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ABSTRACT

In this dissertation, we discuss smooth 4- and 5-manifolds, their interactions, and contractible smooth
high-dimensional manifolds.

First, we study 5-dimensional cobordisms with 2- and 3-handles, 5-dimensional 3-handlebodies, and
closed, orientable 5-manifolds via (5-dimensional) Heegaard diagrams. We show that every such smooth 5-
manifold can be represented by a Heegaard diagram, and two Heegaard diagrams represent diffeomorphic
5-manifolds if and only if they are related by certain moves. As an application, we construct Heegaard
diagrams for 5-dimensional cobordisms from the standard 4-sphere to the Gluck twists along knotted
2-spheres. This provides some equivalent statements regarding the Gluck twists being diffeomorphic to
the standard 4-sphere.

Second, for any integer n > 2, we construct a contractible, compact, smooth (n + 3)-manifold which
is not homeomorphic to the standard (n + 3)-ball, using a 0-handle, an n-handle, and an (n + 1)-handle.
The key step is the construction of an interesting knotted n-sphere in S x S? generalizing the Mazur
pattern. As a corollary, for any integer n > 2, there exists a smooth involution of S "+3 whose fixed point
set is a non-simply connected homology (n + 2)-sphere.
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CHAPTER I

HEEGAARD DIAGRAMS FOR
5-MANIFOLDS

1.1 Introduction

We work in the smooth category throughout. A (3-dimensional) Heegaard diagram is a triple (X, o, ),
where X is a closed orientable surface, and each of o and 3 is an embedding of the disjoint union of circles.
From ¥ x [—1, 1], we can construct a 3-dimensional manifold by attaching 2-handles along o x {—1}
and 3 x {1}, thereby building a 3-dimensional cobordism between two closed surfaces. One surface is
the result of surgery on X along «, and the other is the result of surgery on ¥ along /3. If either surface is
diffeomorphic to the 2-sphere S 2 capping it off yields a 3-manifold with one boundary component. If
both surfaces are diffeomorphic to S 2 capping them oft results in a closed 3-manifold. It is well-known
that every 3-manifold can be represented by a Heegaard diagram, and two Heegaard diagrams represent
diffeomorphic 3-manifolds if and only if they are related by certain moves [Rei33; Sin33].

Similar to the study of 3-manifolds via (3-dimensional) Heegaard diagrams, this approach extends to
dimension 5. We begin by introducing 5-dimensional Heegaard diagrams.

Definition r.r.1. An m-component 2-link o in a 4-manifold ¥ is an embedding of the disjoint union

of m-copies of 2-spheres in 2. We say that a has trivial normal bundle if there exists an embedding
¢ : [I™(S? x B?) < Y such that (] ["(S? x 0)) = .

Definition 1.4.1. A (5-dimensional) Heegaard diagram is a triple (3, o, ) such that
1. X isaclosed, connected, orientable 4-manifold,
2. =1 U+ Uay, C Xisan m-component 2-link with trivial normal bundle for some m € Z,
3. B=/0/1U---UpB, C Xisan n-component 2-link with trivial normal bundle for some n € Z.

Definition 1.4.3. Let (X, o, ) be a Heegaard diagram. Define the following 5-manifolds:



1. Let

m

My = (S x [-1,0) U (][ (B® x B%)

be the 5-manifold obtained from ¥ x [—1, 0] by attaching m 3-handles along @ x {—1} C
¥ x{—1}. Here, OM,, = X [ [ ¥(«t), where O_M,, = ¥ x {0} = ¥ and 0, M,, is diffeomorphic
to the surgery X(«) of X along av.

2. If Y () =2 #5(ST x S3), let

—~

M, = M, Uy (1°(S" x BY))
for some diffeomorphism g : #*(S! x S%) — (). Here, M, =3 x {0} =%.

3. Let
n

Mg = (2 x [0,1]) U (][ (B* x B*)

be the 5-manifold obtained from X X [0, 1] by attaching n 3-handles along 8 x {1} C X x {1}.
Here, OM3z = L[] X(8), where 0_Mz = ¥ x {0} = X and 0, My is diffeomorphic to the
surgery X(/3) of X along 3.

4. IFS(08) = #7(ST x 53), let
Mj = My Uy ('(S" x BY))
for some diffeomorphism / : #7(S* x S%) — 3(). Here, 8]\/4\5 =X x {0} =X

5. Let
M, Us, Mg = M, U Mg,

where M, N Mz =% x {0} = X,0_(M, Uy, M) = X(«),and 01 (M, Us Mz) = X(B).

6. IfS(a) = #F(ST x S3), let

o~ —

M, Us Mz = M, U My,
where M, N Mg = £ x {0} = S and 0(M, Ug Mz) = S(8).

7. IFS(a) 2 #5(S" x S%) and B(8) = #(S" x 5%, let

—~

MaUE@:]@U@>
Where]\/f\aﬂ]\/f\g:ZX{O}:Z.

We show thatevery 5-dimensional cobordism with only 2- and 3-handles, as well as every 5-dimensional
3-handlebody or closed, orientable 5-manifold, can be represented by a (5-dimensional) Heegaard dia-

gram.



Theorem 1.4.6.

1. Let X be a 5-dimensional cobordism with only 2- and 3-handles. Then X is diffeomorphic to M, Us,
Mg for some Heegaard diagram (X, o, 3).

2. Let X be a 5-dimensional 3-handlebody. Then X is diffeomorphic to ]\/4; Us. Mg for some Heegaard
diagram (¥, o, ).

3. Let X be a closed, orientable 5-manifold. Then X is diffeomorphic to ]\/4; Us ]\/4\5 for some Heegaard
diagram (X, o, ().

We recall that an n-démensional k-handlebody is a manifold obtained from B" by attaching handles
up to index k. We show that every n-dimensional k-handlebody has a productstructure whenn > 2k +1.

Theorem v.3.1x. Let X be an n-dimensional k-bandlebody. If n > 2k + 1, then there exists an (n — 1)-
dimensional k-handlebodyY C X suchthat X =Y x B'. More precisely, if B" = Xo C X1 C -+ C
Xy = X is a bandle decomposition of X, then there exists a handle decomposition Brl=Y,cY,C
< C Yy =Y of Y such thar X; =Y, x Blforevery() <1<k

The following corollary is immediate because M, is a 5-dimensional 2-handlebody.

Corollary 1.4.5. Let (X, o, 3) be a Heegaard diagram. If $(«v) is diffeomorphic to #%(S* x S%), then
there exists a 4-dimensional 2-handlebody Y such that M,, = Y x B', and therefore, 3 is diffeomorphic
to the double of Y.

We show that a Heegaard diagram for a 5-manifold is essentially unique, up to a sequence of certain
moves.

Theorem 1.4.12.

L Let (X, 0, B) and (X', o/, B') be Heegaard diagrams. Then M, Us, Mg = M, Usy Mg if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.

2. Let (X, 0, B) and (X', o, B') be Heegaard diagrams. Then ]\/J\a Us Mg = ]\/4; Usy Mg if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.

3. Let (3,0, B) and (X', o/, B') be Heegaard diagrams. Then ]\/I\a Us; ]\//[\5 = ]\/4; Usy ]\//[; if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.

We recall that the Gluck twist of S* along a 2-knot is a surgery operation on S 4 where the regular
neighborhood of the 2-knot is removed and then reattached in a non-trivial manner. Gluck showed that
this operation yields a homotopy 4-sphere [Glu62], hence it is homeomorphic to S* [Fre82]. However, it



remains unknown whether the Gluck twists are diffeomorphic to the standard 5* in general. We construct
a s-dimensional cobordism from the standard S* to the Gluck twist along a 2-knot in S*, with a single
2-handle and a single 3-handle. Additionally, we provide equivalent statements regarding the Gluck twists
being diffeomorphic to the standard S*.

Theorem 1.5.9. Let K C S* be a 2-knot, and Si; be the Gluck twist of S* along K. Let (X, v, 3) =
(S2xS?, F, K#F) be a Heegaard diagram, where F is a fiber of S* X S2. The following are equivalent:

1. Sy isdiffeomorphic to S*.
2. Wea g = M, Us, My is diffeomorphic to a twice-punctured S* x 53,

3. (S?XS% F, K#F)and (S*xS?, F, F) are related by isotopies, handle slides, stabilizations, and
diffeomorphisms.

4. (S*XS?, K#F) is diffeomorphic to (S*x S?, F).

In section 1.2, we review basic handle decomposition theory, Kirby diagrams, (singular) banded un-
link diagrams, and 1- and 2-surgery of 4-manifolds. In section 1.3, we show that every n-dimensional
k-handlebody has a product structure when n > 2k + 1. In section 1.4, we review 5-dimensional Hee-
gaard diagrams and provide numerous examples. In section 1.5, we review the Gluck twist and construct
a 5-dimensional cobordism from a 4-manifold X and the Gluck twist of X alonga 2-knot.

1.2 Preliminaries

In subsection 1.2.1 we review handle decomposition theory of arbitrary dimensional smooth manifolds and
a certain moves defined on handle decompositions of a manifold; see [Mil63; Milis; Kosis] for more details.
In subsection 1.2.2 we discuss handle decompositions of 4-manifolds via Kirby diagrams. A Kirby diagram
is the union of a dotted unlink and a framed link in S?; see [Kiro6; Kir78; GS99; Akbi6] for more details.
In subsection 1.2.3 we review nice decompositions of a pair (X, F'), where F’ is an embedded or immersed
surface in a 4-manifold X, via (singular) banded unlink diagrams. A (singular) banded unlink diagram is
a (singular) banded link in a Kirby diagram satisfying certain conditions; see [HKM20; HKM21] for more
details. In subsection 1.2.4 we describe algorithms for finding Kirby diagrams for surgery of a 4-manifold
along embedded 1-spheres or 2-spheres from a banded unlink diagram.

1.2.1 Handle decompositions

Definition 1.2.1. Let B¥ C R¥ be the standard unit k-ball. We call b* = B* x B"* an n-dimensional
k-bandle, k the index of the handle, B¥ x 0 the core, 0 x B"* the cocore, S*~' x 0 the attaching
sphere, 0 x Sn=k=1 the belt sphere, S k=1 » B"F the attaching region, and B* x S"F=1 the belt

region.



Definition 1.2.2. Let X be an n-manifold with boundary 9X and ¢ : S*~! x B"* < 9X be an
embedding. The quotient manifold

X Ug b = (X T[(B* x B"™)) /z ~ ¢()

is called the manifold obtained from X by attaching an n-dimensional k-bandle to 0X along ¢.
We call ¢ the attaching map of h".

Remark 1.2.3.

1.

I0.

II.

X Uy h* has corners, but there is a canonical way to smooth these corners, allowing us to assume

that it is a smooth manifold [Kos13].

There is a canonical deformation retraction of X Uy, (B* x B"7*) onto X Uslsh1.0 (B x 0)
induced by the canonical deformation retraction of B x B"* onto B* x 0.

The diffeomorphism type of X Uy h* is determined by the isotopy class of ¢.

By tubular neighborhood theorem [GP1o], an embedding ¢ : S*~! x B"™% < 9X is uniquely
determined up to isotopy by the attaching sphere S = ¢(S*~! x 0) of the k-handle and a framing
of S which is an identification of the normal bundle v/S of S with S*~1 x R"~*. After choosing a
fixed reference framing, the set of framings can be canonically identified with 77,1 (GL(n — k)) =

Tr-1(0O(n — k)).

IfS = ¢(S*! x 0) is a framed (k — 1)-sphere with the framing induced by ¢, then we may write
X Ug h* instead of X U, hE.

The attaching sphere of an n-dimensional 1-handle has two possible framings because (O (n —
1)) = Zy whenn > 2. There are two possible n-manifolds obtained by attaching a 1-handle,
distinguished by whether they are orientable. In this dissertation, we are interested in orientable
manifolds, so we can assume that there is a unique way to attach a 1-handle along a fixed attaching

sphere.

~—

)=~

For k > 1, we choose a base point in a connected component of O(n — k) so m,_1(O(n — k

T—1(SO(n — k)).

The attaching sphere of a 3-dimensional 2-handle has a unique framing because m (SO(1)) 2 1.
The attaching sphere of a 4-dimensional 2-handle has integer framings because 7, (SO(2)) = Z.
The attaching sphere of a 5-dimensional 2-handle has two framings because 71 (SO(3)) = Zo.

The attaching sphere of a 5-dimensional 3-handle has a unique framing because m2(SO(2)) = 1.



Proposition r.2.4 ([Mil63; Milis]). Let X' = (X Uy h*) Uy h! be an n-manifold obtained from an
n-manifold X by attaching first a k-handle h* and then an [-handle h', where k > [. Then X’ can be
obtained from X by attaching first an [-handle h' and then a k-handle h*, i.c.

(X Ug h¥) Uy bt =2 (X Uy BY) Uy A"

Proof. Let B * be the belt sphere of h* and A’ be the attaching sphere of h!. Then dim(B*) =n—k—1
and dim(A') =1 — 1sodim(B*) +dim(A)=n—-k-1D)+(I-1)=n-1)+({(-k—-1)<
n—1=dim(9(X Uy h*)). We can now assume that A’ does not intersect B* so A’ is isotopic into 0.X..
Therefore, X’ can be obtained from X by attaching first an [-handle h' and then a k-handle h*. O

Proposition 1.2.4 implies that handles can be attached in order of increasing index. Furthermore the
attaching regions of handles with the same index can be disjoint each other in 9.X.

Definition 1.2.5. Let Y bean (n — 1)-manifold and ¢ : S¥~! x B"™% <5 Y be an embedding. We call
Y(8) = (¥ \imb(@(S1 x B™9) Uy, ooy, (B x S

the manifold obtained fromY by surgery along ¢ orsimply (k—1)-surgery of Y. If S = ¢(S*1 x
0) is a framed sphere with a framing induced by ¢, we may denote Y (¢) by Y (.S) and refer to Y (.5) as
the manifold obtained from Y by surgery along S.

Definition 1.2.6. Let X be an n-dimensional compact manifold with 0X = 0_X [[ 04 X. A bandle
decomposition of X (relative to 0_X) is a sequence of manifolds

X1CXoC--CX,, =X

such that
L X1 =0_Xx[0,1],
2. 0_Xj, =0_X,
3. X}, is obtained from X;,_; by attaching k-handles to 04 Xj,_;.

More precisely,

Xk = Xk;—l U¢1 (Bk X Bn_k) U¢2 s U¢t (Bk X Bn_k)
for some ¢; : S¥71 x B"% < 9, X}_1 such that ¢;(S¥71 x B"*) N ¢;(S*! x B"*) = ) when
i#£je{l,... t}

Proposition 1.2.7 ([Mil63; Milis]). Every compact, smooth n-manifold X admits a handle decomposi-
tion (relative to 0_ X).



Proof. By Morse theory, there exists a self-indexing Morse function f : X — [—1 — %, n -+ %] such that
U =1-1)=0_X, f'(n+3) =0.:X,and f~!(k) is the set of all index k non-degenerate critical
points. Then X_; C X, C --- C X,, = X is a handle decomposition of X (relative to 0.X'), where
Xp=f"H=1=3.k+3)) =

Remark 1.2.8.

1. X is the disjoint union of X _; and 0-handles.
2. IfO_X = (), then X_; = ().
3. If there are no k-handles attached to 0y X} _1, then X}, = Xj.

4. Let X be a compact, connected manifold with X # () and 9; X # (). Then X admits a handle
decomposition without O-handles and n-handles X_; C X, C X; C --- C X, = X, where
X,l == XO and Xn,1 == Xn

5. Let X be a compact, connected manifold with 0_ X = (). Then X admits a handle decomposition
Xo C X C--- C X, =X, where X is asingle 0-handle. Here, X}, is called an n-dimensional
k-bandlebody.

6. Let X be a closed manifold (i.e. compact with 90X = (}). Then X admits a handle decomposition
Xo C X; C -+ C X, where X is a single 0-handle and X, is obtained from X,,_; by attaching
a single n-handle.

7. 04X}, is obtained from 0, Xj,_; by (k — 1)-surgery. Similarly, 0, Xj,_; is obtained from 0, X}, by
(n — k — 1)-surgery.

8. Let f : X — [—1 — 3, n + 3] be the Morse function in the proof of Proposition 1.2.7. Consider
afunctiong : X — [—1 — 3, n + 1] defined by g(z) = n — 1 — f(z). Then M_; C M, C
.-+ C M, = X is a handle decomposition of X (relative to 9, X), where M}, = g~ '([-1 —
%, k + %]) Wecal M_y € My C --- € M, = X the dual handle decomposition of the
handle decomposition X_; C X, C --- C X,, = X.

9. We can read off the homology of (X, 0_ X ) from ahandle decomposition of (X, 0.X ). Let C (X, 0.X)
be the free abelian group generated by the oriented k-handles. The boundary map 9y, : C (X, 0X) —
C—1(X,0X) is defined by 9y (h*) = (—1)*=1 3. (A*F - BF 1 )hF~!, where ™" is the indexed
(k — 1)-handle, and A* - BF~! is the algebraic intersection number between the attaching sphere
AP of h* and the belt sphere BF 1 of hF~1. See [DGKi9] for more details.

Definition 1.2.9. Let X Uy h¥ Uy, hf; be an n-manifold obtained from X by attaching two k-handles to
9X along ¢ and . Let X Uy h Uy hf, be an n-manifold obtained from X by attaching two k-handles
to X along ¢ and ¢’. We say that X Uy hY Uy hllg, is obtained from X Uy k% U, hg by a bandle slide
of hf; over R, if there exists an embedding F' : (S*~! x B"7%) x [0,1] — (X Uy h%) x [0, 1] such
that



(z,t) CO(X Ug h¥) x {t} foreveryx € S*~! x B"*andt € [0, 1],
2. F(z,0) = (¢(x),0) forevery z € S*~1 x B"7*,
3. F(z,1) = (¢/(2),1) forevery x € S¥~1 x B",

4. F((S*1 x 0) x [0,1]) and B¥ x [0, 1] intersect transversely at one point, where B is the belt
sphere of h%.

Since a handle slide is an isotopy of an attaching map, we have the following:
Proposition 1.2.10. In Definition 1.2.9, X Uy Al Uy h =2 X Ug R Uy Bl

Definition 1.2.11. Let Ny U Ny C M be an n-submanifold of an m-dimensional manifold M, where
m > n. An (n + 1)-submanifold b C M is called a (n + 1)-dimensional 1-bandle connecting N,
and N, if there exists an embedding e : B L' x B™ < M such that

1. b=e(B' x B"),
2. b Ny =e({—1} x B"),
3. bN My =e({1} x B").

We call
Ni#yNy = (N1 U Ny) \ e(0B* x BY)) Ue(B* x 0B™)

the manifold obtained from N, U N, by surgery along b or connected sum of N\ and N, along b.

Remark 1.2.12. In Definition 1.2.9, the attaching sphere Agl of h]g, is obtained by connected summing

the push-oft fi’g (with respect to a given framing) of the attaching sphere A¥ and the attaching sphere Ag
for some k-dimensional 1-handle b C 90X, ie. A%, = fi’g#bAg.

Definition 1.2.13. Let X Uy h*~! U, h* be an n-manifold obtained from X by attaching a (k — 1)-
handle and a k-handle. If the attaching sphere of ¥ and the belt sphere of "~ intersect transversely
at a point in (X U, h*~1), we call the pair (h*~', h*) a cancelling (k — 1, k)-pair. We say that
X Uy P Uy A is obtained from X by creation of a cancelling (k — 1, k)-pair. We say that X is
obtained from X Uy h*~' U, h* by annibilation of a cancelling (k — 1, k)-pair.

Proposition 1.2.14 ([Milis]). In Definition 1.2.13, X Ug h*~1 U, hF = X

Theorem r1.2.15 ([Cer7o]). Any two handle decompositions of a compact smooth manifold (X, 0_X) are
related by isotopies, handle slides, and the creation/annibilation of cancelling pairs.

Later we carefully interpret isotopies, handle slides, and the creation/annihilation of a cancelling pair
in Theorem 1.2.15 in the context of Kirby diagrams for 4-manifolds in subsection 1.2.2 and Heegaard
diagrams for 5-manifolds section 1.4.



r.2.2 Kirby diagrams for 4-manifolds

Definition r.2.16. Let K C S® be a knot (the image of an embedding e : S* < S%). For any integer
m € Z = m1(SO(2)), there exists an embedding ¢ : S* x B? < 5? such that

L (8" x B?) = v(K),
2. p(ST x {(0,0)}) = K,

5. k(K 6(S" x {(1,0)})) =m,

where v/(K) is a closed regular neighborhood of K, and [k (K, ¢(S* x {(1,0)})) is the linking number
between K and ¢(S* x {(1,0)}). We call such a pair (K, ¢) an m-framed knot and simply draw the
knot K with the integer m. Additionally, we define K = ¢(S* x {(1,0)}) as the push-off of (K, ¢).
Alink L C S? (the image of an embedding of the disjoint union of 1-spheres) is called a framed link if
each component of L is a framed knot.

Definition r.2.r7. A knot K C S is called the #nknot if it bounds a 2-disk in S3. An unknot K C S?
with a dotis called a dotted unknot. A dotted longitude K on the boundary of the regular neighborhood
Ov(K) C S of K with the linking number [k(K, K') = 0is called a push-off of K. Alink L C S%is
called the #nlink if it bounds the disjoint union of 2-disks in .S 3, Anunlink L=K,U---UK, C S
is called a dotted unlink if each K, is a dotted unknot.

Definition 1.2.18. Let L C S® = 9B* be the dotted unlinkand D C S* be the disjoint union of 2-disks
with D = L. Let D' C B*be the set of the properly embedded disks obtained from D by pushing the
interior of D into B*. We define

My = B*—v(D’)

to be the closure of the exterior of the closed regular neighborhood v(D’) in B*.
Remark 1.2.19.

1. My = glHl(S x B3), where | L] is the number of components of L and X1(S? x B3) is the
boundary connected sum of |L| copies of (S' x B?). Therefore, M}, can be considered as a
manifold obtained from B* by attaching | L| 1-handles.

2. OMy = #IH(St x S?), where #/F1(S* x S?) is the connected sum of | L| copies of S* x S2.

Definition 1.2.20. Let X = L; U Ly C S® be alink in S2, where L; is the dotted unlink and Ly =
{(K1,¢1),..., (K, ¢n)}is a framed link. We call K a Kérby diagram. Clearly, Ly C OM], since
Ly, C 8% — L. We define

My = Mo, = My, Ug, (B? x B?) Uy, -+ Uy, (B* x B?)

to be the manifold obtained from M}, by attaching 2-handles along ¢/s.



Remark 1.2.21.

1. My = M,y can be considered as the manifold obtained from B* by attaching | L1 | 1-handles
and | Lo| 2-handles.

2. Let U be a dotted unknot and U’ be a O-framed unknot. Then My, = S x B3 % S? x B? =
My but OMy; = St x 5% = M. We note that My is obtained from My by surgery along
5% x 0 C S? x B? and My is obtained from My by surgery along St x0c St x B3

3. Let K be a Kirby diagram and K bea Kirby diagram obtained from K by switching a dotted unlink
to a 0-framed unlink. Then My = OM¢.

4. Let K C S3 be a dotted unknot and D C S® be the trivial 2-disk with D = K. Then the
disk D = D \ int(v(K)) can be considered as a visible part (hemisphere) of the belt sphere of
the 1-handle. Therefore, we can see completely how 2-handles go over 1-handles by observing
intersections between attaching spheres of 2-handles and D. See the left of Figure r.1.

Definition 1.2.22. Let K = L; U Ly be a Kirby diagram with O M) = #F(S* x S?) for some k > 0.
Let f : #F(St x §?) — OMy be a diffeomorphism. We define

My = My Uy (64(5" x B?))
to be the closed 4-manifold obtained from M by gluing £*(S* x B?).

Remark 1.2.23.

1. §¥(S' x B?) can be considered as the union of a 0-handle and & 1-handles or the union of &
3-handles and a 4-handle.

2. ﬁ]c is uniquely determined up to diffeomorphism because every self-diffeomorphism of #* (S x
5?) extends to a self-diffeomorphism of 1*(S* x B3) [LP72]. Therefore, we do not need to draw
k 3-handles and a single 4-handle in the diagram .

Proposition 1.2.24 (How to draw a Kirby diagram for the double DY” of a 4-dimensional 2-handlebody
Y). Let Y be a 4-dimensional 2-handlebody and K = L; U Ly be a Kirby diagram for Y, where L is
a dotted unlink and Lo is a framed link. The double of Y is DY = Y U,; Y, and Y has the canonical
handle decomposition with 2-handles, 3-handles, and a 4-handle by turning the handle decomposition
of Y upside down. Here the attaching spheres of the 2-handles of Y are glued to the belt sphere of the
2-handles of Y. Therefore, we obtain a Kirby diagram K’ = K U J, where J is the O-framed meridians
of Lo, ie. ﬁ;g ~ DY.

Example 1.2.25. The left of Figure 1.1is a Kirby diagram for Mazur manifold and the middle of Figure 1.1
is a Kirby diagram for the double of Mazur manifold. (Ignore the red circle).
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Figure r.1: Left: A Kirby diagram for Mazur manifold M. The 0-framed attaching sphere K of the 2-
handle intersects the belt sphere of the 1-handle geometrically three times and algebraically once. Middle:
A Heegaard diagram for M x B 1 This diagram is obtained from a Kirby diagram for the double of the
left and by adding a red meridian. Right: Another Heegaard diagram for M x B ! obtained from the
middle diagram after sliding /' over O-framed meridian to change the crossings of /. We can see that
this Heegaard diagram represents B® after cancelling a (1, 2)-pair, a (2, 3)-pair, and performing a first
destabilization.

The existence of a handle decomposition implies the following:

Theorem 1.2.26 ([Kiro6]). Every closed, connected, orientable, smooth 4-manifold is diffeomorphic to ]\/4;
for some Kirby diagram K.

We introduce some moves defined on Kirby diagrams, i.c., we interpret isotopies, handle slides, and
cancelling pairs in Kirby diagrams.

Definition 1.2.27. Let K C S° be a Kirby diagram. Let K;, K; C K be two knots and K; C dv(K)
be a parallel push-off of K; (where K is possibly a dotted unknot or a framed knot). A 2-dimensional
submanifold b C S? is called a sliding band connecting K; and K ; if there exists an embedding
e: Bt x B! < S3such that

1. b=e(B' x BY),

2 bNK; = e({—1} x BY),

3. bN K, = e({1} x BY),

4 e((=1,1) x BY N (KU w(K;)) = 0.

We call
KA K; = (K1 U K») \ e(0B' x BY)) Ue(B* x dB")



the manifold obtained from K; U K; by surgery along b or connected sum of K; and K along b.

Definition 1.2.28. Let X = L; U Ly, C S®bea Kirby diagram, where L, is a dotted unlink and Ly is a
framed link.

. Let K;, K; C L be two dotted knots. Let D be the disjoint union of disks with 0D = L;. Let
bC S3bea sliding band connecting K; and Kj such that b N int(D) = (. We call Ki#bKj the
result of sliding of K, over K ; or 1-bandle slide over a 1-bandle. If ' is another Kirby diagram,
we say that KC and K are related by a 1-handle slide over a 1-handleif K' = (K\ K;)U(K#uK ).

See the first row of Figure 1.2.

2. Let K; C Ly be an m;-framed knot and K; C L, be a dotted unknot. Letb C § 3bea sliding
band connecting K; and Kj. We define Ki#bkj to be an (m; + 21k(K;, Kj))-framed knot and
call it the result of sliding of K; over K; or simply 2-handle slide over a 1-bandle. Here,
(K, K ;) is calculated by orienting K; and K ; so that the orientation of (K; U K ;)\ bextends
to the orientation of K;#, K ;. IF K’ is another Kirby diagram, we say that K and K’ are related by a
2-handle slide over a 1-bandleif K' = (KC\ K;) U (K;#,K). See the second row of Figure 1.2.

3. Let K;, K; C Lo be m;-framed knot and m;-framed knot, respectively. Let b C S? be a sliding
band connecting K; and K ;. We define K(;# K to bean (m; +m; + 21k(K;, K;))-framed knot
and call it the result of sliding of K, over K; or simply 2-handle slide over a 2-handle. Here,
1k(K;, K;) is calculated by orienting K; and K so that the orientation of (K; U K;) \ bextends
to the orientation of K ,»#bfg ;. If K' is another Kirby diagram, we say that K and K’ are related by
a 2-handle slide over a 2-handle if K' = (K \ K;) U (K;#3K;). See the third row of Figure 1.2.

Definition 1.2.29. Let K = L; U L, C S®bea Kirby diagram, where L is a dotted unlink and Ly is a
framed link.

1. Let L = K; UK, C 5%\ K be a two-component link, where K is a framed knot and K3 is
a dotted meridian of K. We call such L a cancelling (1,2)-pair. Let K' = K U L be a Kirby
diagram. We say that K’ is obtained from KC by creating a cancelling (1, 2)-pair and that K is
obtained from K’ by annibilating a cancelling (1, 2)-pair. See the left of Figure 1.3.

2. Let B C S®bea 3-ball such that K N B = (). Let U C B be a O-framed unknot. We call such U a
cancelling (2, 3)-pair. Let K' = K U U be a Kirby diagram. We say that K’ is obtained from K
by a creating a cancelling (2, 3)-pair and that K is obtained from K’ by annibilating a cancelling
(2, 3)-pair. See the right of Figure 1.3.

We note that for a cancelling (2, 3)-pair, we do not draw a 3-handle which is cancelled with the 2-
handle attached along the O-framed unknot U, i.e. My = MjU 3-handle. More precisely, the 3-handle
is attached along the obvious 2-sphere {0} X S? C IMc#(S* x S?) = OMy/, where 7y € S™.

12
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Figure 1.2: Three types of handle slides. First row: A 1-handle slide over a 1-handle. Second row: A
2-handle slide over a 1-handle. Third row: A 2-handle slide over a 2-handle.
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Figure 1.3: Left: A cancelling (1, 2)-pair. Right: A cancelling (2, 3)-pair.
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Theorem 1.2.30 ([Kiro6]). Let IKC, K’ be Kirby diagrams for closed 4-manifolds. Then m = ]\/4;/ if and
only if they are related by isotopies, handle slides (1-handles over 1-handles, 2-bandles over 1-handles, and
2-handles over 2-handles), and the creation/annibilation of cancelling pairs ((1,2)-cancelling pairs and
(2, 3)-cancelling pairs).

We may refer to the moves defined on a Kirby diagram in Definition 1.2.28 and Definition 1.2.2.9 as
Kirby moves.

Definition .2.31. Let C C S be a Kirby diagram. Let B C S® bea 3-ballsuch that CNB.Let K C B
be a £1-framed unknot. Let K’ = K U K be a Kirby diagram. We say that K’ is obtained from K by
blowing up and that K is obtained from K’ by blowing down.

We note that My is diffeomorphic to CP? \ int(B*) or CP? \ int(B*) so My = S3.

Theorem 1.2.32 ([Lic62]). Every closed, connected, orientable, smooth 3-manifold is diffeomorphic to O My
for some Kirby diagram IC. In particular, we can assume that K has no dotted unlink.

Theorem 1.2.33 ([Kir78]). Let KC, K" be Kirby diagrams. Let K, K’ be Kirby diagram obtained from
K, K' by switching a dotted unlink to a O-framed unlink, respectively. Then OMy = OM: if and only if
K and K' are related by isotopies, 2-handle slides over 2-handles, and blow up/downs.

Theorem 1.2.33 tells us how to check if a given Kirby diagram KC represents a closed 4-manifold, i.c., if
OMy = #*(S' x S?) for some k > 0. If OMjc = #*(S* x S?), then the Kirby diagram K (obtained
from KC by switching a dotted unlink to a O-framed unlink) and a k-component O-framed unlink are
related by isotopies, 2-handles slides over 2-handles, and blow up/downs.

1.2.3 Banded unlink diagrams for surfaces in 4-manifolds

Definition 1.2.34. A singular link L in a 3-manifold Z is the image of an immersion ¢ : [[" S — Z
which is injective except at isolated double points that are not tangencies. At every double point p, we
include a small disks v & B? embedded in Z such that (v,v N L) = (B?,{(z,y) € B?|xy = 0}). We

refer to these disks as the vertices of L.

Definition 1.2.35. A marked singular link (L, o) in a 3-manifold Z is a singular link L along with
decorations o on the vertices of L, as follows: say that v is a vertex of L, with Ov N (L \ v) consisting of
the four points p1, p2, p3, pa in cyclic order. Choose a co-orientation of the disk v. On the positive side
of v, add an arc connecting p; and p3. On the negative side of v, add an arc connecting p and py. See the
left of Figure 1.4.

Definition 1.2.36. Consider a marked singular link (L, ) in a 3-manifold Z. Let v be a marked vertex
of L; say that on the positive side of v, there is an arc with endpoints p; and p3 and on the negative side
of v, there is an arc with endpoints p, and py.

14



Let L* denote the link in Z obtained from (L, o) by pushing the arc of L between p; and p3 off v in
the positive direction, and repeating for each vertex in L. We recall L™ the positive resolution of (L, 0);
see the top right of Figure 1.4.

Similarly, let L~ denote the link in Z obtained from (L, ) by pushing the arc of L between p; and ps
off v in the negative direction, and repeating for each vertex in L. We recall L~ the negative resolution
of (L, 0); see the bottom right of Figure 1.4.

For each marked vertex v of L, these opposite push-offs form a bigon in a neighborhood of v, which
bounds an embedded disk d,,. This disk d,, can be chosen so that its interior intersects L transversely in a
single point near v. We call d,, a companion disk of v; see the middle right of Figure 1.4. For each marked
vertex v, select such a disk d,(ensuring that all of these disks are pairwise disjoint), and let Dy, denote the
union of all of these companion disks.

\f\ ”
A — \ﬁ\(w@
x .

Figure 1.4: Left: A singular point v of L with a decoration 0. Top right: The positive resolution of
(L, o). Middle right: The union of L and a companion disk d,,. Bottom right: The negative resolution
of (L, o).

Definition 1.2.37. Let L be a marked singular link in Z, and let V7, denote the union of the vertices
of L. A band b attached to L is the image of an embedding ¢ : B' x B' — Z \ V}, such that
bN L= ¢(B' x {—1,1}). Wecall p(B"' x {0}) the core of the band b. Let L, be the singular link
defined by L, = (L — ¢({—1,1} x BY)) U ¢(B' x {-1,1}).

We say that Ly, is the result of performing band surgery to L alongb. If B is a finite family of pairwise
disjoint bands for L, then we will let L 5 denote the link we obtain by performing band surgery along each
of the bands in B. We say that L g is the result of 7esolving the bandsin B. Note that the self-intersections
of Lp naturally correspond to those of L, so a choice of markings for L yields markings for L. A triple



(L,0, B), where (L, o) is a marked singular link and B is a family of disjoint bands for L, is called a
marked singular banded link. To ease notation, we may refer to the pair (L, B) as a singular banded
link and implicitly remember that L is actually a marked singular link.

Definition 1.2.38. Let (L, B) be a singular banded link in 3-manifold Z. Let B = {by,...,b,} be
the set of bands attached to L. Let V;, = {v1,..., v, } be the set of marked vertices of L. Let D =

{dy,, ..., dy,} be the set of companion disks, where d,, is a companion disk of v;.
We define a surface S(L, B) C Z x [0, 1] as follows:

(L7 x {t} te (2,1]
(L™ UB) x {t} t=2
S(L,B)N(Z x {t}) = ¢ LT x {t} te (s, ?)
(L~UDp) x {t} =1
(L™ x {t} telo,3)

Here, S(L, B) is a surface properly immersed in Z X [0, 1] with two boundary components

(L™ x {0 JT@h < {1}) c Z x {0} [] 2 x {1}

and with isolated transverse self-intersections all contained in Z x {%} corresponding to the marked
vertices V. We refer to S(L, B) as a surface segment realizing (L, B)in Z x [0, 1].

Remark 1.2.39. If V, = (), we call (L, B) a banded link and S(L, B) is clearly a properly embedded

surface.

Definition r.2.40. Let K = L; U Ly C S® be a Kirby diagram. Let (L, B) be a singular banded link in
53\ K with a set of disjoint bands B C S% \ K attached to L. A triple (K, L, B) is called a singular
banded unlink diagram if L~ is the unlink in OM},, and L}, is the unlink in M. We may refer to a
singular banded unlink diagram without singular points as banded unlink diagram.

Remark 1.2.41.

1. M, is the 4-manifold obtained from B* by carving out properly embedded trivial disks in B*
bounded by a dotted unlink L. Since Ly N Ly = (), we can see that Ly can be naturally embedded
in OM Ly

2. My = Mp,ur, is obtained from M7, by attaching 2-handles along Ly C OM7,.

3. The singular banded unlink (L, B) isin S* \ K, so (L, B) can be naturally embedded in 9M,
and OMjc. Therefore, we can consider L™ in M, and L} in O M.

4. We note that M, (resp, O M) is diffeomorphic to #% (S x S?) for some k > 0.
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Figure 1.5: Left: A Heegaard diagram (X, o, 3) for a 5-dimensional cobordism from S* to a non-simply
connected homology 4-sphere with a 2-handle and a 3-handle, which are algebraically but not geomet-
rically cancelled, or a contractible 5-manifold with a 0-handle, a 2-handle, and a 3-handle, which is not
homeomorphic to B®. Here, 3 (in black) represents S* x 52, « (in red) is the belt sphere of the 2-handle
representing {zo} X S? C S? x S?, and /3 (in blue) is the attaching sphere of the 3-handle representing
a 2-knot which is homotopic but not isotopic to S? x {yo} C S? x S2. Middle: A Kirby diagram for
3(«v) which is diffeomorphic to S*. Right: A Kirby diagram for () which is diffeomorphic to the

non-simply connected homology 4-sphere.

Example 1.2.42. Let (K, L, B) = (K, J1 U J3, By U By) be the diagram in the left of Figure 1.5, where
IC is the black 0-framed Hopf link, .J; is the red unknot, By = {), Js is the blue 3-component unlink, and
By is the set of blue bands attached to J5. We can verify that

. (IC, Jy, By) is a banded unlink diagram,
2. (K, Jy, By) is a banded unlink diagram,
3. (K, L, B) is a singular banded unlink diagram.

Given a singular banded unlink diagram (K, L, B), we construct an immersed surface S(/C, L, B) in
Mjc. We view My slightly differently from Definition 1.2.22 as:

|L2|

m = Mg, U (8ML1 X [O’ 1]) ULox{1} (H(32 X B2)> Uy (hk(Sl X Bg))’

where | Lo| is the number of components of Ly and f : #%(S! x 5?) — 0 My is a diffeomorphism. We
note that My, U (OMp, x [0,1]) Upr,x (1} (I1"™'(B? x B?)) s obtained from M, by thickening the
boundary M, and attaching 2-handles along Lo x {1}, so itis diffeomorphic to M. Let S(L, B) bea
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surface segment realizing (L, B) in OM,, x [0, 1] described in Definition 1.2.38. Let A C M, be the set
of properly embedded trivial disks such that 0A = L_ x {0} C M, x {0}. Let A’ C #*(S! x B?)
be the set of properly embedded trivial disks such that 9A" = L} x {1} € My, x {1}. Note that
O0A'is embedded in OM|,, as well.

Definition 1.2.43. A realizing surface corresponding to (IC, L, B) is a surface
S(K,L,B)=AUS(L,B)UA’

in ]\//[E

Remark 1.2.44. The Euler characteristic is x (S(K, L, B)) = |L™| — | B| + | L}].

Definition 1.2.45. Let (IC, L, B) and (IC, L, B') be singular banded unlink diagrams, where K = L U
Ly. We say that (K, L, B) and (K, L', B') are related by singular band moves if (IC, L', B') is obtained
from (IC, L, B) by a sequence of moves in Figure 1.6 and Figure 1.7. The singular band moves (illustrated
in Figure 1.6 and Figure 1.7) include:

1. Isotopyin S% \ K,

2. Cup/cap moves,

3. Band slides,

4. Band swims,

5. Slides of bands over components of Lo,

6. Swims of bands about L,

7. Slides of unlinks and bands over L1,

8. Sliding a vertex over a band,

9. Passing a vertex past the edge of a band,
10. Swimming a band through a vertex.

We may refer to moves (1) — (7) (illustrated in Figure 1.6) as band moves (omitting the word “singular”)
since they do not involve the self-intersections of L. The remaining moves (8) — (10) (illustrated in
Figure 1.7) are specific to the interactions between points and bands.

Theorem 1.2.46 ([HKM2o0],[HKMo21]). Lez (Y, F) be a pair, where Y is a closed, connected, orientable
d-manifold and F' C Y is an immersed surface. Then there exists a singular banded unlink diagram

(IC, L, B) such that (Y, F') is diffeomorphic to (]\/4;, S(K, L, B)).
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Theorem r.2.47 ([HKM2o0],[HKMo21]). Lez (IC, L, B) and (K, L', B') be singular banded unlink dia-

A~

grams. Then S(KC, L, B) is isotopicto S (K, L', B") in M if and only if they are related by singular band

moves.

Theorem 1.2.48 ([HKMo20],[HKMo21]). Let (K, L, B) and (K', L', B') be singular banded unlink di-

agrams. Then (]\//[;, S(K, L, B)) is diffeomorphic to (]\//[;/, S(K', L', B")) if and only if they are related
by Kirby moves and singular band moves.

Example 1.2.49. (5?%xS?, F) = (CP?#CP?, CP'#CP?), where F is a fiber of S?x S

Proof. The diagram on the left of Figure 1.8 is obtained from the right of Figure 1.8 by sliding the (—1)-
framed unknot over the 1-framed unknot along the obvious band. O

@ oo

Figure 1.8: (S?Xx 5% F) = (CP?#CP?,CP'#CP?'), where F is a fiber of $?x S2.

1.2.4 Kirby diagrams for 1- and 2- surgery

We illustrate how to obtain a Kirby diagram for 1- and 2-surgery of a 4-manifold. Note that 1-surgery is
equivalent to attaching a 5-dimensional 2-handle, and 2-surgery is equivalent to attaching a 5-dimensional

3-handle.

We first explain how to obtain a Kirby diagram for 1-surgery of an arbitrary 4-manifold from a pair
of a Kirby diagram and an embedded circle in the Kirby diagram.

Proposition 1.2.50 (A Kirby diagram for 1-surgery). Let (Y, ) be a pair, where Y is a closed 4-manifold
and v C Y is an embedded circle. Consider a pair (IC, ¢), where K is a Kirby diagram for Y and ¢ C K
is an embedded circle representing . Then we can obtain a Kirby diagram K’ for 1-surgery

Y(y) = (Y \int(v(v))) U (B* x §%)
of Y along «y by following these steps:

1. Begin with the pair (K, ¢); see the top left of Figure 1.9.
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2. Introduce a cancelling (1, 2)-pair to K, where the 2-handle is ¢ with a framing (two possible fram-
ings) and the 1-handle is a dotted meridian m of ¢; see the top right of Figure 1.9.

3. Switch the dotted meridian to a O-framed 2-handle; see the bottom left of Figure 1.9.

Introducing a cancelling (1, 2)-pair in (2) still represents Y. The dot-zero exchange in (3) corresponds
to 1-surgery of Y along 7, where S* x B? is removed and B? x S? is attached. Here, 7y has two possible
framings since 7 (SO(3)) = Z,. Another perspective is that any integer framing of ¢ (representing )
can be reduced to 0 or 1 by handle slides of ¢ over the meridian m.

Tl

ESdtS;

Figure 1.9: Top left: A Kirby diagram K for S* x S% and an orange circle ¢ representing 2 € Z =
m1(S* x S?). Top right: A new Kirby diagram for S* x S® obtained by introducing a cancelling (1, 2)-
pair. Bottom left: A Kirby diagram K’ for surgery of S* x S® along ~y representing 2 € Z = 71 (S' x S%)
with the trivial framing. Bottom right: A banded unlink diagram obtained from the bottom left by
switching the dotted circle to the blue circle. This banded unlink diagram represents a pair (S? x 52, F),
where F'is a 2-knot representing (2,0) € Z @ Z = H(S? x 5?). The Kirby diagram for the surgery of
52 x 52 along F is the bottom left.

We now explain how to obtain a Kirby diagram for 2-surgery of an arbitrary 4-manifold from a banded

unlink diagram.

Proposition r.2.51 (A Kirby diagram for 2-surgery). Let (IC, L, B) be a banded unlink diagram for a pair
(Y, F'), where Y is a 4-manifold and F' C Y is a 2-knot with trivial normal bundle. Then we can obtain
a Kirby diagram X' for 2-surgery

Y(F) = (Y \int(v(F))) U (B* x S")
of Y along F' by following these steps:

21



1. Begin with the banded unlink diagram (IC, L, B).
2. Switch the unlink L to a dotted unlink; see the top of Figure r.10.

3. Switch the bands B to O-framed 2-handles; see the bottom of Figure .10

Furthermore, if Mg = My U (F*(St x B?)), then My = M U (RFHEBl(ST x B3)), where | Lp| is
the number of components of the surgery of L along B.

Proof. Let (K, L, B) be a banded unlink diagram for (Y, F), i.c. (m, S(K,L,B)) = (Y, F). Let
Myx = My U (§7(S* x B?)) for some k > 0. Consider a banded unlink diagram (0, L, B) from
(K, L, B) by ignoring K. Then F' = S(0, L, B) is a 2-knot in My = (0-handle) U (4-handle) = S*.

By the construction of a realizing surface, we can assume that
Y\ int(v(F)) = My \ int(v(S(K, L, B)))

is obtained from ]\/4\@ \ int(v(S(0, L, B))) by the attaching 1-,2-, and 3-handles of My because (L,B)
is embedded S® \ K. There is a way to find a Kirby diagram for My \ int(v(S(0, L, B))) (i.e. a Kirby
diagram for the complement of a 2-knot in S*); see Chapter 6.2 in [GS99]. The key idea is that each
k-handle of F” induces a (k + 1)-handle in the complement of F” in S*. Here, the attaching sphere of the
(k + 1)-handleis 9(C' x B'), where C'is the core of h. More precisely, the unlink L, the bands B, and
the result L of the surgery of L along B induce a dotted unlink, 0-framed 2-handles, and (| Lg| — 1) 3-
handles (not drawn), respectively, in the Kirby diagram for the complement of S 4 along F"; see Figure 1.10.
Let K’ be the Kirby diagram obtained from (IC, L, B) by switching the unlink L to a dotted unlink
and switching bands B to 0-framed 2-handles. Then the manifold obtained from My by attaching the
(|Lg| — 1) 3-handles (induced by Lz) and k 3-handles of My is diffeomorphic to Y\ int(v(F')). Since
we can consider (B? x S1)in Y (F) = (Y \ int(v(F))) U (B* x S') as the union of a 3-handle and
a 4-handle, Y (F) 22 My U (§FH1E815"%B%) Tt is worth noting that according to [LP72], there exists
a unique way, up to diffeomorphism, to attach (k + |Lg|) 3-handles and a 4-handle to M. Therefore,
K’ is a Kirby diagram for Y (F). O

Example 1.2.52.

1. The middle of Figure 1.5 is a Kirby diagram for the surgery () of ¥ along cv. Here, (k + | L)
3-handles are not drawn, with £ = 0 and | L 5| = 1. After removing a cancelling (1, 2)-pair and a
cancelling (2, 3)-pair, it becomes evident that the Kirby diagram represents S*.

2. The right of Figure 1.5 is a Kirby diagram for the surgery 3(/3) of ¥ along 5. Here, (k + |Lp|)
3-handles are not drawn, with & = 0 and |Lg| = 3. In chapter 2, we demonstrate that this
Kirby diagram represents a non-simply connected homology 4-sphere. Note that we can simplify
this Kirby diagram by sliding the right two 1-handles over the other 1-handle and annihilating a
cancelling (1, 2)-pair.
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3. Considering the top left of Figure 1.10 as a banded unlink diagram for the unknotted 2-sphere U in
S the top right Figure 1.10 is a Kirby diagram for the surgery of S 4 along U, which is diffeomorphic
to ST x S3.

4. In the left of Figure 1.8, we can derive a Kirby diagram for the surgery of S?x S? along a fiber by
switching the red circle to a dotted circle. We can confirm that the surgery is diffeomorphic to S*
by removing a cancelling (1, 2)-pair and a cancelling (2, 3)-pair. Similarly, we can verify that the

surgery of CP2#C P? along CP*#C P! is diffeomorphic to S* in the right of Figure 1.8.

O—-C

Figure 1.10: How to obtain a Kirby diagram for 2-surgery from a banded unlink diagram.

1.3 n-dimensional k-handlebodies (n > 2k + 1)

We recall that an n-dimensional manifold X is called an n-dimensional k-handlebody if it admits a
handle decomposition
B"=XyoCcX,C---CX,=X,

where X is obtained from X;_; by attaching 7-handles. We note that an n-dimensional k-handlebody is
not just the union of a 0-handle and k-handles. We say that an n-dimensional k-handlebody X admits
a product structure if there exits a handle decomposition B" ™! =Y, C Y; C --- C Y, = Y ofan
(n — 1)-dimensional k-handlebody Y C X such that X; 2 Y; x B! forevery 0 < i < k.

In this section, we show that every n-dimensional k-handlebody admits a product structure when
n > 2k + 1. Itis true when & = 0 because an n-dimensional 0-handle is diffeomorphic to B™ and
B" = B! x B! For example, every 5-dimensional 2-handlebody is difteomorphic to Y x B! for
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some 4-dimensional 2-handlebody Y. As a corollary, the boundary of a 5-dimensional 2-handlebody is
the double of a 4-dimensional 2-handlebody, not arbitrary 4-manifold.

A natural follow-up question is whether every n-dimensional k-handlebody admits a product struc-
ture when n < 2k. We can easily see counterexamples in the case where k > 2and k + 1 < n < 2k.
Let X be the once-punctured S n=k » S* which is an n-dimensional k-handlebody obtained from B"
by attaching a single (n — k)-handle along the unknotted (n — k — 1)-sphere A and a single k-handle
along the unknotted (kK — 1)-handle B, both with trivial framing. Here, AU B = (S"7*~! x 0) U
(0 x S¥1) c (S" 1 x B*) U (B" % x S¥1) = 9(B"* x B¥) = 0B™ = S"~!. A generates
H, —1(S™ '\ int(v(B))), and similarly, B generates Hy_1(S™ ! \ int(v(A))). For instance, when
n =4and k = 2, AU B forms the Hopf link in S3,

Clearly, X does not admita productstructure. If X did admit a product structure, then the attaching
spheres A U B should be isotopic to the equator S" 2 of S"!. This would allow us to construct an
(n—1)-manifold Y obtained from B"~! byattachinghandles to S" 2 along AUB such that X = Y x B,
However, if A U B were isotopic to S"~2, then the (n — k — 1)-sphere A would be null homotopic in
S"=2\ int(v(B)) & S" %2 x B*, which is a contradiction since A is supposed to be a generator of
H,_—1(S" 1\ int(v(B))). For example, the Hopf link in S® cannot be isotopic to the equator 52 of
S8,

We first prove some lemmas to show that every n-dimensional £-handlebody admits a product struc-
ture whenn > 2k + 1.

Lemma 1.3.1. Let Y be an (n — 1)-manifold with boundary. Let ¢ : S¥~! x B"#~1 < 9Y bean
attaching map of an (n — 1)-dimensional k-handle. Let W : (S*~1 x B"*=1) x B! — 9Y x B! C
(Y x B') be an attaching map of an n-dimensional k-handle such that ¥((z,y),t) = (¢¥(z,y),1).
Then (Y x BY) Uy ((B* x B"*1) x BY) 2 (Y U,, (B* x B"*1)) x B,

(Y x BYT[((B* x Br*1) x BY)
((z,9),t) ~ ¥((z,y),t)

(Y x BYT[((B* x Br*1) x BY)
((z,9),1) ~ (V(2,9),1)

o YII(B" x B"*1)

— (zy) ~ ()

>~ (Y U, (BF x B 1)) x BL.

Proof. (Y x B') Uy ((B" x B" ¥ 1) x B") =

12

x B!

Theorem 1.3.2 (Whitney Embedding Theorems [Whiz6; Whi44; Ranoz]).

L Let f + M — N be a smooth map. If dim(N) > 2 - dim(M) + 1, then f is homotopic to an
embedding g : M — N.

2. Let f,g : M — N be homotopic embeddings. If dim(N) > 2 - dim(M) + 2, then f and g are

zsotopic.
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Lemma 1.3.3. Let Y be an (n — 1)-dimensional (k — 1)-handlebody. Suppose f : M — Y isa

proper embedding, where M isa (k — 1)-manifold in Y. If n > 2k + 1, then f is homotopic to a map
g: M — 9Y.

Proof. Let S C Y be a natural (k — 1)-dimensional subcomplex (spine) of Y obtained from Y by
collapsing the second factor of each handle to a point, i.c., Y deformation retracts to S. Since

n > 2k + 1and dim(Y) — (dim(S) + dim(M)) = (n—1) — 2k —2)=n—-2k+1> 2,

we may assume that f(M) and S do not intersect, so f is an embedding of M in the complement Y \
v(S). Here, Y \ v(9) is diffeomorphic to 0Y x [0, 1], where 9Y x {0} is identified with 0Y". Let
p:0Y x[0,1] = 9Y x {0} = Y be the projection sending (v, t) toy. Defineg = po f : M — 9Y.
Then f and g are homotopic. [

Lemma 1.3.4. Let Y bean (n — 1)-dimensional (k — 1)-handlebody. Suppose f : M < 9(Y x B') =
(Y x {=1}) Usy x{—13 (OY x B")Ugy (13 (Y x {1}) isan embedding, where M isa (k — 1)-manifold.
If n > 2k + 1, then f is isotopic to an embedding h : M — JY x {0}.

Proof. We may assume that f is transverse to (Y x {—1}) U (9Y x {1}). Then the restriction map
fl—rvxqiy  fHY x {i}) = Y x {i} is an embedding, where i € {—1,1}. By Lemma 1.3.3, each
embedding f|-1(y x{}) is homotopic toamap g; : f~'(Y x {i}) = Y x {i} so f is homotopic to a
mapg : M — 0Y x B'. Letp : 9Y x B! — Y x {0} be the projection sending (y, t) to (y,0). Then
fishomotopictopo f : M — 9Y x {0}. Here, po f isisotopic to an embedding h : M — JY x {0}
by (1) in Theorem 1.3.2 since

n > 2k +1and dim(0Y x {0}) =n—-2>2k—1=2-dim(M) + 1.

We can consider h : M — 9Y x {0} C 9(Y x B') asan embedding of M in (Y x B'). Then f and

h are isotopic by (2) in Theorem 1.3.2 since
n>2k+1and dim(0(Y x BY)) =n —1> 2k =2-dim(M) + 2.

]

Remark 1.3.5. In Lemma1.3.4, any two homotopic embeddings h, b’ : M — 0Y x {0} in Y x {0} are
isotopicin (Y x B') by (2) in Theorem 1.3.2. For example, consider 1 : S* — dB* x {0} = S* x {0}
such that h(S') = U x {0}and /' : S' — OB* x {0} = 5% x {0} such that »/(S') = K x {0},
where U is the unknot and K is the trefoil knot in S®. Then h and h’ are homotopic but not isotopic in
5% x {0}. However, h and 1’ are isotopic in 9(B* x B') = S,

Proposition 1.3.6. Leti : O(l) — O(l + 1) be the natural inclusion of orthogonal groups. Consider
the induced homomorphism i, : m,,(O(l)) = 7, (O(l 4 1)). Then 4, is an epimorphism if m = [ — 1
and an isomorphism if m < — 1.
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Proof. LetO(l) — O(1+1) — O(1+1)/O(l) = S’ be the canonical Serre fibration. Then there exists
a natural long exact sequence

v T (81— T (O(1) 2 w1 (O + 1)) = T (S) = -+

Ifm=10—1,mn1(S") = Zand 7,,(5') = 1501, is an epimorphism. If m < | — 1, m,,11(S) = 1
and 7,,,(S") = 150 i, is an isomorphism. O

In Proposition 1.3.6,let] = n—k —1andm = k —1. Thenm = [ — lisequivalentton = 2k + 1,
and m < 2] — 1is equivalent ton > 2k + 1. Therefore, we have the following:

Remark 1.3.7. Leti : O(n — k — 1) < O(n — k) be the natural inclusion. Consider the induced
homomorphism i, : m,_1(O(n—k—1)) = m4_1(O(n—k)). Then i, is an epimorphism ifn = 2k +1
and an isomorphism if n > 2k + 1.

Theorem 1.3.8 (Bott Periodicity Theorem [Bots7]). Ifl > m + 2,

0 ifm=2,4,5,6 (mod )
T (O(1)) =  Zy ifm=0,1 (mod8)
Z ifm = 3,7 (mod §).

In Theorem 1.3.8,letl = n — kandm = k — 1. Thenl > m + 2 is equivalent ton > 2k + 1.
Therefore, we have the following:

Remark 1.3.9. If n > 2k 4 1,

0 itk=23,5,6,7(mod8)
Te-1(0(n —k)) = ¢ Zy if k = 1,2 (mod 8)
7 if k =0,4 (mod 8).

Remark 1.3.9 tells us all possible framings of the attaching spheres of an nn-dimensional k-handle when
n > 2k + 1.

Theorem 1.3.10. Let Y bean (n — 1)-dimensional (k — 1)-handlebody. Let ® : (S*~! x B"=*=1) x
B' < 9(Y x B%) be an attaching map of an n-dimensional k-handle. If n > 2k + 1, then there
exists an embedding 0+ S*1 x B"RV < QY such that @ is dsotopic to U, where ¥ (SFT1 x
Bk x B! < 9Y x B! € O(Y x B')isdefined by V((x,y),t) = (¥(x,y),t). In particular,
(Y x BY) Us ((B¥ x B"%) x B') 2 (Y Uy, (B¥ x B"*1)) x B,

Proof. The attaching sphere ®((S*~! x 0) x {0}) is isotopic to a sphere F' x {0} C 9Y x {0}
for some embedded (k — 1)-sphere F' in Y by Lemma 1.3.4. Since v(F x {0}) = v(F) x B*, we
can assume that v(F x {0}) = v(F) x B!, where v(F x {0}) is a closed regular neighborhood of
F x {0} in 9(Y x B')and v(F) is a closed regular neighborhood of F" in Y. We now can assume
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that ® : (S*71 x B"F71) x B! — 9Y x B! C 9(Y x B')is embedded in Y x B! such that
P((S*1 x 0) x {0}) = F x {0}and ®((S*! x B+ 1) x B') = v(F) x B'. By Remark 1.3.7,
a framing of F' x {0} C Y x B 1is induced by a framing of /' C 0Y. Therefore, there exists an
embedding ¢ : S¥~! x B"7F~1 < QY such that

L (S x0)=F,
2. p(S*t x BnR) = p(F),
3. P isisotopic to V,

where U : (S*71 x B"#1)x B! < 9Y x B! C 9(Y x B')isdefined by ¥((z,y),t) = (¢(z,y),t).
Thus, (Y x B') Ug ((B* x B"™*) x B!) = (Y U, (B¥ x B"7F=1)) x B,
0

Theorem 1.3.11. Ler X be an n-dimensional k-bandlebody. If n > 2k + 1, then there exists an (n — 1)-
dimensional k-handlebodyY C X suchthat X =Y x B More precisely, if B" = Xy C X; C --- C
Xy, = X is a bandle decomposition of X, then there exists a handle decomposition Bl =Y,CcY, C
o C Y =Y of Y such that X; =Y, x Blforeve;'yo <1<k

Proof. Let P(n, k) denote the statement that if B = Xy C X; C --- C Xy = X isahandle
decomposition of X, then there exists a handle decomposition B l'=YycYiyC---CY,=Yof
Y such that X; = Y, x B! for every 0 < i < k. We use induction to prove that P(n, k) holds for all
k> 1landn > 2k + 1.

Base Case. P(n, 1) is true for every n > 3.

Let B" ! x B! = B" = X, C X; = X be ahandle decomposition of an n-dimensional 1-handlebody
X.Then X = (B"'xB")Uy, ((B'xB"?)x B")Uy,- - Uy, ((B' x B""?)x B') for some attaching
maps W, of n-dimensional 1-handles, where 1 < ¢ < j. By Theorem 1.3.10, there exist attaching maps ¢,
of (n—1)-dimensional 1-handles such that X = (B"~'Uy, (B' X B"?)Ug, - - -Uy, (B! x B"?)) x B'.
Let B" ' =Y, C Yy = B" ' Uy, (B! x B*?) Uy, --- Uy, (B' x B"?). Then X; =Y x B'.
Inductive Step. If P(n, k — 1) is true when & > 2and n > 2k + 1, then P(n, k) is true.
Assume that P(n, k — 1) istrue when k > 2andn > 2k + 1. Let B" =X, C X; C - C X = X
is a handle decomposition of an n-dimensional k-handlebody X. By the assumption, there exists a handle
decomposition B l'=Y,CcY,C---CVYs1 =Ysuchthat X; =Y, x B! for every 0 <7 < k—1.
Here, X}, = (Y31 X BY) Uy, ((B* x BnF1) x BY)YUg, - Uy, ((Bk X B”_k_l) x B') for some
attaching maps W, of n-dimensional k-handles. By Theorem 1.3.10, there exists attaching maps ¢; of (n —
1)-dimensional k-handles such that X, = (Y,_1 Uy, (B x B" ¥~ Uy, - - Uy, (B¥ x B""*~1)) x B'.
Let Yy = Vi1 Uy, (B¥ x B"* 1) Uy, --- Uy, (B¥ x B"%1). Therefore, P(n, k) is true. O

For example, every 5-dimensional 2-handlebody is diffeomorphic to Y x B ! for some 4-dimensional

2-handlebody.
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Remark 1.3.12. We note that there may exist Y and Y’ suchthat Y x B' = X =Y’ x B'butY 2 Y.
For example, let Y be Mazur manifold (contractible 4-manifold which is not homeomorphic to B 4) with
a 0-handle, a 1-handle, and a 2-handle, and let Y be a 4-manifold (diffeomorphic to B*) with a 0-handle,
and a cancelling (1, 2)-pair. Then Y x B' =2 B> >~ Y’ x BlbutY 2Y".

The boundary of an n-dimensional k-handlebody is a special type of closed (n — 1)-manifold.

Corollary 1.3.13. Let X be an n-dimensional k-handlebody. If n > 2k 4 1, then 0.X is diffeomorphic
to the double DY of Y for some (n — 1)-dimensional k-handlebody Y.

Proof. By Theorem 1.3.11, there exists an (n — 1)-dimensional handlebody Y such that X =~ Y x B!
00X = O(Y x B') = Y U;y Y = DY, where id is the identity map of Y. Therefore, 0.X is
diffeomorphic to the double of Y. [

We can see that an n-dimensional k-handlebody is determined by a 2k-dimensional k-handlebody
whenn > 2k + 1.

Corollary 1.3.14. Let X be an n-dimensional k-handlebody. If n > 2k + 1, then there exists a 2k-
dimensional k-handlebody Z such that X = Z x B" 2,

Proof. Let P(n) denote the statement above. We use induction to prove that P(n) holds for all n >
2k + 1.

Base Case. P(2k + 1) is true by Theorem 1.3.11.

Inductive Step. If P(m) is true when m > 2k + 1, then P(m + 1) is true.

Let X be an (m + 1)-dimensional k-handlebody. By Theorem 1.3.11, there exists a m-dimensional k-
handlebody W such that X = W x B L By the assumption, there exists a 2k-dimensional £-handlebody
Ysuchthat W2 Y x B" 26 50 X 2 W x B2 Y x B2 x Bl 2 Y x B" 2+l Therefore,
P(m + 1) is true. O

Conjecture 1.3.15. Let X and X' be two (2k + 1)-dimensional k-handlebodies. If X and 0.X' are
diffeomorphic, then X and X’ are diffeomorphic.

Remark 1.3.16. Let M be a closed orientable (2k + 1)-manifold, and let f : M — [0,2k + 1] bea
self-indexing Morse function with a single index O critical point and a single index 2k + 1 critical point.
Then M = W, Us, Ws, where W, = f~1 ([O, 2’“2—“]) and Wy = f~! ([2’“2—“,2]@‘ + 1]) are (2k + 1)-
dimensional k-handlebodies whose boundaries are diffeomorphic, denoted as > = f -1 (%2—“) . However,
it is unknown whether W, and W are always diffeomorphic. Note that Lawson[Law78] showed that
every closed orientable 5-manifold M can be obtained by gluing two diffeomorphic 5-dimensional 2-
handlebodies. However, this does not imply that W} and W are always diffeomorphic in general. If
Conjecture 1.3.15 is true, then Lawson’s theorem clearly holds. W and W, are always diffeomorphic when

k = 1, and we call such a decomposition M = W U Wy a Heegaard splitting of a closed 3-manifold
M.

2.8



From now on, we focus on 5-dimensional 2-handlebodies. We rewrite Theorem 1.3.11 and Corol-
lary 1.3.13 whenn = 5and k = 2.

Corollary 1.3.r7. Let X be a 5-dimensional 2-handlebody. Then there exists a 4-dimensional 2-handlebody
Y suchthat X =2 Y x B!, and consequently, 0.X is the double DY of Y. Furthermore, we can assume
that the framings of 2-handles of Y are 0 or 1 due to 71 (O(3)) = Zs and Remark 1.3.7.

Proposition 1.3.18. Let X be a 5-dimensional 2-handlebody with a 0-handle and 2-handles. Then X
is diffeomorphic to (1*(S? x B?)) b (8°(S?x B?)) for some integers a,b > 0, and therefore, X is
diffeomorphic to §*(5? x B?) or ¥ (S?x B3).

Proof. Let X be a 5-dimensional 2-handlebody with a 0-handle and k 2-handles. The boundary of 0-
handle is diffeomorphic to S 4 and attaching spheres of £ 2-handles are 1-links with & components. The
1-link is isotopic to the k-component unlink in .S 4 because homotopy implies isotopy. Also, there are two
possible framings for the attaching sphere of each 2-handle because 71 (SO(3)) = Zj. Therefore, X is
diffeomorphic to (§%(5? x B?)) i (§°(S?% B?)), where a is the number of 2-handles with 0-framings, b
is the number of 2-handles with 1-framings. If b = 0, X = %(5? x B3). Ifb > 0, let C' be the one of
attaching spheres of 2-handles with 1-framing. We slide all 2-handles with 0-framings over C' so that we
have all framings of 2-handles are 1. Therefore, X 2 £*(5?x B?). O

1.4 Heegaard diagrams for s-manifolds

Definition 1.4.1. A (5-dimensional) Heegaard diagram is a triple (3, o, ) such that

1. X isaclosed, connected, orientable 4-manifold,

2. = ag U---Uay, CXisan m-component 2-link with trivial normal bundle for some m € Z,

3. B=/0/1U---Up, C Xisann-component 2-link with trivial normal bundle for some n € Z.
Remark 1.4.2.

1. oand 8 may intersect each other transversely in X.

2. m and n do not have to be same.

3. We typically represent v in red and 3 in blue.

We now define some natural 5-manifolds constructed from a Heegaard diagram (X, o, ).

Definition 1.4.3. Let (X, o, ) be a Heegaard diagram. Define the following 5-manifolds:
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1. Let

m

My = (S x [-1,0) U (][ (B® x B%)

be the 5-manifold obtained from ¥ x [—1, 0] by attaching m 3-handles along @ x {—1} C
¥ x{—1}. Here, OM,, = X [ [ ¥(«t), where O_M,, = ¥ x {0} = ¥ and 0, M,, is diffeomorphic
to the surgery X(«) of X along av.

2. IFY () 2 #F(S x 93), let
Mo = Mo Uy (" x BY)
for some diffeomorphism g : #%(S! x S3) — 3(a). Here, OM, =¥ x {0} = 3.

3. Let

n

Mg = (= x [0,1]) U (] [(B* x B*)

be the 5-manifold obtained from ¥ x [0, 1] by attaching 7 3-handles along 8 x {1} C ¥ x {1}.
Here, 0OMz = ][ 2(B), where 0_Mpg = ¥ x {0} = ¥ and 0; Mj is diffeomorphic to the
surgery X(/3) of X along 3.

4. IEX(B) 2 #7 (ST x 53), let
My = Mg Uy (17(S" x BY))
for some diffeomorphism h : #7(S* x S*) — 3(). Here, 3]\//./\5 =X x {0} =2

5. Let
M, Us, Mg = M, U Mg,

where M, N Mz =3 x {0} =3, 0_(M, Us Mg) = ¥(a),and 04 (M, Us Mp) = 3(5).

6. If X () = #F(ST x 93), let

—~ —

M, Us M5 = M, U M,
where M, N Mg = % x {0} = S and 9(M, Ug My) = S().
7. If S(a) = #F(S! x §3) and B(B) = #(ST x 93), let
M, Us, My = M, U Mj,
Where]\//@ﬂ]\/fﬁ =X x {0} =%.
Remark 1.4.4.

1. M, is uniquely determined up to diffeomorphism by the isotopy class of a since the set of framings
of a 2-handle is identified with 72 (SO(2)) = 1. Similarly for Mp.
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2. ]\//[\a is uniquely determined up to diffeomorphism since any self-diffeomorphism of #* (S x S3)

—~

extends to a self-diffeomorphism of £*(S? x B?) [Ari+23; CHo3]. We can consider M, as a 5-
manifold obtained from 3 x [—1, 0] by attaching || 3-handles, k& 4-handles , and a 5-handle or
as a 5-dimensional 2-handlebody i.e. the union of a 0-handle, k 1-handles, and m 2-handles. The
Euler characteristic is X(]\/ia) = 1 — k + m. Similarly for ]\/4\/3

3. M, Us; Mgz can be considered as a 5-dimensional cobordism with 2- and 3-handles.

4. ]\/J\a Us, Mg can be considered as a 5-dimensional 3-handlebody i.e. the union of a 0-handle, £ 1-
handles, m 2-handles, and n 3-handles. The Euler characteristic is x (M, U Mpz) = 1 —k+m —n.

5. ]\/4; Us, ]\/4\,3 can be considered as a closed 5-manifolds i.e. the union of the a 0-handle, & 1-handles,
m 2-handles, n 3-handles, r 4-handles, and a 5-handle. The Euler characteristic is x (M, U Mp) =
l—k4+m-n+r—1.

In the case where either M, or Mg can be capped off, it implies that 3 is the double of some 4-
dimensional 2-handlebody not just an arbitrary closed 4-manifold.

Corollary 1.4.5. Let (3, o, 3) be a Heegaard diagram. If $(«v) is diffeomorphic to #*(S? x S3), then
there exists a 4-dimensional 2-handlebody Y such that M, =Y x B 1 and therefore, ¥ is diffeomorphic
to the double of Y.

Proof- ]\/4\(1 is obtained from ¥ x [0, 1] by attaching 3-handles, 4-handles, and 5-handles, so it is a 5-
dimensional 2-handlebody from the point of view of handle decomposition turned upside down. By
Corollary 1.3.17, ]\/4\CY is diffeomorphicto Y x B ! for some 4-dimensional 2-handlebody Y, and therefore,
¥ is diffeomorphic to the double of Y. [

Every 5-dimensional cobordism with 2- and 3-handles or a 5-dimensional 3-handlebody or a closed
5-manifold admits a Heegaard diagram.

Theorem 1.4.6.

1. Let X be a 5-dimensional cobordism with only 2- and 3-handles. Then X is diffeomorphic to M, Us,
Mg for some Heegaard diagram (¥, o, 3).

2. Let X be a 5-dimensional 3-handlebody. Then X is diffeomorphic to ]\/4\0[ Us. Mg for some Heegaard
diagram (¥, o, ).

3. Let X be a closed, orientable 5-manifold. Then X is diffeomorphic to M, Us, ]\//l\g for some Heegaard
diagram (¥, o, ).

Proof.
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1. Consider f : X — [2, 1]
manifolds of the critical points of index 2, and let B be the union of the descending manifolds of
the critical points of index 3. Then (2, o, 8) = (f7*(2), f~H(2)N A, f~*(2) N B) isa Heegaard

2

diagram for X = f~1([3,2]) = 743, 5) U N3, I]) = M, Us Mj.

2. Consider f : X — [0, ] as a self-indexing Morse function with a single index 0 critical point. Let

as a self-indexing Morse function. Let A be the union of the ascending

A be the union of the ascending manifolds of the critical points of index 2, and let B be the union of

the descending manifolds of the critical points of index 3. Then (3, o, 8) = (f~4(2), f*(5) N

2 2

A, f71(2) N B) is a Heegaard diagram for X = f~1([0,2]) = f71([0,2]) U f7}([5.%])
M, Us, Mg.
3. Consider f : X — [0, 5] as a self-indexing Morse function with a single index O critical pointand a

single index 5 critical point. Let A be the union of the ascending manifolds of the critical points of
index 2, and let B be the union of the descending manifolds of the critical points of index 3. Then

(Z,0.8) = (f2), ' )ﬂA f- ( ) N B) is a Heegaard diagram for X = f~1([0,5]) =
S0, 3D U (B, B]) = Mo Uy My,

]

We introduce moves (isotopies, handle slides, stabilizations, and difteomorphisms) defined on Hee-
gaard diagrams. We first introduce isotopies.

Definition r.4.7. Let (X, o, ) and (X, o/, ') be Heegaard diagrams. We say that they are related by an
isotopy if « is isotopic to &’ and 3 is isotopic to 3'.

We introduce handle slides.

Definition 1.4.8. Let (X, o, 5) be a Heegaard diagram. Let ov;, a; C v = g U+ - - U iy, be two 2-knots
and @; C Ov(a;) be the parallel push-off of c;. A 3-dimensional submanifold ¢ C ¥ is called a sléding
cylinder connecting o; and q; if there exists an embedding e : B 1'% B% < ¥ such that

1. ¢ =e(B' x B?),
2. cNa; = e({—1} x B?),
3. cNa; =e({1} x B?),
e((—1,1) x B) N (aUv(ay)) = 0.
We define the cylinder sum
ai#.0; = (a1 Uayg) \ int(e(OB' x B*)) Ue(B' x 0B?).

We call o;#.; a bandle slide of o; over o; (along c). We say that (X, o) and (X, ') are related by a
bandle slideif o/ = (o\ o;) U (a;#.0j). We say that two Heegaard diagrams (X, o, §) and (3, &/, ')
are related by a handle slide if (3, o) and (3, ') are related by a handle slide and 8 = /5’ or (3, ) and
(X, (') are related by a handle slide and o = «'. See Figure r.11.
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Figure r.1i: From top to bottom: A handle slide of S x {yo} C S? x S? over the spun trefoil along a
sliding cylinder whose core is the orange arc. The orange arc is the core of a sliding cylinder (3-dimensional
1-handle) connecting S? x {yo} and a parallel push-off of the spun trefoil. For the given orange arc, there
are two possible sliding cylinders whose core is the orange arc; see Figure 1.12 for the banded unlink diagram
for the surgery along the cylinder.
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Figure r.12: Left: An orange arc connecting two different components. Right: There are two possible
banded unlink diagrams for the surgery along a sliding cylinder whose core is the orange arc. Surgery
along B' x B?isto remove {—1,1} x B?and glue B' x S', where B* x {0} is identified with the
orange arc. Here, B! x S' = B' x (B! UB}) = (B' x BL) U (B! x BY), where B! x B! and
B! x Bi correspond to along band and a rainbow band, respectively. If the long band is twisted, we can
untwist the long band by sliding it over the rainbow band.

Figure 1.13: Three types of stabilizations. Left: A first stabilization. Middle: A second stabilization.
Right: A third stabilization.

We introduce three types of stabilizations.
Definition 1.4.9. Let (X, o, 3) be a Heegaard diagram.

L. A first stabilization of (3, «, B) is the Heegaard diagram (X, o/, 8) = (X, U U, 3), where
U is the unknotted 2-sphere in a 4-ball B C ¥ such that B N a = (). We say that (£, «, 3) and
(X, o, B) are related by a first stabilization. See the left of Figure 1.13.

2. A second stabilization of (X, a, ) is the Heegaard diagram (¥/, o, ') = (E#(S? x $%), a U
({zo} x S?), BU(S?* x {yo})) obtained by connected summing (3, o, 3) with (5% x 52, {z¢} x
52,8% x {yo}), where g, yo € S?. We say that (X, v, 8) and (X, o/, ') are related by a second
stabilization. See the middle of Figure 1.13.
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3. A third stabilization of (X, o, () is the Heegaard diagram (X, o, ') = (X, o, B U U), where
U is the unknotted 2-sphere in a 4-ball B C ¥ such that BN § = (). We say that (X, a, 5) and
(X, v, B') are related by a third stabilization. Sce the right of Figure 1.13.

We note that for a first stabilization, we do not draw a 4-handle which is cancelled with the 3-handle
attached along the unknotted 2-sphere U, i.e. M, = M, U 4-handle. More precisely, the 4-handle is
attached along the obvious 3-sphere {z} x S? C X(a)#(S' x 5%) = ¥(a), where 7y € S*. Similarly,
for a third stabilization, we do not draw a 4-handle which is cancelled with the 3-handle attached along
the unknotted 2-sphere U.

Remark 1.4.10. The definitions of isotopies, handle slides, and (first, second, and third) stabilizations
defined on (5-dimensional) Heegaard diagrams correspond to the original definitions of isotopies, handle
slides of handles, and cancelling (1, 2)-, (2, 3)-, and (3, 4)- pairs in dimension 5.

We introduce diffeomorphisms of Heegaard diagrams.

Definition r.4.11. Let (X, v, ) and (¥, o', ') be Heegaard diagrams. We say that they are related by a
diffeomorphism if there exists a diffeomorphism ¢ : ¥ — ¥’ sending o to &’ and 5 to 5'.

The following theorem tells us that studying 5-manifolds is equivalent to studying Heegaard diagrams.

Theorem 1.4.12.

1. Let (3, , B) and (¥, o/, B') be Heegaard diagrams. Then M, Us, Mg = M, Usy My if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.

2. Let (X, 0, B) and (X', o/, B') be Heegaard diagrams. Then M, Us, Mp = My Usy Mg if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.

3. Let (3, 0, B) and (X', o/, B') be Heegaard diagrams. Then ]\/J\Q Us ]\/4\5 = ]\//[; Usy ]\/4; if and
only if they are related by isotopies, handle slides, (first, second, and third) stabilizations, and diffeo-

morphisms.
Proof-

I. (:>) Assume Ma UE Mﬁ = Ma/ Ug/ Mgl. Let® : Ma UE Mg — Ma/ Uzy MB’ be a diffeomor-
phism. Then (®(X), ®(a), ®(8)) is a Heegaard diagram for M/ Usy Mg, s0 (P(X), ®(a), (5))
and (X', o, ') are related by isotopies, handle slides, and (first, second, and third) stabilizations
by Theorem 1.2.15 [Cer7o]. Therefore, (X, v, 8) and (X', o/, §’) are related by isotopies, handle
slides, (first, second, and third) stabilizations, and diffeomorphisms.

(<) Assume two Heegaard diagrams (3, «, ) and (¥, o, §') are related by isotopies, handle
slides, and (first, second, and third), stabilizations. Then M, Us; Mg = M, Usy Mg by Theo-

rem 1.2.15 [Cer7o].
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Assume two Heegaard diagrams (X, o, 5) and (¥, &/, ') are related by a diffeomorphism. Let
¢ (X, a,0) = (X, d, F') be adiffeomorphism such that ¢(a)) = o/ and ¢(5) = . Then ¢
extends to a diffeomorphism ® : 3 x [—1,1] — ¥’ x [—1, 1] defined by ®(z,t) = (¢(z),1).
Clearly, P(ar x {—1}) = o/ x {1} and ©(5 x {1}) = B’ x {1}. We note that the isotopy class
of the attaching map of a 5-dimensional 3-handle is determined by only its attaching sphere because
m2(SO(2)) = 1. Therefore,  extends to a diffeomorphism ® : M, Us, Mg — My Usy My so
M, Us M/g = M, Us Mﬁ/.

2. (#) Assume ]/W\Q Us; Mﬁ = m Usy Mg/. Letd : ]\/4\0[ Us Mg — m Usy M@/ be a diffeomor-
phism. Then (®(X), (), ®(3)) is a Heegaard diagram for Mo Usy Mg so ((X), (), D(B))
and (X', o, ') are related by isotopies, handle slides, and (first, second, and third) stabilizations
by Theorem 1.2.15 [Cer7o]. Therefore, (X, v, §) and (X', o/, §’) are related by isotopies, handle
slides, (first, second, and third) stabilizations, and diffeomorphisms.

(«<=) Assume two Heegaard diagrams (X, v, ) and (X', o/, §’) are related by isotopies, handle
slides, and (first, second, and third), stabilizations. Then M, Us, Mg = M, Usy Mg by Theo-
rem1.2.15 [Cer7o] . Since every self-diffeomorphism of ¥ (S* x 5?) extends to a self-diffeomorphism
of *(ST x B*) [Ari+23; CHo3], we can cap off ¥(cv) and (o) uniquely up to diffeomorphism
SO]/W\Q UZ Mﬁ = ]@ Ug/ Mﬂ/.

Assume two Heegaard diagrams (X, «, ) and (X', o/, §') are related by a diffeomorphism. Sim-
ilarly to the proof above, there exists a diffeomorphism P M, Us; Mg — My Usy Mpg. By
[Ari+23; CHo3], we can cap off () and ¥ (') uniquely up to diffeomorphism so M, Us M 5 =
My Usi Mg

3. (=) Assume ]\/4\(1 Us; ]\/4\5 = ]\//[; Usy ]/W; Let D : ]\//[\a Us ]\/4\/3 — ]/\/[:/ Usy ]\/4; be a diffeomor-
phism. Then (®(X), ®(a), ®(3)) is a Heegaard diagram for M Usy ]\/4; so (P(X), P(a), ®(B))
and (X', o, ') are related by isotopies, handle slides, and (first, second, and third) stabilizations
by Theorem 1.2.15 [Cer7o]. Therefore, (X, v, 8) and (X', o/, B’) are related by isotopies, handle
slides, (first, second, and third) stabilizations, and diffeomorphisms.

(<) Assume two Heegaard diagrams (3, o, ) and (X', o, §') are related by isotopies, handle
slides, and (first, second, and third), stabilizations. Then M, Us Mg = M, Usy Mg by Theo-
rem 1.2.15 [Cer7o] . By [Ari+23; CHos], we can cap off X(«), (), £(c), and X(5’) uniquely
up to diffeomorphism so ]\/4; Us ]\//fﬁ = ]\//[:/ Usy ]\/4;

Assume two Heegaard diagrams (X, o, ) and (X', &/, ') are related by a diffeomorphism. Sim-
ilarly to the proof above, Similarly to the proof above, there exists a diffeomorphism d: M, Us
Mg — My Usy Mg By [Ari+23; CHo3], we can cap off (o), £(/5), £('), and £(5") uniquely
up to diffeomorphism so ]\/4; Us ]\//[\B = ]\/4; Usy ]\/4;

]

Corollary 1.4.13. If two Heegaard diagrams (X, v, 3) and (X', o/, §’) represent 5-manifolds that are
diffeomorphic, then S# (#5(S? x S2)) and X4 (# (S? x 5?)) are diffeomorphic for some k, k' > 0.
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Proof. By Theorem 1.4.12, two Heegaard diagrams (X, v, 8) and (X', o/, f’) representing diffeomorphic
5-manifolds are related by a sequence of second stabilizations. Then L4 (## (5% x S2)) 22 X/ # (#* (52 x
S?)) for some k, k' > 0. N

Remark 1.4.14. Corollary 1.4.13 can be used to distinguish two 5-manifolds that are not diffeomorphic.
In other words, if S#(#F(S? x S2)) 2 S'#(#7 (S? x S?)) forall k, k' > 0, then (X, a, 8) and
(Y, o/, B') represent non-diffeomorphic 5-manifolds. For example, since 71 () 2 7y (S#(#5(S? x
52))) forall k > 0,if m(X) 2 m(Y'), two Heegaard diagrams (2, av, 3) and (X, o', ') represent
non-diffeomorphic 5-manifolds. However, in dimension 3, any two Heegaard surfaces are diffeomorphic
after some stabilizations (connected sum Heegaard surface with S x S*) because every orientable surface
is diffeomorphic to #™(S* x S*) for some m > 0, so Heegaard surface cannot be used to distinguish
3-manifolds.

Theorem 1.4.35. Let (X, o, ) be a Heegaard diagram for a 5-dimensional 3-bhandlebody or a closed 5-
manifold X. Then m(X) = m(2).

Proof.

7T1(X) =

Q
~—

Il
A

(71 is determined by a 5-dimensional 2-handlebody.
Y x B') (by Corollary 1.3.17.

I
2

12

2

DY) (by the construction of the double of a 4-dimensional 2-handlebody.

I
n

H

)
)
(Y x B'and Y are homotopy equivalent.)
)
)

|
i

(by Corollary 1.4.5.

]

Remark 1.4.16. We can read off the homology of a 5-manifold X from its Heegaard diagram (3, , )
by (9) in Remark 1.2.8 because we can easily how o and 3 intersect each other in 3.

We give a few examples of Heegaard diagrams for some 5-manifolds.
Example 1.4.17.

1. Let 2, 0,0) be a Heegaard diagram. Then M, Uy Mg = ¥ x [—1,1].

(
2. Let (3,0, 3 (X, a, 0) be a Heegaard diagram. Then M, Us; Mz = M,,.
(

(X, a,8) =
( ) =

3. Let (X, o, B) = (X, 0, B) be a Heegaard diagram. Then M, Us, Mg = Mp.

4. Let(Z, a, B) = (5%, U, D) be a Heegaard diagram, where U is the unknotted 2-sphere in S*. Then
M, Us Mg = M, is diffeomorphic to the once-punctured S* x B?, where (o) = St x S3.
Let M, = M, U (B* x B') be the 5-manifold obtained from M,, by attaching a 4-handle along
{zo} x S% C S x SE. 3. Then M, , is diffeomorphic to S 4 x [~1, 1], which corresponds to a first

stabilization. Also, M U Mg = Ma >~ B%and M U MB =~ G5, See the left of Figure r.13.
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I0.

Let (X, o, B) = (54,0, U) be a Heegaard diagram, where U is the unknotted 2-sphere in S*. Then
M, Us, Mg = Mg is diffeomorphic to the once-punctured S* x B?, where ¥(3) = S x S3.
Let My = My U (B* x B') be the 5-manifold obtained from Mj by attaching a 4-handle along
{xo} x 3 C ST x §3. Then M g is diffeomorphic to 54 X [—1, 1], which corresponds to a third
stabilization. Also, M, U Mg = MB ~ B’ and M U Mﬁ S°. See the right of Figure 1.13.

Let (X, o, B) = (8% x 52, {zo} x 5%, 0) be a Heegaard diagram. Then M,, Uy My = M, is
diffeomorphic to the once-punctured S? x B?, where ¥(a) 2 S* and () = 52 x S2. Also,
]\/4\& Us M = S? x B?. See the left of Figure 1.8. (Switch the 1-framed unknot to a 0-framed
unknot.)

Let (3, a, 3) = (S*x5?, F,0) be a Heegaard diagram, where F' is a fiber of 5?xS%. Then
M, Us Ms = My is diffeomorphic to the once-punctured S? x B3, where ¥(a) = 5% and
¥(B) = S%xS?. Also, M, Us, M = S?x B3. See the left of Figure 1.8.

. Let (3, o, B) = (CP*#CP?,CP'#CP?', () be a Heegaard diagram. In fact, there is a natural

diffeomorphism between (S5?x S?, F) and (CP*#C P2, CP'#CP?); see Figure 1.8. Therefore,
M, Us Mg = Mg is diffeomorphic to the once-punctured S?x B3, where ¥(a) = S* and
Y(B) = S?x 52 Also, M, Us, Mg = S2x B3. See the right of Figure 1.8.

Let (3, a, B) = (5% x 5%, {zo} x 5%, 5% x {yo}) be a Heegaard diagram. Then M,, Uy, My is
diffeomorphicto S 4% [~1, 1], which corresponds to a second stabilization. Also, M,Us Mg = B 5
and M, Uy, Mz = S°. See the middle of Figure 1.13.

Let (3, a, 8) = (5% x 5%, {z¢} x S?, B) be the Heegaard diagram in the left of Figure 1.5, where
f3 is a 2-knot in S? x S? which is homotopic but not isotopic to S? x {yo}. The geometric
intersection number between o and 5 is |« N B| = 3 and the algebraic intersection number
isa - B = 1. Here, ]\/4\04 Us, My is contractible but not homeomorphic to B® by showing that
(]\/J\Q Us Mp) x B* = B%and 8(]\//[\05 U, M) = (/) is non-simply connected. Then M, Uy, M3
is a 5-dimensional cobordism from the standard 4-sphere 3 () = S* to a non-simply connected
homology 4-sphere ¥(/3) with a single 2-handle and a single 3-handle, which are algebraically but
not geometrically cancelled. We can easily read off the Kirby diagram for ¥(«) in the middle of
Figure 1.5 and the Kirby diagram for 3(3) in the right of Figure 1.5 by switching the unlink to the
dotted unlink and the bands to O-framed 2-handles; see Proposition 1.2.51. The middle of Figure 1.5
represents S* after removing a cancelling (1, 2)-pair and a cancelling (2, 3)-pair. In the right of
Figure 1.5, we can read off the fundamental group 7 (3(3)) directly (dotted 1-handles correspond
to the generators and 2-handles correspond to the relations) and the author showed that there
exists an epimorphism from 71 (X(/5)) to the alternating group As of order 5 in [Kim23]. We
generalize this technique so that we construct contractible high-dimensional manifold which is not
homeomorphic to the standard ball in chapter 2
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. Let (3, a, B) = (X#S5?%xS% F, K#F) be a Heegaard diagram, where X is a closed 4-manifold,
K is a 2-knot in X with trivial normal bundle, and F is a fiber of S?xS2. Then M, Us, M, gisa
5-dimensional cobordism from X to the Gluck twist X i of X along K with a single 2-handle and
asingle 3-handle, where ¥ (o) = X and X(f) = X; see section 1.5 for more details.

Remark 1.4.18. Let (2, o, ) be a Heegaard diagram. By Theorem 1.2.46, there exists a singular banded
unlink diagram (IC, L, B) = (K, L1 U Ly, By U By) such that

1. (K, L, B) is a singular banded unlink diagram for (, o U ),
2. (K, Ly, By) is a banded unlink diagram for (%, ),

3. (K, Ly, By) is a banded unlink diagram for (3, 8).

We may simply write (3, , 8) = (K, Ly U By, Ly U By).

Proposition 1.4.19 (How to draw a Heegaard diagram for a 5-dimensional 2-handlebody). Let X be a
5-dimensional 2-handlebody. Then there exists a 4-dimensional 2-handlebody Y such that X = Y x B*
by Corollary 1.3.17. Let K be a Kirby diagram for Y and K’ be a Kirby diagram for the double DY of
Y. By Proposition 1.2.24, K’ is obtained from K by adding 0-framed meridians to each 2-handles in K,
3-handles with the number of 1-handles in K, and a single 4-handle. Add red circles c, each of which is
parallel to each O-framed meridian in K'. Here, each red circle bounds a properly embedded trivial disk in
the 0-handle and bounds the core disk of a 2-handle so it corresponds to a banded unlink diagram for the
belt sphere of each 5-dimensional 2-handle of X. Then (¥, a, 8) = (K', a, 0) is a Heegaard diagram for
X thatis M, U Mg = M, = X.

Example 1.4.20. Let M be a Mazur manifold. Then M x B! is diffeomorphic to B®.
Proof. See the right of Figure r.1. O

Theorem 1.4.21. Let Y be a 4-dimensional 2-handlebody and DY be the double of Y . Then there exists
a 5-dimensional cobordism from (#™(S? x S?))#(#™(S*xS?)) to DY with only 3-handles for some
m,n > 0.

Proof. Let K = L; U Ly be a Kirby diagram for Y and X' = Ly U Ly U J be the natural Kirby
diagram for DY explained in Proposition 1.2.24, where J is the union of the 0-framed meridians of Lo;
see the bottom left of Figure 1.9. By the construction of DY, J\//[;/ = M UglHl(SY x B3). Switch
the dotted link L; in K’ to blue circles f3; see the bottom left of Figure 1.9. Then K" = K"\ Ly is
the union of some Hopf links, each of which has a 0-framed unknotted component so K" is a Kirby
diagram for (#™(S? x S%))#(#"(S5?x5?)) for some m,n > 0. Here, Mycr = My U B, Then
(K", 0, B) is a Heegaard diagram for a 5-dimensional cobordism from (#™(S5? x S?))#(#"(5?x S5?%))
to DY because the Kirby diagram for the surgery of (#™(S? x S?))#(#"(S*%x 5?)) along 3 is K’ by

Proposition 1.2..51. [
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We now provide several examples of Heegaard diagrams for closed 5-manifold. According to [Law78],
every closed 5-manifold M can be constructed as a twisted double M = W Uy W, where W is a 5-
dimensional 2-handlebody and f is a self-difteomorphism of OW. We first explain how to draw Heegaard
diagrams for the double of a 5-dimensional 2-handlebody, specifically when f = id. Then we will discuss
about Barden’s classification of simply connected s-manifolds and proceed to draw a Heegaard diagram
for the Wu manifold which is a twisted double of 5-dimensional 2-handlebody, i.e. f # id. Here, the
Wu manifold is the generator of 5-dimensional oriented cobordism group Q259 = Z,.

Proposition 1.4.22 (How to draw a Heegaard diagram for the double of a 5-dimensional 2-handlebody).
Let X be a 5-dimensional 2-handlebody X. By Proposition 1.4.19, (X, r, ) = (K', c, ) is a Heegaard
diagram for X for some 4-dimensional 2-handlebody Y". Let M be the double of X'. Then add blue circles
B each of which is parallel to red circles c, i.e. we attach 5-dimensional 3-handles along the belt spheres
of 5-dimensional 2-handles for X. Then (X, o, 5) = (K, @, o) is a Heegaard diagram for M = DX,
ie. ]\/4\04 Us ]\/4\[3 = M. See Figure 1.14.

Barden [Bar6s] classified simply connected, closed, orientable, smooth 5-manifolds. The key idea
is that every simply connected 5-manifold can be constructed by gluing two copies of a 5-dimensional
2-handlebody without 1-handles (a boundary connected sum of some copies of B*-bundles over S?),
where the gluing map defined on the boundary is realized by an automorphism of the second homology
group of the boundary.

There are two possible B 3_bundles over S?; the trivial one is S? x B? and the non-trivial one is S% x B3
since 71 (SO(3)) 22 Zsy. Wenote that 9(S? x B?) = S?x S?and 9(S?x B?) = §?% S? = CP*#CP%
see Figure 1.8. Let {a, b} = {S? x {yo}, {z0} X S?} be the canonical generators of Hy(S?* x S?) and
{c,d} = {CP*, CP"} be the generators of C P2#C P2. We also note that 9((S? x B%)4(S? x B?)) =
(5% x S?)#(S? x S?) and 9((S?x B*)3(S?x B?)) = (CP?#CP?)#(CP?*#CP?). Similarly, let
{ay, b1, as, b2} be the canonical generators of Ha((S? x S?)#(S? x S?)) and {c1,dy, ¢, da} be the
canonical generators of Hy((CP?#C P?)#(CP*#CP?)).

Consider the matrices

1 00 —k 1 -n 0
01 0 O n 1 0 n
B =1g x 1 o | @BO=], 1 n
0 0 0 1 0 —n n 1

By work of Wall [Wal64], there exist three diffeomorphisms
L fi o (8% X S?)#(S? x S?) — (S? x S)#(S? x 5?) such that the induced map (f¢). on Ho

has a matrix representation A(k),

2. g; : (CP?#CP?)#(CP*#CP?) — (CP?*#CP?)#(CP?*#CP?) such that the induced map

(g;)« has a matrix representation B (2771,
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3. g_1 : CP?#CP? — CP?#CP? such that the induced map (g;). on Hy has a matrix represen-
tation ((1) _01> .
Definition 1.4.23 ([Bar6s]). We define some 5-manifolds.
. My = (S? x B3) U (S? x B%) = 5% x 3
2. My, = ((5% x B*)B(S? x B?)) Uy, ((S? x B*)§(S? x BY))
3. X1 = (S?xB%) U, , ($*xB?*) = SU(3)/SO(3)
4. Xo=8°
5. Xoo = (52X B?) Uy (5?xB?) = §2x $?
6. X; = ((S*xB*)1(S*x B?)) Uy, ((S*xB*)h(S*x B?))

Theorem 1.4.24 ([Bar6s]). Every simply connected, closed, orientable, smooth 5-manifold is diffeomorphic

to

Xj or Xj# My, # - - - # M., ,

where —1 < 7 < 00,1 < ky < ky <--- < kg, andk; divides k; 1 or ki1 = o0.

Figure 1.14: A S®-bundle over a orientable genus g surface F},. If we ignore the O-framed meridian, the red
meridian, and the blue meridian, then this is a Kirby diagram fora B 2_bundle over F,  with Euler number
n. If we ignore the blue meridian, this is a Heegaard diagram for B 3_bundle over F, o by Proposition 1.4.19.
This is a Heegaard diagram for a S?-bundle over F, by Proposition 1.4.22.

Example 1.4.25. Heegaard diagrams for closed 5-manifolds.
1. Three diagrams in Figure 1.13 are Heegaard diagrams for S°.
2. The top right of Figure 1.10 is a Heegaard diagram for S* x S

3. Figure 1.14 is a Heegaard diagram for the trivial S®-bundle over a genus ¢ orientable surface F,

when n is even.
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4. Figure 1.14 is a Heegaard diagram for the non-trivial S®-bundle over a genus g orientable surface
F, when n is odd.

5. Figure 1.15 is a Heegaard diagram for Wu manifold (X _ in Definition 1.4.23). The blue curve in
Figure 1.15 is the image of the red curve in the right of Figure 1.8 under the map ¢g_;. Here we can
calculate Hy(X 1) = Zs froma - = 2.

Figure 1.15: Wu manifold.

Example 1.4.26. (5% x S3)#(5%x53) = (S2x S3)#(5?%x S?).

Proof: The bottom of Figure 1.16 (a Heegaard diagram for (S%X 5%)# (5% % S?)) is obtained from the
top of the Figure 1.16 (a Heegaard diagram for (S? x S?)#(5%% S%)) by handle slides along the orange
guiding arcs. ]

15 Gluck twists and Heegaard diagrams

Definition r.5.1 ([Glu62]). Let X bea closed, connected, orientable 4-manifold. Let X' C X bea 2-knot
in X with trivial normal bundle, i.e. v(K) = S? x B2 Let

7 8% % ST = 9(S? x BY) — A(X \ int(v(K))) = S? x S!

be a diffeomorphism defined by (z,60) — (rotg(x),0), where roty is a diffeomorphism that rotates
5?2 c R? by an angle of 6 about the z-axis. The Gluck twist of X along K is the smooth 4-manifold

Xy = (X \int(v(K))) U, (S* x B?).
Remark 1.5.2.
1. If K is unknotted, then X is diffeomorphic to X.

2. If K is null-homotopic in X, then X and X g are homotopy equivalent by [Glu62].

3. If X is a simply connected 4-manifold and K is null-homotopic in X, then X i is homeomorphic
to X by Freedman [Fre82].
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4. Gluck twists of S* along non-trivial 2-knots may be potential counterexamples to the smooth 4-
dimensional Poincaré conjecture. There are some families of 2-knots in S* so that Gluck twists of
54 along them are known to be diffeomorphic to the standard S 4 [Glu62; Gor76; Mel77; Pao78;
Lit79; NS125 NS225 GNS23].

s. If K is not null-homotopic, the diffeomorphism type may change. For example, the Gluck twist
of 5% x S?along {z¢} x S?is diffeomorphic to 5 x S2.

CF}(\ ) < U/\ D

N

COO C( I 13 )

000 G
aas ) C U D

\_/

Figure 1.16: (5% x S%)#(5?%x S%) = (S2x S3)#(S*Xx S3).
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Definition 1.5.3. Let X be a closed, connected, orientable 4-manifold. Let X' C X be a 2-knotin X
with trivial normal bundle, i.e. v(K) = S? x B? (K does not have to be null-homotopic). Let mx be a
meridian of K. We define

WXJ( = (X X [0, 1]) Umkx{l} (32 X Bg) UK><{1} (33 X BQ)

to be the 5-manifold obtained from X x [0, 1] by attaching a 2-handle along mx x {1} with non-trivial
framing and a 3-handle along K x {1}.

Remark 1.5.4. There are two possible framings for a 5-dimensional 2-handle since 71 (SO(3)) = Zo,
and there is a unique framing for a 5-dimensional 3-handle since m5(SO(2)) = 1.

Theorem 1.5.5. W g 75 a cobordism from X to X, i.e. O_(Wx k) = X and 04 (Wx k) = Xk.
Proof. There existsan embedding ¢ : S? x B? < X suchthat¢(S?x{(0,0)}) = K and ¢(S*x B?) =

v(K') because K has trivial normal bundle. We note that ¢ is unique up to isotopy because K hasa unique
framing. Then Xx = (X \ int(¢(S? x B?))) U, (S? x B?). Since (B x S) \ (B* x S) =0,
Xk = ((X \ int(¢(S? x B?))) U, (B* x SY)) \ (B? x S') U, (5% x B?). Here, we can consider
(X \ int(4(S? x B%))) Uy (B? x S') as the surgery of X along K, which corresponds to attaching a
3-handle along K. Also, we can consider X as the surgery of (X \ int(¢(S? x B?))) Uy (B x S1)
along ¢({pt} x S'), which corresponds to attaching a 2-handle along the meridian my of K with
non-trivial framing. Therefore, Wx x is a cobordism from X to X such that the bottom boundary

0_-(Wx k) = X x {0} = X and the top boundary 0 (W ) = Xk. O

Note that Wx g is not an h-cobordism but it is simple in terms of number of handles, with only one
2-handle and one 3-handle.

Theorem 1.5.6. Let (X, v, ) = (X#(S*%xS?), F, K#F') be a Heegaard diagram, where F is a fiber of
S2xS?% and (X #5*x S?, K#F) = (X, K)#(S*XS?, F) is the connected sum of pairs. Then M, Uy,
Mg is diffeomorphic to W fc, and therefore, (o) = 0_(Wx k) = X and X(f) = 0 (Wx k) = Xk.

Proof. Let Wx ¢ = (X % [0,1]) U xq13 (B? X B3) Uk« g1y (B* x B?) in Definition 1.5.3. It suffices
to show that 94 (X x [0,1] Uy, xq1y (B? x B?)) is diffeomorphic to X #(S5%%S?), the belt sphere
of the 2-handle is F' in S?xS? C X#(5?x5?%), and the attaching sphere of the 3-handle is K#F in
X#(5?%.5?). By construction of Wy i, 01 (X X [0,1] Upyexf1y (B? x B?)) is diffeomorphic to the
surgery of X x {1} along the meridian my x {1} with non-trivial framing. Since my x {1} is null-
homologous, the surgery is diffeomorphic to X # (5% % 5?) so the belt sphere of the 2-handle is a fiber
F of S?x5% C X#(5?%S?). Clearly the attaching sphere K x {1} of the 3-handle is embedded in
O+ (X X [0,1] Uppexqay (B? x B?)) = X#(5?x5?) and is isotopic to K#F in X#(5?x5?). [

Example 1.5.7. The left of Figure 1.17 is a Heegaard diagram for a cobordism from S* to the Gluck twist
St of S* along the spun trefoil K. By [Glu62], the Gluck twist of S* along a spun knot is diffeomorphic

to S*. We can directly read oft the boundary of this cobordism; see the middle and right of Figure 1.17.
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Figure 1.17: Left: A Heegaard diagram (3, av, 3) for a cobordism Wy f from X to X, where X = S*
and K is the spun trefoil. Middle: A Kirby diagram for X. Right: A Kirby diagram for X.
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Figure 1.18: Top left: Surgery M (,) of S* x 5% alonga circle 7y, representing p € Z = m;(S* x S®) with
trivial framing. Top right: Surgery M (7,,)" of S* x S3 alongacircle, representing p € Z = 71 (S* x.S?)
with non-trivial framing. Bottom: A Heegaard diagram for a cobordism Wy x from X = M(v,) to
Xk = M(,)', where M(,)" is the Gluck twist of M (y,) along a meridian sphere S of y,. Here, the
blue circle and the red circle represent S#F and F/, respectively, where F is a fiber of S? X S%. Switching
the red circle with a dotted circle produces the diagram in the top left, and similarly, switching the blue
circle with a dotted circle yields the diagram in the top right.

Remark 1.5.8. Lety C X beasimple closed curvein X. Let X () be the surgery of X along y with trivial
framing. Let X (7) be the surgery of X alongy with non-trivial framing. Then X (7)" is the Gluck twist of
X alonga meridian sphere S, of 7, where S = {z¢} x 5? C S' x S? = d(yx B?) = v(y). If X = §*
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and 7 is any simple closed curve in X, then X (7)" = 5?%S? is the Gluck twist of X (7) = 5% x §?
along a fiber {z¢} x S? C 5% x S2. See Figure 1.18 for another example.

Theorem 1.5.9. Let K C S* be a 2-knot, and Si; be the Gluck twist of S* along K. Let (X, a, ) =
(S2xS?, F, K#F) be a Heegaard diagram, where F is a fiber of S* X S2. The following are equivalent:

1. Sy is diffeomorphic to S*.
2. Waa i = M, Us, Mg is diffeomorphic to a twice-punctured S* x S®.

3. (S?XS% F, K#F)and (S*xS?, F, F) are related by isotopies, handle slides, stabilizations, and
diffeomorphisms.

4. (S*xS?, K#F) is diffeomorphic to (S*x S?, F).

Proof. The equivalence of the statements is shown as follows.

(1) = (2). We assume that S is diffeomorphic to S*. By Theorem 1.5.5, 04 (Wea i¢) = Sj = S%.
Consider a closed 5-manifold VI//S—;( obtained from W i by gluing two 5-balls along the boundary
components. By the classification of simply-connected 5-manifolds [Bar6s] (see Theorem 1.4.2.4), m
is diffeomorphic to S x S? or 53xS? because Ho(Ws1 ) = 7Z. Since the middle level of W1
(obtained from S* by surgery along the meridian mx of K with non-trivial framing) is diffeomorphic
to S?x S?, @ is diffeomorphic to S* x S?. Therefore, Wsa g is diffeomorphic to twice-punctured
S3x 52,

(2) = (1). Assume that Wga y is diffeomorphic to a twice-punctured S? x S3. Then 0, (Wsa f) is
diffeomorphic to S*. By Theorem 1.5.5, Si = 04 (Wea ic) = S%.

(2) & (3). 5?%.5? is obtained by gluing together two copies of 5 x B? along the identity map on
their common boundary, which is § 2% 82. Here, S?x B? is obtained from B® by attaching a 2-handle
along the unknot with non-trivial framing. Consequently, the belt sphere of the 2-handle is a fiber F’
of S?x 52, Hence, (S?xS5?, F, F) is a Heegaard diagram not only for S*x 53 but also for the twice-
punctured S?X S because S S? is obtained from the twice-punctured 52 x S? by gluing two 5-balls.
By Theorem 1.4.12, statements (2) and (3) are equivalent.

(2) = (4). Consider M, Us ]\/4\5 >~ 5?% .53 obtained from M,, Us, M by attaching two 5-balls.
Here, ]\/4\5 >~ 2% B3 is obtained from B® by attaching a 2-handle along the unknot with non-trivial
framing. Consequently, (S?x 52, K#F) can be considered as a pair of the boundary of ]\//[\5 and the belt
sphere of the 2-handle. Thus, (S?%S?, K#F) is diffeomorphic to (S?x.S5?, F).

(4) = (1). Sk = 04 (Wsu k) is diffeomorphic to the result of surgery on S?x.S? along F. Since
(82x S?, K#F) is diffeomorphic to (S?x 52, F') and the surgery on S?Xx S? along F is diffeomorphic
to 5%, S% is diffeomorphic to S*. O

Note that this is analogous to, but distinct from Melvin’s result [Mel77] that the statement (1) is
equivalent to (CP?, K#CP") being diffeomorphic to (CP?, CP*).
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CHAPTER 2

CONTRACTIBLE HIGH-DIMENSIONAL
MANIFOLDS

2.1 Introduction

In this chapter, we prove the following two main theorems.

Theorem 2.3.x6. For any integer n > 2, there exists a contractible, compact, smooth (n + 3)-manifold
with boundary admitting a handle decomposition with a 0-bandle, an n-handle and an (n + 1)-bandle
which is not homeomorphic to the standard (n + 3)-ball B"*>.

In order to prove Theorem 2.3.16, given n. > 2, we first construct an interesting n-knot K™ in 5™ x .S 2
(Definition 2.3.1) which is homotopic but not isotopic to S™ x {yo}, where yo € S? (Proposition 2.3.2
and Corollary 2.3.7). Secondly we construct a contractible, compact, smooth (n + 3)-manifold X gn
(Definition 2.3.8) from S™ x B? (0-handle U n-handle) by attaching a single (n 4 3)-dimensional (n 4 1)-
handle along the n-knot K™ in S™ x S? = 9(S™ x B?). Finally we prove that X gn is contractible
by showing that Xx» x B! is diffeomorphic to B"™* (Proposition 2.3.10) and prove that X« is not
homeomorphic to B"*? by showing that 9X j» is a non-simply connected homology (n + 2)-sphere
(Corollary 2.3.13).

Theorem 2.3.18. For any integern > 2, there exists a smooth involution of S™> whose fixed point set is a
non-simply connected homology (n + 2)-sphere.

In order to prove Theorem 2.3.18, given n > 2, we first show that the double D X gn = Xgen Uia X g
of Xgn is diffeomorphic to S"*3, where id : 0Xgn — OXgn is an identity map (Lemma 2.3.17).
We then define an involution ¢ : S"™* — S™? switching copies of X i~ and fixing the non-simply
connected homology (n + 2)-sphere 0 X n.

Remark 2.1.x. Here we discuss the relationship between our results and earlier results.
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1. In [Maz61] Mazur proved Theorem 2.3.16 and Theorem 2.3.18 when n = 1. We can consider
Mazur’s 1-knotin ST X 52 as the result of surgery of three parallel copies of S* x {yo} C S* x 52
along two 2-dimensional 1-handles whose cores are trivial and with some twistings (See .J; for
Mazur’s 1-knot and J5 for another interesting 1-knot in Remark 2.2.6). However, we cannot
generalize Mazur’s 1-knot to an n-knot in S™ x S? obtained from three parallel copies of S™ x
{yo} C S™ x S? by surgery along two (n + 1)-dimensional 1-handles whose cores are trivial when
n > 2 because the resulting n-knot is always isotopic to S™ x {yo} C S™ x S2. In Definition 2.3.1,
we resolve this issue and find interesting (1 + 1)-dimensional 1-handles whose cores are non-trivial

but very simple so that we construct the n-knot K™ in 5™ x § 2,

2. In [Satgra] Sato proved Theorem 2.3.16 and Theorem 2.3.18 when n = 2. Sato constructed a 2-
knot F'in S? x S? which is homotopic but not isotopic to S x {yo} by surgery along a simple
closed curve in the complement of the 5-twist spun trefoil in S* in [Satgib]. However, Sato’s
construction is not very explicit so it is difficult to visualize the 2-knot F". In particular, we do
not know the geometric intersection number |F' N {z¢} x S?| directly and it is hard to see why
F x {0} C S? x §% x Blisisotopic to 5% x {yo} x {0} C S? x 5% x B'. Our construction

of K™ resolves these issues.

3. In [Ker69], Kervaire proved the existence of contractible, compact, smooth (n + 3)-manifolds
which are not homeomorphic to B"3 where n > 2. However, the proof does not tell us much
about the handle decomposition or give us a proof of Theorem 2.3.18.

Remark 2.1.2. Here we note some nice properties of our n-knot K™ in S™ x S 2 and highlight some

ways in which our construction is an improvement on the techniques used in the results described above.

1. The construction of K™ is very explicit and visualized for every n > 2 (Definition 2.3.1). We
may construct infinitely many interesting n-knots in S x S? by modifying the cores of (n + 1)-
dimensional 1-handles. For example, the cores used to construct K™ come from the case when
mi; = 1,mg = —1,and mg = --- = my; = 0in the left of Figure 2.3. We may then construct
infinitely many contractible, compact, smooth (n 4 3)-manifolds which are not homeomorphic
to B3,

2. K™ is the simplest example of this construction in the sense that the geometric intersection number
| K™ N ({0} X S?)] = 3 and the algebraic intersection number K™ - ({9} x S?) = 1, where
zog € S™ (Proposition 2.3.2). Furthermore it is impossible to have | ' N {zo} x S?| < 3 for any
n-knot [ isotopic to K™ (Corollary 2.3.15).

3. A homotopy between K™ C S™ x S?and S™ x {yo} C S™ x S?is visualized (Proposition 2.3.2).

4. An isotopy between K™ x {0} C S™ x 5% x B'and S™ x {yo} x {0} € S™ x S% x B'is
visualized (Proposition 2.3.3). This isotopy is essential to proving that X c» x B! is diffeomorphic
to B"** (Proposition 2.3.10).
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5. The construction of K™ gives an explicit handle decomposition of S™ x S? \ int(v(K™)) (Re-
mark 2.3.5) so we can easily find the fundamental group 71 (S™ x S? \ int(v(K™))) (Proposi-
tion 2.3.6).

6. The construction of K™ gives an explicit handle decomposition of the non-simply connected ho-
mology (n + 2)-sphere 0X jen (Remark 2.3.11) so we can easily show that 7 (Xgn) = m1(S™ X
5%\ int(v(K™))) (Proposition 2.3.12).

In section 2.2 we set up some standard notation and interpret Mazur’s 1-knot in S* x 52 from the
point of view of surgery as motivation for our construction of the n-knot K™ in S™ x S?. In section 2.3
we construct our n-knot K™ in S™ x S? and the contractible (n + 3)-manifold X x», and then prove
Theorem 2.3.16 and Theorem 2.3.18.

2.2 Preliminaries

We begin by explicitly describing the standard handle decomposition of S™ X S? and the associated
attaching maps.

Remark 2.2.1 (Standard handle decomposition of S™ x S?). Decompose S™ = B" U B’ into two
n-dimensional balls and S? = B2 U B? into two 2-dimensional balls. Then S x S? = (B" U B") x
(B2UB3) = (B" x B>)U(B" x BY)U (B x B2)U (B" x B?) has a handle decomposition
with a single 0-handle, a single 2-handle, a single n-handle, and a single (n + 2)-handle. We can easily
see the attaching sphere of the 2-handle (trivial 1-knot) and the attaching sphere of the n-handle (trivial
(n — 1)-knot) on the boundary of the O-handle i.e., ({0} x S*) U (S"! x {0}) C 9(B™ x B?) =
OB™?% = S™t1 For future reference, we parameterize the trivial 1-knot and the trivial (n — 1)-knot in
R"™ € R™ U {oo} = S, The trivial 1-knot {0} x S* corresponds to A := {(z1,...,2y11) €
R™™ | 212 + 22* = 1,2, = Ofori > 2} and the trivial (n — 1)-knot S"~! x {0} corresponds to
B = {(x1,-., Tpp1) € R | 2y = 0, (22 +1)° + 300 2,2 = (1)2}. An (R? x {0})-slice
(AU B)N(R? x {0}) of AU B is the Hopf link in Figure 2.1, where R? x {0} € R3 x R"™2 =2 R"*1,
Again, S™ x 52 can be recovered from B"*? by attaching a single 2-handle to S"*! = R""! U {0}
along A with 0-framing (product framing), a single n-handle with O-framing (product framing), and a
single (n+2)-handle (we don’t draw the (n +2)-handle). The 0 in Figure 2.1 is shorthand for the obvious
product framing. For example, Figure 2.1 is a Kirby diagram for S 2 x S2whenn = 2. A parallel copy
Cy o= {(x1, ., Tny1) € R™ | 2y = 0, (x2+1)° + 30 22 = (£)?} of B bounds a properly
embedded trivial n-ball D;” in B"*2 (C; bounds a trivial n-ball in S™"** and push the interior of the n-ball
into the interior of B"?) and a copy of the core of the n-handle D;" so C; = D; N D} represents the
equator of S™ X {y;} and D, := D; U D} represents S™ X {y; }. From now on, we use red, blue and
green for A, B, and C}, respectively.

Next we establish terminology for handles embedded in an ambient manifold and attached to a sub-
manifold.
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Figure 2.1: Standard handle decomposition of S™ x S? and three parallel copies of S™ x {yo}. A is the
attaching sphere of the 2-handle with O-framing, B is the attaching sphere of n-handle with O-framing,
and C} is the equator of ™ x {y;}.

Definition 2.2.2. Letn > 1. Let N C M"™ "2 be a n-dimensional submanifold of (n + 2)-dimensional
manifold M. An (n + 1)-dimensional submanifold h C M is called a 1-handle attached to N if there
exists an embedding e : B! x B" < M suchthath = e¢(B' x B")and h N N = ¢(dB' x B"). We
call C, := e(B"' x {0}) the core of h and N}, := (N \ int(e(OB' x B"))) Ue(B' x 0B") C M
the result of surgery of N along h in M. Here N}, is assumed to be oriented so that the orientation of
N \ int(e(OB' x B™)) extends to the orientation of Nj,.

Boyle proved the following when n = 2.and M = S*. See [Boy88] for more details.

Proposition 2.2.3. Letn > 2. Let h and &’ be 1-handles attached to N™ C M""2 with the same core
C'. Then there exists an ambient isotopy of M taking h to k' fixing IV setwise. Furthermore, the results
of surgery N}, and IV}, are isotopic.

Proof. Following [Boy88], the difference between two such 1-handles with the same core gives a map
6 : B' — G4 1.; the Grassmannian manifold of oriented n-planes in R, with §(—1) = 6(1). Since
n > 2and Gyq1, = S", we have 71 (G 11,,,) = 0, so there exists an isotopy of M taking h to A/ fixing
N setwise. From this we see that the results of surgery N}, and N} are isotopic. O
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Corollary 2.2.4. Letn > 2. Let h and A’ be 1-handles attached to N™ C M "+2 with cores Cj, and Cy,
respectively. If C}, and C},s are isotopic through arcs such that the boundary of each arc is in N and the
interior of each arc doesn’t intersect with IV, then there exists an ambient isotopy of M taking h to A’

fixing N setwise. In particular, the results of surgery IV}, and N} are isotopic.

Proof. By the tubular neighborhood theorem and Proposition 2.2..3, the isotopy taking C}, to C through
arcs such that the boundary of each arcis in NV and the interior of each arc does not intersect NV can extend
to an ambient isotopy of M taking h to h' fixing N setwise. From this we see that the results of surgery
N}, and Ny, are isotopic. ]

Remark 2.2.5.

1. Corollary 2.2.4 is not true when n = 1 because 71 (Gj4+1,,) = Z. Therefore, different framings of

a core may give non-isotopic 1-handles; see (4) in Remark 2.2.6.

2. When n > 2, a homotopy between arcs implies an isotopy between arcs and there is a unique
framing of a core, so (n + 1)-dimensional 1-handles are less complicated than 2-dimensional 1-

handles.

We now analyze Mazur’s knot J; and some other interesting knots J; and J3 in S L' % S? from the
point of view of surgery along 1-handles. Figure 2.2 illustrates these examples. In this figure we consider
S' x 52 as the boundary of S? X B?, where S? x B? is obtained from B* by attaching a 2-handle
along the unknot with the 0-framing (product framing). Observe the following features of the knots

constructed in Figure 2.2:

Remark 2.2.6.
1. J; is homotopic but not isotopic to S* x {yo} in S* x S?; see (c) in Figure 2.2.
2. Jo is homotopic but not isotopic to St x {yo}in ST x S?; see (f) in Figure 2.2.
3. Js is homotopic but not isotopic to the unknotin S* x S?; see (i) in Figure 2.2.

4. J1, Jo and J; are obtained from parallel copies of S* x {yo} by surgery along 2-dimensional 1-
handles in the figure. Here, we can see that handles are attached so that the results of surgery are
oriented and depend on the cores and framings (or twistings) of the cores. (See the second column
in Figure 2.2, and note that we may obtain different knots by twisting the bands more.)

5. In section 2.3 we will construct an n-knot in S™ x S? from three parallel copies of S™ x {yo} by
surgery along two interesting (n + 1)-dimensional 1-handles.

A natural question related to the construction of J5 is whether one can construct an n-knotin S™ x S?
which is homotopic but not isotopic to the unknot from two parallel copies of S™ x {yo} by surgery
along a single (n + 1)-dimensional 1-handle. However, the following theorem shows that this does not
work forn > 2.
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Figure 2.2: First column: Parallel copies of S* X {yo} in S* x S? with trivial cores of 2-dimensional 1-
handles. Second column: 2-dimensional 1-handles determined by the cores and framings (or twistings).
Third column: Results of surgery Ji, Jo, and J3. First row : A process of obtaining J; by surgery.
Second row: A process of obtaining J5 by surgery. Third row: A process of obtaining J3 by surgery.
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Theorem 2.2.7. Fixn > 2. Let N = (S™ x {y1}) U (S™ x {y2}) C S™ x S? with opposite orientations,
where y1 # yo € S% Let h = e(B' X B™) be a 1-handle attached to N for some embedding e
B'x B™ < S"x S?such that (S" x {y1})Nh = e({=1} x B") and (S™ x {yo})Nh = e({1} x B").
Then the result of surgery Ny, is isotopic to the unknot, i.c., Ny, bounds an (n + 1)-ball in S™ x S*.

Proof. Consider the standard handle decomposition of S™ x S? described in Remark 2.2.1 and Figure 2..1.
Let Dy = S™ x {y1} and Dy = S™ x {y2}. Now consider a 1-handle h attached to Dy U Ds. By
Corollary 2.2.4, it suffices to consider the core of the 1-handle . The core of the 1-handle can be isotoped
intoR? x {0} € R3 x R"% C R"™! U {oo} and furthermore isotoped into the orange arc for some
integers my, . . . , My; in the left of Figure 2.3 because a homotopy between arcs implies an isotopy of arcs
in S™ x S2. We will show that the orange arc in the left of Figure 2.3 can be isotoped into the trivial
arc in the right of Figure 2.3. Figure 2.4 illustrates how to isotope the orange arc into the trivial when
my = 2andmy = —1. Repeating the process illustrated in this example shows how to do the general case.
Therefore, the result of surgery Nj, along h is isotopic to the result of surgery along the trivial 1-handle

which is the unknot in S™ x 52 by Corollary 2.2.4. O

(e > (e >

Figure 2.3: An isotopy between cores. An integer m in the box indicates m-full positive twist. C; is
the equator of D;. Left: any arc attached to C; U () is isotopic to the orange arc for some values of
mi, ..., May;. Right: the trivial arc attached to C; U Cb.
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Figure 2.4: Anisotopy between cores whenm; = 2andmy = —1. (a), (d): isotopies pushing the orange

arc into B""? and pulling back. (b), (e): isotopies sliding the orange arc over 2-handle. (¢), (f), (9):

obvious isotopies.
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2.3 Main theorem

Definition 2.3.1. Letn > 2. Let N = (8™ x {y1}) U (S™ x {y2}) U (S™ x {y3}) C S™ x S?, where
Y1, Y2, Y3 € S? are three distinct points. Let 7112 be the 1-handle attached to (S™ x {y1 }) U (S™ X {y2})
whose core is in the top left of Figure 2.5. Let hog be the 1-handle attached to (S™ x {y2}) U (5™ x {ys})
whose core is in the top left of Figure 2.5. We define the n-knot K™ in S™ X S? to be the result of surgery
of N along hip U hos.

We now see some properties of K™.

Proposition 2.3.2. K™ is homotopic to S™ X {yo} in S™ x 52, the geometric intersection number
| K™ N ({0} x S?)| = 3, and the algebraic intersection number K™ - ({zo} x S?) = 1, where 2y € S™.

Proof. There exists an isotopy between the union of the two cores in the top left of Figure 2.5 and the
union of the two trivial cores in the top right of Figure 2.5 such that at one moment of the isotopy the
arcs intersect the green spheres at four points (like crossing changes). The result of the surgery along
the two 1-handles with the trivial cores in the top right of Figure 2.5 is isotopic to S™ X {yo}, so K" is
homotopic to S™ x {yo}. Clearly, |[K™ N ({xo} x S?)| = 3, and the algebraic intersection number
K™ ({zg} x S?) = 1 from the construction. O]

Proposition 2.3.3. K™ x {0} in S™ x 5% x B! isisotopic to S x {yo} x {0}.

Proof. We can isotope each core of the 1-handles in the top left of Figure 2.5 to the trivial core in the top
right of Figure 2.5 using the extra B! factor without intersections between arcs and green spheres. By
Corollary 2.2.4, K™ x {0} is isotopic to S™ x {yo} x {0}, which is isotopic to the result of the surgery
along the trivial cores in the top right of Figure 2.s. O

Remark 2.3.4 (A handle decomposition of K"). K" is obtained from three parallel copies of ™ x {yo}
by surgery along two (n + 1)-dimensional 1-handles in the top left of Figure 2.5. Here, the green equator
of each parallel copy bounds a properly embedded trivial n-ball (n-dimensional 0-handle) in B"*2 and
a copy of the core (n-dimensional n-handle) of the (n + 2)-dimensional n-handle of S™ x S2. Surgery
along a 1-handle B! x B" removes ({—1} x B") U ({1} x B")and glues B* x S" 150 B! x §"! =
B! x (B"UB") = (B' x B* ') U (B! x B}™") consists of an n-dimensional 1-handle (yellow) and
an (n — 1)-handle (purple) in the bottom left of Figure 2.5. Therefore, K™ has a handle decomposition
with three 0-handles, two 1-handles, two (n — 1)-handles and three n-handles. For example, the bottom
left of Figure 2.5 is a banded unlink diagram for K2 in S x S? when n = 2. See the left of Figure 1.5.

Remark 2.3.5 (A handle decomposition of S™ x S? \ int(v(K™))). Each i-handle of K™ determines
an (7 + 1)-handle for S™ x S? \ int(v(K™)) when the codimension is 2. (See chapter 6.2 in [GS99].)
We note that the number of (n + 1)-handles for the complement induced by the n-handles for K™ is
one less than the number of n-handles and a dotted (n — 1)-sphere means carving a properly embedded
trivial n-ball in B"*? whose boundary is a dotted (n — 1)-sphere, which is equivalent to attaching a

1-handle. Therefore, the handle decomposition of K™ in Remark 2.3.4 gives the handle decomposition
of S™ x 52\ int(v(K™)) in the bottom right of Figure 2.s.
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Figure 2.5: Top left: K™ is the result of surgery of (S™ x {y1}) U (8™ x {y2}) U (S™ x {y3}) along
two 1-handles h15 and hgos with orange cores. Top right: Isotoped cores (trivial cores) in S™ X S? or
S™ x S? x B!. The isotopy looks like crossing changes in the (R* x {0} )-slice. Bottom left: A handle
decomposition of K™ in the handle decomposition of S™ x S? consists of three n-dimensional 0-handle,
two 1-handles (yellow), two (n — 1)-handles (purple), and three n-handles (not drawn). Bottom right:
A handle decomposition of S™ x S? \ int(v(K™)) consists of a single (n + 2)-dimensional 0-handle,
three 1-handles (black dotted (n — 1)-spheres), three 2-handles (red 1-spheres), three n-handles (blue
(n — 1)-spheres) and two (n + 1)-handles (not drawn).
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Proposition 2.3.6. 71 (S x 52\ int(v(K™))) is non-trivial.

Proof. Consider the handle decomposition of the complement 5™ x 5%\ int(v(K™)) of K™ in S™ x S?
in the bottom right of Figure 2.5. A black dotted (n — 1)-sphere and a red 1-sphere represent a 1-handle
and a 2-handle, respectively, so the fundamental group 71 (S™ x S? \ int(v(K™))) has the following

presentation:
(1, 2o, w3|T1T0mr 2y wy gt = 1wy gty s e = 1 2y eyt = 1),
Delete 3 by using the third relation x5 = ol & :17’1$2:v§1 =1:
(x1, To|T1Tom iy o wgt = 1, wy 2wy 2yt Pk ey = 1),
Simplify the second relation by multiplying both sides by x5 on the leftand 25 ' on the right:
(x1, To|T w0y o eyt = 1, wy gyt et = 1),
Use the substitution z; = ab~! and 5 = b%a "1, in other words let @ = z12221 and b = x277:
{a,bla*b™3 = 1,ab"2ab rab~  a V?a " D?a ha! = 1).

Simplify the second relation by multiplying both sides by a ™

on the left and @ on the right :
{a,bla®*b™ = 1,b"2ab tab " a ?a " b?a b = 1).
Simplify the second relation by multiplying both sides by b on the left and b~ on the right:
{a,bla®b™ = 1,0 ab tab a ?a Pa ™ = 1).
Include the relation a? = 0* =1 :
{a,bla®> =b* = 1,0 ab tab a Pa M bPa ! = 1).
Multiply both sides by a on the right in the second relation:
(a,bla* = b* = 1,67 ab tab a1 b%a ' 0? = a).
Multiply both sides by b on the right and use b* = 1 in the second relation:

{a,bla* =b* = 1,b " ab tab 'a'b%a™" = ab).
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Multiply both sides by @ on the right in the second relation:
(a,bla®* =b* = 1,b"'ab " ab ™ a™'b* = aba).
Multiply both sides by b on the right and use b*> = 1 in the second relation:
{a,bla* =b* = 1,b"'abrab ra™" = abab).
Multiply both sides by @ on the right in the second relation:
(a,bla* =b* = 1,b"'ab tab™ = ababa).
Multiply both sides by b on the right in the second relation:
(a,bla®* =b* = 1,b"'ab 'a = ababab).
Multiply both sides by @ on the right and use a* = 1 in the second relation:
{a,bla®* =b* = 1,b"'ab™ = abababa).
Multiply both sides by b on the right in the second relation:
{a,bla®* = b* = 1,b"'a = abababab).
Multiply both sides by @ on the right and use a* = 1 in the second relation:
(a,bla®* = b* = 1,b"' = ababababa).
Multiply both sides by b on the right in the second relation:
(a,bla®* = b* = 1,1 = ababababab).
Simplify the relations and get the following presentation:
(a,bla® = b* = (ab)® = 1),

which is isomorphic to the alternating group A5 of degree 5. Therefore, 71 (S™ x S? \ int(v(K™))) is

non-trivial. O
Corollary 2.3.7. K" is not isotopic to S X {yp}in S™ x S%.

Proof. Suppose that K™ is isotopic to S™ X {yo}. Then S™ x S? \ int(v(K™)) is diffeomorphic to
B" x 52 som (5" x S?\ int(v(K™))) is trivial, which is a contradiction to Proposition 2.3.6. ]
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We now construct a contractible (n + 3)-manifold by using the n-knot K™.

Definition 2.3.8. Let K™ be the n-knotin S™ x S? in Definition 2.3.1. Let ¢ : S™ x B? — S" x S§? =
d(S™ x B?) be an embedding such that ¢(S™ x {0}) = K. We define

Xgn = (S" x B*) Uy (B™ x B?)

to be the (n 4 3)-manifold obtained from S™ x B? by attaching a single (n + 1)-handle along ¢.

Remark 2.3.9. Thereisaunique framing of the attaching sphere ¢(S™ x{0}) = K" because 7,,(SO(2))
is trivial when n > 2. Therefore, X gn is uniquely determined by the isotopy class of ™.

Proposition 2.3.10. X x B'is diffeomorphic to B"**.

Proof. Let¢ : S™ x B? — S™ x S? be the embedding such that ¢(S™ x {0}) = K™ in Definition 2.3.1
and @ : 5™ x B? x B! < S" x 5% x B! be an embedding defined by ®(z, y,t) = (¢(x,y),t). Then
Xgn X Bt = ((S™ x B®) Us (B"! x B?)) x B* = (8" x B* x B') Us (B""! x B* x B'). By
Proposition 2.3.3, ®(S™ x {0} x {0}) = K™ x {0} is isotopic to S™ x {yo} x {0} in S™ x S? X
B! € 9(S™ x B* x B') so the attaching sphere of the (n + 1)-handle intersects the belt sphere of
the n-handle geometrically once and (S x B® x B') Uy (B" x B* x B') = B™**. Therefore,
Xpgn x Bt = Bt [l

Remark 2.3.11 (A handle decomposition of 9X gn). OX kn is obtained from S™ x S? by surgery along
K™ ie, 0Xgn = (S™ x S\ int(v(K™))) Uglgn, o1 (B™ x S1), where ¢(S™ x B?) = v(K™). We
can consider B! x S as the union of an (n + 2)-dimensional (n + 1)-handle and an (n + 2)-handle.
Therefore, a handle decomposition of X gn is obtained from the handle decomposition of S™ x S 2\
int(v(K™)) in Remark 2.3.5 by attaching an (n + 1)-handle and an (n + 2)-handle. Therefore, 0X gr
admits a handle decomposition with a 0-handle, three 1-handles, three 2-handles, three n-handles, three
(n + 1)-handles and an (n + 2)-handle.

Proposition 2.3.12. 71 (90X gn) = 1 (S™ x S\ int(v(K"))).

Proof. In Remark 2.3.11, B"*! x S is the union of an (n + 1)-handle and an (n + 2)-handle, which does
not affect the fundamental group of X gen. Therefore, 71 (90X gn) = m (S™ X S? \ int(v(K™))). O

Corollary 2.3.13. X~ is a non-simply connected homology (n + 2)-sphere.

Proof. Clearly, 0X gn is a homology (n + 2)-sphere because X is a contractible manifold. Also,
T1(0X gen) = m(S™ x S%\ int(v(K™))) is non-trivial by Proposition 2.3.6 and Proposition 2.3.12. [

Corollary 2.3.14. X is contractible but not homeomorphic to B"*3.

Proof. X n is contractible by Proposition 2.3.10 but not homeomorphic to B"*3 by Corollary 2.3.13. [
Corollary 2.3.15. There exists no n-knot F'in S™ x S? such that F is isotopic to K™ and |F' N ({x} x
S?)| < 3.
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Proof. Suppose that thereis an n-knot F'in S™ x S? such that F'isisotopic to K™ and | FN({xo } X 5?)| =
1. Since K™ and F are isotopic, X g is diffeomorphic to X which is obtained from 5™ x B 3 by attaching
asingle (n + 1)-handle along F. Since |[FF N ({xo} x S?)| = 1, Xg» is diffeomorphic to B = X,
which is a contradiction to Corollary 2.3.14. Suppose that there is an n-knot £ in S™ x 52 such that F is
isotopic to K™ and | F' N ({xg} x S?)| = 2. Then the algebraic intersection number F - ({zo} x S?) is
0or+2,s0 K™ - ({xo} x S?)is 0 or +2. This is a contradiction to K™ - ({zg} x S?) = 1. Therefore,
there exists no n-knot F'in S™ x S such that F'is isotopic to K™ and |F' N ({zo} x S?)| < 3. O

We now prove our main theorems.

Theorem 2.3.16. For any integer n > 2, there exists a contractible, compact, smooth (n + 3)-manifold
with boundary admitting a handle decomposition with a 0-bandle, an n-handle and an (n + 1)-bandle
which is not bomeomorphic to the standard (n + 3)-ball B"*>.

Proof. Let X gn be the (n+3)-manifold in Definition 2.3.1. X frn admits a handle decomposition with a O-
handle, an n-handle and an (n+1)-handle by Definition 2.3.1. X gn is contractible but nothomeomorphic
to B"3 by Corollary 2.3.14. l

Lemma 2.3.x7. The double DXgn = Xgn Ujq Xgn of Xgn is diffeomorphic to SnH3 where id :
O0Xgn — 0Xgn is an identity map.

Proof. DXgn = Xgn Ujg Xgen =2 O(Xgn x BY) =2 9(B™) = §"F3 by Proposition 2.3.10. O
Theorem 2.3.18. Forany integern > 2, there exists a smooth involution of S™* whose fixed point set is a
non-simply connected homology (n + 2)-sphere.

Proof. By Lemma 2.3.17, S8 > Xpen Ujg Xgen. Define an involution ¢ : S™F3 — §n3 switching
copies of X xn and fixing 0 X jen. O

6o



[Akb16]
[Ari+23]

[Barés)

[Bots7]

[Boy88]

[CHos]

[Cer7o]

[DGKio]

[Fre82]

[GNS23]

[Glu62]

[GSo9]

[Gor76]

BIBLIOGRAPHY

Selman Akbulut. 4-manifolds. Vol. 25. Oxford University Press, 2016.

Fathi Ben Aribi et al. “Multisections of higher-dimensional manifolds”. In: arXiv preprint
arXiv:2303.08779 (2023).

Dennis Barden. “Simply connected five-manifolds”. In: Annals of Mathematics (1965),
pp- 365-38s.

Raoul Bott. “The stable homotopy of the classical groups”. In: Proceedings of the National
Academy of Sciences 43.10 (1957), pp- 933-935.

Jeftrey Boyle. “Classifying 1-handles attached to knotted surfaces”. In: Transactions of the
American Mathematical Society 306.2 (1988), pp. 475—-487.

Alberto Cavicchioli and Friedrich Hegenbarth. “On the determination of PL-manifolds by
handles of lower dimension”. In: Topology and its Applications 3.2 (1993), pp. 1m1—118.

Jean Cerf. “La stratification naturelle des espaces de fonctions diftérentiables réelles et le
théoreme de la pseudo-isotopie”. In: Publications Mathématiquesde! THES 39 (1970), pp-s—
173.

Sebastian Durst, Hansjorg Geiges, and Marc Kegel. “Handle homology of manifolds”. In:
Topology and its Applications 256 (2019), pp. 113-127.

Michael Hartley Freedman. “The topology of four-dimensional manifolds”. In: Journal of
Differential Geometry 17.3 (1982), pp. 357—453.

David Gabai, Patrick Naylor, and Hannah Schwartz. “Doubles of Gluck twists: a five di-
mensional approach”. In: arXiv preprint arXiv:2307.06388 (2023).

Herman Gluck. “The embedding of two-spheres in the four-sphere”. In: Transactions of the
American Mathematical Society 104.2 (1962), pp. 308—333.

Robert E Gompf and Andrés I Stipsicz. 4-manifolds and Kirby calculus. 20. American
Mathematical Soc., 1999.

C.M. Gordon. “Knots in the 4-sphere”. In: Commentarii mathematici Helvetici s1(1976),
pp- s85—596. URL: http://eudml.org/doc/139674.

61


http://eudml.org/doc/139674

[GP10]

[HKMai]

[HKM2o0]

[Ker69]

[Kim23]

[Kir78]

[Kiro6]
[Kosi3]
[LP72]

[Law78]

[Lic62]

[Lit79]

[Mazé61]

[Mel77]

[Milss]

[Mil6s]
[NS12]

[NS22]

Victor Guillemin and Alan Pollack. Differential topology. Vol. 370. American Mathematical

Soc., 2010.

Mark Hughes, Seungwon Kim, and Maggie Miller. “Band diagrams of immersed surfaces
in 4-manifolds”. In: arXiv preprint arXiv:2108.12794 (2021).

Mark C Hughes, Seungwon Kim, and Maggie Miller. “Isotopies of surfaces in 4-manifolds
via banded unlink diagrams”. In: Geometry &€ Topology 24.3 (2020), pp. 1519-1569.

Michel A Kervaire. “Smooth homology spheres and their fundamental groups”. In: Trans-
actions of the American Mathematical Society 144 (1969), pp. 67-72.

Geunyoung Kim. “n-knots in S™ x S? and contractible (n + 3)-manifolds”. In: arXiv
preprint arXiv:2306.00533 (2023).

Robion Kirby. “A calculus for framed links in S 3”. In: Inventiones mathematicae 45.1(1978),
Pp- 35—56.
Robion C Kirby. The topology of 4-manifolds. Vol. 137 4. Springer, 2006.

Antoni A Kosinski. Differential manifolds. Courier Corporation, 2013.

Frangois Laudenbach and Valentin Poénaru. “A note on 4-dimensional handlebodies”. In:
Bulletin de la Société Mathématique de France 100 (1972), pp. 337-344-

Terry Lawson. “Decomposing s-manifolds as doubles”. In: Houston J. Math 4 (1978), pp. 81—
84.
WB Raymond Lickorish. “A representation of orientable combinatorial 3-manifolds”. In:

Annals of Mathematics (1962), pp. 531-540.

Richard A Litherland. “Deforming twist-spun knots”. In: Transactions of the American
Mathematical Society 250 (1979), pp. 311-331L

Barry Mazur. “A note on some contractible 4-manifolds”. In: Annals of Mathematics (1961),
pp- 221—228.

Paul Michael Melvin. Blowing up and down in 4-manifolds. University of California, Berke-
ley, 1977.

John Milnor. Lectures on the b-cobordism theorem. Vol. 2258. Princeton university press,

2015.
John Willard Milnor. Morse theory. s1. Princeton university press, 1963.

Daniel Nash and Andras Stipsicz. “Gluck twist on a certain family of 2-knots”. In: Michigan
Mathematical Journal 61.4 (2012), pp. 703—713.

Patrick Naylor and Hannah R Schwartz. “Gluck twisting roll spun knots”. In: Algebraic €
Geometric Topology 22.2 (2022), pp. 973—-990.

62



[Pao78]

[Ranoz]
[Reiz3]

[Satora]

[Sato1b]

[Sin33]

[Wal64]

[Whiz6]

[Whisg4]

Peter Sie Pao. “Non-linear circle actions on the 4-sphere and twisting spun knots”. In:
Topology 17.3 (1978), pp. 291-296.
Andrew Ranicki. Algebraic and geometric surgery. Oxford University Press, 2002.

Kurt Reidemeister. “Zur dreidimensionalen topologie”. In: Abbandlungen ans dem Math-
ematischen Seminar der Universitdt Hamburg. Vol. 9. Springer. 1933, pp. 189-194.

Yoshihisa Sato. “2-knots in S? x S?, and homology 4-spheres”. In: Osaka Journal of Math-
ematics 28.2 (1991), pp. 243-253.

Yoshihisa Sato. “Locally flat 2-knots in S? x S? with the same fundamental group”. In:
Transactions of the American Mathematical Society 323.2 (1991), pp. 911-920.

James Singer. “Three-dimensional manifolds and their Heegaard diagrams”. In: Transactions
of the American Mathematical Society 35.1 (1933), pp. 88—11L.

Charles Terence Clegg Wall. “Diffeomorphisms of 4-manifolds”. In: Journal of the London
Mathematical Society 1.1(1964), pp. 131-140.

Hassler Whitney. “Differentiable manifolds”. In: Annals of Mathematics (1936), pp. 645—
680.

Hassler Whitney. “The self-intersections of a smooth n-manifold in 2n-space”. In: Annals
of Mathematics (1944), pp. 220—246.

63



	Acknowledgments
	List of Figures
	List of Tables
	Heegaard diagrams for 5-manifolds
	Introduction
	Preliminaries
	n-dimensional k-handlebodies (n2k+1)
	Heegaard diagrams for 5-manifolds
	Gluck twists and Heegaard diagrams

	Contractible high-dimensional manifolds
	Introduction
	Preliminaries
	Main theorem

	Bibliography

