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Abstract

We evaluated statistical power of selective genotyping strategies based on sampling ex-

treme individuals a genome-wide association study (GWAS). Simulation with a theoretical

set up and with application in the actual data-set provides guidance on determining the min-

imum individuals from the extremes needed to detect causal variants to reach 80% statistical

power. We compared power and false discovery rates of three different methods in a real-

world sorghum diversity panel using Fisher’s exact test, analysis of variance (ANOVA) and

a popular software GAPIT which applies mixed model for variant detection and controls for

population structure. Our simulation results also discover that the power of detecting causal

SNP markers in selective genotyping is dependent on the initial population size. This strat-

egy is particularly helpful in genetic studies to reduce genotyping costs for variant detection

and validation.
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Chapter 1

Introduction and Literature Review

1.1 Introduction and Literature Review

Selective genotyping is a sampling design for genetic studies. When limited numbers of

individuals can be genotyped (for example, due to cost constraints), appropriate sampling

methods presumably provide adequate statistical power to detect genetic variants associated

with traits of interest[1, 2]. In contrast to random sampling, selecting individuals at extreme

tails of a phenotypic distribution was first proposed for genetic mapping in a quantitative

trait loci (QTL) study pioneered by Lander and Botstein [3], due to the fact that individuals

with extreme phenotypes provide more linkage information than random individuals.

A similar idea was experimentally applied in “bulked segregant analysis” (BSA) of map-

ping populations. BSA involves genotyping of pools of DNA based on phenotypes, usually of

individuals with extreme trait values from segregating populations and searching for genetic

markers associated with the trait of interest [4]. BSA is best suited to discrete traits, but may

be applicable to QTLs of particularly large phenotypic effect [5]. Recently, next generation

sequencing-based BSA has been applied to detecting major QTLs in bi-parental populations

for resistance of rice against fungal pathogens and seedling vigor [6], grain protein content
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in wheat, and rust resistance in soybean [7].

Recently, genome wide association studies (GWAS) have emerged as a valuable com-

plement to QTL mapping, offering much finer resolution but at a high false-positive rate

and with lower power in detecting rare variants [8]. The selective genotyping method has

recently been applied in association studies [9], and is especially attractive in detecting rare

causal variants [10, 11, 12], mitigating constraints due to limited sample sizes and explaining

some missing heritability [13]. Intuitively, sampling the extreme phenotypes of a population

should enrich the frequency of rare alleles and thus increase the power of detection [14, 15],

as demonstrated in the extreme discordant sib-pair design [16].

Selective genotyping has been widely applied in human genome-wide association stud-

ies (GWAS) experiments, but seldom employed in plants [9]. The design of most GWAS

experiments in plants are somewhat different than those in humans: GWAS in humans

usually involves hundreds of thousands of heterozygous loci while many crops have mostly

homozygous loci due to self-fertilization [17, 18, 19]. Therefore, the parameters used and the

sampling strategy might be different in plants.

In this thesis, we investigate optimization of number of individuals with extreme phe-

notypes of quantitative traits to select from plant-based GWAS experiments and estimate

the statistical power under a range of scenarios such as different allele frequencies, variance

explained, and multiple alleles affecting a trait. This work would benefit researchers to val-

idate their initial GWAS result, increase power for detecting rare variants and reduce costs

of genotyping.
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Chapter 2

Methods

2.1 Theoretical setup

We assume that each observation consists of m single nucleotide polymorphism (SNP) mark-

ers, which follows a independent Bernoulli distribution:

Xj ∼ Bernoulli(pj) for j = 1, 2, . . . ,m (2.1)

the success probability pj is the allele frequency of the jth marker. In this case, we consider

the situation that there are only two genotypes and both are homozygous, a situation which

is reflected in many GWAS experiments in plants. One response variable was generated

based on a total of k explanatory variables, each explaining ri of the total variance (R2),

allele frequency pi, and with an additive effect equals to βi. The other m−k variables (SNPs)

were considered noise, with additive effects of zeros. In more detail,

yi = β0 + β1 × xi1 + β2 × xi2 + ...+ βm × xim + εi; i = 1, 2, . . . , n, (2.2)

where
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For this n × m data-set, the typical method to detect if each marker is significantly

associated with the trait is to use a two-sample t-test for each marker. The non-central

parameter for this two sample t-test is:

λ =
1√

(var(εi) ∗ ( 1
npi

+ 1
nqi

)
=

1√
1−R2

nR2

(2.3)

Therefore, the theoretical power for the two sample t-test is:

power = 1 − Tv,λ(t1−α/2) + Tv,λ(−t1−α/2)

where t1−α/2 is the upper α/2 quantile, λ is the non-central parameter, v is the degree of

freedom, and T is the non-central t-distribution CDF.

The power of detecting the marker at different alpha levels are shown in Table 2.1. As is

suggested in the equation (2.3), the power calculation should not be influenced by the allele

frequencies. As the R2 increases, the power of detecting SNP makrer increases; and as α

decreases, the power of detecting SNP marker decreases.

Table 2.1: Theoretical power of detecting SNP marker at different alpha levels with n=1000
and m=100 in a two-sample t-test

R2 λ Power
0.001 α = 5 × 10−4 α = 10−5 α = 10−6 α = 10−7

0.01 3.1782 0.4553 0.3810 0.1386 0.0433 0.016
0.05 7.2548 1.0000 0.9999 0.9986 0.9909 0.9730
0.10 10.5409 1.0000 1.0000 1.0000 1.0000 1.0000

2.2 Single SNP simulation with extreme individuals

To simplify the case, we simulated a total of m = 100 SNP markers with one SNP marker

explaining a total of 1%, 5%, and 10% of total variance, respectively, and the other 99

4



markers were considered as ’noise’ to evaluate for false positives. Therefore, the equation

(2.1) was simplified to

yi = β0 + β1 × xi1 + εi, i = 1, 2, . . . , n, (2.4)

We simulated the variance of ε based on β2
1 ×p× q× (1−R2)

R2 , q = 1−p to assign the value

of R2.

Next, the data-set was subsampled by choosing the extremes of the response variable

at both tails. The sizes of subsets (nsub) ranged from ns = 10 to nl = 100 from each tail,

incremented by s = 5 individuals. Since the selected sample fails to meet the assumptions of

linear regression, we used Fisher’s exact test by transforming the selected response variable

into binary forms and tested the significance for each explanatory variable. The upper 50%

of the response variable was assigned to 1 and lower one to 0. This simulation program

was performed 1000 times. The allele frequencies were taken at p = 0.1 and p = 0.5 The

empirical power was calculated as the proportion of times the explanatory variable detected

significance at alpha levels of 10−5, 10−6and 10−7. For each simulation, we plotted the power

against subsample sizes.

Increasing the significance threshold, as expected, decreases the power of detecting SNP

markers. The significance threshold at 10−7 was calculated based on Bonferroni correction

using total number of filtered markers ( 0.05/100000 = 5×10−7). However, in a GWAS exper-

iment, nearby markers are more correlated than distant markers, usually as a result of linkage

disequilibrium (LD), which is the non-random association between loci. Over time, recom-

bination shuffles genetic materials between chromosomes resulting in LD decay. LD decays

gradually and proportionally to the rate of recombination over time. In sorghum, the average

LD decays on background level is within 150 kb [20], and the size of the sorghum genome is

approximately 730 Mb [21], suggesting that there are approximately 4867 (730Mb/150kb)LD
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blocks in the sorghum genome. This also suggests that using a threshold of 10−5 (0.05/4867)

is appropriate for a sorghum or other similar GWAS experiments.

2.3 Actual data-set

The actual data-set came from a US sorghum association panel (SAP) consisting of 354

individuals. Phenotypic data was collected from 354 and 349 individuals in 2009 and 2010

respectively, but data from 2009 is used in this thesis. A total of 265,487 raw published SNP

data were generated based on genotyping-by-sequencing (GBS) [19]. We deleted a total of

8,533 SNP markers with more than 50% missing data, 111,711 markers with minor allele

frequency smaller than 5% and 27,589 redundant markers (similarity greater than 90%), and

retained 117,654 markers for the analysis. Data filtering used GenABEL package [22]. The

original genotype file had approximately 18.7% missing data. We imputed the missing data

using nearest 3 neighboring SNPs based on physical distance and passed the result to filtered

genotype file. Simulation used the R scrime package [23].

2.4 Multiple SNP simulation with extreme individuals

We conducted a simulation scenario using a total of 100 SNP markers with 4 SNPs influencing

a trait, and the other 96 SNPs considered as “noise”. This simulation was based on a

previous study in sorghum suggesting four general loci for plant height, DW1 - DW4 [24],

which explain a considerable amount of variance in plant height of sorghum (Table 2.2). A

previous GWAS study detected a total of four peak SNPs associated with plant height with

data collected in 2009 (Table 2.2). The mutiple SNP simulation used the similar parameters

compared to the actual case (Table 2.3). In detail, a total of 100 SNPs were simulated with

four explaining 5%, 5%, 10% and 20% of the variances and with allele frequencies (p) 0.07,

6



Table 2.2: Summary of four peak SNP markers in the imputed data-set from the actual
GWAS experiment

SNP Var explained Allele freq (p) P-values P-values
(Simple regression) (Multiple regression)

S4 52707130 7.91% 0.14 2.00e-05 0.0017
S6 42138323 13.43% 0.30 5.21e-12 3.546e-09
S7 56824744 7.47% 0.06 8.104e-06 3.475e-05
S9 57236778 22.48% 0.36 < 2.2e-16 < 2.2e-16

0.15, 0.30 and 0.40 respectively (Table 2.3). The sampling strategy and statistical test were

the same as single SNP simulation.

Table 2.3: Parameters used for multiple SNP simulation
SNP Var explained Allele freq (p) βi
x1 5% 0.07 0.8764
x2 5% 0.15 0.6262
x3 10% 0.30 0.6900
x4 20% 0.40 0.9128

2.5 Single SNP simulation with the actual data

We selected one SNP marker S2 64198488 with allele frequency 0.469, and assumed that

this SNP explained about 10% of the total variance for a trait. We simulated the trait using

information from this SNP marker, and then used the same extreme sub-sampling strategy

as before to evaluate the result. GWAS analysis used the compressed mixed linear models

(CMLM) [25] for the total of 15,222 markers on chromosome 2 with the Genomic Association

and Prediction Integrated tool (GAPIT) package in R [26]. Using markers on chromosome

2, rather than the whole set of 117,654 markers greatly reduce the computational speed for
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the simulation. In the standard mixed linear model in (MLM) GWAS, the set up is

y = Wv +Xβ + Zu+ e (2.5)

where y is the vector of phenotypes, v and β are unknown fixed effects representing

marker effects and non-marker effects, respectively; and u is a vector of size n (number of

individuals) for unknown random polygenic effects having a distribution with mean of zero

and covariance matrix of G = 2Kσ2
a, where K is the kinship (co-ancestry) matrix with

element kij (i, j = 1, 2, , n) and σ2
a is unknown genetic variance. In CMLM, individuals

were grouped and the kinship (K) is replaced by the kinship among groups to reduce the

computational speed [25]. Using the GAPIT package is much slower then the single-marker

Fisher’s exact test, therefore, simulation was run 100 times with subsample sizes from 30 to

100 with 10 individuals as increment.

If the significant SNP found in the CMLM model is within 5Mb distance from the marker

S2 64198488, we consider it to be the correct marker. False positive markers were counted if

there is any significant marker beyond the 5Mb range from S2 64198488 for each simulation.
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Chapter 3

Results

3.1 Single SNP simulation

To simplify the case, we first simulated a total of m = 100 SNP markers with one SNP

marker explaining 1%, 5% or 10% with β1 = 1, and the other 99 markers considered to be

’noise’ with β2 = β3 = . . . = β100 = 0 (see formula (2.4)). Two allele frequencies at p = 0.1

and p = 0.5 were used for the simulation. For each of the six cases, we chose the number

of extreme individuals (nsub) ranging from a minimum of ns = 10 to nl = 100 with s = 5

increment. After sub-setting the samples, we assigned the top 50% of the response variables

as 1, and bottom 50% as 0. Fisher’s exact test was applied for each simulated data-set, and

the P-value was extracted. For example, at allele frequency p = 0.5 and R2 = 0.05 with

nsub = 20 subsample from each tail, the 2×2 table from Fisher’s exact test is shown in Table

3.1, and the P-value to test for association in this table is 0.0002. Simulation for each case

was replicated 1000 times. Power is calculated based on the proportion of P-values lower

than a threshold (α level). The empirical power was plotted for each case with respect to

the subsample sizes (Figures 3.1 and 3.2).

Figures 3.1 and 3.2 show that the simulation results with allele frequencies p = 0.1
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Table 3.1: Example for Fisher’s exact test with p = 0.5, R2 = 0.05 and nsub = 20 at each
tail

x1
y 0 1
0 18 2
1 6 14

Table 3.2:
Allele Frequency

R2 0.1 0.5
0.01 > 1000 > 1000
0.05 106 90
0.10 39 31

and p = 0.5 respectively at α levels 10−5, 10−6, and 10−7. The general trend is that higher

thresholds require larger sample sizes for detecting significance, and lower variance explained

by the SNP marker (R2) also requires larger sample size. When the SNP marker explains

a small amount of variance, for example 0.01, the extreme phenotype sampling method is

not powerful to detect statistical significance; indeed the power to detect small effect SNP

markers is low even for the complete sample (Table 3.2). The theoretical power of detecting

SNP markers (Table 2.1) is relatively low at high alpha levels. When the effect of the SNP

is moderate, explaining 5% of the total variance for example, a total of 106 and 90 extreme

individuals are needed at each tail to reach 80% statistical power. The subsample number

decreases to 39 and 31 at each tail when a SNP marker contributes 10% of the total variance

(Table 3.2).
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Figure 3.1: Single SNP simulation with p = 0.1 and significant thresholds at α levels 10−5,
10−6, and 10−7
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Figure 3.2: Single SNP simulation with p = 0.5 and significant thresholds α levels at 10−5,
10−6, and 10−7
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3.2 Multiple SNP scenario

3.2.1 Simple regression in the actual data-set

A previous study of an actual data set discovered a total of four chromosomal regions influ-

encing plant height [20]. We selected a total of four SNP markers, S4 52707130, S6 42138323,

S7 56824744 and S9 57236778 either at or near the peak SNP markers from the imputed data

with different allele frequencies and variance explained (Table 2.2). We subset the data by

selecting the individuals with extreme plant height after natural log transformation, and

used the Fisher’s exact test for each respective marker. Transformed P-value [-/log10(P-

value)] was plotted with respective to sub-sample sizes (Figure 3.3). This result suggested

that subsampling can detect two SNP markers, S6 42138323 and S9 57236778, requiring a

total of 19 and 12 extreme individuals to be significant at alpha level of 10−5. The other

two SNP markers, S4 52707130 and S7 56824744 are difficult to detect with the subsampling

strategy as they are of small effect than the other two SNP markers even in the complete

data-set (Table 2.2).

3.2.2 Multiple SNP simulation

In multiple SNP simulation, we simulated a total of 100 SNP markers with four, x1, x2, x3

and x4 collectively explaining 40% of the total variance based on the actual data (details

in Materials and Methods). The sampling method is the same with single SNP simulation.

After each subsample was chosen based on extreme phenotypic values, we transformed the

phenotypes to 0 and 1 for the lower 50% and higher 50% of data respectively, then we

used the Fisher’s exact test for each SNP marker for 1000 simulations. Empirical power

against sample sizes was plotted. Figure 3.4 suggests that the sub-sampling strategy is more

powerful when the single SNP marker explains more variance. The explanatory variable

x4, which accounted for 20% of total variance with an allele frequency p = 0.40, requires
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Figure 3.3: P-value against sub-sample sizes for simple regression of each SNP against
sorghum plant height [20]

14



only 16 samples at each tail to reach 80% statistical power at threshold of 10−5 (Table 3.3).

Two explanatory variables, x1 and x2, both explaining 5% of total variance, require 122

and 103 individuals at each tail to reach 80% statistical power, respectively. Detecting x1

requires more individuals, possibly because of lower allele frequency (Table 3.3). Increasing

the significant threshold requires more samples at each tail to reach 80% statistical power,

as is shown in Figure 3.4.

The conclusion that we can detect two SNPs (S6 42138323 and S9 57236778) explaining

relatively large variance with 19 and 12 individuals at each extreme tail in the actual data-

set is consistent with simulation results (Table 3.3), which suggested 31 and 16 individuals

to reach 80% statistical power. However, the subsampling strategy does not work well

with S4 52707130 and S7 56824744. The simulation suggested that a total of 122 and 103

individuals at each tail were needed at the alpha level of 10−5) (Table 3.2), while in the

actual data-set, subsampling with Fisher’s exact tests fail to reach such a low P-value.

Table 3.3: Samples needed at each tail to reach 80% power for each scenario at alpha level
of 10−5 for multiple SNP simulation

x1 x2 x3 x4
Variance 5% 5% 10% 20%

Allele freq 0.07 0.15 0.30 0.40
Sample size at each tail 122 103 31 16

3.3 Single SNP simulation with the actual data-set

3.3.1 simulation result

A trait was simulated based on one SNP marker on chromosome 2, S2 64198488, with allele

frequency p = 0.469, and explaining 10% of the total variance using equation (2.5). A total

of 15,222 SNP markers on chromosome 2 was used for the analysis. A mixed-model approach

controlling for population structure for GWAS analysis [25] was used for each SNP marker

15



Figure 3.4: Simple regression for multiple SNP simulation result at significant thresholds
α = 10−5, α = 10−6, and α = 10−7
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in simulation for the power analysis with GAPIT [26]. The same setting of simulation also

used ANOVA and Fisher’s exact test for comparison.

The 100 simulation result suggested that the linear regression has the highest power

for detecting SNP S2 64198488, while GAPIT has the lowest power (Figure 3.5), possibly

because GAPIT controls for population structure, i.e., relationships between individuals. In

addition, the statistical power increases with increased sub-sample size, also suggested by

the previous analysis. While GAPIT has the lowest power to detect the causal marker, it

also has the lowest false positive rate (Figure 3.6) among the three methods at α level of

10−5. ANOVA has the largest false positive rate among the three methods.

3.3.2 Power analysis with varying initial population size

The previous analysis (Table 3.2) suggested that a total of 31 individuals are needed to reach

80% power to detect a SNP marker with allele frequency p = 0.5 and explaining 10% of the

total variance at α level of 10−5 with Fisher’s exact test, sampling from a population size

of n = 1000. While in section 3.3.1, similar analysis with the Fisher’s exact test suggested

approximately 70 individuals are needed to detect the associated markers, sampling from a

population size of n = 354.

We conducted the same simulation as in the section 2.2 with allele frequency p = 0.5 and

R2 = 0.10 but varying initial starting population size(n), from n = 200 to n = 1200. Figure

3.7 has suggested that with small initial population size, the power of extreme individual

sampling methods is relatively low. More individuals from the extremes are needed to reach

the same statistical power when the initial sample size is relatively small. This is probably

because with large sample size, the population shows large dispersion so that the causal

SNP is easier to detect. When the initial population size is above 800, differences in power

detection related to population size are no longer obvious (Figure 3.7).
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Figure 3.5: Power analysis comparing three different methods at alpha level of 10−5
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Figure 3.6: False positives rates for three different methods at α level of 10−5
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Figure 3.7: Empirical power against sub-sample size with different initial population sizes
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Chapter 4

Conclusion

We have evaluated statistical power of selective genotyping strategies based on sampling ex-

treme individuals in a GWAS design. This sampling method, though not as powerful as using

the whole GWAS panel statistically, is potentially economical in real-world experimental de-

signs to save genotyping costs for quantitative trait locus (QTL) detection and validation.

We provided guidance on determining the minimum sample size required to reach 80% of

statistical power (Table 3.2) both for single and multiple allele scenarios (Table 3.2 and Ta-

ble 3.3) with different allele frequency (p) and variance explained (R2) using simulation. We

compared the power and false positive rates of three different statistical methods applied

in the real GWAS panel in sorghum (Figure 3.5 and 3.6), and concluded that the popular

package GAPIT has the lowest false positive rate by sacrificing detection power, while a

linear model (ANOVA) has both the highest power and false positive rate. In addition, we

discovered that the statistical power of detecting causal SNP marker in selective genotyping

is also dependent on the initial population size, with larger initial population size conferring

greater dispersion and increasing detection power.
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