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ABSTRACT

This thesis presents a new collocation method using multivariate splines over triangulation or
tetrahedralization for solving partial differential equations. The method is applied to the Poisson
equation and extended to the second-order elliptic PDE in non-divergence form, with numerical
experiments demonstrating its accuracy and efficiency in both 2D and 3D settings compared to
existing spline methods. The thesis also explores solving the Dirichlet problem of the 2D and 3D
elliptic Monge-Ampére equation and addresses optimal control design for suppressing singularity
formation in chemotaxis governed by the parabolic-elliptic Patlak-Keller-Segel system via flow
advection, with the spline collocation method employed to solve the optimality conditions and

numerical experiments demonstrating effectiveness.
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CHAPTER 1

INTRODUCTION

In recent years, there has been a growing interest in employing numerical techniques to approximate
solutions for partial differential equations (PDEs) using triangulation or tetrahedral structures.
Numerous numerical methods, such as the finite element method, finite difference method, meshless
method, discontinuous/continuous Galerkin methods, and neural network methods, have emerged
as promising alternatives to tackle this complex problem. This trend underscores the increasing
demand for faster and more accurate numerical solutions to PDEs.

This dissertation focuses on the multivariate spline collocation method as a novel approach
for solving PDEs with their boundary conditions, which frequently arise in various fields like
engineering, mathematics, physics, and biology. Spline functions offer several advantages in the
context of PDE numerical approximations, including degree flexibility, customizable smoothness,
and the inherent partition of unity property found in Bernstein-Bézier polynomials. For theoretical
properties and numerical implementation of bivariate/trivariate spline functions, refer to [LS07a],

[ALWO6], [Sch15], [LL22], and [LL23]. Additionally, multiple dissertations explain the implemen-



tation and usage of multivariate splines for the numerical solution of Helmholtz equations, Maxwell
equations, and 3D surface reconstruction; see [Awa03], [Mer19], and [Xul9]. These dissertation
works greatly improved the performance of computation of multivariate splines for applications
such as numerical solutions of PDEs in comparison to traditional techniques, e.g. finite element
methods, discontinuous Galerkin methods, finite difference methods, and others.

One significant advantage of the spline-based collocation method is its ability to eliminate weak
PDE solution formulations, thereby eliminating the need for numerical quadrature in computations.
This reduction in complexity potentially leads to enhanced computational efficiency. Addition-
ally, the spline-based collocation technique demonstrates enhanced adaptability in handling PDE
coeflicient-induced discontinuities. Such flexibility enables convenient adjustment of collocation
points in the vicinity of both sides of disjoint curves or surfaces, thus ensuring a dependable
numerical approximation that faithfully captures the underlying natural phenomena.

The multivariate spline-based collocation method also offers an effective approach to enhancing
approximation accuracy by increasing the degree of polynomials or augmenting the number of
collocation points. This technique is more cost-effective than attempting to find solutions through
uniform refinement of the underlying triangulation or tetrahedralization, especially when limited by
computer memory constraints. By utilizing a higher density of collocation points, the spline-based
method achieves superior accuracy while maintaining reasonable computational costs.

Additionally, our spline collocation method incorporates tuning parameters that allow for control
over the accuracy and the smoothness of spline solutions. By adjusting these parameters, users can
achieve an optimal balance between the approximation’s fidelity and the computational resources

required to obtain it.



In Chapter 1 of this thesis, we begin by presenting relevant definitions and notations pertaining
to Partial Differential Equations (PDEs), as well as different boundary conditions. Next, we provide
a comprehensive review of various numerical methods for solving PDEs, discussing their respective
advantages and disadvantages. We also provide a brief summary of the fundamental concepts of
multivariate splines, which will be utilized in later sections.

The rest of the work is organized as follows. Chapter 2 presents a brief introduction of spline
collocation method and how to solve the 2D and 3D poisson equation and 2nd order ellipic PDEs.
Chapter 3 describes how to solve the Monge-Ampére equation using iterative method and displays
numerical results. Chapter 4 describes how to apply the spline collocation method to the Keller-Segel

method.

1.1 PDEs

Partial differential equations describe physical phenomena such as sound, heat, diffusion, electro-
statics, electrodynamics, fluid dynamics, elasticity, general relativity, and quantum mechanics. They
also arise from many purely mathematical considerations, such as differential geometry and the
calculus of variations. For a real multivariate function  and a domain Q, we call a k’" order partial

differential equation of u as

L(D*u(x), D" 'u(x), -, Du(x),u(x),x) =0, x € Q (1.1)

where

L R XR" - XxRXQ >R



is given. A PDE is called linear if £ is a linear function of u(x) and its derivatives. For a second-order

linear PDE, the general form of PDE in two dimensions is given as follows

The PDE properties depend on the sign of the discriminant D (x) = (a'?(x))? — 4a'' (x)a*?(x).

* if D(x) < 0, the PDE is called elliptic,

* if D(x) =0, the PDE is called parabolic,

* if D(x) > 0, the PDE is called hyperbolic.

A given PDE may be of one type at a specific point ¥ and of another type at some other point
x*. From a physical standpoint, elliptic, parabolic, and hyperbolic PDEs represent steady-state
or equilibrium processes, time-dependent diffusion processes, and wave propagation, respectively.
Elliptic equations describe systems in their minimal energy state, while parabolic equations describe
evolutionary phenomena that ultimately lead to a steady state described by an elliptic equation.

Finally, hyperbolic equations often model the transport of some physical quantity, such as mass

transfer in fluids.



1.1.1 Sobolev Spaces

Let us introduce Sobolev spaces which play an important role in PDE theory. Let p be a real number,

p = 1. We define the set of all real-valued integrable functions on a domain Q C R" as follows:
L?(Q) = {u : Q — R"|u is measurable and/ lu|? < oo}.
Q

This L? () is a normed Banach space equipped with the norm

1
llliriey = ( / ul?)?.
Q

That is, || - || (q) satisfies the norm properties:
o lu+vllr) < llullzr@) + IVIlLr (@) for all u,v € LP(Q)
* |laullzr (@) = lalllullzr(q) for all u € LP(£2) and all scalars a.
o forall u € LP(Q), if ||ullzr(q) = 0, then u = 0.

and for every Cauchy sequence u, € LP(Q),n € N converges to an element u € LP(Q), i.e.

lim,,— o ||t — u|| = 0. Now we introduce a Sobolev space of order k, WX, defined by

WEP(Q) = {u € LP(Q)|D% € LP(Q), || < k}



equipped with the Sobolev norm

1
el = ( D IDully, )7

la|<k

where D? is a weak derivative of order |@| < k which coincides with the corresponding partial
derivative in the classical pointwise sense,
alely
[ ay,
Ox' - dxy

In particular, when p = 2, k = m, we denote W"-?(Q) by H™(Q) and this space is Hilbert space.

Last, we define the closure of C°(£2) by Hé (Q). If 0Q, then u = 0 on JQ for any u € Hé (Q).

1.2 Review of Numerical Methods for PDEs

We first introduce the concept of weak solutions of PDEs. For convenience, we consider the Poisson
equation

-Au=f, inQ, wu=g,ondQ

we called a function u € C%(Q) N C(Q) satisfying the above Poisson equation as a classical solution
of this equation. However, it is hard to find such a C? smooth solution « without using the spline
collecation method discussed in this dissertation. To deal with this limitation, we consider a weak

solution for PDEs. For any v € Cé (€2) and a classical solution of the Poisson equation, we have

- [aw= [ v

6



By the Green’s theorem and the fact that v = 0 on 0L, we obtain

/Vqu:/fv VVEC&(Q).

In this integration equation, we can assume that u € Hé (Q), not C%(Q). We call a function

ue H(l) (Q2) as a weak solution of satisfying

- [aw= [ p.

All partial derivatives should be understood as weak derivatives. Most researchers try to find a weak

solution of PDEs using various numerical methods.

1.2.1 Finite Element Method

The finite element method (FEM) is widely used to solve two or three-dimensional PDEs arising
in engineering and mathematical modeling. The basic idea of FEM is to approximate a function u
satisfying a given PDE using linear combinations of basis functions. For simplicity, let us consider
the Poisson equation

-Au=f
over the rectangular domain Q = [0, 1]% with a given data f where

Ou  0%u

Au=—+—.
ox2  0y?



It starts by taking the inputted bounded domain with a polygonal boundary 0 and performing
calculations to make the domain into finitely many elements such as triangles, and rectangles. Next,
we define a finite elements subspace V), consisting of continuous piecewise linear functions. With
each interior node, we associate a basis function ¢ which is equal to 1 at that node and equal to O at

all the other nodes. The finite element approximation of the problem is to find u;, = Z,I-i 1 Ci%i €V

such that
8uh avh 0uh (9\//1 /
+ dxdy = dxdy Yvy, €V,
/ ax ox oy ay)xy Qthxy v € Vy
where N is the number of nodes. That is, the goal of this method is to find ¢ = (¢y, -+, cy) such
that

N
a¢la¢j 5(]5, ¢j /
;C/axax 3y a)xy Qf¢1xy ¢; €Vy

It can be rewritten as a system of linear equations

where A = (fg(%ﬁ’ 99 a;;‘ af}’ )dxdy); j and F = (fQ f¢;dxdy);. We can apply this method to

different kinds of PDE such as general elliptic PDEs, and Biharmonic equations in a similar way.



1.2.2 Finite Difference Method

Another useful numerical method for PDE equations is the finite difference method(FDM). For

example, we consider the Poisson equation

-Au=f

over the rectangular domain Q = [0, 1]> with Dirichlet boundary conditions. Given two integers
m,n > 2, we construct a rectangular grid 7, by the tensor product of two uniform grids of
[0, 1]: {(xiy1) = (G = Dhe, (j = DAy, 1 <i <m,1 < j <nwithhy = =L by = L5 Let
h = max{hy, hy} denote the size of 7;,. Denote by Q;, = {(x;, y;) € Q} andboundaryI';, = {(x;,y;) €
0Q}. We consider the discrete function space given by Vj, = {u;(x;,y;),1 <i <m,1 < j < n}.
For convenicence, we denote u; ; = u(x;,y;). For a continuous function u € C(), the interpolation
operator I, : C(Q) — V;, maps u to a discrete function u;. By the definition, (u;);; = u(x;,y;).
Note that the value of a discrete function is only defined at grid points. Values inside each cell can
be obtained by the convex combination of values at grid points. Similar definitions can be applied
to the one-dimensional case. We choose a mesh size 4 and u € Vj,(0, 1). There are several different

formulas at a node x; for a discrete function u € Vj, as follows:

* Backward difference : (D" u); = —uj_hujfl
* Forward difference : (D*u); = At Hh_uj
e Central difference : (Du); = “2 2=t

: i= "

uj+1—2uj+uj_|
h2

Second central difference : (D*u) j=



By using the second central difference to approximate the Laplace operator at an interior node

(xi,y5) :

_ 2c 2c
(Ahu)i,j = (Dxxu)i,j + (Dyyu)l}j
Uit,j = 2ij +Ui1j | Wijel = 2Uij o+ Ui j-1
2 2
K2 12

When hy = h,, it can be simplified to

“Uirl,j = Wim),j AU = Wl Wi

—(Apu)ij = e
and can be denoted by the following stencil symbol
0 -1 0
-1 4 -1
0 -1 0

e =fij,1<i<m,1<j<n, (1.3)
with appropriate processing of a boundary condition where f; ; = f(x;,y;). We use (1.3) for all grid
points including boundary points but simply drop terms involving grid points outside of the domain.
Let us give an ordering of N = m X n grids and use a single index k = 1 to N for ux = u;),j(x)

which is called a linear indexing. With any choice of linear indexing, (1.3) can be written as a linear

10



algebraic equation:

where K € RVN y, f e R™.

1.2.3 Meshless Method using Radial Basis Functions

The Radial Basis Function (RBF) method has been widely researched in various fields of science
and engineering as a means of interpolation and approximation. RBFs have been used in different
methods such as the collocation method, meshless local Petrov-Galerkin method, dual reciprocity
method, method of fundamental solution, and others. In 1991, Kansa was the first to apply RBFs
to solve PDEs in fluid dynamics problems through a direct collocation procedure. Kansa’s method
can be applied to boundary value PDE problems and results in an asymmetric linear system of
equations. The primary concept of Kansa’s method is to approximate the solution using a linear

combination of RBFs as represented in the equation:

N

ey (x) = D cxd(llx = xe]).

k=1

Here, c; are undetermined coefficients, and the Euclidean norm is commonly used for the norm | - |.

A simple boundary value problem can be represented as:

Lu(x) = f(x),x € Q, Bu(x) = g(x),x € 0Q,

11



where £ is a differential operator, B is a boundary differential operator, and f, g are known func-

N;
Jj=r

tions. For this problem, N; distinct interior collocation points in  are represented by (x;, f(x;))
and (x;, g(x j));\’: ;41 are boundary points. Using the collocation technique, the boundary value

problem can be reduced to a discrete problem by imposing a finite number of conditions as given

by:

let(x]‘) = f(xj)’.] =12,---,N,,

Bu(xj) =g(x;),j=N;+1,--- ,N.

This results in a square linear system where the c¢; can be obtained using any appropriate linear

system solver, given by:

N

Do enLplx; —xil) = F(xp),j = 1,2, N,
k=1
N

chB¢(|xj _xk|) = g(Xj),] =N;+1,---,N.
k=1

2 o ,
37 =1l 2200, etc. These functions are

Some commonly used RBFs are ¢(r) = r,r
considered to satisfy the invertibility of the linear system for any finite distinct points.

However, one disadvantage of Kansa’s method is that it is a global method that generates a
dense matrix, which can be impossible for large-scale problems. To address this issue, several local

meshless methods have been developed, such as the Compactly Supported RBFs (CS-RBF), the

Local Multiquadrics Approximation (LMQ), and the Local RBF Collocation Method (LRBFCM).
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These methods construct local domains for each collocation point, wherein each collocation point
considers its nearest neighbors. This approach results in smaller linear systems in which the
dimensions of the matrices are equal to the number of collocation points that fall within each local

domain.

1.3 Domains with positive reach
Let us introduce a concept on domains of interest explained in [GL20].

Definition 1. Ler K € R? be a non-empty set. Let rg be the supremum of the number r such that
every point in

P={xe R dist(x,K) < r}

has a unique projection in K. The set K is said to have a positive reach if rx > 0.
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Figure 1.1: Domains with positive reach
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A domain with a C? boundary has a positive reach. As Figure 1.1 illustrates, the domains
with positive reach are much more general than convex domains. See Figure 2.2 for domains with
positive reach in the 3D setting. Let B(0, €) be the closed ball centering at 0 with radius € > 0, and

let K¢ stand for the complement of the set K € R“. For any € > 0, the set

E.(K):=(K°+B(0,6))° CK

is called an e-erosion of K.

Definition 2. A set K C R? is said to have a uniformly positive reach rq if there exists some €y > 0

such that for all € € [0, €], E<(K) has a positive reach at least r.
And we have the following property about these domains

Lemma 1. If Q c RY is of positive reach ro, then for any 0 < € < ro, the boundary of Q¢ =

Q + B(0, €) containing Q is of C"'. Furthermore, Q¢ has a positive reach > ro — €.

In [GL20], Gao and Lai proved the following regularity theorem which will be used to prove

Theorem 4 in the next chapter.

Theorem 1. Let Q be a bounded domain. Suppose the closure of Q is of uniformly positive reach

ro. Forany f € L>(Q), letu € Hé (Q) be the unique weak solution of the Dirichlet problem:

-Au = f inQ

u =0 on oQ
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Then u € H*(Q) in the sense that

ZZ‘I/%X, )? <Co/f dx (1.4)

for a positive constant Cy depending only on rq.

1.4 Multivariate Splines

We will begin by discussing bivariate spline functions. For a bounded domain Q ¢ R? with d = 2,
let A := {Ty,---,T,} be a triangulation of Q which is a collection of triangles and V be the set
of vertices of A. For a triangle T € Q,T; = (vy,v3,v3), we define the barycentric coordinates

(b1, by, b3) of a point (x,y) € Q. These coordinates are the solution to the following system of

equations

b] + b2 + b3 =1
blvl,x + bzvz,x + b3V3,x =X

blvl,y + szz,y + b3V3,y =y

and are nonnegative if (x,y) € T. We use the barycentric coordinates to define the Bernstein

polynomials of degree D:

k!
B}, ((x,y) —'—'k‘blbjbk i+j+k=D,

15



which form a basis for the space P of polynomials of degree D. Therefore, we can represent all

s € Pp in B-form:

sle= ) Bl (15)
i+j+k=D

where the B-coefficients ¢; ; x are uniquely determined by s. Moreover, for given T = (vi,v2,v3) €

A,we define the associated set of domain points to be

iV] + ij + kV3
D’

Dprr = {nijk = Yitjrk=D- (1.6)

d+2
We need to agree on an ordering for the N = coefficients in (1.5). In the sequel, we assume

2

that they are in lexicographical order,i.e., C;7f; comes before ¢; provided > ior(i =iand j > j)or
({=1i, ] =jandk > k). For the domain points given by (1.8) and the Bernstein basis polynomials
of degree d arranged in lexicographical order, the matrix M = [BiTj (Mijr)] € RN is nonsingular.
In order to store a Bernstein polynomial, we only need to store its coefficient vector c.

We present an algorithm for efficiently evaluating a polynomial s|r at a given point . The
algorithm is based on a recurrence relation given by

T.D _ T,D-1 T,D-1 T,D-1 S _
Bl.jk = blBl._]jk + b2Bij—1k + bgBl.jk_l , alli+j+k=D

and we denote B;r),(% = blBg’f) 1_0}). Then we have the following theorem
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Theorem 2. (de Casteljau Algorithm) Let s be a polynomial written in the B-form (1.5) with

coefficients

(0)

Ciip = Cijk> 1+ ] +k=0D.

Suppose n has barycentric coordinates b := (b, by, b3), and foralll = 1,--- ,D, let

D D

ciiy 1= bicl o+ bacl + back ) (1.7)

ij+1k ijk+1°

fori+j+k=D—1.Then

A _
siy= Y cnBLY ),

i+j+k=D—I

(D)

Jorall 0 <1 < D. In particular, s(17) = ¢y -

We also present formulae for directional derivatives of a polynomial written in B-form. Let p is a
point in RZ and u := w — W is a vector where w, W are points. Then, there are barycentric coordinates

(b1, by, b3), (a1, az, a3) and (B1, B2, B3) corresponding to the points p, w, w, respectively. Then

we define the directional derivative at p with respect to u by

D,B[; (p) = —B§5<p+m>|t:o

= D[(a1 - B)BLTL + (@2 = B)BLER + (@3 - B3) BT

The following theorem can be easily derived from the B-form.

Theorem 3. Let s be a polynomial of degree D written in the B-form (1.5) relative to a triangle T,

and let u be a vector with directional coordinates a := (a1, ay, az). Then the directional derivative
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at v of s in the direction u is given by

1 _
Dys()=D > cii(@Bl (),
i+j+k=d—1

where cl(jlz (a) are the quantities obtained in the first step of the de Casteljau algorithm based on

the triple a.

In addition, we show that the above equations can be used to calculate the first or high-order
derivatives of a Bernstein polynomial, as well as its integration and inner products. For more details,
refer to [LSO7a].

We define the spline space SZ)I (&) :={s|r € Pp,T € A}, where T is a triangle in a triangulation
A of Q. We use this piecewise polynomial space to define the space S}, := C"() N SBI (4). This
can be achieved through the smoothness conditions on the coefficients of s € SBI (A). Let H be
the matrix which consists of the smoothness conditions across each interior edge. Let s be the
coeflicient vector of s. It is known that Hs = 0 if and only if s € C"(Q) (cf. [LS07a]). Itis
known a multivariate spline space is a linear vector space that is spanned by a set of basis functions.
However, it is difficult to construct locally supported basis functions in C" (Q) with r > 1 due to the
complication of the smoothness conditions over A. Typically, any small perturbation of a vertex in A
may change the dimension of §7,(A). To overcome this difficulty of constructing locally supported
basis spline functions, we will begin with a discontinuous spline space s € SBI (2) and then add the
smoothness conditions He = 0 as constraints in addition to the constraint of boundary condition.

Computations involving splines written in B-form can be performed recursively using the de

Casteljautes algorithm. In fact, these spline functions have numerically stable, closed-form formulas
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for differentiation, integration, and inner products. If D > 3r + 2, spline functions on quasi-uniform

triangulations have optimal approximation power.

Lemma 2. ([Lai and Schumaker, 2007[LS07a]]) Let k > 3r + 2 with r > 1. Suppose A is a

. . . . k+1 . ..
quasi-uniform triangulation of Q. Then for every u € WqJr (Q), there exists a quasi-interpolatory

spline s, € S; () such that
IDEDY (= s)llg@ < ClAI* Plulia 4.0

for a positive constant C dependent on u,r, k and the smallest angle of A, and for all0 < o+ < k
with

. b 1
lulige = ( D IDEDul|, o).
a+b=k

Similarly, for trivariate splines, let Q@ ¢ R3 and A be a tetrahedralization of Q. We define a
trivariate spline just like bivariate splines by using Bernstein-BZier polynomials defined on each
tetrahedron # € A. Let us quickly summarize the essentials of trivariate splines in this section.
Given a tetrahedron T, we write |T| for the length of its longest edge, and p7 for the radius of
the largest inscribed ball in 7. For any polygonal domain ¢ R3, let A := {T},---,T,} be
a tetrahedralization of Q which is a collection of tetrahedra and V' be the set of vertices of A.
We called a tetrahedralization as a quasi-uniform tetrahedralization if all tetrahera 7" in A have

comparable sizes in the sense that

T
u < C < oo, alltetraheraT € A,
PT
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where pr is the inradius of 7. Let |A| be the length of the longest edge in A.
Next foratetrahedron T = (v, V2, v3, V4) € A, we define the barycentric coordinates (b1, by, b3, by)

of a point (x, y, z) € Q as the solution to the following system of equations

b1+b2+b3+b4=1
blvl,x + szz,x + b3V3,x + b4V4,x =X
bley + szz,y + b3V3,y + b4V4’y =y

blvl’z + szz,z + b3V3,Z + b4V4’Z =2z,

where the vertices v; = (v, Vi, Vi) fori =1,2,3,4. by,--- , by are nonnegative if (x,y,z) € T.

Next we use the barycentric coordinates to define the Bernstein polynomials of degree D:

D! .
T i ki1t . . _
Bl.,].’k’f(x,y, Z) = Wbllbéb:’)b , I+ ]+ k+¢=D,

which form a basis for the space #p of polynomials of total degree D. Therefore, we can represent

all s € $p in B-form:

_ T pT
S|t = Z CijkeBijier VT € A,
i+j+k+=D

where the B-coeflicients C{j, 4. are uniquely determined by s. Let ¢ = {cl.Tj v itj+k+l=D,T € A}

be the coefficient vector associated with the spline function s.
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Moreover, for given T = (vy, V2, V3, V4) € A, we define the associated set of domain points to be

vy + sz + kV3 + 5V4
D

Dpr:=A{ Vit j+k=D- (1.8)

Let Dp o = UreaDp 1 be the domain points of tetrahedral A and degree D. Letting
ST(a)={s € C"(Q) : 5|, € Pp,t € A} =C"(Q) NS (2)
be the spline space of degree D and smoothness r > 0, each s € §7,(A) can be rewritten as

s(x)|; = Z cngBl.tjkf(x), Vt € A,
i+j+k+=D

where Bl.’j ¢ are Bernstein-BZier polynomials (cf. [ALWO06], [LSO7a], [Sch15] ) which are nonzero
on ¢t and zero otherwise. Approximation properties of trivariate splines can be found in [LSO7b]
and [Lai89].

How to use them to solve partial differential equations based on weak formulations like the
finite element method has been discussed in [ALWO06] and [Sch15]. We leave the detail to these

references.
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CHAPTER 2

A SPLINE-BASED COLLOCATION

METHOD FOR SECOND ORDER ELLIPTIC

EQUATIONS

In this chapter, we propose and study a new collocation method based on multivariate splines for
the numerical solution of partial differential equations over the polygonal domain in R¢ for d > 2.

Instead of using a second-order elliptic equation in divergence form:

- Zfljzl %(aij(x)%u) + Zflzl bi(x)%u +clx)u =f, xeQcRY,
’ : ’ (2.1)

u =g, onodQ
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which is often used for various finite element methods, as we discuss in this chapter a more general
form of second-order elliptic PDE in the non-divergence form:

Zld] ]a”(x)ax ax”"'z b(x) u+c(x)u =f, xeQcRY
(2.2)

u =g, onodQ,
where the PDE coefficient functions a’/ (x),i,j = 1,--- ,d are in L*(Q) and satisfy the standard
elliptic condition. In addition, when d > 2, we shall assume the so-called Cordés condition, see
(2.26) in a later section or see [SS13].

Numerical solutions to the 2nd order PDE in the non-divergence form has been studied extensively
recently. See some studies in [SS13], [LW18], [MY17], [WW19], [Sch19], and etc.. The method in
this chapter provides a new and more effective approach. We mainly use the Sobolev space H>(Q).
It is known when Q is convex (cf. [Gri85]), the solution to the Poisson equation with zero boundary
condition, i.e. g = 0 will be in H2(Q). Recently, the researchers in [GL20] showed that when & has
an uniformly positive reach, the solution of (2.2) with zero boundary condition will be in H*(Q).
Various domains of uniformly positive reach, e.g. star-shaped domain and domains with holes are
shown in [GL20]. Many more domains other than convex domains can have H? solution.

For any u € H*(Q), we use the standard H> norm

0 6
lull 2 = el 20y + 1Vl 2 + Z 5% ;e (2.3)
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for all u on H*(Q) and the semi-norm

L8 0
lulp2 = Z ”a_xigj””Lz(Q)- (2.4)
i,j=1

Since we will use multivariate spline functions to approximate the solution u € H?(), we use
C" smooth spline functions with » > 1 and the degree D of splines sufficiently large satisfying
D >3r+2inR?>and D > 6r+3inR>. Let S’ () be the spline space of degree D and smoothness
r over triangulation or tetrahedralization A of €. We now explain our spline-based collocation

method. For simplicity, we use the standard Poisson equation which is a special case of the PDE

(2.2).

-Au =f, inQcRY
(2.5)

u =g, ondQ.
When Q has a uniform positive reach, the solution to the Poisson equation will be in H*(Q). We
shall use C” spline functions with » > 2 to approximate the solution «. In addition, we shall use
the so-called domain points (cf. [LS07a] or the next section) to be the collocation points. Letting
&,i=1,---, N be the domain points of A and degree D’ > 0, where D’ will be different from D,
our multivariate spline-based collocation method is to seek a spline function s € S, (2) satisfying

—As(&) = f(&), V& eQCRY,
(2.6)

s(&)  =g(&), V& €0Q,

wherei=1,---,N.
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One of the key ideas is to let a computer decide how to choose ¢ to satisfy the smoothness
condition Hec = 0 and (2.6) above simultaneously. Clearly, (2.6) leads to a linear system that
may not have a unique solution. It may be an over-determined linear system if D’ > D or an
under-determined linear system if D’ < D. Our method is to use a least squares solution if the
system is overdetermined or a sparse solution if the system is under-determined (cf. [LW21]).

To establish the convergence of the spline-based collocation solution as the size of A goes to

zero, we define a new norm ||u||; on H*(Q) N Hé () for the Poisson equation as follows.

lull = Aull 2. 2.7)

We will show that the new norm is equivalent to the standard norm on Banach space H>(Q) N Hé (Q).

That 1s,

Theorem 4. Suppose Q ¢ R be a bounded domain and the closure of Q is of uniformly positive

reach rq > 0. Then there exist two positive constants A and B such that

Allullge < llullz < Bllullge,  Vu € H*(Q) N HY(Q). (2.8)

See the proof of Theorem 6 in a later section. Letting u € H>(Q) N H(l) () be the solution of

(2.5) with g = 0 and u, be the spline solution of (2.6), we use the first inequality above to have

Allu = usllg2 < |lu = sl
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It can be seen from (2.6) that the first equation can be written as

Alug(&) —u(&)) =0,i=1,---,N (2.9)

which is a discretization of ||u — u s||%. Let |A| be the size of triangulation or tetrahedralization A.
Since we can use a spline function to approximate u if u is sufficiently smooth when the size |A|
goes to zero (cf. [LSO7a]), we seek the minimizer u; of minimization to be explained in a later
section. Then the root mean square error (RMSE) will be small for a sufficiently large amount of
collocation points and distributed evenly when the size |A| of A is small. Then our Theorem 4

implies that ||u — us|| ;2 is small. Furthermore, we will show
llu — usll 12 < Clalllu —ull, and [|V(u — us) || 20y < Clalllu —usllL (2.10)

for a positive constant C, under the assumption that u — u; = 0 on 9Q. These will establish the
multivariate spline-based collocation method for the Poisson equation.
In general, we let £ be the PDE operator in (2.11). Note that we begin with the second-order

term of the PDE just for convenience.

d
. 0o 0

E ijn 22 _ d
a (x)(?x,ﬂxju =f, xeQcCR4

=1 2.11)

u =g, onodQ,
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We shall similarly define a new norm associated with the PDE (2.11):

lullz = 1 L@l L2 (2.12)

Similarly, we will show the following.

Theorem 5. Suppose Q c RY be a bounded domain and the closure of Q is of uniformly positive
reach ro > 0. Suppose that the second-order partial differential equation in (2.11) is elliptic, i.e.
satisfying (2.25) and satisfies the Cordés condition if d > 2. There exist two positive constants A

and By such that

Atllullge < llullz < Billullge,  Yu € H*(Q) N Hy(Q). (2.13)

See proof in a section later. This result allows us to establish the convergence of the spline-based
collocation method for second-order elliptic PDEs in non-divergence form, similarly to the Poisson
equation setting. Also, we will have an improved convergence similar to (2.10). Spline-based
collocation methods offer several advantages over traditional finite element methods, discontinuous
Galerkin methods, virtual element methods, and others. For instance, they do not require a weak
formulation of the PDE solution, eliminating the need for numerical quadrature. Additionally, they
can easily handle discontinuities in PDE coefficients by adjusting the location of collocation points
near the affected areas. Moreover, the multivariate spline-based collocation method allows for
increased approximation accuracy by increasing degree of polynomial or adding more collocation

points, which can be more cost-effective than uniform refinement of the underlying triangulation or
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tetrahedralization. Finally, our spline collocation method includes tuning parameters that provide
control over the accuracy and smoothness of the spline solution.

We shall provide many numerical results in 2D and 3D to demonstrate how well the spline-based
collocation methods can perform. Mainly, we would like to show the performance of solutions
under the various settings: (1) the PDE coefficients are smooth or not very smooth, (2) the PDE
solutions are smooth or not very smooth, (3) the domain of interest may not be a uniformly positive
reach, even very complicated a domain such as the human head used in the numerical experiment
in this thesis, and (4) the dimension d can be 2 or 3. In addition, we shall compare with the existing
methods in [ALWO06] and [LW18] to demonstrate that the multivariate spline-based collocation
method can be better in the sense that it is more accurate and more efficient under the assumption
that the associated collocation matrices are generated beforehand. Finally, we remark that we have
extended our study to the Biharmonic equation, Navier-Stokes equations and the optimal transport

problem.

2.1 A Spline Based Collocation Method for the Poisson Equation

For convenience, we simply explain our method when d = 2 in this section. Numerical results in

the settings of d = 2 and d = 3 will be given in later sections.
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For a given triangulation A, we use a spline space S’, () to find the coefficient vector ¢ of spline

function s = Z Z ¢k Biji € Sp(4) satisfying the following equations

LEA i+j+k=D

- Z Z CiiAB (&) =f(&), &eQc R2

1EA i+j+k=D (2.14)

s(&;) =g(&), onoQ,

where {&;}i=1... v € Dpr., are the domain points of A of degree D’ as explained in (1.8) in the

previous section and D’ > D. Using these points, we have the following matrix equation:

—Kc = [—A(B;jk(g,-))] c=[f(&)] =1,

where c is the vector consisting of all spline coefficients cﬁj i+t Jj+k=D,t € A In general, the
spline s with coefficients in ¢ is a discontinuous function. In order to make s € S},(A), its coeflicient
vector ¢ must satisfy the constraints He = 0 for the smoothness conditions that the S}, (2) functions
possess (cf. [LSO07a]).

Based on the smoothness conditions (cf. Theorem 2.28 or Theorem 15.38 in [LS07a]), we
can construct matrices Hy for the C° smoothness conditions of spline functions and H, for the C”
smoothness conditions for r > 2, respectively. Our collocation method is to find ¢* by solving the

following constrained minimization:

1
minJ(c) = E(a/lch —g|I> + BlIH,¢||* + y||Hoe||*) subject to ||[Ke +f|| < e, (2.15)
C
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where B, g are associated with the boundary condition, H, is associated with the smoothness
condition with r = 2 and Hj is associated with the smoothness condition with r =0, @ > 0,8 >
0,7y > 0 are fixed parameters, and €; > 0 is a given tolerance. It is easy to see that the minimization
(2.15) is a convex minimization problem over a convex feasible set. The problem (2.15) will have a
unique solution if the feasible set is not empty. We shall use the following iterative method to solve
the minimization problem (2.15). See Appendix for a derivation and a proof of the convergence of

Algorithm 1.

Algorithm 1: Iterative Method

Let I be the identity matrix of R”. Fix € > 0. Given an initial guess 1(¥ € Im(K), we first
compute

1 1
72V = («B"B+BH]H, + yH] Hy + ~K"K) ' (aB"G + =K "f - K2
€ €
and iteratively compute
1 1
aB"B+BH H, +yH] Hy+ -K"K)z**V = («B"B+ BH H, + yH] Hy)z® + =K f
r 0 r 0

€ €

for k =1,2,---, where Im(K) is the range of K.

Let u; be the solution of Algorithm 1. We would like to show

llu — gl 12(q) < Clale (2.16)

for some constant C > 0, where |A| is the size of the underlying triangulation or tetrahedralization

A of the domain Q. To do so, we first show
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Lemma 3. Suppose that Q is a polygonal domain. Suppose that u € H>(Q). Then there exists a

positive constant C depending on D > 1 and D’ > D such that

lAu(x,y) = Aug(x, y)ll 12(q) < €C.

Proof. Indeed, by Lemma 8, we have a quasi-interpolatory spline s, satisfying

|Au(x,y) — As,(x,y)| < €,V(x,y) € Q

for a triangulation A with |A| small enough. Since Au(x,y) = —f(x,y), we have

|As, +f|| < € (2.17)

if € small enough. That is, the feasible set is not empty.

Next we use the minimization (2.15) to have the minimizer u; satisfying

|Au(x;, yi) — Aug(xi, yi)| < €

with sufficiently small |A| for any domain points (x;, y;) which construct the collocation matrix K.

Now, these two inequalities imply that

|Aug(xi, yi) — Asy (X, yi)| < €1 + €.
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Note that Aug — As,, is a polynomial over each triangle r € A which has small values at the domain

points. This implies that the polynomial Aug — As,, is small over ¢. That is,

|Aus(x,y) — As,(x,y)| < C(er +€) =2C¢ (2.18)

by using Theorem 2.27 in [LLSO7a]. Finally, we can use (2.18) to prove

|Au(x,y) = Aug(x, y)| = [Au(x,y) — Asy(x,y) + Asy(x,y) — Aug(x,y)| < € +2Cey.

and then

|Au(x, y) = Aug(x, )|l 12q) < e C

for a constant C depending on the bounded domain Q and D, D’, but independent of |A|. O

Now, let us consider the convergence of our method. Without loss of generality, we may assume
g = 0. Indeed, for any general g, letu, € H 2(Q) be a function satisfying the boundary condition, i.e.
ug|po = g and we consider the Poisson equation with solution w = u — u, and the new right-hand
side f,, = f + Augy. Recall the standard norm on H?(Q) defined in (2.3). It is also a norm of
H*(Q) N Hé (Q). It is easy to see that the space H>(Q) N H(l) (Q) is a Banach space with the norm

| - [ 2()- In addition, let us define a new norm |, on H*(Q) N Hé () as follows.

lull = lAull 2 (2.19)
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We can easily show that || - || is a norm on H*(Q) N H(l) () as follows: Indeed, if ||u||; = 0, then

Au = 01in Q and u = 0 on the boundary 0€2. By the Green theorem, we get
/|Vu|2:—/uAu+/ u%:o.
Q Q aa On
By Poincaré’s inequality, we get
lullz2@) < ClIVullz2q) = 0.

Hence, we know that u = 0. Next for any scalar a, it is trivial to have

laullL = [[A(au)|| 20y = lalllAull2(q) = lalllullL.
Finally, the triangular inequality is also trivial.

lu+vlle = lAG+v)l2q) < lAullr2q) + 1AV Q) = llull + VI

by the linearity of the Laplacian operator.
We now show that the new norm is equivalent to the standard norm on H?(Q) N H(l) (). We

are now ready to establish the following
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Theorem 6. Suppose Q c R? is a bounded domain and the closure of Q is of uniformly positive

reach rq > 0. There exist two positive constants A and B such that
Allullgz < llulle < Bllullgz,  Yu € H*(Q) N HY(Q). (2.20)

Proof. We first show that H>(Q) N Hé (Q) is the Banach space with the norm ||u||z. Assume that
{u,} is the Cauchy sequence in H>(Q) N Hé (Q2). We know that {Au,} is a Cauchy sequence in
L*(Q). Then there exists U* € L?(Q) such that Au, converges to U*. It is known there exists a

unique u* satisfying the Dirichlet problem:

Au =U*

By Theorem 1, we know u* € H*(Q) N H(l) (€2). Thus, we can say that there exists the unique u*

satisfying ||lu, — u*||L — 0 as n — oo. It is easy to get the following inequality
02

d
lulle: = Naullze < D, lgamulli <l (2.21)
i,j=1

forallu € H*(Q) N Hy(Q).

Next, by Theorem 1, more precisely, by (1.4), we have

lull2 < CllAull2(q) = Cllull.
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for a constant C dependent on Cy in (1.4). Therefore, we choose A = % to finish the proof. O
Using Theorem 6, we immediately obtain the following theorem

Theorem 7. Suppose f and g are continuous over bounded domain Q C R? for d > 2. Suppose
Q c R? be a bounded domain and the closure of Q is of uniformly positive reach rq > 0. Suppose

that u € H*>(Q) and (u — uy)|yq = 0. We have the following inequality

lu — usll 2@y < Cer, IV (1 —ug) 29 < Ce

and

62
2 gl < Ce

i+j=2
for a positive constant C depending on A and Q, where A is one of the constants in Theorem 6.

Proof. Using Lemma 3 and the assumption on the approximation on the boundary, we have

lu = usllz) < TNA@=uy)ll2) < S C.

We choose C = g to finish the proof. O

Finally we show that the convergence of ||u — u,l|;2(q) and ||V(u — uy)[12(q) can be better.
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Theorem 8. Suppose that (u — us)|pq = 0. Under the assumptions in Theorem 21, we have the

Jfollowing inequality
llu — sl 12 < Claler and ||V (u — uy) |l 12(q) < Clale

for a positive constant C = 1]/ A, where A is one of the constants in Theorem 6 and |A| is the size of

the underlying triangulation A.

Proof. First of all, it is known for any w € H*(Q) N H(l) (L), there is a continuous linear spline L,,

over the triangulation A such that
IDLDY(w = L)l 2y < ClaP™Pwlie g (222)

for nonnegative integers @ > 0,5 > 0 and a + 8 < 2, where |w|p2(q) is the semi-norm of w in
H?*(Q). Indeed, we can use the same construction method for quasi-interpolatory splines used for
the proof of Lemma 8 to establish the above estimate. The above estimate will be used twice below.

By the assumption that u — u; = 0 on 94, it is easy to see

190 = )2 g = - /Q A= 115) (1 — ;) = /Q At~ 1ty — Ly )t — 1)

/ V(u =y = Ly—u,)V(u = ug) < |V = us)llp20) IV = 1ty = Lu—u )l 22
Q

IA

IV (u = ud)llr2@)Clal - |u = us| (g

IA

C
IV Q= ug)ll 2@yl Al 1AW = u)ll 20

where we have used the first inequality in Theorem 6. It follows that ||V (u — uy)||2(q) < |A| %61.
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Next we let w € H>(Q) N H(l) (Q) be the solution to the following Poisson equation:

-Aw =u-u; inQcR?
(2.23)

w =0 ondQ,
Then we use the continuous linear spline L,, to have
2 _ _
=l = = [ awlu-u) == [ A= Lo)@-u)
= /QV(W = Ly)V(u —us) < |IV(u = ug)ll 20 IV(W = L)l 12

C C
< V@ —u)liz@Clal wlre < ZlalalalZlAwl 2

C C
= Z|A|€1|A|Z”u — Usllr2(q)-

where we have used the first inequality in Theorem 6 and the estimate of ||V (u — uy)||;2(q) above.

Hence, we have ||u — us||2(q) < g—ilAlzel as |A| — 0. O

2.2 General Second Order Elliptic Equations

In this section we consider a collocation method based on bivariate/trivariate splines for a solution
of the general second order elliptic equation in (2.2). For the PDE coefficient functions a'/, b’, ¢! €

L*(Q), we assume that

aij=a; € L°(Q) Vi, j=1,---,d (2.24)

37



and there exist A, A such that
d d d
A i< > adl(@mm; < A nt, vy e R0} (2.25)
i=1 ij i=1

for all i, j and x € Q. For convenience, we first assume that b'=0 and ¢! = 0 in this section. In
addition to the elliptic condition, we add the Cordés condition for the well-posedness of the problem.

We assume that there is an € € (0, 1] such that

szzl(“i’j)z 1 )
T a5 = a.e.in £ (2.26)
(X, a')? d-1+e€
Next let 6 € L (Q) be defined by

d "
Zi:l alt

= < -
Zi,jzl (al’J)z

Under these conditions, the researchers in [SS13] proved the following lemma

Lemma 4. Let the operator L(u) := Zf{ = a'(x) 6x?;xj” satisfy (2.24), (2.25) and (2.26). Then

for any open set U C Q and v € H*(U), we have
0Ly — Av| < V1 — €|D*v| a.e.in U, (2.27)

where € € (0, 1] is as in (2.26).
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Instead of using the convexity to ensure the existence of the strong solution of (2.2) in [SS13],
we shall use the concept of uniformly positive reach in [GL20]. The following is just the restatement

of Theorem 3.3 in [GL20].

Theorem 9. Suppose that Q c RY with d > 2 is a bounded domain with uniformly positive reach.

Then the second order elliptic PDE in (2.2) satisfying (2.26) has a unique strong solution in H>(Q).

We now extend the collocation method in the previous section to find a numerical solution of
(2.2). Similar to the discussion in the previous section, we can construct the following matrix for

the PDE in (2.2):

. ii 2
K= |22 aV () gioge (B, (é)) |-
Similar to (2.15), consider the following minimization problem:
1
minJ(c) = E(ozlch —g|I> + Bl|He||* + y||Hoc||>) subject to —Ke = f, (2.28)
C

Again we will solve a nearby minimization problem as in the previous section. Like the Poisson
equation, we let €] = ||Kc¢ + f|| for the minimizer ¢ of (2.28). To study the convergence, we may
assume that g = 0 as in the previous section so that the solution u; with the coefficient vector ¢
which is the minimizer of (2.28) satisfies u; = 0 on d€ and hence, |lu — usl/;2(5q) = 0. Also, we
have that || Lus + f|l;2(q) < €. To show u; approximate u over €, let us define a new norm ||u||

on H*(Q) N H(') () as follows.

lullz = | Lull 20 (2.29)
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We can show that || - || is a norm on H*(Q) N H(l) (Q) as follows if € € (0, 1] is large enough.
Indeed, if ||u||x = 0, then Lu = 0 in Q and u = 0 on the boundary dQ. Using this Lemma 4 and

Theorem 6, we get

/ AulAu — /(A —0L)ulAu = / 0L (u)Au =0 (2.30)
Q Q Q

and

Jo Audu — [L(A=0LuAu > [ |Aul® = [, VT —€|D?ul - |Aul

= [ 18wl = [ NT=elD%u] - |Aul = [|Aull? = V=€ Aul[ ]| Au]].

Therefore, if € > 1 — A2, then

(1= =)l <0

Hence, we know that u = 0. The other two properties of the norm can be proved easily.
We mainly show that the above norm is equivalent to the standard norm on H?() N Hé (Q).

Indeed, recall a well-known property about the norm equivalence.

Lemma 5. ([Brezis, 2011 [Brell]]) Let E be a vector space equipped with two norms, || - ||| and

| - [|2. Assume that E is a Banach space for both norms and that there exists a constant C > 0 such

that

llx|l2 < Cllx|l1, Vx € E. (2.31)
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Then the two norms are equivalent, i.e., there is a constant ¢ > 0 such that
llxll1 < cillx]l2, Vx € E.

Using Lemma 5, we can prove the following theorem

Theorem 10. Suppose that Q is bounded and has uniformly positive reach rq > 0. Then there exist

two positive constants Ay and By such that
Atllullgpiy < lullz < Billullpy,  Yu € HA(Q) N Hy(Q). (2.32)

Proof. It follows that

d 2
- 8
u < max ||a" Ull2 < Bil||lu]| g2
llull £ i,j=1~~-,d|| ”ooij:l ”9 0 ; 113 (Q) llull (Q)

for all u € H>(Q) N Hé(Q), where B; depending on d, A and C. Using Lemma 4 and the above

inequality, there exist a; > 0 satisfying

lullge < aillullz.

Therefore, we choose A = a% to finish the proof. m]

Theorem 11. Let Q be a bounded and closed set satisfying the uniformly positive reach condition.
Assume that a”/ € L™ (Q) satisfy (2.24), (2.25) and (2.26) and € > 1 — A%. Suppose that u € H>(Q)

and u — ug = 0 on 0Q. For the solution u of equation (2.11) and the corresponding minimizer u,
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we have the following inequality

lu = usll2q) < Ce

for a positive constant C depending on Q and A which is one of the constants in Theorem 7. Similar

Jor |V (u —us)ll12q) and |u = us] 2.

Next we consider the case that b’ and ¢! are not zero. Assume that [|a”/||co, [|b]lcos llc! o < A1

.. 2 .

and we denote that L (u) := 4 ai(x O+ 4 pi(x 9y + ¢ (x)u and define a new norm
i,j=1 Ox;0x i=1 0x
B iOAj i

llull £, on H*(Q) N H(l) () as follows.

lullz, = [[ L1l L2 (2.33)

Assume that ||u|| s, =0, 1.e., Liu =0 over Q and u = 0 on Q. From (2.27), we have

1 _
/HL(M)AM > || Aul|f? - —'A€||Au||2.
Q
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Then by the above inequality we get

d
, 0
0 = /Hﬁl(u)Au:/H_E(M)Au+ZHb’(x)—uAu+9€l(x)uAu
Q Q — 0x;
d
V1 - .0
> |lAul? - E||Au||2+/ZQb’(x)—uAu+Hcl(x)uAu
A Q P} 8x,~
> Aul}s g~ TIIAulliz(g) = 119lleo max I lloo Va|| Vatll 120 | A 12

~[16lleolle N lluell 20y N Aull 2 @)

VI—E 2

= [lAul; 1Aull2 ) = Ca(IVull 2 lAull 12 (o) + [lull2q) 1Aull 12(0))

L2(Q) 7

where C,, = max{||0]|c max; [|5'|leVd, [|0]lco]lc'||co}. Dividing |Aul|;2(q) both sides of the in-

equality above and using Theorem 4, it is followed that

0 2 1Al Y=l 20y - GVl + )
> | Aullpzq) — m”AMHLz(Q) = Callull g2 ()
> Il - Y=l i) - el
= Ml (1 - =€ oy

If the constant (1 — '}4_5 - %") is positive, then we can conclude that Au = 0. Together with
the fact u = 0 on 0Q, we know u = 0. The other properties ||u + v||z, < [lullz, + ||v|lg, and

llaull ¢, = |alllu|| £, can be easily proved. The detail is omitted.
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Theorem 12. Assume that (1 — —“}4_6 - %‘) > 0. There exist two positive constants A, and By such

that

Aollulleoy < llullz, < Ballullpqoy.  Vu € HA(Q) N Hy(€). (2.34)
Proof. The proof can be done by using Lemma 5. We leave it to the interested reader. O
Therefore, we can get the following theorem for the general elliptic PDE:

Theorem 13. Suppose Q c R? be a bounded domain and the closure of Q is of uniformly positive
reachrg > 0. Assume that '/, b', ¢! € L*(Q) satisfy (2.24), (2.25), (2.26) and (1 — % - %") > 0.
Suppose that u € H>(Q) and u — ug; = 0 on Q. For the solution u of equation (2.2) and the

corresponding minimizer ug, we have the following inequality

lu = usllz2@) < Ce

for a positive constant C depending on Q and a constant A, in Theorem 12.
Finally we show that the convergence of [|u — u;|2(q) and ||V (u — us)[[12(q) can be better

Theorem 14. Suppose that the bounded domain Q has a uniformly positive reach. Suppose f and
g are continuous over bounded domain Q C RY for d = 2,3. Let u be the solution of the general
second order PDE (2.2) with differential operator L. Suppose that u € H>(Q). If u — us|sq = 0,

we further have the following inequality

llu — sl 12(q) < Claler and ||V (u — uy) |l 120y < Clale
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for a positive constant C = 1] A,, where Aj is one of the constants in Theorem 6 and |A| is the size

of the underlying triangulation A.

Proof. The proof is similar to Theorem 8. We leave the detail to the interested reader. O

2.3 Implementation of the Spline-based Collocation Method

Before presenting our computational results for the Poisson equation and general second-order
elliptic equations, let us first describe the implementation of our spline-based collocation method.
We divide the implementation into two parts.

The first part of the implementation involves constructing the collocation matrices K for the
Poisson equation and K for the general second-order PDE in non-divergence form over triangu-
lation/tetrahedralization, based on the degree D of spline functions, smoothness » > 1, and the
domain points Dp- , associated with the triangulation/tetrahedralization. This part also generates
the smoothness matrix H,, Hy. More specifically, for the Poisson equation, we construct collocation

matrices:

MxxV = [(Blt'jk(x)xx|X:§g, & € DD’,A] and MyyV = [(B,t'jk(x)yyl)(:fg»ff € Z)D’,A]- (2.35)

We also choose additional points, beyond the domain points, to build MxxV and MyyV to improve
accuracy. For example, we select D’ = D + 3 to generate domain points. Then, K = MxxV + MyyV
has a size of M x m for the Poisson equation, where m = dim(S~'D(a)) and M = dim(S~'D’(a)).
After generating matrices, we save them for later use in solving the Poisson equation for various
right-hand side functions and boundary conditions.
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For the general elliptic equations, we generate all related matrices MxxV, MxyV, MyyV,
MxV,MyV,--- similarly to the matrices MxxV, MyyV for the Poisson equation. Then, we generate
the collocation matrix K associated with the PDE coeflicients at the same domain points using all the
generated matrices MxxV, MxyV,MyyV, MxV,MyV,---. This step is the most time-consuming.
See Tables 2.1 and 2.2 for the 2D and 3D settings.

The second part, Part 2, involves constructing the right-hand side vector f for each given PDE
problem and the matrix B and vector G associated with the boundary condition. We then use
Algorithm 1 to solve the minimization problems (2.15) and (2.28). We test the performance of our
collocation method using four different domains in 2D, as shown in Figure 1.1 and 2.1, and four
different domains in 3D, as shown in Figure 2.2. Furthermore, the spline-based collocation method
has been tested on numerous other domains of interest. In particular, many domains that may not

have a positive reach are used for testing, and their numerical results can be found in this thesis.
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o & Vv"‘ R
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Figure 2.2: Several 3D domains used for Numerical Experiments
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Table 2.1: Times in seconds for generating necessary matrices for each 2D domain in Figure 1.1
and 2.1.

Domains | Number of Number of degree Time Time Time Time
vertices triangles P) (G) (UGAP) (UGAG)

Moon 325 531 8 0.48 451 1.23 1.80
Flower 297 494 8 0.38 2.47 0.28 0.72
Star 231 366 8 0.30 1.49 0.30 0.71
Circle 525 895 8 0.85 5.83 0.32 1.86
Crack 258 453 8 0.34 2.00 0.21 0.66
us 396 591 8 0.93 2.97 0.20 0.84

In our computational experiments, we utilize a cluster computer at the University of Georgia
to generate the related collocation matrices for various degrees of splines and domain points, as
described in Part I. We employ multiple CPUs to enable the simultaneous processing of multiple
operations. For the 2D case, we use 10 processors on a parallel computer equipped with a 12th Gen
Intel(R) Core(TM) 17-12650H processor running at 2.30 GHz and 16.0 GB of installed RAM for
both Part 1 and Part 2. Additionally, we use a high-memory (512GB) node from the Sapelo 2 cluster
at the University of Georgia, which features four AMD Opteron 6344 2.6 GHz processors. By using
48 processors on the UGA cluster, we can generate the necessary matrices, and the computational
times for Part 1 are listed in Table 2.1. For the 3D case, we employ 48 processors for Part 1 and 12
processors for Part 2 to perform the computations. Tables 2.2 and 2.4 display the computational
times for generating collocation matrices, where (P) and (UGA P) indicate the time for the Poisson
equation with 10 and 48 processors, respectively, and (G) and (UGA G) represent the general
second-order PDE using 10 and 48 processors, respectively. Also, we compare the CPU times with
the degree D =5 and 9 in Table 2.3.

Another aspect of our computation is determining the values for «, 8, and vy in our Algorithm 1.

Since there are multiple numerical solutions, we need to decide which one to select. If we prioritize
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Table 2.2: Times in seconds for generating necessary matrices for each 3D domain in Figure 2.2.

Domains Number of  Number of  Degree of Time  Time Time Time
vertices tetrahedron splines P) (G) (UGAP) (UGAG)

Letter C 190 431 9 7.83 69.0 3.17 15.8

Letter S 115 171 9 2.4 25.8 0.72 5.37

Torus 773 2911 9 41.0 4510 8.39 82.0

Human head 913 1588 9 219 2433 4.53 44.7

Table 2.3: Times in seconds for generating necessary matrices for each 3D domain in Figure 2.2
with degree D = 5,9

Domains Number of Degree =5 Degree =9
Vertices  Tetrahedra | Time (P) Time (G) | Time (P) Time (G)
Letter C 190 431 1.30 4.53 5.9 69.0
Letter S 115 171 0.24 0.76 2.4 25.8
Torus 773 2911 1.87 9.89 41.0 451.0
Human head 913 1588 0.81 5.52 219 243.3

the accuracy of the numerical solutions over the smoothness of the spline solutions, we use @ > 100
while setting § = v = 1. Conversely, if we are more interested in the smoothness of the spline
solutions, such as in computer-aided geometric design, we use & = 1 while setting 8 =y > 10’ or
B=1andy=10°.

To demonstrate these phenomena, let’s consider Figure 2.3 and 2.4. The numerical results in
these figures are based on spline functions of degree D = 8 and smoothness r = 2 over one of
the four domains in Figure 1.1 for all the testing functions listed in the next subsection. In this

section, the errors are calculated based on NI = 1001 x 1001 equally-spaced points (nl-)f.\i 1] within

Table 2.4: Times in seconds for finding solutions of 3D Poisson equation(P), general second-order
elliptic equation with smooth PDE coeficients (SG) or with non-smooth PDE coefficients (NSG1,
NSG?2) for each domain in Figure 2.2.

Domain Time Time Time Time
P) (SG) (NSG1) (NSG2)

Letter C 3.71 6.04 6.07 5.88

Letter S 2.10 241 2.33 2.44
Torus 402.13 59574  285.42 181.83

Human head 27.21 48.10 48.96 48.96
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the different domains. The errors have been computed according to the norms:

| | _ Z{Z{(“(l))z
Ui, =N"n~N1

| 3 \/ SV (i) 2+ (10 (1) 2+ (uy ()2
ulp, = NI

luli, = max fu(i)],

where u (i) := u(1;), ux (i) := uy(n;), uy (i) := uy(n;) for given functions u, u,, u,. The rooted mean
square (RMS) of vectors ey = u — u; and the maximum error of e, Hoc, H, ¢ are calculated based
on those 10017 equally-spaced points within the bounding box of the domain.

As B increases from 1 to 10°, the accuracies of the smoothness |Hyc|;. and |Hc|;_ decrease,
meaning that the smoothness relations can be enforced exactly. However, the errors |e;|;, and |eg]p,
increase. Figure 2.4 shows that we obtain better numerical solutions when @ = 100 > 1 = g =y for
some testing functions, but a worse approximation for others. Our method provides the advantage of
controlling the output to produce a smoother but less accurate numerical solution or a more accurate
but slightly bumpy solution. In this chapter, we emphasize the accuracy of spline solutions when
reporting our numerical results, which can be compared with standard FEM or DC methods. For
the numerical experiments in subsequent sections, we choose o = 10?2, 8 =1, and y = 1 to achieve

better [, hy errors.

2.4 Numerical results for the Poisson Equation

We shall present computational results for 2D Poisson equation and 3D Poisson equations separately

in the following two subsections. In each section, we first present the computational results from
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Figure 2.3: The accuracies of the solutions |ey];,, |es|5, and the smoothness |Hoc|;,., |Hc|;,, based
on testing functions u®d(left) and usg(right) with @ = y = 1 for various 8

Figure 2.4: The accuracies of the solutions |es];,, |es|, and the smoothness |Hoc|,,,, |Hc|;,, based
on testing functions u*>(left) and u*3(right) with 8 = y = 1 for various @
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the spline based collocation method to demonstrate the accuracy the method can achieve. Then we
present a comparison of our collocation method with the numerical method proposed in [ALWO06]
which uses multivariate splines to find the weak solution like finite element method. For convenience,
we shall call our spline based collocation method the LL method and the numerical method in

[ALWO06] the AWL method.

2.4.1 Numerical examples for 2D Poisson equations

We have used various triangulations over various bounded domains to experiment the performance
of our Algorithm 1. and tested many solutions to the Poisson equation to see the accuracy that the
LL method can do. For convenience, we shall only present a few of the computational results based
on the domains in Figure 1.1. The following is a list of 10 testing functions (8 smooth solutions and

2 not very smooth)

s1 &Ty7)

ut = e 2,
u? = cos(xy) +cos(m(x? +y?)),
us3 — 1
1+x2+y?
= sin(r(x? +y?) + 1,
u®® = sin(3zx)sin(37y),
u® = arctan(x? - y?),
u’ = —cos(x) cos(y)e—(x_”)z_(y_”)2

u'® = tanh(20y — 20x%) — tanh(20x — 20y?),

nsl

u™ — |x2+y2|048 and
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ns2

u = (xe! M = x)(ye! Pl = y).

Note that the testing function in u*3

is notoriously difficult to solve. One has to use a good adaptive
triangulation method (cf. [LM17]). The rooted mean square (RMS) of u — uy; and V(u — uy) of
approximate spline solution u against the exact solution u are given in Table 2.5. These errors are
computed based on 1001 x 1001 equally-spaced points of the bounding box of a domain in in Figure
1.1 which fell inside the domain. We chose collocation points to create M X m matrix K, where m

is the number of Bernstein basis functions (the dimension of spline space SBI (2)) and Algorithm 1

is used to find the numerical solutions.

Table 2.5: The RMS of errors u — ug and Vu — Vug for Poisson equations for four domains showed
in Figure 1.1 whenr =2 and D = 8.

Moon Flower with a hole Star with 2 holes Circle with 3 holes
Solution U — ug V(u - ug) u— ug V(u—us) U — ug V(u—us) U - ug V(u - ug)
usT 6.95e-11 4.15e-10 1.23e-11 1.54e-10 1.67e-12 6.57e-11 1.63e-11 1.68e-10
us? 3.53e-10 4.81e-09 1.83e-11 8.79%-10 2.46e-12 9.77e-11 2.65e-11 2.55e-10
us3 2.58e-11 1.81e-10 6.96e-12 9.48e-11 1.48e-12 5.66e-11 8.03e-12 8.73e-11
ust 2.53e-10 3.57e-09 2.19¢-11 6.80e-10 1.45e-12 8.41le-11 1.92e-11 2.00e-10
usd 6.16e-08 1.44e-06 7.73e-09 2.57e-07 3.02e-10 1.36e-08 5.33e-10 1.87e-08
us° 1.75e-11 2.86e-10 3.23e-12 8.71e-11 2.97e-13 7.23e-12 7.51e-12 7.85e-11
us’ 3.07e-12 2.27e-11 1.15e-12 1.51e-11 2.81e-13 6.69e-12 1.10e-12 1.28e-11
us8 1.06e-03 9.32¢-02 8.65¢-04 8.38e-02 4.84e-05 3.36e-03 5.21e-04 2.09e-02
us! 7.31e-10 3.68e-08 5.18e-06 4.94e-04 2.62e-06 3.89%¢-04 1.80e-05 3.22e-04
u"s? 3.16e-04 2.61e-03 7.39¢-05 1.51e-03 2.75e-05 9.76e-04 1.91e-05 6.25¢-04

From Table 2.5, we can see that the performance of our method is excellent. Next let us compare
with the numerical method in [ALWO06] for the same degree, the same smoothness, and the same
triangulation. The comparison results are shown in Table 2.6. One can see that both methods
perform very well. Our method can achieve a better accuracy due to the reason the more number of
collocation points is used than the dimension of spline space Sz)l (2).

Finally, we summarize the computational times for both methods in Table 2.7. One can see the

LL method can be more efficient if the collocation matrices are already generated. The LL method
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Table 2.6: RMSE of spline solutions for the Poisson equation over the four domains in Figure 1.1
when r = 2 and D = 8 for both the AWL method and the LL method.

Moon Flower with a hole Star with 2 holes Circle with 3 holes
Solution AWL LL AWL LL AWL LL AWL LL
usT 1.51e-07  6.95e-11 1.14e-07  1.23e-11 | 2.08¢e-07 1.67e-12 | 5.22¢-08 1.63e-11

us? 1.33e-07  3.53e-10 | 3.79e-07 1.83e-11 | 8.93e-07 2.46e-12 | 2.35¢-08  2.65e-11
us3 4.94e-08  2.58e-11 | 8.07e-08 6.96e-12 | 1.44e-07 1.48e-12 | 1.62e-08  8.03e-12
us? 5.77e-07  2.53e-10 | 3.89e-07 2.19e-11 | 4.51e-07 1.45e-12 | 2.02e-07 1.92e-11
us’ 1.58e-06  6.16e-08 | 1.43e-06 7.73e-09 | 1.67e-06  3.02e-10 | 2.65e-07  5.33e-10
us® 5.00e-07  1.75e-11 | 1.44e-07 3.23e-12 | 4.03e-07 2.97e-13 | 9.47e-08 7.5le-12
us’ 1.99e-08  3.07e-12 | 2.20e-08  1.15e-12 | 3.30e-08  2.8le-13 | 4.97e-09  1.10e-12
us® 1.31e-03  1.06e-03 | 1.19e-03  8.65e-04 | 1.49e-04  4.84e-05 | 7.96e-04 5.21e-04
u"s! 1.50e-07  7.31e-10 | 2.39e-04 5.18e-06 | 2.26e-05 2.62e-06 | 1.43e-05  1.80e-05
us? 1.38¢-03  3.16e-04 | 4.55e-04 7.39e-05 | 9.87e-05 2.75e-05 | 8.57e-05 1.91e-05

Table 2.7: The number of vertices, triangles and the averaged time for solving the 2D Poisson
equation for each domain in Figure 1.1.

Domain Number of  Number of  Average time Average time for
vertices triangles for AWL method  LL method (part 2)
Moon 325 531 9.61e-01 6.28e-01
Flower with a hole 297 494 8.05e-01 5.39e-01
Star with 2 holes 231 366 5.53e-01 3.97e-01
Circle with 3 holes 525 895 1.44e+00 9.74e-01

can be useful for time dependent PDE such as the heat equation. We only need to generate the

collocation matrix once and use it repeatedly for many time step iterations.

2.4.2 Numerical results for the 3D Poisson equation

We have used our collocation method to solve the 3D Poisson equation and the tested 10 smooth and
non-smooth solution over various domains. For convenience, we only show a few computational
results to demonstrate that our collocation method works very well. Our testing solutions are as

follows:

_ Xz

WS = sin(2x + 2y) tanh(?)
24y242

B
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Table 2.8: RMS of error vectors u — ug and Vu — Vu, for the 3D Poisson equation over the four
domains in Figure 2.2 based on trivariate spline functions of smoothness » = 1 and degree D =9

Letter C Letter S Torus Human head
Solution u— ug V(u—us) U — Ug V(u—us) U — ug V(u—us) U - ug V(u - us)
wWBST 17 231e-11 252e-10 | 3.0le-12  4.58e-11 | 7.87e-11  1.40e-09 | 4.12e-10  5.02e-09
3ds2 5.47e-10 4.86e-09 7.53e-12 7.31e-11 4.52e-09 3.24e-08 1.66e-08 1.29e-07

3ds3 5.49e-07  8.40e-06 | 8.87¢-08  7.80e-07 | 3.32¢-09  3.21e-08 | 9.96e-06  1.65¢-04
3ds4 | 483e-09  5.09¢-08 | 4.29e-09  3.85¢-08 | 2.16e-09  1.61e-08 | 1.13e-08  2.21e-07
3dsS | 6.49e-07  1.67e-05 1.17e-07  9.47e-07 | 7.07e-09  5.78¢-08 | 3.62e-06  5.88e-05
3ds6 | 352609  3.99e-08 | 8.3%-10  6.53e-09 | 2.03e-08  1.72¢-07 | 6.69e-08  6.90e-07
3dsT | 9.14e-06  8.63e-05 | 3.20e-06  2.44e-05 1.40e-07  4.75e-06 | 431e-05  8.24e-04
u3ds8 2.05e-08  2.79e-07 | 3.30e-09  3.35e-08 1.76e-10  2.98¢-09 1.90e-08  3.94e-07
wdnsl | 880e-06  4.66e-04 | 3.17e-05  1.14e-03 | 2.23e-09  1.80e-08 | 8.28e-06  2.18e-03
w3dns? | 839605  1.20e-03 | 4.30e-05  4.65¢-04 | 1.20e-04  2.49e-03 | 8.90e-04  5.18¢-02

S 8 8 =¥ 8 %

w3 = cos(xyz) + cos(m(x? + y? +2%))
u3ds4 — 1
1+x2+y2+ 72
W = sin(r(x®>+y*+72)) + 1
y3456 0V
3dsT  _ o : :

u = sin(27x) sin(27y) sin(27z)

w8 = ztanh((-sin(x) + y?))
BT = 2 4y 4 208
w3 = (xel™H = x)(ye! P — ) (ze!TF - 7).

The rooted mean squared errors of approximate spline solutions against the exact solution are
computed based on 501 x 501 x 501 equally-spaced points of the bounding box of a domain shown
in Figure 2.2 which fall into the domain.

We choose collocation points to create M X m matrix K, where m is the dimension of spline
space Sz)l (2) and apply Algorithm 1 to find the numerical solutions. We tested 10 functions over

the domains in Figure 2.2. Their root mean square errors are presented in Table 2.8. We also
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Table 2.9: The RMSE of spline solutions for the 3D Poisson equation over the two domains in
Figure 2.2 based on trivariate spline functions of smoothness r = 1 and degree D = 9 for the AWL
method and LL method.

Torus Human head

AWL LL AWL LL

Solution U - ug V(u—us) U — ug V(u—us) U — U V(u—us) u—ug V(u—us)
u3dsT 3.55¢-09  5.74e-07 1.79¢-10  2.04e-09 | 2.83¢-09  7.56e-07 | 5.83e-12  6.45e-11
3ds2 2.92¢-08 1.98e-06 1.14e-08  8.50e-08 | 5.21e-07  2.72¢-06 | 3.45e-10  2.95¢-09
3ds3 1.07e-07 8.90e-06 5.34e-09 3.31e-08 6.44e-08 1.21e-05 7.26e-10 8.21e-09
3ds4 1.88¢-08  1.46e-06 | 3.57e-09  2.29¢-08 1.83¢-08  2.72e-06 | 2.68¢-10  2.76e-09
3ds5 8.25¢-08  5.50e-06 1.33e-08  8.95¢-08 | 6.09¢-08  8.43e-06 | 9.75e-10  5.78e-09
3ds6 | 250e-07  1.80e-05 | 3.39e-08  1.90e-07 1.31e-07  1.35e-05 | 2.35¢-09  2.47¢-08
3ds7 8.07¢-08  5.83¢-06 1.01e-07  2.34e-06 1.88¢-08  2.72¢-06 | 4.19¢-08  5.21e-07
u3ds8 8.16e-09  7.24e-07 | 6.42¢-10  4.32¢-09 8.16e-09  3.41e-07 | 2.69e-11 1.66e-10
wddnsl | 3092608  2.67e-06 | 5.07e-09  3.22¢-08 | 3.63e-08  2.67¢e-06 | 3.82e-06  6.23e-04
w3dns2 | 630e-04  2.29¢-03 1.09¢-04  1.58¢-03 | 3.42e-04  2.49¢-03 | 2.30e-04  4.84e-03

S &S ¥ T 8 %

compare the AWL method with LL method for the numerical solution of the 3D Poisson equation.
See numerical results in Table 2.9 which show that the L. method is more accurate than the AWL
method when the solutions are smooth and is similar to the AWL method when the solutions are

not very smooth.

2.5 Numerical Results for General Second Order Elliptic PDE

We shall present computational results for 2D and 3D general second order PDEs separately in
the following two subsections. In each section, we first present the computational results from the
spline based collocation method to demonstrate the accuracy the method can achieve. Then we
present a comparison of our collocation method with the numerical method based on [LW18]. For
convenience, we shall call our spline based collocation method the LL. method and the numerical

method in [LW 18] the LW method.
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2.5.1 Numerical examples for 2D general second order equations

We have used the same triangulations over various bounded domains as shown in Figure 1.1 and 2.1,
and tested the same solutions which we used for the Poisson equation for the general second order
equation to see the accuracy that the LL method can have. The root mean squared error(RMSE)
u — ug and Vu — Vug of approximate spline solutions ug, Vi, against the exact solutions u, Vu are
given in Tables in this section. The RMSE is computed based on 1001 x 1001 equally-spaced points
of the bounding box of a domain in Figure 1.1 and 2.1 which fell inside the domain. We chose
additional collocation points to create M X m matrix K, where m, M are the dimension of spline

space SBI () and SBI,(A), respectively.

2D general second order equations with smooth coefficients

Example 1. We first tested our computational method to solve the 2nd order elliptic equation with
smooth PDE coefficients: ajy = x*>+y?, ais = cos(xy), as; = €, axn = x> +y? —sin(x> +y?), by =

2 2 . . .
3 cos(x)yz, by = e 7, c = 0. Our testing functions are 2 non-smooth solutions u'* U w2 and

U'— u'8 given in the previous section. The RMS of error vectors u — us and

8 smooth solutions u®
V(u — uy) over the four domains in Figure 1.1 and 2.1 is presented in Table 2.11. The numerical
results show that the LL method works very well.

Table 2.10 presents the numerical results for various mesh sizes and degrees. The table indicates

that increasing the degree leads to a more accurate solution without refining the triangle. This

approach is faster and can achieve the same level of accuracy.
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Table 2.10: Comparison of the RMS of vectors u — uy, Vu — Vu, for general elliptic equations with

smooth coefficients in Example 1 and CPU time for different mesh sizes and degrees

Mesh size=1/4

Mesh size=1/8

Degree Time(s) Degree Time(s) Degree Time(s) Degree Time(s)
5 0.91 11 1.52 5 1.21 8 3.08
solution U — Ug V(u— us) U — Ug V(u—ug) u— U V(u - ug) U— ug V(u - ug)

usT 2.55e-06 3.12e-05 1.26e-11 3.66e-10 1.05e-07 1.55e-06 5.55e-11 2.65e-10
us? 3.03e-03 2.49e-02 5.63e-09 4.79¢-08 1.19e-04 1.24e-03 1.72e-08 3.87e-07
us3 4.52¢-06 7.26e-05 1.11e-11 2.52e-10 2.04e-07 5.30e-06 3.05e-11 3.18e-10
ust 2.71e-03 2.50e-02 3.58e-09 5.58e-08 1.43e-04 1.27e-03 1.77e-08 4.03e-07
usd 3.21e-02 3.72e-01 4.25e-07 4.49¢-06 2.51e-03 2.81e-02 5.00e-07 1.49e-05
uso 1.72e-05 1.74e-04 6.85e-11 8.03e-10 9.31e-07 1.03e-05 1.69e-10 2.09e-09
us’ 7.17e-08 8.41e-07 1.86e-12 5.56e-11 2.50e-09 3.90e-08 7.50e-12 3.81e-11
us8 5.54e-01 5.72e+00 7.07e-02 1.44e+00 1.36e-01 2.29e+00 2.45e-02 5.24e-01
us! 2.89¢e-05 6.47¢-03 4.26e-06 1.33e-03 8.70e-06 2.22e-03 3.65e-06 8.28e-04
u'*s? 2.76e-04 3.33e-03 2.13e-05 3.85e-04 5.57e-05 1.16e-03 5.98e-06 2.56e-04

Table 2.11: RMSE of spline solutions for general second order elliptic equations with smooth

coeflicients over the four domains in Figure 1.1 and 2.1 when r =2 and D = 8.

Cracked domain UsS Star with 2 holes Circle with 3 holes
Solution U — Ug V(u—ug) U — Ug V(u - ug) U — Ug V(u - us) U — Uy V(u - ug)
usT 1.78e-09 6.84e-09 3.13e-10 3.14e-09 7.10e-11 1.15e-09 2.86e-10 3.60e-09
us? 3.03e-09 5.39¢-08 2.14e-10 3.55e-09 5.13e-11 1.19e-09 2.52e-10 4.26e-09
us3 9.66e-10 4.05e-09 1.34e-10 1.72e-09 4.79-11 8.98e-10 1.57e-10 1.96e-09
ust 2.32e-09 4.63e-08 3.57e-10 3.20e-09 6.37e-11 1.24e-09 4.35¢-10 5.06e-09
usd 3.19¢-07 5.59¢-06 6.25¢-09 2.08e-07 8.07e-10 3.41e-08 2.82e-09 9.36e-08
ust 9.64e-10 1.81e-08 7.10e-11 7.98e-10 5.09e-12 8.74e-11 1.43e-10 9.79%-10
us’ 2.55e-10 8.38e-10 1.34e-11 2.45e-10 7.48e-12 1.33e-10 3.33e-11 4.04e-10
us8 8.93e-02 1.30e+00 8.74e-04 1.82e-02 2.10e-04 6.27e-03 2.10e-03 5.90e-02
u"s! 4.63e-06 2.80e-04 6.57e-06 5.04e-04 1.68e-06 2.47e-04 5.79¢-05 3.06e-03
u"s? 2.14e-04 3.30e-03 4.88¢-05 1.73e-03 1.12e-04 2.89%¢-03 6.23e-05 1.17e-03

2D general second order equations with non-smooth coefficients

Example 2. In [SS13], the researchers experimented their numerical methods for the second order

PDE as follows:

2
Z (1 +6ij)

i,j=1

Xi
|Xi

Xj

———u

| 1x;]

XiXj
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Table 2.12: RMSE u — uy and Vu — Vuy for the general elliptic equation with the non-smooth
coefficients in Example 14 over the four domains in Figure 1.1 and 2.1 when r =2 and D = 8.

Cracked domain US Star with 2 holes Circle with 3 holes
Solution u-—ug V(u - us) U—ug V(u—us) U - ug V(u—us) U — us V(u—us)
usT 1.24e-11 3.98e-11 2.65e-10 4.14e-09 1.35e-12 8.90e-11 7.29e-12 3.57e-11
us? 2.61e-10 2.62e-09 3.6le-10 5.43e-09 3.36e-12 1.22e-10 8.62e-12 5.34e-11
us3 5.03e-12 1.91e-11 2.29e-10 2.39e-09 1.41e-12 6.60e-11 2.75e-12 1.59%-11
ust 2.90e-10 3.26e-09 5.44e-10 4.87e-09 2.68e-12 1.57e-10 1.17e-11 6.71e-11
usd 3.51e-08 5.30e-07 4.06e-09 7.29¢-08 2.59%-10 6.56e-09 3.74e-10 7.53e-09
ust 4.96e-11 9.41e-10 6.26e-11 1.08e-09 2.40e-13 7.46e-12 1.64e-12 1.11e-11
us? 2.48e-12 5.95e-12 3.0le-11 3.96e-10 1.82e-13 1.16e-11 3.24e-13 2.20e-12
us8 2.24e-03 7.41e-02 5.85e-04 7.71e-03 5.28e-05 1.55e-03 1.25e-04 8.78e-03
uns! 1.83e-04 6.66e-04 2.47e-04 1.09¢-03 2.20e-04 1.91e-03 2.61e-05 2.74e-04
u"s? 3.64e-04 1.44e-03 3.20e-04 2.06e-03 3.04e-04 2.61e-03 8.46e-05 6.99e-04

where Q = (=1, 1)? and the solution u is u(x,y) = (xe'"™ — x)(ye'=P! — y) which is one of our

testing functions. It is easy to see those coefficients satisfy the Cordes condition

Zim@)’ 24141422 10 1
(32, a:)?  (2+22 167 2-l+e

when € = % This equation was also numerically experimented in [LWI18] and [WW19].

Let us test our method on this 2nd-order elliptic equation with non-smooth coefficients for the 2
non-smooth solutions ™', W2, and 8 smooth solutions u*' — u*® over the four domains used in the
previous section. We use bivariate splines of degree D = 8 and smoothness r = 2 for the experiment.

And the RMSE of the solutions for the four domains in Figure 1.1 and 2.1 are reported in Table 2.12.

It is clear to see that our method works very well.

Example 3. The second example in the paper [SS13] is another second-order PDE:

2 XiXj .
Z (6i + W)”xz-xj' =finQ, u=00n0dQ,
ij=1
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where Q = (=1, 1) and the solution u is u(x,y) = |x* + y2|2 which is on the list of our testing

functions. Then those coefficients satisfy the Cordes condition when € = %‘. Similar to Example 14,

Table 2.13: The RMS of vectors u — ug, Vu — Vug for general elliptic equations with non-smooth
coefficients in Example 15 over the four domains when r = 2 and D = 8.

Cracked domain UsS Star with 2 holes Circle with 3 holes
Solution u— ug V(u—us) U — Ug V(u—us) U — Ug V(u—us) u— Uy V(u—us)
us? 2.74e-11 5.99¢-11 1.31e-10 2.23e-09 2.88e-12 8.28e-11 7.63e-12 3.81e-11
us? 2.55e-10 2.58e-09 1.34e-10 3.64e-09 5.23e-12 1.27e-10 1.23e-11 6.76e-11
us3 2.98e-11 6.61e-11 5.89%e-11 1.12e-09 2.59¢-12 8.28e-11 6.89¢-12 3.21e-11
ust 2.6le-10 3.18e-09 1.76e-10 3.08e-09 4.00e-12 1.51e-10 1.24e-11 7.15e-11
usd 3.42e-08 5.26e-07 5.25e-09 7.25e-08 2.76e-10 6.23e-09 3.73e-10 7.44e-09
uso 5.13e-11 9.28e-10 1.97e-11 3.28e-10 3.30e-13 8.66e-12 2.08e-12 1.20e-11
us’ 6.31e-12 1.38e-11 1.52e-11 2.98e-10 3.93e-13 1.08e-11 4.93e-13 2.40e-12
us8 2.08e-03 6.82e-02 2.45e-04 7.03e-03 3.68e-05 1.56e-03 1.72e-04 8.73e-03
us! 1.56e-04 6.09e-04 2.75e-04 1.26e-03 8.13e-05 8.08e-04 2.76e-05 2.59¢e-04
us? 2.76e-05 5.01e-04 6.59¢-05 5.25e-04 1.70e-05 3.94e-04 6.63e-06 2.60e-04

we use the LL method to solve the PDE above using the 10 testing functions based on bivariate

splines of degree D = 8 and smoothness r = 2. See Table 2.13 for the RMS of error vectors.

2.5.2 Comparison with Numerical Method in [LW18]

In this subsection, we compare our method (LL) with the method from the paper by LW [LW 18]
for solving three PDEs given in Examples 1, 14, and 15. We will present the Root Mean Squared
Errors (RMSEs) from both methods in Table 2.14. For simplicity, we only show the numerical
results from both methods for the Circle with 3 holes domain in Table 2.14. We obtained similar
results for the other 2D domains in Figure 1.1. As seen in Table 2.14, our LL. method provides more
accurate results.

In Table 2.15, we show that the average computational time for our LL method is shorter than the
LW method. This table includes the number of vertices, triangles, and the average time in seconds
for solving 2D general second-order equations over the four domains in Figure 1.1 using both the

LW and LL methods.
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Table 2.14: The RMSE of spline solutions for general elliptic equations in Example 1, PDE with
non-smooth coefficients in Example 14 and in Example 15 over the Circle with 3 holes when r = 2
and D = 8 for the LW method and the LL method, respectively.

PDE in Example 1 PDE in Example 14 PDE in Example 15
Method LW LL LW LL LW LL
usT 2.01e-09  1.49e-10 | 2.15e-06  1.03e-11 | 7.47e-09  6.64e-12

us? 2.22e-08 4.3le-11 | 2.97e-05 1.66e-11 | 3.86e-08  7.34e-12
us3 1.70e-09  8.85e-11 | 4.96e-06  5.20e-12 | 2.97e-09  4.03e-12
ust 2.29e-08  2.12e-10 | 6.13e-05 1.6le-11 | 7.66e-08  9.03e-12
us’ 8.24e-08  3.37e-09 | 4.19e-04  7.58e-10 | 1.20e-06  5.95e-10
us® 2.63e-09 3.72e-11 | 4.11e-06  3.25e-12 | 3.15e-09  1.77e-12
us’ 3.06e-14  1.05e-11 | 2.10e-11  1.22e-12 | 2.66e-14  4.6le-13
us® 8.50e-04  2.26e-03 | 2.54e-03  1.87e-04 | 1.78e-04  1.46e-04
us! 1.35e-05  4.83e-05 | 3.57e-05 1.50e-05 | 1.52e-05  3.26e-05
u™s? 2.45e-04  4.56e-05 | 1.60e-04  2.56e-04 | 5.92e-05 1.60e-05

Table 2.15: The number of vertices, triangles and the averaged time in seconds for solving 2D
general second order equations over the four domains in Figure 1.1 by the LW and LL methods.

Domain Number of  Number of Average time Average time
vertices triangles for LW method  for Part 2 of LL method
Flower with a hole 297 494 1.3236e+02 3.521e-01
Circle with 3 holes 525 895 4.4387e+03 8.313e-01

By considering the computational results in Table 2.15 and the computational times in Table 2.14,

we conclude that our LL method is more effective and efficient than the LW method.

2.6 The Rate of Convergence of the LL method

Finally, we will discuss the convergence rate of the LL method. First, in Example 4, we perform an
experiment to analyze the convergence rate using numerical solutions of 2D general elliptic PDEs in
Example 1 over the domain [0, 1]2. We display the convergence rate in relation to the size & = |A|
of the triangulation A in Figure 2.5. Moreover, we demonstrate the convergence rate with respect to

the Degrees of Freedom (DOF) in Figure 2.6.
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Similarly, in Example 5, we first show the convergence rate based on the numerical solutions of
3D general elliptic PDE with smooth coefficients, with respect to the size & of the triangulations, in

Figure 2.8. Then, we present the convergence rate in relation to the DOFs.

Example 4. We carried out a numerical solution of the general elliptic equations in Example 1
with D = 8,r = 2 for testing functions u*> and u** on various refinement levels to showcase the
convergence behavior. The L?, H' error vectors u — us based on 10012 evenly spaced points over
[0, 1]? concerning the size h = |A| are depicted in Figure 2.5. We observe that the convergence
rate is approximately O (h”). According to Theorem 8, the |u — us|» < Ch*e. This indicates that the

numerical computation aligns with, and even surpasses, our theoretical expectations.

Errors
Errors

Figure 2.5: The RMSE in L? and H' norm of u — u, for testing functions u*2(left) and u“(right)
versus the size & of triangulation with D = 8, r = 2 where e := u — u,

Also, Table 2.7 shows the RMSE for each degree D =5,6,7,8.

Subsequently, convergence results are displayed in Figure 2.6, based on the DOF (equal to the

(D+1)(D+2)
2

). The RMSEs between the numerical and exact solutions are

number of triangles X
asymptotically proportional to (DOF) 3. Thus, the asymptotic rate is (DOF)~Y/@*1) where d = 2.

See the next example for d = 3.
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Figure 2.6: The RMSE in L? and H' norm of u — u; for testing functions u*2(left) and u“(right)
versus the DOFs with D = 8,r = 2 where e, := u — u;,

——le,

Figure 2.7: The RMSE in L? and H' norm of u — u; for testing functions u*2(left) and u**(right)
versus the degrees with r = 2 where e 1= u — u;
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Example 5. We evaluated a 2nd-order elliptic equation (2.2) with smooth PDE coefficients a1, =

2 23 32

x2 +y2,a* = cos(xy — 2),a> = exp()m),a12 +a?! = x* —y? - z,a® + a*? = cos(xy -

by =0,by = —1,b3 =tan~! (x> —y2+cos(z)),c =x+y+2z Here,

- 1
7)sin(x —y),a® +a’! = Sy

a'? = a?',a%% = a®, and a3 = a3'. The testing functions include the two smooth solutions u>®3

and u3%5 over the standard cube [0, 1]3. The L%, H' error vectors u — ug based on 5013 evenly
spaced points over [0, 113 are presented in Figure 2.8. The errors between the numerical solution
and exact solutions are asymptotically proportional to O(h’). We observe that the convergence
rate is consistent with our theory for these smooth testing functions. Hence, we conclude that the

LL methods perform exceptionally well.

Errors.
Errors

Figure 2.8: The RMSE in L? and H! norm of u — u, with D = 9,r = 1 for testing functions
w393 (left) and 1% (right) versus the mesh size &

Additionally, we demonstrate the rate of convergence concerning the DOFs in Figure 2.9 based

(D+1)(D+2)(D +3)
6 )

on the DOF (equal to the number of triangles X
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Figure 2.9: The RMSE in L? and H' norm of u — uy; with D = 9,r = 1 for testing functions
w33 (left) and w3953 (right) versus the DOFs
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CHAPTER 3

A SPLINED BASED COLLOCATION

METHOD FOR MONGE AMPHERE

EQUATIONS

We are interested in numerically solving the Monge-Ampére equation with Dirichlet boundary

condition:

det(D*u(x)) = f(x), inQcR%d=2,3 (3.1

u(x) = g(x), on0Q, (3.2)

where x has d independent variables in a bounded domain Q ¢ R¢ and D?u is the Hessian of the

function u. More precisely, the Hessian of the function u, denoted as D?u, can be expressed as
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follows:

det(D%u) = Upxllyy — u)zcy
for d = 2 and
det(Dzu) = UpxUyyllzz + 2Uyylly Uy — um(uyz)2 - uyy(uxz)2 - uzz(uxy)z, (3.3)

for d = 3. This is the first step toward solving the fully nonlinear Monge-Ampére equation

2 _ f(X) . d
det(D“u(x)) = —g(Vu(x))’ xin Q C R (3.4)
Vu(x)lpe = OW, (3.5)

where the boundary condition is called the oblique boundary condition. Such a partial differential
equation arises from the optimal transportation problem (cf. e.g. [Eve98] and [Vil03]). More
specifically, given a density function f(x) on the domain Q and another density function g(w) on a
separate domain W, the goal is to find the optimal plan T which transports f over Q to g over W
under the cost functional ¢(x, w) = %llx —w||?, with fg f(x)dx = fW g(w)dw. Itis Y. Brenier who

discovered a characterization of the optimal transportation problem.

Theorem 15. (Brenier, 1988[BB00]) Suppose that the transport cost is the quadratic Euclidean
distance, c(x,y) = %llx — y|I? and suppose that W is a convex domain. Then there exists a convex
function u : Q — R satisfying the Monge-Ampére equation (3.4), unique up to a constant, such
that the gradient map m = Vu is the unique optimal transport map satisfying the oblique boundary

condition Vu|ygo = OW.
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Although it is hard to determine the oblique boundary condition mentioned above, once we
specify a map from the boundary of Q to the boundary of W, the problem (3.4) becomes a Neumann
boundary problem of the Monge-Ampére equation. In particular, if u is C> function whose gradient
Vu transforms Q onto W, we can move the density f(x) at x € Q to the location Vu(x) € W to
become the density g(Vu(x)). Such a problem is called the free movement problem which will be
addressed at the end of this chapter.

Instead of considering the Neumann or oblique boundary value problem, this chapter will focus
on the Monge-Ampére equation with a Dirichlet boundary condition. Note that this PDE has
been studied for many years. In addition to the mathematical community, the Monge-Ampére
equation has also been broadly studied in many applied fields such as elasticity, geometric optics,
and image processing. See [Ber06] and [MYO1]. Today such free-form optics are important in
illumination applications. For example, they are used in the automotive industry for the construction
of headlights that use the full light emitted by the lamp to illuminate the road but at the same time do
not glare oncoming traffic [ZNC11]. There are multiple ways to solve this inverse reflector problem;
brute-force approaches, methods of supporting ellipsoids, simultaneous multiple surfaces approach,
and Monge-Ampére approaches. Also, the Monge-Ampére equation finds applications in finance,
seismic wave propagation, geostrophic flows, in differential geometry as explained in [CGG18]. In
this chapter, we shall explain a spline-based collocation method to solve the nonlinear PDE (3.1).

Let us begin recalling some existence, uniqueness, and regularity property of the Monge-Ampére
equation (3.1). When f, g are sufficiently smooth, the solution of (3.1) is very smooth explained in

the following
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Theorem 16. (Theorem 1 in [CNS84]) Suppose that a bounded domain Q € R" is strictly convex,
where n > 2. For any strictly positive right-hand side f € C* (Q) with the boundary condition g

which has an extension g € C®(Q), there exists a unique strictly convex solution u is in C® ()

satisfying (3.1).

There are several weaker versions of the existence results with regularity properties in the

literature. For example,

Theorem 17. (Figalli, 2017 [Figl7]) Let Q be a uniformly convex domain, k > 2, € (0, 1), and
assume that O is of class C*¥*>?. Let f € C**(Q) with f > co > 0. Then for any g € C**>*(6Q),

there exists a unique solution u € C¥*>*(Q) to the Dirichlet problem (3.1).
In [Awal3], Awanou introduced another weaker version of the existence theorem:

Theorem 18. (Awanou, 2013[Awal3]) Let Q be a uniformly convex domain in R" with boundary
in C3. Suppose g € C3(Q),inf f > 0, and f € C*(Q) for some a € (0, 1). Then (3.1) has a convex

solution u which satisfies the a priori estimate

||”||c2,a(§z) <C,

where C depends only onn > 2, a,inf f,Q, || flca(g) and [18llc3.

In general, there are at least three different notions of solutions which have been studied in the
literature besides the classic solution: one is called Aleksandrov solution, another one is viscosity
solution, and the next one is Brainer’s solution, according to the monograph by Villani, 2003, see
page 129 in [Vil03]. The theory for the Monge-Ampére equation is deep (cf. [CC95], [Eve98],
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[Vil03] and [Vil08]). In particular, the regularity of the solution has been extensively studied (cf. e.g.
[Caf90], [Wan96], [CLW21]). In a landmark paper [Caf90], Cafferelli showed that the solution of
the Monge-Ampére equation has an interior regularity over Q' c Q,i.e. u € H>? (') for any open
set Q' inside Q. Furthermore, the solution has H? regularity over the entire domain, as established

in [Wan96]:

Theorem 19. (Wang, 1996[Wan96]) Let Q be a strictly convex domain in R". If 0Q and g in the

equation (2) are C> smooth, and f(x) € CV1(Q), then the solution u € C***(Q).

Due to these regularity results, we can use C> smooth multivariate splines to approximate the
solution u under the conditions f € C1(Q), g € C?(Q) and Q being a strictly convex domain.
In our computation, we are able to solve the Monge-Ampére equation over domains with uniform
positive reach (cf. [GL20]) which include strictly convex domains as a special case. Additionally,
we can use our method to experiment with the solution (3.1) even when f is not in C1'(Q).

The numerical solution of the Monge-Ampére equation (MAE) is an active area of research,
with many researchers developing different numerical methods and analyzing their theoretical
convergence. As mentioned in [BFO10], the MAE poses several challenges for numerical solutions.
The first challenge is that the equation is fully nonlinear, which means that geometric solutions or
viscosity solutions must be used as weak solutions. The second challenge is the convex constraint,
as the equation might not have a unique solution without it.

The popular finite element method is not directly applicable because of the involvement of the
Hessian of the solution. This restricts the use of the Finite Element Method (FEM) or general

Galerkin projection methods, discontinuous Galerkin method or continuous Galerkin method.
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However, there are several remedy approaches based on the finite element method such as a mixed
finite element method, vanishing moment method, etc. See [A13], [Awal4], [AL14] and [FNO9].
Besides of finite element type methods, there are many finite difference methods, as seen in

[BFO10], [Awal6], [Liu+16], [Ben+20], [LG21]. By simple calculation, we get

|Au| = V(Au)? = \/u)%x + Uy + 2yllyy = \/u)%x + Uy +2ut, +2f

2

where uuyy — uj

y = f This leads to a semi-implicit scheme for solving the Monge-Ampére

equation, used in [BFO10]. Similarly, for d dimensional space, we can get
A =dIf+P(A1,...,A9) (3.6)

where P(A) is a d-homogeneous polynomial. Moreover, many interesting approaches are based on
the classic finite difference method as demonstrated in [BS19], [LX20], [Ben+20]. However, these
methods have a weakness: they do not have analytic form of solution over the entire domain. In
addition, we can find time marching methods in [Awal5], [Awal3], and least squares relaxation
methods in [DGO03], [DG04], [CGG18].

Let us be more precise on the numerical methods mentioned above. The least square notion of the
solution was proposed and studied in [DGO3], [DG04], and [CGG18]. Especially, this least square
approach using a relaxation algorithm of the Gauss-Seidel-type iterations to decouple differential
operators in [CGG18]. The approximation relies on mixed low order finite element methods with
regularization techniques. Several 3D examples were demonstrated to show the performance of

this method. In this chapter, we will compare the numerical results from our method to those to
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in [CGG18] to show that our method produces more accurate results. These comparisons will be
presented in the last section.
In [Awal5], a time marching approach is used to solve the Monge-Ampére equation. Given

v > 0, the researcher considered the sequence of iterates

—VvAUr, 1 = VAU + detDzuk —f, up+1 =g on 0Q. 3.7

He used the discrete version of Newton’s method in the vanishing moment methodology. And he
showed the convergence of the iterative method for solving the nonlinear system. We shall also
compare his numerical results with our results in the last section to show that our proposed method
is also more accurate.

In [Ben+20], the researchers introduced the meshless Generalized Finite Difference Method
(GFDM) in both 2D and 3D settings. They tested several examples using the Cascadic iterative
algorithm over convex and non-convex domains. We will compare our proposed method with the
results from the Cascadic iterative algorithm in the last section to demonstrate that our method is
also better.

We now present our numerical method for solving (3.1) using multivariate spline functions
over a tetrahedralization of . We choose to use multivariate splines for several reasons. Firstly,
multivariate splines with smoothness r > 2 can accurately approximate the solution u of the Monge-
Ampére equation over any convex polyhedral domain. Additionally, since spline functions have C?
smoothness, we can calculate the Hessian of the solution. This allows us to use the collocation

method instead of the weak formulations presented in previous works, such as [A13] and [Awal4].
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To solve the Monge-Ampére equation numerically, many researchers have adopted an iterative
algorithm known as the fixed point algorithm, which was introduced in [BFO10]. The fixed point

algorithm is given by:
Auger = ((Aug)! +a(f - det D?uy)) (33)

along with the prescribed Dirichlet boundary conditions with a = 2 and d = 2. The researchers in
[BFO10] explained that this is a fixed point method as the true solution u satisfies (3.8) trivially.

In [Awal5], this iterative algorithm is generalized to the 3D setting with d > 3 for various a > 0.
In particular, the researcher in [Awal5] explained that the iteration (3.8) is well-defined for a < d?
as det(D?uy) < %(Au)d. Numerical results in [Awal5] are demonstrated in the framework of the
spline element method with a = 2 for the 2D case and a = 9 for the 3D case.

In this chapter, we shall use the following iterative method:
d . gd 2 1
Augsr = ((Aug)® +d°(f — det D ug))4 (3.9)

to handle the nonlinearity of the Monge-Ampére equation where d = 3.

However, another requirement of the solution of the Monge-Ampére equation is that # must
be convex in order for the equation to be elliptic. Without this constraint, the equation does not
have a unique solution. (For example, taking boundary data g = 0, if u is a solution, then —u is
also a solution in R?.) Many numerical methods mentioned above failed to enforce this convexity
constraint. The convexity of u is equivalent to the positive definiteness of the Hessian matrix

D%u. In terms of the eigenvalues 4; > A, > A3 of D?u, we will ensure that three eigenvalues
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A1(k) = A2(k) = A3(k) of the kth iteration uy in a spline space satisfy A1 (k) + A,(k) + A3(k) >0
as well as 11 (k)A;(k)A3(k) > 0, although they are not enough to ensure the convexity of kth spline
solution uy.

In Section 3.1, we introduce the spline collocation method for the Monge-Ampére equation
and its average algorithm, and establish three different versions of convergence results. Finally, in
the last section 3.2, we present numerical results for several 3D examples of smooth and convex
solutions, as well as nonsmooth convex solution over convex and nonconvex bounded domains to
demonstrate the effectiveness of our proposed method. We compare our results with those of several
existing numerical methods to show the accuracy and efficiency of our method. Finally, we shall
present some examples of free movement in 2D and 3D settings to show how the density from one
place is moved to another place. This will demonstrate further that our proposed method is versatile

enough.

3.1 Our Proposed Algorithms and Their Convergence Analysis

3.1.1 A Spline-Based Collocation Method for 3D Monge-Ampeére Equation

In the previous chapter, we showed a method for solving the Poisson equation. In this chapter, we
will extend this method to solve the Monge-Ampére equation (Monge-Ampére equation) in 2D and
3D using a similar collocation approach.

To commence, we will employ the same set of domain points as collocation points to construct
a spline function that satisfies the Monge-Ampére equation at these points. However, we will

need to make adjustments to the matrix K utilized in the previous chapter and introduce additional
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constraints on the coefficient vector to account for the differences in the equations. The Monge-
Ampére equation will be solved through iterative methods, including the semi-implicit method(SI

method) in (3.6), the time marching method(TM method) in (3.7), and the fixed-point algorithm(FP

24y2

method) in (3.8). Table 3.1 presents the numerical results of the exact solution u = e = for these
methods with the number of vertices N, = 81 and the number of triangles Ny = 128. Based on
the results in Table 3.1, the FP method appears to be the most efficient and accurate method for
solving the 2D Monge-Ampére equation. Similarly, FP method is faster and more accurate for the

3D Monge-Ampére equation. Therefore, we propose to solve the Monge-Ampére equation using

Table 3.1: Comparison of computational efficiency and accuracy of different numerical methods

with the number of vertices N, = 81 and the number of triangles Ny = 128, the exact solution
242

u=e 2 for solving the 2D Monge-Ampére equation

Method CPU time (s) [» norm Number of iterations

FP method 0.491 2.63e-10 32
TM method 1.806 8.28e-10 53
SI method 2.496 3.52e-10 37

the FP method. This method was first introduced in [Awal5] and is an iterative algorithm given as

follows:

Muger = §(Aug)d +a(f - det(D%ug)), k=0,1,--- . (3.10)

In this chapter, we employ this method to achieve accurate and efficient solutions to the 3D

Monge-Ampére equation. We begin by solving for an initial #( using the equation:

Aug =27 f

together with the given boundary conditions.
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It is important to note that the choice of initial u( is based on an assumption regarding the
eigenvalues of det(D?u). Specifically, if these eigenvalues are close to each other, then a good
initial guess is Au = 3\3/? . However, if the eigenvalues are quite different, this may not be a good
choice. We will explain our approach to addressing this issue later in this section.

Additionally, we have experimented with different values of the parameter a in (3.10), and our
tests have shown that using a = 27 leads to more accurate results. Hence, we will use a = 27

throughout the chapter. This can be seen in Figure 3.1, where we plot the log(|u — ugk)loo) for

3d3 3d5

different a values in the case of #”4° and u

10! - - ‘ - - - ‘ 107! -
—#—a=6 —¥—a=6

Figure 3.1: log(|lu — u'®||e) (y-axis) for u3®(left) and u3% (right) for each iteration(x-axis) with
different a = 6,9, 27

To explain our numerical method, we will use the Dirichlet boundary condition u|sq = g for

simplicity.
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3.1.2 Two Computational Algorithms

We will present two computational algorithms for solving the Monge-Ampére equation. The first
one is a standard approach that has been widely used in the literature based on finite differences and
finite element discretizations. However, we will use multivariate spline functions to discretize the
function space H*(Q) to demonstrate the efficiency and effectiveness of our approach and compare
our numerical results with those of other methods in the literature. The details of our computational

results can be found in the next section.

Algorithm 2: An Iterative Poisson Equation Algorithm
Start with an initial solution u( by solving the following Poisson equation using our
collocation method discussed in the previous section:

Aug = 27 f (3.11)

and ug = g on the boundary 9€2. We then iteratively solve the Poisson equation

Auger = J(Aup)® +27(f = det(D?up)).  k=0,1,-- . (3.12)

That is, we find uy41 € S7,(A) satisfying the following equations approximately:

{A“kﬂ(a) = V(Aur(£))? +27(f (&) — det(D?ui (&) & € QC R, (3.13)

ue1 (&) =g(&), & €0Q

Then we use the iterative algorithm 1 in chapter 2.
Terminate the iteration when || f — det(D?uz41) |l > ||f — det(D?uy)||;...

Next we explain an averaged iterative algorithm. Assume € is bounded and the closure of Q is
of uniformly positive reach as explained in the previous section. For any f € L?(Q), the solution
of the Poisson equation with zero boundary condition is in H%(Q) by Theorem 1. Furthermore, the
solution of the Poisson equation with boundary condition g is in H>(Q) if g € H'/?(6Q). Indeed,
we consider a function v € H?(Q) whose trace on dQ is g € H'/2(dQ). Define w = u — v and we
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have

/QVW-W:/QVM-W—/QW-W
= [ro- o= [@-p e

for every ¢ € Hé (). Then the solution w satisfies the weak formulation of
Aw=f—Av in Q,w =0 on 0Q

is in H*(Q) (cf. [GL20]). Therefore, u = w + v is in H*(Q).
Let T be an operator which maps H*(Q) — H?() in the following sense: for any v € H*(Q),

let u = T(v) be the solution of the Poisson equation:

Au = JJ(AV)* +27(f — det(D2)) over @

and u|go = g with g € H'/2(4Q). In other words, the operator T on H*(Q) is defined by

T(w) = A [§(Aw) +27(f - det(D2u))].

It is easy to see that T is a nonlinear operator T maps H>(Q) to H>(€). Also, we can see that the
exact solution u* satisfying det(D?u*) = f is a fixed point of 7.
Now we are ready to define an averaged iterative algorithm. In this way, we can find more

accurate solutions than the one using Algorithm 2 only.
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Algorithm 3: The Averaged Iterative Algorithm

Start with an initial ug, where Aug = /27 f over Q and ug = g on Q.
We iteratively solve the Poisson equations

Mty = 3 (Bug)® +27(f - det(D?uy), (3.14)

together with the boundary condition u, 1 =gon 0Q by using the minimization in (??)

and then take ! 1
Ukl = Euk+% + Euk. (3.15)

Stop the iteration if || f — det(D%u4)) |1 > ||.f — det(D?up)|;...

Let us present some performance of these two algorithms to show that Algorithm 3 indeed very

useful. Consider a testing function »3%!

as in Section 3.2, the eigenvalues of the Hessian matrix

D% are 1,5, 15. Although these three eigenvalues are not close to any real positive number, we

use various positive numbers p for the right-hand side of the Poisson equation Aug = p to solve

uo as an initial solution and then apply Algorithm 2 and Algorithm 3. In Table 3.2, the results

from both Algorithms are shown after the same number of iterations. We can see that Algorithm 3

produces more accurate solution than Algorithm 2 from various initial values except for p which

is close to 21 = Au39s! je. p € [17.7,26]. Also, the £, and h errors from Algorithm 3 are better

3ds3 3ds8

than the errors from Algorithm 1 for testing functions u and u as shown in Figure 3.2.
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Table 3.2: Errors of numerical solutions #>%! for the Monge Ampére equation over [0, 1]* with
D =9, r =1 over the same tetrahedralization for various initial values p by two algorithms

Augy = Algorithm 1 Algorithm 2

P les s, les1, s
12.6 2.1291e-02 1.6315e-01 1.9230e-02 1.3670e-01
15.1 3.4135e-03 5.8902e-02 5.0004e-03 5.1503e-02
16.4 2.0124e-03 3.1978e-02 1.2081e-08 5.4356e-07
17.1 7.9130e-04 1.4517e-02 4.1401e-08 1.6448e-06
17.7 1.3980e-09 3.9929e-08 3.6103e-08 2.7446¢-06
26.0 6.4074e-09 2.4003e-07 4.8324e-07 1.8097e-05
26.5 2.0899¢-04 6.3176e-03 5.0149e-07 1.8781e-05
27.0 5.6423e-04 1.7172e-02 3.9592e-04 1.2049e-02
27.5 8.9037e-04 2.5381e-02 7.0701e-04 2.0696e-02

B ol e o]

= ~ = ;!,e - * TR ﬂ'l o SRS SR TR I

’ 5"\ —— Algorithm 1 e |, 1 o = Algorithm 1 [e ]

- X\k—.‘_ o Algorithm 2ol %,)'f <4 722 \H‘*E_,_ o Algnrilhm2|e_a|h: ok

_ 4.5:5 \éf / ;.' = ,.3‘: L ‘~1%: B/ZE * )
® :'". e—o—=o Ielt- 2 -;é o o & T A a s s hoa Ell a—ab

Figure 3.2: Errors log(|es|;,), log(|es|n,) for u343(Top) and u3%3(Bottom)
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3.1.3 Convergence Analysis

According to [Awal4], it is known that if det(D?u*) = f > 0 and u* is convex, then there exist

constants m, M > 0, independent of the mesh size |A| such that
O<m<A3< A, <41 €M,

where A1, A2, A3 are the eigenvalues of (D?u(x)),Vx € Q. The following result is also known (cf.

[Awal5]). For clarity, we provide proof below.

Lemma 6. Suppose that the convex solution u* € W>* satisfies det(D*u*) = f > 0. There
exists a 6 > 0 such that for any u which is close enough to the exact solution u™ in the sense that
lu — u*|p,00 < 6, we have

1 1
det(D*u) < —(Au)® < —(Au)?
27 a
forany a < 27.

Proof. Recall that the eigenvalues of a symmetric matrix are continuous functions of its entries,
as roots of the characteristic equation (cf. Ostrowski (1960) Appendix K [Ost60]). Thus, for
a given u* € W>*(Q), there exists § > 0 such that for u € W»®(Q), |u — u*|r. < § implies

M > A;(D%u(x)) > A2(D?u(x)) > A3(D%u(x)) > 0. Now, we use the property that det(D?u) is
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the multiplication of all eigenvalues to have

1
det(Dzu) = /11/12/13 = E(3/11/12/l3 + 6/11/12/13 + 18/11/12/13)
1
< E(/l? + A3+ 43 + 6414245 + 343 (AT + 3) + 321 (45 + A3) +322(A3 + 43))

1 3 1 3
27( 1+ A2+ 43) 27( u)

This completes all the proof. O O
We first consider the point-wise convergence of the sequence from Algorithm 2.

Theorem 20. Fix a spline space S},(A) with A being a tetrahedralization of the domain Q. Let uy €
S, (2), k > 1 be the sequence from Algorithm 1. Then, any average values of f — det(D?uy), k > 1

are nonnegative in the following senses:

n% Z(f(x) — det(D?ug)(x)) >0, x € Q (3.16)
k=0

forall n > 1. Furthermore, suppose that there exists a bound M > 0 such that |uy(x)| < M over Q

forall k > 0. Then

1
n+1

D (f @) - det(D*ui) (x)) — 0 (3.17)
k=0
when n — oo for all x € Q.

We remark that the condition that |u;(x)| < M above is a computational condition one can

check during the iterative computation of Algorithm 1. Our numerical experiments show that for
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some testing functions u, this condition does satisfy while for other testing functions, the condition

does not satisfy. See Figure 3.3 for these numerical phenomena.

Proof. By (3.13) and Lemma 6, we get

27det(D%urs1)) < (Augs1)® = (Aup)’ +27(f - det(Duy))
= (Aug_1)> +27(f — det(D*uy_1)) + 27(f — det(D’uy))

(Aug_1)? +2-27f = 27det(D%uy_;) — 27det(D*uy)

k
= (Aug)® +27(k + 1) f - 27 Z det(D?u;)
j=0

k
=27 f+27(k+1)f - 27Zdet(D2uj).

=0
Hence, we have
k k+1
0<27f+27(k+1)f —27 Z det(D%u;) — 27det(D%ug41)) = 27 Z(f — det(D%u;)).
=0 =0

which leads to (3.16). In addition, we also have

k
(Auger)’ = (Muo)* =27 ) (f = det(D’uy)).
=0
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By the assumption of this theorem, uy has a bound, i.e. ||ux+1]||co < M. Then we can use the

Markov inequality to have

C CM
|AUL+1 |00 < W||Mk+1||oo,9 < Taf < o0

for a constant C > 0 independent of u,. It thus follows

27 X5o(f = det(D’uy))  (Augsr)® - (Aug)?
k+1 B k+1

Therefore, we finished a proof of Theorem 20. ]

Furthermore, we denote w(u, f) := v/ (Au)3 + 27(f — det(D2u)). We have

(Aug) +27(f — det(D?uy)) — (Au)? ”
(w(tgs )2+ wlugs Hw(u, £) + (w(u, £))2
(Aug)? = (Au)? +27(det(D?u) — det(D?uy)) s
(w s )2 +w(ug, HHw(u, )+ (w(u, f))2 5

|Augs1 — Aull2q) = I

By simple calculations, we get

(Aup)® = (Au)? = (Aug — Au) ((Aug)® + Auy - Au + (Au)?)

and by Lemmas 2.1, 2.2, and 2.3 in [Awal4]

det(D?u) — det(D?uy) = cof((1 — t)D*uy +tDu) : (D*uy — D*u)
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for some ¢ € [0, 1]. By simple calculation and Lemma 7, we have

(Aup)? — (Au)? |
(w(ugs )2+ wlugs P)w(u, f) + (wiu, )2 5
< (Aup — Au)((Aug)? + Auyg - Au+ (Au)?) s
= Qg P2 +w (g, Hw(u, )+ (wlu, )27
< (Aug)? + Aug - Au + (Au)?
= g, P2 +wlug, HHw(u, )+ (w(u, )2

Let M = (M;;), N = (N;;) be matrix fields and ¢ be a real number. Then we get

3 3
M:N 1 M;;
= Z M;jNij = Z - Nij
i,j=1 i,j=1
M, < M, [ ,\12
<=l 3 NG < 1= lla( 5 N2) 3,
ij=1 ij=1

M..
where ||%||oo = maxj<;<3 2;21 1=

By (3.19) with , we have

27(det(D?u) — det(D?uy))
(ol NP+ wlag. Hw(a, F) + (v, )2 2@
(cof((1 — t)D%uy +tD*u) : (D*uy — D%u))
(vt ) + wlaigs fowas f) + (w(ar, )2 1@
(cof((1 — t)D%uy +tD?u) : (D*uy — D*u)) \21z
‘”L/(wwbﬂﬂ+wwbnwijwwmﬁﬂ)]
cof((1 — £)D?uy +tD?u)

< 27|

= P+ e, £ G )+ (vl 2 = ™ e
(1 —t)D%uy +tD?u 2

= S G P s Py, ) + G, oy =116~ e

<81 (=)D + 1D 12k — wll e

(w(ug, )% +wug, Hw(u, )+ (w(u, f))?
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for some ¢ € [0, 1]. By these two equations, we can have

(Aup)? — (Au)? +27(det(D?u) — det(D>uy)) ”
(w(urs )+ w (s HHw(u, f)+ (wla, )
(Aug — Au)((Aup)? + Aug - Au + (Au)?)

|Augsr — Aull12q) = |

< > 52

(w1t £))2 + Wt £)w(u, £) + (w(u, £))
ol 27(det(D?u) — det(D?uy)) I

(w (g, 1))2 +w(ug, HHw(u, ) + (w(u, £))2 5

(Aup)? + Auy - Au + (Au)?
= ot 7077+ Wl pywta ) + Gota, e @ Al
_ 2 2

+81] (1= )D7u + 1D"u 12tk — ullzcon

(w(ug, ) +w(ug, HHw(u, )+ (w(u, f))?

for some ¢t € [0, 1]. Now, we need the following lemma from [LL22] to prove one of the main

convergence results In this chapter.

Lemma 7. Suppose that Q is bounded and has uniformly positive reach rg > 0. Then there exist

two positive constants A and B such that

Allullag) < 1Aullr2ig) < Bllullgeig).  Yu € H(Q) N Hy(Q). (3.20)

By Lemma 7, we have

(Aup)? + Auy - Au+ (Au)?
(w(ug, £))* +w (g, Hw(u, f) + (w(u, f))?
(1 —1)D%uy + tDu
(W (uk, 1)) +w(uk, HHw(u, )+ (w(u, f))?

||Auk+1 - Aulle(Q) < || ||L°°(Q)||Auk - AM”LZ(Q)

+ 81|

1
||§ozllAuk — Aull12(q)
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and therefore
|Augsr — Aull2q) < prllAuk — Aull;2(q),

where

(Aug)? + Auy - Au+ (Au)?

(W(l/lk, f))Z + W(”k’ f)W(M, f) + (W(I/t, f))2
EII (1 —1)D*uy + tD*u
A

(w(ui, 1)) +w(ue, HHw(u, f) + (w(u, £))?

pr: = | Il @)+

[F= (3.21)

We are now ready to conclude the following result

Theorem 21. Suppose that Q is bounded and has uniformly positive reach. If py <y < 1 for all

k > 1, then the sequence {uy} from Algorithm 2 converges.

Note that our numerical experiments show that for some testing function u, we have indeed
px < 1 while there is other testing function u which gives p; > 1. See Figures 3.3 and 3.4. Also, it
is hard to estimate p; from the formula (3.21).

In Figures 3.3 and 3.4, we plot p; corresponding to the numerical solution for smooth solutions

S1, 82, 83, §4 and non-smooth solutions nsy, ns,. They are defined as follows.

* s1: polynomial function (x* + 5y% + 15z%)/2;

* s5: exponential function exp((x? + y> + z2)/2);

¢ s3: radical function —\/6 - (x2+y2+7%);

o 540 (x2+y2+2%)/2 — sin(x) — sin(y) — sin(z);
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10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80

Figure 3.3: p; and ||Aug || for 80 iterations for smooth solutions 51, 57, s3 and non-smooth solutions
nsy, nsy

10°

10°

101t E

10 20 30 40 50 60 70 80

Figure 3.4: An enlarged graphs in Figure 3.3
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o ns1: =3 — (22 + y2 + z2) where fis 0 at (1,1, 1);

2, 24 .2\3/4
+ y° +
* nsy: (x y3 ) where f is oo at (0,0, 0).

The graphs in this figure above show that p; < 1 and ||Au||~ are bounded for smooth testing
solutions. However, p; may be bigger than 1 and ||Auy || may increase which maybe unbounded
for nonsmooth testing functions.

When p; > 1, the above analysis will not be useful to see the convergence of the sequence
{uy }. The remaining case is px < 1. In this case, we need Algorithm 3. That is, we now study the
convergence of our Algorithm 3. Letting u*, k > 1 be the sequence from Algorithm 3, it is easy to
see that

1 1
et — " = S (e = u”) + S (T ) =TW?) (3.22)

for all k > 1 since u* is a fixed point of 7. Since px < 1, we have ||T(ur) — T(u®)|| < ||ux — u™||
and hence, ||ugs1 — u*|| < |lux —u*|| for all k& > 1. It follows that uy, k > 1 are bounded in a H*(Q)

norm. We now show the averaged iterative algorithm converges.

Theorem 22. Suppose that Q is a bounded domain which has a uniformly positive reach. Suppose

that g € H'/?(8Q). Suppose that py, < 1. Then Averaged Iterative Algorithm 3 converges.

Proof. LetS = H>(Q). By the assumptions, the operator T defined above from S to S is a continuous
and nonexpansive operator. We first recall the following equality: For any x,y,z € S and a real

number A € [0, 1], we have the following identity

Allx =zl + (1= Dlly = 2l = A1 = Dllx = zl|* = | + (1 = )y - 2]*.
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The proof is left to the interested reader. Let A = 1/2 and x = u¥, y = T(u*), and z = u* which is a
fixed point or the solution. Then we have

T L IO |
it =112 = 5l = w12+ 5T ) = 1 = g =T )|

1 1 1
= Sl = 1P+ 1T ) = TP = 7 llox = T (@) |

. 1
< g — || - 7l = T (ug)|1?.

It follows that

N
> 2k = TP + lluwsr = w7l < o = w1

k=1

o —

for any integer N > 1. That s, ||uy — T'(ur)|| — 0 when k — oo.

We now claim that the sequence uy, k > 1 converges. Note that due to the nonexpansiveness,
luxll, k > 1 are bounded as explained above. Let 7 be the limit of a subsequence of u¥, k > 1. Then
we have &I = T (i) by the continuity of the operator 7. So # is a fixed point of 7. By the definition

of T, we have

Ait = J(AR) +27(f - det(D2))

or (AR)? = (AG)? + 27(f — det(D?@)). It follows that f = det(D?74). Since the Monge-Ampére
equation has a unique solution, we have & = u*. If there exists another i which is the limit of another
subsequence of uk, k > 1, we also have ii = T'(ii). Then i = u*. Hence, the sequence {uy, k > 1}

from Algorithm 3 converges. | O
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3.2 Numerical Results for 3D Monge-Ampere Equations

In this section, we present numerical results from various computational experiments. We will
first test several smooth and nonsmooth solutions over convex domains, such as [0, 1]3. Next,
we show the numerical results over non-convex domains such as C, L, S-shaped domains. For all
the experiments, we use 10 processors on a parallel computer equipped with a 12th Gen Intel(R)
Core(TM) 17-12650H processor running at 2.30 GHz and 16.0 GB of installed RAM. All the cases,
the errors are computed based on NI = 351 x 351 x 351 equally spaced points {(77,-)}11.1 Il fell inside

the domain of computation. The errors will be calculated according to the norms

| | _ Zl]\i{(u(l))z
Ul, =N""n1

1 _\/Zfi{(u(i))2+(ux(i>>2+(uy(i))2+(uz(i))2
ulp, = NT

luli, = max fu(i)],

where u(i) = u(n;), ux(i) = uc(n:), uy(i) = uy(n;) and u (i) := u(n;) for given functions

U, Uy, Uy, u;. Tables in this section are the numerical results of |e,|;, and |e4|;,, where eg == u — u.

3.2.1 Smooth Testing Functions

Example 6 (Polynomial Examples). In [CGGI18], the researchers experimented with the following

two smooth exact solutions:

o £341 = 75 such that an exact solution is u>%' = %(x2 +5y? + 152%)

e 342 = 1000 such that an exact solution is u>*? = 1 (x* + 10y + 100z?)
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The numerical results of their least squares/relaxation method (called LR method in this chapter) are
shown in Table 3.3. Together we present numerical results based on our spline collocation method

by Algorithms 2. Table 3.3 shows our spline collocation method (called LL method) produces more

Table 3.3: Errors of numerical solutions u3%!, 4342 for Monge Ampére equation over [0, 1]3 for

LL methods with D = 5, r = 1 and LR method in [CGG18]

LR method
38T 3052

|es|12 les|p |€s|12 les|p
0.2 7.19e-02 1.58e-00 2.74e-02 5.16e-01
0.1 1.80e-02 7.91e-01 7.52e-03 2.81e-01
0.0625 7.06e-03 4.95e-01 3.06e-03 1.83e-01
0.04 2.89-03 3.16e-01 1.26e-03 1.20e-01

LL method
30T 3852

|€s|12 |€s|h1 |€s|12 |es|h1
0.25 2.68e-07 1.01e-05 2.48e-04 4.63e-03

accurate solutions than those presented in [CGG18]. The eigenvalues of the Hessian matrix are
1,5, 15 and therefore det(D*u%') = 111243 = 75 and Au®' = 11 + Ay + A3 = 21. In Algorithm 3,

we choose an initial value Auo = 14.55 to approximate the exact solution u>%'. This choice of initial

value leads to converging iterations since 14.55 is close to Au?®' = \3/27f = V27-75 = 12.65.

342 satisfying Aug = 106.2 which makes the iterations

Similarly, we choose our initial value u for u
from Algorithm 3 converge. By choosing a good initial value ug we achieve the numerical results

shown in Table 3.3.

We also test other smooth solutions which were experimented in the literature, e.g., [Awal3],

[Awal5], [CGG18], [Ben+20], and etc..
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Example 7 (Smooth Exponential Functions). Consider a smooth exponential exact solution u>%> =

(x2+y2+22) . . 3d3 2 2 2 3(x2+y2+22) .
e 2 associated with f>* = (1+x"+y~+z7)e 2 . We compare our methods with the

least squares/relaxation method(LR method) in [CGG18]. Table 3.4 shows comparison results

including lp, hy norm of these two methods for each mesh size h.

Table 3.4: Errors of numerical solutions #3%3 and CPU time(s) for Monge Ampére equation over

[0, 1]3 for LL methods with D = 5, r = 1 and LR method in [CGG18]

LR method LL method

h les|r, rate les|y rate h lesr, rate les| rate  Time(s)

0.2  7.19e-02 - 1.58e-00 - 1 1.17e-03 - 1.24e-02 - 0.06
0.1 1.80e-02 1.99 7091e-01 0.99 0.5 4.36e-05 4.74 7.82e-04 399 0.41
0.0625 7.06e-03 1.99 4.95e-01 1.00 0.25 1.42e-06 494 2.72-05 4.84  3.05
0.04 2.89e-03 1.99 3.16e-01 0.99 0.125 1.10e-07 3.69 1.36e-06 432  62.4

We can see that better convergence results using LL methods with D = 5,r = 1. In Figure
3.5, we show plots of the |es|,, |es|,1 with respect to the mesh size h. We can see that the rate of

convergences is about O(h*3?).

Errors
Errors

—a—ed, d —e— o,
-8l 10° —— o
Slope=4.82 Slope=4.82

0
0.2 0.3 0.4 05 06 07 0809 1 0.2 0.3 0.4 05 06 0.7 0809 1
step size(|A|) step size(|A[)

Figure 3.5: Convergence rates of [, i errors for solutions w33 (Left) and u3d55(Right) with respect
to |A| based on the LL method

Example 8. In [Awal3] and [Awal5], Awanou introduced the pseudo transient continuation, time

marching methods and the spline element methods for Monge-Ampére equations. He presented
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. . . . (xZ4y242?)
several 2D and 3D numerical examples by his methods. For testing function u>®* = e~ 3

, it
seems that the numerical results using the spline element method (SE method) in [Awal5] is the best.
We use our spline collocation method(LL method) and compare L*>, H', H> errors of our method

and the SE method. Table 3.5 and 3.6 show that we can get better accuracy when h = 1 and h = 1/2

for each degree D = 4,5, 6.

Table 3.5: Errors of numerical solutions u3%* for Monge Ampere equation over [0, 1] for LL

methods with D = 3,4,5,6,r =1, h = 1 and SE method in [Awal5]

D SE method LL method

L? norm H! norm H? norm L? norm H! norm H? norm
3  1.2338e-02 7.6984e-02 4.4411e-01 1.6916e-02 1.0879e-01 3.8250e-01
4  1.6289e-03 1.4719e-02 1.3983e-01 6.4696e-04 6.1874e-03 3.7146e-02
5 1.5333e-03 8.7312e-03 6.0412e-02 1.7440e-04 2.2203e-03 1.7392e-02
6 1.2324e-04 9.7171e-04 1.0584e-02 4.6740e-05 6.2257e-04 3.5432e-03

Table 3.6: Errors of numerical solutions u>%* for Monge Ampére equation over [0, 1] for LL

methods with D = 3,4,5,6,r = 1, h = 1/2 and SE method in [Awal5]

D SE method LL method

L? norm H! norm H? norm L? norm H! norm H? norm
3 3.1739e-03 2.3005e-02 2.4496e-01 2.4294e-03 1.5806e-02 1.0139¢-01
4  3.2786e-04 3.5626e-03 5.2079e-02 9.5591e-05 1.1644e-03 9.8077e-03
5 2.4027e-05 3.9210e-04 8.8868e-03 5.8750e-06 1.2214e-04 1.4292e-03
6 1.3821e-06 2.2369e-05 6.0918e-04 6.0635e-07 1.4198e-05 1.6487e-04

3.2.2 Non-smooth Testing Functions

Example 9. In [CGG18], the researchers considered the following problem which does not have

an exact solution with the H*(Q)— regularity or may have no solution at all. For R > V3, let

u = —\R2 — (x2 + y2 + z2) be a testing function. When R > /3, this function belongs to C*(Q),
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while u € CO(Q)NWS(Q), with1 < s < 2, if R = V3. More precisely, let us consider the following

two solutions

3455 = _\/6 — (242 +22) with 9 =6(6- (P +y2+72) 73

and

356 _ _\/3 — (242 +22) with 3% =33 - (% 4y +22) 2.

The numerical results from the least squares/relaxation method in [CGG18] (called LR method)

3ds5

are shown in Table 3.7. In Figure 3.5, we can see that the rate of convergences of u”*> are about

O(h*82). In addition, we show our spline collocation method (called LL method) in the same table

for comparison.

Table 3.7: Errors of numerical approximation of the solution %> for Monge Ampére equation
over [0, 1]° by the and LR method and by the LL method with D = 5,7 = 1

LR method LL method
|A| les|r, rate les|p rate |A] les|r, rate les|p rate

02 496e-03 -  8.60e-02 - 1 3.75e-05 -  3.88e-04 -

0.1 1.28e-03 1.95 4.41e-02 0.96 0.5 1.10e-06 5.09 1.73e-05 4.49
0.0625 5.09¢-04 1.96 2.78e-02 0.97 0.25 5.05e-08 4.45 6.73e-07 4.69

0.04 2.10e-04 1.97 1.79e-02 0.98 0.125 3.52e-09 3.84 3.06e-08 4.46

34s3 i smooth, both methods work nicely, and our

It is clear to see that when the solution u
collocation method is much more accurate.
Next, let us consider the non-smooth solution u>%° in Table 3.8. Table 3.8 shows numerical

results such as I, hy errors of these two methods for various mesh sizes. Our method can get a

more accurate solution with D = 5,r = 1 with the large mesh size |A|. However, it is clear that an

94



Table 3.8: Errors of numerical approximation of the solution 3% for Monge Ampére equation
over [0, 1]3 by the and LR method and by the LL method with D =5,r =1

LR method LL method

A les: rate  |eg|,n  rate 4] lesl, — rate  |eg|p rate
2

02  1.15e-02 6.60e-01 1 8.07e-02 7.02¢-01

0.5 7.06e-03 3.52 1.63e-01 2.10
0.25 4.78e-04 3.88 2.21e-02 2.89
0.125 3.85e-04 0.31 2.54e-02 -0.20
0.0625 3.57¢-04 0.11 1.98e-02 0.35

0.1 3.06e-03 191 6.31e-01
0.0625 1.24e-03 1.92 6.25e-01
0.04 5.17e-04 196 6.22e-01

adaptive method is needed to improve the approximation since the maximal error, e; = u — uy, is

worst near the point (1,1, 1).

3.2.3 Numerical Results over Nonconvex Domains

Figure 3.6: Several 3D domains (Top: Cube, Letter L, Letter C, Bottom: Letter S, Subset of the unit
ball)
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In this section, we test various solutions for each domain in Figure 3.6. We display CPU
times versus the number of vertices and triangles in Table 3.9 for each domain in Figure 3.6 when

D=9r=1.

Table 3.9: CPU time results and numbers of vertices and tetrahedrons over domains in Figure 3.6
when D =9,r =1

Domain ‘ No. of Vetices No. of Tetrahedrons Total CPU(s)

Cube 125 384 45.3
Letter L 105 288 322
Letter C 190 431 105.4
Letter S 115 171 36.3

Example 10. We use our method to numerically solve three smooth testing functions u>®3, u3454, 4343

over 5 solids which are not strictly convex or not convex. They even do not have a uniformly positive

reach. Table 3.10 shows our method performs very well.

Table 3.10: Errors of numerical solutions u3%3 — 4139 for Monge Ampére equations over several
domains in Figure 3.6 for LL methods with D =9, r =1

. Cube Letter L Letter C Letter S
Solution

|es|12 |es|h1 |es|12 |es|h1 |es|12 |es|h1 |es|12 |es|h1

w33 1.76e-09 1.64e-07 6.63e-10 2.58¢-08 1.48¢-08 8.67e-07 3.39e-11 1.75e-09
w3dst 282e-11 191e-10 3.90e-11 1.04e-09 2.31e-08 3.56e-07 5.84e-11 2.70e-09
w3dsS 505e-02 3.6le-01 2.47¢-08 9.56e-07 3.87e-08 3.32¢-06 6.03e-10 5.03e-08

Example 11. In [CGG18], the researchers considered the problem over the unit ball Q =

{(x,v,2) |x2 + y2 +722 < 1} and a convex solution

1
u3ds7 — __(1 —X2 _ y2 _ ZZ)

2V3
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of the Monge-Ampére-Dirichlet problem with f = ﬁ They experimented with their numerical
solutions (called LR method) over the unit ball as well as the 3/4 ball as shown in Figure 3.6.

In Table 3.11, we first include the numerical results from [CGG18] and then compare the

3ds7

L*(Q), H'(Q) norms of the computed approximation error u — ug by our spline collocation

3ds7

method. In addition, we tested the solution u over the subset of the unit ball as shown in Figure

Table 3.11: Errors of numerical approximation of solution u>%”7 for Monge Ampére equation over
the unit ball for the LR method and the L. method with D =5,r =1

LR method
|A| leslr, rate les|p rate LL method
208:-01 3.260-02 - 2.60e-01 - Al lesl,  rate el rate
16le-01 1.11e-02 174 128¢-01 1.14 1 371e-13 - 3.15e-12 -

8.32e-02 3.22e-03 1.88 6.16e-02 1.11 0.5 297e-14 3.64 1.39-13 4.51
4.34e-02 9.89¢-04 1.80 2.86e-02 1.17

3.6. The numerical results we obtained are displayed in Table 3.12.

Table 3.12: CPU time and errors of our spline solution to %7 for Monge Ampére equation
over the domain in Figure 3.6 with D = 5, r = 1, the number of vertices=585, the number of
tetrahedrons=2304

LL method
CPU time |es, les|p

17470 ~ 1.90e-08 2.49e-06

3.2.4 Comparison with Numerical Method in [Ben+20]

In this section, we compare our LL method with the Cascadic method in [Ben+20]. The researchers

presented several examples in [Ben+20] over the irregular domains in Figure 3.7 by using the
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following test functions

(x2+y2+z2)
y34s3 _

2

w6 = —\/3 - (x2+y?+7%),

2, .2,.2

348 — X Ty +2
2

2 2, .2\3

u3ds9_(x +y +Z)4

3 .

—sin(x) — sin(y) — sin(z),

We use our method (LL method) to compute numerical solutions based on the same testing functions

over the same testing domains. Our numerical results are shown in Tables 3.13, 3.14 and 3.15.

Figure 3.7: Several 3D domains (Cube, Letter L, Torus)

Table 3.13: The CPU time, DOFs, errors |es|,, |es|n, using LL method with D = 6,7 = 1 and |e;];,
using the Cascadic method in [Ben+20] over the cube [0, 1]3

LL method Cascadic method
solution CPU time DOFs leslr, les|p leslr,
u39s3 4.85 32256 4.40e-08 1.61e-06 9.86e-04
u34s6 2.29 32256 4.02¢-04 2.67e-02 1.78e-04
u39s8 4.40 32256 1.81e-11 6.89¢-10 3.50e-04
u394s9 8.45 32256 1.32e-04 1.13e-03 2.23e-04
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Table 3.14: The CPU time, DOFs, errors |eg|;,, |es|n, using LL method with D = 6,7 = 1 and |e],
using the Cascadic method in [Ben+20] over L-shaped domain

LL method Cascadic method
solution CPU time DOFs les|r, les|p les|r,
u34s3 3.18 24192 2.16e-07 9.71e-06 4.8655¢-03
u3ds6 3.15 24192 7.42¢-06 3.82e-04 1.6238e-04
u3ds8 2.58 24192 3.90e-11 2.00e-09 1.2240e-04
u3ds9 7.37 32256 5.48¢-06 4.59e-04 4.2183e-04

Table 3.15: The CPU time, DOFs, errors |eg|;,, |es|n, using LL method with D = 3,r =1 and |e]y,
using the Cascadic method in [Ben+20] over Torus

LL method Cascadic method
solution CPU time DOFs les|r, les|p les|r,

3ds3 2824 46280 3.45¢-05 5.93e-04 3.1914e-04
3ds6 26.75 46280 8.56e-06 1.52e-04 1.9850e-04
3ds8 26.07 46280 1.17e-06 1.97e-05 2.1182e-04
3ds9 26.64 46280 1.96e-06 9.48e-05 1.7504e-04

S & 8 °

3.2.5 Optimal Transport with the Monge-Ampére Equation and Neumann

Boundary Condition

Finally, we consider the optimal transport problem (3.4)

det(D%u(x)) = %, xin Q c R? (3.23)
Vu(x) = 0W, xon 0Q. (3.24)
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In [Frol12], the researchers solve the following projection method

det(D*u** (x)) = _ W ey

g(Vuk+1 (x))’
Viuk*!  ng = pr - ny, x € OV

uF*1 is convex

/Xu(x)dx =0

where p* is the projection of Vu* onto the boundary of the target domain W, i.e. 9W. This system
is solved efficiently with Newton’s method.
In this section, we let the function g be a constant. Then, the Monge-Ampére equation (3.4)

becomes

det(D*u(x)) = Cf(x), xin Q c R? (3.25)

Vu(x) = oW, xon Q. (3.26)

And then we consider the following algorithm

det(D*u**'(x)) =Cf(x),x eV (3.27)

Vbl ny = pr-ny, x €0V (3.28)

u**1 is convex and / u(x)dx =0 (3.29)
X
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where C > 0 is a constant and p* is the projection of Vu* onto the boundary of the target domain
W.
Now we can apply our computational approach to find a solution of # and form a transportation

map from Q to W.

Example 12. In [BFO14], the researchers introduced a mapping with an exact solution that

involves mapping a square onto another square. To set up this example, we define the function

1, 1 1 1
=gzt + 5= 8mz) +
92) = =57 ¥ * 250 T 325 ) BT+ 305

zsin(87z).

Now we map the density

Fr,x2) = 14+4(q" (x1)q(x2) + g(x1)g" (x2)) + 16(q(x1)g(x2)¢" (x1)q" (x2) = ¢’ (x1)*¢' (x2)°)

in the square (—0.5,0.5) x (-0.5,0.5) onto a uniform density g = 1 in the same square. This

transport problem has the exact solution

Uy, (X1,X2) = x1 +4¢" (x1)q(x2),  uy,(x1,x2) = x2 +4q(x1)q’ (x2).

Using our algorithm (3.27) with initial value Vuy = (x1,x2), we can get the numerical results in
Table 3.16 and this shows that our algorithms works well. And Figure 3.8 shows that the graph of

f, g and g(Vuy)det(Duy).
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0
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Figure 3.8: Function f, g and error ||g(Vuy)det(D?uy) — f||o in Example 12

Table 3.16: Numerical results for example 12

Degree CPUtime Maxerror LZerror |det(D%ux) — f/g(Vit)|loo

5 1.75 3.49e-03  4.48e-04 1.12e-01
8 3.21 3.37e-05 3.35e-06 1.17e-03
11 38.0 3.37e-07 3.11e-08 1.62e-05
14 95.9 2.96e-09 4.87e-10 2.98e-08
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Example 13. Let Q = [—1,1]? and let f(x1,x2) =2 + tanh(10(x; — 1/2))/2 and g = 7/4. We use
our optimal transport algorithm (3.27) with initial value Vug = (x1,x2). Figure 3.9 illustrates the

graph of f, g, and g(Vuy) det(D?uy).

function f function g

1 A 1A

g(v u )det(D?u,) o

- D == M

Figure 3.9: Graph of f, g, and g(Vuy) det(D?u,) in Example 13

L e e i i e et

Figure 3.10: Plot of the vector field (u, — x,u, — y) overlaid with a color map representing the
function f (the color map shows the value of f at each point)
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CHAPTER 4

SPLINE COLLOCATION METHOD FOR

CHEMOTAXIS WITH FLow ADVECTION

In this chapter, we explore the problem of optimal control design for the suppression of singularity
formation in chemotaxis via flow advection. Chemotaxis refers to the movement of cells in
response to a chemical stimulus. The process is typically modeled using a coupled parabolic
system, which was first introduced by Patlak [Pat53] and further developed by Keller and Segel
[KS70; KS71] to describe the evolving densities of one or more chemotactic populations and their
attractants/repellents. Several related studies and reviews can be found in the literature, such as
[Hor03; Hor04; PD09; SS11; Suz05].

The focus of our work is a simplified parabolic-elliptic Patlak-Keller-Segel (PKS) equation with
flow advection, which was introduced by Nagai in [Nag95] (also see [JL92]). The flow advection,
induced by the movement of the ambient fluid, occurs in an open bounded and connected domain

Q c R4, where d = 2, 3, with a smooth boundary I". Our approach involves designing an optimal
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control strategy that can effectively suppress the formation of singularities in the chemotactic
population, which can arise due to excessive aggregation or depletion of cells. This problem has
significant applications in the field of tissue engineering and cancer treatment, where controlling
the movement and proliferation of cells is crucial for achieving desirable outcomes.

Let 8 > 0 be the density of the cells and ¢ > 0 be the concentration of a chemoattractant
produced by the cells. Further, let v = v(x) be a predetermined time-independent incompressible
flow and u = u(t) be a time-dependent control input regulating the strength of the flow. The system

with controlled flow advection is governed by

0

%:Ag_u(;)v.ve—v-(exw)) in Q, 4.1)
—Ac+c=6 in Q, (4.2)
V.v=0 in Q, (4.3)

with Neumann boundary conditions for both 8 > 0 and ¢ > 0, no-penetration condition for v

08 0
—:—C:O and v-n=0 on T, 4.4)
on 0On
and the initial condition
0(x,0) =0p(x) in Q, 4.5)

where y > 01is a sensitivity parameter of the cells to the chemo-attractant ¢ and n is the outward unit

normal vector to the domain boundary I'. The objective is to seek an optimal regulating function
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u(t) for the ambient fluid so as to suppress the possible finite time blow-up. It is well-studied that in
the absence of flow advection or the drift if the initial condition is above a certain critical threshold,
the solution of the PKS equations may blow up in finite time by concentrating positive mass at a
single point (e.g. [JL92; HV97; HMV97; HMV98; Her00]). With flow advection, however, for any
initial distribution there exists an ambient velocity field v, either time-independent or dependent,
such that the solution to (4.1)—(4.5) is globally regular for all positive time [KX16]. Singularity
formation can be prevented via flow advection by mixing the cell in the direction that mitigates
concentration. Iyer, Xu, and Zlatos in [[XZ21] showed that if the flow has small dissipation times,
the global well-posedness result can be obtained in the torus T¢, d = 2, 3. Without loss of generality,
we may assume that u(¢) is a positive constant. Indeed, if # < 0, it can be treated similarly by letting
v be —v. The small dissipation times can be obtained by increasing u, if the operator v - V has no
eigenfunctions in H'(Q) other than the constant function. In this case, the incompressible flow v
is so-called relaxation enhancing [Con+08, Def. 1.1]. However, such flows are rather complex to
construct and many flows in real-world applications do not necessarily possess this property. The
authors in [IXZ21] further showed that the flows with arbitrarily small dissipation times can be
constructed by rescaling a general class of smooth (time-independent) cellular flows. The proof is
based on the probabilistic method. A recent work by Hu in [Hu22] considered the PKS system in
a general bounded domain and showed that if the semigroup generated by the advection-diffusion
operator has a rapid decay property (defined in Section 4.1), then the global well-posedness can be
established. A direct estimate showed that for cellular flows in rectangle-domains, rescaling the cell
size and the flow amplitude can make the decay rate of the semigroup arbitrarily fast. Other related

work on suppression of singularity by shear flows can be also found in (e.g. [BH17]).
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In the rest of our discussion, we set y = 1. Let 8 > 0 be the global in time solution to the PKS

system (4.1)—(4.5). With boundary conditions in (4.4), it is easy to verify that

_ 1 _
(1) = @/Qdezeo,

for any ¢ > 0. In fact, by Stokes formula, it is easy to see that

0 [.0dx
fﬂ—:/Aedx—u/v-vedx—/V-(HXVC))dx
ot Q Q Q

00
:/—dx—u(/v-nedx—/V-Vde)—/(G)(Vc)-ndx:O,
r on r Q r

thus fQ 6dx = /Q 6o dx for any ¢ > 0. Let © = 6 — 6, then 9(t) = 0 for t > 0, and 9 satisfies

09 ~

o =A)—Av-VG -V - ((3+60)Vc) in Q, (4.6)
—Ac+c=9+60 in Q 4.7)
V.-v=0 in Q, (4.8)

)

8—:@:0 and v-n=0 on T, (4.9)
on 0On

H(x,0) =0p(x) =6 in Q. 4.10)

4.0.1 Control design via flow advection

Although there is quite a few literature on optimal control for chemotaxis, it predominantly focuses

on the linear distributed control of the chemoattractant (e.g. [RY01; Ryu08; RRV18]) or bilinear

107



control of the cells or chemoattractant of the form u or uc (e.g. [GMR20b; GMR20a; FMO03]),
where u = u(x, t) is the control input.

This is the first work, to our best knowledge, to control the PKS system via flow advection.
We aim at designing an optimal input «(¢) for regulating the flow so that the possible blow-up in
solution can be suppressed for any initial data. Here assume that u(z) has both upper and lower

bounds. Let the set of admissible control be
Uga = {u € L*(0,17): u <0 < u < it}
and seek for u € U,, that minimizes the following cost functional

s =i+ £ [T oo a2 [ uiar P

for a given 7y > 0, subject to (4.6)—(4.10), where @, 8 > 0 and y > 0 are the state and control
weight parameters, respectively. The parameters @ and 8 do not vanish simultaneously.

We first show that problem (P) is well-posed, that is, for any given @y, there exits a control
u € Uy such that J(u) < oo. To this end, it is critical to understand the well-posedness of the PKS
system in the presence of flow advection. Then we proceed to prove the existence of an optimal
solution. Since we have a nonlinear system associated with a nonlinear control input, problem
(P) is no longer convex. As a result, the optimal solution may not be unique. Note that if v is
chosen such that (4.20) is satisfied, then the rapid decay property (4.16) holds and hence the global
well-posedness and stability can be established [Hu22]. In this case, u(f) can be always set as

a constant A = A(, f) large enough so that ¥ € C([0,0); L>(Q)) N L? (0, c0; H'(Q)), and

loc
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therefore J(u) < co. On the other hand, as long as we let iz > A, the set of admissible controls is
nonempty.

The rest of this work is organized as follows. In Section 4.1, we first recall the global well-
posed result of the PKS system in a bounded domain, which paves a way for establishing the
well-posedness of the optimal control problem (P) and proving the existence of an optimal solution.
In Section 4.2, we derive the first-order optimality conditions for solving the optimal solution
using the variational inequality (e.g. [Lio71]). Finally, in Section 4.3 we use the spline collocation
method for implementing the optimality system (e.g. [Lai89; ALWO06; GLS15; LL22]). Numerical
experiments based on 2D cellular flows for suppression of singularity in rectangle domains will be

presented to demonstrate the effectiveness of our control design.

4.1 Well-posedness of the PKS system and existence of an opti-

mal control

To start with, we introduce the well-posedness of the PKS system, where v is assumed to be
divergence-free and time-independent. Let X = L(Z)(Q) = {y € L*(Q): /Ql//dx = 0} be the

subspace of mean zero functions. Define

.LA:A—AV-V
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with D(L4) = {¢ € H*(Q) N X: g—flr = 0}. Then L4 is strictly negative. Moreover, it is

m-accretive as the left open half-plane is contained in its resolvent set o(L,4) and

(La+D) e Z(LAQ), [[(La+D7Y <R forRa>0.

Further define the nonlinear operator N : H'(Q) — X by

NO ==V ((9+6)Vc). 4.11)

The system can be rewritten as an abstract Cauchy problem on a state space X

9 = L9+ N, (4.12)

9(0) = 9y, (4.13)

where the system operator £4 generates an analytic semigroup, denoted by e£4? ¢ > 0, on X and
the nonlinearity of operator N can be characterized by the following results (e.g. [Hu22, Lemma

2.4], [1XZ21, (H2), p. 2]).

Lemma 8. For 9 € H! (Q), then there is a constant C; > 0 such that

INOIIL2 < CL(l19117, + 161191].2) (4.14)
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Moreover, for ¥ € LZ(Q), there is a constant C> > 0 such that

(=L TNz < C2 (119117, + 16111911 .2).- (4.15)

We call that a semigroup has a rapid decay property if there exist My > 0 and w4 > 0 such that

le“4ll2(x) < Moe™*', £ 20, (4.16)

where w4 can be made arbitrarily large and M) is independent of w4. Here £ (X) stands for the set
of bounded linear operators on X and || - [|#(x) stands for the operator norm.

To replace c in terms of 1%, we define the operator
A=-A+1 (4.17)
with domain D(A) = {¢ € H*(Q): g—ﬁlr = 0}. Then A is strictly positive and self-adjoint, and
c=A1P+0)=A"9+4.

Let

W(La) =inf{|[(La = iD)¢ll12: ¢ € D(L4), A € R, [[@]l12 = 1}.
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The following Gearhart-Priiss type theorem is proven in [Wei2l, Theorems 1.3] for m-accretive

operators

leX4 120 < Moe P44, 1 >0, (4.18)
where My = ™2, and
Y(Ly) > +00, as A — +oo, 4.19)
if and only if
v - V has no eigenfunctions in H ! (Q)nX. (4.20)

In other words, the rapid decay property can be obtained if (4.20) holds. The following theorem
on the global well-posedness and stability of the nonlinear system (4.12)—(4.13) for a given velocity
field in a bounded domain has been established in [Hu22, Theorem 2.2], based on the classic tools

of analytic semigroup theory for semilinear equations.

Theorem 23. Let g € X and v € L™(Q) be a divergence-free vector field satisfying v - n|r = O.
If¥a = Wa(%,0) > 0 is sufficiently large, then there exists a unique mild (weak) solution ¥ to

(4.12)—(4.13) satisfying

9 € C([0,00); X)N L% (0,c0; H'(Q)) (4.21)

loc
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and

sup |02 < 2|[Fl[,2 + 1. (4.22)

>0

Moreover, there exist constants M, > 0 and wq > 0 such that
1902 < Mee™[[9]l 2. (4.23)
Using the variation of parameters formula we can express the solution to (4.12)—(4.13) as
t
9(1) = eLaly + / LA (N (1) d. (4.24)
0

Furthermore, by (4.14)—(4.15) and (4.21)-(4.22) we have A0 € L*(0, 1y (H'(Q))), v- V9 €

L2(0,t5; L*(Q)), and
N € L'(0,15, L2(Q)) N L2(0,15; (D(~La)*"*)),
for any O <ty < co. Therefore, we can derive that

Z—’f € L*(0,145(D(=La)¥*Y). (4.25)

Next we study the regularity of the solution ¢ as the regularity of ¢ is discussed in Theorem 23. It
is easy to see that || f|| = ||V.f]l.2 + || £l ;2 is a norm on H*(Q). Let || || ;2 be the standard H> norm

on Sobolev space H*(€). Then these two norms || f|| and || f||, are equivalent for f € H?*(Q).
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That is, there exist positive constants A; and A, such that

Aillfllge < £ < Aallfllpes f € HA(Q).

From (4.7) and the boundedness of # in (4.23), we have

2 2 2 2 2
Afllellzz < licll Vel + llellz.

—/Q(Ac)c+‘/gczz‘/g(ﬂ+9_)c

19+ 8]l 2l 2 < 19+ 8] 2]lcll g2

IA

It follows that A%llclle < |19 +0|;2 < 192 + 10l 2. Thus, ¢ € H*(Q).

4.1.1 Existence of an optimal control

With Theorem 23 at our disposal, we are in a position to show the existence of optimal control to

problem (P) subject to (4.6)—(4.10).

Definition 3. Let 9y € L™(Q), u € Uy, and v € L (Q) be divergence free with v - n|r = 0. 9 is

said to be a weak solution of system (4.6)—(4.10), if 0 satisfies
(%, ¢) + (VI,V¢) —u(vd, Vo) — (9 +0)Ve, V) =0, Vo e H(Q), (4.26)

in the distribution sense on (0,1y).
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Theorem 24. Let 9y € L (Q). Assume that v € L™ (Q) is divergence-free with v - n|r = 0, which
is chosen so that the rapid decay property (4.16) holds. Then there exists an optimal solution

u(t) € Uyq to the problem (P).

Proof. To show the existence of an optimal solution, we employ the direct method. Since J > 0 is

bounded from below, we may choose a minimizing sequence {u,,} ¢ L*(0,? ) such that

lim J(uy,) = inf J(u).
m—eo MELZ(O,lf)

By the definition of J, the sequence {u,,} is uniformly bounded in U,4, and hence there exists a
weakly convergent subsequence, still denoted by {u,, }, such that

u, — u" weakly in L2(0,tf).

For ¢y € L™ (Q), based on Theorem 23 there exists a corresponding sequence {#,,} bounded in
C([0,z7]; L?*(Q)) n L?(0, 1y H'(Q)). Together with (4.25) we may extract a subsequence, still

denoted by {6,,}, such that

Oy — 9 weaklyin L*(0,17;H' (Q)) (4.27)
%_) ‘9(;(’; weakly in  L*(0,15; (D(=L4)**)). (4.28)

By Aubin-Lions lemma, (4.27)—(4.28) indicate that

Oy — 9 strongly in  L*(0,7; L*(Q)). (4.29)
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It remains to show that ¢* is the solution corresponding to #* based on Definition 3. Note that u,,

and i, satisfy
0%, = 1
(7, &)+ (V, Vo) —uy (v, Vo) — (O + 0)Vey,, Vo) =0, Vo € H (Q). (4.30)

Let i be a continuously differentiable function on [0, 7] with ¢ (¢¢) = 0. For each ¢ € H H(Q), we

multiply (4.30) by ¢ and integrate by parts. After integrating the first term by parts, we get

t t t
- / ' (ﬂm’ ¢l//) dr + / f(Vﬁm’ V¢)lﬂ dr — / ' Ltm(VQm, V¢)lﬂ dt
0 0 0

t t
- / (B Vem, Vo) di - / (8 em, Vo) di = (80, 6/(0)). “31)
0 0

Since ¢y € L*(0,T; L*(Q)) and V¢ € L*(Q), it is straightforward to pass to the limit in the first
two terms and the last term of the left hand side of (4.31) with the help of (4.27). To estimate the

second term, using the convergence results (4.27)—(4.29) we have

T T
|/ (/ UV, - Vo dxdt —/ /u*vﬂ* -V dx)y(1)dt|
0 Q 0 Q

T
< / (/ UV - Vo — v - Vb dx)yr (1) dt|
0 Q
T
+ | / (/ VO - Vo — uvid™ - Vo dx)yr (t)dt|
0 Q
T T
< |/ um(/ v(dy, =) - Vo d)y (t)dt + |/ (u — um)(/ v - Vo dx)y (t) di]
0 Q 0 Q

< Nt ll o IV 1 = M 220,22 IV RN 21 ] 20,1

T
+|/0 (u —um)(/gvﬁ Vo dx)y(t) dt| — 0,
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where the last term converges to zero is because

sup /Vﬁ*~V¢dxs sup [Vl 1N 2 Vel 2 < VIl 1971l Lo 0,022 I V@Il 2,
te[0,t5] JQ te[0,t5]

SO /Q vi* - Vo dx € L*(0,1f) and (/Q vi* - Vo dx)y(t) € L*(0, t¢). Due to the weak convergence

of u,,, the last terms converges to zero. Moreover,

l‘f
| / (B0 Vem, Vo) — (8¢, Vo) lus (1) di
0
Iy
= |/0 ('/Qﬁm(ch - V) -Vodx + /Q(ﬁm —3)Ve - Vo dx)y(t) dt

< NOmll 20,11 @) IVEm = Vel 2011 @) IV 21 M o (0,1

+| / f(/(ﬂm —9)Ve - Vo do)y(t) dt| — 0. (4.32)
0 Q

where for the last term we have Ve - Voy(t) € L*(0, 1y (H'(Q))). 1In fact, for any g €

L*(0,15; H'())

lf l‘f
| /0 /Q Ve - Vou(t)g ddi] < /0 Vel V612Nl (1)) do

<WVellzupm @) IVl 28I 20 51 ) W T (0,19

which follows

IVe - Vourll 201 @)y < Vel m @) IVl 2 Wl e 0.e)

< ClF 20,22 IVl L2 1 Nl 220, )-
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By (4.27), the last term of (4.32) converges to zero. Therefore, ¢#* is the solution corresponding to

*

u.
Finally, using the weakly lower semicontinuity property of norms in J yields
J(w*) < lim J(u,,) = inf J(u),
m:O uelyg
which indicates that #* is an optimal solution to problem (P). m|

4.2 First-order optimality conditions

Since (P) is non-convex, we will deal with local solutions. We now derive the first-order necessary
optimality conditions for problem (P) by using a variational inequality (e.g. [Lio71]), that is, if J is

Gateaux differentiable with respect to u and g is an optimal solution of problem (P), then
J'(Ww)-(h—u) >0, heUyy. (4.33)
A direct calculation follows that
Iy Iy
J' (u) - h =a(9(tf), 2) +ﬂ/ (9, z) dt + y/ uhdt. (4.34)
0 0

To justify that J is indeed Gateaux differentiable with respect to u, it suffices to show that J is

Gateaux differentiable with respect to u.
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Lemma9. Let z = ¢ (u) - h for h € Ugyg, be the first variation of 9. Then z satisfies fQ zdx =0and

9 _
a_j =Az—uv-Vz—hv -V -V - (zVe) = V- (9 + VA7), (4.35)
0z
| =0, 436
o (4.36)

with initial condition

2(x,0) = 0. (4.37)

Moreover, there exists a unique solution to (4.35)—(4.37) and for any 0 < ty < oo,

7€ C([0,¢/]: X) N L*(0,t5; H' (Q)). (4.38)
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Proof. Applying an L?-estimate together with Poincaré and Holder’s inequalities and the boundary

conditions in (4.9) and (4.36) yields

377 +Vzll7, = —Su [ V- Vzodx — | hv-Vizdx— | zVc-nzdx+ [ zVc-Vzdx
t Q Q r Q

—/((0+é)wrlz)-nzdx+/(ﬂ+é)wr1z~vwx
r Q

:h/ﬁV-Vzdx+/ch-Vzdx+/(ﬁ+§)Vﬂ_lz'Vzdx
Q Q Q
<AL=l 21Vl =Vl g2 + Nzl IV ell 21V 2l 2

+ 119 + 0l IVA 2]l 1411 V2]l 12

1 1-d/4 d/4 _ 1
<Clhl7 1913, VIl + gIIVZIIiz + Cllzll5 Y vz Y va 2 IVl 2 + gIIVzlliz

L? L?
(4.39)
- _ 1
+ Il + 013 VA 2l + S IV2I1Z- (4.40)
For the second term in (4.39) we use Young’s inequality and obtain
1-d/4 d/4 - gy, L
Izl > IV VAT B2, 1Yz 2 < Cllzll2 VA 915 +§|IVZIIi2
2 ara L 2
< Cllzllz 1917 + g1Vl (4.41)

Combining (4.39) with (4.40) and (4.41) follows

dlzI12,

dt

16
2 2 2 2 2 i-d 2 012 2
+IVzll> <Clal I IVIzs + Cllzll 19157 + CAIB I + 10111zl
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and hence by Gronwall’s inequality we obtain

tf C rf 9 % 9 2 9_2 d
sup 1zl <ClIvII2 / A2 12, di - o€ I (01T HI9I 107 dr (4.42)
te[0,t5] 0
It is clear that by (4.41)-(4.42),
f
/ IVz]|7, < . (4.43)
0

With the help of a priori estimates (4.42)—(4.43) and the Galerkin approximation, one can show that
there exists a unique solution to (4.35)—(4.37). In other words, z is well-defined and this completes

the proof. m|

Lemma 9 indicates that ¢ is Gateaux differentiable with respect to u € U,q, so is J.

Theorem 25. Assume that 9y € L™ (Q). Let v € L™ (Q) be divergence-free and v - n|r = 0. If u(t)

is the optimal solution to problem (P) and ¥ is the corresponding solution to the state equations.
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Then there exists an adjoint state p such that the optimal triplet (u, 9, p) satisfies

P =AY —uv-VI -V ((9+9)Vo),

—Ac+c=0U+86,
State Equations (4.44)

6(0) = 6o,

~% = Ap+uv-Vp+xVe-Vp+A (V- (6Vp)) + o,

Adjoint Equations | 22| _ (4.45)

p(ty) = ad(ty),

1
Optimality condition: u°?'(t) = P,z (—— /(HVp) -de) , (4.46)
- Y Ja
where for real numbers ¢ < d, P(. 4] denotes the projection of R onto [c,d], that is, P q)(f) =
min{d, max{c, f}}.

Proof. To define the adjoint state, we take the inner product of (4.35) with p

lf aZ

Iy Iy Iy
(—,p)dl‘:/ (AZ,,O)dt—/ u(v-Vz,p)dt—/ (hv-V0,p)dt
o Ot 0 0 0

Iy Iy _
- / (V- (zVc), p) di — / (V- ((9+6)VA '), p) dt, (4.47)
0 0
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which follows

(bt 2t )=(p(©)zO) + [ .2y

153 Iy Iy
:/ (Ap, 2) a’t+/ u(v-Vp,z) dt+/ (0Vp,V)hdt
0 0 0

153 Ir
_1 . =
. /0 (2Ve, Vp) di + /0 (2 ANV - (9 +8)Vp))) dr.

Let p satisfy

5 =Ap+v-Vo+xVc-Vo+ ANV ((9+8)Vp)) +

ap
L a0 =0,
. log

with final time condition
p(l‘f) = a/ﬂ(tf).
Then combining (4.51) with (4.49) and (4.50) follows
Iy Iy
(ad(ty),z(ty)) = / (0Vp,v)hdt — / (B, 2) dt.
0 0

As aresult, if u is an optimal solution, then

Iy Iy
J'(u)-h:/ (9Vp,v)hdt+y/ uhdt > 0,
0 0
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for any h € U,4, which establishes (4.46). |

4.2.1 Control of cellular flows in rectangle-like domains

In real life applications, however, many flows are not necessarily relaxation-enhancing, i.e., (4.20)
may not be satisfied. The semigroup generated by the advection-diffusion operator can still have the
rapid decay property. As shown in (e.g. [[XZ21; Hu22]), for the velocity field generated by cellular
flows in rectangle-like domains (rectangles (d = 2) and parallelepipeds (d = 3)), rescaling both
the cell size and the flow amplitude can make W (L,) arbitrarily large, and hence the rapid decay
property of the semigroup e£4’ can be achieved. It is important to point out that in rectangle-like
domains our main theorems in this work still hold.

To demonstrate the idea, we consider the following prototypical example of a 2D cellular flow
for our numerical tests

—sin(2nx) cos(2my)
v(x,y) = V*sin(2nx) sin(2ny) = 27 (4.54)

cos(2mx) sin(27y)

in a two-dimensional domain Q = (0,1)?. For d = 3, one can utilize the cubic cells given by
(e.g. [Bis60; IXZ21; RZ07]) Let v, (x) = v;(Nx) forx € Q, N e N*,and vy = (Vi,,...,Vay), d =
2,3. According to (4.54), the rescaled cellular flow velocity vy is still sufficiently smooth and

periodic, yet with higher frequency compared to v. Now define

LN :A—NVN()C)-V
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with D(Ly) = D(ZL;). One can show that

Y(Ly) = N*P(L)). (4.55)

The detailed proof is given by [Hu22, Section 3]. Thus,

le£¥ | x) < Moe™ V" = Moe ™V LD ¢ >

which indicates that the decay rate of the semigroup eV’

can be made arbitrarily fast if N is
sufficiently large. In other words, for a given initial condition 6, as long as the amplitude N (6y)
and the frequency 27N (6) of the cellular flows are large enough, the system is well-posed and
exponentially stable. For a fixed flow frequency, the objective of the optimal control design using
cellular flows is to determine an optimal time-dependent flow amplitude u(¢) to regulate the strength
of the flow. The existence of such a solution follows from Theorem 24. It is clear that the upper

bound of u(¢) can be set as N(6p). Numerical experiments based on cellular flows will be presented

in the next section to demonstrate our ideas and designs.

4.3 Numerical Implementation

In this section, we discuss our numerical experiments aimed at suppressing the singularity of the PKS
system in rectangular domains using the 2D cellular flows introduced in section 4.2.1. To solve the
optimality system (4.44)—(4.46) over time, we employ the spline collocation method in conjunction

with the Euler forward method. The bivariate spline functions are utilized to approximate the system
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based on the weak formulation for parabolic-elliptic PDEs. Interested readers can refer to [ALWO06;
GLS15; LL23; LL22; LS07a] for a detailed study.

First, we provide some examples of the PKS system without flow advection, along with the
exact solution, to demonstrate the accuracy of our approach. We calculate the root mean square
error (RMSE) to evaluate the quality of our results. Additionally, we present examples of the PKS
system without flow advection and showcase the corresponding numerical results.

Finally, we utilize the Gaussian function, which experiences unbounded growth without flow

advection, to determine the optimal control u(t) capable of suppressing the blow-up phenomenon.

4.3.1 A Spline-Based Collocation Method for the Keller Segel Equation with-
out Flow Advection

This section presents a spline collocation method for solving the following system of partial

differential equations (PDEs), known as the PKS system:

06

S =M=V (OxVe)+f in (4.56)
—Ac+c=6 in Q, 4.57)
06 Oc

%_%_0 on I (4.58)
0(x,0) =0p(x) in Q, (4.59)

/de:/éodx (4.60)
Q Q
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where Q is a polygonal domain in R?, f is a nonzero force term, 6 and c are the unknown functions,
and y is a given coeflicient. To solve the equations (4.56)—(4.59), we propose a computational
scheme that uses the Euler forward method and consists of the following steps.
Step 1: Initialization. Given an integer N7, a terminal time ¢4 > 0, we define a constant time
Iy

step Al = 5~ and t; := kat,for k =0,..., Nr — 1. We start by initializing the concentration field

co(x) using the initial density function 6y (x) through the following PDE:
—Aco(x) + co(x) = 0o (x), co(x) =0, a—lr =0. (4.61)
%

Step 2: Time Stepping. We use a forward Euler method to approximate the time derivative of

the density function:

O — 0 _

kA—tkl =AOp-1 =V - (0k-1Vecr-1) + fr-1, in Q (4.62)
0 >0, in Q (4.63)
9%k =0, on 0Q, (4.64)
ov

where fi_1(x) = f(tx-1,%).
Step 3: Calculation of Concentration. We calculate c; = c(#¢, x) at time step t, based on the

value of 6y, using the following PDE on the domain €2:

—Acp(x) + cp(x) = O, cr(x) >0, and ?MQ =0 (4.65)
v
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Step 4: By repeating Steps 2 and 3 foreach k = 1, - - - , N7, we can obtain the numerical solution
(0, ci) of the PKS system (4.56)—(4.58) at each time step .

Let us focus on how to solve the PDE in (4.61) and (4.65). We first choose a set of domain
points {&;};=1... n as collocation points and then use the spline basis functions B/, just like the
previous sections. Using these functions, we find the spline solution 6 = >;cp Xjoj=D aﬁ;k B! in
spline space S7,(2), ¢k = 2sep 2jaj=D bf;kBé in the same spline space S7,(A) with the coefficient

vector a¥ > 0,b* > 0, respectively, satisfying

dc (&)
y

—Ack (&) + e (&) = 0k (&), and 5

|6Q:(), k:(),]"...NT,

where {&;}i=1.. v € Dp , are the domain points of A of degree D. We can rewrite the above

equation as the matrix equation:
(=K + MV)b* = MVa*, and Bb* =0

+

where K = MxxV + MyyV = [axxgé(xi’ i) By BL (i, }71')]’ MV = [gé(xi,yi)] and Bb* = 0

is associated with the boundary condition. Also, we add the smoothness conditions in terms of
smooth matrix equation: Hb* = 0. Hence, our spline collocation method is to find b* by solving

the following constrained minimization:

1
min J(bk) = E||(—K + MV)bF — MvaF|? (4.66)
b

subject to Bb* = 0, Hb* = 0,b* > 0. (4.67)
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It is easy to see that such a constrained minimization has a unique solution as the feasible set is
convex and the minimizing functional is convex. We shall use the iterative method in [LL22] to

solve the above constrained minimization problem.
Similarly, we can solve the PDE in Step 2, i.e. (4.62) by finding the spline approximation 6

which satisfies the following collocation equations

Ok (&) = Or—1(&) + At (AOk_1 (&) =V - (Or-1(E)Vek-1(&)) + fi1(tk-1,&1))
%(&-) =0, &€l (4.68)
)4

Oi = bo,

where {&;}i=1.... N € Dp., are the domain points of A of degree D. That is, we can find the 6; by solving

the following constrained minimization problem:

1
min J(a%) = §||MVak — 1,7 (4.69)
i

subject to Ba* = 0, Ha* = 0, Ia* = §,, a* > 0, (4.70)

where [ = | fQ B!] is a row vector, B,0 are from the boundary condition, f, is from the right side of the
equation (4.68) and H is the matrix of all the smoothness conditions across each interior edge of triangulation
A. Again, we see that the above-constrained minimization has a unique solution. We use the iterative method

in [LL22] to solve the above minimization problem.
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4.3.2 Numerical Examples for the PKS System without Flow Advection

This section presents numerical results obtained using the spline collocation method for the Keller-Segel
equations to demonstrate the accuracy of our method. We calculate the root mean squared errors (RMSE) of
the approximate spline solutions 6 and c against the exact solutions 8 and ¢ based on 201 X 201 equally-
spaced points over the bounding box of the domain Q. In particular, we consider the following solutions

satisfying (4.56)—(4.58).

Example 14. Let Q = [0, 1] x [—7, 7]%, and let the exact solutions be given by

0 =2e"(cos(x)+cos(y))

¢ =e(cos(x) +cos(y))
where an appropriate f is chosen. We choose the terminal time ty = 1, time step At = le — 05, degree
D = 10, and spline space parameter r = 2. The mesh size is set to h = n /8. Figure 4.1a shows the graphs of
the exact solutions 6 and c at t = 0, as well as the numerical solution co obtained from Step 1. Figure 4.1b
shows the RMSEs of 0 — 0, V(0 — 0y), ¢ — ¢, and V(c — ¢;), which are all close to 1e — 09 at the beginning

and decrease to between le — 05 and 1e — 09. These results demonstrate the excellent performance of our

method.

Example 15. Next, let Q = [0,1] X [—37", 37”]2, and the exact solutions for (4.56)—(4.58) are chosen as

follows:

0 =2e"(2sin(x) +sin(y))

¢ =e '(2sin(x) +sin(y)).
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RMSE

10"
104 10 10?2 10! 10°

(a) Initial condition of @ (left), numerical solution ¢y from Step 1 fime
(right) at t = 0 in Example 14 (b) RMSE for solution 6 in Example 14

Let the terminal time t f = 1 and time step At = 1e — 05, D = 10,r = 2. Also let the mesh size of triangulation

of[—%”, 37”]2 be h = n/8. Then the RMS of 6 — 65,V (0—05),c—cs, V(c—cy) based on the 201 X201 equally-
3n 3x

spaced points over the domain [-=F, 7]2 are shown in Figure 4.2. Similar to the results of Example 14, the

RMSEs are between 1e — 05 and 1e — 09.

S—

—_

ab A L o v o~ o

—_—c

104 103 1072 107! 10°
time

(a)

Figure 4.2: Initial condition of # (Left), numerical solution co from Step 1 (Middle) at r = 0, RMSE
for solution 8, ¢ in Example 15
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4.3.3 A Spline Based Collocation Method for the Keller Segel Equation with
Flow Advection

To validate the accuracy of our algorithms for solving the PKS system without flow advection, we present
numerical tests in section 4.3.1. In particular, we verify the validity of the algorithm for conservation of mass
and non-negativity of the solutions ¢ and c. Following the main results in Theorem 25, we implement the

optimality system (4.44)—(4.46) using Algorithm 4.1 presented below.
Algorithm 4.1: Adjoint Method for Optimal Control Problem
Given a final time 77 > 0, a tolerance € > 0, and constants @, 8,y > 0, for j = 1,2, ..., we compute u’

using the following iterations with known u/~ !

« Step 1: First, we use the initial function #/~'(¢) and the given v(x, y). Let 8(0,x) = 6y(x) > 0 and

co(x) = c(0,x). Solve

(900

—Aco(x) +co(x) =6y and —| =0.
ov |p

Let ux = u/~'(t). Solve 6y = 6(tx,x) and ¢ = c(tx, x) at each time step tx, k =1,2,--- ,n, where
n= g—ft, from the following equations

01 — 04—

A—tl =AOp—1 —ugv - V1 = V- (0x-1Vek-1),

00y,

gy 'T 7
and

—Acp(x) +cx(x) =0 and 8&

ov |F =0.

Stop if |f]e > 5,000 and set ¢ = t,,.
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* Step 2 : Compute p,, = (6, — 0,) using 15 = t, and w,, = ANV - (6,Vpn)), that is, we solve

ow,

v =0

(-A+Dw, =V-(6,Vp,) and

» Step 3: Setty =t,. Use p,, 0, and c, to solve p,,_1 backward in time from the adjoint equations

- /% =App +up,V-Vo, +Ve, - Vo, +wy, + B(6, —6,),
Opn-1
——|.=0.

v |F

* Step 4 : For given p,,—1 and 6,_;, compute w,_; from

(_A + I)Wn—l =V- (gn—lvpn—l)-

e Step 5 : Find p,,_; that satisfies

Pn-2 = Pp-1+ Al‘(Apn—l +up-1V-Vpu 1+ Ve - Vo1 +wig +ﬁ(9n—1 - én—l)),

apn—2|
gy T

=0.

Repeat Steps 4-5 to solve p,,_3,- -, po.

* Step 6 : Compute

1
uj(ti) =Prua (—— /(QkVpk)) : VdX), k=0,1,...,n.
Y Ja
where P, 7] denotes the projection of R onto [u, u], that is, P, 7] (f) := min{u, max{u, f}}.
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J(ud) = J(u/~!
. Stop, if YWD ZJWl
J(uwi—h

We begin with demonstrating the development of singularity in the solution to the PKS system in finite
time when there is no flow advection and the initial condition is above a certain threshold. We then present
our optimal control design for suppressing such singularity formation. Nagai in [Nag95] considered the
system (4.1)—(4.5) without advection in a 2D disk and showed that under the condition 8y > 8, the radial
solution blows up in finite time if fg 0o|x|?dx is sufficiently small. However, under the condition 8y < 8,
the radial solution exists globally in time. In our numerical simulations, we first consider different Gaussian
functions as the initial data as in [Fil06] to demonstrate the density evolution, in response to the influence
of a chemoattractant governed by the PKS system (4.1)—(4.5) without flow advection. We set At = 1e-5 and

h= % as the time step and mesh size, respectively.

Example 16. In this numerical example, we investigate the behavior of the advection term in the system. The

system is given by:

00
T =A0 —u(t)vy -VO-V-(0xVo)+f in Q,

—Ac+c=0 in Q,

Vov=0 in Q,

o
oy'T

where the cellular flow is generated by the vector field:

—sin(2Nnx) cos(2Nry)
vy (x,y) =2n , N eN*, 4.71)

cos(2Nnx) sin(2Nmy)
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as shown in Figure 4.7 for N = 1,2. The domain is defined as Q = [0, 1] x [0, 1], and the exact solutions

are given by:

0 =10(n?+ 1)e~"(cos(mx) + cos(my))

¢ =10e7"(cos(mx) + cos(my))

where an appropriate f is chosen. We perform tests using these exact solutions for various cases, with u
taking on the values of 0,3, min4sin(4nt), 3, and max 3 cos(3nt), -2 for each N = 1,2. The numerical
simulations are carried out with a terminal time of ty = 1, a time step of At = le — 05, a degree of D =8,

and a smoothness parameter of r = 2. Furthermore, the mesh size is set to h = 1/8.

|6 — 0|0
[0]co

In Figure 4.3a, we present the graph of the exact solution 6 at t = 0. The relative errors and

[c—cg|oo
[cleo

are shown in Figure 4.3b when u = 0. These errors are both close to 1e — 09 initially and decrease
to values between 1e — 05 and 1e — 09.

Furthermore, in Figure 4.4a to Figure 4.4f, we display the relative errors for different values of u and
N = 1,2. It is observed that the method performs excellently in all cases, and notably, we achieve better
results when N =2 compared to N = 1.

)

300 4

200

Error

XN

0 R

10

10"
102 107! 10°
Time

(a) Initial condition of 6 at r = 0 in Example 16  (b) Relative error of 6§ and ¢ in Example 16 when u = 0
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(a) Relative error of 8 and ¢ in Example 16 when u = 3 (b) Relative error of 6 and ¢ in Example 16 when u = 3
and N =1 and N =2
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(c) Relative error of # and ¢ in Example 16 when(d) Relative error of § and ¢ in Example 16 when
u = min (4 sin (4nt),3) and N = 1 u = min (4 sin (4nt),3) and N =2
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(e) Relative error of 6§ and ¢ in Example 16 when(f) Relative error of 6 and ¢ in Example 16 when
u = max (4cos (14nt),-3) and N = 1 u = max (4cos (14nt),-3) and N =2
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Example 17. Ler Q = (0, 1) X (0, 1) and consider the following Gaussian function:

N, _ 2+ _ 2
8o = 0 exp _(x=x0)"+ (y = y0)

,  No €N, >0,
2rp 2p 0 P

where (xo,v0) = (0.5,0.5). It is easy to check that No(1 — e_é) < fQHO dx < No(1 - e_ﬁ). Thus
fg 0o dx =~ Ny if p is small. Set p = 1072 and the final time t = 1. We test different initial mass by letting Ny

be Tr,8m, 9, and 10, respectively.

22.02

21.98

21.96

0 0 L]

(a) Density 8 att = 1 for Ng =Tn (b) Density 6 att = 1 for Ng = 81
A at t=0.069084 @ at t=0.016768
(c) Density 6 at t = 0.069084 for Ny = 9 (d) Density 6 at t = 0.016768 for Ng = 10

Figure 4.5: Density 6 with (xg, yo) = (0.5, 0.5) for various initial mass

Without flow advection, our results show that for Ny < 87 the density distribution approaches its average
over time as shown in Figures 4.5a—4.5b. However, for Ny > 8, the bump in the density function develops

rapidly during evolution as shown in Figures 4.5¢—4.5d. For the latter, we refine the mesh near the center to
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0 at t=0 @ at t=0.005

@t=0 (b) = 0.005

@ at t=0.025 @ at t=0.069084

20000
2000

1500 15000

1000 10000

5000 ~

(c)t=0.025 (d) r =0.069084

Figure 4.6: Uncontrolled evolution of density 8 with (xg, yo) = (0.5,0.5) at various time steps

get more accurate results. Figure 4.6 demonstrates the density 6 at various time steps for an initial mass of
97 with (xg, yo) = (0.5,0.5). We observe the rapid accumulation of mass toward the center, which indicates
a possible singularity formation in finite time.

In the next example, we continue to study the PKS system with controlled flow advection, using the same

settings as in Example 17. We present two examples to show how the behavior of the Gaussian function

changes with different centers, using Algorithm 4.1
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Example 18. Consider the same domain and initial data with No = 97t as in Example 17. We further consider

the cellular flow generated by

—sin(2Nnx) cos(2Nny)
vy (x,y) =2x , N eNt,

cos(2Nnx) sin(2Nny),

(4.72)

as plotted in Figure 4.7 for N = 1,2. When u(t) = N is a constant, the density distribution 0 blows up for

09

08

07

0.6

0.4

0.3

0.2

01

(a) Cellular flow when N =1

(b) Cellular flow when N =2

Figure 4.7: vi(Left) and v, (Right)

Cellular Flow(v) with N=1 Cellular Flow{v) with N=2
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N =1 but converges to its average for N > 2. Here we set N =2,ty =04, a==1,y=1Lu=-N,u=N,

and the stop criterion in Algorithm 4.1 is set to be € = 1e-08.

Figures 4.8a—4.8d show the density evolution with controlled flow advection with N = 2 at t =

0,0.05,0.1,0.4, respectively. The maximum value of 6 decreases from 450 to 97 and the sharp peak

is suppressed by flow advection. Moreover, 8 approaches 9 as times evolved. The behavior of the control

input u(¢) is presented in Figure 4.9a, which first oscillates and switches between positive and negative

values, and then converges to zero. This suggests that adjusting flow orientation is important in improving

the efficiency of flow advection, which may be more effective than simply increasing the flow strength for

preventing the accumulation of mass. Figure 4.9b shows that the cost functional J(u) decreases and converges.
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Figure 4.8: Controlled evolution of density 6 with (xo, yo) = (0.5,0.5), N = 2 at various time steps
t=0,0.05,0.1,0.4

Next, we investigate the effectiveness of flow advection with Gaussian initial data centered at different
locations. It is important to note that when the streamlines of the velocity coincide with the level sets of 6,
then v - VO = 0, and hence flow advection has no effect on enhancing diffusion.

We repeat the experiments for the Gaussian initial data with different centers (xg, yo), where xo and yg
take on the values of 0.4,0.5,0.6,0.7. Initially, we set N = 4 in (4.72) and iz = N, but find that 8 blows up in
all cases except for (xg, yo) = (0.5,0.5). To address this issue, we increase & to 20N and find that € does not
blow up in any of these cases. As time progresses, the maximum value of 6 decreases, and we observe that 8

converges to its average, which is about 97 for different centers (xo, yo) = (0.4, 0.6), (0.5, 0.6), and so on.
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Graph of u(t)
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(a) Control input u(t) for ¢ € [0,0.4] (b) Cost functional J(u;) for j =1,---,11

Figure 4.9: Control input and cost functional for (xo, yo) = (0.5,0.5), N =4, and ¢ € [0, 0.4]

Furthermore, we observe that a large i also allows a smaller frequency N. Figures 4.10a—4.10b
demonstrate the density evolution for Gaussian initial datum centered at (0.7,0.7) when ¢ = 0.0188 and
t = 0.5, with & = N and it = 20N for N = 2, respectively. It is shown that increasing the upper bound i for
the control input leads to a much faster decrease in the maximum value of 6 and a convergence to its average

value.

£ att=0.0188 #(u=20N) at t=0.5

(a) Density 6 at t = 0.0188 when it = N (b) Density 6 at t = 0.5 when i = 20N

Figure 4.10: Density 6 for (xo, yo) = (0.7,0.7) with different &z at r = 0.0188 and ¢ = 0.5
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CHAPTER 5

CONCLUSION

In summary, this thesis proposes and develops numerical methods for solving partial differential
equations (PDEs) in a variety of settings, ranging from polygonal domains in R¢ to bounded
and connected domains with complex boundary conditions. Chapter 2 introduces a collocation
method based on multivariate splines for solving second-order elliptic PDEs in non-divergence form.
The method is shown to be accurate and efficient and can handle a wide range of elliptic PDEs.
The proposed method is extended to the Poisson equation and numerical results are presented to
demonstrate its effectiveness. Chapter 3 focuses on the Monge-Ampere equation, which arises from
the optimal transportation problem and is fully nonlinear and subject to convexity constraints. The
proposed method uses trivariate spline functions to approximate the solution of the Monge-Ampere
equation over an arbitrary convex polyhedral domain. The collocation method is used to handle the
fully nonlinear equation, and an iterative algorithm is employed to enforce the convexity constraint.
Numerical results demonstrate the accuracy and efficiency of the proposed method, and the chapter

highlights areas for future research. Chapter 4 tackles the problem of optimal control design for
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the suppression of singularity formation in chemotaxis via flow advection. The authors propose a
simplified parabolic-elliptic Patlak-Keller-Segel (PKS) equation with flow advection induced by the
movement of the ambient fluid in a bounded and connected domain. The objective is to seek an
optimal regulating function for the ambient fluid as to suppress the possible finite time blow-up. The
authors show that the flows with arbitrarily small dissipation times can be constructed by rescaling
a general class of smooth cellular flows, and the global well-posedness of the PKS system can be
established under certain conditions. Overall, the thesis contributes to the development of numerical
methods for solving PDEs in a variety of settings. The proposed methods are accurate, efficient, and
can handle complex boundary conditions. The thesis highlights areas for future research, including
the extension of methods to higher dimensions and the development of fast solvers for large-scale
problems. The proposed methods have potential applications in various fields, including fluid

dynamics, material science, and biological systems.
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APPENDIX A

CONVERGENCE OF ALGORITHM 1

We explain Algorithm 1 which is used to solve the minimization problem (2.15). In fact, Algorithm 1

is derived based on the solution to the following minimization
1
minJ(c) = 5(a||Bc —g|*> + BlIH.c||* + y||Hoc||*) subjectto — Ke =f, (A.1)
C

where B, g are associated with the boundary condition, H, is associated with the smoothness
condition @ > 0,8 > 0 are fixed parameters. Let us give a reason why we use (A.1) to replace
(2.15). By Lemma 8, we know spline functions can approximate the solution of the PDE very well
when the solution u is in H>(Q). When the size |A| is small enough, for the quasi-interpolatory
spline S, can approximate u such that [|A(u — S,)||;2(q) < €1. That is the feasible set of (2.15) is not
empty. Thus, two minimization problems (2.15) and (A.1) are closely related to each other. Even
though there is not c satisfying —Kc¢ = f exactly, a numerical computation in a computer will give a

nearby solution ¢ such that ||[Ke¢ + f|| < €;. We thus seek a spline solution u; satisfying (A.1).
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We use a similar technique in [ALO5] and [ALWO06]. For convenience, we first consider the

problem
1
minJ(c) = E(a||Bz —g|*> + B||Hz||*) subjectto — Kz =f, (A.2)
(¢

where B, g are from the boundary condition, H is from the smoothness condition. By the theory of

Lagrange multipliers, letting
1
U(z,A) = E(azTBTBz —az'"B'"G—-aG"Bz+aG "G+ BzTHTHz) + AT(Kz +f),

there exist A such that

ou

—- =aB"Bz-aB'G+fHTHz +KT1=0 (A.3)
Z
%:Kz+f:0 (A.4)

We can rewrite the above linear equations as follow:

K™ aB"B+pBHTH| |4 aB7G

= (A.5)
0 K Z —f
To solve (A.5), we consider the following sequence of problems for a fixed € > 0:
KT aBTB+pBHTH| |1+ aBTG
= (A.6)
—el K (D) —f— a0
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for k =0,1, .-, with an initial guess 1) = 0. Note that (A.6) reads

(@B™B + BHTH)z"D + KT A*%*D = BTG

Multiplying on the both sides of the second equation in (A.6) by K7, we get
KTKZz5D _ egm*+D) = _gre_ g2

or

k) = Lgrpe o _ g o perq0
€ €

and substitute it into the first equation in (A.6) to get
1 1
(@B"B+ BHTH) D 4 kK% — g7+ KTAW = oB7G.
€ €
Simplifying the above equation leads to
! (k1) ! (k)
(aB"™B+BH™H +-K"K)z =aB"G+-K™f-K™A (A.7)
€ €
It follows that

1 1
Y = (@B"TB+BHTH+-K"K) ' («B7G + -KTf - KTA?) (A.8)
€ €
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Using the first equation in (A.6).i.e., (¢BTB+ BHTH)z**1) = BTG — K7A**D to replace a BTG

in (A.7), we have
1 (k+1) ) , 1
(@B"B+BHTH + -K7K)z**V) = («B"B+ BHTH)z® + ~Kf. (A.9)
€ €

We get the minimizer using (A.8) and (A.9). These lead to Algorithm 1.

Next, we show the convergence of the above iterative algorithm. Since the minimization problem
(2.15) is convex over a convex feasible set, we know that the minimization has a unique solution. We
may assume that the linear system from Lagrange multiplier method has a solution pair (4, z) with
a unique solution z if the size |A| of triangulation A is small enough and the spline space S7,(2) is

dense enough in H*(Q) N H} (Q).

Theorem 26. Suppose that the matrices K, H, B satisfy the following consistent condition: if
Kz=0,Hz=0, and Bz =0, one has z = 0. Then there exists a constant C(€) depending on € but

independent of the iteration number k such that
- Ce \k+1
2D — 2 < IR IE I (=)
1+Ce

for k > 1, where C = |[K*||*||@BTB + BHTH|| and K* stands for the pseudo inverse of K and

K=aB™B+BHTH +1K'K.

Proof. First, we show that K is invertible for o, 8 > 0. If Kz = 0, we have

_ 1
cTKe = a||Be|® + Bl He|l* + = [IKe|* = 0
€
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which implies that Kz = 0, Hz = 0, Bz = 0. By the assumption, z = 0. Thus, K is invertible and
hence the sequence {zX)} is well-defined. Let C; = ||K|| which depends on €.
From (A.5) and (A.7),

Rz*D = BTG + lKTf— KTA%),
€

Hence, we have
ZKD = RIKT (A - AW). (A.10)
By using (A.6) and (A.7), we get
—e(A*D ) = —e(a® — 1) — £ — KFHD

and

%D = RN (aBTG + Tgre- KTA%)y,
€
It follows that
—e(A*D _ ) = —(a® — 1) — £ — K *HD
~ 1
=—e(A® —2) —f - KK "(aB"G + -KTf - KTA¥)
€

=—e(A® ) —f-KKR " (Rz+ KA - KTaW)

=—e(A® ) —f-Kz- KK 'KT(1-aW).
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As aresult, we get
|
A% D _ )= A% — )1 - —KK'KT). (A.11)
€

In order to show the next step, we use Lemma 7 in [ALWO06], i.e., R” = Ker(KT) & Im(K) where

Ker(KT) is the kernel of KT. Assume that 4 € Im(K). By the second equation in (A.6) that
K(Z(k+l) _ Z) — E(/l(k) _ /l(k+1)).

That is, 1(¥) — 1+ ig in the Im(K) and therefore

k
A0 = Z(/l(j) _ /1(1—1)) + (/1(0) -2,
j=1

we have ) — 1 € Im(K) for each k. From (A.11), we need to estimate the norm of 7 - LKK~ 1K
restricted to Im(K) in order to estimate the norm of A%%*D — 1. We write ||I — %KI?_IKT || for

(1 = LKK'K™)|im(x) || and we have:
1 -
A% — Q] < ([T = =KKT'KT|[]]A%) - 4.
€

We claim that
Cre
1+ 626 ’

1o ont
Il - =KK'KT7| <
€
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for some constant C, > 0. Indeed, by the Rayleigh-Ritz quotient, we have

1. LvTKK KT
A% Z A < 1T = -KRT'KT|| = max (1--222 2%
€ 0#velm(K) € ARY

By using a technique from [ALWO06], we can get

1vIKK™IKT 1
il Wy eIm(K)
€ vy 1+ Cae

where C, = ||K*||?||@BTB + BHTH||. It follows that

1 _ 526
1+Cre 1+Che

1.
Il --KK'K7|| < 1-
€

As aresults, we obtain

C
[AD ) < —2Z2 A% — )
1+ CzE

and from (A.10)

. 626 k+1
12D = 2 < IR KT (—==) 1A - all.
1+ CZE
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