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CHAPTER 1

INTRODUCTION

A significant line of research has been the investigation of the special values of
transcendental functions. Given a function defined by a convergent series having
algebraic coefficients with prescribed growth, what can be said about the arithmetic
nature of the values that the function takes on at integer values of the argument?

An example of such a function is the Riemann (- function:

()=~

ns
n=1

where s is a complex variable with Re(s) > 1. Euler proved:

_ m 1(27)2m
¢(2m) = (-1)™" WB%n

for any positive integer m > 1 where the Bj are Bernoulli numbers. From the
presence of 7 in this formula, one sees that the (-function takes on transcendental
values at the positive even integers. It has long been conjectured that {(2m + 1)
is transcendental Vm € N and another, much stronger, conjecture is that these
values are algebraically independent (see Cartier). In 1978, Apéry proved that ((3) is
irrational but until recently very little else was known. Then in 2001, Ball and Rivoal
proved that infinitely many of these values are irrational. If 6(a) is the dimension of
the Q-vector space generated by the set {1, ((3),((5),...,((a)}, they proved that for

each € > 0 and a > A(e):
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More generally, one may ask if there is a comparable result for linear combinations
of Hurwitz (-functions or, in particular, for Dirichlet L-functions. This is the question
pursued in the present work. We now give a brief description of the the general result.

Fix an integer Q@ > 1 and let ¢ = (¢, ¢y, ..., cg) € C? be such that ¢ # 0. If we
define L(s,c) by:

0 = 1
L(s,c) = chzm

d=1 k=0
then we will establish the following:

Theorem 1.1 Let d.(a) denote the Q-dimension of the space generated by the set

{c1,...,cq, L(2,¢),L(3,¢), ..., L(a,c)}. Moreover, suppose that:

Q
St
d=1
Then for each € > 0, there exists an integer A(e) such that for a > A(e):

@@)z@ﬁféisbg(%>

As in Ball and Rivoal, the key lemma is a criterion of linear independence due

to Nesterenko:

Proposition 1.2 Let 0 = (6y,...,0y) € CM (M > 2) and suppose that for each n

there is a linear form with integer coefficients:

M
Ln(f) - Z P1nTl
=1

such that

1. There are a; and oo, 0 < ay < ap < 1, such that:
i " < |1y (0)] < ayt ™
2. There is a 3 > 1 such that:

max < n—+os(n)
max Pl <8



In(3) — In(on)
%0 = In(8) — In(ay) + In(ay)

Following Ball and Rivoal, we introduce an auxiliary function from which we
derive the requisite sequence of linear forms. Recall that we fix an integer () > 1
and ¢ = (cy, ¢a, ..., cq) € C? is such that ¢ # 0. Extend this sequence periodically,
requiring ¢; = cg if d = d'(mod Q). Of particular interest is the case when y is a
Dirichlet character with conductor () and ¢y = x(d). Let n, r, and a be integers such
that 1 <r < g, n € N. Furthermore, in the special case c; = x(d), the parity of a
and n will depend on x in a manner to be described below. We define m = m(c) = 0
if:

Q
Z dCd 7é 0
d=1
Otherwise, let m be the least positive integer such that ¢,, # 0. Since ¢ # 0, m < Q.

Then, a fact which will be useful later, it is not difficult to see that:

Q+m

Z dcdséO

d=14+m

since if m = 0 the sum is nonzero by definition and if m # 0 it equals Qc,,. We will

analyze the function:

00 Q+m
Sne(2) = Z ( Z Caltn.aQ (k)> 7

k=0 \d=14+m
where:
rn—1 l rn—1 1
m (= ) Tt (b4 n+ 2+ )
[T ot +1410)e

Rn,Q(t) — Q2rnn!a72r

and we define:

d

For k =1,2,3, ..., the Pochammer symbol is defined to be:

k-1

Tla+k)
(a)k—w—g(aﬂ%)



Thus:
(Qk+d—rn+1), (Qk+Qn+2Q +d),,

a

(k: Y14 %>n+1

The series defining 5, .(z) converges for all z € C with |z| > 1 because, as a rational

Rn,d,Q (k‘) = plo=?r

function in k, R, 4(k) has total degree < —2 due to our assumption that 1 <r < g.

We begin the proof of Theorem (1.1) by establishing in chapter two that:

a Q+m
Snc(1) =D Pa(WL)+ Y Pia(l)eq (1.1)

where Py, (), Py, (z) € Q[z]. We here briefly sketch the argument. First expand the
R, 4¢(k) into partial fractions:

a n (d)

Faaqk) =303 -t

l
I=1 j=0 (k:+1+j+%>

(d)

where Clin

€ Q and by the uniqueness of the partial fraction expansion:
cl(cjl)n = cl(i,)n for all d,d’

The poles are all of order a and, when summed over k£ and character values, survive
as L(l,c) up to L(a,c). Substituting this expansion into the series defining S, .,
rearranging the sums, and evaluating at z = 1 gives the result.

Furthermore, the coefficients P, ,(1) have additional properties which allow us to
specialize equation (1.1) when we have more information about ¢ = (c1, ca, ..., ¢g).

The symmetry of the zeroes of R,, (k) about its poles yields the functional equation:
Roq(k) = (=1)" V"R o(—n — k)
This translates via the partial fraction expansion to:

Pl,n(l) — (_1)(n+1)a+lPl7n(1)
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Thus, for example, if ¢; = x(d) where y is an primitive even Dirichlet character for

which it is known that:

L(2m, y) = (=1)™+! (%)Qm An(x)

where A,,(x) € Q(e*/?), we take a odd and n even. Hence P,,,(1) = 0 for [ even

and we have:

N Q+m
Sn,)((l) = Z P2l+1,n<1)L(2l =+ 17 X) =+ Z Pd,n(1>X(d)
=1 d=1+m

Defining d,, ¢ = lem{1,2, ..., (n + 1)Q + m}, we prove in chapter eight that:
Ln = dngSQn,c(l)

is a sequence of linear forms with integer coefficients and d, o = €"@°™ by the
Prime Number Theorem.
T a

With R = ) and A = o we easily compute, using the residue theorem and

standard estimates on multinomial coefficients, that:

lim sup \Pz,n(l)!l/Q” < Q2R+12A—2R(2R + 1)2R+1

n—oo

The same estimate is proved for ﬁd,n(l). So:
3= [eaQ2R+12A72R(2R + 1>2R+1}2Q

suffices to satisfy the second part of Nesterenko’s criterion.
The technical heart of the proof is in satisfying the first part of the criterion. In

fact, we explicitly compute the limit:
lim |S,, .(1)]"/<"
n—oo

This requires a detailed investigation of the asymptotics of S, (1) which is the task
undertaken in chapters three through seven. The main term comes from the function:

B x® L (x+1+ R)*TF
F(x) - ((az—l— 1):(:+1) (a: . R)m—R




If we define:

$Q.ra = max Q2RF(QZ)

R<x<oo
we prove in chapter four that there exists a unique zg € (R, 00) such that ¢g,, =
Q*RF (). Moreover:

Q2R2R+1
0< ¢Q,r,a S RAiQR

In chapters five through seven we establish:

lim ’Sn,0<1)|1/nQ = (bQ,r,a (12)

n—oo

In chapter three, we prove using Stirling’s formula that for sufficiently small ¢§

and sufficiently large n depending on ¢, if n(R + §) < k then:

Roaq(k) = Q"’“"%F@”QH(I)GWW (0‘5 G))

where z = % Moreover R, 4¢(k) is nondecreasing for k < n(R + ¢§) for sufficiently

small ¢ and n large.

In chapter six, we use these facts to prove (1.2) under the hypothesis that

Q
ch 7§ 0
d=1

Establishing the limit is technically most difficult when 23:1 cqg = 0. Indeed,
under this assumption, we use the asymptotic product formula above to prove in
chapter seven the following:

There is a constant C' > 0 such that if:

1 1
o — C| 222 20+ C4/ Og”]
n n

Q+m /a _\a—
c _ 2rn< 27T >a o T nQ l
> ( > an,d,Q(k)> =Q Jn ) F(x0)"0 (n)

%¢[n d=14+m

I, =

then:



and:
« - ! Q+m
e (V27)07F Fwg)"? (7 HoAg
’; (d:zlngan’d’Q(k)) =6 (V) /n ( 270 d:12+md0d+0(1)>

where Hy and A, are nonzero constants. Furthermore:

L _% <%)2 10g (F(2)) [0

and: .
v=3 (1) tos (P s
In particular, neither is zero as is proved in chapter four.

However, the reader is strongly cautioned that there is a neglected term in the
main computation which begins on page 57. This term exactly cancels the main term
found in the asymptotic above. In fact, with a bit more care, what we have in fact
established is that:

S0e() = @ L Dy (1)

It is hoped that the computational method given in this chapter will eventually show
that the next term in the asymptotic is nonvanishing. This would be sufficient to
prove the following:

Conjecture 1.3 Let x be a Dirichlet character with conductor Q. Suppose x(—1) =
—1. Take a even and define 6,(a) to be the Q-dimension of the space generated by the
set {x(1),....,x(Q), L(2,x), L(4,X), ..., L(a,x)}. If x(—1) = 1, take a odd and define
9y (a) to be the Q-dimension of the space generated by the set {x(1), ..., x(Q), L(3, x),
L(5,x),.... L(a,x)}. Then for each ¢ > 0, there exists an integer A(e) such that for
a> Ae):



Having established the limit:

lim [S,. (1] = ¢g..a

we take:
Qa1 = Qg = (ead)Q,r,a)zQ

Theorem (1.1) follows by applying Nesterenko’s criterion.



CHAPTER 2

LINEAR FORMS IN SPECIAL VALUES

Recall the definition of the rational function R, 4¢(t):
rn—1 d l rn—1 d l
Hl:O (t—i-a-a) 1=0 <t—|—§+n+2+§>
n d a
T, <t+1+l+§>

We first investigate the coefficients in the partial fraction expansion of R, 4¢(%):

Rn,d,Q(t) — QZTnn!a—2r

a n (d)

Ruaot) =) )" AL (2.1)

l
=1 j=0 (t+1+j+%>

where letting:
1 d*

Dy, = ——
AT N d

we have:

. d\*
Cl(i)n =Dy <Rn,d,Q(t) (t +7+1+ @> ) \t:_j_l_% eQ

which is the /th coefficient in the principal part of the Laurent expansion of R, 4.(%)
about the polet = —j—1— %. These coefficients are independent of the congruence

class of d since, by Cauchy’s Theorem:

Cin = =5 R,q (z)(z—i—j—i—l—l——) dz
L3, 27 /|Z+j+1+5:§ Q Q
1 ‘ _
= — Ruqw)(w+j + 1) dw
2mi lw+j+1]=%

under the linear transformation w = T'(z) = z + % where |w+ j+ 1| = 5 denotes the

circle of radius 1/2 and center w = —j — 1. Henceforth, we will simply write ¢,

(d)

for Cljm -
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We now insert (2.1) into the function S, .(z). By suitably rearranging sums and
evaluating this function at z = 1 with a limit argument, we’ll derive a sequence of

linear forms with rational coefficients in special values of L(s,c). Recall:

) Q+m
Sn,C(Z) = Z( Z Ciltn,a,q (k>> Z7F

k=0 \d=1+m
So we have:
ST oEp
Sne(2) = ( Cq Jo1 . ) 5—kQ
9 R d l
k=0 \d=1+m I=1 j=0 (k+1+4j+ Q)
E S)ILTICID SR PRSI
9, 7n . l
=1 5=0 d=14+m k=0 ((k + J + 1)@ + d)
a n Q+m 00 1
R ) I I T L
I=1 j=0 deitm  kejil (kQ +d)
a " Q+m (S) 1 1
- Z Z Qe 09 Z Cd < O T
e Q 1
=1 j=0 d=14+m k=0 z (kQ + d)
o
= 29 (kQ + d)
a " Q+m oo 1 1
S ) MNFRIELD i) pi LI
e Q 1
I=1 j=0 de1am  h=0 ~ (kQ +d)
— Qcrjn Cy —ZZ(J—kH)Q
=1 j=0 d=14m k=0 (kQ + d)
Define: |
a n Vi
Pd,n(z) = — Z Qlcl,j,n —ZZ(J*kJrl)Q
=1 5=0 k=0 (kQ + d)
and:
Pu(z) = Qlayjnz e
j=0
Thus:

Q+m Q+m

Sne(z) = ZPL,@(Z) Z cdzz’%‘?m—i_ Z ﬁdm(z)cd
=1 k=0

d=1+m = d=14+m
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There are identities which further simplify this expression. First we have:
P ,(1)=0Q Z; c1jn =@ z; R€St:,j,1,%Rn,d,Q(t) =0
J= J=

since, from the assumption that r < §, R, 4(t) has total degree < —2 as a rational

function in ¢ and thus has a zero at infinity. Also, the function >, z%@m has

a logarithmic singularity at z = 1. So:

n Q+m
; L G+H)Q
lzlirll ZQCLJ’ 2V Z Cdz 2@ ( kQ—i—d =0
|z|>1 j=0 d=14+m =
Furthermore, for [ > 2 and m = 0:
Q+m oo
2. © Z L{l,c)
d=1+m k= kQ +d)f
If m#0:
Q+m 0o c
> ¢ Z Ll,c) =~
d=1+m k= kQ +d)f m
Hence for m = 0:
a Q+m _
Sne(l) =Y Pa(D)L(Lc)+ Y Pun(l)ca
=2 d=14+m
while if m # 0:
Q+m _
Sn,c(]-) - Z-Pln l C _sz -Pln Z Pd,n<]-)cd
d=1+m
Q+m R
= Z Pau(D)L(Le)+ Y Pan(l)ca
=2 d=14+m

where if d # Q + m, ﬁd,n(l) = ?d,n(l) and the coefficient of ¢, = cgim is:

a

~ ~ 1
PQ-‘:—m,n(l) = PQ-&-m,n(D - Z Wpl,n(l)

1=2
For the sake of consistency of notation, if m = 0 we shall also write ﬁdm(l) for

Igdm(l) (d=14+m,...,Q +m). In summary, we’ve proven the following:
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Proposition 2.1 There is a finite expansion:

a Q+m
Sne(1) = Pia(DL( )+ > Pan(l)cy
=2 d=14+m

where P, (%), Igd,n(z) € Q[#].

Now, it is possible to say more about the coefficients P, (1). More specifically,

they satisfy a symmetry relation expressed in the following proposition.

Proposition 2.2 For | = 1,...a, the coefficients in Proposition (2.1) satisfy the
relation:

Pl,n(l) — (_1>(n+1)a+lpl,n(1)

In particular, P, (1) =0 if a is odd and n and l are even or P, (1) = 0 if a is even

and [ is odd.

proof

To derive this relation, recall that:
Pa(l) =) Qajn
§=0

where:

. d\*
Cljn = Da—i (Rn,d,Q<t) (t +7+1+ @) ) li=jor1-d

Witht = -2 —1— %, rewrite:

Cljmn = <_1)a_lDa—l (CIDM(:L’)) |w:j

where:

Do)(t) = Ruso (—x—l—g) G = o)
QTR — ) (),

rn—1 l)
X —r—1-—=
(g

—_

™

X (—x+n+1+i)
o @
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So we have:

@ ](n —z) = Q2mn!a_2T(H —Jj—(n—x)"(=(n~- x));il

TG e )

Hence VE > 0:

Letting k = a — [ and x = j:

g = (=1 (=1)" 1

so that:
Pl,n(l) — (_1>(n+1)a+lpl’n(1>

It is well known that the even (resp. odd) positive values of L(s, x) are given by
a formula resembling Euler’s formula for ((2m) (see, for example, Iwasawa): Define
ex = 0if x(—1) = lande, = 1if x(—1) = —1. Then for x primitive and [ = €, mod 2
(1> 2):

I
l—ex B~
Libx) = (_1)1+272(¢§<) (QCD i

where the generalized Bernoulli numbers and Gauss sum By, 7(x) € Q (e*™/9).
This formula, under the conditions given, shows that L(l,x) is, in fact, transcen-

dental because of the presence of .
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So, if ¢4 = x(d), to restrict our attention to the case where values of L(l,x) are
unknown, we take a odd and n even if y(—1) = 1. Then (n+ 1)a + is odd for even
[ and P, ,(1) = 0 by Proposition (2.2). If, on the other hand, x(—1) = —1, we take

a even. Then P, (1) = 0 for odd [. If x(—1) = 1, we have:

a—1
3 Q+m
Sne(1) = Puian(DLERI+1,¢)+ Y Pun(l)ca
=1 d=1+m
If x(-1) = —-1:
5 Q+m

Snc(1) =3 Pun(DL2c)+ > Pia(l)ca

d=14+m



CHAPTER 3

ANALYSIS OF R, 40(t)

In this chapter we will assemble some facts about the growth of R, 4¢(k) for non-

negative integers k. We begin with a simple observation:

Proposition 3.1 R, 40(k) =0 for k=0,1, .., L—m_éi_lj

proof
By definition, R, 40(k) = 0 for any integer k with 0 < k = %i forl =0,...,rn—1.
However, as we shall show in the next proposition, R, 4¢(k) is in fact nondecreasing

on a larger range.

Proposition 3.2 For each sufficiently small 6 > 0 (where small depends only upon
a, v, and Q)) there is an Ns such that for each d =1+ m,...,Q +m, R, q40(k) is

monotonically increasing for each n > Ns and for %l <k< (6 + (5) n.

proof
In this chapter and those that follow, we shall frequently use the notation R = 6,

A= %, and D = %. We shall proceed with the proof of the proposition by using the

inequality:

u+s+11 1 u+51
/ —dxgz g/ —dx
wrl T u+k v T

k=1

valid for u > 0 and s € N, to show that <% log (R, 4o(t)) is positive on an interval

for large n.

15
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We have:
rn—1 Q +rnz—1 Q
Qt—l+d £ Qt+Qn+2)+i+d

n

d
- log (Rnaq(t) = 2

1
S
l:0t+1+l+§
- O G tOY :
Qt —rn+d—+1 llet+Q(n+2)+d—1+l

=1

.
—a

d

=1 t+§+l

Qt+d+1 1 Qt+Q(n+2)+d+rn 1
> Q —dr+ Q —dz
Qt—rntd+1 L Qt+Q(n+2)+d .
thg+ntl |
—a —dx
t+& X

= Q(In(@Qt+d+1)—In(Qt —rn+d+1))

+Q (In(Qt+ Q(n+2)+d+rn) —In(Qt + Q(n + 2) + d))

wlelgenn) +e2)

We continue the analysis by dividing through by @n in all terms, noting that this

leaves the expression unchanged, and then with z = %:

d
Elog(Rn,dQ(t)) > Q(lﬂ(fﬁ—}‘%)—ln(l'_fi_’_ dg;))

+Q (ln(m+1+R+2%j;d> —1n<$+1+2Q+d))

Qn
—a (ln (:1:+ 1+ dé;?) —In (m—{— %))

= Qn(z)—In(z—R)+In(zx+14+R)—In(z+1)

—Aln(z+1)+ Aln (x)]

x+% x—R+%
+Q1In —Qln| ———
x r—R

z+1+ R+ 2 T+ 1+ 22t
+QIn —QIn [ ———°~

z+1+ R r+1
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<x+1+d+Q)+aln<x+&>
r+1 T

- Q|urnm (H)Hn(%?ﬂ
wan 1+ g ) —an (1)

20 +d 20 + d
+an(1+Q x+1+R)) _an(1+Qn(x+1))

d+Q d
_aln(1+an+1)+ In <1+%)

Smce— t<In(l1+4+1t) <tif 0 <t <1, then:

ilog(Rn,d,Q(t)) > Q{(A+1)1n (%H)Hn(%lz)]

Q d+1 d+1 Q 2Q + d
2 One Y On@e—R) 2 On@+1+R)
0. 2Q +d d+Q a d

Qn(z+1) " Qnz+1) 2 Qna
d+1 2Q+d 2Q+d d+Q
if nis large enough that Onz < 1, m < 1, m < 1, m < 1, and

@ <lforx>Randd=1+m,...,QQ +m. Furthermore, x must be chosen so that

ﬁ < 1. Since Qn(z — R) = Qt —rn, this last is the case when t > %. Thus
if & > 0 and (R—}—dcgi;)n <t < (R+ §)n or, equivalently R—I—% <z <R+,

then:

d 1+ R
108 (Ruaq(t) e 2 Q [(A +1)n (m) +In (%)}

2Q +d d+Q

TR D)

where we’ve dropped the positive terms, used the fact that #il%) < 1, and

increased the remaining terms using x > R. Since R < z < R+4, we have [t—R| < ¢
and hence the first term can be made as large as we like for all  in the range under
consideration simply by taking ¢ sufficiently small. In particular, we can make it
positive and greater than ). Then the remaining terms can be made negligible by

taking n large. Thus for ¢ sufficiently small (depending only on A and R), there is
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an N such that foralln > N,alld =1+4+m,...,QQ+m, and all x € R+%,R+5 ,

To conclude the proof of the proposition, observe that if we restrict ¢ to integer

d+1

values there are only finitely many possible values between L’”"‘T‘HJ and % + 55

These are at most 4 in number since d < 2Q) and they are all contained in the set:

{rn—d rm—d+1 rn rn+1 rn—l—d—f-l}
Q ? Q PR Q Y Q YA Q
Hence we are done if we can show that R, 4(t) increases monotonically on this set

for large n. Indeed for —d <~ < d:

R rn+y+1
ndQ \ 7 0 _ oty +d+1 2rmm+9+d+Q(n+2)
Rn,d,Q(’"”g”> y+d+1 m4+y+d+Q(n+2)

ﬁ( A4y +d+ QI >a
oty +d+1+Q1

As n approaches infinity, the first factor goes to infinity while the second converges

2r4+Q

to r+Q

> 1. To complete the argument, it suffices to show that the third factor is
bounded from below away from 0. Indeed, we have:

’ﬁ( rn 4y +d+Ql )“ - ﬁ( rn+y+d+Ql )“
oty +d+1+QI T o\t +d+Q+QI

( m+y+d+Q >
m+v+d+Q+Q(n+1)

r 4+ y+d+Q a

a
and as n tends to infinity, this converges to <TIQ) . Thus we see that there is an

N’ such that for n > N
rn+y+1
Rua ("5%)

Fuae (757)
foralld =1+ m,...,QQ + m and —d < v < d. The proposition follows with Ns =

> 1

max{N, N'}.
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Finally, we establish an asymptotic product formula for R, 4¢(t) when ¢t > (R +

d)n, for any ¢ > 0. First, we define:

1+A
- 2 (24 1+ R+
o) = bg((CFITFﬂ) (o Ry T )

Fo) = el = (o) e

x z+1 41+ R\ z “
H(I‘) = . . . —_—
r—R z+1+R x+1 (x +1)3
T r+1+R

G(z) = exr>(9(a:))—< z >A+1$+1+R

r+1 r—R
@) — L(A+1 As1 1 1
e = 20Q) x xr+1 zz4+1+R zxz—R
a—2r a 13a 2Q 20Q
hi(z) = - -
(@) 2 12¢ 2@+l s+1+R z+1
1 1 1 . 1
12Qx  12Q(zx—R) 12Q(z+1) 12Q(x+1+ R)
1 1
Tl r+1+R
hale) — A 342 2,1
AT 9 T 2w+l 2+ l+R x4l 20z
1 1 1

i _I._ —
2Q(z+14+R) 2Q(zx+1) 2Q(x— R)
Proposition 3.3 For each 6 > 0 and n > Nygym (depending on §), if v = % then

with the notation above:

(\/ﬂ )a72r
(\/ﬁ )a+27’

uniformly for k > n(R + 9) and furthermore:

exp <O5 (%)) = exp (%gl(x) + %hl(:c) + %ha(ﬂf) + 05 (%))

Recall the definition of the Pochammer symbol:

Ruao(k) = Q¥ F(z)"°H(z)G ()" exp (05 (1 >>

n

proof

k-1

Tla+k)
(a)k—w—g(aﬂ%)



and apply Stirling’s formula in the form:

['(s) = 857%675\/ 27reﬁ+0( Isll2>

to:
k+d— 1 k 2 d
Rnaq(k) = nla2r (Qk + 1), <Qd +aQn +2Q +4d),,
(k t 1 * §>n+1
We have:
a—2r F(Qk+d+ 1) F(Qk+Qn+2Q+d+Tn)
Ry.a0(k) ! .

M'Qk+d—rn+1) F(Qk + Qn +2Q + d)
F<k+2+%+n> h
r (k +14+ %)
— <(n i 1)n+1/2e—(n+1)\/§>“

(Qk‘ +d+ 1)Qk+d+1/26—(Qk+d+1)
(Qk + d — rn + 1)Qktd—rn+1/2¢—(Qk+d—rn-+1)
(Qk+Qn +2Q +d + rn)Qk+Qn+2Q+d+m71/2
(Qk + Qn + QQ + d)Qk—I—Qn-‘rQQ-i-d—l/Q
)—a(k+2+g+n—1/2)

—2r

o~ (Qk+Qn+2Q+d+rn) (k +2+F+n

e~ (Qk+Qn+2Q+d) ) 7a<k+1+%71/2)

(k+1+4

ea(k+2+%+n) o 1
a(k+1+3) - OXp n

— ((TL + 1>n+1/26—(n+1), /2ﬂ_)a—2rQ?rnn—(a—27‘)n—ae(a—2r)n+a

d+1
<_ + _n>

k d+1
(b-5+a

B

) Qk+d—rn+1/2

Qk+Qn+2Q+d+rn—1/2
k 2Q+d
(z tl+g+ W)
’ > Qk+Qn+2Q+d—1/2

k 2Q+d
(E+1+2%

) —a(k+2+ G +n—1/2)

k 2Q-+d
: <E e -exp | O !
)—a(k+1+g_1/2) b n

k Q+d
(; T on
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It should be noted at this point that for arbitrary 6 > 0, if % =1z > R+ 0 then all
of the arguments in the gamma functions are positive and tend to infinity with n.
Thus this formula is valid for all x > R + ¢ and the O (%) = Oy (%) is uniform in
x. For brevity we have written Os (%) in place of the following expanded expression

which uses the e™s term in Stirling’s formula:

0 1 B a—2r 1 1
5(5) B 12(n+1)+12(Qk+d+1)_12(Qk+d—rn+1)
1 1
12(Qk +Qn+2Q +d+rn)  12(Qk + Qn + 2Q + d)

a a 1
+ + Os <—2)
2(k+2+g+n> 12(k+1+g> n
a—2r 1 4 1 1
12n 1 —|— 1271@;17 1+ 4 d“
1 1
- _ ) d+1
2nQ(r = R) 1+ i
1 1

12nQ( +1+R) 1+%
1 1

2Q+d
C12nQ(z + 1) L+ 085D

+

a 1 N a 1 Lo ( 1 )
- 20+d ) Q+d o\ 2
2n(z+1) 1+ D) 2nz 14952 n
a—2r 1 1 1

12n * 12nQz  12nQ(x — R) - 12nQ(z + 1+ R)

1 a n a 40 1
12nQ(z +1) 12n(z+1)  12nz = °\n?
Here, the Oy (H—IQ) is uniform in x > R + 0 for n sufficiently large. Letting % =z,

combining these results and writing them in logarithmic form we have:

1
—log R,, k) =
0 o8 4,Q(k)

A —an (1og(\/%) ~1+ (n + %) log(n +1) — ”log(”))
+2R10g(Q) ) % +

Alog(n D 1 d+1
T <+ *m) <+W>

n
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1 d+1
_ N | _
x R—I— + nQ> og(as R+ Qn)
1

D
+(x+1+R+n+———)log<x+1+R+
—A

2Q+d)

n  2n@Q Qn

D 1 2Q +d
1 ——— 1 1
T+ —|— —i—n 2Q> og(ﬁc—i— + On )

2 D 1 2 d
(m—i—l—i— +———>10g(x+1+ @+ )

n n 2n QOn

1 D 1 Q+
+A<x+ﬁ+z—%)log<x Qn)
A-2R 1 1 1

207 T 1202Q%  1202Q%(z —R) | 12020%(z + 1+ R)

- 1 - A A (]
12n2Q2(x + 1)  12n2(x+1)  12n2z  ° \n3

Next we expand the logarithms to isolate the main terms:

1
— log ande(k‘) =

nQ
a-om (VI (1) (hut 41 (141 ) o)

_ AU =1 Lo p1og(0)

n

D 1 d+
+ <x—|— - —f—m) [log(x) + log (1—1—%)}

_(x—R+D+ﬁ) {log(w—R)“og (H%)]

2 D 1
+<:B+1+R—|— +E__) [10g(az+1+R)

2nQ)
2Q +d
—Hog(l—l—Q (x—i—l—i—R)}
2 D 2Q +d
(x—i-l—i- +E__) {log +10g(1 —Qn(x%—l))}

~a (e 202 ) fogte+ 1)+ og (14 e )



+A (x+l+2 —i) [log(m)+log (1—|— Q+d>]
n n Qnx

+A —2R n 1 1 + 1
12n? 12n2Q?%x  12n2Q%*(x — R)  12n2Q%*(z + 1+ R)

- 1 A A (1
12n2Q%(x + 1) 12n%(x +1)  12n%z = \nd

We next expand the smaller order terms into Taylor series to third order error:

1
—log R k) =
TLQ Og n7d7Q< )

log(v2r) —1 1 1\ /1 1
WA T2 T 1 -
n + 2n og(n) + o 2n n  2n?

+0 (%))} _p e =1 + 2R 10g(Q)

n

(A—2R)

+xlog(x) — (x — R)log(x — R) + (r + 1+ R)log(x + 1+ R)

—(z+1)log(x +1) — A-(x+1)log(z + 1)+ A- (x) log(x)

+ (% + %) log(z) — (% + %) log(z — R)

2 D 1 2 D 1
“(; rm)logm”m‘( ) s
2 D 1 D 1

i () o ()
ey R ey )*O(ni)]

2Q +d ) 1( 2Q +d )
|
|

Qn(z+1+ R Qn(z+ 1+ R)
20 +d _1( 2Q+d 2 )
Qn(z+1) 2 Q(az+1
20+d 1( 2Q0+d \° 1
-+ |y 3 (G s > (n_]
Q+d 1
bt -3 () o ()

—(z = R)

+(x+ 14+ R)

—(z+1)

+Ax
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D 1 d+1 D 1 d+1
i (Fm) (@nw) ) (T an) (@n(w—R))
2 D 1 20 + d
+<E+g_2nQ)(Qn(a:+l+R))
() (- )
n n  2nQ) \Qn(z+1) n n  2n) \Qn(x+1)
1 D 1\/Q+d
A m) (o)

A—-2R L 1 _ 1 N 1
12n? 12n2Q%x  12n%2Q%*(x — R)  12n2°Q*(x + 1+ R)

+

- 1 A A (]
1272Q%(z + 1) 12n2(z+1) @ 1202z = °\n?

Now we expand the products and collect terms so that finally:

1
—log R, k) =
0 o8 4,(k)

log(v/2m)

n

144
x 1 x+1+R
L log [ 2" x (x + +R)7
(x + 1)=+1 (x — R)* R
n 1 o T r+1 +zlo z+1+ R
20Qn & r—R z4+1+R n & r+1
A o (2
on e\ (@ +1)°
D T r+1+R
+E [(A+1)log <—I+1)+log <—x—R >]

+D2 1 /A+1 A+1+ 1 1
n? |2 x z+1 xz+1+R z—-—R

_ Alog(n)

(A—2R) -

+%log(n)+0<1)

n3

1 [A—2R A 134 2 2
T T +12a:_12(x+1)+x+1+3_x+1]
1] 1 1 1 1
|0 T RO -R) 1200 +1) 1202+ 1+ R)}
1] 1 1
2 _Q(:L‘+1)_Q(:v+1+R)}
DA 34 2 2 1
T2l 2w ) TrritR 41 20z

20 +11 TR 2@(3:1+ 0~ 2@(931— R)] +0s (%)



Recall the notation:

B z° 1+A ([E—{- 1+ R):r+1+R
flay = o ((W) (o= R*

P = el = (5om)

x x+1 z+14+ R\ x “
H(:E) = . . . —
r—R z+1+R x+1 (x +1)3
T z+1+ R

6w = ool = (757) LR

1 [A+1 A+1+ 1 1
20Q) x xr+1 zz4+14+R zx—R
a—2r a 13a 2Q 20
h = — —
(@) 2 12r 2@+ s+1+R a2+l
1 1 1 i 1
12Qz  12Q(x—R) 12Q(x+1) ' 12Q(x+1+R)
1 1
Ter1 it 1+R
A 3A 2 2 1
= - + - +
2v 2(x+1) z+14+R z+1 2Qu
1 1 1

0@ +1+ R 20@+1) 20@—-R)

Then note that:

(@) = glz), f'(x) = ¢(2) = 2Qur(x) and gﬂ'm — H(x)hs(2)

and that for k > n(R + ¢§) and n > Nygym:

mF(x)nQH(gj)G(l')d exp (06 (1))

Roaq(k) = Q™" (Y )*rer n

where:

exp <05 (%)) = exp (%291(56) + %hl(ﬂi) + %h2($) +0s (%))

as claimed in the proposition.
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CHAPTER 4

MAXIMUM OF THE MAIN TERM

, and recall:

e 1+A " z+1+R
P =eo ) = (G3pm) e
We define:

¢Qra = max Q2RF(x)

R<z<oo

Proposition 4.1 There exists a unique xg € (R, 00) such that:

¢Q,r,a - QzRF(xO)

Moreover:
Q2R2R+1
0 <®qra < —paim

proof

To show this, we follow the argument given in Ball and Rivoal ([1], pp. 199-201).

We see that:

F'(z) _ log <(1:1+A (z+1+R) )

F@) =55 2+ 1) (z — R)

Thus, a critical point of F' must satisfy:

A 4+14+R) = (x+ 1) (2 —R)

26



27
The transformation # = ;% or, equivalently, s = —=5 maps the interval [R, c0)

bijectively to [Ri;l, 1) and is order preserving. Under this transformation, we see

that any critical point of F' must also satisfy the relation:

S _ (R+1)s—R

= 4.1
R+1—Rs (4.1)

and be a root of the function:
Pra(s) = s (=Rs + (R+1)) — (R+1)s — R)

So it is necessary to further understand this critical point as a root of Pr a(s). We

have Pr4(0) = R > 0, Pra(1) = 0, and Pra(s) > 0 on [0 since, on this

)

interval s'*4 >0, —Rs+ R+ 1> 0, and —(R + 1)s + R > 0. Furthermore:
Ppa(s) = (14 A)s*(—Rs+ R+ 1) — Rs'** — (R + 1)
So P 4(0) = —(R+1) < 0 and Py 4(1) = A — 2R > 0. Also:

Pha(s) = A+ A)s* ' (—Rs+ R+ 1) —2R(1 + A)s*

= —(1+A)s* Y R(A+2)s— (R+1)A)

Thus Pp 4(s) > 0 on [0,1]. Hence, Pra(s) has a single root in so € [0,1) and

75 < so < 1. Equivalently, on the interval [R,c0), F(z) takes on its maximum
value uniquely at zg = {*-. Writing s = s, it follows from equation (4.1) that:

_ 2R s
¢Q,7‘,a = Q F<1_8>
— Q2R< (l—fs)l%s ) (1%+1+R)1%5+1+R

(£ s

=R

s+(1+R)(1—s)

_ QQR(l i S)A72R . 87“11:“) . (3 + (1 + R)(l — S)) e
- s—R(1—s)
(s—R(1—s)) ™=
s+(1+R)(1—s)
2R acor cxa) (R41— Rs) T
= Q (1 - S) ©S tms s—R(1—s)

(R+1)s—R) 1>
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So we have that:
bora = Q1 —s)* (R4 1— Rs)™((R+1)s — R)?
(gia, BE1-Rs =
(R+1)s—R
= Q*P(1—s)"(R+1—-Rs)F((R+1)s — R)F

and since R_+1 < 59 < 1t

A—-2R R R+1
R+1—-R-—— R+1—R)"
wir) () e

NG
) (F)

completing the proof of the proposition.

0< ¢Q,r,a S QQR (

- (e

R+1
1

2R

_Q(+

Q2R2R+1

=< RA-2R

In subsequent work we will also require some information about f”(z¢) and
1" (x0). In the remainder of this chapter we endeavor to establish the nonvanishing

of these higher derivatives.

Lemma 4.2 For fivred v and 0 < R < x the functions:

1 1 1
KI(R):IH(JT—Fl‘i‘R)_ln(w_R) (x—R_x—Fl—i-R)
and:
1 1 1
) = e T T T R e = /) ((g;_R)2 - (:)3+1—|—R)2>

are monotonically increasing in R.

proof
Let t = 2 x+l Then 0 <t < 1 and:
1 1 1 1 K(t)
K.(R) = T ( - ):: 1
r+5 In(l+¢)—In(l—-t) \1-¢t 1+¢ T+ 5
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and:

1 1 1 1
H,(R) = (x + 1)’ “In(1+1t) —In(1 —¢t) ((1 —t)? (1+t)2>
H(t)
(x+3)°
1 2

T eyt MY

Since 2 is monotonically increasing for 0 < ¢t < 1 it suffices to show that K(t) is

monotonically increasing for 0 <t < 1. This is equivalent to showing that:

Kt = In(1+¢) 2—tln(1 1) (1— )

is decreasing. We look at the Taylor expansion:

t-fre-g —(~t-2-g_n)
Kt = —————————————— . (1-1)
U A A
(+3+5+7>( )
Y (D I
5 3

Therefore:
d = 4k
TR Zﬂw—1 <0

for 0 <t < 1 thus proving the assertion.
As we have seen, for F)y gp(z) = F(x) and a given A and R, x¢ is defined by the
equation:

d

e log (Far(z)) =0

In the following, we shall fix R and view this equation as defining a correspondence

between A and z.
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Since we have that:

L log (Fan(e)) = gfa)
= (14 A) (log(z) —log(z + 1))

+log(x + 1+ R) — log(x — R)

then:

d
% 10g (FA’R([E)) =0

if and only if:
log(z + 1+ R) — log(z — R)

A+1=
* log(z + 1) — log(x)

which defines A as a function of z.

Proposition 4.3 For fired R the correspondence between A and xq is biholomorphic

and monotonically decreasing between A € (2R, 00) and zg € (R, 00).

proof

We consider the derivative 24 T 4 and the asymptotic behavior of A(z) as  — R*

and as x — oo. We compute:

dA _ log(z+1+ R) —log(z — R)
de log(x + ) log(x)

1 1
log(x—|—1+R log(z — R) (x—R_:c—i—l—irR)

log(z + 1) — log(z <x :1:+1)1

Clog(z+1+ R) log(x R)

The first factor is clearly positive and the second is positive by the lemma. Hence

44 <0 for all z > R.
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We next examine the asymptotics. We have:

log(x + 14+ R) — log(z — R)

lim A = —1+ 1
e (z) o log(x + 1) — log(x)
(2LeR)
= —1+ lim —

Z—00 IQg (erl ))

T

log (1 + 557) / ()

= —1+4 lim
2 g (1) /()
2R+1
1
= 2R
On the other hand:
lim A(z) = —1+ lim log(z + 1+ R) — log(z — R)
z—R+ z—R+ log(z + 1) — log(x)
= 400

We have thus established that A(z) is a one to one direction reversing holomorphic
correspondence between x € (R,00) and A € (2R, 00). The holomorphic version of
the inverse function theorem implies that its inverse function is holomorphic as well.
Hence, the map A — 2((A) is a one to one holomorphic correspondence between A €
(2R, 00) and z € (R, 00) which, moreover, decreases monotonically as A increases.

This proves the proposition. We obtain as a corollary of the proof the following:

Proposition 4.4 If f(x) = log Fa g(z) and zy € (R, 00) is the unique point where
f(xg) =0 then f"(xq) < 0.

proof

We have:

f”(x)_gl(x)—(A+1)(l— ! >+ ! !

20Q) r x+1 t+1+R z-R




32

As before, if x = xg then:

log(x + 14+ R) — log(x — R)
log(x 4+ 1) — log(z)

A+1=

and:

f"(x) log(x+1+R) —log(x — R) (1 1
20 log(x + 1) — log(z) (E STt 1)
1 1

+ZL‘ +1+R z-R
= —(log(z +1+4 R) —log(z — R)) (K,(R) — K,(0))

< 0

Lastly, we establish the nonvanishing of the third derivative of f(z).

Proposition 4.5 With:
2\°
o0 = (45 ) 108 (Fan@) Lma
T
then f"(xq) > 0.

proof

We begin by computing:

(i)gl‘)g Fante) = 0+ (e )+ (Gme - rrrme)

Fix R. Using the one to one correspondence between x = xo(A) and A = A(xzg), it

suffices to show that the expression, resulting from substituting for A its represen-

tation in terms of x, is nonzero for R < x < co. Proceeding thus:

4\’ _ log(x 4+ 1+ R) — log(x — R) 1 1
(i) wetonnto) = P (e )

+<@jRﬁ_m+f+MJ
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Rewriting the righthand side of this equation, we see:

(%) log (Far(z)) = (log(x +1+4 R)—log(z — R))

1
' {log(:v + 1+ R) —log(z — R)

' ((x—lR)2 C(z+ 11+ R)2>

1 1 1
_log(:c +1) —log(z) . (P B (x + 1)2)}
= (log(z +1+ R) —log(z — R)) - [H.(R) — H,(0)]

The first factor is positive and, by Lemma (4.2), so is the second. Thus f"”'(z¢) > 0
as was to be shown.

Henceforth, we shall fix §y > 0 satisfying Proposition (3.2) such that R+ 4y < zp.
Furthermore, we shall fix 0 < § < dg and n shall always be assumed large enough that
both Proposition (3.2) and Proposition (3.3) are valid with §y and § respectively.
That is we will suppose n > max{Ns,, Nusym} and make use of the asymptotic

product formula valid on [R + 9, 00].



CHAPTER 5

THE UPPER BOUND

Now we are able to prove the following proposition which provides an upper bound

for the linear forms constructed in the second chapter.

Proposition 5.1

lim sup | Sp.(1)["? < ¢g.ra

n—oo

proof

We will require a lemma. First we define:

2 (V27 )72
(V/n otz

where xy is the unique critical point of F'(x) in [R, 00).

Ry (z) = @Q H (o) F(2)"?

Lemma 5.2 (Tail Estimate) There are an xo > 2x9 and Ny such that for each

T1 > X9 and each n > Ni:

1
R, (51171) > kZ Rn,d,Q (k>
E>.’L‘1

Since R, (x) is monotone decreasing for x > xg, if > 0 and z; is chosen such

that <+ > g + 7, then:

Z Rpaq(k) < Ry (20 +n) < Ry(w0)

k
n>$1

34
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In the sequel, it will be assumed that x; has been chosen such that this estimate is
valid for all large n.
Assuming the lemma for the moment, we prove the proposition. If we choose
n > Ni, note that R, (z0) > R, (321), and let ¢ipax = max{|ci], ..., |col}:

Q+m

Z Cdq Z Rn,d,Q(k)

d=14+m k=0

[Sne(D)] =

Q+m (%s)
S Cmax Z ZRn,d,Q(k)
d=14+m | k=0
Q+m nry
= Cmax Y ZRndQ )+ ) Ruao(k)
d=1+m \ k=0 E>ay
Q nay
< Cmax ZRndQ R, (x ))

+m
d= 1+m
+m

IA

Q a—2r
Crax ( max {QZT”(\/_LF(J:)”QH(x)G(x)d

Flaon/ R+§<:v<:r1 (\/ﬁ)a—i—ZT

exp ( (%)) }) + s QRal0)

- maXQQT"(\/_)a 2rF(xo)nQ ( Qin nr;  max {(F(m) >nQ

(\/_ )a+2r Rtd<z<zy

H(2)G(x) exp <05 ( ))} + QH(IO)>

< cmax@m“%mw@ (s Ci + H(xy)

Here we’ve used Lemma (5.2) and Proposition (3.2), the fact that for d = 14+ m, ...,
@ + m the functions H(z)G(z)?exp (Os (2)) are bounded on [R + §,z4] by some

constant Cs > 0, and lastly that:

max (F(x))nQ<1

R+d<z<x F(l’o)




Therefore:

/2 a—2r
lim sup |S,,(1)]Y/"9 < QHU@&(%“%V%%ET

— QQRF<:E0)

F(20)™ (nz,C5 + H(xo))

- ¢Q,r,a

36
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We shall now proceed with the proof of the lemma. We must first examine the

asymptotic behavior of F(z)"?, H(z), and G(x). We have:

a 2Q
H(a:):\/ T z+1 z r+1+R 1 Sﬁ
r—Rax+1+R r+1 r+1 (x +1)e = z¢

for some constant C and x large. Secondly:

T 1+Aa:+1+R<C
z+1 r— R — ?

G(z) = (
for some Cy > 1 and x large, and finally:

nQ
e A+1 (.’L‘ 41+ R>x+1+R
)a:+1

Fla)® = <@+1 (z — R)=F

A+1 z—R
r+1+ R

- (($+1) .7:+1> ( r— R ) (x+1+R)1+2R

x A+1 1+2R z—R
= 1+

z+1 z— R
x+1+R1“31“RnQ
(s > o

A+1 nQ
=) <1+o<1>>A+1e1+2R<1+o<1>>1*2R—1]

xA72R
1+o(1) 1 1™
eA—QR xA—2R

C [1+0()\" 1
o ea—2r rla—2r)n

Thus we see there is an x5 (depending on A and R) such that for all x > x:

1 1 1 1 1
_. . nQ ", .
an  ela=2r)n  gp(a=2r)n < F($) <2 ela=2r)n  p(a—2r)n

nQ



Now combining all the estimates above and using d < ) + m, we see:

Roolk) = sz% F(z)"H ()G (z)% exp <05<1>)

(\/%)afw“ C

< 2rn\V ") nQ_l Q+m
s ¢ (v/m )t F(z) La (C2)* T
Q+m a—2r n
< C1(Cy) Cs o (V21) H(ZL‘O)2— 1 1
H(IED) (ﬁ )a+2r 78 e(anT)n x(a72r)n

1 (02)Q+m

for x > x5. Let Cy = o) % Then for any ri > To:

2rn ( v 27 )a727“ n 1 1
> Fuaqlk) < CiQ /e 1 @02 oo kZ (B
E>$1 ST \n

It remains to estimate the sum on the righthand side:

1 1
_ (a—2r)n+a
kz: k ) (a—2r)n+a n " Z k(a=2r)n+a

E>xq (E k>nxq
< n(a—27‘)n+a 1 X 1
- (a—2r)n+a—1 (nry —1)l@—2)ntae-l
B 1 1
(a _ 27.) + anl (1’1 . %>(a—27“)n+a—1

1 1 1 1

1
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(5.1)

a— 2r ’ <1 B L>(a2r)n ’ (1 _ L>a—1 ’ xcll—l ) x§a72r)n

nri nri

where the first inequality is obtained by observing that for any integer s > 1 and

any u > 1:

1 1
L -
Z / L b8 s—1 (u—1)"1

k>u

which is true since f ., =dt > 7 for any integer k. Hence for n > N (which depends

on z1, A, and R):

Z 1 < ) E(a—21’) ) ] 1
A (E)(“_QT)”J”I ~a-—2r c x‘ffl pla=2rn

g>l‘1



Inserting this into equation (5.1) yields:

(\/ﬁ)a—%’ N N 1
(v/m )2 H ()2 ela—2r)n

1 L(a,gr) 1 1
'CL — 9 ) ’ xclzfl ) xga—QT)n

Y Ruaqlk) < Cu@Q™

k
E>Z‘1

2TL

i 1 L(a,g,n) 1 2" .
= (04 . — - 2e=1 . x?_1> . (2(@—2r)n

(Vi)

St 1
on  ela—2r)n (%) (a—2r)n

Since a > 1 by hypothesis, then for sufficiently large 3 and x; > x3:

. (QQML (m )a_QT H($o)>

1 L (a—2r)
e —or o x‘f’l
If @ — 2r > 2 then:
2m. 2"
2(a—2r)n <1

Lastly, if £+ > x5 > x3 > 210, then:

nQ
o e < F ()
on  ela—2r)n (ﬂ)(a—Qr)n - 2
2

Combining all these estimates with x; chosen appropriately large, we have:

N 2y
%H(%)F (3) ’

- (3

which completes the proof of the lemma.

ZRn,d,Q(kJ) < Q

k
;>CC1

)
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CHAPTER 6

FirsT CASE OF THE LOWER BOUND

We will now complement the upper bound established in the previous chapter with

a lower bound to prove:
Proposition 6.1 For any ¢ = (cy, ...,cq) € C¥:

lim [S,.o(1)]" = ¢g.ra

n—od

proof

In this chapter, we will prove the result under the assumption that:

Q Q+m
Z Cq = Z Cdq 7é 0
d=1 d=14+m

The case where Zszl ¢qg = 0 is much more complicated and will be established in
the next chapter. Henceforth, in this chapter, we shall suppose Zszl cqg # 0.
Recall that we defined:

(\/%)a—%
(\/ﬁ)a—l—%’

Lemma 6.2 For each € > 0, there exist ann > 0 and an Ny such that for alln > Ny

Ry(x) = Q" H (o) F(2)"?

and all 14+ m <d<Q+m:

1-e > RH(S)SZRH,W@)S(HE)

£ e[wo—n,m0+n]

> ()

k elzo—n,m0+n]

n
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proof of lemma
Because G(xg) = 1 and H(xy) > 0, we can choose 1 small enough so that for

each1+m<d<Q+m:

|G (2)H (x) = H(wo)| < 7o (%0)

for x € [xg —n, xo + n]. In addition 7 is also chosen so that R+ dy < zg — 1. Choose

N, such that for all z = £ € [R 4 4,00) and all n > Ny:

e (0:(3)) 1| <59

In the manner of the tail estimate already proved in Lemma (5.2), we will proceed

by estimating the contribution for the sum over £ in subintervals of [R, c0) in terms
of R, (%) We begin on the central interval [xg — 1,29 + n]. If n > Ny, then for

T € [xg — n, To + 1)

) — 1) G(2)H(z) 4+ G(2)H(z) — H(z)

<

)
)) _ 1‘ |G(2) H (x)| + |G(2) H (x) — H (o))

€ € €

< e+ S\m “H

= 10( +1g) H(@o) + 15 H(wo)
e

< EH(I’O)

Thus, for % € [xo — n,zo + 1), one has:

esaty = (3

n

‘QQT”%F(@"Q [G(m)dH(x) exp (05 (%)) — H(xo)} '

3e k
- R (2
10 (n)
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and so:
- £ w5, E n0)
ﬁe[mo—zn,zﬁn] e jge[xg%mw " <n 10 e[xognz,xmwz] "’ "

We will now estimate the remaining terms, breaking the sum into four intervals:
lower [0, R + ¢]; lower middle [R + 6, x¢ — n]; upper middle [z¢ + 1, x;]; and the
tail [z1, 00). We will consider these intervals in turn estimating the sum in terms of
R, (x) on each. Indeed, we are already in possession of such an estimate for the tail.

For the tail, using Lemma (5.2) we choose x; > max{2zq, xg + n} and N; such

that the estimate:

W (o + 1) > ZRndQ

%>$1

holds for n > Nj.
Now we turn to estimating the contribution on the upper middle range. As noted
in the previous chapter there is a C5 > 0 such that for d =1+ m,...,Q + m and

S [R+ 5) xl]:

H(z)G(x)*exp (05 (1))
H (o) <G

where we have adjusted the constant to absorb the denominator. In particular this

bound holds on the interval [z + 1, 2,]. So for z = £ € [z + 1, 21]:

n

Frsalh) = @D ay@atyaa e (04 (1))

(\/%)a—%"
(\/ﬁ)a+27‘
= Cs5- Ry(x)

< Cs-Q™ H () F(x)"?

and hence:

nQ
Rnaq(k) < Cs - (%) ‘R, <a:o + ﬁ)
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Since the number of integers k with £ € [zg+ 7, 1] is at most (z1 — (zg+1))n+1 <

C’sn for some constant C5, we have:

nQ
Z Ry (k) < Cs - Ry (550 + g) -Cs-n (M)

§€[$0+77,961]

We have:

for n > N3 and hence, for these n:

Y. Ruaq(k) <R, (xo n g)

%E[mo—i—n,xﬂ
We now deal with lower middle range. As in the previous case, on the interval

[R + 0,9 — 1], the functions:

G(x)'H(x)exp (05 (3))
H (o)

are uniformly bounded for 1 +m < d < Q + m by Cjs. So for % € [R+ 0,29 — 1)

Ruaqk) < Cs- Ry(z)
(\/ﬂ )a—?r
(V)

Again, because F'(x) is monotone increasing on [R + 0, x¢ — 1)

nQ
Rnao(k) < Cs - (%) ‘R, (l’o — Q)

Cs- Q™" H (wo) F(x)"?

As before:

n—oo
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and the number of integers £ such that % € [R+ d,x9 — n] is at most Cgn for some
constant Cg. Therefore, there is an N4 such that:

Y Ruaq(k) <R, <:130 - g)
£ e[R+6,z0—7]
for n > Ny.
Finally, on the lower interval 0 < % < R+ ¢, we can be assured by the choice of
d that R, 4¢(k) is nondecreasing by Proposition (3.2). If & is the least integer with

the property that R + 69 > %1 > R+ 0 then for k < kq:

Roaq(k) < Ruaq(k)
nQ
< Cs- (%) - Ry (20 — 1)

by the estimates on [R+4, zo—n] and the fact that R, (z) is increasing on this range.
Again, there are at most Cyn integers k with 0 < % < R + ¢ for some constant C%.

Since:
E(R + )
F (330 - 77)

there is an Ny such that for n > N5 we have the estimate:

<1

Z Rn,d,Q (]f) <R, (mO - 7])

0<E<R+§
Now we are able to complete the proof of the lemma. Combining all of the

estimates above:

> Ruaq(k) < Ru(zo—n)+ Ry <x0 _ g)

* ¢lzo—n,zo+1]
Ui

+R, <:E0 + 5) + Ry, (zg + 1)

if n > max{ Ny, Ny, N3, Ny, N5}. Now let Ng be large enough so that for n > Ng:

4 <e
2

nn—1
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Since F'(z) and, consequently, R, (z) are monotone increasing for R+ 6 < z < x

and monotone decreasing for z > xg, it follows that for n > Ny = max{ Ny, ..., Ng}:

Z Rna (k) < 4max {Rn (xo - g) , Btn (IO + g)}

%%[10—77,4304-77}
1 k
< 4 R, | —
- nn-—1 Z (n)

kelzo—2.w0+E]

n

<5 > a(])

£ elwo—n,xo+1]

Using our estimate on [zq — 7, o + 7] and the fact that 13—06 + 5§ < €, we have:

SUSNCEND A ¢

£ elwo—n,zo+n]

VAN

Y Rae®- L R(H)r] T Rue®

£ elwo—n,zo+n)] £ elwo—n,wo+1] £ ¢lwo—n,zo+n)]

3 k € k
< = L - =~
= 10" Z Rn(n) 2 Z Rn(n)

£ elwo—n,zo+n] b elao—n,zo+n]
k
<o ¥ om(h)
n
£ elwo—n,zo+n]

Hence:

1-¢ > R, (S) < an,d,Q(k) <(+e >, B (%)

£ elwo—n,zo+n) £ e[wo—n,z0+n]

completing the proof of the lemma.
Now we are in a position to prove the lower bound that will establish the main

result of this chapter. First we observe that the function:

Q+m

B(f) = Z Cd(l—ﬂfd)

d=14m
is a nonconstant continuous function of # = (214, ..., g4m) such that:

Q+m

B0)= Y ca=7(c)#0

d=1+m
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by hypothesis. By continuity, there is an e such that for all ¥ = (x11m, ..., TQ+m)

with |z4) < e (d=1+m,..,Q +m):

|B(7)| >

With this €, by Lemma (6.2) there is an n such that for d = 1 +m,...QQ + m and

7(0)
2

sufficiently large n:

ZZio Rn,d,Q(k’)
1—€e< - 7 (E) <1l+c¢e
wE€[zo—n,wo+n] T \n

Hence, for all sufficiently large n:

pang () k
| ( |— Z CdZRndQ > T Z R, ﬁ
d=l+tm k= £ elwo—n,zo+1]
Now define:
cy = max |F(z) — F(xo)]

z€[wo—m,20+7]

Then for x € [zg —n, o + 7]

<1 - F(C;O)) F(x) < F(z)

Therefore:

| X m(5)

£ elwo—n,zo+n]

< nlinolo 2nnQ*" ((1 — %) F(xo))"Q %H(%)] 1/nQ
— O™ (x) (1 - FZO))

C
= t0ne (1= 52

The lower bound we seek follows once we observe that, subject only to the require-
ment that it be sufficiently small,  was arbitrary and ¢, tends to 0 with 7. Combined

with the upper bound of Proposition (5.1) we have:

lim |S,..(1)]"/"?

n—oo

= ¢Q,r,a



CHAPTER 7

SECOND CASE OF THE LOWER BOUND

In this chapter, we shall establish the lower bound under the assumption that:

Q Q+m
Z Cq = Z Cq = 0
d=1 d=14+m

We develop f(x) in a Taylor series about its critical point xg:

F@) = flan) + Flao)(e — o) + L0

= f(zo) — 7(z — 20)* + O(x — 20)?

(x —0)? + O(z — x0)?

since f'(xo) =0 and 7 = _f"g!,;o) = —Qq1(xo) > 0 by Proposition (4.4). Hence:

F()"? = exp(f(x)"

= F(z0)"? (exp (~r(x — 20)* + Ol — 20)*))"

We also have:

g"(wo) (z — 20)* + Oz — 20)*

g(x) = g(xo) + ¢ (wo)(x — wo) +
= 27(z —20) + 7' (x — 20)* + Oz — 1)?

since g(zo9) = 0, ¢'(zo) = 2Qg1(xy) = —27, and 7’ = @ = @ So:

G(z)! = exp(dg())
= exp (—2d7(z — x0)) exp (d7'(z — x)?) exp (O(z — x0)?)
AdT (x —20)> + Oz — :CO)S)

. (1 + d’]”([p — 930)2 + O(ZE . 1’0)4) . (1 + O($ B ZEO)3>

_ (1 ~ 2dr(z — w0) +

= 1—2d7(z — m0) + 2d°7* + d7')(x — w0)* + O(x — x)?

46



47

Finally we write:
H(z) = Hy+ Hy(x — x0) + Hy(x — 20)* + Oz — 20)?
and we’ll use the same notational convention for iy (x), hao(x), and g (z). For example:

hl (ZE) = h170 + hl,l(i — xo) + h172($ — [E0>2 + O($ — 1'0)3

I"(z0) ”2(50) =-5 Lastly, we abbreviate:

(@)a—%‘
(\/ﬁ )a+2r

We begin by expanding the factor exp (05 (%)) in the asymptotic product of

Note also that g1 = g1(z0) =

Cn _ Qan

R, 40(k). We have:

Ruaolk) = C.F(2)"“H(z)G(z)" exp (%291(13)) exp (%hl(x))

- exp (%M(@) exp (0‘5 <%)>

= C,F(z)"°H(2)G(z)
: (1 + %291(90) + %hl(x) + %h2(a;) + Oy (%))

= CFEPOH@GE) + L0, Py H @G @) (@)

+%CnF(x)”QH(m)G(x)dh1(x) + %C’nF(m)”QH(x)G(x)dhg(x)

+0s (%) CF(2)"H(2)G (z)"

We shall expand further by substituting the Taylor series computed above for F(x),
G(z)4, and H(x). We then use the resulting formula to estimate |S, .(1)| under the
hypothesis that the components of the vector ¢ € C? sum to zero. Eventually we
shall show that the main term is nonzero and is of exact order C,F(x()"?O (\/iﬁ)
So accordingly, before we proceed, we shall prove several lemmas showing that in the
infinite series defining S, (1) the terms indexed outside of a small interval (specified

below) contribute a negligible error. The first such result follows immediately from

a formula proved in the previous chapter:
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Lemma 7.1 If n > 0 is sufficiently small then there is a 0 < X\ < 1 such that for n
sufficiently large:

Q+m

Y Y. Ruaq(k)=CuF(z0)"?- 0 (X"

d=1+m  Eg[z5—n,az0+n]

proof

From chapter six, for n sufficiently small there is an Ny such that for n > Nj:

Z R,.40 (k) < 4max {Rn (xo - g) , R <$0 + g)}

 ¢lwo—n,z0+1]

But:

nQ
R, (xo — Q) = CL,F(z0)™ <%> H(xg)

= C,F(x0)"°\/% - 0(1)
with 0 < Ay < 0 and, similarly:

R, (x0+g) — O, F(20)"N9 - O(1)

where 0 < Ay < 0. Letting A = max{A;, A2} then we have for all large n:

Y. Ruiq (k) = CuF(10)" X" - 04(1)

%%[930—77,9304-77}
Multiplying by ¢4 and summing over d from 1 4+ m to @) + m, the lemma follows.
However, we can cut down to an even smaller interval. The typical term in the

expansion will have the form:
CoF (20)"? exp (—nQT (x — 330)2) (x —xo)™

The next two lemmas assure us that not only can we restrict the sum to a smaller
interval with negligible error but that we need only make use of at most the first

four terms of any Taylor series we use.
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Lemma 7.2 There exists a constant C' > 0 such that for n > 0 chosen sufficiently

small:
1
Y Ruaq(k)=CoF(z)"?- O (ﬁ>
%*r0|>c\/@
%—woyﬁﬁ
proof

Recall that:

Ryaq(k) = CuF(2)" 2 H(2)G ()" exp (05 (%))
and:

F(z)"? = F(x)"? (exp (—T(x —20)* + O(x — xg)?’))nQ

= F(z)"? (eXp (—T(fﬂ —p)* (1 - %O(x - "TO))))nQ

= F(z0)"? (exp (—nQr(z — xo)z))(l_%o(”ﬂ‘mo))

If |z — xo| > & 18R for arbitrary o > 0 , then:

1
—nQo(z — x0)> < —3logn or exp (—nQo(z — z)*) < —
n

3
QT

forn > |z —xo| > C logn.

n

and so we take C' = and 0 = 7. Then we choose n > 0 small enough so that

<1

1 1
1—;O(x—a:0)>0 and B‘FO(x—xo)

Then if n > |z — xo| > C/282:

n

1—%O(z—xo))

(1—%0(1‘—1‘0))
(exp (—nQ7(z — x0)2))( )

IN
N
A

1 1 —%O(z—:co)
- 5(3)

L 3]20(@-a0)]
< . p2lFYETTo
S s

1
< =

S
o
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As we have seen H(z)G(z)?exp (Os (£)) is uniformly bounded by a constant Cs > 0

on [xg —n,xo + n|. Thus:

Y Ruao(k) < CuF(20)"?-Cs- (2n)
|%—:co|>0\/lo%

E*wo|§fl

n

n2

1
n
Lemma 7.3 If m > 0 then with C as in the previous lemma:

Z C’nF(xo)"Q exp (—nQT (x — xO)Z) (x — o)™
noao|<oy/EEE

m—1

n 2

(lo n)mTJrl
< CoF(z0)"™ <3Cm+1g—)

Corollary 7.4 If m > 4:

Y CuF(x0)"exp (—nQr (x — 20)*) (& — 20)™ = CoF(20)"? - O (%)
| % —wo|<Cy/PEE

proof
We have that:

Z C F(20)"? exp (—nQT(:v — xO)Q) (x — xo)™

RNV
1 m
S cortare (o)

PN
1 1 "
< (20,/ Oi” n+ 1) O, F ()" ((J\/ Oi”>

(logn)™
< O, F(z)"™? (3Cm+1g—>

IN

m—1

n- 2



as asserted in the lemma. The corollary follows immediately since if m > 4:

g (logn) ™ 3(0210gn)"‘24 (C?logn) 1

m—1

n 2 n

o)

Next we turn to evaluating the terms:

Z C’nF(xo)"Q exp (—nQT(:c - xo)z) (x — o)™
by

for m = 0,1,2,and 3. Define:

A, = / |t[™ exp (—Q7t?) dt
In particular, we have the standard integrals:
Lemma 7.5 With A, defined as above:
[T
Ay = —
0 Or
1 T 1
Ay = —|=—=-—-A
? 207V QT 2QT1 0

Also, with C' as in Lemma (7.2), we see:

1 o 12
o 3 e (-or ()

l|<Cv/nlogn
o (‘QT () ) T

- / |t|™ exp (—QTt?) dt

o0

- m Y|

e e

— Am
So let us now consider the sum:

Z exp (—nQT (x — xo)z)
| & —ro| </ T2

ol
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For each n, Let k, be an integer such that ’k—” — xo} is minimal. Let k—" —Tg = ¢—"

or, equivalently, k, — nzg = ¢,.. Also, write k = k,, + [ so that:

Then:

S ew(Qr-n)x Y e (WT( ¢)>

77x0|<C\/1°g" [l|<C+v/nlogn

where the error results from the loss of at most two terms (since |¢,| < 1) which,
because of the choice of C, are of order O (%) In the sequel, we will suppress this

error and treat the above as a strict equality. Continuing our analysis:
exp <—nQT ( ¢n) )
n

¢2
= exp( QT——QQT On — n>

l [ 1
12 [ 12 1 l 12
= exp (—QTE) (1 —2Q7—¢n + O (ﬁ> +0 (5) +0 (ﬁ) +0 (_n3))

So in the case where m = 0:

Y e <_nQT( i) )

[I|<Cv/nlogn

= Z ex (—QTE)—QQT% Z lex (—QTE)
P n P n

<CnTogn H<CnTogn
1 5 2
+0 <ﬁ) Z |1|* exp (—QTE>
I<CnTogn

o (%) S exp< Qi)

[l|<Cy/nlogn



+

|l\<C\/n10gn
+0

1 12
O — |l|exp | —QT—
n n
2

( ) |1]* exp (—QTZ—)
[1|<Cv/nlogn n

= Vi o+ d) 40 () (et ) +0 () o+l
+0 (i) (A1+e(1)+0( §/2> (Ag + €?)

= \/ﬁ-(A0+e£10>)+O(%>

(4)

where €,” = o(1) for i = 0, 1,2, and 3. Next we consider the case m = 1:

§w| —

Z exp (—nQT (z — xo)z) (x — x0)
7—ro‘<C\/m

- ¥ exp(—nQT< i))(%ﬂ?)

[l|<Cy/nlogn
But:

(e

2
= exp( QT——QQT (bn—Q ¢)(£+%)

n

() (1%) (b0 (5)) (o)
o) (1% st (2) vo(8) o2

2 (o)) ()

[l|<Cv/nlogn

1 On 12
= - Z lexp( QT— )+F Z exp( QT—)

[1|<Cv/nlogn [l|<Cy/nlogn

1 &
—2Q7én— ) exp( QT—)

[l|<Cyv/nlogn

So:

53
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U exp (—QTE>
n

[l exp (—Qfﬁ)
n

1 [?
ﬁ) exp < QT—)
[I<Cv/nlogn

- ¢n \/ﬁ (AO + 6(0)) - 2Q7—¢n

1 1
o (Do)

= ¢ (Ao + €Y —2Q7(As + € ))%“}‘O(l)

0

since Ag — 2Q7A2 = 0 and |¢,,| < 1. Similarly in the case m = 2:

>
o), 2
(

[l|<Cy/nlogn

_|_

[l|<Cy/nlogn
+0

Z exp (—nQT (z — x0)2) (z — x0)?
| & —ao|<Cy/ToEn

- ¥ exp(—nQT< %))(#%)2

[l|<C+y/nlogn

with:

o (o (%)) (%)

2

2 2
= eXP(—QT%—QQT%% QT(b— ($+2_i'¢n+¢_g>
n n
(o) (10 (5)) (0 (7))
= exp|—-Qr— | [1+0O|— 1+0|( -
n n n
2 2
(z 2z o ¢)
n
2 3 2
= exp( QT— )(%+O<%)+O<%)+O<%)>

54



So:

3 exp(—nQT( %)><£+%>2

l|<Cy/nlogn

1 e
- Z exp( QT;)

ll|<Cv/nlogn
l2
(i) Z (e
[l|I<CVnlogn
1 3 v
o), 5 e ()
[l|<Cv/nlogn
4{)C%> ) %p< QT_)
|l|<Cv/nlogn
1 1 !
_ T(AQ + ) 4 A(1)O (E) + A(3)0 (ﬁ) + A(2)0 (W)
_ %(A2 +e?) +0 (g)

Lastly if m = 3:

Z exp (—nQT (x — xO)Q) (m - xo)3
| & | <O/ 2

-y exp(—nQT< %))(%+%)3

[[<Cv/nlogn
with:
3
o (_HQT( o) ) (5+2)
n non

2 2 3 ? "
= exp (_QT%—QQTé% QT(b_) (l +£ ¢n+3_l o z )

) (o) fool)

3 2 >
(oS s
n

n3

() (o2 o)
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Lo \2\ (1 o) 1 1
l|<CZ\/ﬁlognexp <—nQT <E " Z> ) (ﬁ ' W) - ¢ (ﬁ) He (W)
- (1)
n

We are finally able to embark upon the main computation of this chapter. First we

So:

observe:

F(z)"? = F(x0)"? - exp (—nQT(aj — x0)2) - exp (nO(m — x0)3)
/

= F(n0)™ - exp (—nQr(x — 7)?) - (1 +0 (%))

= F(20)"?  exp (—nQ7(z — 79)?) - (1 + o(1))

if | — 29| = O (\ / b%) since in this case:

exp (nO(x — 20)*) = exp (0 (%)) =1+0 (%)

Moreover, it should be noted that the implied constant in the big O does not depend
upon d. So returning to R, 4¢(k) and substituting in the Taylor series computed in

the beginning of the chapter we obtain:

Roao(k) = (1+0(1) [CoF(20)"? - exp (—nQT(z — m9)?)
- (Ho + Hy(x — x9) + Ha(z — 20)? + O(x — 2)*)
(1 = 2dr(x — o) + 2d*7% + d7')(x — m9)* + Oz — 20)?)
+%2CHF(xO)"Q cexp (—nQr(z — z0)?)
- (Ho + Hi(z — m9) + Ha(z — 20)” + Oz — 29)°)
(1= 2d7(z — o) + 2d°7* + d7')(x — 20)* + Oz — 20)?)
(910 + 911 (2 — 20) + Oz — 20)?)
G (a) - exp (~n@r(e — o))

) (Ho + Hy (2 — x0) + Ho(z — $0)2 +O(z - xo)g)
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(1= 2dr(z — o) + 247 + d7') (z — 39)” + Oz — 20)?)
+(h1o + hia(z = xo) + Oz — 20)?)
+gCnF(x0)"Q cexp (—nQr(x — x0)?)
- (Ho + Hi(z — m9) + Ha(z — 20)* + Oz — m9)?)
(1= 2dr(z — o) + 247 + d7')(z — 39)” + Oz — 20)?)
+(ha,o + ho1(z — x9) + Oz — 20)?)

+0Os (%) CF(20)"? - exp (—nQr(x — 20)?) H(z)G(x)*

By multiplying the series, using ¢, 0 = —%, and collecting terms we next obtain:

Ruaq(k) = [C’nF(xO)"Q - exp (—nQT(x — 130)2) - (Hy + (Hy — 2dTHp)(x — x0)
—|—(H2 — 2dTH1 + 2d2T2H0 -+ dT/Ho)(l’ — 1'0)2 + O(JZ' - .1’0)3)

2
L Fan) - exp (=nQ@r(z — a0)?)

2
: (—éHo + (—éfh + Hogiy + 262;— H0> (x — x0) + O(x — $0)2)

—l—%CnF(xo)”Q -exp (—nQ7(z — x0)?)
- (Hoh1,0 + (Hih1o + Hohiy — 2dT Hoha o) (x — 20) + O(x — 0)?)
—l—gCnF(aco)"Q cexp (—nQ7(z — x0)?)
. (Hohz,o + (Hihao + Hohoy — 2dTHohgp)(x — 29) + O(x — :vo)g)

+0s < ! ) CnF(20)"? - exp (—nQT(x — 20)?) H(z)G(2)"

n2

(1 +0(1))

We next multiply by ¢4, sum d from 1 4+ m to @ + m, and then sum k over the

logn

range }% — x0| < C4/=5=. Note that in the following we have suppressed the range

of summation throughout. We thus obtain:

Q+m
Z ( Z Can,d,Q(k)> =
k| <0y/BER \d=1+m
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Q+m
Co F(29)" ( Z cd> Z exp (—nQT(m — x0)2) H,

d=14+m k

Qtm Q@+m
+C F ()" <H1 > cg—2rHy Y dcd>

d=1+m d=1+m

. Z exp(—nQ7(z — 20)%)(x — z0)

Q+m Q+m Q+m
—|—CnF($0)nQ (Hg Z cqg — 27 H; Z deg + 27’2H0 Z dzcd
d=1+m d=1+m d=1+m
Q+m
+7'H, Z dcd> : (Z exp(—nQT(x — 0)?) (7 — x0)2>
d=1+m k
+C F(20)"?0 (Z exp(—nQT(z — 20)?) (2 — x0)3>
k
1 L
+ECnF($0)”Q (Hohm Z cd) Zexp —nQt(r — 3:0)2)
d=1+m

Q+m Q+m
1
+EC¢LF([EO)"Q <(H1h1’0 —+ HOhl,l) Z Cq — QTHO}ZL() Z dCd)

d=14m d=14m

. Z exp (—nQ7(z — x0)?) (x — z0)

k

Q+m
—l— C (1) ( H, Z d cd> Zexp (—nQT(x — xO)Z)
d=14+m
Q+m Q+m
+— CF(?I}O ( H1 Z dCd+Hogll Z dCd
d=14+m d=14+m
Q+m
—i——HO Z d cd> Zexp —nQ7(x — 20)?) (x — o)
d=14m

Q+m

—|— C F({EO (Hohgo Z d0d> Zexp nQT x—x0)2)

d=14m
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Q+m Q+m
1
+ECnF( ) ((thg 0 + Hohg 1 Z dCd - 2THOh2 0 Z d Cd>

d=1+m d=1+m

Zexp —nQ1(z — 20)?) (x — 20)

k

2O (20)"90 (Z exp (—nQr(z — 20)?) (w “””0)2>

Q+m
+0Os ( > C F (20)"“ ( Z CdZeXp —nQt(r — x0)2) H(I)G(m)d>

d=1+m
+o(1) - M,

Where we have denoted by M,, the entirety of the sum preceding this last term. So
using the formulas in Lemma (7.5), recalling that ) ¢4 = 0, and listing only terms

that are not O (%) we now have:

Q+m
5 ( > can,mw)
7—Io|<C\/m d=14+m

— _97H, [@ +0 (%)} CoF ()" Qil deg

Vi d=14m
1 " 1 Q+m
/ 2 nQ §
+(—27'H1 +T7 Ho) |:% . (AQ + €, ) + O <ﬁ):| CnF<x0> Rl dCd

Q+m
1 1
+27%H, [_ (Ay+ D)+ 0 (—)1 CoF(20)"? > d’cq
\/ﬁ n d=14+m

Q+m
1 1
g oo £ o

\/ﬁ Q d=14m
1 1 Q+m
t o [obaata 44240 (1 )] Cup@r® 3 deg

d=14+m
1
+C, F(x0)O (ﬁ) +o(1) - M,

1 pasg

- = [HOhQ,OAO—2TH1A2+T’H0A2+0(1)} CoF(wo)"? ) deq
d=14+m
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Q+m
1 [ 5 T 2
+— |27 HOAQ——HOAO‘FO(U} CoF(wo)"? Y dey
Vn Q d=1+m

+C, F ()"0 (1)

n

But 2r2HyA, — %HOAO = H, <272%A0 — éAo) = 0. Furthermore:

H0h270A0 — QTHlAQ —|— T/H()AQ = Hoh,g,vo + (—27'H1 + T/H(])Az

/ 1
= HohooAo+ (—27H, + 7 Hy) —= Ao

27Q)
H1 TIH()
= (Hohoo——=+— A
(10~ 5 + ) 4
'H
_ T Mo A
27Q)
since # = H(x)hs(x) and, in particular, % = H/go) = H(xo)ha(xo) = Hohayp.
So:

Q+m
5 ( > can,d,Q<k>)
ﬁ_$0|§0\/@ d=1+m

d=14+m
’ Q+m
CnF($0)nQ (T H()AO Z 1
= deq+0(1)+0 | —=
N 270Q o Vn
Here we have that:
/ Q+m
T HOAO
d 0
27Q) Z ca 7
d=14+m
since Zgjﬁm dcq # 0 by the choice of m and 7" = @ # 0 by Proposition (4.5).
Hence under the assumption that ZdQ:ﬁm cg = 0:

lim [S,.o(1)]"" = ¢g.ra

n—oo

By the results of chapter six, this holds unconditionally thus proving Proposition

(6.1).



CHAPTER &

ESTIMATES FOR COEFFICIENTS

Recall from chapter two that:

a Q+m
Sne(1) =Y Pa(DL(c)+ > Pya(l)cg
=2 d=14+m

In this chapter, we shall first establish an estimate for the coefficients of these linear
forms. The concluding proposition and its corollary will show that when these forms
are multiplied by an explicit factor (for which there is a standard estimate) we arrive

at forms with integer coefficients.

Proposition 8.1 Forl=1,...,a:

lim sup |Pl,n(1)’1/Qn < Q2R+12A—2R(2R + 1)2R+1

n—oo

Likewise, ford=1+m,...,Q + m:

lim sup |ﬁd,n<1)|l/Qn < Q2R+12A72R(2R + 1)2R+1

n—oo

proof

For [ = 1,2,...,a it suffices to bound the ¢, since P ,(1) = Z?:o Q'crjn-
Because the ¢;;,, are independent of the congruence class of d, we can obtain esti-
mates of these coefficients from restricting our attention to R, ¢(z). Recall:

rn—1 1 rn—1 l
1=0 (Z_Q) =0 <z+n+2+@)

Rn — ()2 !a72r Z
qle) =@ Moz +1+0)°
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By definition:
1
Cjn = 5

VR Y CICRERVa
lz+j+1]=1

If 2z is restricted to the path of integration, then for k =0,1,....n:

lz4+1+kl = |(J—Fk) —(z4+j+1)

> |j =kl =lz+7+1]
From this inequality we see that for 0 < k < j — 2:

lz+1+k > j—k—1/2

> j—k-—1
and for j +2 <k <mn:

lz+1+k > k—j—-1/2

> k—7-1
while for k = j —1,j,j + 1:
1
lz+ 14kl > =
2
Hence:
(z+ Do = |+ 14+ 8)| = 278G — D(n—j — 1)
k=0
From:
lz+n+2 = [z+j+1+n—j+1]]

< |z+j+1+n—j+1
= 1/24+n—-j+1

< n—j+2
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we have:

rn—1
anH(z+n+2+é>‘ = [(Q(z4+n+2))m,]

i < (Qn—J+2)m
_ (rmn+Q(n—7+2)—1)!
Qn—j+2) -1

63

Finally, on the path of integration, using |z|—|—j—1| < |z—=(—j—1)| = |z +j+1| =

1/2, we have |z| < |j + 1|+ 1/2 < j + 2. Hence:

[(z =114 Dn| = [(=1)"(=2)rn| < (|2D)rn < (J +2)rn

and:
. rn—1 - i B -
o] (: Q)‘ @2 =t Dl
< (1Qz])m
< (Q(F +2))rm
(4 Qi +2)—1)!
(Q(+2)—1)!
Therefore:
(rm+Q(j+2)—1)! ‘ (rm+Qn—7+4+2)—1)!

nl < QU +2) = DIGNn =)D (Qn—j+2) = DI — )"
(=) o
(27, + 1)2rn+Qn—2+4Q2(a—2r)n(2n2)a

IN

< Q2rn+Qn—2+4Q(2R + 1)2rn+Qn—2+4Q2(a—2r)n(2n2)a

since (j(n — 7))*8* < (2n?)* and from the following bounds:

(rn+Q(j+2) —1)!
QU +2) = DG n — )"
(rm+Qn—7+4+2)—1)!
(Qn—j+2)—Dyln—4)H"

S (2,’,, 4 1)rn+Q(j+2)—1

S (27,, + 1)7‘n+Q(n—j+2)—1



These follow directly from a standard bound on multinomial coefficients:

n n!

nilngl...ny!

2

ny, N, ..., Ny

where ny,...,n, > 0 and n; + ... + n, = n. Thus we have:

lim sup |-F)l,n(1>|1/Qn S Q2R+12A—2R(2R 4 1)2R+1

n—oo

Finally:
a n 7 1

- _ Lo, . S
Pd,n(l) - ch,j,nk (kﬁQ—{—d)l

=0
Since: ’ .
’ 1 ’ 1
— < —<Jj7+1<n+1
,fz_o<kc2+d>l—,CZ_OUf@w)—‘7 ="
it is also the case that for d =1+ m,...,Q + m:

lim sup |ﬁd7n(1)|1/Q” < QMAT2R (R 4 1)

n—oo
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Since eventually we will require linear forms with integer coefficients, it will also be

necessary to have estimates on the size of the denominators of the ¢ ,:

Proposition 8.2 Ifd, = lem{1,...,n} then d*"'P,,(1) € Z for =1, ..., a.

Corollary 8.3 If d,go = lem{1,...,(n +1)Q +m} then dijéPl,n(l) € Z forl =

1,...,a and dfl’Q}A)d,n(l) €Z ford=14+m,...Q+ m.

proof

To estimate the size of the denominators in the ¢;;,, we write:

Root)t+j+1)"= HFl(t) > HGl<t) x H(t)*2r

where:
(Qt —nl+1),
(t + 1)n+1

Fi(t) = (t+j+1)
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Gty — QAR+ + (= n),

T t+7+1)
H(t) = - +”1')n+1 t+j+1)

We will decompose these into partial fractions and give the details of the calculation
for Fi(t). Since the numerator and denominator of Fj(t) have the same degree, the

constant in the partial fraction decomposition is Q". We write:

_ (Qt—=nl+1), "
E“)_f@$@+h+1y_Q +§:t+k+1
J

k#]
for some constants c,. To solve for these constants, we clear the denominators to

obtain:

(Qﬁ—m+4%:4y11t+h+- +§:%]I (t+h+1)
h=0
h#j

2 A R
If we evaluate at t = —p — 1 (p # j), all terms but one drop out:

Q(-p—1) —nl+1),=c¢, [[(~p—1+h+1)
hotpj

Thus:
(-Qp—nl—-Q+1), (-Qp—nl—-Q+1),
Hh 0( p—i—h)

’I’L: o + h
h#p,j Hf}bb;ﬁop( P )

So decomposing F(t), G;(t), and H(t) into partial fractions:

= —-p)-

Cp:

E(t):Qn_'_i(_ )fpl

t+p+1
p#ﬂ
“~ (j — P)gpu
G;(t) =Q" = e
K)(2+;;Hm+1
DPFJ
. (] - p) hp
H(t) = ~ -7 7
(t) §:t+p+1
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where:

for = (=Qp=nl=Q+1), [[(=p+n)~"
hzp
_ (=D)M@ptnl+Q—n)y
(=1)Ppl(n — p)!
_ () (nl+Qp+Q —1)! n!
(nl+Qp+Q —n—1)nlpl(n — p)!

_ (1)np<nl—l—Qp+Q1) (n) 7
n p

Gy = (Q(=p+n+1)+(—-1)n H (—p+h)~
h=0
#p

Similarly:

= (=1) (Q+Dn—-Qp+Q—1) n!
(Q+1Dn—Qp+Q—1—n)nlpl(n—p)

_ (1)p((Q+l)nQp+Q1) (n) 7
n p

hy = nl[[(=p+n)"
h=0
h#p
(—1)Pn!

and:

Recall that Dy = % (%)/\. Then we have:

(DAFY(t))jp=—j-1 = Q" - dor + Z p fifﬁ
pEs
(DAGi(t))jt=—j—1 = Q" - do.x + Z p ?;fﬁ

p#ﬂ
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p)h
(DAH(t))1=—j—1 = Z — ) A+p1

p#]
where dgy = 1if A =0, dp» = 0if A > 1. On the basis of these formulae and recalling

that d,, = lem{1,...n}, one deduces that:

dyy - (DAFY(1))j=—j-1, dpy - (DAGI(t))jp=—j-15 dyy - (DAH (1)) =1
are integers for all A € N. From Leibniz’s formula, for each [ =1, ....a
Da-i(Bng(t)(t +7+1)%) =

Z(thFl) T (DVrFT)(DVrﬂGl) o (DV2TGT)(DV2T+1H) o (DVaH)

v

where the sum is over all multi-indices v € N* such that vy + ... + v, = a — [, we
conclude that d%'c; ;,, € Z and therefore d2~'P,,,(1) € Z.
To prove the corollary, we observe that since (n+1)Q +m > n then d,|d, o and

it follows immediately that df;éljlm(l) € Z for l =1,...,a. Lastly:
. L d
d? o Pyn(1) ZZQ QCWZ%Q"—%GZ
I=1 j=0 =0
for d =1+ m,...,QQ + m since the base of the denominator in the inner sum is no
greater than n@Q + Q +m = (n+ 1)Q +m and a similar computation shows that, in
the case m # 0, dg,QﬁQer’n(l) € Z since:

a D a dn : a—
dy o FPo+mn(l) = dy, QPQ+m n(1) — Z ( ’Q> ~di b Pa(1)
=2

m

and these are integers by what we have shown above.



CHAPTER 9

NESTERENKO’S CRITERION

Before we state the main result, we’ll first introduce some notation and terminology.
For u,v € CM, £ C CM a linear subspace, (u,v) =7 - v, ||[u|| = (u,u)"?, prs(u)
will denote the projection of u on £, and p(u, £) = ||prp. (u)||.
If up,...,us € CM then det||(ug,u;)|] > 0 if and only if uy,...,us are linearly
independent. We define the volume of the parallelepiped constructed on these vectors
by V(uy, ..., us) = (det || (g, u;)]])">.

If uy, ..., us is the basis of a linear subspace £ C CM then for every v € CM:
V(v,upy ..., us) = p(v, L)V (U, ...., us)

We will say that a linear subspace £ C CM is a rational subspace if it can be
specified by linear equations with Q-rational coefficients. If £ is a rational subspace
and dim £ = M —s then the set of linear forms with rational coefficients which vanish
on L forms an s-dimensional linear space over Q. The subset of forms having integer
coeflicients form a lattice. The volume of the base parallelipiped of this lattice will
be denoted by V(L£). Then it is clearly the case that V(L) > 1.

If L(z) = (a,x) is a linear form then we define ||L|| = ||a||. If the coefficients
are integers such that (ai,...,ap) = 1, @ # 0, and if £ is the hyperplane of CM
defined by the equation L(z) = 0 then V(L) = ||a|| and for any v € CM| p(u, L) =
| L(u)| [V (£).

The main result of this chapter is the following version of a theorem of Nesterenko,

originally stated and proved over a real vector space:
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Proposition 9.1 Let0 = (0y,0,,...,05) € CM with M > 2 and 0 # 0. Furthermore,
suppose that there exist M sequences {p;n}n>0 such that:
()vlie{l,.. M}, p, €Z

(i) letting L, (Z) = Zf\il Dini, there are aq,an, 0 < ag < ag < 1 with:

QT <L) < apte

(i4i) 36 > 1 such that max;<j<p |prn| < g™

Then:
In(3) — In(ay)
(B) —In(ay) + In(a)

dim@{@91 + QQQ T Q@M} Z n

proof
Fix § > In (3—?) Under the hypotheses we shall prove that for any integer r with
0<r< %, there exists a constant 7, > 0 (depending on ) such that for

every rational subspace £ C CM, dim £ = r:

In(B)—In(ay)

p(0, L) > . V(L) m@E-Ta)=rn@+3) (9.1)

The theorem follows immediately since if r is the maximum number of linearly
independent numbers over Q from among 64, ..., 05, , then there are M — r linearly
independent forms Ly(x), ..., Ly—.(z) having rational coefficients with L;(§) = 0
for j = 1,.... M — r. If L is the rational subspace determined by the equations
Li(z) = ... = Ly—r(x) = 0 then dim £ = r and 6 € L. Therefore p(0, L) = 0. So
the assumption that r < % leads to a contradiction. Hence we must have
r> % for any 0 > In (g—f)

Before we proceed with the proof, we first require two lemmas.

Lemma 9.2 If £, and Ly are linear subspaces of CM such that Lo C L1 and 0 € CM

then:

p(97 ‘C2> > :0(67 ‘Cl)
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proof

The assertion is elementary but we prove it nevertheless. We have:

111 = [Ipre, (O)I° + [Ipres (9)]1°

17 =[xz, (pre, @) +|[prey (ore, )] + ez @17 92)

But also:

10117 = [Ipre, (D) + [Iprey (9)]1°

Since Lo C L1, it must be that £ C L3. So we also have:

0 = pre,(0) +pres(0)

= prg, (prg, (0) + pPres (pre, (0)) + preL(6)

with pryy (prs, (9)) +pr..(0) € L3 . By the uniqueness of projection pr,, (prz, (6)) =

pr.,(0). Hence:
2
10]]* = HPTLZ (Prcl(e))H + Hpr@w)l\z
Subtracting equation (9.2) from this we have:

2

0 = [1preg (011 = llprey O = ||orey (bre,(0))

from which we easily deduce:

p(0, La) = [[prey (O] = [[prep (O)]] = p(0, £1)

and the lemma is proved.

Lemma 9.3 Suppose L, Ly are rational subspaces of CM, dim £, = M —1, L ¢ L4,
and M = LN L. Then for § € CM

1) V(M) <V(L)V(Ly)

2) VIM)p(0, M) < VL)V (L) (p(0, L) + p(0, L1))
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proof

We first observe that when 6 = 0, p(6, M) = p(0,L) = p(0,L,) = 0 and the
second inequality is trivially true. Hence, in the sequel, we assume 6 # 0. Now
suppose that (a,z), ..., (a,,x) and (b, z) are bases of lattices of integer forms that

vanish on £ and L£; respectively. Then:

VM) < V(bay,..,a,)
= |lprc(®)lIV(as, ..., ar)
< |||V (aq, ..., a;)
= V(L)V(L)
thus proving the first inequality. To prove the second, we will show that it suffices

to prove:
Iprz(0)I] < p(0, £) + p(6, £1) (9.3)
when ||0|| = 1. First, since we have [|b|| = V(£1) and V(M) < ||pr-(D)||[V (L), as

seen above, it is sufficient to prove:

p(0, M)l[pr ()] < [I6l|(p(0, £) + p(6, L))

We can make a further reduction by observing that we may assume 6 € M+ since

if we set 7 = pr () € M+ then § — 7 =pr,, () € M = LN L. Hence:

Pray (0 —7) =preo(0 —7) =prep (0 —7) =0

and therefore:

p(0, M) = [[prps (O)]] = llprage (T)]| = (7, M)

In similar fashion p(6, L) = p(7, L) and p(0, L1) = p(7, L1). Under the assumption

6 € M, p(0, M) = ||0]|. So, lastly, we may assume ||f|| = 1 since projection is

linear and the general result follows by application to 2.
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Since ||b|| > 1 then we may suppose ||b|]| = 1. The remainder of the argument

will not make use of integrality. Now to prove (9.3), we have:

L= |6]]* = [[pr,(O)]]* + [lprz. ()]

and so:
[pr2(B)[1* = (lpro @I - (12 (O)[)* + (pres (B)]] - [[pro(B)[])* (9:4)
Furthermore:
dim(£ N M*) > dim £ + dim M+ — M = dim £ — dimM > 1
However, we also have:
0=dim(£;NLNAMY) > dim L, + dim(L N M) = M =dim(LN MP) -1

Hence dim(£ N M*) = 1. Now, since £L D M, L+ C M*. Thus pr.(0) = 0 —
pre.(6) € LOML. We also have pr,(b) = b—pr . (b) € LNM* since b € LT C M*.
If pr(0) # 0 and pr.(b) # 0 then:

pr.(6) — . pr(b)
[P (0)]] [[pr(B)]]

for some ¢ € C with |¢| = 1. Therefore:

pre )] - [lprz (Ol = [(pre(0), pre(b))]
= |(pr(0),0)]
= 1(0,0) — (pr.(6),0)]

< (0, 0)] + [(pr(6),0)]

This holds trivially if pr,(f) = 0 or pr,(b) = 0. We have by Schwarz’s inequality:

|(pr2 (0), )] = [(pres (0), prea(b)] < [[prea(O)]] - [[pre (B)]]
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and, since |[b]| = 1, pr,1(#) = (6,b)b and:
(6, 0)] = [lprcy (O)]]
Combining these, we obtain:
pre ()] - [lpro (O] < [[preg (O] + [lpre- (O)]] - [[pre. ()]

Substituting the righthand side of this inequality into equation (9.4) and using the

fact that 1 = ||b]|? = ||pry.(0)|]> + ||pr,(b)||? and ||pr. (b)|| < 1, we have:

Ipre (O < [lpres (O + 2llprey O - [[pres (O)]] - pree (O] + [Iprze (0)]]

(tpre; @)1+ lIpre. (6)]])

IN

This concludes the proof of the lemma.

The proof of Proposition (9.1) is by induction on r. For r = 0 there is a
unique zero dimensional rational subspace of C™. Moreover, we have V(L) = 1
and p(0, L) = ||0||. Hence, formula (9.1) holds with vy = ||6]].

Now suppose that 1 < r < % and that formula (9.1) holds for every

rational subspace of dimension r — 1. Fix € satisfying the inequalities:

In(a) — In(ay) = 4

O<e<
‘ In(on)

Also there is an Nj such that for n > Ny and i = 1,2,and 3, n + 1+ 0;(n + 1) <

(14 €)(n+ 0;(n)). For k <r, define:

In(5) — In(ay)
In(5) — In(an) — k(In(B) + )

A =

Note that Ay > 1. Now let 7; = — In(ey), 1) = — (1 + #) In(a;) for i = 1,2 and

B = ﬁ”ogT(n). We see that lim,,_ T,&i) =1; fori = 1,2 and lim,, .o, 6, = 3. Then

we have:
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Lemma 9.4 There s an N such that for alln > N:

7V +1n(B,) 7Y +1n(5,)

() = B < ()

proof
Observe that In(5) + 7 — r(In(B) + 0) < 7 — 0 since r > 1. We compute:

1 —i—)\ln(ﬁ) (1 i 6) o T2 + ln(ﬁ)
T r—1

(In(B) + 1 —r(In(B) + 9))(1 + e)(In(B) + 1)
In(G) + 1
(In(8) + 71 — (r = L)(In(B) + 9))(In(B) + 72
In(B) +mn
(In(8) + 7 — r(In(B) 4+ 9)) [(1 + €)(In(B) + 1) — (In(B) + 72)]
In(3) +m

(In(8) + 12)(In(B3) + 9)
In(B) +n
o =90 +end) +7) — (In(f) +7)]
- In(B) + 7
(In(8) + 72)(In(3) +9)
In(3) +n
(1 = 0)(1 +€)(In(B) + 1) — (In(B8) + 72)(In(B) + 71)
In(B) +n

> (1 —0)(1+4¢€) — (In(f) + 1)

_ (111(5)"'7'1
In(B) + 7

Therefore:

71 + In(5)

Ty + In()
N (1+¢€) —

r—1

< (m—7m—0)+e€(m—96)—1In(B)
= (n—7—0)+en—In(f) —e

< —In(B) —ed

since we chose:

In(ag) — In(ay) — 4
In(ay)

—<T1 — T — (S)

T1
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Now, since lim,, . In(3,) = In(() and:

- () o+ )
n—0oo >\7" B )\7“
P 4 In(B,) 7> + In(3)
lim ——m = —————=
n—oo Ar—1 Ar—1

it is possible to choose N such that for n > N:

)+ In(3,) 7 +1n(B,)

e = P < ()

which completes the proof of the lemma. Henceforth, we will take N; large enough
so that the lemma holds for n > N;. Now we choose > 0 such that the following

inequalities hold:

,(N1+01(N1))HLN

oy 1H<1

and:

Ay A

o (\/M)t\i;l"”\“l_l < Yr_1

24

Then choose 0 < 7, < p. Now let’s assume that £ is a rational subspace of dimension

r with:

p(0,L) <3V (L)~

and let NV be the largest integer with:
VLY 2 pag T Ly

Such an N exists since the set of such numbers includes N; (and is hence nonempty)
and is bounded since ||L,|| > 1 for all n and lim,, o, n+0;(n) = oo fori = 1,2, and 3.
In particular, this is true when 7 = 1.

We let £, be the rational subspace defined by Ly (x) = 0. Then:

Ly(6 o1 _ _ _
- |||_Z(V|f" > o L] [T 2 V(L) 2 VL) > p(6, L)

p<97 El)
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By Lemma (9.2), £ ¢ £;. Let M = £N Ly. Then by Lemma (9.3):

V(M)p(0, M)

IN

VL)V (L) (p(8, L) + p(8, L1))

IN

VO L1200, £41)

= 2V(L)[Ln(9)]

and:

V(M) < VI(LV(L) < V(L)L

Using these two inequalities, the fact that \._; > 1, and applying the induction

hypothesis to M we have:
Y2 V(M) < p(0, M) < 2V(L)[Lv()[V (M)
Hence, using V(M) < V(L)||Ln||:

Y1 < 2V(L)| Ly () |V (M)At

< 2V (LM | L[ T L (0)]
By hypothesis, ||L,|| < vMpB""( and from the choice of N:

V(E))‘T < Mal—(N+1+ol(N+1))HLN+1H < Ma;(NJrlJrol(NJrl))mﬁN+l+o3(N+1)

So we have:
Ari
ey <2 (Mal—(N+1+01(N+1)) /_MﬁN+1+03(N+1)> s ||LN||)"“_1_1|LN(9)|
Ar—1
< 9 Mal—(N+1+ol(N+1))\/Mﬁzv+1+03(zv+1)>T
. <, i 5N+03<N>> T o)
< 2lu/\,;;1 (\/M) A§:1 Jr)\r—l*10617(N+01(N))(1+6)AS\%IB(N+03(N))(1+6)/\g;l

.ﬁ(N+03(N))(Ar—l—l)a;VJF@(N)

— QMA%(\/M) S ERRERES

1+% (N)\ [ A

( a?N))A '5(1+03T)(§721(1+6)+Ar_1—1)
14257 ) St (L)

aq
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So we have:

T(l)+ln B 7(2)+1n B
2 M_l(\/M)AT_IH -1 {AM< A (1= R (o) ) |V
Tr—1 < U Ar T €

A A
Since QMTI(\/ M) St o Yr—1, this is a contradiction if:

7y + In(By) - ¥+ In(By)

< —
>\r (1 e )\r—l o ln(ﬁN)

which is, in fact, the case by Lemma (9.4) since N > N;. This completes the proof

of Nesterenko’s criterion.



CHAPTER 10

CONCLUSION

Now we are able to establish Theorem (1.1). Recall from chapter eight that d, ¢ =

lem{1,2, ..., (n + 1)Q +m}. We let py,, = d% o Py,o(1) and Py, = d% o Pyn(1). Then:

a Q+m
Ln - Zpl nL<l7 C) + Z PdnCd
=2 d=14+m

is a sequence of linear forms with integer coefficients by the corollary to Proposition
(8.2). Likewise, in the case where cq = x(d), if x(—1) = =1 we let p,, = d, o Par.n(1)

and pu, = dZ’Qﬁd,n(l). Then we have:

Q+m

%
Lo =Y _pinl2,x)+ > Punx(d)
=1

d=1+m

Lastly, if x(—1) =1 we let p;,, = dgn’QPQHLQH(l) and py, = dgn’Qﬁd,Qn(l). Then we

have:
a—1

BN Q+m
Ly =Y paLl+1X)+ > Panx(d)

=1 d=14+m

By the prime number theorem we estimate d,, o = e"@tom) and so we see that if

we're not in the case where ¢4 = x(d) and x(—1) = 1:

10g | Ly| = nlog (¢0.rae®)® + o(n)
by Proposition (6.1). We also have by Proposition (8.1):

1Og |pl,n| S TLlOg (60‘Q2R+12A—2R(2R + 1>2R+1)Q + O(H)

78
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and so we take:

8= [Q2R+1€a2A—2R(2R + 1)2R+1}Q

With this 3, the L,, satisfy (iii) in Nesterenko’s criterion where M =a+ @Q — 1

for general c and M = “2€ if ¢; = x(d) and x(—1) = —1. We then let:
] = Qg = (€Q¢Q,r,a)Q
Otherwise, if ¢; = x(d) and x(—1) = 1, with M = ¢*22=1 we take:

3= [Q2R+1ea2A72R(2R + 1)2R+1}2Q

and:
a1 = (g = (€a¢Q7r,a)2Q

Then by Proposition (9.1), in all three of these cases, we have:

log(/3) — log(en)
log(13)

(2R+1)log(Q) + (A —2R)log(2) + (2R + 1)log(2R + 1) — log(¢q,r.a)
a+ 2R+ 1)log(Q) + (A —2R)log(2) + (2R + 1) log(2R + 1)

2R2R+1

Using the inequalities 2R < 2R+ 1 < 2(R+ 1) and ¢¢ .0 < QRAW we obtain:

de(a) >

log(R) + 4=£ v Rlog(2) + l(jfff)
Q +log(2) + %5 log(R + 1) + %5 log(Q)

Finally, we take R ~ A/(log(A))? with r the integer part of a/(log(A))?2. Since:

de(a) >

A-R 1
log(R) + 77 log(2) + ng?l) = (1+ o(1)) log(A)
and:
R+1

Q + log(2) + 2 (log(R+ 1) +1og(Q)) = @ + log(2) + o(1)

A+1

As A — oo we have:

(1+ o(1)) log (g)
1) 2 5 og@) T o(l)

which proves Theorem (1.1). This also suffices to prove Conjecture (1.3) assuming

that Proposition (6.1) is true unconditionally.
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