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ABSTRACT

The geometry of Schubert varieties X (w) for a Ka¢-Moody group G is closely related
to the corresponding affine Weyl group W. A great deal of geometric information is en-
coded in the Bruhat order on W. In particular, given a pair of elements x < w in W, there
are integers ¢, defined using the Bruhat order which can be used to determine rational
smoothness of X (w). We prove general results relating the Bruhat order for W of type A,
to the action of W on R?, using the bijection of 7V with the center points of the alcoves on
R2. We apply these results to an interesting family of elements w({) € W (¢ € N) called
spiral elements. We show that x < w(¥) if and only if the corresponding center point zq
lies in a region R(¢) which is close to a triangle. Using this we determine all the ¢ ) and

determine the set of rationally smooth points of X (w(¢)). This leads to the proof of the

lookup conjecture for spiral Schubert varieties X (w(/)).
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INTRODUCTION

This thesis concerns an interesting family of Schubert varieties in type gz, called spiral
Schubert varieties. The study of these varieties is motivated by a conjecture called the
Lookup Conjecture. We begin by explaining some of the background.

Let GG be the Ka¢-Moody group associated to a Kac-Moody Lie algebra and let B denote
a standard Borel subgroup of GG. For example, G could be a finite dimensional semisim-
ple algebraic group, or an affine Kac-Moody group constructed from a finite-dimensional
algebraic group. The flag variety is the coset space GG/B; this has the structure of a pro-
jective ind-variety [12, Chapter VII]. The Schubert varieties in GG/ B are the B-orbit clo-
sures X (w) := B -wB, where w is in the Weyl group W of G [12, Proposition 7.1.21].
If G is the “untwisted” affine Ka¢-Moody group constructed from a finite dimensional
semisimple algebraic group as in [12, Chapter 13], then W is obtained from the Weyl group
W tinite Of the finite-dimensional group by adding one additional generator. The Bruhat or-
der arises from inclusions among B orbit-closures. If u, v € W, then v < v in Bruhat order
< X(u) C X(v) (see [12], Definition 7.1.13).

Let X be a complex algebraic variety of dimension n and z € X. If X is smooth in a

neighborhood of x, then

, Z, 1 =2n,
HY(X, X —{z},Z) =
0, else.

This motivates the following definition. The variety X is rationally smooth at a point z if



and only if

Q, i=2n,

0, else.

H'(X, X —{z}Q) =

Rational smoothness is a weaker condition than smoothness.

Kazhdan and Lusztig [11] discovered deep connections between the Bruhat order, rep-
resentation theory, and singularities of Schubert varieties. For each w € W, there are
Kazhdan-Lusztig polynomials P, ,(¢) for x < w [10] which give a large amount informa-
tion about the geometry of the Schubert variety X (w). The polynomials P, ,(q) can be
used to compute dimensions of the intersection homology groups for the Schubert variety
X(w) [11]. They are connected to representation theory because if G is a finite dimen-
sional semisimple algebraic group, then the values P, , (1) are equal to multiplicities in
composition series of certain representations of the Lie algebra of (G. Rational smoothness
is significant because Kazhdan and Lusztig proved that X (w) is rationally smooth at a point
xB € G/B if and only if P, ,,(¢) = 1. There is an algorithm to compute Kazhdan-Lusztig
polynomials but it is very time consuming even on a computer to use this to test rational
smoothness.

For each w € Wthere are integers ¢ for z < w which are connected to the singularities
of the affine Schubert variety X (w). Carrell and Peterson [5] discovered a simpler criterion

for rational smoothness of Schubert varieties in terms of the ¢;’. Given z < w in IV, define

Uy .={reR|rex<w}

T

q; = V7] = f(w).

Here R is the set of reflections in W, and ¢(w) = dim X (w) is the length of w. By [6],
|W¥| > ¢(w). The integers ¢* depend only on Bruhat order. Like the Bruhat order, they
have geometric significance. There are | VY| T-invariant curves in X (w) through the point
xB. The integer ¢/ is the difference between the number of such curves and the minimum

number /(w). The following is the Carrell-Peterson criterion.



THEOREM 1.1. [12, Theorem 12.2.14] Let X (w) be an affine Schubert variety. x B is not

rationally smooth in X (w) if and only if g;’ > 0 for some y with z < y < w.

The Carrell-Peterson test requires computing ¢’ for all z < y < w. Unfortunately in
large examples there may be many y's (v < y < w) for which we need to compute g,’.
Also, it is difficult to compare elements in the Bruhat order. Boe and Graham [4] make
the following “Lookup Conjecture” which states that the Carrell-Peterson criterion can be

simplified.

CONJECTURE 1.2. [4, Conjecture 1.1] xB is not rationally smooth in X (w)< ¢ > 0 or

gy, > 0,some z < rx < w withr € R.

The Lookup Conjecture asserts that to test rational smoothness, it is only necessary to
compute ¢, for the bottom elements y = x and y = ra with r reflection in the Bruhat
graph. This would greatly reduce the amount of computation.

Given a pair v < w € W, the trivial case of the lookup conjecture is the case that
q¥ # 0. The nontrivial case of the lookup conjecture is the case that g%’ = 0 and ¢>, # 0,
some x < rx < w with r € R. The lookup conjecture asserts that in this case ¢, # 0
for some reflection 7, i.e., there is an element connected to x by a single edge in the Bruhat
graph such that the corresponding ¢, # 0. In type A, only the trivial case of the lookup
conjecture occurs, but in all other known cases, the nontrivial case of the lookup conjecture
occurs.

We have written a computer program using GAP/Chevie4 [7] [13] to calculate ¢’ and
test the lookup conjecture for rational smoothness of affine Schubert varieties. We have
tested the lookup conjecture for pairs (z,w) with z < w in the following cases: type
Ay: all w with £(w) < 19, By: all w with £(w) < 9, Go: all w with £(w) < 12 and
113: all w with ¢(w) < 10. The lookup conjecture is true for all the above pairs we have

calculated and tested. Computer data suggests that in type A,, the nontrivial case of the



lookup conjecture occurs only for a family of elements we call spiral. More precisely:

CONJECTURE 1.3. In type Ay, if w is not spiral, then 2B is n.r.s. in X (w) < ¢* > 0.

This conjecture is still open. It motivates us to look at spiral elements, where it is false
that 2B is not rationally smooth < ¢’ > 0. The term spiral has been used in [1], [2] in a
related but slightly different context.

For the remainder of this introduction we work in type As. In this case, W = (s1, 52, 83)-
Let w(f) = 515253515253 - - - (¢ factors). We say w({) is spiral of length ¢. We call these
elements and the varieties associated to them spiral. By a similar argument we could study
the elements of this form s;s;s,s;5;5,--- ({4,7,k} = {1,2,3}), which are also called
spiral.

In order to approach the Lookup Conjecture for spiral Schubert varieties, we need to
overcome the obstacle that there are algorithms for comparing elements in the Bruhat order,
but it is difficult to use these algorithms to prove theorems. Our strategy is to study the
Bruhat order in affine A, by relating it to the action of 7/ on R% We use this action
to better understand the combinatorics of rational smoothness. These techniques are also
useful in determining the set of smooth points.

For affine Weyl group W of type A,, the plane R? is spanned by elements o, . Let
a = a; + ay. Let & = {£a;,+ay, xa}. If fis in @, let Hg,, denote the hyperplane
{p € R? | (p, B) = n}. The alcoves are the connected components of R? \ {Hj,, | § =
ay, a9, a,n € Z}. The alcove bounded by the hyperplanes H,,, o, Ha, 0, Hz 1 is called the
fundamental alcove and denoted by A,. Let ¢ be the center of A,. The Weyl group W
acts on R?, and there is a bijection w — wq between W and the set of center points of the
alcoves. By examining the locations of the center points of alcoves, we obtain information
about the Bruhat order on V.

We now describe the results of the thesis in more detail. Chapter 2 gives preliminary

results. We define the window notation for elements of W and define the W -action on R2.



The main result of Section 2.4 is Proposition 2.13 which describes the set W g N L, where
L is a line parallel to 5 through some ug (u € W) where ug is center of some alcove. In
Section 2.5 we give formulas relating the W -action on R? to window notation.

Chapter 3 gives general results about the Bruhat order. Section 3.1 gives a characteri-
zation of the Bruhat order in type Apy analogous to the characterization in type A,,. The
proof of this uses the characterization of Bruhat order in type Zn_l in [3]. In Section 3.2,
we study the W action on the set of alcoves. Section 3.3 gives the endpoint theorem, which
states that if yq lies between xq and zq on a line L as above, then y < z or y < z in the
Bruhat order. The endpoint theorem follows from a more detailed result about the Bruhat
order which we call the six region theorem (Theorem 3.19).

Chapter 4 studies the reflection sets W} and some properties of the reflection sets. In
Section 4.1 we prove that in type ;fg, the sets WY’ look like unions of intervals (Theorem
4.2). Section 4.2 contains some general results about WY which are used later.

In Chapter 5, for a spiral element w(¢), we give a geometric description of the set
{z € W | z < w(f)}. We define a triangle A(¢) C R?, and let /A(f) consist of the
points ¢ inside A(¢). We define R({) as follows. If £ is even, then R({) = A({); if ¢
is even, then R(¢) = A(L) \ {A1(€)q, A2(€)q} where A, ({), Ay(¢) are elements of TV (see

Definition 5.9). We prove two “triangle theorems”. The first is the following.

THEOREM 1.4. Let ¢ > 6. Let w(¢) be a spiral element of length ¢. Then

r<w(l) < xq € R).

The proof that z < w(¢) = xq € R({) is naturally divided into many cases. The
strategy is to use the identification W = L(®") X Wyinie. Suppose © = t(Aay + Bay)u,
where u € Wy We write x and w(¢) in window notation, then use <" < w(¢)< to get
some inequalities involving A and B. These inequalities show that zq is in A(¢). If £ is

odd, we show A; (), As(¢) are not < w({), so xq is in R(¢). The proof that zq € R({) =



x < w(¥) is by induction on length ¢, using the endpoint theorem. The second triangle

theorem is the following result. The proof is similar to the proof of Theorem 1.4.

THEOREM 1.5. If £is odd, then zg € A({) & < w(l) or x < A;(¢) := t(52aV)w(l).

Chapter 6 contains the translation theorem and some consequences. Let w = w(¥).

Given z < w in W, for any non-negative integer ¢ define

A ={reR|rzqe A(l)}

Py = A7 = (w).

If ¢ is even, pY = ¢y . If ¢ is odd, then either p} = ¢, or pi = ¢% + 1 (which occurs
depends on z). The reason for defining the p is that they satisfy the following translation

theorem.

THEOREM 1.6. Let w be a length ¢ spiral element. If y = t(v")x for v in the coroot

lattice and both xq, yq € A(¢), then
Py =py.

The idea of proof of the translation theorem is to compare the sets A7 and Ajfsy, (B €

®) using the inequalities defining the triangle.

THEOREM 1.7. If w = w(/) is a spiral element, then p*’ = 0 or 1. Hence ¢ = 0 or 1.

To prove this, for any element = of TV, we write it in terms of translation of an element
w(l —1i) (2 € {0,1,2,3,4,5}) in the finite Weyl group. We show that each pj;, ; is 0 or
1 (i1 € {0,1,2,3,4,5}). The translation theorem then implies that for all x < w, p¥ = 0
or 1. Since 0 < ¢ < p¥, we see that ¢ is also 0 or 1. Note that if w is not spiral, then ¢’

need not be 0 or 1.



In Chapter 7, we identify the set of rationally smooth points in X (w(¢)). This leads to

the proof of the Lookup Conjecture for spiral Schubert varieties X (w(¥)).

THEOREM 1.8. Let w = w(¥) be a spiral element of length ¢ with length ¢ > 6. Then the

point B € X (w(¢)) is not rationally smooth < xq € A(¢ — 3).

We describe the idea of the proof in case ¢ is odd (if ¢ is even, the argument is similar but
slightly different). To show (<), observe that by the triangle theorem if zqg € A(¢ — 3),
then 2 < w(¢ — 3). Since qzéﬁlg)
the other direction, if zq ¢ A(¢ — 3), then for all » < y < w((), g, = 0. This uses

= 1 by calculation, x is not rationally smooth. For

the Translation Theorem for p} plus additional work. The Carrell-Peterson Theorem then
implies that x is rationally smooth.
Using Theorem 1.8, we prove the following result, which is the Lookup Conjecture for

spiral Schubert varieties.

THEOREM 1.9. Let w(¢) be spiral element. Then B is not rationally smooth in X (w(¢))
if and only if either ¢;’ # 0 or ¢, # 0 fory = rz,r € R,z < y < w, where R is the set of

reflections. In other words, the lookup conjecture holds for X (w(¥)).

The implication (<) is an immediate consequence of the Carrell-Peterson criterion.
For the other implication suppose the point x5 is not rationally smooth. If ¢’ > 0, then we
are done. Otherwise, we want to show that ¢;’ = 1,y = rz for some reflection r. By the

previous theorem, xq € A(¢ — 3) and we are able to explicitly identify a lookup direction.



2

PRELIMINARY RESULTS ABOUT AFFINE WEYL GROUP OF A,

This chapter contains basic results about the affine Weyl group W of type A,. In section
2.1, we define W. In Section 2.2, we recall that W acts on Z and introduce window
notation, as in [3]. In Section 2.3 we recall the ¥ -action on R?, and define alcoves, the
fundamental alcove A, and the center point g of A,. Let 8 be a1, a7 or . The main result
of Section 2.4 is Proposition 2.13 which describes the set W ¢ L, where L is a line parallel
to [ through some uq (u € W). In Section 2.5, for z € W, we give the window notation

formulas for z and the formulas for xq = uay + vay (Proposition 2.16).

2.1 Definition of the affine Weyl group IV of type ZQ

The definition of W in terms of generators and relations is given as follows. In affine
type Ay, W has generators {s1, 55, s3} and relations (s;)% = 1, (s;s;)% = 1,i # j. The

' where w € W

elements s; are called simple reflections. Define reflections as ws;w™
and s; is a simple reflection. If w € W, we define the length ¢(w) of w as {(w) = r if
w = s;, - 8;, where s;. are simple reflection and r is as small as possible. In this case,

Siy - -+ S, 1s called reduced.

2.2 The IV action on Z

In this section, we study the affine Weyl group of type A, action on integers. The affine

Weyl group of type A, can be realized as infinite permutations. Let

W' ={w € Perm(Z) | w(l) + w(2) + w(3) = 6,w(n + 3) = w(n) + 3 forall n € Z}.



Any element w € W' is determined by the values w(1),w(2), and w(3). If w € W', we
write w = [w(1),w(2),w(3)] and refer to this as the window notation (see [3]). If i # j
(mod 3), there is an element ¢;; € W' satistying ¢;;(i) = j,¢;;(j) = ¢, t;;(k) = k if k is not

congruent to 7 or j (mod 3) (see [3]). There is an isomorphism W — W’ defined by
S1 — t12 = [2, 1,3], So t23 = [1,3,2], S3 t34 = [0,2,4]

We use this isomorphism to identify 1 with W', so we view W as a subgroup of Perm(Z).

2.3 The IV action on the plane

We relate Bruhat order to the geometry of a group acting by affine reflections. The
affine Weyl group of type A, acts on R? 22 {(z,z0,23) € R® | 3% 2, = 0}. R%is

equipped with the inner product

3
i=1

_ _ ~ vV o 204
Define oy = €1 — 3,00 = €3 — €3, = 1 + w2, @) = i

(as,00)

. In type A,, o) = a; but
in other types, this is not always the case, so we often write ) to be consistent with the

notation from [9]. Given v € R?, let #() : R? — R? be translation by ~. Define
s = spoand sg., = t(nf")ss.

Then R? = span of oY, avy. Let ® = {+ay, +ay, +a} and L(P) be the translation group
corresponding to the coroot lattice (see [9, I, 4.2]). /3 is one of these, let Hg,, = {p € R? |
(p, ) = n}. Observe that sz, is reflection across the hyperplane Hgz,, (see [9, I, 4.1]).
Alcoves are the connected components of R? \ {Hp,, | 8 = oy, a0, &, n € Z}. Infor-
mally, the hyperplanes H g ,, divide the plane into triangles and the alcoves are the interiors.
The alcove bounded by the hyperplanes H,, o, H,, 0, Ha,1 is called A,. In other words,

Ao ={p| (p,o1) > 0,(p,a2) > 0, (p,&) < 1}. Let ¢ = 3" be the center of the alcove



Ao, so xq is the center of the alcove x(A,). There are bijections between W and alcoves:

W — {alcoves} — Wy

w— WA, — wq.

Let Aff(R?) be the semidirect product G L(IR?)x (translations of R?). There is an injective

homomorphism from W to the group Aff(IR?) of affine transformations of R? given by
81 > Say; S2 7 Say, S3 7 Sa,1

(see [9]). Using this homomorphism we identify 1V with a subgroup L(®") X W ypize of
Aff(R?). Here Wiinite = (Say; Sap) and L(®Y) = {Aa + Bay } 4 pez is the coroot lattice,
viewed as acting on R? by translations.

Recall that reflections are of the form ws;w~! where w € W and s, is a simple reflec-

tion.

LEMMA 2.1. All reflections in W are of the form s, for 6 € ® and k € Z.

PROOF. We have s; = sz = t({3")sg where 5 € {a1,as,a} and fisOor 1. Anyw € W
is of the form w = ¢(7")u for u € Wipite, v¥ € L(®Y). Then
ws;w™ "t = t(y ) ut((BY)sgu (=)

= t(y)ut (8" )u tusgu (=)

= [ty + tup?)sust(—7")]sussus

= t(7" + tuB)t(sus(—7"))us

= t(7" = sus(v") + tu)sup

= t(kuB")s,z (some k)

= SuBk-

10



LEMMA 2.2. The following facts hold.
(@) Say k(uay +vag) = (v —u+k)ag + vas
(D) Sy k(uay +vag) = uag + (u — v + k)as

(©) sar(uag + vag) = (—v + k)ag + (—u + k)as.

PROOF. (a)

Say k(U +vag) = t(kaY)Sm,o(UOq + va)
= t(kay)((v — u)ay + vay)
= (v—u+k)a; + vas.

(b)

Sag k(U + vag) = t(kawy )Say.0(uay + vay)
= t(kay)(uar + (u — v)asg)
=uo + (v — v+ k)as.

(©)

sar(uay + vag) = t(ka) sz o(uay + vaz)
= t(ka”)(—va; — uas)

= (—v+k)a; + (—u+ k)as.

LEMMA 2.3. The following holds.

(1) s1(af) = —af, s1(ag) = aY, s1(@) = as.

(2) so(a1) = @, sa(ay) = —aw, so(@) = .

(3) sz(aay +bay) = (=b+ 1oy + (—a+ 1)ay.

In particular, s3(ca”) = (—c+ 1)ay + (—c+ 1)ay = (—c+ 1)a.

11



PROOF. This follows from Lemma 2.2. [l
LEMMA 2.4. Let § = ay,ap or a. If (8,7Y) = k, then sz .t(7") = t(7")ss.

PROOF. We have

spat(y”) = t(kB")sst(v")
= t(kB")spt(y")s5 55
= t(kB )t (s57")ss
= (kB + 7" = kB)sp
=t(7")sp.
[l

Expressions for translations (), ¢(a) and ¢(&") of Type A, in terms of simple re-

flections are given as following.

LEMMA 2.5. The following holds

t(ay) = 53898351, t(y) = 83518389, t(A") = 53515951.

PROOF. In the proof we use the facts that wssw™' = s,5 and wt(z)w™! = t(wz) for
B € dxc R w e Weinite (see [9, 1, Proposition 4.1] and [9, 1.4.1]). In particular,
s3 = t(a")sz = saot(—aV).
53525351 = t(Q0") 0 858a,55 0 t(—A")Sa; = H(A) © Sy (an) O t(—A")Sq,
=ta’) 08 o 0 t(—a")80;, = LA (Say t(—A")S0,)
= t(a")t(sa, (—0")) = t(a" — sq,(@"))

= t(a}).

12



Since s152(a) = o,

tlay) = s18ot(a))sa81 = 5189(83525351)5251 = 51(5352)828152 = 51535189 = 53518352.

Since sy(a) = @V,

~V \Y
t(a ) = 52t(041 )32 = 528352535152 = S3525152 = S35152951.

COROLLARY 2.6. If x = ¢t(\Y) € W, for \Y € Z®", then {(x) is even.

PROOF. If A = aay + bay then z = y2° where y = (), z = t(ay) for some a,b € Z.

Since /() = {(y) = 4 by Lemma 2.5, ¢(x) is even. O

LEMMA 2.7. The element ;o + asavy is equal to wq for some w € W < one of the

following holds.
(@) ajanday € Z + 3
(b) ayanday € Z + 2
(¢) One of a1, ay € Z and the other is in Z + 3

(d) One of ay, ay € Z and the other is in Z + .

PROOF. (=): Observe that Z + % =7 — % It suffices to check this for w € Weipite
since any w € W is of the form ¢(5")w; where 8V € L(®Y) and wy € Wiipite. Since

_ 1~v _ 1.V 1 Vv _ 1. v _ 1. v 1.V _
q = 30& = 30[1 + 3062, we have S$19q = 30(2,82q = 30&178152(] = —5041,8281q =

1

sy, 5182510 = —30f — vy We see that for each w € Wiipige, wq is of the form stated.

3 3
(«<): The calculations above show that each of the possibilities listed in (a)-(d) occurs
as wyq for some wy € Wiyinie. The result follows because ¢(3)wy is in W for any ¥ €

L(®Y). 0
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COROLLARY 2.8. Let f € . (wq,3) € Z + 3 or Z + 2 (not in Z).
PrOOF. This follows from Lemma 2.7. O

2.4 The points V¢ lying on a line

The main result of this section is Proposition 2.13 which describes the set Wq N L,
where L is a line parallel to § through some ug (u € W) where ug is center of some

alcove.

LEMMA 2.9. Suppose p = wq,k < (p, ) < k + 1. Then
(1) sgryp=p+36Yorp+25Y.

(2) sgpp=p—20Y orp—36".

PROOF. Leta = (p, 3). By Corollary 2.8, a = k + 5 ora = k + 3. Then

sgerp =p—((p.B) — (k+1))8Y =p+[(k+1)—a]8” =p+ %ﬁv or p + gﬁv,

Similarly,

1

2
spip =p = ((p,0) = k)8 =p+ [k —alf’ = p— 2B orp— 27

O

LEMMA 2.10. Let 5 € ®. Suppose p = wq, k < (p,5) < k+1,80 sg11p =p+cBY,c =
(k: + 1) - <p76) and S8k = p_‘_dﬁvad =k — (p7ﬁ)

(1) Thereisno t with 0 < t < ¢ such that p + 3V = ugq for some u € W.
(2) There is no t with d < ¢ < 0 such that p + t3" = uq for some u € W.

PROOF. (1) By Corollary 2.8, ¢ = 3 orc = 2. If p+tf = ug, then by Lemma 2.7, 3¢ € Z,

s0if 0 < t, then 1 < 3t,s0 3 < t. Soif ¢ = 3, we are done. Suppose ¢ = 2. The only

14



possible t with 0 < ¢ < cand p +t8Y = uqist = %, and we must exclude this. In other

words, we want to show that p+3 " is not of the form ug. Since ¢ = 2, (k+1)—(p, 8) =

W

Hence (p, 3) = k+ 5. Then (p+ 35Y,6) = (k+ 1) + 2 = k+ 1 € Z, so by Corollary
2.8, p + t8Y = ugq is not of the form ug for u € W.

(2) By Corollary 2.8, d = —5 or —2. If p + t/3 = ug, then by Lemma 2.7, 3t € Z, so if
t <0,then3t < —1,s0t < —z. Soifd = —%, we are done. Suppose d = —%. The only
possible ¢t with d < t < 0 and p + tﬁv =uqist = —%, and we must exclude this. In other
words, we want to show that p—$" is not of the form ug. Since d = —2, k— (p, ) = —2.

Hence (p, 3) = k+ 2. Then (p — 3¥,8) = (k+ 2) — 2 = k € Z, so by Corollary 2.8,

p+tBY = ugq is not of the form ug for u € W. O
Definition 2.11. Suppose p = ug for some u € W and suppose k < (p, 5) < k+ 1. Define
{p;} ez inductively as follows. Let py = p. Fori > 0, let p;11 = Sg+i+1p:. Fori < 0, let
Di = S k+i+1Pi+1. Observe then that for all ¢ € Z, p;11 = Sg ktit10i-
LEMMA 2.12. Let p; (i € Z) be as in Definition 2.11. Then

(D) (pi, 8Y)=k+i+ior(p,BY)=k+i+2

(2) If (p;, 8Y) = k 4+ i+ 3 then pjq = p; + 28" and (pi41,8Y) =k + (i + 1) +

COI[\.D

(3) If (p;, BY) = k+ i+ 2 then py = p; + :8Y and (pis1, BY) =k + (i +1) +

C/oI»—A

4) pigo = p; + pY forall 4.

PROOF. We first show (2) and (3). By Lemma 2.9, p; 11 = Sgr+it10i = pi + aff where

a=3ora=2 Then

(pis1,8Y) = (pi +aB, 8Y) = (i, BY) + 2a.

By Corollary 2.8, (piy1,3") € Z —i— or Z + % Therefore, if (p;, 5Y) = k+ i+ % then
azéand(pi+17ﬁ> k+ (i + 1)—1—%. If@zﬁﬁv):k—l—i—i-%thena:%and
(pis1, 8Y) =k + (i +1) + 5.

15



Now we show (1). For ¢ > 0, we use induction on 7. Our hypothesis is k& < (pg, 8) <
k + 1. Corollary 2.8 implies that (py, 3) = k + 3 or k + 2. Suppose the statement of (1) is
true for ¢. Part (2) and (3) imply that the statement of (1) is true for all = > 0.

For 7 < 0, we use downward induction on 7. The case of © = 0 was verified above.
Suppose the statement of (1) is true for ¢ < 0; we show it is true for 7 — 1. By hypothesis,

k+i< (p;, ) <k+i+ 1. Since p;_1 = Sgk+ipi» We have p;_; = p; + af where a = —

W= Wi

ora = —2. By Corollary 2.8, (p;_1,8) € Z+ 5 or Z+ 2. Therefore, if (p;, 3) = k+i+
then (pi—1,8) =k+i+35+2a,s0a=—%and (p_1,8) =k+i—3=k+(i—1)+2.If
(pi, B) = k:—i—i—l—%then (pi_1,B) = l{:+i—|—§+2a, soa = —% and (p;_1, ) = k‘—i—i—% =
k+(—1)+ % Therefore the statement of (1) is true for ¢ — 1. We conclude that (1) holds

for all 7 < 0, so by the previous paragraph it holds for all 7 € Z.
We show (4) using part (2) and (3). If (p;, 8Y) = k+1i+ % then piy1 = p; + %ﬁv and
(pir1, BY)=k+ (i +1)+ % Then

1 2 1
Piva =pinn + 5B =pi+ 58+ 6 =pi + 5.
3 3 3
If (p;, BY) =k +i+ 3 then p;11 = p; + 58" and (pi1, 8Y) =k + (i + 1) + 3. Then

2 1 2
Dit2 = Pit1 + gﬁv =pi + gﬁv + g@v =pi+ 8.

We give the description of the points wq which lie on a line.

PROPOSITION 2.13. Let p; be as in Definition 2.11. Define ¢; € R by the equation p; =

p+tzﬂv,ti € R. Then
Mt <tip < <tr=0<t; <+ <t

(2) The set {uq | uqg = p+tp¥} = {pi}icz. Equivalently, p 4+ t3¥ = ugq for some

u < t = t; for some .
3) k+i<(p,BY)<k+i+l
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(4) Suppose x,y are two elements of W such that xq, yq are on the line zq + t5Y = L
and y = rz, where r is a reflection. Then r = sz, for some ¢ € Z. Moreover, any

z € W with zq € L is of the form z = ¢t(nfY)x or z = t(mp")y.

(5) Let x,y be as in (4). Then any zq on the line L = xq + t3" is of the form 7,z and
Xy, Where r; = sgy, forsome k; € Z (i = 1,2).

PrROOF. (1) By Lemma2.12,¢,,1 — t; = % or % Hence - - - <t_1 <tg=0<ty < ---.

(2) Suppose p + t3Y = uq. Then for some i, t; < t < t;4,. By Lemma 2.10, t = ¢; or
t = t;11. Therefore if p + t3 = uq, then t = ¢; for some .

(3) This follows from Lemma 2.12.

(4) By Lemma 2.1, r = s5, for 0 € ® and ¢ € Z. Since xq — rxq is parallel to 6 and to
B, we have § = %3, so (replacing ¢ by —/ if necessary), we see that r = 5.

By (2), zq = p; and yq = p; for some 4, j. By Lemma 2.12, i # j (mod 2) because if
1 = 7 (mod 2), then y = t(%ﬁv):p. Since any zq on L is of the form p, for some ¢, we see
that if ¢ = i (mod 2), then z = ¢(5%3")z and if £ = j (mod 2), then z = t(%ﬁv)y.

(5) This follows from (4). [

2.5 Facts relating window notation and the 1/ action on R?

The affine Weyl group W is a semidirect product L(®") x Wy;yire. The main result of
this section is Proposition 2.16, which gives the window notation formula for z = ¢t(Aay +
Bay)y, for A,B € Z and y € W;pite, and also gives the formula for ¢ = uoy + vas.

We begin with two lemmas giving special cases of this proposition.

LEMMA 2.14. In window notation,

tal) = [4,-1,3], tay) = [1,5,0], (@) = [4,2,0].

17



PROOF. By Lemma 2.5, we have

t(ay) = s389838;
= [1,2,3] 0 53508351
= [0,2, 4] o s9538;
= [0,4, 2] o s351
=[—1,4,3] 05

=[4,-1,3]

t(c) = 53515389
=[1,2,3] o s3518352
= [0,2,4] o s15382
=[2,0,4] 0 s359
=[1,0,5] 0 s9

=[1,5,0]

t(@") = s3515281
= [1,2,3] 0 53515251
=[0,2,4] 0 515281
= [2,0,4] o s251
=[2,4,0] 0 sy

=1[4,2,0]

LEMMA 2.15. Forall k € Z,
t(kay) = [1+3k,2 — 3k, 3], t(kay) = [1,2 + 3k, 3 — 3k|, t(ka") = [1 + 3k, 2,3 — 3k].

18



PROOF. We will first show the Lemma by induction on k£ for k& > 0. For k£ = 0 the
statement holds since translation by 0 is the identity e = [1,2,3]. Suppose the statement

holds for k. By definition, Lemma 2.5 and Lemma 2.14 we have

t((k+ Day) = t(kay)t(ey)
=t(kay)o[4,-1,3]
= [t(kay)(4), t(kay)(=1),t(kay)(3)]
= 3+ t(ka))(1), 3 + t(kay)(2), 3]
=[3+1+3k,—3+2— 3,3

—[1+3(k+1),2—3(k+1),3]

t((k+ 1ay) = t(kay)t(oy)
= t(kay) o [1,5,0]
= [t(kay)(1), t(kay)(5), t(kay)(0)]
=[1,3 + t(kay)(2), =3 + t(kay)(3)]
= [1,3 42+ 3k, —3+3 — 3k]

=[1,2+3(k+1),3—-3(k+1)]

t((k+1)aY) = t(ka")t(a)
=t(ka') o [4,2,0]
= [t(ka”)(4),t(ka")(2), t(ka")(0)]
= [3+t(ka")(1),2, -3 +t(ka")(3)]
=[3+4 1+ 3k,2, -3 +3 — 3k

=[1+3(k+1),2,3=3(k+1)].

This proves the statement for £ > 0.
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If £ < 0, then
t(kay) = t(—ka)) " =[1 —3k,2 + 3k,3] " = [1 + 3k, 2 — 3k, 3].
tkay) = t(—kay) ™' =[1,2 — 3k,3 + 3k] ' = [1,2 + 3k,3 — 3k].

t(ka") = t(—ka¥) ' =[1 -3k, 2,3+ 3k] " = [1 + 3k, 2,3 — 3k].

O

PROPOSITION 2.16. Let x = zy where z = t(Aay + Bay) and y € Wypite. Then the

following table Table 2.1 gives = in window notation, the expression xq = uay + vay, and

v—u
x x in window notation rq = uay + voy v—u
z 1+3A4,2-3A+3B,3-3B] | (A+3)ay +(B+Hay | B-A
281 2-3A13B.1434.3-3B]|  Aaf +(B+3oy | B-Att
289 14+3A,3-3B,2—-3A+3B (A+ YHay + Bay B-A-1

]
28981 3—3B,1+3A,2—-3A+ 3B

AozY—i—(B—%)oz%’ B—A—%
2818281 | [3—3B,2—-3A+3B,1+3A

[ ]
| |
15 | [2-3A+3B,3-3B,1+34]| (A-Lay+Bay |B-A+l
[ ]
[ ]

(A—Hay +(B-Lay| B-A

Table 2.1: x in window notation and zq = u« + vay, z = t(Aay + Bay)

PROOF. In the Table 2.1, let z = ¢t(Aay + Bay).

Cases y = 1. We have © = t(Aay + Bay ) with A, B € Z. Then by Lemma 2.15,

x = t(Aaf + Bay)
=t(Aay) o t(Bay)
= t(Aay) o [1,2+3B,3 — 38|
=[1,2+3B,3 - 3B] o t(Aay)
=[1,2+3B,3—3B]o[1+3A,2—3A,3]

—[1+3A,2—3A+3B,3—3B].
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(2.17)

(2.18)

Case y = s;.

(2.19)

(2.20)

rq=(A+

= [143A4,2—3A+3B,3— 3B]

1

= t(Aa) + BaY) o (@)

3

— AoV + Bad)(Z(an + a2))

5

—_

= —(aq + ay) + Aa + Ba

w

1
At )i + (B +3)ag

/\

1 1
Sy + (B + 5)ay.

3

= t(Aa + Bay) o 5
=[1+3A4,2—-3A+43B,3—3B]os;

=[2—3A+3B,1+ 34,3 -3B8]

x=[2—-3A+3B,1+3A,3—3B]

1
= t(Aa} + Bay) 0 :(5a)

1
= t(Aay + BaQV)(gag)
1
= 3% + Aay + Bay
1
= Aaf + (B + 3)ay

1
)y

xq:AaY+(B+3
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Case y = so.

r = t(Aay + Bay) o s9
=[1+3A,2—-3A+3B,3—-3B]os,

— [1+34,3—3B,2—3A+3B8].
2.21) x=[1+3A4,3—3B,2—3A+3B]

1.
rq = t(Aa) + Bay) o 32(5(1)
1
= t(Aay + Bag)(gal)
1
=3 + Aoy + Bay

1
=(A+ ng + Bay.

1
(2.22) rqg=(A+ g)ozlv + Bay .

Case y = s159.
r = t(Aa) + Bay) o 5189
=[1+3A,2—-3A+3B,3—3B]os;15
—[2-3A4+3B,1+34,3—3Bos,

—[2—-3A4+3B,3—3B,1+34].

(2.23) x=[2—3A+3B,3—3B,1+3A4]
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1.
rq = t(Aa) + Bay) o slsg(ga)

1
= t(Aay + Bag/)(—§a1)
1
=—3™ + Aoy + Bay
1
=(A—- g)a}/ + Bay .

1
(2.24) rq=(A— g)alv + Baw

Case y = s957.

r = t(Aa) + Bay) o 5381
:[1+3A,2—3A+3B,3—33]05281
=[1+3A,3—-3B,2—-3A+3B]os;

= [3—3B,1+3A,2 —3A+3B].

(2.25) 2 =[3-3B,1+3A,2—3A+3B]
v v 1
xq =t(Aay + Bay ) o 3231(§a)
1

= t(Aa) + Bag/)(—§a2)

1
=—3% + Aoy + Bay

1
= Aaj + (B — §>a¥'
V 1y
(2.26) rq = Aoy + (B — g)OéQ.
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Case y = s5159257.

(2.27)

(2.28)

r = t(Aay + Bay) o 51895,
=[14+3A,2—3A+3B,3 —3B] o515
=[2-3A+3B,3—-3B,1+3A]os;

=[3-3B,2—3A+3B,1+3A4].

x=[3-3B,2—3A+3B,1+ 3A4]

1.
rq = t(Aay + Bay) o 313251(504)

AoV + Ba;/)(—%&)

1 1
= —§Oé1 — 5052 + AO./Y + BO&;/
1

1
= (A~ 5)041/ + (B - 5)045'
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3

GENERAL RESULTS ABOUT THE BRUHAT ORDER

This chapter contains general results about the Bruhat order. In Section 3.1 we use the
characterization of Bruhat order in type Zn_l in [3] to give a characterization analogous to
the characterization in type A,,_;. Section 3.2 studies the 1/ action on the set of alcoves.
These results are used in Section 3.3 to prove the six region and endpoint theorems, which

closely relate the Bruhat order to the I action on the plane.

3.1 Definition and relation to window notation

In this section, w € W where W is the affine Weyl group of type En Define Bruhat
order as generated by = < xr if r is a reflection and ¢(z) < ¢(zr). Let < denote the Bruhat
order on 1. We have v < v in Bruhat order iff there is a chain u < uy < --- < u, = v
where u,s = uy4+1 for some reflection s(depending on ¢) and ¢(u,+1) > ((u,). There
is a lot of geometric information hidden in the Bruhat ordering. There are algorithms to
tell if two elements are comparable in Bruhat order. We can compute particular elements
using the algorithm, but it is hard to use to prove theorems. Our goals are understanding
Bruhat order for spiral elements and using this better understanding of Bruhat order to
prove lookup conjecture for spiral elements.

Define uS* := {u(i),u(i — 1),u(i — 2),--- }. We show that the following Theorem is

equivalent to the characterization of Bruhat order for ﬁn in [3].
Definition 3.1. Define =4 < gﬁA if we reorder elements in
e ={z(A),2(A—1),2(A=2), -}, y** = {y(A),y(A - 1),y(A—-2),---}
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in decreasing order and name them
apg > Qa1 > aa_9 >, by >bag >bgo>---

then by > aa,ba—1 = an—1,ba_2 > an_o,---.

LEMMA 32. 2 <y forall A€ Z & 254 < ySforall A =1,2,--- ,n.

PROOF. Let x € W. Suppose the elements of <4, written in decreasing order, are

<A+n

{as,a0_1,---}. Since i € 254 & i +n € 547", the elements of x , written in

decreasing order, are {a4 +n,as_1 +n,--- }. Therefore, if 7,y € W, then 254 < y~* &

$<A+n < yéAJrn' ]

Definition 3.3. Given v € W, define v[i, j] := |[{a <i:v(a) > j}| forall i, j € Z.

SO

Since v~" is bounded above (by max{v(i),--- ,v(i—n+1)}), theset {a <i:v(a) > j}

is finite. Since v[i, j] is the number of elements in this set, it is a nonnegative integer.
The following theorem gives a characterization of the Bruhat order in type A,_; similar
to the well known characterization in type A, _; (see [9, Section 5.9, p.119]). It is deduced

from a characterization of the Bruhat order given in [3, Theorem I1.8.3.7].

THEOREM 3.4. For affine type A,_1, we have
x < y in Bruhat order < M K ygA forall A € Z
s <yt forA=1,2,--- ,n.
PROOF. By [3, Theorem I1.8.3.7], for z,y € W,z < y < z[A,i] < y[A,i] forall i € Z.

Hence it is enough to show that for any A,7 € Z

(3.5) z[A,i] < y[A,i] foralli € Z < x4 < y<4.
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(«<): We reorder elements in
M ={z(A),z(A=1),2(A=2),---}, v~ = {y(A),y(A—1),y(A-2),---}
name them
ag > a1 >a4-92> - ,bg>ba 1 >by 0>

Since 254 < y<4, we have by > aa,ba1 > aa_1,ba_s > aa_o, .
Given ¢ € Z, we consider three possibilities.

(1) Case a4 > 1. There is a nonnegative integer & such that
Ag > > 04 21> QA1 > "+,
then
{z(d) > 1]d< A} ={aa,an_1, - ,a4_1}.
If a; > i, then b; > a; > i for all j. So there is a nonnegative integer [ such that
yld) = i|d< A} ={ba,ba1, -+ ,bap,bap—1,-- ;bari} 2 {ba, -~ ,bar}.
Thus
{z(d) =i | d < A} <[{y(d) =i | d < A}

Thus z[A,i] < y[A, i].

(2) Case by > i > a,. There is a nonnegative integer £’ such that
ba > >bapw =21 >bap >,

then

{y(d) 2 7' | d < A} — {bAJbA—17 Tt 7bA—k’}'
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Hence
Hz(d) Zi[d< A} =0<|{y(d) > i|d< A}

Thus z[A,i] < y[A,i].

(3)Casei > by > ay. Then
{z(d) > i|d< A} =0, {y(d) 2 i|d< A} =0.
Hence
{z(d) Z2i[d < A} =0=[{y(d) > i[d < A}

Thus z[A,i] < y[A, i].

Therefore,
z[A,i] < y[A,i] foralli € Z.
(=): Given A € Z, since z[A, 1] < y[A,i] for all i € Z, we have

Hd < Alx(d) 2} < {d < A|y(d) =i}, foralli € Z.

We reorder elements in

w9 = {o(A),2(A 1), 2(A~2),- -}, v = {y(A), y(A— 1), y(A—2). -

name them
ap > QaQpa—1 > Qa9 > -+, ba >ba1 >by_g>---

We show a4 > ba,aa_1 > ba_q,---. Let1 = ay. Since

1= [aa} = {a(d) Z aa [ d <A} = [{d < A 2(d) = aa}l

SHd<Alyld) > aal| = {y(d) 2 aa | d < A},
we see

{y(d) 2 aa|d< A} ={ba, -} 2 {ba}
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has at least one element. Since one element of the set {b,b4_1,- - } is bigger than a 4, and
b is the biggest element of the set {ba,ba_1, -}, S0 by > an. Similarly, let i = a4_;.

Since

2 = {aa, as1}] = Ha(d) > aas | d < A} = {d < A o(d) > aa_1}]

SHd < Aly(d) 2 aa}| = {y(d) > aar [ d < A},
we see

{y(d) Z an_1 | d< A} ={ba,ba1, -} D {ba,ba1}

has at least two elements. Since two elements of the set {b4,b4_1, - } is bigger than a4
and ba, b are the biggest two elements of the set {b4,ba_1, - },80ba = as_1,ba_1 =

aa_1. Iterating this process, we have by > aa,b41 > a4_1,ba_9 > as o, - --. Therefore,

oA Ly

3.2 The IV action on alcoves

To relate the Bruhat order to the affine Weyl group action on R?, we need to study the

affine Weyl group action on alcoves.
Definition 3.6. Let /81 = (q, /82 = (9, 53 = —a. Let
E(aly az, a3) = {p | (p7 6%) Z AZ fori = 17 2a S}a

O<alaa'2a CL3) - {p ’ (p7 B@) S A’L for ¢ = 17273}

where A; = a;+¢;,61 = 2 = 0,63 = —1. Denote either one of these sets by X (a1, as, as),

where X = F or O.
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S

Hpg, a,

Figure 3.1: E(ay, as,as) and O(ay, ag, az)
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Remark 3.7. In this section we use the convention that if an alcove is denoted X (a1, az, as)
or X (b, by, b3), then A; will denote a; + ¢; and B; will denote b; + ¢;. Also, the ¢; will be

as defined in Definition 3.6.
Remark 3.8. 51 + B2 + 3 = 0. Also for {4, j, k} = {1,2,3},(8;,5;) = —1,(8:, 8;) = 2
and sg,3; = — .

Let A, = E(0,0,0) (not to confused with the integers A;, A, A3). Note that (p, f3) <

A & (p,(NJz) > —Ag = —az + 1.

PROPOSITION 3.9. If zA, = X(ay,as,as3), then Ay + Ay + Az = (—1)"®+1 In other

words, we have

(a) If {(x) iseven, then x A, = E(ay, as, az) where a; +as+az = 0,i.e. Aj+As+ Az =
—1.

(b) Ifg(ilf) 18 Odd, then $AO = O(al, as, CL3> where a1+as+as = 2, 1.€. A1+A2+A3 =1.

PROOF. LetxA, = X(ay,as,a3),x € W. We show thatif X = E, thena; +as + a3 =0
and if X = O, then a; + ay + a3 = 2.

Step 1. We show that it holds for x € Wipize.

Claim. p € X (a1, a2,a3) < sgp € X'(b1,ba, by) where X' is of opposite type to X,
and By + By + B3 = —(A; + Ay + A3).

Proof of Claim: We give the proof assuming X is E. (If X is O, the proof is the same

except with inequalities reversed.) We have
(sﬁip7 /82) = (Sﬂipu 62) - (85¢85¢p7 SﬂUBZ) - _(pv 67)’

(8.0, B5) = (88,0, Bj) = (55.58.D, 88,5:) = —(p, Br)-
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Switching the role of /3; and [, we have (sg,p, Bx) = —(p, 5;).

pE E(a17a27a3) A (p7 55) > AZ for £ = 17273
& (88,0, 8i) < —Ai, (55,0, Bj) < — A, (55,0, Br) < — A,

<~ Sp,D S O(bl,bg, bg)

where B; = —A;,B; = —A;, By = —A; (B, = b; +¢;). So By + By + By = —(A; +
Ay + Aj3). This proves the claim.

These calculations imply that if © € Wipite, and zA, = X (a1, az, ag) then Ay + Ay +
Az = (—1)%®*! This follows by induction on ¢(z). If £(z) = 0, then zA, = E(0,0,0)
and A; + A; + A3 = —1. Otherwise, z = s;y where {(y) < ¢(z) and ¢ = 1 or 2
(so s; = sg,). By induction, yA, = X(a1,ay,a3) with A} + Ay + Az = (—1)"W+1,
Then the above claim implies that zA, = s;yA, = ;X (a1, as,a3) = X'(by, by, b3) with
Bi+ By + By = —(A; + Ay + Ag) = —(=1)!W+1 = (—1)4@)+1,

Step 2. For general z, z = t(A\)y,y € Wiini. Since £(t(\Y)) is even by Corollary
2.6, ((z) and ¢(y) have the same parity.

First suppose ¢(y) is even. By Step 1, yA, = E(by, by, b3) with by + by 4+ b3 = 0. Then
rA, = E(ay,az,a3) with a; = (\Y, 5;) + b;. We have

ar+as+az3=by+by+bs+ (A, B+ 2+ f3) =0+0=0.

Now suppose £(y) is odd. By Step 1, yA, = E(by, ba, b3) with by + by + b3 = 2. Then

xA, = O(aq, ag, az) with a; = (\Y, ;) + b;. We have

CL1+CL2+CL3:b1+b2+b3+(/\vaﬁl+ﬁ2+ﬁ3>:2+0:2.
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COROLLARY 3.10. For each: =1, 2, 3, we have
(@) If p € E(ay,az,a3), then A; < (p, 3;) < A; + 1.

(b) If p € O(ay, as,as), then A; — 1 < (p, ;) < A;.

PROOF. (a)Ifp € E(ay,as,as), then (p, B;) > A;. We want to show that (p, 5;) < A;+ 1.
Since —(p, B;) < —A;, —(p, Br) < —Ag, 0 (p, —(B; + b)) < —A; — A;. By Proposition
39,4, + Ay + A3 = —1. Then —A; — A, = A, + 1. Hence (p, 5;) < A; + 1.

(a) If p € O(ay,a9,a3), then (p, 3;) < A;. We want to show that (p, 5;) > A; — 1.
Since —(p, B;) > —A;, —(p, Br) > —Ag, s0 (p, —(B; + Br)) > —A; — Aj. By Proposition
39,4, + Ay + A3 = 1. Then —A; — A, = A; — 1. Hence (p, 5;) > A; — 1. O

PROPOSITION 3.11. The center of X (ai,as,as) is 5(a18y + a8y + asBy) — 18y =

$(ALBY + AsBY + Asfy).

PROOF. Let p; be the intersection point of hyperplanes Hpg, 4, and Hg, 4, p2 be the inter-
section point of hyperplanes Hp, 4, and Hg, a,, p3 be the intersection point of hyperplanes
Hg, 4, and Hg, 4,. Then the center of X (ay, az, as) is (p1 + p2 + p3).

Let p; = aay +bay. Then (p1, 1) = 2a—b = Ay, (p1,03) = —(p1, &) = —a—b = As.

Hence a = %Al — %Ag, b= —%Al — %Ag. Therefore,

1
P = 5[(A1 = Agay + (— Ay — 243)a3])
Similarly,
1
Dy = g[(_AQ — 2A3)a + (Ay — As)as].

Let p3 = aay + bay. Then (p3, 1) = 2a — b = A, (p1,a0) = —a + 2b = A,. Hence
a = 35(A; +2A3),b = 3(24, + Ay). Therefore,

1
P1 = g[(QAl + Ag)OéY + (Al + 2142)045/]
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Hence

p= %[(3(/11 — Ag)ay +3(As — Az)as]

1
= 5[(A104Y + Asay) — As(a + ay)]

1
= g(!‘h&v + Aofy + AsBy).

PROPOSITION 3.12. Let p be the center of xA, = X(ay, as, a3). For all 4,

(1)@

PROOF.  Let {i,j,k} = {1,2,3}. By Proposition 3.9, if 24, = X(ay,as,a3) then
Ap + Ay + Ay = (—1)"®)*1. By Proposition 3.11, the center of X (a1, a2, as) is 3(A18) +
AsfBy + Aspy). So

(Pa 51’)

Il
—
Wl

(A By + A8y + AsBy), Bi)

Ai( z'\/vﬂi>+%14j( ;/>ﬁi)+%Ak(5/:;/,5i)
1 1

A —Z—A
377 gk

(Aj + Ax)

D
&
—~

[\
—

|

1
3

A - %(—Ai +(=1)1®)

(1)@
S

A -

B W N W N W = W =

+
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LEMMA 3.13. Let p € R% Then
(a) (Sﬂimpu B@) = 2n - (p7 62)

©) (880D, Bk) = —n — (p, 5)).

PROOF. (a) We have

(8,00, 3i) = (nBY + s5.p, ;)
=n(BY,B:) + (sp.p, Bi)
= 2n + (55,0, Bi)
= 2n + (85,55,D, 55,5

(b) Similarly,

=n(BY,B;) + (3., 5;)
= -—n-+ (85,-85,-]9: Sﬁiﬁj)

= —n— (p, Br)-

(c) Switching the role of 7 and % in (b), proves (c).

PROPOSITION 3.14. Let {7, 7, k} = {1,2,3}. Then
(@) sp; 4, E(a1,a2,a3) = O(by, be, bs) where b; = a;,b; = a; + 1,by, = a; + 1.
() sp, a,+1E(a1,a2,a3) = O(by, by, bg) where b; = a; + 2,b; = a;, by, = ay.
(€) $p,4,0(a1,a2,a3) = E(by, by, by) where b, = a;,b; = a; — 1,b, = a — 1.

(d) 551.7Ai_10(a1, as, ag) = E(bl, bz, bg) where bz = a; — 2, bj = aj, bk = ag.
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PROOF. (a) We show that p € E(aq,as,a3) < sg,4,p € O(b1,ba, b3) where by, by, bs
are as in the statement. Suppose (p, ;) > A, for £ = 1,2,3. We need to show that
(sg;,4,0, Be) < By for f where B; = A;, B; = A; + 1, B, = Ay + 1, asif by = a, + 1 then
By = Ay + 1. (Here Ay = ay + €4, By = by + £4.) We will show the following.

@) (p, Bi) = Ai & (3,40, ) < Bi = 4,

(i) (p, Bx) > A & (84,0, 8j)) < Bj = A; + 1

(iii) (p, Bj) > Aj < (s,A.p, Br) < By = A + 1.

First, Lemma 3.13 implies (sg, 4,0, 8;) = 24; — (p, ;). Therefore,
(p,Bi) 2 Ai & —(p, Bi) < —A4;i & 24; — (p, Bi) < Ai & (sp,4.p, Bi) < A

This proves (i). By Proposition 3.9, A; + Ay + A3 = —1. By Lemma 3.13, (s, 4,p, 5;) =

—A; — (p, Br). Therefore,

& —Ai—(p,fe) < —Ai— A =A;+1

& (sg,ap, 0;5) < Aj+ 1.

This proves (ii). Switching the role of j and &, proves (iii).

(b) We show that p € E(aq, az,a3) < sg, 4,410 € O(by, by, bs) where by, bo, bs are as in
the statement. Suppose (p, 3¢) > A, for ¢ = 1,2, 3. We need to show that (ss, 4,+1p, 5e) <
By for ¢ where B; = A;+2,B; = Aj, By, = Ay, asif by = ay+ 1 then B, = A, + 1. (Here
Ay = ay + g4, By = by + €4.) We will show the following.

(i) (p, Bi) = Ai & (8p,,4,110, B3i) < Bi = A; +2

(i) (p, Br) = A & (Sg,4,110, B;) < By = A4

(iii) (p, B;) > Aj < (sp,,4,+1D, Br) < By, = Ay.

First, Lemma 3.13 implies (sg, 4,10, 8i) = 24; + 2 — (p, ;). Therefore,

(p,Bi) > Ai & —(p, i) < —Ai © 24, +2—(p,Bi) < Ai+2 5 (55,4410, i) < A +2.
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This proves (i). By Proposition 3.9, A; + Ay + A3 = —1. By Lemma 3.13, (s, 4,410, 5;) =
—A; — 1 — (p, Bx). Therefore,

(p, Br) > Ax & —(p, Br) < —Ai
& —Ai—1—(p.fr) <—Ai—1— A4, =A,
& (sg.a,11p, B;) < Aj.
This proves (ii). Switching the role of j and &, proves (iii).
(c) By (a), reversing the roles of a; and b;, sg, g, E(b1,b2,b3) = O(aq,az, az) where
a; = b;,a; = b; +1,a, = by + 1. Since A, = B, and S%i,Ai = id, applying s, 4, to both
sides gives sp, 4,0(a1, a2, as) = E(by, be, bs) where b; = a;,b; = a; — 1,b, = a;, — 1.
(d) By (b), reversing the roles of a; and b;, g, p,+1E(b1,b2,b3) = O(aq, as, as) where
a; = b; +2,a; = bj,ar, = b,. Since A, = B; +2,A; — 1 = B; + 1, applying sg, 4,1 to
both sides gives sg, 4,_10(a1, a2, a3) = E(by, by, b3) where b; = a; — 2,b; = a;, b, = a.

O

Definition 3.15. If A, = X (a1, as, ag), we define (X (a1, ag, a3)) = ¢(x).
PROPOSITION 3.16. The following holds.

(@) ((E(a,as,a3)) = |a1| + |as] + |as].

(b) £(O(aq,az,asz)) = lay — 1| + |ag — 1] + |ag — 1].

PROOF. (a) By [9, I, Theorem 4.5], the length /(w) of an element w equals to the cardi-

nality of the set
L(w) :={H € H | H separates A, and wA,}.

Let py € As,p1 € E(ay,a2,a3). Hyperplanes of the form Hp,, separating A, and

E(ay, a9, ag) are the following.
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Using Corollary 3.10, we have

A <(p1,Bi) <A +1

gi < (po, Bi) < e+ 1.

If A; > ¢;+1,thenforany j =g, +1--- , A;, (po, 5i) < J < (p1, ). Hp, a, is a separating
hyperplane and Hpg, 4,41 1s not a separating hyperplane. So Hg, .41, Hg, c;+2, - , Hp, 4,
are separating hyperplanes. Hence the number of separating hyperplanes is A; — ¢; = a;.
If A; = ¢;, there are no separating hyperplanes.
If A; < ¢e; — 1, the separating hyperplanes are Hg, .,, Hg, ¢,—1, -+ , Hp, 4,41 are sepa-

rating hyperplanes. Hence the number of separating hyperplanes is
51_(Az+1)+1:5z_14z: |Ai_5i| = |az|

So there are |a;| hyperplanes of the form Hg, ,, separating A, and E'(ay, as, a3). Similarly,
there are |a;| hyperplanes of the form Hp, ,, separating A, and E(ay, az,as). Similarly,
there are |a| hyperplanes of the form Hg, ,, separating A, and E(ay,as,a3). Therefore
U(E(a1,az,a3)) = |ai| + |as| + |as]|.

(b) Let py € Ao, p1 € O(aq, az,as). Hyperplanes of the form Hg, ,, separating A, and
O(ay, ag, ag) are the following.

Using Corollary 3.10, we have

A — 1< (p1,B:) < A

g < (po. Bi) < e+ L

If A; > e;+2,thenforany j =¢; +1---,A; — 1,(po,Bs) < j < (p1,0). Hpa,-1is2
separating hyperplane and [, 4, is not a separating hyperplane. So Hpg, , 11, Hp, ¢;42, " -,
Hpg, a,—1 are separating hyperplanes. Hence the number of separating hyperplanes is A; —

1—87;2011‘—]_.
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If A; = ¢; + 1, there are no separating hyperplanes.
If A, < ¢, the separating hyperplanes are Hp, 4,, Hp, 4,41, - , Hp, -, are separating

hyperplanes. Hence the number of separating hyperplanes is

So there are |a; — 1| hyperplanes of the form Hg, ,, separating A, and O(ay, as, as).
Similarly, there are |a; — 1| hyperplanes of the form Hp, ,, separating A, and
O(a1, az, az). Similarly, there are |aj, — 1| hyperplanes of the form Hpg, ,, separating A, and

O(a1, ag, az). Therefore ((O(ay, ag,a3)) = |ay — 1| + |ag — 1| + |az — 1]. O

3.3 The six region and endpoint theorems

In this section we prove the six region theorem (Theorem 3.19), which describes how
((rx) differs from x in terms of the location of the alcove z(A,), where r is a reflection
along a hyperplane close to the alcove x(A,). As a consequence, we obtain the endpoint
theorem (Theorem 3.23), which states that if z, y, 2 € W, xq, yq, zq all lie on a line parallel
to 3¥ and yq is between xq and zq, then y < z or y < z or both.

Let Lo, :={A | (N an) = 3}, Loy = {A | (N a2) = 3}, La = {A| (\a) = 3}

The three lines L, , L,,, Lz pass through the center point ¢ of the fundamental alcove and

separate R? into 6 regions. These are Weyl chambers translated to ¢ = %&.
(1) Chamber(q) :== {\| (A, a1) > 3, (X, a2) > 3}, contains &
(2) Chamber(as) :={A | (A, ) < 5, (A, @) > 2}, contains
(3) Chamber(—ay) :=={\] (A, a2) > 5, (A, @) < 2}, contains —a;
(4) Chamber(—a) :={X | (\,a1) < £, (X, a2) < 3}, contains —&
(5) Chamber(—az) :=={X| (A, 1) > 5, (N, @) < 2}, contains —av;
(6) Chamber(c) :={X | (A, a2) < 3, (A, &) > 2}, contains oy
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PROPOSITION 3.17. Let{i, j,k} = {1,2,3}. Let p be the center of z(A,) = X (a1, az, a3).
Then

(@) p € Chamber(p;) < a; < 0and a; < 0.

(b) p € Chamber(—p;) < either £ is even, a; > 0 and a;, > 0 or £ is odd, a; > 1 and

ak21

Moreover, if ¢(z) is odd, and either p € C'hamber(;) or p € Chamber(—{;) then p is in

the interior of the chamber.

PROOF. Let ¢ = {(z). First we show that the statements hold for 3; = /3.

(a) By the definition of the Chambers and Proposition 3.12,

If ¢ is even, then this is equivalent to a; < 0 and a3 < 0. If £ is odd, then this is equivalent
toay < 2 and a3 < 2. Hence a; < 0 and ag < 0 as a; € Z. Moreover, if £(x) is odd and if
p € Chamber(f:), then since az < 2 and a3 < 3. p € Interior(Chamber(fy)).

(b) By Proposition 3.12,

p € Chamber(—p1) & (A, az) > =, (A, a) <

Wl N

1
3’

By the reasoning of (a), with inequalities reversed, this is equivalent to

1 _1€+1 1 _1€+1
LD L

ay > =
3 3 3 3

If ¢ is even, then this is equivalent to a; > 0 and a3z > 0. If £ is odd, then this is equivalent
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to as > % and az > % Hence a; > 1 and a3 > 1 as a; € Z. Moreover, if {(z) is odd and if
p € Chamber(—f,), then since a; > 2 and a3 > 2. p € Interior(Chamber(—p)).
Similar arguments show that the statements hold for 5; = (5.
Now we show that the statements hold for 5; = (5.

(a) By the definition of the Chambers and Proposition 3.12,

If ¢ is even, then this is equivalent to a; < 0 and as < 0. If £ is odd, then this is equivalent
toa; < % and ay < % Hence a; < 0 and ay < 0 as a; € Z. Moreover, if ¢(z) is odd and if
p € Chamber(f3), then since a; < 2 and ay < 2. p € Interior(Chamber(fs)).

(b) By Proposition 3.12,

W

p € Chamber(—fs) < (A, 1) = 5, (A, o) 2

W

By the reasoning of (a), with inequalities reversed, this is equivalent to

- 1 N (_1)Z+1 - N (_1)5+1
a — a — .
1=3 3 77?73 3

—

If ¢ is even, then this is equivalent to a; > 0 and as > 0. If £ is odd, then this is equivalent
toa; > 2 and ay > 2. Hence a; > 1 and ay > 1 as a; € Z. Moreover, if £(x) is odd and if
p € Chamber(—f3), then since a; > 2 and ay > 2. p € Interior(Chamber(—fs)). O

We have the following six region theorem about length going up by 1 or 3. If x(A,) =
X(ay,az,as3), then Hg, 4, is a wall of z(A,). Let p be the center of x(A,). If {(x) is even,

then A; < (p,5;) < A; + 1. If ¢(x) is odd, then A; — 1 < (p, 5;) < A;.
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THEOREM 3.18. Let x(A,) = X(ay, as,as). Then [{(x) — £(sp, a,7)| = 1. Suppose first

that /(z) is even. Then the following hold:
(1) Suppose a; > 1. Then sg, 4, < x and {(x) — (s, a,7) = 1.
(2) Suppose a; < 0. Then z < sg, 4,x and (s, a,x) — £(z) = 1.

(3) Suppose a; > 0. Thenz < s, 4,412 Alsoif zqg € Chamber(3;), then (s, a,+17)—

((x) = 3. Otherwise £(sg, a,117) — {(z) = 1.
(4) Suppose a; < —1. Then sg, 4,117 < x. Also if xq € Interior(Chamber(—p;)),
then ¢(x) — (s, a,+12) = 3. Otherwise £(z) — {(sp, 4,+12) = L.
Suppose next that ¢(z) is odd. Then the following hold:
(5) Suppose a; > 1. Then x < sg, 4,x and {(sp, a,x) — £(z) = 1.

(6) Suppose a; < 0. Then sg, 4, < x and {(x) — (s, a,7) = 1.

(7) Suppose a; > 2. Then sg, 4,_12 < z and if xq € Interior(Chamber(f;)), then

U(x) — U(sp; a,—17) = 3. Otherwise £(z) — {(sp, 4,—17) = 1.

(8) Supposea; < 1. Thenz < sg, 4,—12x andif zqg € Chamber(—[3;), then ((sg, 4,—17)—

((x) = 3. Otherwise {(sg, 4,_17) — {(z) = 1.

PROOF. Letp € E(ay,as,a3). We have A; < (p1,3;) < A; + 1. In this case Hg, 4, is a
wall and Hp, 4,41 1s not a wall.

We first prove statements (1) and (2), which deal with sg, 4,2. We have
$gA, E (a1, az, a3) = O(by, by, by) where b; = a;,b; = a;+1, by = a,+1, which has length
|b1 — 1’ —+ |bQ — 1| + ‘bg — 1‘ = |ai — 1| -+ ‘Clj| -+ ‘CLk| AlSO, the length of E(al,aQ,ag) i
|CL1| + |CL2| + |CL3|. Hence

-1, a; > 1 (gives (1))
E(sﬁi,AiE(ahana3))_€<E<alua2aa3>) = |ai_1|_|ai| =

1, a; < 0 (gives (2)) .
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We now turn to statements (3) and (4), which deal with sg, 4, 112. We have
sg, A, (a1, az,a3) = O(by, by, bg) where b; = a; + 2,b; = a;, by, = ai, which has length

by — 1| + |by — 1| + |bs — 1| = |a; + 1| + |a; — 1| + |ax — 1|. Hence

E(Sﬁi,AﬁrlE(ala a2, a3)) - E(E(alv a2, Cl3))

= (la; + 1| = las]) + (Ja; — 1] = laj|) + (lax — 1 — [ax|)
1, lfalz() 1, lfCLJSO 1, lfCLkSO
= - -
-1, ifa; < —1 -1, ifa; > 1 -1, ifa, > 1.
Also by Proposition 3.9, a; + as + a3 = 0. So a; = —a; — ay.
Proof of (3): If a; > 0, then —a; — a; > 0. We cannot have both a; > 1 and a;, > 1,

since then —a; — a, < —2. Therefore either a; < 0 or a;, < 0 or both. This implies that

U(sp,a,+1E(a1, a2, a3)) — ((E(ar, az, a3))
3, if both a; < 0 and a;, < 0(< xq € Chamber(f;))

1, if one of a; < 0 and a;, < 0 but not both (< zq ¢ Chamber(;)).

by Proposition 3.17. This proves (3).
Proof of (4): If a; < —1, then —a; — a; < —1. We can not have both a; < 0 and

ay < 0, since then —a; — a, > 0. Therefore either a; > 1 or a; > 1 or both. Therefore

U(sp, 1B (a1, a2,a3)) — L(E(a1, az, as))
-3, if both a; > 1 and a;, > 1(< xq € Interior(Chamber(—p;)))
-1, if one of a; > 1 and a;, > 1 but not both.
This proves (4).
Let p € O(ay,a2,a3). We have A; — 1 < (p1, ;) < A;. In this case Hg, 4, is a wall
and Hpg, 4,1 is not a wall.

We first prove statements (5) and (6), which deal with sg, 4,27. We have

$;,4,0(a1,a2,a3) = E(by, by, bs) where b; = a;,b; = a; — 1,b, = a, — 1, which has
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length |by| + |b2| + |bs| = |a;| + |a; — 1| + |ax — 1]. Also, the length of O(ay, as, a3) is

a; — 1|+ |a; — 1| + |ap, — 1|. Hence
| j

L, a; > 1 (gives (5))
U(sp,,4,0(a1, a2, a3)) —0(O(a1, as, az)) = |a;|—|a;—1] =

-1, a; < 0 (gives (6)) .
We now turn to statements (7) and (8), which deal with sg, 4,_12. We have

sﬂivAi_lO(al, ao, CLg) = E(b17 bg, bg) where bz = a; — 2, bj = aj, bk = ag, which has length

|bi| + [b;] + |bx| = |a; — 2| + |a;| + |ax|. Hence

g(sﬁi,AiflO(alﬂ a2, a3)) - E(O(ab a2, aS))

= (lai = 2[ = [a; = 1) + (la;| = la; — 1) + (Jax| — |ar — 1)

1, ifa; <1 1, ifa; > 1 1, ifa,>1
= + +

-1, ifa; > 2 —1, ifa; <0 —1, if ap < 0.

Also by Proposition 3.9, a; + as + a3 = 2. So a; = 2 — a; — ay.
Proof of (8): If a; < 1, then 2 — a; — a;, < 1. We can not have both a; < 0 and a;, <0,
since then 2 — a; — a;, > 2. Therefore either a; > 1 or a;, > 1 or both. This implies that
g(sﬁi,AflO(ala asg, as)) - E(O(ala ag, Clz))
3, if both a; > 1 and a;, > 1(< xq € Chamber(—0;))

1, if one of a; > 1 and a;, > 1 but not both (< xq ¢ Chamber(—[;)).

by Proposition 3.17. This proves (8).
Proof of (7): If a; > 2, then 2 — a; — a;, > 2. We can not have both a; > 1 and a;, > 1,

since then 2 — a; — aj, < 0. Therefore either a; < 0 or a; < 0 or both. Therefore
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E(Sﬁi,Ai—lO<ala g, @3)) - 5(0(611, a2, a3))
—3, if both a; < 0 and a;, < 0(< zq € Chamber(5;))
—1, if one of a; < 0 and a;, < 0 but not both.

This proves (7). ]

THEOREM 3.19. Let 3 be of the form «y, ag, or a. Suppose k — 1 < (zq, ") < k, so

either Hpj_; is a wall or Hg, is a wall of the alcove x(A,).

(1) Suppose k > 1. Then z < sgx. If Hg 1 is a wall of the alcove x(A,) and zq is in

Chamber(f3), then {(sp ;) — {(x) = 3. Otherwise {(sg x) — £(z) = 1.

(2) Suppose k < 0. Then sgpr < x. If Hgy_y is a wall of 2(A,) and zq is in
Interior(Chamber(—p)), then £(z) — {(sp xx) = 3. Otherwise {(x) —{(sgrx) = 1.

(3) Suppose k > 2. Then sgp_1x < z. If Hgy is a wall of z(A,) and zq is in
Interior(Chamber()), then {(x) — (s x—12) = 3. Otherwise {(x) — (S5 f—12) =
1.

(4) Suppose k < 1. Then = < sgy_1x. If Hgy, is a wall of the alcove x(A,) and zq is in

Chamber(—p), then £(sz —1x) — ¢(x) = 3. Otherwise {(sg r—12) — l(x) = 1.

PROOF. Let 3 = pyor fyor —f5 (i =1,2,3). Let x(A,) = X(aq, az, as).

Suppose x(A,) = E(ay,az,a3), so ¢(x) is even. Then A; < (zq,5/) < A; + 1.
By assumption, k — 1 < (zq,5Y) < k. Ifi = 1,2, then § = (3;,s0 k = A; + 1. So
Ai =a; =k —1. Hence Hgy_1 = Hg, 4, is awall, Hg;, = Hp, 4,+1 is not a wall. Also,

SBk—1 = SB;,A;» 5Bk = SB;,Ai+1-

If i = 3, then 3 = —f,
Az < —(Iq,ﬁg/) < As3+1
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_<A3 + ]-) < (an/B;}/) S _A37

sok = —As,a3 = A3 +1 = —k+ 1. Hence Hgy, = H_p, 1, = H_p, 4, = Hp,y a4
isawall, Hgp1 = H_p, -1 = H_pg, _a,-1 = Hp, 4,41 1s not a wall. Also, sgp_; =
5B3,A3+1, S8k = SpB3,A3-

Suppose next that z(A,) = O(ay, ag, az), so £(x) is odd. Then A; — 1 < (zq, 5) < A;.
By assumption, k — 1 < (zq, ") < k. Ifi = 1,2, then § = (3;, s0o k = A;. Hence Hp ), =
Hpg, a,1sawall, Hg 1 = Hpg, ,—1 1s not a wall. Also, sg,_1 = S8, 4,1, 58,k = 58;.A;-

If i = 3, then = —f35,

A3 —1< _<xq75§/) < Az

_A3 < ($q75§/) S _A3 + ]-)

sok=—-A3+1,A3 = —k+ 1. Also,a3 = A3 +1=—-k+1+1= —k + 2. Hence
Hgp 1 = Hg_ny = H g, ay, = Hp,a,isawall, Hgy, = Hp_a,41 = H_p, _a441 =
Hpg, a,—11s not a wall. Also, sg 1 = S8, 45,58,k = S8s,A5—1-

We now check the parts of the theorem.

(1) First suppose £(z) is even.

Ifi=1,2,then; =3,k =A;+1,k—1=a,. Since k > 1,a; > 0. Theorem 3.18
(3)says & < sp; a,41% = Sgpx. If i = 3, then B3 = —3,and k = — A3, a3 = —k + 1. Since
k >1,a3 < 0. Theorem 3.18 (2) says x < Sg, a4, = Sg 1 X.

Now suppose Hps 1 is a wall. Then i = 1,2, 8 = f3;. Then Theorem 3.18 (3) says that
if g € Chamber(B;) = Chamber(S), then {(sg, a,412) — l(x) = U(sgrx) — L(x) = 3,
otherwise 1 which is what we want. Suppose Hg ;1 is not a wall. Then ¢ = 3 and Theorem
3.18 (2) says {(sp,,a,x) — l(x) = l(sgrx) — ¢(x) = 1 which is what we want.

Next suppose {(z) is odd. If : = 1,2, then f = (;,k = A; = a;. We assume
k = a; > 1. Theorem 3.18 (5) says ¢ < sg, a4, = sgpx. If i = 3, then 8 = —fs,
k= —A3+ 1,a3 = —k + 2. We assume k£ > 1, so ag < 1. Theorem 3.18 (8) says

T < 885,451 = S kL.
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Now suppose Hp ;1 is a wall. Then ¢ = 3, 8 = — 3. Then Theorem 3.18 (8) says that
if zq € Chamber(—p3) = Chamber(f), then £(sg, a,—12) — l(x) = (sgrx) — l(x) = 3,
otherwise 1 which is what we want. Suppose Hg 1 is not a wall. Then 7 = 1,2 and
Theorem 3.18 (5) says {(sg, a,2) — {(x) = {(sgxx) — £(x) = 1 which is what we want.

(2) First suppose £(z) is even.

Ifi=1,2,thenf, =6, k=A;+1,k—1=aq,. Since k < 0,a; < —1. Theorem 3.18
(4) says sgpx = Sg; A,41¢ < x. If i = 3, then B3 = —3,and k = — A3, a3 = —k + 1. Since
k <0,a3 > 1. Theorem 3.18 (1) says s3 ;& = Sg, 4, < .

Now suppose Hgj_q is a wall. Then ¢ = 1,2,5 = ;. Then Theorem 3.18 (4)
says that if xq € Interior(Chamber(—p;)) = Interior(Chamber(—p)), then ¢(x) —
U(sp; a,+1%) = U(x) — l(sprx) = 3, otherwise 1 which is what we want. Suppose Hp j,_; is
not a wall. Then ¢ = 3 and Theorem 3.18 (1) says ¢(x) — {(sp, a,2) = (x) — l(sgrx) =1
which is what we want.

Next suppose ¢(z) is odd.

Ifi=1,2,then § = §;,k = A; = a;. We assume k£ = a; < 0. Theorem 3.18 (6) says
Sgrt = Sg; a4,0 < x. If i = 3,then f = —f3, k = —A3 + 1,a3 = —k + 2. We assume
k <0,s0as > 2. Theorem 3.18 (7) says sg & = 5, 4,17 < T.

Now suppose Hp ;1 is a wall. Then ¢ = 3, 3 = — 3. Then Theorem 3.18 (7) says that
if vq € Interior(Chamber(fs)) = Interior(Chamber(—f3)), then {(x)— (s, 45—12) =
l(z) — l(sprx) = 3, otherwise 1 which is what we want. Suppose Hpgj_; is not a wall.
Then ¢ = 1, 2 and Theorem 3.18(6) says {(z) — ¢(sp, 4,x) = {(x) — {(spxx) = 1 which is
what we want.

(3) First suppose £(z) is even.

Ifi=1,2,then; = 3,k =A;+1,k—1=a,. Since k > 2,a; > 1. Theorem 3.18
(1) says sg 17 = sp, 4,0 < x. If i = 3, then 83 = —3,and k = — A3, a3 = —k + 1. Since

k > 2,a3 < —1. Theorem 3.18 (4) says g ;1T = Sg;, 43417 < .
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Suppose Hpgy, is a wall. Then ¢ = 3,3 = —f5. Then Theorem 3.18 (4) says that if
xq €Interior(Chamber(—ps)) = Interior(Chamber(3)), then {(z) — {(Sg, A3+1%) =
l(x) — l(spr—1x) = 3, otherwise 1. This is what we want. Suppose Hpz, is not a wall.
Then i = 1,2 and Theorem 3.18 (1) says {(z) — {(sp, a,x) = €(z) — €(spx—12) = 1, which
is what we want.

Next suppose ¢(z) is odd.

Ifi=1,2,then § = §;,k = A; = a;. We assume k& = a; > 2. Theorem 3.18 (7) says
Sgr—1% = Sg; 4,1 < x. Ifi =3, then B = —f3, k = —A3 +1,a3 = —k + 2. We assume
k > 2,s0 a3 < 0. Theorem 3.18 (6) says sg ;12 = 5g, 4,T < .

Now suppose Hp, is a wall. Then ¢ = 1,2, 8 = ;. Then Theorem 3.18 (7) says that
if xq € Interior(Chamber(B;)) = Interior(Chamber(f)), then {(z) — £(sp, 4,—12) =
l(z) — l(spr—17) = 3, otherwise 1 which is what we want. Suppose Hpg, is not a wall.
Then ¢ = 3 and Theorem 3.18 (6) says ¢(x) — {(sp, a,7) = {(x) — (Sgx—12) = 1 which is
what we want.

(4) First suppose £(z) is even.

Ifi=1,2,then; = 5,k =A;+1,k—1=a,. Since k < 1,a; < 0. Theorem 3.18
(2)says x < sgp_12x = Sp, a,x. If i = 3, then B3 = —f3,and k = — A3, a3 = —k + 1. Since
k <1,a3 > 0. Theorem 3.18 (3) says & < Sg 1% = Sg; 45417 < T.

Suppose Hpg, is a wall. Then ¢ = 3,3 = —f5. Then Theorem 3.18 (3) says that if
xq €Chamber(ps) = Chamber(—0), then {(sg, a,+17) — L(x) = U(Sgy k—12) — (x) = 3,
otherwise 1. This is what we want. Suppose Hg . is not a wall. Then ¢ = 1, 2 and Theorem
3.18 (2) says {(sp, a,7) — U(x) = £(sgx—17) — {(x) = 1, which is what we want.

Next suppose ¢(z) is odd.

Ifi =1,2,then g = §;,k = A; = a;. We assume k = a; < 1. Theorem 3.18 (8) says
T < Sg; A,—1% = Sgp—x. If i =3, then f = —f3, k = —A3+ 1,a3 = —k + 2. We assume

k <1,s0a3 > 1. Theorem 3.18 (5) says x < sg, 4,7 = Sg x—17T.
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Now suppose Hg . is a wall. Then 7 = 1,2, 3 = ;. Then Theorem 3.18 (8) says that if
xq € Chamber(—p;) = Chamber(—f), then {(sg, a,—12)—l(x) = (sgr—12)—l(x) = 3,
otherwise 1 which is what we want. Suppose Hj j, is not a wall. Then ¢ = 3 and Theorem

3.18 (5) says ((sp, a52) — U(x) = {(sp 1) — ¢(x) = 1 which is what we want. O

COROLLARY 3.20. Let 5 be oy, oy or a. Let L be a line parallel to /3 through some ugq (u €

w).

(1) For each i € Z there is a unique p; = w;q on L such that i < (w;q,3) < i+ 1.

Moreover, The set WqN L ={--- ,p_1, po, p1, D2," " }-

(2) In Bruhat order, wy < w; < wg < --- and wg < wW_1 < W_g < - +.

PROOF. (1) This follows by Proposition 2.13.
(2)If © > 0, then p;11 = sg;+1p (by Definition 2.11, since 0 < py < 1). By Theorem

3.19 (1), with 7 + 1 playing the role of k, w; < sg;+1w; = w;1;. Therefore,
Wy < Wy < W < -+

If © < —1, then by Definition 2.11, p; = sg;+1pi+1. By Theorem 3.19 (4), with z =
w;+1, and 7 + 2 playing the role of K, so k — 1 =7+ 1landi < —1 & k£ < 1, we have

Wit+1 < 8Bi+1Wit+1 = W;. Therefore,

Wy < W1 < W < ---

COROLLARY 3.21. On the line zq + t3Y,if 0 < (xq, 8Y) < 1, then

T < 81T < 83285,1C < -

T < S0T < 83, _188,0T < -+ .
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PROOF. Let wy = . From the proof of Corollary 3.20, we see that if ¢ > 0, then
Wi+1 = SB,i+158, °°* SB1T and if ¢ < —1 then Wi+1 = SBi+158,i+2 °* * SB,0T. Now the

statement follows from Corollary 3.20. U

COROLLARY 3.22. For any /, there are at most 2 elements y such that yq is on the line

xq+tBY and {(y) = (.

PROOF. This follows from Corollary 3.20. 0

The following endpoint theorem follows from Corollary 3.20.

THEOREM 3.23. Let  be one of oy, ay, . Suppose z,y,z € W, xq,yq, zq all lie on a

line parallel to 3V and yq is between xq and zq. Then y < z or y < z or both.

PROOF. By Corollary 3.20, there are integers a < b < c such that x = w,,y = wp, 2 = w,
(with notation as in that corollary). By Corollary 3.20, if b > O then y = wy, < 2z = w,. If

b<0theny =w, < x = w,. O
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4

REFLECTION SETS AND RATIONAL SMOOTHNESS

In this chapter we define the reflection sets VY. In Section 4.1, we use the endpoint
theorem to show that in type 2{27 these sets look like unions of intervals (Theorem 4.2). In
Section 4.2, we state the Carrell-Peterson criterion, the lookup conjecture, and prove some

general results which will be applied to the case of spiral Schubert varieties in Chapter 7.

4.1 Reflection sets

In what follows, if a < b are integers, we will call {a,a+ 1,--- b} an integral interval
and denote it by [a,b]. If 5 € ®, let [a,b]s := {Ss.a,Ssa+1s---,585} We will refer to
la, b] as an interval.

We will adopt the convention that when we say [a, b]s this interval may be the empty
set. It will be convenient for us to say that the empty set is represented by the interval
[1,0]. Then for example, if [a, b] = [1, 0], then [a, b + 1] = [1, 1] which is the set {1}. This
convention will allow us to make uniform statements. Similarly, [1, 0], is the empty set, but
[1,1]o = {Sa1}. The following theorem states that nothing in the interval can be missing.

In other words, the interval is not broken.

THEOREM 4.1. Let w, x be any elements of . Let $ be one of a;, ay, @. Then the set

{k | sgxr < w} is an integral interval [a, b] (a,b € Z) or the empty set.

PROOF. Let a,b be the smallest (respectively, largest) integers such that sg ,o < w and

sgpx < w. We must show that sg .x < w < a < c <b.
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(=-): This is by definition of a, b.
(<): If a < ¢ < b, then s .2q is between sg ,xq and sgzq on the line through them.

By the endpoint theorem Theorem 3.23, either sg .x < 55,2 < wor sg.x < sgpr < w. [

THEOREM 4.2. VY = [ay, b1]a, U [az, bola, U [a, b]a.

PROOF. By definition, V¥ = {r | rz < w}. Since all reflections are of the form sz for

B € ®tand k € Z by Lemma 2.1,

U = {Sark | Sar o WU {Sapk | Sapk® < w}U{Sax | sarr < w}.

By Theorem 4.1, this is equivalent to [ay, b1]a, U [az, ba]a, U [@, b]5. O
As discussed earlier, in the previous corollary, some of the “intervals” may be the empty
set.

4.2 Rational smoothness and reflection sets

This section provides the statement of the lookup conjecture. This section also contains

some general results about W’ which are used later. Given x < w in W, define

Uy ={reR|rex<w}

¢ = [V = £(w).

By [6], [¥Y| > ¢(w). The following is the Carrell-Peterson criterion.

THEOREM 4.3. [12, Theorem 12.2.14] Let X (w) be an affine Schubert variety. x B is not

rationally smooth in X (w) if and only if ¢’ > 0 for some y with z < y < w.

Recall the statement of the lookup conjecture which states that the Carrell-Peterson

criterion can be simplified.
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CONJECTURE 4.4. [4, Conjecture 1.1] =B is not rationally smooth in X (w)< ¢¥ > 0 or

gy, > 0,some z < rx < w withr € R.

Let W be any affine Weyl group. Now we prove some general results which will be

applied to the case of spiral Schubert varieties in Chapter 7.

LEMMA 4.5. Let s, be a simple reflection. Suppose ws, < w. Thenz < w & zs, < w.

Similarly, suppose s,w < w, then x < w < s,x < w.

PROOF. Suppose ws, < w. (=) By [9,59] 2 < w = xs, < wor zs, < ws,. As
ws, < w, in either case, xs, < w. (<) This follows by the other implication, interchanging
x and zs,. The statement where s,w < w is proved similarly. O

By [4, Proposition 4.6] and [4, Lemma 2.1], we have the following.

PROPOSITION 4.6. Let s be a simple reflection.

w

(a) f x < w,ws < w, then ¢ = ¢q,...
(b) If z < w, sw < w, then ¢ = qg,.

PROOF. We prove (a). By Lemma 4.5, VY = {r € R | re < w} = {r € R | rzs, <

w} = WY, . The proof of (b) is similar. O

PROPOSITION 4.7. Let s be a simple reflection. Assume z < w and ws < w. Then B is

not rationally smooth in X (w) < zs is not rationally smooth in X (w).

PROOF. (=) x is not rationally smooth = there exists y,z < y < w, such that ¢,’ > 0.
Both y,ys < w by Lemma 4.5. Since x < y, either s < y or zs < ys by [9, 5.9]. By
Proposition 4.6, ¢,; = g,/ > 0. Therefore x's is not rationally smooth. (<) This follows by

the other implication, interchanging x and xs. U
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Let W be of type ﬁn_l. Recall that if 7 # j (mod n), there is an element ¢;; € W

satisfying ¢;;(¢) = j, t;;(j) = 4, t;;(k) = k if k is not congruent to 7 or j (mod n).

LEMMA 4.8. Let W be of type A, ;. Letsbea simple reflection. Suppose r # zsz .

Then z < rz < xs < rzs.

PROOF. As in the proof of Proposition 4.7, it is enough to show (=). First, if r = ¢; ; in

window notation, then
4.9) r<rze (i) <z ().

The reason is that in window notation: r = ¢;;,¢ < j. By [3, Proposition 8.3.6], z <
tijr =x(x Vo = ot ) < o (1) < 27H()).

Assume z < rz. We want to show xs < rzs. By (4.9), this is equivalent to (zs) (i) =
sz 1(i) < (as)7(j) = sxz~'(j). Since s is a simple reflection, s = t,,,; for some
p = 1,--- ,n. To show sz'(i) < sz~'(j), it is enough to show that we do not have
x7Y(i) = nk + pand 271(j) = nk + p + 1 for some k € Z. By hypothesis, x~'rz # s.
Ifx7'(i) = nk+pand 27'(j) = nk +p+ 1, then 27 're = 7 ;0 = t-13y-1(j) =

tnk+pnktpt1l = tppr1 = S, a contradiction. O

PROPOSITION 4.10. Let W be of type A,_; and let s be a simple reflection. Assume
x < w,ws < w. Suppose = B is not rationally smooth in X (w). Then the lookup conjecture

holds for z <> the lookup conjecture holds for xs.

PROOF. As in the proof of Proposition 4.7, it is suffices to show (=-). By Proposition 4.7,
2 1s not rationally smooth < s is not rationally smooth. Assume the lookup conjecture
holds for x. If ¢/ > 0, then by Proposition 4.6 ¢, = ¢’ > 0, done. Otherwise ¢;’ = 0 (so
g2, = 0). There exists r € R suchthatz < rz < wand ¢, > 0. We have rz # s because
q“ =0, ¢* > 0. Therefore z'rz # s. So by Lemma 4.5 and Lemma 4.8, z:s < ras < w.

By Proposition 4.6, g%, = ¢,> > 0. So the lookup conjecture holds for xs. U
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5

GEOMETRY AND THE BRUHAT ORDER FOR SPIRAL ELEMENTS

In this chapter we give a characterization of Bruhat ordering for spiral elements in Type
A, in terms of the geometry of the triangle region. More precisely, we define a triangle
A(f) in R?, and let A(¢) = A(£) N Wq. If £ is even, we let R(¢) = A(¢); if £ is odd,
we let R(() = A(0) \ {A1(0)q, A2(¢)q} where A;(¢), A;(¢) are particular elements of
W. The main results of this chapter are two triangle theorems. Theorem 5.41 states that
x < wll) < xq € R({). If £ is even, R({) = A({), but if £ is odd, R(¢) # A({), and
we prove (Theorem 5.44) that for odd ¢, z < w({) or z < A ({) < zq € A({). Theorem
5.41 will allow us to prove the translation theorems in the next chapter, which will give us

O

a good understanding of the integers ¢ . To identify the set of rationally smooth points

in Chapter 7, we need Theorem 5.44 in addition to Theorem 5.41.

5.1 Spiral elements and some basic properties

This section studies the spiral elements and some basic properties. We begin by defining

spiral elements.

Definition 5.1. For ¢ > 1, define w({) = s1595351595351 - - - (¢ factors). We call w(/) a

spiral element. We call these elements and the varieties associated to them spiral.
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Figure 5.1: Spiral elements w({)
We can also define spiral elements of the form s;s;s;5;5;5;5;5; - - - where {i,j,k} =

{1,2, 3} as sets. All the results we prove for w(¢) will have analogues for these other spiral

elements. We first need to prove that the length of w(¢) is . We begin with a lemma.

LEMMA 5.2. Given any permutation o of {1, 2,3}, there is a homomorphism

[+ W — W such that f(s;) = s,(;). This satisfies £(f(w)) = {(w).

PROOF. Given permutation o of {1, 2, 3}, there is a map

fw—w

f(si) = s03i)-
Observe that W has generators s; € S and relations (s;)? = 1,(s;s;)® = 1,i # j. Then
we have f((s:)?) = (so))® = 1 and f((s:5))*) = (Se()Se(j))® = 1 fori # j. Since
f preserves the generators and relations, f : W — W is a homomorphism, then we
candefine f : W — W, f(5;,8i, -+ 8i,) = So(i1)Seo(ia) " * * So(in)- Similarly, we define a

homomorphism
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g W —W

9(8i) = So-1().-

9(f (81,86, 83,)) = g(Sa(il)Sa(z@) e Sa(z‘n)) = So-L(o(i1)) """ So~(o(in)) = Si1Siz " Sip-

Then gf = id, and fg = id, so f and g are isomorphisms.
Suppose /(w) = m. Let w = s;,s;,--s;, be areduced expression. If f(w) =
So(i1)Saiz) * * * So(in) 18 DOt a reduced expression, then by [9, Corollary 5.8], we can delete

some of the s,;,) to get a shorter expression

Hence

which has length less than m. This is a contradiction. So f(w) = So(i1)Sa(iz) " So(im) 1S @

reduced expression. Therefore ((f(w)) = {(w) = m. O

PROPOSITION 5.3. Let {i,7,k} = {1,2,3} (as sets). Let u,v € W. The following facts
hold.
(@) If w = us;s;s; and £(w) = £(u) + 3, then {(wsg) = (us;sjs;sx) = L(w) + 1
(b) If w = us;sjs; and £(w) = (u) + 3, then {(ws;) = £(us;s;5;5;) = L(w) + 1.

(c) If w = u's;s;s;s; and L(w) = ((u') + 4, then ((ws;) = L(u's;s;5;5,5;) = L(w) + 1.
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Remark. If w = u'sys;s;s, and {(w) = £(u')+4, then the length of ws; = u'sys;5;515;

can be either /(w) + 1 or {(w) — 1.
PROOF. We can assume ¢ = 1,5 = 2,k = 3. The reason is that given three different
integers 4, j, k € {1,2, 3}, there is a permutation o of {1, 2,3} such that o(1) = i,0(2) =
J,0(3) = k. Then by Lemma 5.2, there is a length-preserving homomorphism f : W —
W such that f(s;) = 5,(;).-

Suppose w = us1 5251, £L(w) = n, l(u) = n—3. Letu = [a, b, ] be in window notation.
Since ¢(us;) = n — 2, we have a < b and us; = [b, a, ¢|. Since {(us1s9) = n — 1, we have
a < cand us1$y = [b,c,a]. Since f(us18281) = n, we have b < ¢ and w = us18281 =
[c,b,a]. Thena — 3 < ¢, so f(ws3z) = L(w) + 1.

Suppose w = usyS983, L(w) = n,l(u) = n — 3. Let u = [a,b, ] be in window
notation. Since £(us;) = n — 2, we have a < band us; = [b, a, c|. Since £(us;se) =n—1,
we have a < c and us;ss = [b,c,al. Since ¢(us1s283) = n, we have a — 3 < b and
us18283 = [a — 3,¢,b+ 3]. Thena — 3 < ¢, so {(ws;) = {(w) + 1.

Suppose w = u's9515283, {(w) = n,l(u') = n — 4. Let v’ = [a,b, | be in window

notation. Since {(u'sy) = n—3, wehave b < cand u'sy = [a, ¢, b]. Since {(u'sy81) = n—2,

we have a < ¢ and u'ses; = [c,a,b]. Since (u'ses182) = n — 1, we have a < b and
uw's9s189 = [¢,b,a). Since (u'sgs15983) = m, we have a — 3 < ¢ and u's9s15283 =
l[a—3,b,c+3]. Then b < ¢ + 3, s0 {(wsy) = £(w) + 1. O

COROLLARY 5.4. The length of w(¢) is . Moreover, if {; < {5 then w(¢1) < w({s).

PROOF. The statement that ¢(w(¢)) = ¢ follows by induction on length from Proposition
5.3 (ii). This implies that sys5 - - - is a reduced expression for w(¢). If £; < {5, then w(¢;)
is the product of elements in a subexpression of a reduced expression of w(¢). Therefore
w(ly) < w(ly). O

The following result states that the spiral element w(6) is a translation.
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LEMMA 5.5. w(6) = t(—2a) — ay).

PROOF. Using Lemma 2.5,

t(—2a) —ay) =t(@") "t ot(a))?
= (51528183) 0 (51535283)
= 8182(81838183)8283

= 5152(8351)5283 = w(6).

LEMMA 5.6. Let w() be a length ¢ spiral element. Let ¢ = 3. Then

1—7/ 214
w(l)g = Talv + (T +e)ay

where ¢ = 0if /is even, and ¢ = é if Z is odd (cf. Definition 5.15). In other words:

(a) If £is even, then w(l)g = Sfay + 2Lay.

(b) If £ is odd, then w(()q = FraY + tay.

PROOF. (a) We proceed by induction. We first verify the result for ¢/ = 0,2,4. Then
w(0)g = ¢ = q. Also,

1. 1 1
w(2)g = 51524 = 5182(50‘) - §Sl(a1) - T3

Also,

1_
w(4)qg = 31325351(504)

1
= 8182Sa,1(§a2)

2
= 8182(5@1 + 042)

2. 1
=si(za— ) = —ag — zas.

3 3
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For the inductive step, it suffices to show that if the result holds for ¢, then the result holds

for £ + 6. By (5.5), w(6) = t(—2ay — o). Then

w(t+6)g = H(~2aY — ay)w(t)q
1-7 2 —

( gt ¢ ) — 20 — o
1—(0+6 2—(+6
_ (3 - (6 ) o

(b) We first verify the result for £ = 1,3, 5. Then w(1)q = s1(3&) = 5. Also,

1.
w(3)g = 318233(§a)

1.
= 81825&71(505)
2 2
= 81(—CY1) = ——Q1.

3 3

Also

w(5)g = 8182838182(§Oé)

1

= 31523&,151(§a1)

= 5182(061 —+ g()éz)

— (@ 4 )= 4 1
= S\« 3@2 = 30&1 30&2.

For the inductive step, it suffices to show that if the result holds for ¢, then the result holds

for £ + 6. By (5.5), w(6) = t(—2ay — o). Then

w(f+6)q = H(=2a} — a¥)w(t)q
3

11—/ -0
= ( T+ ¢ ) — 20 — o
1—(l+6 3—({+6
ST s BT
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PROPOSITION 5.7. Let { € Z,¢ > 5. The elements w(¢{ — i) fori = 0,--- ;5 form
a complete set of coset representatives for L(®Y)\IW. Equivalently, any = € W can be

written uniquely as
x=t(y")u
where v = w({ —i),i=0,--- 5.
PROOF. By [9, I, Proposition 4.2], the affine Weyl group IV is the semidirect product of
the finite Weyl group Wy;,i¢. and the translation group corresponding to the coroot lattice

L =L(®Y) (W = L(®Y) x Winite ). Hence v € W,z = t(vY)y for t(vV) € L(®V),y €

W tinite- We have in type As, Winite = {€, 51, S2, 5152, 5251, 515251 }»
L@ \IW] =6

We show that w(f) = t( )ur, w(l — 1) = t(v5 )ug, w(l — 2) = t(v3)us, w(l — 3) =
t(v) )ug, w(l — 4) = t(v )us, w(l — 5) = t(v¢ )ug, where uy, us, ug, ug, us, ug € Weinite

are all different. By Lemma 5.5, w(6) = t(—2ay — a3 ). Hence
w(6k) = (515983515283)" = t(k(—2a) —ay)) € L(®Y) -1 € L(®Y)\W.
w(6k + 1) = w(6k) - 51 € L(®Y) - 51

w(6k + 2) = w(6k) - 5150 € L(PY) - 5159
By Lemma 2.5, (] ) = $3528351. Thus

w(6k + 3) = w(6k)s;s253 = w(6k)(s1525352)82 = w(6k)t(—a))sg € L(PY)sy
w(6k + 4) = w(6k)s; 525351 = w(6k)(51525382)8281 = w(6k)t(—ay)sas1 € L(PY)s95

w(6k 4+ 5) = w(6k)s159535152 = w(6k)(51525352) 525152

= w(6k)t(—ay)ses189 € L(PY)s95159.
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Therefore the elements w(¢ — i) fori = 0, --- , 5 form a complete set of coset representa-
tives for L(®V)\W. O

We give formulas for spiral elements in window notation.

LEMMA 5.8. Let k be a nonnegative integer.

w(6k) = [1 — 6k, 2 + 3k, 3 + 3k], w(6k 4+ 1) = [2 + 3k, 1 — 6k, 3 + 3k],

w(6k +2) = [24 3k, 3 + 3k, 1 — 6k], w(6k + 3) = [—2 — 6k, 3 + 3k, 5 + 3K,

w(6k +4) = [3+ 3k, —2 — 6k, 5 + 3k], w(6k + 5) = [3+ 3k, 5 + 3k, —2 — 6Kk.

PROOF. We prove the lemma by induction on k. For £ = 0, since 51 = ;2,52 = {23, 53 =
11,0 are transpositions and multiplying on the right by s;; = ¢; ; switches the sth and jth

position, then we have

w(0) =e=1,2,3]

w(l) =s; =esy =[1,2,3]s; = [2,1,3]

w(2) = s189 = [2,1,3]s2 = [2,3,1]

w(3) = 518983 = [2,3,1]s3 = [—2, 3, 5]

w(4) = s1898381 = [—2,3,5]s1 = [3, -2, 5]
w(H) = 5189838182 = [3, —2,5]s2 = [3,5, —2]

w(6) = §18283515283 = [37 0, —2]53 = [_5’ 5, 6]

Hence the statements hold for £ = 0. Suppose all six formulas hold for %, then for £ + 1

we have
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w(6(k + 1)) = w(6k + 6)
= w(6k + 5)s3
= [3+ 3k,5 + 3k, —2 — 6k]ss
= [-2— 6k — 3,3k +5,3+ 3k + 3]

—[1—6(k+1),2+3(k+1),3+3(k+1)]

w(6(k + 1) +2) = w(6(k + 1) + 1)sy
= [243(k+1),1—6(k+1),3+3(k+1)]s

=[24+3(k+1),3+3(k+1),1—-6(k+1)]

w6k + 1) +3) = w(6(k + 1) + 2)s3
—[2+3(k+1),3+3(k+1),1—6(k+1)s
—[1—6(k+1)—3,3+3(k+1),2+6(k+1)+ 3]

=[-2-6(k+1),3+3(k+1),5+6(k+1)]

w(6(k+1)+4) =w6(k+1)+3)s
=[-2—-6(k+1),3+3(k+1),5+6(k+1)]s;

=B+3k+1),-2—-6(k+1),5+6(k+1)]

w6(k+1)+5) =w(6(k+1)+4)ss
=B+3k+1),-2—-6(k+1),5+6(k+1)]sy

—[B+3(k+1),5+6(k+1),—2—6(k +1)].

Hence all six formulas hold for & + 1.
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From Lemma 5.8 we can determine the sets w(£)<’. We record some of this in Table

5.1 and 5.2 for future use.

(= 6k (= 6k + 2 (= 6k+4
wOST| {3k, —1+3k,---} | {2+3k3k,---} |{3+3k2+3k -}
{f 52 -} ={&z 2.1 ={&z t..1
20 2 2 199
w(f)=? {2+3k3k -+ 1 {3+3k,2+3k,---} | {3+3k,2+3k,---}
_{E+4E__} _{€+4 €+2_“} _{£+2E”}
2 1 9 2 1 9 2 19
w)= | {3+3k,2+3k,---} | {3+3k,2+3k,---} | {5+3k3+3k,--}
_{£+6 £+4__‘} _{€+4 £+2'“} _{£+6 €+2_‘_}
2 1 9

Table 5.1: The sets w(¢)<" for £ even

{=06k-+1 {=6k—+3 {=6k+5

WO 23Kk F | {23k 3k} | {34325k )

_{Z % { _{4-12—1’623"”} _{Z—517£27"'}
-}

w(0)=? {2+3k3k {3+3k,2+3k,---} | {b+3k,3+3k,---}

= {43 &1 = (&8 el - T
2 0 20 2 0 2 2 7 9
w)= [ {3+3k,2+3k, -~} | {5+3k,3+3k, -~} | {5+3k,3+3k,- -}
— {€+5 £+3 } — {Z—i—? 443 } — {€+5 £+1 }
2 ) 2 2 7 92 9 5 9

Table 5.2: The sets w(¢)=" for £ odd

5.2 The elements A;(¢) and A, (/)

If ¢ is odd, there are two special elements A;(¢) and A5(¢). In this section, we study

these elements.
Definition 5.9. For ¢ odd, define A;(¢), A5(¢) as the following.
(@) Ai(0) = t(5ra")w(0)

(b) Ay({) := s1A1(L).
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Figure 5.2: The elements A;(¢) and Ay (¢) for £ odd (¢ = T7)
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LEMMA 5.10. Let ¢ be odd.

(1) Ai(0)g =Say + Lay.

(2) As(0)g = Hay + Lay.

(3) Ai(€) > Aq(0).

PROOF. Since w({)q = 5oy + 2£ay for ¢ odd, by Lemma 5.6

-1 1—7 3—/ (—1_ (-1 l
o rau(0g = (5o + 22 ey + e = T oy 4 Sa

(=1 0 1—C , b, 1+C ,
401 = h(Og = s (5ol + 503) = Zgrai + 387 = Tl + g0z
Then
1+7 14 1+4, ¢ 1
(Ao(0)g,0)) = (—g—a) + ga3,a}) = 20—¢—) — g = 5.

Hence 0 < (Ax(¢)q, o)) < 1. Therefore Ay(¢) is the smallest along the line and A, (¢) >
Ay(0).

LEMMA 5.11. Let ¢ be odd.
(D) Al(f) = Sa70w(€ + 1).

(2) AQ(E) = 825110(6 + 1)

PROOF. (1) By Lemma 5.6,

By Lemma 5.10, sz ow(¢ + 1)qg = A;(¢)q. Hence A;(¢) = szow(f + 1).
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(2) By Lemma 5.6,

By Lemma 5.10, sos;w(f + 1)g = Ay (¢)q. Hence Ay (¢) = sasyw(f+ 1).

Sos1w(l 4+ 1)q = s951(

1—(+1
(C41)

2—-(+1)

6 a2)

O

LEMMA 5.12. Let ¢ > 6, ¢ odd. The formulas for A (¢) in window notation, and tables for

AL (0)=

(1) If ¢ = 6k + 1, then A;(¢) =
(2) If £ = 6k + 3, then A, (() =

(3) If ¢ = 6k + 5, then A;(¢)

¢ are given as follows.

2+ 3k, 1+ 3k,3 — 6K.

1+ 3k, —6k, 5 + 3k].

= [-3 — 6k, 5 + 3k, 4 + 3k].

¢ =6k+1 ¢ =06k+3 ¢ =06k+5
A= 1 {2+3k,—14+3k,---} | {2+3k,1+3k,---} | {243k, 1 +3k,--- }
= (&3 &3, ={&1 1.1 ={&L, 3.1

9 1 9 2 0 920 2 0 20
A (0= {243k, 1+3k,---} {2—|—3k1+3k---} {5+3k 2+3k,---}
— (43 } — &l 1 } — [&5 1 }

_ 20 27 2 2’ 2 0 2
A= {243k, 1+3k,---} | {5+3k2+3k,---} | {5+3k,4+3k,---}
— {43 Ly = (&7 ) L5 o3 LY

2 0 20 2 0 92 2 1 9

Table 5.3: The sets A;(¢)="
PROOF. Case ¢ = 6k + 1. By Lemma 5.8, w(¢) = [2 4 3k, 1 — 6k, 3 + 3k|. By Lemma

2.15,
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A0 = 1S Ea o)
— 1(3ka)w(0)
= [143(3k),2,3 — 3(3K)][2 + 3k, 1 — 6k, 3 + 3k]

= [2+ 3k, 1+ 3k, 3 — 6k].

Case ¢ = 6k + 3. By Lemma 5.8, w({) = [-2 — 6k, 3 + 3k, 5 + 3k|. By Lemma 2.15,

A = 1 Fa (o)
=t((3k + 1)a")w(¥)
=[1+3Bk+1),2,3—33k+1)|][-2—6k,3+ 3k,5+ 3k]

— [1+ 3k, —6k,5 + 3k].
Case { = 6k + 5. By Lemma 5.8, w({) = [3 + 3k, 5 + 3k, —2 — 6k|. By Lemma 2.15,

A0 = 10
= t((3k +2)a")w()
= [1+43(3k+2),2,3 — 3(3k + 2)][3+ 3k, 5 + 3k, —2 — 6Kk]

= [-3 — 6k, 5 + 3k, 4 + 3k].

From this, we can determine the sets A;(¢)=",i = 1,2, 3. O

LEMMA 5.13. Let £ > 6,/ odd. Then A;(¢) and A5 (¢) are not < w(¥).

PROOF. By Lemma 5.10 A;(¢) > A,(¢), it is enough to check that A;(¢) & w(¢). Since
siw(f) < w(f) and s1A;(¢) = Ay(f), Lemma 4.5 implies that A;(¢) < w(l) & Ay(f) <
w(¢). Therefore it is enough to check that A;(¢) & w(¢).

Case { = 6k + 1. We have A;(¢) = [2 + 3k,1 + 3k,3 — 6k]. Thus (A4,(¢))=* =
{2+ 3k, 1+ 3k, }, w(l)=* = {2+ 3k,3k,--- }. Hence A;({) £ w(l) as 1+ 3k £ 3k.
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Case { = 6k + 3. We have A;(¢) = [1 + 3k, —6k,5 + 3k]. Thus (A;(¢))=! = {2 +
3k, 1+ 3k, }, w(l)=' = {2+ 3k,3k,--- }. Hence A;(¢) £ w(¢) as 1 + 3k £ 3k.

Case ( = 6k + 5. We have A;({) = [—3 — 6k, 5 + 3k, 4 + 3k]. Thus (A;(¢))=* = {5+
3k, 443k, -} w(()<? = {5+ 3k, 3+3k, - }. Hence A, (£) £ w(l) as 4+ 3k £ 3+ 3k.
0

5.3 The region R(¢)

In this section, we study the region R(¢), which is close to a triangle region. Let us first

define the triangle region.
Definition 5.14. If z = ua) + vay, define
Au(2) =1, Ap(2) ==, Apu(2) :=v — .

Definition 5.15. Let A(¢) be the (triangle) region defined to be the set of all z = ua +vay

satisfying:

14
(I3(0)) : u < g +e

¢ 1
I;0): v>—=+ =
(L) vz —g+g+e

where ¢ = 0 if £ is even, ¢ = 1 if £ is odd. In other words, z = uay + vay is in A(¢) if

and only if

0 14 ¢ 1
Al(2) S e dz) S g Heh(z) 2 —p+ 5 +e

Let A(0) = {xq | w € W} N A(f). For each k = 1,2, 3, define L, (¢) to be the set of all

z = uay + vay such that z satisfies I;,(¢) with equality holding.
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Figure 5.3: A(¢) for £ odd (¢ = 7)
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Figure 5.4: R(¢) for £ odd (¢ =T7)
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Figure 5.5: A({) for ¢ even (¢ = 6)
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Observe that the line L, (¢) is parallel to &. The line Lo () of the triangle A () is parallel

to cry. The line L3(¢) of the triangle A () is parallel to a.

LEMMA 5.16. A(£+1) D A(¢) and A(¢+ 1) D A(¢) for all £.

PROOF. If ¢ = 2k, then I,(2k) = [,(2k+ 1), I5(2k) = I>(2k +1) and I3(2k) is the same
as I3(2k +1),s0 z € A(2k) = z € A2k + 1).

If ¢ = 2k — 1, then [;(2k — 1) is the same as [;(2k), I5(2k — 1) is the same as [5(2k),
and I3(2k — 1) = I3(2k),s0 2 € A(2k — 1) = z € A(2k). Hence A(¢ + 1) D A(¥) for
all 4. O

Definition 5.17. If / is even, let R({) = A({).
If £is odd, let R(¢) = A(£) \ {A1(€)q, A2(€)q}.

Definition 5.18. Let F;(¢) = L;(¢) N R({) for i = 1,2,3. If L,;(¢) is parallel to 3, and
z € L;(¢), the endpoints of F;(¢) are the points on F;(¢) of the form z + ¢, and z + ¢,

where t; and ¢, are chosen as small (respectively, large) as possible.

Note that these definitions depend on /. If ¢ is understood, we will sometimes omit this

from the notation and write, for example, L; for L;().

LEMMA 5.19. If z € A({), then

Au(2) > =2+ 5, A(2) < £+2g, Avu(2) > —g +

1
3 3

W~

where ¢ = 0 if £ is even, € = % if £ is odd.

PROOF. Since z € A((), A\pu(2) < £ 4 e and —\,(z) < £ — £ — e. Therefore, (A, —

1
3
Ao)(2) = =Xy (z) < £ — 1 which gives the first inequality.

Since z € A(€), we have Ay, (2) = Ay(2) — Au(2) < £ +eand A, (2) < £ +e. Adding

these inequalities gives \,(z) < § + 2¢ which is the second inequality.
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gives (A, — Ay)(2) = Apu(2) > —£ 4+ 1. O

COROLLARY 5.20. A(?) is a triangle and its interior.

PROOF. By Lemma 5.19, A(/) is a bounded region defined by 3 linear inequalities, hence

A(?) is a triangle and its interior. O

LEMMA 5.21. s1(A(¢)) = A(¢) and s1(R(¢)) = R(¥).
s1(E1(0)) = E3(0), and s1(FE3(0)) = Es(¢).
PROOF. (a) We show s;(L1(¢)) = Ls(¢). Consider
{z =uoy +vas |v—u < §+8}

where ¢ = 0 if /is even, € = % if £ is odd. We have s;x = s1(uay + vag) = (v — u)ag +
vag = u'ap +v'an where v’ = v—u,v" = v. Since v/ = v—wu, v’ = v, wehaveu = v —u’.

Then

l
v’—(v’—u')§6+e

u <= +e¢

[S21 QN

Therefore s1(L1(()) = La({). Since L3({) = {x = uay +vay | v —u = —% + 3 + +&}
is perpendicular to the hyperplane H,, o, 51(L3(¢)) = L3(¢). Therefore s,(A(£)) = A(¥).
Since A(f) = {xq | # € W} N A(f), we have s1(A(f)) = A(€). Since s;,(A4,(¢)q) =

Ay(0)q, we have s1(R({)) = R(¢). We showed s1(L1(¢)) = La(?), so

s1(B1(0)) = s1(L1(6) N R(£)) = s1L1(6) N 81 R(E) = Ly () N R(£) = By ().
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Similarly,

LEMMA 5.22. The following holds.
(1) Li(£) N Ly(t) = w(0)q,

PROOF. Li(¢) N L3(¢) is the solution ucy + vay to the linear equations

- b1y
V—u=—-+¢, v=——+=-+¢.
6 6 3

The formula for w(¢)q from Lemma 5.6 shows that w({)q is this solution. Also Ls(¢) N
L3 () is the point (£ + £)ay + (—% + 3 + €)ay. Using the formulas from Lemma 5.6 we
see that this is s;w({)g. O

Remark. The points L;(¢) N L3(¢) and Ly(¢) N L3(¢) each lie on some edge E;(¢), so
they are endpoints. But L;(¢) N Ly(¢) does not lie on F;(¢) since it is not of the form xq.

So we must do some work to figure out the other endpoints.

LEMMA 5.23. Ifw({)g +ta" € A(f), then0 <t < £ —1+4e

Wl

PROOF. By Lemma 5.6,
- 1—¢ 2/
wwm+¢av:Qj;—+ﬂay+(—g—+€+wa;
Since w(l)q + ta¥ € A({), by Definition 5.15 and Lemma 5.19,
1

14 1—7¢ /
—— =< a’) = —— < - +e.
3+3_AAwwm+ux) 3 +t_6+g
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Hence

U
Remark 5.24. If  is odd and w({)q + ta € R((), then t < &2 since t(51aY)w(l)q =
Ay () ¢ R(0).
PROPOSITION 5.25. The endpoints of the E;(¢) are as follows.
(a) The endpoints of £, (¢) are w(¢)q and sz gw(¢)q.
(b) The endpoints of Fy(¢) are syw(f)q and sos1w(f)q.

(c) The endpoints of F3(¢) are w(¢)q and s;w({)q.

PROOF. (a) All points on F1(¢) are of the form w(¢)q + ta”,t € R. Lemma 5.22 and
Lemma 5.23 imply that one endpoint of E; () is w({)q. The other endpoint of £ (¢) is the
point

rq = w(l)q + ta"
on L, (¢) where x € W is chosen so that ¢ is as large as possible. Any point xq on Ly (¢) is

of the form

t(aa ) w(l)g = w(l)q + ac or t(ba) sz ow(l)g = w(l)qg + (g - % —e)a, (a,beZ).

because w({) and sz ow(¢) differ by reflection (by Proposition 2.13). Here we have used

the fact that by Lemma 5.6, w({)q = (:5%)a) + (35£ + €)ay, so
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saow(0)g = w(l)q — G °
:w<€)q_(2—62€+2g€ 6)a
— w(l)g — (—g + % +o)a
— w0 + (5~ 5 ~<)a

By Lemma 5.23, if w({)g + ta¥ € A(() (t € R), then t < £ — L + . Therefore,

[\V]

the other endpoint of F (/) is the point w(¢)q + ca¥ where ¢ is the largest value of a or

NS

— % —e+b(a,b € Z) satisfying ¢ < é — % + €, and such that if £ is odd, ¢ < ‘Z_Tl (By
Remark 5.24).

We claim: If t(ac )w(€)q € A({), then

, if / is even
el if ¢ is odd.

The reason is that the largest value of @ € Z such that a < g — % +eis Lg — % +el. If lis

even, { = 2m, e = 0, then Lm—éj =m-—1= g—l = 3772 Ifisodd, ! =2m+1,e = %,
then [m + 4 — £ + 1| =m = 5. This proves the claim. As noted in the Remark 5.24, if

(is odd, then t (28" )w(0) = A;(¢) ¢ R((), so if t(aa" )w(l)g € R({), then

£2 if £ is even
a <

E’T?’, if / is odd.

Observe that sz gw(¢)q is on Ej(¢). The reason is that sz gw(¢)q is a point of the form
xq (x € W), itis in A(¢), since

1-¢ 21 =2 (-1
g (= Fe)ag) = (= —e)ay + ——as,

sa,ow(ﬁ)q = Sa,o(

which satisfies the inequalities from Definition 5.15, and if ¢ is odd, sz ow(¢)q is not equal

to A;(¢) or Ay(¢) (by Lemma 5.10).
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Claim. If t(ba" ) sz ow(€)q € R(£), (b € Z), then b < 0.

We have t(ba")sz ow(()g = w(l)q + (5 — 2 — e+ b)aV. If this is in A(¢), then

Then
1

This proves the claim.

4

We have % — % +e= K_Tg + ¢. This is bigger than either K_TQ or 3. So the value of

'
cis £ — 2 4 ¢ and the point zq on E;(¢) with zq = w({)q + ta", t as large as possible, is
xq = sz ow(l)q.

(b) By (a), The endpoints of F;(¢) are w({)q and sg ow(¢)q. By Lemma 5.21,

s1(E1(€)) = Ey(f). Therefore the endpoints of (/) are s;w({)q and
s18a,0w(0)q = s1515251w(0)q = sas1w(f)q.

(c) This follows by Lemma 5.22. U
Now we show that the endpoints of (), E5(¢), and E3(¢) are < w().

LEMMA 5.26. Let w = w(¢). Then s;w < w, szow < w and sgs1w < w.

PROOF. Since s;w = $253515983 - - - 1s spiral starting with s,, and there are ¢ — 1 factors,
l(syw) = ¢ —1 < l(w) = {. Hence syw < w. Similarly, sps1w = s3518983 - - - is spiral
starting with s3, and there are ¢ — 2 factors, so {(s2s;w) = — 2 < {(syw) = ¢ — 1. Hence

ses1w < syw < w. By Lemma 2.5, sz 0 = t(—a")s3 = 5152515353 = 515251. SO
Saow = (815251)(S18283)w(f — 3) = syssw(f — 3).

Since szw (¢ — 3) = s3518283 - -+ is spiral starting with s3, and there are ¢ — 2 factors, so
ssw(¢ — 3) has length ¢ — 2. This implies ¢(s;ssw(¢ — 3)) < ¢ — 1. Then {(szow) <

¢ —1 < l(w(l)). Hence sz ow < w. O
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PROPOSITION 5.27. If zq is on E;(¢) withi = 1,2, 3, then x < w(/).

PROOF. We show this by reducing to the endpoints. By Theorem 3.23, for any point xq on
Ei(0), z <w(l)orx < szow(l). For any point zq on Es(f), v < syw () or z < sys1w().
For any point zq on E5(¢), x < w({) or z < syw(f). By Lemma 5.26, syw(¢) < w({),

saow(l) < w(l) and sys;w(l) < w(l). O

PROPOSITION 5.28. The following holds.
(@) R(2k+1) = R(2k) U E1(2k + 1) U E5(2k + 1)

(b) R(2k) = R(2k — 1) U E3(2k)U {A1(2k — 1), A5 (2k — 1)}

PROOF. (D): Observe that R(¢) D R(¢ — 1) for any ¢. Indeed, if ¢ is even, then ¢ — 1
is odd, and R({) = A({) D Al —1) D R({ — 1) (using Lemma 5.16). If ¢ is odd,
then R(¢) = A(L) \ {A1(0)q, Aa(€)q}. But Ay(€)q, Aa(¢)q are not in A(¢ — 1), since the
formula from Lemma 5.10 show that A;(¢)q fails I;(¢ — 1) and Ay(¢)q fails Io(¢ — 1).
Hence R(¢) = A(€) \ {A1(0)q, A2(£)q} D A(¢ — 1) = R(¢ — 1) (using Lemma 5.16).

This proves that in statements (a) and (b) of the Proposition, the inclusion (2) holds,
since R(¢ + 1) 2 R(¢) and also, by definition, R({ + 1) D E;({ + 1).

(C): We must prove the reverse inclusion for (a) and (b).

(a) Let g € R(2k + 1). If the inequality [;(2k + 1) is not strict, then xq lies on
Li(2k+1)NA(2k+1),s0 zq € Ey(2k+ 1). If the inequality /5(2k + 1) is not strict, then
xzqlieson Lo(2k + 1) N A(2k + 1), so zq € Ey(2k + 1).

If the inequalities /1(2k + 1) and I5(2k + 1) are both strict, we claim that xq € R(2k).
Since x € W, by Lemma 2.7, zq = uay + vay = 3u,3v € Z. If I;(2k + 1) is strict, then

2k+1 1 Kk 1
v—u< +-=5+3

6 6 3 3
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So
3(v—u) <k+1.

As3(v—u) € Z,3(v—u) < k,sov —u < . Similarly, if I,(2k + 1) is strict, then

%+1+1_k+
6 3 3

u <

1
3
So

3u< k+1.

As3u € Z,3u < k,sou < § Therefore zq satisfies [;(2k) and I5(2k), so zq € R(2k),
proving the claim. Since the inequalities /3(2k+1)and I3(2k) are the same, xq also satisfies
I3(2k) and therefore zq € R(2k).

(b) Let zq € R(2k). If the inequality I3(2k) is not strict, then xq lies on L3(2k)NA(2k),
so xq € F3(2k).

If the inequality /3(2k) is strict, we show that
rq € A2k —1) = R(2k — 1) U{A1(2k — 1), A2(2k — 1)}.

Since z € W, by Lemma 2.7, zq = uay + vay = 3u, 3v € Z. If I3(2k) is strict, then

U>_%+1__k+1
6 3 3 3

SO

3v>—k+1.

Since 3v € Z,3v > —k +2,s0v > —§ + % which is I3(2k — 1). Since the inequalities
I,(2k) and I, (2k—1) are the same, and I5(2k) and I5(2k—1) are the same, xq € A(2k—1).
0J
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5.4 Triangle Theorems

In this section we prove that z < w(¢) if and only if xq € R(¢). If /is even, then R({) =
A(L). If £ is odd, then R(¢) # A(¢). We prove that x < w({) or x < Ay ({) & xq € A(Y).
We call these theorems triangle theorem even though R(¢) is not quite a triangle. We will

write these inequalities in a different form. Consider the following sets of three inequalities.

Definition 5.29. Let ¢ be even. Define

(BA(0)): B—=A<§—3
(BAy(0)): B— A<t
(BA;(0)): B—A<t+4
(A(0) A< §—3
(As(0) - A< §
(A3(0)) : A< §+3
(Bi(0)): B> —§ +3
(Bo(0)) : B> —£ + 1
(Bs(0)) : B> —

Let ¢ be odd. Define
(BA(¢)):B-A<t-1
(BA>(0)) :B—A< L4141
(BA3(0)) : B—A<t+1
(A0) A< g -5
(A2(0) - A< g +3
(A3(0) A< G +3
(Bu(0): B> —§+3
(B2(0) : B> —§ + 3
(B5(0): B> —§ + 5
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Note that we could combine the definitions for ¢ odd and ¢ even, but it is convenient to

separate them for future use.

Definition 5.30. We say A, B satisfy 7(i, j, k)(¢) if A, B satisfy the inequalities BA;(/),

A;(0), Bg(¢). If ¢ is understood, we may omit it from the notation.
Remark. Since BA; = BAy; = BAs, ifi < i, then T(i,j, k) = T(¢,7,k). Since

Ay = Ay = Asifj < j/,thenT(i,5,k) = T(i,j', k). Since By = By = Bs, ifk < ¥/,
then 7'(¢, j, k) = T'(i, 5, k).

LEMMA 5.31. Letz = zy, where y € Wyinie and z = t(Aay + Bay ). Then z € A(() <
x satisfies T'(i, j, k)(¢) where T'(i, j, k) = T'(i, j, k) () is as in the following table.

x x e AL)
P T(,1,3)
281 T(1,2,3)
259 T(3,1,2)
28189 T(1,3,2)
25951 T(3,2,1)
2818981 | T(2,3,1)

PROOF. Table 2.1 is reproduced here for convenience. It records some information which

is needed in the proof. In Table 2.1, let z = t(Aay + Bay).

x x in window notation rq = uay + vay v—u
z 1+3A4,2-3A+3B,3-3B] | (A+3)ay +(B+ 1oy | B-A4A
251 2-3A4+3B,1+34,3-3B]| Aa+(B+1ay |B-A+!

[ ]
[ ]
25 [1+34,3-3B,2—34+3B]| (A+1)ay + Bay p_A_1
[ ]
[ ]
[ ]

28189 2—-3A+3B,3-3B,1+3A (A - )oY + Bay B—A+3
28981 3—3B,1+3A,2—-3A+3B Aay + (B — 3oy B—A—g
zs18251 | [3—3B,2—3A+3B,1+3A] |(A—3)ay +(B—3)ay | B—-A

We have zq € A({) < if xq = uay + vay, then (Definition 5.15)

14 14 ¢ 1
.32 —u < = < 2 >_Z 4=
(5.32) v u_6—|—5,u_6—|—5,v_ 6+3—|—5

where ¢ = 0 if £ is even, e = ¢ if £ is odd.
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Case 1. z = z = t(Aay + Bay) Then the inequalities from (5.32) can be written as

14 1 14
< — B - >
_6+6, +3_

1 1
B-A<- A+ = - +-+e.
ste At stgte
These simplify to
(5.33) B A<€+ A<£ 1+ B> +
. — - +e€ ——=—+4c¢ ——+e¢
— 6 T 6 3 T 6

which are (BAs({)), (A1(€)), (Bs(¢)). Therefore zq € A(¢) <A, B satisfies T'(2, 1, 3).

Case 2. © = zs1 = t(Aay + Bay)s; Then the inequalities from (5.32) can be written

as
1 /¢ l 1 ¢ 1
B—A+-<- A<= B+->—+-
+3_6+€, _6+£, +3_ 6+3+5
These simplify to
¢ 1 l l
5.34 B-A<-—- A<= B>—— :
( ) =5 3+8, _6+€, > 6—1—5

which are (BA;(¢)), (A2(¢)), (Bs(¢)). Therefore zq € A(¢) <A, B satisfies T'(1, 2, 3).

Case 3. © = zsy = t(Aay + Bay)ss Then the inequalities from (5.32) can be written

as

1 7 1 7 ¢ 1

B—A—-_-<- A+=-< - B> ——+>+e¢.

3_6+5, +3_6+€, > 6+3+5
These simplify to

¢ 1 ¢ 1 ¢ 1
5.35 B—A< -+ - A< - — = B>——+4+-+¢.
(5.35) Sgtgtedsc-ot+eB2z-o4ote

which are (BA;3({)), (A1(£)), (B2(¢)). Therefore zq € A(¢) <A, B satisfies T'(3, 1, 2).
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Case 4. © = zs159 = t(Aay + Baw)s1s2 Then the inequalities from (5.32) can be

written as

1 14 1 14 2 |

B—-—A+-<- A—=-< = B> —— 4+ =

+3_6+5, 3_6+5, > 6+3+5
These simplify to

/1 ¢ 1 2 |
5.36 B—A< - —— A< -+ = B> ——+4+— .
(5.36) <5 3+& _6+3+a > 6+3+5

which are (BA;(¢)), (A3(¢)), (B2(¢)). Therefore zq € A(¢) <A, B satisfies T'(1, 3, 2).

Case 5. © = zs9s1 = t(Aay + Bay)sysi. Then the inequalities from (5.32) can be

written as

1 14 14 1 /1

B-—A—--<- A< - B—->——4_+te¢.

3_6+€, _6—|—6, 32 6+3+5
These simplify to

/1 14 2
5.37 B—A< -4+ — A<= B> ——+— .
(5.37) _6+3+a _6+a > 6+3+e

which are (BA;3({)), (A2(¢)), (B1(¢)). Therefore zq € A(¢) <A, B satisfies T'(3, 2, 1).

Case 6. © = 2515281 = t(Aay + Bay)18951. Then the inequalities from (5.32) can be

written as
14 1 14 1 /1
B-A< - A—=-<— B—=>——4= .
_6+5, 3_6+€, 37 6+3+5
These simplify to
14 /1 2
5.38 B—-—A<-— A< — 4= B> ——+— .
(5.38) _6+a _6+3+a > 6+3+e

which are (BAy(()), (A3(0)), (B1(¢)). Therefore xq € A(¢) <A, B satisfies T'(2,3,1). O

LEMMA 5.39. Letz = zy, where z = t(Aay + Bay) and y € Wiipite. Suppose z < w(¥).
The integer 2 — 3A + 3B € x=' for some 7 € {1,2,3} and this implies that one of the
inequalities BA;(¢) holds (where k depends on 7 and /). Similarly, 1 + 3A € z=¢, and

this implies that one of the inequalities A(¢), and 3 — 3B € 2=, and this implies that one

84



of the inequalities By (). The following tables list the particular inequality which holds in

each case.
[ i with 2 — 3A + 3B € x=' | Inequalities that holds
6k + 1 1 BA, (D)
2 BA,(()
3 BA,(()
6k + 3 1 BA, (0)
; BA,(()
3 BAs(0)
6k 15 1 BAL(0)
; BA(()
3 BA(0)
/ i with 1 + 3A € 2=' | Inequalities that holds
6k + 1 1 00
2 AL (0)
3 A;(0)
6k + 3 1 A,(0)
2 Ay (0)
3 A;(0)
6k + 5 1 40)
2 Ay(0)
3 As(0)
[ i with 3 — 3B € = | Inequalities that holds
6k 1 1 1 Bi(0)
2 By(0)
3 Bs(¢)
6k 1 3 1 B.(0)
2 By(0)
3 Bay(0)
6k + 5 1 Bi(0)
2 By (¢)
3 By (¢)
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[ i with 2 — 3A + 3B € x=' | Inequalities that holds
6k 1 BAL({

6k + 2

6k + 4

W N WD =W
=

~ N N S NS

& e e N e ke NN N NN N

[ i with 1 + 3A € 2=¢ | Inequalities that holds
6k Ay (0)

N

6k + 2

6k +4

W N RWN WD -
o S SR S 0 S S S e SN
[ I N e = e i ] SR o)
NN NS S N TS
DS NS

SN’ S e [ N S N N N

[ i with 3 — 3B € 2= | Inequalities that holds
6k

6k + 2

6k +4

WN WM P WN

PROOF. Table 5.2 and Table 5.1 are reproduced here for convenience. They record some

information which is needed in the proof.

(=06k+1 0 =6k+3 (=06k+5
w(@)< {24 3k, 3k - {2+3k,3k,---} | {3+3k2+3k -}

:{E ET { _{627537"'} —{%1/2,"‘}

w(l)=? {2+3k:3k 1 {3+3k,2+3k,---} | {5+ 3k, 3+ 3k, }

:{E2727 } —{%3,%1,'”} _{Z;57€J’2_17'”}

w()=3 | {3+3k,2+3k,---} | {b+3k,3+3k,---} | {5+3k,3+3k,---}
)

= {45 38

£ 43 _{€+7 Z+3_.} _{€+5 €+1”}

2 ) 2 2 ) 2
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{ =6k (= 6k+2 {=6k—+4
w(l)=' | {3k, —1+3k,---} (2+3k3k,---+ |{3+3k2+3k -}
— ﬁu...} _{652 €22__} _{egzg,_}
27 2 ) ) 999
w2 | {2+3k3k, -} |{(3+3k2+3k,---J | {3+3k2+3k,--}
_{6—54757”'} _{Z;4a€—527"'} —{Z;Z,S,“'}
w(l)=* | {3+3k,2+3k,---} | {3+3k,2+3k,---} | {5+3k,3+3k,---}
_{£+6 +4 } _{(Z+4 42 } _{€+6 2 }
2 0 27 2 7 2 PIREER

Table: 2 — 3A + 3B € x=, / odd. Case ¢ = 6k + 1. The largest element of w(¢)<*

or w()=*is 42. S0 if 2 — 34 + 3B is in =! or 2=, then

(+3 ¢ 1
2—-3A BL—&B-AL< - ——
3A+3 5 <57%

which is BA; (¢). The largest element of w(¢)=? is 5. S0 if 2 — 34 + 3B € 2=, then

(45 (1
2 34+3B< P apoa<ty]
" 2 =66

which is BA(?).
Case { = 6k + 3. The largest element of w(¢)<' is &1, Soif 2 — 34 + 3B € 2=!, then

(+1 ¢ 1
2—-3A B—&B-AL< - ——.
3A+3 5 <573

which implies BA; (¢). The largest element of w(¢)<? is &3, Soif 2 — 34 + 3B € 2=*
then

043 01
9 _3A43B< T2 B A<t 2
tobs—— < =676

which is BA; (¢). The largest element of w(¢)=% is £%. So if 2 — 3A 4+ 3B € 2=, then

047 ¢
2—&H%B<_§— SB-A< 43

| —

which is BA3 (/).
Case ( = 6k + 5. The largest element of w(¢)<! is 1. Soif 2 — 34 + 3B € z=!, then

(41
2—3A+3B<—%%w¢B A<

Cnlm
l\')lr—t

which implies BA; (¢). The largest element of w(¢)<* and w(¢)=? is £2. Soif 2—3A+3B
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is in =2 or =3, then

which is BA» (/).
Table: 1 + 3A € x=1, ( odd. Case { = 6k + 1. The largest element of w(¢)<! or
w()=?is &3, Soif 1 4+ 3A is in 2=! or =2, then

(+3 (o1 1
1434< 2 A<ty gy
A= 66 "3

Since A € Z, A < k = £, which is A;(¢). The largest element of w(¢)<? is &2, So if

1+ 34 € =3, then

which is As(f).
Case { = 6k + 3. The largest element of w(¢)<' is &1 Soif 1 + 34 € 2=!, then

(+1 14
143A< — s A< - —
+3 5 <3

which is 4; (¢). The largest element of w(¢)=? is £3. Soif 1 + 34 € 2=, then

(+3 ¢ 1

1+3A< — & A< -+ —.

" 2 =66
which is A5 (¢). The largest element of w(¢)<? is &2, Soif 1 + 3A € 23, then
C+7 14

1—|—3A§T<:>A<—

4
— k-
~ 6 +3

CbIU(

AsAe€Z,A<k+1=%+1 whichis As(0).
Case { = 6k + 5. The largest element of w(¢)<" is 1. Soif 1 + 34 € z=!, then

1+3A§H71<:)A§§—

which is A;(¢). The largest element of w(¢)=? and w(¢)=* is &2, Soif 1 + 3A is in 252 or
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<3 then

(45 (o1 4
1434< 2 A<y okyl
- 2 6727 ""3

AsAeZ,A<k+1==%+1 whichis Ay(().
Table: 3 — 3B € x=!, / odd. Case ¢ = 6k + 1. The largest element of w(£)=? is
Soif 3 — 3B € =3, then

[

¢ 1
3_ BB<%5<:>B>—— :

(=}
(=}

which is Bs(¢). The largest element of w(¢)<!' or w(¢)<? is 42, So if 3 — 3B is in 2=

=2, then

g _3p< tt3

[\D ‘

Since B € Z, B > —k + 1 = —£ 4 {, which implies B ({)
Case { = 6k + 3. The largest element of w(¢)=* is 4. Soif 3 — 3B € 2=, then

C+7 ¢ 1 2
3—3B<—&&B>— - =—k——.
2 - 6 6 3

Since B € Z,B > —k = —% + 1, which is Bs(¢). The largest element of w(¢)<? is
Soif 3 — 3B € =2, then

‘
3—333%3@32—

N —

+

(2N IS

which is By (¢). The largest element of w(¢)<" is 1. Soif 3 — 3B € z=!, then

[
ot

(41
3_ SB<%<:>B>—— 2

(=}
(=}

which is By (/).

Case { = 6k + 5. The largest element of w(¢)<!' is &1 S0 if 3 — 3B € 2=, then

which is B; (). The largest element of w(¢)<? and w(¢)<? is &2. Soif 3 — 3B isin 2=

€+5

or

Z+3
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=3, then

~

(+5
3—3B§%¢)BZ——+

D
=
w

So B> —k = —% + 2, which is By (().
Table: 2 — 3A + 3B € x=i, / even. Case 1. / = 6k. The largest element of w(¢)=? is

84 S0if 2 — 34 + 3B € 252, then

(+4
2-3A+3B< - e B-A<

(2NN

which is BA,(¢). The largest element of w(¢)<'is £. Soif 2 — 34 + 3B € z=!, then

¢ ¢ 2
9 3443B<‘ e B_A<t_Z
tobsg e =6 3

which implies BA; (). The largest element of w(¢)<% is 4%, So if 2 — 34 + 3B € z=%,

then

2—3A+3B§HT6<:>B—A§§+%.

which is BA3(?).
Case { = 6k + 2. The largest element of w(¢)<' is &2, Soif 2 — 34 + 3B € <!, then

042 ¢
9 _3A43B< T B A<t
tobs—— < =63

which is BA;(¢). The largest element of w(¢)<? and w(¢)=* is &1, Soif 2 — 34 + 3B is

in =% or =3, then

2—3A+3Bg“74<:>3—/1g

[©2N QN

which is BA» (/).
Case { = 6k + 4. The largest element of w(¢)<' and w(¢)<? is Z2. Soif 2 — 34+ 3B
is in z=! or =2, then

0+ 2 ¢ 1
2—-3A+3B<—&B-A<-—-
3A+3B < 5 & S5 3
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which is BA; (¢). The largest element of w(¢)<* is 8. Soif 2 — 3A + 3B € 2=, then

1
2—3A+3B§HT6<:>B—A§§+§,

which is BA3 (/).
Table: 1 + 3A € x=!, { even. Case ¢ = 6k. The largest element of w(¢)<! is £. So if

1+ 3A € 25!, then

14 ¢ 1
1 A< - A< - ——.
+3 _2@ <573

which is A; (¢). The largest element of w(¢)<? is 2. Soif 1 + 3A € 2=2, then

4 1 1
1+3A<%@A<€+—:k+§.

|
w

Since A € Z, A < k = £, which is A5(¢). The largest element of w(¢)<* is 8. So if

1+ 3A € 253, then

{+6 ‘2 2
1 A< —— A< — = —.
+3 5 & 6+3 k:+3

As A€ Z,A <k = £, whichis Ay(().
Case { = 6k + 2. The largest element of w(¢)<!' is 2. Soif 1 + 34 € 2=!, then

(42 0 |
laosa< 2 aactpi b
TodS e AS =ity

Since A € Z, A < k = £ — 1 which is A;(¢). The largest element of w(¢)<* and w(¢)=? s

1
3,

”74. Soif 1+ 3Aisin 252 or =3, then

AsA€eZ,A<k==%L—1 whichis 4;(().

1
3°
Case { = 6k + 4. The largest element of w(¢)<! and w(¢)<*is £2. Soif 1 + 3A is in

2=t or =2, then

(42 l 2
143A< — <« A< -=k+-.
ST e ASE TG
Since A € Z, A < k = 22, which implies A; (¢). The largest element of w(¢)<? is 5. So
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if 1 +3A € 253, then

(+6 ¢ 2 4
1 A< — S A< -+ -=k+ -.
+3A < 5 = _6+3 +3

AsA€Z,A<k+1= %L+ 1 whichis As(0).
Table: 3 — 3B € x=i, ( even. Case ¢ = 6k. The largest element of w(¢)<? is £°. So
if 3 — 3B € 2=, then

(+6 14
3—-3BL — & B> ——
- 2 - 6

which is B;(¢). The largest element of w(¢)<? is 2. S0 if 3 — 3B € 2=?, then

4
5_3p<ttd

& B> —
=" =

+

D~
Wl =

which is By(¢). The largest element of w(¢)<"is £. Soif 3 — 3B € 2=!, then

3—3B§§<:>BZ— +1

(2NN

which implies B (¢).

Case { = 6k + 2. The largest element of w(¢)<! is &2. S0 if 3 — 3B € 2=, then

[

(+2 9
3—33§%@Bz—— 3

(@)

which is By (¢). The largest element of w(¢)<? and w(¢)=* is 1. So if 3 — 3B is in 2=? or

=3, then
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Case { = Gk + 4. The largest element of w(¢)<! and w(¢)<? is 42. Soif 3 — 3B is in

2= or =2, then

¢ 2 ¢ 2
3B<i4 e B>-t4-
3—3B< 5 + 5 & b2 6 + 3
which is By (¢). The largest element of w(¢)=<* is £8. S0 if 3 — 3B € 2=3, then

(+6 l
—3B< —— B>—-.
3—-3B < 5 & B> 5

which is Bs (/). O

COROLLARY 5.40. Let x < w(¢). Write z = zy, where z = t(Aay + Bay) and y €

W tinite- Then for i € {1,2, 3} we have:

(1) 2—3A+3B € 25" = BA;({).

(2) 1+3A € x5t = A0).

(3) 3—3B € x=' = By(/).
PROOF. This follows from Lemma 5.39, using BA; = BAy; = BA;, A = Ay = A3
and B; = By = Bs. ]

For spiral elements, we give a close connection between the Bruhat order and the ge-

ometry of affine Weyl group W acting on the plane R?.

THEOREM 5.41. Let ¢ > 6. Let w({) be a spiral element of length ¢. Then
r <w(l) < xqe R().
PROOF. (<) We want: If zq € R(¢), then < w. We show this by induction on /.
(@) If ¢ = 2k + 1, then xq € R(2k) or zq € E;({) U Ey(¢) by Proposition 5.28. If

xq € R(2k), then x < w(2k) < w(¢) by induction hypothesis. If zq is on E;(¢) U Ey({),

then < w(¢) by Proposition 5.27.
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(b) If ¢ = 2k, then xq € R(2k — 1) or xq € Es({) by Proposition 5.28. If zq €
R(2k — 1), then z < w(2k — 1) < w(¥¢) by induction hypothesis. If zq is on E3(¢), then
x < w({) by Proposition 5.27.

(=) Table 2.1 is reproduced here for convenience. It records some information which

is needed in the proof. In Table 2.1, let 2 = t(A«ay + Bay).

T z in window notation
z 1+3A,2—3A+3B,3—3B
281 2—-3A+3B,1+3A,3—-3B

Z8189
28981 3—3B,1+3A,2—-3A+ 3B
2818281 | [3—3B,2—-3A+3B,1+3A

[ }
[ }
289 [1+3A,3-3B,2—3A+ 3D
[2—3A+3B,3—3B,1+3A]
[ }
[ }

Suppose < w(¢). We must show that x € R(¢). To verify this, we will show that
x € A(L). If £ is even, then A(¢) = R({). If ¢ is odd, this suffices since Lemma 5.13 below
implies that A, (¢), A2(¢) are not < w(l),sox € A(L) \ {A1(£), A2(€)} C R(¢) as desired.
The proof will be divided into 6 cases, corresponding to x = t(Aay + Bay )y, as y runs
over the 6 elements of the finite Weyl group.

Case 1. x = z = t(Aay + Bay). By Lemma 5.31, we must check that A, B satisfy
T(2,1,3). Since 2 — 3A + 3B € z=%, Corollary 5.40 implies that BA, holds. Since
1+ 3A € z=!, Corollary 5.40 implies that A; holds. Since 3 — 3B € =3, Corollary 5.40
implies that B3 holds. Hence A, B satisfy 7'(2, 1, 3).

Case 2. = = zs; = t(Aay + Bay)s;. By Lemma 5.31, we must check that A, B
satisfy 7'(1, 2, 3). Since 2 — 34 + 3B € x=!, Corollary 5.40 implies that BA; holds. Since
1+ 3A € =2, Corollary 5.40 implies that A, holds. Since 3 — 3B € 2=3, Corollary 5.40
implies that B; holds. Hence A, B satisfy 7'(1, 2, 3).

Case 3. © = zsy = t(Aay + Bay)sy. By Lemma 5.31, we must check that A, B
satisfy 7'(3,1, 2). Since 2 — 34+ 3B € x=3, Corollary 5.40 implies that B A3 holds. Since
1+ 3A € z=!, Corollary 5.40 implies that A; holds. Since 3 — 3B € =2, Corollary 5.40
implies that By holds. Hence A, B satisfy 7'(3, 1, 2).
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Case 4. © = 28189 = t(Aay + Bay)s1S2. By Lemma 5.31, we must check that A, B
satisfy 7'(1, 3, 2). Since 2 — 34 + 3B € x=!, Corollary 5.40 implies that BA; holds. Since
1+ 3A € 2=3, Corollary 5.40 implies that A3 holds. Since 3 — 3B € 2=2, Corollary 5.40
implies that B, holds. Hence A, B satisfy T'(1, 3, 2).

Case 5. © = 28951 = t(Aay + Bay)sys;. By Lemma 5.31, we must check that A, B
satisfy 7'(3,2,1). Since 2 — 34+ 3B € x=3, Corollary 5.40 implies that B A3 holds. Since
1+ 3A € 2=2, Corollary 5.40 implies that A, holds. Since 3 — 3B € 2=, Corollary 5.40
implies that B; holds. Hence A, B satisfy 7'(3,2,1).

Case 6. © = 2518987 = t(Aa] + Bag)18281. By Lemma 5.31, we must check that
A, B satisfy T'(2,3,1). Since 2 — 3A + 3B € z=2, Corollary 5.40 implies that B A, holds.
Since 1 + 3A € =3, Corollary 5.40 implies that A3 holds. Since 3 — 3B € z=!, Corollary
5.40 implies that By holds. Hence A, B satisfy 7'(2, 3, 1). O

LEMMA 5.42. Let ¢ be odd. Let z = zy, where z = t(Aoy + Bay) and y € Wiinte.
Suppose < A;(¢). The integer 2 — 3A + 3B € z=' for some i € {1,2,3} and this
implies that one of the inequalities B A (¢) holds (where k depends on i and ¢). Similarly,
1+ 3A € 2=, and this implies that one of the inequalities Ay(¢), and 3 — 3B € 2=,
and this implies that one of the inequalities By (¢). The following tables list the particular

inequality which holds in each case.

¢ i with 2 — 3A + 3B € = | Inequalities that holds
6k + 1 1 BAL(0)

6k + 3

6k +5

W N =W N =
Sy
s
w
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[ i with 1 + 3A € z=' | Inequalities that holds
6k + 1 1 Al(é)
2 Ay (0)
3 Ay (€)
6k + 3 1 Ay ()
2 Ay (0)
3 Az(0)
6k + 5 1 Ay (L)
2 Az(0)
3 Az(0)
/ i with 3 — 3B € 2= | Inequalities that holds
6k +1 1 Bi(¥)
2 By (¢)
3 B (¢)
6k + 3 1 By (¢)
2 By (0)
3 By()
6k +5 1 By (£)
2 By (¢)
3 By (¢)
PROOF. Let ¢ be odd. By Lemma 5.12, we have
Case { = 6k + 1. A;(¢) = [2 + 3k, 1+ 3k,3 — 6k].
Case { = 6k + 3. A;(¢) = [1 + 3k, —6k,5 + 3k].
Case { = 6k + 5. Ay (¢) = [-3 — 6k, 5 + 3k, 4 + 3k].
¢ =06k+1 {=06k+3 ¢ =06k+5
A (0)=! {2+3k —1+3k,---} {2+3k 1+3k,---} {2+3k 1+3k,---}
6—52-37323’.__} £—52-17£27”_} 621762"‘_}
Ay (0)=2 {2+3k 1+3k,---} {2+3k: 1+3k,---} {5+3k: 2+43k,---}
Z-52-3’Z—12-17.__} 6-52—1’627”_} 5—12-5762’_”}
A (0)=3 {2+3k; 1+3k,---} {5+3k; 2+ 3k, } {5+3k 4+ 3k, }
7{6237@51,“ } 7{@2772451’“.} 7{8455,6453’___}

Table: 2 — 3A + 3B € x=i. Case ¢/ =
A (£)=20r Ay (0)=3

2_3A+3B<T

which is BA; ().

is 43, S0if 2 — 3A 4+ 3B is in 2=

or r=2

0+ 3 e p_

CDIN

A<

96

or

=3, then

CDI»—t
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Case { = 6k + 3. The largest element of 4 (£)=! or A;(¢)<*is 1. Soif 2—3A+ 3B

isin <! or =2, then

~

2—3A+3B§HTI<:)B—A§6—

DO | —

which implies BA; (¢). The largest element of 4;(¢)<3 is &Z. Soif 2 — 34 + 3B € z=%,
then

¢ 7 ¢ 1
2—-3A B<-+-B-A<-+-
3A+3 _2+2<:> _6+2

which is BA3 (/).
Case { = 6k + 5. The largest element of A, (¢)<!is 5. Soif 2— 34+ 3B € 2=', then

(-1
2—3A+3B§T<:>B—A§

D~
| Ot

which implies BA; (). The largest element of A;(¢)<* and A;(¢)<3 is &2, Soif 2 — 34 +
3B isin =% or =3, then

|
2—3A+33g“75<:>3—,4§§+6

which is BA» (/).
Table: 1 + 3A € x=I, Case ¢ = 6k + 1. The largest element of A;(¢)=! or A;(¢)=%or
A (0)=?is B2 Soif 1 + 3A is in 2=! or =% or 2=, then

C+3 (+1 1
1 A< — S A< —=k+-.
+3A < 5 = A< 6 —|—3

Since A € Z, A < k = 21, which is A;(¢).
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Case { = 6k + 3. The largest element of A;(¢)<! or A;(¢)=?is 41. Soif 1 4+ 3A is in

2= or =2, then

¢ 1 ¢ 1
1 A< -+ A< - ——
+3 _2+2<:> <3

(e}

which implies A; (¢). The largest element of A;(¢€)<* is &7, Soif 1 + 34 € z=?, then
l f
1+34A< = 5 + ; S AL =

AsAeZ,A<k+1==%+1 whichis As(().

Case { = 6k + 5. The largest element of A (¢)<'is 1. Soif 1 + 34 € 2=!, then

-1 14
1 A< — s A< - —
+3A < 5 & <3

N | —

which implies A, (¢). The largest element of A;(¢)<* and A;(¢)<% is 42, Soif 1 4+ 34 is
in =2 or =3, then

1+3A<€+T5<:>A§§+

AsA€Z,A<k+1= %41 whichis Ay(0).
Table: 3 — 3B € x='. Case £ = 6k + 1. The largest element of A;(¢)<! or A;(¢)=%or

A;(0)=*is B2, S0 if 3 — 3B is in 2=! or 2=% or 2<%, then

0 0
3_ SB<%3<:>B>—6+

Since B € Z, B > —k 4+ 1 = —£ + I, which implies By (().
Case ¢ = 6k + 3. The largest element of A;(¢)<! or A;(¢)<?is &1, Soif 3 — 3B is in
2= or =2, then

1 ¢ 5
—3B<-+4-oB>——4-
3-3B< 50 B>—+

which is By (¢). The largest element of A;(¢€)<* is &7, Soif 3 — 3B € 2=3, then

Since Be Z,B > —k = —g + %, which is Ba (/).
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Case { = 6k + 5. The largest element of A (¢)<!is 51. Soif 3 — 3B € z=!, then

-1
S—SBSET<:>BZ——+

[S2R I
(SN

which implies B; (¢). The largest element of A;(¢£)<* and A;(¢)=*is &2. Soif 3 — 3B is

in =% or =3, then

(+5 (1 5 1 2
3-3B<—©B>——+_-=-k—-+_-=—-k—~
-2 =766 66 3

So B> —k=—52=—£+ 2 whichis By((). O

COROLLARY 5.43. Let x < A;(¢). Write x = zy, where 2 = t(Aay + Bay) and y €

W inite- Then for i € {1,2,3} we have:
(1) 2—3A+3B €z~ = BA;(().
(2) 1+ 34 €25 = A(0).
(3) 3—3B € x5 = B;({).
PROOF. This follows from Lemma 5.42, using BA; = BA; = BA3, A1 = Ay = A3
and Bl = BQ = Bg. ]
Remark: The Corollary is not as strong as can be shown from Lemma 5.42, but it is all
we need.
Theorem 5.41 shows that if ¢ is even, then since A(¢) = R({), we have © € A({) <

x < w({). The next result gives a criterion for z € A({) in case ¢ is odd. This result will

be used when we determine the set of rationally smooth points.

THEOREM 5.44. If ¢ is odd, then

r<wl)orzr < A () < xqe AL).
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PROOF. (<) If (is odd, A(¢) = R(¢) U{AL({), Az(£)} and A;(¢) > A2(¢) by Lemma
510. zg € A(l) = xzq € R({) or zq € {A1({), A2(0)} = = < w(l) orx < Ay(L).

(=) By Theorem 5.41, if z < w({) then zq € R({) C A({). So it is enough to show
that if = < A;(¢) then zq € A(¢). The proof is identical to the proof that x < w(¢) =

xq € A(L), using Corollary 5.43 in place of Corollary 5.40. O
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6

THE TRANSLATION THEOREM AND SOME CONSEQUENCES

If 7 is even, then R(¢) = A(¥), which implies that ¢ satisfies a certain translation
theorem (Theorem 6.6). If  is odd, then R(¢) # /A\(¢) and the translation theorem fails for
qv. To fix this, we define integers p?¥ which are equal to ¢¥ if ¢ is even, but may differ if
¢ is odd. We prove that p¥ satisfies the translation theorem (Theorem 6.6). Using this we
show that ¢ is always 0 or 1 (Theorem 6.16). In the next chapter these results will be used

to prove the lookup conjecture for spiral elements.

6.1 The sets AV and the integers pY’

If £ is odd, it is not always true that ¢ = qt“(’wv)x (the translation theorem for ¢’ fails).

To deal with this, we define the sets A% and the integers p¥.
Definition 6.1. Given x < w in W, for any non-negative integer ¢ define

Ay :={reR|reqe Al)}

py = (A = (w).

Recall that ¥ := {r € R | ro < w}. If £is even then x < w({) < zq € A({) by
Theorem 5.41, so AY = V¥ and hence p¥¥ = ¢. If /is odd, then AY # U¥. We study AY

because it has nice properties. In the case where ¢ is odd, we will use the p}’ to study the

w

4z -
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Figure 6.1: The integers p»“ for ¢ odd (¢ =11).
The colored alcoves correspond to = for which pf(g) = 1, and the white alco

which p¥® = 0.

102

312
S

]
1231%

ves to x for



XS
Yo
A31231231
131213 131231231/ \3123]2312,
. ®
9=0xq=0/9=0\¢g=0/a=0\q+0
L] L]
121312\ /13123123\ /31231231
13121 1312131 13123 3123123
L] L]
9=0XGg=0/9=0\¢=0 q=1 q=0/aF0
L]
2132 131213 3121)3123
12321 13213 1312 13123 31$31 3121312
L] . 4
a=0xq=0/9=0\¢q=0 7=1 q=0/a=0\q+% 1/a=0\¢g =0
L] ° °
12132 123213 3123 312131
123121 1231213 1232 132 131 312 31213
L] L] L) (] (]
q=0xg=0/q4=0\q=0 7=1 qg=0/aF0N\g=1 g=1 q=0/a4F0
L]
1213123, /12312131 1 312132
231231 1231231234\ 12312 12312 123 321 32132
(£) . . . 1
q= =0\g=0 7=1 g=0/a=0\g=1 g1 7=0/a=0\g+1/a=0\g+0
(€4 . . . e
231237 1231 32 3213 2,0
312312 13123 12131 121 232 23213
L] o (] L]
q= =0\¢g = g=1 q=0/a=0\q = g=1 g=0/aF0
L]
12131 21 232132
13121 2132 213 231 23§21 2312132
L] L] 2
q= =0\¢ = g=1 g=0/a=0\q + 1/q =0\q +
° L]
1213 2312 231213
1321 1312 23123 2312131
. .
q= =0\¢q = g=1 g=0/aF0
2131 231201312
31231 12312 31213123,
q= =0\g=1/a=0\¢g+0
L]
21312 23123123
o 231231
*Z*ON q= = 0
31231231
, T wl(f)
Figure 6.2: The integers ¢, ~ for £ odd (¢ = 11).
()

The colored alcoves correspond to x for which ¢’

which ¢““ = 0.
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®
R p 2312
31213 31231 1231231
=M =0/1=NG=1 g+ 0
21312 23123
1312 1312 1312312 3128123
1= M= ofa=0g =1 q; a=0Ng L /1 F
2132 1213 312.312 31213123
1232 132 13121 13123 31231 3121312
1=2q=0/1=2qg=1 ;0q= q; q = q;l g + 0
12132 3213 13.12 31.23
2312 1231 12321 132 @ 131 312 31213
L] L] L] L]
1T=2q=0/1=2q=1 g =01=N\g=0/1FTN\g=1 g = 0/ = Y\g F 0/9
21312 12131 12.32 13 31.21

Figure 6.3: The integers p2“) = ¢*“) for ¢ even (¢ = 12).

The colored alcoves correspond to x for which ¢ ®

which ¢¥¥ = 0.

= 1, and the white alcoves to x for
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Remark: If z, s;2 € A((), then p} . = p¥. The reason is the following. Let BY = {r |

xrq € A(0)}. Since s1(A(0)) = AL), zr € A(l) < syxr € A(L), we have BY = BY

six*

Then p¥ = p , as p¥ = |BY| — {(w). (Note that | BY| = [A¥| since BY =z~ 'A¥%x.)

6.2 The Translation Theorem for p

In this section, we prove the translation theorem for p and give some consequences. If
¢iseven, py = ¢y . If ¢ is odd, then either p’ = ¢ or p¥¥ = g% + 1 (which occurs depends

on ).
Definition 6.2. Let 3 be one of a1, v, @, and let a < b be integers. Define
[a,blg :={spx | a <k < b}.

By convention, if a £ b, then [a, b]s is the empty set.

THEOREM 6.3. Let w = w({) be a length ¢ spiral element and let xqg € A(¢). Then

A;U = [(11, bl]al U [(1,2, bz]a2 U [5, b}a where
(1) ay = [_é —e+ )\vu(sa1,0$Q)—‘7 bl = Lé +e— )\u(sal,0$Q)J
(2) az = [_é + % +e— >\u(5a2,033'QN> by = \_é +e— )\vu(saz,()xq)J

B) a=[-Lf+1+e—A(saozq)], b= L€+ e — Au(sa07q)].

PROOF. We have s,, yxq € A({) &
y 14
Ao (Sar k2G) = Apu(Saq 02q + ko) = Apu(Sas 02q) — k < 6 +e

14

)\u(Sal,kSL’q> = )\U(Sa170$q + l{fO[:\L/) = >‘u<5a1,0$Q) + k S 6 + c
¢ 1
Mo (S, 500) = Ao(10) > =5+ 5 +e
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The third inequality is satisfied since g € A () by hypothesis. S0 s, € AY < 54, x2q €
Al) &

/ 14
_6 —c+ >\vu(5a1,0xQ> < k < 6 +e— )\U(Sal:oxq)'

Therefore, {sa, | Say kg € A0)} = [a1, b1]a,, Where

14 14
ay = (_6 —e+ )\vu(sal,OxQ)—‘, bl = LB + e — /\u(sal,OxQ)J-

We have s,, rxq € A(l) <

14
)\vu(sag,kxq) = )\vu<so¢2,0$q + k‘Oé;/) = )\vu(sag,owq) +k S 6 +e

l
Au(Sar k2q) = Au(zq) < cte

¢ 1
Ao (S0 kTq) = No(San0q + kay ) = Ay(San02q) + Kk > 513 +e.
The second inequality is satisfied since xq € A({) by hypothesis. S0 s,, 1, € AY <
Sask¥q € A(L) &

¢ 1
5 + 3 +& = Au(Sas0rq) <k <

[S21 QN

+ & — Apul(Sas.029)-

Therefore, {Sa, k | Sank2q € A(L)} = [ag, b2]a,, Where

1

!/ f4
as = [—6 tgte- Ao(8as,07q) ], b2 = Lg + & = Aoul8a2,074) |-

We have sz ,2q € A(l) &
l
)\vu(sa,k‘xQ) - )\vu(xQ) S 6 +e

~ 14
Ma(8a.47q) = Mu(sa0zq + kaY) = Nu(szorq) + k < 6 +e

- ¢ 1
Ao (Sakrq) = Ap(Sa0rq + k‘ozv) = \N(Sa0xq) +k > ~ + 3 +e.

The first inequality is satisfied since xq € A(¢) by hypothesis. So sz, € AY < sz rrq €
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o1
——+ 5 te—A(saorg) <k <

6 3 +e— /\u(Sa,MQ)-

[S2RIReN

Therefore, {sa | saxrq € A(¢)} = [a,bls, where

~ ¢ 1 ~ 14
a= f—é + 3 +e— M\(sa0zq)], b= LE + e — Au(sa07q) .

COROLLARY 6.4. Let w = w({),zq € A(f). Then
IAY| = by + by + b — (a1 4 ag + a) + 3

where a1, as, @, by, by, b are as in Theorem 6.3.

PROOEF. It suffices to show that

|[a1,b1]a1| = bl — a + 1, |[a2,b2]a2| = bg — a9y + ]_, |[5,b]a| = b—5+ 1.
Observe that if a; < by, then the first equality holds, because if a; < by, then
|[a‘17b1]a1’ - |{a17a1 + 17 ttt 7b1}’ == bl — a + 1

Similarly, if a; < bs, then the second equality holds, and if a < b, then the third equality
holds.

If a1 £ by, then [aq, bi],, is the empty set, so we need to show b; — a; + 1 = 0, in other
words, a; = by + 1. Similarly, we must show that if az £ by, then az = by + 1, and if @ £ b,
thend = b+ 1.

We know that zq € A(?). So

Ao (2q) < é + e, Au(zq) < é +e, A(zq) > —g + % +e.
First we show that a; < b; (that is, a; f b1 does not occur). By definition,

a] = [Al—l, b1 = LBlJ
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where A, B, are given by Theorem 6.3. Since s,, orq = xq + nay for some n,

)\vu(sa1,0xQ> = Avu('TQ) - n, )\u(sa1,0xQ> = )‘u(ZEQ) + n. Since rq € A(g)s we have

Ao(q) >

_g + % + ¢. Therefore,

¢ 1
- Al - (6 +e— )‘u<8a1,0xQ>) - (_6 —&+ )\vu(SOA,OxQ))
l
=3+ 26 — M(zq) —n — Apu(zq) + 10
l 1
5 + 2 — (A — A+ M) (2q) = 3 + 2 + A\ (xq)
> ¢ + 2 — f E +e
-3 6 3
! + 3¢ + ! >1
6 3~

since ¢ > 6. The inequality B; — A; > 1 implies b; — a; > 0.

We next consider as, by. In this case we will see that as f by can occur. If this happens,

then [as, o)., is the empty set, so we must show by — ay + 1 = 0. By definition,

Ay = [Aﬂ, by = LBﬂ

where Ay, By are given by Theorem 6.3. Since s,, 02¢ = xq + nay for some n,

6
By Lemma 5.19, A\, (zq) > —% +

So B2

/1 ¢ 1
A2:6+§+8—Av(sa2,0xq):6+§+a—>\v(xq)—
1 14
B2 - +e— /\Uu<socg,OIQ) = 6 +e— )\vu(xq) -
%,so
14 / 1
Bg—Agz6+6—)\w(xq)—n+6—8+/\v(xq)+n—g
14 1
—§+)\(1‘q) 3
>€ €+1_1_0
-3 3 3 3 7

A2>O:>b2—a2 —1. Ifagibg,theﬂbg—ag—l
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Now we consider ZL’,Z. In this case we will see that @ £ b can occur. If this happens,

then [E,g]a is the empty set, so we must show b — @ + 1 = 0. By definition,
a=[A], b=|B|

where /T, B are given by Theorem 6.3. Since sz gzq = xq + na" for some n,

~ ¢ 1 ¢ 1
A:—6+§+6—)\U(Sa,OIQ):—6+§+5—)\v($Q>_”

~ 7 14
B = 6 +e— Mu(saorq) = 6 +e— M(2q) — n.

By Lemma 5.19, A\, (zq) > —£ + 1,50

-~/ ( 1
B—A:6+€—)\u(a:q)—n—|—6—€+>\U(:cq)+n—§
0 1
5+ Aw(@g) = 3
>£_£_|_1_1—0
-3 3 3 3
SoB—A>0=b—a>—1.Ifa<bthenb=a—1. [

PROPOSITION 6.5. Let w(¢) be a length ¢ spiral element. Let xq € A(¢). Suppose AY =

[CLl? bl]al U [CLQ, bZ]ag U [CL, b]a

(D) If t(ay)zq € A(l), then A v\ = [ar + 1,01 + 1o, Uaz — 1, bo]a, U [a + 1, 0]z

(2) If t(a)zq € A(L), then Aioyys = [ar, b1 — 1o, Ulas + 1,by + 1]a, U@, b+ 15
(3) If t(aY)zq € A(L), then Ajisy), = [a1 + 1,b1]a, Ulaz, by + 1o, Ufa + 1,b+ 1.
PROOF. Let 3 be one of ay, ay, or a. Lety = #(3")z, and let A} = [a}, b)]a, U[ah, by]a, U

@, Va.

Step 1: We calculate a}, b. We have s,, x(2) = z — ((z,a1) — k). By Theorem 6.3,

14 l
ap = I__g —e+ /\vu(SaLOxQ)—I» bl - LE +e— )\u(Sal,MQ)J
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and

12 12
all - I__é —e+ )‘UU(SQLUyQ)-Ia bll = Lg +e— )‘u(sa1,0yq)J‘

NOW, Say 099 = Sa,.0Cq + Say 08" So
ay = a1+ Apu(Sa;.08"), b1 = b1 — Au(Say.08").
If 8 = ay, then s,, 08" = —ay, 50 Au(Sa, 08Y) = —1 and Ay (Sa, 08Y) = 1. Hence
ay=a;+1, b, =b; + 1.
If B = aw, then s4, 08" = @, 80 A\y(Sa, 08") = 1 and Ay (Sa, 08") = 0. Hence
ay =ay, by =b — 1.
If B = @, then s4, 08" = 2, 80 A\y(Sa;,08") = 0 and Ay (Sa,08") = 1. Hence
ay=a;+1, b, =0;.
Step 2: We calculate a}, b,. We have s, x(2) = z — ((z, a2) — k)awy . By Theorem 6.3,

/1 14
a9 = (—6 + =+ — A(San.029) ], b2 = | = + € — Apul(San.02q) ]

3 6
and
, ¢ 1 N
ay = (—g +tgte- Ao (San,09q) ], by = Lg + & — Apu(Saz009) |-

NOW, S05.0Y0 = Sas,02q + Say.03". SO
ahy = az — M\y(Sap.08"); by = ba — Apu(San08”).-
If B = oy, then $4, 08" = @V, 80 Ay(Say06Y) = 1 and Ay (Sa,08") = 0. Hence
ay = as — 1, by = by.
If B = au, then s,, 06" = —ay, 50 A\y(Say08”) = —1 and Ay, (Say08”) = —1. Hence
ay=as+ 1, by =0by + 1.
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If B =@, then Sa, 08" = ', 80 Ay(Say,08") = 0 and Ay, (Sa,08") = —1. Hence
ay = ag, by = by + 1.

Step 3: We calculate @, b'. We have sar(z) = z— ((#,a) — k)a". By Theorem 6.3,

- ¢ 1 ~ J4
a=[—=4=4+¢e—N(sa0zq)], b= =+ ¢ — Au(s502q)]
6 3 6
and
A o
a = (—6 + 3 +e— A(Sa0yq)], b' = Lg + e — Au(sa0yq)].

Now, Sao0yq = Saorq + saoB”. So
@ =a— M(5508"), V=0 — N(sa08").
If B = oy, then s508" = —a, s0 A\y(sa00Y) = 0 and \,(sz00") = —1. Hence
d=a+1,0=0
If 8 = g, then 508" = —ay, s0 A\y(saofY) = —1 and A\, (sz08") = 0. Hence
@ =ab=>b+1.

If B = @, then s508" = —a”, 50 A\u(s3.08") = \(sa0BY) = —1. Hence

@=a+1,0=b+1.

The following theorem is the main result of this chapter.

THEOREM 6.6. Let w be a length ¢ spiral element. If y = ¢(v")x for vV in the coroot

lattice and both xq, yq € A(), then
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PROOF. It suffices to prove this in case 7y is one of «, a, or a. Corollary 6.4 implies

py =Ll(w) — |AY| =Ll(w) — (b +bs+b) + (a1 +az+a) — 3

pY = l(w) — |AY| = f(w) — (b + Vy + V) + (a) +af +7T) — 3.

Here af,a),a’, b, by, b are given in terms of ay, as, a, by, by, b by Proposition 6.5. These

formulas imply that [A}'| = [A}, hence py = p}. O

6.3 Calculations on coset representatives

To apply the translation theorem we must calculate p}’, where x runs over a collection of
coset representatives for L(®") in W. By Theorem 5.7, the elements {w({—i) | 0 < i < 5}

form such a collection. In this section we calculate py,_,.

LEMMA 6.7. Let 2 = aay + bay. Then
(1) Au(s12) =b—a, \(s12) =b, Au(s12) = a.
(2) Au(s22) = a, Ay(s22) =a —0b, Apu(s22) = —b.

(3) Mu(sao0z) = —b, A\y(sa02) = —a, Au(sanz) =b—a.

PROOF.  This follows from si(a)) = —af,si(ay) = @Y, s2(a)) = @Y, s2(ay) =

—a, sao(a)) = —ay, saolay) = —af. O
The next proposition describes ¢’ when w is an even length spiral element and = €
{w(),wl—1),w(l —2),w(l —3),wl —4),w(¢—5)}. This gives ¢* when w is an even

length spiral element and @ € Wippe.

THEOREM 6.8. Let w = w(¢) be an even length spiral with length ¢. Then

w(f w w w w w
qw((ei =0, Gue—1) =0, Que—2) = 05 Guw—s) = 1, @1y =1, Q-5 = 0.
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Let w(l) = 1898351 - 5i5;5k, ws, < w. By Proposition 4.6, ¢’ = ¢, , so

PROOF.
w(l) _ w(l) wl) _ w(l)
Qo) = Qw(e=1) Yw(e—3) = w(t—1):

0. This is always true as

(1) We have qzjjfj))

G = {r € R w <wr Sw}| = ({(w) - L(w)) = [&] = 0.

(2) We have qg(g_l) = 0. This follows from (1) and Proposition 4.6.

(3) We show qg(e—z) = 0. Since ¢ is even and ¢ — 2 is even, by Lemma 5.6,

1—(—=2 2—(0—2 33—/ 4 -/
w(l —2)q = (3 )ozY—l— (6 )a;/: 3 af + : .

Using Lemma 6.7 we calculate. First we calculate A/ ,_,). By Theorem 6.3,

14 ¢ 3 ¢ 14 14
a; = f—g — e+ A(siw(l —2)g)] = f—g t3- gw = f—§ +1] = —5tl
/¢ e 2 0 2
by = L6+€—)\u(81w(€—2)Q)J = L6+6—6J = LEJ =0
¢ 1 r 1 2 7
ay = f—6+§+6—/\u(82w(5—2)®1 = f—6+§—6+61 =[0]=0
1 ¢ 4 7 4
fr—y — — — 2 fry — —_— = fry — =
¢ 1 ¢F 1 3 7/ ¢ 4 14
a=[—+—- — M\ (85 {—2 =4+ =-+=-—=]=—=4+=]=—=+2
~ 1 ¢ 4 7 4
b= Lg + e = Au(saow(l —2)q)| = LE 6 EJ = LEJ =0
Therefore
w 14 14
No—2) = [—5 +1,0]o, U{0},, U [—5 +2,0]5.
By Corollary 6.4,

q:ﬁ(efz) = |A$(£_2)| — {(w)
14 14
:(0—(—§+1)+1)+1+(0—(—§+2)+1)—£

=0.

113



(4) We show ¢,,,_5) = 1. Since ¢is even and ¢ — 3 is odd, by Lemma 5.6,

1—(0— (- 4 _
w(l —3)q = (g 3)041v+3 (é 3)0z¥: 3£oz1v+6 ¢

6

Vv
a2.

Using Lemma 6.7 we calculate. First we calculate Aﬁ(g_?)). By Theorem 6.3,

o= -5 — e+ il —3)q)] = [—5+53 — 51 = [—5 +3] = =

b= L6+ e - (sl - 3)g) = [

I
+
I
|
| >
—
I
—
i
I
[es}

¢/ 1 1 2 7/
as = (—6+§+€—)\U(52w(€—3)qﬂ = (———1—5—6 6} =[0]=0
14 {6 ¢
by = LE +e— Apul(s2w(l —3)q)| = Lg ts~ EJ =[1]=1
- 1 ¢ 1 4 7 ¢ 5 14
= | —— — — ~ — = | —— — _— | = | —— —_ = —— 2
~ 14 { 6 7
b= Lg +e = Au(sa0w(l —3)q)| = Lg tg— BJ =[1] =1
Therefore
w 14 1
Aw(€—3) = [_5 + 2,00, U[0,1]0, U [_5 +2, 1.
By Corollary 6.4,

qg(z—g) = |A$(E—3)| —l(w)
l 14
:(O—(—§+2)+1)+2+(1—(—§+2)—|—1)—€

=1.

5 qg(é_ p = 1. This follows from (4) and Proposition 4.6.

(6) We show q}j(,zﬁ,)) = 0. Since ¢ is even and ¢ — 5 is odd, by Lemma 5.6,

1—(—5 3—(—-5 6—/¢ 88—/
w(l —5)q = (3 )ozY—F (6 )a;/: 3 af + G Q.
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Using Lemma 6.7 we calculate. First we calculate Ag(g_g)). By Theorem 6.3,

1 ¢ 6 / ¢ 6 1
al—(—6—5+)\vu(81w(f—5)q)—|—(—6+§—§—|—[—§+§—‘——§+2
1 14 4
b1—L6+€—>\u(81w(€—5)Q)J—L6+8—6J—LEJ—O

¢ 1 ¢ 1 4 7 1
ag—[—6+§+8—)\v(82w(€—5)qﬂ—[—6+§—6+61—[—§1—0
14 ¢ 8 / 8
b= [z +e—dulsawll=5)g)] = +c-cl=1:]=1
¢ 1 ¢ 1 6 / 7 1
G=[—=+=+e— A(saow(l — [ g oS =[] = —=
a [6+3+e (saow(f —5)q)] [6+3+3 3] (2+31 2+3
~ ! ¢ 8 ! 8
b=l +e—Aulszow(l =5)g)] = [+ -l =1l =1
Therefore
w ¢ 14
Aw(€75) = [_5 + 2, O]Ctl U [07 1]042 U [_5 + 3, 1]&'
By Corollary 6.4,

q:ﬁ(efs) = \A$(475)| —{(w)

:(0—(—§+2)+1)+(1—0+1)+(1—(—§+3)+1)—€
= 0.

U

Remark: If w is not spiral, then we can have ¢’ > 1. For example, in type A,, @y =2
for w = $1598351525153, T = Ss.

The next proposition describes p when w is an odd length spiral and x € {w(¢), w(¢—

1), w(l —2),wl —3),w(l —4),w(¢ — 5)}. This gives p¥ when w is an odd length spiral

and x € Weinite.
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THEOREM 6.9. Let w = w(¢) be an odd length spiral element of length ¢. Then

w(

¢ w w y . .
pw(fg =0, Pue-1) = 05 Pue—2) = L, Pu-3) = L Pue—a) = 1s Pue—s) = 1-

PROOF. (1) We show p;; ;) = 0. Since { is odd, by Lemma 5.6, w({)q = oy + #ay.

Using Lemma 6.7 we calculate. First we calculate A/ .. By Theorem 6.3,

14 ¢ 1 1 ¢ ¢ 1 (+1
a1:[—E—E—F)\uu(Slww)qﬂ:[—6—6+§—§—|:[—§+6—|:—T—|—1
bp:%+a—M@wme:%+%_é_ghﬂm:0

ag = f—€+1+8—/\v(82w(€)qﬂ = {—§+1+l+1+€] = [21 =

6 3 6 3 6 6 6 3
l ¢ 1 3 ¥ 2
by =g +e—dulszw(f)g)] =g+ e+ e-cl=13]=0
~ ¢ 1 ¢ 1 1 1 7 ¢ 5 (-1
= | —— — — ~ = | —— — — —_— | = | — = _ = —— ]_
a=[-gtgte—A(saow()g)] =[-c+gtetg—gl=I-5+] 5t
~ /L ¢ 1 3 /L 2
b = Lg 4+ — )\u(sayow(ﬁ)q)j - Lg —+ 6 + 6 - EJ == LgJ = 0
Therefore
w C+1 (-1
Aoy = [—T +1,0],, Uy, U [—T +1,0];.
By Corollary 6.4,

plwv(e_n = |A:Z(e_1)| — {(w)

:(0—(—HTI+1)+1)+O+(0—(—K_Tl+1)+1)—£

=0.

(2) We show py, ;) = 0. Since ¢ is odd and ¢ — 1 is even, by Lemma 5.6,

\Y%
a2-

L= ((—1) , 2—(—=1) , 2-0., 3—1

wl —1)g = 3 ay 5 as 3 ay + 5
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Using Lemma 6.7 we calculate. First we calculate Ag(é—l)' By Theorem 6.3,

14 ¢ 1 2 ! ¢ 1 -1
ay = f—6—5+>\vu(51w(f—1)cm = f—6—6+§—§1 = (—§+§] =T

l 1

b= g +e— Ml — )| =[5+

¢ 1 ¢ 1 1 1 ¢ 2
a2:[—6+§+5—Av(szw(€—1)q)1:[——+—+ +

by = Lé + & = Au(s2w(l = 1)q) |

Il
SN
+

~ ¢ 1 ¢ 1 1 4 7 ‘7 (-1
a= [—6+§+5—/\U(Sa,ow(5—1)6m = [—6+§+6+———]

b:L§+5—AJ%mM€—U®J

Therefore

(-1

w (-1
T

,0]a, U g, U [—T + 1, 0];.
By Corollary 6.4,

pﬁ(zq) = ‘Ag(éfl)‘ — {(w)

:(0—(—E_Tl)+1)+0+(0—(—€_71+1)+1)—£

=0.

(3) We show pg(@—m = 1. Since ¢ is odd and ¢ — 2 is odd, by Lemma 5.6,

1—(0—2 3—(l—-2 ¢ 5 /
w(€—2)q:%ay+%a¥: (1—§)a1v+(6—6)a§/.

Using Lemma 6.7 we calculate. First we calculate Az( ¢—9)- By Theorem 6.3,

= 5=t Ao~ 2))] = [~ — s+ 1 2= [—£ + 2] == 41

14 ¢ 1 1 ¢ 1

b1=L6+€—)\u(81w(5—2)Q)J:LEWLE 6 6 LgJ—O

¢ 1 ¢ 1 1 1 ¢ 1

— [—Z 4 = — -9 =[——4+ -4+ -4+ -] =[=]=1
az = [ stgte Ao(s2w(€ —2)q)| = | 6+3+6+6+6W (5]
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14 ¢ 1 5 7/
= |- — -2 =|l-4+-4+-——| = =1
b= L2+ 2= Alsaw(t = 2))) = [z + ¢+ — =] = [1]

{1 1 1 /¢ ¢ 3 /-1
a=|—=+=-+c—),(s5 0—2 = l——+=-+-+1——=|=[—=4+==——
a=1| sT3Te v(saow(l—2)q)] = [ st3tet 3] [ 2+21 5+

~ 14 f 1 5 /7
— —_ — ~ — = — —_ —_ — = = 1 :1
b=z 2~ Nsagw(l—20)) = g+ =+ — = = [1]
Therefore
w /-1 -1
Aw(272) = [_ 9 + 170]01 U {1}Oé2 U [_ 9 +1, 1]&'
By Corollary 6.4,

pg(efz) = |A$(1372)| —{(w)

S I R et R’

=1.

(4) We show pg(#g) = 1. Since ¢ is odd and ¢ — 3 is even, by Lemma 5.6,

1—(¢—3 2— (-3 4—1 51
3 )Ozlv 6 )ozgz 3 alv—I— 6 ozg.

w(l —3)g =

Using Lemma 6.7 we calculate. First we calculate A$(€_3). By Theorem 6.3,

¢ 1 4 7 ¢ 7 (-1

14
a; = [—6—€+)\vu(81ww—3)Q)—| = [_6_6—’_5_51 = [—54—6—‘ :_T+
b= [ e~ Mo =8))] =[5+ 40— o] = 2] =0
0 — [—§+%+5—Av(52w(e_3)qﬂ _ [—§+%+é—%+g1 _ 0] =0
b= [ e = Aol = 8))] = L5+ 2+ 20— o) = 1] =1
a= (—§+§+5—Av(sa,ow(£—3)qﬂ = (—é+%+%+§—§1 = (—§+%1 = —%—F
b= Lg%—s—)\u(saow(ﬁ—?))q” = L§+é+g_§J =|1] =1
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Therefore

w(l—3) — [_T + 17 0]041 U [07 1]042 U [_T + 27 1]&-

By Corollary 6.4,

p3(3—3) = |A$(e—3)| —l(w)

:«L4e£%l+1y+n+41—0+1y+a—w—£%l+2y+n—e

=1

(5) We show py,_,) = 1. Since £ is odd and £ — 4 is odd, by Lemma 5.6,

1—(—4) , 3—(—4) , 5—C , 7T—0

Using Lemma 6.7 we calculate. First we calculate Az(ef y- By Theorem 6.3,

a; = [—g—e+>\w(slw(€—4)q)1 = (—g—é+g—§1 = [—§+21 z—g_TlJrl

b= [t e = Muls(—4)g)] =[5+ 42— o] = 2] =0
ay = [—é—l—%—l—é—/\v(SQw(ﬁ—ll)qﬂ = [—§+%+é—g+§] =[0]=0

b= L5 e ot —9)] = g+ +0— )= 5] =

i = [ tg e Malsaou(t—)g)] = [~ s b o] = o b ] = L4
B= g +e— Mmoot~ )] =[5+ 5 +1 -] =15] =1

Therefore

w(e—1) = [_g__1 +1,0]0, U0, 1]a, U [—E—l +2,1]5.
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By Corollary 6.4,

plwu(zfzx) = |A$(573)| —l(w)
(-1 (-1
:(0—(—T+1)+1)+(1—0+1)+(1—(—T+2)+1)—€

=1

(6) We show pg(us,) = 1. Since ¢ is odd and ¢ — 5 is even, by Lemma 5.6,

1—((=5) , 2-(=5) , 6-0 ., 70

w(l —5)q = 3 ay + 5 ay 3 ay + 50
Using Lemma 6.7 we calculate. First we calculate Az(e—g))- By Theorem 6.3,
i =[5 =+ dlsw( = 5)q)] = [—g— g+ — 3] = [+ 5] =~ = +2
b= [ te = Muls(=5)g)] =[5+ 40— o] =[1] =1
t = [t 3 e = Alsmult —9)q)] = [+ 345 — 2+ ] =[~3] =0
b= g+ e~ Aulow(l = 5)a) = g + g + o — <l =51 =1
a= (—§+§+5—Av(sa,0w(£—5)qﬂ = (—g+%+é+g—§1 = (—§+%1 = _K—Tl+2
b= e +e—Mlsaow(t~5)g)] =[5+ s+ 2~ <] =13] =1
Therefore
w(—5) = [—K_Tl + 2,10, U[0,1]a, U [—E_Tl + 2,15

By Corollary 6.4,

p%(z—sy) = |A5(ﬁ—3)| — {(w)

=(1—(—K_Tl+2)+1)+<1—0+1)+(1—(—E_Tl+2)+1)—£:1.

[l
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COROLLARY 6.10. Let w = w(¥). Then pY is always 0 or 1.

PROOF. By Theorem 6.8 and Theorem 6.9 p¥ is 0 or 1 if z = w(¢ — i), 1 < i < 5. (Note
that if / is even then p = ¢\).
By Proposition 5.7, any = € W is of the form = = ¢(v")u, where u = w({ — i), some

i €{0,1,2,3,4,5}. Therefore, p¥ = p is 0 or 1 by translation Theorem 6.6. 0]

6.4 The integers ¢*"* for ¢ odd

If 7 is even, then p¥ = ¢¥. If ¢ is odd, then we need some further results to better

understand ¢’

Definition 6.11. Define

Rop :={zq |z e W,x € R({),re = Ay({) or rz = Ay(¢) for some reflection r} and set
) rq € RQA

0, xq ¢ Ron.

Observe that 7 = |RY

, Where
RY = {r | ris areflection with rz = A;(¢),7 = 1 or 2}.

Since Ay(¢) = s1A1(¢), it is not possible for there to exist two reflections 71,7y with
mMTx = A1<£> and o = AQ(K)

Rsa can also be described as follows.

Ron = {rA1(O)q | 7A1(0)g € A0} U {rAs(0)q | rAs(0)q € A(0)}

= {rAi(0)q | r € A0 YU {rAs(0)q | r € A5}

We have z < w({) < xq € R({) (Theorem 5.41). This implies the following lemma.

LEMMA 6.12. Let w(¢) be an odd length spiral element. ¢ = p¥ — r¥.

T
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PROOF.  For an odd length spiral element w(¢), A(¢) = R({) U {A;(¢), A2({)}. By
Theorem 5.41, rz < w({) < rzq € R(¢). Hence AY = V¥ L RY. Then

A7 | = €(w) = [V + | R = £(w).

Sop¥ =qy +ry. O
Our goal is to show that if y € Raa, then p;’ = 1. We first calculate A% 0 Af{;z(ﬁ).

Then we find four coset representatives.

PROPOSITION 6.13. Let ¢ be odd. Then
(1) Ajl(f) = {O}Oél U [17 %]O@ U [17 gil]a'

(2) Aﬁz(e) = {0}041 U [17 %]a2 U [17 Zﬁl]a'

PROOF. Since ¢ is odd, by Lemma 5.10,

{—1 /
Ai(l)q = Talv + gag

/+1 V4
As()q = 5 V+ 5045-

i = [t~ Al (OD)] = [~ — 2+ L= 1] =[] =0
b= e MlaA0n] = £+t -t =0/ =0
W EH i | I S B e R I
b= Lo+ e - Aot (O0)) = [+ S+ E = 1S4 b= L G -
A=ttt e A O] = £+ s by bl oo

B= g +e—Mlsaodi(0n)] = [+ +5)= Lo +5) =20



Therefore

(-1 (-1

— o U[L, ——a-

A%1(€) = {0}061 U [17 9 9

Now we calculate AXQ( 0 using Lemma 6.7. By Theorem 6.3,

i =[5 e+ dlsdx(O)a)] = [—5 = 5+ ¢ +51 = [0] =0
b= Lg+e = o1 A(00)] = 5+ 5+ 5 5] = 5] =0
tr = [g 42 +e = A(sAs(Oq)] =[5+ 3+ 5+ el = %1
b= L5+ e = AloaAaO0)] = L5+ 5+l =[S+ el =15+ 5] =5
a= f—§+%+€—/\v(sa7oA2(€)qﬂ = [—é+%+é+§+é1 = ?,
D= lg+e—Mlsaode(00)] = g +5+35) = (5 +5) =
Therefore
= {0}, UL, 5o UL 5 s

PROPOSITION 6.14. Let ¢ be odd. Let m = ==

(1) Ifyq € Rop, theny = t(")z, where
2 € {SapmA1(0), samAi1(0), SaymA2(L), sa.mAa(l)}.

(2) SasmAr(l) = t((m — 1)a")w(l - 3),

(
SasmA2(€) = t((m —1)a")w(l — 4),
samAz(l) = t((m — 1)a”)w(l - 2),
samA1(f) = t((m —1)a” — afjw(l = 5).
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PROOF. (1) By Proposition 6.13, if yg € Raa, then y is one of the following:

Y = SariA1(€) = t((i = m)ay) sy mAi (L)
y = sa;A1(0) = t((i — m)a")szgmAi(l)
Y = SaiAa(l) = t((i — m)ay) 805 mAs(l)

y = sz As(0) = t((i —m)a")sgmAz(l).

Note that s ; = t((i — m)BY)sgm. Note also s, 0A1(£) = Az(f) and s,, 0A2(¢) = A1 (L),
not in Raa.

(2) Since ¢ is odd and ¢ — 3 is even, by Lemma 5.10 and Lemma 5.6, we have

/-1 14
Sap,mA1 (f)q = t(ma;/)SQ(— ! 5
/-1
9 2

= (

Therefore sq, ,A1(¢) = t((m — 1)a")w(¢ — 3). Similarly,
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1-((=5) , 2-((=5)

t(m — 1)@ — al)u(l - 5)g = H{(m — 13" — a})(——5—af + ———a})

6—¢ 7TV (-1 ~
=—3 o) + 5 oz;/—i-(T—l)on—aY

¢ 1 ¢ 1
:(6—§)a¥+(§—§)a§.

Therefore s, A1 (¢) = t((m — 1)a¥ — o )w(¢ — 5). Similarly,

savag(E)q:t(m&’v)sayo(H—l v Loy

—1_ 14
— (@) (gl — 5al)

Therefore sz, A2(¢) = t((m — 1)a¥)w(¢ — 2). Finally,

(41 14
SaamA2(0)q = t(m@g)SZ(TOéY + gozg)
(-1 , 0+1_, ¢
(e - o)
¢ 1
TG

= t(

H{(m — 1)@yl — 49 = 1(m — DAL ay + 2= E= oy
=3 a1v+76£a§/+(£_71—1)~v
= (54 D)ot + (5~ 3)o
Therefore sq, , Aa2(0) = t((m — 1)a")w((l — 4). O
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COROLLARY 6.15. If yq € Ran, thenp = 1.

PROOF. This follows from Proposition 6.14 and Theorem 6.9 and the translation theorem

Theorem 6.6. U

THEOREM 6.16. Let w = w(/) be a spiral element in type A,. Then q¥ is always O or 1.

PROOF. If /is even, then ¢’ = py and this is Corollary 6.10.

Suppose £ is odd. If © ¢ Ry, then ¢¥ = p¥ — r?¥ = p¥ — 0 = p¥ which is 0 or 1 by

xT

Corollary 6.10. If x € Ry, then piY = 1 by Proposition 6.15. Therefore ¢’ = p¥ —r

1—1=0byLemma 6.12. U

The following corollary is used in Chapter 7.

COROLLARY 6.17. Let £ be odd, w = w(¢),z < w. If either p¥’ = 0 or ¥ = 1, then

gy = 0.

PROOF. We have p)) > ¢ = py — ry > 0. By the coset theorem Theorem 6.9 and

translation theorem Theorem 6.6, p¥’ is either O or 1. The result follows. OJ
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7

THE RATIONALLY SMOOTH POINTS AND THE LOOKUP

CONJECTURE

In this chapter we apply our results about the Bruhat order and the integers ¢’ to the
study of rational smoothness. In Section 7.1, we describe the set of rationally smooth points
of X (w(¥)) in terms of the geometry of the triangle region. Precisely, we prove (Theorem
7.1) that if z < w(¢), then the point zB € X (w({)) is not rationally smooth if and only if
xq € A(£—3). Using this we identify the maximal non rationally smooth points of X (w(¢))
(Theorem 7.2). In Section 7.2, we apply these results to prove the lookup conjecture for

spiral Schubert varieties.

7.1 Identification of rationally smooth points

In this section we describe the set of rational smooth points of X (w(¢)). Using this,
we identify the maximal non rationally smooth points in X (w(¢)). Since a point 2B is not
rationally smooth if and only if x is less than or equal to a maximal non rationally smooth

points, this gives an alternative criterion for rational smoothness.

THEOREM 7.1. Let w = w(¥) be a spiral element of length ¢ with length ¢ > 6. Then the

point B € X (w(¢)) is not rationally smooth < xq € A({ — 3).

From Theorem 7.1 we can deduce the following theorem, which identifies the maximal

non rationally smooth points in X (w(¢)). Recall that 4, (¢) := t(52a")w(¢) for ¢ odd.
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=
1312
q = =0/9 =
L]
2132 1213 312312
1232 132 13121 31231 3121312
1I=2Dq=0/1=2qg=1 ;0q== a=01=2g =1 g+ 0
12132 3213 1312 3123
23121 1231 12321 132 o 131 31 31213

1=0g=0/1=0g=1 q;oq: q;oq: q;l g=01=Ng £ 0/ F

21312 12131 12.32 13 31.21 312132

Figure 7.1: © < w({) n.r.s. < x € A(¢ — 3) and the lookup direction for ¢ even (¢ = 12).
The lookup direction is pictured for x = 51535152, T = 5153515253, T = S3515253 and for
T = S35159.
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Q\
e
31231
131213 13123123 312312312,
. ®
qa=0xq =0/a=0\¢q=0/a=0\q+F
L] L]
21312 13123123 31231231
13121 1312131 13123 3123123
L] L]
q=0xg=0/9=0\q=0 731 q=0/aF0
L]
2132 131213 31213123
12321 13213 1312 13123 31231 3121312
L] 4
q=0Xxq=0/9=0\¢g=0 =1 q=0/aF0\q £ 1/a=0\q &
L] L]
12132 123213 3123 312131
123121 1231213 1232 132 131 312 31213
L] L] L] L] L]
q4=0xq=0/q=0\q=0 q=1 q=0/aF O0N\g=1 qg=1 q=0/aF0
L]
21312 12312131 1 312132
231231 123123123, 12312 12312 123 3 321 32132
@) . . o >
q= =0\¢g=0 7=1 q=0/a=0\g=1 qgF 1 G =0/9=0\q % 1/a=0\¢g %0
(£ . . . i
2312371 1231 32 3213 «2,0
312312, 13123 12131 121 232 23213
. . . °
q= =0\¢g = g=1 q=0/a=0\q= qg=1 qg=0/aF0
L]
12131 21 232132
13121 2132 213 231 23121 2312132
. .
q= =0\gq = g=1 q=0/9=0\q+ 1/a=0\q +
° o
1213 2312 231213
1321 1312 23123 2312131
. °
q= =0\¢q = g=1 g=0/qF0
2131 23121312
31231 12312 31213123
q= =0\¢g=1/9=0\q +
°
21312 23123123
° 231231,
N
¢ = F0
Q, ¢l
31231231

Figure 7.2: © < w({) n.rs. < x € A(¢ — 3) and the lookup direction for ¢ odd (¢ = 11).
The lookup direction is pictured for x = 5153515253 and for x = $3515953.
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THEOREM 7.2. Suppose ¢ > 6.

(a) If £ is odd, =B is not rationally smooth in X (w(¢)) if and only if x < w(¢ — 3).

(b) If ¢ is even, x B is not rationally smooth in X (w(¢)) if and only if x < w(¢ — 3) or

PROOF. By Theorem 7.1, 2B is not rationally smooth in X (w(¢)) < xzq € A(¢ — 3). By
Theorem 5.41 and Theorem 5.44, if /is odd, xq € A({ —3) < x < w(f — 3). If { is even,
rge Al —-3) e <wl—3)orz < A (L —3). O

7.1.1 PROOF OF THEOREM 7.1

We first prove (<=): First suppose ¢ is even. If ¢ € A(¢ — 3), then xzq € R({ — 3),
sox < w(l —3)orx € {A(€ —3), Ay(¢ — 3)}. Since A; (¢ — 3) = t(52aV)w(l — 3),

Theorem 6.8 and the translation Theorem 6.6 imply

q:ﬁ(efs) = q;f)l(efs) =1

Since Ay(¢ — 3) < A;(¢ — 3) by Lemma 5.10, the Carrell-Peterson criterion [5, Theorem
F] shows that B is not rationally smooth.

Now suppose ¢ is odd. Since zq € A(¢ — 3) and ¢ — 3 is even, by Theorem 5.41
x < w(¢ — 3). By Proposition 6.9, Du(e—3) = Pue—z) = Ly the Carrell-Peterson criterion [5,
Theorem F] implies that B is not rationally smooth.

(=): To prove this implication we need a lemma.

LEMMA 7.3. If xq ¢ A(¢ — 3), then ¢ = 0.

Using this Lemma, we complete the proof of (=) of Theorem 7.1. We prove the con-
trapositive: if xq ¢ A(¢ — 3) then x B is rationally smooth. Suppose that xq ¢ A(¢ — 3)
and y > x. We claim that yg ¢ A(¢ — 3). First suppose ¢ is even. By Theorem 5.44,
g ¢ Al -3) &z £ wll —3)orz £ A(¢ —3). Since z < y,y £ w(l — 3)
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ory ¢ Ai(¢ — 3). So by Theorem 5.44, yg ¢ A(¢ — 3). Next suppose ¢ is odd. If
yq € AL — 3), then by Theorem 5.41, y < w(f — 3) as £ — 3 is even. By Theorem 5.41,
zq ¢ A0 — 3) implies © £ w(¢ — 3) as £ — 3 is even. Hence = £ y. The claim is proved.

By Lemma 7.3, q;j’ = 0. So by the Carrell-Peterson criterion [5, Theorem F], 2B is

rationally smooth in X (w({)), as desired.

7.1.2 PROOF OF LEMMA 7.3: THE EVEN CASE.

Consider the four segments E(¢), E5({), E5({), E3(¢ — 1) from Definition 5.18. For
simplicity we write E; = E;({)(: = 1,2,3) and E; = E3(¢ — 1). By Definition 5.18, the

point 2q = uay + vay € A(f) is on E; < xq is on the corresponding line L;.

14 14
L V=—4+ = Ly=L35/{—=1):0=—=+ —.
5’ 3(0) v 6+3’ 4 3(0—1):v 6+3

Li(0) :v—u:é, Ly(0) :u =

First we will show that if zq ¢ A(¢ — 3), then ¢ = 0. To do this we will show that if
xqis notin A(¢ — 3), then xq is on one of the 4 line segments E;, Ey, E5, E; and anything
on Ey, Ey, E5, E, is a translation of one of the 4 elements w = w(¢), w({ — 1), w(l —
2), sow(¢ — 2). We will show that if z is one of these elements, then ¢ = 0. By the
translation theorem Theorem 6.6, if xq is not in A(¢ — 3), then ¢* = 0.

Suppose zq is not in A(¢ — 3). Then at least one of inequalities [;(¢ — 3), Io(¢ —
3), I3(¢ — 3) (Definition 5.15) does not hold. Sov —u £ Z2oru £ “2orv  —£ + 1.
Since * < w, we have g = uaj + vad lies in the triangular region A(¢) defined by

LI (0), I5(¢), and I3(¢), so

_|_

[S2R I
Wl

14 14
U—US—,U§—7UZ—
6 6

va—uﬁ %,theng%2 <v—u< é. Sinceéisevenandv—uisinZorZ:l:%

by Lemma 2.7, we see that v — u = % (This can be proved by considering the cases

¢ = 6k,l = 6k + 2, or { = 6k + 4 separately.) Hence xq lieson E; : v — u = é.
If u £ %, then Z’TQ <u< é. AsuisinZorZ + %, the same argument shows u = é.

Hence zq lieson Es : u = g.
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Ifv Z —% + 1, then —g +::<v< —% + 1. AsvisinZor Z + l, a similar argument

1
3

showsv:—§+§orv:—§+ . Hence xq lies on Fj : v————l— orE4 v_——+—

OJIM

This shows that if xq ¢ A(¢) \ A(¢ — 3), then zq lies on Fy, Fy, E5 or Ey.

We claim that any xq on Fy, s, F3, E4 is of the form x = ¢(v¥)u, where u € § =
{w(?),w(l —1),w(l — 2), sow(¢ — 2)}. First observe that w(¢) and w(¢ — 1) lie on Fj,
w(l) and sow(f —2) lieon E3, w(f — 1) and w(f — 2) lie on Ey, s;w(¢) and syw(f — 1) lie

on Ejs. The reason is that

w(l)qg = 3 af + 6 a
syw(f)q galv + 27_6@/
w(ﬁ—l)q_l_(g_l)ay 3_<é_1)a§/=23€041v+46£a§/
siw(l —1)g = g% + %QQ
w(l —2)q = 1_(§_2)a}/+2_<é_2>a;/: 3;€a¥+4g€a¥
syw(l —2)q = 37_604}/ - 2T_£0z¥.
Hence w(() lies on By as 228 — 12t = L (0 — 1) lies on ) as %24 — £ = L. Similarly

6
w(l) and syw (¢ — 2) lie on E3, w(f — 1) and w(¢ — 2) lie on Ey, s;w(¢) and syw(f — 1) lie
on Fs.
Proposition 2.13 shows that if z and y lie on £; and differ by a reflection, then any
element is a translation of = or y. Therefore any element on 7 U Ey U E3 U Ey is a

translation of one of the elements
{w(),wl —1),w(l —2), ssw(l — 2), syw(l),syw(l —1)}.

Observe that s;w (¢ — 1) lies on E3 and s;w(¢ — 1) lies on Ej, so these two elements are

translations of the other 4 elements in the set. The claim is proved.
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We claim that if w is in the set S = {w(¢), w({ — 1), w({—2), sow({ —2)}, then ¢¥ = 0.
By Proposition 6.8, qf:((f)) = ue—1) = Gue—g) = 0. Also we have t(a)s2w(l —2) = w(l —
5) as t(a")saw(l —2) = sasot(a¥)sqw(l—2) = sot(a )w(l —2) = s983898351w(L —2) =
szsas1w(l —2) = w(l —5). S0 gy, 49 = du(5 = 0 by Theorem 6.6 and Proposition
6.8. The claim is proved. Therefore if zq is not in A(¢ — 3), then ¢ = 0 by the translation

theorem Theorem 6.6. This proves Lemma 7.3.

7.1.3 PROOF OF LEMMA 7.3: THE ODD CASE.

Let ¢ = 2k + 1. First we claim that if zq is not in A(¢ — 3), then zq is on one of
Ey(0), Ey(0 — 1), E5({), E5(¢ — 1), E5(¢). By Definition 5.18, to show this it is enough to
show that xq is on one of Ly(¢), L1(¢ — 1), Lo(¢), Lo(¢ — 1), L3(¢). These lines are defined

by the equations

¢ 1 ¢ 1 1
L . - - = - L : = — — L N = —— —
1) v —u=gt g La(l) ru= g+, Ls(l) v + 5

-1 -1
Ll(ﬁ—l):v—u:%, Lg(ﬁ—l):u:%.

If zq is not in A(¢ — 3), then at least one inequality [, (¢) (Definition 5.15) does not hold.
So

v—uﬁ_ggg oruﬁggg orv;f—g_TS—i—

1
3
Since z < w, we have xq = uay + vay lies in the triangular region A(¢) defined by

u<£+1 >_€+1+1
—6 6 3 6

<€+1
v—u< = 7
6 6"

67
Ifo—ug 3 then 2 <v—u<i+1 Sincel=2k+1k="51,
k—1<3v—u)<k+1.

By Lemma 2.7, 3(v — u) € Z. So either

k l
—_ :k — = —_ = — = - —
3(v—u) S v-u=g 5
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or

k1 (-1 1 ¢
3 — =k 1=v— = — - = _ = _
(—w)=k+l=sv-u=g+o=——+o=c+
Hence zq lieson Li(¢) : v —u=~%+2or Li({ —1) : v —u =L Ifu £ 52, then

-3 L 1
T<U§6+6.SO
k—1<3u<k+1.

By Lemma 2.7, 3u € Z. So either

k ¢—-1 ¢ 1
:k —_——_—- = —_——— = —_— — =
3u = U 3 5 576
or
k1 /-1 1 ¢ 1
3u +1=u 3+3 5 —1—3 6+6

Hence zq lies on Ly(€) : u = £ + Lor Ly(0 — 1) : w = L If v f =52 4 1 then

—Lp il <o <5241 Then =4 < 3v < =455, By Lemma 2.7, 3v € Z, so
3v = =43 v = =L Hence zq lies on L3(¢) : v = —£ + £ + 1. The claim is proved.

We show that if xq € FE;(¢), then ¢¥ = 0. By Proposition 2.13, every element x
with zq € E\({) is of the form t(ia¥)A,(¢) or t(ja")sz0A1(¢) for some 4,j. If z =
t(ia¥)A; (€), then z = t(ia")t(5ra ) w(l) = t(ia¥ +5La" )w(l). By translation theorem
Theorem 6.6 and coset theorem Theorem 6.9, p)) = 0, so by Corollary 6.17, g% = 0. If
r =t(ja")szoAi((), then x € Rya. Sor? = 1. So by Corollary 6.17, ¢ = 0.

We show that if xq € Ey(¢ — 1), then ¢¥ = 0. Since w(¢ — 1)q lies on Ey(¢ — 1),
by Proposition 2.13, every element = with zq € E;(¢ — 1) is of the form ¢(ia")w(¢ — 1)
or t(ja)szow(f — 1) for some 7, j. If x = t(ia¥)w(¢ — 1), then p¥ = 0 by translation
theorem Theorem 6.6 and coset theorem Theorem 6.9,. So by Corollary 6.17, ¢ = 0. If
r =t(ja")szow(l — 1), then x € Rya. Sor? = 1. So by Corollary 6.17, ¢* = 0.

Since s1(E1(f)) = Es(€) and s, (E1 (£ — 1)) = Ey(¢ — 1) and ¢ = ¢}, we conclude
q¥ = 0 for zq on E5(¢) and ¢¥ = 0 for zq on E5(¢ — 1).
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We show that ¢ = 0 for zq on E5(¢). Since for xq on E3({), x = t(icy)w({) or
x = t(jon)w(l — 1) for some 4, j, and py, ;) = py,_;) = 0 by Proposition 6.9, we have
p¥ = 0 for xq on E3(¢). If xq is on E3({), then p¥ = ¢¥. So ¢% = 0. This proves the

Lemma.

7.2 Lookup conjecture for spiral Schubert varieties

The main purpose of this section is to prove the following theorem, which states that

the lookup conjecture is true for spiral Schubert varieties X (w(?)).

THEOREM 7.4. Let w(¢) be spiral element. Then B is not rationally smooth in X (w(¢))
if and only if either ¢;’ # 0 or g;’ # 0 fory = rz,r € R,z < y < w, where R is the set of

reflections. In other words, the lookup conjecture holds for X (w(?)).

The implication (<) follows immediately by the Carrell-Peterson criterion [5, Theo-

rem F]. So we need to show (=).

7.2.1 PROOF OF THEOREM 7.4: THE EVEN CASE

By Theorem 7.1, x < w(¥) is n.r.s. < x is in A(¢ — 3). So we must show: if z €
A(l — 3), then either ¢’ # 0 or g, # 0 fory = ar, v <y < w.
Suppose xq is in A(¢ — 3). By Proposition 5.7, any xzq € A(¢ — 3) is of the form

x =t(yY)u where u = w(¢ — i), some i € {3,4,5,6,7,8}. By Proposition 6.8,

Qu(e-3) = Quw(e—a) = L, Qu(e—5) = Qu—6) = Gwe—1) = Qu(e—s) = 0-

Ifz =t(yV)w(l —3)orz =t(y")w(l —4), then g’ = g,y 5 = lorgy =gy, , =1by
translation Theorem 6.6. This shows that the lookup conjecture is true for x = ¢(v")w(f —

3)and x = t(yV)w(l — 4).
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Let x = t(vY)w(¢ — 5). Suppose k < (a¥,xzq) < k+ 1. Since xq = t(vY)w(l —5)q =

w(l —5)q+ Y,
By Lemma 5.6,
1— (-5 3— (-5 14 4 7
w(l —5)q = %al + <T)a2 =(2- §)a1v + <§ — 6)04;.

Then since (@, o) = (@, ) = 1, we have

@.5) (@l —5)g) = (2 - (1) + (3~ (1) =3

At least one of sg 2z and sz 12 is greater than z. We will show that at least one of

these is a lookup direction from z. We show that both sz ,x and sz ;412 are < w. Let

v = Aoy + Bay. Then

14 4 7
xq=t(y")w(l —5)g=(A+2— g)a\{ + (B + 3~ 6)04;.
By Lemma 2.9, and using " = o + o, we have
1. 5 ! l
(7.6) SaADQ = Tq — 50 = (A+ 3~ g)ozlv +(B+1-— 6)a2v.
Again by Lemma 2.9,
2. 8 /¢ l
(7.7 Sak+10q = 0q + 30 = (A+ 37 g)oﬁv +(B+2-— g)ag.

Let ¢ = 2m. By hypothesis, xq € A({—3), the inequalities which say that zq is in A({—3)

are
14 -3 1
Bt )—(A4+2-)<-—24°>
(B+3-2)-(A+2-2)S 4o
l -3 1
A42-)y<-——242
(A+ 3>_ 6 +6
( 4 €)> —3+1+1
3 677 6 3 6
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These simplify to

(7.8) B-A<> A<

[NCRIESN
wl

7B2_

W =
W

ThenAgm—%.SinceA,mEZ,ASm—3.ThenASm—g.Toshows&kxgw,we

need
l 5 / l
B+1—-)—(A4+-—-)< -
(B + 6) (+3 3)_6
5 ¢ ¢
A+-—-<-
+3 376
l ¢ 1
B+1—=>—+4-.
* 6~ 6+3
These inequalities simplify to
3 2 3 3

which follow from (7.8). Hence sg ;& < w by Theorem 5.41. Also to show sz ;117 < w,

we need
12 8 /! 12
B+2—)—-(A+-—-—-)<-
(B+ 6) ( +3 3)_6
8 ¢ /7
A+ - —-< -
+3 376
12 ¢ 1
B+2——-—>——4—.
+ 6 — 6+3
These inequalities simplify to
2
B_A§_7A§£_§aBZ_§
3 2 3 3

which follow from (7.8). Hence s3 112 < w by Theorem 5.41.

Because sz 117 = t(Q)sax, by the translation Theorem 6.6, ¢y’ To

= qgj‘i,kﬂx’
show that one is a lookup direction, enough to show ¢y’ , = 1. Leta = (&,v"). We will

show that sz xz = t(sao(7") + a@)w(¢ — 4). Then the translation theorem will imply that

Qo o = Qu(e—ay = 1 as desired.
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First consider the case v = 0, then x = w(¢ — 5). Then (&, zq) = 3% - % by (7.5) and

k=3-— g By Lemma 2.9, we have
1.
sa’?}_%w(f —5)g=wl —5)q — 30
On the other hand by Lemma 5.6,

wil —4)g= ——"——0 + ————

Therefore,
3573_%w(f —5)=w({l —4).
Hence ¢ T Gy(¢—sy = 1 by the translation Theorem 6.6.
a3=3

In general, k = (&,7") +3 — £ =a+ 3 — £. We have

Saxr = t(ka")sz0 = s&osa’Ot(k&v)sg}) = saot(—ka")

sart(7") = sant(7")s5 5ak
= saot(—ka")t(v")t(ka")sz 085k
= Sa,ot(Vv)Sgi)S&’k
= t(sa0(7"))sax
= t(sa.0(7"))Sz,043-1
— t(sm0(1")Ha®)s5s ¢

= t(sz0(7") + a&“)sa’g_%.
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Therefore,

saxt = saxt(y)w(l —5)
= (sa0(r") + @)sz_ (€~ 5)

= t(sz0(7") + a@)w(l — 4).

Hence ¢;’ . = qy—s) = 1 by the translation Theorem 6.6. This shows that the lookup
conjecture is true for t(v")w(¢ — 5).

Suppose w(¢) ends with s,, in other words, w({)s, < w(¢). To show the lookup
conjecture holds for ¢(y")w (¢ —8), it suffices to show that ¢(a) )w({—5)s, = w(¢—8). The
reason is that then ¢ (y")w(¢ — 8) = t(v" + o )w (¢ — 5)s,, and since the lookup conjecture
holds for ¢(v¥ + ) )w(¢ — 5), by Proposition 4.10 it holds for ¢(v" + oy )w({ — 5)s,. So
we must prove the following claim.

Claim: t(ay )w(f — 5)s, = w(l — 8).

In the proof, we use that w(6n) = t(n(—2q; — ay)) to calculate.

Case { = 6n. Observe w({ — 5)s3 = w({ — 6)s;s3. By Lemma 2.3, s1s3(%

3&) =

si(za1 + 302) = s1((—=35 + Dog 4 (=3 + Do) = s1(3a) = 2.

Han)w(l — 5)ssq = t(ar)w(l — 6)3153(%@
= Hon)t((n — 1)(~20 ~ a}))(20})
2

= tlar + (n = 1)(=201 = a3))(503)

)
=(—2n+3)ay + (—n+ §)&¥

139



Also, w(¢ — 8) = w(l — 6)s352, SO

w(l —8)qg =w(l — 6)8382(%&’)
= t{(n — 1)(~20} ~ a))ss(50)
= t((n —1)(—20 — ay)) (a1 + %0@)
— (=2 +2+1)aY + (—n+1+ 2)ay

3

5
=(—2n+3)ay + (—n+ g)ag.

Hence t(ay)w(f — 5)s3 = w(l — 8).
Case ¢ = 6n + 2. We show that t(ay)w(f — 5)sy = w(¢ — 8). First observe that by

Lemma 2.3, 31323332(%6) = 313233@@1) = s189(aq + %Oég) = s1(a; + g — %ag) =

si(a1 + 3a2) = —ay + 3(oq 4 az) = —2ay + 3. Therefore,

t(ap)w(l — 5)s2q = t(ag)w(l — 8)31323352(%&)

— Han)t((n — 1)(=2a) — a¥))(— 2a¥ + 1a¥)

2 1
:[1—2n+2—§]af+[—2n+1+§]0¢¥

7 4
= [-2n + g]a}/ +[—2n + g]ag

wll = 8)g = w(6(n — 1))(57)

=t((n —1)(—2a) — a¥>>(%&’)
1 1 v %
= 5041 + 5042 + (n—1)(=2a) —ay)

7 4
=[-2n+ g]ay + [-2n + g]ag.

Hence t(ay)w(f — 5)sy = w(l — 8).
Case ¢ = 6n + 4. We show that t(a; )w (¢ — 5)s; = w(¢ — 8). Observe that by Lemma

2.3, 818283818281(%a) = 818283(—%&/) = 8182(3&) = S1(§041) = —%al. Therefore,

140



1.
t(a)w(l —5)s1q = t(aq)w(l — 10)818283818281(§Oé)

— tan)w(l — 10)<—§a1)

4
= (e + (0 — 1)(=20} — a}))(—50Y)
4
=[1-2n+2- g}a}/—l— [—n + 1]ay
5
= [-2n+ =]a) + [-n + 1]ay

3

w(l — 8)q = w(l — 10)5152(%@

— w(6(n — 1))(~ ~an)

3
= t{(n — 1)(~20} — a}))(~3n)
= [-2n+ §]oz1v + [-n+ 1ay.

3
Hence t(ap)w(f — 5)s; = w(¢ — 8). The claim is proved. This shows that the lookup
conjecture is true for t(v")w(¢ — 8).
Now we will prove the conjecture for z = t(y")w(¢ — 6). Let z = t(vy")w(l — 6).
Suppose k < (ag,2q) < k + 1. Since xq = t(v¥)w(l — 6)g = w({ — 6)g +~", and £ — 6

is even, by Lemma 2.9,
v \% 1
(a2, zq) = (a2,7") + (a2, w(l — 6)q) = (a2,7") + 3

Hence k = (aw,7"). At least one of s,, xx and s,, 417 is greater than x. We will show
that at least one of these is a lookup direction from x. First, we show that both s,, ;= and

Sap k1T are < w. Let v = Aay 4+ Bay. Then

7T ! 4 ¢
xq = t(y)wl —6)qg = (A + 3~ g)ozlv + (B + 3~ E)QQV.
By Lemma 2.9,
1 7T/ l
(7.9) San k] = Tq — ga;/ =(A+ 3 g)alv +(B+1- 6)04;/.



By Lemma 2.9,

2 7T/ l
(7.10) Sy k41Tq = Tq + gozg/ =(A+ 3~ g)ozf +(B+2- é)oz;/.

Since zq is in A(¢ — 3),

4 7 7T /L (-3 1
B+-—)-(A+-—-2)< —+ =
( 3 6> (+3 3>_ 6 +6
l (-3 1
A+-—=)< —+ =
(A+ 3>_ 6 +6
( 4 €)> 6—3+1+1
3 67 6 3 6
These inequalities simplify to
(7.11) B A<2A<€ 8B>—1
' -3 -2 3= 3
Since A, B € Z, B — A < 0. To show s,, yz < w, we need
l 7T/ l
B+1l—-)—-(A+=-—2-)< =
(B + 6) (+3 3>_6
7T/ l
A+-—-)< -
( +3 3)_6
l ¢ 1
B+1—=->——+4-.
* 6~ 6+3
These simplify to
3 2 3 3

which follow from (7.11). Hence s,, & < w by Theorem 5.41. Also to show s, j117 <

w, we need
(B+2—§)—(A+g—§)§§
B+2—§Z—§—I—%.



These simplify to

B-A<> A<

aBE_

N
[GSEN|
wW| Ut

1
3 )
which follow from (7.11). Hence s, ,+12 < w by Theorem 5.41.

Next, observe that by the translation Theorem 6.6, qg’%M = q;f;% 1% because
Sank+1T = t(2)Sa, xr. To show that one is a lookup direction, it is enough to show

qg;z .« = L. First consider the case 7Y =0,then x = w(l — 6), k =0, 50 S, 1 = So.

Then we claim: sox = t(o )w(¢ — 3). By Lemma 5.6,

Soxq = sow(l — 6)q

By Lemma 5.6,

o} yult —3)g = o)) (- oy + 27 E2 0y
= (3 Dol + (- D +af
= (T Do +(1- o

Thus sex = t(ay)w(¢ — 3). The claim is proved. Therefore by the translation Theorem
6.6, q:’w([_ﬁ) = q;‘j(g_?)) =1.
In general, = t(y")w(¢ — 6). Since (az,7") = k, by Lemma 2.4, s,, xt(7Y) =
t(y")s,. Hence
San kT = Sap ikl (Y )w(l — 6) = t(7")sqw (¢ — 6).
Therefore,

q:;%kx = qi?(JVV)szw(E—G) = q:;w(ﬁ—G) =1

This shows that the lookup conjecture is true for x = ¢(v¥)w(¢ — 6).
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Because if w(¢) ends with s,, ws, < w, then w({ — 7) = w({ — 6)s,. By Proposition

4.10, lookup conjecture holds for x = (v )w(¢ — 7).

7.2.2 PROOF OF THEOREM 7.4: THE ODD CASE

Suppose x B is not rationally smooth, we must show the lookup conjecture holds for
X (w(?)). Because zB is not rationally smooth, xq € A(¢ — 3) by Theorem 7.1. We
assume this for the rest of the proof.

By Proposition 5.7, x is of the form z = ¢(y")u where v = w(¢ — i), some i €

{0,1,2,3,4,5}. Since pY satisfies the translation property, by Proposition 6.9,

pﬁﬁ(g,g) = p$(574) = pz(um =1

w w(l w w w w
Pu(t—6) = pwﬁgi =0, Puwu—7) = Puw—1) = U5 Pue—8) = Pue—2) = 1-

We have ¢ = p¥ for zqg € A0 — 3). If x = t(y")w(¢ — @) fori € {3,4, 5,8}, then since
q; = py for xq € A(( — 3), by the translation Theorem 6.6, ¢’ = p;’ = p,,,_; = 1. This
shows that the lookup conjecture is true for x = ¢(y¥)w(¢ — @) for i € {3,4,5,8}.

(1) We show that if « is on the outside edges of small triangle A(¢ — 3), ¢ = 1. Since
x € A(l-3),q¥ = p¥, so we will show p¥ = 1. First we show p¥ = 1 for zq on F;({—3).

We have w({ — 3)q is on Ey (€ — 3) : v — u = £22 because

1—(—-3) 2—(0—-3 4 4 5 L
withu =3 — £ v=2—% Also,w(l —4)gison Ey({ —3) : v — u = 2 because
1—(0—4) 3—(0—4) 5 ¢ T !
w(€—4)q:Tal—i—Tag:(g—g)a}/—i—(g—g)%v
withu=3—£ v=1—L Since w(¢ —3)gand w(¢ — 4)q are on E; (¢ — 3) and differ by

a reflection, so any zq on E; (¢ — 3) is either = = t(na¥)w (¢ — 3) or x = t(ma*)w(l — 4)
by Proposition 2.13. Since p$(€_3) = Due—ay = L by translation theorem ¢ = p¥ = 1 for

any x on Ey (¢ — 3).
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Next show that p¥¥ = 1 for zq on Ey(¢ — 3). By Lemma 5.21, s1(A(¢ — 3)) = A0 —
3),51(L1 (€ = 3)) = E5(¢ — 3). Then by Lemma 5.21, p¥ = p? . Therefore p%’ = 1 for xq
on Ey(¢ — 3).

Finally we show p% = 1 for xq on E3(¢ — 3). To apply Proposition 2.13 for E5(¢ — 3),

we show that w(¢ — 2)g, w({ — 3)q are on E3(¢ — 3) : v = =2 + 1 By Lemma 5.6,

1—( -2 3—(0—2 !/ 5 ¢
w(5—2)q:—(3 )a1+—(6 )042:(1—§)04Y+(6—5)a2v

1—(¢ -3 2—(0 -3 4 ¥/ 5 14
w(f—3)q:%a1+%a2= (§_§)Q¥+<6_5)a¥'

Thenv = 2—£. Thus w({—2)q, w({—3)gare on F3({—3) : v = =2+ 1. Since w({—2)q
and w (¢ — 3)q are on E; (¢ — 3) and differ by a reflection, so any zq on E; (¢ — 3) is either
x = t(na")w(l — 2) or x = t(ma”)w(¢ — 3) by Proposition 2.13. Since Doy yw(e—2) =
Qy(e—3) = 1, by translation theorem ¢;’ = py = 1 for any = on E; (¢ — 3).

(2) Suppose z is in the small triangle /A (¢ — 3), but not on the outside edges of small
triangle A(¢ — 3): If ¢ # 0, then we are done. If ¢¥ = 0, then = = ¢(7")w(¢ — 6) or
r = t(y")w(l — 7). We will find y so that ¢;’ = 1,z < y = x5 < w. The y we find will be
in A(¢ —3),s0p, = q,. So we show p;/ = 1.

Step 1. We locate a direction where p}’ = 1. Suppose © = t(7")w({ — 6). Suppose
k < (ag,xq) < k+ 1. Since zq = t(v")w(l —6)qg = w({ — 6)q+ ", and ¢ — 6 is odd, by

Lemma 2.9,
1
(Oég,l‘(]) - (OéQuny) + (042, w(f - 6)(]) - (O@vryv) + g

Hence k = (aw,7"). At least one of s,, xx and s,, 417 is greater than x. We will show
that at least one of these is a lookup direction from z.

We are assuming xq is not on the edge of the small triangle A(¢ — 3), so zq ¢ E; (¢ —
3), Ex(f — 3), E5(¢ — 3). We show that both s, @ and s, x+1 stay in the small triangle

A= 3). SO Say112q = TG + 503, Sy k2 = £q — 3y by Lemma 2.9.
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(a) We show s, j12¢ = 2q+ 303 = uay + (v+3)ay € A(0—3). Since 2q = uay +

vay is not on £ (£ —3), so there is a strict inequality v —u < £=2. Then 3v—3u < 53 € Z,
SO
3v—-3u<——-—1
vodus —
(-3 1
v—u < —— — -
6 3

o (v+3) —u < L3 Hence s, 410 satisfies Iy (¢ — 3). The u value is same for zq

and S,, x+12¢q. Since xq satisfies I35(¢ — 3), so u < eiﬁ so does Sq, p+12. Also v + % >
—£3 4 L since v > £22 (as g € A(C — 3)), SO Sq, i1 satisfies I3(¢ — 3). Therefore
S k4129 € AL — 3).

(b) We show s,, x2q € A(¢ — 3). Suppose x = t(vV)w(l — 6), xq = uay + vay €
A(0 —3). We have sq,xrq = ¢ — 20 = uey + (v — 3)ay = v'a) + v'ay where
u' = u,v' = v—2. Our assumption implies that zq ¢ L3(¢—3). Because w({—4), w({—5)

are reflection of each other, any x on the edge F3(¢—4) = E5(¢{—5) is a translation of either

w(l —4) orw(l —5),s0x =t(y")w(l — 6) can not be on the edge E3(¢ — 4). Therefore,

xq satisfies I3(¢ — 6). Since fisodd, v > =8 + 141 = L4 3 op—2> L 435
Thus sa,,zq = uay + (v — 2)ay satisfies I3(0 —3) : v > =53 + 1 = —L 4 5 a9
v’:v—§2 —Z’T?’—l—%: # = ﬂ,(notethat@—?)iseven). Since v —u < —%,

thus (v — 2) —u < =2, S0 50, 42 = uay + (v — 2)ay satisfies I;(¢ — 3). The u values

for xq and s,, yxq is the same. Since xq satisfies I(¢ — 3), so does s,, yzq. Therefore
SankTq € AL — 3).

w
Now we show o, e

y = Land p¢ e = 1 by the translation theorem. Observe that
a9,
Y @) = Py e () because Sa, 112 = t(Q2)Sa, - and by the translation theorem. To
ag, @9,
show that one is a lookup direction, enough to show p¥ (@) = 1. First consider the case
042,

V'=0,thenz = w(l —6), k =0, S0 Sp, 1 = Sa.
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Then we claim: sox = t(o )w(¢ — 3). By Lemma 5.6,

Soxq = sow(l — 6)q

By Lemma 5.6, (o )w({ — 3)q = t(al)(lf(??’)al + 27(?3)0@) = (L - YHay + Zay.
Thus syz = t(a )w(¢ — 3). The claim is proved. Therefore py,, ¢ = Pio_s) = 1.

In general, + = t(y")w(¢ — 6). Since k = (a2,7"), by Lemma 2.4, s, xt(7") =
t(v")sq2. Hence

Seg kT = Sy k(7 )W (l — 6) = t(7")sow(l — 6).

Therefore,

Py = Pr(yV)saw(t—6) = Piyu(e—6) = 1-

This shows that the lookup conjecture is true for x = ¢(v")w (¢ — 6).
If w(¢) ends with s,, so does w({ — 6), so w(f —7) = w(l — 6)s,. As w(l)s, < w(f),

by Proposition 4.10, the lookup conjecture is true for t(y¥)w(¢ — 7).
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