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ABSTRACT

Gene duplication is a fundamental evolutionary mechanism that contributes to biological
complexity and diversity [9]. Traditionally, research has focused on the duplication of gene
sequences [28]. However, evidence suggests that the duplication of regulatory elements may
also play a significant role in the evolution of genomic functions [12; 26]. In this doctoral
dissertation the evolution of regulatory relationships belonging to gene-specific-substructures
in a GRN are modeled.

In the model, a network grows from an initial configuration by repeatedly choosing a
random gene to duplicate. The likelihood that the regulatory relationships associated with
selected gene are retained through duplication is determined by a vector of probabilities.
That is to say that each gene family has its own retention probability.

Occurrences of gene-family-specific substructures are counted under the gene duplica-
tion model. In this thesis gene-family-specific substructures are referred to as subnetwork
motifs. These subnetwork motifs are motivated by network motifs which are patterns of in-
terconnections that recur more often in a specialized network than in a random network [17].
Subnetwork motifs differ from network motifs in the way that subnetwork motifs are instances

of gene-family-specific substructures while network motifs are isomorphic substructures.



These subnetwork motifs are counted under full and Partial Duplication, which differ in
the way in which regulation relationships are inherited. Full duplication occurs when all
regulatory links are inherited at each duplication step, and Partial Duplication occurs when
regulation inheritance varies at each duplication step. Note that Full Duplication is just a
special case of Partial Duplication. Moments for the number of occurrences of subnetwork
motifs are determined in each model. In the end, the results presented offer a method
for discovering gene-family-specific substructures that are significant in a GRN under gene

duplication.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1 GENE DUPLICATION, GENETIC REGULATORY NETWORKS, AND SUBNET-
WORK MOTIFS

Gene duplication is a major driving force of evolutionary change and the key mechanism
underlying the emergence of new genes and new biological processes [9]. Traditionally,
the study of gene duplication has a primary focus on sequence duplication, which involves
discovering similar regions of DNA that contain a homologous gene [28]. How the regulation
evolved during the duplication process is equally important as how the sequence evolves
during the duplication process. This evolution of regulatory function has yet to be studied
in the same depth as duplication of sequence [18|. Evidence suggests that the duplication
of regulatory elements may play a significant role in the evolution of genomes [12; 26].
The duplication of gene regulation is a mechanism that influences phenotypic variation
and organismal complexity without altering the underlying protein-coding sequences [19].
Regulatory elements such as enhancers, promoters, and non-coding RNAs are key to shaping
the evolutionary trajectory of organisms through gene duplication. Moreover, this process
is crucial in the formation and evolution of genetic regulatory networks (GRNs), which are
collections of genes and their products that interact to control specific cell functions [23].
GRNs are complex networks that play a vital role in various cellular processes, from
development and metabolism to the cell cycle and aging [23]. To uncover structural design
properties of GRNs, Milo and colleagues analyzed complex networks for network motifs, which
are defined as patterns of interconnections that recur more often in the complex network

than in a randomized network [17; 23|. The discovery of network motifs has profound
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implications for defining universal classes of complex networks and uncovering the basic

building substructures of most complex networks [17].

1.1 MODELING GENE DUPLICATION

Newly duplicated genes, which are also referred to as paralogs, are usually a result of small-
scale duplication (SSD) or whole-genome duplication (WGD) [19]. The duplication mech-
anisms differ on the basis of the amount of genes that are simultaneously duplicated. In
SSD only one or a few genes are duplicated whereas in WGD, all genes are duplicated at the
same time. The gene duplication model presented in this thesis follows SSD. In our gene
duplication and inheritance model, a node or vertex represents a gene and an edge represents
a regulatory relationship between genes. The network grows from an initial configuration by
iteratively choosing a random gene to be duplicated. If the gene in the *" family is chosen
to be duplicated then the newly duplicated gene belongs to the ¥ family. Additionally, a
probability vector is employed to determine the inheritance of the regulatory links associated
with the gene selected for duplication. Each family has its own probability of inheriting
regulatory links. Therefore, the newly duplicated gene may or may not have inherited the
regulatory links belonging to its parent gene. The next chapter goes into greater detail of
gene families and their growth.

Throughout this thesis, multiple regulation inheritance probability vectors will be dis-
cussed. We will begin with Full Duplication in which each gene family has an inheritance
probability of 1, meaning all regulatory links are inherited through duplication. Then we will
explore Partial Duplication in which each family has an inheritance probability of 0 < p; < 1,
meaning only a fraction of regulatory relationships inherited through duplication. Note that
fFull Duplication is just a special case of Partial Duplication where p; = 1 for each gene

family. The delineation between full and Partial Duplication under the gene duplication



and inheritance model will prove useful in studying the evolution of regulatory relationships

under the gene duplication process.

1.2 SUBNETWORK MOTIFS: A CLOSER LOOK AT GENE-SPECIFIC PATTERNS

This thesis aims to examine the evolution of gene-family-specific network motifs, which will
be referred to as subnetwork motifs, under gene duplication. Network motifs are defined
in the literature as isomorphic substructures that occur more often in a complex network
than in a random network [17]. Subnetwork motifs are distinguished from network motifs
by being specific substructures associated with particular gene families, whereas network
motifs represent substructures that are isomorphic across different contexts. The difference
can also been seen in Figure 1.1. While network motifs are applicable to complex networks
in general, my thesis aims to further explore the concept of network motifs by focusing on
the occurrences of subnetwork motifs in a GRN. By focusing on subnetwork motifs found in
GRNs, this research intends to help researchers determine which gene families and regulation

relationship are significant enough to explore.

AWA
JAWAY

Figure 1.1: Each color (blue, green, red, grey) represents a different gene family. Then under
the definition of network motifs found in [17] A, B, C, D would be grouped under 3-node
network motifs, since they are isomorphic subgraphs. However, under the subnetwork motifs
definition presented in this thesis A, B, C, D would be considered 4 different subnetwork
motifs, since the specified gene families are different in each subgraph.



The framework of subnetwork motifs for identifying building blocks assumes that there
are functional labels on the families in the GRN. This is not the case for network motifs [17].
The discovery of these important subnetwork motifs will depend on the how the regulation
matrix was inferred and what data was used to infer it. For example, in the case of the
Arabidopsis clock. A feedforward network motif was fruitfully identified [20]. On the other
hand a transcriptional network for yeast was not fruitful in identifying some of the regulatory
links (particularly post-transcriptional links) in several well studied GRNs [15]. What is also
interesting about subnetwork motifs is that they incorporate evolutionary information, which
network motifs do not do [5]. This can be used to further validate subnetwork motifs as
over or under-represented. So, some healthy skepticism should be maintained when applying
subnetwork motifs to identifying important building blocks that are based on both the data
specifying the regulatory links and the evolutionary information available on the gene families

in the motif.

2 SUMMARY AND MOTIVATION

The alteration of regulations rather than sequences is a central component of systems biology
[27]. Tt is now possible to create libraries of regulators with different functions and carry out
directed evolution on the wiring of genetic networks for improved enzyme activity [10; 27]. In
order for this program of directed evolution through the regulation to work, it is necessary to
identify the significant gene families and regulations driving the evolution of new functions.
Being able to identify significant subnetwork motifs is central to identifying the function of
regulatory networks from their components, how they evolve, and how synthetic biology can
be used in protein engineering through selection on regulation rather than sequence. By
focusing on subnetwork motifs found in a GRN, this research intends to provide a method

for determining which gene-family-specific substructures are significant.



By using our gene duplication and inheritance model to count occurrences of subnetwork
motifs, this body of work seeks to bridge gaps between mathematics and biology. This research
provides a potential tool for biologists to determine which gene-family-specific substructures
are important to study in directed evolution. Giving them a new way to explore the complex
interrelations that drive evolutionary change, will allow an understanding of the emergence
of new genes and biological processes [9], and determine the vital roles GRNs play across a
spectrum of cellular processes.

A method for determining the significant subnetwork motifs in both full and Partial
Duplication in the gene duplication and inheritance model is presented using a combinatorial
probabilistic approach. The results are useful for exploring gene-family-specific network motifs
under gene duplication in GRNs. This research will provide a way to infer the significance
of each subnetwork motif, giving researchers more insight into the importance of particular
gene families and regulation relationships in regulatory networks under gene duplication.

The next chapter outlines the gene duplication process that governs our gene duplication
and inheritance model. Then we are going to calculate moments for subnetwork motifs under
various modes of inheritance. In the end, exact results for the mean and variance will be
presented for Full Duplication and another special case of Partial Duplication. We will also
present bounds for convenient approximations of the moment results. To close out this thesis,

the concluding chapter will explore a series of future directions for this research.



CHAPTER 2

SUBNETWORK MOTIFS FROM GENE DUPLICATION

1 INTRODUCTION

The gene duplication and inheritance model that is presented in this chapter is adapted from
a gene duplication model for biological networks presented in [3]. In the model presented in
[3], each inheritance mode, Full Duplication or Partial Duplication, is controlled by a single
probability respectively. However, in our model each gene family has its own probability
of inheriting regulatory links through duplication. That is to say that the gene duplication
and inheritance uses a vector of probabilities to determine the inheritance of regulatory
relationships and the vector is determined by the mode of inheritance. In the end, we find
that our model is a generalization of the model presented in [17].

In this chapter we will use combinatorial probability to study the occurrences of subnet-
work motifs in our gene duplication and inheritance model. We begin by defining a stochastic
gene duplication process that governs the gene duplication and inheritance model under all
variations of the inheritance vector. Then we define in detail a subnetwork motif and observe

their occurrences in both full and Partial Duplication.

2 CONSTRUCTING THE GENE DUPLICATION AND INHERITANCE MODEL

2.1 THE GENE DUPLICATION PROCESS

The gene duplication process is a stochastic process that begins with m individual genes,
where n > m > 1. Initially, each of these genes is the sole member of its gene family, called

the " family for i = 1,2, 3, ..., m in some arbitrary but fixed order. At each step, a random



gene is selected to be duplicated. If a gene in the i'* family is duplicated then the new
duplicated gene belongs to the i** family. After d duplications the total number of genes will
be n = m + d. Often n will be referred to as the stage of the gene duplication process. This

gene duplication model

Proposition 1. Suppose there are ¢; genes in the it family, where ¢; € Z+ fori=1,...,m.
Then &= (c1, oy ..., C) 08 a composition of n into m parts where »  ¢; = n. From now on we
will discuss the results of a series of duplications in terms of compositions. It turns out that

for given m and n all such compositions are equally likely.

This result characterizes the uniformity of the duplication process that governs both Full

and Partial Duplication inheritance modes.

Proof. We induct on n > m. For the base case n = m the only possible composition is
(1,...,1). Since (2:1) = 1 the base case is verified.

For the induction step, assume that that n > m, and let p be the probability that
after n — m duplications the composition is (cy,...,¢y,). Here ¢; > 1 for i = 1,...;m and
c1+--+c¢n =n. Now p = p1+- - -+p,, where p; is the probability that the given composition
is the result of duplicating a member of the i family at the (n — m)™ duplication step. In
order for the i** family to be duplicated at the (n—m)" step the composition after the previous
step must have been ¥ = (¢, ...,¢i-1,¢ — 1, ¢y .., Cy). We claim that p; = (¢; — 1)/(:;_21)
If ¢; = 1 this yields p; = 0, which is correct since 7 is not a possible composition in this case.
If ¢; > 2 then the probability of ¥ is 1/ (:;__21) by the induction hypothesis, and the probability
given 7 that the next duplication is in the " family is (¢; — 1)/(n — 1). Taking the product

we find

pi=(c;i—1)/((n=1)("73)).

Since



and

we have that

p= St pi=(n=m)/ ((n=m) (7)) = 1/(323).
Finally, if we sum over all the possible compositions of n into m parts, then the total

probability must be 1, so there are (;:11) equally likely compositions. O

It is important to note that there are multiple ways to arrive at (T"n_fl) as the total number
of equally likely compositions of n into m parts. From a combinatorial point of view let
a family be a bin for gene markers and each family is understood to initially contain 1
gene marker which will not be shown explicitly, leaving n — m gene markers represented
by 0, and m — 1 dividers represented by |, to be arranged in linear order. Note that the
combinatorial symbols for gene markers are identical and the dividers are identical. Then
the linear arrangement has n — 1 locations that have m — 1 dividers.

Consider the case where m = 3 and n = 6 such that ¢ = (2,1, 3). Then the combinatorial
representation is

0//00

where the two dividers creates three blocks of zeros with lengths 1,0, and 2 representing
family sizes 2,1, and 3 respectively.

The number of gene markers and dividers that are going to be arranged in linear order is the
number of dividers plus the additional gene markers that need to be place and m—14n—m =
n — 1. Thus there are (;ﬁ;ll) possible linear arrangements for n gene markers to be placed in
m families.

An ordinary generating function is an alternative way of counting the compositions of n
into m parts. Using a generating function an infinite sequence of numbers can be expressed

by allowing those numbers to be the coefficients of a formal power series [11]. We find that
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the use of generating functions will be a convenient way to calculate some of the numbers
we are going to need when analyzing subnetwork motifs since generating functions can be
represented as Taylor Series of explicit rational functions.

If you let an infinite series of numbers be denoted by g¢o, g1, ..., g; where g; > 0 then its

generating function is defined as the infinite series

Let a be a real number and 7 > 0 be an integer then

(-5

where (a); is a falling factorial. Note that this is an extension of the standard binomial
definition since taking o to be a non-negative integer would yield the standard binomial

coefficient.

Lemma 1. Let o > 0 be a real number and j > 0 be an integer. Then,

R A

J
Proof. This follows from the Taylor Series at x = 0. Note that for any integer j > 0, the
operator [27] returns the coefficient of 27 in a power series. Thus [27]g(z) = g; in the infinite

power series. Notice that

[27)zg(z) =0

if 7 =0 and

[xj]:cg(a:) = gj-1

if



In general,

[27)a"g(2) = 0

if j < ¢ and

[xj]xgg(ﬂﬂ) = gj—r
if 7 > /. O]

Lemma 2. Let { > 0 be a non-negative integer. Then the ordinary generating function for

the number of compositions into £ parts is

(1 — )"

Proof. When ¢ > 1 the Lemma follows directly Lemma 1 and Proposition 1. However, when
¢ = 0 the Lemma still stands since there is only 1 composition of 0 into 0 parts and there

are no compositions of n into 0 parts when n > 0. O

There is also an alternative derivation of the generating function that we will find useful.
For compositions of n into 1 part we know the generating function to be
g(x) = (x+2*+2°+...) = % In order to obtain the generating function for the number of

compositions of n into ¢ parts we can allow each of the ¢ parts be denoted by g(z). Therefore

the generating function for the compositions of n into ¢ parts is

T

Y.

gx) =(x+a>+23+..) = (1—m

Let m > 1 be fixed with n > m, and consider the process of starting from the compo-
sition (1,...,1) (of dimension m) and performing n — m duplications. The resulting vector
)

(X},},)n, e X,(nmn) is a composition of n into m parts. From Proposition 1 we know that there

n—1

mfl) such vectors, all with the same probability of occurring.

are (
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We will find the following special notation for vectors helpful in the remainder of the
thesis. For vectors ¥ = (21, ...,x) and ¥ = (y1, ..., yn) of the same dimension h we let ¢ < &
denote the conjunction of the h inequalities y; < x1,...,yn < x5,. We define <, >, and > for
vectors similarly. We also define special operators @@ and @) such that @7 = > x; and
& & = [] «, and special constant vectors 0 = (0, ...,0) and I = (1,...,1). For the latter the
dimension is to be made clear by context.

In general, the gene duplication process should be seen as a random markov process. To

make calculating the expectations more convenient we present the following lemma.

Lemma 3. Let m and n be integers such that 1 < m < n, and fori=1,....m let U; be a
real valued function over the positive integers and Uy(x) = 3772, Ui(j)z’. Then the sum of

[1:%, Ui(e;) over the compositions ¢ = (c1, ..., ¢m) of n into m parts is

Proof. Suppose (c1,...,¢n) is a partition of n into m parts. Then [[*, Ui(c;) arises as
(2" (Ur(c1)x - ... - Up(cm) ™) since ¢ + ... + ¢, = n. That is one monomial that is obtained
from expanding the product into a single generating function. Each partition of n into m
parts similarly contributes its own share to [z"][[;~, Ui(z).

To obtain the result of the Lemma we expand the product of these generating functions
into a sum of monomials. Then to arrive at a single generating function, we collect the
monomials that correspond to each power of x. Note that since the exponents sum to n, the
only monomials that can correspond to £ must have exponents that sum to n and therefore

arise as one of the partitions of n into m parts. ]

11



3 INTRODUCTION TO SUBNETWORK MOTIFS

The subnetwork motifs discussed in this thesis are gene-family-specific network motifs. A
network motif is said to be a pattern of interconnections that occur more often in a complex
network than a special random network [17|. From a biological point of view, a subnetwork
motif is a gene-family-specific network motif that occurs more in real data than expected from
the moments calculated in the coming sections. It is important to note that the gene-family-
specific-substructures discussed in this thesis will be called subnetwork motifs although for
biological applications subnetwork motif candidate would be more apposite.

Subnetwork motifs are going to be built from the genes that arise from the gene duplication
process. For the purposes of this thesis, a subnetwork motif M is characterized by k gene
families and the chances of creating a new subnetwork motif instance in duplication. Given
a subnetwork motif M, we will assume the indices of the families that belong to M are 1 to &
for notational convenience. Then by definition the set of k original genes forms the original
instance of Ml. At any stage n during the duplication process the set of instances of M will
be denoted M(n). When n = m, the only subnetwork motif instance present is the original
instance of M; therefore |M(m)| = 1. Since instances of M will always have dimension k we
will denote the vector of family sizes that belong to M as §'= (sy, ..., S), where s; = |X,(fb)n|
For any n > m new instances of the subnetwork motif are possible at stage n 4+ 1. Suppose
there is a subnetwork motif instance .% = (ay, ..., a;, ...ax) € M(n). If a gene a; is duplicated
from a; at stage n + 1 then &' = (aq, ..., a}, ...ax) is a potential new instance of M and if .#’
is inherited then .#" € M(n + 1). At any stage n > m, M(n) consists of the original instance
of Ml and the additional instances of M’ that were inherited through the duplication process.

Each subnetwork motif M has an associated vector of probabilities, # = (1, ..., 7). Here
m; is the probability that an instance .% = (aq, ..., a;, ...ax) € M(n) gives rise by inheritance
to the new instance .#' = (ay, ..., a, ...a;) when the gene in the i'* family is duplicated. The

2

general concept of subnetwork motif inheritance is central to the thesis. Simpler results are
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obtained when 7 = 1 which is called Full Duplication. A more general case is also analyzed
where 0 <7< T and this is called Partial Duplication.

To study the expected size of M((n), the gene duplication process and the subnetwork motif
inheritances process are combined into one process. The random duplication and inheritance process
is a stochastic process that begins with m individual genes and a k sized subnetwork motif
that has an associated vector of probabilities © = (my, ..., m;), where n > m > k > 1 and
0 < 7 < 1. Initially, each of these genes are the sole member of its gene family called the
i" family and M is the original subnetwork motif instance in M(n). At each step, a random
gene is selected for duplication. If a gene is duplicated from the i family, then the new gene
belongs to the i** family and there is a m; chance that the regulations are inherited at that

step if 1 <7 < k. After n — m duplications we are interested in the size of M(n).

3.1 FULL DUPLICATION

This section will cover the Full Duplication model, which is the inheritance model that is
controlled by the probability vector @ = I. Suppose k > 1 and M is a subnetwork motif of
size k. Every possible instance is duplicated since @ = 1. Therefore M(n) = Xr(nl)n X .. X X,(?f,)n,

so that [M(n)| = |X£117)n| Ce |X,Sf)n| We will start by analyzing the expected value of |[M(n)|

given m,n, and k.

Theorem 1. Assume M is a subnetwork motif of size k and 1 < k < m < n. Then the

expected number of instances of M given the random duplication process is

I'(n+k)I'(m)

]E(]M(n)| : k,m,n) = S )

This result allows us to construct a significance test for subnetwork motifs using the mean

of the number of instances of Ml under Full Duplication.
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Proof. Let ¢ = (cy, ..., ¢,n) Where ¢; is the size of the i'" family, that is ¢; = |X,S§)n\ Then
IM(n)| = ¢1+...ocp = ¢1+...-c- 1™, To calculate the expectation we use Lemma 3 to evaluate
> |M(n)| over all the compositions of n into m parts then divide the result by ("~!). In
order apply Lemma 3 we let U;(z) = (z +22%+...) when 1 <i < k and Uy(z) = (z+ 2%+ ...)
when £+ 1 < i < m. We will call the series a(z) and b(z) for convenience. When 1 < <k
the i'" family contributes to |M(n)| and a(z) = (z +22% + ...) = =z Furthermore, when
k+1 <4 <m the i family does not contribute to [M(n)| and b(z) = (z + 2>+ ...) = et

It is easy to see the direct correlation of the above generating functions as rational
functions of x. However, it can also be seen by applying Lemma 1 and its proof when o = 2

for a(z) and a = 1 for b(z). Thus, applying Lemma 3 with U;(z) = a(z) if k+1<i<m
and U;(x) = b(x) if 1 < i < k we obtain

o) = 2" ()" (=)

11—z 1—=x
n xm
:x[](m)

_(n+tk-1
S \m+k-1)
where the third equality follows from Lemma 1 when a = m + k.
Note that the result of the Theorem is expressed in terms of the gamma function as it
will be convenient in the Partial Duplication section. The gamma function I'(z) = (z — 1)! is

defined on all of the complex plane except for z < 0 an integer [1]. Therefore, I'(n) = (n—1)!

as long as n > 1 is an integer.

n—1

mfl) compositions of n into m parts

Recall from Proposition 1 that there are exactly (

and they are equally likely. Thus

14



(1)

(m)
~ T(n+E)L'(m)
S I(m)D(m+ k)

E<|M(n)| ; k:,m,n) =

]

n+k—1

Similar to the combinatorial explanation after Proposition 1, (m h1

) can also be derived
combinatorially. We are now interested in the linear arrangements considering k sized
subnetwork motifs. Given a particular ¢ = (cq, ..., Ck, Ckt1, .-, Cm), We add a selector to
the first k& families such that there are k selectors represented by |. The selectors indicate
which gene in that family has been selected for the subnetwork motif so that the k selected
genes form a subnetwork motif. This leaves n—m gene markers represented by 0 and m+k—1
selectors and dividers represented by | to be arranged in linear order. Note that the first k&
odd placements for pipes are selectors and the first k even placements for pipes are dividers.

Consider the case where k = 2,m = 3 and n = 6 such that ¢ = (3,1,2). Let g; be the
original gene for the " family for 1 < i < m and g} be the first duplicated gene in the 7%

family where the number of primes represents the order in which the gene was duplicated.

Then the combinatorial representation for (g, g2, g3) is
00ff[[0

where the first pipe is selecting the second duplicated gene marker for the first family, the
second pipe is the first divider, the third pipe is selecting the original gene marker from the
second family, and the fourth pipe is the second divider.

The number of genes, dividers, and selectors that are going to be arranged in linear order

is the number of dividers and selectors plus the number of additional genes that need to be

15



placed and m +k —1+4+n —m =n+ k — 1. Thus the total number of linear arrangements

n+k—1 ) )

considering a k sized subnetwork motifs is (m 1

Corollary 1. Suppose 1 <k <m <n and n > k. Then the expected number of instances

of subnetwork motifs of size k in Full Duplication satisfies

k k 2
<m+72_1>k <E(@# ] kmn) < <m+72_1>,€(1+%>~

Proof. From Theorem 1 we know that E( Q3| k,m, n) is

L(n+kE)(m)  (n+k—1)

Fn)(m+k) (m+k—1)

The bounds for the expectation fall directly from Lemma 14 (occurs in Chapter 3). O

We are going to use the same general approach to evaluating the second moment of the

number of instances of M in Full Duplication which we will denote E(\M(n)\z ; k,m, n)

Theorem 2. Assume M is a subnetwork motif of size k and 1 < k < m < n. Then the

second moment of the number of instances of M in Full Duplication is evaluates to

k
LC(n+E)(m)I'(n—m+1) k

)2i(1“(m Fh+iT(n—m—i+1)
1=0
This result allows us to calculate the variance of the number of instances of M under Full

Duplication, which would be required for a significance test.

Proof. Let ¢ = (cy, ..., ) where ¢; is the size of the " family, that is ¢; = |X7(fl)n] Thus
IM(n)|? = (¢ + ... - cx)> = (¢F - ... - 2) - 1™ 7%, In order to calculate the second moment we
can proceed as in the proof of Theorem 1 and use Lemma 3 to evaluate Y [M(n)|* over all

the compositions of n into m parts then divide the result by (:1:11) Recall from the proof of

16



Theorem 1 the ordinary generating functions used to evaluate Y M(n) over the compositions

of n into m parts are:

a(:c):(x+2x2+...):( ) and b(x):(x+x2+x3+...):< ’ )

1—2z

In order to apply Lemma 3 we must modify a(x) since the product first k family sizes has
been squared. To evaluate the second moment we will replace a(z) with another series we
denote y(x) where

d

ylx) =z - %( a(z)) = (1 + 42+ 92° + ...).

When 1 < i < k the i family contributes to [M(n)|, y(z) = % + 5z and when
k+1 < i < m the family does not contribute to [M(n)|, b(x) = 1*=. Therefore, we apply
Lemma 3 with U;(x) = y(x) when 1 < i < k and U;(z) = b(z) when k + 1 < i. By the

k can be expressed as

=3 (1) () ()

1=

binomial theorem y(x)

which gives the following

2 ) = 1_mz<) — >i<(1f’x)2>’”

e
S

17



Since the (::;_11) compositions of n into m parts are equally likely

k
-1
2 _(n—1 . (K n+k—1
E<|M(n>| ’k’m’”>_<m—1) ZQ (i)(m—1+k+i !
=0

which evaluates to

k
Fn+kK)L(m)I'(n—m+1) (K , Cm—i -1
() E.:O 2 (Z) (D(m+k+i)T(n +1))

where I'(z) is the special function that is noted in the proof of Theorem 1. O

Similar to Theorem 1, we will find a combinatorial explanation for the binomial coefficient
portion of the second moment calculation. Consider an ordered pair of subnetwork motifs
(A1, %) € M(n)? where .#; is inherited first and % is inherited second. Since we are
observing ordered pairs of subnetwork motifs there will be 0 < ¢ < k families that have two
gene indicators selecting for two different gene markers and k—i families that will have one gene
indicator selecting for the same gene marker. Consider the case where k = 3,m =4,n =6,
and i = 2 where ¢ = (2,2,1,1). Suppose the first two families have two gene indicators,
1 = (¢1, g2, 93) comes first, S = (g4, g, g3) come second, ¢; is duplicated earlier, and go is
duplicated later. Then the combinatorial representation of the ordered pair of subnetwork

motifs is

[O[HO[[]-

To visually show the distinction between the two types of selectors and dividers we show an

annotated version of the combinatorial representation

[ofifo

18



where l represents selectors that select for different genes and T represents selectors that select
for the same gene.

Given an ordered pair of subnetwork motifs, the process begins with m original genes
that are not shown explicitly, there are n —m additional gene markers that need to be placed.
Note that for each of the ¢ families with double gene selectors there is a gene indicator that
is not shown explicitly to ensure separation for each pair of selectors. Therefore, there are
m — 1+ k + ¢ dividers and selectors and the number of gene markers, dividers, and selectors
that are going to be arranged in linear order is the number of dividers and selectors plus the
number of additional gene markers and m —1+k+i+n—m+1i=n+ k — 1. Thus the
linear arrangement has n + k — 1 locations that have m — 1 + k + ¢ selectors and dividers.

Note that there are (’:) ways the families with 2 selectors could have been chosen and 2°
ways the selectors could be arranged, since the selector that is selecting for the first subnetwork

motif can come before or after the selector that is selecting for the second subnetwork motif.

Corollary 2. Suppose 1 < k < m < n. Then the variance of the number of instances of
subnetwork motifs of size k in Full Duplication is
k
n—1\" (E : k o n+k—1 ) ((n—i—k—l)k)?
m—1 i m+k—1+i (m+k—1)/ "
1=0
This result allows us to construct a significance test for subnetwork motifs under Full

Duplication.

Proof. The corollary follows immediately from Theorems 1 and 2. Furthermore, when m = 1

or when m = n the variance is 0 and non-zero in all other cases. O

For the rest of the chapter we will present the inequalities in the following form
n'vC, (1 _L /n) <Y < n'kC, (1 T U, /n)
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where the power of n depends on the 7" moment of Y, C is the constant for the main term
and L and U are the error terms for the upper and lower bounds respectively. Using this

notation to present Corollary 1 the inequalities will take the following form

nkC1<1 —Ll/n> < E<®§| k:,m,n) < nk(C1<1—i—[U1/n>

where C; = T'(m)/T'(m + k),L; = 0, and U; = 3k>.

Corollary 3. Suppose 1 < k < m < n and n > 3m?. Then the second moment of the

number of instances of subnetwork motifs of size k in Full Duplication is

n2kC, (1 — ]Lg/n> < E((® 5)?|k, m,n) < n2C, (1 + Ug/n>

where Cy = 2% /(m + 2k — 1)ox, Ly = 4m?, and Uy = 9Im?.
Proof. From the proof of Theorem 2 we know that

k

(@) S )

1=0

k

_ Z(k‘)Q (n—14 k) (m — 1)l(n —m)!
i) =D m—1+k+i)(n—m—i)

1=0

k

1=0

In order to obtain bounds for the second moment in Full Duplication we will be bounding

Equation (2.1) above and below.

20



Since all the terms in the summation are positive we can take the i = k term as the lower
bound since any one of the k£ + 1 is a lower bound for the second moment.

Doing this we obtain

ok . (n+k—1Di(n —m)k §E<(®§)2 | k:,m,n).

In order to derive a simpler lower bound we will bound the term below. Since m and k are
both fixed the denominator remains the same and n* is a trivial lower bound for (n +k — 1);.

Therefore, the only non-trivial bound comes from the term (n — m);. Note that

(1) vk

(n)m

(n—m), =

which we can bound using Lemma 16 and Lemma 17 (both occur in Chapter 3),

(m + k‘)Q) < Wmik

n"(1— . om

Therefore the lower bound for the second moment is

ok 2k (1_4m2)§E<(®§‘)2|k,m,n>.

(m+ 2k — 1)g n

We will now find the upper bound of the second moment. The upper bound is a summation
of the upper bounds of the individual terms. The most important term when bounding the
second moment above is the i = k£ term. We know from the calculation of the lower bound

that the ¢ = k term is as follows

(n+k—1)k(n—m)y

ok .
(m + 2k — 1)2k
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Now we will bound the i = k term above. Since n” is the trivial upper bound for (n —m);

we will only use Lemma 14 (occurs in Chapter 3) to bound the term (n + k — 1) above,

ok | (n+k—1r(n—m)y

2k . n2k

(1

(m —f- Qk‘ — 1)2k

It is important to note that each of the k£ 4+ 1 terms has the same error bound that can

be bounded above

3k?
14+ 2
( + 4n

since 3k%/4n < 1/4.

When ¢ < klet j = k — 1 so that j = 0,1,...k. Then we can bound each of the k + 1

terms above with the following expression

k.. 2k /{32
E(((X)?)Qlk,m,n) <7 2n (1+1—n+

- (m—|—2k:— 1)2k

5
< —
>_4

5 k(m+2k—1)

1

3k?
+20).

4n

(m + 2k — 2)2k

T Y m k= Dy

m+ 2k — 1)o 2n

< 2k 2 1+ 3m* 3m? 5 (9m4 (3m)?m

~ (m+ 2k — 1)y 4n 2n  4°8n%2 T (2n)m(2m)™
2k 2P 3m? 5 m? (3m)!

< 1+ —4+- .

- (m+2/{:—1)2k( L +4JZ:; 27 5InJ
2kn2k 1+ 9m?

St 2k— Do’ 21

We will now begin to discuss the variance of subnetwork motif occurrences in the Full

Duplication mode. Recall that £ > 1 and M represents a subnetwork motif of size k after

22
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n — m duplications. In order to calculate the variance we will use the expressions of the
first and second moments. Throughout the rest of the chapter the variance will be denoted
VAR<(®§| k,m,n)), where § = (s1, $9,...,8%) is the vector of the k family sizes and
> §=h.

As usual we will calculate the variance using the second moment and the square of the
first moment. In order to simplify the error of the square of the first moment we will find
bounds for €2* where § is as presented in the proof of Lemma 14 (occurs in Chapter 3).

It is important to note that the variance is identically 0 when m = 1 since the number
of subnetwork motifs is a point distribution in this case. For m > 2 we obtain the following

inequalities which will be useful for large n.

Corollary 4. Let 1 <k <m <n, m > 2, and n > 3m?. Then the variance of the number

of instances of subnetwork motifs of size k in Full Duplication is
n?kC, <1 - Ly/n> < VAR((@E’ | k, m,n)) < n%(CV<1 + Uy/n>

where (CV = CQ — (C%, ]Ll, = (CQ]LQ — ZC%Ul)/(CQ — (C%), and
U, = CyU,/(Cy — C2).

Proof. In order to calculate the variance we will take advantage of the inequalities from the

first and second moments. Using the standard definition of variance we know

VAR((® | k.m.n)) = E((Q) k. m.n) - ]E<®§|k,m,n>2.

It is important to note that when m = 1 the variance is identically 0. Therefore we will
calculate the variance for m > 2.

Recall from Corollary 3 that

n**C, (1 — ]Lg/n> < E((@ 5)?|k, m,n) < n?*C,y (1 + Ug/n)
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and from Corollary 2

anCf(l —]L1/n> < <]E<®§| k:,m,n>>2 < n”ﬂC%(l +2U1/n>

by applying Lemma 17 (occurs in Chapter 3).

Thus the variance is bounded above by

VAR<(® | k,m, n)) < n?Cy +n*'CU, — n%(C% + n%_l(C%Ll

and bounded below by

< n?(Cy — C2) + n*(CyUy + C2Ly)

(CQUQ — C%}Ll )

< 2k 2 1
<G -1+ T e

VAR<(® §| k,m, n)) > n?*Cy — n*1C,L, — n%C% — n2k*1(C%IU1

since IL.; = 0. Recall that

and

> n%(Cz — C%) - n%_l(CQLQ — C%Ul)

C,L
> (Cy — CH(1+ —22 ).
> n(C - C)( +n(c2—<cg))

Ci= (M)Q




Then
ok 1

(m+2/€—1)2k B ((m—i—/{:—l)k)Q >0

since

2P((m+k — 1)g)? > (m + 2k — 1),
O

Corollary 5. Let k > 1 be fized, n > m > k?, then the expected number of instances of

subnetwork motifs of size k in Full Duplication is

Proof. From the result of Corollary 4 we know that

n¥ n* 3k?

e @i hma) s B

(mtk—1) Q& [ km.n) < TSR

when m is fixed. We can apply Lemma 15 (occurs in Chapter 3) to approximate the bounds

for

1/(m+ k — 1), when m is growing. Doing so we obtain

]

Corollary 6. Let k > 1 be fived, n > m > k?, then the second moment of the number of
instances of subnetwork motifs of size k in Full Duplication is

Dy -T2 < B (@9 | komon) <2+ T

2k (
m n m
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Proof. We know from Corollary 3 that the second moment is

n2kok 4m? n2kok 9m?2
1-— <E 2k < 14+ 27—
T e (9?1 ,m,m>_(m+2k_1)2k( + =)

when m is fixed. Using Lemma 15 (occurs in Chapter 3) we can bound 1/(m + 2k — 1)9; as

m grows. Doing so we obtain

[]

Corollary 7. Let k > 1 be fized, n > m > k2, then the variance of the number of instances

of subnetwork motifs of size k in Full Duplication is

2

<£>2k <2k _ 1) (1 _ (§:+i41‘)i1 B (Qkﬂ_”b 1)n) < VAR<(®§'| k‘,m,n)>

k2 2k9m?

VAR<(®§| k’m’”)> = (%>2k<2k - 1) (1 RO P T 1)n>'

Proof. In order to calculate the variance we will use the standard expression of variance as

stated below

VAR((®§| k,m,n) :E<(®§)2|k,m,n> —]E<®§')|k,m,n>2.

Using the result of Corollary 1 we will calculate the bounds of the square of the first

moment
() (- 5) =B(@awmn) < (3)"(1+3)

26



where the lower bound error follows from Lemma 15 (occurs in Chapter 3) and the upper
bound error follows from Lemma 18 (occurs in Chapter 3).
Using the result of Corollary 6 (occurs in Chapter 3) we can calculate bounds for the

variance as follows,

=2 () (02 - G0 5

> () @) (- oy )

> () @) gt )
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4 PARTIAL DUPLICATION

The Partial Duplication mode occurs under the random duplication and inheritance process,
which is an extension of the gene duplication process that involves random inheritance at
every step that is controlled by a vector of probabilities, 7. At the end of the random
duplication and inheritance process there is a set of subnetwork motifs given m,n, k, 7 and
this section will cover the expectation of that.

A Partial Duplication mode is an inheritance model that covers the expectation at some
stage n of a subnetwork motif M for some arbitrary k. The significance of this section is
that the expected number of instances of M depends on a vector of inheritance probabilities
0 < # < 1. Recall that each M has an associated vector of probabilities 7 = (71, eey T )-
However, the previous section covers a special case of this inheritance mode where 7@ = 1.
It’ll turn out that © completely determines the expected number of subnetwork motifs for

any given stage n in duplication given the random duplication and inheritance process.

4.1 FIRST MOMENTS

To begin evaluating the expected number of subnetwork motif instances of any size k, we
will look at instances of single gene subnetwork motifs where £k = 1. Let s be the size of the
family at any stage n and p be the probability of inheritance. In this case, we define f(p, s)
as the expectation of a single gene subnetwork motif M. The expected number of instances
of these single gene subnetwork motifs only depends on p and s which follows from the proof
of the following lemma. We will show that the expectation can be expressed as a ratio of
gamma functions and we will later show that we can express the expectation as a generating

function which will be useful when we let &k > 1.

Lemma 4. Assume M is a single gene subnetwork motif. Let s be the size of the gene family

and p be the probability of inheritance. Then the expected number of instances of Ml under
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Partial Duplication is
T(p+s)
) S) = ——— .
) = T ore+ 1
Proof. We will prove the statement of the lemma by induction on s.

Assume there have been no duplications in the family belonging to M; then the only

possible single gene subnetwork motif is the original instance of the subnetwork motif. If

s =1 then
Fip+1)

eV =torp+n !

since I'(1) = 1.
Assume the induction hypothesis is true for some s > 1. We know that when the family

size is s the expected number of instances are f(p,s) and the probability of adding one gene

f(p,s)

S

to the family belonging to Ml upon duplication is

-p since each gene has an equal chance

of being selected for duplication. Thus,

p p p+s
Fp.s+1) = f(p.s) + f(p.s) - 2 = flpos) (1+2) = B2 f(pys)
Using the induction hypothesis the expectation is as follows
p+s p+s I'p+s I'p+s+1
flp.s) = ets) I )

s I(s)C(p+1) T(s+I'(p+1)

]

Suppose M is a subnetwork motif of arbitrary size £ > 1. Assume as in section 3.1 that
for notational convenience the families that belong to M are indexed from 1 to k. To begin
evaluating the expected number of subnetwork motif instances of size k > 1, let § = (sq, ..., sx)
where s; is the size of the i'" family at any stage n for i = 1,....k and @ = (7, ..., m) gives

the inheritance probabilities associated with M.
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Theorem 3. Suppose M s a subnetwork motif of arbitrary size k > 1. Let k < m < n
and 0 < @ < 1 be fized. Let § = (S1,...,Sk) be the sequence of family sizes belong to M at
some stage n. Then the expected number of instances of subnetwork motifs conditioned on

the sequence of family sizes is

E(|M(3)]) = f[fm,so.

Proof. In order to prove the theorem we will be inducting on h = @9 5. Assume that h = k.
Then § = (1,...,1), so the only possible instance is the original instance and \I\\/JI(T)] = 1.

Since we know from the proof of Lemma 4 that f(m;,1) =1 for i = 1, ..., k we see that

Thus the base case is verified.

Assume that the theorem holds true for some h > k. We will now show that it holds
true for h+ 1. Let s = (8150, 8j-1, 8}, Sj11, -+, Sk) be a sequence of family sizes such that
) § = h+1. Thus at least one duplication has occurred. Without loss of generality assume
that the most recent duplication occurred in the 7% family. Just prior to the last duplication
8= (81, -+, Sj—1, 55, Sj41, -+, Sk) is the sequence of family sizes such that @ 5= h, s; = s —1,
and E(|M(5)|) = Hle f(m;, s;) by the induction hypothesis. When the gene is duplicated
from the j** family each instance of M(5) has probability z—j of giving rise to a new instance
therefore the expected number of new instances is (Hle f(m;, sl)> <Z—j) Given the recursion

we proved in Lemma 4 and s’ = s; + 1 the total expectation is as follows,
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since s; = s if i # j.

]

We will now evaluate what happens to the expectation of the number of instances of
M(n) when the set is not conditioned on the vector of family sizes. For the purposes of this

calculation it is useful to begin with the following Corollary.

Corollary 8. Assume M is a single gene subnetwork motif. Let s be the size of the gene
family and p be the probability of inheritance. Then the expected number of instances of M

under Partial Duplication can be expressed as

f(p,s) = [2] (#)

Proof. We know from Lemma 4 that
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Now we can apply Lemma 1 we obtain the generating function,

[(p+s)

fp,s) = T(s)T(p+ 1)

(p + s — 1)5_1

(s —1)!

=" ((1 —195)73+1>

= [qﬂ(#)

]

Theorem 4. Suppose M is a subnetwork motif of sizek, 1 <k <m <mn, 0 <7<T1is fized,

and ® = m + ... + m,. Then the expected number of instances of M in Partial Duplication is

(% +n)l(m)

]E(]M(n) | m,n, 7, k) = T

This result allows us to construct a significance test for subnetwork motifs using the mean

of the number of instances of Ml under Partial Duplication.

Proof. In order to prove the statement of the theorem we will take a similar approach from

Theorem 1 and utilize generating functions. We know that

e([mes) = (5 20) (3 (2570 Smes)

h=k i=1

where s1, ..., s are the family sizes, h = s; + ... + sg, and § is a composition of h into k

parts.
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From Theorem 3 we know the generating function associated with ZZ;,TM (Z:}Lill) is

a(z) = (z+22 +..)" " = <1 f x)mk

The generating function associated with 37, TTr, f(m, s) is

L (=) 22

=1

We will now utilize the generating function to obtain the expectation by dividing the
coeffecient of 2" in Expression (2.2) by the total number of equally likely compositions of n

into m parts. Thus,

I(7 +n)l'(m)
L'(m4+m)T(n)

O

In order to derive bounds for the expected number of subnetwork motifs in Partial Dupli-

cation the following lemmas will be useful.
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Lemma 5. Suppose z > 0,y > 1 and y > 222 then

2z r 2 22
zIn(y) — 5(5 + 1—12) <In (%) < zln(y) + ?

Proof. In order to derive bounds for the ratio we will use the fact that

o0

In(T'(z)) = (z — %) In(z) —z + % In(27) + Z 2a(2a ?Qi)w%l

for x > 0 [1], where By, are Bernoulli numbers and By, = é. The above expression can be
bounded by truncating the summation at the first term neglected such that when the first
term neglected is negative an upper bound is obtained and when the first term neglected is

positive a lower bound is obtained. Then

1 1 1 1 1
(x — 5) In(z) —z + 3 In(27) <In(I'(z)) < (x — 5) In(z) —z + 3 In(27) + oz
To obtain an upper bound for In <%) we derive an upper bound for In(T'(y + 2)), a

lower bound for In(I'(y)), and then combine them. We can apply the asymptotic relationship
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when x = y + 2z and when x = y. The upper bound calculation is as follows:

in () = T+ 2) ~ )
< (z+y—%)ln(z—l—y)—z—y—l—%ln@w)%—m—(y—§)
- (z+y—%)ln(z—l—y)—z—f—m—(y_%)ln(y)
< 2in(e )+ = 3)(n(e+9) ) 2 -
:zln(z+y)+(y—%)(1n(1+§)) —Z—m
=Zln(z+y)+(y—%)(§—§+§---) —Z—m

gzln(z+y)+(y_1)(§)_z_ﬁ

2 y+2)
=+ )+ - C) 2 -
— 2y Y7 12(y + 2)

Z2 z
<21 G-
zn(y)—l—y 2y 12(y + 2)
22
< zln(y) + —.
y
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To derive a lower bound we derive a lower bound for In(I'(y 4 2)), an upper bound for

In(I'(y)), and then combine them. Then the lower bound is as follows:

in (M) = +2) - ()
s(z+y—%)1n(z+y)—(y_%)1n(y)_z_ﬁ
:zln(y+z)+(y—%)ln(z—|—y)_(n_%)m(n)_z_ﬁly
=Zln(y+z)+(y—%)(1n(1+§))_Z_é
=2l +2C - )+ - )C - ) o g
O G
Z'Zln(y)_é(%‘f‘%-l-g %)
Zzln(y)—é(%%)

Lemma 6. Suppose z > 0,y > 1, and y > 22° then

z 1 I'(y+ 2) 322
(§+—))§W y )

4 1 _
y( 5
Proof. In order to obtain the result of the Lemma we begin by exponentiating the result of

1
Y
Lemma 5 to obtain

ez < T E2) s 2y
- Ty

By applying Lemma 12 (occurs in Chapter 3) with { = Zy—2 to the upper bound and Lemma

13 with ¢ = i(% + ) to the lower bound we obtain the result of the Lemma. Note that
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the conditions for Lemma 12 and 13 (both occur in Chapter 3) follow directly from the

hypothesis. [l

Corollary 9. Let k > 1 be fived, n > m > 1,n > 2k?, and 0 < P 7 < k. Then the expected

number of instances of M(n) in Partial Duplication is

n®7(m) 1,k 1 (@7 +n)l(m) n®7(m) 3k?
(@ 7+ m) (1= G+) s T (@7 +m) = (@7 +m) (1+37)
Proof. We know from Theorem 4 that E(\M(n)\ m,n,T, k’) is

T(@ 7+ n)l(m)
(@7 +m)(n)

We derive the indicated bounds for the expectation by applying Lemma 6 with y = n and
z=@.
Note that we obtain the following more informative bounds by applying Lemma 6 to

E(!M(n)] m,n, T, k) when 0 < P 7 < 3

n®7T(m) 31(P )\ _ D@7 +n)(m) _ n®TT(m) (B D)
)<1_ 32n >§ : )<1_ i >

Lemma 7. Suppose z > 0,y > 1, and y > 22° then

1 1
—zIn(y) + —(E +

_)<1H(M 22
y 2 127~ F(y—i—z

)) < —zln(y) — e

Proof. The result of the Lemma follows directly from multiplying the result of Lemma 5 by
—1. O
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Lemma 8. Suppose z > 0,y > 1, and y > 22° then

_ 1,2 1 T'(y) _ 22 A
M+ =24 -)N< —2 <y *1-"4 ).

Proof. To obtain the result of the Lemma we begin by exponentiating the result of Lemma

7 to obtain

y—ze(l/y)(z/2+1/12) < F(Q) < y—ze—zz/y.

We obtain the result of the Lemma by applying Lemma 13 (occurs in Chapter 3) with
(= % to the upper bound and Lemma 12 (occurs in Chapter 3) with ¢ = i(% + ) to the

lower bound. O

Corollary 10. Let k > 1 be fized, n > m > 1,n > 2k?, 73— 00, and 0 < D7 <k. Then

the expected number of instances of M(n) in Partial Duplication is

T @7 1 m) ~ (%fﬁ(l - %(g + %)) (1 %(@zﬁ * @)

m

'@ 7+ n)'(m) <(n>€Bﬁ< 3k2><1_@_ﬁ2+@ﬁ4>.

14+ 2%
Fn)I'(@P7+m) — o m 2m?

Proof. The indicated bounds follow directly from applying Lemma 8 with

y=m and z = @ 7 to the result of Corollary 9. ]

4.2 SECOND MOMENTS, k£ =1

Now we turn our attention to studying the second moments of the number of instances of
a given subnetwork motif. We will begin the study by considering the case of single gene
subnetwork motifs. In order to calculate the variance we will need to analyze the expected

number of ordered pairs of single gene subnetwork motifs.
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Let M be an arbitrary single gene subnetwork motif with inheritance probability p = m;
and family size s. For the purposes of this subsection, we will be conditioning on s so we
let M((s) be the set of instances of Ml when the family size is s. The members of the of the
subnetwork motif’s gene family are indexed in order of duplication and denoted {b, ..., bs}.
Here, (by) is the original instance of M and {(bs), ..., (bs)} are the potential members of M(s).

The expected size of M(s) is f(p,s) by Lemma 10. Let g(p, s) be the expected size of

M(s)2. We now prove a recurrence satisfied by g(p, s).

Corollary 11. We have g(p,1) =1 and for all s > 1

905 +1) = 9(0.9) + 2 g(p.9) + 2 f(p,9)

Proof. When the family size is s = 1 no duplications have occurred. At that point the only
pair of subnetwork motif instances is the original instance of M and itself, so g(p,1) = 1.

We will now show that the recurrence relationship is true for any s > 1. Any member
< (bi), (bj) >€ M(s+1)? belongs to one of three categories: the pair falls into the first category
if 1 <14,7 <s, the second category if ] <i<sandj=s+lori=s+1land1<j <s,
and the third category if i = j = s 4+ 1. In order to calculate g(p,s + 1) we will find the
expected number of ordered pairs of each category.

In the first category the pair consists of two instances of Ml when the family size is s.
Thus the expected number of such pairs is g(p, s) by definition.

In the second category the pair consists of an old subnetwork motif instance and a new
subnetwork motif instance. A pair from the second category can only be generated from
a pair from the first category by duplicating one the of elements of the pair. Suppose
< (bi), (bj) >€ M(s)?. To generate a pair in the second category b; can be duplicated and
the subnetwork motif must be inherited in duplication. There is a % chance that b; is selected
for duplication to generate bsy; and probability p the new subnetwork motif instance (bs1)

is inherited in duplication. We sum over all the pairs in M(s)? to calculate the expected
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number of category 2 pairs in M(s + 1). Since the expected number of pairs in M(s)? is
g(p, s) the expected number of pairs in category 2 where the first element is the new instance
is - g(p, s). Note that the expected number of pairs in category 2 where the second element
is the new instance is also 2 - g(p, s). Since the events are disjoint, % - g(p, s) is the expected
number of category 2 pairs in M(s + 1)

In the third category the only possible pair is the new instance and itself. The new
instance of Ml must be generated from a member of M(s). Suppose (b;) € M(s). Then there
is a % chance that b; is selected for duplication to generate the new gene b, ; and the new
gene has probability p of becoming a new instance (bsy1). To find the expected number of
category 3 pairs we sum over all the members in M(s). By Lemma 4 the expected number
of members in M(s) is f(p, s) so the expected number of category 3 pairs in M(s + 1)? is
L fps).

The corollary follows from the fact that the sum of expectations is the expectation of the

sum. O

Corollary 12. For s > 1 we have

L, 20(s + 2p) L+ s)
g9(p, s) = (F(s)F(Qp +1) TI(s)(p+ 1))

Proof. Let h(p,s) = g(p,s) + f(p,s). Then h(p,1) = 2. For s > 1 we have the following:

hp,s+1) =g(p,s+1)+ f(p,s+1)
= 4(5.9) + Lo, )+ Zf(p5) + f(p )1+ D)
= h(p,) + Lglp,5) + LS (,5)
= h(p,s) + %h(p, 5)

= h(p, s)(l + %)
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Therefore by induction on s

hp.s) :2ﬁ(1+%) _ F2F(s+2p)

— 2 f 11s>1.
Grp+1) 07

Thus
2I(s + 2p) C(p+s)

9(p,s) = (F(S)p(2p+ 1) T(s)T(p+ 1))

since we know f(p, s) from Lemma 4 and g(p,s) = h(p,s) — f(p, s).

Corollary 13. For s > 1 we have

s 2x x
g(pa 3) - [I’ ]((1 _ .T)2p+1 - (1 _ x>p+1>'
Proof. We know from the proof of Corollary 12 that h(p, s) = 2D 42p) g

I'(s)I'(2p+1) -

2<S + 2]9 — 1)8—1

(s=1)

B (2<s “2- 1>)

s—1 2
= [z ]((1 _ $)2p+1)

h(p,s) =

s 2z
[I ]((1 _ l.)?p-i—l)’

using Lemma 1. Then

from Lemma 4 and the fact that g(p,s) = h(p,s) — f(p, s).
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Notice that the value of g(p, s) depends only on the values of p and s. That is to say the
expected number of pairs of subnetwork motifs of size £ = 1 depends only on p and s. In
the next section we will show by example that when k& > 2 the size of the gene families and
corresponding inheritance probabilities do not necessarily determine the expected number of

pairs of subnetwork motifs.

4.3 MAXIMIZING THE SECOND MOMENT

We will now study the second moment when & > 2. In order to do so we must specify
how subnetwork motifs are inherited when they share a common gene which is duplicated.
Assume as in previous sections that for notational convenience the families that belong to M
are indexed from 1 to k. The following inheritance modes are two of the possible refinements
of the basic Partial Duplication mode.

Previously we aggregated our random duplication process over the k family sizes that
contribute to M. Now we need a finer analysis and we will aggregate according to the
sequence of duplications. It will be useful to select an arbitrary sequence of duplications
for the purposes of computation. At the start of the duplication process there are m genes
to choose from. After the first duplication there are m + 1 genes to choose from, and the
options for genes increment after every duplication. Given n — m duplications there are
(m)(m+1)(m+2)-...-(m+n—1) = (n—1),_, possible sequence of duplications, and they
are all equally likely since the duplication at each stage is chosen at random.

The genes are indexed as follows. For j = 1,...,m, u; is the original gene in the ;% family.
For m < j < n, u; is the gene that results from the (j —m)™ duplication. For m < j < n let
Uj ={u; | 1 << j} Then U; is the set of genes which exist after the (j —m)" duplication.
For 1 < i < k let S; be the set of genes in U,, which belong to the i*" family which contributes
to M. Then M(n) C S} X ... x Si. That is to say that the set of potential subnetwork motifs

is a subset of the product of the S;’s.
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Suppose M is a subnetwork motif of arbitrary size £ > 2, .# and _# are instances of
M(n) that share a particular gene b from the ith family for 1 < i < k, and b is duplicated
to generate ¥'. In the first refinement when 0 is generated the inheritance events .# € M(n)
and _# € M(n) are fully correlated, so that m; is the probability that both inheritance
events occur. In the second refinement when when b is generated the probability that the
inheritance events .#’ € M(n) and ¢’ € M(n) occur are mutually independent, so that 77
is the probability that both inheritance events occur.

It can be seen in Figure 2.1 that given a particular sequence of duplications, these two

refinements give different results for the second moment. Take the simple case of §= (2,2)

11

and 7 = (5,3

). The second moment in the first refinement is 6% and the second moment in
the second refinement is 5%.
We choose to focus on the second refinement, defined below as Binary Inheritance, because

it is tractable and gives us the maximum second moment value of any refinement of the Partial

Duplication mode. The latter will be proved in Theorem 5.

Definition 1. Binary inheritance is a refinement of the Partial Duplication mode which
acts as follows. Suppose M is a subnetwork motif of size k,1 <k <m <n,. and ¢ are
instances of Ml that share a common gene b in the i family for 1 <i <k, and 0 <7 <1 is
fixed. For any arbitrary duplication step, if b is selected for duplication to generate b’ then
with probability m; the inheritance events 9" € M(n) and #' € M(n) both occur, and with

probability 1 — m; neither of the inheritance events occurs.

Note that if the common gene b is contained in r instances then all r possible inheritance
events occur or none of them occur. Also if ¢ > k there are no possible inheritance events

that can occur at that step.

Theorem 5. Suppose M is a subnetwork motif of size k,;,1 < k <m <n, and o<m<1
fized. Then Binary Inheritance gives the maximum value for E(\M( 2l;m,n, ) over all

refinements of Partial Duplication.
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{a;b4} {a,b,, a;b,}
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R2: "]“22

Figure 2.1: The duplication process begins at stage 0 with the original subnetwork motif
{a1,b1}. If the sequence of genes after the duplication process is {ai, by, as,bo} then all
possible subnetwork motif events are depicted with probabilities for each. The probabilities
in green (on top) are from refinement 1 and the probabilities in blue (on the bottom) are
from refinement 2.

44



This result allows us to obtain the variance of the number of instances of M under Partial

Duplication using the Binary Inheritance mode.

Proof. Let Challenge Inheritance be an arbitrary refinement of Partial Duplication which we
denote by C. Then let E(|M(n)?| ; C) be the expected number of pairs of subnetwork motif
instances under Challenge Inheritance for the given m,n, 7, and k. Let Binary Inheritance
be denoted by B and let E(|[M(n)?| ; B) be the expected number of pairs of subnetwork motif

instances under Binary Inheritance. We will show that

E(|M(n)?| ; C,m,n, 7, k) <E(M(n)?| ; B, m,n, 7, k). (2.3)

In order to prove the statement of the theorem we fix on one sequence of duplications
and calculate the expected number of ordered pairs in M(n) for refinements C and B. We
are going to consider the probability that pairs of potential instances are contained in M(n)
conditioned on the chosen sequence of n — m duplications.

We choose an arbitrary ordered pair of potential subnetwork motif instances (., ), i.e.,
I, H € Sy x...x Sg. Suppose # € M(n). For m < j < n there is a predecessor to .# which
we call .#;, which must belong to M(j) in order for .# to be in M(n). We will define this
sequence by inducting on j = n down to j = m.

To begin suppose ., = & then ., € M(n). For m < j < nlet & be the gene from
which u;44 is duplicated and assume that .#; 1 € M(j + 1). In the case that u;;; does not
appear in %1, let .#; = .#;1; thus it can be seen that .Z;;; € M(j). In the case that u;
does appear in Z;;1, let .%; be an instance that is obtained by replacing w;; with @ and
7; € M(j).

From the inductive definition of the sequence of subnetwork motif instances it can be seen

that the members of .#; are contained in U; for m < j < n. In particular the members of
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4, must be contained in U,,; thus it consists only of original genes and must be the original
instance of M.

It is easy to see by induction on j = n to j = m that the definition and results for
(I - Fn) apply equally to (4, ..., 7;,). We can now express the probability that .# and
S are both in M(n) as

n—1
Pr( S, Hy € M(m)) [ Pr(Fa, #a € M(j +1) | 7, 5 € M(j)). (2.4)
j=m

Since %, and J%,, are the original instance of M the probability that .#,, and %, are
contained in M(n) is 1. For any m < j < n — 1, we are interested in the conditional
probability that %1, %1 € M(j + 1) given ., 7 € M(j). So assume that .#; and 7
are contained in M(7). At stage j, let @ be selected for duplication to produce the new gene
u;11 in the i family. If u; 1, does not appear in .%;,; nor ., then the probability that
both %1, 561 € M(j+1)is 1. If w4 is in only in & or 1 then the probability
that both .#; 1, .1 € M(j + 1) is m;. Note that if a duplication occurs outside of the first
k families then M(j 4+ 1) = M(j) and the probability is 1. If w4, appears in both .#;; and
#€;+1 then the probability that both .4, 7, € M(j + 1) under C is between 0 and m;,
whereas under B the probability is exactly m;. Note that the only time the probability that

Fi1, 71 € M(j + 1) can differ between C and B is in this case. It follows that

Pr(SF,# € M(n); C) < Pr(#, € M(n) ; B). (2.5)
Summing Equation 2.5 over &, 3¢ € S; X ... X S, we obtain

ZPT(%,%”EM(?L) ; (C) < ZPr(f,%”EI\\/JI(n) ;IB)

I H I A
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so that

E([M(n)*| ; C) < E(|M(n)?| ; B).

Recall that there are (n — 1),,_,, possible sequences of duplications. The results above are
conditioned on the arbitrarily chosen sequence of duplications. In order to extend the results
to the overall second moment we average overall all (n — 1),,_,, sequences to obtain Equation
(2.3), which is the desired result.

From now on we will confine our study of Partial Duplication to the Binary Inheritance

refinement. []

4.4 SECOND MOMENTS FOR BINARY INHERITANCE

We will now study second moments for Binary Inheritance. For the purposes of this section we
will adopt the gene indexing and terminology from the introduction to Theorem 5. Thus we
will be aggregating our gene duplication process over the sequence of duplications rather than
the family sizes that contribute to M. In addition, we will consider properties of particular
realizations of the duplication and inheritance process that includes not only the selection of
what to duplicate but also which particular instances are inherited under Binary Inheritance.

Suppose M is a subnetwork motif of size 1 <k <m <n and 7 = (7, ..., mx) is the vector
of inheritance probabilities. As before, S = (S1, ..., Sk) is the sequence of the sets of genes
that belong to M where S; C U, consist of the genes in the i’* family. We define a gene
u € U, to be viable if and only if @ appears in a member of M(n). If & = u; for 1 < j <k,
then 4 is viable since it appears in the original instance of M. Alternatively, if & = u; for
m < j < n then @ will be viable if and only if u; appears in a member of M(j). When j > m
a new instance of M can only be inherited from an instance of Ml and a viable gene can only
be inherited from a viable gene. Note that if a gene is viable at the stage when it appears

then it remains viable throughout the duplication process.
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Lemma 9. A k-tuple of S X ... X Sk belongs to M(n) if and only if every gene in it is viable.

Proof. Every instance in M(n) consists of viable genes by the definition of viability.

It remains to prove that if we have a k-tuple of viable genes . € S; X ... X Si then it
forms an instance of M. Let j be the smallest value such that j > m and all the members of
Z are in U;. The proof proceeds by induction on j.

Suppose j = m. Then there have been no duplications. Thus the only possibility for .Z
is the original instance of M. Suppose j > m and let £ = (ay,....,a;_1,a;, a;11, ..., ag). By
the minimality of j we know that u; = a; for some i € K where K = {1,...,k}. In order
for a; to be viable it must be inherited from a viable gene which we denote a;. Since a; is
viable then . = (aq, ..., a;_1, d;, G;y1, ..., ax) Mmust be an instance of M and every member of
# must belong to U,_;.

By the induction hypothesis .# is an instance of M. A viable gene can only be inherited
from a viable gene, therefore a; must appear in some member of M. Since a; appears in
an instance of Ml it must have been inherited from a; which appears in another instance of
M. Under the Binary Inheritance Mode, when a; is selected for duplication to generate a;,
either every instance that contains a; results in a new instance or there are no new instances.

Therefore, it follows that . must be inherited from .#. O

Corollary 14. Suppose M is a subnetwork motif of size k > 1 under the Binary Inheritance
Mode, (Si,...,Sk) is the sequence of the gene families belonging to M, s; = |S;| for i € K,
and © = (my,...,m) 1S the vector of inheritance probabilities. Then in family S; f(m;, s;) is
the expected number of viable genes and g(m;, s;) is the expected number of ordered pairs of

viable genes.

Proof. Within S; a viable gene can only be inherited from a viable gene and has chance T;
of inheriting viability. Therefore, viability is inherited by the same probabilistic process as
single gene subnetwork motifs and we can apply Lemma 4 and Corollary 12 to obtain the

expected number of viable genes and the second moment for viable genes respectively.  [J
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Corollary 15. Assume the same hypothesis as Corollary 14. Then the mean number of

ordered pairs of instances of M conditioned on the vector of family sizes is

E(M(n) ; s1,-..s6) = [ [ 9(mi, 50)-

Proof. Let V; be the set of viable genes in S; for 1 < ¢ < k. By Lemma 9 we know that
M(n) = Vi X ... x Vi. Then E(|M(n)|?; s1,...,s1) = E([]L, [V?]). We know by Corollary
14 that the expectation of |V?| is g(m;, s;) for i = 1, ..., k. The expected number of ordered

pairs of M is

k k

E(|M(n)]? ; 51, ..y ) = IE(H Vil?) = TTE(ViP?) = [ [ 9(mi. 0),

i=1 =1

since the probability of viability for any gene is independent from the probability of viability

for any gene in a different family. O]

Theorem 6. Suppose M is a subnetwork motif of sizek, 1 <k<m<nand 0<7<T is
fixed. Then the second moment of the number of instances of M in binary Partial Duplication
18

L(m) x~ (DM (0 + @ F + 3i0s ™)
[(n) = 28T(m+ @7+ Y gnm)

E(|M(n)|2;m,n,ﬁ, k) =

This result allows us to calculate the variance of the number of instances of M under

Partial Duplication using Binary Inheritance, which would be required for a significance test.

Proof. Our approach to prove the statement of the Theorem is similar to our approach to prov-
ing Theorem 1 by utilizing generating functions to calculate the value of E <]M(n) Zm,n, 7, k) :

Corollary 14 gives the following expression for the second moment
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E<|M(n)|2;m,n,ﬁ, k) — (Z__ll)l(_szk (;__};__D @gﬁg(m&)»

h=k

where the inner summation is over @ § = h. From the proof of Lemma 3 we know that

o "R -1 (g m—k Tk
"] ) (m—k;—l) (z+ 2%+ ..) ((1_96)) .

h=k

From Corollaries 13 and 15 we obtain

; ZHQW“SZ :11< 1—x2ﬂl+1_(1—§)”i+1>
IR —

AC{K} i€ —A JEA

.

the second sum is over @ §=h and K = {1, ..., k}.
As in Theorem 1 we can apply the generating function to obtain the expectation by
dividing the coefficient of 2™ in the product of the generating functions by the total number

of equally likely compositions of n into m parts. That is,

E(IM(n)[%m,n, 7 k) x (27) s
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[f"]( - me<H 27%1)(1_[_#))

QCK i€K— A jeA

[ n] Z xm_k(Qx)‘K_A‘(_I)m'
= |z
« (1 —2)mFk(1 — x>2(Z¢¢A7Ti)+|K—A|(1 _ x)Z]-EA mj+A]

= [z""] Z (1— x)m+2(zieA Ti) 43 jen

_ Z 1)A250(n + P 7 + Zw_@w)
2|A|F (m+ @7+ 4n™)

We obtain the result of the theorem by solving for the expectation and simplifying. [

Corollary 16. Suppose M is a subnetwork motif of size k, 1 <k <m <n and o<m<1
1s fized. Then the variance of the number of instances of M in binary Partial Duplication is

VAR(]M(n)|; m,n,, k) which evaluates to

I'(m) (—=1)1921°0 (n + D 7 + >icq ™) B (F(@ T+ n)F(m))2
I'(n) 5o Lim+ @7+ com) @7+ m)(n)/

This result allows us to construct a significance test for Ml under Partial Duplication using

Binary Inheritance.
Proof. The Corollary follows immediately from Theorems 4 and 6. m
Lemma 10. Suppose a; > b; > 0 for 1 < i <k, and for 0 < j <k let

5= (I1 «I1%)

ACK i€eK—-A €A
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where the summation is over |A;| = j. Then

So—S1+ 82 — ... = Sarq1 < [J(ai —b:) <So =S+ ... + S,

€K

k
Jor0 < £ < 3.

Proof. Since

icK
the following inequalities,
S1 Sy Sart1 b; Sy Soe
l—=4F—-...— < 1l——) <1 —=+ ..+ =
S() SO S() ieK( a; ) SO S()

are equivalent to the inequalities in the statement of the the lemma and are implied by the
Bonferroni inequalities [6]. To see the latter, simply apply the Bonferroni inequalities to k

mutually independent events F1, ..., ), where E; has probability Z— fori=1,... k. O

Corollary 17. Suppose M s a subnetwork motif of size k, 1 <k <m <n, and 0 <7< I.
Then the second moment of the number of instances of subnetwork motifs of size k in partial

binary duplication satisfies

T(m)2 T(n+2@7) T'(m) o= 2""T(n+ 2@ 7 —7;)

I'(n)I'(m+26p7) I'(n) ps I'm+2@7 — ;)

and
. T'(m)2"T(n + 2D 7)

Proof. Our approach to prove the statement of the Corollary is to find bounds for the second

moment given a particular § and then use them to bound the result of Theorem 6.
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Recall from the proof of Theorem 6 that
E(!M(n)ﬁmn _'k;)— n-l _l(nfk n—h-1 Zﬁ (7; 5))
i ) 77T7 - m_l e~ m—k—l iZIQWzaz

where the second sum is over € § = h.
To obtain bounds for E <|M(n) |>sm,n, T, k:> we start by applying Lemma 10 to Hle g(mi, si)
where a; = h(m;, s;) and b; = f(m;, s;) since

g(m;, s;) = h(m;, s;) — f(m;, s;). Thus the simplest bounds for Hle g(m;, s;) are,

k
So— 51 < Hg(m,si) < S

i=1
where Sy = Hle h(m;, s;) and S; = 25:1 f(m;,s5) Hf:l,#j h(m;, s;).
By replacing (::1:11) with its generating function and using the bounds for Hle g(mi, 8;)
we see
S n—1\" , T
E(|M(n)|2§m7n,7ﬂk> > <m_ 1) ks ]((m) k(So—S1)>
and

E(|M(n)|2;m,n,7?,k:><<n_1>_1[x”]<( L mis,).

m—1
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Thus we can use the generating functions for h(m;,s;) and f(m;,s;) to calculate upper

and lower bounds for the second moment. The upper bound is as follows

E<|M(n)|2;m,n,ﬁ,k‘> < (n—ll :

n—1 *1[ - ok
= xZ py
m—1 (1 — z)+2®7

_Tm)2"T(n+2p7)
C T(m)I(m+2@7)

To obtain results for the lower bound we calculate the second term in the lower bound since

the first term is the upper bound. Thus,

(:1__11)1[36”](((1fx))m"‘“(;f(ﬁj,sj) I h(wi,s»)

i=1,i#j

n—1\" T b b
_ - n mk:
(27" w<( (St I o)
j=1 1:11#]
n -1 _k 2k—1
o Iy e e

_ T(m) « Qk_lf(n+2@7?—7rj)
~ T'(n) Z Pm+2@7—m;)

J=1

Therefore the lower bound is as follows

[(m)2*T(n + 2P 7) Fm ZQk Tn+27—7;)
T(n) :

]E<|I\\/J1(n)|2;m,n,7?, k) ~ F(n)T'(m+26p7) I'm+2@7— ;)

Jj=1
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Bounds are now obtained for the second moment when n is large in order to display
explicitly the growth rate with respect to n. If # = 0 the inheritance process is trivial since
no there is no chance that an inheritance event can occur and |M(n)| = 1. If m; = 0 for some
1, 1 <1 < k, then the only member of the family that occurs in instances of M is the original
gene, and the " family is non-reproductive.

Now consider a modified version of the inheritance and duplication process. Suppose k’
is the size of a subnetwork motif and 7 is the vector of inheritance probabilities. Then M’
is a subnetwork motif of size k' where all non-reproductive families have been removed from
7. If . is a potential instance of M then .’ is a potential instance of M’ which is obtained
by dropping all non-reproductive genes. Then the probability of the modified inheritance
event .#’ € M/(n) is the same as the probability of the original inheritance event .# € M(n).
Thus it suffices to study M’ since the probability distributions of [M(n)| and |M'(n)| are the
same. Therefore without loss of generality we can assume that 0 < # < I. That is, M’ has

no family with a zero probability of inheritance.

Corollary 18. Suppose M is a subnetwork motif of size k, 1 < k < m < n,n > k* and
0 < @ < 1. Then the second moment of the number of instances of subnetwork motifs of size

k in partial binary duplication satisfies

2@ﬂ2kr( k k=14, 2 77
E(M k)
M) m, . 7, “T(m+27) TIL(mn ZFm+2@7T—7r])

J:1

and

2D 7R (m) 6 P 7>
E(|M(n)[?; 7 k)< 2 1 .
() 0,7, ) _F(m+2@ﬁ)< =)

Proof. Since
Tin+27) _ (n+2@D7 12+

and
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Fn+2@7—m;) .
T —(n+2@7r—7rj—1)2@~_

the bounds for the corollary fall directly from applying Lemma 14 (occurs in Chapter 3) to

the result of Corollary 17. O

5 FULL DUPLICATION FOR MULTIPLE SUBNETWORK MOTIFS

In this section of the thesis we will study the number of instances of subnetwork motifs in Full
Duplication when there are r individual subnetwork motifs before the start of the duplication.
We will only explore mutliple motifs in Full Duplication in this thesis. Results for multiple
subnetworks in Partial Duplication can be obtained. However, this is something that will be
explored in the future.

In this scenario, the duplication process begins with m genes and ends with n total genes.
Initially, there are r subnetwork motif instances denoted M; for i = 1,...r and M;(n) is the
set of subnetwork motif instances after n — m duplications for ¢ = 1,...,r. As before, prior
to any duplications each |M;(m)| = 1. We will let k; be the size of M; for i = 1,...,r such
that k = (ki, ..., k,) is the vector of r subnetwork motif sizes. If we let X = > IM;(n)| then

the expected number of subnetwork motif instances can be denoted E(X!m, n)

Theorem 7. Letr > 1 and k; > 1 fori = 1,....,r be as above and let m < n such that
ki <m fori=1,..r. Then the expected total number of subnetwork motif instances in Full

Duplication is

E(X|m’”> ZrnJrl:nJrki

Proof. The lemma follows from Theorem 1 and the linearity of the expectation. O

Now we are going to derive the second moment of X. In order to do so we will apply

linearity of expectation to X2 which gives
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r

B(X2m.n) = S E(Mm)] - B + 23 3 B - ML@). (26

i=1 i=1 j=i+1

Note that the summand in the first summation is given by Theorem 2. In order to illustrate
what may occur in the second summation we will consider the example » = 2, k; = 2, and
ko = 2. Then there are three different scenarios for the joint distribution of M (n) and My(n).
Each scenario differs based on how the 2 original subnetwork motifs are related. The two
individual subnetwork motif instances can present as disjoint such that . = (ay, as) € M;(n)
and S = (as3,a4) € My(n). In the second scenario the subnetwork motifs can share one
gene such that % = (a1, as) € Mj(n) and % = (a1, a3) € My(n). Lastly, the subnetwork
motifs can share the same genes with differing mechanisms where ., = (a;, a2) € M;(n) and
F5 = (a1, a2) € My(n) are original instances of these genes. In order to calculate the results
for E(|M; (n)] - [Ma(n)|) we will use a(z), b(z), and ¢(x) from the proofs of Theorems 1 and
2. The results for each case are as follows:

Shared gene case where m = 3:

EUMMHHWMme)=hﬂ(axwhwb@ﬁ.q@)<n‘1)q

m—1
=(u”m*PU—erMt+W%ﬂu_xyWHg<Z:a)_
::GNn+$NmWW—WHJ) mn+mmmwm—nﬁ4»

L(m+5)(n—m—1)T(n) I(m+4)T(n—m)l'(n) /°

Same genes, different mechanism case where m = 2:

E(IMi(n)] - [Ma(n)]) = [2" "] i 2 (f) (1= )7 (:;_— 11) i

=0

2 (2 I'(n+2)T(n—m+ 1)I'(m)
:ZQ(>F(

n—m—i+ HI'(m+i+2)['(n)
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We will now look at the expectation of the number of instances of r subnetwork motifs.
Initially there are r original subnetwork motif instances .4, ..., .#,. with size kq, ..., k.. Suppose
for original instances .#; and .#; there exist an overlap in the genes that make up each instance,
then we denote the overlap size ¢; ;. Then the summand in the first summation of Equation

2.6 is a function of m,n, k;, k; and ¢; ;. Thus

n—1
m—1

(0 ) = (1 71) (ot o),

Lemma 11. Suppose M; and Ml; are subnetwork motifs of size k; and k; respectively, l; ; is the
overlap in genes between M; and M, and 1 < k; < k; <m <n. Then E<|Ml(n)] : \Mj(n)\)

is the expected number of instances of M; and M, which evaluates to

gw

Proof.

[””’n](l . x)m_ki_kj ((1 —xx)2>ki+kj_&’j ( ,

I'(m)I'(n—m+1)

In the following theorem we define R(m,n) as )

Corollary 19. Let r > 1 and k; > 1 be the size of M; for i = 1,...,r. Then the expected
number of ordered pairs of subnetwork motifs in Full Duplication is E<X2 | m,n), which

evaluates to R(m,n) times

T

k;
S (Tt k)Y 2 (2) (Pem+2+ )l —m—u+ 1)
u=0

i=1
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_|_

E’L,‘]
r—1 r
uf bij -1
2> T(n+ki+k) E 2 (uj>(F(m+ki+kj+u)F(n—m—u+1)) .
u=1

i=1 j=i+1

Proof. The corollary follows from applying Theorem 2 and Lemma 11 to Equation 2.6. [
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CHAPTER 3

USEFUL FORMULAE FOR APPROXIMATING MOMENTS

We will now derive approximations that are both rapid in computation and maintain accuracy
for large n. Note that large n corresponds in biology to an organism with a large genome. The
following lemmas were useful for exponentiating approximations to logarithms for various

moments in Chapter 2.

Lemma 12. [f0 < ( < % then

3
1+§§é§1+§;

Proof. We know that for any ¢
=3
il
i=0
The lower bound is obvious for any ¢ > 0. For the upper bound we have

Uz

3
o 2
<1+§+(§ _1+2g

Lemma 13. If0 < ( < % then
—¢ 1,
1-¢<e Sl—g-i—EC-

Proof. We know that




Since [¢| < %, the terms in the series expansion of e~¢ are alternating in sign and their
absolute value is strictly decreasing and tending to 0. The lower bound is obtained by
truncating the series sum after a negative term and similarly the upper bound is obtained

by truncating the series sum after a positive term. O]

Lemma 14. If j > 1 and y > j* then

1< WHi=hy 30

Y7 4y
Proof. Since the lower bound is trivial we will focus on bounding the ratio above. Let

j—1

§= ln((ij?‘j—]_DJ) =1In (H(l + £)>

r=1

Since the log of the product is equal to the sum of the logs and In(1+ 1) < for r > 0 we

r
Y

obtain the following bounds

[N}
AN
N | —

(3.1)

<

Jj—1 J
§< Z (C) = Q <
r=1 Yy Yy
Note that ¢’ <1+ %(5 whenever 0 < § < % and % < %, therefore

o0

& = (1/2)° 3
6 _ —
e—igzoi!§1+5+5i§:2 F §1+25

Since % < % we can apply Lemma 12 to obtain the result of the lemma. O

Lemma 15. If j > 1 and y > j° then
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Proof. Since the upper bound is trivial we will focus on bounding the ratio below. Using o
as it is in Lemma, note that e™® > 1 — § for any real J.

Now we know § < Z-. Thus we will bound e ~9 to obtain the following

9
e_6>1—‘7—when520.
2y

Lemma 16. Suppose j > 1 and y > 2j then

®);

L <.
y

2
1-L <

Y
Proof. Since the upper bound is trivial we will focus on bounding the expression below. Let

5= —ln((y—).j) = (-1

Y7 i

In order to prove the statement of the Lemma we must obtain bounds for the above

expression. Since |§| < 1 we will use the Taylor Series to obtain bounds. Let

-1 -1

<.
<.
s

i

) )
1 =1 i=1 r=1

T

When 7 = 1 we know that

<.
|

—
[

jG -1

<
2y -

1

SN
<

r=1

When ¢ > 2 a bound for the inner summation is as follows

Then



since
Thus the lemma follows since

so that

where 0 is as is in the proof of Lemma 16.
From the proof of Lemma 16 we know that
2
§<L
Y

Therefore § < % since y > 252
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From proof of Lemma 14 we know that

3 1
65§1+§(5when5§§

Thus

3 32
1365§1+§5§1+2i.

Y

Lemma 18. If j > 1 and y > 252 then

| < (M) <143
W 2y

Proof. In order to prove the statement of the lemma let

J—1

d=1In ((Mﬁ) =2In (H(l + f))7

Y Sy

just as in the proof of Lemma 3. Therefore the ratio we are bounding is €. Recall from

Equation 3.1 that § < %—z and 26 < 1/2 which mean 6 < 1/4. Thus,

32
e25§1+35§1+2i

Y

since ¢ <14 %5. O
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CHAPTER 4

BIOLOGICAL SCOPE OF THE GENE DUPLICATION AND INHERITANCE MODEL

1 INTRODUCTION

In this chapter we will make connections to both combinatorial and biological literature. To
begin, we will connect this work to Polya Urns, then we will observe a real life application
to transposable elements, and an alternate model of subnetwork motif inheritance and its
relationship and relevance to real life examples. Then we will conclude with some biological

considerations for the gene duplication and inheritance model presented in Chapter 2.

1.1 CONNECTION TO POLYA URNS

To study a more realistic model it is best to generalize the previous duplication model by
generalizing the start of the duplication process. The gene duplication process discussed in
Chapter 2 is an extension of the random duplication process that begins with w individual
gene families where each family has size s; > 1 for i = 1,...,w. We let § = (sq, ..., s,) and
m =81+ ... + S,. At each step, a random gene is selected to be duplicated. If a gene in the
it" family is duplicated then the new duplicated gene belongs to the i** family. After n —m
duplications we let ¢; > 0 be the number of duplicated genes that have been added to the
ith family and ¢ = (t1,...,ty). Note that the gene duplication process is a special case of this

generalized process that begins with m single gene families.

Theorem 8. Let S be the initial composition of family sizes and let X be the vector of numbers

of individuals added to each family after n —m > 0 random duplications. Then for any weak
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composition t of n —m into w parts we have

> o . (n—m (m — 1)~ (sj +t; —1)!
P[X_”S]_<t1,...,tw>(n—1)!£[1 5~ 1)

Proof. We need to calculate the likelihood that X=t given §. In order for X =t at the end
of a duplication sequence, the number of genes that have been duplicated in the j* family
must be z; for 1 < j < w. That is to say that x; = t; for j = 1, ..., w after n —m duplications.
There are exactly ¢; locations in the sequence of n —m duplications in which the duplication
can occur in the j** family for 1 < j < w. Then a standard combinatorial fact is that the
number of ways we can choose the locations so that X = {'is the multinomial coefficient
().

Given one of these patterns we can calculate the probability of its occurrence in a random
duplication process as follows. Consider the 7" duplication in the series of n —m duplications.
For X = t. the given pattern determines the j such that the % family that must be duplicated
at the i"" step. Then the probability that the i*" duplication occurs in the j** family is the
current size of the j family divided by n + 4 — 1, since the total number of genes at the
it" duplication step is n + i — 1. Therefore, the probability that X = tis the product of
the probabilities that the i** duplication occurs in the j* family for i = 1,...,n — m and

j=1,...,w. Then for i = 1,...,n — m, the denominators are as follows

and for j = 1,...,w the numerators are

(Sj + ij — 1)'
(s; —1)!

Therefore the probability that the given pattern is actually followed such that X =tis

(55 (55 + 1) (s 4 45— 1)) =
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Clearly the (tfl_”zw) different patterns of duplication are mutually exclusive. Therefore
the total probability of X=f given § is the product of this multinomial coefficient and the

probability of duplication for each family, giving the result of the theorem. O

The formula from the conclusion of Theorem 8 shows up in the analysis of the Kriz
polya urn model [14] in the case that the Kriz model parameter s = 1. The Kriz model is a
multi-urn model used to study the spread of a disease and the parameter s gives the number
of people likely to to come into contact with the disease in a specific unit of time. The result

of Theorem 8 can be expressed as

n_m)nﬁﬂme+0)

ﬂXzﬂﬂz(h / T

which is essentially the same formula as the one following the displayed expression [14, eq.
(9.8)] after setting the Kriz model parameter s to 1.

The Kriz model is expressed in terms of urns, balls, and colors. To correspond to our
model, the urn would be the entire genome, the balls would be the genes, and the colors
would be the families. Our model is a special case of the Kriz model where there is one urn

with n balls, m colors, and only one ball can be added at each step.

1.2 CONNECTION TO MITES

It has been expressed that transposable elements are one of the reasons a genome can
make programmed responses to environmental challenges [16]. At its core, the genome uses
transposable elements to rewire expressions in response to environmental challenges [16]. The
rice genome has putative regulatory elements called MITES also know as miniature inverted

transposable elements |7] that identify which subnetwork motifs are may be under selection
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to an environmental challenge. These MITES undergo a high rate of duplication and genes
in the rice genome are sorted based on their MITE profile. This results in MITE-infested
genes having a history of regulation by their MITES.

If two genes A and B share the same MITE, they are said to share a regulatory link. In
the rice genome a simple subnetwork motif would be a connected collection of three genes
and three MITES, where genes A and B share MITE 1, genes A and C share MITE 2, and
genes B and C share MITE 3.

Genes in the rice genome can be sorted into gene families based on their DNA sequence
or their MITE profile. The age of the links between genes can be characterized from the
sequences of each MITE [21]. That is to say, the more divergence there is in the sequence
between MITESs, the older the link between the genes. Moreover, the MITEs associated with
genes can define regulatory links. Therefore, a history of different genes and their potential
regulation by MITES can be reconstructed [21].

The modeling of MITE regulatory evolution is a direct application of the duplication
models discussed in this thesis. Suppose we have the simple network discussed in the previous
paragraph. If gene A gets duplicated to create gene A’ and the MITE between A’ and C
is retained but the MITE between A’ and B is not, then the simple regulatory network has
undergone Partial Duplication.

Subnetwork motifs can be examined in the rice genome using MITES since it should be
possible to consider a couple of gene families that have expanded over time and how the

MITES evolved with them. To a limited extent the fate of the network can be examined.

1.3 MIXED DUPLICATION MODEL

The mixed duplication model defined in [3] is a duplication model where nodes in a network
are duplicated along with their connections, which is a common occurrence in biological

systems, especially in the context of gene duplication [3]. In the model the results of both
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Full Duplication and Partial Duplication on the structure and connectivity of the network are
examined. Note that node connectivity refers to the regulatory relation between genes in a
genome. Under the mixed duplication model both full and Partial Duplication are considered
at the same time. There are two probabilities, p and ¢, that define the behavior of the model.
At each step in the duplication process a node is randomly selected for duplication. Then
with probability 1 — ¢ all regulatory links are retained and with probability ¢ each link is
retained independently with probability p.

What we consider Full Duplication can be described as mixed duplication when ¢ =
0, which is how it is referenced in [3]. However, our Partial Duplication mode is a vast
generalization of the mixed duplication model in [3] such that each family has its own
inheritance probability for regulatory links. One of the limitations of the mixed duplication
model is that it is restrictive to situations where all regulation relationships have the same
probability of inheritance through duplication. One case in which this model can be applied is
when transcription factors are regulating a very high number of targets and have independently
mutating binding sites. Our model extends the applications of the mixed duplication model
and is also appropriate for transcription factors that are regulating several targets and the
mutations occur in the regulator rather than the binding site.

The mixed duplication model is a special case of our Binary Inheritance mode where the
inheritance probability for each 7; for i = 1,....k is m; = 1 — ¢ 4+ ¢p. Consider the mixed
duplication model where the probability for link retention under Partial Duplication is p = 0.
Then at each step of the node duplication process 1 — ¢ is the probability that all of the
links where retained in Full Duplication and ¢ is the probability that none of the links where
retained in Partial Duplication. As already noted, the subnetwork motif results of this thesis

apply to the mixed duplication model [3].
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2 ASSUMPTION OF HOMOGENEITY IN GENE DUPLICATION AND INHERITANCE
PROCESSES

The gene duplication and inheritance model operates under the assumption that all genes have
an equal chance of being duplicated. Similarly, this model presupposes a consistent probability
for each gene families for the inheritance of regulatory mechanisms. This simplification may
not capture the true diversity seen in genomic data, where various genes and gene families are
subject to differing evolutionary pressures and demonstrate distinct outcomes of duplication.

A major part of the scope of the inheritance process is that the compositions for genes to

be organized into families are equally likely and the rate of inheritance for each family remains

n—1

constant throughout the duplication process. There are (mfl

) equally likely outcomes for n
genes to be organized into m families and the probability of regulation inheritance is m; for
the i'* family. However, it is possible for that during duplication some copies may evolve at
faster rates due to evolutionary pressures for a new function or a specialized function within
particular tissues [8]. While the model discussed in this body of work is a generalization of the

mixed duplication model presented in [3] which assumes there is one inheritance probability

for all families, our model is still limited by its assumptions.

3 VALIDATION AND EMPIRICAL TESTING

The section in Chapter 5 addressing the testing of moment results for utility presents a
promising method to validate theoretical models using empirical data from the essential
eukaryotic core (EEC). However, the practical challenges involved in accurately reconstruct-
ing ancestral states, determining the precise parameters n, m, and 7, and aligning temporal
scales between theoretical frameworks and evolutionary timelines are considerable. These
difficulties could impede the direct application or the interpretability of the model predictions

in real-world contexts.
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In this thesis a framework is setup that will allow the testing of the model. We calculate the
mean and the variance of the numbers occurrences of subnetwork motifs, the same quantities
used in the discovery of network motifs [17]. The scope of this model could be expanded
to include the significance test presented in [17]. This would require the inference of 7 for
the families under consideration and the reconstruction of the ancestral state of the genetic
regulatory network. One possible testing ground is using the EEC to infer the ancestral state
and compare this with a regulatory network in, for example, the Saccharomyces cerevisiae
genome, for which transcriptional regulation has been characterized [25]. A comparison of
the EEC could then be compared with the transcriptional network to estimate the number

of gene families m, the number of genes n, and 7.

4 GENERALIZATION TO DIVERSE BIOLOGICAL CONTEXTS

In this modeling framework a very specific duplication process is assumed. The specification
of this process potentially overlooks other critical processes that take place in real biological
contexts. For example, there may be convergent evolution [5], horizontal gene transfer,
chromosomal rearrangements duplicating or deleting whole segments of chromes, and other
forms of regulation that complicate the inference about how regulation has evolved. These

enrichments will lead to new models of gene duplication and inheritance to consider.

5 ASSUMPTION OF INDEPENDENCE IN GENE REGULATION

The models depict gene regulation and the propagation of regulatory connections as adher-
ing to a Markov chain framework. For instance, in scenarios like binary inheritance, it is
assumed that regulatory connections exhibit complete correlation. Yet, the actuality of gene
regulatory interactions is governed by a complex web of interdependent elements, such as
chromatin conformation, transcription factor binding specificity, and post-transcriptional

regulatory mechanisms. These model presuppositions—assuming either conditional indepen-
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dence through time or full correlation as in binary models—may not adequately reflect the
nuanced interplay of these factors, thereby potentially impairing the predictive precision of
the models regarding the behavior of regulatory networks.

Additionally, the methodology employed to delineate gene regulation significantly im-
pacts the frequency of detection for particular subnetwork motifs within regulatory networks.
Reliance solely on transcriptional data could overlook influential post-transcriptional or epi-
genetic factors that shape the evolution of regulatory connections. Consequently, if the
evaluation of the model is restricted to transcriptional data, these influential mechanisms

might escape detection.

6 SCALABILITY AND COMPUTATIONAL COMPLEXITY

Chapter 3, which offers formulas for moment approximations, tackles the computational
difficulties posed by extensive genomes. Yet, the model’s scalability and computational
performance in the context of large-scale genomic datasets require further exploration, par-
ticularly by employing the established bounds on the calculated moments. It is essential
to refine these models for use with high-throughput genomic data, ensuring computational
expediency does not come at the expense of analytical precision, thereby preserving their
applied value.

For practical high-throughput application, the moment calculations introduced need de-
ployment within expansive genetic regulatory networks. These calculations must be executed
repeatedly, which introduces concerns regarding multiple hypothesis testing, as discussed
in [24]. It is imperative to develop tailored pipelines for specific genomes that can assess
the overrepresentation or underrepresentation of subnetwork motifs, thereby elucidating the

phylogenetic history of gene duplications.
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7 EPISTATIC CONSIDERATIONS

The exploration and modeling of subnetwork motifs within gene regulatory networks are
mainly concerned with the structural dynamics of GRNs. This includes the roles of gene
duplication and the evolutionary mechanisms of gene retention, loss, and functional diversifi-
cation in enhancing the intricacy and efficacy of GRNs. While this body of work currently
does not directly delve into the intricacies of epistasis, there is an inherent relationship be-
tween the structure of GRNs, shaped by gene duplication, and the occurrence of epistatic
interactions.

There is some evidence now at the molecular level of epistasis in genetic networks in
simple microbial systems [2]. The Synthetic Lethal project [4] is just one example of this in
yeast. When a gene is duplicated, its expression may be controlled by an interaction with
another gene in a different family. Such interactions may affect the inheritance or loss of a
particular family member. The fate of genes in different families may depend on each other.

Within the scope of this work the families evolve independently.

7.1 REGULATORY COMPLEXITY AND EPISTATIC INTERACTIONS

The development and progression of subnetwork motifs within gene regulatory networks
(GRNs) center on regulatory complexity, which pertains to the intricate ways in which genes
control the expression of one another. Such a network provides a rich matrix for epistatic
interactions, where the influence of one gene’s regulatory action on a phenotype might be
modified by alterations in the regulatory behavior of another gene.

In the model presented in this thesis, the families evolve independently. Yet, it is conceiv-
able that their evolutionary trajectories are interlinked. There may be ways to break down

this complexity into blocks of noninteracting portions of the genome [2; 22].
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7.2 FUNCTIONAL DIVERGENCE AFTER DUPLICATION

Following gene duplication, the processes of neo-functionalization and sub-functionalization
can give rise to novel regulatory connections and pathways. These emerging interactions
could display epistasis, especially when the duplicated genes take on new regulatory functions
or alter pre-existing ones, thereby influencing the phenotype of the organism in ways that
are not simply additive.

When gene families are coupled in their phenotype, it may be necessary to expand the
scope of the model here to reflect the epistatic relations between families and how they evolve.

The underlying duplication model for regulation may need to be developed further.

7.3 MODELING GENE LOSS AND EVOLUTIONARY TRAJECTORIES

Extending the gene duplication and inheritance model to account for gene loss and the
analysis of multiple motifs under Partial Duplication may also intersect with the concept
of epistasis. If gene loss is introduced into the model, loss events may have unpredictable
effects. The phenotypic consequences of a gene’s loss—or its functional obsolescence—might
not be immediately evident if epistatic interactions are in play, since other compensatory
mechanisms or redundant pathways within the gene regulatory network (GRN) could offset
the impact of the loss. A sophisticated understanding of the GRN’s architecture is essential
here, as epistasis is a pivotal factor.

Incorporating gene loss into the model introduces a layer of complexity, making the
outcomes of loss events less predictable. For instance, if compensatory biological responses
occur, the selective pressure either for or against the loss of a particular gene family may not
be obvious. Such a loss might present as neutral within the scope of the current duplication

model due to such compensatory effects.
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7.4 PREDICTIVE MODELING AND EPISTASIS

Predictive modeling of GRN behavior, including the effects of gene duplication and loss
on network structure and function, implicitly encompasses epistatic considerations. The
functionality of a GRN—and its response to evolutionary pressures—depends on the combined
effects of its components, where epistasis between regulatory genes can significantly alter
outcomes.

Expanding the current research to explore the connection between gene families and
specific phenotypes could be a valuable exploration. The influence of regulatory mechanisms
on morphological evolution has been a topic of considerable debate [13|. Investigating how
particular subnetwork motifs impact phenotypes, including biological rhythms like the circa-
dian clock, is a potential application of this work. Utilizing the moment results established
in this body of work to identify foundational subnetwork motifs, one could experimentally
determine the effects of altering or removing these motifs on a targeted trait, such as the clock

function. This is likely to be essential in the experimental approach to directed evolution

27].
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CHAPTER 5

CONCLUSIONS

In counting subnetworks under gene duplication in GRNs, this thesis has presented an
analytical method for determining the significant gene-family-specific network subnetwork
motifs in GRNs. Through the use of combinatorial probability, gene duplication models
for biological networks, and network subnetwork motifs, a set of models were defined and
analyzed. This chapter aims to explore a variety of future directions for this research to
explore the potential for future discoveries. To begin, a model that incorporates loss of gene
function will be explored, then a generalization of the set of initial subnetwork subnetwork
motifs will be discussed, and lastly methods for testing the moments calculated in the previous

chapter will be observed.

1 INCORPORATION OF GENE LOSS

As it stands, the models presented in this thesis do not allow for the trimming of genes
in evolution. Genes have a natural life cycles where they may eventually die and become
pseudogenes [12]. Death of genes is a natural process in the evolution of genes in a genome. It
is important to create a gene duplication model that incorporates the death process because
the fate of duplicated genes over evolutionary time scales can differ. For instance, a newly
duplicated gene can retain its original function, evolve new functions, or be subject to loss
or what will be referred to as death in this thesis.

In a biological context, there are several pathways for gene death. One of the main
pathways is non-functionalization, which happens when a newly duplicated gene loses its

original function. This process can be referred to as genetic decay, where a gene becomes a
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pseudogene that lacks functional activity. Another pathway is neo-functionalization, which
involves a newly duplicated gene to acquire a new, beneficial function [12]. This can indirectly
lead to the ancestor gene’s (the gene from which the new gene was duplicated) redundancy
and potential loss if the new gene function completely supersedes the ancestor gene’s original
role in the genome. While neo-functionalization can be viewed as the birth of new gene
functions rather than the death of existing ones, it would be considered a form of death for
older gene functions.

Death for genes evolving in a genome can also happen partially. Sub-functionalization
is the case when the function of an ancestor gene is partitioned between a set of newly
duplicated genes. That is to say that each copy of the ancestor gene may evolve to perform a
subset of the original gene’s function. This process can lead to the partial death of a gene’s
initial function. Another mechanism for gene loss is conversion and unequal crossing over.
Gene conversion can homogenize gene copies resulting in the reduction of the number of
functional gene copies. While unequal crossing over during meiosis can result in the deletion
of one of the newly duplicated genes, which leads to gene loss.

The interplay between gene duplication and loss is essential to understanding genome
evolution. Models that fail to explicitly incorporate gene loss may not adequately capture
the complexities involved in the evolution of genomic and regulatory networks. Therefore, it
is important to create and analyze a model that reflects the balance between the gain of new
genetic material and the loss of redundant or non-functional genes.

Integrating a death process would necessitate a significant conceptual expansion of the
analysis. The complexity arises when a gene is duplicated and the new gene develops a new
function. From the perspective the gene duplication and inheritance model, when a gene
in the i'" family is selected for duplication and a the newly duplicated gene develops a new
function, the new gene would create its own gene family in lieu of being added to the i*" gene

family. To consider this development of new gene functions, the number of m gene families

7



would need to vary over time. Alternatively, a gene could simply lose function completely
[8], which would decrease the number of m gene families.

The model currently accounts for the retention of gene function. Therefore, the consider-
ation of sub-functionalization would involve the option for gene function inheritance, gene

function loss, and gene function development at each duplication step.

2 MULTIPLE MOTIFS FOR PARTIAL DUPLICATION

The previous chapter only deals with multiple motifs under Full Duplication and obvious
target would be multiple motifs for Partial Duplication. Allowing the gene duplication and
inheritance model under Partial Duplication to begin with multiple instances of a subnetwork
motif extend the generality and applicability of the model. Since Full Duplication is a
simplified and special case of the Partial Duplication inheritance mode, the results from
a multiple subnetwork motifs start under Full Duplication would have limited biological

applicability.

3 TESTING MOMENT RESULTS FOR UTILITY

In this thesis we introduced an analytical approach to counting subnetwork motifs in a GRN
under gene duplication. Previously, mathematical approaches for constructing synthetic
gene circuits were limited by the difficulties faced when it came to verifying predictions
experimentally [10]. To test the moment results presented in the previous chapter for utility
the essential eukaryotic core (EEC), which is defined as a collection of essential genes shared
by all eukaryotes [25], can be utilized.

To carry out the test for utility, it is necessary to characterize the duplication process by
comparing today’s interaction network for the EEC with an inferred one. That is to say that
we would need to determine the parameters, m and n, for both the present day and inferred

EEC interaction network. Then, the 7; for each gene family in the set of gene families would
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need to be estimated by using a clustering procedure based on the regulatory connections
that exist between regulators. In this procedure, gene families are constructed based on
sequencing data. Once the approximations for the inheritance probability are calculated, we
can calculate the predicted moments using the results from the previous chapter and compare
those results to the real data. This would provide a method for determining the significance
of a gene-family-specific substructure. The time scale in mathematics for our model is simply
one duplication. Thus the number of duplications is proportionate to time. To establish a
meaningful comparison with our model, the temporal scale for the EEC must be calibrated in
accordance with the rate of mutation. Thus, it necessitates the determination of a temporal

metric that accurately reflects mutation rates.
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