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ABSTRACT

Phylodynamic inference has emerged as a powerful tool for research in evolutionary biology.

Coalescent-based models are widely used in phylodynamics, furnishing prior distributions for

phylogenetic trees in Bayesian models and enabling inference of the effective population size,

an abstract parameter that characterizes genetic diversity and is of fundamental importance

in evolutionary biology. The Skygrid model enables the integration of external covariates

into a coalescent-based model and provides a framework to study the relationship between

past population dynamics and potential driving factors. However, the Skygrid’s complexity

makes posterior approximation challenging, and there is a need for algorithms that can

allow it to scale efficiently to large genomic data sets. Here, we evaluate the effectiveness of

a promising Markov chain Monte Carlo method, Hamiltonian Monte Carlo, for the Skygrid

model with covariates. Through an analysis of three data sets, we show that Hamiltonian

Monte Carlo generally outperforms earlier approaches.

INDEX WORDS: Coalescent, Phylodynamics, Markov chain Monte Carlo, Hamiltonian

Monte Carlo.
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1 INTRODUCTION

The term “phylodynamics” was introduced by Grenfell et al. (2004) and refers to the study

of infectious disease dynamics that result from a combination of evolutionary, epidemiologi-

cal and ecological processes. In particular, phylodynamic methods build on a foundation of

phylogenetics, the study of evolutionary relationships among organisms, to analyze the ge-

netic data of pathogens (such as viruses) in order to understand their spread, evolution, and

population dynamics over time. Such an approach is possible for rapidly evolving pathogens

because their evolutionary and epidemiological dynamics occur on the same timescale. Phy-

lodynamic approaches have become increasingly popular in infectious disease epidemiology,

thanks to advances in genomic sequencing technology, innovations in phylodynamic model-

ing, and increasing computational power (Pybus and Rambaut, 2009; Hill et al., 2021).

The evolutionary relationships in phylogenetics are characterized by a phylogenetic tree,

a bifurcating graph representing the evolutionary history of different species, populations,

or entities (Felsenstein, 2004; Yang, 2006). In the context of phylodynamics, the tips of

a phylogenetic tree correspond to sampled pathogen sequences and internal nodes repre-

sent unobserved ancestral sequences (Pybus and Rambaut, 2009). Phylogenetic tree branch

lengths correspond to genetic distances (Yang, 2006), and molecular clock models for rela-

tionships between genetic distance and time can be employed to estimate divergence dates

of lineages (Pybus and Rambaut, 2009).

Probabilistic phylogenetic reconstruction methods assume a stochastic evolutionary model

that acts along the branches of a given phylogenetic tree to produce an observed multiple

sequence alignment corresponding to its tips. This enables computation of the observed data
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likelihood for the tree (Felsenstein, 2004; Yang, 2006). Evolutionary models on trees typi-

cally make use of continuous-time Markov chain models for molecular character substitution

that describe how molecular sequences mutate. The simplest models assume that the evo-

lutionary process is the same for all phylogenetic tree branches and all molecular sequence

alignment sites. More complex, realistic evolutionary models have been developed that build

upon the substitution models to enable variation of the evolutionary process among lineages

and sites (Yang, Ziheng, 1994; Drummond et al., 2006).

Such probabilistic modeling opened the door to maximum likelihood estimation of phylo-

genetic trees and evolutionary model parameters (Yang, 2006), and maximimum likelihood

approaches remain widely used in phylogenetics. Beginning in the late 1990s, Bayesian mod-

eling emerged as a popular alternative to maximum likelihood phylogenetic inference (Yang

and Rannala, 1997; Drummond et al., 2002; Larget and Simon, 1999). Bayesian inference of-

fers the flexibility to incorporate prior information, provides a natural framework to account

for and quantify different sources of uncertainty, and allows for the development of more

complex evolutionary models. Further, Bayesian phylogenetic inference have been shown

to be more computationally efficient than maximum likelihood approaches that quantify

uncertainty via bootstrap (Larget and Simon, 1999).

Phylogenetic reconstruction forms the core of phylodynamic inference, and time-measured

phylogenetic trees can provide a great deal of valuable information about epidemic dynamics.

For example, phylogenetic reconstruction can reveal transmission chains, identify and track

viral mutations of interest, estimate the date at which an outbreak originated, and clarify

the extent to which an outbreak is the result of multiple introductory events (Attwood et al.,

2022; Hill et al., 2021). However, phylogenetic reconstruction is only the starting point for

phylodynamic inference. Researchers have developed a wide array of phylodynamic models

build upon a phylogenetic framework to model epidemiological processes in an evolutionary

context. For example, phylodynamic models can estimate epidemiological parameters (Volz

and Siveroni, 2018; Pybus et al., 2012), reconstruct the spatial and temporal spread of
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pathogens (Lemey et al., 2010; De Maio et al., 2015) and elucidate the relationship between

infectious disease dynamics and potential driving factors (Lemey et al., 2014).

One parameter of central importance in genomic epidemiology is the effective population

size. The effective population size corresponds to the population size in an idealized Fisher-

Wright model of reproduction (Wright, 1931) and as such does not usually correspond to the

census population size. However, the effective population size is very valuable as a measure

of a population’s genetic diversity (Charlesworth, 2009) and, in the context of infectious dis-

eases, serves as a proxy for viral circulation and provides valuable insights into how viruses

mutate (Moya et al., 2004). For example, in viral populations with smaller effective popula-

tion sizes, genetic variation may be lost more quickly due to genetic drift, making it harder

for advantageous mutations to become fixed (Charlesworth, 2009). Notably, the effective

population size is of fundamental interest in many different areas of evolutionary biology. In

conservation biology, for instance, the effective population size helps assess the risk of genetic

diversity loss in endangered species. Conservation efforts can be tailored based on the knowl-

edge of the effective population size to prevent inbreeding and maintain healthy populations

(Frankham, 2015; Frankham et al., 2010). As such, phylodynamic models that incorporate

the effective population size can be applied beyond the realm of genomic epidemiology to

study a wide variety of scientific problems.

Inference methods for the effective population size are often rooted in coalescent theory

(Kingman, 1982a,b). The coalescent is a stochastic process that generates a genealogy that

describes the ancestral relationships of a population arising from a classic Fisher-Wright

model. Thus, the population size parameter in a coalescent process corresponds to the ef-

fective population size. The effective population size plays a large role in determining the

genealogies generated by a coalescent process, and it is possible to exploit this link be-

tween the effective population size and genealogy to formulate coalescent-based methods for

effective population size inference from a genealogy. Coalescent-based models can be seam-

lessly incorporated into Bayesian phylogenetic inference frameworks as prior distributions
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for phylogenetic trees. Notably, this type of Bayesian modeling enables joint inference of the

phylogenetic tree and population dynamics, and effective population size inferences will nat-

urally take genealogical uncertainty into account. A number of widely used coalescent-based

models for phylogenetic tree priors have been developed, including the Skyline (Drummond

et al., 2005), Skyride (Minin et al., 2008) and Skygrid (Gill et al., 2013).

The development of flexible phylodynamic models that can incorporate different types of

data is a necessary step in better understanding the interplay of evolutionary and epidemi-

ological processes. However, it is essential for such model development to be accompanied

by efficient computational algorithms that allow them to scale to large data sets. Phyloge-

netic inference is very computationally intensive: as the sample size increases, the number

of possible phylogenetic trees that can describe their evolutionary history explodes (Suchard

and Rambaut, 2009). Thus a major focus of Bayesian phylodynamics has been on Markov

chain Monte Carlo (MCMC) algorithms that enable efficient exploration of this astronomi-

cally large parameter space. Given the close link between the phylogenetic tree and effective

population size, effective sampling strategies for coalescent-based models is especially impor-

tant. In recent years, Hamiltonian Monte Carlo (HMC) (Duane et al., 1987) has emerged

as a promising sampling strategy. HMC employs ideas from Hamiltonian dynamics in an

effort to reduce the correlation between successive samples and more efficiently explore the

posterior distribution. To achieve this, HMC introduces an auxiliary “momentum” parame-

ter, and at each iteration of the sampling scheme simulates Hamiltonian dynamics to arrive

at new proposed values for the model parameter and momentum parameter. Through this

strategy, HMC exploits the underlying geometry of the target posterior distribution to gen-

erate distant proposals to high probability regions of the posterior (Neal et al., 2011). HMC

has proven to be especially effective at sampling from high-dimensional distributions whose

complicated geometry confounds most standard MCMC algorithms (Betancourt, 2017).

HMC has been shown to be effective for a number of different phylodynamic models (Ji

et al., 2020), including the Skygrid coalescent-based tree prior (Baele et al., 2020). However,
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HMC has not been tested for an extension of the Skygrid model that incorporates external

covariates (Gill et al., 2016). This model is especially important in phylodynamics because

it provides a framework to test for relationships between the effective population size and

potential driving factors, and it can leverage additional covariate data to yield improved

estimates of past population dynamics. However, Skygrid models that include covariates

can be especially challenging to sample from due to the introduction of covariate effect size

parameters and their relationship with other model parameters. HMC may be especially

well-suited to meet the challenge of sampling from such a complex model. In this thesis,

we evaluate the effectiveness of HMC for Skygrid models that include covariates. We com-

pare the performance of HMC with past MCMC sampling schemes for the model on three

real data sets. We find that the HMC sampler generally performs better than the other

approaches, providing further evidence for the promise of HMC in sampling for complex

models, and potentially opening the door to easier, more widespread use of Skygrid analyses

with covariates.

2 METHODS

2.1 Bayesian Inference

Bayes’ theorem was formulated by Thomas Bayes in the 18th century. Given events A and

B with P (B) ̸= 0, the theorem states that

P (A|B) =
P (A)P (B|A)

P (B)
.

The application of Bayes’ theorem in an inferential setting gave rise to Bayesian inference.

Given observed data Y and model parameters θ, the goal is to compute the posterior dis-

tribution:

P (θ|Y) =
P (θ)P (Y|θ)

P (Y)
.
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In a maximum likelihood inference framework, the parameter θ is assumed to be fixed and

unknown, and the likelihood P (Y|θ) is maximized with respect to θ to obtain a point

estimate. In Bayesian inference, θ is treated as a random variable, and prior knowledge or

beliefs about θ are expressed via the prior distribution θ. While the prior and likelihood are

part of the Bayesian model specification, obtaining a closed form solution for the posterior

requires computation of the marginal likelihood, or normalizing constant:

P (Y) =

∫
P (θ)P (Y|θ)dθ.

For most statistical models of interest, including phylodynamic models, the aforementioned

integral is analytically intractable. This limitation (along with persistent philosophical de-

bates about the use of a prior distribution) hampered the utility and adoption of Bayesian

inference until advances in Bayesian computing. Markov chain Monte Carlo (MCMC) algo-

rithms (Metropolis et al., 1953; Hastings, 1970) enable researchers to generate samples to

empirically approximate previously intractable posterior distributions. While MCMC meth-

ods were originally developed in the 1950s by physicists to perform computer experiments, it

was not until the landmark paper by Gelfand and Smith in 1990 (Gelfand and Smith, 1990)

that the utility of MCMC in Bayesian inference was properly appreciated.

2.1.1 Markov Chain Monte Carlo (MCMC) Methods

MCMC methods aim to simulate a Markov chain θ(1),θ(2), . . . that, under some mild reg-

ularity conditions, converges to the posterior distribution P (θ|Y). Such a chain can be

simulated via the Metropolis algorithm (Metropolis et al., 1953):

Metropolis Algorithm

1. Initialization:

• Choose a starting value θ(0) for the Markov chain
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• Set the length of the chain: N

• Specify a symmetric proposal distribution q(θ∗|θ) to generate a new sample θ∗

given the current sample θ

2. For i = 1 to N :

(a) Proposal Step:

• Generate a candidate value θ∗ from the proposal distribution: θ∗ ∼ q(θ|θ(i−1))

(b) Acceptance Probability:

• Compute the following ratio:

α = min

(
1,

P (θ∗|Y)

P (θ(i−1)|Y)

)

(c) Accept or Reject the Proposal:

• Generate a uniform random variable U ∼ Uniform(0, 1)

• If U ≤ α, accept the proposal and set θ(i) = θ∗

• If U > α, reject the proposal and set θ(i) = θ(i−1)

3. Output:

• Return the generated samples θ(1),θ(2), . . . ,θ(N)

Because we can express the acceptance probability ratio as

P (θ∗|Y)

P (θ(i−1)|Y)
=

P (Y|θ∗)P (θ∗)
P (Y)

P (Y|θ(i−1))P (θ(i−1))
P (Y)

=
P (Y|θ∗)P (θ∗)

P (Y|θ(i−1))P (θ(i−1))
,

the algorithm sidesteps the aforementioned hurdle of computing the marginal likelihood

P (Y). The Metropolis algorithm requires the proposal distribution (also known as the tran-
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sition kernel) q(·|·) to be symmetric: for any x and y we must have q(x|y) = q(y|x). The

algorithm was generalized to asymmetric proposals by Hastings (1970) to what is now known

as the Metropolis-Hastings algorithm.

Metropolis-Hastings Algorithm

1. Initialization:

• Choose a starting value θ(0) for the Markov chain

• Set the length of the chain: N

• Specify a proposal distribution q(θ∗|θ) to generate a new sample θ∗ given the

current sample θ

2. For i = 1 to N :

(a) Proposal Step:

• Generate a candidate value θ∗ from the proposal distribution: θ∗ ∼ q(θ|θ(i−1))

(b) Acceptance Probability:

• Compute the following ratio:

α = min

(
1,

P (θ∗|Y)q(θ(i−1)|θ∗)

P (θ(i−1)|Y)q(θ∗|θ(i−1))

)

(c) Accept or Reject the Proposal:

• Generate a uniform random variable U ∼ Uniform(0, 1)

• If U ≤ α, accept the proposal and set θ(i) = θ∗

• If U > α, reject the proposal and set θ(i) = θ(i−1)

3. Output:

• Return the generated samples θ(1),θ(2), . . . ,θ(N)
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The key difference between the Metropolis algorithm and the Metropolis-Hastings algo-

rithm is the contribution to the acceptance ratio made by the following factor:

q(θ(i−1)|θ∗)

q(θ∗|θ(i−1))
.

This factor is known as the Hastings ratio and can be viewed as a “correction factor” because

it down-weights the acceptance probability for values that are more likely to be proposed

by asymmetric transition kernels (Robert and Casella, 2004). Asymmetric transition kernels

can enable more efficient sampling from certain distributions, such as skewed distributions

or distributions with bounded parameter spaces.

MCMC methods have enabled the use of a wide range of Bayesian models that were

previously intractable. Thus, MCMC methods have revolutionized Bayesian inference and

brought it to the forefront of modern statistics. However, developing efficient MCMC algo-

rithms for complex models designed to analyze large data sets remains challenging. In many

cases, MCMC algorithms can take a long time to converge to the posterior distribution and,

even after convergence has been achieved, be hampered by slow exploration of the different

parts of the posterior (such as the different modes of a multimodal distribution). In particu-

lar, many standard Metropolis-Hastings transition kernels will propose distant “moves” that

are in low probability regions of the posterior and are frequently rejected, or propose smaller,

more conservative moves that are more likely to be accepted but remain in the same part of

the posterior. In such instances, the high degree of correlation between the simulated val-

ues can render the MCMC sample unsuitable for posterior approximation, even after a very

large number of iterations requiring a great deal of computational time. Researchers have

sought to overcome such difficulties through the development of transition kernels that use

the underlying geometry of the posterior to inform the direction in which to move at a given

iteration. In this spirit, HMC aims to construct distant proposals with a high acceptance

rate by simulating Hamiltonian dynamics (Betancourt, 2017).
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2.1.2 Hamiltonian Monte Carlo

Hamiltonian dynamics, alternatively referred to as Hamiltonian mechanics or the Hamil-

tonian formalism, is a mathematical framework used to explain the motion of particles or

systems within classical mechanics. Within this framework, the depiction of a mechanical

system’s state is accomplished through a collection of generalized coordinates, referred to

as a position vector q, along with a corresponding momentum vector, denoted as p. Both

q and p are posited to assume the same dimension d, so that the complete state space has

a total dimension of 2d (Brooks et al., 2011). In Bayesian modeling, q corresponds to the

model parameters whereas p are auxiliary variables that are introduced to facilitate posterior

simulation that relies on Hamiltonian dynamics (Gelman et al., 2013).

The behavior of the aforementioned system is described by a mathematical function of q

and p known as the Hamiltonian, which we denote by H(q,p). The evolution of the position

and momentum vectors over time is determined by a system of differential equations known

as Hamilton’s equations :

dqi
dt

=
∂H

∂pi
,

dpi
dt

= −∂H

∂qi
,

for i = 1, . . . , d. If we let z = (q,p) denote a concatenated vector of the position and

momentum, Hamilton’s equations can be expressed as :

dz

dt
= J∇H(z),

where ∇H is the gradient of H and

J =

 0dxd Idxd

−Idxd 0dxd

 .
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In the context of HMC, the Hamiltonian is typically decomposed as:

H(q,p) = U(q) +K(p),

where, U(q) is known as the potential energy, and K(p) is known as the kinetic energy. The

potential energy is defined as the negative logarithm of the probability density function for

q. In Bayesian modeling, this corresponds to the negative logarithm of the posterior. The

kinetic energy is typically defined as:

K(p) = p′M−1p/2,

where M is a symmetric, positive definite matrix known as the mass matrix. M is typically

chosen to be diagonal, in which case we can write

K(p) =
d∑

i=1

p2i
2mi

.

Under this decomposition of the Hamiltonian, Hamilton’s equations can be rewritten as

follows:

dqi
dt

= [M−1p]i,

dpi
dt

= −∂U

∂qi
,

for i = 1, . . . , d (Neal et al., 2011).

Except for simple cases, it is not possible to obtain analytic solutions to Hamilton’s

equations. Thus, we must resort to numerical approximation. This is accomplished by

discretizing time by some small step size, ϵ, so that starting with the state at time t = 0, we

iteratively approximate the state at times t = ϵ, 2ϵ, 3ϵ, . . . up until the desired length. There

are many numerical methods for solving systems of differential equations, but most solvers

are plagued by error that accumulates in approximating relatively long trajectories. Such
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error causes the approximated trajectory to drift progressively further away from the true

trajectory. Fortunately, there is a class of methods for solving Hamilton’s equations known

as symplectic integrators which are robust to such error accumulation (Betancourt, 2017).

A simple symplectic integrator that has been shown to work well in HMC is the leapfrog

method, which simulates Hamiltonian dynamics according to the following procedure:

pi(t+ ϵ/2) = pi(t)− (ϵ/2)
∂U

∂qi
(q(t)),

qi(t+ ϵ) = qi(t) + ϵ
pi(t+ ϵ/2)

mi

,

pi(t+ ϵ) = pi(t+ ϵ/2)− (ϵ/2)
∂U

∂qi
(q(t+ ϵ)),

for i = 1, . . . , d (Neal et al., 2011).

HMC is a Metropolis algorithm that simulates Hamiltonian dynamics (using a method

such as the leapfrog method) in order to generate proposals.

1. Initialize Parameters:

• Choose a starting point for the Markov chain: x0.

• Set the number of leapfrog steps: L.

• Set the step size: ϵ.

• Set the total number of iterations: N .

2. Iterate for i from 1 to N :

(a) Generate New Values for Momentum:

• Sample a new momentum variable p′ ∼ N(0,M), whereM is the mass matrix

(usually a diagonal matrix)

(b) Leapfrog Integration:
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• Perform L leapfrog steps with step size ϵ to update the position and momen-

tum, starting with the current state (q(i),p′)

(c) Negation of Momentum Variable:

• Once the L leapfrog steps have been completed to update the position and

momentum, negate the momentum variable to arrive at a proposed state

(q∗,p∗). The negation of the momentum variable ensures that the proposal

is symmetric.

(d) Metropolis-Hastings Acceptance:

• The proposal (q∗,p∗) is accepted or rejected with probability:

min
(
1, exp(−H(q∗,p∗) +H(q(i),p′))

)
3. Output the Samples:

• Return the generated samples (q(1),p(1)), (q(2),p(2)), . . . , (q(N),p(N)).

2.2 Bayesian Phylodynamics

The core of a Bayesian phylodynamic inference framework is reconstruction of a phylogenetic

tree from observed sequence data. Consider an observed data set consisting of an alignment

of molecular sequence characters. Each molecular sequence is a string of discrete molecular

character states. The characters may be nucleotide characters taking on one of four possible

states: A, G, C, or T , which correspond, respectively, to DNA bases adenine, guanine,

cytosine, and thymine. The character could also correspond to amino acids (featuring 20

possible states) or codons (61 possible states) (Yang, 2006).

Each observed sequence is thought of as corresponding to the tips of an unobserved phy-

logenetic tree that characterizes the evolutionary relationships of the sequences. Molecular

sequence evolution is typically modeled by positing a continuous-time Markov chain (CTMC)
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model for molecular character substitution that starts at the root of the tree and proceeds

down its branches to produced the observed data. These CTMC models are characterized by

instantaneous rate matrices that specify the rates of substitution from one molecular char-

acter to another. In nucleotide substitution, for example, a simple early approach was to

assume equal nucleotide base frequencies and that each nucleotide has the same rate of mu-

tating into any other nucleotide (Jukes and Cantor, 1969). The only parameter to estimate

in this case is the overall substitution rate. Since then, a number of more flexible models

for nucleotide substitution have been put forth. For example, the HKY model (Hasegawa

et al., 1985) estimates base frequencies for the different nucelotide bases as well as a transi-

tion/transversion rate ratio κ. The bases A and G are known as purines while the bases C

and T are pyrimidines. Substitutions form purine-to-purine or pyrimidine-to-pyrimidine are

known as transitions whereas other kinds of substitutions are called transversions. Through

the specification of κ, the HKY model allows for one substitution rate for transitions and

another for transversions. Another popular substitution model is the general time-reversible

(GTR) model (Tavaré, 1986; Waterman, 1986). The GTR model allows for nine free parame-

ters and is the most general substitution model that allows the CTMC to be time-reversible.

Early approaches to evolutionary modeling assumed that such CTMC substitution models

acted independently and identically across multiple sequence alignment sites and phyloge-

netic tree lineages. However, evolutionary processes are highly variable, and more realistic

models that allow for such variation have become commonplace. For example, researchers

often model variation across sites in the overall substitution rate (Yang, 1996) and specific

character exchange rates (Pagel and Meade, 2004). It has also become common to model

variation in evolutionary rates among different phylogenetic tree branches via “molecular

clock” models (Drummond et al., 2006).

We can formulate a basic Bayesian phylogenetic model as follows. Let Y denote the

observed molecular sequence data, let Λ denote a vector of parameters characterizing the

mutation process (such as CTMC transition rate parameters, as well as parameters for across
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site variation and molecular clocks), and let g denote the unobserved phylogenetic tree (or

genealogy). The likelihood of the observed data given the mutation model parameters is

then

P (Y|g,Λ).

For a Bayesian model, we need prior distributions for Λ and g. For the parameters constitut-

ing Λ, different parametric priors are chosen for the different parameters, depending upon

the support of the parameters. For example, Dirichlet distributions are common for equilib-

rium base frequencies whereas gamma, log normal and exponential distributions are common

for rate parameters that are necessarily positive. The parameter values of the prior distri-

butions can be determined based on prior biological information to formulate informative

priors. Alternatively, they can be chosen to specify diffuse, relatively uninformative priors

(Yang, 2006). Specifying a prior distribution for the phylogenetic tree g is more compli-

cated. Some popular choices include Yule branching processes (Edwards, 1970) birth-death

processes (Rannala and Yang, 1996), and coalescent processes (Kingman, 1982b). We will

discuss coalescent-based priors in the next section. Suppose for now that the tree prior de-

pends on some parameters γ, giving us the prior P (g|γ). Further, suppose that we can also

assign to γ a suitable prior distribution P (γ). With the likelihood and priors in hand, we

wish to jointly infer the posterior distribution of phylogenetic trees, mutation parameters,

and phylogenetic tree prior parameters:

P (g,Λ,γ|Y) ∝ P (Y|g,Λ)P (g|γ)P (γ)P (Λ).

This basic Bayesian phylogenetic model can be modified or extended in numerous ways,

depending on the data at hand and the evolutionary and epidemiological phenomena we wish

to model. For example, along with each observed molecular sequence, we may observe related

information, such as a phenotypic trait or the sampling location of the sequence. We may

then wish to simultaneously reconstruct the spatial and temporal history associated with
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the sequence data along with its evolutionary history (for example, to study the spread of an

outbreak in the context of viral sequence data). Or we may wish to study the evolutionary

relationships between phenotypic traits. In such a context, we can model the dynamics of the

phenotpyic or geographical data as stochastic processes on a phylogenetic tree (Felsenstein,

1985; Lemey et al., 2009). Specifically, suppose X is the observed phenotypic or geographical

data and suppose we model its evolution as a stochastic process on g that depends on

parameters Θ. Then our model could be extended to

P (g,Λ,Θ,γ|Y,X) ∝ P (Y|g,Λ)P (X|g,Θ)P (g|γ)P (γ)P (Λ)P (Θ).

Of course, this is by no means the only way to extend a basic phylogenetic model or to

reconstruct spatial and temporal histories in a phylogenetic context. In this thesis, we will

work with a model that extends the basic Bayesian phylogenetic framework to model an

evolutionary process for observed sequenced data from multiple unlinked genetic loci, and

incorporate external covariates into the phylogenetic tree prior (Gill et al., 2016).

2.3 Coalescent-based Tree Priors

The coalescent (Kingman, 1982b) is a stochastic process that generates a genealogy relating a

sample of “individuals” arising from an idealized Fisher-Wright reproductive model (Wright,

1931). The classic Fisher-Wright model makes a number of simplifying assumptions about

the population: there are no overlapping generations, there is random mating, and there

is no selection or migration, and the population size remains constant over time. Because

of these simplifying assumptions, the population size parameter in the model (denoted Ne)

typically does not correspond to the census population size of the population from which the

individuals of interest arise. However, Ne characterizes the genetic diversity of the population

of interest, as it describes the size of a Fisher-Wright population that gains and loses genetic

diversity at the same rate as the population being studied. Ne is thus known as the effective
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population size. Thus, in a Bayesian phylodynamic inference framework, the coalescent not

only furnishes a prior distribution for the phylogenetic tree, but it also enables inference of

the effective population size of the population from which the molecular sequence data are

sampled.

The coalescent process begins at the sampling time t = 0 and proceeds backwards in

time, merging lineages until all lineages have merged and we arrive at the most recent

common ancestor of the sample, or root of the genealogy. Here, the time t is understood to

represent the time prior to the sampling time and increases as we go further back in time.

When two lineages merge, it is known as a coalescent event. If tk represents the time of the

(n− k)-th coalescent event for k = 1, . . . , n− 1, then under the coalescent, the waiting time

wk = tk−1 − tk follows an exponential distribution with rate k(k−1)
2Ne

.

The coalescent has been extended from its original formulation to relax many of its

restrictive assumptions. In our development, we make use of two extensions. First, we

assume data that may be sampled at different times (Rodrigo and Felsenstein, 1999). Second,

we assume that the effective population size may vary over time (Griffiths and Tavare, 1994).

In this case, we denote the effective population size by Ne(t), and we also refer to it

as the demographic function. The conditional distribution of waiting times wk can then be

expressed as:

P (wk|tk) =
k(k − 1)

2Ne(wk + tk)
exp

[
−
∫ wk+tk

tk

k(k − 1)

2Ne(t)
dt

]
.

Taking the product of such densities can give a joint distribution for waiting times between

coalescent events. To arrive at a distribution for a specific genealogy, we must account for the

fact that distinct genealogies can have identical coalescent times and thus identical waiting

times between coalescent events. Suppose immediately preceding a coalescent time t′ there

are k′ distinct lineages. Then there are k′(k′−1)
2

distinct pairs of lineages that can merge at

time t′ and result in a coalescent event. A different pair of lineages merging corresponds

to a different genealogy. To obtain the likelihood of a specific genealogy, we consider only
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the one specific pair lineages which merge at time t′ in the specific genealogy. Thus, when

taking the product of waiting time densities to obtain the likelihood of a specific genealogy,

we replace k(k−1)
2

in each factor P (wk|tk) by 1.

Many coalescent-based tree priors assume a simple parametric function for Ne(t), which

is suitable for modeling a constant effective population size, or an effective population size

that exhibits exponential or logistic growth or decay. While such parametric functions are

appealing in their simplicity, they are very restrictive. Assuming the wrong parametric form

can lead to erroneous inferences, and testing a number of different parametric functions

can be time consuming. Ultimately, the true dynamics of the demographic function Ne(t)

may not be adequately characterized by a simple parametric function. To overcome such

difficulties, a number of coalescent-based prior distributions have been developed that ap-

proximate Ne(t) as a piece wise constant function that can change at a number of time points

(Drummond et al., 2005; Opgen-Rhein et al., 2005; Minin et al., 2008).

One such model is the Skygrid (Gill et al., 2013), which allows researchers to pre-specify

the number and times of change points. This flexibility in specification of change points

allows the change points to align with measurement times for external covariates, and this

fact has been exploited to extend the Skygrid to a more general formulation that integrates

covariates (Gill et al., 2016). The Skygrid model with covariates allows researchers to test

for associations between the effective population size and epidemiological and ecological

factors which may be hypothesized to be related to the effective populatioon size or, more

specifically, be thought of as driving factors of population dynamics.

2.4 The Skygrid Model with Covariates

Here, we describe the details of the Skygrid model with covariates. As previously mentioned,

the demographic function Ne(t) is piecewise constant, with changes occurring only at specific

temporal change points x1 < x2 < · · · < xM . Again, time is understood to increase into the

past from the most recent sampling time x0 = 0. These change points divide the population
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history timeline into M + 1 intervals, and the demographic function Ne(t) is fully described

by the vector θ = (θ1, . . . , θM+1) of values that it assumes in the different intervals. In

particular, Ne(t) = θk for xk−1 ≤ t < xk for k = 1, . . . ,M , and Ne(t) = θM+1 for t ≥ xM .

Here, xM is the earliest time in the past at which a change in the effective population size

can occur, and it is recommended to choose xM conservatively so that is earlier than we

expect the time of the most recent common ancestor to be. After θ has been inferred, it is

customary to discard effective population size inferences for times that predate the bounds

of the 95% Bayesian credibility interval for the time of the most recent common ancestor,

since the data do not contain substantial information about the population dynamics for

such times.

The Skygrid has been developed to accommodate data from multiple unlinked genetic

loci that share the same demographic history but may have different evolutionary histories

characterized by different genealogies. Genetic loci are (effectively) unlinked when recom-

bination is very likely, as is the case between genes in retroviruses. In this scenario, we

assume a data set the features m different loci and let g = (g1, . . . , gm) denote the vector

of corresponding genealogies. The genealogies are assumed to be conditionally independent,

given the effective population size:

P (g|θ) =
m∏
i=1

P (gi|θ).

We can construct the likelihood of genealogy gi as follows. Let t0i denote the most recent

sampling time, and tMRCAi
the time of the most recent common ancestor (or time of the

root node) for gi. Further, let xαi
denote the smallest change point greater than at least one

sampling time, and let xβi
denote the largest change point less than at least one coalescent

time. Let uik = [xk−1, xk] for k = αi + 1, . . . , βi, uiαi
= [t0i , xαi

], and ui(βi+1) = [xβi
, tMRCAi

].

For each uik, let tkj for j = 1, . . . , rk denote the ordered times of the change points and

sampling and coalescent events that occur in the interval. Further, let cik denote the number
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of coalescent events that occur in uik. Finally, let vkj represent the number of lineages present

in the genealogy interval [tkj, tk(j+1)]. We can express the likelihood of observing the interval

uik in genealogy gi as

P (uik|θk) =
(

1

θk

)cik

×
rk−1∏
j=1

exp

[
νkj(νkj − 1)(tk(j+1) − tkj)

2θ

]
,

for k = αi, . . . , βi + 1. We can then write the likelihood of gi as

P (gi|θ) =

βi+1∏
k=αi

P (uik|θk)

=

βi+1∏
k=αi

(
1

θk

)cik

exp

[
−SSik

θk

]
,

where the SSik are appropriate constants.

We will momentarily describe a prior distribution for the effective population size values,

and the facilitate the specification of a prior, we will work with the log transformation of the

effective population size. Let γk = log θk and γ = (γ1, . . . , γM+1). Using this new notation,

we can write

P (gi|γ) =

βi+1∏
k=αi

P (uik|γk)

=

βi+1∏
k=αi

e−γkcik exp
[
SSike

−γk
]

=

βi+1∏
k=αi

exp
[
−γkcikSSike

−γk
]
.

20



Finally, we can express the likelihood of all genealogies as

P (g|γ) =
m∏
i=1

P (gi|γ)

=
m∏
i=1

βi+1∏
k=αi

exp

[
− γkCik − Sike

−γk

]

= exp

[
M+1∑
i=1

−γkCik − SSike
−γk

]
,

where ck =
∑m

i=1 cik and Sk=
∑m

i=1 SSik. Here, cik = SSik = 0 if k /∈ [αi, βi + 1].

Having specified the likelihood for g, we now turn to the task of specifying a prior

distribution for the vector γ of log effective population size values. It is through this prior

that the Skygrid allows us to express our belief of a potential relationship between the

effective population size and covariates. Let Z1, . . . ,ZP denote a collection of P covariates

that we believe may be related to the effective population size. Suppose that for each

covariate Zj, we have covariate values Z1j, . . . , ZM+1,j that are measured or observed at times

that match up with the M + 1 intervals defined by the Skygrid change points. In practice,

the Skygrid change points will be specified to match up with covariate measurement times.

One goal of the Skygrid is to model the effective population size for a given interval as a

log-linear function of covariates:

γk = logθk = β1Zk1 + ...+ βpZkP + wk.

Here, βj is an effect size coefficient which quantifies the relationship between the log effec-

tive population size and covarite Zj. Another goal of the Skygrid is to impose temporal

dependence between the effective population size at adjacent intervals through appropriate

modeling of the error term w = (w1, . . . , wM+1). To fulfill these goals, the Skygrid employs
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a Gaussian Markov random field (GMRF) prior distribution on γ:

P (γ|Z,β, τ) ∝ τ
M
2 exp

[
− τ

2
(γ − Zβ)′Q(γ − Zβ)

]
.

Here, Z is a matrix of covariate values with dimensions (M + 1) × P , and β is a vector

with dimensions P × 1. The precision matrix Q has dimensions (M + 1) × (M + 1) and

is tridiagonal, with off-diagonal elements set to -1, Q11 = QM+1,M+1 = 1, and Qii = 2 for

i = 2, . . . ,M .

We can better understand the impact of the GMRF prior by examining the full condi-

tional distributions for its coordinates. Let γ−i denote the vector formed by excluding only

the i-th component from the γ vector. Denote Zi as the i-th row of the covariate matrix Z.

Then we have:

γ1|γ−1 ∼ N

(
Z′

1β − Z′
2β + γ2,

1

τ

)
,

γ1|γ−i ∼ N

(
Z′

iβ +
γi−1 + γi+1 −Z′

i−1β −Z′
i+1β

2
,
1

2τ

)
,

for i = 2, . . . ,M , and

γM+1|γ−(M+1) ∼ N

(
Z′

M+1β − Z′
Mβ + γM ,

1

τ

)
.

These conditional distributions show that, conditional on γ−i, the i-th component γi is influ-

enced solely by its immediate neighboring components. Notice that the precision parameter

τ informs the smoothness of the effective population size trajectory.

To complete the Bayesian model specification, we assign diffuse prior distributions to the

precision parameter τ and the effect size coefficients β. To τ , we assign a gamma prior with

shape and rate parameters equal to 0.001. We give β a multivariate normal prior with mean

zero and covariance matrix Σ equal to a diagonal matrix with diagonal entries equal to 100.

We can now incorporate the coalescent prior for genealogies g, P (g|γ), along with hyper-
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priors P (γ|Z, τ), P (β), P (τ) into a Bayesian phylodynamic framework for inference directly

from sequence data. For our setting of multilocus data, suppose observe aligned molecular

sequence data Y1, . . . ,Ym corresponding to the m genetic loci. For each a given locus i,

we assume Yi are generated by a CTMC characterized by mutation parameters Λi that

acts along the unobserved genealogy gi. We assume that Λ1, . . . ,Λm are a priori indepen-

dent. We can then jointly infer the genealogies, mutation parameters, covariate effect size

coefficients, precision, and vector of log effective population sizes through their posterior

distribution:

P (g,Λ,β, τ,γ|Y,Z) ∝

[
m∏
i=1

P (Yi|gi,Λi)

]
× P (Λ)P (g|γ)P (γ|Z, β, τ )P (β)P (τ).

Notably, the inferences in this model are based on covariate data as well as sequence data.

(Gill et al., 2016) show that incorporating covariate data into a coalescent prior can be

valuable in a number of ways. First, it enables the inference of effect size coefficients to

quantify and test the significance of relationships between the effective population size and

covariates. Second, in the case of as significant associate between a covariate and the effective

population size, inclusion of the covariate data in the model can lead to improved estimates

of effective population size trajectories.

2.5 Earlier MCMC Sampling Schemes for the Skygrid Model with

Covariates

We wish to compare the performance of HMC algorithms for sampling the Skygrid model

parameters γ, τ,β to previously used MCMC sampling schemes. In developing a sampling

scheme for the Skygrid parameters, we can condition on the genealogies g and consider

them fixed and known. An MCMC algorithm for the Skygrid parameters can then be

combined with transition kernels for the other model parameters to jointly infer the posterior

P (g,Λ,β, τ,γ|Y ,Z).
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A simple MCMC algorithm to sample the Skygrid parameters relies on a random walk

transition kernel to update the log effective population size parameters and coefficient effect

size parameters. In particular, the transition kernel proposes new values for parameters

one at a time by drawing a new value uniformly at random within some specified window

size and adding that value to the current parameter value. For the precision parameter, new

values are proposed by rescaling the current parameter value by some factor. In BEAST 1.10

(Suchard et al., 2018) the aforementioned window size and rescaling factor are automatically

tuned to obtain a desired acceptance rate. The sampling scheme we have described is referred

to in our data analysis section as the RW scheme (for the random walk that it employs for

most model parameters).

An alternative to the simple RW scheme exploits the Skygrid’s structure to adapt a fast

block-updating sampler for highly structured Gaussian models (Knorr-Held and Rue, 2002).

The full conditional distribution of the log effective population size vector γ can be approx-

imated via a Gaussian distribution. A Metropolis-Hastings proposal for the parameters γ

and τ is generated jointly as a block: first, a candidate value for τ is generated by rescaling

the current value, then, conditional on the candidate value for τ , a candidate value for γ

is generated via the aforementioned Gaussian approximation. The effect size coefficients β

are updated separately via a standard random walk transition kernel, as in the RW sampler.

We refer to this sampling scheme as the GA scheme (for the Gaussian approximation that

forms the heart of it).

2.6 HMC for the Skygrid Model with Covariates

The main details of the HMC sampling scheme are explained in our earlier discussion of

HMC. Here, we detail the gradient computations necessary to implement HMC for the

Skygrid model with covariates. Adopting the HMC notation used earlier, we let q denote
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(γ,β, τ ). Because g is fixed in this context, the target density of interest is

P (γ,β, τ |g,Z) ∝ P (g|γ)P (γ|Z, β, τ )P (β)P (τ). (1)

We describe the computational details using general gamma and normal priors for τ and β,

respectively. In particular,

P (τ) ∝ τa−1e−bτ , (2)

and

P (β) ∝ exp

[
−1

2
β′Σ−1β

]
,

where Σ = σ2I for some variance value σ2.

Let C denote a constant with respect to q. We have:

U(q) = − logP (γ,β, τ |g,Z)

= − log [P (g|γ)P (γ|Z,β, τ)P (β)P (τ)] + C

= − log

[
exp

[
−

M+1∑
k=1

(γkck + SSke
−γk)

]]
− log

[
τM/2 exp

[
−τ

2
(γ − Zβ)′Q(γ − Zβ)

]]
− log

[
e−β′Σ−1β/2

]
− log

[
τa−1e−bτ

]
+ C.

We can simplify this further to obtain

U(q) = − log τM/2 exp
[
−τ

2
γ ′Qγ + τ(Zβ)′Qγ − τ

2
(Zβ)′QZβ

]
− log exp

[
−

M+1∑
k=1

(γkck + SSke
−γk)

]
− log

[
e−β′Σ−1β/2

]
− log

[
τa−1e−bτ

]
+ C.
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We can continue to simplify to get:

U(q) = −M

2
log τ +

1

2
τ

M∑
i=1

(γi+1 − γi)
2

−τ(γ1 − γ2)
P∑

k=1

Z1kβk − τ(γM+1 − γM)
P∑

k=1

Z(M+1),kβk

−τ
M∑
i=2

[
(−γi−1 + 2γi − γi+1)

P∑
k=1

Zikβk

]

+
1

2
τ

M∑
i=1

[
P∑

j=1

(Zi+1,j − Zi,j) βj

]2

+
M+1∑
k=1

(γkck + SSke
−γk) +

1

2σ2

P∑
k=1

β2
k − (a− 1) log τ + bτ + C.

For clarification, we detail some of the computations performed in these simplifications.

First, note that

Q =



1 −1 0 . . .

−1 2 −1 0 . . .

0 −1 2 −1 0 . . .

...
...

...
...

...

0 0 0 . . . −1 1


,

Σ =



σ2 0 0 . . .

0 σ2 0 . . .

...
...

...

0 0 0 σ2


,

γ =



γ1

γ2
...

γM+1


,
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Z =



Z11 Z12 . . . Z1P

Z21 Z22 . . . Z2P

...
...

...
...

ZM+11 ZM+12 . . . . . . ZM+1P


,

and

β =



β1

β2

...

βp


.

Then we can write:

γ′Qγ =
M∑
i=1

(γi+1 − γi)
2,

Σ−1β =
1

σ2



β1

β2

...

βp


,

1

2
β′Σ−1β =

1

2σ2

P∑
i=1

β2
i ,

Qγ =



γ1 − γ2

−γ1 + 2γ2 − γ3

−γ2 + 2γ3 − γ4
...

−γM + γM+1


,
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Zβ =



∑P
i=1 Z1iβi∑P
i=1 Z2iβi

...∑P
i=1 Z(M+1)iβi


,

(Zβ)′ =

[∑P
i=1 Z1iβi

∑P
i=1 Z2iβi . . .

∑P
i=1 Z(M+1)iβi

]
,

(Zβ)′Qγ =

[
(γ1 − γ2)

P∑
i=1

Z1iβi + (−γM + γM+1)
P∑
i=1

Z(M+1)iβi+

M∑
j=2

[
(−γj−1 + 2γj − γj+1)

P∑
i=1

Z1iβi

]]
,

(Zβ)′QZβ =
M∑
j=1

[
P∑
i=1

(Zj+1,i − Zj,i)βi

]2
.

Now we specify the gradient calculations required to implement the leapfrog algorithm.

First, note that

∂U

∂τ
= −M

2τ
+

1

2

M∑
i=1

(γi+1 − γi)
2

−(γ1 − γ2)
P∑

k=1

Z1kβk − (γM+1 − γM)
P∑

k=1

Z(M+1),kβk

−
M∑
i=2

[
(−γi−1 + 2γi − γi+1)

P∑
k=1

Zikβk

]

+
1

2

M∑
i=1

[
p∑

j=1

(Zi+1,j − Zi,j) βj

]2
−(a− 1)/τ + b.
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Next, for k = 1, . . . , P we have

∂U

∂βk

= −τ(γ1 − γ2)Z1k − τ(γM+1 − γM)Z(M+1),k

−τ
M∑
i=2

[(−γi−1 + 2γi − γi+1)Zik]

+τ

M∑
i=1

[
p∑

j=1

(Zi+1,j − Zi,j) βj

]
(Zi+1,k − Zi,k)

+
βk

σ2
.

For i = 2, . . . ,M we have

∂U

∂γi
= τ(−γi−1 + 2γi − γi+1)

+τ
P∑

k=1

Z(i+1),kβk − 2τ
P∑

k=1

Zikβk + τ
P∑

k=1

Z(i−1),kβk

+ci − SSie
−γi .

Finally, note that

∂U

∂γ1
= τ(γ1 − γ2)

−τ
P∑

k=1

Z1kβk

+τ
P∑

k=1

Z2kβk

+c1 − SS1e
−γ1 ,
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and

∂U

∂γM+1

= τ(γM+1 − γM)

−τ

P∑
k=1

Z(M+1),kβk

+τ
P∑

k=1

ZMkβk

+cM+1 − SSM+1e
−γM+1 .

3 DATA AND ANALYSIS

Our goal is to gain a better understanding of the performance of HMC for the Skygrid model

with covariates by analyzing three real data sets. The performance of HMC algorithms can

depend considerably on the choice of tuning parameters: the step size and number of steps in

the leapfrog algorithm (Betancourt, 2017; Neal et al., 2011). For each of the three data sets,

we compare the performance of HMC under different combinations of tuning parameters. We

also want to compare the performance of HMC to that of earlier MCMC sampling schemes

that have been employed for the Skygrid model with covariates. These earlier approaches,

which we refer to as the RW and GA sampling schemes, are described in detail in Section

2.5. We analyze each of the three real data sets using the RW, GA and HMC sampling

schemes.

The first data set consists of 75 sequences of DENV-4, which were compiled by (Bennett

et al., 2003) through the sequencing of randomly chosen DENV-4 isolates from Puerto Rico,

sourced from the US Centers for Disease Control and Prevention (CDC) sample bank .

DENV-4 is one of four closely related but distinct serotypes of the dengue virus (DENV).

DENV is an RNA virus that causes the dengue viral infection. Dengue causes a severe

flu-like illness, occasionally leading to potentially lethal syndromes (WHO: World Health

Organization, 2015a). Each sequence in the data set encompasses approximately 40% of
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the viral genome, including all structural genes (capsid: C; membrane: M; and envelope:

E), as well as a subset of nonstructural genes (NS1, NS2A, and NS4B), in addition to the

noncoding 3’ NTR region. The sequences were sampled in various years, including 1982 (14

sequences), 1986/1987 (19 sequences), 1992 (15 sequences), 1994 (14 sequences), and 1998

(13 sequences). As a covariate, we use transformed case counts of the number of DENV-4

isolates recorded during every six-month period between 1981 and 1998. The case counts

are transformed by the map x 7→ log(x + 1) (the addition of one inside the logarithm is to

allow for the transformation of isolate counts of zero).

The second data set comprises 47 rabies virus sequences sampled from rabid raccoons

between 1982 and 2004 (Biek et al., 2007). These sequences encompass the complete rabies

nucleoprotein (N) genes as well as substantial segments of the glycoprotein (G) genes. The

rabies virus causes rabies, a severe zoonotic disease that results in over 50,000 human deaths

annually and remains a major public health concern (WHO: World Health Organization,

2015b). For a covariate, we use the log transform of the cumulative area (in square kilome-

ters) of counties affected by raccoon rabies between the years 1977 and 1999. The area of a

county is added to the cumulative total for the month during which rabies is first reported

in that county. There are 175 months for which the cumulative affected area changes, and

we specify the Skygrid change points to coincide with those months.

Finally, our third data consists of ancient DNA sequences from musk ox (Campos et al.,

2010). The sequences comprise 682 base pairs of the mitochondrial control region, obtained

from 149 radiocarbon-dated specimens. The specimens encompass a considerable time range,

from the present to 56,900 radiocarbon years before present (YBP), and come from a number

of different geographic locations that represent the demographic range of ancient musk ox.

The locations include the Taimyr Peninsula (54 sequences), the Urals (26 sequences), North-

east Siberia (12 sequences), North America (14 sequences), and Greenland (43 sequences).

Musk ox were once widely distributed in the Holarctic ecozone but are now restricted to

Greeland and the Arctic Archipelago. Campos et al. (2010) observe that time intervals dur-
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ing which musk ox populations increase tend to be periods of global climatic cooling, while

musk ox populations exhibit decline during warmer and climatically unstable periods. Envi-

ronmental change thus appears to be a driving force behind musk ox population dynamics.

To text this hypothesis, we make use of ice core δ18O data sourced from the Greenland Ice

Core Project (GRIP) (Dansgaard et al., 1989, 1993; GRIP Members, 1993; Grootes et al.,

1993; Johnsen et al., 1997). δ18O represents the oxygen isotope composition, where lower

δ18O values correspond to colder polar temperatures. As a covariate in a Skygrid analysis, we

calculate the mean δ18O value by averaging the δ18O values corresponding to each 3000-year

interval.

We analyze all data sets using a Bayesian phylodynamic model with an HKY nucleotide

substitution model (Hasegawa et al., 1985). Further, we model branch-specific variation

of evolutionary rates though an uncorrelated relaxed molecular clock, characterized by an

underlying lognormal distribution (Drummond et al., 2006). All analyses are conducted

using BEAST 1.10 (Suchard et al., 2018), and results are analzed via Tracer version 1.7.2

(Rambaut et al., 2018). For each analysis, we simulate and MCMC chain of 10 million states,

discard the initial 1 million iterations as burn-in, and log every 2000 iterations. For each data

set and each specific sampling scheme (including different HMC tuning parameter settings),

we run three independent replicates and average results. We consider three different HMC

tuning parameter combinations: 1) a step size of 0.01 with 50 steps, 2) a step size of 0.02

with 25 steps, and 3) a step size of 0.05 with 10 steps. To assess the effectiveness of differrent

sampling schemes, we compute the effective sample size (ESS) for each Skygrid parameter

via the coda R package (Plummer et al., 2006; R Core Team, 2018). The ESS for a parameter

corresponds to the number of independent samples from the posterior distribution that the

MCMC sample is equivalent to (Kass et al., 1998). Because different sampling schemes

have varying amounts of computational burden, we cannot simply compare ESS values to

compare efficiency. Instead, we compute and compare the ESS per unit time for each Skygrid

parameter.
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4 RESULTS

Table 1: Comparison of HMC performance under different tuning parameter combinations in
analyses of dengue, rabies and musk ox data sets. Effective sample size per minute, averaged
over three independent replicates, is reported for precision parameter τ and covariate effect
size coefficient β. For vector of log effective population size parameters γ, the range of
effective sample size per minute, averaged over three independent replicates, is reported.

Example Step size Steps γ τ β
Dengue 0.01 50 12.38-233.09 16.71 70.34
Dengue 0.02 25 14.82-277.57 16.07 50.32
Dengue 0.05 10 23.91-286.25 35.02 66.02
Rabies 0.01 50 16.58-113.48, 23.44 66.72
Rabies 0.02 25 15.65-118.34 16.89 108.72
Rabies 0.05 10 9.37-149.27 12.56 82.53

Musk Ox 0.01 50 8.33-160.59 13.38 44.15
Musk Ox 0.02 25 8.26-135.38 16.14 44.45
Musk Ox 0.05 10 8.67-115.13 15.95 39.66

Table 2: Comparison of performance of HMC, GA and RW sampling schemes in analyses
of dengue, rabies and musk ox data sets. Effective sample size per minute, averaged over
three independent replicates, is reported for precision parameter τ and covariate effect size
coefficient β. For vector of log effective population size parameters γ, the range of effective
sample size per minute, averaged over three independent replicates, is reported.

Example γ τ β
DengueGA 13.71-117.61 19.64 13.15
DengueHMC 23.91-286.25 35.02 66.02
DengueRW 3.22-23.18 2.98 3.75
RabiesGA 9.02-114.85 11.10 51.96
RabiesHMC 9.37-149.27 12.56 82.53
RabiesRW 0.27-2.46 0.62 3.02

Musk OxGA 8.33-113.38 19.78 35.84
Musk OxHMC 8.33-160.59 13.38 44.15
Musk OxRW 1.23-14.016 1.89 3.69

We first evaluate the performance of HMC under different tuning parameter combinations

for the three data sets. Figures 1-3 report the ESS per minute for the Skygrid model

parameters for each HMC tuning parameter combination and each data set. In the case of

the multidimensional log effective population size parameter, the range of ESS per minute
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values is reported. In order to more clearly compare the performance in the case of the log

effective population size, Figures 1-3 depict the distributions of ESS per minute values for the

log effective population size for the different data sets and different HMC tuning parameter

combinations.

For the dengue data set, Table 1 shows that the setting with a step size of 0.05 and 10

steps performs twice as well as the others for τ and comes in at a close second for β. Figure

1 shows the performance of HMC under the different settings for log effective population

size γ. For a step size of 0.01 with 50 steps: most parameters achieve an ESS per minute

around the 100-120 range, with a few parameters even reaching 200-220. There is a good

distribution, suggesting a decent level of efficiency for this setting. For a step size of 0.02

with 25 steps: most of its parameters are centered around the 50-70 ESS per minute range.

For a step size of 0.05 with 10 steps: parameters achieve higher ESS per minute values in

the ranges around 40-60 and 110-130 with some parameters even reaching 270-286. This

shows that a significant number of parameters are achieving decent to high ESS values with

this setting. The setting (Step Size=0.05, Steps=10) appears to have a good number of

parameters that achieve higher ESS per minute values, suggesting it’s potentially the most

efficient setting among the three. The setting (Step Size=0.01, Steps=50) also has a good

distribution of parameters around the 100-120 ESS per minute range but lacks the same

number of parameters in the higher ESS categories compared to the step size=0.05, steps=10

The setting (Step Size=0.02, Steps=25) seems to be the least efficient, with a concentration

of its parameters at lower ESS per minute values.

For the rabies data set, Table 1 shows that the setting with a step size of 0.01 and 50

steps performs the best for τ while the setting with a step size of 0.02 and 25 steps performs

the best for β. Figure 2 shows in detail the performance of the log effective population

size γ. For a step size of 0.01 with 50 steps: the majority of parameters achieve an ESS

per minute value between 40 and 50. There’s a left skew, indicating that fewer parameters

reach higher ESS per minute values with this setting. For a step size of 0.02 with 25 steps:
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Figure 1: Comparison of HMC tuning parameter combinations for dengue data set. Bars
correspond to the estimated effective sample size (ESS) per minute averaged across three
independent replicates for all log effective population size parameters. The height of each
bar indicates the number of parameters that achieve the given ESS per minute value. For
the dengue data, the HMC transition kernel appears to performs best with 10 steps and step
size = 0.05 .

35



The peak of this distribution is slightly leftward from that with a step size of 0.01 and is

centered around the 20-30 ESS per minute range. This implies that this tuning parameter

combination is somewhat less efficient than previous combination for a significant proportion

of the parameters. However, some parameters still reach higher ESS per minute values, but

not as many as in the blue histogram setting. For a step size of 0.05 with 10 steps: it has

its highest peak around the 20-30 ESS per minute range. However, the distribution shows

more variability, with noticeable peaks in the 40-50 and 60-70 ranges, suggesting that some

parameters achieve higher efficiency, while others do not.

Table 1 shows that for the musk ox data set, a tuning parameter combination of a step

size of 0.02 with 25 steps performs best for τ and β. However, the other tuning parameter

combinations perform nearly as well. Figure 3 compares the performance in detail for the

log effective population size γ. For a step size of 0.01 with 50 steps: the distribution is

left-skewed, with a peak around the 30-40 ESS per minute range. For a step size of 0.02

with 25 steps: this distribution showcases a peak slightly to the left of that of the previous

combination, centered around 20-30 ESS per minute. This implies that, while these tuning

parameters are efficient for a good number of parameters, they might be less efficient than

the previous tuning parameter combination. There’s also a few parameters that achieve

higher ESS per minute, but they are fewer in number. For a step sizeo of 0.05 with 10 steps:

the peak of the distribution is around the 20-30 ESS per minute range. This setting displays

a clearer left-skew, indicating a consistent drop in the number of parameters as the ESS per

minute value increases. The Step Size=0.01, Steps=50 combination appears to be the most

efficient setting among the three, based on its peak at a relatively higher ESS per minute

value.

In our comparison of HMC performance under different tuning parameter combinations,

no combination emerged as the clear best choice. This illustrates the difficulty in choosing

optimal values for tuning parameters, showing that for a specific model, the best choice can

vary for different data sets and different parameters. The results are consistent with the
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Figure 2: Comparison of HMC tuning parameter combinations for rabies data set. Bars
correspond to the estimated effective sample size (ESS) per minute averaged across three
independent replicates for all log effective population size parameters. The height of each
bar indicates the number of parameters that achieve the given ESS per minute value. For
the rabies data, the HMC transition kernel appears to performs best with 10 steps and step
size = 0.05.
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Figure 3: Comparison of HMC tuning parameter combinations for musk ox data set. Bars
correspond to the estimated effective sample size (ESS) per minute averaged across three
independent replicates for all log effective population size parameters. The height of each
bar indicates the number of parameters that achieve the given ESS per minute value. For
the musk ox data, the HMC kernel transition kernel appears to performs best with 50 steps
and step size = 0.01
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observations of other researchers that HMC performance can vary considerably depending

on the chooice of tuning parameters (Betancourt, 2017). It is crucial to note that ESS per

minute is just one metric. We did not deal with prolonged burn-in times in these analyses, but

it is possible for some tuning parameters combinations to quick convergence and subsequent

slow exploration of the posterior, or vice versa. Properly evaluating the performance of HMC

in more challenging scenarios will require more care.

We now focus on comparing the performance of HMC (with a step size of 0.05 and 10

steps) with GA and RW sampling schemes for the three data sets. Table 2 shows that RW

lags far behind GA and HMC for all Skygrid model parameters. In many instances, the RW

sampling scheme fails to generate sufficient ESS for accurate posterior approximation after

10 million iterations. This illustrates how critically important an efficient MCMC sampling

scheme is for complex, computationally intensive models that will be used to analyze large

data sets. For the precision τ and covariate effect size coefficient β, Table 2 shows that HMC

outperforms GA in 5 out of 6 scenarios. To compare the performance of HMC and GA for

the log effective population γ, we examine the distributions of ESS per minute values in

Figures 4-6.
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Figure 4: Comparison of HMC (with a step size of 0.05 and 10 steps) and GA for dengue data
set. Bars correspond to the estimated effective sample size (ESS) per minute averaged across
three independent replicates for all log effective population size parameters. The height of
each bar indicates the number of parameters that achieve the given ESS per minute value.

Figure 4 compares the performance of HMC and GA in sampling γ for the dengue data

set. The histogram representing GA is more concentrated towards the left side of the graph.

The histogram representing HMC is spread out more evenly and extends much further to the

right. HMC emerges as a clear winner in this comparison, achieving much higher ESS per

minute values, in general. Figure 5 compares the performance of HMC and GA in sampling

γ for the rabies data set. The histogram for the GA scheme has a prominent peak around

the 20-30 ESS per minute mark, with a long right tail that has a smaller peak around 80.

The histogram for HMC shows a wider spread with its highest peak at low ESS per minute

values, but a long right tail with several smaller peaks at high ESS per minute values. It

is difficult to pick a clear winner. The HMC histogram has a wider spread, but it has a
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much longer right tail, and its best values are much better than the best values under GA,

while the lower values under both methods are more similar. Finally, Figure 6 compares the

performance of HMC and GA in sampling γ for the musk ox data set. While the histograms

for both methods are concetrated towards the left of the plot, the HMC histogram shows

more variation, with small peaks at relatively higher values and a longer right tail. While

HMC does not perform overwhelmingly better than GA (as in the case of the dengue data

set), it exhibits a small but clear edge.

Figure 5: Comparison of HMC (with a step size of 0.05 and 10 steps) and GA for rabies data
set. Bars correspond to the estimated effective sample size (ESS) per minute averaged across
three independent replicates for all log effective population size parameters. The height of
each bar indicates the number of parameters that achieve the given ESS per minute value.
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Figure 6: Comparison of HMC (with a step size of 0.05 and 10 steps) and GA for musk ox data
set. Bars correspond to the estimated effective sample size (ESS) per minute averaged across
three independent replicates for all log effective population size parameters. The height of
each bar indicates the number of parameters that achieve the given ESS per minute value.

5 DISCUSSION

Phylodynamic inference is widely used throughout evolutionary biology and genomic epi-

demiology, but its potential impact is inhibited by its considerable computational burden.

Continual development of computationally efficient algorithms for phylodynamic inference

are therefore critically important. Coalescent-based models are ubiquitous in Bayesian phy-

lodynamics as phylogenetic tree priors, and they also open the door for inference of the

effective population size, which is of fundamental importance in population biology and epi-

demiology. Good coalescent tree priors can be vital for accurate phylogenetic inferences,

but they will only enjoy widespread use if paired with efficient algorithms that allow them
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to scale to large data sets that are commonplace thanks to advances in genomic sequenc-

ing technology. Here, we evaluate the performance of one of the most promising MCMC

sampling techniques, HMC, for a novel coalescent-based model that links phylodynamic pro-

cesses with other sources of epidemiological and ecological information. Compared to past

MCMC sampling schemes that have been used for the Skygrid model with covarites, HMC

consistently performs as well or (mostly) better. The fact that HMC outperforms the GA

scheme in most scenarios, even though the GA sampler was designed specifically to exploit

the Skygrid’s special structure, is very noteworthy. If an algorithm such as HMC, which does

not require very specific modifications to be employed for any given model, can outperform

fast samplers designed specifically for certain types of models, it will free up researchers from

the laborious and difficult task of designing highly tailored algorithms when implementing a

new models.

6 FUTURE WORK

The general improvement of HMC over other samplers for the Skygrid model with covariates

is encouraging, and it will be interesting to see if this success can carry over to even more

complicated coalescent-based approaches that incorporate population structure and unite

tree-generating and migration processes (De Maio et al., 2015). As we observed, the per-

formance of HMC can vary depending on tuning parameters, and no combination of tuning

parameter values is optimal for all data sets. There has been a great deal of focus on devel-

oping methods to adaptively optimize HMC tuning parameters (Hoffman and Gelman, 2014;

Wu et al., 2018). There have also been adaptations of conventional HMC approaches that

seek to gain further improvements in efficiency through greater exploitation of the geomet-

ric structure of the posterior distribution (Neal et al., 2011; Nishimura and Dunson, 2016).

Building upon the work in this thesis, it would be interesting to evaluate the performance

of such advanced methods for complex phylodynamic models.
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