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ABSTRACT

This study presents a posterior predictive model checking (PPMC) method for the deter-
ministic inputs, noisy “and” gate (DINA) model. The potential of the PPMC method is
examined for detecting problems with the DINA model. x? statistics are calculated based
on latent class and raw score groups to evaluate model fit and item fit. Then PPP-values
are calculated using these y? values as discrepancy measures for both item fit and model
fit evaluation. Two problem conditions were simulated to study these fit indices. The first
problem situation occurs, when the higher order structure among the attributes are ignored,
when analyzing the data. The second problem situation occurs, when the ()-matrix is mis-
specified. The performance of the fit indices was evaluated under the presence of these two
problem situations. Type I error rates and power were calculated. y? is calculated based
on latent classes. PPP-values based on this x? produced small Type I error rates and very
good power. On the other hand, Type I error rates and power from y? calculated based on
raw score groups and PPP-values based on this x? were not in the acceptable range. Item fit
indices successfully detected problems with the ()—matrix misspecification. This helped iden-
tify which items were misspecified. However, neither item fit nor model fit indices detected
problems with the modeling of the attribute relationship structure. When the ()—matrix mis-

specification was small, model fit indices did not reject the model. When 5% or more of the



(Q-matrix were misspecified, the overall x? calculated based on latent classes successfully
rejected the model. A real data analysis was presented to demonstrate the application of

these model and item fit indices for the DINA model.

INDEX WORDS: PPMC, Bayesian model fit, Model evaluation, Diagnostic classification,
Higher order DINA model
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CHAPTER 1

INTRODUCTION

A number of diagnostic classification models (DCMs) have been proposed recently (de la
Torre & Douglas, 2004; DiBello, Stout, & Roussos, 1995; Haertel, 1989; Hartz, 2002; Henson,
Templin, Willse, 2009; Junker & Sijtsma, 2001; Templin, 2004).

DCMs are used to provide fine-grained information about examinees’ strengths and weak-
nesses in responding to test items. This is different from score-based information that is
provided by the usual classical test and item response theory models. These DCMs have
the potential to be a new way of providing feedback to teachers and students alike. These
developments in psychometric theory are both exciting and promising.

Concurrently, computational tools have been steadily improving and making feasible
calculations that were previously not feasible. For example, it is relatively easy to find an
estimator for a statistical model with Bayesian estimation methods using algorithms such as
Markov chain Monte Carlo (MCMC).

Being able to find an estimator does not directly guarantee the correctness of the inter-
pretations of estimated parameters. Prior to interpreting the results, one should investigate
the model fit. Several fit indices have been proposed with DCMs, some at the item level,
some at the test level, and some to compare alternative models (de la Torre & Douglas,
2004, 2008; Sinharay, 2006). As yet, however, fit indices have not been studied with respect

to their properties such as Type I error rate and power.



PURPOSE OF THE STUDY

In this study, model-data fit methods are examined in the context of Bayesian estimation for
one of the basic DCMs, the Deterministic Inputs, Noisy “And” gate (DINA) model (Haertel,
1989; Junker & Sijtsma, 2001; Macready & Dayton, 1977). Model fit is examined using the
Bayesian posterior predictive model checking index (PPMC, Guttman, 1967; Rubin, 1984).
Diagnostics obtained based on the PPMC are examined to see if they can be used to identify
the problems with the DINA model and if they suggest ways to improve it. These diagnostics
are applied to a real data example and results are reported. A simulation study is presented to
demonstrate the effectiveness of the PPMC for performing model evaluation in the presence

of a Q—matrix misspecification and under two higher order structure conditions.

RESEARCH QUESTIONS

The research questions are:
e How do the PPMC discrepancy statistics perform for the DINA model?

e What are the empirical Type-I error rates and power for suggested discrepancy mea-

sures?
e To what extent is the PPMC method useful in detecting the Q-matrix misspecification?

e To what extent is the PPMC method useful when the relationship among the attributes

is hypothesized incorrectly?

e How do the PPMC discrepancy measures based on raw scores perform in comparison

to the discrepancy measures based on latent classes?



CHAPTER 2

THEORETICAL FRAMEWORK

Item response theory (IRT) models used for most testing programs typically model a single
continuous unidimensional latent variable. Recent research, however, is focusing on mod-
eling continuous multidimensional latent variables (e.g., Reckase, 2010). Another approach
receiving attention in the educational measurement field is modeling of categorical multidi-
mensional latent variables. One family of these models are known as diagnostic classification
models (DCMs, Rupp, Templin, & Henson, 2010). These models are receiving attention
because they offer the possibility of providing more fine-grained information than is avail-
able with standard item response models. DCMs can provide information that can be used
to diagnose students’ strengths and weaknesses based on their responses to test items. DCMs
employ a vector of binary latent variables to which of these variables are required for each
individual test item. The term attribute is used in the DCM literature to refer to these latent
variables. A skill or knowledge state could be considered as an attribute in the diagnostic
classification modeling context. The term attribute sometimes also refers to rules, subgoals,
skills, or knowledge in various studies required for answering test items (Junker, 1999).

Multiple classification latent class models are a class of models used for person-by-items
data. Every person is placed into a latent class by these models (Maris, 1999). DCMs are
specific cases of these multiple classification latent class models. In DCMs, latent classes
are created by the vector of binary latent variables indicating the attributes required for
correctly answering each item.

Even though it is desirable to search for more detailed information about students’ knowl-

edge states from an educational assessment, it is also highly likely that these attributes are



related to a more general latent trait. Math ability, for example, is a general latent trait,
and addition, subtraction, multiplication, and division are specific skills associated with this
general ability. A math test could be designed to specifically measure these skills. It is highly
likely that the dependence among the items are explained by the general math ability cou-
pled with these additional more specific skills. The objective of the DCMs is to provide
information about students’ mastery of the specific skills. That is, a DCM could explain
the dependence among the items due to the general math ability along with the specific
attribute-level information.

Higher-order latent trait models aim to provide multivariate latent trait modeling when
item response models appear to be an appropriatealternative. These higher-order latent trait
models specify the attributes or knowledge states as arising from a latent trait. This is similar
to the continuous latent ability in IRT models. A higher-order latent trait model defines the
relationship between the general latent ability and specific knowledge as measured by the
joint distribution of the attributes. Attribute classification and estimation of a latent trait
are achieved by the same analysis (de la Torre & Douglas, 2004).

Let Y denote an item response vector with dichotomous elements for J items. Item
responses are modeled as statistically independent given the attribute vector a« = (aq, ag, ..., ag)’.
The kth element, oy of «, is a binary indicator of a subject’s mastery classification for the
kth attribute. For example, a; might be an indication of a student’s mastery of addition
where k represent the skill of addition. To achieve a complete latent variable model for Y,
conditional distribution of Y given an attribute pattern a needs to be formulated as well
as the joint distribution of « (de la Torre & Douglas, 2004). A number of models have been
presented for defining the conditional distribution of Y given « in the context of diagnostic

classification models. For a response pattern y, the conditional distribution is given by

P(Y|a) =[] Plula), 2.)

Item response functions require construction of a Q-matrix. A Q-matrix is defined in

which attributes are indicated that are required to solve each item on the test. Q is a J x



K matrix of zeros and ones, its element on the jth row and Ath column is g, which is the
indicator of whether skill k is required to produce a correct response for the jth item.

The DINA model is one of the DCMs that defines the conditional distribution of Y given

DINA MODEL

The DINA model is a stochastic conjunctive model. A correct response is produced when an
examinee masters all the attributes indicated in the Q-matrix. The probability of a correct
response for an examinee is the same if he/she has only some of the required attributes or
none of the required attributes. In this sense, the DINA model is a conjunctive model. DINA
is a stochastic model in that mastering all the attributes indicated in the Q-matrix does not
guarantee a correct response and missing one or more of these attributes does not result in
an incorrect response. For each examinee and for each item an indicator, 7;;, is calculated for
mastering required attributes for that item. This process provides the deterministic aspect
of the model, and n;; is determined by the attribute vector a; and by ¢; (the row of Q that

corresponds to the jth item for the ith subject) and is calculated as

K
i = | [ i, (2.2)
k=1

where 7;; equals 1, when an examinee possesses all the required attributes for a correct
response and 0 when an examinee does not posses one or more of the required attributes.
Some attribute patterns may result in calculation of the same 7;; and the same ideal item
score patterns. Attribute patterns create equivalence classes with respect to their corre-
sponding single ideal item score pattern. These are called equivalent attribute patterns (Tat-

suoka, 2002).
The latent response variables 7,; are related to observed task performances X;; according
to the probabilities s; = P(X;; = 0|n;; = 1)) and g; = P(X;; = 1|n;; = 0)). s; refers to
the probability of slipping and missing the item when an examinee possesses all the required

attributes. g; refers to the probability of guessing and giving a correct response when an



examinee does not possess all the required attributes. Both are error probabilities, that is,
false negative and false positive rates. When an examinee has all the required attributes to
solve an item, the probability of correct response equals 1 — s;. When an examinee misses
any one of the attributes necessary to solve the item, probability of correct response is equal

to g;. The IRF (item response function) for a single task is defined as
P(Xy; = 1]a,s,9) = (1= 5;)"g; " = Pj(cw). (2.3)

Individuals’ responses are assumed to be independent of each other and responses are
conditional on attributes indicated as a. The joint likelihood function of the DINA model

is given as

N J
Lis,g:00) = [TTTis)" (0= sl (1= )] (2.4

i=1 j=1

The DINA model is appropriate for tests for which the conjunction of several attributes is
required to achieve a correct response and lacking one required attribute results in incorrect
response. It is easy to interpret and the model and the algorithms are available as well as a

number of applications of it.

HIGHER-ORDER STRUCTURE AMONG THE ATTRIBUTES

The DINA model defines the distribution of Y conditional on a. Modeling Y with the
DINA model provides diagnostic feedback from a measurement. The objective of higher-order
latent trait models is to combine this diagnostic information with a summative assessment
by modeling a in addition to item response data, Y. If a test has been designed to measure
cognitive abilities with higher-order latent trait models in mind, then it is possible for DCMs,
such as the DINA model, to provide more specific cognitive diagnostic information in the test
results. In addition, these models also have the potential to provide summative information
about a general latent ability, such as from being combined with IRT models.

Latent attributes, «, are distributed independently conditional on a general latent trait,

a. Dichotomous responses of items, Y, are independently distributed conditional on a. The



probability distribution of a defines the higher-order structure among the attributes. Several
models for the probability distribution of a have been developed (e.g., de la Torre & Douglas,
2004; Hartz, 2002; Marris, 1999; Li, 2008).

One way to define the probability distribution of a is through the independence model
(Maris, 1999). Independence model assumes that the latent classes, which are based on o are
independently distributed. Population proportions for each attribute are estimated for the
probability distribution of a. The independence model might not be realistic in educational
measurement because the attributes or cognitive skills are almost never independent of each
other. Attributes are related to each other through a general latent trait.

Another model suggested for e is a loglinear model (Henson, Templin, & Willse, 2009;
Maris, 1999). A loglinear model defines the attribute main effects through the use of a
log link function. This could be extended to model the interactions among the attributes. In
another approach Hartz (2002) assumed that normally distributed latent variables generated
«, dichotomous attributes.

The latent traits are modeled according to the complexity or simplicity of attributes.
Based on the assessment, unidimensionality or multidimensionality of the attributes are

assumed. The probability model for a conditional on @ is

P(c)0) = [ [ P(cul6). (2.5)

General latent trait, 6, is assumed to be unidimensional in this study and it is normally
distributed with 4 = 0 and ¢ = 1. In this study, attributes, oy, are modeled with a 2

parameter logistic model with latent covariate, 8, and are defined as
logit[P(c;x|0;)] = ar@; — By, (2.6)

where a;y, is a binary indicator of a mastery status of the jth subject for the kth attribute, 6;
is the ability parameter of the jth subject, and a; and (3, are, respectively, the discrimination

and difficulty parameters for the kth attribute.



The higher-order DINA model is used to classify the subjects according to specific
attributes and concurrently provide estimates of general ability or latent traits in the same
analysis. The 2 parameter logistic model for modeling the attributes and DINA for modeling
the dichotomous item responses facilitated classification of examinees into latent classes and

at the same time provided an estimate of their general ability.

MobpEeL FiT INn DCMs

The model fit for DCMs is still an underdeveloped area (Habenicht-Kunina, 2010; Sinharay
& Almond, 2007). A widely known model fit index for use with categorical data is a chi-
square statistic based on response patterns. Such a chi—square statistic is expected to be a
popular model fit index in an analysis of DCMs. The number of possible response patterns,
however, generally is too large to provide a chi-square that functions well. Too many response
patterns create contingency tables that are too sparse and a chi-square which is almost always
0 (Rupp, Templin, & Henson, 2010).

Utilizing the mixed number subtraction data from Tatsuoka (1990) and the higher-order
DINA model, de la Torre and Douglas (2004) estimated item pair relationships as part of
the model fit evaluation. This relationship took the form of the log-odds ratio which is a
measure of association between binary random variables. The log-odds ratio for items j and

77 is defined as
(P(Y; = 1Y, = )P(Y, =0.Y, =0))]

(2.7)

de la Torre and Douglas calculated the difference between the observed and expected
log-odds ratios for each item. The mean absolute difference, which is the average of observed
and expected log-odds ratio differences over the items, were obtained. Competing models
were compared in terms of the mean absolute difference. Results suggested that the higher
order model produced smaller mean absolute difference compared to the independence model.
Three other indices at the test level, Bayes factor (Kass & Raftery, 1995), Akaike information

criterion (AIC; Akaike, 1973), and Bayesian information criterion (BIC, Schwarz, 1978), were



computed to provide global measures of the relative fit of the models. It should be noted
each of these indices can be used as measures of evidence for a model with respect to another
even when models are not nested. Even though the indices offered could provide insight into
item fit as well as model fit, they are relative measures and need to be compared with other
candidate models. In addition to log-odds ratio, de la Torre and Douglas (2008) proposed
use of the proportion of examinees correctly responding to each item and product-moment
correlations to check model fit. These statistics were computed for each item across several
models and were employed to compare these models.

Sinharay (2006) and Sinharay and Almond (2007) suggested creating item fit plots and
calculating y%-like and G? item fit statistic and overall fit statistic for assessing the model fit
with Bayes network models. Item fit statistics were calculated based on both latent classes
and raw scores. In the context of the Bayesian networks, the PPMC method presented
by Sinharay (2006) and Sinharay and Almond (2007) produced promising results. In this
study, methods recommended by Sinharay (2006) and Sinharay and Almond (2007) were
investigated further and extended to the DINA model. Further explanation of these methods
is presented in the following section.

Sinharay. Johnson, and Stern (2006) used the biserial correlation coefficient as a mea-
sure of inadequacy of IRT models. Sinharay (2004) also presented the biserial correlation
coefficient in the context of Bayesian Network as a measure for item fit.

Templin and Henson (2006) calculated posterior predictive p-values based on the discrep-
ancy measures comparing the RMSE of the item pair association, using Pearson correlations

and Cohens kappa.

2.1 POSTERIOR PREDICTIVE MODEL CHECKING

The posterior predictive model checking idea was first proposed by Guttman (1967).

Guttman proposed a comparison of the observed and theoretical frequencies based on the
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posterior predictive distribution of a future observation. This was described as a y2-type
procedure and model fit was represented based on p-values (Bayarri & Berger, 1997).
PPMC uses the posterior predictive distribution as a reference distribution for comparing
to the observed data. Similarity of observed data and the replicated data generated under
the model becomes the objective of the PPMC methods. Replicated values, y", can be
generated from the posterior predictive distribution by adding a step in MCMC sampling

TepW(t)) that is evaluated at parameter values ®) of the

using the likelihood function f(y
current state of the algorithm. The predictive data y"P reflect the expected observations
after replicating the experiment in the future, given observed y and assuming the particular
model is true. If the model fits, then observed data should be plausible under the poste-
rior predictive distribution. To check model fit, these samples of simulated values from the
posterior predictive distribution of replicated data are compared to the observed data. In
practice, the vectors y and y"? are expected to be close to each other, if the adopted model
is appropriate for describing the observed data. Discrepancies between the simulations and
the data indicate possible problems with the analysis. Such a comparison can be facilitated
by considering summary functions 7'(y, §), which play the role of a test statistic for checking
the assumption under investigation and measure discrepancies between the data and the
model (Gelman, Carlin, Stern, & Rubin, 1994; Ntzoufras, 2009).

Let p(y|@) denote the likelihood distribution for a statistical model where y denotes the
data and @ denotes the parameters in the model. Let p(6) denote the prior distribution of

the parameters. Then the posterior density of # is given as

P(6ly) = pylo)p(0) (2.8)

 Jyp(ylO)p(8)do
Let y"P denote the replicated data that could have been observed, or the data that would

be observed in the future if the experiment that produced y today were replicated with the
same model and same value of 6 that produced the observed data. The posterior predictive

distribution is given as

P(y"™*ly) = /9 p(y"10)p(0]y)do. (2.9)
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The discrepancy between model and data is measured by test quantities. A test quantity,
T(y,0),is defined as a scalar to summarize parameters and data to compare data to predictive

simulations.

POSTERIOR PREDICTIVE P-VALUE

Rubin (1984) presented the posterior p-values as the tail area probabilities which were calcu-
lated by utilizing the posterior predictive distribution that correspond to some test statistic,
T(Y). Meng (1994) and Gelman, Meng, and Stern (1996) defined the posterior predictive
p-values by calculating test quantity of 7'(Y’) depending on the parameter 6 and conditioning
on the value of some auxiliary statistic A(y) (Bayarri & Berger, 1997). The posterior pre-
dictive p—value (PPP—value) is defined as the probability that replicated data could be more
extreme than observed data. PPP-value is measured by the test quantity pg which is given

as

pp = P(T(y"",0) > T(y,0)|y) = / / Iir(yrer 0)>1(4.0)P(Y" " |0)p(0]y)dy""do, (2.10)

where I|4) is the indicator function for the event A.

Posterior predictive p—values are easy to compute with the usual outputs from Bayesian
numerical analysis. The posterior predictive distribution p(y|f) of € is computed by simu-
lating replicated data sets. MCMC is one of the popular computing techniques in Bayesian
analysis. Adding a new step in the recursive MCMC simulation in which y is generated from
f(y]0) provides a sample from the posterior predictive distribution from which the PPP-value
is estimated. N simulations, 6,62, ...,0~, are drawn from the posterior density of 6, p(d|y).
Then one y"™ from the likelihood distribution p(y|6™) for each simulated 6 is drawn. This
process results in N samples from the joint posterior distribution, p(y™?, 6|y). The posterior
predictive check compares the realized test quantities T'(y, ') and the predicted test quan-
tities T'(y"", §'). The proportion of N simulations for which the test quantity, T'(y"*", ")
equals or exceeds its realized value, T'(y, 6™), provides the estimated PPP-value. Extreme

PPP—values indicate problems with the model fit (Gelman, Carlin, Stern, & Rubin, 2003).
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Some researchers remarked on problematic aspects of the application of the PPP—value. For
example, Bayarri and Berger (1997) pointed out that “too much” use of the observed data
causes the inadequate behavior of the PPP—value. Furthermore, Bayarri and Berger (1997)
indicated the similarity of the PPP—value to classical p—values and resulting inheritance of

inadequacies of classical p—values.

2.2 THE GRAPHICAL AND NUMERICAL TEST QUANTITIES AND SUMMARIES UTILIZED

The PPMC method utilizes a number of graphical summaries as well as some numerical
test statistics to facilitate the model fit evaluation. Some possible graphical summaries are
presented in this study in the real data analysis section. Test statistics that were employed

are presented below.

DIRECT DATA DISPLAY

One way to provide an overall idea about model fit is to draw the real data and a number
of randomly selected replicated data. Then the image of the real data is visually compared
to the images of the replicated data sets. When the model is fit to the data, it is expected

to observe similar patterns from both the real and replicated data sets.

RESIDUAL ANALYSIS

Residuals convey information about errors caused by the model. A visual inspection of a
graphic display of the residuals is an easy way to check problems with the model. Suppose
X; denotes a scalar response for an individual i. The realized residual is R; = X; — F(X;|0),
where 0 = (01,0, ...,0)) denotes the vector of parameters in the model. X is the observed
response to an item. Residuals are calculated at each MCMC iteration with the current
values of correct response estimates and observed responses. At each iteration, residuals are
calculated as the discrepancy between the observed total number of correct responses and the

sum of the correct response probabilities for each item. A total score is considered outlying
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if the posterior distribution for its residual is located too far from zero. Too many outliers

indicate poor model fit (Sinharay & Almond, 2007).

ITEM FIT ANALYSIS

Two discrepancy measures are used in this study to evaluate item fit which are y% which
is calculated based on latent class groups and x?2,, which is calculated based on raw score
groups. Two posterior predictive p-values based on these two discrepancy measures, x7 and

X2 are used for item fit evaluation.

ITEM FI1T MEASURES BASED ON LATENT CLASS MEMBERSHIP

For IRT models, one way to assess item fit is to compare the average item performance
for various proficiency groups to the performance levels predicted by the model (Hambleton
& Swaminathan, 1985). This idea is extended to cognitive diagnostic models (Sinharay &
Almond, 2007) with the use of proficiency classes. These classes are created by examinees’
knowledge states a; = ay1, Qyo, ..., ;. For these proficiency groups, expected and observed
proportion of correct responses are compared. The observed and expected proportion of
correct responses are obtained at each iteration of the MCMC algorithm for the exami-
nees’ knowledge states at that MCMC iteration. These knowledge states are updated by the
MCMC algorithm at each step. When the sample size of the latent class is small, latent
classes might be combined to calculate a more stable x? statistic. Too many poorly fitting
items indicate a problem with the fit of the model to the data whereas few poorly fitting
items indicate problems with the items. Large values of this discrepancy measure indicate
poor fit.

A 2 discrepancy measure is given by

(2.11)
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where Oj;, is the proportion of examinees in proficiency class k, kK = 1,2,..., K who answer
item j correctly, j = 1,...,J. Ej;; is the expected probability of an examinee in proficiency
class k which is also defined as P(X = 1|a;s, 0;), where oy, is a binary indicator of a mastery
status of the jth subject for the sth attribute. It is noted that Oj; is not truly observed since
it is calculated based on the estimated proficiency class membership. Oj; would have been
known if the proficiency class membership is known.

A comparison between the posterior distribution of X? and the posterior predictive dis-
tribution of ij provides a summary for the fit of the item j. This summary could take the
form of a graph. Another measure to summarize this discrepancy for item fit is the posterior
predictive p-value (PPP value). A PPP value close to 0 or 1 indicates that the variability in
the data set compared to that predicted by the model is large and suggests poor fit. Sum-
ming these x? discrepancy measures across items provides an overall discrepancy measure

for assessing the fit of the model and is given by
ngerall = Z X? (212)
J

The posterior predictive p-value corresponding to the overall x? provides an index for the

overall goodness of fit.

ITEM FIT MEASURES BASED ON RAW SCORES

Item fit measures presented above based on the equivalence classes include error due to latent
class estimation. Similar goodness of fit indices can be calculated based on groups created
based on their raw scores (Sinharay, 2003, 2004). The suggested y*-type measure is given

by

S ?
jk: - jk
2.1
kz Jk 1 - EﬂC) ( 3)

where Ojj, represents the observed proportion of examinees who answer item j correctly from
among the examinees who answered k items correctly in total. £, is the expected probability

of an examinee who obtained the raw score k.



CHAPTER 3

DESIGN OF SIMULATION STUDY

This simulation study had two motivations. First, it was designed to determine whether
the PPMC discrepancy measures could detect problems with model fit, when the structural
relationship among the attributes were modeled incorrectly. Thus, two versions of the DINA
model were involved in the simulations: The independence DINA model and the higher—order
DINA model. The second motivation was to investigate the effect of Q-matrix misspecifica-
tion on the performance of the PPMC procedures. Simulations used one true Q-matrix and
six incorrectly specified Q-matrices for this purpose. These conditions produced 28 combina-

tions of two models and seven Q-matrices to investigate. These 28 conditions are presented

in Table 3.1.

3.1 NUMBER OF ATTRIBUTES, SAMPLE SIZE, AND NUMBER OF ITEMS

Only the most relevant factors were varied to properly address the research questions and
maintain the manageability of the simulation design. Number of attributes, sample size, and
number of items were fixed for this study. Most applications on multiple classification models
use about four to eight attributes (de la Torre & Douglas, 2004; Rupp & Templin, 2008).
Although current research studies are undertaken with these numbers, it must be noted that
the choice of these numbers is mostly due to the long calculation times required for larger
numbers of attributes. In this study, the number of attributes was fixed at 5. The choice of
an attribute number as 5 is not uncommon (de la Torre & Douglas, 2004; Li, 2008; Sinharay,
2006). This choice provided an opportunity to apply and extend previous research in this

context.

15
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Since each attribute means additional latent variables to estimate, assessments need a
sufficient number of items to provide reliable information about each latent variable in the
model. The number of items was fixed at 20 in this study. This choice with the choice of
Q-matrix structure enabled each attribute to be measured by the same number of items
in the test. Ten items were simulated as measured by single attributes, and ten items were
simulated as measured by a pair of attributes. Complexity of the Q-matrix is the ratio of
the number of items to the number of attributes. This proportion was fixed at 20/5 = 4
for this study. The Q-matrix used in this study could be considered as moderately dense.
When the Q-matrix is dense, misspecification errors tend to be smaller. Baker (1993) found
that all levels of misspecifications (from 1% to 10 %) yielded larger errors in the parameter
estimates for sparse Q—matrix conditions than in the dense Q—matrix. Therefore, in this
study, it was expected that the choice of a moderately dense Q-matrix would accurately
reflect errors caused by misspecified Q-matrix. Next, the sample sizes were fixed at 1,000
for each simulated data set under investigation. Previous research with similar sample sizes
provided accurate and stable estimates, such as 1000 examinees with 30 items (de la Torre
& Douglas, 2004), five hundred and 1000 examinees and 25 items (Li, 2008) and 1,500
examinees with 40 items (Hartz, 2002).

The structural parameters s, slip, g, guessing, «, attribute pattern and [, attribute
difficulty were fixed across replications. Slip and guessing parameters were generated from
a uniform (.1, .3) distribution (see Table 3.2). Attribute difficulty parameters and attribute

discrimination parameters were fixed at 0 and 1 respectively for all five attributes.
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Table 3.1
True and Related Fitting Models for Simulation
True Fitting

1 Qo+Higher order DINA  (Qy+Higher order DINA
2 Qo+Higher order DINA Qo;+Higher order DINA
3 Qo+Higher order DINA  Qoo+Higher order DINA
4 Qo+Higher order DINA  Qu;+Higher order DINA
5 Qo+Higher order DINA  Quo+Higher order DINA
6 Qo+Higher order DINA @ p;+Higher order DINA
7  Qo+Higher order DINA @ po+Higher order DINA
8  Qo+Higher order DINA Qo+DINA
9  @o+Higher order DINA Qo1+DINA
10 Qo+Higher order DINA Qo2+DINA
11  Qo+Higher order DINA Qui1+DINA
12 Qo+Higher order DINA Quo+DINA
13 Qo+Higher order DINA @p1+DINA
14 Qo+Higher order DINA Qp2+DINA

3.2 TRUE AND MISSPECIFIED (Q—MATRICES

The Q—matrix conveys the attribute-item relationship information of the test being analyzed.
It is created by the content experts. It is possible, however, that there may not be a consensus
among experts. For even the simplest tasks, such as the fraction-subtraction, content experts
have created more than one Q-matrix (de la Torre, 2004; Tatsuoka, 1990). The Q-matrix
is central to the estimation of parameters. Even a small change in the correct specification
of the Q—matrix can potentially result in large root mean squares of the difference between
the parameter estimates obtained under correct Q—matrix specification conditions and those
obtained under misspecification conditions (Baker, 1993).

Q-matrix misspecification has been studied from several perspectives. Rupp and Tem-
plin (2008) examined three types of Q-matrix misspecification, underspecification of the Q-
matrix, overspecification of the Q-matrix, and a balanced misspecification of the Q-matrix.
Underspecification of the Q-matrix occurs when 0’s are specified in the Q-matrix where there

should have been 1s. Overspecification of the Q-matrix is observed when 1s are specified in
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place of the Os in the Q-matrix. When the same number of 0Os and 1s in the Q-matrix are
exchanged, balanced misspecification of the Q-matrix takes place. Q-matrix misspecification
can potentially create attribute patterns that are already being measured or could create
new attribute patterns given that the all possible attribute patterns are not measured ini-
tially. Baker (1993) investigated Q—matrix misspecification by the percentage of misspecified
Q-matrix indices by randomly changing 0s to 1s and 1s to 0s. Misspecification percentages
of 1,2, 3,5, 7.5, and 10 were studied. Im and Corter (2011) examined two types of Q-matrix
misspecification: Exclusion of an essential attribute that was needed to produce a correct
response, and inclusion of a superfluous attribute that was not necessary to produce a correct
response. Each of these misspecification scenarios are possible in real data. The Q-matrix

that was used to generate the item response data in this study is presented in Table 3.2.

Table 3.2
Data Generating Q-matrix and Assessment Characteristics
Itemno o @ a3 g4 a5 g s
1 1 0 0 0 0 .128 .141
2 0O 1 0 0 0 .200 .207
3 O 0 1 0 0 .111 .140
4 0O 0O 0 1 0 .145 .260
5 O 0 o0 0 1 .278 .191
6 1 0 0 0 0 .254 .214
7 o 1 0 0 0 .227 .226
8 0O 0 1 0 0 .252 .275
9 0O 0 0 1 0 .240 .14
10 0o o0 0 0 1 .161 .181
11 11 0 0 0 .265 .236
12 1 0 1 0 0 .256 .206
13 10 0 1 0 .247 .125
14 1 0 0 0 1 .151 .194
15 o 1 1 0 0 .112 .111
16 o 1 0 1 0 .280 .131
17 0O 1 0 0 1 .268 .139
18 0 0 1 10 .211 .238
19 0O 0 1 0 1 .106 .278
20 0O 0 0 1 1 .243 .208
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To create the Q—matrix misspecification, the true Q-matrix was modified by changing
several indicators of attributes required to produce a correct response to an item. Six misspec-
ified Q-matrices were created, two were overfitting, Qo1, Qos, two were underfitting, Qu1,
Qus, and two were balanced ()po, Qgs. One percent of the indices were randomly selected
and modified for the Qp; and @)y matrices. Five percent of the indices were modified for
Qos and Qus. This level of misspecification could be considered a high level of misspecifica-
tion. Two percent of indices were modified from to create @Qps and 6% of the indices were
modified to create () gg. Balanced misspecifications modified even numbers of indices to yield
equal numbers of overfitting and underfitting misspecifications. These matrices are presented
below. Indices that were modified from the true Q—-matrix are underlined.

To create overfitting Q—matrices, specified number of Os were randomly selected and
changed to 1s. For Qo1, 1% of 100 indices were selected from among the Os of the true Q-
matrix and changed to 1s. For Qos, 5% of 100 the indices were randomly selected from among
the Os of true Q—matrix and changed to 1s. First, Os of Q-matrix were assigned integers from
left top of the Q—matrix to the right and bottom to randomly select the indices to be changed.
Then, using a random integer generator (website http://www.random.org/integers/), the
required number of integers were selected randomly between the 1s and 0s: 1 integer for 1%

and 5 integers for 5%.
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1 0000 1 0000 100 00
01 000 01 00O 01000
00100 00100 00100
00 01 0101 00010
0 0 01 0 001 00001

1 0000 10000 10100
01 000 01 00O 01000
00100 0 010O0 00101
00010 0 001O0 00010
Ous — 00 001 Oy — 0 0001 O — 00001
1 0000 1 1000 11000
1 0000 10100 10100
1 0010 10010 10 10
1 00 1 000 1 100 01
01 00O 01100 11100
01 010 01 010 01 00O
01001 01 001 01001
00100 00110 00110
00 001 0 0101 000 01
00 011 0 0011 00001

3.3 DATA GENERATION PROCEDURES

Data were generated in accordance with the higher order DINA model. The )y matrix was
used to generate the data. The following steps were taken to simulate item response data

with higher order DINA model.
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. Attribute difficulty parameters and attribute discrimination parameters are fixed to 0

and 1 respectively for all five attributes.

General ability parameters are randomly generated from N ~ (0,1) distribution

. Attribute patterns are generated for all examinees based on 1PL model, utilizing the

general ability distribution of N ~ (0,1) and attribute discrimination and difficulty

parameters of 0 and 1.

Slip and guessing parameters are generated from uniform ~(.1, .3) distribution only

once.

Item response data are generated based on DINA model, by using the generated

attribute profiles, slip and guessing parameters.

CONVERGENCE

Simulated draws from p(f|y) were used to summarize the posterior density and to compute

means, quantiles, and descriptive statistics. Posterior predictive simulations of unobserved

outcomes g were obtained by conditioning on the drawn values of . In this process, iterative

simulation should proceed long enough to be representative of the target distribution. Even

when the iterative simulations converge and the subsequent string becomes representative of

the target distribution, the first iterations still do not represent the target distribution. To

diminish the effect of early iterations, some number of iterations are discarded. This process

is called as burn-in. The number of burn-in iterations depends on the context (Gelman,

Carlin, Stern, & Rubin, 2003). One way to investigate convergence is to visually inspect the

trace plots. Irregularities or failure to reach a consistent pattern typically indicates problems

with convergence.

One measure to monitor convergence is the convergence diagnostic R (Gelman & Rubin,

1992). It was calculated in this study as implemented in the software BOA (Smith, 2005).
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When m parallel sequences are simulated, for each scalar estimand v between (B) and
within-sequence (W) variances were calculated. Marginal posterior variance of the estimand

var(1|y) is calculated as a weighted average of B and W:

-1 1
W+ =B. (3.1)
n n

vart(dly) = =

The scale of the current distribution for ¢ might be reduced by R if the simulation were
continued in the limit n — oo. This potential scale reduction declines to 1 as n — oo and
calculated as

var (Yly)

R= — (3.2)

If the potential scale reduction is high, then a longer chain of iterations is required to
improve inference. The recommended value for R is near 1 (or, as a rule of thumb, the 0.975
quantile is less than 1.2).

To check the convergence, two parallel chains with over-dispersed initial values were run.
Initial values for attribute discrimination parameters were set to .75 for one of the chains and
the initial values for these attribute discrimination parameters were set to 1 for the second
chain. Initial values for attribute difficulty, guessing, and slipping parameters were set to .25
for one chain and .10 for the other chain. Scale reduction factor R values were all close to 1.
R values ranged from .9999 to 1.0212 for attribute discrimination parameters, from 1.0003 to
1.0260 for attribute difficulty parameters, from .9999 to 1.005 for slipping parameters, and
from .9999 to 1.0096 for guessing parameters.

The examples of trace plots as well as the plots for the Gelman and Rubin statistics are
given in Appendix B for the first condition which fit the true model and true Q—matrix. Trace
plots did not show irregular patterns and they were stabilized after a few iterations which
indicated convergence. Visual inspection of trace plots and also R indicated that convergence
was obtained after 1,000 iterations for all structural parameters. Thus, a burn-in of 1,000

iterations and 4,000 post burn-in iterations were used in all conditions.
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MCMC chains with 5000 iterations took approximately similar time across conditions. It
took 9-10 hours to run each MCMC chain on a computer with 2.00 GHz Intel Xeon processor

and 5GB RAM running a Windows 2003 operating system.

3.5 RECOVERY ANALYSIS FOR THE DINA MODEL

In this section, recovery of item parameters is evaluated under the conditions of correct and
incorrect Q-matrix and model specifications. Recovery of the simulated item parameters, i.e.,
the slip and guessing parameters, recovery of the simulated attribute difficulty parameters
for the higher-order DINA model were evaluated. Root mean squared errors (RMSEs) were
calculated to examine how well the generating item parameters are estimated with the model.

The RMSEs are expressed as:

RMSE = |+ > (b — by, (3.3)

i=1

where b; is the generating parameter for an item or an attribute parameter, b; is the param-
eter estimate, and n is the number of items or attributes. Recovery of attribute mastery
classification is evaluated by calculating the proportion of examinees who are correctly clas-
sified by the model as masters or non-masters on each attribute. Also, the means of the true

and estimated parameters were calculated and compared for each condition.

3.6 ITEM FI1T AND MODEL FIT ANALYSIS PROCEDURES

After the data were simulated, the following analyses were done to evaluate item fit and model
fit using both the raw score-based and latent class-based y? proposed in this dissertation.
At the same time, the item fit evaluation and model fit evaluation based on raw score-based

and latent class based x? was compared.

1. Run the higher-order DINA model for simulated response data in WinBUGS to obtain
guessing, slipping, calculate x? based on raw score groups and x? calculated based on

latent classes.
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2. Detect item fit based on x? calculated based on raw score groups for each item

3. Detect item fit based on posterior predictive p—values which used a x? calculated based

on raw score groups as discrepancy measures for each item

4. Detect model fit based on posterior predictive p—values which used an overall x2,, ... .

as a discrepancy measure
5. Detect model fit based on X7,,.ncasses Calculated based on latent classes for each item

6. Detect item fit based on posterior predictive p—values which used X7, onicasses @S @

discrepancy measure for each item

7. Detect model fit based on posterior predictive p-values which used overall x2, ..

as discrepancy measures

8. Calculate Type I error and power for all above item fit and overall fit analysis proce-

dures

Power and Type I error rates were calculated by averaging the Type I error rate and
power statistics from all replications under each condition. These results are presented and
compared across all conditions. Therefore, the following questions were addressed based on

the results:
1. Does x? based on latent classes successfully detect problematic items?
2. Does x? based on raw score groups successfully detect problematic items?

3. What is the error rate for incorrectly rejecting the items with y? based on latent classes

and with y? based on raw scores?

4. What is the Type I error rate for x? based on latent classes and for x? based on raw

score groups?

5. What is the power for y? based on latent classes and for y? based on raw score groups?
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. What is the Type I error rate for PPP-values calculated based on x% and for PPP-

values calculated based on x2, 7
. What is the power for x? based on latent classes and x? based on raw score groups?

. Does the y? based on latent classes perform better than the x? based on raw scores

for item fit evaluation and overall model fit evaluation?

. Does the PPP-values based on x# perform better than the PPP-values based on x2,,

for item fit evaluation and overall model fit evaluation?



CHAPTER 4

RESuULTS

First, the recovery evaluation is presented for each condition. Then the Type I error rates
and power properties of item fit indices are presented. Next, Type I error rates and power are
presented for overall fit indices in the form of PPP-values calculated based on x? discrepancy
measures. Finally the performances of fit indices that were calculated based on raw scores

and based on latent classes are compared.

4.1 'THE RECOVERY OF MODEL PARAMETERS

Estimation of item parameters is expected to be biased when either the Q—matrix or the
model is misspecified. The amount of bias that misspecification introduces to the item param-
eter estimates is expected to have an impact on the model fit indices. The items that were
misspecified with the wrong Q-matrix are naturally expected to be estimated with an error.
It should also be remembered that the Q-matrix reflects a dynamic relationship between
the items and attributes. Thus, the items that are correctly specified while some other items
on the test are misspecified with the current Q-matrix, might also be estimated with an
error. This error would be reflected in the item fit indices. Item parameter recovery was
investigated for correct and incorrect Q—matrix and model specification conditions to shed
light on the model and item fit procedures and to see the relationship between the model fit

indices and the precision of parameter estimation.

27
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4.1.1 'THE RECOVERY OF ATTRIBUTE PARAMETERS

Attribute parameters are included in the higher-order DINA model to define the relation-
ship among the attributes. These are attribute discrimination, a, and attribute difficulty,
[, parameters. The recovery of these parameters was evaluated by RMSEs. RMSEs are
presented for all seven conditions that modeled the attribute relations. The first condition
assumed the correct model and the correct Q-matrix specification. The recovery results from
this condition reflect the potential of the algorithm to correctly estimate the parameters.
Next, RMSEs are presented across the remaining six conditions where the model specifica-
tion was correct but the Q—-matrix was misspecified. These results convey the potential of
recovering true parameters when the Q—matrix is misspecified. Comparison of these results
provides information on the impact of Q-matrix misspecification on the recovery of true
attribute parameters.

Table 4.1
Mean Estimates of the Attribute Parameters of the Higher Order DINA Model with True
Q-Matriz

Item a a SD(a) p B SD(B)
1 1 1.04 0.15 0 0.01 0.09
2 1 0.83 0.17 0 0.06 0.08
3 1 1.05 0.17 0 -0.01 0.07
4 1 093 0.17 0 0.11 0.08
5 1 124 0.21 0 0.03 0.09

Table 4.2
Mean Estimates of the Attribute Parameters of the Higher Order DINA Model over Siz
Conditions with Misspecified Q—Matriz

Item o a SD(a) B 3 SD(p)
1 1 1.09 018 0 000 0.13
2 1 097 030 0 010  0.19
3 1 116 033 0 -002 014
41 1.00 018 0 011  0.12
5 1 139 032 0 009 012
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Data were simulated by setting attribute discrimination parameters to 1 for each one of
the five attributes that were measured by the simulated test in this study. True attribute
difficulties for these five attributes were set to 0. The estimation procedure is satisfactory
when the amount of the variations from 1 for the attribute discrimination and the amount
of variation from 0 for the attribute difficulty parameters are small. Table 4.1 presents the
average estimated attribute difficulty and discrimination values over 50 replications. This
condition used the true Q-matrix. The results indicate that attribute parameters of the
higher order DINA model are accurately estimated using the WinBUGS software and MCMC
algorithm.

For the five attributes, the mean estimates deviated from the true (i.e., simulated) values
by 0.04, 0.17, 0.05, 0.07, and 0.24, respectively, for discrimination parameters for attributes 1
to 5. These attribute discrimination parameter estimates across 50 replications had relatively
small variabilities. Standard deviations for the attribute discrimination parameter estimates
ranged from 0.15 to 0.21. Attribute difficulty parameter estimates have averages of 0.01,
0.06, -0.01, 0.11, and 0.03 across 50 replications for the first condition. These estimates were
close to the true parameters, which were Os for all attribute difficulty parameters. Standard
deviations for the attribute difficulty parameters ranged from .07 to .09. Table 4.2 presents
the average attribute discrimination and difficulty parameters over six conditions and 50
replications within each condition. These six conditions all used one type of misspecified
Q-matrix. The mean estimates of the attribute parameters were larger in the presence of
the Q—matrix misspecification than the mean estimates obtained with the use of the true
Q-matrix. Mean estimates of the first, third, and fifth attribute discrimination parameters
under the first condition were closer to the true value of 1. Mean estimates of the second and
fourth parameters were closer to 1 for misspecification conditions. It should be noted that
the averages over misspecification conditions had larger variances.

The recovery results for attribute discrimination and attribute difficulty parameters under

the seven conditions are presented in Table 4.3 and Table 4.4, respectively. RMSE values for
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Table 4.3
RMSE for the Attribute Discrimination Parameter of the Higher Order DINA Model for
Seven Conditions

Fitting model ay Qs as ay as

HODINA+Q@Q, 0.16 0.24 0.18 0.18 0.32
HODINA+Qp; 0.16 0.23 0.18 0.18 0.33
HODINA+Qps 0.19 0.22 0.19 0.20 0.31
HODINA+Qy 015 0.25 0.26 0.18 0.29
HODINA+Qys 0.16 0.50 0.79 0.18 0.37
HODINA+Q@Qp, 0.31 0.27 0.15 0.19 0.58
HODINA+Q@pgs 0.18 0.21 0.16 0.16 0.87

Table 4.4
RMSE for the Attribute Difficulty Parameter of the Higher Order DINA Model for Seven
Conditions

Fitting model 61 B2 B3 1 fs
HODINA+@Q, 0.09 0.09 0.07 0.14 0.09
HODINA+Qo; 0.08 0.10 0.08 0.12 0.09
HODINA+Qos 0.13 0.10 0.15 0.10 0.10
HODINA+Qu; 0.08 0.09 0.09 0.20 0.09
HODINA+Qus 0.12 040 0.24 0.19 0.19
HODINA+Qp, 0.11 0.11 0.07 022 0.16
HODINA+Qps 0.20 0.31 0.17 0.09 0.23

attribute discrimination parameters were similar across the seven conditions, which included
both true and false Q—matrix specifications. Relatively higher RMSE values were observed
when QU5, QB2, and QB6 were used. QB2 and QB6 matrices were produced to present a
balanced misspecification by incorrectly specifying 2% and 6% of indices of the Q-matrix.
QU5 is an underfitting Q-matrix which was created by specifying 5% of indices as Os instead
of 1s. RMSEs for attribute difficulty parameters presented a similar pattern to that for
the RMSEs for attribute discrimination parameters. RMSEs for QB2, QB6, and QU5 were

relatively larger than other QQ-matrices utilized in this study. From Tables 4.3 and 4.4 it can
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be seen that RMSEs were smaller for difficulty parameters than discrimination parameters

across all conditions, except when QB2 and QB6 were used.

4.1.2 'THE RECOVERY OF ITEM PARAMETERS

Item parameters include guessing, g, and slipping, s, parameters. The recovery of these
parameters was evaluated by investigating the estimated values and also RMSE. Table 4.5
presents the mean estimated guessing and slipping parameters of the higher order DINA
model over 50 replications from the first condition, in which the correct Q—matrix was spec-
ified. The mean of the estimated guessing parameters over 50 replications varied from the
true values, that is, the generating valued, by .002 to .032 for 20 items. The standard devia-
tion was 0.01 for all 20 items over 50 replications. Thus, it can be claimed that the guessing
parameter of the higher order DINA model could be accurately estimated using the current
algorithm.

For all the items, the means of the estimated slip parameters did not deviate from the
true value by more than .032. This bias ranged from 0 to .032 for all 20 items. The stan-
dard deviation ranged between .01 and .02. Thus, it could be claimed that the estimation
procedure recovered the true values well.

Table 4.6 presents the average item parameter estimates over 13 Q-matrix misspecifi-
cation conditions. The difference between the average estimated guessing values and true
values ranged from 0 to .065 over 13 Q-matrix misspecification conditions. The range of
this difference was .002 to .032 for estimation with the true Q-matrix. Thus, it is observed
that the Q-matrix misspecification increased the difference between the average guessing
estimates and the true values.

The difference between the average estimated slipping values and the true slipping values
over 13 Q—matrix misspecification conditions ranged from .002 to .073. This difference was
between 0 and .032 when the true Q-matrix specification was utilized. Q—-matrix misspeci-

fication produced larger errors of the slipping parameter estimates as well.
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Table 4.5
Mean Estimates of the Item Parameters of the Higher Order DINA Model over 50
Replications

Item ¢ g SD(g) s s SD(s)
1 128 1160 .01 141 134 .01
2 201 192 .01 267 .247 .01
3 A11 1128 .01 140 151 .01
4 145165 .01 260 .261 .02
) 278 283 .01 191 191 .01
6
7
8

254 252 .01 214 233 .01

227 216 .01 226 .239 .01

252 276 .01 275 243 .01
9 240 .250 01 184 170 .02
10 .161 .172 .01 A81 157 .01
11 265 .260 .01 236 .242 .02
12 256  .263 .01 206 178 .02
13 247 .269 .01 125 .095 .02
14 151 141 01 194 183 .02
15 112 107 .01 111 103 .02
16 .280 .290 .01 131 109 .02
17 268 .263 .01 139 138 .02
18 211 182 .01 238 209 .02
19 106 .098 01 278 281 .02
20 243 248 01 208 217 .02

RMSESs for guessing parameters are presented in Table 4.7 for 14 conditions. Table entries
are boldfaced to indicate the items for which one or more QQ—matrix indices have been changed
from the true specification of 1 to the false specification of 0. Italized indices indicate the
Q-matrix misspecifications where the true value of Os are changed to the false specification
of 1s. RMSEs for guessing parameter estimates ranged from .01 to .06 for the items that
were specified correctly with the Q-matrix. RMSEs ranged between .01 and .03 for the first
condition where both the model and the Q-matrix were both correctly specified. Whenever

there is a misspecification of one or more indices, RMSEs increased.
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Table 4.6
Mean FEstimates of the Item Parameters Across 13 Misspecification Conditions

Item ¢ g SD(g) s s SD(s)
1 128 188 .08 141 139 .02
2 201 189 .02 267 252 .02
3 A11 120 .03 140 153 .02
4 145210 .08 260 273 .03
) 278 283 .02 191 195 .01
6
7
8

254 .269 .05 214 233 .02

227 214 .02 226 .245 .02

252297 .05 275 245 .02
9 240 240 .02 A84 177 .02
10 .161 .175 .02 181 165 .02
11 265 .256 .01 236 274 .08
12 256 .274 .03 206 213 .08
13 .247  .267 .01 125 .093 .02
14 151 .139 .01 194 213 .09
15 112 118 .03 11 149 11
16 .280 .289 .01 131 152 .09
17 .268 .265 .01 139 137 .02
18 211 177 .01 238 289 11
19 106 .098 .01 278 351 A2
20 243 273 .03 208 242 24

Italized and boldfaced RMSE values are consistently large with values ranging from .06
to .23. The guessing parameter of an item is estimated with consistently large errors when
the Q-matrix indicated one or more required attributes for that item when they were not
required.

Boldfaced RMSEs range from .01 to .05. These errors of guessing parameter estimates are
smaller than italized RMSEs. Thus, RMSEs for guessing parameter are smaller for under-
specified items than overspecified items. Besides, RMSEs for underspecified items are similar
to RMSEs for the correctly specified items for guessing parameters.

RMSESs are similar for the models that specified the structure among the attributes as 2

parameter logistic model and the models that did not specify a relationship among attributes.
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Thus, specification of or failure to specify the higher order relationship among the attributes
did not contribute to the lower level parameter estimate errors.

When there is one or more misspecification of required attributes for one or more specific
items in the test, the RMSEs for correctly specified items are not larger than the RMSEs
from the true Q—matrix specification. Thus, the misspesification for one or more items are

not expected to impact the guessing parameter estimates of other correctly specified items.



Table 4.7

RMSEs for the Guessing Parameters Across 14 Conditions
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Fitting model G 92 93 94 g5 g6 g1 gs g9 Gio
1 Ho-DINA+QO 03 02 .02 02 .01 .01 .02 .03 .02 .02
2 Ho-DINA+QO1 .03 .02 .02 .02 .01 .01 .02 .02 .02 .02
3 Ho-DINA4+QO5 .23 .03 .02 .17 .02 .02 .02 .02 .02 .02
4 Ho-DINA+QU1 .03 .02 .03 .04 .01 .01 .02 .03 .02 .02
5 Ho-DINA+QU5 .05 .04 .06 .03 .03 .01 .03 .04 .02 .04
6 Ho-DINA+QB2 .04 .03 .02 .17 .03 .01 .03 .03 .02 .03
7 Ho-DINA+QB6 .02 .02 .04 .02 .03 .18 .02 .15 .02 .05
8 DINA+QO 03 02 02 01 .01 .01 .02 .02 .01 .01
9 DINA+QO1 03 02 02 01 .01 .01 .02 .02 .01 .01

10 DINA+QOb5 23 03 02 .18 .01 03 .02 .02 .02 .01
11 DINA+QU1 03 02 .02 02 .01 .01 .02 .03 .02 .01
12 DINA+QU5 03 02 .02 02 .01 .02 .02 .05 .02 .02
13 DINA+QB2 03 03 .02 .18 .01 .02 .03 .02 .01 .01
14 DINA+QB6 02 03 .02 .01 .01 .14 .02 .15 .02 .02

Fitting model g11 g12 913 G14 915 916 91t G918 919 920
1 Ho-DINA+QO .01 .01 02 01 .01 .01 .01 .03 .01 .01
2 Ho-DINA4+QO1 .01 .01 .02 .01 .01 .01 .01 .03 .01 .06
3 Ho-DINA+QO5 .01 .08 02 01 02 .01 .01 .04 .01 .09
4 Ho-DINA+QU1 .01 .01 .03 .01 .01 .01 .01 .04 .01 .01
5 Ho-DINA+QU5 02 .01 03 .01 .02 .02 .01 .05 .01 .01
6 Ho-DINA+QB2 .01 .01 02 .03 .01 .01 .01 .02 .01 .01
7 Ho-DINA+QB6 .01 .01 .01 .01 .09 .02 .01 .03 .01 .02
8 DINA+QO 0Or 01 02 01 .01 .01 .01 .03 .01 .01
9 DINA+QO1 Or 01 02 .01 .01 .01 .01 .03 .01 .07

10 DINA+QOb5 0r .09 02 01 .01 .01 .01 .03 .01 .10
11 DINA+QU1 .01 .01 02 01 .01 .01 .01 .04 .01 .01
12 DINA+QU5 .03 .01 02 .01 .02 .01 .01 .03 .01 .01
13 DINA+QB2 0Or 01 .02 .03 .01 .01 .01 .03 .01 .01
14 DINA+QB6 01 .02 .02 .01 .10 .02 .01 .03 .01 .02

Boldfaced indices indicate underspecification, and italized and boldfaced indices indicate
overspecification of the Q-matrix.



36

RMSEs for slipping parameters are presented in Table 4.8 for the 14 conditions. As in
Table 4.7, Table 4.8 entries are boldfaced to indicate the underspecified items where 1s are
changed to 0s, and italized indices indicate the overspecified items where the true value of Os
are changed to the false specification of 1s. RMSEs for slipping parameter estimates ranged
from .01 to .05 for the items that were specified correctly with the Q-matrix. RMSEs ranged
between .01 and .03 for the first condition, where both the model and the Q-matrix were
both correctly specified. Whenever there is a misspecification of one or more indices, RMSEs
increased.

Boldfaced RMSE values are consistently large with values ranging from .02 to .26. The
slipping parameter of an item is estimated with consistently large errors when the Q-matrix
fails to indicate one or more required attributes for that item.

Italized RMSEs range from .02 to .06. These RMSEs of slipping parameter estimates
are smaller than boldfaced RMSEs. Thus, RMSEs for slipping parameters are smaller for
overspecified items than underspecified items. RMSEs for overspecified items are similar to
RMSEs for the correctly specified items for slipping parameters.

RMSEs are slightly different for some items between the models that specified the struc-
ture among the attributes with the two parameter logistic model and the models that did not
specify a relationship among the attributes. Specification of or failure to specify the higher
order relationship among the attributes didn’t contribute to the lower level parameter esti-
mate errors.

Misspecification of specific items did not increase RMSEs for the correctly specified items,
a pattern which was also observed for the guessing parameter. Thus, the misspesification for
one or more items is not expected to impact the item parameter estimates of other correctly

specified items.
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RMSE for the Slipping Parameters Across 14 Conditions
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Fitting model $1 S S3  S4 S5 S S7  Sg S9  Sio
1 HODINA+QO 02 02 02 .02 .01 .02 .02 .03 .02 .03
2 HODINA+QO1 .01 .02 .02 .02 .01 .02 .02 .03 .02 .03
3 HODINA+QO5 .03 .02 .03 .05 .01 .02 .03 .02 .02 .03
4 HODINA+QU1 .02 .03 .01 .02 .01 .02 .02 .04 .03 .03
5 HODINA+QU5 .02 .03 .02 .02 .01 .02 .02 .05 .03 .03
6 HODINA+QB2 .02 .02 .02 .03 .01 .02 .03 .04 .03 .03
7 HODINA+QB6 .02 .05 .02 .02 .01 .03 .02 .04 .02 .02
8 DINA+QO .01 .02 .02 .02 .01 .03 .03 .03 .01 .01
9 DINA+QO1 .01 02 .03 .02 .01 .03 .03 .03 .02 .01

10 DINA+QOb5 .03 01 .03 .04 .02 .02 .03 .02 .02 .02
11 DINA+QU1 01 02 .02 03 .01 .03 .03 .03 .02 .01
12 DINA+QU5 02 02 03 .03 .01 .03 .02 .02 .02 .02
13 DINA+QB2 .01 .01 .02 .03 .02 .02 .03 .03 .02 .02
14 DINA+QB6 02 03 .02 .02 .02 .02 .02 .06 .02 .01

Fitting model S11 S12 S13  S14 S15 S16 S17 S18 S19  S20
1 HODINA+QO .02 .03 .03 .02 .02 .03 .02 .03 .02 .02
2 HODINA+QO1 .03 .03 .03 .02 .02 .02 .02 .03 .02 .02
3 HODINA+QO5 .03 .02 .03 .03 .04 .02 .02 .02 .03 .03
4 HODINA+QU1 .03 .03 .04 .02 .02 .04 .02 .21 .02 .02
5 HODINA+QU5 .02 .18 .04 .03 .24 .04 .02 .19 .23 .02
6 HODINA+QB2 .04 .03 .04 .22 .02 .02 .02 .04 .02 .02
7 HODINA+QB6 .03 .03 .02 .03 .03 .21 .02 .02 .22 .23
8 DINA+QO 02 05 04 .03 .03 .03 .02 .04 .02 .02
9 DINA+QO1 02 04 04 04 03 .02 .02 .03 .02 .03

10 DINA+QOb5 .03 .04 04 05 .02 .02 .02 .03 .02 .05
11 DINA+QU1 02 .04 05 .03 .03 .03 .02 .22 .02 .02
12 DINA+QU5 21 .19 05 .04 .32 .03 .02 .23 .26 .02
13 DINA+QB2 03 05 05 .24 .02 .02 .02 .04 .02 .02
14 DINA+QB6 .03 03 03 .03 .04 .26 .02 .04 .25 .26

Boldfaced indices indicate underspecification, and italized and boldfaced indices indicate
overspecification of the Q-matrix.
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4.2 ITEM FI1T EVALUATION WITH Y? CALCULATED BASED ON LATENT CLASSES

x? is calculated for each item based on latent class classifications for the higher order DINA
model, one true specified Q-matrix, and six misspecified Q-matrices. First, the descriptive
statistics of these x#s are investigated to provide an idea about their overall distribution.
Table 4.9 presents the average x? values that are calculated based on latent classes over 50
replications for the seven conditions that utilized the higher order DINA model. Standard
deviations are given in parentheses next to the mean values of x?s in Table 4.9.

If the latent class classifications of examinees were known, then the x% would follow a x?
distribution with 28 df. The degrees of freedom is four less than the number of latent classes
when the statistical model is the higher order DINA because the number of parameters
estimated with the model is four. These four parameters are attribute difficulty, attribute
discrimination, item guessing, and item slipping. Thus, x3 is used as a reference distribution
to check the item fit. Values larger than 41.34 are in the 95th or greater percentile of the x3g
distribution.

Items that are misspecified by the Q-matrix are boldfaced in Table 4.9. The mean values
of x2s are all smaller than the reference value of 41.34 for the correctly specified items, and
they are larger than the reference value for all the misspecified items. Standard deviations
are smaller for correctly specified items, whereas these are larger for misspecified items. The
mean values of y2s are similar for correctly specified items across true and misspecified Q-
matrices. Consistent with the estimation errors, having one or more misspecified items did

not impact the fit of the correctly specified items.
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Table 4.9
Mean Estimates of the x3 for 20 Items Utilizing the Higher Order DINA Model

XMoo 8 d 8 o ok % b
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)

HoDINA+Q, 342 338 319 33 324 304 364 324 314 338
(3.5)  (3.8) (2.8) (33) (37) (27) (40) (31) (29 (2.8)
HoDINA+Qo; 345 334 317 322 326 305 360 322 324 336
(35)  (37) (27) (3.0) (36) (27 (3.9 (31) (3.0) (2.9)
HoDINA+Qo; 95.9 329 318 89.5 319 319 338 319 343 341
(9.0) (27) (20) (7.2) (3.00 (22) (31) (27) (26) (2.3)
HoDINA+Qu: 33.3 332 312 325 318 303 349 321 313 338
(3.0) (37) (24) (28) (3.2) (24) (39 (30) (25 (2.9
HoDINA+Qus 348 368 321 319 326 304 357 326 311  33.0
(26)  (3.0) (14) (21) (27 (19 (28 (25 (1.6 (22
HoDINA+Qp, 33.6 345 32 88.0 333 304 368 313 319 326
(29) (3.8) (2.2) (8.6) (3.6) (2.3) (40) (26) (24) (2.2
HoDINA+Qps 340 346 335 339 331 815 344 752 319 345
(2.6)  (3.0) (L7) (24) (2.8) (6.4) (26) (5.5) (21) (2.3)

X%l X%Q X%:s X%z; X%5 X%6 X%? X%S X19 X20

(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)

HoDINA+Q, 322 327 326 321 322 318 334 307 313 321
(2.9) (33) (3.1) (23) (26) (29) (34) (20) (27) (2.4)
HoDINA+Qo; 32.2 326 324 317 321 321 336 308 315  66.3
(2.9) (32) (3.0) (23) (25 (30) (3.3) (22) (27) (7.8)
HoDINA+Qos 317 73.7 319 320 318 321 328 326 319 77.6
(22) (6.4) (2.2) (20) (21) (26) (2.8) (25) (26) (8.2)
HoDINA+Qy;  31.8 33.2 326 32.1 31.7 31.4 33.6 94.1 31.6 32.1
25) (32) (3.1) (21) (24) (27) (3.2) (8.6) (26) (2.5)
HoDINA+Qus 68.9 71.3 315 337 849 331 361 795 845 313
(6.9) (6.8) (2.0) (16) (85) (26) (2.9) (7.2) (7.4) (2.0)
HoDINA+Qp, 31.8 329 332 99.0 313 313 324 316 336 321
(28) (3.2) (2.8) (8.9) (23) (26) (27) (1.9 (3.0) (2.2
HoDINA+Qps 35.6 324 322 339 118.0 86.5 322 309 100.5 78.8
(2.8)  (24) (2.3) (23) (12.8) (8.6) (2.1) (18) (8.3) (6.0)

Table entries are boldfaced to indicate the misspecified items.
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Next, x? is calculated for each item based on latent class classifications utilizing the
independence DINA model, one true specified Q-matrix, and six misspecified Q-matrices.
Table 4.10 presents the average x? values that are calculated based on latent classes over 50
replications for the seven conditions that utilized the DINA model. Standard deviations are
given in parentheses next to the mean values of y?s in Table 4.10.

If the latent class classifications of examinees were known, then the x? would follow a >
distribution with 30 df. The degrees of freedom is two less than the number of latent classes
when the statistical model is the independence DINA because the number of parameters
estimated with the model is two. These two parameters are item guessing and item slipping.
Thus, 3, is used as a reference distribution to check the item fit. Values larger than 43.77
are in the 95th or greater percentile of the x3, distribution.

Items that are misspecified by the Q-matrix are boldfaced in Table 4.10. The mean values
of x?s are all smaller than the reference value of 43.77 for the correctly specified items, and
they are larger than the reference value for all the misspecified items. Standard deviations
are smaller for correctly specified items, whereas these are larger for misspecified items. The
mean values of y2s are similar for correctly specified items across true and misspecified Q-
matrices. Consistent with the estimation errors, having one or more misspecified items did
not impact the fit of the correctly specified items.

The higher order DINA model estimated two more parameters. Thus, x? values are
expected to be larger for the independence DINA model. 85% of the x? values from the
independence DINA model are larger than those from the higher order DINA model. Even
though they were larger in value, the differences were in general small. Failing to include a
higher order relationship among the attributes did not seem to be reflected in the y? values

that were calculated based on the latent classes.
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Mean Estimates of the x3 for 20 Items for the DINA Model
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X3 X5 X3 Xi X3 xe X3 X3 X3 X0
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)
DINA+Q,  40.7 340 356 335 337 319 389 333 352 41.2
(4.6) (3.9) (36) (30) (42) (30) (4.6) (34) (36) (4.6)
DINA+Qo, 407 339 350 328 342 322 386 330 365 41.6
45)  (39) (36) (28) (41) (31) (45 (3.3) (38) (4.8)
DINA+Qos 103.0 335 343 93.3 333 357 359 326 381 405
(8.8) (29) (28) (7.5) (38) (3.3) (40) (3.0) (38) (4.1
DINA+Qy, 396 335 337 336 330 316 375 328 358 415
(42)  (38) (29) (26) (38) (27) (44) (33) (36) (47
DINA+Qps 39.6 328 395 342 327 319 352 348 342 395
37) (28 (31) (27  (34) (22) (37 (33) (29) (4.1)
DINA4+Qp, 435 347 357 929 336 320 384 325 371  36.8
(5.0) (3.8) (3.1) (9.0) (3.7) (3.0) (42) (3.1) (37 (3.6)
DINA+Qgs 399 344 415 355 325 84.2 37.7 73.4 367 392
37) (33) (34) (27) (28) (6.4) (38) (5.8) (33) (3.3)
xh Xk Xz Xh Xt Xl Xir Xis Xlo X
(SD) (S8D) (SD) (S8D) (SD) (SD) (SD) (SD) (SD) (SD)
DINATQ, 317 323 340 324 343 349 359 31.0 308 334
(26)  (34) (36) (25) (3.1) (36) (42) (22) (28) (26)
DINA+Qo, 315 322 338 321 340 352 363 312 306 67.0
(26)  (33) (34) (25) (3.0) (3.8) (42) (24) (26) (7.9)
DINA+Qps 31.1 76.3 340 338 332 349 357 325 314 795
(19) (6.7) (3.0) (3.0) (23) (34) (38) (24) (27) (8.4)
DINA+Qy, 315 328 337 323 335 346 363 99.5 309 339
(24)  (35) (32) (23) (29 (37) (41) (9.0) (27) (26)
DINA+Qps 73.1 81.6 327 325 1224 353 372 94.0 103.3 32.8
(7.3) (7.8) (24) (20) (10.5) (3.6) (3.7) (9.2) (8.6) (2.3)
DINA4Qp, 319 332 350 111.7 333 341 350 326 320  33.7
(26)  (34) (3.3) (10.0) (29) (35 (3.7) (23) (28) (24)
DINA+Qpgs 343 321 349 323  127.4 97.2 343 328 110.2 87.9
(25)  (25) (28) (20) (11.6) (7.6) (3.0) (21) (9.3) (6.7)

Table entries are italized to indicate the misspecified items.
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4.2.1 THE TYPE I ERROR RATE

Type 1 error rates of the indices are investigated at the .05 significance level. Table 4.11
presents the proportion of x7 indices greater than p = .05. Type I errors occur when an item
is identified as misfitting but was simulated according to the true model and true Q-matrix,
that is the higher order DINA model and @QQy. Thus, the overall empirical Type I error rate
is calculated as the percent of items flagged as misfitting out of 121 correctly specified items
across seven conditions which fit the higher order DINA model to the simulated data. 20,
19, 16, 19, 15, 18, and 14 items were correctly specified by Qq, Qo1, Qos, Qui, Qus, @ Bo,
and )gg matrices, respectively. 50 replications for each resulted in an overall count of 6050.
Only 51 out of 6050 of correctly specified items were detected as misfitting. This resulted in
an empirical Type I error rate of .008 for x%.

To further investigate the impact of having a misspecified item or items in a test, this
study investigated Type I error rate for all seven conditions separately. The Type I error rate
is small across the seven conditions. Having misspecified items in the test did not increase
the Type I error rate calculated from the correctly specified items. In other words, correctly
specified items were not detected as not fitting when there were misspecified items in the
test.

The Type I error rate will have an impact on the power of the fit indices across the seven
conditions. Inflated Type I error rates result in overestimated power and deflated Type I
error rates result in underestimated power. The empirical Type I error rate should be close
to .05 because the significance level is set at .05. Bradley’s (1978) criteria suggest a range of
.025 to .075 for a nominal level of .05. Type I error rates presented in Table 4.11 are smaller
than the minimum value of this range, which is .025. All conditions yielded deflated Type I

error rates for x.
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Table 4.11
Proportion of X%, Indices Greater Than p = .05

Type I Error Rates

.05
Higher order DINA + Qg 011
Higher order DINA + Qo1 012
Higher order DINA + Qos .003
Higher order DINA + Q1 .008
Higher order DINA + Qus 011
Higher order DINA + Qpo .009
Higher order DINA + @Qpg .004
Overall across seven conditions .008

4.2.2 POWER

Two types of problems with modeling are expected to create misfit; one is the failure to
model higher-order structure among the attributes, and the other is the misspecification of
the Q-matrix. These two conditions were used to examine the power of the fit indices. Power
is calculated as the proportion of misspecified items that are detected as problematic by
X:.. These percentages of correct detection of misfit are presented in Table 4.12. In Table
4.12 only the independence DINA conditions are listed. Power for the higher order DINA
conditions was equal to 1 across all misspecification conditions. For the higher order DINA
model, only Q-matrix misspecifications were expected to cause misfit, not the modeling
of the higher order structure. Thus, the power is calculated for two overspecification, two
underspecification, and two balanced misfit conditions and also for 1, 4, 1, 5, 2, and 6
misspecified items, respectively. x7 successfully flagged all these items as problematic over
50 simulations for each condition with the higher order DINA model, which resulted in the
perfect power of 1.

It was expected that the independence DINA and Q-matrix misspecification combination

would yield greater detection of misfit for all items since the independence DINA model
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does not reflect the higher order structure among the attributes, which was used to generate
the simulated data. However, that was not the case. Among the items correctly specified
by the Q-matrix, only 3.3% of the items across all seven conditions were flagged by the
X7 as problematic. Across the seven conditions that fit the independence DINA model to
the simulated data, the proportion of misfit detection ranged from 2.6% to 4.3% for the
items with correct Q—matrix specification. When all items are considered as not fitting, this
proportion ranged from 3.2% to 37.7%. The highest misfit detection percentage is observed
for the 5% underspecified Q-matrix, Qus, and the lowest misfit detection percentage is
observed for the true Q-—matrix. Similar to the misfit detection when utilizing the higher order
DINA model, misspecified items were always detected by x7 with the independence DINA
model. x7 detected the misspecified items by the Q-matrix either with the higher order DINA
model or with the independence DINA model. Other than the Q-matrix misspecification,
only 3% of the items were detected as misfitting for the false higher order structure. Thus,
it can be claimed that x7 can not detect higher order structure problems.

Table 4.12
Proportion of X3, Indices with p < .05 for Misspecified Items

Power
Misspecified items Correctly specified items — All items
Independence DINA + Qg .032 032
Independence DINA + Qo 1 .039 094
Independence DINA + Qo5 1 .026 154
Independence DINA + Qp 1 .029 .083
Independence DINA + Qs 1 033 377
Independence DINA + Qg2 1 043 159
Independence DINA + @Qpg 1 032 327

Overall across 7 conditions 1 .033 .164
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4.3 ITEM FI1T EVALUATION WITH PPP-VALUES CALCULATED BASED ON X3

Posterior predictive p values are calculated utilizing x7 as the discrepancy measure. PPP
values do not require any y? approximation and provide Bayesian p-values. First, the dis-
tribution of PPP values which are based on x2It are investigated. Their means and ranges
over 50 replications are presented in Table 4.13 for 20 items across the conditions that fit
the higher order DINA model to the simulated data with one true and six misspecified Q—
matrices. Extreme PPP values indicate item misfit. Values less than .05 and greater than
.95 are considered extreme values and indicate item misfit.

Average PPP values over 50 replications for each condition ranged from .44 to .66 for the
items whose attributes were specified correctly by the Q-matrix. For these items .25 is the
minimum PPP-value, and the maximum value is .92. Neither minimum or maximum values
indicated item misfit. Thus, none of the correctly specified items was flagged as not fitting
by the PPP-values calculated based on x#. PPP-values were calculated as the proportion of
cases in which x% from observed data and posterior distribution of variables in the model
exceeded 7 from the replicated data and the posterior predictive distribution of y"*. The
range of the average PPP values for correctly specified items indicate that x? calculated
from the posterior distribution of variables in the model was close to x7 calculated from the
posterior predictive distribution of replicated data for these items.

Average PPP-values for the items which are misspecified by the Q-matrix are all equal to
1. The minimum values ranged from .97 to 1, and the maximum value was 1. All misspecified
items are flagged as not fitting by the PPP-values calculated based on x7 from all six
conditions. For all the misspecified items, x7 from posterior distribution exceeded x? from the
posterior predictive distribution of replicated data the majority of the time, which resulted
in the PPP-values in the upper end of the [0,1] interval. Therefore, the PPMC method
demonstrates that the higher order DINA model with false Q-matrices did not explain
the distribution of correct response proportions across latent classes for the items that are

specified with a false Q—matrix.
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Next, the distribution of the PPP values calculated based on the x? are presented. Means
and ranges of these PPP values are presented in the Table 4.14 for 20 items across the
conditions that fit the independence DINA model to the simulated data with one true and
six misspecified Q—matrices. Average PPP-values ranged from .45 to .81 over 50 replications
for the items that utilized the correct attribute relation specifications by the true Q-matrix.
For these items .27 is the minimum PPP-value and the maximum value is .98. Thus, for
some items and replications, maximum value indicated item misfit. Therefore, when the
independence DINA model is fit to the simulated data, some of the items that utilized correct
attribute relation specifications are flagged as not fitting by the PPP-values calculated based
on x#. Range of the average PPP values indicate that the x# calculated from the posterior
distribution of variables in the model was close to the x% calculated from the posterior
predictive distribution of replicated data for the correctly specified items for the correctly
specified items. These averages are greater for the independence DINA model than the higher
order DINA model for majority of the items but didn’t exceed the extreme value of .95.

Similar to the results from the higher order DINA model, average PPP-values for the
misspecified items by the Q-matrix are all equal to 1. The minimum and maximum values
are .97 and 1 respectively. All misspecified items are detected by the PPP-values calculated
based on the x7 when the independence DINA model is fit to the data. Again similat to
the results from higher order DINA model for all the misspecified items 7 from posterior
distribution exceeded the x? from the posterior predictive distribution of replicated data for
majority of the time and produced the PPP-values in the upper end of the [0,1] interval.
Therefore, the PPMC method demonstrates that independence DINA model with false Q—
matrices didn’t explain the distribution of correct response proportions across latent classes
for the items that are misspecified with a false Q-matrix. Furthermore, even though the
PPP-values from the independence DINA model are higher than the higher order DINA
model, they are not significant and so model misspecification could not be detected by the

PPP-values calculated for each item.
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4.3.1 THE TYPE I ERROR RATE

Type I error rates of the indices are investigated at .05 significance level. Conditions in which
the higher order DINA model is utilized are evaluated for Type I error investigation. Type
I error rate is calculated as the proportion of correctly specified items which are rejected by
PPP-values based on x7. The extreme values of the PPP reject the items and these values
are the ones that are smaller than p = .05 or greater than p = .95.

Total of 121 items across these seven conditions are included in the Type I error rate
investigation. 50 replications for each resulted in an overall count of 6050. None of these
correctly specified items are flagged as being problematic by the PPP-values calculated
based on % across the conditions that utilized the generating model and generating attribute
specifications for items. This resulted in empirical Type I error rate of 0 for PPP-values based
on xi.

Having misspecified items in the test didn’t increase the Type I error rate calculated from
the correctly specified items. In other words, correctly specified items were not detected as
problematic when there are misspecified items in the test. Type I error rate of 0 is smaller
than the minimum value of suggested range of .025 to .075. Therefore, all conditions yielded
deflated Type I error rates for PPP-values based on x7. Thus deflated Type I error rates is
expected to result in underestimated power.

Even though they are both small and considerably close, Type I error is committed less
with the PPP-values based on 7 than y? itself as a fit index. Type I error rate for x7 was
.08% and it was 0 for PPP-values. There has been a small number of correctly specified items
that are rejected by x7 which are not rejected by PPP-values based on x#. Thus, both the
X;. and PPP-values based on X7 are conservative tests because their Type I error rates are

both smaller than the suggested range of .025 to .075.
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Table 4.15
Proportion of PPP-values based on X3, Smaller Than p = .05 or Greater Than p = .95

Type I Error Rates

Higher order DINA + Qg .00
Higher order DINA + Qo1 .00
Higher order DINA + Qb .00
Higher order DINA + Qy1 .00
Higher order DINA + Qub .00
Higher order DINA + Qg2 .00
Higher order DINA + Qg6 .00
Overall across 7 conditions .00

4.3.2 POWER

Failing to model the higher order structure and misspecification of items were used to examine
the power of the PPP-values calculated based on x7. For the conditions in which the higher
order DINA model is utilized, power is calculated over the items misspecified by the Q—
matrix. Power is calculated as the proportion of misspecified items that PPP-values based
on x; flagged as problematic. Almost all the misspecified items are successfully rejected by
the PPP-values based on x%. Only 2 out of 50 replications with the higher order DINA model
and Qo1 matrix failed to reject the misspecified item.

For the conditions that utilized the independence DINA model, power is investigated
separately for misspecified items only, for correctly specified items only, and for all items.
All items are expected to be problematic because the independence DINA model failed to
include the higher order structure. Proportions of misfit detection are presented in Table
4.16. 99.8% of the misspecified items are rejected by the PPP-value calculated based on x2.
Only .01 % of the correctly specified items are rejected by the PPP-value. The proportion of

all the items that are rejected is 13.7%. 13.7% was obtained by mainly the contribution of
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the misspecified items. Because the contribution of correctly specified items to the power was
.01%. Thus, it was observed that the PPP-value based on y? failed to reject the correctly
specified items even though there was a lack of modeling of the higher order structure.
Power of the PPP-value based on 7 was similar to the power of the x%. x% detected all
and PPP-values based on x7, detected 99.8% of the misspecified items. On the other hand,
X7 detected only 3.3 % and PPP-value based on x7 detected only .01 % of the correctly
specified items. On average, proportion of misfit detection over all the items was 16.4% for

x;, and it was 13.7% for PPP-values based on x7..

Table 4.16
Proportion of PPP-values Smaller than .05 or Greater than .95 for Misfitting Items

Power

Misspecified items Correctly specified items All items
Independence DINA + Qg .002 .002
Independence DINA + Qo1 .96 .002 .053
Independence DINA + Qo5 1 0 125
Independence DINA + Qu 1 .002 .055
Independence DINA + Qus 1 0 333
Independence DINA + Qg2 1 .002 114
Independence DINA + @ pg 1 0 .286
Overall across 7 conditions 998 .001 137

4.4 1ItEM F1T EVALUATION WITH y? CALCULATED BASED ON RAW SCORE GROUPS

x? is calculated for each item based on raw score groups utilizing the higher order DINA

model and one true specified Q-matrix and six misspecified Q-matrices. Table 4.17 presents
the average x? values that are calculated based on raw score groups over 50 replications for
the seven conditions that utilized the higher order DINA model.

The x? is expected to follow a x? distribution with 17 df. The degrees of freedom is four
less than the number of raw score groups when the statistical model is higher order DINA

because the number of parameters estimated with the model is four. These four parameters
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are attribute difficulty, attribute discrimination, item guessing, and item slipping parameters.
Thus, x3, is used as a reference distribution to check the item fit. Values larger than 27.59
are in the 95th or greater percentile of the x3, distribution.

Items that are misspecified by the Q—matrix are boldfaced in the Table 4.17. The mean
values of y2s are not always smaller than the reference value of 27.59 for the correctly specified
items. Specifically, for items 6, 7, 8, 13, and 16 x?2,,, values are 30.4, 28.2, 33.1, 28.8, and 30.1,
respectively. These items have average x?2,, values larger than the reference value of 27.6.
Average x?,, values are larger than the reference value for all the misspecified items. These
average values give an overall idea that x?s calculated based on raw score groups detect the
misspecified items correctly. However, these values flag correctly specified items as misfitting.
Standard deviations are given in parentheses below the mean values of x?s in the Table 4.17.
These are smaller for correctly specified items and larger for misspecified items. The mean
values of x?s are similar for correctly specified items across true and misspecified Q-matrices.
Even though x?2,, flagged several correctly specified items as misfit, it still can be claimed
that having one or more misspecified items didn’t impact the fit of the correctly specified
items. Because these correctly specified items that were flagged as misfit are flagged as misfit

even when the true Q—matrix was utilized in the estimation.



Table 4.17

Mean Estimates of the x?,,, for 20 Items Utilizing the Higher Order DINA Model
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X3 o X3 Xé X7 X8 X6 X
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)
HoDINA+Q)q 194 23.2 19.7  20.1 22.9 30.4 28.2 33.1 23.5 22.1
(3.0) (4.0) (3.7) (45) (4.6) (5.0) (49 (5.1) (3.9 (3.7
HoDINA+Qp: 19.4 23.1 19.8 204 23.4 30.4 282  33.0 24.6 22.9
(3.0) (40) (37) (46) (45) (50) (49) (52) (4.0) (3.8)
HoDINA+Qos 54.5 234 20,0 42.5 24.0 34.7 28.2 33.5 26.8 22.5
(7.8) (4.1) (3.7) (6.8) (4.6) (54) (48) (5.0) (3.9 (3.8)
HoDINA+Qy:  19.3 22.9 17.9 22.0 23.0 30.5 28.6 31.9 23.0 22.1
(3.0) (3.9) (3.3) (48) (46) (5.0) (5.0) (5.1) (3.6) (3.7)
HoDINA+Qys 18.9 22.2 217 21.7 22.8 27.8 254 33.1 23.0 21.2
(3.3)  (40) (3.3) (47) (45) A7) (5.0) (47) (34) (4.0)
HoDINA+@Qp, 18.8 23.6 20.0 40.5 22.5 30.1 27.5 32.8 26.1 19.8
(3.2) (42) (36) (7.1) (45) (49) (A7) (5.1) (4.0) (3.5)
HoDINA+Qps 20.2 21.2 18.7 20.1 22.1 56.0 25.0 55.1 248 20.7
(3.3)  (3.7) (4.0) (42) (45) (7.8) (44) (7.6) (3.5) (4.2
X%l X%2 X%?) X%4 X%5 X%G X%? X%s X%g X%o
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)
HoDINA+Qq 25.3 24.0 28.8 18.3 16.4 30.1 23.3 21.5 18.4 23.1
(4.8) (5.6) (5.2) (3.0) (3.6) (6.0) (44) (3.5) (34) (4.4)
HoDINA+Qo1 25.3 24.2  28.2 18.2 16.0 30.7 23.8 216 18.1 38.1
(4.8) (5.6) (5.1) (3.0) (3.5) (6.0) (4.3) (3.6) (3.5) (6.4)
HoDINA+Qops 25.7 47.1 278 19.6 15.8 29.3 23.5  22.0 183 55.0
(4.9) (7.7) (49) (29) (34) (58) (42) (38) (35) (9.2)
HoDINA+Qy  25.4 24.4 294 18.5 16.4 29.6 23.4 52.8 18.1 24.1
(4.8) (5.7) (52) (3.0) (36) (58) (4.4) (6.4) (34) (4.6)
HoDINA+Qys 46.3 52.7 29.2 19.6 55.1 31.2 23.0 49.5 59.8 24.2
(7.7) (7.3) (5.1) (32) (7.3) (6.3) (4.3) (6.8) (8.4) (4.6)
HoDINA+Qps 25.5 24.7 29.5 46.7 16.3 29.3 22.3 22.5 18.3 23.5
(4.6) (5.5) (5.1) (6.6) (3.6) (5.8) (4.3) (35) (34) (4.6)
HoDINA+Q@Qpgs 25.9 26.8  28.8 194 50.8 71.0 226 237 53.8 56.3
(4.6) (5.6) (4.8) (3.1) (7.6) (10.9) (4.2) (3.8) (7.7) (5.3)

Table entries in boldface indicate the misspecified items. df=17 for 2
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Similar to what is observed with the higher order DINA model, the average x? values
flagged correctly specified items with the independence DINA model. Table 4.18 presents the
average Y2 values that are calculated based on raw score groups over 50 replications for the
seven conditions that utilized the DINA model. Standard deviations are given in parentheses
below the mean values of y?s in the Table 4.18.

The x?2,,, follows a x? distribution with 21 df. The degrees of freedom is two less than the
number of raw score groups. Thus, x3, is used as a reference distribution to check the item
fit. Values larger than 30.14 are in the 95th or greater percentile of the x?%, distribution.

Items that are misspecified by the Q-matrix are boldfaced in the Table 4.18. 6th, 7th,
8th, 9th, 10th, 13th, and 16th items are flagged as misfitting by the average x?,,, statistic
when true Q-matrix is utilized. The mean values of y?s are all larger than the reference
value for all the misspecified items. Standard deviations are smaller for correctly specified
items whereas these are larger for misspecified items. The mean values of y%s are similar
for correctly specified items across true and misspecified Q—matrices. Consistent with the
estimation errors, having one or more misspecified items didn’t impact the fit of the correctly
specified items.

Average x? values are larger for the independence DINA model than the higher order
DINA model which was expected since higher order DINA model estimates two more parame-
ters. Even if the average x? values are different items that are flagged as misfitting are similar
across the independent and higher order DINA models. Thus failing to include a higher order
relationship among the attributes was not reflected in the x? values that are calculated based

OIl raw Score groups.



Table 4.18

Mean Estimates of the x?2,,, for 20 Items Utilizing the DINA Model

95

X% X X X3 Xé X3 Xz X X0
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)
D+Qo 27.9 283 263 26.1 28.0 35.7 36.2 37.7 31.0 33.8
4.3) (47 (42) (56) (5.2)  (5.6) (62) (55) (5.2) (5.3)
D+Qo1 27.9 282 257 27.1 29.2 35.6 36.2 37.3 32.9 35.5
(44)  (46) (44) (B7) (52  (56) (6.1) (5.5) (54) (5.5)
D+Qos 64.3 272 254 47.6 29.8 45.4 34.6 38.0 37.3 33.9
(9.1) (45 (42) (7.9) (5.3) (68) (6.0) (5.4) (5.5) (5.4)
D+Quy1 279 279 23.0 30.5 28.2 35.6 36.6 36.3 31.7 34.0
(4.3) (47 (3.6) (6.3) (5.2) (5.6)  (6.2) (5.4) (5.3) (5.4)
D+Qus 25.6 25.2 25.2 314 26.7 32.1 30.8 48.2 32.1 30.6
(43) (42) (56) (63) (49 (520 (52) (6.1) (52) (4.9
D+Qps 32.2 272 264 44.3 26.9 36.4 334 373 37.1 28.0
(5.3)  (4.5) (4.1) (7.7) (4.9 (5.8) (5.8) (5.5) (6.0) (4.3)
D+Q@ps 315 266 31.3 29.3 254 60.1 35.1 57.3 36.5 28.4
(4.7) (47) (6.2) (6.0) (4.8) (8.3) (59 (7.7) (55) (4.6)
X%1 X%Q X%3 X%4 X%5 X%G X%? X%s X%g X%O
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)
D+Qy 26.4 25.0 31.9 20.0 18.7 34.1 26.9 22.3 20.3 24.8
(5.0) (5.5) (5.3) (3.0) (3.7) (6.4) (4.8) (3.4) (3.7 (47
D+Qo1 264 250 314 20.0 18.1 35.2 207 225 19.6 40.6
(5.0) (5.5) (5.2) (3.1) (3.6) (6.5) (4.8) (3.4) (3.7) (6.8)
D+Qos 275 52.4 327 235 17.3 34.3 270 225 19.8 60.7
(5.1) (8.1) (52) (38) (36) (62) (47) (3.3) (38 (10.1)
D+Qu1  26.5 25.1 32.6 20.2 18.5 34.0 27.1 62.5 19.8 26.3
(5.0) (5.6) (52) (3.1) (37 (63) (48) (7.5) (3.6) (5.0)
D+Quys 53.6 63.2 314 19.4 100.4 33.4 256 76.6 79.9 26.0
(8.7) (7.7) (5.0) (3.0) (10.0) (6.0) (4.4) (9.3) (9.2) (4.8)
D+Q@ps 27.0 26,3 33.8 65.2 18.3 33.6 253 244 19.5 25.1
(4.8) (5.4) (5.3) (8.5) (3.8) (6.4) (45) (3.5) (3.6) (4.8
D+@Qps 26.8 289 354 19.2 63.7 96.0 263  27.2 75.2 71.5
(4.8) (5.6) (5.3) (3.0) (7.7) (10.4) (4.5) (3.9) (8.9) (6.8)

Boldfaced table entries indicate the misspecified items. df=21 for y?
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4.4.1 THE TYPE I ERROR RATE

In this section Type I error rates for the x?2,,, indices are investigated at .05 significance level.
Table 4.19 presents the proportion of x? ., indices greater than p = .05. The Type I error
investigation is based on the items that are simulated according to the true model and true
Q-matrix, that is the higher order DINA model and ). Thus, the values in the Table 4.19
is calculated as the percent of items flagged as misfitting out of 121 correctly specified items
across 7 conditions and 50 replications for each condition which fit the higher order DINA
model to the simulated data. 20, 19, 16, 19, 15, 18, and 14 are the number of items that
were correctly specified by Qo, Qo1, Qos, Qui, Qus, @ B2, and Q) gg matrices respectively. 50
replications for each resulted in an overall count of 6050. 1474 out of 6050 correctly specified
items were detected as not fitting. This resulted in empirical Type I error rate of 0.244 for
Xraw-

To further investigate the impact of having misspecified item or items in a test, Type I
error rate is investigated for all seven conditions separately. Type I error rate is high across
the seven conditions and ranged from .161 to .303. Thus, x?,,, did not produce an acceptable
Type I error rate by flagging too many correctly specified items as not fitting. The overall
proportion of correctly specified items classified as not fitting is 24.4%. Similar to the results
from x7, x2,, didn’t produce higher Type I error rates for the correctly specified items when
there were misspecified items in the simulated 20 item test. Type I error rate didn’t seem
to be impacted by the type of the Q—matrix or the percentage of the misspecified items. It
had its smallest value when 6% of the items were misspecified. Thus it can be claimed that
the percentage of misspecification didnot increase the Type I error rate of x2,,. Items 6, 7,
8, 13, and 16 are consistently flagged as not fitting more than half of the time across seven
conditions. 1, 3, 14, 15, and 19th items are consistently detected as fitting. Thus, there is
an inconsistency across the items in terms of producing the Type I error. Table C.1 presents

the proportions of correctly specified items that are rejected.
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Type I error rate will have impact on the power of the fit indices across the seven con-
ditions. Inflated Type I error rates result in overestimated power and deflated Type I error
rates result in underestimated power. The empirical Type I error rate should be close to .05
because the significance level is set .05. Bradley’s (1978) criterion suggests a range of .025 to
.075 for a nominal level of .05. Type I error rates presented in the Table 4.19 are all greater
than the maximum value of this range which is .075. All conditions yielded inflated Type I

error rates for x2,,.

Table 4.19
Proportion of x?,, Indices Greater Than p = .05

Type I Error Rates

.05
Higher order DINA + Qg 230
Higher order DINA + Qo 242
Higher order DINA + Qo5 303
Higher order DINA + Qu; 244
Higher order DINA + Qs 261
Higher order DINA + Qpo 257
Higher order DINA + Q) pg 161
Overall across 7 conditions 244

4.5 ITEM FIT EVALUATION WITH PPP-VALUES CALCULATED BASED ON X2,

In this section, results from the posterior predictive p values which were calculated utilizing
the x?2,,, as the discrepancy measure are presented. The distribution of PPP values which
are based on x?,, are summarized in terms of their means and ranges over 50 replications.
These are presented in the Table 4.20 for 20 items across seven conditions that utilized the
higher order DINA model. In the Table 4.20 misspecified items are boldfaced.

Average PPP values based on x?,, over 50 replications across seven conditions ranged
from .58 to .96 for the items that their attributes are specified correctly by the Q-matrix.

Minimum and maximum values of these PPP values are observed as .19 and 1. PPP values
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larger than .95 are extreme values to indicate misfit. Thus, some of the correctly specified
items are flagged as not fitting by these PPP-values. Average PPP-values based on x?,, are
larger than PPP-values based on x7. While the average PPP values based on 7 were closer
to the middle points of the [0,1] interval, average PPP-values based on x?2,,, are in the upper
half of the [0,1] interval. The x?,, calculated from the posterior distribution of variables in
the model was larger than the x?, calculated from the posterior predictive distribution of
replicated data for the majority of the MCMC iterations. Thus the discrepancy between the
observed and model predicted proportion of correct response is greater than the discrepancy
between the replicated and model predicted proportion of correct response more frequently.

Some items were identified as misfitting more often than the rest. Average PPP-values
for the 6th, 7th, 8th, 13th, and 16th items are greater than .90. PPP-values based on x2,,
didnot function consistently across items by producing higher values of average PPP-values
for these items. 14th and 19th items were not flagged as misfitting items which is consistent
with reality.

Average PPP-values for the items which are misspecified by the Q-matrix ranged from
.98 to 1. The minimum PPP-value based on x?,, was .86 and the maximum value was 1.
Thus, some misspecified items were not flagged as not fitting by the PPP-values calculated

based on the 2,
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Next, the distribution of posterior predictive p values calculated utilizing the x2,, as
the discrepancy measure are presented for the conditions that failed to include the higher
order relationship among the attributes. Their means and the ranges over 50 replications are
presented in the Table 4.21 for 20 items across the seven conditions that utilized one true
and six false Q—matrices. The boldfaced entries in the table are for the misspecified items.

Average PPP values over 50 replications for each condition ranged from .69 to 1 for the
items that their attributes are specified correctly by the Q—matrix. Minimum and maximum
values of these PPP values are .3 and 1. Similar to the results from first seven conditions that
fit higher order DINA model to the data, PPP values based on x?2,, discrepancy measure
flagged some of the correctly specified items as not fitting because the ranges of the average
PPP-values include .95 and higher values.

More items were identified as misfitting by the x?,,, with the independence DINA model
than the higher order DINA model. Average PPP-values for first 10 items, as well as 13th,
16th, and 17th items are greater than .90. It is desired to detect more items as misfitting
when the attribute relationship is not correctly modeled. However, keeping in mind that
these average PPP-values based on x?,, were high as well when the higher order DINA
model was utilized, leads to the conclusion that these high average PPP-values might not
be due to the false attribute relationship specifications.

Average PPP-values for the items which are misspecified by the Q-matrix ranged from
.99 to 1. The minimum PPP-value based on x?,, was .95 and the maximum value was 1.
Thus, all the misspecified items were detected as not fitting by the PPP-values calculated
based on the x2,,-

For either grouping based on raw scores or based on latent classes, the discrepancy
between the observed and model predicted proportion of correct responses were more fre-
quently greater than the discrepancy between the replicated and predicted proportion of
correct responses across all MCMC iterations because majority of the PPP-values were close

to the upper end of the [0,1] interval.
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4.5.1 THE TYPE I ERROR RATE

Type I error rates of the indices are investigated at .05 and .01 significance level for the PPP-
values based on x?,, discrepancy measures. Table 4.22 presents the proportion of PPP-values
based on x?2,, indices smaller than p = .05 or greater than p = .95 for the investigation at
.05 level and the proportion of PPP-values based on x?2,, indices smaller than p = .01 or
greater than p = .99 for the investigation at .01 level.

Type 1 error rates are calculated for each condition that utilized Qo, Qo1, Qos, Qui,
Qus, Qp2, and Qg matrices and fit the higher order DINA model seperately. In the Table
4.22 Type I error rates are calculated from 20, 19, 16, 19, 15, 18, and 14 number of items
for seven conditions. Furthermore, the overall empirical Type I error rate is calculated as
the percent of items flagged as problematic out of 121 correctly specified items across seven
conditions which fit the higher order DINA model to the simulated data. 50 replications for
each condition resulted in an overall count of 6050. 1216 out of 6050 correctly specified items
were detected as not fitting at .05 level. This resulted in empirical Type I error rate of .20
for PPP-values based on x?,,.

Similar to Type I error rate from previous fit indices of X%, x2,., and PPP based on x2,
having misspecified item or items in a test didn’t impact the Type I error rate calculated
from correctly specified items. Type I error rate is larger than .05 level across all the seven
conditions. PPP-values based on x?,, did not produce an acceptable Type I error rate by
flagging too many items as problematic. The proportion of items classified as not fitting
falsely is 20%. Similar to the results from x?2,,, statistic, items 6, 7, 8, 13, and 16 are con-
sistently flagged as not fitting almost half of the time across seven conditions. Only a few
correctly specified items are consistently detected as fitting. Thus, there is an inconsistency
across items in terms of contributing to the Type I error rate. Table C.2 presents the pro-
portions of items that are falsely detected as not fitting by the PPP values based on X2,

discrepancy measure.
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It is expected that these Type I error rates will have impact on the power of the fit indices.
Inflated Type I error rates result in overestimated power. Type I error rates presented in the
Table 4.22 are all greater than the maximum value of the suggested range which is .025 to
.075. Thus, these inflated Type I error rates are expected to result in overestimated power
for PPP-values based on x2.

Table 4.22
Proportion of PPP-Values Based on x2,, Smaller Than p = .05 or Greater Than p = .95

Type I Error Rates

.05 01
Higher order DINA + Qg .20 .05
Higher order DINA + Qo 21 .05
Higher order DINA + Qo5 .25 .07
Higher order DINA + Q1 .20 .05
Higher order DINA + Qs 21 .04
Higher order DINA + Qpo 21 21
Higher order DINA + Q) pg 12 12
Overall across 7 conditions .20 .08

Table entries are italized to indicate the misspecified items.

4.6 OVERALL FIT EVALUATION WITH PPP-VALUES BASED ON X3,

PPP-values are calculated utilizing the x7 statistic as the discrepancy measure across all of
the items to test the model fit. Extreme values are expected to indicate model misfit and
reject the model with values smaller than .05 or greater than .95. Table 4.23 presents the
averages and the ranges of these PPP-values across 14 conditions. Average values were high
across all the conditions that utilized one type of the misspecified Q—matrix and ranged from
.80 to 1.

PPP-values based on % did not reject the model when the true Q-matrix and the higher

order DINA model is fit to the simulated data. PPP-values based on % ranged from .29 to
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.81 for this condition over 50 replications and the average was .58. None of the PPP-values
based on x7 exceeded .95 or was smaller than .05.

The range of PPP-values based on x# didnot include the extreme values when only 1% of
the Q-matrix indices have been changed from 0 to 1 and the higher order DINA model was
fit to the simulated data. The average PPP-values based on x7 was .80 with the higher order
DINA and Q)p; matrix and it was .94 with independence DINA model and QQp;. Average
values were higher when the independence DINA model was utilized. However, it doesn’t
seem to reject the independence DINA model when the items are specified correctly with Qg
because the range of PPP-values are between .55 and .95 and the average is .82.

The rejection rates are going to be investigated next and will provide further information

about the properties of PPP-values calculated based on x? .

Table 4.23
Average PPP-Values Calculated Based on x3, for Overall Model Fit
Qo Qo1 Qos Qui Qus @p2  Eps
Higher order DINA conditions mean .58 .80 1 90 1 99 1
range [.29-81] [57-.93] [1-1] [.70-.98] [1-1] [96-1] [1,1]
Independence DINA conditions mean .82 94 1 98 1 1 1
range [.55-.95] [78-.99] [1-1] [91-1] [1-1] [1-1] [1,1]

4.6.1 THE TYPE I ERROR RATE

Type I error rate is calculated for the condition that fit the higher order DINA model and
the true Q—matrix to the simulated data based on 50 replications. This condition utilized
the generating model and the Q-matrix to fit to the simulated data. The model was not
rejected across all 50 replications and this resulted in Type I error rate of 0. Thus, Type I

error is not committed with the PPP-values calculated based on 7 in this study.
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4.6.2 POWER

Type II error is committed when the test statistic fails to reject the false model. Power is
the proportion of times that Type II error is not committed which is when the model is
successfully rejected when it was false. Power is calculated for the conditions that fit the
higher order DINA model and one type of the misspecified Q—matrix or the independence
DINA model to the simulated data. Proportions of the false models that are rejected by
the PPP-values based on x?7 are presented in the Table 4.24 across all false models. Only
the first condition fit the true model to the generating data and power is not calculated
for that condition. Model is rejected most of the time when more than 1% of the items
are misspecified. When only 1% of the items are overspecified by the Q-matrix, PPP-values
based on % did not reject the model and resulted in the power value of 0 over 50 replications.
10 out of 50 replications rejected the higher order DINA model when 1% of the items are
underspecified by the Q-matrix. Higher proportions of models are rejected by PPP-values
based on y? when the items are misspecified together with the attribute relationships. It
should be noted that PPP-values based on x# failed to reject independence DINA model
when the true Q-matrix is used 98% of the time. Similar to the PPP-values based on x3
discrepancy measure which are calculated for checking item fit, PPP-values based on x%
indices for checking overall fit rejected the model due to the item misspecification successfully

whereas it failed to reject the model due to the lack of higher order structure model.

4.7 OVERALL FIT EVALUATION WITH PPP-VALUES BASED ON X2

PPP-values are calculated utilizing the x?2,,, statistic as the discrepancy measure. Table 4.25
presents the averages and the ranges of the PPP-values across 14 conditions. Average values
were equal to 1 across all the conditions. Thus the PPP-values based on the x?2,, discrepancy
measure rejected the model for all the conditions over 50 replications for each condition. Type

I error rate and power is calculated for PPP-values based on x?,,, and presented next. From
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Table 4.24
Rejection Rates of the PPP-Values Based on X3 for Overall Model Fit

Q-Matrix Higher order DINA Independence DINA  Overall

Qo .02
Qo1 0 .38
Qos 1 1
Qu1 .20 .92
Qus 1 1
QB2 1 1
(s 1 1
overall .70 .76 73

the first evaluation of this statistic based on these descriptives, it can be claimed that it is

not a useful test to check the model fit.

Table 4.25
Average PPP-Values Calculated Based on x?2,, for Overall Model Fit

Q Qo1 Qos Qui Qus @p2 Qs

Higher order DINA conditions mean 1 1 1 1 1 1
range [1-1] [1-1] [1-1] [1-1] [1-1] [1-1]

Independence DINA conditions mean 1 1 1 1 1 1
range [1-1] [1-1] [1-1] [1-1] [1-1] [1-1]

4.7.1 THE TYPE I ERROR RATE

Type I error rate for PPP-value based on x?2,,, is calculated for the first condition that fit
both the generating model and the generating Q-matrix to the simulated data. Calculation

was over 50 replications. The model was rejected for all 50 replications when they were not
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supposed to be rejected and this resulted in Type I error rate of 1. Thus PPP-values is not
useful in detecting model misfit with the highest possible Type I error rate. It is highly likely
to reject a useful model with the PPP-values based on x?2,,. As noted earlier, PPP-values
based on x?2,,, calculated for items acted inconsistently. Thus it is not unexpected to observe

inconsistency from PPP-values calculated based on x?2,, for checking overall model fit.

4.7.2 POWER

Power is calculated as the proportion of times that Type II error is not committed by the
PPP-values based on x?2,,, which is when the model is successfully rejected when it was false.
Power is calculated for 13 conditions that fit the higher order DINA model and one type of
misspecified Q—matrix or the independence DINA model to the simulated data.

Table 4.26
Rejection Rates of the PPP-Values Based on x?,,, for Overall Model Fit

Q-matrix Higher order DINA Independence DINA  Overall

Qo
Qo1
Qos
Qu1
Qus
QB2
@ Bs

— = = = = =
— = = = =

overall 1 1 1

Proportions of the false models that are rejected by the PPP-values based on X2, are
presented in Table 4.26 across all false models. Power is not calculated for the first condition.
The model is rejected by the PPP-values based on x?, all the time for these 13 conditions
and produced the power value of 1. However, considering the Type I error rate of PPP-values
based on 2, it cannot be claimed that the PPP value based on x?,, is successfully rejecting

the false models. It simply rejected all the possible models including the true models.
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4.8 COMPARISON OF THE ITEM FIT INDICES STUDIED: X%, X24,., AND ASSOCIATED

PPP-VALUES

Item fit indices are compared in terms of the probability of committing Type I error and in
terms of their power. Overall Type I error rates for x7 and x?2,,, and for the PPP-values based
on these discrepancy measures are presented in the Table 4.27. Smallest Type I error rate
was obtained by the PPP-values calculated based on the x? discrepancy measures. Largest
Type I error was observed with x2,... Type I error rates was similar for x# and PPP-values
calculated based on y? which were .008 and .00 respectively. Type I error rates were high
both from x7 as a test statistic and PPP-values calculated based on x? as a discrepancy
measure which were .244 and .20 respectively.

Table 4.27
Comparison of Type I Error Rates for Item Fit Indices

x? PPP value

Based on Latent Classes .008 .00
Based on Raw Scores .244 .20

Power for x% and x?,, and for the PPP-values based on these discrepancy measures
are presented in Table 4.28. For all of the indices power was high and close to 1 calculated
over misspecified items. For correctly specified items power was unacceptably low due to
the inability to reject the model when the higher order structure was not specified by the
model across all indices and it ranged from .001 to .470. However PPP-values rejected cor-
rectly specified items when the model failed to include the higher order structure among the
attributes more frequently than the y? statistics. When all the misspecified items and all
the independence DINA model conditions were included in the calculations power was .164,
477, 137, and .538 for x%, PPP-values based on X%, x?2,,, and PPP-values based on x2,,

respectively.
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Table 4.28
Comparison of Power for Item Fit Indices

Based on Latent Classes Based on Raw Scores

2 PPP 2 PPP
Misspecified Items 1 999 .998 998
Independence DINA Model .033 395 .001 470
Overall 164 ATT 137 .538

4.9 (COMPARISON OF THE MODEL FiIT INDICES STUDIED: PPP-VALUES CALCULATED

BASED ON X7 AND X2,

Overall model fit indices are compared in terms of their empirical Type I error rates and in
terms of their power. Overall Type I error rates for PPP-values based on x7 and x2,, are
presented in Table 4.29. PPP-values calculated based on % did not reject any model that fit
the generating the higher order DINA model with generating Q-matrix over 50 replications.
On the other hand PPP-values calculated based on x?, rejected the higher order DINA
models with generating QQ—matrix over all 50 replications.

Table 4.29
Comparison of Type I Error Rate for Model Fit Indices

Based on Latent Classes Based on Raw Scores
Overall 0 1

Power for PPP-values based on x# and x?,,, are presented in Table 4.30. As noted earlier,
PPP-values based on x?2,,, rejected all the models and produced a high power value. It can not
be really attributed to the power since the statistic tended to reject even the true models.
70% of the models that included misspecified items are rejected by PPP-values based on
Xz Even though it seems like a low percentage, it should be noted that these calculations
included the models that changed only 1% of the items as false models. This might not be

realistic. Furthermore, item fit index of chi? or associated PPP-values were able to detect
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the problematic items all the time. It could be a better solution to discard the problematic

items.

Table 4.30
Comparison of Power for Model Fit Indices

Based on Latent Classes Based on Raw Scores
Misspecified Items .70 1
Independence DINA Model .76 1
Overall 73 1




CHAPTER 5

ILLUSTRATIVE ANALYSIS: TATSUOKA’S FRACTION SUBTRACTION DATA

This chapter presents an illustrative data analysis and model fit evaluation using a Bayesian
approach. Model fit is assessed through a posterior predictive model checking method which
utilized the y? discrepancy measures calculated based on latent classes and based on raw
score groups. Further, PPP—values based on these discrepancy measures are calculated. In
addition to the fit statistics, posterior predictive model checking utilized several graphics
to investigate the model fit in this study. Example data set is analyzed with the DINA
model. First, the independence DINA model is fit to the data which assumed no relationship
among the attributes. Second, the fraction subtraction data is analyzed with the higher
order DINA model which assumed a two parameter logistic model for the relationship among
the attributes. Sample data is Tatsuoka’s fraction subtraction data (Tatsuoka, 1990). Tasks
measured by this test are, as its name reveals, fraction subtraction problems. The DINA
model has been used to analyze the fraction subtraction data in many articles (e.g., de la
Torre, 2009; de la Torre & Douglas, 2004, 2008; Henson, Templin, & Willse, 2009). The
data which is analyzed in this study are for 536 middle school children. It is available at the

Journal of the Royal Statistical Society’s website:
http://www.blackwellpublishing.com /rss/Volumes/Cv51p3.htm

20 items from the fraction subtraction data are presented in Table 5.1. Table 5.1 also
presents, for each item, the attributes that are required to produce a correct response to that
item. For example, the combination of the skills 4, 6, and 7 are required to produce a correct

response to the first item. Thus, a student could give a correct response to the first item only

71
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Table 5.1
Fraction Subtraction Data, 20 Items, 8 Hypothesized Skills

Item Number  Item Skills  Ttem Number Item Skills
R T T T
2 1_% Qy, Q7 12 1%_% a7, s
3 o1 u, 13 3% — 2% Qig, O, i, QU7
4 35 =25 as,a3,a507 14 35 =35 az, 07
5 4% —3% Qig, Qig, (7, Qg 15 2- % a7
6 b4 o7 16 42 - 12 a2, 07
7 3-2L  apanar 17 33 02, 05, 07
8 573 o 18 i =255 25,0507
9 31 -2 s 19 4-12  ay, a3, 05,07
0 T oh aponenas 20 415 aeemen o

if he/she knows how to find a common denominator, column borrow to subtract the second
numerator from the first, and subtract numerators. For this fraction subtraction data, de la
Torre and Douglas (2004) defined the eight attributes required to produce a correct response
as:

1) Convert a whole number to a fraction,

2) Separate a whole number from a fraction,

3) Simplify before subtracting,

(1)

(2)

(3)

(4) Find a common denominator,
(5) Borrow from whole number part,

(6) Column borrow to subtract the second numerator from the first,

(7) Subtract numerators, and

(8) Reduce answers to simplest form. (de la Torre, 2004)

The Q-matrix presents the items and required attributes to produce a correct response

for an item. The Q-matrix which is defined in de la Torre and Douglas (2004) for the fraction

subtraction data is presented in Table 5.2 and this Q-matrix is adopted in this study.
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Table 5.2
Transposed @ Matriz for Fraction Subtraction Data
Item
Attribute 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 o oo0o0o1o0bo0obo0o0 o0 o0 o 1 0 1 0o 0 0 1 o0
2 oo0oo011ro01ro0111 1 o0 1 1 o0 1 1 1 1 1
3 oo0o01111r101 1T 1 1 1 1 1 0 0 1 1
4 1 110101011 1 o0 1 1 0 1 0 0 0 O
5 oo0oo0o1o0oo01roo0o 1 1 o o0 o0 1 o0 1 1 1 1
6 1 1100O0OO0OO0OT1T 1T O 1 0 O O 0 1 0 0
7 1 11 100OOOT11 1 0 1 0 0 0 1 1 1 1
8 o o0oo0oo0o0oo0o00O0O1T 1 0 1 0 O O0O 0 0 0o

5.1 ESTIMATION OF THE DINA MODEL

Fraction subtraction test is analyzed with the independence DINA and the higher order
DINA models. The DINA model is a conjunctive model, that is an examinee needs to have
mastered all the skills required to produce a correct response for an item. Two versions of
the DINA model were used to analyze the data: one hypothesizing a two parameter logistic
model among the attributes, the higher—order DINA model, and the other suggesting no
relationship among the attributes, the independence DINA model. General latent ability
could be modeled either as unidimensional or multidimensional when modeling with the
higher order DINA model. For the fraction-subtraction data it is reasonable to assume a
unidimensional general latent ability as the test is comprised of items requiring very specific
pieces of information but from a somewhat narrow domain.

Both the independence DINA and the higher order DINA models are analyzed with
Markov chain Monte Carlo (MCMC) algorithm employing Gibbs sampling in this study.
WINBUGS software (Spiegelhalter, Thomas, Best, & Lunn, 2003 ) is used to estimate the
model with MCMC algorithm in which values representing parameters of the model are

repeatedly sampled from their full conditional posterior distributions over a large number
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of iterations. This study adopted the algorithm used in Li (2008) with WINBUGS software.

Model parameters were sampled from their full posterior distributions conditional upon the

already sampled ability and examinee attribute mastery parameters for the DINA model.
The following priors were used to estimate the parameters of the higher-order DINA

model:

a;jx|0; ~ Bernoulli (7)), mjx = a(6;) — (Br),
8, ~ N(0, 1),
a~ N(0,1)a>0,
By ~ N(0, 1),
g ~ Beta(U,, S,),
s ~ Beta(Us, Ss),
U, ~ Uniform(.1,.9),
Sy ~ Uniform(0.5,10),
Us ~ Uniform(.1,.9),
Ss ~ Uniform(0.5,10).

Most of these priors are employed for the independence DINA model except for the ayy.
For the independence DINA model, a;;|6; ~ Bernoulli (7)) and pij; ~ Uniform (0,1). In
addition to that, the independence DINA model did not estimate a or 8 parameters either.

The beta distribution as a prior for the g and s parameters produces values between 0
and 1 for g and s. The prior distributions and their parameter values are chosen to generate
reasonable values for the item parameters. Li (2008) noted that when the value of U, (or Uy)
was larger than the value of S; (or S;), the priors for g and s were more likely to be drawn
from .5 to 1 interval, otherwise, the priors for g and s are likely to be drawn from 0 to .5
interval. In light of this information, uniform distribution (.1, .9) for U, (or Us) and uniform
distribution (0.5, 10) for S, (or Ss) as the hyperprior distribution are selected to ensure that
g and s are going to be drawn from 0 to .5 interval as these values are reasonable for both

guessing and slipping parameters.
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5.2 CONVERGENCE

First, the convergence is evaluated to check if a representative sample of the target dis-
tribution is obtained. The first iterations that do not represent the target distribution are
discarded to diminish the effect of early iterations. This process is called as burn-in. First,
convergence is investigated by visually inspecting the trace plots. Irregularities or different
patterns indicate problems with the convergence. Then, Geweke’s (1992) method is used
to evaluate if there is evidence against the convergence. It is calculated based on the anal-
ysis of individual chain and implemented in the software BOA (Smith, 2005). None of the
parameters p-values for Z statistic was smaller than .05 which concludes that there is not
evidence against convergence. Heidelberger and Welch (1983) convergence diagnostic method
is implemented again in the software BOA (Smith, 2005). It recommended to discard 1000
iterations only for one guessing parameter with the independence DINA model which was
for the eighth item. Thus 1000 iterations were discarded and the rest of the iterations are

kept for the analysis.

5.3 REsuLTS

First, the fraction subtraction data is analyzed with the independence DINA model. The
estimated posterior means and the posterior standard deviations (PSD) for the independence
DINA model are presented in Table 5.3. Guessing parameters ranged from .01 to .48. eight
out of 20 items had guessing parameter larger than .20. Slip parameters ranged from .02 to
.31. Only two of the slip parameters were larger than .20. Large values of the slip and guessing
parameters are indication of incorrectly specified Q—matrix or problem with the hypothesized
model. Slip and guessing parameter estimates are similar to the results reported in Tatsuoka
(2002) and de la Torre and Douglas (2004).

The model and the item fit are evaluated and x? values based on raw score and based

on latent class groups are calculated. Table 5.3 presents the item fit statistics and corre-
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Table 5.3
Parameter Estimation Using the Independence DINA Model
Item Number ¢ PSD(g) s PSD(8) X%, PPPuw X3 PPPy.
1 .09 .02 .10 .02 20.8 .85 27.4 .64
2 .09 .02 .02 01 17.8 .87 21.3 .54
3 .02 01 .08 .02 16.3 73 19.9 43
4 28 .03 .10 .02 50.5 1.0 54.2 97
5 37 .03 .09 .02 43.1 1.0 37.6 79
6 .30 .05 .03 01 59.7 1.0 20.4 .58
7 .05 .02 12 .03 25.8 .95 39.5 .76
8 A1 .04 13 .02 65.7 1.0 48.3 98
9 .29 .06 24 .03 82.9 1.0 68.4 1.0
10 .06 .02 .02 .02 22.1 .92 21.2 .35
11 .07 .02 .07 .02 214 .80 33.7 .68
12 A48 .03 .03 .01 90.6 1.0 42.1 .96
13 .01 01 31 .03 28.2 .87 28.5 43
14 .29 .04 .03 01 66.5 1.0 24.6 .50
15 .08 .02 .09 .02 31.6 .98 61.1 99
16 .28 .04 .07 01 58.1 1.0 28.9 .63
17 .05 .01 13 .02 41.0 1.0 42.5 .84
18 14 .02 A2 .02 45.5 1.0 37.4 79
19 .04 01 12 .03 28.0 93 33.5 .55
20 .04 .01 .07 .02 13.5 .52 44.4 7

sponding posterior predictive p values for the analysis of fraction subtraction data with the

independence DINA model. For the item fit evaluation purposes, x?2,, which is the discrep-

ancy measure calculated based on the total raw score of examinees are also calculated and

reported in Table 5.3. Degrees of freedom for x?,, equals to 19 when number of items is 20

for the independence DINA model. Table value of x? with degrees of freedom of 19 and .05

tail area probability is 30.1. Items 4, 5, 6, 8, 9, 12, 14, 15, 16, 17, and 18 indicate misfit with

large x? values based on raw score groups. PPP-values based on x?,, are also presented

in Table 5.3. Extreme PPP-values, larger than .95 and smaller than .05, indicate misfit.

PPP-values calculated based on the discrepancy measure of x?2,, have extreme values for

the same items that have significant x?,, values, which were larger than 30.1.
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Table 5.4
Parameter Estimation Using the higher—order DINA Model
Item Number g PSD(g) s PSD(5) X% PPPuw Xx&, PPPy.
1 .04 .02 A1 .02 15.9 .66 22.3 .58
2 .04 .02 .04 .01 10.7 .60 37.7 78
3 .01 .01 12 .02 24.7 .86 21.7 .64
4 23 .03 11 .02 42.2 1.0 44.6 97
5 28 .03 A7 .02 48.8 1.0 33.9 .88
6 .05 .04 .04 .01 20.5 72 20.1 73
7 .03 .01 19 .03 33.1 .98 68.4 93
8 A1 .05 18 .02 105.4 1.0 72.1 1.0
9 12 .05 .25 .02 82.3 1.0 76.0 1.0
10 .03 .01 21 .03 30.0 .95 50.0 .88
11 .07 .02 .08 .02 21.1 .79 31.4 72
12 13 .04 .05 .01 20.4 .87 15.0 .54
13 .01 01 .32 .03 32.3 91 30.2 .62
14 .07 .03 .06 .01 18.9 .69 234 .65
15 .04 .02 A1 .02 19.0 .83 30.8 .69
16 A1 .03 A1 .02 30.5 .95 31.6 .85
17 .04 .01 14 .02 47.3 1.0 44.3 .87
18 A2 .02 14 .02 40.2 1.0 49.1 .98
19 .02 .01 22 .03 36.2 97 44.4 .80
20 .02 .01 15 .03 30.8 .95 33.9 .62

x? values based on latent classes are calculated by combining the latent class groups

because of the small number of examinees in each latent class. Final latent class groups are

created by combining eight classes into one and resulted in 32 latent classes instead of the

original 256 latent classes. Latent classes are combined based on the first five attributes.

Latent classes which have the same attribute combinations for the first five attributes are

combined. x7 is calculated based on 32 latent class groups and presented in Table 5.3 for the

analysis of the fraction subtraction data with the independence DINA model. Table value of

X2 with degrees of freedom of 30 and .05 tail area probability is 43.77. Ttems 4, 8, 9, 15, and

20 has % values larger than 43.77. PPP-values corresponding to x7 discrepancy measure

produced larger values than .95 for the items 4, 8, 9, 12, and 15. x% and corresponding PPP-
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values both flagged the items 4, 8, 9, and 15. Ttem 20 is flagged by x% but not by PPP-value.
Item 12 is flagged by PPP-value but not by x7 in spite of the fact that it had considerably
large x7 value.

Next, the higher order DINA model is fit to the fraction subtraction data. The estimated
posterior means and the posterior standard deviations for the fraction subtraction data with
the higher order DINA model are presented in Table 5.4. Guessing parameters ranged from
.01 to .41. Three out of 20 items had guessing parameter larger than .20. Slip parameters
ranged from .04 to .32. Four items had slipping parameters larger than .20.

Table 5.4 presents the item fit statistics and corresponding posterior predictive p values
for the analysis of fraction subtraction data with the higher order DINA model. x?,, dis-
crepancy measure calculated based on the total raw scores of examinees are calculated and
reported in Table 5.4 for each item in the fraction subtraction data and used for item fit
evaluation. Degrees of freedom for x?2, equals to 17 when number of items is 20 for the
higher order DINA model. Table value of x? with degrees of freedom of 17 and .05 tail area
probability is 27.59. 12 items indicated misfit with large 2 values based on raw score groups.
PPP-values based on x?,, are also presented in Table 5.4. Nine items produced extreme
PPP—values, which were larger than .95, and indicated item misfit. PPP—values calculated
based on the discrepancy measure of x2,, flagged nine of the 12 items that were flagged by
X2 Values.

X% is calculated based on 32 latent class groups and presented in Table 5.4 for the
analysis of the fraction subtraction data with the higher order DINA model. Table value of
x? with degrees of freedom of 28 and .05 tail area probability is 41.34. Items 4, 7, 8, 9, 10, 17,
18, and 19 has significant x? values and the model is rejected for these items. PPP-values
corresponding to x7 discrepancy measure produced larger values than .95 for the items 4,
8,9, and 18. x# and corresponding PPP-values both flagged the items 4, 8, 9, and 18. Four

more items are flagged by x7 that were not flagged by PPP-value.
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Based on the simulation results, conclusions based on x?2,, values are not considered
meaningful. They are calculated to investigate how they acted with the real data. Items 4,
8 and 9 consistently produced large and significant y? values based on latent classes with
both the independence DINA and the higher-order DINA models. There are several ways
to solve each of these items. Each of these ways produces a correct response with different
combinations of specified skills. It might even be possible to solve items 8 and 9 without
having any of these specified 8 attributes. Item 8 is % — % Required attribute for item 8 is
specified as "subtract numerators”. Students might have responded this item correctly even
when they did not know how to subtract numerators. A student can as well take the fraction
2/3 as a whole mathematical object. Then, resorting this object into its numerator was
assumed to be the critical attribute, the a7, that should become manifest in solving the Item
8. Student can take this fractional object as is without breaking into its parts, and observe
that the subtraction of two identical fractions would yield to zero as well. Item 9 is 3% — 2.
For the item 9, it is specified that the item requires to know how to separate a whole number
from a fraction. A student might simply subtract whole numbers without knowing how to
separate a whole number from a fraction. Item 4 is 3% — 2%. Item 4 might be solved first by
converting the whole number to a fraction and subtracting numerators. These are attributes
1 and 7 which are different from current attribute specifications of 2,3,5, and 7 for this item.
These approaches to problematic items in this study are only a few possible approaches
that students might have taken. Observations from the item fit evaluations should be a part
of the analysis of the diagnostic classification models and guide to the further directions
such as improving the item specifications within the Q-matrix. However, this improvement
should be done with the help of the content specialists. When the students are from diverse
educational settings, it is also possible to observe a variety of problem solving strategies. For
a small sample of students that come from a similar educational setting, it is likely that the

students’ approaches to solve these items are similar. Cases where more than one Q-matrices
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are available should be analyzed accordingly as there are models to accommodate that kind
of structure.

For the overall model fit evaluation PPP value based on y? is considered. This PPP value
rejected both the independence and the higher order DINA models. As observed from the
simulation studies, when 5% of the Q-matrix indices were incorrectly specified x7 rejects the
model majority of the time. It did not reject the model when only 1% of the Q-matrix indices
are incorrectly specified. For the fraction subtraction data, at least four items indicated misfit.

Modification to the Q-matrix for these four items could improve the model fit.

5.4 GRAPHICAL SUMMARIES FOR MODEL AND ITEM FIT EVALUATION

First, Bayesian residual plot is obtained. Figure 5.1 shows the posterior mean of the expected
number correct score versus the posterior mean of residuals. The residuals are mostly dis-
tributed below the zero-line towards the right of the plot where high scores are located.
This is an indication that the model overpredicts the scores of individuals who have high
proficiency.

Figure 5.2 is the direct data display of the fraction subtraction data with the indepen-
dence DINA model. Prior to producing the graph, examinees are sorted by their total raw
score from high to low and the items are sorted by their difficulty to get a clear picture of
the data. The first image on the left is the image of the fraction subtraction data. The ten
images represent ten replicated data sets from the analysis of the fraction subtraction data
with the independence DINA model. Real data image is compared to the replicated data
image to check if the model reproduce the data well.

From the analysis of direct data display graphs, the independence DINA model explains
the data pretty good except for the students with lowest scores. The model prediction for
these low achieving students to respond correctly to some questions were higher than what

was observed in the real data.
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Figure 5.1: Number correct score residual versus predicted number correct for higher-order

DINA

Figure 5.3 is the direct data display of the fraction subtraction data with the higher order
DINA model. Again, the first image on the left is for the real data. Ten images on the right are
randomly selected ten replicated data sets from the analysis of the fraction subtraction data
with the higher order DINA model. Images of the replicated data sets are similar to the real
data for most part. The student response data at the end of the image is somewhat different
for the real data and the replicated data sets. The higher order DINA model estimated more
correct responses from the low achieving students than what is observed in the real data.
From the real data display graphs it can be concluded that for both the independence and
higher order DINA models recovered the data for most of the sample except for the students
with low scores. From the two models, the higher order DINA model recovered the data a
little better for the students with low scores as the replicated data images show a little less

dense expected correct responses for the low achieving students.
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Figure 5.2: Fraction subtraction data and ten replicated data sets with the independence

DINA model
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Figure 5.3: Fraction subtraction data and ten replicated data sets with the higher order

DINA model
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Item fit plots based on the analysis of fraction subtraction data with the independence
DINA model are given in Figure 5.4. Fit plots in Figure 5.4 shows the proportion of
correct response of the raw score groups for each item on the test. Horizontal axis of these
fit plots represents the raw score groups. The replicated proportion of correct responses are
compared to observed proportion of correct responses. Box plots represent the distribution of
proportion of correct responses calculated from the replicated data for the raw score groups
for each item. The whiskers of the box plot stretch from the 2.5 to 97.5 percentiles of the
posterior distribution of the proportion of correct response of the raw score groups based
on the replicated data. The line in the middle of the box plot represents the median of the
posterior distribution of the replicated proportion of correct response. The line running over
the box plots combines the observed proportion of correct responses of the raw score groups
to facilitate the comparison of replicated and observed proportion of correct response values.
Too many large discrepancies between the observed and replicated proportion of correct
response values indicate problems with the item. When too many item fit plots indicate
problems with fit, the model is suspect for the given data.

The largest discrepancies were observed for the items 3, 4, 5, and 9. For items 1, and 2,
discrepancies between the observed and the replicated proportion of correct responses could
be seen for the raw score groups that are in the middle of the raw score range. Item 8, 12, and
14 showed large discrepancies for the raw score groups with low scores. For the other items,
fit plots did not present too many large discrepancies between the observed proportions and

the posterior distribution of replicated proportion of correct response values.
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Figure 5.4: Item fit plots when the independence DINA model is fit to the fraction
subtraction data.
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Figure 5.5: Item fit plots when the independence DINA model is fit to the fraction
subtraction data.



CHAPTER 6

DiscussioN

This study presented the posterior predictive model checking method for the DINA model.
Several indices for checking item fit and overall model fit were presented in this context. Two
potential problems for modeling with DINA are Q-matrix misspecification and ignoring
the higher order structure among the attributes. These problems created the context to
investigate item fit and model fit for the fit indices for this study. Fit indices were x%, X2,
PPP-values based on X%, and PPP-values based on x?2,,, for item fit evaluation. PPP-values
based on % and PPP-values based on x?2,,, discrepancy measures were calculated for overall
model fit evaluation.

PPMC is a Bayesian tool. It is available when the Bayesian methods are utilized for sta-
tistical data analysis. In this study, Bayesian approach is undertaken. An MCMC algorithm
employing Gibbs sampling was used to estimate the DINA model. A simulation study was
done to examine Type I error rates, and power under possible modeling conditions. First,
model recovery was evaluated to determine the correspondence between generating and esti-
mated parameters resulting from the procedure undertaken. Q-matrix misspecification and
attribute relationships were manipulated in the simulation study. Six types of Q-matrix
misspecifications were created by underspecifying 1% and 5% of the indices, overspecifying
1% and 5% of the indices, and balanced misspecification of 2% and 6% of the indices. Two
types of attribute relationships were created by modeling higher order structure with 2PL
and failing to model the higher order structure. Finally, Tatsuoka’s fraction subtraction data

were used to illustrate the implementation of the PPMC method.
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6.1 SUMMARY OF THE SIMULATION STUDY

Recovery of the attribute and item parameters were investigated for the true Q-matrix and
the misspecified Q—matrices. Attribute parameters from both true and false Q-matrices were
close to generating parameters and each other. The true Q—matrix produced slightly better
recovery than the misspecified Q—matrices. However, standard deviations of the estimates
with the true Q-matrix were smaller for attribute difficulty and discrimination parameters.
The true Q-matrix and the true model produced the smallest RMSE for attribute discrim-
ination and difficulty parameters. The 5% underspecified Q-matrix with the higher order
DINA model produced the largest RMSE for both of the attribute parameters for most of
the attributes.

Recovery of item parameters which are guessing and slipping were investigated. Esti-
mated item parameters were close to the generating values. The difference of average esti-
mated parameter values from the generating values did not vary much across 14 conditions.
However the true Q-matrix and the true model combination produced the smaller standard
deviation than the rest. RMSEs for guessing parameters highlighted the overspecified items
with higher values. Similarly, RMSEs produced larger values for underspecified items. The
guessing parameter for an item was estimated with larger bias when the Q-matrix index
or indices for that item were changed from 0 to 1. On the other hand, when indices were
changed from 1 to 0, slipping parameters were estimated with larger bias. Item parameter
estimates were not estimated with larger bias with the independence DINA model than the
higher order DINA model. Thus, the attribute relationships did not seem to impact the item
parameters.

X;. was calculated for each item based on latent classes. The average values were all
smaller than the reference value of x3¢ for the higher order DINA model and smaller than the
reference value of x3, for the independence DINA model for all the correctly specified items.
Average Y% values were all higher than the reference values for the items whose attribute

specifications were manipulated by a false Q—matrix. Changing the item specification in
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the Q-matrix did not alter the overall dynamics and stayed local to the items misspecified.
However, this observation was made by changing up to 6% of the indices. It would be useful
to investigate whether increasing the percentage of misspecification by the Q-matrix and
affected changes in the item parameters.

Type I error rate for x7 was calculated based on all the correctly specified items and the
higher order DINA model. It was smaller than the suggested range for Type I error rate.
Power for y% was calculated over items that were misspecified. x7 rejected all the misspecified
items as desired for both the higher order and the independence DINA models.

PPP-values based on x# were calculated for each item. Their average values were not at
the extreme values of the [0, 1] interval for correctly specified items when higher order DINA
model was fit to the data. Thus PPP-values based on x% did not flag correctly specified items.
Similarly, PPP-values based on x7 did not flag any one of the correctly specified items as
problematic, when the independence DINA model was fit to the data. Average PPP-values
based on x7 indicated misfit for all of the items whose attributes were misspecified.

Type I error rate for x# was calculated based on all the correctly specified items and
higher order DINA model. It was smaller than the suggested range for Type I error rate.
Power for y? was calculated over items that were misspecified. x7 rejected all the misspecified
items as desired for both higher order and independence DINA models.

X2, Was calculated for each item based on raw score groups. Average values of x2,,s were
not always smaller than the reference value of x}, for higher order DINA model. Similarly,
average x2,,, values were not always smaller than the reference value of x%, for the indepen-
dence DINA model for all the correctly specified items. Thus, some of the correctly specified
items are flagged as problematic by the x?2,,, values. Average x2,, values are larger than the
reference value for all the misspecified items. Changing some of the item specifications by the
Q-matrix did not impact all the items and stayed local to the items misspecified. However,

this observation was made by changing up to 6% of the indices.
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Type I error rate for x?,, was calculated based on all the correctly specified items and
higher order DINA model. It was larger than the suggested range for Type I error rate. Power
for x2,,, was calculated over items that were misspecified. x2,,, rejected the misspecified items
majority of the time for both higher order and independence DINA model and produced
almost perfect power value of .999.

PPP-values were calculated based on x?2,,, discrepancy measure for each item. Some of the
correctly specified items were flagged as not fitting by these PPP-values. Average PPP-values
based on x?2,, were in the upper half of the [0,1] interval. Some of the correctly specified
items were flagged as problematic by the PPP-values calculated based on x?2,, values. Some
items were identified as problematic more often than the others. Some misspecified items
were not flagged as not fitting by the PPP-values calculated based on the x?,, with the
higher-order DINA model. On the other hand, all of the misspecified items were flagged as
not fitting by the PPP-values calculated based on the x?2,, with the independence DINA
model. More items were identified as misfitting by the PPP-values based on x?,, with the
independence DINA model than the higher order DINA model.

Type I error rate for PPP-values based on x?,,, was calculated over the correctly specified
items with higher order DINA model. It was larger than the suggested range for Type I error
rate. Power for PPP-values based on x?,, was calculated over items that were misspecified.
PPP-values based on x?2,, rejected the misspecified items a majority of the time for both
higher order and independence DINA model and produced almost perfect power value of
.99.

Overall fit was evaluated with PPP-values calculated based on x7 and x?2,,. PPP-values
based on y% did not reject the model when true Q-matrix and higher order DINA model
was fit to the simulated data. Type I error rate was not committed when the overall fit was
evaluated with the PPP-values calculated based on % in this study. Model was rejected
most of the time, however, by the PPP-values calculated based on x#, when more than 1%

of the items are misspecified. When only 1% of the items are overspecified by the Q-matrix,
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PPP-values based on x2 did not reject the model. When 1% of the items were underspecified
by the Q-matrix, PPP-values based on x# rejected the model only 20% of the time.
PPP-values based on x?2,, rejected the model when true Q-matrix and higher order
DINA model is fit to the simulated data. Thus Type I error rate was equal to 1 which is
unacceptable. Model is rejected all the time by the PPP-values calculated based on 2.,
for all the misspecification and higher-order structure conditions. As PPP-values based on
X2 Tejected all the models, Type II error is not committed by these. However, with the

unacceptable Type I error rates, power does not hold any meaning.

6.2 LIMITATIONS AND SUGGESTIONS

Type I error rate and power for x? calculated based on latent classes showed a clear pattern
from the simulation study results, with almost zero Type I error and almost perfect power.
Even though assuming a x? distribution for this discrepancy measure produced low Type I
error rate and almost perfect power, its distribution was not evaluated in this study. Neither
was the distribution of x? based on latent classes evaluated in previous studies. Investigation
of the distribution of x? would be useful.

x? calculated based on raw score groups did not produce acceptable Type I error rate
and power. It is also the case that raw score is not sufficient for estimating an examinee’s
mastery status on attributes or his\her general latent ability with the independence or the
higher order DINA model. The observed and expected proportions of correct responses were
calculated using the sum of the expected correct responses for each examinee in each raw
score group. The sums of expected correct responses were not the same for the examinees
who had the same raw score. The probability of correct response given the total raw score
could be calculated and used for the calculation of y?. Calculating x? based on raw scores
using the conditional probability of correct response given the total raw score could improve

the Type I error rate and power of this statistic.
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PPP-values based on x or x?2,, do not require distributional assumptions. PPP-values
based on x?,, did not produce acceptable Type I error rate or power. This was consistent
with the use of x?,,, statistic. Calculating x?,,, by using the conditional probability of correct
response given the total raw score and using this x?2,, to calculate the PPP-value could
improve the PPP-values calculated based on x?2,,,.

PPP-values need to reflect some features of the data not directly addressed by the proba-
bility. Other discrepancy measures might be used to calculate PPP-values instead of the x2s
evaluated in this study. Association among the items were used to calculate PPP-values in
previous studies. These were not investigated further here. They need to be investigated in
terms of their Type I error rate and power values. One of these measures for the item associ-
ations was the odds ratios. Another possible measure is the point biserial correlations. Both
of these reflect the associations among the items; the discrepancy would measure whether
the model recovers this association.

One limitation of this study is the small number of the replications for each condition for
the simulation study. Due to the long calculation time with the available software, simulation
study used 50 replications for each condition. This number could be improved in the future
to provide better evaluation of the statistics presented in this study. Another limitation is
the small number of attributes. This number of attributes could be increased in the future
as well with the availability of a faster software.

The current study fixed some properties of the data such as the sample size, item number
within a test, and number of attributes measured by the test. To better understand how the
model and item fit indices presented in this study perform, varying sample size, number
of items, and number of attributes would be useful to study. Another aspect of the design
was the use of only one ()—matrix which was moderate in terms of its density. It would be
interesting to vary the density of ()-matrix for the model fit evaluation as it has conse-
quences for the bias of the estimated model parameters due to Q-matrix misspecification. It

is also possible to have different models for the relationship among the attributes with DINA
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model. This study investigated only independence model which assumed the attributes are
independently distributed and the two parameter logistic model for the relationship among

the attributes.
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APPENDIX A

WINBUGS CODE FOR THE ANALYSIS OF TATSUOKA’S FRACTION SUBTRACTION DATA

WITH HIGHER-ORDER DINA MODEL

x? is calculated based on latent classes.
model {
for (j in 1:NE){
for (k in 1:NS){
logit(pifj,k])< - a[k]*thetalj]-betalk]
alpha[j,k] ~ dbern(pilj,k])
}
theta[j] ~ dnorm(0,1) }
for (j in 1:NE) {
for (1in 1:NI) {
for (k in 1:NS) {
x[i,j,k] <-pow(alphalj,k].q[i.k]) }
etali,j]<-x[i,j,1]*x[1,},2]*x[i,j,3]*x[1,},4]*x[i,j,p] *x[i,],6]*x[i,j, 7] *x[i,],8]
p[i,j]<-pow(1-si]eta[i,j]) *pow(g[i], 1-eta[i,j])
r[j,i] ~ dbern(p[i,j]);

r.replj,i] ~ dbern(p[i,j]);

}
for(k in 1:NS){

a[k] ~ dnorm(0,1)I(0,)
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betalk] ~ dnorm(0,1) }
for(i in 1:NI){
g[i] ~ dbeta(Ug,Sg)
s[i] ~ dbeta(Us,Ss)
}
Ug ~ dunif(.1,.9)
Sg ~ dunif(.5,10)
Us ~ dunif(.1,.9)
Ss ~ dunif(.5,10)
for (j in 1:NE){
right[j]<-sum(p[,j]+1)
rawtot[j]<-sum(r[j,]+1)
rawtot.repl[j]<-sum(r.rep[j,]+1)
resid|[j|<-rawtot.repl[j]-right[j] }
for (i in 1:NE){
eqcli] <- (128*alphali,1])+(64*alphali,2])+...+8*alphali,5]) /8+1
}
for (j in 1:NI){
for (k in 1:32){
for (i in 1:NE){
resplt[k,j,i]<-(equals(eqcl[i],k))*r[i,j]
resplt.replk,j,i]<-(equals(eqcli],k))*r.repl[i,j]
expresplt [k,j,i]<-(equals(eqc[i] k) )*p[j,i]
}
sumcorrectlt[k,j] <-sum(resplt[k,j,])
sumcorrectlt.rep[k,j] <-sum(resplt.rep[k,j,])

sumrightlt[k,j]<-sum(expresplt[k,j,])
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}
for (k in 1:32){
for (i in 1:NE){
Nlt[k,i] <-(equals(eqcli] k))
}
SumNIt[k] <-sum(Nlt[k,))
}
for (k in 1:32){
for (i in 1:NE){
obsprocor(k,j]< (1-equals(SumNlt[k],0))*sumcorrectlt [k j] /(SumNIt[k]+equals(SumNIt[k],0))
obsprocor.replk,j] <-(1-equals(SumNIlt[k] 0))* (sumcorrectlt.rep[k,j] / (SumNIt [k] +-equals(SumNlt k] 0)))
expprocor.replk,j]<-(1-equals(SumNlt[k],0))* (sumrightlt[k.j] /(SumNIt k] +equals(SumNlt[k],0)))

}
}
for (j in 1:NI){
for (k in 1:32){
chisqtop|k,j]<-SumNIt[k]*(pow(obsprocor k,j]-expprocor[k,j],2))
chisgbotlk,j]<-(expprocor|k,j|*(1-expprocor[k,j]))
chisqtop.rep[k,j] <-SumNIt[k]*(pow(obsprocor.rep[k,j]-expprocork,j],2))
chisgbot.replk,j]<-(expprocor[k,j]*(1-expprocor[k,j]))
chisq[k,j]<-(1-equals(chisqgbot k,j],0))*(chisqtop[k,j] / (chisgbot[k,j]+equals(chisqbot[k,j],0)))
chisq.rep[k,j]<-(1-equals(chisgbot.rep[k,j],0))*(chisqtop.rep[k.,j] /(chisgbot.rep [k,j]+
equals(chisgbot.rep[k,j],0)))
}
chi2[j]<-sum(chisq],j])

chi2.replj]<-sum(chisq.rep[,j])



itemfitp[j]<-step(chi2[j]-chi2.replj])
} }
list(NE=536, NI=20, NS=6,
q=structure(.Data=c(
1,1,1,0,0,0,
1,1,1,0,0,0,

0,1,1,1,0,1),.Dim=c(20,6)),

r = structure(.Data = ¢(0,0,0,
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CONVERGENCE DIAGNOSTICS
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Figure B.2: The line plots for Gelman and Rubin statistic for g, guessing parameter for the
first 10 items for the higher—order DINA model with true Q-matrix



=[1] chainz 1:2
025 r
0z r
pis | |
o1 r
oos

000 4000
fteration

025
R
025+ MYMENEEARRE
0l r

0is
o1 r

fteration

=[] chains 1:2

R
0.5

02 r
015 | ||'||,|'I||'|||"

ol r
o.os

iteration

=[4] chains 1:2

04 |
035 |
pa b o kil
035 | '-'-I||||n'||
p2 b
05 |

fteration

=[f] chainz 1:2
03 r
02
0z r
0as
o1 r

000 4000
fteration

106

Figure B.3: The trace plots for s slip parameter for the first 5 items for the higher—order

DINA model with true Q-matrix
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Figure B.4: The line plots for Gelman and Rubin statistic for s, slip parameter for the first
10 items for the higher—-order DINA model with true Q-matrix
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Figure B.5: The trace plots for beta attribute difficulty parameters for five attributes for
the higher—order DINA model with true Q-matrix
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Figure B.6: The line plots for Gelman and Rubin statistic for beta attribute difficulty
parameters for five attributes for the higher—order DINA model with true Q-matrix
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Figure B.7: The trace plots for a attribute discrimination parameters for five attributes for

the higher—order DINA model with true Q-matrix
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Figure B.8: The line plots for Gelman and Rubin statistic for a attribute discrimination

parameters for five attributes for the higher—order DINA model with true Q-matrix



APPENDIX C

TyPE I ERROR RATES ACROSS ITEMS

Table C.1
Proportion of x2,, Indices Greater Than p = .05 Across Items for Higher Order DINA

Type I Error Rates for Seven Conditions Across Items

Overall Qo Qo1 Qos Qui Qus @2 s
k

1 0 0 0 0 0 0 0
2 09 08 .08 .12 .06 .08 .14 .04
3 01 0 0 0 0 .04 0 0
4 1 .06 .08 14 12 * .08
) A7 .16 18 22 18 .16 .16 .14
6 67 7 66 92 66 48 .62 *
7 46 .52 b2 b4 B2 38 46 .30
8 84 84 84 8 80 .86 .82 *
9 19 14 20 38 .10 .06 .32 .14
10 08 .08 .12 .10 .10 .10 .02 .06
11 31 3 30 .36 .30 * 32 .30
12 28 24 24 24 k260 .40
13 H6 .56 50 .52 B8 .60 .60 .56
14 0 0 0 0 0 0 * 0
15 02 .02 .02 .02 .02 .02 *
16 61 58 64 56 B8 .72 58 *
17 12 14 14 14 12 12 .08 .10
18 09 .06 .08 .08 * .08 .14
19 0 0 0 0 0 * 0 *
20 A8 .12 * 24 20 14 *

* indicates the items for which Type I error is not calculated
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Table C.2

Proportion of PPP-values based on x?,, Indices Smaller Than p = .05 or Greater Than
p = .95 or Across Items for Higher Order DINA

Type I Error Rates for Seven Conditions Across Items

Overall Qo Qo1 Qos Qui Qus @p2 (pe
1 .01 .02 .02 * .02 0 0 .02
2 .05 04 .04 .08 .04 .02 .08 .04
3 07 08 08 .08 .02 .06 .06 .01
4 08 .06 .08 * 12 .10 * .06
5} A1 .12 12 .14 14 12 10 .04
6 b6 b4 b6 86 b4 .38 .50 *
7 37420 40 420 44 22 42 24
8 73072 72 6 66 .74 .78 *
9 A5 12 18 .34 .08 .04 .20 .10
10 A1 .14 14 12 .14 .12 .02 .06
11 20 .22 .20 .20 .20 14 .22
12 20 .18 18 * 18 22 24
13 49 50 46 .38 B8 .52 b4 44
14 0 0 0 0 0 0 * 0
15 02 .02 .02 .02 .02 .02 *
16 b2 b4 b4 46 48 .62 .48
17 07 08 .10 .08 .08 .06 .04 .06
18 .08 .08 .08 .08 * .06 .08
19 0 0 0 0 0 * 0 *
20 10 .10 * 10 .10 .10 *

* indicates the items for which Type I error is not calculated
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