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CHAPTER I

INTRODUCTION

I.I

Background

The upper Banach density of a measurable subset A of R%is given by

AN (t+Cn)|

0*(A) :== lim sup Cx ,

N—oo teRd

where | - | denotes the Lebesgue measure and Cyy is a d-dimensional cube with
side length N. The way to think about a set A with positive upper Banach
density is that there are arbitrarily large cubes in R? on which A is appreciably
dense. Positive upper Banach density is a relatively weak condition, but sets
with positive upper Banach density enjoy many of the properties of a set with
positive upper density. '

In [FKWool, Furstenberg, Katznelson, and Weiss show that it is possible to
realize all large distances in measurable subsets of R? of positive upper Banach
density. In particular, if A C R? is measurable, then they demonstrate the
existence of a \g = Ag(A) such that

[Ag,00) C{lz —y| : 2,y € A}.

Bourgain reattains this result and a pinned variant in [Bou86] using tech-
niques from Fourier analysis. More recently, tools from ergodic theory have
been brought to bear on related problems. For example a surprising theorem of
Ziegler [Zieo6] states that for a given point configuration S in R? with d > 2
and a set I of positive upper Banach density, there exists a threshold )¢ such

that for any A > Agand 0 > O there is an isometric copy of AS in the ¢-
neighborhood of E.

" An example of a set with
upper Banach density 1 and
upper density 0 is a union
of solid balls of radius n.
each centered a distance

n3 away from the origin,
one for each n. Forany NV
there is a cube of side length
N somewhere in R? on
which the density of the set
is 1, but as IV increases, the
location of that cube varies.



* Jacobi’s four-square the-
orem shows that are arbi-
trarily large lattice spheres
in dimension 4 contain-

ing only 24 lattice points.
When d > 5 the lattice
points on spheres obey bet-
ter regularity properties e.g.
the number of lattice points
on the sphere of radius 7 is

proportional to rd=—2,

3 And in some sense opti-
mal.

* k-degeneracy is a sort of
one-sided boundedness.

In [Mago8], Magyar established a version for distances in subsets of Z% of
positive upper Banach density when d > 5.* Using ergodic theory techniques,
Bulinski [Bulr7] established results for distance trees in Z?. In [LM20b)], Lyall
and Magyar obtained simplified® results for distance trees through a type of
discrete spherical maximal function as first studied by Magyar, Wainger, and
Stein in [MSWo2]. Iosevich and Parshall investigate the analogous problem for
distance graphs of bounded degree in finite fields [IP19]. In chapter 2 of this
thesis, we generalize the results of Tosevich in Parshall to k-degenerate distance
graphs in finite fields.* In chapters 3 and 4, find a generalization of the result on
trees to a class of 2-degenerate graphs in VAS

1.2 k-Degenerate Distance Graphs

A distance graph T' = (V, E) is a weighted graph where the vertices are taken
to be points in some ambient space, and the edge weights represent a distance
between vertices in that space. When V' C RY, the edge weights are taken to be
Euclidean distance as in [LM2ob] and [LM2oal]. When V' C Fg in analogy to
the Euclidean setting we define the distance between two points vy, vy € IFZ as
(vg — v1) - (vg — v1). With this definition of distance, finite fields are a model
setting for arguments one hopes to carry to other settings. Much work has been
in this model setting see e.g. [IP19].

A k-degenerate graph is a graph I' = (V, E) for which there exists an order-
ing of the vertices such that each vertex is adjacent to at most k prior vertices
in the ordering. This is exactly the class of graphs which can be constructed by
successively adding a vertex with at most k edges, which is the key property for
the inductive structure of our proofs.

U1 V2 Vg (%1 (%) Vg
o—
o v N
U7 U7
U3 U3

Figure 1.1: Degeneracy orderings for a 1-degenerate graph and a 2-degenerate

graph.

Note that k-degenerate graphs do not have bounded maximum degree al-
though |E| < k|V|. We will also think of the graphs as connected, though this
is not part of the definition.



1.3 Overview

In Chapter 2, we demonstrate dimensional thresholds to guarantee an isomet-
ric copy of k-degenerate distance graph I' C FY in a subset A C F? provided
I satisfies some mild conditions® and provided the density of A satisfies a rela-
tively strong condition. We also give explicit lower bounds for the number of
isometric copies of I" one is guaranteed to find in A. The strong condition on
the density of A is beaten handily by the results in [IP19] when I" has bounded
degree,® however, any power gain is good enough to provide an avenue for an
argument in 7% which is our goal setting.

Chapter 3 is dedicated to establishing upper bounds for the number of
lattice points which may be in the intersection of two spheres in several con-
texts. In Chapter 4, we obtain results analogous to Chapter 2’s for a class of
2-degenerate graphs in Z%. This is done in essentially three parts. First an appli-
cation of the classic methods of Birch in conjunction with the newer W -trick to
write the number of integral solutions to a system of forms using the a so-called
singular series and singular integral. The second part is a splicing together of
various methods from the finite field setting along with the upper bounds from
Chapter 3 to attain lower bounds on the number of isometric copies of I'in a
finite setting. The final part leverages the strong implications of positive upper
Banach density to show that the result holds in much more general settings.

1.4 Finite Fields as a Test Setting

The model case of finite fields is a useful one in which to test arguments when
one’s goal is to find distance graphs in Z. It provides the strong advantage of
not having sum convergence issues and the exponential sum estimates we use
are well-known and tight. Given a distance graph I', we search copies of I in
AC Fg which are isometric in the following sense:

Definition r.x. IV = (V' E') is an isometric copy of distance graph I’ = (V, E)
in ]Fg if there is a bijection on vertices p : V' — V' and an induced bijection on
edges E — E' in which all distances are preserved. That is, if there is an edge
between vy and vy with (Vg — vy1) - (Vg — v1) = X € Fy, then

(p(v2) = p(v1)) - (p(v2) = p(v1)) = A.

Underpinning all of our arguments in IF;’ are estimates on the Fourier trans-
form of the indicator function of a sphere restricted to certain affine subspaces.
We here record some basic properties of the Fourier transform on F g. The

5 As mentioned in that
chapter, the strongest of
those conditions is that "
has non-zero edge lengths.
This is not a condition
which is actually necessary,
but insisting on it makes the
argument simpler.

© Tosevich and Parshall use
an edge-deletion method
while we use a vertex-

deletion method.



Fourier transform for a function f : ]FZ — Cis given by

~

f(r) = Eof(z)x(z - 1),

where x : F;, — C is the canonical additive character and [E, denotes the

expectation g% Y .. With this definition, the standard Fourier inversion,
q

Plancherel, and convolution formulas are as follows

@)= Fr—z-7), (11

refd

E,|f(x)]> =Y |f(r), (r2)

TEFZ

and

Frglr) = fr)gr). (13)

1.5 The Circle Method

In Chapter 3, we follow the machinery of the classical Hardy-Littlewood circle
method to get upper bounds on the number of points on certain subsets of
spheres in Z¢. The starting point is the orthogonal identity that for n € Z,

! 1 ifn=0,
/ e(an) da =
0 0 otherwise,

where e(x) = e*™*. This identity can be used to detect integral solutions to
an equation or system of equations. In particular, by summing over z € 72
we can count the number of solutions. The idea of the circle method is to
switch the order of summation and integration, and then to carefully estimate
the resulting inner summation depending on how close « is to a rational with
small denominator. In our case, the set of o which lie away from rationals
with small denominator, the so-called minor arcs, can be handled with relative
ease by estimates dating to Weyl. The sum for the set of « lying near rationals
with small denominator, the so-called major arcs, require a much more careful
analysis.

We record for later use the following fact from Fourier analysis: If

F& =" fme(-m-¢). (r.4)

meZad



and

f(§) = g fz)e(—z - &) dz, (rs)

then Poisson summation yields

O =Y fle+m) (L.6)

mezd

for functions f : RY — [—1, 1] of compact support.

Remark 1.2. In chapters 3 and 4 if a variable is written with an underline, it is

a vector, while quantities without an underline are one-dimensional.”

1.6 The W -Trick

A majority of the thesis works with respect to a parameter W' = 2 Hp b
The idea is that we can control potential bad behaviour of small primes in the
singular series by only searching for solutions in a fixed residue class modulo V.
This comes with the penalty of much worse 0(1) decay rates, but as we are only
interested in main terms, it is a price we are more than happy to pay. This trick
was crucial in the proof of Ben Green and Terence Tao that there are arbitrarily

long arithmetic progression among the primes [GTo8].

1.7 Positive Upper Banach Density

In the setting of aset A C 7%, our starting assumption is that A has positive
upper Banach density. Just this condition will have some remarkable structural
implications for A which we work out below, and make use of in the final chap-
ter of this thesis.

Definition 1.3. The upper Banach density of a set A C Z.% is given by

0*(A) ;= lim max AN (E+Cy)|

N—o0 teZd ’CNl ’

where Cy is the d-dimensional lattice cube [1, N|%.

Lemma 1.4. Foranyset A C 72, the upper Banach density is well-defined.

AN(t : .
Proof. Set ay = max ‘Q%—J“CN)‘ We need to show lim ay exists.
EEZd ‘ N‘ N—o00
To do this, we observe that the sequence {ax } ¥_; satisfies the following

two properties:

7 We do not do this in
chapter 2 because a key
object is a vector of vectors:
X = (#1,...,2), with
eachx; € Fg.

8 The extra 2 is a technical
necessity arising from the
fact that we deal with only
quadratic forms, which leads
to unique behaviour with
respect to p = 2.

? We use the notation Cy
for a cube here instead

of the Q) y notation used
elsewhere because we set
QNn = [N, N]%tobe
centered about 0. Although
there is no conceptual issue
with using () instead, its
side-length of 2N + 1 causes
unnecessary computational

annoyance.



' Alternatively of course
one could use the binomial
theorem.

1. apy < ay for any positive integer k,

2. AN+1 S ay + ]%v

The first property can be seen by writing Cj, v as the union of k4 disjoint
subcubes and noting that by the pigeon-hole principle, there is some subcube
whose density is at least that of the density of A on the big cube.

The second property can be seen by calculating

max |[AN (L4 Cyy1)| <max|AN(t+Cn)|+ |Cni1| — |Cn].
t€EZLy t€Zq

Dividing through by |Cn 1] gives

ICn| | [CNns1| = [Ch]
ICn 1] ICN 1]
d(N + 1)1

(N +1)d

an+1 < an
S ay +

<an+d
a/ —
>~ UN N7
where we estimated |Cy 1| — |Ci| by recognizing it geometrically as a union
of d cubes of dimension (d — 1).°

Let1 < N < M andassume kN < M < (k + 1)N. Then applying the

above properties, we have

d d
aMSCLkN—Fm—F""i‘M_l

d
< - _

<a—|—£l
S an L

Notingay + d/k — an as M — oo we have limsup ays < ay for every

M—o00
N € N. Hence

limsupay < inf ay < liminfay,,
M—so0 MEeZ M—00

so lim ap exists. O
N—oo

Definition 5. For A C 7% and m € N we define the relative upper Banach

density with respect to spacing m as

oy (A) := lim max A0 (E+mCy)|
N—oo tezd |CN’

6



Noting |mCp| = |Cy| and using mCy instead of Cy in Lemmashows

that 67, (A) is also well-defined for any A C Z." " Itis important to note

the distinction between the
Definition 1.6. A set A C 7% is n-uniformly distributed with respect to spacing  olid lattice cube C N =

m if [1,..., Nm]?and the m-

o (A) < 6" (A) +n, ?Sjcgiimce ;lﬁf]znclv =

and A is n-uniformly distributed up to threshold T' if A is n-uniformly dis-
tributed with respect to spacing m forall1 < m <T.

Definition 1.7. For A C Z% q € N, and s € C, define the scaled restricted set

Rys(A) = {iﬁ : geAﬂ(qu—l—g)}.

Lemma 1.8. Fix A C Z% 1 > 0, and T € N. There exist ¢ < TY and
s € Cq such that

L 0" (Rys(A)) > 6*(A), and

2. Ry s(A) is n-uniformly distributed up to threshold T.

Proof. 1t A is n-uniformly distributed up to threshold 7', then the statement
holds with ¢ = 1. If not, then there exists some 1 < m < T such that
0% (A) > 6*(A) + 1. Set

|AN(t+mCn) |
an ‘= max )
tezd |CN|

and for each N choose a representative ¢ ; such that

|AN (ty + mCy) |
anN =
ICn|

By the pigeonhole principle, an infinite subsequence {t, }32, falls into some
single equivalence class modulo m with representative say s € C,,. Therefore,
we have that

’Rq,é(A) N (ﬁ‘*’ CN) ’

0" (Rys(A)) = lim max

N—oo tezd |CN’
R, (AN (t+Cxn

e Ras(A) 01 £+ C)

i—o0 te74d ICh,

. AN (t+mCy,) |
= lim max
= lim ay;.

1— 00



'* Following this proof, it is
possible to generate a ¢ such
that 0% (R, s(A)) > 6*(A)
and Ry s(A) is n-uniformly
distributed with respect to
spacing m for all m. The
downside is that there is no
control on the size of q if the
threshold 7' is not included.
B The arcane definition of
(n, L)-uniformly distributed
is chosen to exactly match
HfAHU,,ln,L(CN) which is a
key object in Chapter 4.

As Zliglo ay, = 1\;5%0 ay > 6*(A) +n, wehave 6" (R, 5(A)) > 6*(A) +n. If
R, s(A) is n-uniformly distributed up to threshold 7', then we are done, letting
q=m.

If not, set gy = m, s, = sand A; = Ry, s, (A). This procedure can then
be repeated to obtain an

Ay = qu,éz (Al) = Rq1q27q1§2+§1(14)7
such that
0" (A2) > 0"(A1) +n > 6" (A) + 2n.

In general, if A,, is not n-uniformly distributed up to threshold 7', we can
(A;,) where

use the procedure above to obtain A1 = Ry, 05, .,

0" (Ans1) = 06°(A) + (n + 1),

As the density of a set cannot increase past 1, this process must terminate
within 1/7) iterations.

Therefore there is some A, with n < 1/7 that is n-uniformly distributed
up to threshold 7". To complete the proof, we set

n n i—1
¢=]]es ad s= Z( Qk> 5,
i=1 i=1 \k=1
and note A, = R, ,(A) and thatg < T/ O

If a set is n-uniformly distributed, we can now show that it contains subsets
which satisty a compact version of being n-uniformly distributed.”

Definition 1.9. Fix(0 < n < landletm,L,N € N. Aset A C Cy with

density o := % is (1, L)-uniformly distributed with respect to spacing m if
1 [An(t—mC)| [Cvn(t—mC)I]*
-« <n.
C Z C:] Ci] !

Lemma rro. Fix0 < n < landm € N, let A C Z% be 1—167]4-um'formly
distributed with respect to spacing m and fix L such that
|A N (t —mC L) ‘

|
< 6" (A) + —nt.
P ST (A) + 757




There exists an No = No(A, L,n, m, d) such that for any N > Ny, there

isa ty such that the set (A — ty) N Cn has density y = W > §*(A)

and is (1), L)-uniformly distributed with respect to spacing m.

Proof. For convenience, set € := in2. Choose Ny such that forany N > N
4
ICNn4mi| = [CNn=mi| < €7|Cn],

and

Fix N > Nj. Lett  be arepresentative of the maximum density, i.e. choose
ty € Z%such that

ANty +Cn)| AN (+Cy))

|CN| tezd |CN|

)

and set

A= (A—ty)NCy.

As A’ corresponds to the maximum density of A on grids of size ) y and
some grid of size () y must have density > 0*(A), we have v > §*(A). We will
show A’ is also (1, L)-uniformly distributed with respect to spacing m. To this
end, let

AN (t—mC)| [Cy N (t—mCp)||*
C.] Tl

rey

tezd

Observe that the summand

|A/ N (Z— mCL)| . 7|CN N (t— mCL)|
Cr| ICr|

is supported only for t € Cn 4,1, and additionally, if ¢ € D where
D = CNﬂ (CN+ (mL,,mL)),

then |Cy N (¢ — mCp)| = |CL|. Noting that | D| = |Cn_y,1|, we have by the
definition of N,

ng
teD

A'N(t—mC ?
| (’—CL’ L)‘ — +54|CN|




By the definition of L and the observation y > §*(A), forevery t € 7% we
have

‘/4/rﬁ(t-—-ﬂlCL)‘

<7+
Cc] !
We set
A'n(t—mC
B::{geD AN {E=mCy)l Sv—e},
L]
s0
T < |B|+¢&*|D| +€'|Cn| < |B| 4 2¢%|Cw]. (1.7)
Observe
S 1A N (t—mCy)| = [CL||A|
tezZd
because every x € A’ is detected exactly |mCp,| = |Cp| times. Rearranging and

writing | A’| = 7|Cw|, we have

A'Nn(t—mC
ylew =) l ) L)|-

tczd |CL|

Noting the support of the summand and the definition of Ny, we have

|A"N (&t — mCp)|
ICe|

CRENEDY

teCn

By the definition of L, each term is at most y + 2, so we have
(v —eMlen] < IBl(y =€) + (ICn] = [B]) (v + %)
Rearranging, we obtain
|Bl(e + %) < [Cwl(* + %),
which gives | B| < 2¢|Cy|. Plugging this back into equation (1.7)) yields
T < 4elCy). (1.8)

Recalling e = 17, equation says exactly that A’ is (), L)-uniformly
distributed with respect to m. [

We now define the U}, ; (Q) norm and tie it to the notion of a set being
(n, L)-uniformly distributed with respect to m.

10



Definition r.11. For a lattice cube Q) C 7% and a function [ : Q — [—1,1]

1/2

”fHU}n,L(Q) = ‘Q’ Z ’f*XmCL )| )

tezd
where Xme, s the normalized characteristic function of mCr.

Lemma r.x2. Let A C Q) with density o := %. Then A is (0, L)-uniformly
distributed with respect to m iff || fal| L@ <nwhere fa =14 — alg.

Proof.
fA XmCL t |C ‘ Z fA mCL( )

|CL| D 1At = 2)lme, (z) — alg(t — 2)lme, (2)]

T€Z4
CJANG-mE)| QN (= mCy)
CL| ICr| '
Therefore
HfAHiI}n L@ — |Q| Z ’f * XmCL )‘
7 tezZd
AN (t—mC)| QN (t—mCp)||”
= — —
Q| Z Cy| ICy|

[]

Finally, we address a technical lemma showing that (7, L)-uniformity of A
implies a type of uniformity on the g-scaled s-restricted set R, s(A).

Lemma r.13. Fixq € Nand lets € Cp. Let A C Cyn with demz'ty = %

Define Ag := Ry s(A) and g5 := 14, — oley. If Ais (q¢~%*n, L)-uniformly
distributed with respect to qm, then ||gs|| ;1 ¢y < nforevery s € C,.
- m,L

Proof. Writingt = qt, +s,and noting |(A—1t)NgmCy| = |(As—t;)NmCy|,

we have

AN @E—qmCy)| _[Cox 0 (= qmCy)][*
C] L]

II



' Note that while g is not
quite the balance function
of A, the computation

in Lemma still goes
through because the only

difference is the constant o.

1

B |CqN|

N

s5€Cq

tezd

>y

qN| s€Cq t, €74

|M

t, €2

d Z “ganl L(CN)

s5€Cy

(A=t ngmCy|  |(Cov —1) NgmCyl[*
Cr| (&3
)NmC|  |(Cx — ) NmCy|”
IQI (&3
Z (A, —t)NmC|  |(Cx —t,) NmCy||”
(&3 (&3

where the last line follows from the proof of Lemma14 Multiplying through

by ¢¢ shows || gs

HUl

(CN)

< nforany s € C,.

12
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CHAPTER 2

k-DEGENERATE DISTANCE
GRAPHS IN FINITE FIELDS

In this chapter we will describe two approaches to counting k-degenerate dis-
tance graphs in subsets of finite fields. The first follows a Von-Neumann type
counting argument which gives nontrivial results with the requirement that
the dimension d is at least linear in the graph degeneracy &, while the second
is a simplified inductive approach valid for d quadratic in k, but which has the
advantage of being adaptable to the integer lattice.”

The model case of finite fields is a useful one to test the viability of argu-
ments before translating them to the technicality-ridden world of Z%. It does
however come with its own pitfalls. One culprit in our case is that the analogue
of distance we use is nota norm. For y € FY, we use the definition [y|* := y -,
but |y|?> = 0 does not imply that y = 0, i.e. this quadratic form is isotropic.
It is possible to work around this issue with the penalty of more notation and
worse estimates, but as this artifact (mostly) does not appear in our goal setting
of 72, we will avoid it by assuming our distance graphs have no edges of length
0.

Both approaches show that under suitable assumptions on d, ¢, and «
that every subset of F¢ with density o contains an isometric copy of every k-

degenerate distance graph with nonzero edge lengths.

2.1 Preliminaries

For completeness, we record the character sum estimates used to count points

in the intersection of spheres in [F g.

3

5 Though some elements
unique to the first approach
are also drawn upon for the
argument in VAS



2.1.1  Spheres in Finite Fields

We start with the definitions

Definition 2.1. Ift € Fyand x € FY, then the sphere Sy(x) is defined as
Si(x) ={y €Fg : ly—a|* =t}

Definition 2.2. Ift = (t1,...,ty) and X = (v1,..., %) are tuples with
ti€Fyandx; € Fg fori=1,...,k, then the sphere S;(X) is defined as

Si(X) = {yEIFZ : |y—:p,~|2:tifori:1,...,k:}

Note thatift = (t1,...,t;) and X = (z1,...,2), then

k

Si(X) = (1) (),

i=1

50 S¢(X') can be thought of as the intersection of k spheres.
It will additionally be convenient to define normalized indicator functions
associated to these spheres.

Definition 2.3. Ift € ¥, then the normalized indicator function of the sphere

Sy(z) 25 given by
T q Z |y - :B|2 = ta
() = { /

0 otherwise.

Definition 2.4. Ift = (t1,...,ty) and X = (21, ..., x) witht; € Fjand
T € Ffll fori =1,..., k then the normalized indicator function of the sphere
Sy(X) is given by

o

X ¢ ifly—xP =ty — el =t
(y) = _
0  otherwise.

Note that

[Su@)| =g ) ot (y),

yEF,
and
1SUX) =g o (y).

y€ly

14



There are however convenient ways to rewrite 07 () and 0X (). The way
we will rewrite o7 (y) is a bit trivial, but the generalization to rewriting o;" (y)

will be quite computationally useful.
Lemma 2.5. Fort € Fyand x € F¢ we have

oy (y) = op(x —y).

Proof. This is immediate as

0

oy (v —y) =

0 otherwise.

=0y (y)

Because its use is ubiquitous, we specially rename o} ().
Definition 2.6. Ift € Iy, the normalized indicator of the sphere centered at O

0't<y) _ {(] lf|y|2 =1, .

0  otherwise.

Now we turn to the more interesting rewriting of o (/). We can think of

07" (y) not as an intersection of k spheres, but rather a single sphere restricted

to an affine subspace.

Lemma 2.7. Ift = (t1,...,ty) and X = (x1,...,xx) witht; € F, and
z; € FY fori=1,... kand char(F,) # 2, then

o, (y) = of (x1 —y),

where Z = (0,1 — xa, ..., 1 — ). Additionally,

oZ(y) = " iflyP =tiandy -z =cifori =2,...k,
. 0  otherwise,

wherec; = (|zi]* —ti +t1) /2 fori=2,... k.

Proof. The first equality is immediate as

Utz(xl —y) =

0  otherwise

15



16 The constants are relevant
for the inductive arguments
used later.

o ¢ iz —yP =t oy o b =,
0  otherwise.

=0} (y)-
The second equality arises by subtracting the i-th equation |y — z;|* = ¢; from
the first equation |y|* = ¢; for each i > 2:
Zil* =t +t
PP =y + 2z y—|aff =t —t; <= y-2z= H#la
given char(F,) # 2. O

2.1.2 Fourier Transform of Spheres in a Finite Field

Estimates on |67 ()| and ]@X ()| will be crucial, and for these we follow the
presentation in the thesis work of Parshall [Parr7], though we will make some
minor changes to match the above notation and track constants.”

Let x be the canonical additive character and let 77 be the multiplicative
character or order 2, ie. 7(s) = lifsisasquareandn(s) = —lifsisa
nonsquare for s € F;. Additionally let (), x) be the Gaussian sum

G(n,x) = Y _ns)x(s).

seFy

We have the following standard computations from the book of Lidl and
Niederreiter [LN96] when char(F,) # 2:

G201 = Va, (21)

and
> x(az® + bx) = G(n, x)n(a)x(—b*(4a) ™), (2.2)

z€lF,

fora € Fyandb € F,.
We will make use of the deep character sum estimates of Sailé [Sal32] and
Weil [Wei48] relating to the Riemann hypothesis over finite fields that

Z n*(s)x (as + bs_l) < 2./, (2.3)

SEFZ

where a, b € I, and atleast one of @ and b is nonzero.

16



We first carry through the estimate of |64(r)| in the case where ¢ # 0 asin

[[P19] or [Parr7].” 7 It is also possible to work
out these estimates with ¢ =
Lemma 2.8. Ift € F} and & € F¢ with char(F,) # 2, then

0 and obtain slightly larger

error bounds as Parshall

|6ZD<T)’ - 1{0} (T) + 8(7"), does in [Parr7|.

(1-d)/2 18
where |5(T’)| <2q . 8 By 1{0}(1") we mean

Proof. First from Lernrnawe have the indicator function of
the conditionr = 0, i.e.
x _ . 1 ifr=0,
o7 (y) = oz — ), Loy = {
0 otherwise.
SO
o;(r) =Eyoy (y)x(y - )
=Eyo1(r —y)x(y - 1)
= Eyoi(u)x((x —u) - 7)
= x(x - 1)o1(—7),
and therefore |67 (1)| = |o:(—7)].

Via orthogonality we have

= > x(s(lyl* —1)

s€lfy

Now we compute

6¢(r) = Eyou(y)x(r - )
=E, > x(s(lyl* —t)x(r-y)

s€lfy
= > X(=sOE,X(slyl” +7 - y)
s€lfy
= Lop(r) + > X(=st)Eyx(sly[* + 7 y)

seFy

Setting

E(r) =Y X(=stE,x(slyl* +7-y),

seFy

it remains to show |£(r)| < 2¢(1=9/2,
For this, we first observe that the inner expectation splits as a sum and then

apply equation (2.2)):

17



Ex(slyl® +7-9) =" > x(sly*+7r-y)
yEFd

= qid H Z Syz + lez

=q dHG (n, x)n ri(4s)")
=q dG(n,x) n(s)x(—|r[*(4s) 7).
Hence

E(r) = q "G x)" Y n'(s)x(=st — [r[*(45) 7). (2.4)

seFy

Now as we assumed ¢ # 0 we may apply equation and finally equa-
tion (22.1) to obtain the desired

E(r)] < 2¢°YG(n, x)|"V/aq
< 2g1-D/2,

Noting 11} (—=7) = 1{0y(r), we get

|67 (r)] = low(=r) = Loy (r) + E(=r),

where we may as well redefine £(r) as £(—r) since the bound is uniform in r.

]

Corollary 2.9. Ift € F; and x € F} where char(F,) # 2, then
[Se(2)] = ¢"7' + €,
where |E| < 2¢471/2,

Proof. We compute

18



with & < 2¢1=9/2, O

We now turn to the more general case of estimating 6;* (1) where we assume

t; # 0. First we need a definition to ensure that S;(X') is nonempty.

Definition 2.10. A4 tuple X =
setting z; = 1 — xifori =2, ...,

(21, ..., %) is said to be in general position if

k, the set zo, . . . | zy, is linearly independent.

Lemma 2.1 Ift = (t4,. ..,
z; € Fd fori=1,...,
then

tr) and X = (x4, ...,
k where X is in general position and char(F

wy) witht; € T} and
Q) #2

167 ()] = Lz () + E(r),

where z; = 1y — m; fori = 2,.. . kand |E(r)| < 2q17D/2,

Proof. The proof follows the same lines as the proof of Lemma First from

Lemrna we have

X
Ot

(y) = of (x1 — ),

where Z = (0,27 — 29, . ..

o7 (r)

,T1 — T), SO

=E,o7 (y)x(y - 7)

= Eyof (z1 — y)x(y - 7)
=E,o; (u)x((z1 —u) 1)
= X(z1- 1)o7 (=),

and therefore

o7 (r)] = |67 (=7)].

For notational convenience, fix v; € ]Fg such that vy - z; = ¢; fori =

2,..., k.2 First note via orthogonality that
ol (y) =D x(s(lyl* = t) HZ iy 2 — )
s€lfy 1=2 s5,€F,
= Y sl =) T 3 = )52
s€lfg 1=2 s5,€Fq
k
=Y XG> =t) Y «x ((y—vz)-zsizi>
SGFq 82,...y SkEFq =2
=D Xy =t) DY x(y—vz)-v)
sely VE(22,...,2k )

9

' Again, it is possible to
carry out estimates when
some collection of the ¢; are
0 as is done in [Parr7], but
we shall not need those as
our goal case is in Z® where
t; = 0 would correspond to
a length zero edge.

*© Such a vy exists because

29, ..., 2 are linearly inde-

pendent.



Now

a7 (r) = Eyof (y)x(r - y)
=E, > x(s(yP—t) > x(y—vz)-v)x(r-y)

s€Fy VE(22,...,2)
= x(=st1) Y x(—vz-0)Ex(sly +y- (v +7)).
selFy VE(22,...,2k)
If s = 0, the inner expectation is zero unless v = —7 which only happens
when —1 € (29, ..., 21), 50

where

=D x(mst) 30wl OBl +y - (04 7).

seFy VE(22,.. 0,2k )

2k—1—d)

It remains to show |E(r)| < 2q( /2, Noting that the inner expectation

splits and applying equation again gives

Eyx(slyl* +y - (v+7)) =g~ Z X(slyl +y - (v+7))

= q_dH Z Syz + yi(vi + 1))

d
=q1 H G, x)n(s)x(—(vi +7:)*(4s) ™)
= q "G, )" (s)x(— v +r[*(4s)7").

Using the Gaussian sum computation equation gives

EMI<a™ Y D n"(s)x(=st = v +rP(4s)7)] . ()
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The inner sum is amenable to the estimate in equation (2.3) as ¢; was as-
sumed to be nonzero. This yields the desired

EMI<a ™ Y 24

< 9q2h-1-/2,

Once again redefining £(7) as £(—7) we get
|67 ()| = 167 (=7)] = 11z

O

Corollary 2.x2. Ift = (t1,...,tp) and X = (21,...,2p) witht; € F} and
x; € Fg fori = 1,... k where X is in general position and char(F,) # 2,
then

[SU(X)| =" * + €,

where | < 2q4=D/2,

Proof-
1SUX) =g ) o (y) = ¢* 6,1 (0).
y€Fy
Via Lemmal.i]we have

6,5(0)] =1+ &,
where |&;] < 2q(2k—1-d)/2, Plugging this in, we get

1SU(X)| < ¢™F + ¢ re,

with ¢4 7F|&,| < 2¢(V/2, O

2.2 Direct Counting Function Approach

In this first approach, we will prove that a subset A C F contains any k-
degenerate graph with 7 vertices under suitable assumptions on the dimension
d and the density of A. The main point of this approach is that a nontrivial
estimate exists when d > 2k — 1. We will only obtain a quadratic dependence
of d on k in the second approach, though that approach is more suited to the
case of the integer lattice.
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The general strategy we will follow to estimate an averaged counting func-
tion Ar which detects appearances of copies of the distance graph I in a set
A C F. This is an adaptation of the method used by Lyall and Magyar in
[LM20b] from setting of Z? to the case of finite fields. It also contains a gen-
eralization to k-degenerate graphs, which is much easier in finite fields than
74,

For a beginning example, let I" be the distance graph with two vertices and
one edge of length ¢ # 0. The averaged counting function here will boil down

to
AF = Ez,y]-A(x)lA(I + y>0t(y>7

where as before 04(y) is the L'-normalized indicator function of the sphere
Si(0) = {y € F¢ : |y|* = t}. Showing Ap is positive is equivalent to
showing A contains at least one isometric copy of I'.

We now want to define the averaged counting function. We shall need
notation to track the edge requirements of distance graph I'. First we make a
notation for the lengths of the backwards edges associated to vertex v; in I'.

Definition 2.13. Let v; be the i-th vertex of distance graph 1. If v; has m back-
wards edges in I to vertices v, , . .., v, withiy < -+ < iy, <1, define

E(l) = z(l, F) = (|Uz — Uz‘1|2, ey |Ui — Uim|2) .

Now if the tuple (21, . . ., ¥;_1) represents chosen vertices of an isometric
copy of I" we need notation to select those vertices which should be the back-
wards neighbors of ;.

Definition 2.14. Let (x1,...,%;1) be a tuple of points in Ffll. Let v; be the
i-th vertex of distance graph U'. If v; has m backwards edges in 1" to vertices
Vigs ooy Vg with 1y < - < iy, < 4, define

X(Z) = X</L.7$l7w27"'7xi71,1—‘> - (xil?"‘7$im>'

We will want to ensure each X (7) is in general position for each 7 so that

Lemmais applicable. To that end we define a restricted average.

Definition 2.x5. Let k be a fixed integer and let x., . . ., x, € IFZ.

k ey Ty, _—d
E,f(x) = Bk f(z) = q 2 /(@)
zng,
2UX in general position for
XC{z1,yxn} with| X|=k—1

22



In other words [E, only considers those x’s which can be included with
Z1, ..., %, with the condition that any subset of size k of them are linearly in-
dependent. We make this definition to ensure each X () is linearly independent
when I' is a k-degenerate distance graph. It is wasteful as really we only need to
make sure a total of n — 1 subsets of z1, . . ., x,, of size at most k are linearly
independent, but we will not worry about tracking a more precise estimate as

it will be included in an error term in any case.

Lemma 2.16. Let k be a fixed integer and let x,, . .., x,, € Fg. Additionally,
let f : Fg — C, then

[Eof(z) — Epf ()] = O(¢" ™ ~*) max| f ().

z€Fd

Proof.

[Eof(2) = Epf(z)| < q7° >, /()]

:DG(mll 7777 zik71>7
{@igsenmif_ JCz1,zn }

< n k—1

<q (k_1>q gé%?lf(w)l
o k—1—d

=0O(q )Ixré%yf(w)l

q

O
We are finally in a position to define the averaged counting function Ar.

Definition 2.17. Let I be a fixed distance graph. If f; = F¢ — [=1,1] for
i =1,...,n, then we define

n

Ar(fir- f) =B o T fi(xi)ag((i(;)(xi).

=1

Note that £(1) and X (1) are empty, so for notational convenience we let
o (y) = 1.

Foraset A C IFZ if Ap(14,...,14) > 0, then A contains at least one
isometric copy of distance graph I". We apply this counting function first to
counting copies of I" in the whole space Fg.

Lemma 2.18. Fora fixed k-degenerate distance graph I in Fg whered > 2k —1
and char(IF,) # 2,

AL, ., 1) =1+ O(g#-1=9/2),
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Proof. From Lemmawe have

E UX(i)(xi)

~X
2:94(i) |

t(i()l)(oﬂ =1+&,

with |£] < 2F-1-0/2
Additionally applying Lemma gives

E;Uf(z()l)(xz) =14& + 010 =1 4+ O(¢@-1-972),

.....

=1
« e X(2 x _X(n
= EzlEﬂc20_§(2())(x2) e EQC"O-E(’E) )(ZL'n)

_ H (1 + O(q(2kz—1—d)/2))
=2
— 14+ O(q(Zk—l—d)/Z)

]

As before, if A C F¢ with density a := ¢~ %|A|, we define the balance
Sfunction fo(x) == 1a(x) — .
Lemma 2.19. Let I be a k-degenerate distance graph in S where d > 2k — 1
and char(F,) # 2, and let A C IFZ with density o > q2Ck=1=d) They

Ar(La, ..yl fa, 1,0, 1) = a2 0104,
—_———
J—1 copies

Proof. First note that the computation in Lemma .18 gives us

n

* X (7 L
B T oad (@) = 14+ O(g® 17972,
i=j+1

where the E* above is also in reference to some fixed 21, ..., z;. We can pull
out this estimate to get

AF(1A7 sy 1A7 fA7 17 R 1) = (1 + O<q(2kilid)/2))AF<1A7 R 1A7 fA)
———r ———

j—1 copies j—1 copies
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In the following, let b be the index of the first of the backwards neighbors

of vj. Abbreviating Ar(14,...,14, fa) as A, we have
—————
7—1 copies
j—1
X X(i X X(j
A=} o | [T a0y @) | B faley)ogs) (@)
i=1
* * Z(j
=E. .. H1A zi)ou ) (@) | B falz))on ) (@, — )
j—l
¥ X(i -
=B}, | [T1a@0on @) ) [ £ o (@) + O]
i=1

Using Lemma again for the error term:

IA] < O(q2k_1_d) +E; . (H O';(i()z (x; ) ‘fA * 0 xb)‘ .

Let
* X (i
7 B (HUt@g ) [Fax o).

We now rewrite the expectation with respect to the basepoint 1, i.e. write
x; =21 +y;fori =1,...,7 — 1. Observe that under this rewriting

Z (i
70) (z:) = o, t(i) (xl +yi) = o, t(4) (Ya — ¥i),

where a is the index of the first backwards neighbor of v; in I', and Z(1) =
(0, Yo — Yigy - - > Yo — Yir,)- Notmgax(l)( 1) = 1, each of the a ( 1) =1
is independent of z1. Under the rewriting, the * condition in the expectanon
transforms from the general position of any subset of size k of {z1,...,x;_1}
to the condition that any subset of size k of {y2, . .., y;_1 } is linearly indepen-
dent. This is also independent of 1, so we can pull the expectation in 1 inside
the sum to attain

fax CTZ(())(!M + yb)‘

7j—1
* Z (1)
S= Ey2 SYj— (H T4(i) (Y _yi)) 1
('L
y2 Y- <HU yll —Yi ) Egm

Y JEZ(](.g)(a:l) .
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To condense notation, let
j—1
Z(i
P= H%(z())(yn — Yi)-
i=2
Now by Cauchy-Schwarz on the functions

P2 and PE,, fA*af(g)(xl),

and applying Lemma 2.18]to get

* - 2k—1—d)/2
E;, . P=1+0( 12y, (2.6)
we have
52 < (1 +O(q(2k—1—d)/2)> T,
where

T=E PEa, | fa 0,0 (1)

2
Y2..,Y5-1 ‘

We next rewrite 1" using Plancherel’s identity:
* £ ~Z(j
T=Ej, P 3 fa) Pl o)
refd

We can now apply the computation in Lemma that

.....

where z; = y;, —y;, fori =2,...,m.
We therefore split the sum in the above expression on the condition that
r e <22, - ,zm>, SO we may write

T= Tl =+ T27
where

Tl _ Ezg...,yj,ltp ’fAA(T)P (1 4 O<q(2kflfd)/2>) ’
7‘€<22

77777 Zm)

and
T2 — O(qQkilid)E*

Y2y Yj—1

[far).
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Note
ST AP = Bl fa@)P = a(l —a) < a, (27)

relfd

and applying this estimate and equation , we can dispatch with T5:
T2 = OéO(C]Qkilid).

It remains to estimate 77. First we can again use equation (2.6)) for the error
and write

T) = aO(qF—1-9/2) ¢ E, .. P | Fa(r)]2.
re€(za

----- Zm>

Let us consider just the last part of this expression

E = EZQ...,yj_lp Z |fA(r)|2

re(22,....,2m)

Observe thatif r = 0, then £ = 0 as fA(O) =E,fa(x) =0.Ifr £ 0,
then r only appears in some of the (2, . . ., 2,,,), and the actual value of r turns
out to be immaterial. Examining P again, and recognizing that it is an indicator
function of isometric copies of I' restricted to the vertices vy, ..., vj_1, we

can recognize that it is invariant under any distance preserving transformation

u e SO (Fg). Thus

E=E, , P >  |fawl@)l

u=l(r)e(z2,,2m)

We can now average over SO (Fg) as is demonstrated in the proof of Propo-
sition 1in [LM20a]. The average can be pulled into the expression to obtain

E= EZz-n,yjflPEUESO(]Fg) Z ’fA(uOn))‘z

u(r)e(z2,....2m)

<E;, P falr)P

rng

IA

aO(¢" ')
S &O(qk_l_d),

where in the penultimate step we applied equation (22.6)) and equation (2.7)), and

in the last step we recalled that m was the backwards degree of vertex v; which
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is at most k as I is k-degenerate. Hence
Tl — aO(q(Qk—l—d)/Q) + OéO(qk_l_d) _ OéO(q(2k_1_d)/2).
Putting everything back together, we have
T =T + T, = aO(¢* D2 L a0(¢* 179 = aO(¢@1=9/2),

and
S = a2 O(q@k—1-d/4),

SO
A= O(qZk:—l—d) + &%O<q(2k—1—d)/4).

3 .
When a > ¢2%*=1=9  the second term dominates, so

A = az0(q21-D/4)

and
AF(lAa SR 1A7 fA> 1a ) 1) = Oé%O(q(Zk*l*d)/‘L)
N—
J—1 copies
as desired. 0

The proof of the main theorem follows immediately from this lemma and

the linearity of Ar.

Theorem 2.20. Let I be a k-degenerate distance graph in Fg with n vertices and
nonzero edge lengths where char(FY) # 2 and d > 2k — 1. Then there exists a
constant C' = C(n, k) such that if A C qu with density o > C’qzi;:d, then

A contains an isometric copy of .

Proof. By the linearity of A and an application of Lemmas and

ALa,. o la) =a A1, 1)+ 0" AL, u, fa 1,0 1)
j=1

~————
j—1 copies
1 _ n
_ Ckn(l _i_O(q(Qkflfd)/Q)) + 1_0; Q%O(q(%flfd)/zl)

—a" _|_Oé%0(q(2k717d)/4).

Ifa > C’qul;:d where C' is a constant depending only on n and k, then
A(14,...,14) > 0and A necessarily contains an isometric copy of I". Note

that C' could be explicitly computed from Lemmas and taking the

minimal choices for the other parameters, i.e. ¢ = 3 and d = 2k. O
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2.3 Exceptional Set Approach

In this approach, we use the idea that most of the time the number of ways
it is possible to add an extra point x € A connected by £ edges to a distance
graph I' C Fg is about as many as expected just considering the density of A.
Specifically, if k points 1, o, . . ., Ty are fixed in Fg, and k nonzero edge lengths

t1, o, ..., ty are specified, then there are ~ gk

points x in Fg satisfying
|z — 21> = ty, ..., |x — 2]> = t. If the density of A C F{ is ar, we expect
that ag’™* points satisfying the restrictions also lie in A. This idea is made

precise in the following theorem.

Theorem 2.21. Fixe > 0and A C F¢ with density o where char(F,) # 2.
Lett € (]FZ) *bea tuple of k distances, and X & (]Fg) " bea tuple of k points in
Fg in general position with d > 2k — 1. Then if X is not in an exceptional set
B, then

d—1
2

[ANSU(X)| > (@ —e)g"" —2aq°7,
where | B.| < 6aqe2gkdt2h=1-d,

Proof. In order to write |A N S¢(X)] as a convolution, it is useful to write the

points as relative to the chosen basepoint 21. Now we can compute

k

ANSUX)| =Y Laler +y) [[ ¢ on (@i — 21— y).

yeFd i=1

This is the desired count as 14(z1 + y) checks if 1 + y is in A while each
q oy, (xi — 11 — y) checks if z; is the appropriate distance from 21 + y.

To see this expression as a convolution, let Z = (21, ..., z) with z; :=
x; —xyfori =1,...,k,and define

k
ol (y) = [ oz + ).
=1
Then

[ANS(X)| =" ) Laler +y)of (—y)

y€Fd
=q¥F1, % Uf(xl)
= ¢ Fa+ fa) * af(xl)
= oSy (X)| + q"F fax of (x1),
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where as usual f4 is the balance function, defined as f4 = 14 — a.
By Corollary we know |S;(X)| = ¢?F + € where || < 20T, so

we have
AN S,(X)] = g™  + ¢ fa% %Z(xl) +af.

Define the exceptional set
B.:={X € (Fg)k : |fax o] (z1)| > &, X in general position}.

We can make use of Plancherel’s identity and estimates of the Fourier transform
of the sphere to get a handle on the size of B.. For the following, we shall write

> to mean the sum over Z = (2,...,2;) € (F¢)"! where the elements
Z

of Z are linearly independent. This makes sense as 2; = 21 — ;1 = 0, but
every other {z; }1_, varies freely over F¢ as 2; varies, with the restriction that
Z9, ..., 2 are linearly independent since X is in general position. Now

|B.|e* < > |fax o (z1)]?
Xe(F*,

X in general position

<Z Z |fA*Ut xl

m1€]Fd

< Z Q"Eon|fa o7 (@)
< dz S s Pl )P

rEFd

< q¢'I + ¢"I,

where

7 re(z2,..,2K)

As 29, ..., 2, are linearly independent, Lemmaapplies:

167 (M| = Lre(epniay (1) + E(7),

with |E(r)| < 2¢@*~179/2 and for I}, we get the estimate

Z Yo Pt ()

rZ(22,0.,2k)
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<STONT (falr)Pag

Z 7‘%(22,...7Zk>

< 4NN fa ()P
Z

refd

< 4 ISR, | fa )2
A

< 4q2k—1—dqd(k—1)a(1 —a)
< dogiirh-1-2d

On the other hand,

L= Y |fa)PleZ ()

re(za,...,2k)

< (1 + 4q(2k—1—d)/2 + 4q2k—1_d) Z* Z |fA(T)|2~
Z

r€(22,...,2k)

This lastline can be rewritten by observing each nonzero r appears an equal
number of times in the sum.” Indeed if 1, 3 # 0, then let A € GL(d, ¢) be *' A very similar observation

some matrix sending 1 to 7 (there are many such matrices, though to make it and calculation occurred in
the calculation of E in the

explicit, one could constructa change of basis matrix). Nowif Z = (2o, .. ., 2j)

. proof of Lemma
isfixedand r; € (29,..., 2x), then

k k
r= g Conlm = T9 = E CmAzm,
m=2 m=2
ie.r € (29,...,2k) <= 719 € (Azy, ..., Az). Therefore, the number
of Z for whichr € (z9,. .., 2) is invariant for nonzero . We can compute

explicitly for r # 0

k—2
(@' =1 Ho(qd —q") .
Z :re = = < gh—1tdk=2),
#{ r <227 72k>} qd 1 ~q
The one exception, = 0, which is in every (2, . . ., 2;) does not actually

contribute to the sum for /5 as fA(O) =E,fa(z) = 0. Thus

I, < (1 + 4q(2k—1—d)/2 + 4q2k—1—d) Z* Z ’fA(T”z
Z

TE(22,..,2k)

< (1 + 4q(2k—1—d)/2 4 4q2k—1—d) qdk+k—1—2d Z ]fA(T)\2
refy
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< aqdk+k—1—2d +4aqdk+2k—3/2—5d/2 +4aqdk+3k—2—3d.

Comparing the exponents, we see the /; term is the main term, but specifi-
cally, we get

|B|e® < ¢ + ¢ I
< aqdk—2k—1—d (4+ q—k + 4q(—1—d)/2 +4qk—1—d)

< 6&qdk72k717d

)

where in the last linewe use d > 2k — 1,k > 1,and ¢ > 3. ]

The above is the crucial working theorem, though to put all the pieces to-
gether, we also make use of an easy upper bound computation for the number
of isometric copies of a k-degenerate distance graph in the whole space ]Fg.

IfI' C F, j is a k-degenerate distance graph in k-general position, let

NT):=#{I"CF! : T'~T}

where by I" ~ I' we mean both that I" is isometric to I" and that I" is in k-
general position.

Lemma 2.22. Let I C F¢ be a k-degenerate distance graph with char (F,) # 2
and d > 2k — 1. If T is in k-general position with n vertices and e edges, then

n

N(F) < qnd—e H(]- _’_2q(2m¢—1—d)/2) < qnd—e(l _’_2(]—1/2)”’

i=1
where m; is the backwards degree of the i-th vertex.

Proof. The proof is a direct inductive argument. If I is the one vertex graph,
then the number of isometric copies of T is ¢%. If " has vertices vy, . . . , Up 11
with n > 1, we can count the number of isometric copies of I" by considering
how many ways there are to add the vertex v,,1; to an isometric copy of the
induced subgraph I'y on vertices vy, . . ., v,,. Let € be the number of edges in
I, let e be the number of edges in Iy, and let m be the degree of vy, 41 in T
Note thateg + m = e, and m < kas I is k-degenerate. For induction, we

now assume

n

N(Fo) < qnd—eo H(l —|—2q(2mi_1_d)/2).

=1

32



Fix some particular I'jj ~ I'gand let v;,, . . . , v;,, be the vertices connected
to V11 in I, and define

X = (0, (Th), ... 0, (TH)).

Lett = (t1, ..., tn) be the lengths of the edges connected to v, 11 in T, ie.
tj = [vng1 (D) — v, (T) P forj =1,...,m

Again by Corollarywe know |Sy(X)| < g™ (1 4 2¢m—1=9/2),
and so for each I'{), we can add v;, 41 in at most g (1 + 2q(2m_1_d)/2) ways.

Therefore

N(T) < N (To)g®™ (1 + 2¢Bm=1-072)

< qnd eoqd m(1+2q (2m—1— d)/2 H 1+2q(2mi—1—d)/2)
i=1

n+1
< q(n+1)d—e H(l + 2q(2mi—1—d)/2)'

i=1
Noting d > 2k — 1 > 2m — 1 gives

n+1
H(1+2q(2mi—l—d)/2) S <1+2q—1/2)n

i=1
[

We will also make use of the count of the number of isometric copies of T’
in which certain vertices are fixed.

Definition 2.23. Ler I = (iy, ..., iy,) withi; € {1,...,n} bean index tuple
andlet X = (xq,...,xy) withx; € IFZ be a tuple of points. Then set
N0, X) =4I CFl : I'~ T, v, (') = 1,03, (1) = @}
The following lemma follows the same proof idea as Lemmalz.22} though
needs to pay the minor price of assuming I' is in 2k-general position.

Lemma 2.24. Let' C F, qd be a k-degenerate distance graph with char(F,) # 2
and d > 4k — 1. Additionally assume I is in 2k-general position with n vertices
and e edges. Let I = (i, ..., 1) be an index tuple with s < k, let e be the
number of edges in the induced subgraph on vertices v;,, . . ., v;,, and let X =
(21, ..., %) be a tuple of points x; € FY, then

N[(F,X) < q(n—s)d—e-‘re] (1 + Qq—l/g)nfs
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Proof. We immediately consider a reindexed version of I" where all the edges
remain the same, but we move the s vertices (v;,, . .., v;,) to the beginning
of the ordering, i.e. let [ = (Viyy -y Vi, 1, - .., Uy) where with an abuse of
notation vy, . . ., U, is meant to skip over those indices in /. Because s ver-
tices have been brought forward in the degenerecy ordering, to each vertex
in I' we have added at most s new backwards edges. Hence Tisa (k + s)-
degenerate graph. In particular as s < k, it is a 2k-degenerate graph. We
observe N7(T', X) = Ny (T, X), where by [s] we mean {1, ..., s}.
We start the induction with n = s. If I has s vertices, then € = ej and

Nig(T, X) < 1.

Note that if the tuple of points in X fail to satisfy the edge restrictions of
T, then N (F X) = 0, but otherwise there is exactly one isometric graph
because we have fixed all vertices.

The induction proceeds exactly as in the previous lemma, though unfortu-
nately the notation is cumbersome.

If " has n + 1 vertices with n > s, then Thasn+1 vertices, and we count
how many ways there were to add an (n + 1)-th vertex to Ty, the 2k- -degenerate
distance graph induced by removing the (n + 1)-th vertex from T. Again, lete
be the number of edges in I, let g be the number of edges in Fo, and let m be
the degree of v,,41 in I. By the inductive assumption,

Ms}(anX) < q(n—s)d—eo-l—ej (1 + 2q—1/2)n—s

For each copy Offg, we can add v, 41 in at most ¢¢~™ (1 + 2q<2m*1*d)/2)
ways and therefore

Ni(T, X) = Njg (T, X)
< N (Lo, X)g™™ (1 4 2¢*m=1=9/72)
< q(n—s)d—eo+61qd—m (1 + 2q(2m—1—d)/2) (1 + 2q_1/2)n—s
< gH1-s)d—eter (1 + Qq—1/2)n+1*8

9

where the last inequality arises as m < 2k and d > 4k — 1 by assumption. [

We are now in a position to prove the main theorem for finite fields, though

we need the final notation

NATD) =#{"c A : " ~ThL
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Theorem 2.25. Let I" be a k-degenerate distance graph in 2k-general position
on n, vertices with e edges and nonzero edge lengths in F¢ with char(Fy) # 2.
Fix0 < 6 < % andlet A C F2 with density o. If ¢ > max{2'/° 22/(1=20)},
d>k(k—1)/242k — 1, and

k(k—1)/242k—1—-d+35
n+1

o > 605_,; (1 + 2q_1/2) q + ,

then
NA(F) Z C?’qanqndfe’

where
Csq = (1 — 2q*5) (1 — q*‘;) .

Proof. We again use induction. If I is the single-vertex distance graph, then
A contains ag? isometric copies of I'. Now let I' be a k-degenerate distance
graph on n + 1 vertices with nonzero edgelengths in 2k-general position with
n > 1. Assume thatdeg(v,41) = m < k, and as before, let Iy be the induced
subgraph of I on the first n vertices, and let ey denote the number of edges in
I'y. Note thatif e is the number of edges in I', then eg +m = e. The inductive

assumption says
NA(F > o ah nd—eg
0) Z Csq 4 :

We proceed by counting the way to add an (n+1)-th vertex to each isometric
copy of Iy provided the would-be neighbors of the (n 4 1)-th vertex do not
fallin a bad set. Let t € (F;) " be the tuple of distances from the (n + 1)-th
vertex in I'. Fixing 0 < 0 < % and setting € = aq~% in Theorem gives

AN Sy(X)| > agt™™ (1 — g0 — 2¢Pm~1=9/2) for X ¢ B,

where | B| < 6a~1gmdt2m=1-d+20 Noting k > mand d > 2k — 1 we can

2m—1—d)/2 —-1/2

replace q with ¢~*/“. Then noting we carefully chosen ¢ such that

q > 2%/(=20) which implies 2¢~1/? < ¢7°, we can write
|AN S(X)] > ag™™ (1 —2¢7°) for X ¢ B.

The other requirement g > 21/9 ensures the term (1 — 2q_5) is positive.
Setting I to be the indices of the neighbors of the (n + 1)-th vertex in T,
we are left with at least

NA(To) = Y Ni(To, X) = N4(To) — | B max Ni(Ty, X)

XeB
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isometric copies of I'y for which we have about ag?™™ options for adding a
(n + 1)-th vertex. From Lemmalz.24] we have

N[(FO,X) < q(n—m)d—eo—i—e] (1 + Qq_l/z)nfm’
and so

< oL —1/2\"™™M nd—ep+er+2m—1—d+2§
| Blmax Ni(Ty, X) <a™'6 (1+2¢77%)" g

6 (1 4 2¢1/2)" ™ gertam—1-d+2s
an—l—l

anqndfeg

IN

n . n_nd—ey,—0
S C(S,qa q Oq I

where in the last step we have applied the lower bound of a.
Putting everything together yields

NAT) > ag®™™ (1 - (NA (To) — ZNI Iy, X )
XeB
> aqd—m (1 _Qq—é) (C[;q()énqnd €o _C6qanqnd egq 5)
2 C:{anH*lq(TH*l)d*e (1 _ 2q ) (1 - qf(S)
> ¢ n+1 n+1 (n+1)d—
Z Csq q

O

The above theorem is notation dense, so we record a particular case to em-

phasize the nature of the result.

Corollary 2.26. Let 1" be a k-degenerate distance graph in 2k-general position
on 0 vertices with € edges and nonzero edge lengths in TS with char(F,) # 2. Let
A C Fi with density o If ¢ > 1000, d > k(k — 1)/2 + 2k — 1, and

k(k—1)/242k—1/2—d
a > 26q ntl ,

then N
NA(F) 2 (Z) anqnd e

Proof. The corollary is the above theorem after setting § = % and choosing
1000 as a threshold for g. Note that it would be possible to get better lower
bounds for larger g as c5;, — 1 as g — oo. O
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CHAPTER 3

UrPER BOUNDS

3.1 Introduction

In this chapter, we attain upper bounds on the number of lattice points on
the intersections of spheres using the machinery of the circle method. We first
search for solutions in all of Z? and then restrict to looking for solutions in a
fixed residue class. In particular, we estimate | S, (A, it)| and [ Sy wo (A, 11)| as
defined below.

Definition 3.1. Given \2, i € Zand x € 79,
S&(Aau) = {Q S Zd : |ﬂ|2 = )‘Qa y-x= lu}
Definition 3.2. Given \?, yu € Z, x € 7% and residue class v (mod W),

Seww(A 1) =1y € VAR |g|2 =\ y-x=p,y=uv(mod W)}

We will also only consider those z of the following simple form.* 22 This is because some of
the crucial estimates depend
Definition 3.3. = (z1,...,174) is primitive lfng(:El, cooxg) =1 on Bz not being too close to

lattice points for § € [0, 1].

3.2 Upper Bounds in Z?

3.2.0 Preliminaries

In order to apply the circle method, we write

S ml =3 / e(a(|yf? — ?)) da / e(Bly - — ) dB.

yezd
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We will break the integration in cvinto two pieces: the so-called major and minor
arcs. We make the following definitions:

Definition 3.4. Ler 0 < 0 < 1. The major arc M ,4(0) for ¢ > 1is given by

Masq(0) :={a €0,1] :

a— ﬁ’ < g AT
q

For q = 1, make the special definition
93?0/1(9) = [O, )\72+9:| U [1 — )\72+9, 1] .

Additionally we define the collection of major arcs M(0) as

me) = U U Ml

1<q<\? 0<a<q,
(a,q)=1

The minor arcs m(0) are the complement, i.e. m(0) = [0, 1] \ 2(0).

Now write
1Sz (A, )| = Loy + Lomo), (3.1)
with

1

e(a(|yl> — 3?)da / e(Bly -z — 1)) db,

0

Inioy = Y /

yEZd m(@)

Iy = Y /m el =¥ do / e(Bly - 2 — ) dB.

yezd

We note that Iy9) and Ion(g) depend on z though we do not notate the
explicit dependency. For the minor arcs all estimates are in fact independent of
, although analysis of x features heavily for estimates of the major arcs.

3.2.2 Minor Arcs Estimate

To estimate I (g), note that the sum over Z% may as well be replaced with a sum
over the lattice cube Q5 where N := |\, as the only nonzero terms in the

sum occur when |y| = . Hence

e(a(|y* — 22) da / e(Bly -z — 1)) dB
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- /m(9) /ole(—a/\2 —Bu) Y elolyl® + By z) d da

yeQN

Definition 3.s. For the minor arcs, we define the Gaussian sum

gen(e, B) = > elaly]® + By - z).

yeQnN

Lemma 3.6 (Weyl estimate). Ifa € m(6), then for any e > 0,

_d8
|ga(a, B)] Se A2

Proof. Note that g, (e, 3) splits as

i N
gap(a, B) = H Z e(ay; + Byiwi).
i=1y;=—N

Yi=—

(3-2)

A bound for Zév:_ ~ €(ay? + Bry) comes from the Weyl inequality. A version

dating to Vinogradov in [Vin27]| says if

M+P

S= 3 elfy)

y=M+1

with f(y) = ay™ + coo1y™ ' + -+ + ¢o, and

<=, (a,9)=1, 0<gqg<P"

then

S — O (P1+E(q—1 + P—l + P—n-‘rl + qP—n>0') 7 o = 2—n+1.

In our case, letting P = 2N + 1 and n = 2 gives

S=0 (Nl-i-a(q—l + N—l + qN_2)1/2) ]

(3-3)

We now use a standard application of the pigeonhole principle. Note that
forany Q € Z™, some two of 0, @ mod 1,2« mod 1, ..., Qo mod 1 must

lie within % of each other, so there existintegers 0 < ny; < ng < ),anda > 0

such that |nsa — nyav — a| < % Setting ¢ := ny —ny wehave 1 < ¢ < Q
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and rearranging yields

07 (3-4)

so for any () we get a ¢ with which the Weyl inequality applies. Now looking
at the left inequality of the above and setting Q@ = [A\?~%] gives a ¢ with the

property that
1

g0

a

q
However as o is in the minor arcs m(#), this forces this particular g to be bigger
than \?. Since \? < ¢ < [A?7?], the Weyl estimate with this ¢ boils down to

|S| SE )\179/2+€.

Applying this estimate to each term of the d-fold product form of g, \(c, 3),
yields the desired

0
|9L>\(O‘vﬁ)| Se A2 +67

forany o € m(6). ]

Corollary 3.7. Foranye > 0
| In(oy] S A2,

Proof. Applying the Weyl estimate in equation (3.2)), we find for any ¢ > 0

1
Ino)| < / / o (e )] dB da
m(6) JO

d—2 ¢
<A

3.2.3 Major Arcs Estimate

To ensure convergence in the minor arcs, we restricted the sum to a lattice cube.

To ensure convergence in the major arcs, we instead introduce a smooth cutoft
. . . y

function ¢ which will allow us to make sense of dezd f(@)e (5) asall but

finitely many terms are 0.
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Definition 3.8. Lertp : R — R be a smooth function bounded by 1 and

satisfying
1 iy <1,
Y(y) = _ﬂ |
0 #flyl = 2.

Fory = (Y1, - - -, Ya) then we set

oY) == (1) .. ¥(ya)-

Now we may write

Z/ PN da [ (Bl x - m)ds

- Z < ) / a(lg|2 — AQ))da/Ol e(Bly -z —p))dB
/ / (—aX* = Bp) Z e(alyl® + By - 2)p (%) dB da.

Definition 3.9. For the major arcs, we define the Gaussian sum

Geala,8) = 3 elalyl* + By~ 2)¢ ()

yezd

Pulling in the absolute value, we have

o / /|G“a5)|dﬁda (3:5)

To simplify notation, we combine the cut-off function with e(ay|?).

Definition 3.10. We define

Pan(y) i= elalyP)e (%)

With this notation we have

=) e(By - 2)pan(y)-

yezd
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Additionally, recall the notation set up in equation :

flO = | fwe-y-©dy

Lemma 3.1 [fa = et with0 < a < qand (a,q) = 1, then

Gan(a,8) =q7* Z Drx (m_—m) Z e (Q|§|z n §'m) ‘
s (mod q)

ez q q q

Proof. The proofis cleaner in the language of lattices, of which we will make a
note of at the end, but instead we shall go through a more pedestrian path of
elementary Fourier analysis manipulations. The key player will be the Poisson
summation formula equation (.G).

First we rewrite G\ (v, 5) as G 5 <g +T, B)

Geala, B) = Y e(By - 2)paira(y)

= e(By-x)e (glglz) Pray)-

yezd

Writing y as gy’ + s where s is a residue mod ¢ gives

a a
e (—@2) =e (-I(Jg’ +§|2)
q q

a
=e (aqlg’F +2ay - s+ 5|§|2)

Gun(a,8) = Y e(By - z)e (g!gF) pra(y)

yezd

=3 e(Blay+s)-x)e (9\§|2> ralqy + s)
s(q) yezd q
>e (‘|S|2 +Ps- 2) > e(aBy - 2)e-n(qy + 5)
s(q) gGZd
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=) e (g!§|2 +Bs - &) > elaBy - 2)ers(y)
(9)

Y 2)Prags(y),  (3.6)
yezd

&

where

Prags(y) = @-alqy + 5).

We can recognize the inner sum in equation (3.6) as @y .s(—q/52)

Gan(a,8) = e (g|§|2 + 5§'£>

s(q)

a ~
- Z € (5|§|2 + Bs - l) Prags(—qPT).
s(q)

> e(aBy - 2)prrg.s(y)
gEZd

(3.7)
Using the Poisson summation as stated in equation , we have

QZ:&qs tht EE: %%‘Aqs Qﬂaﬂ

meZd

Note

(3-9)
and thus via equation (3.8)

Prags(—abz) = Z Prags(m — qfz)

meZad




e(—Bs-z) Y e (§ ;Im) Pra <m—Tqﬁz) :

mezZ4

Plugging this into equation (3.7]) and reordering the summation, we obtain

Corle ) =Y e (gw T s _) Brras(—a52)

s(q)

) 2 () (5

s(q) mezd
x a s-m
—t T () e (Gur ).
mezd 1 s(q)

This completes the proof, though we make the additional note that if we
let L = qZ%and f(y) = e(By - )¢~ (y), then the identity we have shown

can be quickly computed from a Poisson summation formula for lattices:

yEZLf( det Zf§

EEL*

where L* is the dual lattice.

Lemma 3.r2. Ifa = et+T with0 < a < qand (a,q) = 1, then

~ (m—qﬁg)‘
P | ——— |-
q

Proof. This follows directly from by pulling in absolute values in the expres-
sion for Gy \(cv, 3) given in Lemmalf.1i} and recalling the standard Gaussian

estimate
q—1
a 5 Sm
Yoo (G )
q q

s=0

|Gaala, B)] < 292¢742 3

meZ4

<2 (3.10)

Note that this is also true in the case ¢ = m = 0 because we have insisted

(a,q) = 1 which means that ¢ = 1 and the sum only has a single term. ]

Inlight of Lemma we turn to estimating | @, (£)| when avis in a major
arc. It will turn out that terms where |¢] is small will far outweigh the other
terms. We introduce notation to capture when this happens in our case where

§=(m—qfz)/q.
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Definition 3.13. Fora point y € R, Jet [yl denote the closest point in 7% to Y
Le.
ly] :=m € Z% such thaty — m € (—1/2,1/2]%.

One might be concerned in the above definition that one may have multiple
reasonable choices of closest lattice points (though note with the way we have set
it up, the choice is unique). However, it will turn out with the way we will apply
[y] that those points which have multiple closest lattice points will contribute
least to the estimates, i.e. will we only really care when y — [y/] is small. We make
an additional definition in analogy to the fractional part of an integer notation,

though below we allow the fractional part to have negative coordinates.

Definition 3.14. Fora pointy € RY, let {y} denote the fractional part of the
point, i.e.
wh=y—l

With this notation, we have

S [pon (2522 < ar e, (51)

meZd

where the main term M is

and the remainder

)

m#0

~ <{—qﬁz} + m) ‘

P
q

will be an error term.
We will use oscillatory integral estimates to get bounds on M and £.

Lemma 3.15. Let§ € R? such that max 1&i| > 2%1 whereq < N IFA'70 > 16

and 0 < |7| < ¢ N2, then for any K > 0 there exists a constant C such
that

1<i<d

1Zra(6)] <g CreA¥min (1, |7 7P A% (A max |§Z|)_K) .

Proof. We shall adapt the principle of nonstationary phase as outlined in [Ste93]]
or [Tao20]. Recall that ¢(y) := ¥ (y1) - . . ¥(ya) and expand

Bal6) = / ora(y)e(—y - &) dy

Rd
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et =y 90 (3) ay

[T [ etrst v (3) o (512)
R

I
0 ::]m &

Let

10 8) = [ elry? —epw () dy

R

Since 9 (y) is 1-bounded and supported on [—2, 2], we have the trivial esti-
mate

[T(A,7,6)] < 4.
As T # 0, we may substitute y = (£/7)z to get

I T,€) = f/ (52 x —x))qb(if_) dz.

Writing ¢(z) := 27 (2* — z) and

I2) = [ € (a) do,

R

we have

TN

I\ T7,8) = gJ <5 s > (3.13)

Because 1 is a smooth cut-off function, we will be able to use integration by
parts to obtain estimates on J (1), ) with constants depending on derivatives
of 1. We will also need |¢'(x)| > ¢ > 0 on the support of (yx). As

supp(¢(yz)) = {z : |z| < 2]y},
on supp(¢(yx)) we have
¢ (z)| = 27|22 — 1| > 27(1 — 2|z]) > 27 (1 — 47| 7)),

so if we assume say |7y| > 8 we have |¢'(z)| > 7 on the support of ¢ (yz).
We perform the first integration by parts explicitly to give the idea:

J(n,7) = / e (yr) da

R
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= / ein¢(x)¢’(x)zil(gyj)) dx

R
L e 4 WW)}
- in/e dx[aﬁ’(x) o
R

b [ -

R

As ¢ (x) = 4w, we rewrite

J(TM):—% o(z) in J (¢'(x))?

R

In general, we note

d [ foa) ] _ SO, f()
dr [w’(:c»n] 7

F@yr (@)

so by repeating the integration by parts trick & times, we obtain

TN S Crnl™™ 1+ [y +-+ "),

where C'x depends on the bounds of up to the K-th derivative of 1. As we
assumed || > 8 to ensure a lower bound of 7 for |¢/ ()|, the above estimate
simplifies to

[T, | < Crelnl = 7| (3.14)

In our case, as per equation (3.13), we apply this estimate setting

& S
n=—, and Y=
T AT

1
2
Recalling |7| < ¢ A72%?, we note

with the assumption |£| >
€11y
— S>>
il ‘AT 2N 728,

as was assumed for equation (3.14), and was why we had the mild condition
A= > 16 in the initial assumptions.
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Applying equation and equation we find when |¢| > %;

)

€] 171" 1"
€25 Ar|E
S Cilr[7IATF g+

S Ok

Combining this with the trivial estimate, we have

(1A, 7,)| S Cr min(4A, |77 A7)
< CAmin(1, |7 TIAK g TR,

Reindexing in K, we get for any K > 0

. —1y— -K
‘[()\,T,f)‘ S CgAmin (1>’T| A 20"5‘) ) ) (3-15)
2 Now of course O de-  under the assumption [£| > Qi 3
pends on up to the (K + 1)- Finally we can return to equation (3.12). The above estimate holds for any
th derivative of ¢ (y). coordinate of { satistying |¢;| > 5., butin particular it holds for the coordinate

of largest magnitude by assumpt1on. For all of the other coordinates, we use

the trivial estimate | (A, 7, &;)| < 4\ to obtain the desired

[P (€ |<H/ e(ty; — Ei)y (%) dy;

<, CeXmin (1, A2\ max ])- ) -

1<i<d

]

Lemma 3.16. If A0 > 16 then for any integer K > d there exists a C'rc such

that )
/ / Edpda <4 Crg™ X5 2log(N).
ima/q(e) 0
Proof. Set
¢ bzt +m
= q
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wherem # 0. As {—qfz} € )1 we have max 1&| > 2—1q so an application of

Lemma yields
o3 (222

m#0

K
<4 Cr )\ Z min (1, ]T\’IA’Q (é max |{—qfxz;} + mz\) > .

1<i<d
m7#0 47==

Noting that [{—¢Bz;} +m;| > @, we can give an estimate independent of
/3 while changing C'x by a factor of 2%

A\ -K
£ Sq O \? g min | 1, |7|*A~2 (— max |mz|) :
s q 1<i<d

We observe

A _K
1< |77 tA2 (— max |mz|) — max |my| < g|r|TVENTITYE
q 1<i<d 1<i<d

In particular as m # 0 we know max |m;| > 1 and so if
1<i<d

17| > ¢" AR,

then we do not need to use the trivial estimate at all and we have

K
€ Sa Crg" X527t Z (1H<11a<}§ ’mz‘)
m#0 T

Sa O™ N5 2 77 (3.16)

where the last line follows because the sum is a dimensional constant since it
was assumed K > d.
We now examine what happens to £ for 7 in the remaining range

0 < |7] < gKA K2,

For notational convenience, let N be the cut-off, i.e.

N = Lq|T|_1/K)\_1_2/KJ )
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** We use the observation
that a hollow cube in d
dimensions is the union
of 2d cubes of dimension
d—1.

We have
#{m € Z 1m§?§)§i|ml| <N} <4N

Therefore for |7| in this range, we have

-K
E Sq CrAIN + Creg" N5 27! Z (max ]ml\) .

1<i<d
mgQN

Here we make the note**

K 0o
Z (max |ml‘) - Z n~K4{m e 7% : 1I£1a<><il\mi] =n}

1<i<d
meQn n=N+1

< > nf2d@n+ 1)

n=N-+1

d-1-K
Sd E n
n=N+1
o

Sd /xd—l—K dx
N

<d Nd_K.

~Y

Hence for 0 < |7| < ¢®A"572, we have

£ ,Sd CK)\de + CKQK)\d_K_2|T|_1Nd_K
Sd CquA_zd/K|T|_d/K + Cqu)\_2d/K’T|_d/K

Sd Cqu)de/KW*d/Ka (3.17)

where plugging in the definition of /N shows the terms balance.
Finally we put equation (5.16)) and equation into the integral, first not-

ing that as we have removed the dependence on /3, we can drop the integration

in 3.

1
/ /8d5da5d51+52,

EIna/q(e) 0
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where
qKA7K72

51 = / Cqu)\72d/K7'7d/K dr
0

_ _K_o\1-d/K
<4 C’qu)\ 2d/K (qK)\ K 2)1 /
<4 CreqBAK-2,

and
q71>\72+6

52 = / CKqK)\d_K_QT_l dT

qK)\—K—Q

71/\72+9
:OKqK/\d—K—2log (Q )

qK/\—K—Q

< Crg™ N2 log(N).

Putting these together yields the desired

1
/ / EdBda <q O™ X5 21og(N).
ﬁna/q(a) 0

]

We now turn to the oscillatory integral estimate to be used with the main

term.

Lemma 3.x7. ForanyT € R

1Bra(©)] S A (14 A27] + Alg)) ™2,

Proof. Expanding achieves

Berl€) = / ra(y)e(—y - €) dy

Rd
- /e(T|g|2 —y-yp (%) dy
Rd
0 [ ety g 00t dy
Rd
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and we know
/ e(\2rly[> — Ay - ©)aly) dy = O[] + Ng) )
Rd

which is estimate s.13(a) in chapter VIII of Stein’s book Harmonic Analysis
[Stegs3|]. Accounting for the trivial estimate, we have

Bra©)] S A (14 227] + g2,
as desired. ]

We now apply Lemmato estimate M in equation (3.11).

Corollary 3.08. If M is the main term appearing in equation then

o ) \ —d/2
MS X T4+ X+ ezl :

and an application of Lemma gives

Proof. We have
M=

Y

\ —d/2
M <A (1 + |+ 2 \{—qﬁzﬂ) |

and we observe |{—qfz}| = [{qBz}. =

In view of Corollary].18} we now want to study [{gfz}|, so we will give it

4 name.

Definition 3.19. If'y € R, let its distance to the nearest lattice point be denoted

lyll:= [y}

Rewriting Corollarywith this notation, we have

< \d 2 A e
M ST 1T+ N7 + . Bz (3.18)

Lemma 3.20. Fixz € Z% Ifm € Z% and Dist (m, (z)) < |z|™%, then
m € (z).
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Proof. Consider the parallelogram P generated by m and z, that is the parallel-
ogram which has vertices 0, m, x, and m + z. Then

Area(P) = Dist (m, (z)) |z| < 1.

This is only possible if in fact Area(P) = 0, as any nondegenerate parallel-

ogram with integral points has area at least 1.” ]

Lemma 3.21. Fixx € Z% Ifm,, m, € 7% and

Dist (m,, (z)) < i=1,2,

1
— or
o
then My, My, and x are linearly dependent.

Proof. Let (z)™* denote the subspace of R? orthogonal to z. In this subspace
we define a disk around 0 which is also in (m, m,)

1 . 1
D= {QE <2> ﬂ(ﬂ17m2> : |£| S \/M}

Finally we define the cylinder C' := D x z.

Without loss of generality we may assume m,, m, € C, for if they are not
we may add a multiples of z without changing Dist (m,, ()) and of course
this does not affect the linear independence of m,, m,, and z.

Now consider the tetrahedron 7" generated by m,, ms,, and z, that is the
tetrahedron which has vertices 0, m,, m,, and z. This tetrahedron is completely

contained in C' because of convexity, SO we may compute

Vol(T') < Vol(C) = ( ! ) lz| = %

/67|

This is only possible if in fact Vol(7") = 0, as any nondegenerate tetrahedron
with integral points has volume at least 1/6.2 O

Lemma 3.22. Ifx € Z%is primitive and |x| < X then
meas {0 < B <1 : |gBz] < A"} <2x7 Mz

Proof. Let m := [gfz] be the closest lattice point to ¢Bz. If [|gBz| < A~
then Lernrna guarantees m € (z). As z is primitive, this means m = ax

53

* Alternatively one could
note Dist (m, (z)) =

min |m — tz| and then use
teR

calculus and the Cauchy-
Schwarz inequality.

26 The constants in this
argument could easily be im-
proved, but the important
thing is the power of |z|.



*7 'This computation could
alternatively be phrased us-
ing the language of measure
preserving transformations.

8 One can make z* explicit:
Givenm ¢ (z)inthen
neighborhood of (z), we
can shift m by a multiple of
& to get it into the cylindri-
cal neighborhood of 2, and
then we can divide this m by
its coordinate-wise greatest

common divisor.

forsome a € Z with 0 < a < ¢. Then we have
a
laz — ¢Bz| < X7 = ‘— — 6’ <q Az
q

for some integer 0 < a < q.
Summing over the a’s and noting that the = 0 and @ = ¢ terms both

correspond to half-intervals*” gives
meas {0 < B <1 : |lgBz|| <A} <227z
O]

Lemma 3.23. I[fz € Z% is primitive with |x| < X and n is an integer with
1172
1<n< \/g)\ , then

—1
meas{OSBSl : nT§||qﬁgH<;}§%

Proof. The case n = 1 is handled by Lemma

Setn = \/% and note ) < \/617F—|Z|. Lemma 3.21{tells us that there are not

three linearly independent integral vectors in the 1) neighborhood of (), i.e.
2N {y € R" : Dist(y, (x)) <n} C (zz%),

where 2* is some fixed integer vector which we may take to be primitive and
within the 7 cylindrical neighborhood of z.*

Itis possible thatz* € (x), butif this is the case, the desired estimates come
from a very slight modification of the proof of Lemma[s.22} The only lattice
points under consideration are multiples of z, so we are looking for the measure
of the s such that ¢/3|z| lies within a certain intervals of length A" and there
are 2¢ such intervals. In particular, each intervalis [a — nA ™ a — (n — 1)\ 71
orfa+ (n— 1A a+n\wherea=0,...,q.

Henceforth we assume 2* ¢ (2) and additionally assume z* is chosen so
|2*| is minimized. Now we set up some notation to match our notation in
Lemmal.21 Again, let (z)* denote the hyperplane in R? orthogonal to z, and
let D denote the interval

D:={ye @ Nz : |yl <n}.
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Finally we define the strip S := D x gz. The point is that S contains all the
lattice points which could be the closest lattice point to g8z for 0 < 5 < 1 as

longas ||gfz|| < n.
By Lemmawe know

Dist(z", (z)) > [z|™" >

> =

Letm € S N Z%and write m = fz + kz* where .k € Z with 0 <
¢ < qgand 0 < |k| < An. Because Dist(m, (z)) = |k|Dist(z*, (x)) and
Dist(z*, (z)) > 1, there is at most one choice for | k| such that

n—1

< Dist(m, (z)) < 7,

where 1 < n < An. Note that a choice of |k| > 0 corresponds to a total of 2¢
lattice pointsin S. Let

—1
= meas {qse 5 € 0.1], 5L < ) < .

For an upper bound, we assume Dist(z*, (z)) = 3 and compute in this case

7”71(]1//\_2(]2:2 V N \/ n_l %)2

A r=0 n _T2+ (n_l) —7r?
B n—2
gn | 1 1

<= =+

A v ; (n—1) —r2]
[ n—2

S% L—F 11 1

n n— 2

L r=0 1_(n—1>

Noting that the above sum is the left-handed Riemann sum for the function
(1 — 22)!, we have that it is in fact bounded by arcsin(1), i.e. 7/2. Hence

qn
mn,q,l/)\ S 77 (319)



and so

n

—1
meas{0§5<1 D

n
: < — 5 <
<1: " <losal <5 s

||’

as desired. O

The goal of Lemmas|3.zo|,|3.zzJP and3.23]is of course all to geta handle on
the integration of the main term M inwith respectto 3. A directapplication

of Corollary yields

1 1 A —d/2
[ s sxt [ (venie s 2asal) - ds ao)
0 0
Now we split the integration on the condition [|¢Bz| < + L %J ,a
cutoft chosen so that when the integration is divided over regions
n—1 n
< < =
L < gl < 2,
we can safely let 1 be an integer.
We write )
/ M dp < NI + N, (3.21)
0
where
R A R R )
laBali<+| /2|
and
I = <1 + N2 7| + 4 HqﬁgH) dg.

laszl>4 | v/ |

First we estimate [;.

Lemma 3.24. Ifz € Z% is primitive with |z| < Xand d > 5, then

LS A a7 (14 22)r]) 02
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Proof. Splitting up the integral and applying Lemmawe get

\ —d/2
n= [ (v i)

lapall<t|v/Z |
Ve A ~d/2
_ / (1 + ¥+ 2 HqﬂzH) a9

n -1
= <llgBz| <}

<L§J / (1+A2|T|+”T‘1)d/2d5

—1
n2 < lgfal<3
V7]

Il
N

AR

n_ 1\ 42
< n)\’llg\’l (1 + )\2|7'| + —)
n=1 q
00 n —d/2
<Azt n(1+)\2 T|—|——> :
EED S (PRS-

n=0

Set

S(c,q.d) = f:n <c + ﬁ) "

n=0 q

To estimate S(c, ¢, d), we note that a quick calculus exercise shows that

fla) == (c + f) "

q

is decreasing when = > dQEqQ. In particular f(x) is decreasing when 2 > cq for

any d > 5. Henceford > 5and ¢ > 0

o0

[cq] n\ ~4?
S(c,q,d)SZn(c—l——) +/f(x)dx.
n=0 q c

q

/
For the sum, note that there are [ ¢q| nonzero terms and (C + %) < 2,

For the integral, we perform the substitution * = cqu. Now

(e o]

S(e,q,d) < ¢ ?[eq)? + A2 / u(1 + u)~? du
1

S g (3.22)
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where the lastintegral is less than the constant that occurs setting d = 5. Setting
¢ =1+ X\*|7] and plugging S(c, ¢, d) back into the bound for I; completes
the proof. O

The I, term in equation (3.21) does not require such careful handling.
Lemma 3.25. I[fx € Z% is primitive with |x| < )\, then

I, 5 qd/Q)\—d/él.

Proof. We insert the bound on ||g8z|| and extend the integral to be over all
g e [O, 1]:

\ —d/2
n= [ (1R Shes)
lagel> | /3|

i 1 Y\
§/<1+A2|ﬂ+5{ @J) dp

0

(&))"

5 qd/2/\—d/4.

We also need to integrate /; and 5 over the major arcs.

Lemma 3.26. Ifz € 74 is primitive with |x| < Xand d > 7, then

/ Iida < @PX73 x|t

ma/q(e)

Proof. By Lemma

/ Lida < @A™ / (1+ X)) dar

9:na/q{(@) |T‘§q71)\72+9

< q2/\_1\g|_1/ (1 + >\27') =72 4
0

Sl [T ) b
0
S q2)\—3|£|—17
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where the last inequality follows as we have assumed d > 7. O
Lemma 3.27. Ifx € 7% is primitive with |x| < ), then

/ I dov S qd/2_1A_2+9_d/4.

i):na/q (9)

Proof. By Lemma

/ Lyda < / g PN oy

ma/q(e) EJ:na/q(e)
S qd/Q—l)\—2+0—d/4’

as the length of the major arc M, ,(0) is 2¢ A2, O

We finally have all the pieces to estimate the total contribution of the major

arcs.

Theorem 3.28. Let z € 7% be primitive with |z| < X\ where \'=% > 16. If
d > max(9, 8 + 80), then

_ _ __do
Ton(oy| Sa A7 |z 4+ AT 2

Proof. By equation , Lemma and equation

FED) / / |G (e, B)] dB da

<y Z/W /!G“ 8)] d8 da

1<q<A90<a<q

Se Yy / / (M + €] dB da
Maq(0

1<g<\? 0<a<q

Q)=
<d Sh +52+S37

where using equation (3.21) we have

Z q—d/Q Z // /\dllda,

1<q< )\ 0<a<q

Q)=
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Z g ? Z / N, dev,

1<g< N\ O<a<q a/q(a
(a,q)=

and

= > "> /a/q /Sdﬁda.

1<q<\? 0<a<q
(a,9)=

From the estimate in Lemmal3.26}

SISJ)\d_3|£|_1 Z q—d/2 Z q2

1Sq<)\0 0§a<Q7
(a,9)=1
d—3)..1—1 6—d)/2
S e Nl
1<q< )\

SJ )\d—3|£|—1 Zq(6—d)/2
q=1

S )\d73‘£’717

where the last inequality follows as d > 9.
From the estimate in Lemmaf.27}

S2§)\d72+67d/4 Z qfd/2 Z qd/271

1<g< 0<a<q,

(a,9)=1
’S)\d72+97d/4 Z 1

1<q< )\
< )\d72+297d/4
S .

As we have assumed d > 8 + 86,
Sy <A

~Y

And finally, from the estimate in Lemma

Sy Sa CkA™ P log(A) Y 7 Y ¢~

1<qg<\? 0<a<g,
(a,9)=1
d—K—1 K+1—d/2
<Sa O\ y o gk
1<qg<\?
d—K—1+0(K+1—d/2
<4 Cx ( /2)

S/d CK)\d*(KJrl)(lfg)f%
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de
gd CK)\d77.

Choosing say K = d + 1,” we can remove the dependence on K toget ~ * Forafixedf < 1the
penultimate inequality
Ss SJ d )\d*% ) shows we can easily beat the
critical exponent d — 4 with

Noting that A< || ~land adding the estimates for S}, S, and Ss gives a choice of K, but this way

don’t need a fixed 8 and
the desired result. ] wedon theeda Ted 7 an

get an estimate subsumed by
that for the minor arcs.

3.2.4 Theorem on Upper Bounds in Z¢

Theorem 3.29. Let x € 2% be primitive with |x| < \. If d > 13, then
|Se (A )] Sa APz

Proof. Putting the minorarc estimate from Corollaryand major arc estimate
from Theoreminto equation (3.1) gives

1Sz (A, )] < ey | + (o)

D S
where for the estimate on |Ion() | to hold we need to ensure
M9 > 16, d>9, and  d> 8+ 86.

To get the claimed bound, we additionally need to choose € > 0 such that

df
- < —4.
5 +e<
We find the optimal choice is § = % ~ 0.618. Choosing e = 0.01 is
good enough with this choice of 0 to allow d = 13. Additionally with this
choice of 0, we get A > 1500 is good enough to ensure A0 > 16, and we
can increase the implied dimensional constant so the estimate is also valid for

all small spheres. L]

3.3 Upper Bounds in a Fixed Residue Class

We now develop the techniques of the previous section to get a more refined
estimate for solutions in a fixed residue class modulo V.
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Letx € Z4withz primitiveand ¢; A < |z| < oA for some fixed constants
¢1 and ¢y. Recall Definition 3.2} Given A, 1, 2 and residue class v modulo W,

Sewa(A ) ={y € VAR y = v (mod W), |g|2 =\, y-z= w1}

We will assume |v]?> = A\? (mod W)andz-v = u (mod W), as otherwise
|Se.ww(A, )| = 0. We capture the congruence condition for y by writing
y= ng + v and summing over K

SyraOh )] = Z/ allyl’ - >>da/0 e(Bly - £ — ) dB.

Y, €74

We again split the integration into major and minor arcs as given in Defini-
tion[3.4] We set
[Se.wu (A, )| = Taw @) + Tonw g, (3.23)

with

e(a(|yl? — \?)) do / e(Bly -z — 1)) dB,

Ty = Y |
71€Zd m(@)

Tow () = > ) da [ z—pu))d
o) 2 /m eyl =) do / e(Bly -z — ) db,

where again we are usingy = Wy L T2

3.3.1 Minor Arcs Estimate in a Fixed Residue Class

As before, we note that the only nonzero terms of the sum are those such that
ly| = A, so thesum overy, € Z could be replaced with a sum over those y .
suchthat Wy +v € Q). Thosey, lieinashifted cube of sidelength < AW L
Let C denote this cube. We have

v = 3 | W(a)e(a(lgl2—A2))d& | eaty-z=myas

y, €72 m

:Z/ aly® - ))da/;e(ﬁ(g-z—u))dﬁ

- / / e(—ad? — ) S elalyl* + By - z) df do. (324)
mW () JO

y,€C
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Definition 3.30. The Gaussian sum gy \w. (v, () is given by

Gerwol, B) = Z €(a|y|2 + By - x)

y,€C

=) e (a!ng +ol* + Bz - (Wy, +Q))

y,€C

=Y e(Waly, | + @Wav + Bz) -y, + (av + Bz) - ),

y,€C

where C is the cube {y | € VAR Wy +ve Qi

Lemma 331 Let0 < § < 0. If o € m(0) and W? < N°, then
{(W?a} € m(0 —9).

Proof. Suppose ¢ < A= Tet a be some integer with 0 < a < ¢. Then

’{W%}—f - ’vv?a— W2 -2
q q
/
— W2 a
=W OZ—W—Qq,

for some integer a'.
Note that W2g < M as W2 < \° by assumption. Since v € m(6) we

have
a 1

—210
Oz—? > a)\

for every ¢ < A’. Plugging in W?q for ¢’ shows

> W2 1 /\—2+9

a
W2a} — -
\{ ap- 2 > W

for every integer @ and ¢ < P Noting A2+ > A 72070 e see
{(W?a} € m( —9).
]

Lemma 3.32 (Weyl estimate). Let 0 < § < 0. Ifa € m(0) and W? < XS,
then for any € > 0,

)
g wo(a, B)] S AT T e
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3° This set, however, is not
too large.

Proof. By Lemmal.31, we have {WW?a} € m(0 — 6). Replacing 6 with 6 — &
in Lemmaimmediately yields the result as the coefficients of the lower order
terms do not affect the Weyl estimate. O

Corollary 3.33. Let 0 < § < 0. IfW? < X\, then for any e > 0,

d(92—6) +€.

[ Taw (0| Se A

Proof. Bringing in the absolute values in equation (3.24) gives

_d(@*ﬁ)
|fmww>|s/ /|gxwy B) dBda <. N5+

3.3.2 Major Arcs Estimate in a Fixed Residue Class

Theinclusion of W in the major arcs estimate shall add some technical difficulty
and necessitate a description of an exceptional set in which our desired estimates
do not quite hold.*

Let ¢(y) be as defined in Definition 3.8} Now

Iy = 3 / e(a(|y* — 22)) da / e(Bly -z — 1)) dB

Y EZdSﬁ(G)
y 1
=Y e (}) / (@lly? = N da [ e(aly 2~ ) d3
Y, cz4 0
Yy
- / / (X — ) 3 elalyl + By - 2)p (%) dfda
IEZd
Definition 3.34. We define the Gaussian sum for major arcs as
Y
_ 2 Y
GoawalosB) = Y elalyl? +By-2)e (%)
y, €24
wherey = ng + v.
Pulling in the absolute value, we have
1
ol < [ [ [Germata5)| a5 da. (325)
m(9) Jo
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Recall the notation set up in Definition

Lemma 3.35. [fov = ot with0 < a < qand (a,q) = 1, then

GL)\J/V&(Q7B) = W_dq_d Z € (g|§|2)

s, (mod q)

s-m\ . (m—WgqBz
XZ&(‘W)%A( Wyq )

wheres = Ws; +v.

Proof. The proof follows the ideas of Lemma We write y, = qy, + $;
with s, € [g]%. Note under this notation

y=Wy +v=Wqy,+Ws, +v=Wqy, +s.

Writing G for G w.(a, ), we have

G =Y elaly+8y-2)¢ (5)

y, €24
2 Y
= > > elalyl+ By 2o (5)
31 (@) y, €24
a Y
=> D¢ (—IW% +5° + 7y’ +6g'£) e (3)
51 (@) g2€Zd q
a Y
=% e (%P) X etrly+ -2y (4)
51 () y, €24
a
=% e (%P) X ety venly
s (9) gzezd
a
=) e (—|§|2 + Bz - §) > e(WaBz - y,)err(Way, + 5)
@ N =
a
=) e (—|§\2 + B - §) e(WaBz - y,)prawas(y,)
s1(q) 1 QQEZd
a ~
= € (E|8‘2 + ﬁl’ §> T)\,Wq,g(_WQBx>
51 ((1)
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By Poisson summation, we have

Prawas(—WaBz) = > Frawqs(m — Wqpz),

meZd

and by equation (3.9)), we have

oawaal€) = Wigte (52 :
PrAWq,s C] Wq SOT A Wq .

Hence

DI ( s + e - s)

S ‘1)
« Y ( m — WqBx) -§> G (m— Wqﬂz)
meZd q Wq
—d 9 m-s\~ (m-—WqBz
e (G) T e () o ()
S1 q m

Because of the involvement of W, a more delicate analysis is required than
3" In the first section we before.” We separate the sum into a main term A and an error term & as essen-

exchanged summationand  tially only one term in the inner some is important:
were able to get a uniform

bound on the Gaussian sum
—d —d a o my- s\ ~ [(myg—Wqbx
because of the coprimalit M: =W q E € (_|§| ) € ( ) ©rA <— )
primatity q Wyq Wyq

of @ and q. Here however s1(a)
after rewriting s = Ws; +v

there are complications as ) d —d a, o m-s\ ~ m — WqpBz
W may not be coprime to g. E:=W"q Z € (E|§| Z € Wq PrA Tq )

m#my
* Recallify € R? then [y] where m, = [—W qby|.3*
denotes the nearest lattice We write
pofnt. Gapwaola, B) =M + €. (3.26)

We are at least able to deal with £ via essentially the same estimation tool as
the previous section.

3 Although it would be sim-
pler to write the conditions ~ Lemma 3.36. If there exists a d > 0 with W2 < M and \'=979/2 > 16,5 then

W < A and \1=9-9 > 16,
we write it this way because

elsewhere we want to use a §

with W2 < )9,
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for any integer K > d there exists a C'i such that

/ / 1€ dB da Sq CxWEAgENTTE=2og()\).

Mayq(0

Proof. Because this estimate has leeway for us later in the form of a power sav-
ings in A, we may wastefully?* bring in the absolute values to obtain

=it S o (2

51 (q) m#my q

- m — WqBx
S W_d Z @rA <_ WqQ6_)
m#my

; (3-27)

where for convenience, we define

2>

m#mg

. [(m—WqgBzx
Pr Wq .

Let v € M, 4(0) and set{ = %qq’@ where m # mg,. As m # m, we

have that max |£Z| > 77, Additionally, as we assumed W2 < X\°, we have

Wq < WA < \0F9/2,

Replacing ¢ with W ¢ and 6 with 6 + 6/2 in Lemmals.15]tells us that provided
A=070/2 > 16and 0 < |7| < (Wq)*A"2+0+9/2 then for any K > 0 there
exists a constant C'g such that

@mga%mM@mu<me>) (5:29)

1<i<d

The condition \*=?=9/2 > 16 holds by assumption, and as o is in the major
arc M, /4(0), we indeed have

L\ 2retap

1
T S _)\—2—1—9 S
7] . Wa

so equation (3.28)) holds.
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We can now directly apply the same computation in Lemmal3.16|using 1Wgq
in place of g to get

/ / Edpda <; Cx(Wq)K XK =2 ]og()\)

a/q 0) 0

Including the W= factor from equation 1) we achieve the claimed estimate.
O

We now turn to the main term, though it will turn out that we need to
identify a small exceptional set of 2’s for which we get a mildly worse estimate
than expected. First we recall s = Ws; + v and note

M=Wq) ) e (g|§|2) e (mvovq ) B (mo —WVZqﬁz>

s1 ()

— (Wa) "5 <%) T (ZW . mvov;f)

51 (9)

o (). () (2 505).

s1 ()

~T)\ (%) ’ Sa (3'2'9)

so we have

(M| < W

where S is the normalized Gaussian sum

W 2 4 my, -
S=q" ) 6(a| s 4ol ¥ mg §1).
)

51 (mod ¢ q

Lemma 3.37. Ler D = ged(W, q), let ¢ = q1D, and assume ged(a, q) = 1.
If D { my then S = 0. On the other hand, if D | my, then

EFTa

Proof. We write s; = ¢it +r witht € [D]? and 1 € [q1]¢. Now we have

=q Z e (G‘Wﬁ + v[* + my, '§1>
§1(Q)

q

=~ alWat+Wr+ o>+ qmy-t+mg-r
DM

7 (@) (D) q
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_dzz (a\WT+v| +qmy-t+my-r

" (@) (D q

4 aIW£+yl2+mo-_ mg -t
| q e (2
7 (q1) t(D)
aWr+ov*+my-r\ 1 mg -t
z( q Lye(mt),

r(q1) t(D)

<

<

This last term is the indicator function of the condition D | my,. Hence if
D { my, then S = 0. Now suppose m, = Dmj, with m{, € Z%. In that case,
we write W = WD and have

alWr +v|>+ Dm), - r
S o o

r (1) 9

2 2 AW
_ gte <§|Q|2> Z . (aWW1|£| + (2aW1v + my) f>

r(q1) a

As ged (WWy,¢1) = 1 we may reorder the sum r — WWir mod ¢
and apply equation to obtain

|S| Saqy /2-

Lemma 3.38. Let D = ged(W, q) and let g = 1 D. If D | [Wq Sz, then
A\ —d/2
M1 S0 NW (140 4 W] )
Wyq
If D { [Wqpz|, then M = 0.

Proof. In light of Lemma we have M = 0 unless D | m, which was
defined as m, := [~W¢fz]. By Lemmalf.17|we have

~ ({—Wqﬁz}

<A1+ — . G
o (B2 v (14 14 g i) o)

Putting equation together with Lemmal3.37]and equation (3.30)), we
obtain the claimed estimate.’s [] % We have removed negative
signs as || —y|| = /| and

We will need to integrate M in /3, so as we did for equation , weaim D | —yisanequivalent
to understand the level sets of || ¢z || with the condition that D | [W¢fBz]. conditonto D |y
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3° We have combined the
half-balls around 0 and
W gz into a single ball.

We will have better estimates for those x such that () lies far away from lattice

points. To capture those £ we wish to consider, we define an exceptional set
b

Definition 3.39. The exceptional set Ey, is given by

k
E,:=<{zeZ: min Dist(y, (z)) < — p.
* {_ vezd\(z) (v () || }
Note that Lemma shows E; = (). We now update lemmas and
to include the parameters D and k.

Lemma 3.40. Let D | Wq. If x € Z\ Ey, is primitive, then

meas {5 0.1+ D | Wasal, Wasz) < T < 20

2| J 7 Jzl*

Proof. Letm := [Wqpz]. As D | m, we may write m = Dm/ withm’ € Z4
and compute

1 k
Dist(ur, (2)) = 7 Dist (. {x}) < -
Asz & Ei, this means m’ € (x) and so m is of the form £Dx. Therefore
W qpz lies in the radius Dk|z| ! balls centered at /D for ¢ = 0,...,Wq/D.
The measure of all such W¢fz is 2W gk|z| 3¢ The result follows by scaling
the measure by Wq|z|. ]

Lemma 3.41. Let D | Wq and let n be an integer with1 < n < #67 |z| /2.
Ifz € 7%\ Ey, is primitive, then

meas {3 € [0,1] : D | [Wqpz], T-1 < [[Wepz| < To} S |_k

n
x|’
where Ty, = nDk|x|~'.

Proof. The case n = 1is handled by Lemma
Setn = —~=

6|z|
that D | y. and Dist(y, (z)) < Dn, theny = Dy’ wherey’ € 74 and
Dist(y; ,{x)) < n. However, Lemmashows that g’l, Q/g’ and gé must be
linearly dependent, and so in turn Yp> Yo and Y, must be linearly dependent as

. First note that if y DYy and y 5 are integral vectors such

well.
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If the only such [W¢fz] are in (z), then they are again of the form (Dx
for{ =0,...,Wgq/D. In this case by the same computation as in the previous

lemma, we have

meas{S € [0,1] : D | [WqBz], T,,.1 < |[WqBz|| < T} < %

||

Now we assume there is some primitive 2* € Z° \ (z) within the 7 cylin-
drical neighborhood of {fz : (B € [0, 1]}.” For convenience let us assume
2* is the shortest such vector. Asx & Ej, we have Dist(z*, (z)) > k|z|™L.
Additionally, all of the lattice points in the 1-neighborhood of the line segment
from 0 to Wqx can be expressed as {12 + loz* with 0 < ¢; < Wqand
o] < mlz|k™. I m' = l1z + loz* then Dist(m/, (x)) = l3 Dist(z*, (x)).

We want to scale these by D, so in particular we note there are at most
2Wq/ D lattice points m/ in the n-neighborhood of the line segment from 0 to
(Wq/D)x satisfying

(n — Dklz|™" < Dist(n', (z)) < nklz| ™",

where 1 < n < n|z|k~!. Noting nk|z|™' = T,,/D, we scale by D to find
there are at most 2W ¢/ D lattice points m with D | m where m is in between
distance 7}, and distance 7}, from the line segment 0 to Wqz.

By equation (3.19)) we have

Wk
man 5 qn.
7D7‘ |l|

>}

18]

Hence

meas {8 € [0,1] : D | [Wqba], Tor < [Wabzl < To} S 2

~ e

At this point, to condense notation, we use the following definitions:
C:=1+ X|7|,

T, :=nDklz|™,
and

1 |z
T := Ty where N = \‘E %J .
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37 A priori we know there is
az* in the n-neighborhood
of {WqBz : 8 € [0,1]},
but this £* may then be
shifted by a multiple of z to
be in the n-neighborhood of

{Bz : B €[0,1]}.



We split the integration of M on the condition |[W¢fz|| < T, and then
further subdivide over 7T},.

By LemmaifD = gcd(W, q), where ¢ = g1 D and D | [Wqfz], then

1
| Saa et ), (5:3)
0
where
—d/2
W .= C i %% / d
s s wasel)  as,
IWqBz||<T
and e
V.= C A W d
Y= + o IWasel) s
IWqBz||>T

Lemma 3.42. Ifz € 7%\ Ej is primitive with ;A < |z| < codand d > 5,
then
I{/V <d k)\7207d/2 + q%kflw2)\f2o(4fd)/2.

Proof. Splitting up the integral and applying Lemmawe get

. \ Y
= [ (ok gy iwesa) s

W qBz||<T

M= 1M

\ —dj2
<C + av HWQ»@H) dp

Tn—lSHWqBQH<Tn
C+—— d
T ) ’

IN

n=1

Tn—1<||WqBz| <Tn

— 1)DEXN\ Y2
S CAILE)
n=1

=z

qW |z

> nkx \ ?
SaH O bgl 2 Y on (0 o)
1 L

<d k’£|7207d/2 + q%kflw2)\720(4fd)/2
Sy RATRCTI 4 @I WRA RO,

n=0

where in the penultimate estimate, we have used equation (3.22]) and in the last
estimate we have used c; A < |z| < e\ ]
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Lemma 3.43. Ifx € 7%\ E}, is primitive with ci\ < |z| < co\, then
V<, qf/2Wd/2)\‘d/4,

Proof. We insert the bound on ||W¢fz|| and extend the integral to be over all
B e [0, 1]:

» ) —d/2
= 2
v [ (e gpiwas) as

IWaqBz| =T

1
,id / <C+ _qW) dpg
0

—d/2

< (E) .
Using the definition of 7" and applying ;A < |z| < ¢2\ yields the claimed
estimate. OJ

As before, we now integrate []" and I;" over the major arcs. Recall that we
haveset C' = 1 + A\?|7|.

Lemma 3.44. I[fx € Z\ E}, is primitive with o, A < |z| < codand d > 7,
then
/ IV da Sy kA 4+ ik WA
EIna,/q(e)

Proof. We apply Lemmaand integrate. Using exactly the same process as
Lemma we increase the domain of integration, gain a factor of A2 by
substitution, and require d > 7 to get convergence in the integral. O

Lemma 3.45. Ifz € 2%\ E}, is primitive with c;\ < |z| < co\, then

93Ta/q (0)

Proof. By Lemma
/ IV da <4 / qf/QWd/Q)\_d/4doz

S)ﬁa/q(e) EIna/q(e)

<4 q—lqil/QWd/2)\—2+0—d/4’
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where we have used the length of the major arc. O

Putting everything together and applying the observation that the main
term balances when k£ = W, we have the following.

Theorem3.46. Let0 < 0 < 1. Letx € 7% be primitivewith ci A < |z| < o
If'6 > 0 with W2 < XN and \1=979/2 > 16, then

MW G € 74\ By,
[onw ()| S
NS forp € By

provided

d > max <9’ W) )

1-96
Proof. By equation , equation (3.26)), and equation

o) < / / [ Gana(e B) dB do
<Y ¥ /a/q /|M+5|d@da

1<g< )\ O<a<q

(a,9)=
Sa S1+ S2 + S5,

where
s= Y % / g XY da,
1<q< )\ O<a<q Mayq(0)
(a,q9)=1
=Y % / P XW LY da,
1<g<\? 0<a<q a/q
(a,q)=
and

Sy

w

= > > /a/q /|5|d5da

1<g<\f 0<a<g,
(a,g)=1

We first address the main term S;. Note for k < W the second term in the
estimate from Lemma3.44]dominates and we have

/ IV da <g kWA

i):na/q(e)
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Recalling ¢ = ¢1 D where D = ged (W, g) and letting ¢(n) denote the totient

function, we compute

S, §d L1 \d—4yy—d+2 Z Z q§4—d)/2

1Sq<)\9 0§a<q7

(a,q)=1
Sa kTN RN " gD )
q=1
<4 L1 )\d-dpy—d+2 Z q§6_d)/2¢>(D)
q=1
Sd k*l)\d*4Wfd+2 Z q§6—d)/2 Z ¢(D>
qg1=1 DIwW
Sd k_l)\d_4W_d+3 Z q§6_d)/2
q1=1

sd k*l)\d*4Wfd+3

where the penultimate inequality follows from the general identity

> 6(d) =n,

dln

and the final inequality follows as d > 9. In particular

AW 2=d  ifk =T,
St Sa 1 7
NI i = 1,

From the estimate in Lernma

S, <d )\d—2+9—d/4W—d/2 Z Z q—l

1Sq<>\9 0§a<q7
(a,q)=1

<4 \d—2+0—d/dppr—d/2 Z 1

1<g<\?
Sd )\d—2+29—d/4w—d/2.

We have assumed d > (8 + 8 — 44)(1 — 6)~" which is equivalent to
d > 8+ 86 + (d — 4)6, which pairs exactly with W2 < X to give

\d—2+20—d/dpr—d/2 - \d-4yp2—d
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SO

52 ,Sd )\d—4w2—d‘
For S3, we use Lemmaf3.36}

S5 Sa C XK 2 logMWH— Y~ 3y~ X

1§q<)\9 O§a<q7

(a,9)=1
SJd C«K)\d—K—IWK—d Z qK+1

1<qg<\?
Sd OK)\d_(K+1)(1_9) WK—d

We have assumed 6 < 1, so we can choose a sufficiently large K’ = K (6, 9)

to obtain
d—41172—d
Sy Sg AW

because we can again use W? < X° to make the power savings in A dominate
the extra powers of V.
Adding the estimates for S, S, and S gives the desired result. ]

3.3.3 Theorem on Upper Bounds in a Fixed Residue Class
Theorem 3.47. Let x € 7% be primitive with o\ < |z| < o)\ Ifd > 13
and W20 < X then

X2 fory € 74\ By,

SewaN )| S
| 7,W,7( :u) d {)\d—4w3—d f‘org < Ew,

where By is the exceptional set

Ew = {g € Z% . min Dist(y, (z)) < K} :

yez4\(z) = |z

Proof. Combining minor arc estimate Corollary and major arc estimate

Theoremin equation gives

e )| < o o] + 1w o)
_ AT W i € 29\ By,
Sead A2 e | \d-4pyr3—d ifx € By,
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where for the minor arc estimate we need W? < A and for the major arc
estimate we additionally need

0 — 46
A0=92 > 6 and d > max (9, &> )

1-6
To get the claimed bound, we also need to choose € > 0 such that
N5 4e o yd—aypr2—d

A basic calculation using W2 < A\ shows that it is possible to find such an € if
—25
1> 52,
Choosing § = 0.618 and 0 = 0.001 is good enough to allow d = 13. The

A 002 > 16 requirement is satisfied for all large enough A. We can of course
increase the implied constant so that the estimate is valid for all small A too. [

77



CHAPTER 4

DisTANCE TREES OF
TRIANGLES IN Z¢

4.1 Distance Trees of Triangles

In the model setting of finite fields, our results concerned general k-degenerate
graphs given the weak condition that they could be placed in 2%-general position.
The 2k-general position assumption was useful because when estimating the
upper bound in the full space with some vertices fixed, we wanted to reorder
the graph, possibly doubling its degeneracy. The situation in Z? is much more
delicate. The upper bound we obtained applies only to 2-degenerate graphs, asa
number of our arguments about primitive vectors are not so easily generalizable
to a notion of primitive planes or primitive hyperplanes. Additionally, in the
version of the upper bound that uses W' in preparation for the W-trick, we
made use of the fact that the distance between the centers of our two spheres
was on the same scale as the radii of the spheres. This leads us to look for a class
of graphs to which these methods can apply.

Distance trees of triangles, also known as 2-trees, provide an answer. A tree
of triangles is exactly a graph which can be constructed by starting from a single
edge and repeatedly adding a vertex with edges to some pair of adjacent vertices
already in the graph. This is the way we shall always use trees of triangles—
thinking of them as being constructed by iteratively completing triangles. An
alternative way of identifying trees of triangles is that they are those graphs
which are composed of edge-connected triangles such that if you define a new
graph with a vertex for each triangle with an edge for adjacent triangles, the
result is a tree. As we are always adding a pair of edges to an existing edge when
building a copy of AI', the radii of the spheres we want and the distance apart of
their centers are all on the scale A. The other crucial property of distance trees
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of triangles is that we can always reorder the graph to start with any edge and
maintain 2-degeneracy, i.e. we can construct all the triangles starting from any
edge. This is not in general a property of 2-degenerate graphs.®®

The theorems we prove in this section are of the form thatif I is a distance
tree of triangles, then for large enough A\ there exist isometric copies of gAI' in
any subset of Z having positive upper Banach density. This of course will hold
for all subgraphs of trees of triangles—for example trees.

Figure 4.1: A Tree of Triang]es.

4.2 The L?-Estimate

This section takes the problem of finding integral solutions to a system of Dio-
phantine equations into the problems of finding real solutions and p-adic so-
lutions.?” We then count the number of third points of a triangle that can be
chosen from a particular modular class given the other two points and the edge
lengths are fixed using a mean-squared estimate.

4.2.1 Hensel’s Lemma

We give a general version of Hensel’s lemma with a goal of lifting solutions to sys-
tems of 7 equations in d variables. Our main reference is Greenberg [Gre69],*
though useful treatments are also given in [Casi8],[Conal, and [Conb].
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38 E.g. K5 withan edge
removed is 2-degenerate,
but itis not possible to
move the last vertex in the
ordering, as all other vertices
have degree 3.

3 Aslight lie as we
care about solutions in
(Z/p*Z)? even if they don’t

lift to a p-adic solution.

*° Though the version of
Hensel’s lemma will differ
from Greenberg because our
goal is to count the number
of solutions at each level.



In this section we work with respect to a fixed prime p. To limit notational
clutter, we use the shorthand =, to mean = (mod p") as in [Cas18]] and the
notation [N] to mean theset {0,1,..., N — 1} C Z.

Lemma 4.1 (Hensel). Let F(x) be a system of 1 integral polynomials in d vari-
ables. Let x,, € [p"]? and suppose Jacr(z,,) = p™M where M has full rank
modulop. Ifn > m~+1and F(x,)) =m0, then there are exactly p?~" choices
of iy € [P with F(2,401) =nimi1 Qand x, . =, x,. Moreover,
Jacr(z,,, 1) = p™M' where M' has full rank modulo p.

Proof. The proof relies on the following two elementary polynomial identities
which follow from binomial expansion.

Iff : RY > Risa polynomial with integer coefficients, then

fla+cy) = fla)+cVf(x) y+Pyz,y), (4.1)

where g is a polynomial with integer coefficients. If 7 : R? — R" is a system
of polynomials with integer coefficients, then

Flz+cy) = Flz) + cJacr(z)y + G (z, y), (4.2)

where G is a system of polynomials with integer coefficients.

We are searching for solutions of the form z,, ., =,, x,,. We can write all
suchz, ,asz, +p"hwithh € [p]®. Defining ¢t € Z" with F(z,,) = p"*t"¢
and recalling we have assumed 2n > n+m+1, an application of equation
shows

F(zn + pnh) =ntm+1 ]:(zn) + anaC;(gn)h =n+m+1 pn+m (Z + Mﬁ) :

As M is full rank modulo p by assumption, there are exactly p?=" choices
of h € [p]?such thatt + Mh = 0.
Finally, applying equation with such a choice of h to 0 f;/Ox; shows

Af; af; df;
nh) = ZJJ n J -h 2n h
_0f
=m+1 a—xz(ln);
asn > m+ 1.
Hence Jacr(2,,,1) =mt1 Jacr(z,),so Jacr(z, ) = p™ M’ where M’
is full rank modulo p. [
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Corollary 4.2. Let F(z) be a system of v integral polynomials in d variables.
Letz,) € [p"* and suppose Jacr(z,,) = p™M where M bas full rank modulo
p.Ifn>m+ land F(x,) =nim 0, then for K > n+m

#z e M) Fl@) =x 0, 2=, z,} = pKm@-r)tmd

Proof. Suppose that z,y € [p"]¢ with F(zy) =n 0, Jacz(zy) = p™M
where M has full rank modulo p,and N > m+1. We now consider all elements
x € [pN+m]d with x =y x, i.e. those elements of the formz = z, + pNg

with y € [p™]?. From equation we have
Flay +1"y) =nvem Flzy)- (4-3)

Observe that setting N = n in equation implies there are p™? solutions
to F(x) =pim Owithz =, z,,.#

Under the condition F(z,,) =,4m 0, we can use Lemma [4.1iteratively
to get exactly p&=™@=") choices 2, € [pX ™4 withzp_,, =, z,, and
F(zy_,,) =k 0. Plugging N = K — m into equation shows that there
are therefore exactly p™ solutions in [p”] for each choice of z_,,. In total
this gives

4z e X Flo) =x 0, z =, z,} = pK-m@-r)md

4.2.2 Systems with Modular Restrictions

We will use results stemming from the seminal work of Birch [Bir62], in partic-
ular those developed in [MT16]. We will apply the so-called W -trick of Green
and Tao [GTo8] and count solutions to systems of equations just among a fixed
residue class modulo W. The W -trick is used to eliminate issues arising from
small primes.

We shall always consider the W to take the specific form

W:zQHp,

p<w
where w is a slow-growing function to be chosen later.

Definition 4.3. Let N € N, and let F be a system of forms in d variables.

Ry(W,s,0) :=#{x € [N]* : 2 =5 (mod W), F(z) = v}.
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# Equation also
shows if F(z,,) =, 0
but J—"(En) §én+m 0,
then there are no solutions
to F(z) =ptm 0with

z =, x,. Ifthereareno
solutions modulo p™ ™
then of course there cannot
be solutions modulo p*€ for

K>n+m.



42 See section 10 of [CLM21|
for a description of the
Gelfand-Leray measure. It
is the viewpoint we will take
on the singular integral of
Birch [Bir62].

Definition 4.4. If F is a system of forms in d variables, we set
Rank(F) := codim(Vz),

where V3 is the singular variety containing those z € C* where Jacr(z) drops
rank.

Definition 4.5. Let F be a system of v forms in d variables and lett € R". We
definewz(t) to be the Gelfand-Leray measure® of theset {x € R? : F(z) = t}.

A particular case of Proposition r.1in [MT16] is the following fact which

we cite below.

Proposition 4.6. If F is a system of v homogeneous quadratic forms satisfying
Rank(F) > 2r(r + 1),

then there exist § = 6(r) > 0and 3 = B(r) > 0such that if W < NP, then

Rn(W,s,v) = N2y —dy - (%) ng(m 5,0) + O(Ndfzrf(s),

»
where

0p(W,s5,0) = lim 0,(W,5,v),
#{z € p' s F(Wa+s)=v(p)}

4 _
o, (W, 5,0) = Pl

Additionally a mild adaptation of Lemma 2.1 in [MT16] gives the following
identity for W and p such that p™ || W:

op(W,s,v) = %) trm =0, (4.4)
P op(p™, s,v) ifm>1.

Lemma 4.7. Let F be a system of v quadratic forms in d variables. Suppose that
s € [pl? and Jacz(s) bas full rank modulo p. If F(s) = v (mod p), then

op(p,s,v) =p".

Proof. Corollary[4.2]withn = 1 and m = 0 gives for £ > 1

#y e Fly)=v (), y=s(p)} = p@ 0.
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For each such y, there are p? options z € [p‘]* such that pz 4+ s = y. Hence

p p,sv p@(d,r) P,

s0 0p(p; 8,0) = p'. O

Lernrnawill be sufficient for our purposes whenever p # 2. However,
because we want to address a system of quadratic forms, every solution modulo
2 will be singular.# The following lemma is adapted for this case.

Lemma 4.8. Let F be a system of v quadratic forms in d variables. Suppose
s € [4]% and Jacr(s) = 2M where M has full rank modulo 2. If F(s) = v
(mod 8), then

o9(4,5,v) = 274"

Proof. By Corollarywith n = 2and m = 1, we have that for ¢ > 3
#y € (24 - F(y) = v (mod 29, y=s(mod4)} = ot=2)(d=r)+d

22d

As in the proof of the previous lemma, for each such y, there are options
x € [2€]d such that 4z + s = y. Hence
22d2(€—2)(d—r)+d
L _ __ odo2r
02(47§7 Q) - 2f(d—r) - 2 2 9
50 05(4,8,v) = 294", O

Corollary 4.9. Let F be a system of v quadratic forms in d variables and set
W = 2 [ p. Suppose s is a nonsingular solution ro F(s) = v (mod p) for

p<w

2 <p < w, and F(s) = v (mod 8) with Jacr(s) = 2M where M bas full
rank modulo 2. Then

H O-p(VVJ §7 Q) = QdWT'

p<w

Proof. The is direct computation from equation and Lemmas|4.7]-[4.8]
[]

Lemma g.x0. If W = 2 [[ pand F is a system of v quadratic forms in d
p<w
variables, then

[Too(W.s,0) =1+ 0usee(D).

p>w
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** The community expecta-
tion is that the asymptotic
formula here actually works

for F3 when d > 10.

Proof. This is the note following Equation (2.30) in [MT16]. The idea is that
op(v) =1+ O(p~?) and of course the tail of Y p~2 goes to 0. O

Lemma 4.11. Let F be a system of v homogeneous quadratic forms in d variables
satisfying the rank condition of Proposition 4.6, Set W = 2] _,, p and let s
satisfy the conditions ofCorallmy Let \* € Nandlett* € N". IfW < P
where the [3 is that appearing in Proposition|y.6| then

#recZ'  Fla)= Nt z2=s(W)} = 22" W 90 (t*) (1 + &),

where E = 0yy—s00(1) + 0x00(1).

Proof. This is an application of Propositionwith N = X2andv = \?¢t%,
along with an application of Corollary and Lemmato obtain

[T oo(W.5,0) = 2" (1 + 04 (1)).

p

Definition 4.x2. We define the systems
Folz) := (|z[*),

Fi(z,y) = (lyl* |z — y*),
Folz,y) = |z, v |z — y[*),
Fs(z,y,2) = (|2 |yl |z — g, 12, |z — 2%),

wherex,y,z € Z4,

The system we are really interested in is F; as it will correspond to counting
points given the fixed edge . The other systems are more regular and can be

addressed via Lemrna

Remark 4.13. The rank condition in Propositionfor Fo, Fa, and F3 in
fact boils down to d > 7(r + 1), so we need d > 60 to address F3. However,
the later work of S.L. Rydin Myerson [Mye18] only requires Rank(F) > 8r
for quadratic forms, so by that work d > 40 is good enough to address F3. This
will be the dominant restriction on the dimension we require.** Additionally,
the § = f((r) from Proposition |4.6| appearing in Lemma is explicit in
[MT16|, and can be computed as 1/97, 1/769, and 1/2881 for F, F2, and
F3 respectively. Whenever we need to, we will capture this condition with

WSOOO < Y
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Remark 4.14. Part of the conditions in Corollary are that s is nonsigular
for p # 2and Jacz(s) = 2M with M full rank modulo 2. For Fy, this is
satisfied if s € [W]¢ is primitive. For F, with s = (u, v) and for F3 with
s = (u,v,v) where u,v € [W9, the conditions are met exactly when u, v,
and v — u are primitive. The other condition we need is that s is a solution
to F(s) =t (mod 8) and F(s) = t (mod p) for3 < p < w. We capture
these conditions with the assumption that F(s) = v (mod 2W), noting that
W:=2]],.,W,s08 | 2W.

Definition 4.35. Lett € 72 and let x € 7.°.
Naswa(z) = #y € VAR Fi(z,y) = A\t y = v (mod W)}.

We reiterate the point that NV ¢ w,,(2) cannot be directly computed via
Lemmalg.1ifas 2 is fixed, and if 7 (z, y) is viewed as a system of just the variable
y, then it fails to be homogeneous. Instead, we show N 1w, () is as big as

expected most of the time with a mean squared error estimate.

Definition 4.16. Letty € Z and lett € 7. We define E to be sum of square
differences

E:= > [NMuwa(a) — 220 wr, (1))
lz|2=A2to,
z=u (W)
The expression £ can be understood by expanding into three sums and
then recognizing the result as counts of graphs, the most complicated of which
is a diamond graph. Our final dimensional constraint will come from the di-

mension needed to properly count such graphs.

Lemma 4.r7. Letty € Z,t € Z2andsetW =2 [] p. Letu,v € (W] withu,

p<w

v, and v — u primitive. Suppose d > 40 and F»(u, v) = N(to,t) (mod 2W).
Then when W < \3000,

E = 22\ O0W 3 0, (1) 4 0xsse(1)).

Proof. We first note that by Remarks and we may apply Lemrna

We expand the sum into the three terms

Si= Y Muwu(@),

lz[2=A2to,
z=u (W)
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Sy — —2d+1)\d’4W2’dwf1 (2_5) Z N,\,;,W,y@),

lz|2=X2to,
z=u (W)

53 — 22d}\2d—8w4—2dw§:1 (t) Z 1.

lz|2=\2to,
z=u (W)

We first examine S5. By Lemmawith r = 1 and d variables, we have

> =20 g () (14 &),

lz[2=A%to,
z=u (W)

where & = 0y 500(1) + 0x500(1). s0
53 — 23d}\3d710VV573alw]__1 (2)20‘)}'0 (t()) (1 4 53) )
Turning to Sy, by Lemmawith r = 3 and 2d variables, we have

D> Ngwalz) = 22X W g (to, 1) (1 + &) |

|z[2=X2t,
z=u (W)

with & = 0y 00(1) + 0x100(1). Thus
52 — —23d+1/\3d_10W5_3dW]:1 (t)w]__2 (t07 7_5) (1 + 52) )
Finally, by Lemmawith r = 5 and 3d variables

Sl = 23d}\d710W57dw]:3 (tmt) t) (1 + 51) )

To prove the lemma, it remains to show that the main terms of these sums
cancel, i.e. we need to show

Wrs (t(]a 27 t) - 2C(Jf1 (Z)w]:z (t()a §) + Wr, (Z)2wfo (tO) = 0.

In fact, by Fubini’s theorem indicating the variables, Equation (48) in [CLMa2ui],
we have

WFs (t07 27 t) = Wr (z)w]:z (t()) t) = Wr (Z)Qw]:o (tO) .
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We now turn to counting the number of solutions when Y€ A C 7% We
fix x;,x, € Z% and consider the number of points in A which are a specified

distance away.

Definition 4.18. Lert A C Z4andt € 72 For X = (z,,x,) withx,, x, € 7°
define

Nwo(X) =#{y € A: Fi(zy—zy,y—z) = Nt, y = v (mod W)}.

Definition 4.x9. Let A C Qn with density o := %, and lett € 72
Ejy, = > IV (X)) = 2% W2z (),

Tqy,Ty €EQN,
‘E2_£1|2:/\2t07
z; =y (mod W),
Ty =uy (mod W)

wbe}"@X - <£17 £2>.

Note that this includes a sum over () y that was not in definition of E. This
is because in E the basepoint 2, was irrelevant. In contrast, here we need to
count only points in A and the location of the basepoint matters. However,
summing over () allows us to take advantage of uniformity in the distribution
of A. We now recall the definition of the U,lm (@) norm from Chapter 1 and

asin [LM22]. % 4 Our version is different
For a lattice cube Q C Z< and a function f : Q — [—1,1] inan unimportant way.
Namely, the spacing param-
1/2 eter m is the same, but the
1 9 window size parameter L as
HfHUTln,L(Q) = @ Z ’f *XmCL@” ’ we define it is scaled by m

tezd from the version in [LM22].

where X e, is the normalized characteristic function of the m-spaced cube

with L lattice points on each side mCr, = m{1, ..., L}".
Lemma 4.20. Let A C Qn C Z° with density o := %. Letty € Z,t € Z*
and set W =2 [ p. Let uy, uy, v € (W14 with uy — uy, v — uy, and v — u,

p<w

primitive. Suppose d > 40 and

Foluy —uy,v —uy) = N(to, ) (mod 2W). .
4% The particular value of
CY,q is unimportant, and it

Fix0 < n < landsetm := lem{l < n < Cy4n '} where C, 4 is
a constant depending on to, t, and d.*° Let 1 < L < 1'%\ and assume A is 0 suit the needs of the
(W42, L)-uniformly distributed with respect to Wm. IfFW30 < X < N, proof.

can be chosen large enough
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then
E{/va < 94d 2 \d )\ 3d—1011/5—4d g

with
&= 0w—>oo(1) + OA—)oo(l) + ON/)\3—>oo<1) + 077—)0(1)-

Proof. Let A := WZ® + v, and let

Lri(x) = {1 7 =

0 otherwise.

Let f4 be the balance function of A, i.e. f4 := 14 — alg,. Then

/\,t,Wv Z 1A 1.7-—1 )\Qt — 2, Y — &1)
yEA
—Z alQN )+ faly ))15,/\2;(&2 _£1ag—£1)
yeA
=a Y lppe(z,—z,y— ;) + F(X)
EEQNQA
= aNy Wy, (T — 27) + E(X) + F(X) (4.5)

where

= fal)lm ez — 21,y — 1),

yeA

and £(X) is capturing the error from the undercount which happens in the
first term if 2, or z, is too close to the boundary of () . To handle this error,
we set N1 := N — \?(ty + t; + t3) and note that if z; € Qy, then there
are no boundary issues and £(X') = 0, and in fact we can drop the condition
Zy € Qy as this is already forced by |z, — 1| = A\*to forz; € Q.

We write

A E A d d—4y572—d 2
EW,Q — g + |N)\,§,W,Q(X) - 2 OCA W CU]-‘l (t)| 5
z,€EQN, 7&262d7
|£2*£1|2:)\2t0:
z; =y (mod W),
Ty = Uy (mod W)

where & is the error from restricting the sum to z; € Q.

For the sum, we use the same computation as in Lemrna insert equa-
tion (4.5) with £(X') = 0, and examine the resulting error terms. We expand
into the three terms
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81: Z [QN)\th ul( £1)+F(X)]2’

§1€QN1,§2€Zd,
|lzo—2z, [2=X2t0,

zy =u; (mod W),

2y =uy (mod W)

Sy = — 2 QNI 2y 2 (1) -
Z [O‘N/\»LW&fgl (zy — ) + F(X)}

Zy 6QN1 7£2€Zd, )
|£2 —Zy ‘2:>\2t07

z; =uy (mod W),

Zy =uy (mod W)

Sy = 2242 \24-8y4- defl(t) Z 1

QleQNl 7@262,1:
|zp—2, [2=X2to,
1 =u; (mod W),
2y =uy (mod W)

For a fixed 2, the main terms are the main terms from Lemmal4.17]with an

extra factor of 2, and so cancel up to the error term from that lemma. Up to
an Og(N¢ — N{) error, there are (2N )4W =4 choices for z; € Q, satisfying
2z, = u; (mod W). This leaves what will be an error term from S; and Sy, i.e.

Eﬁ/,y — 24dO{2Nd>\3d_10W5_4d(Ow_>oo(1) +O)\—>oo(1)) _|_€ _|_€0 +(€1 +€2,

(4.6)
where € as described earlier is the error from using 2, € Qn;,

€= > N (X) = 27X W2 g, (1))

2;€EQN\QN;,22€0QN,
‘22 —Z |2:)‘2t07
zy =u; (mod W),
Ty =uy (mod W)

&y is the error from overcounting the number of ; = u; in Qn,

80 - AgdilOOd(Nd - Nld),
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47 Under the condition
T, # x5 which is forced by
to > 0.

48 Dropping a modular
condition conceptually
loses a W¢ power, but we
can tolerate such losses by
eventually by requiring A to
be sufficiently uniform with
respect to W.

& is the non-main term after expanding S}

& = Z [2@NA,§,W,Q*H1 (zg —2p) + F(X)] F(X),

§1€QN17£2€Z(1:
lzy—z1]2=X2t0,

z; =u; (mod W),

Ty =Uy (mod W)

and &; is the non-main term after expanding S

& = 2" aXT W (1) Y F(X).
gleQNl 7£2€Zd7
|£2 —Zq |2:)\2t07
z; =u; (mod W),
Ty =uy (mod W)
Let the shorthand ¢ denote dependence on ¢y and ¢. For £ and &y, the sav-
ings in N will subsume any other considerations. By Theoremwe have the

wasteful estimate N3, 1 (X) Spg A97%% Note (A474)? < A3710, Hence
€+ & Sra (N = NN < NIPTIOOZIN), - (47)

where we have recalled the definition Ny = N — A\%(to + 1 + t3). We record
the contribution of this error with 03, (1) where we use the extra power
of \ to cover for 2442544 in the main term.

We want to find upper bounds on |£;| and |€;|. To do this, we pull in the
absolute value and drop the modular conditions on z; and z,.** We will expand

out the sums in £; and &,. First note that the inner sum of £; becomes

> [20+ falw)] Faly) Lrscosn (22 — 21, — 21,9, — 22).

YU €A

As we do for z; and z,, we can drop the modular condition of Y, and make
the uniform bound |2a + fa(y, )| < 3 to obtain

&) S Z Z fA(QQ)lfg,V(to,g;)(&Q XY, LY, — )|,

EleQNl ) QQEA
zy,y, €24

and
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|52| ~t,d Ad_4 Z ZfA 1.7:2 )\2 tot ('ZL‘Q glvg_gl) .

z,€QN,, |YEA
z, €74
From here, we handle & and &; in essentially the same way as outlined
in the proof of Lemma 6.1 in [LM22] using estimates from [Magog], albeit
with a wrinkle thrown in by A. To mirror the notation in those papers, we use
introduce the fOHOWing:” * Though we do not nor-

malize here.

) 1 if|y]? =

o\Yy) ‘= -
- 0 otherwise,

and
Uf(g) =0y, (y)ow,(y + ).

We start by bounding the simpler sum, &. By reindexing z, — x, + 2,
and y — x; — ¥, and observing o, (—y) = 0(y) we have

&l Sea X0 D DD W AW m e on (@2 — 20,y — 1)
z,€QN,, |yeZd
;2€Zd1 B

St AT Z Z Ia(zy — Y ) falzy Q)lfg,ﬂ(to,g) (@5, _Q)

z,€QN,, |yeZd
z,€24

Sea XY o (@) [ D alay — ) falz — y)ord,(v)

z,€EQN;, y€ezd
EQEZd

Std AT Z Oz (Z2) Z ‘1AfA * U%g(%)‘ : (4.8)
£2€Zd EleQNl

From here, we use Cauchy-Schwarz twice, with the first use on the functions

T, (25) Y and Ty (25) 2 Z ‘1AfA*O'f§£(§1) ;
§1€QN1

the second use on the functions

1QN1 (&1) and ’]-AfA * O-fgt(il) )
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5° Writinga 1/2 poweron  and finally apply Plancherel.*® We first note the standard estimate
an indicator function is a bit

silly,. F)u'twe include it for Z T2ty (EQ) St,d )\dfzv
familiarity. ez
Thus
2
1E]? < A28 NI2 Z o2t (Zs) Z ‘L\fA * aféé(gl)‘
z,€24 z1€EQN,
2
Spa NN Z O 2t (Z2) Z ‘1AfA *UXSE(&)‘
z,€2% z, €22
2
Sea XN [T (@) de (+9)
T
where
~T 2
Huo (&) == o1,(x,) [572(8)]
T, €74
We make the observation
Infa©) =D 1a(y) faly)e>mes

yezd
=S 1y g

y, €24
= et Z gg(gl)e—%iyﬂ/‘@

Y, €zd

_ —271'11) &
= 29,(W¢), (4.10)

where g, := 1gy,,(4) — @lqy,y, and Ry, (A) is the Wescaled, v-restricted
5! The function g, is not set of A5

quite the balance func- . . . . .

ton of Ryy o (A) because Plugging equation (4.10)) into equation (4.9), we obtain

Ry, (A) may not have pre-

cisely density o, though by |52 |2 < /\3d 10 yd / ‘gv W§ ‘ H)\2 (to,t) (é) é (4.1)

uniformity its density must

be close to a. . . .
We may now recall the m and L as given in the statement of this lemma,

and apply the trick of Lemma 6.1in [LM22] to write
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6o Sy AHONY / GO Hazo ) (€)Tomn (WE)? d

n >\3d—10Nd/T |/g\Q(W§)‘ Hye(t0,0(§) (1 = X, (WE)?) dE.

(4.12)

By Plancherel and the definition of the U,), ; norm, we have that the first

term above is <y A34~10 v ||gy||?]71n L (@Qnyw) S;el%r) [ Hx2(t0,1) (§)]- We note that

When A S;t ‘£2| St )\, 5%

‘AIQ ‘ Z Oty (Q)Utz (y + 2y) St A (4.13)

yezd

SO

2d—8 § 3d— 10
|H)\2(t0,§)(£ Ntd A Oty IZ Ntd A

z,€27

We note that X2, (WE) = Xwm,(§). By equation 6.11 in [LMzz] and
Plancherel, provided L <; %), the second term of equation (4.12)) is bounded

by Ct d>\3d IONd 2)\3d 10 erzd ’9@( )‘2 53,54
Bounding Y° .74 [gu(2)|? trivially by N, we apply our calculations to

equation (4.12)) and report
- 2
Eaf? Sua NN (JlgullZ | g +7°)

This of course yields

&2l Sea NN (lgulln @y +7) (414)

We now turn to estimating |&;|. Fortunately, we can proceed with with
the same method of calculation as was used for |£;|, so we omit the details of
the manipulations. Reindexing and reordering yields the &; version of equa-

tion (i4.8)):

1S Y men@)oR(-y) D [faxo @)

z5,y, €24 z,€EQN,
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53 We have used that the
normalization factor for H
is <t A\3d—10_

5% The 1) gain is explained
in [Magog| and represents
the fact that H is small away
from rationals with small

denominator.



Cauchy-Schwarz and Plancherel return the &; version of equation (4.11)

— 2
&1 Sta /\Qd_6Nd/ ‘1AfA(§)) Hyz (10,0 (§) d€,
T

where

Hupen (€)= Y ou(z)of(—y,) [ (9]

zy,y, €24

Again using equation (4.13), we have

[Haa0. ()] Sea N5 Y ony ()03 (—y,) Sea A,

zy,y, €24

and the estimates in [Mago9] once again allow us to use the X, 1. (W¢)? trick
to obtain

1£1]2 <y N24NGI-20 (Hgv”Ul @xyuw) +772> ’

whence

&) Sta NN (gl @y +7) (4.15)

Finally, note that A was assumed to be (W =42, L)-uniformly distributed

L (@n/w) <7

Combining estimates equation (4.7)), equation (4.14} , and equation (4.15)
in equation (4.6)) finishes oft the lemma. O

with respect to Wm, so in fact by Lemma|r.13| we have || g, || o

g 9d o \d—47]2—d
The estimate Ej,, shows that i Ao (X) & 27X W2y (1) for
most X, i.e. we have an analogy to the finite field exceptional set as given in

Theorem k.21

Corollary 4.21. Let A C Qn. Letty € Z,t € Z* and see W = 2 [] p. Let

p<w
Uy, Uy, v € (W] withuy — uy, v — uy, and v — u, primitive. Suppose d > 40
and

Foluy —uy, v —up) = A2 (to,1) (mod 2W).

Fix0 < n < landsetm := lem{l < n < Cyyn "}, Suppose that
1 < L < 0'°N and assume A is (W =Yy, L)-uniformly distributed with
respect to Wm. Additionally, let W3000 < X <« N.

Define

Xo={(z.2,) € Q% 1 |zo—zy|? = N0, 7, = uy (W), 25 = uy (W)}
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Fixp>0.IfX € X\ B, then
Ny (X) = (1= p)2%aX ™™ W2 4w, (1),

where
|Bp| < 22dp_2Nd)\d_2W1_2dw]__-12(t)g,

with
&= 0w—>oo(1) + 0/\—>oo(1) + ON/)\3—>oo(1) + 077—>0(1)-

Proof. We make the simple observation that if {a,, } is a sequence of real num-

Zai:T,

bers with

then for a cutoff C' > 0,

T
#{n : |a,| > C} < York

We apply this observation with Ejj, , in Lemmaby setting
T — 24d062Nd)\3d710W574d£

C = p2la ™ W2 g, (1).
This yields | B,| < TC~?, i.e.

’Bp’ < 22dp72Nd)\d72wl72dw]f__12 (Z_f)(c:

as desired.

]

4.3 Isometric Copies of Distance Trees of Trian-
gles in Subsets of Z

The ideas of the exceptional set argument in the finite fields setting form the
core of this section. Within a set A C () x which is sufficienly uniformly dis-
tributed, we inductively count the number of isometric copies of AI'. This
section demonstrates that most of the time we are able to add a vertex y € Ato
I" subject to two edge conditions and a modulo W restriction in about as many
ways as expected.
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% Unique up to sign.

We recall the definition of the exceptional set Eyy from Chapter 3:

W
Ew =<y €Z: min Dist(z, (y)) < — .
= 2€79\(y) = Yl

Sometimes we wish to count with respect to a basepoint, so additionally define
A . d
By = {(zy,25) : 21,25 €Z°, 2y — 1y € Ew}.

It will be important to bound the number of points in Ey which lie on a

lattice sphere. We get estimates in Lemmas and

Lemma 4.22. If'y € Eyy then there exists a nonzero vector y* € Z% such that
ly* | < Wandy* -y =0.

Proof. Letzy,...,x, € Z%andletVol(zy, ..., z,) denote the n-dimensional
volume of the parallelepiped generated by ,, ..., z,,. Then

Vol(zy,...,x,) = Vol(zy,...,z, ;) Dist(z,, (x,,...,2,_1)). (4.16)

Asy € Ew, there exists some z € Z* with Dist(z, (y)) < W|y|™". Let
€1, -, ¢4 3 bedistinct standard basis vectors which are not in (y, z). Then

by equation (4.16)

VOl(ga HAYS T 7@5[—3) <W. (4'17)

Letm € Z¢\ (y,2,€1,...,eq_3). Thenm together withy, z,¢e,,...,¢4 3

generates a non-degenerate d-dimensional parallelepiped, so

1< Vol(g,z,gl, cee 7§d—37m)‘

which by equation (4.16) and equation (4.17)) implies

1 .
W < DISt(ma <Q7 AN FRI 7§d—3>)' (4'18)
Lety* € Z% be the’ primitive vector in (y,z,e4,- .. ,eq 3)". We have

DlSt(m; <g7 Z, gl) s 7§d73>) =

However, as y* is primitive, there exists m € Z% such thaty* - m = 1. Equa-

tion (D then shows |y*| < WV. O
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Lemma 4.23. Lett € Nandlet A € v/N. Ifd > 13 then
#{y € Ew : |y]* =t\*} Spa AW

Proof. By Lemma there is a primitive vector y* € Z such that |y*| < W
and y* -y =0.Bya volume estimate, there are <; W9 choices of y* € 7% with
ly*| < W and by Theoremfor each choice of y* thereare < ¢ A 3|y*| ™!
choices for y with [y*| = tA* and y* - y = 0. Putting the estimates together
gives

#{y € Ew : |y|* =t °} Sea AW

Corollary 4.24. Lett € Nand let \ € V/N. Ifd > 13 then
#{(z,,29) € By N QN : |zg — 117 = tA*} Sia NEN3pd.

Proof. This follow directly from Lemmaafter noting that there are Sy N¢
options for z; € Qy. O

Remark 4.25. What we would like to do next is to prove
HQ € FEw : |g|2 = tl)\Q,_-z =u} < Cpaw )\d74.5’

uniformly for ;A < [z]| < co\5¢ This would imply by induction that there s¢ Any estimate of the form
are few isometric copies of the distance graph AI'g with an exceptional edge A%~*~< would be sufficient.
in Eyy. Since Eyy consists of vectors orthogonal to some short vector y* with
ly*| < W as shown in Lemma it would be enough to show the above
inequality fory € (y*)* N Z% for a fixed y*.

Let’s assume for simplicity that y* = (0,...,0,1). Then we'd like to have
that

|{Ql c Zd—l . ‘gl|2 — t1>\2,y/ . I/ — :U’H S Ctl,W,d /\d—4.5‘
By Theorem we have that
HQ/ c Zd—l . |g/|2 — t1>\2’g/ . 1’, — ’u}| < Ctl,W,d )\d—4|£//|—17

where 2" is the primitive part of 2. Thus the estimate holds outside the set

(going back to Z9),

D)\ = {£ < Zd X = gg* + k£/,7 |£”| S A1/27 f,k’ € Z}



7 We needed d > 14 to
apply Theoremin d—1

dimensions.

58 Eithery ory — zisin
Dy, butifitis the latter,
we may interchange the
roles of z and y — 2. This
assumption necessitates
doubling the resulting
bounds, but constant factors
will be absorbed in any case.

However, it is easy to see that the intersection of D) with any sphere S, ; ) of

d=2)/242 a5 for fixed

dimension d — 2 and radius ~ A is roughly bounded by A(
k and ¢, the intersection is contained in the intersection of a spherical cap of
radius R = |k|\'/% and the lattice kZ¢, and there are at most A% choices for k
and /.

In dimensions d > 14, this is less then A\~45

and this will imply that there
are few isometric copies of the distance graph AI'g with an exceptional edge in
D). Then one can further argue that there are few isometric copies with an
exceptional edge in Eyy as we may assume that none of the edges are in D), see
Lemma We proceed now to make the heuristics above precise.

Lemma 4.26. Lett € N2and let A € /N, Let d > 14 and let x € 7% be
primitive with i A < |z| < co\. Ser

Seae :={y € Z* : Fi(z,y) = Nt}

There is a set Dyy  with the properties that if x & Dyy 5, then

d—4.5
#{y € Sear : Y€ Bwory —z € Bw} Spaw X7,
and
m%{ # {Q €St 1 YE Dwpory—z € DW,)\} <iaw \d—45
2€Z4,
c1A<z[<ea,
2 primitive

Proof. Motivated by Remark[4.25] for a given sufficiently large A € N, we

define the derived exceptional set

Dy, = U Dy« w
g>~<ezd7
0<]y*|<W.

g* primitive
where
Dyew = {ly" + ka' : |2/| < CwA'?, 2 prim, k.0 € Z, |k| < CywA},

with Cyy a sufficiently large constant depending on I', d, and .
We first estimate

#{QESA)\i : QGDW,)\OI‘Q_EGDVV,)\}-

Without loss of generality, lety € Dy wANSz s withe A < |z] < e\
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Since |k| < Cy A we have that || < Cy A2 ask|2'| < CyyA%/? and we have
ly| < CX. Thus there are at most Cy A*/? choices for k and /.
Fix y*, k, and £. Then the intersection

{ty" + k'« || < CwAY? N Soa,
is either empty or contains a point y . and then it is contained in
(QO + BCWk/\l/Q) N Sé,/\,t N (go + kZd),

where Bp denotes the ball of radius R centered at the origin. Since spherical
caps on the d — 2-dimensional sphere S 5 ; of radius R = k centered at lat-

tice points y = y, + kZ% are disjoint, the above intersection is bounded by

(CwkAY2)472=(d=2) — Oy \([4=2)/2, Noting that there are at most Cy \?/2

choices for y* and ¢, k € Z, and that (d + 3)/2 < d—4.5whend > 14, we % We could of course do
have better than an exponent of
d—4.5, but we keep this one
as it will allow us to combine
this error with other errors

d—4.5
s {0 Sn 0 Dunory £ D) o ¥
zE )

A<z <, Lemmalg.34]

2 primitive

later in the argument, e.g. in

Now we estimate

#{QESLA,I . QGEWorg—geEW},

given x € Dy and A < |z] < o\

As before, we immediately assume y € Eyy as the other case is the same.®® 6o Again, this technically

Fix g* € 7% such that g* is primitive 0< |g*‘ < W and g* Y= 0. Then doubles the resulting bound,
write but the constant is absorbed.

Z N (E)l =Z2Zby®- - DLby 4,

so we can write ¥ uniquely in the form y = m.b; + ... + mg_1b,_,, with

m = (my,...,mg_1) € 7%=, Then in variables m = (my,...,mg_1), we
have
d—1
2 2 :
’ | = bi'l_)jmzm]—ABm'mv
3,j=1

where Ap is a positive definite matrix with entries b; - b;. Since 0 < [y*| < W
we may choose the lattice basis vectors b; so that [b;| < Cy fori =1,...,d—1.

There are finitely many choices of the basis vectors b;, so by compactness there
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exists a constant My > 0 such that for allm € Z%!
Myt m|* < Apm - m < My |m|?,

uniformly for 0 < |y*| < W and for all of the possible corresponding bases

B = (by,...,b;_ 1) satisfying |b;| < Cyy. Consider now the linear equation
d—1
p=y-x=y mb -x=m-yx,
=1
where x = (b, - z,...,b4 1 - x). Thus to prove the lemma, it is enough to

show thatif z € Dy, then
#{m e Z7": Apm-m =t N, m-x = p} < Cpaw AT
By Theoremwe have that

#{m e Z" " Apm-m =t N>, m-x = p} < Chaw MY
(4.19)
where x' denotes the primitive part of the vector x. We make the following
elementary observation: Suppose Y = kX/ . Then there exists ¢ € Z such that
x = Ly* + ka' forsome (! € Zand z' € VA
Since Z* N (y*)* =Zb, & - & Zb,_, there exists an integer vector
bysothat Z4 = Z b, @ - ® Zby , ® Zb,. Since we assume that y*is
primitiveand by, . . ., b,_; form a lattice basis of (y*)* N Z% we must have that
by-y* =1.Choose ! € Nsothat{ = b, -z (mod k), then b; - (z — ly*) =
0 (mod k) foralli = 1,...,d. Since by, . . ., b, form a basis of Z this implies
thatz - (z — ¢y*) = 0 (mod k) forall z € Z% thus z = (y* (mod k) i..
x = Ly + k', for some vector 2’ € Z°.

Fix y* and write X = kx’ with X, being the primitive part of X We have

k| < Cwas k| < |x|. IF[X'| > cw AY/2 then equation (4.19) gives us
#{meZ: Apm-m =t )\, m-x = p} < Cpaw AT

Now assume for the sake of contradiction thatz & D, wx, but|x'| < cw A2
for some sufficiently small constant ¢y > 0. -

Then, by previous observation, we have that x = (y* + ka' which implies
that ' = (b, -2',...,by - 2') asrecall that x = (b, - z,...,b; ;- ). Thus
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by our assumption

Note that x = ly* + k' = (¢ + km)y* + k2" forany m € 7Z where
2" = 2’ —my*. Choose m so that |2 - y*| = |2’ y* —m|y*|?| is minimized.
Since |y*|* < W?, itis guaranteed that there is some 2 with [z” - y*| < W7,
so 2" and y* are almost orthogonal.

We will show that |2”| < A2 which impliesz € D,y in contradiction
to our assumption on z. If we assume |2| > A2 theniwriting =ty +z

with z - y* = 0 we have that
1
2| > |2”| — [ty*| > A2 - W2 > 5»/2‘

Note thatb, - 2’ = b, - 2" = b, - zfori = 1,...,d — 1. However, since
z2€Rb,®---®Rb;_yandby, ..., b, ; arelinearly independent, it follows
by compactness and the fact that there are only a bounded number of choices

for the basis B = (by,...,b, 1), that
d—1

2P < Cw Y 1bi- 2 < M4,
i=1

choosing ¢y > 0 sufficiently small, contradicting the fact that [z] > 1A1/2,
Thus indeed |2”] < A2 and z € Dy wx- O

Remark 4.27. In the previous lemma, we have used a generalization of Theo-
remto write equation where Ap was a positive definite matrix with
eigenvalues between My, and My for some constant My, > 0. We note
here that this generalization follows from some minor updates to pieces of the
Chapter 3 argument. First, the minor arcs estimate goes through by appealing
to Lemma 4.3 in Birch [Bir62], where the estimate is obtained for a general
form. Secondly, writing Ap = U TDU where U is orthogonal and D is diag-
onal, allows a reduction to the case of just the diagonal matrix of eigenvalues
for estimates in Lemmas and This leads to a change by a factor of My,
which is captured by the constant Cy, 4w in equation (4.19).

The author would like to thank Akos Ma gyar for providing a detailed descrip-
tion of the approach to Lemma and Remar/esand
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o1 By the definition of B(z),
one of y orx — y is non-
primitive, but we can freely
interchange the roles of y
andz — y.

©2 The condition g2 | A2
looks silly, but is what we

want because A € v/N.

3 This is valid as
ged(g, W) = L.

The upper bounds in Chapter 3 require y primitive, so we make the follow-
ing general definition for distance graphs.

Definition 4.28. A distance graph T C 7% is primitive if the vectors correspond-
ing to each edge of " are all primitive.

We now set notation for two distance graphs to be isometric:

Definition 4.29. For two distance graphs ', 1" C 7% we say " ~ T if there is
a bijection between I and 1" which preserves edge lengtbs.

Definition 4.30.
B(z) :={y € Seww(\ p) 1 yory — x non-primitive.}

The following estimate allows us to consign non-primitive isometric copies
of A" to an error term.

Lemma 4.31. LetW = 2[[ ., p. Letz & Ew be primitive with e, A < |z| <
codand x = u (mod W). Letv € (W] such that v and u — v are primitive.
Ifd > 13, and W3000 X\ then

1B(2)] = M W20, 00(1).

Proof. Without loss of generality, assume that y € B(z) is non-primitive.”
Set g := ged (y1, ..., ¥q). The equation |y|> = A? implies g° | A* and as
y = v (mod W) with v primitive, we have necessarily ged(g, W) = 1.
However, y is non-primitive so g > 1, i.e. the prime divisors of g are all greater
than or equal to w. Now observe g~ y is an integer vector lying in a smaller

sphere: 1 1
g_lg S SLW,gfly(g_ Ag H)y

where g~ 'v should be interpreted modulo W .%* We can bound |B(z)| by sum-
ming over the estimate from Theorem|s.47]for Sy w., (97" A, 1) where g2 | A%,
The theorem says that when 2 & Ey and when W20 < g1\, we have

SN )| Sa (g7 V)W
Hence

B(z) < > |Sewalg A )|
92122,
w<g
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< Z ’SLW&(Qil)\aM” +&
9?22,
w§g<)\W72000

STy —

d—4
9
92|A2

k)
w§g<)\W72000

< Cd/\d_4W2_d0w—>oo (1) )

where

E= > |Sawalg '\ )l
9%|\%,
)\W_2000§g

Making the crude observation that £ is counting distinct lattice points in-
side a ball of radius 2090 we get & Sy W2000d Thyis is lower order than

A=41172-4 when we have assumed 3090 < ), ]

Definition 4.32. Let 1" bea distance graph withn vertices. LetU = (uy, . .., u,)
be a tuple withu, € (W1 fori =1,...,n.

Nywuo (D) :i=#{T" C Qn : T" ~ T, T primitive, V(I'") = U (mod W)},

where V (") is the ordered tuple of the vertices of I and Qn = [— N, N|%

Definition 4.33. Let I be a distance graph with n vertices. LetU = (uy, . . ., u,,)

) =n
be a tuple with u; € (W)". Wesay U is primitive with respect to I if u; — u; is

primitive whenever (v, v;) is an edge in T

Lemma 4.34. Let T C 7% be a distance tree of triangles with n vertices and e
cdges. Leae W = 2[[ _,pandletU = (uy, ..., u,) withu, € (W14 and
where U is primitive with respect to 1. Let 1 Sp qw A << N. 64 Ifd > 13 then
there is a large constant®™ ¢ = c(d, I") such that

Nywu(AT) < ¢ N\ (m—Dd-2eqyre—nd

Proof. For convenience, we suppress the subscripts in Ny w7 (I'). We will also
need to track distance graphs lying on exceptional edges, so using the set D)

from Lemmal4.26] we define

Dy\(T) :=#{I" C Qn :T" ~ T, I primitive, V(I'") = U (mod W),
I has an edge in Ey and an edge in Dy }.

E\([):=#{T" Cc Qn :T' ~ T, I primitive, V(I'') = U (mod W),
I has an edge in By, but no edge in Dy, }.
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64 A suitable value of the im-
plied lower bound constant
for A may be chosen from

the proof.

%5 Tris important that cis
independent of W.



%6 The rank condition for
Fo is satisfied when d > 6.

%7 In our case, we have

an additional modulo W
restriction, so one should
expect the truth to be that
this upper bound is N3,
However, the extra powers
of W are dwarfed by the

power savings in A and we

do not pursue this precision.

We will proceed via induction. If I" has a single vertex, then the only con-
straint is V(I'") = u; (mod W), so

NOT) <y N, (4.20)

We now fix ¢ = ¢(d, I') to be more than twice each of the implied constants
appearing in equation (4.20), Lemmal4.23}, and Theorem[s.47} Additionally we
choose ¢ to be more than twice 24w, (¢y) where ¢ is the square of the edge
length between v; and vy in I'. This last is so we can apply Lemmawhen
moving from one vertex to two vertices.

If " has two vertices and a single edge, we fix the starting vertex v, and use
Lemmawith r = 1 to obtain < %)\d_QWI_d options for V.66 By Lemma
at most g)\d_?’Wd of these are such that the edge from v; to vy lies in the

exceptional set Ey.¢” Multiplying by the number of choices for v1, we have
p 4% plying by
N(OT) < AN\ 22

E\(AI') < 2NN,

and
Dy(AT) < ANIN3,

Forinduction, assume thatif I"isa distance tree of triangles with2 < k < n

vertices and e edges, then
N()\F) < CkNd)\(kfl)de(iwefkd’

E\(AT) < Chop.qw NIAF—Dd—2e-05

and
DA(AT) < Cppgw NOAF=Dd=2-05

where C, r g w dependson k, I', d, and W, and for k = 2, ..., n, we assume
we have chosen A such that

2WChraw < A°°.

Let2 < k < nandlet I be a distance tree of triangles with k + 1 vertices.
We can build I' by adding v.1 adjacent to two prior vertices v; and v; which
are themselves joined by a primitive edge. By Theorem 5.47]if that edge is not
in the exceptional set, there are < g)\d_4W2_d choices for vy of which by
Lemmawe have Spaw A4 with an exceptional edge to v; or vj, and

)\d—4.5

also Sraw where the edge to v; or v; is in Dy . On the other hand,
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Theorem says that if the v; to v; edge is in the exceptional set Eyy, then
there are < gx\d*‘lW?’*d choices for vj41. Letting I'g denote I restricted to its
first k vertices and noting that the number of edges of I is e + 2 where e is the
number of edges of Iy, we have

N(D) < g)\d‘4W2‘dJ\/’()\FO) + gAd—4w3—d [EA(ATo) + Da(AT)]

CkJrl

5 Nd)\kd*2(e+2) W6+27(k+1)d [1 + QWCk,F,d,WAioé}

< k1 Nd \kd—2(e+2) et 2—(k+1)d

IA

as QWC'k,p’&W)\_O'E’ < 1 by assumption, and

EAOAT) <paw AN (ATy) + g)\d“‘W?"dE()\Fo)

< Nd)\kd—2(6+l)—0.5

~I,d,W )

and

DA(AD) <raw X4 A(AT,) + g)\d‘4W3‘dE()\FO)

d\ kd—2(e+1)—-0.5
Spaw NONR2eA)=05,

]

In analogy to Deﬁnition we define a count where some of the vertices
are fixed.

k)

Definition 4.35. Let L' bea distance graph withn vertices. Let X = (x4, ..., %
- Uy

withx; € Qn, let I = (iy, ..., 1) be an index set, and let U = (uy, . .
be a tuple withu, € W\ fori =1,...,n.

Nivwo(@, X) :=#{I" C Qn :T" ~ T, I primitive,
V()= U (mod W), V;(T") = X}

where V(1) is the ordered tuple of the vertices of I'" and V(1) is the ordered

tuple of those vertices with indices in I.

The following lemma is the analogue of Lemrna However, we have
replaced the weak requirement that a k-degenerate distance graph I be in 2k-
general position with the strong requirement that I' is a tree of triangles. The
reason for this is that we need estimates after a reordering of the graph, butin
the integer lattice we only have estimates for 2-degenerate graphs, while in finite

fields we could handle a doubling of the degeneracy.
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68 Again, it is crucial that ¢
is independent of .

% Fora general 2-degenerate
graph, it is not possible to
maintain 2-degeneracy after
areordering. The smallest
counterexample is K5 with
one edge removed.

Lemma 4.36. Let I' C 7% be a distance tree of triangles with n vertices and e
edges. Lee W = 2], ,pandleU = (uy,...,u,) withu; € (W14 and
where U is primitive with respect toI'. Let X = (2, x,) with 1,24 € Qn and
let I = (iy,12) be an index set for which there is an edge between v;, and v;, in
I Let 1 Spaw A < N. Ifd > 13 then there are large constants®® ¢ = ¢(d,T)
and Cr gy such that

Cn—2)\(n—2)d—2(e—1)We—l—(n—?)d lqu ¢ EI//V7

A X)) <
NI,N,W,U( ) ) = {CF,d,W/\(nQ)dQ(el) zf‘X - EI//V

Proof. As we did in the previous lemma, we suppress the subscripts /N, W, and
U in NI,N,W,U(/\Fa X) and define

Dy (D, X) :=#{T" C Qn : T" ~ T, I primitive, V(I') = U (mod W),
Vi(I") = X, I'" has an edge in Eyy,
I has an edge in Dy }.

Ex (T, X) :=#{I" Cc Qn :T" ~ T, I primitive, V(I") = U (mod W),
Vi(I'") = X, I'" has an edge in Ey,
I has no edge in Dy },

where Dy, is the set from Lemrna
As in the proof of Lemma we immediately consider a reordering of I'
where v;, and v;, are the first and second vertices. As I is a tree of triangles, it is
possible to choose a reordering in a way so that we can still construct the graph
by adding two sides of a triangle at each step. Let T be this reordered graph.®
The reordering does not affect the count, so letting [2] denote the index
tuple (1, 2), we have

NI(AT, X) = N (AT, X),

where we have implicitly also reordered the modular conditions U to U.
Note that if I has two vertices, then

Ny (AT, X) < 1.
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There may be no valid isometric copy of AL if X does not satisfy the modular
restrictions or if the two points of X are not the correct distance apart. However,
if there is a solution, it is of course unique as X is fixed.
From here, we follow the ideas of the previous proof. We again start by fixing
¢ € Rsuch that cis at least twice as large as the implied constant appearing in
Theorem 7° 7° This is a subset of the

Let I have n > 2 vertices and e edges. If X € Ej;,, then we add a vertex "equirements in Lemma
4.34h so we may as well take

with two edges n — 2 times, and each time we apply the exceptional set upper
8 ’ PP p pp the same c as appears there.

bound %)\d_4W3_d for a choice of next vertex, obtaining
Af@] ()\f, X) < (CAd74W3fd>”—2 < C’nd,W)\("ﬁ)(d*m*Z(e*l),

where we have observed that as I is a tree of triangles with more than 2 vertices,
we have e = 2n — 3and hence (n — 2)(d —4) = (n —2)(d — 2) — 2(e — 1).
Now we examine the case X ¢ EY;,. We note in this case that when I" has

two vertices, we have
Dy (AT, X) = Ey (AT, X) = 0.

If T has three vertices, then by Theorem there are < %)\d_4W2_d
choices for v3 of which by Lemma at most Sr g A1 come with an

edge in the exceptional set Eyy and at most Sp g A4=45 come with an edge
in DA,W, SO

Nig\F, X) < ext-i2-4,

E) 2 ()\f, X) Sraw A7,
and

D)%Q](AF,X) SI‘,d,W >\d74'5.

For the sake of induction, we now assume thatif I" has & vertices and e edges
with 3 < k < n, then

N (AT) < Fm2\(E=2)d=2(e-1)ppre—1—(k=2)d
By (Al) < Ck,r,d,w)\(k_2)d_2(e_1)_0-5,

and
Dy (AT) < Chp g AE24-2e=1)=05,
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where C, r g, w dependson k, I', d, and W, and for k = 3, ..., n, we assume
we have chosen A such that

2W Chraw < A0

Let 3 < k < nandletI" be a distance tree of triangles with k + 1 vertices.
LetI'y again denote I restricted to its first k vertices and let e denote the number

of edges of f(], ie. Thase + 2 edges. With exactly the same argument as the
previous lemma, we have by Theorem and Lemma

~ C ~
Ny (AT) < 5/\‘1_4W2_d/\/'[2]()\1“0)

C ~ ~
T+ XTI By (AT) + D (AT

Ck:fl

5 /\(k—l)d—2(e+1)We-{—l—(k—l)d [1 + QWCk,F,d,W/\_Oﬁ]

k—1 /\(k—l)d—?(e—l—l)We-l—l—(k—l)d

IN

IN

c
as 2W0k7p7d7w)\*0'5 < 1 by assumption. Similarly

~ o~ C ~
Ey(AD) Sraw AN (ML) + 5Ad*‘*mﬁ”*dfsm(AFO)

<raw )\ (F=2)d—2(e~1)-0.5

~Y )

and

~ ~ C ~
Dy (AT) Sraw A N (ALg) + §>\d*4W3*dDA,[2}()\FO)

<raw \(F=2)d-2(e~1)-05.

~Y

]

Definition 4.37. Let A C Qn. Let I be a distance graph with n vertices. Let
U= (uy,...,u,)beatuplewithu;, € W fori=1,...,n

N wo (D) = #{I" C A: T ~ T, prmitive, V(I') = U (mod W)},
where V () is the ordered tuple of the vertices of T' and Qn = [—N, N|°.

Lemma 4.38. Let I be a distance tree of triangles with n vertices in Z% where
d > 40, Let W = QHP P Then for every X € VN, there exists some
UN) = (uy,-..,u,) withu;, € W] such that ife = (v;,v;) € E(T) with
length \/te, then w; — w; is primitive and |u; — w;|> = N*t. (mod 2WV).
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Proof. It is sufficient to find primitive solutions modulo 4 and modulo p for
each 3 < p < w because we can then piece such solutions together to find
a primitive solution in [W]¢ via the Chinese remainder theorem. For p > 3,
we can turn to our work in finite fields, though we shall have to use an ad hoc
method for p = 2.

Fix p > 3. We will generate a solution Uy, = (u , - - -, Uy, ,) withu, , €
[p] iteratively. The condition that the solution is primitive is exactly that u, ; #
u; , whenever v; and v; are adjacent in I. First we set u; , = 0. Now, suppose
the length of the edge between v; and v in I' is V/to, so we look for a solution
to [uy ,|* = Nt (mod p). When At is not divisible by p, our estimate on the
number of points on a sphere in finite fields, Corollary says there are at least

pil — 9p(d-1)/2

valid choices for uy ,|. This guarantees a solution for p > 3
when d > 2. However, it is possible that p divides A2ty, so we need to generate
a more general estimate. Fortunately, it is not a very difficult adjustment in the
proof. Writing Corollarywith the distance t = 0 and center Uy, =0, we
have
150(0)] = p~" D o0(y) = p"'60(0).
yeFp
To estimate 6 (0), we use the computation in Lemmalz.8] All of the equations

go through up to equation (2.4), which says

6:(r) = Loy (r) + 0G0, )" Y n*(s)x(—st — [r[*(45) ™).

SEF;

Using the normal Gaussian sum calculation |G(7, )| = p/? and the trivial

estimate on the inner sum” yields
. 1-d/2
160(0)] > 1 —p'~%2,

which in turn gives
|SO(0)| Z pd—l . pd/2—1'

This shows there are (nontrivial) solutions for u, , withp > 3 when d > 2.
Finally, for k& > 3, we need to show the existence of a Uy, SO that | Upp —
u; > = Nt; (mod p) and |uy, , — u;,|* = Nt; (mod p) with w, , # u,,,
anduy, ,, # u; , whereiand j are the indices of the backwards neighbors of vy, in
I'. AsI"is a tree of triangles, v; and v; share an edge and must already be distinct.
We can make exactly the same trivial estimate edit to equation equation ,
to find that for any (t;, ;) € F2 we have

Sty (Wi )| = ™2 = ™27
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do better than the trivial
estimate.



7* There should be simpler
solutions, but this is suffi-
cient for our purposes since
the dimension requirement
is d > 40 in any case

73 It’s possible s, = 1and
we use a corresponding edge
(1,1, 1) which has length

3 modulo 4, but this is not
actually a problem as the
only thing we need is the
same parity.

7+ And the uy, 5 # u; 5 and
Uy o # Uj o requirement is
already met by the modulo 2
solution.

When p > 3, the choice d > 4 is good enough to guarantee a solution for Upp
which is distinct from Uiy and Uj e

Finally, we show the existence of a solution modulo 8 with a direct con-
struction which works when d > 21.7* We first note that it is possible to find
a solution modulo 2 using d = 3. To see this, note that if vy, has a backwards
edge to v; and v, it is sufficient to check that |, , — u;,[* = A*t; (mod 2),
as if so the condition [uy, , — w;o|> = A*t; (mod 2) is forced by virtue of
the fact that v;, v, and vy, form a triangle in 7%, where we have the relation
to +t1 —ta = 0 (mod 2). To make sure uy, 5 7# u; 5 and ;. , 7 u; 5 we need
the sphere of radius (squared) 1 to have at least 2 distinct points and the sphere
of radius 0 to have at least 3 distinct points. This is true for d > 3.

We next move to finding a nontrivial solution modulo 4. For any edge
of length (squared) ¢, write t. = s, mod 2. The idea is that we can use 3
coordinates to write down a modulo 2 solution which works up to parity for a
graph with edge lengths (squared) s., and concatenate that with a solution fora
graph which only has edge lengths 0 and 2.7 We have a solution modulo 2 with
already, and so it remains to show we can build any tree of triangles modulo 4
where the edge lengths are all 0 and 2.7# We can do this with 6 coordinates with
a direct construction.

To showcase the idea, suppose we are trying to find a copy of the triangle
in Z2 with with coordinate (0, 0), (1,0), and (3, 1). It has side lengths 1, v/5,
and 1/10. We write theseas 1 = 0 + 1 (mod 4),5 = 0 + 1 (mod 4), 10 =
2+ 0 (mod 4). First we find a copy of a triangle with (squared) edge lengths 1,
1,and 0 in (Z/27)3, say with the coordinates (0,0, 0), (1,0, 0),and (1,1, 1).
The distances (squared) between these coordinates are 1, 3, and 2 modulo 4.
This tells us to look for a copy of a triangle with (squared) edge lengths 1 — 1 =
0 (mod4),5—3 =2 (mod4),and 10 — 2 = 0 (mod 4) in (Z/47Z)5, which
we describe how to do in the following paragraphs, and then we concatenate
the solutions. One valid solution in (Z/47Z)° is

(0,0,0,0,0,0),(1,1,1,1,0,0), (1,0,0,0,1,0).

Concatenating the solutions, we find a copy of the original triangle in (Z/47)°
with coordinates

(0,0,010,0,0,0,0,0),(1,0,0]1,1,1,1,0,0),(0,1,0| 1,0,0,0,1,0).
Let e denote 0 or 2 and let o denote 1 or 3. Suppose first that [u; o —u, | =

2 (mod 4). Then shifting u;, to 0, we letu, , = (0,0,0,0,0,0) and, with a
possible reordering of the coordinates, write u; , = (0,0, ¢, ¢, ¢, €). We show
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with our construction we can avoid the other case u;, = (0,0,0,0,0,0).7
There are 4 possibilities for pairs of edges of length 0 or 2 connecting uy, , to

U; 9 and u; 5, and we can check that the choices
u,» €{(0,1,1,1,1,0),(1,1,1,1,0,0),(0,0,1,1,0,0),(0,1,1,0,0,0) }

cover each of those possibilities.

On the other hand, suppose that |u;, — u,; 5| = 0 (mod 4). Again we
shift u; , to 0 and after reordering the coordinates write u; , = (0,0, 0,0, ¢, e).
We will show that we can avoid the case u;, = (e,¢,¢,¢,¢,¢). In the case

u; o = (0,0,0,0,¢,e) we check that the choices of
u, € 1{(1,1,0,0,1,1),(1,0,0,0,1,0),(1,1,1,0,1,0),(1,1,0,0,0,0) }

cover all of the possible edge length requirements. We note that for each of
our choices of uy, , at least one coordinate is the same parity and one coordi-
nate is different parity from both 0 and u; ,. Therefore, neither of the cases
Ujo = (0,0,0,0,0,0) oru;s = (e,e,¢e e e, ¢e) can occur as we build the
graph, and the only two cases are those we described. This concludes the search
for solutions modulo 4.

Finally we need to find solutions modulo 8, this time with the requirement
Uo € (Z/ 47,)?. Thankfully there is a relatively cheap trick available to make
use of the modulo 4 solutions we already have available. This time we take
an edge of length (squared) t. and write itas t. = 7. mod 4. We use 9 co-
ordinates to write down a solution for a graph with edges 7. modulo 4, and
then are left with constructing all graphs with edges of length 0 or 4. This
can be done by adapting our solution for constructing all graphs with edges
of length 0 or 2. The trick is to take a graph with only edges of length 0 or 2
and concatenate a copy of itself. This has the effect of doubling the number of
coordinates, but also doubles the edge lengths while not increasing the values of
coordinates. Thus we get a solution in {0, 1, 2, 3}'? for any graph with edges
of length (squared) 0 and 4 in Z/8Z. Concatenating this solution with the
9-coordinate solution for graphs with edges 7. gives us the solution we desire
in9 + 12 = 21 dimensions. O]

Theorem 4.39. Let T be a distance tree of triangles in 7% with n vertices and e
edges. Let w(v;) denote wr, (to) fori = 2 and denote wr, (t(v;)) fori > 3 where
to is the square of the length of the edge between vy and vy and t(v;) = (t1,t2)
is the squares of the lengths of the two backwards edges from v; fori > 3.

Let A C Qn C Z whered > 40. Let o := 1AL pe the density of A with

T Qw|
a > B forsome > 0.7¢ There existw = w(I', B,d) € N,n = n(T, 8,d,w)

III

75 The only way 27 + 23 +
23 + 2] + 22 + 23 =

2 (mod 4) is if two or six of
the variables are odd.

76 We set a lower bound of 3

for o because in application
we allow IV to grow, and
we do not want the other
parameters to depend on N.



77 The choices are made
exactly so that each error
term will be at most a tenth
of the main term in the
induction after recalling

B <a

withn > 0, and m = m(L, 5,d, w,n) € Nsuch that if A is (1, L)-uniform
with respect to m for some L € N, then there exists a \g = M\o(I', 5,d, w,n, L)
such that for every A € VN with g < X\ < N4

NJI\L},W,U<)\F) > 2n(d—1)OénNdA(n—l)d—2eW6—nd H W(Ui),

i=2
forsomeU = (wy, ..., w,) withu; € W] where W :=2[] _,, p.

Proof. This proof stems from the proof of Theorem|2.25in the finite field set-
ting, though here there are more parameters and sources of error. The key idea
is that we can add vertices one at a time in about as many ways as expected once

we have chosen our parameters conveniently, i.e. the argument is essentially
A  od  yd—47r72—d A

where I" has k& + 1 vertices and I is I restircted to its first k vertices.

The first source of error is the vertices that we might add which come with
non-primitive edges. This set is 5(z) and controlled via Lernma

The second and third sources of error are intertwined. There is the set of
edges B, for which we might have fewer than the expected number of options
of vertex to add to complete a triangle. To deal with these edges, we count
the total number of copies of A>T’ which could possibly have been built in
Qv with these edges regardless of the restriction A>I" C A. This quantity is
Ninvwu (T, X). However, bounds for N7 v w,u (', X') depend on whether
the edge X = (21, x2) is in the exceptional set £jy,. Fortunately, the size of
EYy, N B, is not too large.

Control on | B,| comes from Lemmal4.21, control on N v w,u (I, X) is
from Lemmals.36} and Corollary[4.24]yields a sufficient bound on | B, N Ejy|.

We first set parameters. We do not lose too much by fixing a value for p, so
weset p = 1/5.

Now we choose w = w(I', 8, d) € N such the following hold.””

L If f(w) is the 0,00 (1) term in Lemmalg31thenfork = 2,...,n

flw) < 1—102dﬁw('0k).
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2. If ¢is the constant ¢ = ¢(I', d) appearing in Lemmal4.36} and if g(w) is
the 04y y00(1) term in CoroHary thenfork =2,....n

k+1
k 122dp W(Uk—i-l) 29( ) 2kd6k+1 Hw Uz

Notice as I was assumed to be a distance graph in Z¢ all of the Gelfand-
Leray measures w(v;) are positive, as they correspond to the real solutions of
the system of quadratic forms describing the triangles in I.

Next choose 179 = 1o(I", 8, d) such that if ¢ is the constant ¢ = ¢(I', d)

appearing in Lemmal4.36} and f(7) is the 0, (1) term in Corollary[4.21]then
fork=2....n

k+1
lc 122dp w(’U].H_1) f(n()) 2kd5k+1 Hw Uz

Setn = W25 and seem = Wlem{l < n < Crgn'°}, where

Craq= m[aX Cl(v;),a where C,,) q is the constant appearing in Lemma|4.20
1€[3

Finally, we choose A\g = \o(I', 5, d, w,n, L) € VN satisfying

L 3900 <\,
2. L < 771(])\0.

3. Ao is large enough that if ¢ is the constant ¢ = ¢(I', d) appearing in

Lemmal4.36} and f(\) is the 05_,00(1) term in Corollary [4.21]then for
k=2....n

k+1

Ck7122dp72w(vk+1)72f()\) 2kd5k+1 H W Uz

whenever A > .

4. Giventhat N > X, wehave N/A? > X\o. If g(N/A?)isthe o) x3 00 (1)
term in Corollary[4.21} then let g large enough so that for k = 2,...,n

k+1
Ck7122dp72w(vk+1)72g( ) 2kdﬁk+1 H W Uz

whenever > A, ¢ is the constant ¢ = ¢(I', d) appearing in Lemma

361
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78 Let N4 (z,) be the
numberofz, € A
withz, = u, (W) and
|25 — 21> = A\*to. The
entire process of the proof
goes through with fewer
sums and the result is once
again bounded by 1 and
||g£2 ||U,1,1,L(QN/W) with
smaller error terms.

s. If ¢ is the implied constant from Corollary and Cr, | 4w is the
constant appearing in Lemma for X € E}, where 'y denotes I'

restricted to its first & + 1 vertices, thenfork =2,...,n
1 k+1
)\(;lclchJrl,d,WWd < 1_02(k+1)(d—1)5k’+1W2k—l—(k+1)d H W(Ui).
=2

6. IfCr, 4w is the implied constant in the lower bound of A in Lemma
where I';, denotes I restricted to its first £ vertices, then Cr, g w < Ao
fork=2,...,n.

To complete our preparations, we note Lemma guarantees the exis-
tence of some U = (uy, . .., u,) with u; € [IW]? which satisfies the necessary
conditions to apply Corollarywhenever addinga vertex to I in the coming
induction.

From here, for convenience, we drop the subscripts N, W, and U as they
remain fixed throughout (where we allow U to mean possibly just the first k
modular restrictions of U).

Notice that there must be some equivalence class u, € [W]? such that
|AN (WZ% + u)| > |A|W 4. Translating all elements of U by a vector does
not affect the properties we need from U, so we can set u; = u,. Now, if I is

the one vertex graph, we have
NAT) > aNW

IfT" has two vertices and one edge, then following a watered-down version of
Lemma and Corollary|4.21/gives (1 — p)2¢aA?~2W'~%w(vy) next points
other than for a bad set B of size less than 2¢p~2 N4W =4 (vy) ~2E where £ is
bounded by the £ in Corollary 78 The only other error we must consider
is risk that £, — z, is non-primitive. Let BB be that set of points giving non-
primitive edges. Again, a watered-down version of Lemmademonstrates
|B| = A\2W 4o, _, . (1). By the assumptions we have already made on w,
we have | B| < 1529 A" 2W!~%0(v,), and by the assumptions we have made
on w, 1, and Ag we have |B| < &a?N9W ~%w(v,) where p = 1/5. Noting
the general upper bound for any z; € Z? there are <; A 2W '~ points z,
on a sphere of radius A satisfying 2, = u, (mod W), we have

4 1 1
NAOD) > (5 — 10 E) 22402 NN 27y (vy)

Z 22(d_1)062NdAd_2W2_dCU(’U2)
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If T has k vertices and e edges with 2 < k < n, we assume

k
NA()\F) > 2k(d71)O[k:Nd)\(k:fl)df26W67kd H (A)('Ul)

=2
LetI" be a distance tree of triangles on & -1 vertices and let I'y be that graph
restricted to its first k vertices. Using Corollary[4.21]with p = 1/5 we obtain

NAOD) > (§2daAd_4W2_dw(vk) — 51) NANLY) — & — &3, (4.21)

where
& = sup ‘B(£)|>
ol
E = |B,\ Ey| sup N, (A, X),
XEB,\El,
and

83 = |BPDE{/V| sup ka+1()‘F7X)>

XeByNEY,

where ;1 is the index pair of the neighbors of v in 'y 1.
By Lemma and condition 1 in the definition of w

1
& < 1—02da)\d_4W2_dw(vk+1). (4.22)

For &, we use the bound on |B,| from Corollaryl.21/and take the bound
for X ¢ Ej;, from Lemma which is applicable because of Condition 6
on ). The definitions of w (condition 2), 7, and Ay (conditions 3 and 4) give

k+1
1
& < 1_02(k+1)(d71)Oék+1Nd)\kd72(e+2)We+27(k+1)d H W) (4.23)
=2
For &3, we use the bound for X € Ej;, from Lemmal4.36)and Corollary
to bound |B, N EY; |, the former of which is applicable by Condition 6

on ). Condition 5 on A then gives

k+1
1
& < EQ(k+1)(d71)ak+1Nd)\kde(e+2)We+2f(k+1)d H W), (4.24)

=2

Plugging equations|4.22} |4.23) and|4.24]into equation and observing
11

4 1 1.
- = — —10—2ylelds
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79 We use N/3 instead
of N to account for the
discrepancy between the
cubeCy = [1,N]¢in
Lemmalrioland the cube

QN = [~N, N]%in Theo-

rem 39}

k+1
NA()\F) > 2(k+1)(d—1)ak+1Nd)\kd—2(e+2)We+2—(k+1)d H w(vi»

=2

]

4.4 Application to Sets with Positive Upper Ba-
nach Density

We now show Theorem implies a result for sets A C Z¢ which are 7-
uniformly distributed, which in turn implies a result for sets A C 7 with
positive upper Banach density.

Theorem 4.40. Let A C 72 with 6*(A) > 0and d > 40. Let T be a distance
tree of triangles in Z°. Then there existn > 0 and m € N such that if A is n-
uniformly distributed with respect tom, then thereisa \g = \o(I', A, d) € vN
such that A contains an isometric copy of I for every X € VN with \ > Ao

Proof. By Lemma if A is %7}4—uniformly distributed with respect to m
then there exist L = L(A,d,n,m)and Ny = No(A,d,n, m, L) such that
forany N > Nj thereisaty such that Ay := (A — t5) N Cy has density
% > 0*(A) and Ay is (1, L)-uniformly distributed with respect to m.

In particular, let w, 1, and m be those given by Theorem Where we
have set 3 = 6*(A). Using the L we have chosen using Lemmalr.10} we find
there exists \g = A\o(I", 6*(A), d, w,n, L) = Ao(I', A, d) from Theorem|y.39]

such that for A € VN with \g < X < (N/3)'/4 there are at least

N\* "
n(d—1) gox* n| 2" (n—1)d—2eyy7e—nd )
=5 (A) <3) A w gw(vl)
isometric copies of AI'in Ay when N > Nj. 7 For any particular A > Ay, we
can choosean N > 3\* and find a corresponding A on which this estimate
holds. By letting NV go to infinity, we see A in fact contains infinitely many
isometric copies of AL l

Theorem 4.41. Let A C 7% with §*(A) > 0and d > 40. Let T be a distance
tree of triangles in 7% Then there exist \g = Mo(A,T) € VNand q = q(A) €
N such that A contains an isometric copy of g\I for every X € VN with X\ > \o.

Proof. Let A C Z® with 6*(A) > 0. Fix and m from Theorem By
Lemma there exist g < m'/"and s € [g]? such that the g-scaled s-restricted
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set A" := R, ;(A)satisfies *(A") > 6*(A) and is n-uniformly distributed with
respect to m. Theorem 4.40|then says that A’ contains an isometric copy of AI
forevery A € VN with A > ). Scaling A" back to A with the transformation
T — qx + s gives the result. [l

7
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