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ABSTRACT

The sparse solution technique, stemming from the principles of compressive sensing,
holds myriad applications in both applied mathematics and data science. This dissertation
studies its applications in two directions: local clustering and function approximation. Local
clustering aims at extracting a local structure inside a graph without the necessity of knowing
the entire graph structure. As the local structure is usually small in size compared to the
entire graph, one can think of it as a compressive sensing problem where the indices of
target cluster can be thought as a sparse solution to a linear system associated with the
graph Laplacian. Inspired by this idea, we developed two algorithms which can find the
cluster of interest efficiently and effectively. For function approximation in C([0, 1]¢), we
propose a new approach via Kolmogorov superposition theorem (KST) based on the linear
spline approximation of the K-outer function in Kolmogorov superposition representation.
We achieve the optimal approximation rate as O(n%), with n being the number of knots of
the linear spline functions over [0, 1], and the approximation constant increases linearly in
the dimension d. We show that there is a dense subclass in C([0, 1]¢) whose approximation
can achieve such optimal rate, and the number of parameters needed in such approximation
is at most O(nd). This approach can also be extended to the numerical solution of partial

differential equation such as the Poisson equation.
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CHAPTER 1

INTRODUCTION

The structure of this dissertation is as follows. In Chapter 1, we give an introduction of the
preliminaries and background which are necessary for the development of this dissertation.
More specifically, we introduce compressive sensing, spectral graph theory, and Kolmogorov
superposition theorem (KST). In Chapter 2 and 3, we introduce two approaches based on
least squares and compressive sensing for finding the local cluster respectively. In Chapter 4
and 5, we present a new function approximation scheme based on the representation of KST,

and we also discuss its application to numerically solving partial differential equations.

1.1 COMPRESSIVE SENSING AND SPARSE SOLUTION

We call a vector sparse if it has few non-zero entries in comparison to its overall length. The
idea of compressive sensing (also called compressed sensing/sampling), which is motivated
by problems arose in signal acquisition and compression for storage, comes from solving the

noisy recovery of the sparse solution with small tolerance ¢ > 0:

iIelliRI}L Ixllo st [[Px—yl2<e, (1.1)

where ® € R™*" ig called sensing matrix (usually underdetermined), y € R" is called mea-
surement vector, and the “zero quasi-norm” ||-[[o counts the number of nonzero components
in a vector. The goal of (1.1) is to find a s-sparse solution x € R™ under some constraint. In

the case of € = 0, we have the exact (noiseless) sparse recovery problem

)r(rel]%ll Ixllo st Px=y. (1.2)



A related problem is

argmin ||dx —yll2 st ||x]jo < s. (1.3)
xER™
However, these problems involved in the || - ||o is NP-hard. To solve it practically, people

often consider their convex relaxations:

min xfl; st [[@x -yl <e. (1.4)

In the noiseless case, we have

}gel]iRryll Ix|i st. Px=y (1.5)
and
argmin [[®x —ylla st x[l; <s. (1.6)
xeR™

As in the literature, problem (1.5) is often referred to as basis pursuit [17]. The origin of
compressive sensing can be traced back to the realization that in the noiseless case, if ® is a
random matrix such that y = &x* with [|x*||o = s such that m = O(slog(n/s)), then (1.5)
and (1.6) has a unique solution, and this solution coincides with x*, which is the solution
to (1.2) and (1.3). Among all the contributors, Donoho [29] and Candes, Romberg, Tao [16]

are widely recognized as the first to explicitly establish this connection.

1.1.1 RESTRICTED ISOMETRY PROPERTY

Now let us present two crucial concepts which are often employed in the analysis of sensing
matrices and compressive sensing algorithms. The first one is called Restricted Isometry

Property (RIP).

Definition 1.1.1 (Restricted Isometry Property). Let 0 < s < m be an integer, and sensing

matriz ® € R™ ™. Suppose there exists a constant d; > 0 such that

(1= 80 lIx[l2 < Pxl3 < (1+ d,)lI]3 (1.7)



for all x € R™ with ||x|lo < s. Then the matriz ® is said to have the Restricted Isometry
Property (RIP) of order s. The smallest constant 65(®) which makes (1.7) hold is called the
Restricted Isometry Constant (RIC) of ®.

With this, it is easy to see that if dos < 1, then the solution of (1.2) is unique. Indeed, if
there are two s-sparse solutions x; and x, such that &x; =y and ®x, =y, i.e., ||x; —x2|o <

2s such that ®(x; — x2) = 0, then
(1= a0 [lx1 = 2|3 < [[@(x1 — %) |5 = 0.

It follows that ||x; — X2||2 = 0 when d9s < 1. That is, the solution is unique.
The RIC can also defined via the following lemma. Its proof is straightforward, which is

included in [80] and [40].

Lemma 1.1.1. Let 0 < s < m be an integer, @ be a submatriz of ® € R™*™ which consists

of columns of ® whose columns indices are in T C {1,2,--- ,n}. Then
b5 = I, — 1@ 1.8
Jnax |l P72, (1.8)

where 1, is the identity matriz of size m X m.

The following lemma gives a simple but useful bound for the spectrum of & ®;. We

leave its proof to interested readers.

Lemma 1.1.2. Suppose that the sensing matriz ¢ satisfies the RIP with RIC 65 < 1. Then
for any index set T with #(T) < s, the symmetric matriz ®. O is positive definite with the

largest eigenvalue A\ < 14 05 and smallest eigenvalue Ay > 1 — ds.

Practically, one wants to establish the uniqueness of solution to the ¢; noiseless sparse
vector recovery problem (1.5), so that any solution found via algorithmic approaches can be
guaranteed to be the desired solution. If the sensing matrix ® has a good structure, i.e., the

RIC of 4, is small, one can establish the following uniqueness result.



Theorem 1.1.1 (Cai and Zhang, 2013 [14]). Suppose ® € R™*" and y = ®x* such that
|x*|lo0 = s. Then x* is the unique solution to (1.5) provided 65(®) = 1/3. Moreover, this
bound is sharp in the sense that there exists ® such that §5(®) > 1/3 and s-sparse vector

x* € R™ such that x* is not the unique solution to (1.5).

Moreover, there are conditions imposed on dq, 035, and dys to guarantee to uniqueness of

solution to (1.5). For example:

Theorem 1.1.2 (Candes and Tao, 2005 [15]). Let x* € R™ with sparsity ||x*|o = s such

that &x* =y. Suppose & € R™" satisfies
535 + 3545 < 2.

Then x* is the unique solution to (1.5).

Theorem 1.1.3 (Foucart and Lai, 2009 [41]). Suppose that s > 1 such that

bas < 5~ 04531,

and let x* € R™ be vector with ||x*||o < s and &x* =y. Then x* is the unique solution to

(1.5).

One notable feature of the RIP condition is that a random matrix is likely to satisfy RIP.
In fact, it has been demonstrated that matrices whose entries are drawn from Gaussian, sub-
Gaussian, uniform, or Bernoulli distributions satisfy the RIP condition with overwhelming
probability. We leave the discussion of what kind of matrices will satisfy the RIP condition
to Chapter 8 in the book [80].

1.1.2 MutuaL COHERENCE

The second crucial concept which characterizes the correlation between pairs of columns in

the sensing matrix is called mutual coherence.



Definition 1.1.2 (Mutual Coherence). Let ® = [¢1, -, ¢,] € R™*", where ¢; is the i-th

column of ®. The mutual coherence is defined as

¢/ ¢5]
T Oy I (1.9)
z,]:i;é;.;rz H¢Z“2H¢JH2

Note that p(®) € [0, 1]. In many occasions, the mutual coherence is also defined as
(@) =, max 67 ;] (1.10)
% Z#J )
if assuming all the columns ¢; are normalized. One can show that the mutual coherence

satisfies the following lower bound if the matrix is of full rank.

Lemma 1.1.3. Assume that ® € R™*™ is of full rank. Then p(®) > / miny - In particular,
if n > 2m, then u(®) > (2m)~1/2.

Similar to Lemma 1.1.2, it is straightforward to show that the singular values of &, are
bounded below and above based on the value of mutual coherence. We omit its proof and

refer interested readers to [80].

Lemma 1.1.4. Let pp= pu(®) and s < 1/pu+ 1. For any T C {1,--- ,n} with #(T) < s and
O the matriz consisting of the s columns of ® with column indices in T, the singular values

of ®7 are bounded above by (1 + pu(s — 1))/? and below by (1 — p(s — 1))Y/2.

Given a sensing matrix ® satisfying RIP, its mutual coherence and RIC §, have the

following relation:

Lemma 1.1.5 (Rauhut, 2010 [112]). For any sensing matriz @,
5, < (5 — (@),

where dg is the RIC of ®.



1.1.3 GREEDY ALGORITHMS AND PERTURBATION ANALYSIS

Before the idea of compressive sensing was introduced, (1.6) is often solved via techniques
such as matching pursuit [94], LASSO [132], and basis pursuit [17]. There were theoretical
results describing when these algorithms recovered sparse solutions, but the required type
and number of measurements were sub-optimal and subsequently greatly improved by com-
pressive sensing. More recently, the algorithmic approaches based on the idea of compressive
sensing were introduced. These mainly include two families of approaches: thresholding algo-
rithms (for example, iterative hard thresholding [10]) and greedy algorithms (for example,
orthogonal matching pursuit [133]). We present the Orthogonal Matching Pursuit (OMP)
algorithm as Algorithm 1, it is sometimes also referred to as Orthogonal Greedy Algorithm

(OGA) in the literature.

Algorithm 1: Orthogonal Matching Pursuit (OMP)

Data: Sensing matrix ® = [¢q, - - - , ¢,,], measurement vector y, sparsity parameter

L, tolerance e.
Result: The estimated signal x7.
1 Initialization: S©© =@, r©® =y:
2 fork=1,---,Ldo
3 i, = arg maxlgign{|¢:r(1€_1)|}§
4 | S =gkNy LG},

5 x (k)

= arg min, g.{ ||y — ®z|2 : supp(z) C S®};
6 r®) =y — &x® and x# = x*;
7 | if |[r®)|, < € then

8 break

9 end

10 end




There are also other variants of OMP, such as Generalized Orthogonal Matching Pursuit
[140], Regularized Orthogonal Matching Pursuit [105], Iterative Least Squares Orthogonal
Matching Pursuit [109], Quasi-Orthogonal Matching Pursuit [75, 37]. Later on, we will be
applying a more sophisticated algorithm, named Subspace Pursuit [21], in Chapter 2 and
3 for local clustering task. The notable aspect of the Subspace Pursuit lies in its ability to
dynamically update the selection of column indices after each iteration, whereas Orthog-
onal Matching Pursuit (OMP) maintains the selection of indices from the previous iteration

without alteration. We present the algorithm of Subspace Pursuit as Algorithm 2.

Algorithm 2: Subspace Pursuit
Data: Sensing matrix ¢, measurement vector y, sparsity parameter s, number of

iterations K.

Result: The estimated signal x7.

1 Initialization: S© = £,(®Ty), x© = arg min, . {|ly — ®z|2 : supp(z) C SO},
O — y — ox).

2 fork=1,---, K do
s | S® =g¢-Dy L (dTrk-1),
o | u= argmin, e (lly — @l supp(z) € 59},
5 S®) = £,(u) and x*) = H,(u);

7 end

. =0

0]

# (T -1pT #
Let X% ) = (P g0 Pg)) T Py y and X (s

The L(-) and H(-) are threholding operators defined as

L(v) :={i € [n] : v; among s largest-in-magnitude entries in v},

v; if i€ ,CS(V),
Hy(v)i =

0 otherwise.



Many proofs of correctness for compressive sensing algorithms rely on the Restricted
Isometry Property (RIP). Here we list a few of them. We omit their proofs and refer interested

readers to [80].

Theorem 1.1.4 (Mo, 2015 [99]). If 6511 < \/s;Tl’ the exact recovery of the s-sparse signal

can be guaranteed by using Algorithm 1 in s iterations.
Theorem 1.1.5 (Wen, Zhou, Liu, Lai, and Tang, 2019 [142]). Let v :=y — ®x,. Suppose

that v satisfies ||v||2 < € and ® satisfies the RIP with 05,1 satisfying

1
\/s+1'

Then Algorithm 1 with stopping criterion ||[v® ||y < € exactly recovers the support of the

5s+1 <

(1.11)

sparse signal X, = [x1,++- ,x,]" in s iterations provided
2€
in{|xz;|} > . 1.12
min{|z;[} > — ST (1.12)
Moreover, the recovery error can be bounded by
%, — x| <, (1.13)

where x7 is the output from Algorithm 1.

One of the reasons behind the remarkable usefulness of compressive sensing lies in its
robustness against errors, including both additive and multiplicative types. More precisely,
suppose we know y = ®x* where y is the exact measurement of the acquired signal and &
is the exact measurement of the sensing matrix. However, we may only be able to access to
the noisy version ¥ = y + Ay and ® = & + Ad. Can we expect to approximate the solution
x* well from the noisy measurements y and ®. This question is affirmatively addressed by
several authors, starting with the work of [54]. For Subspace Pursuit algorithm, we have the

following result:

Theorem 1.1.6 (Li, 2016 [82]). Let x*, y, 7, P, ® be as defined above, and for any t € [n],

let 6 := 0,(®). Suppose that ||x*||o < s. Define the following constants:

e = |AYlla/ Iyl and € = [|AD[S/|©]



where HMH%S) = max{||Ms||2 : S C [n],#(S) = s} for any matriz M. Define further:

V262 (1462 2+ 2)03s 2v2 41

= 3s( —2'— 3) and T := —(\/_+ )03 (1 —035)(1 —p) + V2 + .
-, N3 (= 0s)(1— p)

Assume that 03, < 0.4859 and let x™ be the output of Algorithm 2 after m iterations. Then:

* —x(m) V140,
I = x™e L VIE

Il 1€

(€p + Ey)-

It is also worthwhile to mention the following result which quantifies the effect of pertur-

bation on the RIC:

Theorem 1.1.7 (Herman and Strohmer, 2010 [54]). Suppose that ® = ® + A®. Let 5, and

8, be the restricted isometry constants for ® and ® respectively. Then

1.2 SPECTRAL GRAPH THEORY AND CLUSTERING

In this dissertation, we will apply the idea of compressive sensing and sparse solution to study
the local community or clustering structure in graphs. We adapt the standard representation
of a graph G = (V| E), where V is the set of nodes and FE is the set of edges. For convenience,
in the case that the graph is finite, we identify the set V' with [n] = {1,--- ,n}. We use
A = (ay)ijem € {0,1}™" to denote the adjacency matrix, where a;; = 1 if and only
if there is an edge connecting nodes ¢ and j, otherwise a;; = 0. Note that the notion of

adjacency matrix can be extended to weighted graph, in which case A = (a;;); jen € R™".

Furthermore, we use d; := Z?zl A;; to denote the degree for the i-th node, ¢ = 1,--- | n,
and the matrix D = diag(dy,--- ,d,) € R™"™ to denote the matrix whose diagonal entries
are dy,--- ,d,.

1.2.1 GRAPH LAPLACIANS

Let us first introduce the Laplacians of graph, their properties and their connection to graph

clustering.
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Definition 1.2.1 (Graph Laplacians). The unnormalized (combinatorial) Laplacian is

defined as Leoy, = D — A. The normalized, symmetric Laplacian is defined as Ly, =

I — D 'Y2ADY2. The random walk Laplacian is defined as Ly, =1 — D' A.

For matrices Leom, Lsym, Lrw, we summarize the following important properties in Lemma

1.2.1 and Lemma 1.2.2. Their proofs can be found in proposition 1 and 3 in [90].

Lemma 1.2.1 (Properties of Loy ). The matric Ley, satisfies the following properties:

n

1
o for every x € R, we have X' LepmX = 5 Z a;j(x; — :Bj)Q.

i,j=1

Leom 18 symmetric and positive semi-definite.

The smallest eigenvalue of Leom is A1 = 0, the corresponding eigenvector is the constant

one vector 1.
® L.om has n non-negative, real-valued eigenvalues 0 = Ay < Ao < -+ < A\,

Lemma 1.2.2 (Properties of Ly, and L,,). The matric Ly, and L., satisfy the following

properties:

2
] — x; T
o for every x € R", we have x"Lx = = i L)
Jor every P <\/di ‘/dj>

ij=1
o )\ is an eigenvalue of Ly, with eigenvector w if and only if X is an eigenvalue of Ly,

with eigenvector w = DY?u.

e 0 is an eigenvalue of L, with constant vector 1 as eigenvector. 0 is an eigenvalue of

Lgym with eigenvector DY/?1.

® Ly and L., are positive semi-definite and have n non-negative, real-valued eigen-

values 0 = A < Ay < -+ <\,

The following result (see proposition 4 in [90] for its proof) serves as the foundation for

developing our local clustering algorithms in Chapter 2.
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Lemma 1.2.3 (Number of connected components and spectra of L,,, and Lgy,). Let G be

an undirected graph with non-negative weights. Then the multiplicity k of the eigenvalue 0 of

both Ly, and Lgy, equals to the number of connected components Ci,--- ,Cy, in the graph.
For L,,, the eigenspace of 0 is spanned by the indicator vectors of 1c,, -, 1¢c, of those
components. For Lg,,, the eigenspace of 0 is spanned by the vectors of DY%1c,,--- ,DY?1,.

1.2.2 SPECTRAL CLUSTERING

The graph Laplacian plays a key role in spectral clustering algorithm, which is arguably the
most well-known approach to partitional clustering. Spectral clustering debuted in [39] with
pioneering work on the two-cluster case, later gaining prominence in the realm of k-cluster
analysis through the influential contributions in [119, 106]. We refer interested readers to
the survey article [90], which gives an excellent explanation of spectral clustering. There
are many variants of spectral clustering algorithm since its debut, let us include the version

which makes use of the random walk Laplacian in Algorithm 3.

Algorithm 3: Spectral Clustering

Data: Adjacency matrix A € R, number of clusters k.
Result: Clusters (', -, C.

1 Compute the random walk normalized Laplacian matrix L,,, € R"*";

2 Find the k eigenvectors uy, - -- , u; corresponding to the k smallest eigenvalues of
Liw;
3 Let U € R™** be the matrix consisting of columns uy, - - - , u;. Let r; € R”, for

t=1,---,n, denote the i-th row of U;
4 Cluster the points {ry, -+ ,r,} C R* into k clusters Cy,--,Ch using k-means;

5 Build the desired clusters Cy,--- ,Cy via C, = {i i r; € C‘a} fori=1,---,n;

There are also other ways of clustering a graph, let us give a very broad overview of
various graph clustering approaches in the literature, with the focus on (semi-supervised)

local clustering.
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1.2.3 OVERVIEW OF GRAPH CLUSTERING AND LoOCAL CLUSTERING

Traditional graph clustering problem assumes the underlying data structure as a graph where
data points are the nodes and the connections between data points are the edges. It assigns
each node into a unique cluster, assuming there are no multi-class assignments. For nodes
with high connection density, they are considered in the same cluster, and for nodes with
low connection density, they are considered in different clusters. Since the task is to learn
the clustering patterns by investigating the underlying graph structure, it is an unsupervised
learning task. Many unsupervised graph clustering algorithms have been developed through
decades. For example, spectral clustering [106], which is based on the eigen-decomposition of
Laplacian matrices of either weighted or unweighted graphs. Based on this, many variants of
spectral clustering algorithms have been proposed, such as [147] and [57]. Another category
is the graph partition based method such as finding the optimal cut [27, 28]. It is worthy
noting that spectral clustering and graph partition have the same essence [90].

Spectral clustering has become one of the popular modern clustering algorithms since it
enjoys the advantage of exploring the intrinsic data structures. It is simple to implement, and
it often outperforms the traditional algorithm such as k-means. However, one of the main
drawbacks of spectral clustering is its high computational cost, so it is usually not applicable
to large datasets. Meanwhile, the spectral clustering method does not perform well on the
auxiliary graphs which are generated from certain shapes of numerical data, e.g., elongated
band shape data and moon shape data. In addition, many other clustering methods have
been developed, such as the low rank and sparse representations based methods [86, 58],
deep embedding based methods [144], and graph neural network based methods [59, 134].
Besides the unsupervised way, some semi-supervised graph clustering methods have also been
proposed [66, 62, 113].

These clustering algorithms, whether unsupervised or semi-supervised, are all global clus-
tering algorithms, which means that the algorithms output all the clusters simultaneously.

However, it is often to people’s interests in only finding a single target cluster which contains
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the given labels, without worried too much about how the remaining part of graph will be
clustered. Such an idea is very useful in detecting small-scale structure in a large-scale graph.
This type of problem is referred to as local clustering. This concept was initially introduced
in the computer science literature in [124, 125]. Their motivation was to extend clustering
techniques to large graphs, denoted for which conventional partitional clustering techniques
were impractical. Their proposed algorithm finds a target cluster in almost linear time and is
a motivating example of the diffusion-based local clustering algorithm. Further examples of
this type of algorithm include the algorithms proposed in [5, 18, 63]. Another different family
of approaches to this problem are the local spectral methods. Its idea was first proposed in
[92] to find a local analogue of the second eigenvector of the Laplacian, which resembles
spectral clustering. In the work of [51, 83, 84, 120], the approach is to first subsample a
graph that is much smaller in size compared to the original graph, but very likely to con-
tain the target cluster, then apply spectral methods to extract the target cluster from this
subsampled graph. It is worth of pointing out that [42] have kindly put several methods of
local graph clustering into software, including [5, 43, 81, 135, 139]. A related problem, as
discussed in the statistics literature, pertains to the problem of cluster extraction. This was
motivated in [148] by the task of distinguishing a cluster from a background of vertices that
do not belong in any cluster. Such method is further developed in [143]. We do not discuss
further.

More recently, new two-stage approaches based on making the cut of graph and compres-
sive sensing are proposed in [70, 77] where they took a novel perspective by considering the
way of finding the optimal cut as an improvement from an initial cut via finding a sparse
solution to a linear system. Their results were further improved by [117], where the cut was
taken to be the entire graph so that it excluded possibility of missing any target vertices
from the initial cut. One notable feature of any local clustering algorithm is that it can, in
principle, be iterated to yield a partition over the entire vertices in the graph. That is, if

one proceeds by removing all clusters previously found and then extracting the next cluster,
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one ends up with a partition of the entire graph. Let us call this feature “one cluster at
a time”. On the other hand, retaining the clusters which being in the previous iterations
permits the presence of overlapping clusters. Therefore, local clustering encompasses both
partitional and overlapping clustering tasks. In Chapter 2 and 3, we will give a more detailed
discussion of the approaches which are proposed in [77] and [117] for semi-supervised local

clustering task.

1.3 THE ISSUE OF CURSE OF DIMENSIONALITY

Let us shift our attention now to briefly discussing the well-known bottleneck inherent in
the computation of high-dimensional learning and approximation — commonly referred to
as the curse of dimensionality.

Recently, deep learning algorithms have shown a great success in many fronts of research,
from image analysis, audio analysis, biological data analysis, to name a few. Incredibly, after
a deep learning training of thousands of images, a computer can tell if a given image is a
cat, or a dog, or neither of them with very reasonable accuracy. In addition, there are plenty
of successful stories such that deep learning algorithms can sharpen, denoise, enhance an
image after an intensive training. See, e.g. [47] and [95]. The 3D structure of a DNA can be
predicted very accurately by using the DL approach. The main ingredient in DL algorithms
is the neural network approximation based on ReLU functions. We refer to [22] and [25] for
detailed explanation of the neural network approximation in deep learning algorithms.

Learning a multi-dimensional data set is like approximating a multivariate function. The
computation of a good approximation suffers from the curse of dimension. For example,
suppose that f € C([0,1]?) with d > 1. One usually uses Weierstrass theorem to have a

polynomial Py of degree n such that

If = Prllo <€
for any given tolerance ¢ > 0. As the dimension of polynomial space = (”:d) ~ n? when

n > d, one will need at least N = O(n?) data points in [0, 1]¢ to distinguish different
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polynomials in IP,, and hence, to determine this P;. Notice that many good approximation
schemes enable Py to approximate f at the rate of O((1/n)™) if f is of m times differentiable.
In terms of the number N of data points which should be greater than or equal to the
dimension of polynomial space P,,, i.e. N > n?, the order of approximation is O(1/(N'/)™).
When d > 1 is bigger, the order of approximation is less. This phenomenon is the so-called
curse of dimension. Sometimes, such a computation is also called intractable. Similarly, if
one uses a tensor product of B-spline functions to approximate f € C([0,1]), one needs to
subdivide the [0, 1]¢ into n? small subcubes by hyperplanes parallel to the axis planes. As
over each small subcube, the spline approximation Sy of f is a polynomial of degree k, e.g.,
k = 3 if the tensor product of cubic splines are used. Even with the smoothness, one needs
N = O(k?) data points and function values at these data points in order to determine a
polynomial piece of S; over each subcube. Hence, over all subcubes, one needs O(n¢k?). 1t is
known that the order of approximation of Sy is O(1/n**1) if f is of k+1 times coordinatewise
differentiable. In terms of N = O(n?k?) points over [0, 1]%, the approximation order of Sy will
be O(k*+1/N#+1)/d) More precisely, in [26], the researchers showed that the approximation
order O(1/N*/4) can not be improved for smooth functions in Sobolev space W*? with L,
norm < 1. In other words, the approximation problem by using multivariate polynomials or
by tensor product B-splines is intractable.

Furthermore, many researchers have worked on using ridge functions, neural networks,
and ReLU activation functions to approximate multidimensional functions. The orders of
all these approximations in L, and in L. norms show the curse of dimensionality. See
93, 110, 108, 7] for detailed statements and proofs. That is, the approximation problem by
using the neural networks is intractable. However, there is a way to obtain the dimension

independent approximate rate as explained by Barron in [8]. Let I' g ¢ be the class of functions

f defined over B = {x € R%, |x|| < 1} such that C; < C, where C} is defined as follows:

Cs = [ lwllFwds

with |w| = (w-w)"2 and f is the Fourier transform of f.
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Theorem 1.3.1 (Barron, 1993). For every function f inI'p ¢, every sigmoidal function ¢,
every probability measure p, and every n > 1, there exists a linear combination of sigmoidal

functions f,(x), a shallow neural network, such that

/B (00— ulo0)Pp() < 21

The coefficients of the linear combination in f, may be restricted to satisfy > ,_, |cx| < 2C,

and co = f(0).

It is worthy of noting that although the approximation rate is independent of the dimen-
sion in the Ly, norm sense, the constant C' can be exponentially large in the worst case
scenario as pointed out in [8]. This work leads to many recent studies on the properties and
structures of Barron space I'p ¢« and its extensions, e.g. the spectral Barron spaces and the
generalization using ReLLU or other more advanced activation functions instead of sigmodal
functions above, e.g., [64, 31, 32, 34, 33, 121, 122], and the references therein. More recently,
the super approximation power is introduced in [118] which uses the floor function, expo-
nential function, step function, and their compositions as the activation function and can
achieve the exponential approximation rate.

In Chapter 4 and 5, we turn our attention to Kolmogorov superposition theorem [65, 88|
and will see how it plays a role in the study of the rate of approximation for neural network
computation in deep learning algorithms, and how it can break the curse of dimension when

approximating high dimensional functions over R? for d > 2.
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CHAPTER 2

SEMI-SUPERVISED LOCAL CLUSTERING VIA LEAST SQUARES

Local clustering aims at extracting a local structure inside a graph without the necessity of
knowing the entire graph structure. As the local structure is usually small in size compared
to the entire graph, one can think of it as a compressive sensing problem where the indices of
target cluster can be thought as a sparse solution to a linear system. For convenience, let us
assume the target cluster is the first cluster C for the rest of discussion. The semi-supervised
local clustering problem we are interested in solving is:

Suppose G = (V, E) is a graph with underlying cluster Cy,--- ,Cy where V = U ,C;,
CinCj=0forl1<i,j<k, i+ j Given a set of labeled vertices I' C €4, which we call
them seeds, assuming the size of I is small relative to the size of C';. The goal is to extract
all the vertices in the target cluster C}.

Based on the pioneering work [70] of local clustering via compressive sensing, we devel-
oped two approaches [77] and [117] with sequentially better performance. The major results
of these two works are summarized in this and next chapters. For the rest of discussion in

these two chapters, we will focus on undirect simple but weighted graphs.

2.1 PRELIMINARIES AND NOTATIONS

Let us introduce some more notations which we will use later. Suppose for the moment we
have information about structure of the underlying clusters for each vertex, then it is useful
to write G as a union of two edge-disjoint subgraphs G = G U G°“ where G = (V, E™)
consists of only intra-connection edges, and G°** = (V, E°*") consists of only inter-connection

edges. We will use d™ to denote the degree of vertex i in the subgraph G, and d?* to denote
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the degree of vertex i in the subgraph G°“. We will also use A and L™ to denote the
adjacency matrix and graph Laplacian associated with G™, and A°** and L°“! to denote the
adjacency matrix and graph Laplacian associated with G°%. Note that these notations are
just for convenience for the analysis in the next section, in reality we will have no assurance
about which cluster each individual vertex belongs to, so we will have no access to A™ and
L. Tt is also worthwhile to point out that A = A™ + A% but L # L™ + L°“ in general.
Furthermore, we will use |L| or |y| to denote the matrix or vector where each its entry is
replaced by the absolute value, and we will use |V| to denote the size of V' whenever V' is a
set. In the later sections, we will use L and L™ to indicate L,,, and L™ respectively, and use
Lc and L to denote the submatrices of L and L™ with column indices subset C' C V = [n]
respectively. For convenience, let us formulate the notations being used through Chapter 2

and Chapter 3 into Table 2.1.



Table 2.1: Table of Notations

Symbols

Interpretations

|G|

Ein
Eout
G'Ln
Gout

Ain
Aout

in
[out
L¢
L
|M|
1Ml
vl
[Ivil2
1c

A
Ker
Span
Ls(v)

A general graph of interest

Size of G

Set of vertices of graph G

Size of V

Target Cluster

Set of Seeds

Removal set from V'

Set of edges of graph G

Subset of E which consists only intra-connection edges
Subset of E which consists only inter-connection edges
Subgraph of G on V with edge set E™

Subgraph of G' on V with edge set E°ut
Adjacency matrix of graph G

Adjacency matrix of graph G*"

Adjacency matrix of graph G°ut

Random walk graph Laplacian of G

Random walk graph Laplacian of G*"

Random walk graph Laplacian of G°ut

submatrix of L with column indices C C V/
submatrix of L*™ with column indices C C V/
Entrywised absolute value operation on matrix M
|| - |l2 norm of matrix M

Entrywised absolute value operation on vector v

| - ]l2 norm of vector v.

Indicator vector on subset C C V'

Set symmetric difference

Kernel of the linear map induced by a matrix
Spanning set of a set of vectors

{i € [n] : v; among s largest-in-magnitude entries in v}

2.2 MODEL ASSUMPTIONS

We make the following assumption for our graph model in the asymptotic perspective.

19
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Assumption 2.2.1. Suppose G = (V, E) can be partitioned into k = O(1) connected com-
ponents such that V = Cy U --- U Cy, where each C; is the underlying vertexr set for each

connected component of G.

(I) The degree of each vertez is asymptotically the same for vertices belong to the same

cluster Cj.
(II) The degree d?* is small relative to degree d™ asymptotically for each vertex i € V.

The random graphs which satisfies assumption (I) is not uncommon, for example, the
Erdos-Rényi (ER) model G(n,p) with p ~ w for any w(n) — oo, see [35] and [19]. A
natural generalization of the ER model is the stochastic block model (SBM) [55], which is a
generative model for random graphs with certain edge densities within and between under-
lying clusters, such that the edges within clusters are more dense than the edges between
clusters. In the case of each cluster has the same size and the intra- and inter-connection
probability are the same among all the vertices, we have the symmetric stochastic block
model (SSBM). It is worthwhile to note that the information theoretical bound for exact
cluster recovery in SBM are given in [1] and [2]. It was also shown in [70] that a general
SBM under certain assumptions of the parameters can be clustered by using a compressive
sensing approach. Our model requires a weaker assumption than the one in [70], indeed, we
remove the assumption imposed on the eigenvalues of L in [70]. Therefore, our model will

be applicable to a broader range of random graphs.

2.3 LocAL CLUSTERING BASED ON LEAST SQUARES APPROACH

Our analysis is based on the following key observation. Suppose that graph GG has k connected
components Cy,--- ,Cy, i.e., L = L. Suppose further that we temporarily have access to

the information about the structure of L™. Then we can write the graph Laplacian L™ into
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a block diagonal form
Lir

| Ly
L=L"= . (2.1)

Lir
Suppose now we are interested in finding the cluster with the smallest number of vertices, say
C}, which corresponds to L:*. By Lemma 1.2.3, {1¢,, -+ ,1¢,} forms a basis of the kernel
Wy of L. Note that all the 1., have disjoint supports, so for w € W, and w # 0, we can

write
k
w=) ale, (2.2)
i=1
with some «; # 0. Therefore, if 1, has the fewest non-zero entries among all elements of

Wy \ {0}, then we can find it by solving the following minimization problem:
min ||wllo st. L™w=0 and w #0. (2.3)

Problem (2.3) can be solved using method such as greedy algorithm in compressive sensing
as explained in [70]. Let us propose a different approach and demonstrate that this proposed

new approach is more effective numerically and require a fewer number of assumptions.

2.3.1 LEAST SQUARES CLUSTER PURSUIT

To solve Problem (2.3), instead of finding C; directly, we can find the complement of Cf.
Suppose there is a superset 2 C V such that C}, C Q, and C; ¢ € for all i = 2,--- | n. Since

L1, = 0, we have
L™1g = L™ (1, + 1¢,) = L™ 1a\¢, + L™ 1, = L™ 1g\¢,. (2.4)

Letting y := L™1gq, then to find what are not in C} within € is equivalent to solve the
following problem (2.5)

arg min ||Lx — y|». (2.5)
x€R™
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Note that solving problem (2.5) directly will give x* = 1o € R" and x* = 1g\¢, € R" both
as solutions. By setting the columns L%}l\ﬂ = 0, solving problem (2.5) is equivalent to solving
aﬁgé‘rg‘n\l ax —ylla. (2.6)
Directly solving problem (2.6) gives at least two solutions x* = 1 € Rl and x* = 1¢¢ € R,
where Cf indicates the complement set of C;. Between these two solutions, the latter is much
more informative for us to extract C; from () than the former. We need to find a way to
avoid the non-informative solution x* = 1 but keep the informative solution x* = 1¢e.

We can achieve this by removing a subset of columns from index set €. Let us use T' C €2
to indicate the indices of column we aim to remove. Suppose we could choose T such that
T C C). Now consider the following variation (2.7) of the minimization problem (2.6)

arg min ILenrx = ¥ lla- (2.7)
Different from solving (2.6) which gives two solutions, solving (2.7) only gives one solution
x* = 1l¢e, as X* = 1 is no longer a solution because of the removal of T'. The solution
x* = 1¢e is indeed still a solution to (2.7) because LgL\Tlcf = Lmlg\g1 = 0. Furthermore,
the solution to (2.7) is unique since it is a least squares problem with matrix Lg‘\T of full
column rank, therefore x* = 1¢e is the unique solution to (2.7).

However, there is no way in theory we can select T" and assure the condition 7" C C}.
In practice, the way we choose 7' is based on the following observation. Suppose L = L™,
Q> C,and Q % C; fori =2,---k. Then |L]|-|y| =0 for all @ € Cy, and |L]| - |y| > 0
for all a € Q\ C}. Therefore, we can choose T in such a way that |L,]| - |y| is small for all

t €T C €. These ideas lead to Algorithm 4.
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Algorithm 4: Least Squares Cluster Pursuit
Data: Adjacency matrix A, vertex subset 2 C V', least squares threshold parameter

v € (0,1), and rejection parameter 0.1 < R < 0.9.
Result: Cf = Q\ W#.
1 Compute L =1 — D 'A and y = Llg;
2 Let T be the set of column indices of v - |2| smallest components of the vector
La" |- [yl;
3 Let x* be the solution to

argmin ||Lo\rX — y||2 (2.8)

x€RIQI-IT]

obtained by using an iterative least squares solver;

a Let W# = {i:x" > R};

Remark 2.3.1. We impose the absolute value rather than direct dot product in order to have
fewer cancellation between vector components when summing over the entrywised products. In
practice, the value of v € (0,1) will not affect the performance too much as long as its value

s not too extreme. We find that 0.15 < v < 0.4 works well for our numerical experiments.

Remark 2.3.2. In practice, we choose to use MATLAB’s lsqr function to solve the least
squares problem (2.8). As we will see in Lemma 2.3.2, our problem is well-conditioned,
so it is also possible to solve the normal equation exactly for problems which are not in a
very large scale. However, we choose to solve it iteratively over exactly because the quality
of the numerical solution is not essential for our task here, we are only interested in an

approrimated solution as we can use the cutoff R number for clustering.

Remark 2.3.3. As indicated in [70], we can reformulate problem (2.3) as solving

argglin{HLX —yllz: lzlfo < s} (2.9)
xeR”

by applying the greedy algorithms such as subspace pursuit [21] and compressive sensing

matching pursuit (CoSaMP) [104]. Or alternatively, we can consider LASSO, see [114] and
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[132], formulation of the problem
arg min{{| Lx — ylz + Ax[l} = arg mind || Lx — vz + Alxllo}- (2.10)
xER™ xER?
The reason that Lasso is a good way to interpret this problem is that the solution x* we are
trying to solve for is the sparse indicator vector which satisfies ||x*||y = ||x*|lo. We do not

analyze it further here.

However, in reality we have no access to L™, what we know only is L, and in general
L # L™ We argue that the solution to the perturbed problem (2.8) associated with L will
not be too far away from the solution to the unperturbed (2.7) problem associated with L™,
if the difference between L and L™ is relative small. Let us make this precise by first quoting

the following standard result in numerical analysis.

Lemma 2.3.1. Let || - || be an operator norm, A € R™™ be a non-singular square matriz,

x € R", y € R*. Let A, x, y be perturbed measurements of A, x, y respectively. Suppose

Ax =y, AX =¥, and suppose further cond(A) < %, then

X —x|| _ cond(A) <\IA—A\| HS’—YH>
X =1 cona(ay A AT T Ty

The above lemma asserts that the size of cond(A) is significant in determining the stability

of the solution x with respect to small perturbations on A and y. For the discussion from

now on, we will use || - || to denote the standard vector or matrix induced two-norm || - |2

unless state otherwise. The next lemma claims the invertibility of (Lg‘\T)TL?;\T and gives an

estimation bound of its condition number.

Lemma 2.3.2. Let V = U C; be the disjoint union of k = O(1) underlying clusters with
size n; and assume (I). Let d; be the degree for vertex j € V = [n], ny = minepyn;, and

suppose 2 C V' be such that 2 O Cy and Q 2 C; fori=2,---k. Then

(i) If T C Cy, then (L) " Lgy is invertible.
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(it) Suppose further [22] < |T| < ny and [22] < |Q| < [1]. Then

cond((LQ\T)TLQ\T) <4
almost surely as n; — oo, e.g. when n — 0.

Proof. Without loss of generality, let us assume that the column indices of Lm\T are already
permuted such that the indices number is in the same order relative to their underlying
clusters. The invertibility of (Lg‘\T)TLgL\T follows directly from the fact that LZ”\T is of full
column rank. So let us show that LQ\T is of full column rank. Because of the reordering,

L’"\T is in a block diagonal form

Lg?l \T

in
in QNCq
T — ,
in
QNCs

It is then suffices to show each block is of full column rank. By Lemma 1.2.3, each of L? has
A = 0 as an eigenvalue with multiplicity one, and the corresponding eigenspace is spanned
by 1¢;. Hence rank (L) = |Cj| —1. Now suppose by contradiction that the columns of L \T
are linearly dependent, so there exists v # 0 such that Lc \rvV =0, or Licnl\TV +Lin.0=0.
This means that u = (v, 0) is an eigenvector associated to eigenvalue zero, which contradicts
the fact that the eigenspace is spanned by 1¢,. Therefore LC \7 18 linearly independent, hence
L AV of full column rank. For C; with ¢ > 2, since C; ¢ Q, QN C; is a proper subset of
C;. The strategy above applies as well. Therefore all blocks in Lm\T are of full column rank,
so L o\t 18 of full column rank.

Now since (Lg‘\T)TLg‘\T is in a block form, to estimate the condition number, we only
need to estimate the largest and smallest eigenvalues for each block. Writing LQ\T = [l;;] and
(LgL\T)TLg\T = [sy], for each i € CL\ T, s = 3 Il = Doy By = 2oL I = 1+ d;%v

and for 7,5 € C1 \ T with @ # j, si;5 = > p_y lilk; = D_pey lkilkj- Note that the probability



26

did,
ZiECI d;’

the existence of an edge between two vertices is proportional to their degrees. So [;; equals

of having an edge between ¢ and j given degree sequences dy,- - -d,, equals to as

to —% with probablhty Zzg ]1 -, which implies E(l;;) = —ﬁw; l;; equals to —dij with
probability Z . , which implies E(l;;) = -5 d; —. Hence the expectation
i€ 1 €Cqp
ni
Sz] Z lkzlk] Z]E lkz lk] Z]E(lkz)]E(lk])
k=1
didj 1 d;d; 1 dd; drd; 1.,
= U () (- )+ ()
ZiECl d; d; Z’iECI d; d; Zie(h d; Z’iECl i~ dy
d; +d; d;d; 2 1

— + — 4+ —.
Z’i601 d; (ZiECI di)Q n1 n%
By the law of large numbers, s;; — —n% + # almost surely as ny — oo. Therefore for
1
i€ Cy\T, we have

2 1 n 2 1
>l 2 IONT (S - < B () <

1
JECI\T,j#i ™ Ao 2

almost surely as n; — oo. Similarly, for each i € C, N (2 \ Cy), k > 2, we have s;; =1+

dzn Y
1

and Do e 1Sl = 3 G — _i) < 5 almost surely as n; — oo.

Now we apply Gershgorin’s circle theorem to bound the spectrum of ( Q\T)TL%\T. For all

i € Q\ T, the circles are centered at 1+ %, with radius less than or equal to l almost surely,

hence O’min((Lg\T)TLgL\T) 5 and Jmax((Lgl\T)TLgl\T) <3 + - < 2. almost surely. Therefore

we have

Umax«Lg\T)TLg?\T) <4
Omin(Lipr) " L) —

almost surely, as desired. O]

cond (( gL\T)TLQ\T) =

Remark 2.3.4. Note that there is a minor difficulty in estimating the expectation of inner
product between two different columns of LQ\T The computation assumes the independence
of degree distribution of each individual vertex within each cluster, but this may not be true in
general for arbitrary graph. However, the independence will occur if the asymptotic uniformity
of the degree distribution within each cluster is assumed, that is why our model needs this

assumption.
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Now the perturbed problem (2.8) is equivalent to solving (Lg\TLQ\T)X# = Lg\TSI =
Lg\T(ng), while the unperturbed problem (2.7) is to solve (LgL\T)TLm\TX = (L??\T) y =
(L) T (L"1g). Let M := L — L™, Mg := Lo — L', and Moyr := Lot — L - Let us give

an estimate for M.

Lemma 2.3.3. Let L be the graph Laplacian of G and M := L — L™, Let ¢; := d& :

i and €pap = MaX;ep) €. Then || M| < 2€max.

Proof. Let 6;; denote the Kronecker delta symbol, observe that

1 1 n ou
Lij =0y — EA@ = 0ij = ot (A T AG).
Since €; 1= d;m, we have d% = m = d% — dm' So we have
]' m out
Lij = bij — (dén dm>(A + A7)
= (.. — iAzn o _Aout 4 _(Am 4 Aout)
- %) dzn ij dzn dm ij
in_ 1—6 b
= L = g A
Therefore M;; = 1d1ff AO“t + d?n Am To bound the spectral norm we apply Gershgorin’s

circle theorem, noting that M;; = 0 for all 7, hence

|M|| = max{|\;| : \; eigenvalue of M} < maxz | M|
J

_ m;@x Z ‘ B 1;71@‘ A?;-Lt dm Am
j (2

< mlaxz ’ — 15;n€i A d’"

< max{ i nﬁl ZAOM dm ZA }

1-—
= mZaX{ dm d"“t dm din} =2 mzax € = 2€max-

out
ij

A’L’VL

This completes the proof. O

Next we will have the following result.
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Lemma 2.3.4. ||(L® )T Lit1g|| > \/lf;\Cl\

AT almost surely.

Proof. Note that ||(L§’;\T) (L1q)|| = ||(LgL\T)TL?§1||. We want to give an estimate of
H(Lgl\T)TLgllﬂ. Similar to the computation we did in Lemma 2.3.2, for each i € C; \ T,
we have s; = 1 + —— T Zjecl s;; = 0, and ZjeQ\Cl s;j = 0. For each i € C, N (Q\ C1), k > 2,
we have s; = 1+ - d”” > jecy Sij = 0, and Yoo onoyy i S T (—nlk + "_1;%) > —1 almost
surely. Therefore, the row sum of (LQ\T)TLgl for row ¢ € C; \ T equals to zero, and the row

sum (L@ )L for row i € Q\ Cy larger than § almost surely. Hence [|(L,) " Lg1]| >

2
VI\CH|
2

almost surely. O]

Now let us use previous lemmas to establish that the difference between perturbed solu-

tion and unperturbed solution is small in the order of €,,..

Theorem 2.3.1. Under the same assumptions as Lemma 2.3.2, let x* be the solution to
the perturbed problem (2.8), and x* = 1¢e € RICI=ITE awhich is the solution to the unperturbed

problem (2.7). Then
= O(emax)

almost surely for large n.

Proof. Let B = (LQ\T)TLQ\T, B = (LQ\T)TLQ\T, y = L"lg, y = Llg. We will apply
Lemma 2.3.2 with B, B, V,y

First by Lemma 2.3.3, we have | M|| < 2€pax. Therefore

|B—B| = | (Lavr) " Lavr — ( o) TLm\TH
= || (LQ\T)TMQ\T + Mg\T %\T + Mg\TMQ\T”
< (&) Marr|| + || Mayr Liir | + || Mayr Moyr||
< @ILg\rll + [1Mayell) - | Moy
< (2Ll + [1a2]]) - [[M]

< démax - (”LQ\T“ + emax)'
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For each i € Q\ T, we have ||L;]] > 1, and amax((Lg‘\T)TLg”\T) = ||(L§’;\T)TLZ"\T|| =

Lin ) = || L5 |1 > maxieo\r || Lil|* > 1. Hence

max(

[(Lavr) " Lavr — (L&) "Ll (2NLG N + 1)) - [[M]
(L) T L | B 12l

4€max élemaX

LG LG

<A(emax + €2, (2.11)

We also have

Iy = yll = [I(Lavr) " (L1a) = (L& r) (L™ 10) |
= (L& + Mayr) " (Lala) — (L&) (Lg o) |
= I(( ?zl\T)TMQ + MJ\TL?; + MJ\TMQ) 1o
Q] (II(Leir) " Mall + [ Moy r LG || + | Mo\ Mall)
Q- 2L (| + [[Mall) - [ Mall

|Q| ’ (HLZ(?” + Emax) * €max-

Next by Lemma 2.3.4, H(LgL\T)TLml | > lQ\Cl‘ almost surely. Therefore

I(Ear) L1a = (Liir) Lol AVIOL- (1EE1F o) - s
I(Z&7) " L 1al] B VIA G 2
< 8\/g€max : (HLQH + emax)
S 8\/6€max . (\/§ + Emax)

= 8V 10€max + 8VBE2 .

The second inequality holds since [2] > [221]. The third inequality holds since opax((Liy) T Li) <
2, which comes from the similar reasoning as in Lemma 2.3.2 by using Gershgorin’s circle

theorem. Consequently, we have |L¥| < v/2. Now putting Lemma 2.3.2 and Lemma 2.3.1
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together with B = (LgL\T)TLgI\T, B = (Lovr) "Lavr, y = L™1g, y = L1g, we have
|x# — x*| cond((Lm

S LG T) - (4emax + 4650 + 8V 10emax + 8V/5¢2,,)
15| — 11— cond((Lg\T)TLgl\T) + (A€max + 4€2,,)
16((1 +2v/10)emax + (1 + 2V5)€2,)

1 — 16€max (1 + €max)

= O(€max)-
O
Next we can estimate the size of the symmetric difference between output 01# and the

true cluster C] relative to the size of ('}, the symmetric difference is defined as C’f& AC) =

(CF\ C) U (Cy\ CF). Let us state another lemma before we establish the result.

Lemma 2.3.5. Let T C [n], v € R", and W# = {i : v; > R}. Suppose |17 — v|| < D, then
D2
’TAW#’ < min{R2,(1-R)2} "

Proof. Let U# = [n] \ W# and write v = vy# + vyy#, where vy# and vyy# are the parts of

v supported on U# and W#. Then we can write

117 — V11> = raws — (Vs ) row# 1 + | (vws ) war 2+ [1paws — vos ).

Note that ||(vigs)wayr |2 > B2 [W#\T| and [Lpywe — vusl? > (1= R)? [T\ W#|. We

have
11 = VI > [[(vws )werell* + [Lrws — vos!?
> R WH\T|+ (1 - R)*- [T\ W7
> min{R*, (1= R)*} - ((W#\ T|+ [T\ W)
= min{R? (1 — R)*} - |[TAW#|.
Therefore [TAW#| < —IzvI®_ < D as desired. O

min{R2,(1-R)2} — min{R2,(1-R)?}

Theorem 2.3.2. Under the same assumptions as Theorem 2.3.1, we have

——F <0 .
|Cl| — (emax)

In other words, the error rate of successfully recovering Cy is at most a constant multiple of

2

max

€
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Proof. From Theorem 2.3.1, we have |x* — x*|| = [[x* — 1o\c,|| < O(emax) - [|X*]] <
O(€maxy/n1). By Lemma 2.3.5, we get [W#A(Q\ C)| < O(€2 ,xn1). Since Cf = Q\W#, it

#
then follows |Cf AC| < O(e2,.n1), hence ‘D29 — O(e2, ) as desired. O

|C1] max

2.3.2 RaNDOM WALK THRESHOLD

In order to apply Algorithm 4, we need a “nice” superset which contains C. The task for
this subsection is to find such a superset €2 from the given seeds I'. We will apply a simple
diffusion based random walk algorithm on G to find such . This leads to Algorithm b5,
which is described in [70] as well. However, the difference between our random walk threshold
algorithm and the one in [70] is that the threshold parameter ¢ here is heuristically chosen to
be larger than the corresponding threshold parameter in [70]. This is another advantage of
our method as it will increase the chances of having (' entirely contained in €). Such a choice
is made based on the natural differences of our approaches. It is worthwhile to point out
that there are also other sophisticated algorithms such as the ones described in [5], [63] and
[139] which can achieve the same goal. We avoid using these methods here as our purpose is

just to implement a fast way of obtaining a set Q O Cf.

Algorithm 5: Random Walk Threshold
Data: Adjacency matrix A, a random walk threshold parameter ¢ € (0, 1), a set of

seed vertices I' C C, estimated size n; ~ |C}|, and depth of random walk
teZt.
Result: Q =QUT.
1 Compute P = AD~! and v(©) = D1p;
2 Compute v = Ptv(©);

3 Define (2 = £(1+5)ﬁ1 (V(t));

The thresholding operator L(-) is defined as

L(v) :={i € [n] : v; among s largest entries in v}.
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The motivation of Algorithm 5 is the following intuitive observation. Suppose we are given
seed vertices I' C (', then by starting from I, since the edges within each cluster are
more dense than those between different clusters, the probability of staying within C; will
be much higher than entering other clusters C;, for ¢ # 1, in a short amount of depth.
Therefore, by performing a random walk up to a certain depth ¢, e.g., t = 3, we will have
a well approximated set {2 such that C; is almost surely contained in 2. Let us make this

more precisely in Theorem 2.3.3.

Theorem 2.3.3. Assume || = O(1) and t = O(1) in Algorithm 5, the probability P(C, C
Q) >P( decl = [[vD||1) > 1 — O(émax)- In other words, the probability that the t-steps

random walk with seed vertices I' being not in Cy is at most a constant multiple of €pax.

Proof. Let us first consider the case || = 1. Suppose I = {s}. Then we have P( > v =
vl = P(v¥ = = |[v@||;) = 1. It is also easy to see that }P’(Z j(l = |vW|,) =

di"/d; = 1 — € > 1 — €max. For t > 2, we have P( ) = ||v(t)H ) > (1 — €max) -

Jecl
1 : 1 _
P(3ec, vi Y = [[VE V1), So by assuming P(Y,cc, vi " = ||Vt D) > (1= )™t >
1— (t - 1)€maxa we have ]P( ZjECl V]('t) = ||V(t)||1) > (1 - Emax)t > 1 —temax =1— O(emax)'
Suppose now |I'| > 1, we can apply the above argument to each individual vertex in T,

where the random walk starting from each vertex can be considered independently, therefore

we have P(Z]ecl = [[v®|, ) > (1 — tema) T > 1 — temax|T] = 1 — O(€max)- O

Remark 2.3.5. It is worthwhile to note that we do not want t to be too large, one reason is
that Theorem 2.3.3 tells us the probability of staying within the target cluster C decreases
as t increases. An alternative interpretation is that we can treat our graph G, suppose con-
nected, as a time homogeneous finite state Markov chain with evenly distributed transition
probability determined by the vertex degree between adjacent vertices. Since G is connected,
it 1s certainly irreducible and aperiodic. By the fundamental theorem of Markov chains, the
limaiting probability of finally being at each vertex will be the same, regardless of what the seed

set I' is. Meanwhile, we do not want t to be too small as well, otherwise the random walk will
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not be able to explore all the reachable vertices. There is also a trade-off between the size of
I' and the random walk depth t, where a smaller size of I' usually induces a larger t in order

to fully explore the target cluster.

2.3.3 LocAL CLUSTER EXTRACTION

Let us now combine the previous two subroutines into Algorithm 6. In practice, we may
want to vary the number of iterations Maxzlter based on the number of examples in the
data set in order to achieve a better performance. For the purpose theoretical analysis, let

us fix Maxlter = 1.

Algorithm 6: Least Squares Clustering (LSC)
Data: Adjacency matrix A, a random walk threshold parameter 6 € (0,1), a set of

seed vertices I' C 1, estimated size 1y ~ |Cy|, depth of random walk ¢t € Z™,
least squares parameter v € (0,0.8), and rejection parameter R € [0, 1).
Result: C}.
1 fori=1,---, Maxlter do
2 2 «— Random Walk Threshold (A, I, 7y, €, t);
3 [' «+— Least Squares Cluster Pursuit (A4, 2, R, 7);
4 end

5 Let CF =T

Remark 2.3.6. The hyperparameter MaxIter in the algorithm is usually choosen based on
the size of initial seed vertices I' relative to n, we do not have a formal way of choosing the
best MaxIter rather than choose it heuristically. In practice, we believe MaxIter < 3 will

do a very good job most of the time.

The analysis in previous two subsections gives that the difference between true cluster
Cy and the estimated C7 is relative small compared to the size of €y, this can be written

more formally using the asymptotic notation.
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Theorem 2.3.4. Suppose €nax = 0(1) and Maxlter = 1, then under the assumptions of

#
Theorem 2.3.2 and 2.3.3, we have P(% < 0(1)) =1-o0(1).

Proof. By Theorem 2.3.3, we know that the probability of 2 D C; after performing Algorithm

5is 1 — O(€émax) = 1 — 0(1). By Theorem 2.3.2, the error rate is at most a constant multiple
#

of €2 after performing Algorithm 4. Putting them together, we have P(M < 0(1)) =

max |Cl ‘

1—o0(1). O

2.3.4 FroM LocAL TO GLOBAL

We can make one step further by applying Algorithm 6 iteratively on the entire graph to
extract all the underlying clusters. That is, we remove Ci# each time after the Algorithm
6 finds it, and update the graph G by removing the subgraph spanned by vertices C’Z-#
successively. This leads to Algorithm 7. We will not analyze further the theoretical guarantees
of the iterative version the algorithm, but rather provide with numerical examples in the last

section of next chapter to show its effectiveness and efficiency.

Algorithm 7: Iterative Least Squares Clustering (ILSC)
Data: Adjacency matrix A, random walk threshold parameter § € (0, 1), least

squares parameter 7 € (0,0.8), rejection parameter R € [0, 1), depth of
random walk ¢ € Z". Seed vertices for each cluster I'; C C;, estimated size
n; ~ |Cy| fori=1,---k.
Result: CF - CF.

1 fori=1---,kdo

2 Let C’i# be the output of Least Squares Clustering;

3 Let G be the subgraph spanned by Ci# :

4 Updates G < G\ GO,

5 end

Remark 2.3.7. It is worth noting that Algorithm 7 extracts one cluster at a time, which

15 different from most of other global unsupervised clustering algorithms. In practice, those
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global clustering methods could have impractically high run time [103] or tricky to implement
[2]. In contrast, our method requires much lower computational time and can be implemented
easily. In addition, the "one cluster at a time” feature of our method provides more flexibility

for problems under certain circumstances.

2.4 COMPUTATIONAL COMPLEXITY

In this section, let us discuss the run time of the algorithms introduced previously.

Theorem 2.4.1. Algorithm 5 requires O(ndmaxt +nlog(n)) operations, where t is the depth

of the random walk.

Proof. Notice that if A, D, P are stored as sparse matrices, then for each ¢ in the second
step of Algorithm 5, it requires O(ndyay), where dp.x is the maximal degrees among all the
vertices. Therefore the algorithm requires O(ndpaxt + nlog(n)), where the O(nlog(n)) part
comes from the third step of sorting. In practice, the random walk depth ¢ is O(1) with

respect to the graph size n, therefore we have O(ndp.x + nlog(n)). O
Theorem 2.4.2. Algorithm 4 requires O(ndmyax + nlog(n)) operations.

Proof. For Algorithm 4, its first step requires O(ndpyay), second step requires O(ndyay +
nlog(n)), where the O(ndmyayx) part comes from matrix vector multiplication, and O(nlog(n))
part comes from sorting. For its third step, to avoid solving the normal equation exactly for
large scale problems, we recommend using an iterative mehod, for example conjugate gradient
descent (we use MATLARB’s Isqr operation in our implementation). As we have shown the
matrices are associated with well behaved condition numbers, it requires only a constant
number of iterations to get a well approximated least squares solution to problem (2.8).
Since the cost for each iteration in conjugate gradient descent equals to a few operations of
matrix vector multiplication, which is O(ndmax), the total cost for Algorithm 4 is O(ndmax +
nlog(n)). O
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As a consequence, the total run time for Algorithm 6 is O(ndyax+mnlog(n)). if the number

of clusters k = O(1), then Algorithm 7 also runs in O(ndmy.x + nlog(n)).

Remark 2.4.1. The computational scheme of our methods follow the similar framework as
CP+RWT in [70]. However, one of the differences between these two approaches is that we
apply lsqr to solve the least squares problem (2.8), but CP+RWT applies O(logn) iterations
of subspace pursuit algorithm to solve (2.8), and each its subspace pursuit is implemented
with lsqr as a subroutine. So essentially, our proposed method is O(logn) times cheaper than
CP+RWT. We can also see this difference by comparing the run times for our numerical

experiments in the last section of next chapter.
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CHAPTER 3

SEMI-SUPERVISED LOCAL CLUSTERING VIA COMPRESSIVE SENSING

One of the major concerns for the local clustering approaches proposed in [70] and [77] is the
low quality of the initial cut. In this chapter, we introduce a more recent approach for local
clustering. Our approach discussed in this chapter improves the aforementioned two works
by making the initial cut to be the entire graph and hence overcomes the issue that missing
vertices of the target cluster from the initial cut are not recoverable in the later stage. We will
discuss both the theoretical framework and conduct comprehensive experiments to showcase

the effectiveness of this approach.

3.1 LocAL CLUSTERING BASED ON COMPRESSIVE SENSING APPROACH

Recall that the local clustering task can be considered as a compressive sensing problem in
the following way. Suppose the vertices have been sorted according to their memberships,
i.e., the first n; rows and columns in L™ corresponds to all the vertices in C, the last ny
rows and columns corresponds to all the vertices in C}, etc,.

Let L™ = (¢i",--- /") be the matrix obtained from L™ = (¢ ... (") by deleting the
first column from C,. Let us take a look of a specific example of L, which is shown in
equation (3.1). For the graph associated with this L all the clusters have size three. The

symbol * equals to —1/2; and all the other entries in the off-diagonal blocks equal to zero.
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* %
1 x*
* 1
1 % x
Lfl = :(62 )T 7€n ) (31)
* % 1

1 *x *
* 1 %
* % 1

Then we can easily verify the desired solution to the compressive sensing problem
min [|x||p s.t. L™x=—(" (3.2)

is x* = (1,1,0,---,0)". The significance of this formulation is that the nonzero components
in x* correspond to the indices of vertices which belong to the target cluster C. This gives
us the intuitive idea of how to apply compressive sensing for solving local clustering problem.

However, we usually do not have access to L™ or L™, what we do have access to are
L and L_;. We can relax the exact equality condition to approximately equal to, so the
problem becomes

min ||x|lg st Loix=~Yy, (3.3)

where y is the row sum vector of L_;. Let x# be the solution to (3.3). Suppose the graph
has a good underlying clusters structure, in other words, the entries in the off-diagonal block
of L_; have very small magnitude, i.e., L_; &~ L™ . Then we should have y =~ y", and hence
the difference between x# and x* should be small in certain sense. We can then use some
cut-off number R € (0,1) to separate the coordinates of x# and therefore extract the target

cluster from the entire graph.
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3.2 MAIN ALGORITHM

In general, we can remove more than just one column. That is, we remove a set 7' C V in a

somewhat smart way, with the hope that T' C (', and then we solve

min [|x|[o st ||[Lyrx —yll2 <e (3.4)
Or equivalently, we solve

argmin {||Ly\rx — y|l2 : [|x[lo < s} (3.5)

X€RIVI-ITI

where vector y is the row sum vector of Ly\r and s is the sparsity constraint.

Naively, if the size of I' is not too small, then we can just choose T' = I'. However, for
the scope of our problem, the size of I' is assumed to be small relative to the size of Cf,
therefore this choice does not work well in practice. Instead, we select T" based on a heuristic
criterion (as described in step 4) on a candidate set © which is obtained from a random
walk originates from I'. We also find that the size of T does not matter too much based on
our exploration in the experiments. The idea is summarized in Algorithm 8 as CS-LCE. We
give a more detailed explanation about several aspects of the algorithm in Remark 3.2.1 and
Remark 3.2.2. More generally, we can apply CS-LCE iteratively to extract all the clusters

one at a time.
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Algorithm 8: Compressive Sensing for Local Cluster Extraction (CS-LCE)
Data: Adjacency matrix A, a small set of seeds I' C C, estimated size ny = |CY],

random walk threshold parameter € € (0, 1), random walk depth t € Z,
sparsity parameter v € [0.1,0.5], rejection parameter R € [0.1,0.9].
Result: The target cluster Cf.

1 Compute P = AD™!, v0 = D1y, and L =1 — D71 A;

2 Compute v = Pty(©);

3 Define Q = L14, (vIY);

4 Let T be the set of column indices of «y - || smallest components of the vector

Lol - [L1ql;
5 Set y := L1ly\r. Let x# be the solution to

arg min {[| Ly\rx — ylls * [[x[lo < (1 =)} (3.6)

x€RIVI-IT]
obtained by using O(logn) iterations of Subspace Pursuit [21];
6 Let W# = {i : x" > R}:

7 return C7 = W#UT.

We would like to point out the major differences between CS-LCE with its counterparts
CP+RWT in [70] and LSC in [77]. The key difference is that the latter two methods only
be able to extract target cluster from the initial cut {2, since it is assumed that C; C €2 in
these two methods before extracting all the vertices in ', and once {2 fails to contain any
vertex in (1, there is no chance for CP+RW'T or LSC to recover those vertices in the later
stage. However, such an assumption is not needed in CS-LCE. Since the sensing matrix in
CS-LCE is associated with all the vertices corresponding to V' \ T, it is very probable for

CS-LCE to still be able to find the vertices which are in C'; but not in 2.

Remark 3.2.1. The purpose of €2 is solely for obtaining the set T', and the vector y 1is

computed by adding up all the columns with indices in the set V' \ T. This is another key
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difference between CS-LCE and CP+RWT [70] and LSC' [T7], whereas the latter two methods

directly use €2 to obtain'y.

Remark 3.2.2. The rationale for choosing an iterative approach such as Subspace Pursuit
over other sophisticated optimization algorithms for solving (3.6) comes from the nature of
our task. Since the task is clustering, all we need is a relative good estimated solution instead
of the exact solution, then we can use a cutoff number R in Algorithm 8 to separate the
aimed cluster from the remaining of the graph. Due to the nature of an iterative approach,
the convergence is usually fast at the beginning and slow in the end, so we can stop early
in the iteration to save the computational cost once the estimated solution is roughly “close

enough” to the true solution.

3.3 THEORETICAL ANALYSIS

For convenience, let us fix v = 0.4 for the rest of discussion. We want to make sure the output
C’f from Algorithm 8 is as close to the true cluster C; as possible. In order to investigate

more towards this aspect, let us use x* to denote the solution to the unperturbed problem:

*

x* 1= argmin {|| %}‘\Tx —y"™ g s [|xlo < 0.6n1} (3.7)
x€RIVI-IT]

where y" = L 1y\7. Let x7 be the solution to (3.6), the perturbed problem, with v = 0.4.

Let us first establish the correctness of having x* equals to an indicator vector as the
solution to (3.7), and then conclude that x# ~ x* if L ~ L™ in a certain sense. Once this
is established, we will be able to conclude C’f ~ (. These results are summarized in the

following as a series of theorems and lemma.

Theorem 3.3.1. Suppose T' C Cy. Then x* = 1g)\r € RVI=ITI s the unique solution to
(3.7).

Proof. Note that for y™ = L1y, we can rewrite it as y™ = L@L\Tl where 1 € RIVIZITI Tt

is straightforward to check x* = 1¢,\r is a solution to (3.7). The rest is to show it is unique.
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Suppose otherwise, then since L@‘\Tlcl\T =y, we want to find x € RIVI=ITI and x #
1¢,\r such that L%’}\T(X — 1) = 0. Without loss of generality, let us assume the columns of

L are permuted such that it is in the block diagonal form, i.e.,

in
LCl \T

in

mn _ Co

VAT —

in

Chn

Let us now show that LiC”l\T is of full column rank, i.e., the columns of LiC"I\T is linearly
independent. We first observe the following fact. By Lemma 1.2.3, each of LZC" has A = 0
as an eigenvalue with multiplicity one, and the corresponding eigenspace is spanned by 1¢,.
Now suppose by contradiction that the columns of LZLI\T are linearly dependent, so there
exists v # 0 such that Lg,,v = 0, or L¢\ ;v + L - 0 = 0. This means that u = (v,0) is
an eigenvector associated to eigenvalue zero, which contradicts the fact that the eigenspace
is spanned by 1¢,. Therefore Licnl\T is of full column rank.

Since LiC”l\T is of full column rank, and Ker(L{ ) = Span{l¢,} for i > 2. We conclude
that x —1 € Ker(L@l\T) = Span{lc,, - ,1¢,}. Therefore in order to satisfy ||x|lo < 0.6n,
it is easy to see x =1 — 1¢, — 1¢; — -+ — 1¢, = 1¢,\7, which results in a contradiction by

our assumption. O

The next theorem shows that x* and x# are close to each other if L and L™ are close.

Theorem 3.3.2. Let M := L—L™. Suppose T C Cy, ||[M||2 = o(n~?) and 6, 8,, (L) = o(1).

Then
[x# — x|

=o(1). (3.8)

12
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Proof. Recall that x* is the output to (3.6) after O(logn) iterations of Subspace Pursuit.

By our assumption on M, we have

Iy =y™"ll2 = 1 L1n7 — L Linglla = (L = L) Lirll2

< IM|f2f| ]2 < O(H_I/Q) -v/n =o(1).
Then applying Theorem 2.5 in [70], we get the desired result. ]

Lemma 3.3.1. Consider K C [n], any v € R", and W# = {i : v; > R}. If |[1x — v||» < D,
D2

Proof. Let U# = [n] \ W#, we can write v.= vy# + vy where vpys and vy# are the

components of v supported on U# and W# respectively. Then we have

11 =[5 = 1x = vor — Vel
= [[1g\w# — vu#|3 + HVW#\THS
+ M grws — Ve I3
> |[Lw# — vy#|3 + ||VW#\T||§
> (1—R)*-|[K\W#|+R*- [W#\ K|
> min{(1 — R)?, R*}(|K \ W#| + [W# \ K])

=min{(1 — R)?, R*}|KAW#|.
Therefore [|[1x — v|s < D implies |[KAW#| < min{(lf)—;)Q,RZ} as desired. O

Theorem 3.3.3. Suppose T' C Cy. Then

CLACT]

AR (3.9)

Proof. Tt is equivalent to show |C; ACT| < o(n;). Note that x* = 1¢,\7. By Theorem 3.3.2,
we get || 17 —x7 ]2 < o(||1e\7ll2) = o(y/n1). We then apply Lemma 3.3.1 with K = C;\ 7,
W# = C¥ and v = x# to get |(Cy \ T)ACT| < o(ny). Therefore |C;ACT| < o(ny). O
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3.4 EXPERIMENTS

In this section, we evaluate Algorithm 8 on various synthetic and real datasets and compare
its performance with several baselines. For all experiments, we perform 100 individual runs.
Additional details about the experiments are provided in section 3.5. For reproducibility, we
make our code available at: https://github.com/zzzzms/LocalClustering.

Datasets. We use simulated stochastic block model, simulated geometric data with three
particular shapes, network data on political blogs [3], OptDigits!, AT&T Database of Faces?,
MNIST?, and USPS* as our benchmark datasets.

Baselines and Settings. We adopt the LSC [77], CP+RWT [70], HK-Grow [63], PPR [5],
ESSC [143], LBSA [120], and several other modern semi-supervised clustering algorithms as
our baseline methods. For our experiments of stochastic block model, the only target cluster
is the most dominant cluster, i.e., the cluster with the highest connection probability. For
all other experiments, all of the clusters are considered as our target clusters, and we apply
CS-LCE iteratively to extract all of them. We use Jaccard index to measure the performance
of one cluster tasks and use mean accuracy across all clusters to measure the performance

of multiple clusters tasks.

3.4.1 SIMULATED DATA

Symmetric Stochastic Block Model. The stochastic block model is a generative model for
random graphs with certain edge densities within and between underlying clusters. The
edges within clusters are denser than the edges between clusters. In the case of each cluster
has the same size and the intra- and inter-connection probability are the same among all
vertices, we have the symmetric stochastic block model SSBM (n, k,p,q). The parameter n

is the size of the graph, k is the number of clusters, p is the probability of intra-connectivity,

Ihttps://archive.ics.uci.edu/ml/datasets/optical+recognition+of+handwritten+
digits

’https://git-disl.github.io/GTDLBench/datasets/att_face_dataset/

3http://yann.lecun.com/exdb/mnist/

‘https://git-disl.github.io/GTDLBench/datasets/usps_dataset/


https://github.com/zzzzms/LocalClustering
https://archive.ics.uci.edu/ml/datasets/optical+recognition+of+handwritten+digits
https://archive.ics.uci.edu/ml/datasets/optical+recognition+of+handwritten+digits
https://git-disl.github.io/GTDLBench/datasets/att_face_dataset/
http://yann.lecun.com/exdb/mnist/
https://git-disl.github.io/GTDLBench/datasets/usps_dataset/
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and ¢ is the probability of inter-connectivity. In our experiments, we fix k = 3 and vary n
among 600, 1200, 1800, 2400, 3000. We choose p = 5logn/n,q = logn/n. With five labeled
vertices as seeds, we achieve average Jaccard index and logarithm of average run time shown
in Figure 3.1. We can see CS-LCE outperforms all other baselines with a reasonable running

time.
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Figure 3.1: Jaccard Index and Logarthim of Running Time on SSBM.

General Stochastic Block Model. In a more general stochastic block model SBM (n, k, P),
where n and k are the same as symmetric case. The matrix P indicates the connection
probability within each individual cluster and between different clusters. In our experiments,
we fix k = 3, and the size of clusters are chosen as n = (n1, 2ny, 5n1) where n; is chosen from
{200, 400, 600, 800, 1000}. We set the connection probability matrix P = [p, q, ¢; q,p, ¢; 4, ¢, D]
where p = log?(8n;)/(8n;) and ¢ = 5log(8n;)/(8n;). With five labeled vertices as seeds, the
average Jaccard index and logarithm of average run time of CS-LCE compared with several

other algorithms are shown in Figure 3.2.
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Figure 3.2: Jaccard Index and Logarthim of Running Time on SBM.

Geometric Data. We also simulated three high dimensional datasets in Fuclidean space where

the projections of the clusters onto two dimensional plane look like three lines, three circles,

or three moons. See Figure 3.3 for an illustration of them. These datasets are often used

as benchmark for data clustering and they are also described in [96] with slightly different

parameters. Because of the shape of underlying clusters, traditional k-means clustering or

spectral clustering fail on these contrived datasets. In our experiments, for each dataset, we

randomly select 10 seeds for each of the cluster. The mean accuracy and standard deviation

of CS-LCE compared with LSC [77] and CP+RWT [70] are given in Table 3.1. A more

detailed description of this simulated dataset is given in section 3.5.
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Figure 3.3: 2D Visualizations of Geometric Data.



47

Table 3.1: Mean Accuracy and Standard Deviation on Geometric Data (%)

Datasets | Three Lines Three Circles Three Moons

LSC 89.0 (5.53)  96.2 (3.71)  85.3 (1.88)
CP+RWT | 82.1 (9.06)  96.1 (5.09)  85.4 (1.33)
CS-LCE | 92.4 (8.13) 97.6 (4.69)  96.8 (0.89)

3.4.2 HumAN FACE IMAGES

The AT&T Database of Faces contains gray-scale images for 40 different people of pixel size
92 x 112. Images of each person are taken under 10 different conditions, by varying the three
perspectives of faces, lighting conditions, and facial expressions. We use part of this dataset
by randomly selecting 10 people such that each individual is associated with 10 pictures of
themselves. The selected dataset and desired recovery are shown in Figure 3.4.

The mean accuracy and standard deviation of CS-LCE compared with LSC [77],
CP+RWT [70], and spectral clustering (SC) are summarized in Table 3.2. Note that
spectral clustering method is unsupervised, hence its accuracy does not affected by the label

ratios.



48
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Figure 3.4: Left: Randomly Permuted AT&T Faces. Right: Desired Recovery of all Clusters.

Table 3.2: Mean Accuracy and Standard Deviation on AT&T Data (%)

Label Ratios 10 % 20 % 30 %

LSC 94.8 (3.32) ) 98.2 (0.77)
CP+RWT | 93.7 (3.34) 97.8 (1.44) 98.3 (0.43)
SC 95.8 (0.00) ) 95.8 (0.00)

CS-LCE | 98.0 (1.90) 99.1 (0.79) 99.3 (0.59)

3.4.3 NETWORK DATA

“The political blogosphere and the 2004 US Election” [3] dataset contains a list of political
blogs that were classified as liberal or conservative with links between blogs. An illustration
of this dataset is shown in Figure 3.5. The state-of-the-art result on this dataset is given in
[2]. Their simplified algorithm gave a successful classification 37 times out of 40 trials, and
each of the successful trials correctly classified all but 56 to 67 of the 1,222 vertices in the

graph main component.
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In our experiments, given one labeled seed, CS-LCE succeeds 35 trials out of a total of
40 trials. Among these 35 successful trials, the average number of misclassified node in the
graph main component is 49, which is comparable to the state-of-the-art result. We note
that LSC [77] also succeeds 35 out of 40 trials, but the average number of misclassified node

equals to 55. We also note that CP+RW'T [70] fails on this dataset.

Figure 3.5: Community structure of political blogs. Red for conservative and blue for liberal.
Orange links go from liberal to conservative, and purple ones from conservative to liberal. The size

of each blog reflects the number of other blogs that link to it [3].

3.4.4 DiciTs DATA

OptDigits. This dataset contains grayscale images of handwritten digits from 0 to 9 of size
8 x 8. There are a total of 5620 images and each cluster has approximately 560 images. The
average Jaccard index and logarithm of average run time of CS-LCE compared with several
other algorithms are shown in Figure 3.6. we exclude PPR and ESSC in the comparison as

they either too slow to run or the accuracy is too low.
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Figure 3.6: Jaccard Index and Logarthim of Running Time on OptDigits.

MNIST and USPS. The MNIST dataset consists of 70000 grayscale images of the handwritten
digits 0-9 of size 28 x 28 with approximately 7000 images of each digit. The USPS data
set contains 9298 grayscale images, obtained from the scanning of handwritten digits from
envelopes by the U.S. postal service. We test CS-LCE, LCS, CP4+RWT, and several other
modern semi-supervised methods on these two datasets, the results are show in Table 3.3,
Table 3.4, and Table 3.5. It is worth pointing out that in Table 3.3 and Table 3.4, we have
only very few labeled data for our tasks. If one uses a neural network method to train for
classification of images, then it usually needs more labeled data for training. In Table 3.5,
we compare CS-LCE with several other constraint clustering algorithms. In each constrained
clustering algorithms, the total number of pairwise constraints are set to equal to the total
data points. Therefore in order to have a fair comparison, we choose a certain amount of

labeled data in CS-LCE such that the total pairwise constraints are the same.

Table 3.3: Mean Accuracy and Standard Deviation on USPS (%)

Label Ratios 0.2 % 0.3% 0.4%

CP+RWT [70] | 68.9 (3.17) 73.3 (2.76) 76.6 (2.59)
LSC [77] 72.3 (3.54) 77.1 (3.42) 80.4 (3.20)

CS-LCE [117] | 76.8 (3.37) 80.1 (3.14) 84.1 (2.53)
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Table 3.4: Mean Accuracy and Standard Deviation on MNIST (%)

Label Ratios 0.05 % 0.10 % 0.15 %

CP+RWT [70] | 74.1 (3.13) 79.7 (2.43) 85.0 (2.37)
LSC [77] 77.0 (3.47) 83.6 (2.76) 88.8 (2.52)

CS-LCE [117] | 85.3 (2.67) 89.8 (1.91) 93.2 (1.76)

Table 3.5: Mean Accuracy on MNIST and USPS (%)

MNIST USPS

KM-cst [9] 5427  68.18
AE+KM [91] | 74.09  70.28
AE+KM-cst [9] | 75.98  71.87
DEC [144] 84.94 7581
IDEC [50] 83.85  75.86
SDEC [113] | 86.11  76.39
CS-LCE [117] | 96.02 82.10

3.4.5 IMAGE COLOR CLUSTERING

Our approach also has applications in image color clustering. i.e., we can treat certain com-
ponent in the image as a cluster and extract it out from the entire image. See Figure 3.7 as
an example, where the “tomato” and “happy birthday” components are extracted from the
two images respectively.

For our proposed local clustering algorithm, there are several directions which deserve
more investigation. For example, is there a better way to choose a removal set T in Algo-

rithm 8, and also how to extend the current method to the unsupervised setting, i.e., if no
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seeds are given, how to select a small portion of seeds and make sure these seeds are all from

the same cluster. We leave these to future work.

Figure 3.7: Examples of Image Colors Clustering

3.5 FURTHER DETAILS ON EXPERIMENTS AND IMPLEMENTATION

Let us provide more details of the datasets usage, hyperparameters, and data preprocessing

for the conducted experiments in this section.

3.5.1 DESCRIPTION OF GEOMETRIC DATA

Three Lines. The three lines are generated by sampling points uniformly at random in the
two dimensional x-y plane where the x coordinate is between 0 and 6 and y coordinate equals
to 0, 1, and 2 respectively. We draw 1200 points in each line to create three clusters. We

then embed each data point into R!% by appending zeros and then adding Gaussian random
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noise to each coordinate with mean 0 and standard deviation 0.15.

Three Chircles. The three circles are generated by sampling points uniformly at random from
three concentric circles of radii 1, 2.4 and 3.8 respectively. We draw around 500 points from
the smallest circle, around 1200 points from the middle circle and around 1900 points from
the largest circle (the numbers are chosen so that the total number of points is 3600). We
then embed each data point into R!% by appending zeros and then adding Gaussian random
noise to each coordinate with mean 0 and standard deviation 0.15.

Three Moons. The three moons are generated by sampling points uniformly at random from
the upper semicircle of radius 1 centered at (0,0), the lower semi-circle of radius 1.5 centered
at (1.5, 0.4) and the upper semi-circle of radius 1 centered at (3,0). We draw 1200 points
in each semi-circle to create three clusters. We then embed each data point into R!% by
appending zeros and then adding Gaussian random noise to each coordinate with mean 0

and standard deviation 0.15.

3.5.2 HYPERPARAMETERS SETUP

For each cluster to be recovered, we sampled the seed vertices I'; uniformly from C; for all
of our implementations. We fix the rejection parameter R = 0.1, the random walk depth
t = 3 and random walk threshold parameter ¢ = 0.8 for all of our implementations. We fix
the least squares threshold parameter with v = 0.2 for all experiments. All the numerical

experiments are implemented in MATLAB and can be run on a local machine.

3.5.3 IMAGE DATA PREPROCESSING

For our approach, the images data coming from each of the AT&T, OptDigits, MNIST,
USPS dataset have to be firstly constructed into an auxiliary graph before feeding into the
algorithm. We adopt the following way to build the auxiliary graphs.

Let x; € R" be the vectorization of an image from the original data set, we define the

following affinity matrix of the K-NN auxiliary graph based on Gaussian kernel according
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to [61] and [147],.

e~ Ixi—x;l?/oio;  if x; € NN(x;, K)
Aij ==

0 otherwise

The notation NN (x;, K) indicates the set of K-nearest neighbours of x;, and o; := ||x; —XET) I

(r)

where x; 7 is the r-th closest point of x;. Note that the above A;; is not necessary symmetric,
so we consider fllj = AT A for symmetrization. Alternatively, one may also want to consider
A = max{A;;, A;;} or A = (Ay; + A;;)/2. We use A as the input adjacency matrix for our
algorithms. In our implementation, we choose the local scaling parameters K = 5, r = 3 for

AT&T faces images, and K = 15, r = 10 for OptDigits, MNIST, USPS.
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CHAPTER 4

FUNCTION APPROXIMATION VIA KOLMOGOROV SUPERPOSITION THEOREM

In this chapter, we propose to use Kolmogorov superposition theorem (KST) to study the
approximation rate of high dimensional continuous functions. More specifically, we show that
there is a dense subclass of functions in C/([0, 1]¢) which can be approximated by using the
representation of KST with a dimension independent approximation rate O(1/n), with n
being the number of knots of the linear spline functions over [0, 1]. Moreover, the approxi-
mation constant in our approach increases quadratically in the dimension d, and the number
of parameters used in such neural network approximation equals is O(nd). The results in

this chapter are summarized in [76].

4.1 KOLMOGOROV SUPERPOSITION THEOREM

One of the suprising result in approximation theory is the Kolmogorov superposition The-
orem (KST), sometimes it is also called Kolmogorov—Arnold representation theorem. Let us
recall the statement of KST first. We will introduce two versions of KST which appear in

[65] and [88], respectively.

Theorem 4.1.1 (Kolmogorov Superposition Theorem — original version [65]). Let f €
C([0,1]%), then there exists continuous functions g, : R — R and ¢, : [0,1] — R such

that

flan - aa) =Y g0 | D dalz) |- (4.1)

The significance of this surprising result can be summarized succinctly: Addition is the

only continuous multivariate function. There have been many improvements of KST over
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the years. Lorentz [87] pointed out that the outer function g, can be chosen to be the same,
while Sprecher [126] showed that one can take ¢, = A\,¢,. Henkin [53] and Fridman [44]
pointed out that the inner functions ¢4, can be chosen to be Holder continuous with exponent
a € (0,1] and Lipschitz continuous, respectively. Sprecher [127, 128, 129, 130] also showed
that inner functions can be replaced by one single inner function with an appropriate shift
in its argument through the constructive form of KST. His proofs were finally correctly
established in [11] and [12]. An excellent explanation of the history about the development
of KST can be found in [102]. We now turn our attention to the Lorentz’s version of KST

[88], which is more useful for the development of our approach in function approximation.

Theorem 4.1.2 (Kolmogorov Superposition Theorem — Lorentz’s version [88]). There exist
0< X <1, p=1,---.,d, and strictly increasing a-Hélder continuous functions ¢,(z) :
0,1] = [0,1], ¢ = 0,--- ,2d, with exponent o € (0,1), such that for every f € C([0,1]%),

there exists a continuous function g € C([0,d]), such that

f(xe, - xa) = Zg Z)‘p¢q(xp) . (4.2)

Some notable features of the representation formula (4.2) are the following. Firstly, there
is only one outer function g associated with f. Secondly, the number 2d+1 in the summands
can not be further reduced [107, 131]. Thirdly, the inner functions can not be chosen to be
continuously differentiable [136, 137, 87].

The upshot for this representation is: for any continuous function f € C([0,1]9), there is
a continuous function g; € C([0,d]) so that f can be represented by g via (4.2). Conversely,
given any continuous function g € C([0,d]), we can produce a continuous function f, €
C([0,1]%) by using the representation formula (4.2). Such a correspondence between f and
g is one-to-one. Therefore we can use what we understand about univariate continuous
functions to understand multivariate continuous functions.

It is worthy noting that KST also has some nice topology and machine learning interpre-

tations. KST essentially established that all d dimensional compact metrizable spaces can
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be embedded into RY if and only if N > 2d + 1. KST also guarantees that any continuous
statistical or machine learning model, after a suitable embedding, is a sum of generalized
additive models. There have been many generalizations and extensions of KST over the past
few decades. Ostrand [107] showed that KST holds on compact metric spaces. Doss [30] and
Demko [24] extended KST to R" for unbounded and bounded continuous functions, respec-
tively. Feng [38] generalized KST to locally compact and finite dimensional separable metric
spaces.

It is straightforward to see that the representation formula (4.2) mimics the structure of a
two-layer neural network where the inner and outer functions can be considered as activation
functions. However, there have been debates over decades on whether such a representation
via KST is useful. Girosi and Poggio [46] claimed that some degree of smoothness is required
for inner and outer functions in order for the approximation to generalize and stabilize against
noise. Lin and Unbehauen [85] made a similar conclusion by noting that all information
carried by f must be contained in the univariate function ¢ hence learning the latter is not
any easier than learning the former. On the other hand, Kgurkova [68, 69] countered some
of the criticisms from Girosi and Poggio by giving a constructive way to approximate the
univariate outer function ¢ through linear combinations of the smooth sigmoid function.
She also bounded the number of units needed for a desired approximation. This has in turn
generated further interest in the study of neural network and approximation.

Indeed, KST has been actively studied which echoes the fast development of neural
network computing [20, 97, 110]. Hecht-Nielsen [52] was among the first to draw a connection
between KST and neural networks. This inspired much of the later works on universality of
two-layer neural networks. However, Hecht-Nielsen was doubtful about the direct usefulness
of this connection because no construction of the outer function was known then and he
mentioned the possibility of learning the outer function from input-output examples. Later
on, Igelnik and Parikh [60] proposed a neural network algorithm using spline functions to

approximate both the inner and outer functions. More recently, active research has been
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conducted on neural network approximation via KST and achieves promising results [100,
115, 36]. However, these results are not directly based on the representation formula (4.1.2)
and can be impractical to implement in practice. To the best of the authors’ knowledge,
there is yet no approximation scheme that is directly based on KST and is straightforward
to deploy in practice.

In this chapter, we propose to study the rate of approximation for ReLLU neural network
via KST. We propose a special neural network structure via the representation of KST,
which can achieve a dimension independent approximation rate O(1/n) with the approxima-
tion constant increasing quadratically in the dimension when approximating a dense subset
of continuous functions. The number of parameters used in such a network increases linearly
in n. Furthermore, we shall provide a numerical scheme to practically approximate d dimen-
sional continuous functions by using at most O(dn) number of pivotal locations for function
value evaluattion instead of the whole equally-spaced O(n?) data locations, and such a set
of pivotal locations are independent of target functions.

The subsequent sections of this chapter are structured as follows. In section 4.2, we
introduce the neural network representation via KST and explain how to approximate mul-
tivariate continuous functions with no curse of dimensionality for a dense class of functions.
We also establish the approximation result for any continuous function based on the mod-
ulus of continuity of the K-outer function. In section 4.3, we introduce KB-splines based on
the spline approximation of K-outer function, and its smoothed version LKB-splines. We
will show that KB-splines are indeed the bases for functions in C([0,1]%). In section 4.4,
we numerically demonstrate in 2D and 3D that LKB-splines can approximate functions in
C([0,1]%) very well. Furthermore, we provide a computational strategy based on matrix cross
approximation to find a sparse solution using a few number of LKB-splines to achieve the
same approximation order as the original approximation. This leads to the new concept of

pivotal point set from any dense point set P over [0, 1]¢ such that the discrete least squares
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(DLS) fitting based on the pivotal point set has the similar rooted mean squares error to the

DLS fitting based on the original data set P.

4.2 RELU NETWORK APPROXIMATION via KST

We will use o, to denote ReLLU function through the rest of discussion. It is easy to see that
one can use linear splines to approximate K-inner (continuous and monotone increasing)
functions ¢,,¢ = 0,--- ,2d and also approximate the K-outer (continuous) function g. We
refer to Theorem 20.2 in [111]. On the other hand, we can easily see that any linear spline
function can be written in terms of linear combination of ReLU functions and vice versa,

see, e.g. [22, 25]. We shall include another proof later in this chapter. Hence, we have

Z Cq,j01( = Ygji) = @q(t)

for g =0, --,2d and

Ng
= Zwkal(t — k) R ¢,
k=1

where g is the K-outer function of a continuous function f. Based on KST and the universal

approximation theorem [20, 56, 110], it follows that

Theorem 4.2.1 (Universal Approximation Theorem (cf. [123]). Suppose that f € C([0,1]¢)
is a continuous function. For any given € > 0, there exist coefficients wy, k = 1,--- , Ny,

yp € [0,dl,k=1,--- Ny, ¢gj,j=1,--- ,N; and y,; € [0,1],5 = 1,--- , N; such that

2d Ny d
|f<$1, SRR Z Z Wro1 Z Ai Z CQ»Jo-l yqj) )| <e (43)
q=0 k=1

In fact, many results similar to the above (4.3) have been established using other activation

functions (cf. e.g. [20], [69], [100], and etc.).
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4.2.1 K-LipscHITZ FUNCTION

To establish the rate of convergence for Theorem 4.2.1, we introduce a new concept. For each

continuous function f € C([0,1]?), let g; be the K-outer function associated with f. Let
KL ={f: K-outer function gy is Lipschitz continuous} (4.4)

be the class of K-Lipschitz continuous functions. Note that when f is a constant, its K-outer
function g = ﬁ f is also constant (cf. [13]) and hence, is Lipschitz continuous. That is,
the function class KL is not empty. On the other hand, we can use any univariate Lipschitz
continuous function g such as g(t) = Ct, g(t) = sin(C't), g(t) = exp(—Ct), g(t) = sin(Ct?/2),
etc.. over [0, d] to define a multivariate function f by using the formula (4.2) of KST, where
C is any constant. Then these newly defined f are continuous over [0, 1] and are belong to
the function class KL. It is easy to see that the class KL is dense in C([0, 1]¢) by Weierstrass
approximation theorem. See Theorem 4.2.2 below. For another example, let g(¢) be a B-
spline function of degree k > 1, the associated multivariate function is in KL. We shall use

such B-spline functions for the K-outer function g approximation in a later section.

Theorem 4.2.2. For any f € C([0,1]¢) and any € > 0, there exists a K-Lipschitz continuous
function K such that

”f - KHoo <e (45)

Proof. By Kolmogorov superposition theorem, we can write

2d41  d
flan, - mg) =Y Q(Z Aidq ().

By Weierstrass approximation theorem, there exists a polynomial p such that |p(t) — g(t)] <

a7 for all £ € [0,d]. Such a polynomial p is certainly a Lipschitz continuous function over

[0, d].
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Therefore, by Letting K (z1,--- ,24) = S p(3°%, Midy(z;)) € KL, we have

oo ) = Kone )l =13 o0 Adn() = 3 o3 Ay (o)
il 4 a
< Z |Q(Z Aidg(@i)) —p(z Aitbg(24))|
§(2d+1)'m:e.

O

Note that the neural network being used for approximation in expression (4.3) is a spe-
cial class of neural network with two hidden layers of widths (2d + 1)dN, and (2d + 1)N,
respectively. Let us call this special class of neural networks the Kolmogorov network, or
K-network in short and use K, ,, to denote the K-network of two hidden layers with widths

(2d + 1)dm and (2d + 1)n based on ReLU activation function, i.e.,

2d dn d m

Knn(o1) = {Zzwkm(zchﬂl(% — Ygj) = Yk), Wk, €5 € R, yx € [0,d], yy; € [0, 1]}
q=0 k=1 i=1 j=1

(4.6)

The parameters in ICp, ,, are wy, Y, k = 1,--- ,dn, and ¢y, Y5, ¢ = 0,---,2d, j =1,--- ,m.

Therefore the total number of parameters equals to 2dn+2(2d+ 1)m. In particular if m = n,
the total number of parameters in this network is (6d + 2)n. We are now ready to state one

of the main results in this chapter.

Theorem 4.2.3. Let f € C([0,1]%). Suppose that f is in the KL class. Let C; be the Lipschitz

constant of the K-outer function associated with f. We have

: Cr(2d +1)°
inf 17 = sl < L (@7)

SEKnn( n
The significance of this result is, for a dense subclass of continuous functions, we need
only (6d+2)n parameters to achieve the approximation rate O(1/n) with the approximation
constant increasing quadratically in the dimension. That is, the curse of dimensionality

is broken for functions in this dense subclass. In other words, the computation becomes
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tractable. The above result improved the similar one in [100]. Also, the researchers in [101]
showed that the KST can break the curse of dimension for band-limited functions. Our result
breaks the curse of dimensionality for a different class of functions. On the other hand, many
researchers used the smoothness of f to characterize the approximation of ReLLU neural
networks. See [89, 145, 146], where the approximation rate on the right-hand side of (4.7)
is O(n~*/%) with s being the smoothness of the function f. Their approximation rates suffer
from the curse of dimension. In terms of the smoothness of the K-outer function, our result
above is believed to be the correct rate of convergence. In addition, we shall extend the
argument to the setting of K-Hélder continuous functions and present the convergence in

terms of K-modulus of smoothness.

4.2.2 PROOF OF THEOREM 4.2.3

To prove Theorem 4.2.3, we need some preparations. Let us begin with the space N(o7) =
span{o;(w'x—b),b € R, w € R?} which is the space of shallow networks of ReLU functions.
It is easy to see that all linear polynomials over R? are in N(o1). The following result is

known (cf. e.g. [22]). For self-containedness, we include a different proof.

Lemma 4.2.1. For any linear polynomial s over R?, there exist coefficients ¢; € R, bias
t; € R and weights w; € R? such that

s(x) =Y cion(wi-x + ), ¥x € 0, 1], (4.8)

=1

That is, s € N(o1).

Proof. 1t is easy to see that a linear polynomial x can be exactly reproduced by using the
ReLU functions. For example,

x =oq(z),Yx € [0,1]. (4.9)

Hence, any component z; of x € R? can be written in terms of (4.8). Indeed, choosing

w; = e;, from (4.9), we have

szal(ej~x), XG[O,l]d,jzl,---,d.
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Next we claim a constant 1 is in N(oy). Indeed, given a partition P, = {a =x¢ < 21 < --- <

x, = b} of interval [a, ], let

TN e [0, 21]
ho(x) = To — 1 , (4.10)
0 T € [T1,1,)
\
% WS [ZL‘i_l,l’i]
hZ(x) = %;:'_11 T e [Z’i,$i+1] ) 1= ]-7 ,TL—]. (411)
0 T ¢ [xiflaxi+1]
;
ho(z) = { *n = Tn-1 : (4.12)
0 x € [Jfo,l'n_l]

\

be a set of piecewise linear spline functions over P,. Then we know SY(P,) = span{h;,i =
n

0,---,n} is a linear spline space. It is well-known that 1 = Zh,(x) Now we note the
i=0

following formula:

O'l(ZE — xi—i—l)

g1 (l’ — xi—l)
hi(z) = 22— o ( — @) + , 413
®) (xi — zi-1) : ) (Tit1 — 1) ( )
where w; = —1/(z; — ;1) — 1/(x;41 — x;). It follows that any spline function in S%(P,)

can be written in terms of ReLU functions. In particular, we can write 1 = >  h;(x) =
St o Doy (z — x;) by using (4.13).
Hence, for any linear polynomial s(x) = a + Z?Zl c;xj, we have

n d

s(x) = aZCgal(x — ;) + Z cio1(ej - x) € N(oq).

=0 i=1

This completes the proof. O

The above result shows that any linear spline is in the ReLLU neual networks. Also, any
ReLU neual network in R! is a linear spline. We are now ready to prove Theorem 4.2.3. We

begin with the standard modulus of continuity. For any continuous function g € C[0,d]), we
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define the modulus of continuity of g by

g, h) = max [g( + 1) — g()] (414)
0<t<h

for any h > 0. To prove the result in Theorem 4.2.3, we need to recall some basic properties

of linear splines (cf. [116]). The following result was established in [111].

Lemma 4.2.2. For any function in f € Cla,b], there exists a linear spline Sy € SY(A) such

that

If = Stllosat) < w(f,|A]) (4.15)

where SY(A) is the space of all continuous linear splines over the partition A = {a =ty <

< --<t,= b} with ‘A‘ = max; ’ti —ti,l‘.

In order to know the rate of convergence, we need to introduce the class of function of

bounded variation. We say a function f is of bounded variation over [a, b] if

n

sup Y | f(@) = flwia)| < o0

Va=zo<x1<---<Tn=b i—1

We let V2(f) be the value above when f is of bounded variation. The following result is

known (cf. [116])

Lemma 4.2.3. Suppose that f is of bounded variation over |a,b]. For anyn > 1, there exists

a partition /N with n knots such that

Va(f)
n+1"

dist(f,5(2) = _inf [1f = sl <

SGS?(A

Let L = {f € C([0,1]%) : |f(x) — f(y)| < Lflx — y|,¥x,y € [0,1]%} be the class of

Lipschitz continuous functions. We can further establish

Lemma 4.2.4. Suppose that f is Lipschitz continuous over [a,b] with Lipschitz constant L.

For any n > 1, there exists a partition /\ with n interior knots such that

Li(b—a)

dist(f, S} (D)) so < 2t 1)
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Proof. We use a linear interpolatory spline Sy. Then for x € [z;, z;11],

. s Tit1 — T . Tr—x;
I L L L
_ @i =) (@) = f@) | (@ = 2)(f(@) = [(@in)
B Tit1 — T4 Tit1 — T4
< I (x — 2)(zip1 — ) yy (i1 — 2)(z — 2;) < <Ly (Tio1 — 1),
Tiv1 — X4 Tiv1 — X4 2
Hence, |f(z) — S¢(z)| < Ly(b—a)/(2(n+1)) if 2,41 — x; = (b —a)/(n + 1). This completes
the proof. n

Furthermore, if f is Lipschitz continuous, so is the linear interpolatory spline Sy. In fact,
we have

|S¢(x) = Sp(y)| < 2Lyl —yl. (4.16)

We are now ready to prove one of our main results in this chapter.

Proof of Theorems 4.2.3. Since ¢, are univariate increasing functions mapping from [0, 1] to
0, 1], they are bounded variation with V' (¢,) < 1. By Lemma 4.2.3, there are linear spline
functions L, such that |L,(t) — ¢4(t)| <1/(n+1) for ¢ =0,--- ,2d.

For K-outer function g, when g is Lipschitz continuous, there is a linear spline S, with

dn distinct interior knots over [0, d] such that

dcC C
H =5, < —"2L - <2,

where Cy is the Lipschitz constant of g by using Lemma 4.2.4. Now we first have
2d d 2d d d
(2d+1)C
1Fx) =) 8s(D Mg ()] < Y 190> Nidbg(@:) = So(D Nidy(w))| < e
=0 =1 =0 i=1 i=1

Next since g is Lipschitz continuous, so is S,. Thus, by (4.16) and Lemma 4.2.3, we have

d-2C
qu ;) Z/\L )| < 20, Zw)q ;) — Lo(z)] < (an).

Let us put the above estimates together to have

2d d
2d+1)C 2d + 1)2dC, 2d +1)*C
_ngz)\i[/ %))’S( ) g ( (n+)1) gg( n) g

The conclusion of Theorem 4.2.3 follows. O
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4.2.3 FunNcTIONS BEYOND THE K-LirscHITZ CLASS

As K-outer function g may not be Lipschitz continuous, we next consider a class of functions

which is of Hélder continuity. Letting a € (0, 1], we say g is in C%« if

sup lo(@) = 9(y)]| < La(g) < 0. (4.17)

z,y€[0,d] |LIZ‘ - y|a
Using such a continuous function g, we can define a multivariate continuous function f by
using the formula in Theorem 4.1.2. Let us extend the analysis of the proof of Lemma 4.2.4

to have

Lemma 4.2.5. Suppose that g is Holder continuous over [0,d], say g € C%* with La(g) for

some o € (0,1]. For any n > 1, there exists a partition /\ with n interior knots such that

< La(g)d™
~2(n+ 1)

dist(g, S} (L))

Similarly, we can define a class of functions which is K-Holder continuous in the sense that
K-outer function g is Holder continuity a € (0,1). For each univariate g in C%*([0, d]), we
define f using the KST formula (4.2). Then we have a new class of continuous functions which

will satisfy (4.18). The proof is a straightforward generalization of the one for Theorem 4.2.3,

we leave it to the interested readers.

Theorem 4.2.4. For each continuous function f € C([0,1]%), let g be the K-outer function

associated with f. Suppose that g is in C**([0,d]) for some o € (0,1]. Then

(2d + 1)2La(g).

na

inf )Hf — 8lleqoae < (4.18)

sEICn,n(O'l

Finally, in this section, we study the K-modulus of continuity. For any continuous function

f € C([0,1]%), let g; be the K-outer function of f based on the KST. Then we use w(gy, h)

which is called the K-modulus of continuity of f to measure the smoothness of g¢. Due to

the uniform continuity of gy, we have linear spline Sy, over an equally-spaced knot sequence
such that

|gf(t) - ng (t)| < w(Qf? h), vt € [07 d] (419)
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for any h > 0, e.g. h = 1/n for a positive integer n. It follows that

d d
195> Nidg(:) — Sg, (O Nidbg(i)| < wlgy, h), (4.20)
i=1 i=1
for any (z1,---,2q4) € [0,1]% Since ¢,, ¢ = 0,--- ,2d are monotonically increasing, we use

Lemma 4.2.3 to have linear splines L, such that |L,(t) — ¢,(t)| < h since Vi'(¢,) < 1. We

now estimate
d d
1S9, (D Nidg(i)) = Sgy (O AiLg(a:))] (4.21)
i=1 i=1

for g =0,---,2d. Note that

d

[ D Nidg(i) = D NiLg(w)] < D 10y(w1) = Ly(ws)| < dh.

i=1
The difference of the above two points in [0, d] is separated by at most d subintervals with

length h and hence, we will have

Ing(Z Aidyg(:)) — ng(z AiLg(w:)| < 2d - w(gy, h) (4.22)

since Sy, is a linear interpolatory spline of g;. It follows that

F@r o) = 3 80, (O AiLa(w:)

> \gf(z Aidg(@i)) — ng(z ACNEDD ’ng(z Aidg(@i)) — ng(z AiLqg(z:))|
< (2d+Dwlgp h) + @d+1)2d-w(gph). .

IN

Therefore, we conclude the following theorem.

Theorem 4.2.5. For any continuous function f € C[0,1]%, let g; be the K-outer function

associated with f. Then

inf )||f = slleqoae < (2d +1)*w(gy, 1/n). (4.23)

SG’Cn,n(O'l
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4.3 KB-sPLINES AND LKB-SPLINES

However, it is not easy to see if the K-outer function g, is Lipschitz continuous when given
a continuous functions f. To do so we have to compute g; from f first. To this end, we
implemented Lorentz’s constructive proof of KST in MATLAB by following the steps in
pages 168 — 174 in [88]. See [13] for another implementation based on Maple and MATLAB.
We noticed that the curve g; behaviors very badly for many smooth functions f. Even if
f is a linear polynomial in the 2-dimensional space, the K-outer function ¢ still behaviors
very widey although we can use K-network with two hidden layers to approximate this linear
polynomial f arbitrarily well in theory. This may be a big hurdle to prevent researchers in
[46], [52], [69], [60], [13], and etc. from successful applications based on Kolmogorov spline
network. We circumvent the difficulty of having such a wildly behaved K-outer function
g by introducing KB-splines and the denoised counterpart LKB-splines in this section. In
addition, we will explain how to use them to well approximate high dimensional functions
in a later section..

First of all, we note that the implementation of these ¢,,¢ = 0,---,2d is not easy.
Numerical ¢,’s are not accurate enough. Indeed, letting z,(xy, - ,zq) = Zle ity (z:),
Consider the transform:

T(xla"' 7$d> = (20,21,"' 722d) (424>

which maps from [0, 1]¢ to R+, Let Z = {T'(xy,- -+ ,24), (x1,+ -+ ,x4) € [0,1]?} be the image
of T([0,1]¢) C R?¥*1. Tt is easy to see that the image is closed. The theory in [88] explains
that the map T is one-to-one and continuous. As the dimension of Z is much larger than d,
the map T is like a well-known Peano curve which maps from [0, 1] to [0, 1]? and hence, the
implementation of 7', i.e., the implementation of ¢,’s is not possible to be accurate. However,
we are able to compute these ¢, and decompose g such that the reconstruction of constant
function is exact. Let us present two examples to show that our numerical implementation
is reasonable. For convenience, let us use images as 2D functions and compute their K-

outer functions g and then reconstruct the images back. In Figure 4.1, we can see that the
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reconstruction is very good visually although K-outer functions g are oscillating very much.
It is worthwhile to note that such reconstruction results have also been reported in [13].
Certainly, these images are not continuous functions and hence we do not expect that g
to be Lipschitz continuous. But these reconstructed images serves as a “proof” that our

computational code works numerically.

Original Image Reconstructed Image Associated Function g

000 025 050 075 100 125 150 175

000 025 050 075 100 125 150 175

Figure 4.1: Original image (left column), reconstructed image (middle column), and associated

K-outer function g (right column).

Next we present a few examples of smooth functions whose K-outer functions may not
be Lipschitz continuous in Figure 4.2. Note that the reconstructed functions are very noisy,
in fact they are too noisy to believe that the implementation of the KST can be useful.
In order to see that these noisy functions are indeed the original functions, we applied a
penalized least squares method based on bivariate spline method (to be explained later in
the chapter). That is, after denoising, the reconstructed functions are very close to the exact
original functions as shown in Figure 4.2. That is, the denoising method is successful which

motivates us to adopt this approach to approximate any continuous functions.
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Original Function Reconstruction via KST  Reconstruction via KST after Denoising Original Function Reconstruction viaKST  Reconstruction via KST after Denoising
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Figure 4.2: Top left: reconstruction of f(x,y) = x. Top right: reconstruction of f(z,y) =

22. Bottom left: reconstruction of f(z,y) = cos(2(x —y) /7). Bottom right: reconstruction

of f(x,y) =sin(1/(1+ (z — 0.5)(y — 0.5))).
4.3.1 KB-SPLINES

To this end, we first use standard uniform B-splines to form some subclasses of K-Lipschitz
continuous functions. Let A, = {0 = t; < ty < -+ < tg, < d} be a uniform partition of
interval [0,d] and let b, ;(t) = Bk(t —t;),i = 1,--- ,dn be the standard B-splines of degree
k with k& > 1. For simplicity, we only explain our approach based on linear B-splines for
the theoretical aspect while using other B-splines (e.g. cubic B-splines) for the numerical

experiments. We define KB-splines by

2d d
KBy (w1, 2a) =Y bay [ D Nigg(w:) | j=1,--,dn. (4.25)
q=0 i=1

It is easy to see that each of these KB-splines defined above is nonnegative. Due to the
property of B-splines: Z?; bni(t) = 1 for all t € [0,d], we have the following property of

KB-splines:
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Theorem 4.3.1. We have 2?21 KBy, (z1,--+ ,xq4) =1 and hence, 0 < KB,,; < 1.

Proof. The proof is immediate by using the fact 37", b,:(t) = 1 for all t € [0, d). O

Remark 4.3.1. The property in Theorem 4.3.1 is called the partition of unit which makes the
computation stable. We note that a few of these dn KB-splines will be zero since 0 < \; < 1
and min{\;,i = 1,--- ,d} < 1. The number of zero KB-splines is dependent on the choice of
iy t=1,---,d.

Another important result is that these KB-splines are linearly independent.

Theorem 4.3.2. The nonzero KB-splines {KB,,; # 0,7 =1,--- ,dn} are linearly indepen-

dent.

Proof. Suppose there are ¢;, j = 1,2,--- ,dn such that Z;lil ;KB j(x1,- -+ ,x4) = 0 for all
(z1,- -+ ,zq) € [0,1]%. Then we want to show ¢; = 0 for all j = 1,2,--- ,dn. Let us focus on
the case d = 2 as the proof for general case d is similar. Suppose n > 0 is a fixed integer
and we use the notation z, = 2?21 Xi¢q(x;) as above. Then based on the graphs of ¢, in
Figure 4.3, we can choose r1 = ¢ and 9 = 0 with 0 < § < 1 small enough such that
KB, j(21,0) = Z;L:O bj(2,(6,0)) =0 for all j = 3,4,---,2n. Therefore in order to show the
linear independence of KB, j,j7 = 1,2,--- ,2n, it is suffices to show 232':1 ;KB j(x1,22) =0

implies ¢; = ¢ = 0. Let us confine z; € [0,4] and x5 = 0. Then we have

0 =1 KBy 1(x1,22) + 2K By a1, m2) = 1) bi(2)) + () ba(2,))
= 1D bi(zg) + a5 =D bal(zg)) = (1 — e2) (O bi(2)) + 5z,

where we have used the fact that by(x) 4 be(x) = 1 over [0,1/n]. Since ¢y is constant, and

4 . .
> _q—0 b1(zg) is not constant when z; varies between 0 and §, we must have ¢; = c;. Hence

¢y = 0 and therefore ¢; = 0.
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Figure 4.3: Left: ¢4, ¢ =0,1,2, 3,4, for 2D. Right: ¢4, ¢ =0,1,2,3,4,5,6, for 3D.
In the same fashion, we can choose #; and 0 such that KB, ; = 23:0 b;j(2,(21,0)) =0

-, 2n except for j = k, k + 1. By the similar argument as above, we have

]

forall j =1,2,--

cr = cx+1 = 0. By varying k between 1 and 2n, we get ¢; =0 for all j =1,2,--- ,n.

Since span{b,,;,i = 1,--- ,nd} will be dense in C|0,d] when n — oo, we can conclude

that span{K B, ;,j = 1,--- ,nd} will be dense in C([0, 1]?). That is, we have

Theorem 4.3.3. The KB-splines KBy, j(x1,--+ ,xq4),7 = 1,-++ ,nd, are dense in C(]0,1]%)

when n — 00.

Proof. For any continuous function f € C([0,1]%), let g; € C[0,d]) be the K-outer function
of f. For any € > 0, there is an integer n > 0 and a spline S,, € span{by;,i = 1,--- ,dn}
such that

lgs(t) = Sg; (D)oo < €/(2d +1)

for all t. Writing Sy, (t) = 30", ¢i(f)bni(t), we have

dn

‘f(l"l,'“ ,fEd) - ZCi(f)KBn,i(iﬁl, T ,Jﬁd)’
= D g(z(mr, - wa) — Zci(f)zbn,i(zq(wu--- ,24))]

< D Mgz, wa)) = Sy (zglan, - wa))l < (2d+ 1)e/(2d+1) = €.

This completes the proof.
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4.3.2 LKB-SPLINES

However, in practice, the KB-splines obtained in (4.25) are very noisy due to any implemen-
tation of ¢,’s as we have explained before that the functions z,,¢ = 0,--- ,2d, like Peano’s
curve. One has no way to have an accurate implementation. As demonstrated before, our
denoising method can help. We shall call LKB-splines after denoising KB-splines.

Let us explain a multivariate spline method for denoising for d = 2 and d = 3. In general,
we can use tensor product B-splines for denoising for any d > 2 which is the similar to
what we are going to explain below. For convenience, let us consider d = 2 and let A\ be a

triangulation of [0, 1]?. For any degree D > 1 and smoothness r > 1 with r < D, let
SH(A) ={s € C"([0,1]*) : s|p € Pp, T € A} (4.26)

be the spline space of degree D and smoothness r with D > r. We refer to [73] for a theoretical
detail and [6] for a computational detail. For a given data set {(z;,y;, 2;),i = 1,--- , N} with
(zi,y;) € [0,1]? and z; = f(z4,y:) + €,4 = 1,--- , N with noises ¢; which may not be very
small, the penalized least squares method (cf. [71] and [74]) is to find

min Z |s(zi, i) — zi]* + AE(s) (4.27)

seSi(n)

with A & 1, where &(s) is the thin-plate energy functional defined as follows.

/ AN |2+| "y (4.28)

Multivariate splines have been studied for several decades and they have been used for
data fitting (cf. [71], [74], [79], and [141]), numerical solution of partial differential equations
(see, e.g. [72]). and data denoising (see, e.g. [79]).

We now explain that the penalized least squares method can produce a good smooth

approximation of the given data. For convenience, let Sy, be the minimizer of (4.27) and

write || f|lp = \/% SOV £ (i, i) |? is the rooted mean squares (RMS). If f € C2([0,1]?), we

have the following
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Theorem 4.3.4. Suppose that f is twice differentiable over [0,1]?. Let Sy, be the minimizer
of (4.27). Then we have

1 = Stellp < Cllfllzool AF + 2llellp + V/AE2A(S) (4.29)
for a positive constant C' independent of f, degree d, and triangulation /\.

To prove the above result, let us recall the following minimal energy spline Sy € Si(A)
of data function f: letting A be a triangulation of [0, 1]*> with vertices (x;,y;),i =1,--- , N,

St is the solution of the following minimization:

min {&(Sy) : Sy(wi,v:) = f(@i, 9), (@i, ), 0 =1,--- ,N.} (4.30)
SfESS(A)

Then it is known that S; approximates f very well if f € C?([0,1]?). We have

Theorem 4.3.5 (von Golitschek, Lai and Schumaker, 2002 [138]). Suppose that f €
C?([0,1]%). Then
1S5 = Flloo < Clifllz,00l A (4.31)

for a positive constant C' independent of f and /\, where || f||2.c denotes the mazimum norm
of the second order derivatives of f over [0,1]* and ||S; — flleo is the mazimum norm of

Sy — f over [0,1]%

of Theorem 4.3.4. Recall that S, is the minimizer of (4.27). We now use Sy to have

1f = Spclls < 11z Spellp + llelle < \/llz — Srelld + A&a(Sy.) + lellp
Vllz = 5712 + A&2(5p) + llelle < 1 = Sylle + 2lelle + v/AE(F)
< Ol flascl A1 + 2liellp + VAE(F).

IN

where we have used a fact that £(Sy) < &(f) which can be found in [138]. These complete

the theorem of this section. O]

If fis C? smooth, then Sy, will be a good approximation of f when the size |A| of

triangulation is small, the thin plate energy & (f) with A > 0 is small, and the noises ||¢||p
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is small even though a few individual noises ¢; can be large. Note also that ¢ can be made
small by increasing the accuracy of the implementaion of ¢,.

Now let us illustrate some examples of KB-splines and LKB-splines in Figure 4.4. One can
see that the KB-splines are continuous but not smooth functions at all, while the LKB-splines
are. These LKB-splines are much smoother and nicer, therefore can be used to approximate
high dimensional continuous functions accurately. We leave the numerical results to the next

chapter.

Figure 4.4: Some examples of linear LKB-splines (the first and third columns) which are the

smoothed version of the corresponding linear KB-splines (the second and fourth columns).

4.4 NUMERICAL RESULTS FOR LKB-SPLINES BASED APPROXIMATION IN 2D AND 3D

In this section, we will first demonstrate numerically that LKB-splines can approximate
general continuous functions well based on O(n?) equally-spaced sampled data locations.

Then we use the matrix cross approximation technique to show that there are at most O(nd)



76

locations among those O(n) locations are pivotal. Therefore, we only need the function

values at those pivotal locations in order to achieve a reasonable good approximation.

4.4.1 NUMERICAL RESULTS BASED ON O(n¢) DATA POINTS

Let us design numerical experiments to demonstrate the power of LKB-splines for approx-
imating functions in C([0,1]¢). We choose 41¢ equally-spaced points x; € [0,1]%. For any

continuous function f € C([0,1]), we use the function values at these data locations to find

dn

an approximation F, = > %", ¢;LK B, ; by using discrete least squares (DLS) method. In

other words, we solve the following minimization problem:
dn
min || f =Y ¢;LEKB,llp, (4.32)
Cj j:1
where || f||» is the RMS semi-norm based on the function values f over these 41¢ sampled
data points in [0, 1]¢. We shall report the accuracy || f — F,(f)||pp, where || f||pp is the RMS
semi-norm based on 101¢ function values. The current computational power enables to do
the numerical experiments for d = 2 with n = 100, 200, --- ,10,000 and for d = 3 with
n = 100, 200, - - - , 1000.
For d = 2, we choose the following 10 testing functions across different families of con-

tinuous functions to check the computational accuracy.

fi = (422+43y)/6;  fo= (P +¢7)/20  f3=ay;
fr = @ +9°)/2; fo=1/(1+ 2% +¢%);

fo = cos(/(L+ay));  fr=sin2r(z+y));

fs = sin(mz)sin(ry);  fo = exp(—a® —y?);

fio = max(z — 0.5,0) max(y — 0.5,0);

For d = 3, we choose the following 10 testing functions across different families of contin-
uous functions to check the computational accuracy. The computational results are reported

in Tables 4.1 and 4.2 (those columns associated with 413).

fi = (1+2z+3y+42)/10;  fo= (" +y*+2°)/3; fs=(zy+yz+ 22)/3;



7

fo = @490/ fi=@ty+a)/0+a"+y + 27
fo = cos(l/(L+ayz));  fr=sin@2n(z+y+2));
fs = sin(mx)sin(my) sin(mrz); fo = exp(—a? — y* — 2%);

fio = max(x —0.5,0) max(y — 0.5,0) max(z — 0.5,0);

Remark 4.4.1. The major computational burden for the results in Tables 4.1 and 4.2 is
the denoise of the KB-splines to get LKB-splines which requires a large amount of data
points and values as the noises are everwhere over [0,1]%. When dimension d > 1 gets large,
one has to use an exponentially increasing number of points and KB-spline values by, say a
tensor product spline method for denoising, and hence, the computational cost will suffer the
curse of dimensionality. However, the denoising step can be pre-computed once for all the
approzimation tasks. That is, once we have the LKB-splines, the rest of the computational

cost is mo more than the cost of solving a least squares problem.

This shows the power of LKB-splines in approximating general continuous functions.
However, the number of data points being sampled in order to achieve such approximation
error is O(n?). Therefore, when d gets large, we still need exponentially many sampled data.
Our final goal in this chapter is to reduce this amount of data values. In fact, we only need
at most O(nd) number of sampled data instead of O(n?) in order to achieve the same order

of approximation accuracy. Let us further explain our study in the next subsection.
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Table 4.1: RMSEs (computed based on 1012 equally-spaced locations) of the DLS fitting (4.32)

based on 412 equally-spaced location and pivotal location in 2D.

n =100 n = 1000 n = 10000
# sampled data 412 54 412 105 412 521
fi 1.67e-05  2.60e-05 | 5.79e-06 1.02e-05 | 5.14e-07 1.21e-06
fo 4.19e-04 8.92e-04 | 1.17e-04 2.61e-04 | 2.83e-05 6.62e-05
f3 1.09e-04  2.19e-04 | 3.57e-05 7.46e-05 | 2.20e-05 5.67e-05
f1 7.67e-04 1.70e-03 | 2.10e-04 5.11e-04 | 4.99¢-05 1.11e-04
f5 2.28e-04 5.04e-04 | 6.69e-05 1.47e-04 | 1.93e-05 4.08e-05
fe 2.52e-04 6.51e-04 | 7.97e-05 1.94e-04 | 1.43e-05 2.73e-05
fr 7.05e-02  1.32e-01 | 7.80e-03 2.25e-02 | 1.30e-03 3.30e-03
fs 1.50e-03  2.29e-03 | 3.73e-04 1.01e-03 | 1.69e-04 4.37e-04
fo 3.49e-04 7.97e-04 | 8.25e-05 1.98e-04 | 2.48e-05 5.52e-05
J10 2.02e-03  3.79e-03 | 7.77e-04 1.82e-03 | 1.68e-04 4.10e-04
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Table 4.2: RMSEs (computed based on 1013 equally-spaced locations) of the DLS fitting (4.32)

based on 412 equally-spaced location and pivotal location in 3D.

n =100 n = 300 n = 1000
# sampled data 413 178 413 331 413 643
fi 8.27e-06 2.25e-05 | 1.51e-06 4.20e-06 | 3.62e-07 7.48e-07
fo 4.42e-05 1.68e-04 | 8.14e-06 2.18e-05 | 1.87e-06 4.11e-06
f3 1.24e-05 3.79e-05 | 3.77e-06 9.41e-06 | 1.22e-06 2.53e-06
f1 2.93e-04 5.60e-04 | 1.43e-04 2.55e-04 | 1.16e-04 2.63e-04
f5 1.31e-04 3.46e-04 | 9.09e-05 1.66e-04 | 6.61e-05 1.20e-04
fe 1.24e-04 3.22e-04 | 7.02e-05 1.34e-04 | 5.18e-05 1.09e-04
fr 1.65e-02  5.29e-02 | 1.15e-02 1.71e-02 | 1.10e-02 1.85e-02
fs 2.47e-03  8.28e-03 | 9.60e-04 1.94e-03 | 7.20e-04 1.19e-03
fo 1.43e-04 3.84e-04 | 1.14e-04 2.01e-04 | 9.84e-05 3.95e-04
fio 3.21e-04 9.74e-04 | 2.31e-04 4.00e-04 | 2.04e-04 3.91e-04

4.4.2 THE PIVOTAL DATA LOCATIONS FOR BREAKING THE CURSE OF DIMENSIONALITY

For convenience, let us use M to indicate the data matrix associated with the discrete least
squares problem (4.32). In other words, for 1 < j < dn, the jth column M(:, j) consists
of {LKB, ;j(x;)} where x; € [0,1]¢ are those 41¢ equally-spaced sampled points in 2D or
3D. Clearly, the experiment above requires 41¢ data values which suffers from the curse of
dimensionality. However, we in fact do not need such many data values. The main reason is
that the data matrix M has many zero columns or near zero columns due to the fact that
for many i = 1,--- ,nd, the locations from 41¢ equally-spaced points do not fall into the
support of linear B-splines b, ;(t), t € [0,d], based on the map z,. The structures of M are

shown in Figure 4.5 for the case of n = 1000 when d = 2.
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Figure 4.5: The sparsity pattern of data matrix for n = 1000.

That is, there are many columns in M whose entries are zero or near zero. Therefore,
there exists a sparse solution to the discrete least squares fitting problem. We adopt the well-
known orthogonal matching pursuit (OMP) (cf. e.g. [80]) to find a solution. For convenience,
let us explain the sparse solution technique as follows. Over those 41¢ points x; € [0, 1]¢, the
columns in the matrix

M = [LKBn,j(Xiﬂi:l,m,41d,j:1,-~~,dn (4-33)

are not linearly independent. Let ® be the normalized matrix of M in (4.33) and b =

[f(xi)],i=1,---,41% Write ¢ = (c1,- -+ ,can) ', we look for
min ||c|o : Pc = Db (4.34)

where ||c||o stands for the number of nonzero entries of c¢. See many numerical methods in
([80]). The near zero columns in ® also tell us that the data matrix associated with (4.32)
of size 41% x dn is not full rank r < dn. The LKB-splines associated with these near zero
columns do not play a role. Therefore, we do not need all dn LKB-splines. Furthermore, let
us continue to explain that many data locations among these 41¢ locations do not play an
essential role.

To this end, we use the so-called matrix cross approximation (see [49, 48, 98, 45, 67, 4]

and the literature therein). Let r > 1 be a rank of the approximation. It is known (cf. [49])
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that when M7y ; of size r X r has the maximal volume among all submatrices of M of size

r X r, we have

|M — M. ;M ;Mo < (1+ 7)o (M), (4.35)

where || - ||¢ is the Chebyshev norm of matrix and o,,1(M) is the r + 1 singular value of M,
M. is the row block of M associated with the indices in I and M. ; is the column block of
M associated with the indices in J. The volume of a square matrix A is the absolute value
of the determinant of A.

One mainly needs to find a submatrix My ; of M such that M; ; has the maximal volume
among all » x r submatrices of M. In practice, we use the concept called dominant matrix to
replace the maximal volume. There are several algorithms, e.g. maxvol algorithm, available in
the literature (cf. [48]). Recall that originally we need to solve the DLS problem Mx; ~ f =
[f7; frc]. However, these greedy based maxvol algorithms enable us to find a good submatrix
M ; and solve a much simpler discrete least squares problem M; ;X ~ f;. According to
Theorem 8 in [4], that X is a good approximation of x;. Let us call the data locations
associated with row indices I the pivotal data locations. The pivotal data locations are
shown in Figure 4.6. It is worthwhile to point out that such a set of pivotal locations is only
dependent on the partition between [0, d] when numerically build KB-splines, the sampled
data when constructing LKB-splines, and the smoothing parameters for converting KB-
splines to LKB-splines. However, such set of pivotal locations is independent of the target

function to approximate.
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Figure 4.6: Pivotal data at 54 locations (selected from 412 equally-spaced locations) in 2D and 178

locations (selected from 41 equally-spaced locations) in 3D for n = 100.

We now present some numerical results in Table 4.1 and 4.2 (those columns associated
with 54,105,521 and 178,331, 643) to demonstrate that the numerical approximation results
based on pivotal data locations have the same order as the results based on data locations
sampled on the uniform grid. We therefore conclude that the curse of dimensionality for 2D
and 3D function approximation can be overcome if we use LKB-splines with pivotal data
sets.

To verify the approximation order O(1/n) in Theorem 4.2.3, we plot the approximation
errors of several aforementioned functions based on pivotal point locations against n using
log-log scale. The results are shown in Figure 4.7. It is worthwhile to note that the slopes in
these plots are associated with the exponent o in Theorem 4.2.4. In other words, if the slope
of an convergence plot for a function is smaller than —1, then we can numerically conclude
that such a function belongs to the class of K-Lipschitz continuous functions. If the slope
a satisfies —1 < a < 0, then we can numerically conclude that such a function belongs to
the class of K-Hoélder continuous functions with the outer function g belongs to C%¢. In
other words, our computational method provide with a numerical approach to check if a

multidimensional continuous function is K-Lipschitz or not.
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Finally, in Figure 4.8, we plot the number of pivotal locations against n, we can see that
the number of pivotal locations increasing linearly in n and the increasing rates (slopes)
are at most d. That is, we only need O(nd) data locations and O(nd) LKB functions to
approximate a multidimensional continuous function f with approximation rate O(1/n) when
f is K-Lipschitz continuous. Therefore, the curse of dimensionality is overcome when d = 2

and d = 3. We leave the numerical evidence for d = 4 or larger to the next chapter.

flx,y) = (23 +y3)/2 flz,y) =sin(27(z + y)) f(z,y) = max(x — 0.5,0) max(y — 0.5,0)

|——Stope = -0.638 I |——Stope = -0.846

|—Sstope = -0.592

flz,y,z) = (14 2z + 3y + 42)/10 flz,y,2) = (zy + yz + 2x) /3 f(z,y) = sin(mwz) sin(my) sin(wz)

s
—— Slope = -1.408 —— Slope = -1.079

Figure 4.7: Plot of Convergence Rate using Log-log Scale for Functions in 2D and 3D.
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Figure 4.8: Number of Pivotal Locations (vertical axis) against n (horizontal axis) in 2D (left) and

3D (right).

Finally, let us end up this section with some important remarks.

Remark 4.4.2. The pivotal data set depends on the degree of KB-splines and the LKB-
splines which are dependent on the smoothing parameters and triangulation for converting
KB-splines to LKB-splines. After LKB-splines are constructed, the pivotal point set is depen-
dent on the discrete least squares (DLS) fitting method. For example, if we use randomly
sampled points over [0,1]% for a DLS method instead of equally-space points, the pivotal
point set is clearly different from the pivotal points based on the equally-spaced points over
0, 1]4. Even if we use 81 x 81 equally-spaced points instead of 41 x 41 equally-spaced points
when constructing a DLS fitting based on LKB-splines over [0, 1)%, the location of the pivotal
data are different and the size of pivotal data set is slightly bigger than the ones shown in
Figure 4.6. Although we can apply this trick to find a pivotal point set for any discrete least
squares method, it is the K-outer function g defined on [0,d] which enables us to approzi-
mate the g using nd LKB-splines based on the pivotal point set with cardinality at most nd

to achieve the rate O(1/n) of approximation.

Remark 4.4.3. Certainly, there are many functions such as f(x,y) = sin(100z) sin(100y)
or f(x,y) = tanh(100((2z — 1)? 4+ (2y — 1)? — 0.25)) which the LKB-splines can not approz-

imate well based on the pivotal data sets above. Such highly oscillated functions are hard to
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approzimate even using other methods. One indeed needs a lot of the data (points and the
function values over the points) in order to approzimate them well. One may also consider
to use Fourier basis as K-outer functions rather than B-splines basis to approrimate such

highly oscillated trigonometric functions via KST. We leave it as a future research topic.

Remark 4.4.4. To reproduce the experimental results in this chapter, we uploaded our
MATLAB codes in https: // github. com/ zzzzms/KST{FunApprozimation. In fact, we
have tested more than 100 functions in 2D and 3D with pivotal data sets which enables us

to approximate these functions very well.


https://github.com/zzzzms/KST4FunApproximation
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CHAPTER 5

THE OPTIMAL APPROXIMATION RATE BASED ON LINEAR LKB-SPLINES

In this chapter, we extend the results obtained in the previous chapter and discuss how to
achieve the best approximation rate for high dimemsional continuous functions based on the
linear spline approximation of the K-outer function. More specifically, we show that there
is a dense subclass in C([0,1]¢) which can be approximated by using the representation of
KST with a dimension independent approximation rate O(1/n?), with n being the number
of knots of the over [0, 1]. Moreover, the approximation constant in our approach increases
linearly in the dimension d, and the number of parameters used in such neural network
approximation equals is O(nd). Finally, we show an application of our approach by solving

Poisson equation numerically. The results in this chapter is summarized in [78].

5.1 K-HOLDER FUNCTIONS

We will consider a general class of continuous functions called K-Holder class. Let us call
the function g and ¢, in (4.1.2) the K-outer function and K-inner function respectively. For

each continuous function f € C([0,1]%), let
Kz :={f: K-outer function g is f-Hélder continuous with exponent 0 < g <1} (5.1)

be the class of K-Holder continuous functions with exponent . Recall that we say a function

fis in €0 if
syelod | =yl

One can easily show

Theorem 5.1.1. Under the KST representation (4.2). Suppose f € Kg, then f € C%°F.
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PTOOf. Suppose X,y € [07 1]d7 and (xla e ,I'd) =X 7é y = (yh e 7yd)' Then

2d d 2d d
Fo) = =D g | D Nida(x) | =D g | D Nidg(w)
q=0 i=1 q=0 =1
2d d d
A DIREACHR BT DIRA D
7=0 i=1 i=1
2d d d S d 5
<Y O DY Aidg(mi) = D Nidg(i)| <D Cr Y N [dglwi) — dg(wi)]
q=0 i=1 i=1 =0  i=1
2d d d
<D O Y NGl =yl < 2d+ 1DCCY Y i — il
q=0 i=1 i=1
This completes the proof. O]

Now let us introduce two important subclasses of K-Hélder continuous functions: K-

polynomials and KB-splines.

5.1.1 K-POLYNOMIALS AND K-MONOMIALS

Let us define the K-polynomial as

2d+1 d
Kpu(r1,-+ xa) = Y po | D Nidglai) | | (5.3)

q=0 =1
where the function p, is a univariate polynomial. We call it a K-monomial if p, () := t",

n > 0. Figure 5.1 shows some plots of different K-monomials with and without using the
denoising/smoothing technique described in [76]. The significance of K-monomials are that

the span{Kp, },>o are dense in C ([0, 1]¢). Let us call this result the K-Weierstrass theorem.
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Original K-monomial Denoised K-monomial Original K-monomial Denoised K-monomial

Original K-monomial Denoised K-monomial Original K-monomial Denoised K-monomial

Figure 5.1: Examples of K-monomials (Top Row: p,(z) = =, 2. Bottom Row: p,(z) = 2%, 2%).

Theorem 5.1.2 (K-Weierstrass Theorem). For any f € C([0,1]¢) and for any e > 0, there

exists K € span{Kpy,}n>o such that
||f - K”oo <e (54)

Proof. By Kolmogorov superposition theorem, we can write

2d+1 d

fxy,-  2a) = Zg Z)\szq(wi)
=0\ =1
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By Weierstrass theorem, there exists a polynomial p such that [p(t) — g(t)| < 5575 for all

t € [0,d]. By letting K(xq,--- ,2q) = szjolp <Zf:1 )\iqbq(xi)) € span{ Kpy }n>0, we have

2d+1 d 2d+1 d
e, wa) = Ky, wa)| = (D g [ D Mde(@) | =D p | D Nid(w)

q=0 i=1 q=0 i=1
2d+1 d d

SN DIREACHE B B PPACH)
q=0 i=1 i=1

€

<2d+1)- ——— =«

Rd+1) gy = ¢
This completes the proof. O

Remark 5.1.1. There are many f € C([0,1]¢) are K-Hoélder continuous. Indeed, in addi-
tion to K-polynomials, we can use trigonmetric functions as K-outer function g to define
high dimensional continuous functions called K-trigonometric functions via (4.2). Similarly,
we can have K-exponential functions, K-logarithmic functions, etc,. In fact, any univariate
Holder continuous function g gives a K-Hoélder continuous function f via Kolmogorov rep-
resentation formula by using Theorem 4.1.2. Because these univariate functions g are of

Hélder continuous, their corresponding f are in the K-Holder continuous class.

5.1.2 LINEAR KB-SPLINES AND LKB-SPLINES

It is well known that linear spline function can be represented in terms of linear combination
of ReLU functions and vice versa, see, e.g. [22], and [25]. Let SY(A) be the space of all
continuous linear splines over the partition A = {0 =ty < t; < --- < t, = 1} with
|A] = max; [t; — t;—1|. For univariate function f, let w(f,h) = sup,_, <, [f(z) — f(y)| be its

modulus of continuity. From standard approximation theory (c.f. [111]), we know that
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Lemma 5.1.1. Suppose f € C([0,1]), let A be a partition over [0,1] with n knots. Then

there exists a Ly € SY(A) such that

w(f, ), if fec(o1]),

1f = Lilloo < § L1 f/llse, if f € CH[0,1]), (5.5)

(el "o, i f € C2((0,1]).

Remark 5.1.2. Note that even if we can further increase the smoothness of function f, the
approzimation rate is not getting better. In order to achieve a better approximation rate for
those f with higher order smoothness, one has to use a higher degree splines. Therefore, for

linear spline approximation, (’)(n—g) s the optimal approximation rate.

For f € C([0,1]¢), we would like to apply Lemma 5.1.1 for approximating the K-outer
function g, and hence approximating f via the representation formula (4.2). For this purpose,

let us define the linear KB-splines of f as

KB(f)n(t1, -+, 2a) =Y L, qu(:pi) : (5.6)

where L, is chosen to be a linear spline interpolation of the K-outer function g € C([0,d])
with uniform partition of nd knots, i.e., |A| = % Then by Theorem 4.1.2 and Lemma 5.1.1,

we have

Theorem 5.1.3. Suppose f € C([0,1]¢). Then

/

(2d+1w(g.5), if g€ C([0,d),

If = KB(flnlle < 251 g/|o, if g€ C([0,d]), (5.7)

2n

21", if g € C*([0,d]).

8n?
\
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Proof. We only show the proof for the case g € C%([0,d]), and the other two cases are similar.

For any x = (21, -+ ,24), we have
2d d 2d d
[f(x) = KB(fa(x)] = D9 [ D Ndgla) | =D Ly [ D Aidsy(w2)
q=0 i=1 q=0 i=1
2d d d
2d + 1
< Z g Z&'%(%) - L, Z&'%(%’) < 302 19" | co-
4=0 i=1 i=1
This completes the proof. O

Theorem 5.1.3 immediately shows linear KB-splines are dense in C'([0, 1]%). More impor-
tantly, the approximation rate of linear KB-splines is independent of dimension d while the
approximation constant is linearly dependent on d. Therefore we conclude that the approx-
imation of high dimensional continuous function f does not suffer from the curse of dimen-
sionality for a subclass of C([0,1]¢), i.e., those f whose K-outer function g € C''([0,d]) or
g € C?([0,d]). Such a subclass is dense because C' ([0, d]) and C*([0, d]) are dense in C([0, d]).
In fact, there are enormous choices of such g. For example, we can choose g to be polynomial
functions, trigonometric functions, exponential functions, etc,.

Furthermore, let us recall the linear KB-splines basis functions defined in (4.25). Let
Np={0=1 <ty <--- <tag, <d} be a uniform partition of interval [0,d], and b, ;(t),i =
1,-++,dn be the standard univariate linear B-splines, we define the linear KB-spline (basis)

functions as

2d d
KBuj(r1,-- 2a) = bay [ Y Ndgl@s) | j=1,--- .dn.
q=0 =1

In Chapter 4, we have seen that these K B,, ; have several nice properties, e.g. the partition
of unity, linear independence, and denseness in C([0,1]%). Therefore we can treat KB, ;
as basis functions for approximating f € C([0,1]?). However, since there are only O(dn)
number of K B, ; basis functions, the amount of information each basis K B,, ; carries is much
more than the information carried by each of the O(n?) basis in the usual tensor product

approximation or polynomial approximation. The basis KB, ; can behave very wildly, for
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example, they are not differentiable, and hence can not be directly used for approximating
f. For d =2 and d = 3, we apply a spline denoising technique as introduced in the previous
chapter to smooth the KB-splines and get the corresponding LKB-splines. For dimension
d > 4, we need to apply tensor product of such denoising technique as introduced in the

next section.

5.2 TENSOR PRODUCT APPROXIMATION AND DENOISING

Let us first recall the approximation based on tensor product of Bernstein polynomial, which
is well-known in the literature. We review them in order to explain the computation of tensor

product splines for denoising in the later subsection.

5.2.1 TENSOR PRODUCT APPROXIMATION OF BERNSTEIN POLYNOMIAL

Suppose f € C([0,1]), we define the Bernstein operator of degree n on f as
a 0
B, = — | By 5.8
=321 () B (5.5)

where B,,; = (7)a"(1—z)"" is the Bernstein basis polynomial. From standard approximation

theory (c.f. [111]), we know

Lemma 5.2.1. Suppose f € C*([0,1]). Then

£ = Baflle < 51"l 5.9

In general, for f € C([0,1]%), we can define

ni ndg . .
11 14
Bnly"'/’ldf(xl’ T aivd) = Z T Z / (77,_17 B n_d> Bm,h(xl) T Bnd7id(xd)‘ (510)

=0 ig=0
By applying Lemma 5.2.1 and and a chain of triangle inequalities argument, it is not hard

to establish the following result. We leave its proof to the interested readers.
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Lemma 5.2.2. Suppose f € C*([0,1]%) for integer d > 1. Then

d
_Bnn oo<_ i
If = Bueaf I < 51f

2,009 (511)

where |f|2,oo = MaXj; 4...44,=2 ||D:ZEll to D;ddf“oo

5.2.2 TENSOR PRODUCT OF SPLINE DENOISING

As mentioned before, the linear KB-splines obtained via (4.25) can behave wildly, therefore
may not be directly useful for approximation. We would like to smooth/denoise them so that
they will be useful. For self-containedness, let us introduce the ideas of spline denoising and
tensor product spline denoising. For convenience, we base our discussion on the bivariate
splines. Let us first recall bivariate spline spaces. For a triangulation A of [0,1]?, for any

degree d > 1 and smoothness r > 1 with r < d, let
SHA) ={s€ C"([0,1]%) : 5| € Py, T € A} (5.12)

be the spline space of degree d and smoothness r with d > r. We refer to [73] for a theoretical
detail and [6] and [72] for a computational detail of multivariate splines. For convenience,

we can write a spline function

m

s(x,y) = Zcibi(x,y) e Sy(N), (5.13)

=1

where ¢;’s are the spline coefficients, b;(-,-) are bivariate basis splines with degree d and
smoothness r, and m is the dimension of the bivariate spline space. Note that the computation
of b;i(x,y) is not easy at all. We adopt the approach in [6].

For a given data set {(z;,y;,2i),7 = 1,--- , N} with data locations (z;,y;) € [0,1]* and
noisy data values z;, the penalized least squares method (cf. [71] and [74]) of bivariate spline

denoising is to find

min Z |s(zi, yi) — ,z,~|2 + A& (s) (5.14)

seSh(A) L N
for some fixed constant A &~ 1, where &;(s) is the thin-plate energy functional defined as

Ex(s) = /
[0,1]2

82

o2
0xdy

82
5SS

972 + 2

_|_

ayQS (5.15)

S
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It is well-known that this approach can be used for smoothing noisy data. This is the
denoising technique we have used in Chapter 4 to generate linear LKB-splines.

Now let us explain the idea of tensor product spline based denoising method for smoothing
noisy KB-splines. For convenience, let us consider the case d = 4, the similar arguements
can be applied to a general d. See [23] for the general case for tensor product splines for
data interpolation. For the rest of the discussion, we shall consider the tensor product the
bivariate spline space S := Sj(A) x Sh(A).

For a given data set {(z;, i, uj, vj, 2 ;),1,7 = 1,--- , N} with data locations (x;, y;, u;, v;) €

0,1]% x [0,1]* and noisy data values z; ;, we can write a spline function

mi1  m2

(x,y,u,v) ZZCU z,y)b;(u,v) €S, (5.16)

=1 j5=1
where ¢;;’s are the spline coefficients, b;(-,-) are bivariate splines with degree d and smooth-
ness r, and mi, my are the dimensions of the bivariate spline spaces. The penalized least
squares method of tensor product bivariate spline denoising is to find the spline coefficients

¢;; which solves

rsréiél' | 12 . |8(@s, Yi, ug, v5) — 2i5]° + AEaxa(s) (5.17)
4,)=1,,

with r > 0,d > 0, A & 1 are hyperparameters, and Eyxo(s) is defined as

0? 92 2
Fals) = 92| T2 dady | dud
2x2(s) /[0,1]2 /[071}2 81'28 * axays dy 7 95| dray | auav
(5.18)
0? 0? o2
B 2 ——s| dudv | dxdy.
+/[0,1}2 /01]2 ouz’ * dudv” * 9p2°| dudv | drdy

Let us explain next the computational procedure for finding the spline coefficients c;;
based on a two-stage bivariate spline denoising scheme. Recall that tensor product splines

for data interpolation were explained in [23]. We extend its ideas to data denoising. For a

given data set {(z;,vi, u;,vj,2i4),4,J = 1,--- , N} with data locations (x;,y;) € [0,1]* and
(uj,v;) € [0,1]* and noised data values z; j, i,j = 1,--- , N, we can write
mi1 mo

(x,y,u,v) ZZC,J (u, v)bi(z,y). (5.19)

=1 j=1
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Suppose our data is equally-spaced over [0,1]> x [0,1)%, i.e., N = m; = my. Let us
denote d;(u,v) = 37 ci;;b;(u,v), then we can write equation (5.19) as s(z,y,u,v) =

Yot di(u, v)bi(z,y). For fixed (ug,vy), & = 1,--+, N, write d;(ug,v5) = diy for all i =

1,-++,my. For each fixed k, we can find the intermediate spline coefficients d;;, via (5.14) by
letting
s(@e, Yok = 5(@e, Yo, wn, v) = Y dibi(e, y0) (5.20)
i=1
for / =1,---, N. Once we have d;;, then for each fixed i, we can find the spline coefficients

¢;j via (5.14) by letting

s(ug, vg) == dyg, = Zcijbj(uk, Uk) (5.21)

Jj=1

fork=1,---,N.

The advantage of tensor product spline denoising is its computational efficiency. If we
directly solve the penalized least squares problem (5.17) for the coefficients ¢;; without using
this tensor product approach, then the matrix size associated in (5.19) is N2 x myms. Hence,
solving it directly requires the computation complexity O(m2m3N?). However, if we solve it
by using tensor product via (5.20) and (5.21), then we only need to solve N systems whose
matrix size is of N x m; and another N systems whose matrix size is of N x msy. Therefore
the computational complexity for solving them directly requires O(Nm2N + Nm3N) =
O((m? + m3)N?). If we use large degree d and high smoothness r > 1 for denoising, then
m? + m3 < mim3. Therefore, the computational cost for the two-stage tensor product
denoising technique is much less than the direct denosing technique. This is why we adopt
the tensor product spline denosing method. For the general case d > 4, we can easily extend
this idea to have a multi-stage denoising scheme. We leave out the details here.

For each high dimensional linear KB-spline obtained via (4.25), we can apply such a
computational scheme to solve (5.17) and obtain the corresponding high dimensional linear
LKB-spline, which is useful for approximation. We will use these linear LKB-splines as basis
for high dimensional function approximation. Numerical results will be discussed in the

following sections.
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5.3 NUMERICAL RESULTS FOR LKB-SPLINES BASED APPROXIMATION IN 4D AND 6D

Let us present the numerical results for function approximation in R? with d = 4 and d = 6

based on the linear LKB-splines obtained via the computation procedure described in the

previous section.

In 4D, we sampled 11 equally-spaced data across [0,1]* and fit discrete least squares

(DLS) approximation of a continuous function f with 4D linear LKB-spline as basis, and we

check the RMSEs based on 26 equally-spaced data across [0, 1]*. The following 10 testing

functions across different families of continuous functions are used to check the approximation

accuracy.

fi =

fs =
fo =

14 2z + 3y + 4u + 5v) /15;

(

fo = (@ +y*+u? +0%)/4
(x*
(si

sin(z) exp(y) + cos(z) exp(u) + sin(z) exp(v))/(3 exp(1));

fs = 1/(1+x2+y2+u2+v2);

fe = sin(mx)sin(mwy) sin(7u) sin(mv);

fro = (in(n(z® +y* +u® +0%) +1)/2;

2 2),
b

fs = exp(=a2® —y* —u® —v

fo = max(z — 0.5) max(y — 0.5) max(u — 0.5) max(v — 0.5);

fio = max(x+y+u+v—20);

In 6D, we sampled 6° equally-spaced data across [0,1]® and fit DLS approximation of a

continuous function f with 6D linear LKB-splines, and we check the RMSEs based on 116

equally-spaced data across [0, 1]°

. The following 10 testing functions across different families

of continuous functions are used to check the approximation accuracy.

fi = (1+42x+3y+4z+ 5u+ 6v+ Tw)/28;
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foo = @+ + 2 +d" + 0> +w?)/6;

fs = (% + 2322 +9°2% + 2% 4+ PP + v*w?) /6;

fa = (sin(x)e? + cos(z)e” + sin(z)e" + cos(y)e’ + sin(x)e*)/(5e);
fo = Y +22+y*+ 22 +u® +0° +u?);

fe = sin(mx)sin(my) sin(rz) sin(7wu) sin(7v) sin(rw);

fr = (sin(m(a® +9* + 2° + v* + 0> + w?)) +1)/2;

fs = exp(—2® —y* — 2% —u? —v® —w?);

fo = max(z — 0.5) max(y — 0.5) max(z — 0.5) max(u — 0.5) max(v — 0.5) max(w — 0.5);

fio = max(zx+y+z+u+v+w—3,0);

Table 5.1: RMSEs (computed based on 26 equally-spaced locations) of the DLS fitting based 114

equally-space sampled data and pivotal location in 4D.

n = 100 n = 300 n = 1000
# Sampled Data 114 128 114 241 114 531
fi 3.06e-04 8.90e-04 | 6.02e-05 4.24e-04 | 2.79e-06 9.86e-06
fo 9.70e-04  2.75e-03 | 4.35e-04 1.63e-03 | 2.66e-04 5.85e-04
f3 4.00e-03 1.13e-02 | 1.87e-03 6.88e-03 | 1.12e-03 2.32e-03
fa 5.86e-04 1.88e-03 | 3.23e-04 1.45e-03 | 1.62e-04 4.31e-04
f5 1.39e-03  3.63e-03 | 4.76e-04 1.80e-03 | 2.67e-04 7.07e-04
fe 3.40e-02  1.07e-01 | 1.33e-02 7.80e-02 | 3.96e-03 2.24e-02
f7 9.75e-02  3.07e-01 | 4.13e-02 1.96e-01 | 1.57e-02 5.40e-02
fs 1.54e-03 3.78e-03 | 6.28e-04 2.55e-03 | 3.58e-04 8.85e-04
fo 3.51e-04 1.29e-03 | 1.80e-04 1.56e-03 | 1.03e-04 5.59e-04
fio 2.53e-02  5.32e-02 | 1.96e-02 8.25e-02 | 1.40e-02  3.45e-02
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Table 5.2: RMSEs (computed based on 11° equally-spaced locations) of the DLS fitting based 6°

equally-space sampled data and pivotal location in 6D.

n = 20 n = 40 n = 120
# Sampled Data 66 13 66 24 66 70
fi 5.09e-02  7.81e-02 | 3.03e-02 5.52e-02 | 7.78e-03 3.61e-02
fo 4.56e-02 1.31e-01 | 4.09e-02 8.30e-02 | 1.73e-02 5.31e-02
f3 9.70e-02  1.29e-01 | 5.26e-02 8.39e-02 | 2.85e-02 5.09e-02
f1 7.50e-02  2.50e-01 | 7.27e-02 1.50e-01 | 3.59e-02 1.23e-01
f5 5.44e-02 1.88e-01 | 4.98e-02 1.22e-01 | 2.72e-02 7.25e-02
fe 3.95e-02  8.07e-02 | 3.55e-02 6.14e-02 | 1.64e-02 4.45e-02
fr 2.50e-02 8.71e-02 | 2.40e-02 6.46e-02 | 9.08e-03 3.94e-02
fs 8.84e-02  9.39e-02 | 6.83e-02 7.39e-02 | 4.62e-02 5.40e-02
fo 3.47e-01  3.55e-01 | 2.30e-01 2.56e-01 | 1.04e-01 1.86e-01
fio 3.12e-02  7.66e-02 | 2.37e-02 5.65e-02 | 1.25e-02 3.94e-02

In addition, we noticed that the linear system associated with the DLS approximation
has many zero or near zero columns due to the structure K-inner functions. As discussed in
Chapter 4, we adopt the matrix cross approximation in [4] to find the pivotal point set. Based
on the function values at the pivotal points in [0, 1]¢, we can simply solve the subsystem with
much smaller size to find the approximation of f. Similar RMSEs are computed and present
in Table 5.1 and 5.2 side by side to show that the approximation of f for both approaches
works well and the approximation based on the function values over the pivotal points is
similar to the approximation based on the 11* function values.

We plot the approximation error based on the pivotal location against n on the log-log
scale, hence the exponent of n in the approximation rate is associated with the slope of

the fitted line via linear regression. The results are shown in Figure 5.3. The fitted line with
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slope less than —1 or —2 indicates that the approximation rate is at least O(1/n) or O(1/n?),
which indicates the corresponding g; € C*([0,d]) or g; € C*([0,d)).

We also plot the number of pivotal locations needed to achieve those approximation
errors, the results are shown in Figure 5.2. It shows that we only need fewer than O(nd)
function values of f to achieve the convergence rate O(1/n?), O(1/n), or O(1/n?) based on

the smoothness of K-outer function g;.

550 70

- Slope = 0.413

- Slope = 0.569
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400
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300 400 500 600 700 800 900 1000 20 30 40 50 60 70 80 90 100 110 120

Figure 5.2: Number of pivotal locations (vertical axis) against n (horizontal axis) in 4D (left) and

in 6D (right).
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f=0+2x+ 3y +4u+5v)/15 f=0+2z+3y+4z+5u+6v+Tw)/28
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Figure 5.3: Plots of convergence rate on the Log-log scale in 4D and 6D based on pivotal dataset.
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5.4 APPLICATION TO NUMERICAL SOLUTION OF POISSON EQUATION

One of the powerful aspects of the LKB-splines based approximation scheme is that we can
use it to solve the partial differential equations. To start with, let us consider the Poisson

equation:

Au = fixe()

(5.22)

u = 0,x€00.
For simplicity, let us consider the 2D case where 2 = [0,1]. Let us use the f; = LK B;,i =
1,--+,2n as the right-hand side of (5.22). We can use bivariate spline function of degree
d =8 and r = 2 to solve (5.22) by using the spline collocation method as proposed in [72] to
obtain the solution u; ¢ = 1, -+ , 2n. These form a set of basic Poisson solutions. Then for any
f, weuse LKB;,i = 1,---,2n to approximate f. As discussed in the previous section, we
can use a small number of LK B; to approximate f very well. Letting f = Z?Zl ¢i(f)LKB;

be a good approximation of f, the solution u of the Poisson equation (5.22) can be well

approximated by

2n

Up = Zcz(f)uz (5.23)

=1

To show u — u, goes to 0 when n — oo, we consider ||A(u — uy)||r2() which is ||f —
Yoiy ¢i(f)LK Bl 12(q)- Let us recall a basic result from [72]. Define a new norm |jul|, on

H?(Q2) N H}(Q) for the Poisson equation as follows.
[ull = [[Aul[r2(0). (5.24)

Lai and Lee in [72] showed that the new norm is equivalent to the standard norm on Banach

space H*(Q) N H (). That is,

Theorem 5.4.1. Suppose Q@ C R? be a bounded domain and the closure of Q is of uniformly

positive reach rq > 0. Then there exist two positive constants A and B such that
Allull ) < llulle < Bllullgz,  Yu € H*(Q) 0 Hy (), (5.25)

where || - || 2(q) is the standard H* norm for the Sobolev space H?(S2).
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For convenience, let ¢, = ||f — >0 ¢;(f) LK By 12(q), where Q = [0,1]* which is convex
and hence, has an uniformly positive reach. We refer the interested reader to [72] for the
definition of positive reach.

The results in Theorem 5.4.1 show that
||u — un||H2(Q) S 61/A.

As in the previous section, ¢; — 0 if f is K-Lipschitz continuous, we can further show the

following results by using the arguments in [72]:

Theorem 5.4.2. Suppose Q C R? is a bounded domain and the closure of Q is of uniformly

positive reach rq > 0. Suppose that u € H3(Q). Then we have the following inequalities:
|u = unllr2) < ClAPer and |V (u — u,)| 120y < ClAler

for a positive constant C = 1/A, where A is one of the constants in Theorem 5.4.1 and ||

is the size of the underlying triangulation /\.

5.4.1 NUMERICAL RESULTS

For numerical experiments, we will use the following six functions as testing functions for

the solution of (5.22). Their right-hand-side f can be easily computed.

w = z(1-2)y(l —y)/4

us = sin(rz)sin(my);

us = sin(z)(1 —2)(1 —y)sin(y);
ug = (2(1—2)y(l—y)/4)%

us = (sin(mz)sin(my))*;

ug = (sin(z)(1 - 2)(1 —y)sin(y))*

We first use the linear LKB-splines to approximate the right-hand-side f associated with

uy, - -+ ,ug over [0, 1]2. We sampled 1012 equally-spaced data across [0, 1] and fit the discrete
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least squares (DLS) approximation of a continuous function f with LKB-splines as basis,
and we check the RMSEs based on 1001? equally-spaced data across [0, 1]%. See Table 5.3 for

the numerical results.

Table 5.3: RMSEs (computed based on 10012 equally-spaced locations) of the approximation for

the right-hand-side function f = Awu based on equally-space sampled data and pivotal locations.

n = 100 n = 300 n = 1000
# Sampled Data 1012 29 1012 76 1012 136
Auy 4.90e-04 9.67e-04 | 2.46e-04 5.39e-04 | 1.01e-04 2.91e-04
Aug 3.04e-02  4.35e-02 | 1.31e-02  2.22e-02 | 3.90e-03 6.98e-03
Aug 2.00e-03  3.80e-03 | 1.00e-03 2.30e-03 | 3.77e-04 1.10e-03
Auy 9.05e-05 1.32¢-04 | 3.85e-05 8.59e-05 | 6.98e-06 1.86e-05
Aug 2.38e-01 4.26e-01 | 1.13e-01 1.53e-01 | 2.83e-02 6.06e-02
Aug 1.50e-03  2.20e-03 | 4.90e-04 9.49e-04 | 1.20e-04 3.17e-04

Next we compute the spline solution of the Poisson equation for each LKB-spline as the
right-hand side of the PDE (5.22) to obtain u;’s. As explained above, we use the coefficients
of linear LKB-spline approximation of each right-hand-side function f to form the solution of
the Poisson equation. We apply the method described in (5.23) to approximate the solution
of the Poisson equation and the numerical results are shown in Table 5.4. We can see that
our method works very well.

So far we only explained how to use LKB-splines for approximating the solution of the
Poisson equation with zero boundary conditions. The underlying domain of interest is [0, 1]%.
This is the most simple PDE. We are currently studying how to use the LKB-splines for the
numerical solution of the Poisson equation over arbitrary polygons with nonzero Dirichlet

boundary conditions.
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Table 5.4: RMSEs (computed based on 10012 equally-spaced locations) of the approximation for

the true solution u based on equally-space sampled data and pivotal locations.

n = 100 n = 300 n = 1000
# Sampled Data | 1012 59 1012 76 1012 136
U1 1.04e-06 1.57e-05 | 4.02e-07 5.97e-06 | 8.09e-08 1.92e-06
Us 1.82e-04 1.20e-03 | 5.09e-05 6.95e-04 | 9.53e-06 1.05e-04
U3 4.56e-06  6.30e-05 | 1.82e-06 2.38e-05 | 3.23e-07 6.47e-06
Uy 2.11e-07 6.91e-07 | 6.71e-08 1.07e-06 | 8.34e-09 1.05e-07
Us 1.80e-03 8.40e-03 | 5.98e-04 1.90e-03 | 1.26e-04 1.01e-03
Ug 4.30e-06  1.15e-05 | 9.51e-07 9.51e-06 | 1.50e-07 1.77e-06

The advantage of this approach is that the basic solutions u;’s of the Poisson equation
can be solved beforehand and stored and one only needs to approximate the right-hand-side
function. Note that the right-hand-side function f can be easily approximated based on the
pivotal point locations without using a large amount of the function values if f is K-Holder
continuous. This approach provides an efficient method for solving PDE numerically. As we
have seen, when f is K-Lipschitz or K-Holider continuous, the LKB-splines approach gives a
nice approximation of the right-hand side, hence the accurate approximation of the solution
to the original Poisson equation.

So far we have seen that KB-splines can approximate a general continuous function (poly-
nomial, exponential, rational, etc,.) very well without many function evaluations. However,
the current scheme with KB-splines does not work very well for approximating trigonometric
functions with high frequency, e.g., f(z,y) = sin(100x + 100y). We can instead using Fourier
basis to replace b, ; and define

2d

KF,j(y,- - xa) =) <PJ(Z Aipg(x:)) + (Jj(z Aid)q(l’i))),j =1--,n (526
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where p;(t) = cos(2mjt) and g¢;(t) = sin(2mjt). We can also increase n to achieve a better
approximation accuracy. In this way, it may have the capacity to approximate high frequency
trigonometric functions or some other highly oscillated functions effectively.

Some other potential research directions are how to apply the KST representation for
approximating discontinuous functions, e.g., images, and how to extend the current approx-

imation scheme for general domains in R™. We leave these investigation to future work.
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