we introduce a third variant that implements each
session as, ζi(MDP/RE ,Y i, |Yi:i−1|, φ̂Z|Y ,1:i−1

θi
). Notice that this incremental variant does not utilize
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the previous session’s reward weights; instead, it initializes them randomly in each session. We label it as
LME I2RL with random weights.

We empirically verify that convergence is indeed achieved within 239 sessions (each having one trajec-
tory). As the size of demonstration increases, both batch and incremental variants exhibit a similar quality
of learning although initially the incremental performs slightly worse. Importantly, LME I2RL achieves
these learning accuracies in signi�cantly less time compared to the batch method, with the speed up ratio
increasing to four as |X | grows. On the other hand, the batch method generally fails to converge in the
total time taken by the incremental variant. Between the two degrees of observability, less observability
exhibits a longer learning duration because of the need for increased inference that is time consuming.
Notice that a random initialization of weights in each session, performed in LME I2RL with random
weights, leads to higher learning durations as expected. The link to video of a simulation is available in
Appendix A.

Is there a bene�t due to the reduced learning time? Figure 7.4(c) shows the success rates of the
learner when each of the three methods are utilized for IRL. LME I2RL begins to demonstrate com-
paratively better success rates under 30% observability, which further improves when the observability is
at 70%, as we should expect. While the batch LME’s success rate does not exceed 40%, the incremental
variant succeeds in reaching the goal location undetected in about 65% of the runs under full observability
(the last data point). A deeper analysis in order to understand these di�erences in success rates between
batch and the incremental generalization of LME reveals that batch LME su�ers from a large percentage
of timeouts while incremental LME su�ers from very few timeouts. Notice that as the perception and
learning times increase with the size of input data, so does the corresponding timeout threshold. The batch
method shows a small 10% timeout rate for the full observability case which increases to more than a 50%
timeout rate for low observability; whereas, the rate for incremental method stays below 4% throughout.
LME with low observability requires more time due to the larger portion of the trajectory being hidden,
which requires sampling a larger trajectory for computing the expectation. Of course, other factors play
secondary roles in the success rate as well.

We compared the performance of LME I2RL with that of an online version of GAIL [43], a state-of-
the-art policy learning method cast in the schema of generative adversarial networks. We experimented
with various simulation settings for GAIL and eventually settled on one that seemed most appropriate
for our domain (500 iterations of TRPO with an adversary-batch-size of 1,000, 2 hidden-layer [64× 8]
network for both generator and discriminator, adversary-epochs = 5, and generator-batch-size = 150).
We obtained a maximum LBA of 52% for the fully observable simulations (note that fully observable
trajectories still may not yield all possible state-action pairs). As this absolute performance was rather
low, we analyzed the relative impact of occlusion in our scenario on the performance of GAIL. The
rightmost chart in Figure 7.4(c) shows that while both LME I2RL and online GAIL demonstrate the
same relative di�erence initially, GAIL requires signi�cantly more trajectories before it catches up with
its full-observability performance, for both the 30% and 70% observability cases. As such, online GAIL
appears to be far more impacted by occlusion than LME I2RL.
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Performance Results on Physical Robots We used Physical TurtleBots to set up the second and third

instances of the domain both of which exhibit less than 30% observability (> 70% part of patrolling trajec-
tories is missing from observation). The TurtleBots, acting as both the patrollers and the learner, are each
equipped with a Kinect-360 RGB-D camera and an ASUS laptop. Di�erently colored boxes are placed on
top of each as markers (see Fig. 7.5). The learner uses the ROS stacks for TurtleBot and and CMVision to
perceive the centroid, the width, and the height of the colored boxes on the two patrollers to track them.
Utilizing this data about the patrollers, the dimensions of the known �oor map, and the learner’s own
position retrieved via Monte Carlo localization, the learner tracks the state (x,y, orientation) from its
observations of each of the two patrollers. We utilize aggregated observations over a duration of 2 seconds
to recognize the state. Having recognized the states in this way, the action of a patroller is inferred by using
the states before and after its motion for 2 seconds. The computation of the timeout threshold is same as
that for simulations.

Figure 7.5: (top-left) Patrollers (in pink and red) in the longer hallway of instance 2 of the domain. (top-

right) Learner’s (green) perspective as it observes the patrollers from its vantage point. (bottom) Learner
penetrating the patrol to reach the goal undetected (�rst door on its right). The learner perceives the
location and the orientation of each patroller by using the depth and the bounding box for color blob
detected via CMVision.

For each data point in the physical experiments, we conducted 50 trials, with the number of trajectories
and the number of state-action pairs per trajectory being the same as those in simulations. As the degree
of observability cannot be changed in our physical setup, we varied the number of input trajectories in
order to observe the change in success rate and timeout rate. Figure 7.6 shows the results of a comparison
between the performances of batch LME and LME I2RL deployed on the TurtleBot. Despite the low
observability, the success rate for LME I2RL is consistently higher than that for batch LME (reaching
close to 40%), thereby showing consistency with the results in simulations. The timeout rate while higher
than those in simulations remains much lower for LME I2RL compared to its batch counterpart.
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Figure 7.6: The success and timeout rates achieved in the physical experiments for the second instance of
the domain. The learner has less than 30% observability.
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Figure 7.7: Comparative performance of batch LME and LME I2RL in the third instance of the pa-
trolling domain using physical robots. We assumed knowledge of the patrollers’ true polices in order to
obtain the LBA and ILE metrics but note that such information is typically unavailable to the learner in
practice.

We ran physical robot experiments on the larger third instance of the patrolling domain whose map
is shown in Fig. 7.1(c) (some visuals of this set up are available in Appendix C.) Note that the theoretical
convergence analysis performed previously in Section 7.1.3 for the second domain instance also applies
to the third instance because the number of MCMC samples in the E-step remain the same except that
K = 5 for the third domain. Following the same sample complexity calculations as before, LME I2RL
must converge to εl = 0.075 with probability (1− δl) = 0.8 in about 230 input trajectories. Indeed, it
achieves convergence within this prescribed size of the input data.
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Despite very low observability and a larger state space, I2RL has a success rate going up to 35% as
shown in Fig. 7.7, which is 10% higher than that for the batch method. Interestingly, that success rate is
reached by observing about 22 trajectories only, i.e. 110 state-action pairs. The timeout rate for I2RL stays
below 10% while that of batch LME crosses 40%. Clearly, faster convergence helps the attacker to succeed
more often. Observe that for the initial data points, despite both methods exhibiting a similar LBA, the
success rate of I2RL is increasing but that of batch LME stays constant followed by a slight increase. This
occurs in part because I2RL shows less timeouts for those data points and also learns patroller behaviors
whose accuracy improves with more data.

To summarize the results for LME-I2RL, experiments conducted on multiple con�gurations of the
patrolling domain in both simulation and on physical robots demonstrate the signi�cant improvement in
task performance brought about by online IRL. This is predominantly due to the incremental learning
that leverages the learned outcomes from previous sessions while keeping the learning problem in each
session small. Next, we discuss the results of online learning under second imperfection in training data.

7.4.2 Multiple tasks interleaving: MME-MTIRL

We evaluate the performance of online MME-MTIRL in comparison with two previous multi-task IRL
techniques and batch MME-MTIRL, on the problem of sorting out blemished onions from unblemished.
Expert demonstration data is a mixture of two ways of sorting, and learner is supposed to infer reward
functions for both ways individually. We show that online MME-MTIRL improves on both baselines
and learns the reward functions to a high level of accuracy, which allows the collaborative robot Sawyer
to observe and reproduce both ways of sorting the onions while making few mistakes. We evaluate the
performance of this method in comparison with the previous techniques (baselines) on a simulated onion
sorting problem. In particular, one baseline (DPM-BIRL) sometimes learns more clusters than in the
ground truth, while the other baseline (EM-MLIRL, which knows the true number of clusters) shows
low accuracy, compared to our method.

Experiment Setup

We test the learning performance of di�erent methods in onion-sorting, by using simulated trajectory
data as input, and we compare their sorting performances using real-life (human) demonstration as input.
For the former, we generate the two weight vectors of expert as follows: we collect expert trajectories by
executing the behaviors from multiple start states, run an IRL algorithm on the two sets of trajectories
to generate the respective weights, and �nally verify that using these weights indeed yields the desired
behaviors.

As careful inspection tends to be more accurate than simply rolling over the onions, we expect the
behavior of pick-inspect-place (refer Section 7.1.2) to exhibit a higher precision compared to the roll-pick-
place. On the other hand, it is slower compared to rolling and placing, hence its recall is expected to be
lower for pick-inspect-place.
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Figure 7.8: Average EVDs of MME-MTIRL, DPM-BIRL and EM-MLIRL as the number of trajectories in-
creases, with two demonstrated behaviors (or tasks) (top) and three demonstrated behaviors (bottom). Vertical
bars are the standard deviations. Note that DPM-BIRL did not successfully terminate for the last data point.

Performance Results Using Simulated Data

We use the metric of EVD as de�ned previously to measure the performance of MME-MTIRL. Figure 7.8
(top) shows EVD decreased as the number of input trajectories increased for MME-MTIRL method as
well as existing baselines, DPM-BIRL [29] and EM-MLIRL [9]. Each data point is the average of 10 runs
on the set of trajectories generated as described previously. MME-MTIRL methods correctly learned two
clusters (starting with initial D of 4) in most runs, though a few yielded just one cluster. On the other
hand, DPM-BIRL mostly learned three clusters while EM-MLIRL learned two predominantly (because
EM-MLIRL takes the number of clusters as a prior knowledge/ input). For a preliminary demonstration
of scalability of MME-MTIRL in the number of learned tasks, we add a (meaningless) third behavior
where the sorter keeps considering new onions but does not inspect them, preferring to do nothing.
Figure 7.8 (bottom) shows the average EVDs for learning three tasks. Notice that the MaxEnt based
MME-MTIRL exhibits EVDs that are consistently and signi�cantly lower than those of the Bayesian
DPM-BIRL. The former correctly learns three clusters in two-thirds of the trajectory sets (otherwise
four), while DPM-BIRL varies between three and four. Unlike the two DP methods, EM-MLIRL
performs worse throughout, converging to incorrect reward functions that are likely local optima. In
terms of speed of learning, DPM-BIRL is faster than MME-MTIRL, and EM-MLIRL is signi�cantly
slower than both. For 96 input trajectories, on average, they take 11.94 seconds, 49.06 seconds, and 265.43
seconds respectively. To address the issue of speed of learning, we extend batch MME-MTIRL to online
setting and computed EVD for the same. An I2RL session of online MME-MTIRL has the same
amount data as the di�erence between two consecutive x-values for data points in Figure 7.8. For the same
amount of total input trajectories, the average compute time for online MME-MTIRL is up to 75% less
than batch MME-MTIRL, whereas learning performance (EVD value) remains the same (Figure 7.8).
This is the result we expected for online learning using multi task input.

68



Performance Results Using Real-life Data

Next, we evaluate the performance of the these methods using human demonstration data. We simulate
the onion sorting domain in our laboratory, and use as training data the videos of both sorting behaviors
executed by human sorters (Fig. 7.2). We utilize SA-Net [76] to process the human demonstrations by
identifying the sequences of states from the image frames. The network identi�es sequences of states with
prediction and listStatus received directly from the object recognition network YOLO [47]. We derive
the actions in a trajectory from the state sequence. We use the Sawyer robot, a cobot arm with 7 degrees
of freedom and a range of about 1.25m, as the learner executing learned policies. We partially simulate a
moving conveyor belt by repeatedly making a collection of onions – some of these are blemished – appear
on the table for a �xed amount of time after which the onions disappear. We task Sawyer with sorting
as many onions as possible from each collection before it disappears. We utilize the MoveIt motion planner
to plan Sawyer’s actions.

Table 7.2: P-I-P and R-P-P stand for Pick-inspect-place and Roll-pick-place resp. Column labels TP denotes true
positive (# blemished onions in bin), FP denotes false positive (# good onions in bin), TN denotes true negatives (#
good onions remaining on table), and FN denotes false negatives (# blemished onions remaining on table). P and
R denote precision (= TP/(TP+FP)) and recall (= TP/(TP+FN)) in %, respectively.

(TP,FP,TN,FN) P%, R%

Expert P-I-P (7,0,12,5) 100.00, 58.33
R-P-P (9,4,8,3) 69.23, 75.00

Learned P-I-P (7,1,11,5) 87.50, 58.33
(MME-MTIRL) R-P-P (9,4,8,3) 69.23, 75.00
Learned P-I-P (7,3,9,5) 70.00, 58.33
(DPM-BIRL) R-P-P (9,4,8,3) 69.23, 75.00
Learned P-I-P (6,3,9,6) 66.67, 50.00
(EM-MLIRL) R-P-P (6,4,8,6) 60.00, 50.00
Learned P-I-P (8,0,12,4) 100.00, 66.67
(Online MME-MTIRL) R-P-P (10,4,8,2) 71.43, 83.33

Does the improvement in learning translate to improved performance in the sorting task? In Table 7.2,
we show the average precision and recall of the expert engaged in using the two sorting techniques and the
analogous metrics for the learned behaviors using all three IRL approaches. For each of the three IRL
methods, we compute the learned policies for two behaviors by using the feature weights averaged over 10
runs of learning. Then we execute each policy in the physical domain for three moving sets of eight onions
per set – four blemished and four good – giving as output the precision and the recall corresponding
to each learned behavior. The performance of the behaviors learned by MME-MTIRL is closer to that
of the expert’s than those learned by the two baseline methods. The roll-pick-place behavior is learned
satisfactorily and exhibits precision and recall close to those of the true behavior. Finally, we also show
in Fig. 7.2 Sawyer executing both of the onion-sorting behaviors autonomously. It uses Kinect-v2 point-
cloud to track the onion locations and YOLO to classify onions held in the gripper. We used same human
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demonstration data to evaluate online MME-MTIRL, dividing the set of demonstration trajectories to
serve as a sequence of input demonstrations over multiple I2RL sessions. As explained in Section 7.4.2,
onions disappear after a constant time limit is crossed. A learner keeps observing training until the learning
has converged and then it starts sorting. Faster the learning process �nish, more time a learner has to go
through onions. Since online MME-MTIRL converged faster than batch MME-MTIRL, former method
had time to pick more blemished onions from table and therefore has higher recall than latter method.

This evaluation proved that proposed method not only address the gap of lack of online multi task
learning without label bias (for explanation of label bias see Chapter 1 section on multi task learning) but
also learns quicker than baseline. Next section discuss the evaluation results for online learning under
third type of imperfection in data.

7.4.3 Noisy perception of learner

We contributed two methods that address online learning under perception noise. Therefore, this section
has two parts, showing evaluation results for RIMEO and robust-AIRL respectively.

No prior knowledge of observation model: RIMEO

As evaluating RIMEO does not need multiple reward functions, we used only pick-inspect-place behaviour
of sorting onion domain (i.e. demonstration did not have trajectories from roll-pick-place behaviour).
The expert aims to identify blemished onions from a collection of onions on a table, and drop blemished
ones in a bin while allowing others to pass.
Experiment Setup We use videos of a human sorting onions as the training demonstration. We utilize

SA-Net [76] and YOLO [47] for identifying the sequences of states in the videos. The perception pipeline
assigns prediction score c(s, a) to each observed state-action of the trajectory perceived by learner. This
noisy trajectory and the con�dence scores are input to I2RL sessions of all methods. The learned policy
is used in a sorting domain simulated in Gazebo 7 (ROS Melodic) with the cobot Sawyer as the learner.
The experiments were run on a desktop with Intel Xeon CPU (E5-1603, 2.8GHz) and 16GB RAM. We
introduce noise as P (ψj(〈s, a〉o) 6= ψj(〈s, a〉g) = 0.3 for j = BlemishedOnion, OnionToBin, Onion-

ToTable (please refer observation features of onion sorting domain in Appendix F), and no noise in the
remaining observation features.
Performance Results: We evaluate the divergence of the learnedP ∗(ψ) from a simulated dataset for which
the true distributionP (ψ) is known. Figure 7.9 shows the KL divergences between the distributionsP (ψ)

and P ∗i (ψ) with sessions i. Each data point is averaged over 50 runs, and each session has 2 trajectories of
size 3 as input. The divergence for RIMEO is signi�cantly lower than that of RIFOM (custom baselines
explained before in Section 7.3 ) for all the sessions, indicating that RIMEO learns a more accurate P ∗i .
Observe that the divergence starts stabilizing after the sixth session. As AIRL or MLIRL do not directly
learn an observation model, we do not report their divergence measures.

Figure 7.9 shows the average LBA for our human demonstration data set as the number of sessions
increases, for all three methods. While AIRL’s LBA improves initially (until session 11), it �attens out
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RIFOM 8, 3, 9, 4 72.73, 66.67
AIRL 5, 4, 8, 7 55.56, 41.67
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Figure 7.9: (left top) Divergence betweenP (ψ) and P̂ (ψ) for simulated onion sorting data. (right top) LBA of
the learned policy on the human demonstration data. (bottom) Column label TP denotes true positive (# blem-
ished onions in bin), FP is false positive (# good onions in bin), TN true negative (# good onions remaining on
table), and FN denotes false negatives (# blemished onions remaining on table).

to a value (maximum 0.48) that is considerably lower than the other two methods. On average, AIRL
is also slower to converge (about 8 minutes) as compared to RIMEO (96.69 seconds). This performance
is likely due to the need of neural network based adversarial techniques for more training data and that
AIRL su�ers when the training data (that is used by the discriminator) is noisy. Furthermore, RIFOM’s
LBA �attens out around 23% lower than RIMEO’s. This is because the maximum-entropy optimization
of the underlying observation features in RIMEO generalizes the learned information across (s, a) pairs
not present in the demonstration, but the frequentist baseline fails to generalize. RIMEO eventually
reaches an LBA of 96% whereas RIFOM’s stays around 70%. However, as RIMEO solves an additional
optimization problem for learning P̂ , it takes longer to converge (96.69 seconds, on average) compared
to RIFOM’s (85.99 seconds). MLIRL’s LBA is similar to RIFOM’s, but its high variance and inability to
improve its performance can be attributed to observation noise. As MLIRL is not incremental (it was run
with accumulating data in batch mode), runtime comparison is not meaningful and hence not reported. 1

To evaluate sorting performance, Sawyer uses the learned policies to sort a �xed number of onions. The
table in Fig. 7.9(right) shows the average precision and recall of the expert and the 4 learning methods. As
the expert aims to inspect every onion whose blemish is not immediately visible, which is slow, it exhibits
high precision but low recall. RIMEO’s precision is closest to the expert’s due to lower false positives.
AIRL performs worse in both precision and recall having higher false positives and true negatives. This is

1For interested readers, one way to investigate AIRL’s performance further is to apply AIRL with the features used in
linear reward function used by RIMEO.
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Figure 7.10: (left) Patroller (red) navigates hallways [13], and learner (green) aims to pass undetected. The 5 colored
regions (long hallway, turning points, and three small divisions in small hallways on both sides) de�ne movement
and turn-around features. S and G are start and goal locations for the learner. (middle) Divergence between P (ψ)

and P̂ (ψ), and (right) LBA of the learned policies on Gazebo simulation data of learner.

consistent with its low LBA, indicating its reduced ability to successfully sort onions under noise. Among
the two robust I2RL methods, as the steps after learning the observation model are the same, we attribute
the better precision of RIMEO to a more accurate observation model.

To establish the generality of RIMEO, we evaluate it in a second domain: a simpli�ed version of the
second instance of perimeter patrol domain. It involves one patroller continuously navigates a hallway in
cyclic trajectories; the other is a learner tasked with reaching a goal location without being spotted by the
patroller (Fig. 7.11). The state space, action space, reward features are same as explained in beginning of
this chapter. The observation feature set Ψ contains 4 binary predicates described in Appendix F.

We introduce noise as P (ψj(〈s, a〉o) 6= ψj(〈s, a〉g) = 0.3 for j = MoveForward, TurnRight, and
0 for other features. Average of pairwise feature correlation from the patroller’s demonstration is−0.14

(p-value 0.06), indicating that the features are reasonably independent. The two �gures (right) in Fig. 7.11
show the performance of both robust I2RL methods in perimeter patrol. As in onion-sorting, KL
divergence and LBA for RIMEO is better than RIFOM, AIRL and MLIRL. These results in two
unrelated tasks indicate that the presented method is su�ciently general for broad applicability.

We noticed two things that motivated further research: RIMEO needs manual engineering of reward
features and AIRL does not need that engineering; and AIRL didn’t perform well under perception
noise. So if we �nd a way to improve AIRL performance under noise, then that should help avoid the
need for manual feature engineering in online learning under perception noise.

No engineering of features: robust-AIRL

We evaluate the performance of AIRL, robust-AIRL, and the baseline SSRR noisy-AIRL under noisy
input in various application domains. For each application domain, we �rst show how the task is modeled
as an MDP, followed by results we got and insights we noticed. The �rst domain is a discrete state discrete
action perimeter patrol domain, the second one is a continuous state discrete action OpenAI Gym domain
of mountain car, and lastly, we use a set of continuous state continuous action high dimensional OpenAI
Gym domains.
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Figure 7.11: (left top) Patroller (red) navigates hallways [13], and learner (green) aims to pass undetected. The
5 colored regions (long hallway, turning points, and three small divisions in small hallways on both sides) de�ne
movement and turn-around features. S and G are start and goal locations for the learner. (right top) The third
�gure shows LBA values for three methods. (left bottom) The fourth �gure shows how much LBA value changed
from the introduction of noise in perception, and the introduction of Gibbs sampling in learning process. ‘Drop
due to noisy input’ is computed as ((LBA AIRL under noisy input) - (LBA AIRL under noise-free input))/(LBA
AIRL under noise-free input). ‘Rise due to robustness’ is computed as ((LBA robust-AIRL under noisy input) -
(LBA AIRL under noisy input))/(LBA AIRL under noisy input).
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Figure 7.12: In Mountain Car environment, the goal of a learner is to �nd a policy that accelerates car to top right
hill. The second �gure shows LBA values for three methods and the Third �gure shows how much LBA value
changed from the introduction of noise and then the introduction of Gibbs sampling.
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As �rst application domain, we use the same perimeter patrol domain as one used for RIMEO in
previous section. For each data point of LBA, we conducted 50 trials and averaged the output. For success
rate, we created 10 blocks of 10 runs, we computed percentage of success of reach block, and then averaged
results over blocks. The learner can view (state , action) pair at every time step of patroller’s trajectory but
the perception mechanism of the learner is noisy. With a probability of 5%, the learner perceives move-
forward action as turn-left action, and turn-right action as move-forward. Analyzing further 11.5% of
total possible state-action pairs were noisy. Appendix G shows the hyper-parameter values used in GAN
training. X-axis in the performance plots (7.11) is the cumulative number of state-action pairs seen so far by
the learner. We used around 35 sessions so as to ensure stabilization of LBA values (although it somewhat
settled much sooner). The size of demonstration varies for each I2RL session. As shown in 7.11, adding
noise to input demonstration reduces LBA values. Averaging the percentage-change in LBA over the last
few readings (15 sessions), noisy input dropped LBA by close to 20% and introducing robustness brought
learning accuracy back up signi�cantly. For each method, the learner in perimeter patrol used the policy
learned at the end of last I2RL session. We average the success rate results over 20 attempts to breach.
Under noisy input, the perimeter patrol success-rate of AIRL policy is within 45% - 53% range with 95%
con�dence and that for robust-AIRL lay within the range 59% - 66% . Our evaluation shows that the
robust-AIRL method learned the patrolling behavior more accurately and faster as compared to the AIRL
method, which led to a higher success rate.

To apply robust-AIRL in Mountain Car domain, we apply Technique 1 of computing Gibbs samplers
(refer Chapter 6) , i.e. discretizing the continuous state space. We divided each dimension in Q = 10

parts, which createdQns = 102 partitions of state space. At each time step of input batch of observations,
we use na = 10000 discrete sample states from state partition to approximate 2 the value of integrals
needed to compute Gibbs sampler probability values. A state has two parts: position and velocity. The
size of position dimension of state space is |X| = (0.6− (−1.2)) = 1.8. The cart position span of each
state partition is |X|

Q
. For insertion of visibly explicit noise, we increase the position part of the current

state by V=10% of |X|
Q

in the direction of ground truth action (left for action 0 and 1, right for action 2),
with probability 0.25. Then the observation model or noise insertion model is,

P (so|sg,t ∈ Sg, ag,t = ag) =


0.25 if (so = sg,t − V |X|D and action is 0 or 1) OR
(so = sg,t + V |X|

D
and action is 2)

0.75 otherwise

The introduction of noise in the input data dropped LBA value by about 22% w.r.t AIRL under
noise free input ( Figure 7.12). AIRL couldn’t accommodate that noise but robust-AIRL managed to
increase performance back up closer to LBA under noise free input. However, as explained in Chapter
6 about ‘Technique 1’, the state space discretization technique su�ers from a lack of scalability with the
number of dimensions in a state. That’s why, in the next set of OpenAI application environments, we
used Technique 2 of computing Gibbs samplers, the product of Gaussians.

2numerical Monte carlo approximation
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Figure 7.13: In three continuous state continuous action environments (Hopper, Walker2D, HalfCheetah), the
goal of a learner is to �nd a policy that moves robot towards right side as fast as possible. These plots show the LBA
values achieved by four methods.
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Table 7.3: Averaged episode return for Mujoco domains

Hopper Walker2D Half Cheetah
Expert 2810 2700 2507

AIRL (noise free input) 2130 2204 2251
AIRL (noisy input) 702 848 750

robust-AIRL (noisy input) 1810 1390 1662
SSRR + noisy-AIRL (noisy input) 2050 1932 1555

Table 7.4: Pearson correlation coe� between learned and ground truth rewards for Mujoco domains.
Second part of each tuple is corresponding p-value.

Hopper Walker2D Half Cheetah
AIRL (noise free input) (0.95, 0.02) (0.94, 0.01) (0.96, 0.02)

AIRL (noisy input) (0.87, 0.04) (0.85, 0.02) (0.86, 0.03)
robust-AIRL (noisy input) (0.96, 0.04) (0.93, 0.03) (0.94, 0.04)

SSRR noisy-AIRL (noisy input) (0.81, 0.02) (0.90, 0.03) (0.87, 0.02)

We evaluated the proposed method and baseline (SSRR noisy-AIRL) on three continuous state
continuous action environments using three metrics: correlation with ground truth rewards, average
return per trajectory, and LBA. 3.

In each of three environments, the introduction of noise in the input demonstration corrupted the
motion of the expert and the performance of the learner dropped (Table 7.4.3 row 2 and plots in Figure
7.13). Consequently, the motion of learner was sluggish and noisy. Robust-AIRL was able to improve
trajectory return by more than 40% in most of them. As we explained Chapter 2, SSRR noisy-AIRL
keeps looking for reward function with better trajectory returns than input, whereas robust-AIRL is
looking for a reward function that is closer to the expert’s (ground truth). As a result, SSRR noisy-AIRL
gave higher returns for Hopper and Walker, however, the correlation (Table 7.4.3) and LBA (Figure
7.13) values were higher for robust-AIRL. For Hopper environment, reward values for robust-AIRL
got slightly closer to ground truth than those for AIRL without noisy input. This probably happened
because the arti�cially added noise made the hopper hop higher than the behavior learned by generator
under noise free input.

3we noticed that LBA is less precise than correlation metric, due to inability of exactly measuring the similarity between
two continuous actions w.r.t tasks at hand.
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Figure 7.14: Images from a video of a human sorting onions. Such images were used to record the continuous
states and actions used for learning in continuous space version of onion sorting domain.

Table 7.5: Results on real life data-set for onion sorting domain.

V f
Ξd

V f
πgen ILEemp

AIRL (noise free input) 0.907 0.726 0.199
AIRL (noisy input) 0.889 0.625 0.297

robust-AIRL (noisy input) 0.843 0.637 0.243

Evaluation using real life data

To make evaluation domain closer to real life, we evaluated Robust-AIRL on a dataset collected by ob-
serving a human sorting onions (Figure 7.14) with arti�cially introduced noise. MDP for this domain
has 64 dimensional state space with each state comprising the information about x-y plane locations of
demonstrator’s arm, onions, and bin. Two dimensional action space models the movement of demon-
strator’s arm. An action includes change is hand position along x axis and change in hand position along
y axis. On comparing state before action and state after action, if the change in location of an onion
synchronizes with the change in location of hand, then it is assumed that onion is in the hand.

Please note that correlation metric and LBA metric for Mujoco environments (Hopper, Walker, Half-
Cheetah) were computed using the expert’s reward function, which is available in OpenAI Gym domains.
However, the expert’s reward function is not available in the real-life dataset. Therefore, we compute
the error metric of empirical ILE which is the relative di�erence between averaged return of noise-free

demonstration and averaged return of learned policy, both computed using the learned reward function.
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ILEemp =
V f
πgen − V

f
Ξd

V f
πgen

where

V f
πgen =

1

|X gen|
∑

X∈X gen

∑
<s,a>∈X

f(θ, s, a)

V f
Ξd

=
1

|Ξd|
∑
ξ∈Ξd

∑
<s,a>∈ξ

f(θ, s, a)

where Ξd are ground truth training data before noise insertion, f is reward function neural network
with weights θ learnt in robust-AIRL algorithm,X gen is a set of trajectories simulated from generator’s
policy πgen.

AIRL mostly uses batch normalization as the �nal layer of reward neural network. For bounding ILE
within [0,1], we made the output of this last layer pass through Sigmoid layer. We introduced simulated
perception noise in data by using a covariance of 0.01 in the Gaussian for observation model (terms T4−5

in Gibbs samplers, Chapter 6). As a result, ILE increased by about 10% (shown in Table 7.4.3). To
accommodate learning under this noise, we used Robust-AIRL in continuous state and action spaces.
As expected, the proposed method enhanced learning accuracy, bringing the error closer to that obtained
under noise-free input. The ILE improved by almost 6% due to the robustness introduced by the MCMC
sampling process in the algorithm.

Robust AIRL performed better than the baselines in both discrete and continuous space domains. It
also learned well in the extremely challenging real-life continuous space domain of onion sorting.

Current chapter comprises the discussion about how all proposed I2RL (online IRL) methods
performed admirably against baselines. Next and �nal chapter concludes this thesis with insights and
future work.
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Chapter 8

Conclusion

Researchers have recently started paying attention to the �eld of online IRL under imperfect input. Real
world time-limited IRL applications typically demand learning algorithms that can build up learned
reward function incrementally as more training demonstration becomes available. Such applications also
call for robustness against imperfections in training data. The data imperfections can be of di�erent types
and we focused on these types:

• some information missing from the demonstration

• data from other tasks getting mixed up in the demonstration

• perception of learner-robot getting faulty due to hardware inaccuracies, etc.

My thesis proposes I2RL methods that address these gaps and we proved that methods perform as well
(if not better) than state-of-the-art baselines in challenging application domains. The current chapter
shares some �nal remarks about these methods in the same order in which they were introduced in the
thesis. After concluding remarks, as requested by the dissertation committee, we discuss what challenges
I faced while implementing these online learning methods. We conclude this chapter with some future
work research ideas that can build work on top of the research in the thesis.

8.1 Final Remarks

To analyze the class of methods for online IRL mathematically, my research group introduced a for-
mal framework called I2RL in Chapter 3. We used the framework for analyzing state-of-the-art online
IRLliterature [46, 69, 35] and we used this framework to introduce new online learning methods (LME-
I2RL, online MME-MT IRL, RIMEO, robust-AIRL. I2RL facilitates comparing various online IRL
techniques, and facilitates establishing the theoretical properties of online methods. In particular, it pro-
vides a commonly usable de�nition of sessions and some reasonable evaluation metrics for researchers
interested in developing techniques for online IRL. Table 8.1 shows such a comparison of online learning
methods we discussed in thesis.
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Table 8.1: Using I2RL framework to analyze and compare the online IRL methods in current literature and
similar methods in this thesis. Second column shows the form used for reward function and last column shows the
su�cient statistic passed from a session to subsequent session. This thesis contributed the last four methods.

Method R̂iE statistic X̂
Jin et al. [46] R̂i−1

E None
DARKO [69] θi−1 None

AIRL [35] θi−1 θi−1
gen

LME-I2RL [5] θi−1 |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1

online version of MME-MTIRL [6] {θj−1
d }∀d∈D {πj−1

d }∀d∈D, |Y1:j−1|
RIMEO [7] θi−1 |Ξd,1:i−1|, P ∗1:i−1, φ̂

1:i−1
θi−1

robust-AIRL θi−1 θi−1
gen

Next, we go through concluding remarks for each of the four I2RL methods we contributed in this
thesis (LME-I2RL, online MME-MTIRL, RIMEO, robust-AIRL), one by one.

In Chapter 4, we presented a new method, LME-I2RL within the I2RL framework that generalizes
’maximum entropy IRL under occlusion’ to online settings. Casting this method to the context of
I2RL allowed us to establish key theoretical properties of maximum entropy I2RL and LME I2RL by
ensuring the desired monotonic progress in learning toward convergence with a given con�dence. With
more training trajectories or better observability, likelihood loss LL(θE|Y1:i) − LL(θi|Y i) for I2RL
gets smaller, and the learned weights θi get closer to the true weights or their equivalent. The con�dence
of convergence 1 − δ increases with more training data (greater |Y1:i|), more room for error (higher ε
and εs), and fewer reward features (lower K). For LME, one way to look at the theoretical results is
that error bound Lemma uses ε and εs to limit the absolute value of the gradient (φ̂ − EX [φ]) used in
a likelihood-maximization process. We showed in the Chapter 2 that feature-expectations represent the
value of corresponding policy. Therefore bounding the gradient restricts the di�erence between the value
of a learned policy and the value of the expert’s policy. If two policies are within pre-speci�ed closeness,
then so should the likelihoods computed using those two policies. Exploiting that information from
Lemma, Theorem bounds the probability of error in maximization. To complete the formal analysis of
our online method, we introduced the notion of regret for I2RL and we proved that the average regret
for LME I2RL approaches zero as the number of learning sessions increase.

Our comprehensive experiments show that the new I2RL method is better than the state-of-the-
art batch method in time-limited domains; it generally reproduces the batch method’s accuracy but in
signi�cantly less time. In particular, we showed that given the practical constraints on computation time
exhibited by an online IRL application, the new method is able to solve the problem with a higher
success rate. This IRL generalization also su�ers less from occlusion than imitation learning methods
that directly learn the policy or behavior. We showed that LME I2RL continues to perform better than
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batch IRL on a larger state space and under lower observability. This o�ers evidence that LME- I2RL
method is scalable to more complex domains.

Working on LME-I2RL led to the idea to extend I2RL to the case of learning multiple reward
functions in a real-life agriculture-inspired application. The next contribution of online MME-MTIRL
followed this idea and enables multi-task online learning. Here, we give some concluding remarks for that
method as well.

Online multi-task learning has been motivated by the fact that humans may exhibit multiple distinct
ways (called behaviors) of solving the same problem each of which optimizes a di�erent reward function
while still sharing the features. For IRL to remain useful in this context, it must be generalized to not only
learn how many reward functions are being utilized in the demonstration, but also to learn the parameters
underlying each task’s model. Existing state-of-the-art multi task IRL methods are not online and they
su�er from label bias (please refer to Chapter 1 for the meaning of label bias). We presented a new multi-
task IRL method that combines MaxEnt IRL – a key IRL technique – with elements of the DP-based
Bayesian mixture model. While minimizing the number of behaviors learned to explain the observations,
it leverages the advantages of legacy MaxEnt IRL and facilitates solving the generalization as a single
uni�ed optimization problem. In the real-world inspired domain of onion sorting, we showed that both
batch MME-MTIRL and online MME-MTIRL improves on previous multi-task IRL methods. The
behaviors induced by the learned reward functions imitated the observed ones for the most part.

We expected the online method to give better results than batch methods because the learning con-
verges faster in online method. Faster learning helped online learner to process more onions before they
disappear, which in turn led to the sorting performance of online MME-MTIRL better than that for
MME-MTIRL.

The next two contributions (RIMEOand robust-AIRL) extended online learning to inference under
perception noise in training data. Next, we share some �nal comments about what we achieved in online
learning under perception noise.

We introduced an online IRL method RIMEO that accommodates noisy observations and infers the
unknown observation model by maximum entropy optimization. Not only does this method �ll a gap
in the prior work on online IRL but it also makes online learning more pragmatic, as evaluated in two
robotics tasks of post-harvest onion sorting and breaching a patrol. We evaluated the proposed method
against a state-of-the-art baseline on a video data set capturing post-harvest processing of onions in a
laboratory, and showed that the method performs signi�cantly better than the baseline. Furthermore, we
formally proved that the method converges monotonically and admits a probabilistic upper bound on
sample complexity that takes into account the accuracy of the learned observation model. The method
also displays no-regret online learning.

After introducing RIMEO, we focused on exploiting deep learning based methods to avoid the need
for manual feature engineering. Unlike previous online IRL techniques (LME-I2RL, RIMEO), both
baseline ‘SSRR noisy-AIRL’ and proposed method robust-AIRL do not need manual engineering of
reward features. robust-AIRL enables learning under perception noise in challenging high-dimensional
continuous spaces. We showed that the proposed method of robust-AIRL can perform well under a
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signi�cant degree of perception noise in the demonstration. Unlike AIRL, the proposed method was
able to learn a reward function with a reasonable level of trajectory returns. Also, the correlation with
ground truth is higher for robust-AIRL than SSRR noisy-AIRL.

General Comments One of the advantages of online learning is to have a way to stop processing further
input if learning has converged. The batch methods, on the other hand, have to �nish processing all the
data before stopping. Such bene�ts of online learning for LME-I2RL and multi-task I2RL performance
are speci�c to time-limited tasks like permeter patrol and onion sorting because the learning there focuses
on a faster convergence. However, the online learning advantages in methods RIMEO and robust-AIRL
are more generic as the latter focus on both faster convergence and noisy perception.

8.2 Challenges Encountered

As requested by the committee, I have included this section to explain all challenges I encountered while
working on online learning using imperfect input and how I address them.

• It was di�cult to �nd the best way to stop online learning. Tuning of convergence thresholds takes
a lot of time and I reduced some of that time by using parallelization in code.

• In I2RL, if the su�cient statistic (Chapter 3) is additive in nature, then it will explode in size and
memory when sessions of learning progress. In online MME-MTIRL, even though trajectory
indicators vd,i are optimization variables, they should not be used as su�cient statistic because
of this explosion problem. I addressed this issue by using the running average of each mixture-
component weight (πjd in Chapter 5) as the statistic.

• Derivation of convergence guarantees for LMEI2RL and RIMEO was not straightforward because
there is no precedence for something like that in IRL literature.

• For online ME-MTIRL, the optimization problem involves a mixture of discrete and continuous
variables. It took a lot of iterations to understand what part of the derivation steps can be relaxed
to derive at gradient expressions that perform well in practice and are easily implementable in code.

• Designing of reward model features and observation model features for applications took a lot of
trial and error. That need for reward designing was avoided by using deep learning in the �nal
contributions (robust - AIRL).

• While conducting experiments, getting precise movements in the navigation robots and in the
robotic arm was challenging because of laser scanning issues (bad localization) and trajectory planner
issues (low precision).
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8.3 Future Work

While the method LME-I2RL has shown advances in the area of online IRL, there remain multiple
avenues for future research. One path is to focus on understanding how methods in the I2RL framework
can learn without prior knowledge of the dynamics of experts. Another avenue is to explore the usage of
LMEI2RL in other applications: for example, Rhinehart et. al.’s domain of activity forecasting.

Convergence guarantees for LME-I2RL do not distinguish between the quality of information avail-
able in di�erent images (or di�erent states in input). In future work, if a researcher is interested in studying
that aspect of problem, then there is a need of deriving (or manually providing) usefulness ranking of
images in data. After having such a ranking system in place, the rank information has to be incorporated
in optimization constraints of LME-I2RL (may be parametrizing the weights in linear reward function).
If that much is achieved, the derivation of new sample complexity bound should follow the steps similar
to those for LME-I2RL.

All the current evaluations of online MME-MTIRL are on discrete low-dimensional state space.
Therefore, for bringing this work further close to addressing real life challenges, one possible future work
direction for online multi-task learning can be exploiting deep learning to accommodate multi-task learn-
ing in high-dimensional continuous state / action spaces.

Method RIMEO has some considerable limitations. The current set up restricts the observation
features to binary functions. The assumption of independence of observation model features and the
approximation of observation probability mass may not be easily satis�ed in some applications, and could
have contributed to the learned observation model not being accurate. To meet the assumption that
all ψ are observed in the �rst session of online learning, it may need to contain more demonstrations.
Therefore, future research can target accommodating covariance of features within optimization problem
and accounting for activation of some but not all features in each session. Also, future work should try
accommodating deep learning in RIMEO so as to enable learning with noise and without observation
model in high-dimensional continuous spaces.

robust-AIRL has a shortcoming in that it needs a prior knowledge of an observation model to create
Gibbs samplers. A future research direction can be to borrow the inference of observation model from
RIMEO and then use it for robust-AIRL. Another limitation is that the Technique 2 of computing
Gibbs samplers approximates learned policy as a Gaussian distribution, which may get inaccurate for
some environments where policy distributions T2 = P (·|s) are multi modal. One future work idea to
address that is to approximate T2 = P (·|s) using mixture models and integrate that into Technique 2 for
computing Gibbs samplers.

While working on online IRL under imperfect input, we contributed a new framework to formally
analyze online methods and we contributed online methods that learn under imperfections like training
data with missing information, data generated with multiple preferences, and data with perception noise
from learner side. We also showed evidences that the proposed methods learn better than baselines on
challenging application domains. We concluded this thesis by summarizing the potential future work
ideas to overcome the limitations of proposed methods.
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Appendix A

Appendix A

A.1 Links to Open-Source Code and experiment videos

MDP de�nitions and frontend python code for our two physical experimental domains: https://
github.com/thinclab/sorting_patrol_MDP_irl.

Backend solvers of LME-I2RL, MME-MTIRL, RIMEO in language D: https://github.com/
thinclab/irld.

Robust-AIRL implementation: https://github.com/thinclab/imitation/tree/robust_
online_airl

Codebase for baseline for Robust-AIRL: https://github.com/CORE-Robotics-Lab/SSRR/
The Gazebo simulation with Sawyer is available at: https://github.com/thinclab/sawyer_

irl_project.
Video for LME-I2RL evaluation in simulation is available at https://youtu.be/B3wA6z111ws.
Video for LME-I2RL evaluation in physical robots is available here: https://drive.google.

com/file/d/1CRddwh0JMckUsJZSU4SXhrsthoEnM_cB/view?usp=sharing.
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Appendix B

Appendix B

B.1 Proofs for LME I2RL

Although a trajectory in a non-terminating MDP can be in�nitely long, we derive range of fk �rst for
bounded-length trajectories and extend it later by applying in�nity limit. Let Tmax be the maximum
length of any trajectory, 0 ≤ |X| ≤ Tmax.

Then,

0∑
t=0

γt0 ≤
∑
〈s,a〉t∈X

γtφk(〈s, a〉t) ≤
Tmax∑
t=0

γt

0 ≤ fk(X) ≤ (1− γTmax)/(1− γ)

Applying limit Tmax →∞ gives us

0 ≤ fk(X) ≤ 1

1− γ
(B.1)

Extending the de�nition to allk features, we introduce functionf : X→ Rk asf(X) =
∑
〈s,a〉t∈X γ

tφ(〈s, a〉t).
Note that learned feature expectations can be expressed in terms of fk as

EX[φk] ,
∑

X∈X
Pr(X) fk(X), k = 1 . . . K

The sessions for latent and full-observation maxentIRL updates estimated feature expectations
of expert as follows.
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φ̂
Z|Y ,1:i

θi,k
,

1

|Y1:i|
∑
Y ∈Y1:i

∑
Z∈Z

Pr(Z|Y ;θ)∑
〈s,a〉t∈Y ∪Z

γtφk(〈s, a〉t)

=
|Y1:i−1|

|Y1:i−1|+ |Y i|
φ̂
Z|Y ,1:i−1

θi−1,k
+

|Y i|
|Y1:i−1|+ |Y i|

φ̂
Z|Y ,i
θi,k

(B.2)

φ̂1:i
k ,

1

|Y1:i|
∑
Y ∈Y1:i

∑
Z∈Z

Pr(Z|Y ;θ)
∑

〈s,a〉t∈Y ∪Z

γtφk(〈s, a〉t)

=
|Y1:i−1|

|Y1:i−1|+ |Y i|
φ̂1:i−1
k +

|Y i|
|Y1:i−1|+ |Y i|

φ̂ik (B.3)

From de�nitions of feature-expectations and Equation B.1,EX[φk], φ̂
1:i
k , φ̂

Z|Y ,1:i

θi,k
∈
[
0, 1

(1−γ)

]
.

Theorem 4 (Con�dence for maximum entropy IRL). GivenX 1:i as the (fully observed) demonstration

till session i,θE ∈ [0, 1]K is the expert’s weights, andθi is the solution of session i for incremental maximum

entropy IRL, we have

LL(θE|X 1:i)− LL(θi|X 1:i) ≤ ε

with probability at least 1− δ = 1− 2K exp
[
− |X 1:i|ε2(1−γ)2

2K2

]
.

Theorem 3 (Confidence for ME I2RL) . GivenX 1:i as the (fully observed) demonstration till

session i, θE ∈ [0, 1]K is the expert’s weights, and θi is the converged weight vector for session i for ME

I2RL, we have,

LL(θE|X 1:i)− LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) 6
2Kε

(1− γ)

with probability atleast max(0, 1− δ), where δ = 2K exp(−2|X 1:i|ε2).

Proof of Theorem 1. We use the notation:

EX[φk] ,
∑
X∈X

Pr(X)
∑
〈s,a〉∈X

φk(s, a), k = 1 . . . K

By allowing a relaxation in the constraints of maximum entropy estimation problem, [32] derived sample
complexity bounds for the problem.
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max
∆

(
−
∑

X∈X Pr(X) log Pr(X)
)

subject to

∑
X∈X Pr(X) = 1∣∣∣EX[φk]− φ̂1:i

k

∣∣∣ ≤ βfullk ∀k ∈ {1 . . . K}

(B.4)

Here βfull ∈ RK is a vector of upper bounds on the di�erences betweenEX[φk] and φ̂1:i
k .

Following proofs by Dudik et al.[32], relaxed constraints maximum entropy IRL problem is same
as minθ(−

∑
X∈X 1:i

P̃ r(X) log Pr(X|θ) +
∑

k β
full
k |θk|) = minθ(−LL(θ| X i, |X i−1|, φ̂1:i−1,

θi−1) +
∑

k β
full
k |θk|) = minθNLLβfull(θ|X i, |X i−1|, φ̂1:i−1 ,θi−1) (say).

The proof here is partially inspired from Corollary 1 in [32]. Let βfullk = βfullc = ε/(1 − γ) for
all k ∈ {1 . . . K}, where βfullc is constant because ε is �xed input. For normalized exponentiated gradi-
ent descent used here for computing maximum,

∑K
1 |θk| = 1. Then,NLLβfull(θ|X i, |X i−1|, φ̂1:i−1,

θi−1) = (−LL(θ|X i, |X i−1|, φ̂1:i−1,θi−1)+βfullc

∑k
1 |θk|) = (−LL(θ|X i, |X i−1|, φ̂1:i−1,θi−1)+

βfullc ). Assume that θi minimizes NLLβfull(θ| X i, |X i−1|, φ̂1:i−1,θi−1), a solution maximizing
LL(θ|X i, |X i−1|, φ̂1:i−1,θi−1).

SinceEX[φk] ∈
[
0, 1

(1−γ)

]
, we get (1− γ)EX[φk] ∈ [0, 1]. We multiply the relaxed constraint with

(1− γ) and de�ne the negation of constraint as following event: A :
∣∣∣(1− γ)EX[φk]− (1− γ)φ̂1:i

k

∣∣∣ >
(1− γ)βfullc = ε for some k ∈ {1 . . . K}. A can be decomposed into following feature speci�c events

Ak : (1− γ)
∣∣∣EX[φk]− φ̂1:i

k

∣∣∣ > ε,

where k ∈ {1, 2 . . . K}. We divide this constraint on absolute value further in two signed events:

(Ak)1 : (1− γ)EX[φk]− (1− γ)φ̂1:i
k > ε

(Ak)2 : −(1− γ)EX[φk] + (1− γ)φ̂1:i
k > ε

Then eventA is same as logical disjunction (A1)1 ∨ (A1)2 ∨ (A2)1 . . ..
Applying Hoe�ding’s inequality, the upper bound of probability of each signed event is given by:

P ((Ak)1) ≤ exp(−2ε2 |X 1:i|) = δ
2K

(say), P ((Ak)2) ≤ δ
2K

. Applying aforesaid bounds to events
for each of the K features, we get 2K events with exactly same upper bound δ

2K
on their respective

probabilities. We use Fretchet’s inequality to derive an upper bound for the disjunction:
P (A) = P ((A1)1 ∨ (A1)2 ∨ (A2)1 . . .) ≤ min(1, P ((A1)1) + P ((A1)2) + P ((A2)1) . . .)

As each of the probabilities in RHS are bounded from above by δ
2K

, their sum is bounded as:
P (A) ≤ min(1,

∑2K
1

δ
2K

) = min(1, δ)

Reverting to the negation of A, the probability that
∣∣∣(1− γ)EX[φk]− (1− γ)φ̂1:i

k

∣∣∣ ≤ ε ∀k ∈
{1 . . . K} is at least 1−min(1, δ) = max(0, 1− δ).
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To keep reward value bounded, IRL assumes ||θ∗||1 ≤ 1 for all θ∗. Using the assumption and
Theorem 1 in [32], we get error bound:

For everyθ∗ ∈ [0, 1]K ,NLLβfull(θi|X i, |X i−1|, φ̂1:i−1,θi−1) −NLLβfull(θ∗|X i, |X i−1|, φ̂1:i−1,θi−1) ≤
2
∑K

1 βfullc = 2K βfullc = 2Kε
(1−γ)

with probability at least max(0, 1− δ), where δ = 2K exp
(
− 2 ε2|X 1:i|

)
.

We modify the bound in the form of positive log-likelihood of expert’s policy, by using relation
NLLβfull(θ

∗|X 1:i) = (−LL(θ∗| X 1:i) +
∑K

1 βfullk |θk|) and θ∗ = θE .
Then, withX 1:i as input, with probability at least max(0, 1− δ),

NLLβfull(θ
i|X i, |X i−1|, φ̂1:i−1,θi−1)−NLLβfull(θE|X 1:i)

= LL(θE|X 1:i)− LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) ≤ 2Kε

(1− γ)

Insight: Likelihood-loss LL(θE|X 1:i)− LL(θi|X i, |X i−1|, φ̂1:i−1, θi−1) for maxentIRL
gets smaller and the learned weights θi is getting closer to the best weights possible (expert’s weights θE)
with more training trajectories or higher |X 1:i|. The con�dence of convergence 1− δ increases with more
training (higher |X 1:i|), more room for error (higher ε) and less features (lowerK).

Lemma 5 (Monotonicity). LME I2RL increases the demonstration likelihood monotonically with each
new session, LL(θi|Y i, |Y1:i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) − LL(θi−1|Y i−1, |Y1:i−2|, φ̂Z|Y ,1:i−2

θi−2 , θi−2) > 0,
when |Y1:i−1| � |Y i|.

Proof of Lemma 1. Log-likelihood of demonstrated behavior can be split as

LL(θi|Y1:i) = LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1)

=
∑
Y ∈Y1:i

P̃ r(Y ) log Pr(Y ;θ)

=
∑
Y ∈Y1:i

P̃ r(Y )
∑
Z∈Z

Pr(Z|Y ;θi) log Pr(Y, Z;θ)+

(−
∑
Y ∈Y1:i

P̃ r(Y )
∑
Z∈Z

Pr(Z|Y ;θi) log Pr(Z|Y ;θ))

= Q(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θ,θi−1) + C(Y1:i,θ,θ
i)

Here P̃ r is distribution of trajectories in observed training data (
∑
X∈X

P̃ r(X)[·] and 1
|X |

∑
X∈X

[·] can

be used interchangeably). EM method maximizes the log-likelihood by maximizing onlyQ value over θ;
and θ = θi maximizes

Q(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θ,θi−1) ([83]). After all the EM iterations for current session i, the �nal Q
value isQ(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 , θi,θi). Therefore, the di�erence in the likelihoods achieved by weights
learned in consecutive sessions can be expressed as a di�erence in Q values. Note that LME IRL learns
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reward weights by inferring the maximum entropy distribution Pr(X;θ) =
exp(

∑
k θkfk(X))

ΩXθ
, where

ΩX
θ =

∑
X∈X exp(

∑
k θkfk(X)) and X = (Y, Z). Expand Q value as Q(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi,

θi) =
∑

Y ∈Y1:i

P̃ r(Y )
∑
Z∈Z

Pr(Z|Y ;θi) log

(
exp(

∑
k θ

i
kfk((Y,Z)))

Ω
(Y,Z)

θi

)
=
∑

k θ
i
k ·
∑

Y ∈Y1:i

P̃ r(Y )
∑
Z∈Z

Pr(Z|

Y ;θi)fk((Y, Z))− log Ω
(Y,Z)

θi
=
∑

k θ
i
k · φ̂

Z|Y ,1:i

θi,k
− log Ω

(Y,Z)

θi
.

Therefore the improvement in log likelihood over session i is

LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1)− LL(θi−1|Y i−1, |

Y i−2|, φ̂Z|Y ,1:i−2

θi−2 ,θi−2)

= Q(Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi,θi)−Q(Y i−1, |

Y i−2|, φ̂Z|Y ,1:i−2

θi−2 ,θi−1,θi−1)

=
∑
k

θikφ̂
Z|Y ,1:i

θi,k
− log Ω

(Y,Z)

θi
−
∑
k

θi−1
k φ̂

Z|Y ,1:i−1

θi−1,k
+

log Ω
(Y,Z)

θi−1

= log
Ω

(Y,Z)

θi−1

Ω
(Y,Z)

θi

+
∑
k

(
θik

|Y1:i−1|
|Y i|+ |Y1:i−1|

− θi−1
k

)
φ̂
Z|Y ,1:i−1

θi−1,k

+
∑
k

(
θik

1

|Y i|+ |Y1:i−1|
φ̂
Z|Y ,i
θi,k

)
(substitute φ̂Z|Y ,1:i

θi,k
using Eq. 4.2 and simplifying)

The �nal expression is minimized only for θi = θi−1 when |Y1:i−1| � |Y i|, i.e., when a signi�cant
amount of training data has been accumulated. The expression is also concave in parameterθi. Therefore,
LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) − LL(θi−1|Y i−1, |Y i−2|, φ̂Z|Y ,1:i−2

θi−2 ,θi−2) ≥ 0 for consecutive
sessions thereafter. Hence, the LME I2RL is proved to converge over sequence of sessions, yielding a
feasible log-linear solution to latent-maxent and corresponding weights solving IRL.

Lemma 6 (Constraint Bounds for LME I2RL ). Suppose X 1:i has portions of trajectories in Z1:i =

{Z|(Y, Z) ∈ X 1:i} occluded from the learner. Let εs be a bound on the error
∣∣φ̂1:i
k − φ̂

Z|Y ,1:i

θi,k

∣∣
1
, k ∈

{1, 2 . . . K} after ns samples for approximation. Then, with probability at least max(0, 1− (δ + δs)),
the following holds: ∣∣∣(1− γ)

(
EX[φk]− φ̂Z|Y ,1:i

θi,k

)∣∣∣
1
6 ε+ εs, k ∈ {1, 2 . . . K}

where ε, δ are as de�ned in Theorem 3, and δs = 2K exp(−2nsε
2
s).

Proof of Lemma 2. We de�ne the event
Ak : (1− γ)

∣∣EX[φk]−φ̂1:i
k

∣∣ > ε, k ∈ {1, 2 . . . K}.

91



Applying Hoe�ding’s inequality forAk, we get
P (Ak) ≤ 2 exp(−2ε2|X 1:i|) ≤ δ

K
for any k ∈ {1, 2 . . . K}, and for the same ε, δ as in Theorem 1.

Similarly, for partial observation, given εs as the bound on the error in sampling based approximation of
φ̂1:i
l as φ̂Z|Y ,1:i

θi,l
, and ns samples, let us de�ne the event

Bl : (1− γ)
∣∣∣φ̂1:i
l − φ̂

Z|Y ,1:i

θi,l

∣∣∣ > εs, l ∈ {1, 2 . . . K}.
Similar to procedure forP (Ak), applying Hoe�ding bound gives usP (Bl) <

δs
K
, δs = 2K exp(−2(εs)

2ns).
Applying Fretchets inequality over both sets A and B of events gives us:
P ((∪kAk) ∨ (∪lBl)) < min(1,

∑K
k=1

δ
K

+
∑K

l=1
δs
K

) = min(1, δ + δs).
That is, P (∃k, l, s.t.Ak ∨Bl) < min(1, δ + δs). Taking complement, P

(
∀k, l, Ak ∧Bl

)
≥

max(0, 1− δ − δs). But ∀k, l, Ak ∧Bl implies that ∀k:
(1− γ)(

∣∣∣EX[φk]− φ̂1:i
k

∣∣∣+
∣∣∣φ̂1:i
k − φ̂

Z|Y ,1:i

θi,k

∣∣∣) ≤ ε+ εs

Calling (ε+ εs) = 2εl, and (δ + δs) = δl we get
P
(
∀k, (1− γ)(

∣∣∣EX[φk]− φ̂1:i
k

∣∣∣+
∣∣∣φ̂1:i
k − φ̂

Z|Y ,1:i

θi,k

∣∣∣) ≤
2εl
)
≥ max(0, 1− δl).

Using inequality
∣∣∣EX[φk]− φ̂Z|Y ,1:i

θi,k

∣∣∣ ≤ ∣∣EX[φk]− φ̂1:i
k

∣∣+
∣∣φ̂1:i
k − φ̂

Z|Y ,1:i

θi,k

∣∣, we get:

P

(
∀k, (1− γ)(

∣∣∣EX[φk]− φ̂Z|Y ,1:i

θi,k

∣∣∣) ≤ 2εl

)
≥ max(0, 1− δl).

Theorem 4 (Confidence for LME I2RL) . Let Y1:i = {Y |(Y, Z) ∈ X 1:i} be the observed

portions of the demonstration until session i. εand εs are inputs as defined in Lemma 6, andθi is the solution

of session i for LME I2RL. Then

LL(θE|Y1:i)− LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) ≤ 4Kεl
(1− γ)

with confidence at least max(0, 1− δl), where εl = ε+εs
2

, and δl = δ + δs.

Proof of Theorem 2. Latent maximum entropy IRL problem is equivalent to maxθ
∑

Y ∈Y1:i
P̃ r(Y ) logPr(Y |θ)

(Section 3.3, [19]) or maxθ LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1).
Relaxed constraint latent maximum entropy IRL is:

max
∆

(
−
∑

X∈X Pr(X) log Pr(X)
)

subject to

∑
X∈X Pr(X) = 1∣∣∣EX[φk]− φ̂Z|Y ,1:i

θi,k

∣∣∣ ≤ βk ∀k ∈ {1 . . . K}

(B.5)

Hereβ ∈ RK is an estimate of vector of upper bounds on the di�erences betweenEX[φk] and φ̂Z|Y ,1:i

θi,k
.
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The form of relaxed latent maximum entropy problem and the likelihood for that problem is no
di�erent than those for relaxed maximum entropy. Starting from results in Lemma 2, assuming βk =

βc = 2εl/(1− γ) for all k ∈ {1 . . . K} and using steps similar to the proof of Theorem 1, we get
LL(θE|Y1:i)−LL(θi|Y i, |Y i−1|, φ̂Z|Y ,1:i−1

θi−1 ,θi−1) ≤ 4Kεl
(1−γ)

with probbility at least max(0, 1−δl).

Theorem 5 (No Regret Learning) . There exist choices for a variable threshold bound on the

feature matching constraint,εi as a function of session i, such that with probability at least max(0,
∏i=T

i=1 (1−
δi)), where δi = 2K exp(−2|X 1:i|ε2

i ),

RegretT (AMEI2RL) = o(T )/T,

thus approaching 0 as T →∞.

Proof of Sub-Linear Regret. The log-loss after ith session isLL(θE|X 1:i)−LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1).
Let the regret after i = T be 1

T

∑T
i=1 LL(θE|X 1:i) − 1

T

∑T
i=1 LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1). Ac-

cording to Theorem 3, LL(θE|X 1:i) − LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) ≤ β · εl with probbility at
least max(0, 1 − δ), where β = 2K

(1−γ)
. As ε is user speci�ed, let ε = c

i
. Then, the inequality becomes

LL(θE|X 1:i)−LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) ≤ β c
i
. Summing the result over i ∈ {1, 2, . . . T} and

dividing by T, we get

1

T

T∑
i=1

LL(θE|X 1:i)−
1

T

T∑
i=1

LL(θi|X i, |X i−1|, φ̂1:i−1,θi−1) ≤ β
1

T

T∑
i=1

c

i

The RHS above is bounded as β 1
T

∑T
i=1

c
i
≤ β 1

T
c log T = βc log T

T
. As T → ∞, βc log T

T
→ 0.

Therefore, as sessions progress, regret is guaranteed to vanish.
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Appendix C

Appendix C

C.1 LME I2RL application domains

C.1.1 Features for three instances of perimeter patrol

All reward functions are su�ciently modeled as a linear weighted combination of pre-determined feature
functions where the weights are unknown. The reward function of the single patroller in �rst instance
of perimeter patrol utilizes four feature functions. Each function activates when the patroller reaches
the end of the previously numbered hallway and remains activated until the end of the target hallway is
reached, thereby enabling clockwise patrolling. To continue moving out of the hallways and in the vertical
corridor (not a part of any hallway), the state in this domain instance additionally includes the recently
visited hallway. A hallway is deemed to have been visited when the navigating agent has reached its end.
The four binary feature functions are:

• SwitchToHallway1(s,a) returns 1 when action a in state smakes the patroller move from hallway 4
to hallway 1 in s′, otherwise 0;

• SwitchToHallway2(s,a) returns 1 when action a in state smakes the patroller move from hallway 1
to 2;

• SwitchToHallway3(s,a) returns 1 when action a in state smakes the patroller move from hallway 2
to 3; and

• SwitchToHallway4(s,a) returns 1 when action a in state smakes the patroller move from hallway 3
to 4.

If equal weights are given to each of the above features, the MDP policy then guides the patroller to cycle
through the four hallways in a clockwise manner.

The reward function for each patroller in the second instance of the domain utilizes six binary state-
action feature functions, which divide the grid broadly into �ve regions as shown.
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• HasMoved(s,a) returns 1 if action a at state smakes the patroller change its grid cell, 0 otherwise;

• Turn1(s,a) returns 1 if action a in state smakes the patroller turn (left or right) in the region of the
hallway shaded orange in Fig 7.1(b);

• Turn2(s,a) returns 1 if action a in state smakes the patroller turn in the region of the hallway shaded
yellow in Fig 7.1(b);

• Turn3(s,a) returns 1 if action a in state smakes the patroller turn in the region of the hallway shaded
green in Fig 7.1(b);

• Turn4(s,a) returns 1 if action a in state smakes the patroller turn in the region of the hallway shaded
blue in Fig 7.1(b);

• Turn5(s,a) returns 1 if action a in state smakes the patroller turn in the region of the hallway shaded
magenta in Fig 7.1(b).

A weight vector θE for these features such as 〈.57, 0, 0, 0, .43, 0〉makes each of the two patrollers con-
stantly execute cyclic trajectory that involves turning around in the region shaded blue of the top and
bottom hallway.

For the third instance of the domain , the reward function is composed of the following five feature
functions.

• HasMoved(s,a) returns 1 if action a at state smakes the patroller change its grid cell, 0 otherwise;

• InRoom(s,a) returns 1 if the patroller in state s is inside a room, 0 otherwise;

• Turn(s,a) returns 1 if action a in state smakes the patroller turn in a hallway;

• EnterRoom(s,a) returns 1 if action a at state s makes the patroller enter a room from one of the
hallways;

• LeaveRoom(s,a) returns 1 if action a at state smakes the patroller enter a hallway from one of the
rooms.

A weight vector of 〈1,−1, .1, 0, 0〉 gives the highest preference to constantly moving, some preference
to turning around in the hallways, and the least preference to being in a room. No reward is given for
entering or leaving the rooms. As a result, the patrollers keep patrolling the hallways and turn around just
before the hallways end.

95



C.1.2 Snapshot for robotics experiments of third instance

For the physical set up of third instance of perimeter patrol domain, shows the location of the attacker,
the patrollers, and the hallways navigated by the patrollers.

Figure C.1: (top) The learner (green) observes the two patroller (pink and yellow). (bottom-right) Pa-
trollers navigating the hallway at the top of the map. (bottom-left) The learner penetrates the patrol
moving through the hallway on the right side of the map (reaching the goal marked G2 in the grid). colors
in the carpet.
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Appendix D

Appendix D

D.1 Derivation of gradients for MME-MTIRL

Our non linear optimization program after uni�cation of two objectives is:

max
Prd(Xi)∈∆D,vd,i∈{0,1}

−
∑D

d=1

∑|X|

i=1
vd,iPrd(Xi) log vd,iPrd(Xi)

+
1

|X |
∑D

d=1

∑|X |

i=1
vd,i log

1

|X |
∑|X |

i=1
vd,i

subject to∑D

d=1

1

|X |
∑|X |

i=1
vd,i
∑|X|

i=1
vd,iPrd(Xi) = 1

EX[φd,k] = φ̂d,k ∀d ∈ D, ∀k ∈ K∑D

d=1
vd,i = 1,∀Xi ∈ X

(D.1)

whereEX[φd,k] = 1
|X |
∑|X |

i=1 vd,i
|X|∑
i=1

vd,iPrd(Xi)
∑

(s,a)∈Xi φd,k(s, a)

and φ̂d,k = 1
|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi φk(s, a).

Lagrangian relaxation of the optimization problem is
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L (D.2)

=

(
−
∑D

d=1

∑|X|

i=1
vd,iPrd(Xi) log vd,iPrd(Xi)

)
+

(
1

|X |
∑D

d=1

∑|X |

i=1
vd,i log

1

|X |
∑|X |

i=1
vd,i

)
+ η

(∑D

d=1

(
1

|X |
∑|X |

i=1
vd,i

)∑|X|

i=1
vd,iPrd(Xi)− 1

)
+
∑

d∈D

∑
k∈K

θd,k

((
1

|X |
∑|X |

i=1
vd,i

) |X|∑
i=1

vd,iPrd(Xi)
∑

(s,a)∈Xi

φk(s, a)

− 1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a)

)

+

|X |∑
i=1

λi

(∑
d∈D

vd,i − 1
)

(D.3)

Maximization happens w.r.t. Prd(Xi). Therefore, we take derivative w.r.t that.

∂L
∂Prd(Xi)

= 0

−
∑D

d=1
vd,i log(vd,iPrd(Xi))−

∑D

d=1

(
vd,iPrd(Xi)

1

(vd,iPrd(Xi))

)
vd,i

+ η
∑D

d=1
vd,i

(
1

|X |
∑|X |

i=1
vd,i

)
+
∑D

d=1
vd,i

(
1

|X |
∑|X |

i=1
vd,i

)∑
k∈K

θd,k
∑

(s,a)∈Xi
φk(s, a) = 0

−
∑D

d=1
vd,i log(vd,iPrd(Xi))−

∑D

d=1
vd,i + η

∑D

d=1
vd,i

(
1

|X |
∑|X |

i=1
vd,i

)
+
∑D

d=1
vd,i

(
1

|X |
∑|X |

i=1
vd,i

)∑
k∈K

θd,k
∑

(s,a)∈Xi
φk(s, a) = 0

(D.4)

Take
∑D

d=1 vd,i common from all terms to cancel it out.
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∑D

d=1
vd,i

(
− log(vd,iPrd(Xi))−

(
vd,iPrd(Xi)

1

(vd,iPrd(Xi))

)
+η

(
1

|X |
∑|X |

i=1
vd,i

)
+
∑

k∈K
θd,k

(
1

|X |
∑|X |

i=1
vd,i

)∑
(s,a)∈Xi

φk(s, a)

)
= 0

log (vd,iPrd(Xi)) = −1 + η

(
1

|X |
∑|X |

i=1
vd,i

)
+
∑

k∈K
θd,k

(
1

|X |
∑|X |

i=1
vd,i

)∑
(s,a)∈Xi

φk(s, a)

(D.5)

Let partition function Ω =
∑

d∈D( 1
|X |

|X |∑
i=1

vd,i)
|X|∑
i=1

exp
(∑

k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
be related to η′ = η

(
1
|X |
∑|X |

i=1 vd,i

)
via following

1− η′ = log Ω

η′ = 1− log Ω

η =
|X |
|X |∑
i=1

vd,i

(
1− log Ω

)
(D.6)

Taking exponential on both sides on Eq D.5 and bringing η′ = η
(

1
|X |
∑|X |

i=1 vd,i

)
to denominator in

RHS.

vd,iPrd(Xi) =
exp

(∑
k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
exp(1− η′)

=
exp

(∑
k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i
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(s,a)∈Xi φk(s, a)

)
∑

d∈D( 1
|X |

|X |∑
i=1

vd,i)
|X|∑
i=1

exp
(∑

k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

) (D.7)

=
exp

(∑
k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
Ω

(D.8)

(D.9)

We will need following two partial derivatives of log Ω for coming steps
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∂

∂θd,k
log Ω =

1(∑
d∈D( 1

|X |

|X |∑
i=1

vd,i)
|X|∑
i=1
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i=1

vd,i)
2
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=
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)
EX,d[φk] (D.10)

IfXi ∈ X ,

∂

∂vd,i
log Ω =
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d∈D( 1
|X |

|X |∑
i=1

vd,i)
|X|∑
i=1

exp
(∑
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(D.11)
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In EqD.3, we substitute the value of log (vd,iPrd(Xi)) from Eq D.5

L

=
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vd,iPrd(Xi)
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(D.12)
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=
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(D.13)

Using Eq D.6 and substitute η, we get
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(D.14)
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For deriving Lagrange multiplier λi, take derivative w.r.t. vd,i and make it equal to zero.
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(D.15)

Substitution of above λi value in Eq D.14 gives
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i=1
vd,i +

1

|X |
∑

d∈D
vd,i

)
+

|X |∑
i=1

1

|X |

(
log

1

|X |
∑|X |

i=1
vd,i + 1

)

−
|X |∑
i=1

∑
d∈D

vd,iPrd(Xi) +

|X |∑
i=1

Prd(Xi) +
|X |
|X |∑
i=1

vd,i

(ignoring higher order terms)
(D.16)

104



Some terms (�rst and last) cancel out and we get

= (
∑D

d=1

∑|X|

i=1
vd,iPrd(Xi) +

|X |
|X |∑
i=1

vd,i

log Ω)

−
∑

d∈D

∑
k∈K

θd,k
1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a)

+

|X |∑
i=1

∑
k∈K

(∑
d∈D

vd,i − 1
)
θd,k

1

|X |
∑

(s,a)∈Xi
φk(s, a)

−
|X |∑
i=1

1

|X |
∑

d∈D
vd,i +

|X |∑
i=1

1

|X |
log

1

|X |
∑|X |

i=1
vd,i +

|X |∑
i=1

1

|X |
−
|X |∑
i=1

∑
d∈D

vd,iPrd(Xi) +

|X |∑
i=1

Prd(Xi)

=
|X |
|X |∑
i=1

vd,i

log Ω−
∑

d∈D

∑
k∈K

θd,k
1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a)

+

|X |∑
i=1

∑
k∈K

(∑
d∈D

vd,i − 1
)
θd,k

1

|X |
∑

(s,a)∈Xi
φk(s, a)

− 1 +

|X |∑
i=1

1

|X |
log

1

|X |
∑|X |

i=1
vd,i + 1 +

∑D

d=1
Prd(Xi)(

∑|X|

i=1
vd,i −

|X |∑
i=1

vd,i) +

|X |∑
i=1

Prd(Xi)

=
|X |
|X |∑
i=1

vd,i

log Ω−
∑

d∈D

∑
k∈K

θd,k
1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a) +

|X |∑
i=1

1

|X |
log

1

|X |
∑|X |

i=1
vd,i

+
∑D

d=1
Prd(Xi)(

∑|X|

i=1
vd,i −

|X |∑
i=1

vd,i) +

|X |∑
i=1

Prd(Xi)

+

|X |∑
i=1

∑
k∈K

(∑
d∈D

vd,i − 1
)
θd,k

1

|X |
∑

(s,a)∈Xi
φk(s, a)

=
|X |
|X |∑
i=1

vd,i

log Ω−
∑

d∈D

∑
k∈K

θd,k
1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a) +

|X |∑
i=1

1

|X |
log

1

|X |
∑|X |

i=1
vd,i

+
∑D

d=1
Prd(Xi)(

∑|X|

i=1
vd,i −

|X |∑
i=1

vd,i) +

|X |∑
i=1

Prd(Xi)

(last term became 0 because
∑

d∈D
vd,i = 1 for each i) (D.17)
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With vi =


v1,i

v2,i

...
vD,i

 be a vector of assignment indicators for trajectoryXi. WithL as Lagrangian dual

for problem, the gradients w.r.t vi will be


∂

∂v1,i
L

∂
∂vd,i
L

...

 . The gradients w.r.t optimization variables v1,i and

θd,k are

∂

∂vd,i
L =

|X |
|X |∑
i=1

vd,i

(
1

|X |

|X|∑
i=1

exp
(∑

k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
Ω

)

(using Eq D.11)

+

|X |∑
i=1

1

|X |

(
1

1
|X |
∑|X |

i=1 vd,i

)
1

|X |
+ Pd(Xi) (last term is−Pd(Xi) forXi in demonstration)

= (

|X|∑
i=1

exp
(∑

k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
|X |∑
i=1

vd,iΩ

) +

(
1∑|X |

i=1 vd,i

)

+
|X |

vd,i
|X |∑
i=1

vd,i

(
1− log Ω

)

∂

∂vd,i
L =

(
1∑|X |

i=1 vd,i

)( |X|∑
i=1

exp
(∑

k∈K θd,k

(
1
|X |
∑|X |

i=1 vd,i

)∑
(s,a)∈Xi φk(s, a)

)
Ω

)

+ 1 +
|X |
vd,i

(1− log Ω)

)
(D.18)

∂

∂θd,k
L =

|X |
|X |∑
i=1

vd,i

((
1

|X |
∑|X |

i=1
vd,i

)
EX,d[φk]

)
(Using Eq D.10)

− 1

|X |

|X |∑
i=1

vd,i
∑

(s,a)∈Xi
φk(s, a)

= EX,d[φk]− φ̂d,k
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Appendix E

Appendix E

E.1 Proofs for RIMEO

Lemma 7 (Monotonicity). The demonstration likelihood increases monotonically with each new session,
LL(θi|Ξd,i, α1:i−1,θ

i−1)− LL(θi−1|Ξd,i−1, α1:i−2,θ
i−2) > 0, when |Ξd,1:i−1| � |Ξd,i|.

Proof: Log-likelihood of demonstrated behavior can be split as

LL(θi|Ξd,i, α1:i−1,θ
i−1)

=
∑

ξ′∈Ξd,1:i

P̃ (ξ′) logP (ξ′;θ)

=
∑

ξ′∈Ξd,1:i

P̃ (ξ′)
∑
ξ∈Ξ

P (ξ|ξ′;θi) logP (ξ, ξ′;θ) + (−
∑

ξ′∈Ξd,1:i

P̃ (ξ)
∑
ξ∈Ξ

P (ξ|ξ′;θi) logP (ξ|ξ′;θ))

= Q(Ξd,1:i,θ
i) + C(Ξd,1:i,θ

i)

Here P̃ is distribution of trajectories in observed training data (
∑

ξ′∈Ξd,1:i

P̃ (ξ′)[·] and 1
|Ξd,1:i|

∑
ξ′∈Ξd,1:i

[·]

can be used interchangeably). The EM method maximizes the log-likelihood by maximizing onlyQ value
overθ; andθ = θi maximizesQ(Ξd,1:i,θ

i) ([83]). After all the EM iterations for current session i, the �nal
Q value isQ(Ξd,1:i,θ

i). Therefore, the di�erence in the likelihoods achieved by weights learned in consec-
utive sessions can be expressed as a di�erence inQ values. Note that Robust IRL learns reward weights
by inferring the maximum entropy distributionP (ξ, ξ′;θ) =

exp(
∑
k θkfk(ξ))

ΩΞ
θ

(Equation 15 in [74]), where

ΩΞ
θ =

∑
ξ∈Ξ exp(

∑
k θkfk(ξ)).ExpandQ value asQ(Ξd,1:i,θ

i) =
∑

ξ′∈Ξd,1:i

P̃ (ξ′)
∑
ξ∈X

P (ξ|ξ′;θi) log
(

exp(
∑
k θ

i
kfk(ξ))

ΩΞ
θi

)
=
∑

k θ
i
k ·

∑
ξ′∈Ξd,1:i

P̃ (ξ′)
∑
ξ∈Ξ

P (ξ| ξ′;θi)fk(ξ)− log ΩΞ
θi =

∑
k θ

i
k · φ̂1:i

θi,k − log ΩΞ
θi .
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Therefore the improvement in log likelihood over session i is

LL(θi|Ξd,i, α1:i−1,θ
i−1)− LL(θi−1|Ξd,i−1, α1:i−2,θ

i−2)

= Q(Ξd,1:i,θ
i)−Q(Ξd,1:i−1,θ

i−1)

=
∑
k

θikφ̂
1:i
θi,k − log ΩΞ

θi −
∑
k

θi−1
k φ̂1:i−1

θi−1,k
+ log ΩΞ

θi−1

= log
ΩΞ
θi−1

ΩΞ
θi

+
∑
k

(
θik

|Ξd,1:i−1|
|Ξd,i|+ |Ξd,1:i−1|

− θi−1
k

)
φ̂1:i−1
θi−1,k

+
∑
k

(
θik

1

|Ξd,i|+ |Ξd,1:i−1|
φ̂iθi,k

)
(substitute φ̂1:i

θi,k using Eq. 11 from main paper and simplifying)

The �nal expression is minimized only forθi = θi−1 when |Ξd,1:i−1| � |Ξd,i|, i.e., when a signi�cant
amount of training data has been accumulated. The expression is also concave in parameterθi. Therefore,
LL(θi|Ξd,i, α1:i−1,θ

i−1)−LL(θi−1|Ξd,i−1, α1:i−2,θ
i−2) ≥ 0 for consecutive sessions thereafter.

Lemma 8 (Constraint Bound). Under the assumptions stated in Sec. 5.2 (main paper), the following
holds with probability at least max(0, 1− δr):∣∣∣(1− γ)

(
EΞ[φk]− φ̂1:i

θi,k

)∣∣∣
1
6 εr, k ∈ {1, 2 . . . K}

whereL is the maximum length of any trajectory, δr = δ + δs + δo and εr = ε+ εs + L|Ψ|εo, and ε, δ
are as de�ned in Theorem 1 in [5].

Proof: Suppose the true (unknown) observation model ∀o, g isO∗o,g. Solving the NLP with the true
observation model gives the true P (ψ), since the constraint below is satis�ed.∏

ψo,g=1

P (ψ)
∏

ψo,g=0

(1− P (ψ)) = O∗o,g (E.1)

Using these true P (ψ) instead of P ∗(ψ), we can generate a version of Eq. 11 (main paper):

φ1:i
θ,k =

1

|Ξd,1:i|
∑

ξ′∈Ξd,1:i

∑
ξ∈Ξ

ηP (ξ′|ξ)P (ξ;θ)fk(ξ)

From the accumulated sessions, we get estimates of O∗o,g, call it Ôo,g (Eq. 8 in the main paper). We
assume that this estimate satis�es Hoe�ding bounds for the observed state-action pairs, viz., P (|O∗o,g −
Ôo,g| ≤ εo) ≥ 1 − δo

K
, where δo = 2K|Ψ| exp(−2ε2ono), no being the number of samples used to

construct Ôo,g. The key issue is that this estimate may not be available yet for the 〈s, a〉o pairs that were
not observed. Regardless, we assume that all features in Ψ are observed in the very �rst session. Hence,
after solving the NLP, we obtain Ôo,g for all o, g, using the P ∗(ψ) from observed 〈s, a〉os and

Ôo,g =
∏

ψo,g=1

P ∗(ψ)
∏

ψo,g=0

(1− P ∗(ψ)) (E.2)
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Under the assumptions above, with probability≥ 1 − δo, max〈s,a〉o |O
∗
o,g − Ôo,g| ≤ εo, but only

for the observed 〈s, a〉o. Since maxany ψ |P (ψ)− P ∗(ψ)| ≤ 1, in turn this yields maxany〈s,a〉o |O
∗
o,g −

Ôo,g| ≤ |Ψ|εo. Consequently, if the length of trajectories is bounded byL, then with probability≥ 1− δo
K

we have ∀k

|φ1:i
θi,k − φ̂1:i

θi,k| =
1

|Ξd,1:i|
∑

ξ′∈Ξd,1:i

∑
ξ∈Ξ

fk(ξ)ηP (ξ;θ)|(P (ξ′|ξ)− P ∗(ξ′|ξ))|

=
1

|Ξd,1:i|
∑

ξ′∈Ξd,1:i

∑
ξ∈Ξ

fk(ξ)ηP (ξ;θ)|(
∏
o,g

O∗o,g −
∏
o,g

Ôo,g)|

≤ 1

|Ξd,1:i|
∑

ξ′∈Ξd,1:i

∑
ξ∈Ξ

fk(ξ)ηP (ξ;θ)Lmax
any o
|O∗o,g − Ôo,g|

≤ L|Ψ|εo/(1− γ)

The rest of the proof follows similar steps as in [5]. We de�ne the eventsAk, Bl, Cj as:
Ak : (1− γ)

∣∣EΞ[φk]−φ̂1:i
k

∣∣ > ε, k ∈ {1, 2 . . . K}.
Applying Hoe�ding’s inequality for Ak, we get P (Ak) ≤ 2 exp(−2ε2|Ξd,1:i|) ≤ δ

K
for any k ∈

{1, 2 . . . K}, and for the same ε, δ as in Theorem 1. Similarly, for noisy observation, given εs as the bound
on the error in sampling based approximation of φ̂1:i

l as φ1:i
θi,l, and ns samples, let us de�ne the event

Bl : (1− γ)
∣∣∣φ̂1:i
l − φ1:i

θi,l

∣∣∣ > εs, l ∈ {1, 2 . . . K}.
Similar to procedure forP (Ak), applying Hoe�ding bound gives usP (Bl) <

δs
K
, δs = 2K exp(−2ε2

sns).
Finally,

Cj : (1 − γ)
∣∣∣φ1:i
θi,j − φ̂1:i

θi,j

∣∣∣ > L|Ψ|εo, j ∈ {1, 2 . . . K}. Then following the argument above,
P (Cj) <

δo
K

.
Applying Fretchets inequality over the sets A, B, and C of events gives us:
P ((∪kAk) ∨ (∪lBl) ∨ (∪jCj)) < min(1,

∑K
k=1

δ
K

+
∑K

l=1
δs
K

+
∑K

j=1
δo
K

) = min(1, δ+δs+δo).
That is,P (∃k, l, js.t.Ak ∨Bl ∨ Cj) < min(1, δ+δs+δo). Taking complement,P

(
∀k, l, j, Ak ∧Bl ∧ Cj

)
≥

max(0, 1− δ − δs − δo). But ∀k, l, j, Ak ∧Bl ∧ Cj implies that ∀k:
(1− γ)(

∣∣∣EΞ[φk]− φ̂1:i
k

∣∣∣+
∣∣∣φ̂1:i
k − φ1:i

θi,k

∣∣∣+
∣∣∣φ1:i
θi,k − φ̂1:i

θi,k

∣∣∣) ≤ ε+ εs + L|Ψ|εo.

Hence P
(
∀k, (1− γ)(

∣∣∣EΞ[φk]− φ̂1:i
k

∣∣∣+ ∣∣∣φ̂1:i
k − φ1:i

θi,k

∣∣∣+ ∣∣∣φ1:i
θi,k − φ̂1:i

θi,k

∣∣∣) ≤ ε+ εs +L|Ψ|εo
)
≥

max(0, 1− δ − δs − δo).
Using

∣∣∣EΞ[φk]− φ̂1:i
θi,k

∣∣∣ ≤ ∣∣EΞ[φk]− φ̂1:i
k

∣∣+ ∣∣φ̂1:i
k −φ1:i

θi,k

∣∣+ ∣∣φ1:i
θi,k− φ̂1:i

θi,k

∣∣, δr = δ+ δs + δo, and
εr = ε+ εs + L|Ψ|εo, we get:

P

(
∀k, (1− γ)(

∣∣∣EΞ[φk]− φ̂1:i
θi,k

∣∣∣) ≤ εr

)
≥ max(0, 1− δr).
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Theorem 6 (Confidence ) . Let εr, δr be as defined in Lemma 8, and θi be the solution of session

i for RI2RL-MEOM. Then

LL(θE|Ξd,1:i)− LL(θi|Ξd,i, α1:i−1,θ
i−1) ≤ 2Kεr

(1− γ)
,

with confidence at least max(0, 1− δr), where θE are the true weights of the expert.

Proof: Each session of RI2RL-MEOM solves a maximum entropy estimation problem for Robust
IRL. By allowing a relaxation in the constraints for a session, we get

max
∆

(
−
∑

ξ′∈Ξd,1:i,ξ∈Ξ P (ξ′, ξ) logP (ξ′, ξ)
)

subject to

∑
ξ′∈Ξd,1:i,ξ∈Ξ P (ξ′, ξ) = 1∣∣∣EΞ[φk]− φ̂1:i

θi,k

∣∣∣ ≤ βk ∀k
(E.3)

where
EΞ[φk] ,

∑
ξ∈Ξ,ξ′∈Ξd,1:i

P (ξ, ξ′) fk(ξ), k = 1 . . . K (E.4)

Here β ∈ RK is a vector of upper bounds on the di�erences between feature expectations. Following the
proofs by Dudik et al. [32], the above relaxed constraints problem is the same as minθ(−

∑
ξ∈Ξd,1:i

P̃ (ξ) log

P (ξ|θ)+
∑

k βk|θk|) = minθ(−LL(θ|Ξd,i, α1:i−1,θ
i−1)+

∑
k βk|θk|) = minθNLLβ(θ|Ξd,i, α1:i−1

,θi−1) (say). HereNLL = negative log likelihood.
The proof here is partially inspired from Corollary 1 in [32]. Let βk = βc = ε/(1 − γ) for all

k ∈ {1 . . . K}, where βc is a constant because ε is a �xed input. For normalized exponentiated gradient
descent used in reward-learning part of RI2RL session,

∑K
1 |θk| = 1. Then, NLLβ(θ|Ξd,i, α1:i−1,

θi−1) = (−LL(θ|Ξd,i, α1:i−1, θ
i−1)+βc

∑k
1 |θk|) = (−LL(θ|Ξd,i, α1:i−1,θ

i−1)+βc). Assume that
θi minimizesNLLβ(θ| Ξd,i, α1:i−1,θ

i−1), a solution maximizing LL(θ|Ξd,i, α1:i−1,θ
i−1).

SinceEΞ[φk] ∈
[
0, 1

(1−γ)

]
, we get (1−γ)EΞ[φk] ∈ [0, 1]. Using the result from the previous Lemma,

the probability that
∣∣∣(1− γ)EΞ[φk]− (1− γ)φ̂1:i

θi,k

∣∣∣ ≤ εr ∀k ∈ {1 . . . K} is at least max(0, 1 − δr).
To keep the reward value bounded, IRL assumes ||θ∗||1 ≤ 1 for all θ∗. Using the assumption and
Theorem 1 in [32], we get the following error bound:

For everyθ∗ ∈ [0, 1]K ,NLLβ(θi|Ξd,i, α1:i−1,θ
i−1)−NLLβ(θ∗|Ξd,i, α1:i−1,θ

i−1) ≤ 2
∑K

1 βc =

2K βc = 2Kεr
(1−γ)

, with probability at least max(0, 1− δr).
We modify the bound in the form of positive log-likelihood of expert’s policy, by using the relation

NLLβ(θ∗|Ξd,1:i) = (−LL(θ∗| Ξd,1:i) +
∑K

1 βk|θk|) and θ∗ = θE .
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Then, with Ξd,1:i as input, with probability at least max(0, 1− δr),

NLLβ(θi|Ξd,i, α1:i−1,θ
i−1)−NLLβ(θE|Ξd,1:i)

= LL(θE|Ξd,1:i)− LL(θi|Ξd,i, α1:i−1,θ
i−1) ≤ 2Kεr

(1− γ)
.

Theorem 7 (No Regret Learning) . There exist choices for a variable threshold bound on the

feature matching constraint,εr,i as a function of session i, such that with probability at least max(0,
∏i=T

i=1 (1−
δr,i)), where δr,i is as defined in Lemma 8 ,

RegT (ARI2RL) = o(T )/T,

thus approaching 0 as T →∞.

Proof of Sub-Linear Regret. The log-loss after ith session is LL(θE|Ξd,1:i) − LL(θi|Ξd,i, ξ̂i−1,θ
i−1).

Let the regret after i = T be 1
T

∑T
i=1 LL(θE|Ξd,1:i) − 1

T

∑T
i=1 LL(θi|Ξd,i, ξ̂i−1,θ

i−1). According to
Theorem 6,LL(θE|Ξd,1:i)− LL(θi|Ξd,i, ξ̂i−1,θ

i−1) ≤ α · εr with probbility at least max(0, 1− δr),
where α = 2K

(1−γ)
. As εr is user speci�ed, let εr,i = c

i
. Then, the inequality becomes LL(θE|Ξd,1:i) −

LL(θi|Ξd,i, ξ̂i−1,θ
i−1) ≤ α c

i
. Summing the result over i ∈ {1, 2, . . . T} and dividing by T, we get

1

T

T∑
i=1

LL(θE|Ξd,1:i)−
1

T

T∑
i=1

LL(θi|Ξd,i, ξ̂i−1,θ
i−1) ≤ α

1

T

T∑
i=1

c

i

The RHS above is bounded as α 1
T

∑T
i=1

c
i
≤ α 1

T
c log T = αc log T

T
. As T → ∞, αc log T

T
→ 0.

Therefore, as sessions progress, regret is guaranteed to vanish.
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Appendix F

Appendix F

F.1 Features of Perimeter Patrol

Reward Features

The 6 reward features φk(s, a), in the context of the above �gure, are:
• HasMoved(s, a): true i� a in smakes the patroller change its grid cell;

• Turn1(s, a): true i� a in smakes the patroller turn (left or right) in the orange part of the hallway;

• Turn2(s, a): true i� a in smakes the patroller turn in the yellow part of hallway;

• Turn3(s, a): true i� a in smakes the patroller turn in the green part of hallway;

• Turn4(s, a): true i� a in smakes the patroller turn in the blue part of hallway;

• Turn5(s, a): true i� a in smakes the patroller turn in the magenta part of hallway.
A weight vector θE for these features such as 〈.57, 0, 0, 0, .43, 0〉makes the patroller constantly exe-

cute a cyclic trajectory.
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Observation Features

The observation feature set Ψ contains the following 4 binary predicates:
• MoveForward: patroller is moving forward;

• TurnLeft: patroller is turning left;

• y is 0: patroller location has y = 0;

• TurnRight: patroller is turning right;
Average of pairwise feature correlation from the patroller’s demonstration is−0.14 (p-value 0.06),

indicating that the features are reasonably independent.

F.2 Features of Onion Sorting

Reward Features

The 11 reward features φk(s, a) are:
• CreateList(s,a): Roll all onions and create a list of predictions (blemished/unblemished/unknown);

• ClaimNewOnion(s,a): considers a new onion on table;

• PickUnknown(s,a): is 1 when onion with unknown prediction is picked;

• AvoidNoOp(s,a): the action a changes the state;

• InspectNewOnion(s,a): is 1 when an onion is inspected for the �rst time and a prediction is made for it;

• GoodOnTable(s,a): considered onion is unblemished and is placed on the table;

• BlemishedNotOnTable(s,a): onion is blemished and is not placed on the table;

• GoodNotInBin(s,a): onion is unblemished and is not placed in the bin;

• BlemishedInBin(s,a): onion is blemished and is placed in the bin;

• PickBlemished(s,a): onion with prediction blemished is picked;

• EmptyList(s,a): �nish sorting bad onions out of the conveyor.

Observation Features used for RIMEO

The 8 observation features, ψj, j = 1, . . . , 8, are listed below. Each indicator ψo,gj takes the value 1 i� the
predicate value is the same for both 〈s, a〉g and 〈s, a〉o.
• BlemishedOnion: considered onion is blemished;

• MoveWithHand: onion moves with the hand;

• StartFromConv: onion was on the table before action;

• LeavingAtEye: onion leaves atEye location;
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• OnionToBin: onion moves to the bin;

• HandToBin: hand moves to the bin;

• OnionToTable: onion moves to the table;

• HandToTable: hand moves to the table;
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Appendix G

Appendix G

G.1 Hyper-parameters used for AIRL methods

Here is the key explaining meaning of hyperparmeters used in GAN training:
Batch size gen : batch size for generator (number of (s,a) pairs or transitions used to train the generator

policy in each AIRL iteration)
Training time steps : training time step bound (An upper bound on the total number of (s,a,s’)

transitions to sample from the environment during AIRL training, throughout multiple iterations of
generator training)

rollout size : size of input demonstration
batch size for discriminator : Twice the number of (s,a) samples in each batch of expert data because

each discriminator batch contains a generator sample for every input sample
num updates disc : number of discriminator updates after each round of generator update = 4
num envs : number of Gym environments used in parallel
RL algo gen : RL algorithm used from stable baselines library to compute generator’s policy. Hyper-

parameters for PPO are default recommended onse ( learning rate 0.0003 , batch size 64 , number of
epochs 10 , entropy coe�cient 0 ).

len epi : Length of one episode
δG : Gibbs sampling threshold on the normed change in the running averaged of logits
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Table G.1: Values of parameters used for both application domains

Perim Patrol Mount Car HalfCheetah/Hopper SortOnion
/Walker (continuous)

Training time steps 7500 2048 7500 384000
batch size disc (AIRL) 32 to 128 1024 to 4096 512 128

num updates disc 4 4 4 4
num envs 8 4 4 64

RL algo gen PPO PPO PPO PPO
len epi 8 Not Applicable <=1000 Not applicable
δG 0.0375 0.1 (0.1 or 20 iterations max) 0.02

rollout size (AIRL) 32 to 128 1024 to 4096 256 32
Batch size gen 64 2048 1024 128
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