SuMSs OF INTEGER CUBES
by
Eric PINE

(Under the direction of Andrew Granville)
ABSTRACT

Taxicab numbers, of Hardy and Ramanujan fame, are positive integers which can be
represented as the sum of two positive integer cubes, in two distinct ways. The smallest such
integer is 1729 = 13 + 123 = 93 + 10%. One question which naturally arises, is to ask how
many numbers with this property there are, up to some bound N. This is usually denoted
v(N). The current best lower bound, v(N) > CN'Y3log(N), is due to Hooley. The best
upper bound, ¥(N) = O (N*/*t¢) is due to Heath-Brown.

A related question is to count the number of integer solutions to w? + 2%+ 3%+ 23 = 0. A
solution is considered trivial if it is some permutation of the form w3+ (—w)3+y*+(—y)3 = 0.
Manin’s conjecture states that the number of non-trivial solutions, with |wl|, |z], |y], |z| <
N'/3 should be asymptotic to cN'/3(log(N))* for some positive constant c.

Using a parametrization found by Euler, we show that the number of such solutions
is in fact bounded below as predicted by Manin’s conjecture. Moreover, we show that by
restricting ourselves to the case where two of w, x,y, z are non-negative and the other two
are non-positive (that is, a solution which yields a taxicab number) we get the same lower
bound e¢N'3(log(N))*, though not necessarily the same constant.
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CHAPTER 1

INTRODUCTION

Taxicab numbers are so named after a story about mathematicians Hardy and Ramanujan.
As the story goes, Hardy went to visit Ramanujan at the hospital as he had fallen ill. Not
sure exactly what to say, Hardy mentioned that the number of the taxicab he rode in to
get to the hospital was 1729, which he claimed seemed to be a rather uninteresting number.
Ramanujan is said to have immediately replied that in fact 1729 was quite interesting, as
it is the smallest positive integer which can be written as the sum of two positive integer

cubes, in two different ways. Indeed:
1729 = 1° +12° = 9° + 10°

In order to study the positive integers which can be represented as the sum of two cubes

in at least two distinct ways, we begin with the following definitions:

v(N) = #{k<N:k=al+y} =23 +y3 zi,y; > 0; 21 # 22,90}
rk) = #{(x,y): 2 +y> =k and z >y}

(k) = #{(z,y):2* +y* =k and x>y >0} (1.1)
The count v(N) has been widely studied. In 1963, Hooley [7] showed:
v(N) = O (N*?loglog(N)(log(N)) /%)

In 1980, Hooley [8] improved this result to v(N) = O (N°/°F€), using the large sieve. In
1995, Trevor Wooley [24] gave an elementary proof of Hooley’s second bound using binary

quadratic forms.



In 1997, Heath-Brown [6] proved a general theorem about non-singular cubic forms with
three rational coplanar lines. Applying the result to this problem gives the current best upper
bound for v(N):

V(N) = O (N"")

The current best lower bound for v(N) also appeared in Hooley’s 1980 paper [8]. He
uses a partial parametrization of taxicab solutions given by Ramanujan, which we discuss in
chapter eight, to show:

v(N) > CN'21og(N)

Note that the count v(N) can be expressed as:

v(N)= > 1

n<N
rt(n)>2

In contrast, the count we consider in this paper is slightly different:

S (Wr;n)) 12)

n<N
rt(n)>2

This count can be considered counting taxicab numbers with multiplicity where the multi-
plicity is the number of ways that an integer n can be expressed as the sum of two cubes in
two distinct ways. From these expressions we see that if every integer had at most two such

representations, these two counts would be equal. But in fact:

87539319 = 167° + 4363 = 228% + 423% = 2553 + 4143

6963472309248 24213 + 19083 = 54363 + 189483

= 10200° + 180723 = 133223 + 16630°
48988659276962496 = 38787% 4+ 365757° = 107839 + 3627533
= 2052923 + 3429523 = 2214243 + 3365883

= 231518 + 3319543



24153319581254312065344 = 28906206° + 582162° = 28894803* + 3064173°

286574873 + 85192813 = 27093208% 4+ 16218068°

265904523 + 174924963 = 26224366> + 182899223

These results were found by Leech [12] in 1957, Rosenstiel et. al. [18] in 1991, Wilson [23] in
1997, and Rathbun [17] in 2002 respectively. The first three of these examples are in fact the
smallest such integers with their respective number of representations. The last is conjectured
to be the smallest positive integer which can be written as the sum of two positive integer
cubes in six different ways, but this is not yet known. More generally, Silverman and Tate
[19] show that for any given positive integer N there exists some positive integer which can
be written as the sum of two positive integer cubes in N different ways. Their technique
uses elliptic curves to find rational solutions, and then by clearing denominators leads to an
integer solution. This result may seem a bit unsatisfying as it induces large cube factors. We
may then be inclined to modify the question to require that the cubes involved be pairwise
coprime. That is, if w3 + 23 = 23 + y3 = k, then ged(w, z) = ged(x,y) = 1. Surprisingly,
there are no known integers with at least 4 positive coprime solutions! For the rest of the
paper, we will not require this additional pairwise coprimality condition.

An alternative way of looking at this new count of taxicab numbers is to instead consider
the equation:

w22 =0 (1.3)

Note that each taxicab number corresponds to a solution to this equation. Moreover if we
remove the condition that all of the integers involved in a taxicab number be positive, then
the count with multiplicities (1.2) would be the same (up to a constant factor to account for
permutations) as counting integer solutions to (1.3) where say w® + 23 < N.

In general, suppose F(w,z,y,z) is a non-singular cubic form with integer coeffi-
cients. Then Manin’s conjecture implies that if there is at least one non-zero solution
to F(w,x,y,z) = 0, then the number of non-trivial solutions such that |wl|, |z|, |y|,|z| < B

will be asymptotically c¢B(log B)" where r is the rank of the Picard group of the surface



F = 0. Peyre and Tschinkel [14] calculated the rank of the Picard group for the surface
(1.3), as r = 4.

Now if we are considering solutions to (1.3) which correspond to our original taxicab
definition, we need for exactly two of w, x, y, z to be non-negative, say w and z, and the other
two to be non-positive, say x and y. Moreover in this case, if we want w?+ 23 = —23 -y < N
then indeed we must have w, —z, —y, 2 < N'/3. Hence Manin’s conjecture gives an expected
upper bound on (1.2) of cN*/3(log N)* by setting B = N'/3 . In chapter six we show that in
fact, (1.2) is bounded below by cN'/3(log N)*.

Chapters two, three, and four discuss the parametrization to (1.3) that Euler found which
we will use to bound the number of solutions. In chapter five we discuss the ideas of using
this parametrization by giving an upper bound on a special case. In chapter seven we apply
the same techniques used for the lower bound to a proof of an upper bound for solutions of
a particular type. Chapters eight and nine give and extend a partial parametrization given
by Ramanujan which give solutions to (1.3) of a useful type.

Finally, any work involved in adding like powers of integers would not be complete without
mentioning Waring’s Problem. In 1770, Waring wrote that every positive integer is the sum
of at most nine cubes, and the sum of at most 19 fourth powers (for a survey of results
and current research on Waring’s Problem see [21]). Wieferich in 1909 [22] with Kempner in
1912 [10] finally proved the statement for cubes. Also in 1909, Landau [11] showed that at
most a finite number of integers actually required nine cubes. This leads to the more difficult
question of how many cubes are required to realize all except a finite number of integers.
Framed in this way Landau’s result is that at most eight are required for all but a finite
number. Dickson in 1939 [3] in fact showed that 23 and 239 are the only two integers for
which nine cubes are required. Linnik in 1942 [13] proved that at most seven are required for
all except a finite number. As mentioned above, for £ = 4,5 (mod 9) at least four cubes
are required, thus we know that the correct answer is one of 4,5,6,7; and it is expected that

4 or 5 is most likely. Finally, we can relax the condition again to ask how many cubes are



required in order to realize almost all integers. Davenport in 1939 [2] proved that almost all

integers can in fact be written as the sum of at most 4 cubes.



CHAPTER 2

RATIONAL PARAMETRIZATION

As discussed in the introduction, we will bound a count of taxicab numbers by looking at

non-trivial solutions to (1.3), which we’ll restate here:
w+at+ P+ 22 =0

To study solutions to this equation, we’ll use the following complete rational parametrization

discovered by Euler [9]. To define the parametrization, we let:
F(a,b,c) = 9a® + 9a®b + 3a*c + 3ab* — 6abc + 3ac* + 3b* + 3b%c 4 bc® + ¢
For each (w, z,y, z) solution to (1.3), there exists r € Q and a, b, ¢ € Z so that:

w = r-F(abc)

x = r-F(—a,b,—c)

Moreover, given a solution to (1.3) with w 4+ y and x + z not both zero, we can find such

a, b, c by letting

Alw,z,y,2) = yz—wx (2.1)
B(w,z,y,2) = w?—wz+2* — 2> +ay — 1>

Clw,z,y,2) = w?—wz+ 22 +2> -2y +y* —yz — wr + 2wy + 22z



and then choosing any s € Q so that

a = s-A
b = s-B
c = s-C

are all integers.

If w4y =x+ 2z =0 (which we consider as "trivial” solutions later) then let

Alw,z,y,2) = x4y
Bw,z,y,2) = y—=

Clw,z,y,2) = 0

1

We will most often consider s =1 and s = (AT

To realize a taxicab number from a solution to (1.3) we need only place the variables
w,x,y, z into pairs. While we could choose any of the three possible pairings, by denoting
our taxicab number k, the following appears to possess the most symmetry when used with
the parametrization:

E=w’+2°=(—2)+ (—y)? (2.2)
In order to simplify the use of this parametrization, we will define the map
¢(a,b,¢c) — (W, X,Y, Z) (2.3)
where:
= W(a,b,c) = F(a,b,c) (2.4)

X(a,b,c) = F(—a,b, —c)

= Y(a,b,c) = F(—a,—b,c)

N o= =
I

= Z(a,b,c) = F(a,—b, —c)

Thus for any a, b, c € Z, ¢(a,b,c) = (W, XY, Z) satisfies (1.3), e.g. W3+ X34+Y34+ 7% = 0.



Substituting these expressions for the variables w,z,y,z in (2.2), allow us to better

understand the form of a taxicab number. By letting

U = Ula,b,c) =3a*+ (b+c)? (2.5)

V = Vl(a,b,c)=3a*>+ (b—c)?
we have an expression for K = W3 + Z3 as:
K = K(a,b,c) = 18aUV[UV + 4b*(U + V)] (2.6)

We call a solution to (1.3) or (2.2), a primitive solution if ged(w, x, y, z) = 1. The following
proposition, shows that every primitive solution to (2.2), up to permutation, corresponds to
a positive integer triple (a, b, c) via the map ¢. This will allow us to bound the number of
taxicab numbers by bounding the number of triples (a, b, ¢). Except for the added condition
that the integers a, b, ¢ can be made positive, this result is also given in [4].

Proposition 2.1: For any primitive solution to (2.2) with k > 0 (up to re-ordering of the
variables combined with possibly multiplying through by -1 to ensure k > 0), there exists an
integer g, and integers a, b, c with ged(a, b,c¢) =1 and a,b,c > 0 with ¢p(a,b,c) = (W, X, Y, Z),
such that

W=gw X=gx Y=gy Z=gz

and so:

Proof. Using the A, B,C from (2.1), and h = gcd(A, B,C) we let a = A/h, b = B/h,
¢ = C/h. Then let:
o(a,b,c) = (W, X, Y, Z)

By choosing g = W/w we have found a, b, ¢, g so that ged(a,b,¢) =1 and W, XY, Z are as
required by the proposition. We now must show we can choose a, b, c > 0.
Since U,V of (2.5) are positive semi-definite quadratic forms, we have U,V > 0. By

(2.6) we can see that K(a,b,c) > 0 if and only if @ > 0. Notice that swapping the pairs,



k= (—2)3+(—y)® = w3+ 23, or changing the order within a pair, for example k = 23+ w3 =
(—y)? + (—x)3, only permutes the order of the variables and does not change the basic
solution to (2.2). To see that we can also choose b,c¢ > 0, we examine how b and ¢ change

with respect to such permutations. The following maps define three other permutations:

¢(a7 _bv _C) = (Za }/7 X, W)
¢(a'> ba _C) = (_K —Z, _VVv _X)

¢(a> _b> C) = (_X7 _VV> _Z> _Y)

We can see from these maps that we can indeed choose b > 0 and ¢ > 0 as well. 1

We could prove a similar proposition for non-primitive solutions to (2.2). In this case,
we would have to allow for ¢ € Q. But since for our technique, we will need only to count
primitive solutions and will handle non-primitive solutions by scaling primitive solutions, we
won’t require such a result.

Note that there are eight permutations (allowing multiplying by -1 to keep k£ > 0) of the

variables which preserve a particular solution to (2.2):

WX, V,Z  Z,V,X,W  -V,-Z,-W,-X  -X,-W,-Z,-Y
WV, X,2  Z,X,V,W  -V,-W,-Z,-X  -X,~Z,-W,-Y

The maps given in the above proposition, along with the identity map, describe the relation-
ship between the permutations in each row. We were able to show in the above proposition
that by restricting ourselves to a > 0, b, ¢ > 0 we will count each row exactly once. But since
all eight of these permutations represent the same solution, there are therefore two different
triples a, b, ¢ with ged(a,b,¢) =1 and a > 0, b, ¢ > 0 associated with each solution.

We can also give the map which takes a solution above to the other in the same column.
This map, composed with the identity and the three maps given in the previous proposition,

generate the other four permutations which preserve a solution to (2.2),

(Cl, b> C) - (ahl (0,2, b2> C2)a ChQ(a'2a b2> C2)a bh’3(a2> b2a 62))

(W, X,Y,Z) — (W-HY -HX-H Z H)
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where
hi(t,u,v) = (27t + 18tu + 3u® + 18tv + 10uv + 3v?)
ho(t,u,v) = (9% + 30tu + 9u* + 6tv + 6uv + v?)
hs(t,u,v) = (81#* + 5dtu + u? + 30tv + 6uv + v*)
and:

H = H(a®,b*, ) = hy(a® b, ) - hy(a?, 0%, c?) - hy(a?, b?, ¢?)

Notice that a, b, ¢ > 0 if and only if each of ahy(a?, b?, c?), chy(a?,b?, ¢?), and bhs(a?, b*, ¢?)
are non-negative as well. Hence as described, for each primitive solution to (2.2) there are
exactly two triples, a, b, ¢ associated to it as described in Proposition 2.1. We will discuss the
relationship between these two triples more extensively in chapter four.

Since taxicab numbers require two distinct representations as the sum of two cubes, we
next provide a characterization of trivial solutions. A solution to (2.2) is clearly trivial, and
hence does not represent a taxicab number, if as sets {w, z} = {—z, —y}, or equivalently if
w+x =0 or w-+y = 0. We also consider trivial the case where w + z = 0 which corresponds
to k= 0.

Lemma 2.2: The trivial solutions to (2.2), W +2Z =0, W+ X =0, and W +Y =0,
arise exactly when a, b, or c is 0, respectively.

Proof.

Case 1: W+ 272 =0

We have W + Z = 6a(3a® + (b — ¢)?) so W + Z = 0 if and only if a = 0.

Case 2: W+ X =0

We have W + X = 2b(3b* + (3a — ¢)?) so W + X = 0 if and only if b = 0.

Case 3: W+Y =0

We have W +Y = 2¢(c®? + 3(a —b)?) so W+ Y =0 if and only if c=0. &

As noted in the introduction, much of the previous work on this problem has been con-

cerned with the solutions to (2.2) with w, z, —z, —y all non-negative. To that end, we may
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be interested in which integer triples a, b, ¢ lead to such a solution under the parametriza-
tion. The following two propositions give necessary and sufficient conditions. The first is a
necessary condition which may aid in calculating an upper bound on the count of taxicab
numbers.

Proposition 2.3: Given integers a,b,c > 0, and using the parametrization given above
in (2.4), if W(a,b,c),Z(a,b,c),—X(a,b,c),—Y (a,b,c) are all positive, then b+ ¢ < 3a.

Proof. We begin with the expression for Z(a, b, ¢) via the parametrization:

Z = 9a® —9a*b — 3a*c + 3ab® — 6abc + 3ac® — 3b> — 3b*c — bc? —
= (3a—b—c)(3a® +b* + c*) — (6a%b + 2b* + 2b*c + Gabc)

From this we can see that if Z > 0 then 3a — b — ¢ must be positive since a,b,c¢ > 0 and
hence b+ c < 3a. 1

The next proposition is a sufficient condition for a relation on a,b, ¢ for which each of
W{(a,b,c),—X(a,b,c), =Y (a,b,c), Z(a,b,c) are positive. This will be useful while calculating
our lower bound on the count of taxicab numbers.

Proposition 2.4: Given integers a,b,c > 0, with b+c < a, then using the parametrization
given above in (2.4), W(a,b,c), Z(a,b,c),—X(a,b,c), =Y (a,b,c) are all positive.

Proof. We'll show that each of W, —X, —Y, Z are positive under the condition b + ¢ < a,

beginning with the parametrization of each:

W = 9a® 4+ 9a%b + 3a%c + 3ab® — 6abe + 3ac® + 3b° + 3b%c + b + 3
> 9a® 4+ 9abce + 3a%c + 3ab® — 6abe + 3ac? + 3b° + 3b%c + bc? + &3
= 9a® + 3abc + 3a’c + 3ab® + 3ac® + 36> + 3b%c + b + &3

> 0

—X = 9a®—9a%b + 3a®c + 3ab® + 6abe + 3ac? — 303 + 3b%c — b? + A

> 9a’b — 9ab + 3a’c + 3b% + 6abe + 3bc® — 3b® + 3b%c — b + &3



3a’c + 6abe + 2bc? + 3b%c + 3

0

9a® + 9a%b — 3a®c + 3ab® + 6abe + 3ac® + 3b° — 3b%c + bc?

9a%c + 9ab — 3a’c + 3b%c + 6abe + 3¢® + 3b% — 3b%c + be? —

6a’c + 9a’b + 6abe + 2¢% + 3b® + bc?

0

9a” — 9a*b — 3a’c + 3ab* — 6abc + 3ac® — 3b* — 3b*c — bc?
3(a—b—c)(3a® +b* + %) + 2¢(3a® + be + ¢* — 3ab)

3a® + bc + ¢* — 3ab

3ab + bc + ¢* — 3ab

be + ¢

0 n

12
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CHAPTER 3

DESCRIBING THE GCD’S

In this chapter we will describe the ged’s which arise from an arbitrary but fixed a, b, ¢ triple.
In the next chapter explore the relationship between the two different gcds coming from the
two distinct a, b, ¢ triples which yield the same solution to (2.2). Let ¢(a,b,c) = (W, X,Y, Z)
from (2.3), and let g = ged(W, X, Y, Z). Although we will have to prove several lemmas
before beginning the proof of the main result in this chapter, we will state it first here. Simply
stated, Theorem 3.1 shows that g < a3y, where a = ged(a, ¢ + 3b%), 8 = ged(b, ¢ + 3a?),
and v = ged(c, b* + 3a?); and the implied constant is a product of small powers of 2 and 3.
This result was proven independently in [4].

Theorem 3.1: Suppose ged(a,b,c) = 1. Then we can write g = 29237y, where o =
ged(a, 2 + 3b?), B = ged(b, ® + 3a?), and v = ged(c, b* + 3a?). Further, if 2 exactly divides
abc then eq = 2, if 4 divides one of a,b or ¢ and the other two are odd then es = 1, otherwise
eo = 0. If 3| ¢ but 3 1 ab then e3 = 1, otherwise e3 = 0. Moreover, if a prime p divides
ged(a, ) - ged(a, ) - ged(B, ), then p =2, 3.

In order to prove this result, we’ll begin with some preliminary lemmas.

Lemma 3.2: If a prime p # 2,3 divides gcd(W, X, Y, Z), and p divides ged(a, b)-ged(a, ¢)-
ged(b, ¢), then p divides ged(a, b, ¢).

Proof. Suppose p | ged(a, b). Since p | ged(W, X, Y, Z), we must have p | W + Y. But:

W4+Y =2 (mod p)

Hence p | ged(a, b, c). A similar argument works for the other two ged’s: if p | ged(a, ¢) we
notice that W + X = 60> (mod p), and if p | ged(b,¢) we notice that W + Z = 18a®

(mod p). &

13
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Next note for a prime p # 3 that p¢ | (W + Z) and p* | (W? — WZ + Z?) if and only if

p¢ | W and p¢ | Z. Using the parametrization from chapter two, we also have that:

W+2Z = 6a(3a*>+ (b—c)?)

X+Y = 6a(3a®>+ (b+¢)?

This next lemma proves that the primes that we are interested in (i.e. those dividing
ged(W, XY, Z)), can not divide both of the non-trivial factors in either W + Z or X +Y
given above.

Lemma 3.3: Let p # 2,3 be a prime dividing ged(W, X, Y, Z). If ged(a,b,c) =1 then p
does not divide either ged(a, 3a® 4+ (b — ¢)?) or ged(a, 3a* + (b + ¢)?).

Proof. Suppose p | ged(a, 3a® + (b — ¢)?). By hypothesis, p must divide W2 — W Z + Z2,
but:

W? —WZ+ Z* =126*(3a®> + (b+¢)*)* (mod p)

Since by Lemma 3.2, p can not divide both a and b, we must have that p divides 3a*+ (b+c).
But we assumed p divides 3a® + (b — ¢)?, hence it must divide their difference (3a® + (b +
c)?) — (3a* + (b — ¢)?) = 4bc, which also yields a contradiction to Lemma 3.2.

To get the second ged condition, use the pair X,Y rather than W, Z with the same
argument. 1

Proposition 3.4: Suppose that a,b, ¢ are integers such that ged(a,b,c) = 1. Let p # 2,3
be a prime. If p° | ged(W, X, Y, Z), then p° divides one of:

i) ged(a, c + 3b%)
ii)  ged(b, ¢ + 3a?)
iii)  ged(c, b® + 3a?)
Proof. Since p® | ged(W, XY, Z), then p° divides both:
W+ 27 = 6a(3a®>+ (b—c)?)

X+Y = 6a(3a*+ (b+¢)?)
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By Lemma 3.3 p can not divide both a and 3a* + (b — ¢)? nor can p divide both a and
3a% + (b + ¢)%. So, if p¢ does not divide a, then p¢ must divide both 3a? + (b + ¢)? and
3a? + (b — ¢)? and hence their difference, namely 4bc. Since p does not divide ged(b, ¢) by
Lemma 3.2, either p° | b or p¢ | c.

Case 1: p° | a.

Note that p?¢ divides both W2 — W Z + Z? and X? — XY + Y2 Examining these modulo

p*¢ we have:

W2—WZ+2° = 3(b+c)?(*+3b°)* (mod p*)

X2 - XY +Y? = 3(b—c)*(c*+3b*)* (mod p*)

Hence p° divides (c? + 3b?), since if it does not, p must divide both (b+¢) and (b — ¢), hence
both b and ¢, which contradicts Lemma 3.2. So this gives condition ).
Case 2: p° | b.

We'll use the same argument here noticing that this time:

W2 -WZ+ 7* 3(c? + 3a®)?  (mod p*)

X2 — XY +Y? = 3(c*+3a®)°® (mod p*)

Hence p* divides (3a® + ¢?), giving condition i1).

Case 3: p°¢ | ¢. Again the same argument applies, noticing this time

W? —-WZ+ 2% = 6a(b®+3a?)® (mod p*)

X2 = XY +Y? = 9(a*+3b°)(b* + 3¢°)° (mod p*)

Hence p¢ divides (3a® + 0?), since if it does not, we would have p dividing a which is a
contradiction to Lemma 3.2. So this gives condition éii). N

At this point, we have characterized the ged’s up to some powers of 2 and 3. These powers
are described by the following lemmas.

Lemma 3.5: Let g = ged(W, XY, Z). If ged(a, b, ¢) = 1 then the only powers of 2 which

can divide g are 2° =1 and 2° = 8. Moreover 8 divides g if and only if 2 divides a + b+ c.
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Proof. If we consider a, b, c modulo 16 we see that under the map ¢ (modulo 16), when

21 ged(a, b, c) then either g =1 (mod 2) or g =8 (mod 16). Looking modulo 2 we have:
W=X=Y=Z=(a+b+c¢) (mod2) 1

Lemma 3.6: Let g = ged(W, XY, Z). If ged(a, b, ¢) = 1 then the only powers of 8 which
can divide g are 3° =1, 3' = 3, and 32 = 9. Moreover, 3 divides g if and only if 3 divides c,
and 9 divides g if and only if 3 divides both ¢ and b.

Proof. If we consider a, b, ¢ modulo 27 we see that under the map ¢ (modulo 27), that if

3t ged(a,b,c) then g 20 (mod 27). Next we look modulo 3:

A(b+c) (mod 3)
(b+2c) (mod 3)

= #(2b+c¢) (mod 3)

NN =< =
I

2¢*(b+¢) (mod 3)

So, 3 divides ¢ if and only if 3 divides ¢, since if 3 doesn’t divide ¢ it must divide both b+ ¢
and 2b + ¢ and hence their sum, which would imply that 3 does divide ¢. So, to understand

when higher powers of 3 divide g, we’ll suppose that 3 divides ¢ and look modulo 9:

W = 3b*(a+b) (mod?9)
X = 3b*(2a+0b) (mod9)
Y = 6b*(a+b) (mod?9)
Z = 3b(a+2b) (mod9)

Like the case for modulo 3, we have that 9 divides g if and only if 3 divides ged(b,c). §
We now can prove the result mentioned at the start of this chapter, namely:
Theorem 3.1: Suppose ged(a,b,c) = 1. Then we can write g = 29237y, where o =
ged(a, ¢® + 3b?), B = ged(b, ® + 3a?), and v = ged(c, b + 3a?). Further, if 2 exactly divides

abc then eo = 2, if J divides one of a,b or ¢ and the other two are odd then es = 1, otherwise
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eo = 0. If 3| ¢ but 31 ab then e3 = 1, otherwise e3 = 0. Moreover, if a prime p divides
ged(a, ) - ged(a, 7y) - ged(B, ), then p =2, 3.

Proof. Let p > 5 be a prime. Then if p divides two of the factors «, 3, then it divides
two of a, b, c. But by the form of «, 3, and v, p must therefore divide all three of a, b, c. Since
ged(a,b,c¢) = 1 indeed the last statement of the theorem is satisfied. The rest of the proof
follows directly from Lemma 3.2 and Proposition 3.4, except for the values of e; and es.

For ey, notice that since ged(a,b,c) =1 :

2|« iff 2]aand?2¢tbc
2|0 iff 2|band2¢tac

2|~ iff 2|cand2fab

Therefore if 2 divides two of a, b, ¢ or none of a, b, ¢, then 2 does not divide a3y and in this
case by Lemma 3.5, 2 does not divide g, so e; = 0. So suppose now that 2 divides only one
of a,b,c. Without loss of generality, suppose 2 divides a but 2 1 be. If 2 exactly divides a,
then 2 exactly divides a3y but 8 exactly divides g by Lemma 3.5, hence e; = 2. Finally, if
4 divides a, then 4 exactly divides a3y (since 4 also exactly divides ¢® + 3b? and hence ),
and by Lemma 3.5, 8 exactly divides g, so e; = 1.

For e3, notice that since ged(a,b,c) =1
3| a iff 3]gcd(a,c)
36 it 3| ged(b,c)

3y it 3]ged(b,c)

since no higher powers of 3 can divide any one of «, 3, or v. So, if
3 1 abe, or
3| a but 31 be, or
3| bbut 31ac, or
3| ged(a, b) but 31 ¢
then 3 does not divide a3y. By Lemma 3.6, 3 does not divide g hence e = 0.
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If 3 does not divide b, but 3 divides both a and ¢ then 3 exactly divides a3y and by
Lemma 3.6, 3 exactly divides g, so again e3 = 0.

If 3 does not divide a, but 3 divides both b and ¢, then 3 exactly divides both 5 and =,
and hence 9 exactly divides af3y. By Lemma 3.6, 9 exactly divides g, so again ez = 0.

Finally, if 3 divides ¢ but 3 does not divide ab, then 3 does not divide a3, but by Lemma
3.6, 3 exactly divides g, so we must have e3 =1. 1

We can deduce the following Corollary also given in [4].

Corollary 3.7: Let p > 3 be a prime dividing gcd(W, X, Y, Z), then p=1,7 (mod 12).

Proof. From Proposition 3.4 we have that p divides one of ged(a, c2+30?), ged(b?, ¢ +3a?),
and ged(c?, b? 4 3a?), and by Lemma 3.2, p does not divide ged(a, b) ged(b, ) ged(a, ¢). Hence

-3 must be a quadratic residue modulo p. So indeed p = 1,7 (mod 12). &



CHAPTER 4

COMPARING GCD’S FrROM THE Two (A,B,C)

In chapter two, after the proof of Proposition 2.1 we showed that for each primitive solution
to (2.2) there there are exactly two (a, b, c) integer triples associated to this solution with
a,b,c > 0 and ged(a,b,c) = 1, which account for all permutations of w,z,y,z in (2.2)
preserving k. In this chapter, we will compare the geds which arise from these two (a, b, ¢)
triples. We recall some definitions from chapter two and add a few more.

We begin with the following map, which has most of the features we would like; and then
show how to modify it slightly to preserve the coprimality of the a, b, ¢ triples.

Given a triple (a,b,c) where ged(a,b,c¢) = 1, we have the following map to the other

triple (A, B, C') which yields the same primitive solution:

Y'(a,b,c) = (A, B,C) (4.1)
so that
A=a-h(a® b c?)
B = c- hy(a®, b, )
C =b-hs(a® b* c?)
where:

hi(t,u,v) = 27t* + 18tu + 3u® + 18tv + 10uv + 3v?
ho(t,u,v) = 9> 4 30tu + 9u? + 6tv + 6uv + v*

hs(t,u,v) = 81t* + 54tu + 9u® + 30tv + 6uv + v?

19
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Using the map ¢ from (2.3) let:

¢(a,b,¢) = (w,z,y, 2)

Then
¢(A>Bac) = (VV?X>Y>Z) = (UJH,yH,I‘H,ZH)

where:

H = H(a®, b, ) = hy(a® b, *)hy(a®, b2, ¢*)hs(a®, b*, c?) (4.2)

Since a major concern is with the ged’s of our solutions, we note that if we let g =
ged(w, x,y, z) then:
G=gcd(W,X,Y,Z)=gH (4.3)

Notice that the (A, B, ') from this map are not necessarily coprime even if the original
(a,b,c) were. It turns out in fact that ged(A, B,C) = 2°13%¢? that is, except for some
powers of the primes 2 and 3, which we will describe explicitly, the ged(A, B, C) is just ¢°.
We will prove this beginning with the following proposition.

Proposition 4.1: Given a,b,c with ged(a,b,c) = 1, using the map ¢’ defined above by
(4.1), and letting D = ged(A, B, C) and g = ged(w, x,y, 2), then for any prime p not equal

to 2 0r 3, p| D iffp|g. Moreover:
Pl D iff pllg

Proof. Throughout this proof we let p denote a prime not equal to 2 or 3. First note that
if p|aand p|bthen pfc, and further p{ ho(a?, b?,c?). The first since ged(a, b, ¢) = 1, while

the second follows by noting that ho(a?, b%, ¢?) = ¢?

(mod p) for such a prime p. This then
tells us that p{ D, since B = ¢ - hy(a?,1?, ¢?). Recall from Theorem 3.1 that g = 2¢23% a3y
where o = ged(a, 2 + 3b?), 8 = ged(b, ¢® + 3a?), and v = ged(c, b* + 3a?). Therefore such a
p also does not divide g.

We also can show that p 1 abc implies p 4 D. We’ll show this by contradiction, suppose that

p 1 abe but p | D. Then p must divide each of hi(a?,b%, c?), hy(a?,b?,c?), and hs(a?, b?, c?).
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So then p must divide both:

3h1 — hg = 802(3&2 + 362 + 02)

3hg —hy = 8b%(9a® + 3b* + ¢?)
Since p does not divide b, ¢ or 2, then p must divide both

3a® + 3b% + ¢

9a® + 3b% +

and hence their difference 6a2. But since p does not divide 2,3 or a this is a contradiction.
Moreover such a p also can not divide g which is a product of «, 3, and ~ as described above.
Thus the only primes p which can divide D or g must divide exactly one of a,b, or c.

Suppose that p | a, p t be, and p | D, then p must divide both hy(a?, b2, ¢*) and
hs(a® b?, c?). But,

ho(a®,b?,¢*) = (2 +3b%)? (mod p)

hs(a®,b?,c¢*) = (2 +3b%)? (mod p)

so p must divide ¢ + 3b%.

Note also that if p | a, p { be, and p | g, then p must divide a = ged(a, ® + 3b?), and
hence p must divide 3b* + ¢2. The cases for p | b and p | ¢ work similarly, so we know that
indeed p | g if and only if p | D. We now must show that the exponents are as stated in the
proposition.

We continue by describing the powers of p which divide each of A, B, and C'. Let p** || a
and p° || 3b® + ¢, where ey, ey > 1.

We begin with A. Since A = a - hy(a?,b%,¢?) we need to know what power of p divides

hi. We can rewrite h; as:

hi(a®, 0%, %) = (¢ + 3b*)(b* + 3¢%) + 27a* + 18a*(b* + ¢?)
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Since p | ¢* + 3b? but p{ b and p 1 ¢, then ptb? + 3c? and p 1 b* + 2. So:

|| (02 + 3b2)(3c2 + b2)

p* || 270" +18a* (b + ¢?)

Therefore if ey # 2e; then p™in(ez2e1) || by (a2, b2, c?).

If e; = 2e; then p™n€2:2¢0) | b, (a2, b2, ), but it’s possible that a higher power of p divides
hy.

Therefore, if ey # 2e; then pertmin(e22e1) || A and if ey = 2e; then peitmin(e22e1) | 4,

We move on to B. Since B = ¢ - hy(a?,b?, c?), and we know that p { ¢, we need only be

concerned with the power of p dividing hy. We begin by rewriting hy as:
ho(a®,b?, ) = (36 + ¢*)? + 9a” + 6a*(5b* + ¢*)
Since p | 3b? + ¢® but p{ b and p 1 ¢, then p 1 5b* + . So:

I,
p*t || 9a* + 6a*(56% + ?)
Therefore if e, # ey then p?™nre2) || B and if ey = e; then p?™in(ee2) | B,
Now for C. The argument for C' is just like the one above for B, noting that B =
c- hz(a?,b% c?), and rewriting hs as:
ha(a® b, ) = (3b° + ¢*)? + 81a" + 6a° (9> + 5¢2)
It then follows that if e; # ey then p?™m(ere2) || O and if ey = e; then p?™min(enez) | O
To now calculate what power of p divides D and g we will split into three cases. Note
that in calculating the power of p dividing g, recall that we are considering the case p | a,

p 1 be, and so the power of p dividing g is exactly the power of p dividing o = ged(a, 3b* +c?).

So in all of the cases below, pminteiez) || g.
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Case 1: e; < e

In this case, we have, p©**¢2 || A, p*= || B,C. So, p* || D.

The power of p dividing g, is p* || g.

Case 2: e; = ¢

In this case, we have p1te2 = p?1 || A, p* | B,C. So, p** || D.

The power of p dividing g is p* || g.

Case 3: e; < ey

In this case, p?* || B, C. There are three possible cases for the power of p dividing A. If
e1 < ey < 2ep then p?1e || A. If ey = 2¢; then p*@ | A. If e; > 2¢; then p*** || A. But in
all three of these possibilities, the power of p dividing A is larger than the power dividing B
and C, and hence p*' || D.

The power of p dividing g is p©* || g.

In all three cases, we notice for a prime p # 2,3, where p | a that indeed p* || D if and
only if p¢ || g. The cases for p # 2,3 where p | b or p | ¢ follow from a similar argument. §

We next describe how the primes 2 and 3 divide D, beginning with the prime 2.

Lemma 4.2: Given a,b,c with ged(a,b,c) = 1, let (A, B,C) = ¢/(a,b,c) and let D =
ged(A, B,C), then 2 | D if and only ifa+b+c =0 (mod 2). Moreover, ifa+b+c =0
(mod 2) then 2% || D.

Proof. By looking at A, B, and C' modulo 2 we see:

A = ala*+b*+c')  (mod 2)

B

cla* +b*+¢*)  (mod 2)

C b(a* +b* +c*)  (mod 2)

Since ged(a, b, ¢) = 1, we then have that 2 | D if and only if a +b+c¢=0 (mod 2).
Note that a + b+ ¢ = 0 (mod 2) implies that 2 divides exactly one of a,b, ¢ since
ged(a, b, ¢) = 1. We'll now show that if 2 divides exactly one of a, b, ¢ then 2* exactly divides

each of hy(a?,b% c?), ho(a?,b%, c?), and hsz(a?, b%, c?).



24

We begin with h;. First suppose that 2 | a and 2 { be. We begin by rewriting h; as:
hi(a®,b?, ) = (36 + ¢*) (3¢ + b%) + 27a” + 18a*(b* + ¢?)
Case 1: 2 || a
First note that 30> + ¢> =4 (mod 8) and 3¢ + b* =4 (mod 8), and that V? + ¢* =
(mod 4). Therefore,
28 | (36 + (3¢ + b?)
2 || 27a
2 || 18a*(b* + ¢?)
and so 2% || hy(a?, b%, c?).
Case 2: 22 | a
As in Case 1, we have 2* || (30b* + ¢?)(3¢* + b?), but now 2° | 27a* + 18a*(b* + ¢?), so
24 || hy(a?, %, c?).
Similarly, 2% || hy(a?,b?, ¢?) in the cases 2 | b, 2 f ac and 2 | ¢, 2 1 ab using the following
two rearrangements of h; respectively:
hi(a®,b*,c¢*) = 3(c* + 3a®)* + 3b* + 2b%(9a® + 5¢%)
hi(a®,b*,c*) = 3(b* + 3a®)* + 3c* + 262 (50 + 9a?)
We use a similar argument for hy(a?, 0%, ¢?) and hs(a?,b%,c?). R
Lemma 4.3: Given a,b,c with ged(a,b,c) = 1, let (A, B,C) = ¢/(a,b,c) and let D =
ged(A, B,C), then 3| D if and only if 3 | ¢, 9 || D if and only if 3 | ged(a,c), and 27 || D if
and only if 3 | ged(b, ¢).
Proof. We begin by looking at A, B, C' modulo 3:
A = 10ab*c*> (mod 3)

B ¢® (mod 3)

C bc*  (mod 3)

Hence 3 | D if and only if 3 | c.
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Now suppose that 3 | ¢ and look modulo 9:

A = 3ab® (mod 9)

B

0 (mod 9)

C

0 (mod 9)

So we see that if 3 | ¢ but 31 ab then 3 || D.
Now suppose that 3 | ¢ and look modulo 27:
A = ab*(3b* + 10c? + 18a%) (mod 27)
B = 3c(b®+ 3a*)(a® 4+ 3b*) (mod 27)

C 96°  (mod 27)

From this we can see that if 3 | ged(a,c) (and 3 1 b), then A = 0,9,18 (mod 27), B =0
(mod 27) and C'=9,18 (mod 27),s0 9| D.

Moreover, if 3 | ged(b,c¢) (and 3 1 a), then A, B,C = 0 (mod 27). By noting that if
3| ged(b, c), then A =27a®> (mod 81) we see that 27 || D. 1

We can now describe the two coprime (a, b, c) triples corresponding to each non-trivial

solution to (2.2). Let:
D = ged(ahy(a?, 0%, ¢?), chy(a?, b, ¢?), bhs(a®, b?, ¢?))

Then we’ll define a map v as

Ol =
ol Q

B
v(a,b,c) = (d,V,d) = ( iy ) (4.4)
D
where A, B, C' come from (4.1). So if we let
P(a,b,c) = (W, XY, Z)
¢(a/7 b/, C/) — (1[/’[//7 ){'l7 Y/, Z/)
then
W, X,Y,Z) = (9w, gx,gy,g2)

W' X'Y'.Z) = (Jw,g'y,gz.9'2)
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where (w, z,y, z) is a primitive solution to (2.2), e.g. ged(w, z,y, z) = 1. Now we can compare

the sizes of these two geds, g and ¢'. Notice from (4.3) that

, gH _gH H
I~ g
where H is from (4.2). By letting m = max(a, b, ¢) we use (4.2) to see that in fact:

12
g =< — (4.5)

3

What we prove next is a bound on the size of the minimum of these two geds. First we’ll

recall from (2.5) and (2.6) that

U = 3a*+ (b+c)

V = 3a*+ (b—c)?

and:

K = 18aUV (UV +4b*(U +V))

Proposition 4.4: Suppose a,b,c and a’,b',c are the two coprime triples associated with
a primitive solution to (2.2). Suppose further that w,—x, —y,z > 0. Then using the map ¢
from (2.3) let:

¢(a,b,c) = (W.X,Y,Z)
¢(a/’ b/,C/) — (W/,X/,Y,, Z/)
Letting g = ged(W, X, Y, Z) and ¢ = ged(W', X", Y', Z"), then
WP+ 7 = g’k
W/3 + Z/3 _ glgk’
and min(g, ¢') < k?/3.

Proof. From Proposition 2.3 we know that if W, —X,—-Y,Z > 0 then b+ ¢ < 3a, so

certainly b, ¢ < 3a. But if b, ¢ < 3a then U < a? and V < a? so K < a°. Therefore K = ¢°k
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implies a < ¢'/3k/?. As before, let m = max(a, b, ¢) and so m =< g'/3k'/?. Thus from (4.5):

/ GUAB 3
TP g

So indeed if g > k*/? then ¢ < k*/3. 1
The general case allowing some of the integers w, —x, —y, 2 to be negative remains as yet

unproven.



CHAPTER 5

COUNTING PRIMITIVE SOLUTIONS

In order to bound the number of taxicab numbers, we’ll bound the number of non-trivial
solutions to (2.2). We begin by bounding the number of primitive solutions, those for which
ged(w, x,y, z) = 1, and use this to bound the total number of solutions. In chapter two we
showed that we can use the parametrization given by (2.3) and we need only to consider
a,b,c > 0 where ged(a, b,c¢) = 1. Thus to bound the number of primitive solutions to (2.2),

we’ll count the following:

1 ged(a,b,c) = 1; K < ¢®N;
— Zg:
2;#{‘“6’06 T dW XY, Z) =g

where K is from (2.6) and W, XY, Z from (2.4). The 1/2 at the beginning of this expression
is to account for the fact that there are two a, b, ¢ triples for each solution to (2.2).

For the rest of this chapter, we’ll bound the first term in this sum, that is the term g = 1.
Note that in this case, the result of the parametrization is a primitive solution, i.e. letting
¢(a,b,c) = (W, X,Y, Z), then ged(W, X, Y, Z) = 1. We hope to be able to use this as a model
to generalize for the rest of the terms in the sum using what we have proven about the ged’s
which arise from this parametrization in the previous chapters. While in this chapter we give
an argument for the upper bound on this term, the ideas used are similar to those for the
lower bound given in the next chapter. Note that by Proposition 2.3, if we are interested in
solutions to (2.2) where w, z, —z, —y are all non-negative, i.e. the taxicab numbers originally
considered by Ramanujan, then we need to only consider case 1 in the proof that follows.

Proposition 5.1: Using the notation in (2.3):

~a,b,c>0, ged(a,b,c) =1, (W, X,Y,Z) = ¢(a,b,c)

) | N1/3
#{(a, ,¢) ged(W, XY, Z)=1, 0<W3+Z3=K <N }<<

28
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Proof. Recall from (2.6) that letting

U = 3a*+ (b+c)

V = 3a®+(b—c)?

we have:

K =18aUV (UV + 4b*(U + V)

Case 1: b,c < a.
In this case, U < a? and V < a2, so K < a”. Since for each choice of a there are at most

a choices for each of b and ¢, we have:
#{(a,b,c) bc<a:gedW,X,Y,Z)=1and 0 < W3+ 7%= K < N}

< Z a®> < N3
a<N1/9

Case 2: b<a<c(and c<a <)).
If ¢ < 2a say, then U < ¢ and V =< a?, but since a =< ¢ we also have V =< ¢%. and if
¢ > 2a, then U =< ¢? and V < ¢? so no matter the size of ¢ we have K = ac®. Since for a

fixed a there are at most a choices for b, we have:

#{(a,b,c) b<a<c:gedW,X,Y,Z)=1and 0 < W? + Z° = K < N}

<<ZZCL

a<N1/9 C<(%)1/8

< N1/8 Z a7/8<<N1/3

a<N1/9
Note that for the other situation, in parenthesis, we can use the same argument but then

V < b? and U =< b? and hence k =< ab®, which gives us the same count.
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Case 3: a < b < ¢ where c—b < a (and a < ¢ < b where b — ¢ < a).
Here we have V =< a? and U < 2, so K < a3c*? < a®l® > a°. Since ¢ — b < a, for each

choice of a and b we have at most a choices for ¢; so:

#{(a,b,c)in Case 3 : ged(W,X,Y,Z)=1and 0 < W3+ Z3 = K < N}

< > ) a

a<N1/9 b<(a%>1/6

< N1/6 Z a1/2<<N1/3

a<N1/9

For the other situation, in parenthesis, we repeat the argument noting that we get U =< b?
and V < a2, and so K =< a3b%, from which we get the same count.
Case 4: a < b < ¢ where c—b > a (and a < ¢ < b where b — ¢ > a).

In this case, V < (¢ — b)? and U < ¢?, and so:
K = ac®(c—0b)*[(c— b)* + 4b*c?]
= ac*(c—b)?[(c — b)* + 4b?]
= ac®(c—b)*>> a(c—b)* > a’

We can then bound a by N'/? as usual, and since (¢ — b) > a, we can then bound ¢ by

(%)1/6, i.e. so K < ac%(c —b)? > a3c8. after choosing an a and ¢, we then have restricted b

to the range ¢ — (%)1/2

< b < ¢ — a. Note that for small ¢, namely ¢ < (%)1/8, this lower

bound for b is negative, while we have restricted b to positive numbers. So we must count as

follows:

#{(a,b,c) in Case4 : ged(W,X,Y,Z)=1and 0 < W3 + 7% = K < N}
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= (@)

a<N1/9
< Nl/3

Again, to handle the other situation, in the parenthesis, we have that U < b? and V =

(b—c)?; and thus, K < ab®(b — ¢)? > a(b — ¢)®, which gives us the same count. 1



CHAPTER 6

A LOWER BOUND

The main result of this chapter is the following corollary which will be proven at the very
end of this chapter. We will first state it here
Corollary 6.7: Let r*(n) be as given in (1.1). Then:

+
Z <T 2(71)) > NY3log* N

n<N

Notice that this is indeed the same order as the upper bound predicted by Manin’s
conjecture which was discussed in the introduction. In order to prove this lower bound, we
begin with a few preliminary lemmas.

Lemma 6.1: Fiz § > 0 small, then:

02 o (saten)) T ()

p<dlog N

M(-5)= 11 ()

N
pl p<dlog N

Proof. First we see that:

Next, split the product, and note that the number of prime factors p of N for which p >

§log N is less than —2&N__ Qo

log log(N?)

) - T (5) T ()
-2 - () 1 (]
p|N< p p\N p p|N p

p>6log p<dlog N
logNé 1
loglog(N©9)
> 1—2Z
_< 5logN) 11 ( p)
p<§‘logN
- ol I ()
loglog N whe P
p<dlog N

32
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The next two lemmas bound L(s, x) in different regions of the complex plane. For the
region 0 < Re(s) < 1, Rademacher [15] gives a bound which is better for most of the region,
but Lemma 6.2 suffices as a bound for the entire region for our purposes.

Lemma 6.2: Let s = o + it, and let x be a non-trivial character modulo d, then for

O<o<1:
i 1
5,01 < (] + 1)/~ (togtas] + 1))+ 7 )
Proof: We begin by rearranging the definition for L(s, x) which is defined for o > 1

x(n)

L(s,x) =

n>1

Xkd—i—a
Z Z k:d+a

>
n<d(|s|+1) k>|s|+1 1<a<d
1
= )4
;) ZIZ o (e~ )
= 2 t 2 G ) 2 ()<<1+kd)__1)
n<d(|s|+1) k>|s |+1 1<a<d

arriving an expression which is valid for o > 0.

We now bound this for 0 < o < 1, first we note that:

1 1 als
ISR DI SR, Sl

o
n<d(|s|+1) k>|s|+1 ( ) 1<a<d

We can continue by bounding each of the sums above. For the first sum, if ¢ = 1 then:

3 ni < log(d(|s| + 1) (6.1)

n<d(|s|+1)

While for 0 < o < 1:

1 d(|s| + 1))t 1
R ()
< (d(ls] + 1)) log(d(s| + 1)) (6.2)

The last line comes from using the mean value theorem on the function f(z) = (d(|s|+1))'~

to bound the expression inside the parentheses.
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For the second sum, since a < d we have:

1 |s| . 1
Z (kd)a Z % = |$|d Z kito Z 1

k>|s|+1 1<a<d k>|s|+1 1<a<d
_ 1
< |$|d1 ’ Z kl—i—o
k>|s|+1
l—0 jl—0c
s|*77d
o e o

Gathering (6.1), (6.2) and (6.3) finishes the lemma. §

Lemma 6.3: Let s = o + it, and let x be a non-trivial character modulo d, then for

1<o<2:
|L(s, x)| < log(d(|s| + 1))

Proof: We'll begin as in Lemma 6.2, with the following rearrangement of L(s, x):

L(s,x) = X Z (l{:il)s Z x(a) ((1 + %)_s - 1)

n<d(|s|+1) k>|s|+1 1<a<d

Again proceeding as in Lemma 6.2 we continue with:

als|

L(s, 0l < Y —+ Z —

ngd(|s\+1) k>|s \+1 1<a<d

We’ll bound each of these two sums separately beginning with the first sum:

> %g > —<<log (Is| +1)) (6.4)

n<d(|s|+1) n<d(|s|+1)

Continuing by bounding the second sum:

1 als| . 1
Z (kd)® Z kd < sld Z Ll+o Z 1
k>|s|+1 1<a<d k>|s|+1 1<a<d
1
l1—0o
< |$|d Z klto
k>|s|+1
d l1-0o
< (|5|a) (6.5)

Since o > 1, together (6.4) and (6.5) gives our result. 1



From Davenport [1] we have the following result:

Lemma 6.4: Let 6(y) denote the function (for ¢ > 0):

0 ifo<y<l

c+1i00
1 ds
o(y) = — S = if v =
(v) 2ir ) Y 1/2 ify=1
o 1 ify>1
and let:
1 c+iT s
Yy
Iy T)= — Zd
. T) 2% S °
c—iT

Then fory >0, c>0,T > 0:

T T) — o(y)] < 4 ¢ LT logy™) ify 71
cr! £y =1

With these we can prove the following proposition:

Proposition 6.5: Let w(n) be the number of distinct prime factors of n, and let
p(n) =#{t (modn):t*=-3 (modn)}
then for any M

w(g)
E:E_ﬁ@:H O—§>:Kb§G+O®§@
e g 5<p<M p

(9,6)=1 plg

where:

35
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Proof.

S I()

g<G 5<p<M
(9,6)=1 plg

= X 2T (e (1-2)) TL 300
9<G p%|lg p%lg
(9,30)=1 5<p<M p>M
1 6 1 c+100 G Sd
S
= ) - 3p(p?) (1 — = 3p(p?) | — =) =
= H oo ( ) H p") 2um (g) 5
(9%6):1 ogplgl\/f 52‘1‘5 €—1i00

by Lemma 6.4, for some ¢ > 0. We’ll want to approximate the infinite integral with the

following integral with finite limits:
c+iT B
/ G\ ds
g S
c—iT
for some appropriate T'. We’ll show first that this integral with the finite limits gives the

desired result, and then show that this approximation is valid. It turns out that using the

following for ¢ and T will allow us to more easily bound error terms:

B 1
© - log G
T = GV" (6.6)
We begin by re-writing
1 6 c+iT G sd
a S
(1)) (o) 90
g D 20T g S
g>1 p%|lg »%|lg T
(9,30)=1 5<p<M p>M
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o =0 (509 (0 () )
(-7
n((=0-z)
) e

10 = oo IT (e (o (‘f))—
( 126 — 126 (73
(e (o) mrola ))
So we then can bound

6 15 252 1
Als §/~€'U||(1+ —I———I——+O<—))
| ( )| ( ) . po+1 p2cr p20'+1 p30'

o= (1) (10 ) (1o A

Hence, not only is A(s) is absolutely convergent for ¢ > 1/2, but we can bound A(s)

where:

uniformly, irrespective to our choice of M, so long as we can fix a 0 and consider only

o>4d>1/2.
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Using this notation, we can continue (6.7) from above:

c+iT R
1 a 6 )1 G\* ds
> —| II 300 {1-~ [] 300" | 5= —) =
g P 2im g 5
g>1 p%|lg p%lg T
(9,30)=1 5<p<M p>M c—1

1 c+iT 3 3 GS
= — / C(1+5)°L (1 + s, (_—)) A(1 + s)—ds
2T . S
c—1iT

We can evaluate this integral by extending the integral from a line integral to a closed
rectangle R with corners, ¢ — T, c + T, % + 4T %1 —¢T". Around this closed curve R we

have: )
— . S
it T TT T —iT T

QiWZ{residues inside R}:/R: / + / + 6/ + (6.9)

G A W A N

We continue by showing that we can bound the last three integrals on the right hand side
of this equality. First we’ll bound the two two horizontal integrals, by splitting the integral
into two pieces. First integrating with respect to s along the line ¢ 4 ¢T" to ¢T. Along this
integral, 1 + s will run from (14 ¢) 447" to 1 +47". Since T is large and ¢ > 0, then for large

G in this region we can bound:

[C(1+s)] < log(T)

‘L <1+s, (lg))‘ < log(T)

The bound for the L—function comes from Lemma 6.3 above and the bound for ¢ from
Titchmarsh [20].

With this we can bound this integral as:

]T C(1+s)°L (1 + s, (_—3))3 A1 + s)§ds

+1T

T
log® T
< = /\Gs|ds

< (6.10)
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Next we bound the integral for s along the line i7" to %1 +¢T'. Along this integral, 1 + s

will run from 1 + 4T to % +T". Since T is large, in this region we can bound:

IC(1+5)] < TY2eW (6.11)

(on (D) « o

This bound for the L—function comes from Lemma 6.2 above, and the bound for ¢ from
Titchmarsh [20].

With this we can bound this integral as:

—1/6+iT s .
/ C(1+s)°L <1 + s, <_—3)) Al + S)%ds

T

—1/6+iT

T1/4+o(1)T1/2+o(1)
G*|ld
< T / |G?®| ds
T
< T (6.12)

Putting together (6.10) and (6.12) with our choices for ¢ and 7' we have:

—1/6+iT

3 s
/ C(1+s)°L <1—|—s, <_—3)) A(1+s)%ds < G4 +ll) (6.13)

c+iT

In the same way, we can bound:

6 3 s
/ C(1+s)? <1+s ( 3)) A(1+s)%ds < G148+ (6.14)

For the final integral, along the line with s taking values %1 +41" to %1 — T we can use
the same bounds for ¢ and L given in (6.11), hence:

;1—ZT

C(1+5)3L(1+s, =3 3A(1+s)§ds
/ 3

5 LT
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=T
< TT3/Atoe(1) /

.
T—HT

T7/4+o(1)
G1/6

G—ds
5

< (6.15)

So putting together (6.9) with (6.13), (6.14), and (6.15) and our choices for ¢ and T', we

have:
c+1iT

-3\\° G
2m/§1+s <1+s< )) A(1+S)?d8

= Z{residues inside R} + O (G~/*8+W) (6.16)

We must now calculate the residues inside the rectangle R. Inside the rectangle, both
L(1+s,(=2)) and A(1 + s) are analytic and their value at s = 0 is independent of the
choice of G. The rest of the integrand has only the pole at s = 0 inside the rectangle. Since
((s+ 1) has a simple pole at s = 0 with residue 1, {(s + 1) has a pole of order three. By

expanding G* we have:

(slog G)? N (slog G)?
2 3!

G® = e81%8C = 1 4 slog G +

Therefore:

{residue at s =0} = L (1, (—3>) A(l)lOg G + O (log” G)

log® G
a Ogs! II{t-
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(00 G)) )

+0 (log” G)
43
313859

(e (-2 (0 (D) ) - Y)
T (e ( (D) ) (-2

+0(log> @)

= log®G

So, by letting

AT = A (CHCHIGIC ) IEPN
L0 NG )

{residue at s = 0} = Klog® G + O (log* G)

we have:

Using this with (6.16) we then have:
17 -3\\° G
Dy / C(1+s)°L (1 + s, (—)) Al + s)?ds = Klog’ G + O (log” G) (6.17)
c—iT
We now will bound the error induced by approximating the integral having infinite limits
of integration, with the integral with the appropriate finite limits. Using Lemma 6.4:

S I () f o (on () s

g<@G 5<p<L
plg

- ¥ ! I 300" (1—2) 11 30"

g>1 p%|lg p%|lg
(9,30)=1 5<p<M p>M



c+ioo s c+iT s
1 / G\ ds 1 G\ ds
2 g s 2T g s
c—100 c—iT
a 6 a G ‘
< > = II 30 (1 - —) I 30" (—)
_ 17/18 p%lg p p%|lg 9
lg—G|<G
(9,30)=1 5<p<M p>M

e
. IT 3000 <1—g) 1T 30" %

_a|>al7/18 p%|lg r%|lg
lg—Gl|
(g,30)=1 5<p<M p>M

We’ll bound each of these sums separately beginning with the first sum. Since

log G
wlg) < loglog G

we can bound:

> ! IT 300" (1—2) 11 300" (Q)

lg—G|<G17/18 p%|lg p%|lg
(9.30)=1 5<p<M p>M

<<é Y o

|g—G|<G17/18
< G—1/18+0(1)

We bound the second summation next:

3 1 IT 300" (1—2) 11 300" (g)cm

9

lg—G|>G17/18 g g
(9,30)=1 5<p<M p>M

G1/18+C 1 6
< — — | I] 300" (1 - —) 11 30"
g>1 9 p%|lg p p%|lg
(9,30)=1 5<p<M p>M

G1/18+c 6 1
- O L (e (3) (S ) )
1
T (- (5 )

G1/18+c

= T (1)L (1 +e (;3))314(1 +0)

42

(6.18)

(6.19)

(6.20)
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Recall our choice for ¢ = 1/log G, and so for large values of G we have 1 <1+¢ < 2. In
this region, we can bound both L (1 + ¢, (_—3))3 and A(1 + ¢) by a constant. Moreover, as

¢ — 0 along the real axis, we have ((1+ ¢) = % + O(1); and so:
1 1
C(1+¢) = 5 @) (?)
Using these and recalling our choices for ¢ and T', we continue (6.20):

S Vs (D) {11000 | (5) vmaiaran

lg—G|>G17/18 g g
(9,30)=1 5<p<M p>M

G1/18+c
< Tc3
log® G
< G1/36 (6.21)
Putting together (6.19) and (6.21) we continue (6.18) to get:
3w(9) 6
ST (1-3)
g<G g 5<p‘<1\/1 p
1 c+iT 3 3 o | G
= 3 - 0g
i /C(1+5)L<1+s,< : )) AL+ 5)—ds| < s (6.22)
c—iT

Finally, by combining (6.17) with (6.22) we complete the proof of Proposition 6.5. 1
We can now prove the following result concerning primitive solutions. We’ll use this to
then prove a result concerning non-primitive solutions which relates this work back to the

function r*(n) defined at the beginning of the first chapter.
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Theorem 6.6:

g=ged(W,X,Y,Z), W3+Z3<g3N,
W,Z,—X,~Y>0

a,b,c>0, ged(a,b,c)=1,
# {a, b,c: ¢(arbe)=(W.X.Y,2) } > N1/3 log3 N
Proof. First, let L = ¢'/*N'? and we’ll consider only the solutions for which L/2 <
a < L. From Proposition 2.3, we can insure that we are only considering solutions for which
W, Z,—X,—Y are all positive if we consider only a, b, ¢ triples with a, b, ¢ > 0, ged(a, b, ¢) = 1,
and b+ ¢ < a. Therefore, we’ll count the number of triples arising as b < L/4, and ¢ < L/4.
The idea is to count as follows:
a,b,c>0, ged(a,b,c)=1,
# {CL bc: ¢(ab,c)=(W,X,Y,Z) }

g=gcd(W,X,Y,Z), W3+2Z3<g3N,
W,Z,—X,—Y>0

a,b,c>0, ged(a,b,c)=1,
b,e)=(W,X,Y,Z)
> : (25([17 I ’ P
> ) #qabe g=ged(W,X,Y.Z), W34+Z3<g3N,

g<N1/9 W,Z,—X,—Y >0
(9,6)=1

> >, > Napn) (6:23)
g<N1/9 afy=g

(g,6)=1 «,B3,v pairwise coprime

where:

a=(a,c2+3b2), B=(b,c2+3a?),

(a7b7c):17 ¢(a7bic):(W7X7Y7Z)7 }
y=(c?+3a2)

N(a, 3,7) = # {a, b o WEX-Y20 gdWXY.Z)=g=af:
Note that by Theorem 3.1, we know that if 2 doesn’t divide a3y then 2 can not divide g,
similarly for 3.
Using (2.5) and (2.6) we see that if b,c < a, then U,V < a? and K =< a°. Let M =
5log N, and p(n) = #{t (modn) : t* = —3 (mod n)}. By applying Lemma 6.1 we

have:
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a;é—lL b;%L pp>\bg ‘b2+73a p
'y\b2+3a p>3
2 2
ne-Hm(-3
& # p\g p
p>3 A
1
BT (i-2) XTI (1)
a=1r plE b<ir plb
aEz 3<p<M sl 3<p<M
~|b24-3a2
1 2
11 (1——> 11 <1——) (6.24)
p\M p plg p
8<peM 3<p<M

We continue by bounding the inner most sum:

> () () ()

b<iL p|b, ‘b2+3a2 ol 2 p
mb 3<p<M PITy B

3<p<M 3<p<M
~|b243a2

= XX T I ()

r=0 (mod ) 3<p<M 3<p<M
b= mod p
r2=-3a2 (mod ~) " ( od )

- X X sy
d

€
0<r< By b<%L d|b e|b2+3a2
r=0 (mod B) . (mod By) Pld=83<p<M ple=3<p<M
2=_342 = R
r<=—3a (mod ~)

DD VEE D SR D DR

0<r<Bvy d<lr <4972 b<lr
r=0 (mod 3) 4 €S 16 4

29— 2.2 pld=3<p<M ple=3<p<M, b=r (mod Bv)
ré=—-3a (mod 7) 7‘3) 1 b=0 (mod d)
p b2=-3a2 (mod e)



D -
0<r<py a<lr d
r=0 (mod f5) pld=3<p<M

2— 2
re==3a®  (mod v) “pi(d,4)Spla

1
/ =L
Z :u(e)Qw (e,a) {LCM4 y +O(1)}
By (67, d, e)

ple=3<p<M,

=3\
p\(eypd):m\a
pl|(e,8)=pla

p(d)3¢ @ 1

noxX o X UL

Ay,

0<r<pBy a<ir T;gd
piBY

.2120 2(mod B) pld=3<p< M
ré=-3a (mod =) pl(d,v)=Dla

M(e)2w’(e,a) 1
OIECy |

€
e<%L2 ple
ple=3<p<M, ptdpy
=3\
p|(e,d)=pla
p|(e,8)=pla

3w(d) 2w’(e,a)
ol > > o X
0<r< g8y a<lr d e<49 12 €
2TEO 2(mod ) dfsquazre free efsql};gre free
ré=-3a® (mod ) pld=3<p<M ple=3<p<M,
p|(d,y)=pla %3 —1
pl(e,d)=pla
pl(e;B)=pla
where:
w(n) = #{primesp|n}
/ . .
W(n,m) = #{primesp | n:pfm)
We can bound the error term as follows:
Bw(d) 2w’(e,a)
Z Z d Z e
0<r<By d<ir e<49 12
2 =0 z(mod ) dfsquz;lre free efque free
ré=—3a% (mod ) pld=3<p<M ple=3<p<M,
pl(d,y)=>pla (%3):1
pl(e,d)=pla
pl(e,8)=pla
3«(d) 1
< > > - II (v+2) 1I
0<r<By a<ir 3<p<M p 3<p<M
2120 2(mod B) d—square free (%3):1 (%3):1
ré=-3a® (mod ) pld=3<p<M la ola

pl(d,y)=pla

46

(6.25)
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) qw(d)
< (logM? Y >
0<r<By a<ir
215(') 2(m0d ) d—square free
ré=-3a® (mod ) pld=3<p<M
pl(d,y)=pla
3 3
= (ogM)? ) [T (1+2) IO (1+:
0<r<pBvy 3<p<M p 3<p<M p
r=0 (mod B) p|(v,a) Pty

r2=-3a2 (mod ~v)

< (log M)® Z 1
0<r< By

r=0 (mod B)
r2=-3a2 (mod )

= p(y)(log M)®

We will now bound the main term of (6.25). Note first that if d and e are square free

1

and p | de = 3 < p < M and by our choice of M = 355

. 49 12
log N, that necessarily e < {zL* and

d < L/4. In fact the largest that d or e can be is:

log 2
Hp:exp (Zlogp) < exp((2log2)M) = exp ( o8 logN) < N30 = o(L)

50
p<M p<M

For a nice proof of the first inequality see [5].

So then:
1L Z Z /L(d)gw(d) H 1 Z ,u(e)2“’/(6’“) 1
467 0<r<pBvy d>1 d pld p e>1 € ple p
r=0 (mod B3) pld=3<p<M ptBYy ple=3<p<M, ptdB~y
r2=-3a2 (mod~) pl(d,v)=pla %3):1

pl(e,d)=pla
pl(e,8)=pla

1L MR T (- ()
4 By OSTZ<M ; d ]z;!: p BO];[AI p 3<1'];ka P

r=0_ (mod 3) pld=3<p<M 1By (;3)21 (;3):1
r2=-3a2 (mod ~) pl(d,v)=pla pﬁﬁ @) pﬁd )
Y piB

() L) T () T ()
() () () (G-

pl(a,v) pla ply pladBy
ptdp ptdBy ptad



1L ( 1) ( 4 3 ) ( 3 )
= —— 1—— 1——+— 1—-—+4+—
(%3 1 .2120 2(mod ﬁd) p;;/\@a p\é?bw)
pl(8.a) e fmed) (%3)11 (58)=1
) I (=3) I (-3) I (1))
1—— 1—— 1—-— 1——
SEJW ( p2 SEJW p SENI p SEJW p
pla pl(a,v) pl(a,B) p|B
féfﬁ“/ J;ﬁﬁ pta
(3)= (3)=
) I (7)) I (-5)
1—— 1— - 1——
H ( p? H p H P?
(a5 Ao s
f’ () ”
P I (-0) I (-5) I (-5)
> — 1— - 1—— 1— -
By HN p HN p H p
()= e S
pl(a,B) (—73):1 (—73):71
3 3 2
Oe-5)me-3) me-;) x o
3<p<M 3<p<M 3<p<M 0<r<py
e e A% Pl
(5)-
L 4 4 3
SN0 () T ()
BV sz P) e P) e p
p|(a,B) pl(a,v) pl(a,v)
B o
() ()
3 2
11 (1 - —> 11 < - —) (6.26)
3<p<M p 3<p<M p
p|B ply
pta pta
L 4 3 2
s L) 1T <1——) 1T (1——) 1T <1——) (6.27)
BV sz Yt P) e p
i #
L 4
s Lr0) I (1 _ _)
ﬂf}/ 3<p<M p

To get the second equality, note that we have merely changed the sum over d into an Euler

product, where the products inside the sum cause the Euler product to be split into various

cases based upon the primes. For example, in the first case, p | a, p t (7, (%) =1,if p
does not divide d we have the contribution from the fifth product of the summand (1 — I%),

while when p does divide d we have the usual factor —% from the first term of the summand,
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multiplied by % from the first product and <1 — %) from the second, giving us:

(=) 5 (=0) = 0-5+5)

Also, we notice that by our choices for L and g that:

L 1T (1 4)>> L >>N1/27
By p) " Bylog' M~ logt M

3<p<M

So indeed, the main term is the dominant term.

We now return to (6.24) using these bounds and (6.27):

L?p(g) 3 2\ & 2 4
N(a, 3,7) > 1-= 1-= 1-= 1——
P19 g p:lll P Ei&Lk pglL P
p Py a\a pla pla
SO (-3 (-2 3 11 (0-2)
> 1—= 1-= 1--
%ﬁgggg p:QLI P Eigﬂ; P
p Py a\a pla
L2p(g) ( 3) ( 2) = ()6
= 1-2 1-2
p|B ply ofa pld=5<p<M
L?p(g) ( 3) ( 2) p(d)6* @ &
= 1—= 1-Z2 Lk S A
B plv pld=5<p<M a‘2a
dla
L?p(g) 3 2 (d)6=@ NSUCT
- YT (- (-2) S My
P19 oz P/ aZpm p) = at 2
p|B ply pld=5<p<M ’—QLCM(a,d)]
2 2
S L#p(g) H (1—5) H (1__)
M@Sﬂﬂ P/ sy p
SR L o)
; d LCM(av, d)
<L

pld=5<p<M

() n)

3<p<M 3<p<M
p|B ply
p(d)6< 6+()
L —— 40
dz dLCM (o d) T 2. g
<L d<L
pld=5<p<M d—square free

pld=5<p<M
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Note that as before, we can simply sum over all d > 1 instead of d < L due to our choice
of M, and the fact that d must be square free. We continue by showing that the error term

indicated above is indeed smaller than the main term, by first bounding the main term:

e L pd)6 1
L ; dLCM(a,d)  « Z d H

=z d>1 5<p<M p
pld=5<p<M pld=5<p<M pld
pla
DINCHRINGS
- = H 1—- H 1— —
o 5<p‘<1\1 p 5<p)(<]% p2
pla pra
While the error term becomes:
6(d) 6
< — = 14 -
> S - I (14

d>1 5<p<M
d—squarefree
pld=5<p<M

Since alog" M = o(L) for any n, indeed the main term is larger than the error term. We

can continue bounding N(«, 5,7):

o > 50 0 (-5) 1 (-2) 16

5<p<M p 3<p<M
pla p|B ply

L3 6
> p2(g> 1T (1——)
g 5<p‘<M p

We now return to (6.23) using this bound:

a,b,c>0, ged(a,b,c)=1,
# a b c: d)(a’b’C):(WvX,YvZ)
T g=ged(W,X,Y,Z), W34+Z3<g3N,
W,Z,—X,—Y>0

> Yy > N8,

g<N1/9 aBy=g
(g,6)=1 «,3,v pairwise coprime
,6)=

s X ¥ I

g<N1/9 afy=g 5<p<M
(g,6)=1 «,3,v pairwise coprime plg
1/3
> E E N/p(g) H (1_9)
g<N1/9 afy=g 9 5<p<M p
(g,6)=1 «,3,v pairwise coprime plg
— N3 Z p(g) H 1-2
g<N1/9 g 5<p<M p
(g,6)=1 plg

Applying Proposition 6.5 completes the proof. &
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We now prove the following corollary which gives us a lower bound on the count of the
number of taxicab numbers.
Corollary 6.7: Let r™(n) be as given in (1.1). Then:

+
Z (T Q(n)) > NY3log* N

n<N

Proof.

We begin with the following equality where the 1/2 in front of the right hand sum
corresponds to the fact that there are two a, b, ¢ triples for each pair of solutions counted by
(1)

2

ab,c>0, ged(a,b,e)=1,

rt(n) 1 d(a,b,c)=(W,X,Y,Z)
Z( 2 - 5 Z # a b,C. g=gcd(W,X)Y,Z), W3+Z3<g3(%)7
m<N1/3 W,Z,—X,—Y>0
N\ /N
> 2 () e (o)
m<N1/6
1
> N'Plog N Y —
mSNl/G

> NYlog*N.



CHAPTER 7

AN UPPER BoOuUND

As we did with the theorems concerning the lower bounds, in the previous chapter, we’ll
first prove the theorem concerning primitive solutions. Note that this theorem only counts
solutions for which the ged(W, XY, Z) is small. In order to complete the upper bound, we
would need to be able to handle larger values for the ged. In fact, to account for all taxicab
numbers where the integers involved are all positive we proved in chapter four that we would
need to deal with ged’s of size N?/3 rather than just up to N'/6 as in this theorem.

Theorem 7.1:

p

a,b,c >0, ged(a,b,c) =1,

a,b,c)=W,X,Y, Z
#1 a,b,c: # )=1 ) < N'Y3log® N
G =ged(W,X,Y,Z), G< NS

W34+ 73 < G3N

(

Proof. First consider a,b, ¢ so that G = ged(W, X,Y, Z) < NY/6. We will first re-write G
as, G = Mg where M = 2%3°2 and ged(g,6) = 1. Using Theorem 3.1, we have shown that
the choices for M are 1,3,8,9,24,72. We will then split the count based on the size of a,b, c.
Note that the values for m in the following expression are related to those arising as M and

this relationship also comes from Theorem 3.1.
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a,b,c >0, ged(a,b,c) =1,
e, Oebo=0VXY.2)
G = ged(W, X,Y, Z), G < N

\ W3+ 73 < G3N

< 2 2 > O

@, f3,7,9)
1/6 me{1,2,3,4,6,9,12,18,36 afy=mg
Toomt { | S
(B,7)=1,3
where:

(CL, bv C) =1, a= (a,C2 + 3b2)’
= (b,c* +3a%), v = (¢, b* 4 3a?
Dl frrag) = #dabes0: )= )

mg = aBy, W3+ Z3 < (729)3N,

ged(W, XY, Z) = g,39,89,99, 249, 72g
Case 1: b,c < a

For this case, K < a°. So we can write

D(a,B,7,9) < >, > Z 1

a<g1/3N1/9 bﬁ<‘a
ala

v[b24-3a2

~

‘a
S
ot
o
Q
N
S—
Il

SZZZl

a<gl/3N1/9 b<a

c<a

ala Blb vle
Y[b2+3a2 alc2+3b2
Blc243a2

(6%

I D SRR N S O

g a<glc/j’aN1/9 bﬁﬁg a<91(i‘3aN1/9 bﬁﬁg
~|b2+43a2




o4

S B SETER) LD SIS IESNCI O

gﬁv a<gl/3N1/9 a<gl/3N1/9 a<gl/3N1/9

ala ala ala

a<gl/3N1/9
ala

:MZCFJFO%Za + Olplg) > 1

9By a<gl/3N1/9 a<gl/3N1/9 acgl/3N1/9
ala ala ala
2
« «
= p(9) Z &2 + O p(9) Z d
gﬂf}/ d<gl/3é\;1/9 67 d<gl/3§1/g
+O0fplg) > 1
1/;N1/9

2 N1/3 2/3N2/9 2/3 \2/9
~plg)a? (g )a g
9By o’ a?

1/3 1/9
0( N)

N1/3 N2/9 1/3N1/9
_ P9 o PO L g o(9)?
g 91/3 o

And so for g < N/ we have:

N1/3
D(C%ﬁa%g) < ﬂ



Case 2: b < a < ¢ (and similarly for ¢ < a < b)

For this case, K =< ac® > a°. So we can write:

D(a,B,7,9) < >, > S

1/351/9 b<a 3n )\ 1/8
a<g a\aN alb a<c<(%)
[b2+3a2
K 7le
a\c2+3b2
Blc243a2

SZZZl

1/3n51/9 b<a 1/8
a<gl/3N1/O s /
ala 162 4302 a

v ) yle
a\c2+3b2
\c2+3a

3/8N1/8
= +0(1 a
a<g§\ﬂ/9 Kza <Oé/6’}/a1/8 ( >) p( ﬂ)
ala

'y\b2+3a
N1/8 /6
— 5/(8 ) § a—l/S § 1
g
T b
~|b2+3a2

+ O |pp) Y. >

a<gl/3N1/9 bﬁ<\g
ala 2 2
~v|b4+3a

1/8 a
LD S (L row)

<g1/3N1/9
ala

w0 foan) X (1))

a<gl/3N1/9
ala

NY8p(g) . NY8p(g)
P\ /8 —1/8
PR Z a’’® +0 P Z a

a<gl/3N1/9 a<gl/3N1/9
ala ala
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+O%‘?Za+0p(g)21

a<gl/3N1/9

| a<gl/TN1/9
NY8p(g)a™/® . N8p(g)

_ /8 —1/8

- 95/8ﬁ,}/ Z d +0 95/8a1/8 Z d

1/3 51/9
d<i——

+op(ﬁgio‘ Soodl o+ ol Y1

1/3 N1/9
A<

B NY8p(g)a™/® gl/3N/9 15/8 o gl/BN/9 7/8
By a a
N1/8p(g) gl/3N/9 7/8
+0 g3/8a /8 ( a )

o) ol
Nplg) O(W) N O<N1/991/3,0(9))

g g1/3 o

1/371/9
A<t

Like in case 1, for g < N'/6:
N1/3
D(C%ﬁa%g) < ﬂ

Case 3: a < b < ¢ where ¢ — b < a (and similarly for a < ¢ < b where b — ¢ < a)

For this case, K =< a’c*? < a®b® > a°. So we can write:

D(a,f,7.9) < ) > S

a<gl/3N1/9 . BN 1/6 b<c<‘cl.)+a
ala < a3 g 5
Blb alc®+3b

.2 2

24 3,2 Blc=+3a

vIb=+3a (a,b,c)=1

/
s}
o
[V
S
5 2
Q
N
N—
|
A

/~

IN

2.

a<gl/3N1/9 oo (BN 1/6 b<c<bta
ala < a3 ;/C 2
8lb alc®+3b

b2 43q2  Plett3a?

[



o7

> % (e vom) )

a<gl/3N1/9 be g3N 1/6
ala a3
Blb
W\b2+3a2

P(aﬁ) a O af 1
; > Y1+ Ofplep) > >

A () A ()"
B Blb
y\bglb3a2 “/\b2+3a2
3N 1/6 1
pad) 5~ ((—g . ) 37 0 | ()
g a<gl/3N1/9 a v
ala

N1/6P(9) Z a2 + 0 @ Z

1/2
g 67 a<gl/3N1/9 a<gl/3N1/9

ala ala

1/6 ,1/2
L0 N gﬁ P(g) a2
~ 2:

a<gl/3N1/9
ala

+0|plg) > 1

a<gl/3N1/9
ala

2
N'%p(g)at/ S &2+ 0 plg)x S od
g' 2By 9 1/3 51/9
d<91/3N1/9 d<g/ N1/

1/6 ,1/2
L0 N*Pg P(g) Z d-1/2

Bryaltl?

1/3N1/9
A<

+0|nlg) > 1

1/3 51/9
A<



o8

NY6p(g)al/? gl3N/9 3/2+O g3 N9 1/2
9" By a a
1/3 07179\ 2
+O<p<g>a(g N ))
g Q@

o NV6gl/2p(g) ( g3 N9 1/2
i Bryall? ( a )

1/3 \71/9
+ 0 (p(g)gi)
N1/3 N2/9 N1/9 1/3
_ pla) 0( 17;(9)) N 0( g p(g))
g g «
As in the first two cases, for g < N/6:
N1/3

D(C%ﬁa%g) < ﬂ

g

Note that for the case in parenthesis, a < ¢ < b where b — ¢ < a, we arrive at the same
sequence of equations after the first two as we’ll show below.
First note that K =< a3b® > o, and so:

D(a,B,7,9) < Y > S

a<gl/3N1/9 BN 1/6 max(a,b—a)<c<b
ala b<(Ta- ) ~¥le

Blb a\c2+3b2
2 2
b2 4342 Blc*+3a
S+ 3a (a,b,c)=1
b2+3a2):1
Y

NN TN
e Qe e
w(‘:

[Vl
+
QW
o
n
N— N—
Il
—

DD D I

a<gl/3N1/9 b<(93N)1/6 bfo:yfctl:<b
o 3
la a a\c2+3b2

b
Al Blc243a2

'y\bz +3a2

We then continue the sequence as above to arrive at the same count.
Case 4: a < b < ¢ where ¢ — b > a (and similarly for a < ¢ < b where b — ¢ > a)
For this case, K =< ac®(c — b)? > a(c — b)® > a°. As before we can bound a above by
e

1/6
g'/3N'9_ Since (¢ — b) > a we can bound ¢ by (QS—N) , by noting that K =< ac®(c — b)? >

a®c®. Once a and c are chosen, we bound b as:

3N 1/2
C—<g—6) <b<c—a
ac
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1/8
Note that for small ¢, namely ¢ < (Q?’TN) , this lower bound for b is negative, while we
have previously restricted b to positive numbers. We then must split our count and bound

D(a, 3,7, g) as follows:

D(,B.7.9) < > S

a<gl/3N1/9 BN 1/8 b<c
ala e< a
vle
Ble243a2

—
o
o
N
H-
=g
)
[
~—
=

NN

D 2. 2. !

a<g1/3N1/9 (ggN)1/8<c<(ggN)1/6 67(93N)1/2<b<c
a a3

ola - acb
yle Blb
Blc2+3a2 alc2+43b2
v|b2+3a2
(a,b,c)=1

NN TN
o ple 2o

< > 2 2

a<gl/3N1/9 (N 1/8 bﬁ<\bc
ala e< a 5 2
e alc®+3b
Blc243q2  VIvP+3a?

DY 2. 2. 1

a<gl/3N1/9 (93N>1/8<C<(93N>1/6 07(93N>1/2<b<c
a - a3

ala acO
vle Blb
Blc2+3a2 alc24-3b2
~|b2+3a2

- T ¥ (=5 +0w) sta)

1/351/9

a<g N g3N
ala C<( a
vle

Ble2+3a2

+ > > . (gg—N)l/z +0(1) | p(a)

a<g!/3N1/9 [ 3n 1/8<C< g3 N\ 1/6
ala a = 23
vle
Ble2+3a2
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play) c
-0y X

300 1/8

3nx1/9 3N

a<gl/3N1/ c<(ga )
ala

vle
Blc2+3a2 _3
1/2,1/2 a2 E : ¢
OZ’Y)N g Z s 3\ 1/6
+ p( a<g1/3N1/9 (g?;N)l/ §C<<%)
ola vle
Blc2+3a2

+0 | play) Y > 1

- 1/6
3n1/9 3N
a<gl/3N1/ C<(g )

ala :T‘c
Ble2+3a2
1/8
SN\ V4 ) ﬂ
() <@ (9_) +O<p(ﬁ ( "
g a<9%1/9 ﬂf}/ !

ala

U
+play) N2 S et <@ <<937N> /_<ga—év> )

3n1/9
a<gl/3N /
ala

1/6
p(B) (9°N (ﬁ))
+0 | plar) Y ﬁ—7<a3) o

N1/ ~1/8
p(g)NY/* Z a1+ 0 PlgIN T Z a

gl/A By

5/8
g% a<gl/3N1/9
a<gl/3Nl/9 ala
ala

N1/ ~1/8
plg) N'/* E a V't + 0 % Z ¢
T e g a<gl/3N1/9
g1y 1/3 51/9
a<g /°N

ala
ala

o) plg)N'/og/2 a2+ 0]ng D> 1
Lo | P9N"e P

1/3N1/9
<g
67 a<gl/3N1/9 “

ala
ala

60
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2p(g)N'/* —1/4 p(g)N'/® ~1/8
g/ Byal/s Z d +0 g5/3a /8 Z d
1/351/9

d<91/351/9 d< 9

N1/6,1/2
+0 p(g>—g Z a2l + 0 p(9) Z 1

57061/2
d< g1/3N1/9 d< g1/3N1/9

@

3/4 7/8
2p(g) N/ g/3N1/O Lo +0 p(g) NV [ gl/3 N9
gL /AByal/A o g5/3q1/8 o

NL/6,1/2 7 1/3N1/9\ /2 1/3 \J1/9
. O(p(g) g <g ) . O(,O(g)gi)

Bryal/? a a

2p(g)N'/? plg) N/ plg) N?/? g'ANY?
= g T\ i) T O T ) T O A

As in the previous three cases, for g < N/6:

N1/3
D(a, By, g) < P9)

Having handled all four cases, we return to (7.1) for g < N/6:

#{a, b, c coprime : k(a,b,c) < N}

< > > D(g)

g<N1/6 afBy=g
«,f3,7y pairwise coprime

(9,6)=1
N'Y3p(g)
< D >, —
= 9
(g,6)=1 «,3,v pairwise coprime
< N3 Z 39 p(g)
g<nN1/6 g
(9,6)=1

Using Proposition 6.5, we can see that for the case ¢ < N/ we have finished the proof. 1



CHAPTER 8

RAMANUJAN’S PARAMETRIZATION

Ramanujan [16] gave a different parametrization for solutions to (1.3) which is not a complete

parametrization. The equations are as follows:

W, = W,.(m,n)=6m? — 4mn + 4n?

X, = X.(m,n)=—4m*+ 4mn — 6n°
Y, = Y,(m,n)=—5m?+5mn + 3n’
Z, = Z.(m,n)=—3m*—5mn + 5n’

In this chapter, we will discuss how this parametrization compares with the complete
parametrization of Euler discussed in the previous chapters. The main result comparing
these two parametrizations is Lemma 8.4 which shows that all of the solutions generated by
Ramanujan’s parametrization correspond to integer triples (a, b, ¢) in Euler’s parametrization
inducing large ged’s.

Since ged(w, x,y, z) played such a substantial role in the complete rational parametriza-
tion discussed in previous chapters, we ought to describe the ged’s for this parametrization
as well.

Lemma 8.1: Using the parametrization of Ramanujan, with ged(m,n) = 1, then
ged(w, x,y, z) divides 21.

Proof. Let g = ged(W,., X,.,Y,., Z,). We first show that:

ged(g,m) = ged(g, n) =1
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Suppose p is a prime dividing ged(g,m). Since p | ged(W,., X,., Y., Z,) then we also have
p | ged(5n?,6n?%,3n%, 4n?) = n?, hence p would divide n, which contradicts the hypothesis
ged(m,n) = 1. Similarly, p can not divide n.

Certainly g must divide 97,4+ Y, +8X, = —8m(8m+n). From above, since ged(g, m) = 1,

either p = 2 or p divides 8m + n. Looking at the equations modulo 2 we see that:
Z,=m?>+mn+n®> (mod 2)

which has no solutions if gcd(m,n) = 1. So 2 can not divide g. Hence ¢ divides 8m + n.

Letting n = —8m  (mod g), and substituting this into our equations we see that modulo g¢:
W, = 294m?
X, = —420m?
Y, = 147m?
Z, = 35Tm*

<

From this we see g | ged(357m?2, 147m?, 420m?, 294m?) = 21m?, which with ged(g,m) = 1
completes the proof. 1

We can now begin to describe the types of solutions that this parametrization gives with
respect to the complete parametrization. The two sets of (a, b, ¢) which yield the parametriza-

tion of Ramanujan are:

(a1,b1,¢1) = (13m? — 23mn + 13n?, 14m? — 14n* 19m? — 11mn + 19n?)

2

(ag, by, c2) = (m? —mn+n? m? +mn+n? 2m* — 2n?).

Lemma 8.2: Let (ay, by, c1) = (13m? —23mn + 13n?, 14m? — 14n?,19m? — 11mn + 19n?).
If (m,n) =1, then ged(aq, by, ¢q) divides 147.
Proof. Let g = ged(ag, by, ¢1). We first show that ged(g, m) = ged(g,n) = 1. Suppose p
divides ged(g, m). Then
p | ged(13n?, 14n?,19n?) = n?
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and hence p | n, which contradicts ged(m,n) = 1. Similarly for p | ged(g,n). Also note that
2t n, since 2 | (13m? — 23mn + 13n?) if and only if 2 | ged(m, n).

Certainly ¢ must divide 13¢; — 19a; = 294mn. Since from above ged(2, g) = ged(m, g) =
ged(n, g) = 1, we must have g dividing 147. 1

Lemma 8.3: Let (ag, by, c2) = (m* —mn+n?, m?+mn-+n? 2m?—2n?). If ged(m,n) = 1,
then ged(asg, be, co) = 1.

Proof. Let g = ged(ag, by, c2). We first show that ged(g, m) = ged(g,n) = 1. Suppose p
divides ged(g, m). Then p must divide ged(n?,2n?) = n?, and hence p | n, which contradicts
ged(m,n) = 1. Similarly for p | ged(g,n). Also note that 2 1 g, since 2 | (m? + mn + n?) if
and only if 2 | ged(m, n).

Certainly ¢ must divide by — ay = 4mn. But since ged(2, g) = ged(m, g) = ged(n, g) = 1,
we must have g =1. 1

When working with the complete parametrization, we only considered a, b, ¢ triples for
which ged(a, b, ¢) = 1. So, to properly make comparisons we would have to divide out the ged
described in Lemma 8.2 to get the proper type of triples. But, since this ged is bounded by
a small constant, we can still use these expressions for a;, b;, ¢; to prove the following lemma:

Lemma 8.4: Using either (ai,b1,c1) or (ag, by, o), then the w,z,y, z which arise from

the complete parametrization ¢ described in chapter two have
ged(w, z,y, 2) < M*

where M = max(m,n). Further, the primitive k which is associated to these (a;, b;, ¢;) has
size =< M.
Proof. By simply substituting the expressions for a;,b;,c¢; into the expressions for

W, X,Y, Z given by the parametrization (2.4) we have

(CL1751701) - (91Wr791Xr791Yr7912r)

(ag,bg,CQ) - (g2Wrag2Y;“>g2Xr>g2Zr)
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where:

g1 = 56(19m? — 11mn + 19n?)(13m* — 23mn + 13n?)

g = 8(m*—mn+n?)(m?+mn + n?)
Note that the ged factors, g1, g2 can be re-written as:

g1 = 56aic; ga = 8ashy
Since by Lemma 8.1, ged(W,., X,.,Y,, Z,) divides 147, letting M = max(m,n) we have that
ged(W, XY, Z) < g; < M*.
Finally, factoring our expression for W2 + Z3 we see that k =< M®:
k=< 63(m? + mn +n?)(3m? — 3mn + n?)(m* — 3mn + 3n?) 1

Note that re-arranging the parametrization given by Ramanujan, switching the expres-
sions for y and z for example, leads to essentially the same sequence of lemmas. The only
change is slightly modifying the constants the ged’s divide in Lemmas 8.2 and 8.3.

Another interesting property of this parametrization is shown in the following lemma.

Lemma 8.5: Using the parametrization given above:

W.(m,n) = W,.(m,m —n)
Z.(m,n) = Z.(m,m —n)

Moreover, unless n =m —n or m = 0 we also have:
X.(m,n) # X,(m,m—n)
K’(mvn) 7& Y;“(mvm - TL)

Proof. By simply substituting in the given expressions:

W,(m,m —n) = 6m*—4m(m —n) +4(m —n)?

= 6m? — 4m? + 4mn + 4m? — 8mn + 4n?
= 6m? — 4mn + 4n?

= W,(m,n)
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Similarly for Z,.. This completes the first part of the lemma. To see the second part we

calculate:

X, (m,n) — X,(m,m —n) = —4m?®+4mn — 6n* — (—4m? + 4m(m — n) — 6(m — n)?)
= 4mn — (—2m?* + 8mn)

= 2m(m — 2n)

And indeed this expression equals 0 if and only if either m = 0 or n = m — n. The same
argument follows for Y,.. 1

Note that although this gives us a place to look for integers with at least three represen-
tations as the sum of two integer cubes, it does not guarantee this property. Although the
ged(W,, X,., Y., Z,.) is bounded by 21, the solution generated by (m,n) may have a different
ged from that generated by (m, m —n).

Finally, we mentioned earlier that this parametrization gives us a family of examples
which yields large ged’s, even for the case where W, Z, — X, —Y are all positive. The following
lemma gives a family of (m,n) pairs yielding such solutions.

Lemma 8.6: Letting n = —2m then W,., Z, > 0 and X,.,Y, < 0.

Proof. We can see that W, is always positive as follows:
W, = 6m? — 4mn + 4n* = (2n — m)* + 5m?

Similarly, X, is always negative.

By simply making the substitution described in the lemma we have

Z. = 27Tm?

Y, = —m?

hence indeed Z, >0 and Y, < 0. 1



CHAPTER 9

GENERALIZING RAMANUJAN’S PARAMETRIZATION

In this chapter, we generalize Ramanujan’s parametrization given in the previous chapter.
We discuss some of the interesting properties this generalization shares with Ramanujan’s
original parametrization. One question which remains is whether or not the solutions given
by this generalization also have the property that the associated (a, b, ¢) triples using Euler’s
parametrization induce large ged’s via Euler’s parametrization.

First we recall Ramanujan’s Parametrization from the previous chapter:

W, = 6m?—4mn + 4n?

X, = —4m?+ 4mn — 6n?
Y, = —5m?+ 5mn + 3n?
Z, = —3m®—5mn+5n°

Then for any m, n this is indeed a solution to:
W3+ X3+ Y3+ 2°=0 (9.1)

We first note that the leading coefficients in these expressions given by the parametriza-

tion are themselves a solution to (9.1), that is:
6°—4°—5°—-3°=0

So, to generalize our parametrization, we’ll start with a primitive solution (A, B,C, D)

to (9.1). Then our generalized parametrization might be expressed as:
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W, = Am®+rmn — Bn?
X, = Bm®—rmn— An?
Y, = Cm?+ smn — Dn?
Z, = Dm?—smn — Cn?

Q
|

With this as our form, we can prove the following proposition.

Proposition 9.1: Given integers A, B, C, D satisfying (9.1), then
(Am? + Rmn — Bn?)® + (Bm? — Rmn — An?)?
+(Cm? 4+ Smn — Dn*)® + (Dm? — Smn — Cn?)* =0
for some rational numbers R, S if and only if
—(A+B)(C+D)=T?€ Z?

. . 2_ 2 22
i which caseR:% and S = ATB .

Proof. We begin by deriving conditions for R and S. By substituting W, X,, Y,, Z, into

(9.1) and simplifying, we get the following two conditions:

R(A* - B+ S(C*-D?* = 0 (9.2)

R*(A+B)+ S*(C+D) = AB(A+ B)+CD(C+ D) (9.3)

While we might like for R and S to be integers, it suffices for them to be rationals at

which point we can clear denominators. From (9.2) we see that we can write

R=—-—(C*-D? g=n
2 t2

(A* - B?)
for some integers t; and t,.
Substituting these expressions for r and s into (9.3) we have:

2 2
(07— D)} (A4 B)+ L (4~ B) (C+ D) = AB(A + B) + CD(C + D)
2 2
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. t2
Solving for % we have:
2

t2 AB(A+ B)+CD(C + D)
2 (A+B)(C+D)(C—D)(C? - D?)+ (A— B) (A2 — B?))

AB(A+ B) +CD(C + D)
(A+ B)(C+ D) ((A*+ B3+ C* + D*) — (AB(A+ B) + CD(C + D)))

AB(A+ B)+CD(C + D)
(A+ B)(C+ D) (—(AB(A+ B)+ CD(C + D)))

1
“(A+ B)(C + D)

So, in order for the parametrization to produce integer solutions to (9.1), we must have

—(A+ B)(C + D) be a perfect integer square. In which case, by setting ¢; = 1 and t, =

\/ —(A+ B)(C + D), we have R and S of the form required by the proposition. &

For the parametrization of Ramanujan given to start this chapter, we have:
A=6, B=—-4, C=-5 D=-3

and so —(6 —4)(—5 — 3) = 16 which is indeed a perfect integer square.
One interesting property of this generalization, is that the salient property —(A+ B)(C'+

D) € Z? is preserved by the parametrization. That is, for any m,n € Z, we have:
—(Wy + X)) (Y, + Zy) = —((A+ B)(m* —n?)) ((C + D)(m* — n?))
= —(A+ B)(C + D)(m?* — n?)?
c Z?

We might also like to characterize the a,b,c which yield such a parametrization. By

substituting our complete parametrization, we have:

W4+X = 2b(30* + (c — 3a)?)

Y+Z = —2b(3b” + (c+3a)?)
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So, in order for —(W + X )(Y 4 Z) to be a perfect integer square, we can let:

3b° + (c — 3a)* = mL3

30% + (c+ 3a)* = mL3 (9.4)

for some integers m, L1, Lo.

We might like to use these equations to give complete conditions on a,b, ¢ which give
rise to such solutions, but as of yet, such complete conditions remain unproven. We can use
a special case of these equations though to determine some a, b, ¢ which satisfy this integer

square conditions. Begin by rewriting these equations:

3B+ N} = mlL]

3B*+ N; = mlL; (9.5)

There is then a one-to-one correspondence between integer solutions to (9.4) and integer
solutions to (9.5) if we restrict Ny = No (mod 6). Note that the two equations in (9.5) are
indeed the same, hence we can also say that in order to satisfy (9.5) we need two different
solutions to

mL? = 3B% + N? (9.6)
where the value of B is the same.

We will now begin with one such solution, and derive a second one. So suppose we have
a solution to (9.6). Then, by cubing both sides of this expression and reorganizing terms, we
have:

m (mL?)* = 3 (3BN? — 3B%) + (N* — 9N B?)*

This then is another solution to (9.6). In order to use these two equations for (9.5) we

must multiply our original solution (9.6) by (3N? — 2B%)?, so that the B term in both

equations agree. Thus we have:

m (3L (N? - B?))® = 3(3B(N?- B?))” + (3N (N? — B?))”

m (mL*)® = 3(3B(N®—B?))* + (N (N? —9B?))’
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We can then use these to find the corresponding values of a, b, c. So, let:

c+3a=N, = 3N(N?-B?

c—3a=N, = N(N*-9B?

Then we have:

N, — N, N(N?+3B?)

T e T 3
b = 3B(N?— BY)
Ny + N,
¢ = S NN - 6B

Thus, in order for a, b, ¢ to be integers, we need to have 3 | N.

Therefore, by choosing integers B, N with 3 | N, we can generate a solution to (9.1)
which yields a generalized Ramanujan parametrization.

Another question we might like to investigate, is whether or not this generalized version
of Ramanujan’s parametrization leads to solutions with large geds as Ramanujan’s original

parametrization does. Such a general result also remains unproven.
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