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Abstract

The times of repeated behavioral events can be viewed as a realization of a temporal point

process. Rathbun, Shiffman, and Gwaltney (2007) used a Poisson process (Cox 1972) for mod-

eling repeated behavioral events impacted by time-varying covariates. Taking an inspiration

from the techniques of generalized linear mixed models, and the EM algorithm (Dempster et

al. 1977) for finite mixture model estimation, we will further extend models to handle data

arising from a heterogeneous population. In Chapter 2, we present a finite mixture model

for Poisson point processes, classifying subjects into clusters sharing identical responses to

time-varying covariates within clusters. In Chapter 3, a mixture mixed-effect model is pre-

sented which accommodates variation among subjects within clusters with respect to their

responses to the time-varying covariates. In Chapter 4, we discuss some issues we encoun-

tered in the research and point out potential topics for future research. All the approaches

in this dissertation are illustrated using data from an ecological momentary assessment of

smoking.
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Chapter 1

Introduction

1.1 Introduction

The availability of portable electronic devices within the past 20 years has promoted the

development of Ecological Momentary Assessment (EMA) (Shiffman & Stone 1998; Stone

& Shiffman 2002), a collection of research methods in the behavioral sciences focused upon

obtaining information about subjects’ current psychological state in their everyday environ-

ments. EMA is particularly well suited for investigating recurrent addictive behavioral events

such as alcohol consumption (Collins et al. 2007), eating disorders (Smyth et al. 2001), the

use of tobacco (Shiffman 2005), and stress coping (Stone et al. 1998).

The collection of recurrent event data is often accomplished through the use of electronic

devices, such as handheld personal digital assistants (PDAs), that are provided to partici-

pants. Recently, Collins et al. (2003) suggested a new system for collecting EMA data using

cellular telephones linked to an interactive voice response (IVR) system. By allowing sub-

jects to record event data as it occurs naturally in their environments, this method of data

collection reduces some of the biases associated with retrospective recall and increases the

”ecological validity” of the data by asking subjects questions regarding current state and

by not placing subjects in an artificial laboratory environment (Shiffman and Stone 1998).

Furthermore, by sampling subjects’ psychological states using a probability-based scheme,

unbiased estimates of the means of these states can be computed. If subjects are also assessed

at event times, this method also allows one to estimate the effects of the covariates’ mean

states upon the timing of these events (Rathbun et al. 2007).
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In an EMA cigarette smoking cessation, for example, Shiffman et al. (2002) asked subjects

to record each cigarette on a Personal Digital Assistant (PDA) both before and after a desig-

nated quit time. The PDA prompted the smokers to answer questions regarding their current

mood and environment for randomly selected cigarettes and at times selected according to

a probability-based sampling design. Both subject-level covariates, such as gender and nico-

tine dependence, and time-varying covariates, such as restlessness, were assessed during this

study. Analyzing these data will provide insight into the impact of mood and environment on

cigarette consumption rates. This understanding may lead to improvements in intervention

programs for smoking cessation.

It’s been recommended that Hierarchical Linear Models (HLMs) be used to analyze

EMA data (Bolger et al. 2003; Schwartz and Stone 2007). This technique can capture the

variability among subjects in their responses to time-varying and time-invariant covariate

values. However, HLMs are not designed to model the timing of repeated discrete events

over an interval.

The times of repeated behavioral events can be viewed as a realization of a temporal point

process (Rathbun et al. 2006). Rathbun, Shiffman, and Gwaltney (2007) proposed models

for the analysis of EMA smoking data using a Poisson process, and found that smoking

rate increased with the increasing restlessness of the smoker. Their model, however, has the

limitation that it implicitly assumes that all subjects have equal responses to changes in

time-varying covariates.

Results from Shiffman and Rathbun (2011) suggest that there are interactions between

gender and time-varying covariates, suggesting that gender-specific treatments may be more

effective for smoking cessation. However, gender is not the only factor that might affect sub-

jects’ responses to time-varying covariates. More effective treatments for smoking cessation

might be obtained if subjects can be classified into groups with like responses to time-

varying covariates. Thus, taking inspiration from the implementation of mixture models for

the impact of time-varying covariates on recurrent events, we will further extend Rathbun
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et al. (2007) to describe variation among subjects with respect to the effects of time-varying

covariates from which clusters of subjects identified based on shared response to time-varying

covariates in an EMA cigarette cessation study. Therefore, treatments may be further cus-

tomized to each smoker based upon their responses to time-varying covariates and their

cluster of smoking patterns. This dissertation will propose two different mixture models that

expand upon previous research for the use of Poisson process to analyze repeated event

data. The proposed estimators for model parameters will be shown to have the desirable

asymptotic properties.

1.2 Motivating Dataset

The motivating dataset for this research comes from Shiffman et al.’s (2002) multi-phase

EMA study on smoking habits. This EMA study consisted of a sample of 304 smokers, each

of whom was given an electronic diary and was instructed to record on the diary any time that

they smoked a cigarette (hereafter referred to as an ”event”). Subjects recorded the exact

times that they smoked and answered questions regarding their mood and environment (e.g.

whether other smokers were present) at randomly selected smoking times and other randomly

selected times during the day. According to a Bernoulli process with known probability, the

subjects were prompted to answer a series of assessment questions at randomly selected

smoking events.

Subjects were also prompted to complete assessments at random times throughout the

day. These random assessments at non-event times were chosen according to a stratified

(by subject and day) sampling design, under the restriction that a non-event assessment

could not occur within the 10 minutes following an event, nor when the diary was off or

in ”stand-by” mode. An expected 5 random assessments were prompted each day over the

time during which the diary was on and available for assessing. Subjects were allowed to

turn off the diaries or put them on stand-by when subjects were in a meeting, sleeping, or

driving. Among the variables recorded during assessment were Negative Affect (composite
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of subjects’ responses to negative adjectives such as ”miserable” and ”irritated”), Arousal

(reactions to words such as ”energetic”), Attention (based on subjects’ responses to questions

regarding their ease or difficulty concentrating), Restlessness (based on a single item that

did not load into other factors), and whether others smokers were presented.

This is the same dataset that was analyzed by Rathbun et al. (2007). They found that

only restlessness has a significant impact on the timing of smoking events

1.3 Modulated Poison Process

1.3.1 Poisson Process Intensity

Point processes are frequently used to model the occurrence of events in time, space, or

space-time. They have been used to model such events as the timing and location of rainfall

(Northrop 1998), neural activity (Johnson 1996), or the location and diameter of tree (Stoyan

& Penttinen 2000). The times of repeated behavioral events may be viewed as a realiztion

of a temporal point process (Rathbun, Shiffman, & Gwaltney 2006). Rathbun et al. (2007)

proposed models for the analysis of EMA longitudinal repeated-event data using a Poisson

process.

A point process can be partially described by its intensity, which describes the expected

rate of events over time for a specific instant. The intensity λ(t) is defined as

λ(t) = lim
δ→∞

E (N [t, t+ δ])

δ
,

where N [t, t+ δ] is the number of events in the interval [t, t+ δ]. When the point process

is a Poisson process (Cox 1972), N(A) is Poisson distributed with mean Λ(A) =
∫
A
λ(t)dt

for all Borel sets A. Moreover, conditional on N(A), the event locations are independently

sampled from the probability density function proportional to λ(t).

A modulated Poisson process (Cox 1972), is a special case of a Poisson process where the

intensity function takes the form

λ(t; β) = exp
{
βTx(t)

}
, t ∈ A. (1.1)
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Here λ(t; β) is a function of the vector of the time-varying covariates, x(t) is a vector of

time-varying covariates (e.g. ratings of mood), and β is a vector of coefficient parameter

describing the effects of these covariates on the intensity of the process, and so on the

frequency of events. This particular case of a Poisson process is well suited for modeling the

influences of the covariates on a spatial point pattern (Rathbun et al. 2007).

Let {ti : i = 1, .., N} denote the times of N events in the study domain A. For the Poisson

process with intensity (1.1), the log-likelihood of the parameter vector β over the study

interval A is

`A(β) = βT
N∑
i=1

x(ti)− Λ(A; β), ti ∈ A,

where x(t) is the covariate vector, and Λ(A; β) =
∫
A

exp
{
βTx(t)

}
dt is the integrated inten-

sity. Then the score equation for the parameter β is

ΨA(β) =
N∑
i=1

x(ti)− Λ(1)(A; β), (1.2)

where Λ(1)(A; β) = (∂/∂β) Λ(A; β) =
∫
A
x(t) exp

{
βTx(t)

}
dt.

Rathbun & Cressie (1994) demonstrated that the maximum likelihood estimator β̂, which

satisfies the score equations ΨA(β) = 0, is consistent, and asymptotically Gaussian under

increasing domain asymtotics with asymptotic variance-covariance matrix

var(β̂) =

[∫
A

x(t)x(t)T exp
{
βTx(t)

}
dt

]−1

.

1.3.2 Integral Estimation

To obtain the solution to (1.2), maximum likelihood estimation requires that the covariates,

x(t), must be known functions of time for the entire interval A. In many cases, constant

observation of the covariates is unrealistic or impossible to obtain. Therefore, methods of

estimating Λ(1)(A; β) are necessary. Wulfsohn and Tsiatis (1997) introduce a joint modeling

approach for lifetimes of events and time-varying covariates. Zhang et al. (2008) and Liu and
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Huang (2009) extend this approach to recurrent events data. The estimators for covariate

effects are consistent under correctly specified models, but they may be biased if the covariate

model is misspecified.

If we assumes that random assessments were taken according to a known probability

sampling design, we can obtain design unbiased estimators of these integrals. Rathbun et al.

(2007) and Waagepetersen (2008) propose approaches based on sampling the covariates at

random times {uj : j = 1, ..,m} in the study interval A with inclusion densities π(u). Then

an unbiased estimator for Λ(1)(A; β) may be substituted into the log-likelihood, yielding an

estimated score function of the form

Ψ̂A(β) =
N∑
i=1

x(ti)− Λ̂(1)(A; β),

where Λ̂(1)(A; β) is a design-unbiased estimator of Λ(1)(A; β). Rathbun et al. (2007) proposed

Λ̂(1)(A; β) =
m∑
j=1

x(uj) exp
{
βTx(uj)

}
π(uj)

.

Waagepetersen (2008) suggested another unbiased integral estimator that uses all of the

available covariate information:

Λ̂(1)(A; β) =
N∑
i=1

x(ti) exp
{
βTx(ti)

}
π(ti) + exp {βTx(ti)}

+
m∑
j=1

x(uj) exp
{
βTx(uj)

}
π(uj) + exp {βTx(uj)}

.

The authors each show that the estimators obtained from solving these equations are con-

sistent and have asymptotically normal estimates of β, under increasing domain and infill

asymptotics.

1.3.3 Adding Mixture components

In the context of our motivating dataset, Shiffman and Rathbun (2011) suggest that there

are interactions between gender and time-varying covariates, which suggests that gender-

specific treatments may be more effective for smoking cessation. Therefore, more effective

treatments for smoking cessation might be obtained if subjects can be classified into groups
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with like responses to time-varying covariates. This leads to an application of the mixture

model where smokers classified into groups or clusters. Thus, the modulated Poisson process

(Cox 1972) can be further extended to describe variation among subjects with respect to

the effects of time-varying covariates, and from which clusters of subjects showing similar

characteristics may be discovered.

In our study of the application of mixture models to an EMA of cigarette smoking

cessation, the number of clusters is assumed to be fixed. Suppose that the smokers can be

classified into one of g groups or categories with like responses to time-varying covariates, and

let pk denote the probability that a subject belongs to group k. When group membership

is unknown, contribution of a subject to the log-likelihood of the parameter vector θ =(
p1, .., pg−1, β

T
1 , .., β

T
g

)
over the study interval A is

g∑
k=1

pk exp

{
Ni∑
i=1

x(ti)−
∫
Ai

Λ(A; βk)dt

}
,

where pg = 1−
g−1∑
k=1

pk.

The difficulty in computing parameter estimators in mixture models is well known. How-

ever, with the application of EM algorithm (Dempster et al. 1977), this mixture Poisson

process model can be fitted by iteratively fitting weighted versions of the component models.

Therefore, to facilitate computation, the EM algorithm will be employed for solving param-

eter estimation problems in this dissertation.

1.3.4 Adding Inter-Subject variability

Rathbun et al.’s approach (2007) assumes that all subjects have identical event rates. How-

ever, such an assumption may be unrealistic in many applications, particularly when dealing

with behavioral data. In the context of the motivating dataset, some subjects may have

inherent genetic factors that lead to higher or lower smoking rates. If we can identify what

factors impact individual smoking behaviors, those specific factors may be used to find more

effective individual-based smoking cessation treatment. We can develop models of evaluating
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repeated event data that allow for inter-subject variability by adding random effect terms.

This mixed-effects version of modulated Poisson process allows the covariate coefficients to

vary randomly among subjects.

Suppose that n subjects are independently sampled, and that subject i is observed at

over a set of Ni recurrent event times tij where j = 1, .., Ni. Conditional on q × 1 vector of

random effects βi, the intensity for each subject i takes the form

λi(t) = exp
{
αTxi(t) + βTi zi(t)

}
.

Here xi(t) and zi(t) are vectors of fixed and random effects, respectively, α is a vector of

fixed coefficients, and βi is sampled from some probability distribution. In this dissertation,

we assume that βi is sampled from a mixture of normal distributions.

There is little literature that is directly related to Poisson processes with random effects.

Lawless (1987) and Thall (1988) proposed Poisson point process models with gamma frailties

to account for variation among subjects. However, time-varying covariates were not consid-

ered in their models. Most of the previous research focused on an extension of Generalized

Linear Models (GLMs) (Nelder & Wedderburn 1972). Hierarchical Generalized Linear models

(HGLMs) (Lee & Nelder 1996), which are a further extension of GLMs, may be considered

in this case. They model the responses yi by a GLM with some randomly distributed compo-

nents. These random components may be assumed to have a variety of distributions, though

the distribution conjugate to the response distribution is often selected; thus in the case

that the response are Poisson distributed, the random effects are often gamma distributed.

Generalized Linear Mixed Models (GLMMS) are a particular type of HGLM, where the

random components are assumed to follow a normal distribution. Typically, GLMMs can

be evaluated using computationally intensive approaches, such as Monte Carlo Expectation-

Maximization (MCEM), or Penalized Quasi Likelihood (PQL) (Breslow & Clayton 1993),

since the log-likelihood and the score equations have no closed form.

Lee and Nelder (1996) also suggest maximum hierarchical likelihood (or h-likelihood)

as an alternative form of parameter estimation when the random effect is a function of the
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canonical parameter. However, when it is not, this approach is known as Extended Likelihood

estimation, in which the estimators are well known to be biased downward (Lee & Nelder

1996).

1.4 Proposed Models

In the following chapters of this dissertation, two different methods of mixture point pro-

cess modeling will be proposed. Chapter 2 suggests the implementation of finite mixture

models for point processes to describe heterogeneity among subjects. Assuming that group

membership is unknown, the contribution to the likelihood for the ith subject is

g∑
k=1

pk exp

{
Ni∑
l=1

xi(tl)−
∫
Ai

exp
{
βTk xi(t)

}
dt

}
,

where Ai is the ith subject’s study interval, and βk is the vector of the parameters describing

the effects of the covariates on the rate of random events for the kth cluster or group. It will

also been shown in Chapter 2 that the proposed estimators are consistent and asymptotically

normal.

In Chapter 3, a more flexible model, that allows for inter-subject variability and han-

dles heterogeneous populations, will be proposed. We will present a more general class of

models consisting of finite mixtures of the mixed effects model for the impact of time-varying

covariates on recurrent events data. In this case, the mixture mixed-effect intensity is defined

as

λi(t) = exp
{
αTxi(t) + βTi zi(t)

}
, t ∈ Ai,

where xi(t) and zi(t) are fixed and random effects, respectively, α is the parameter vector of

coefficients for the fixed effects, and βi is a vector of subject-specific random effects and is

assumed to be sampled from a mixture of g normal distributions with different means and

common covariance matrix Σ. That is

f(βi;µ,Σ) =

g∑
k=1

pkφ(βi;µk,Σ),

9



where φ(βi;µk,Σ) is the normal distribution with mean µk, and covariance matrix Σ. This

mixture model with random effects poses some challenges to parameter estimation since the

marginal likelihood involves an integral that cannot be evaluated in closed form. So, a set

of estimating equations that are related to Laplace approximations of the log-likelihood will

be derived and the asymptotic properties of both α and βi will be further examined.

This dissertation extends the current methods of analyzing modulated Poisson process

models by using the concept of a mixture model to allow for the heterogeneity among sub-

jects. This research should improve statistical methods for analyzing EMA and other forms

of repeated-event data.
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Chapter 2

Mixture Poisson Processes

2.1 Introduction

In some epidemiological investigations it is of interest to describe the impact of time-varying

covariates on the pattern of recurrent events. One example is the effects of environment and

weather on asthma attacks and epileptic seizures (Kalbfleisch and Prentice 1980; Schwartz

et al. 1993,1994; Sheppard et al. 1999; Moolgavkar et al. 2000). The random times of these

events are customarily modeled as a temporal point process with an inhomogeneous intensity

surface (Duan et al. 2009). Wulfsohn and Tsiatis (1997) introduce a joint modeling approach

for lifetimes of events and time-varying covariates. Zhang et al. (2008) and Liu and Huang

(2009) extend this to recurrent events data. Soyer and Tarimcilar (2008) proposed an alter-

native model using a Bayesian approach, and presented its extension to describe potential

heterogeneity in intensity patterns. These investigations have allowed for random variation

in baseline event rates, but with few exceptions (eg. Ha et al. 2001) have not allowed for

variation among subjects regarding the impact of time-varying covariates on patterns of

recurrent events.

Investigation of the impact of time-varying covariates on recurrent events can be imple-

mented by using Ecological Momentary Assessment (EMA), under which research partici-

pants may enter events at the times they occur and report on current symptoms, affect and

behavior when prompted to do so on electronic devices at random times or at the times of

recurrent events. EMA has frequently been implemented in addictive behavioral research,

e.g. alcohol consumption in moderate drinkers (Carney et al. 1998) and dietary temptation
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in obese women (Carels et al. 2004) . The alcohol dependent participants showed good con-

formity with EMA recording system of craving and mood states at the start of each drinking

episode by using handheld computer. Collins et al. (2003) implemented a new system for

collecting EMA data using cellular telephone linked to the interactive voice response (IVR)

system.

For an EMA cigarette smoking cessation study, Shiffman et al. (2002) instructed 304

smokers, desiring to quit smoking, to record each cigarette on palm-top computers both

before and after a designated quit time. The electronic diary prompted subjects to answer

questions regarding their current mood and environment for randomly selected cigarettes,

and at times selected according to a probability-based sampling design. Results indicate that

there are interactions between gender and time-varying covariates (Shiffman and Rathbun

2011), suggesting that gender-specific treatments may be more effective for smoking ces-

sation. Gender, however, is not the only factor that might affect subjects’ responses to

time-varying covariates. More effective treatments for smoking cessation might be obtained

if subjects can be classified into groups with like responses to time-varying covariates.

We will further extend the Poisson process model to describe variation among subjects

with respect to the effects of time-varying covariates, and time of day, from which clusters

of subjects showing similar smoking behaviors may be discovered. This leads naturally to

an application of the finite mixture model, where subjects are classified into clusters, and

then subject-specific data are realized from a modulated Poisson process with cluster specific

effects.

Finite mixture models have been widely used since Pearson (1894) proposed a mixture

of two Gaussian densities and estimated its parameters by the method of moments. Fisher

(1922) introduced a likelihood-based estimation approach to the fitting of the finite mixture

model. Since it is common to think of mixture modeling as a missing data problem, maximum

likelihood estimation (MLE) with EM algorithm (Dempster et al. 1977) has played a major

role in finite mixture model estimation. There are some advantages using this approach:
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First, it is more efficient than method of moments used in Pearson (1894) which involved

solution of 9th order equations. Second, the EM algorithm is simpler to implement than other

direct optimization methods, e.g., Newton methods, or gradient descent (Couvreur 1997).

Third, the optimization process of MLE is also faster than that of other estimation methods

(Guindon and Gascuel 2003). Fourth, the MLE is asymptotically efficient when the model

is correctly specified. Fifth, although the model may be somewhat misspecified, the MLE is

still consistent as long as the mixture components come from the linear exponential family

(Sundberg 1974, Kaufmann and Fahrmeir 1985). As an alternative approach to maximum

likelihood, the finite mixture model parameters can be determined by using posterior sam-

pling in a Bayesian analysis. This is still considered an incomplete data problem. Methods

such as reversible jump (Green 1995), and Gibbs sampling (Geman 1984) can be applied

here.

Minimum distance estimators have been developed to obtain more robust estimators for

mixture models. Beran (1977) developed the minimum Hellinger distance (MHD) estimator,

which removes the instability of estimates from perturbations in the data, and still preserve

asymptotic efficiency under specified parametric densities. However, it requires the use of

nonparametric kernel density estimators. To avoid this computational complication, Scott

(1998, 1999, 2001, and 2004) introduced the L2E estimation method based on the integrated

squared error criterion. This approach also has the advantage that a key integral can be

expressed in closed form (Scott 2001).

Although minimum distance estimators are robust and resist contaminated data better

than the MLE at the cost of efficiency (Lu et al. 2003), they cannot readily accommodate

longitudinal data with unequal members of repeated observations. The maximum likelihood

estimator, on the contrary, is more appropriate to use in longitudinal repeated discrete-

event data, in which the variation among individuals should be investigated. The application

of a finite mixture model with maximum likelihood estimation via the EM algorithm for

longitudinal data can be founded in Dietz (1992) and Dietz and Bohning (1993). For the
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EMA of smoking (Shiffman et al. 2002), the current paper proposes a new algorithm for

estimating the mixture intensity function in the modulated Poisson process for both fully-

observed covariates and partially-observed covariates.

In section 2, the modulated Poisson process will be briefly described, and the mixture

of Poisson point processes will be defined. Simple estimating equations for fully observed

covariates will be explained. In section 3, parameter estimation using random assessments

of covariates will be addressed. Section 4 will give the details of the EM algorithm for

mixture Poisson processes. Section 5 will give the conditions under which the estimators are

consistent and asymtotically normal. Section 6 will describe criteria for selecting the number

of groups in a mixture Poisson process. Section 7 will describe the motivating dataset and

demonstrate the use of the proposed estimators on these data. The Appendices contain proofs

of consistency and asymptotic normality of the estimators.

2.2 Mixture- Modulated Poisson Process

A temporal point process is a random process whose realizations consist of the times of

discrete events scattered in time (Brillinger et al 2002). The point process has a random

counting measure N , where N(A) is the number of events in the set A ⊂ R. This measure

can be partially described by its intensity,

λ(t) = lim
δ→∞

E (N [t, t+ δ])

δ
,

where N [t, t+ δ] is the number of events in the interval [t, t+ δ].

For the Poisson process, N(A) is Poisson distributed with mean
∫
A
λ(t)dt for any interval

A. A modulated Poisson process (Cox 1972), is a special case of a Poisson process where the

intensity function takes the form

λ(t; β) = exp
{
βTx(t)

}
, t ∈ A, (2.1)

where λ(t; β) is a function of the vector of the time-varying covariates, x(t), and β is a p-

dimensional vector of the unknown parameters describing the effects of the covariates on the
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rate of random events. This particular case of a Poisson process is well suited for modeling

the influences of the covariates on a spatial point pattern (Rathbun et al. 2007).

Let {ti : i = 1, .., N} denote the times of N events in the study domain A, the log-

likelihood function over the study domain for the Poisson process (Cressie 1991) with inten-

sity (2.1) can be written as

LA(β) = βT
N∑
i=1

x(ti)− Λ(A; β), ti ∈ A,

where Λ(A; β) =
∫
A

exp
{
βTx(t)

}
dt, is the integrated intensity. The maximum likelihood

estimator satisfies the score equations ΨA(β) = 0, where

ΨA(β) =
N∑
i=1

x(ti)−
∫
A

x(t) exp
{
βTx(t)

}
dt.

Rathbun & Cressie (1994) demonstrated that β̂ is consistent, and asymptotically Gaussian

under increasing domain asymptotics with asymptotic variance-covariance matrix

var(β̂) =

[∫
A

x(t)x(t)T exp
{
βTx(t)

}
dt

]−1

.

For n independent samples, each subject i is observed over a set of times belonging to

the set Ai ⊂ R. Let xi(t) : t ∈ Ai denote a p× 1 vector of covariates, that are assumed to be

known functions of time t for all t ∈ Ai and all i = 1, .., n. Suppose that the subjects can each

be classified into one of k groups or categories with like responses to time-varying covariates.

Let πj denote the probability that a subject belongs to group j. Given that individual i is

in category j, suppose further that the times of repeated behavioral events for that subject

are realized from a Poisson point process with intensity function written as

λi(t; β) = exp
{
βTj xi(t)

}
. t ∈ Ai (2.2)

When group membership is unknown, then the contribution of subject i to the incomplete-

data likelihood is
k∑
j=1

πj exp

{
Ni∑
l=1

xi(tl)−
∫
Ai

exp
{
βTj xi(t)

}
dt

}
,
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where θ =
(
π1, .., πk−1, β

T
1 , .., β

T
k

)
and πk = 1−

k−1∑
j=1

πj.

Statistical inference for a mixture model can be regarded as an incomplete data problem,

where the classification of subjects into groups is not observed. Define the indicator zij = 1

when subject i comes from the category j and equal to zero if otherwise. Then conditional

on zij, j = 1, .., k, the distribution of the data for individual i is

k∏
j=1

(
exp

{
Ni∑
l=1

xi(tl)−
∫
Ai

exp
{
βTj xi(t)

}
dt

})zij

.

The marginal distribution of zi is
k∏
j=1

π
zij
j , where πj ∈ (0, 1) and

k∑
j=1

πj = 1. Then

k∏
j=1

π
zij
j

(
exp

{
Ni∑
l=1

xi(tl)−
∫
Ai

exp
{
βTj xi(t)

}
dt

})zij

is the complete-data likelihood.

For simplicity of presentation, the number of categories is initially set to be two. Then

the marginal log-likelihood for θ =
(
βT1 , β

T
2 , π

)T
can be written as

Ln(θ) =
n∑
i=1

ln(π exp


N(Ai)∑
j=1

βT1 xi(tij)− Λi(Ai, β1)


+(1− π) exp


N(Ai)∑
j=1

βT2 xi(tij)− Λi(Ai, β2)

),

where Λi(Ai, β) =
∫
Ai

exp
{
βTxi(t)

}
dt, is the integrated intensity, and N(Ai) is the number

of events in the study interval. Based on this log-likelihood, the score functions Ψn(θ) for θ

are

Ψn(θ) = n−1

n∑
i=1


vi(Ai, β1)Ti(wi (Ai, β))

vi(Ai, β2) (1− Ti(wi (Ai, β)))

Ti(wi(Ai,β))
π

− 1−Ti(wi(Ai,β))
1−π

 , (2.3)

where

Λ
(1)
i (Ai, β) =

∂Λi(Ai, β)

∂βT
=

∫
Ai

xi(t) exp
{
βTxi(t)

}
dt,

vi(Ai, β) =

N(Ai)∑
j=1

xi(tij)− Λ
(1)
i (Ai, β),
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T (w) =
π

π + (1− π) exp(w)
,

and

wi (Ai, β) =

N(Ai)∑
j=1

βT2 xi(tij)− Λi(Ai, β2)

−
N(Ai)∑

j=1

βT1 xi(tij)− Λi(Ai, β1)

 .

Here Ti(wi (Ai, β)) is the conditional expectation of zi given the data and the model param-

eter θ, where zi = 1 if the subject belongs to group 1 and equal to zero if otherwise.

These score functions are unbiased in the sense that the expected values of the left-

hand side of (2.3) are zero under the true value of θ. Moreover, under the restriction that

0 < π < 1, Ti(wi (Ai, β)) must take a value between 0 and 1. This property is very useful to

prove the consistency and asymptotic normality of the maximum likelihood estimator.

2.3 Parameter Estimation for Partially-Observed Covariates

To evaluate Λi(Ai, β) and Λ
(1)
i (Ai, β) in the mixture model score functions, Ψn(θ), maximum

likelihood estimation requires that the values of the covariates be known functions of time

t ∈ Ai for all i = 1, .., n. However, this is generally not the case, since the covariates are

observed only at sample locations in many applications.

Parameter estimation requires evaluation of function of the form

g(A) =

∫
A

g(s)ds.

In this context, this includes Λ(A, β) and Λ(1)(A, β) for example. Cordy (1993) suggested

a design-unbiased estimator for g(A), which may be obtained from a probability sample of

points u1, .., um in the study interval A. For a sample of size m, define the inclusion density

p(u) =
∑m

j=1 fj(u), where fj(u) is the known marginal probability density function for sites

uj, j = 1, ..,m. Alternatively, the sites may be sampled according to a Poisson point process

with known intensity p(u). The Horvitz-Thompson estimator is

ĝ(A) =
m∑
i=1

g(ui)

p(ui)
,
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which has variance-covariance matrix

var {ĝ(A)} =

∫
A

g(s, β)gT (s, β)

p(s)
ds+

∫
A

∫
A

g(s, β)gT (u, β)

(
p(s, u)− p(s)p(u)

p(s)p(u)

)
dsdu. (2.4)

Here, ĝ(A) is an unbiased estimator for g(A) and

p(s, u) =
∑
i 6=j

fij(s, u), s, u ∈ A,

is the pairwise inclusion density, where fij(·, ·) is the joint probability density function for

sites i and j. Under the simple random sampling design, the Horvitz-Thompson estimator

takes the form

ĝ(A) =
|A|
m

m∑
i=1

g(ui), (2.5)

where |A| denotes the size of study region.

Substituting (2.5) into (2.3) yields an estimating function of the form

Ψ̃n(θ) = n−1

n∑
i=1


v̂i(Ai, β1)Ti(ŵi (Ai, β))

v̂i(Ai, β2) (1− Ti(ŵi (Ai, β)))

Ti(ŵi(Ai,β))
π

− 1−Ti(ŵi(Ai,β))
1−π

 , (2.6)

where

v̂i(Ai, β) =

N(Ai)∑
j=1

xi(tij)− Λ̂
(1)
i (Ai, β),

and

ŵi (Ai, β) =

N(Ai)∑
j=1

βT2 xi(tij)− Λ̂i(Ai, β2)

−
N(Ai)∑

j=1

βT1 xi(tij)− Λ̂i(Ai, β1)

 .

The proposed estimator θ̂ is obtained by solving Ψ̃n(θ) = 0 . The next section describes an

EM algorithm that may be used to obtain this solution.
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2.4 The EM -algorithm for Mixture Poisson Process

Suppose the group membership zi can be observed, then the complete log-likelihood for the

mixture Poisson process with intensity (2.2) can be written as

Ln(θ) =
n∑
i=1

zi

ln(π) +

N(Ai)∑
j=1

βT1 xi(tij)− Λi(Ai, β1)


+

n∑
i=1

(1− zi)

ln(1− π) +

N(Ai)∑
j=1

βT2 xi(tij)− Λi(Ai, β2)

 (2.7)

To estimate θ, one could consider zi in (2.7) as missing data as in Dempster et al. (1977),

and maximize (2.7) by the EM Algorithm. Let θ(r) denote the value for θ for the rth iterate

of the EM algorithm, with θ(0) be the initial specified value. Then, the EM algorithm may

be implemented as follows:

E-STEP: Compute the conditional expectation of zi given the observed data,

w
(r)
i = Pr

{
zi = 1|θ(r), xi(·)

}
=

π(r) exp
{
vi(Ai, β

(r)
1 )
}

π(r) exp
{
vi(Ai, β

(r)
1 )
}

+ (1− π(r)) exp
{
vi(Ai, β

(r)
2 )
} ,

M-STEP: The parameter vector θ is estimated by finding θ that maximize

Ln(θ) =
n∑
i=1

w
(r)
i

ln(π) +

N(Ai)∑
j=1

βT1 xi(tij)− Λi(Ai, β1)


+

n∑
i=1

(1− w(r)
i )

ln(1− π) +

N(Ai)∑
j=1

βT2 xi(tij)− Λi(Ai, β2)

 .

which is easily done using the Newton-Raphson algorithm. The solution for π in the M-step

can be written in closed form as:

π(r+1) = n−1

n∑
i=1

w
(r)
i .

To obtain the large-sample information matrix of the maximum likelihood estimator of

θ from EM-algorithm, Louis (1982) shows that the observed information matrix when using

EM-algorithm can be written in the following form

Σ(θ) = Σ1(θ)− Σ2(θ),
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where in the current context

Σ1(θ) =
n∑
i=1


Ti(wi(Ai,β))

π2 − 1−Ti(wi(Ai,β))

(1−π)2
0 0

0 Ti(wi (Ai, β))Λ
(2)
i (Ai, β1) 0

0 0 (1− Ti(wi (Ai, β))) Λ
(2)
i (Ai, β2)

 ,

Σ2(θ) =
n∑
i=1

Ri(θ)(1−Ri(θ))


1

(π(1−π))2
Λ
(1)
i (Ai,β1)T

π(1−π)

Λ
(1)
i (Ai,β2)T

π(1−π)

Λ
(1)
i (Ai,β1)

π(1−π)
∆i(β1, β1) −∆i(β1, β2)

Λ
(1)
i (Ai,β2)

π(1−π)
−∆i(β1, β2) ∆i(β2, β2)

 ,
∆i(βj, βk) = Λ

(1)
i (Ai, βj)Λ

(1)
i (Ai, βk)

T ,

and

Λ
(2)
i (Ai, β) =

∂Λ
(1)
i (Ai, β)

∂βT
=

∫
Ai

xi(t)xi(t)
T exp

{
βTxi(t)

}
dt.

2.5 Asymptotic Properties

In spatial statistics, two asymptotic frameworks, increasing domain asymptotics and infill

asymptotics, have been applied for obtaining limiting distribution of estimators. Under

increasing domain asymptotics, the size of study region increases while the number of sam-

ples per unit area remains constant. Kutoyants (1984), Rathbun and Cressie (1994), Rathbun

et al. (2007), and Waagepetersen (2008) demonstrated the consistency and asymptotic nor-

mality of the maximum likelihood estimators for the Poisson process under increasing domain

asymtotics. Under infill asymptotics, the size of the study region is fixed while the number of

samples increases. Infill asymptotics is frequently applied in geostatistics (Stein, 1989, 1993,

1999), and combined increasing domain/infill asymptotics has been applied by Hall and Patil

(1994) for nonparametric estimator of the autocovariance function of a random field, and

Lahiri et al. (1999) for spatial cumulative distribution functions. Under combined increasing

domain/infill asymptotic paradigm, |A| → ∞ and m / |A| → ∞, where m is the number of

observations.

Here we will study the large-sample properties of the proposed estimator as the number

of subjects n→∞ in effect of increasing domain asymptotics, and the size |Ai| of the study
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intervals for each subject remains fixed. Moreover, take an infill asymptotics approach, the

number of covariate samples for each subject will also increase with increasing n.

The following assumptions regarding the covariates and events are required to prove the

consistency and asymptotic normality of the proposed estimator:

Assumption 1. The subjects i = 1, .., n are independently sampled, and all event times

are independent of all assessment times, both within and between subjects.

Assumption 2. There exists an upper bound M such that |xi(t)| < M for almost all

t ∈ Rd and all i = 1, .., n.

Assumption 3. The study intervals are bounded above and below by some positive con-

stants, a1 and a2. That is 0 < a1 ≤ |Ai| ≤ a2 <∞.

Assumption 4. The inclusion densities pi(u) and pairwise inclusion densities pi(u, s) are

bounded below by some constants greater than zero for all i = 1, .., n.

Assumption 5.

n−1

n∑
i=1

∫
Ai

xi(t)xi(t)
Tdt→ B,

as n→∞, where the minimum eigenvalue of B is strictly positive.

Assumption 6. For each u, the covariate sampling design is such that there exists the

positive bounds, b1 and b2 such that

0 < nαb1 ≤ mi ≤ nαb2 <∞,

where

mi =

∫
Ai

pi(s)ds,

for α > 2.

Assumption 7. The probability of belonging to the first group

π ∈ (0, 1),

for each subject i = 1, .., n.

Assumption 8. For all bounded functions f(.), the covariate sampling design is such that

V ar(f̂(A)) = O(m−1),
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where f̂(A) is the Horvitz-Thompson estimator for

f(A) =

∫
A

f(s)ds.

These assumptions are similar to those posed by Rathbun et al. (1994), and are sufficient

for the maximum likelihood estimator for the modulated Poisson process to be consistent

and asymptotic normal as n → ∞. Assumption 1 is required to ensure that there is no

correlation among the subjects. Assumption 2 ensures that the estimating functions and

their derivatives with respect to the model parameters have bounded moments. Assumption

3 requires that all the study intervals are bounded both from above and below. Assumption

4 is required to ensure that the random assessments have adequate coverage of the study

region, and also ensure that the V ar(Λ̂i(Ai, β)) is bounded. Assumption 5 is necessary to

ensure that the derivatives of the estimating functions are positive definite at the true values

of the model parameters. Assumption 6 ensures that the sampling intensity increases with

increasing number of subjects at a controlled rate. Assumption 7 ensures that parameter

is in the interior of the parameter space. Finally, Assumption 8 ensures that the sampling

design is such that the proposed estimators are consistent under infill asymptotics.

The following lemmas are also required to obtain a consistent solution θ̃n to Ψ̃n(θ) = 0 :

Lemma 1. Under Assumption 1-8 and for each neighborhood S(θ0, ε) of θ0, the esti-

mating function Ψ̃n(θ) converge uniformly to a nonstochastic limit Ψ∞(θ) that is equal to

zero with probability one at θ0 as n→∞.

Lemma 2. Under Assumption 1-8 and for each neighborhood S(θ0, ε) of θ0, the Jacobians

Ψ̃
(1)
n (θ) converge uniformly in θ to a nonstochastic limit that is nonsingular at θ0 as. n→∞.

The proof of both lemmas can be found in Appendix A. The consistency of θ̃n then

follows from Theorem 3 of Yuan and Jenrich (1998).

Theorem 1. Suppose that assumptions 1-8 are satisfied, then θ̃n → θ0 almost surely as

n→∞.
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To obtain the large-sample variance of θ̃n, define the information matrix

Jn(θ) = −Eθ
{
∂

∂θ
Ψn(θ)

}
,

and the variance of the estimating function

Σn(θ) = varθ

{
Ψ̃n(θ)

}
.

The full form of ∂
∂θ

Ψn(θ) can be found in Appendix A, and the matrix Jn(θ) is nonsingular.

The details of attaining the element terms of Σn(θ) can be found in Appendix B. To prove

the asymptotic normality of θ̃n, the asymptotic normality of the estimating function Ψn(θ0)

is required.

Lemma 3. Under Assumption 1-8,
√
nΨn(θ0) converges in distribution to a Gaussian

random vector with mean 0 and finite variance Σ∞(θ), where

Σ∞(θ) = lim
n→∞

1

n
Σn(θ)

The proof of this lemma is also shown in Appendix A. The asymptotic normality of θ̃n then

follows from Theorem 4 of Yuan and Jenrich (1998):

Theorem 2. Under Assumption 1-8,

√
n
(
θ̃n − θ0

)
→ N(0, V (θ0)),

where

V (θ0) = {J∞(θ0)}−1 Σ∞(θ0) {J∞(θ0)} ,

and

J∞(θ0) = − lim
n→∞

E

{
∂

∂θ
Ψn(θ0)

}
.

Here, the variance of θ̃n is partitioned into two sources, that is due to the Poisson point

process, and due to the random sampling of the covariate.
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2.6 Assessing the number of groups

Since the log-likelihood for θ =
(
π1, .., πk−1, β

T
1 , .., β

T
k

)T
Ln(K, β) =

n∑
i=1

ln

(
K∑
j=1

πj exp

{
βTj

Ni∑
l=1

xi(tl)−
∫
Ai

exp
{
βTj xi(t)

}
dt

})
is an increasing function of the number of clusters, K, it is not suitable as a selection criterion

for the number of components in mixture Poisson process. The Akaike information criterion

(Akaike 1974) has been used in mixture model context (Bozdogan and Sclove 1984). This

criterion can be written as

AIC(K) = 2Ln(K, β)− 2ν(K)

where ν(K) denotes the number of free parameters in the mixture model with K groups.

However, the AIC may overestimate the true number of components (Koehler and Mur-

phrec 1988). The Bayesian information criterion (Schwarz 1978) has been proposed to solve

this problem. It takes the form

BIC(K) = 2Ln(K, β)− ν(K) lnn.

Banfield and Raftery (1992) suggested another Bayesian criterion, which penalizes more

drastically high order models than BIC, to choose the number of components in the mixture.

In the mixture context, the approximate weight of evidence (AWE) takes the form

AWE(K) = 2Ln(K, β)− 2ν(K)

(
lnn+

3

2

)
.

Finally, the minimum information ratio (MIR) has been proposed to be a criterion for

mixture model selection when using the EM algorithm (Windham and Cutler 1991). The

value of MIR is between 0 and 1. A large value suggests good mixture structure in the model.

MIR can be estimated by

MIR = 1− ||θ
m+1 − θm||

||θm − θm−1||
, for large enough m

where θm is the parameter estimated at the mth iteration of EM. The next section will

demonstrate the use of these criteria for a real dataset.
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2.7 Ecological Momentary Assessment of Smoking

The proposed approach is illustrated using data from an EMA of smoking by Shiffman et al.

(2002). A total of 304 smokers were given electronic diaries (PDAs) and were instructed to

record each time when they smoked a cigarette. The covariates include both mood affect and

environmental setting. Participants reported their smoking location, whether smoking was

permitted (forbidden, discouraged, or allowed), whether they were in the company of others,

and whether others were smoking in view of the participant. The random assessments were

sampled according to a stratified sampling design, where days were treated as strata. To

reduce the burden on the study smokers, the covariates were not assessed for every cigarette.

The electronic diary targets subjects to record covariate information for 4 or 5 cigarette

assessments per day. For subject i on day j, each cigarette was independently chosen to be

assessed with probability

pij = min
{

5N−1
i,j−1, 1

}
,

where Ni,j denotes the number of events recorded on day j by subject i. Estimates of the

parameter θ̂n can be obtained by solving the estimating equation Ψ̂n(θ) = 0, where

Λ̂i(Ai, β) =

di∑
j=1

{
pij |Lij|
mij

mij∑
k=1

exp
{
βTxi(uijk)

}}
,

and

Λ̂
(1)
i (Ai, β) =

di∑
j=1

{
pij |Lij|
mij

mij∑
k=1

xi(uijk) exp
{
βTxi(uijk)

}}
with n = 304 subjects, di is the number of days on which subject i participated in the study,

Nij denotes the number of cigarettes for subject i on day j, mij is the number of random

assessments for subject i on day j, and |Lij| denotes the length of time that the diary was

active.
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Table 2.1: The criteria for assessing the number of groups in a mixture modulated Poisson
process model.

K AIC BIC AWE MIR
2 29535.18 29579.78 29684.39 0.68
3 26383.21 27698.23 27043.54 0.54
4 26212.32 26823.43 26887.24 0.47
5 24321.66 26421.44 25345.65 0.32

Table 2.1 displays the value of each criterion AIC, BIC, AWE, and MIR for different

numbers of clusters, K. From Table 1, the two clusters solution has the highest values of all

criteria. Therefore, two-component mixture is the best solution here for these data.

Table 2.2: Parameter estimates from mixture modulated Poisson process model.

first cluster second cluster

Covariate Estimate SE z p−value Estimate SE z p−value

Intercept -0.0270 0.0457 0.0298 0.0105

Negative Affect 0.0144 0.0102 1.40 0.14 -0.0140 0.0077 -1.81 0.077

Arousal -0.0144 0.0261 -0.55 0.342 0.0102 0.0131 0.77 0.296

Attention 0.0114 0.0324 0.351 0.375 -0.0129 0.0148 -0.87 0.273

Restlessness 0.3316 0.0230 14.36 <0.0001 0.0475 0.0268 1.77 0.083

Discouraged 0.0124 0.0112 1.113 0.2147 0.0154 0.0148 1.04 0.2321

Allowed 0.2342 0.0315 7.434 < 0.0001 0.0125 0.0402 0.31 0.380

Alone -0.0117 0.0558 -0.209 0.3902 -0.0201 0.0671 -0.299 0.3814

Other 0.0154 0.0689 0.224 0.389 0.2559 0.0211 12.128 < 0.0001

SE, standard error.

Table 2.2 shows the results of fitting a two-component mixture modulated Poisson process

for both subject’s clusters with an estimated that π̂ = 0.6518 of the subjects belong to

the first cluster. From these results, we can see that only Restlessness and Allowed have a

significant effect on the smoking rate in the first cluster, while Other smokers was statistically

significant in the second cluster. Therefore, given that subject is in the first cluster, the

smoking rate increases by a multiplicative factor of exp(0.33158) = 1.393 for each unit

increase in Restlessness with all remaining variables held constant. Moreover, when the
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smoking is allowed, the smoking rate is also increased from when smoking is prohibited by

a multiplicative factor of exp(0.2342) =1.26. Finally, given that subject is in the second

cluster, the smoking rate is increased by a multiplicative factor of exp(0.2559) = 1.29 when

there are others smoking in view of the participant.
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2.8 Appendix A

The methods of Yuan and Jennrich (1997) were used to demonstrate the consistency and the

asymptotic normality of solutions to estimating functions. If the estimating functions Ψn(θ)

satisfy the following conditions, then the solution θ̂n to Ψn(θ) = 0 is consistent estimator of

the true value θ0, and also asymptotically normal as n→∞ :

Condition A1. Ψ̃n(θ0)→ 0 with probability one

Condition A2. There is a neighborhood K of θ0 on which with probability one all Ψ̃n(θ) are

continuously differentiable and the Jacobian Ψ̃
(1)
n (θ) converge uniformly to the nonstochastic

limit which is nonnegative definite at θ0.

Condition A3.
√
nΨ̃n(θ0)→ N(0, V ) in distribution.

Proof of Lemma 1. Suppose that the data consists of the locations t1, .., tN of N events

in study region A . Then, the likelihood function for the Poisson process whose intensity

takes the form exp
{
βTx(t)

}
is given by the Jenossy density (Daley and Vere-Jones, 1988)

l(N, β) =
1

N !
exp

N∑
i=1

βTx(ti)− Λ(A, β).

This likelihood function has discrete and continuous components. The discrete component

is the number of events. Continuous components are the event locations. Then, consider

summing the Jenossy density over the number of events N , and integrating it over the

possible event locations, we can see that

∞∑
N=0

∫
AN

l(N, β)dt1..dtN =
∞∑
N=0

∫
AN

1

N !
exp

{
N∑
i=1

βTx(ti)− Λ(A, β)

}
dt1..dtN

= exp (−Λ(A, β))
∞∑
N=0

1

N !

N∏
i=1

{∫
A

exp
{
βTx(ti)

}
dti

}
= exp (−Λ(A, β))

∞∑
N=0

(Λ(A, β))Ni

N !
= 1.

When l(N, β) = π exp {v(A, β1)}+ (1− π) exp {v(A, β2)} for the mixture model case, It can

still be demonstrated that
∞∑
N=0

∫
AN

l(N, β)dt1..dtN = 1. Therefore,

E

(
∂ log l(N, β)

∂β1

)
= 0,
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which implies,

E

{
n∑
i=1

vi(Ai, β1)Ti(wi (Ai, β))

}
= E

{
n∑
i=1

vi(Ai, β2) (1− Ti(wi (Ai, β)))

}
= 0.

In order to prove E {v̂i(Ai, β1)Ti(ŵi (Ai, β))} = E {v̂i(Ai, β2) (1− Ti(ŵi (Ai, β)))} → 0 for

the partially-observed covariates case, we consider the Taylor series around vi(Ai, β1) and

wi (Ai, β) for the first element of Ψ̃n(θ) :

n∑
i=1

v̂i(Ai, β1)Ti(ŵi (Ai, β)) =
n∑
i=1

vi(Ai, β1)Ti(wi (Ai, β)) +
n∑
i=1

Ti(wi (Ai, β)) [v̂i(Ai, β1)− vi(Ai, β1)]

+
n∑
i=1

vi(Ai, β1)T
(1)
i (wi (Ai, β)) [ŵi (Ai, β)− wi (Ai, β)]

+O((ŵi (Ai, β)− wi (Ai, β)) + (v̂i(Ai, β1)− vi(Ai, β1))) , (A.1)

where

T (1)(w) =
∂T (w)

∂w
= − π(1− π) exp(w)

(π + (1− π) exp(w))2 = T (w) (1− T (w)) .

Under Assumption 8, it can be seen that

v̂i(Ai, β1)− vi(Ai, β1) = o(m−1/2) = o(n−α/2).

So, under infill asymptotics,

n−1

n∑
i=1

{v̂i(Ai, β1)− vi(Ai, β1)} → 0

in probability. Before considering the expectation of the second term on the RHS of (A.1),

we consider the properties applied to the elements of the vector v̂i(Ai, β1)− vi(Ai, β1) :

(1) since E (v̂i(Ai, β1)− vi(Ai, β1)) = 0, we have

E (Ti(wi (Ai, β)) [v̂i(Ai, β1)− vi(Ai, β1)]) = Cov (Ti(wi (Ai, β)), [v̂i(Ai, β1)− vi(Ai, β1)])

(2) Moreover,

−
√
V arTi(wi (Ai, β))V ar [v̂i(Ai, β1)− vi(Ai, β1)] ≤ Cov (Ti(wi (Ai, β)), [v̂i(Ai, β1)− vi(Ai, β1)])

≤
√
V arTi(wi (Ai, β))V ar [v̂i(Ai, β1)− vi(Ai, β1)] .
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Since 0 < Ti(ŵi (Ai, β)) < 1, so is V ar (Ti(ŵi (Ai, β))) .

(3) It suffices to show that

V ar [v̂i(Ai, β1)− vi(Ai, β1)]→ 0.

Therefore the expectation of the second term on the RHS of (A.1) converges in probability

to zero.

Using Holder’s inequality and the property that 0 < T
(1)
i (ŵi (Ai, β)) < 1, the expectation

of the third term in (A.1) can be calculated as

E
(
viT

(1)
i (wi (Ai, β)) [ŵi − wi]

)
≤

(
E
(
vi(Ai, β1)T

(1)
i (wi (Ai, β))

)2
)1/2 (

E (ŵi (Ai, β)− wi (Ai, β))2)1/2

≤
(
E (vi(Ai, β1))2)1/2 (

E (ŵi (Ai, β)− wi (Ai, β))2)1/2
.

where

(
E (vi(Ai, β1))2)1/2 (

E (ŵi (Ai, β)− wi (Ai, β))2)1/2
= op

(
|Ai|m−1/2

i

)
= op

(
n−α/2

)
.

So, under infill asymptotics and Assumption 8,
n∑
i=1

v̂i(Ai, β1)Ti(ŵi (Ai, β) converges in

probability to zero. A similar approach can be used for the remaining two terms in Ψ̃n(θ).

To prove uniformly convergence of the estimating equations, let V arjk(B) denote the

element in the jth row and kth column of matrix V ar(B). Using the property of 0 <

T̂i(ŵi (Ai, β)) < 1, it can be seen that

V arjk {v̂i(Ai, β1)Ti(ŵi (Ai, β))} ≤ 2V arjk {v̂i(Ai, β1)} ,

V arjk {v̂i(Ai, β2) (1− Ti(ŵi (Ai, β)))} ≤ 2V arjk {v̂i(Ai, β2)} ,

and

V ar

{
Ti(ŵi (Ai, β))

π
− 1− Ti(ŵi (Ai, β))

1− π

}
=
V ar {Ti(ŵi (Ai, β))}

(π(1− π))2 ≤ 1

π(1− π)
,

where the matrix V ar(v̂i(Ai, β)) is

V ar(v̂i(Ai, β)) = V ar

N(Ai)∑
j=1

xi(tij)

+ V ar
(

Λ̂
(1)
i (Ai, β)

)
, (A.2)
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V ar

N(Ai)∑
j=1

xi(tij)

 = πΛ
(2)
i (Ai, β1) + (1− π)Λ

(2)
i (Ai, β2)

+π(1− π)
(

Λ̂
(1)
i (Ai, β1)− Λ̂

(1)
i (Ai, β2)

)(
Λ̂

(1)
i (Ai, β1)− Λ̂

(1)
i (Ai, β2)

)T
.

and V ar
(

Λ̂
(1)
i (Ai, β)

)
can be calculated by (2.4).

By Assumption 2, 4, 5,and 6, (A.2) is bounded. Therefore, the variances and the second

moments of the independent random variables contained in Ψ̃n(θ) share a common bound.

So, Theorem 5.1.1 (Chung K.L. 1974, p. 103) and Kolmogorov’s condition (Feller 1968, p.

259) are satisfied. Ψ̃n(θ) converges pointwise to a nonstochastic limit for each θ ∈ Θ with

probability 1. In addition, since Ψ̃n(θ) is unbiased estimating function, Ψ̃n(θ0) converges to

zero with probability one.

Proof of Lemma 2. The negative of the derivative of Ψ̃n(θ) with respect to θ is

−Ψ̃(1)
n (θ) = −n−1

n∑
i=1

1

hi(Ai, θ)


πf

(2)
i (Ai, β1) 0 f

(1)
i (Ai, β1)T

0 (1− π)f
(2)
i (Ai, β2) −f (2)

i (Ai, β2)

f
(1)
i (Ai, β1) −f (2)

i (Ai, β2)T 0


+n−1

n∑
i=1

1

|hi(Ai, θ)|2
di(Ai, θ)di(Ai, θ)

T , (A.3)

where

hi(Ai, θ) = π exp

{
Ni∑
j=1

βT1 xi(tij)− Λ̃i(Ai, β1)

}
+ (1− π) exp

{
Ni∑
j=1

βT2 xi(tij)− Λ̃i(Ai, β2)

}
,

fi(Ai, β) = exp

{
Ni∑
j=1

βTxi(tij)− Λ̃i(Ai, β)

}
,

f
(1)
i (Ai, β) =

∂fi(Ai, β)

∂βT
= v̂i(Ai, β) exp

{
Ni∑
j=1

βTxi(tij)− Λ̃i(Ai, β)

}
,

f
(2)
i (Ni, β) =

∂f
(1)
i (Ai, β)

∂βT
=
(
v̂i(Ai, β)v̂i(Ai, β)T − Λ̂

(2)
i (Ai, β)

)
exp

{
Ni∑
j=1

βTxi(tij)− Λ̃i(Ai, β)

}
,

and

di(Ai, β) =


πf

(1)
i (Ai, β1)

(1− π)f
(1)
i (Ai, β2)

fi(Ai, β1)− fi(Ai, β2)

 .
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By Assumption 1-8, the first term on the RHS of (A.3) converges to zero with proba-

bility 1, while the second term is positive definite. In addition, Ψ̃
(1)
n (θ) is also the sample

mean of independent random variables whose variance share a common upper bound under

Assumption 1-8. Therefore, Komogorov’s condition (Feller 1968, p. 259) is satisfied, and

hence Ψ̃
(1)
n (θ) converges pointwise to a nonstochastic limit for each θ ∈ Θ with probability 1.

Moreover, the derivative of Ψ̃
(1)
n (θ) includes the function of Λ̂(A, β) and its derivatives. By

Assumption 2-6, all of which are bounded above by a positive constant. Therefore, Ψ̃
(1)
n (θ)

converges uniformly to a nonstochastic limit as n→∞. Specifically, Ψ̃
(1)
n (θ0) converges to a

nonsingular matrix.

Proof of Lemma 3. First, consider the first element of Ψ̃n(θ).Since Ti(ŵi (Ai, β)) < 1,

it can be seen that

|v̂i(Ai, β1)Ti(ŵi (Ai, β))|3 ≤ |v̂i(Ai, β1)|3 .

E |v̂i(Ai, β1)Ti(ŵi (Ai, β))|3 ≤ E |v̂i(Ai, β1)|3 .

Let a denote any unit vector in Rp. Let y(t) = aTx(t) ∈ R, and let |y(t)| denotes the

absolute value of y(t)element by element. By straightforward calculation,

E (v̂i(Ai, β1))3 = E

(
Ni∑
j=1

yi(tij)−
∑
t∈D

yi(t) exp
{
βT1 xi(t)

}
pi(t)

)3

≤ E

∣∣∣∣∣
Ni∑
j=1

yi(tij)

∣∣∣∣∣
3

+ 3E

∣∣∣∣∣
Ni∑
j=1

yi(tij)

∣∣∣∣∣E
∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣
2

+3E

∣∣∣∣∣
Ni∑
j=1

yi(tij)

∣∣∣∣∣
2

E

∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣+ E

∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣
3

, (A.4)

where the terms on the RHS of (A.4) can be written as

E

∣∣∣∣∣
Ni∑
j=1

yi(tij)

∣∣∣∣∣
3

=

∫
Ai

y3
i (t) exp

{
βT1 xi(t)

}
+

(∫
Ai

yi(t) exp
{
βT1 xi(t)

})3

+3

(∫
Ai

y2
i (t) exp

{
βT1 xi(t)

})(∫
Ai

yi(t) exp
{
βT1 xi(t)

})
,

E

∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣ =

∫
Ai

|yi(t)| exp
{
βT1 xi(t)

}
,
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E

∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣
2

=

∫
Ai

y2
i (t) exp

{
2βT1 xi(t)

}
pi(t)

dt

+

∫
Ai

∫
Ai

yi(t)yi(s)

pi(t)pi(s)
exp

{
βT1 (xi(t) + xi(s))

}
dtds,

and

E

∣∣∣∣∣∑
t∈D

|yi(t)| exp
{
βT1 xi(t)

}
pi(t)

∣∣∣∣∣
3

=

∫
Ai

y3
i (t) exp

{
3βT1 xi(t)

}
p2
i (t)

dt

+3

∫
Ai

∫
Ai

yi(t)yi(s)

pi(t)pi(s)
exp

{
βT1 (xi(t) + xi(s))

}
dtds

+

∫
Ai

∫
Ai

∫
Ai

yi(t)yi(s)yi(t)yi(u)

pi(t)pi(s)pi(u)
exp

{
βT1 (xi(t) + xi(s) + xi(u))

}
dtds

= O(|Ai|3).

Under Assumption 2, yi(tij) is bounded above, and E (v̂i(Ai, β1))3 = O(|Ai|3).

Then, since we know that V ar(v̂i(Ai, β1)T̂i(ŵi (Ai, β)) = O(|Ai|2), we have

n∑
i=1

E
∣∣∣v̂i(Ai, β1)T̂i(ŵi (Ai, β))

∣∣∣3(
n∑
i=1

V ar(v̂i(Ai, β1)T̂i(ŵi (Ai, β)

)3/2
≤

n∑
i=1

E |v̂i(Ai, β1)|3(
n∑
i=1

V ar(v̂i(Ai, β1)T̂i(ŵi (Ai, β)

)3/2

=

n∑
i=1

O(|Ai|3)(
n∑
i=1

O(|Ai|2)

)3/2

≤ n×O(max |Ai|3)

n3/2 ×O(min |Ai|3)
. (A.5)

By Assumption 3, which ensures that all the study intervals are in a well-behaved fashion,

(A.5) will converge to zero, as n→∞. Hence, Liapounov’s condition (Ash 1972, p. 337) holds

with δ = 1. The remaining terms of Ψ̃n(θ) can be proven in a similar approach. Therefore,

Ψ̃n(θ0) converges to a Gaussian random vector with finite variance.
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2.9 Appendix B

The first part of this Appendix displays the variance components of the estimating function

Σn(θ) = varθ

{
Ψ̃n(θ)

}
on which some terms involve the variance and covariance terms

between v̂i(Ai, β) and ŵi (Ai, β) . The calculation details will also be shown in this part. The

second part of this Appendix will demonstrate the uniform convergence of Ψ̃
(1)
n (θ).

The elements of Σn(θ)

The elements of Σn(θ) comprises of the following variance and covariance terms :

cov(v̂i(Ai, β1), ŵi (Ai, β)) =

βT2 V ar(N(Ai)∑
j=1

xi(tij)) + cov
(

Λ̂
(1)
i (Ai, β1), Λ̂i(Ai, β2)

)
−

βT1 V ar(N(Ai)∑
j=1

xi(tij)) + cov
(

Λ̂
(1)
i (Ai, β1), Λ̂i(Ai, β1)

) .

cov(v̂i(Ai, β2), ŵi (Ai, β)) =

βT2 V ar(N(Ai)∑
j=1

xi(tij)) + cov
(

Λ̂
(1)
i (Ai, β2), Λ̂i(Ai, β2)

)
−

βT1 V ar(N(Ai)∑
j=1

xi(tij)) + cov
(

Λ̂
(1)
i (Ai, β2), Λ̂i(Ai, β1)

) .
and

cov(v̂i(Ai, β1), v̂i(Ai, β2)) = V ar(

N(Ai)∑
j=1

xi(tij)) + cov
(

Λ̂
(1)
i (Ai, β1), Λ̂

(1)
i (Ai, β2)

)
(B.1).

The term cov
(

Λ̂
(1)
i (Ai, β1), Λ̂

(1)
i (Ai, β2)

)
in (B.1) can be calculated by a straighforward

extension of Theorem 2 of Cordy (1993)

cov (f(t), z(t)) = Cov

(∑
t∈Di

f(t)

p(t)
,
∑
s∈Di

z(s)

p(s)

)

=

∫
Ai

f(t)f(t)T

p(t)
dt+

∫
Ai

∫
Ai

f(t)z(s)T
(
p(s, t)− p(t)p(s)

p(t)p(s)

)
dsdt.
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The uniform convergence of Ψ̃
(1)
n (θ)

To prove the uniform convergenge of Ψ̃
(1)
n (θ), first consider the following terms:

v
(1)
i (Ai, β) =

∂vi(Ai, β)

∂β
= − ∂

∂β
Λ

(1)
i (Ai, β)

= −Λ
(2)
i (Ai, β). (B.2)

Then, consider the first element of the derivative of Ψ̃
(1)
n (θ):

∂Ψ̃
(1)
n (θ)

∂β1

≤ 2n−1π2

n∑
i=1

si(Ai, β1)
(
v̂

(1)
i (Ai, β1) + v̂3

i (Ai, β1)
)

,

where

si(Ai, β) = exp

{
2

(
Ni∑
j=1

βT1 xi(tij)− Λ̂i(Ai, β1)

)}
.

By Assumption 2 - 5, v̂
(1)
i (Ai, β1) and v̂3

i (Ai, β1) are bounded and can be proved in the

similar manner as in the proof of Lemma 3. So, ∂Ψ̃
(1)
n (θ)
∂β1

are also bounded above by some

positive value. The remaining terms of the derivative of Ψ̃
(1)
n (θ) can be proved in the similar

manner. Therefore, Ψ̃
(1)
n (θ) converges unifromly to a nonstochastic limit as n→∞.

35



Chapter 3

Mixture Mixed Point Processes

3.1 Introduction

Investigation of the impact of time-varying covariates on Poisson process intensity can be

implemented using Ecological Momentary Assessment (EMA), which is a method of data

collection that often uses electronic devices to gather information about human behavior in

the subject’s environment. This method of data collection reduces recall bias and increases

the ”ecological validity” of the data by asking subjects questions regarding current state and

by not placing subjects in an artificial labortary environment (Shiffman and Stone 1998).

EMA has been used to study numerous addictive behavioral events, including alcohol (Collins

et al. 2007), eating disorders (Smyth et al. 2001), the use of tobacco (Shiffman 2005), and

stress coping (Stone et al. 1998).

In an EMA cigarette smoking cessation study, Shiffman et al. (2002) instructed 304

smokers, desiring to quit smoking, to record each cigarette on a Personal Digital Assistant

(PDA) both before and after a designated quit time. The electronic diary prompted subjects

to answer questions regarding their current mood and environment for randomly selected

cigarettes, and at times selected according to a probability-based sampling design. By ana-

lyzing these data, we hope to describe the impact of the covariates of mood and environment

on cigarette consumption rates in smokers. This understanding may lead to improvements

in intervention programs for smoking cessation.

Schwartz and Stone (2007) recommended Hierarchical Linear Models (HLMs) for the

analysis of EMA data, since these models can capture the variability among subjects in their

responses to time-varying and time-invariant covariates. HLMs, nevertheless, assume that the
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response is normally distributed, and are not suitable to modeling the timing of repeated dis-

crete events over an interval. To relax the normality assumption of the response in HLMs, Lee

and Nelder (1996) suggested Hierarchical Generalized Linear Models (HGLMs), which allow

the response and random components to have any distribution in the exponential family.

Generalized Linear Mixed Models (GLMMs) (Breslow & Clayton 1993) are a particular type

of HGLMs, where the random components are assumed to follow a normal distribution.

The random times of repeated behavioral events are customarily modeled as a temporal

point process with an inhomogeneous intensity surface (Duan et al. 2009). For example

Rathbun et al (2007) fit a Poisson point process of to EMA smoking data whose log intensity

is a linear function of time-varying covariates. However, their model implicitly assumes that

all subjects have equal responses to changes in time-varying covariates. In the context of the

motivating dataset, some subjects may have inherent genetic factors that lead to differential

response to time-varying covariates. If we can identify what factors impact individual smoking

behaviors, those specific factors may be focused for more effective individual based smoking

cessation treatment. To achieve this objective, mixed-effect models for the impact of time-

varying covariates on the recurrent events data may be considered.

Results from Shiffman and Rathbun (2011) further suggest that there are interactions

between gender and time-varying covariates, suggesting that gender-specific treatments may

be more effective for smoking cessation. Gender, however, is not the only factor that might

affect subjects’ responses to time-varying covariates. More effective individual-based treat-

ments for smoking cessation might be obtained if subjects can be classified into groups with

like responses to time-varying covariates. This suggests the implementation of finite mixture

model for random effects describing the impact of time-varying covariates on recurrent events

data.

Finite mixture models with regression structure have been widely used in many fields

such as epidemiology (Hardelid et al. 2008), medicine (Kelvin et al. 2003), and physiology

(Colder et al. 2002). An example of fitting mixture of Guassian regression model can be
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found in Grun and Leisch (2006). Finite mixtures of generalized linear models (Jansen 1993;

Dietz and Bohning 1997) have proven useful for modeling data arising from a heterogeneous

population. However, these papers considered regression structure in the linear predictor only.

Recently, Hall and Wang (2005) developed a new class of regression models consisting of two

component mixtures of generalized linear mixed effect models (two-component GLMMs).

This class can be viewed as an extension of finite mixtures of generalized linear models

obtained by adding random effects to each component.

Mixed effect models (Breslow and Clayton 1993) are often used to handle correlation

arising in longitudinal or clustered data. The marginal distribution for the mixed effect

model of recurrent events can be obtained by integrating the joint distribution of the events

and the random effects with respect to the random effects. However, closed form solutions

for this marginal distribution can not be obtained except for the models with gamma frailties

(Lawless 1987). Hierarchical likelihood (h-likelihood), which does not require evaluation of

high dimensional integrals, has been proposed for statistical inference from model with fixed

and random effects by Lee and Nelder (1996). This approach has been further studied in

Lee and Nelder (2001) and Lee et al. (2006) and for non-linear mixed effects model by Noh

and Lee (2008). Ha et al. (2001, 2003) also extend the use of h-likelihood estimation to

model time-invariant and time-varying covariates on the life-times to events. The main idea

of h-likelihood is to treat random effects as parameters and to find the estimates of all the

parameters by maximizing a log likelihood function which is conditional on the random

effects minus a penalty term. Penalized likelihood (Green 1987) has been further applied for

function estimation. This approach provides a simple framework since it does not require

numeric integration.

Taking inspiration from the techniques of GLMMs, h-likelihood ,and the EM algorithm

(Dempster et al. 1977) for finite mixture model estimation, we will modify the models of

Rathbun et al. (2007) to handle both correlation and heterogeneity simultaneously. In this

paper, we will describe a mixture mixed-effects version of a modulated Poisson process,
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where the intensity will be modified to allow the covariate coefficients to vary randomly

among subjects, with respect to the effects of time-covariates, from which cluster of subjects

showing similar smoking behaviors may be discovered. The random effects terms are assumed

to vary according to a mixture of Normal distributions with different means.

The paper is organized as follows: we introduce the concept of Mixture Mixed point

process in section 2. In section 3, the Hierarchical likelihood of Mixture Mixed point process

will be briefly described. In section 4, estimation of parameters using random assessments

of covariates will be addressed. Section 5 will give the details of the estimation of variance

component. Section 6 will give the details of the EM algorithm for mixture mixed Point

process. Section 7 will discuss the parameter estimation using random assessment of the

covariates. Section 8 will provide some asymptotic properties of the proposed estimators.

Section 9 will illustrate our methods using data from an EMA study of smoking.

3.2 Mixture Mixed Point Process

A temporal point process is a random process whose realizations consist of the times of

discrete events scattered in time (Brillinger et al 2002). A point process has random counting

measure N , where N(A) is the number of events in any Borel set A ⊂ R. This measure can

be described by the corresponding intensity,

λ(t) = lim
δ→∞

E (N [t, t+ δ])

δ
,

where N [t, t+ δ] is the number of events in the interval [t, t+ δ]. For a Poisson process (Cox

1972), N(A) is Poisson distributed with mean Λ(A) =
∫
A
λ(t)dt for all intervals A.

The modulated Poisson process (Cox 1972) is a special case of a Poisson process where

the intensity function takes the log-linear form

λ(t;α) = exp
{
αTx(t)

}
, t ∈ A. (3.1)

α is a model parameter and x(t) is a r × 1 vector of time-varying covariates. This model

assumes that the responses in all subjects’ event rates due to the covariates are identical. To
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create more flexible model that allows variability among subjects with respect to covariate

effects, we consider a mixed effects version of (3.1). Conditional on q × 1 vector of random

effects βi, the intensity for each subject i takes the form

λi(t;α, βi) = exp
{
αTxi(t) + βTi zi(t)

}
, t ∈ Ai (3.2)

where Ai is the study interval for subject i, α is a r × 1 vector of fixed effects, βi is a q × 1

vector of random effects that vary by subject, and z(t) is a subset of x(t). We assume further

that each subject can be classified into one of k groups or categories with like responses to

time-varying covariates. Let pj denote the probability that a subject belongs to group j. The

random effects βi are assumed to be sampled from a mixture of k normal distributions with

different means and common covariance matrix Σ. The marginal density of βi can be written

in the form

f(βi;µ,Σ) =
k∑
j=1

pjf(βi;µj,Σ),

where f(βi;µj,Σ) is the normal distribution with mean µj, and covariance matrix Σ.

In the marginal maximum likelihood procedure (MML), random effect βi are integrated

out and only fixed effects α and the variance component Σ are retained in the maximized

function. For each subject i, Ni recurrent events are observed at times t ∈ Xi in the Borel

set Ai, where Xi is the collection of event times. Then, the marginal likelihood of Mixture

Mixed Point process for θ = (α, µ,Σ)T can be written as

LM(θ;N) =
n∏
i=1

∫
Rq

f (α;Ni|βi) f(βi;µ,Σ)dβi, (3.3)

where

f (α;Ni|βi) = exp

{
αT
∑
t∈Ni

xi(t) + βTi
∑
t∈Ni

zi(t)− Λi(α, βi)

}
,

is the Janossy density (see Borodin and Soshnikov 2003), and

Λi(α, βi) =

∫
Ai

exp
{
αTxi(t) + βTi zi(t)

}
dt,

is the integrated intensity.
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Maximum likelihood estimation requires maximization of (3.3) with respect to θ. How-

ever, the evaluation of this integral typically proves difficulty since these models often are

nonlinear with respect to the random effect, and thus there is no closed form solution for the

marginal distribution. Various techniques have been proposed to solve this problem. Numer-

ical integration may be applied (e.g. Pinheiro and Bates 1995; Liu and Pierce 1994), but it is

not suitable for more than two or three random effects owing to the curse of dimensionality

(Bellman 1957). Monte Carlo methods have been also suggested, but they are computation-

ally intensive and might not be practical for large EMA data sets. Hierarchical likelihood

has been considered to avoid the difficult integration of (3.3) by direct maximization of the

approximate joint posterior. This approach has been considered for the HGLMs where the

mixing distribution is conjugate, and for the recurrent events by Ha and Neustifer et al.

(2012), but has not been considered for mixture models.

3.3 Hierarchical Likelihood Estimation

Hierarchical Linear Models (HLMs) are often used for analyzing EMA data, as they allow

researchers to seperate within and between subject variation. Ha et al. (2001) have extended

HLMs to recurrent events data. Hierarchical Generalized Linear Models (HGLMs) are a

further extension of Generalized Linear Models (GLMs) that are used to model multi-level

data where the response may be clustered (Lee & Nelder 1996). Traditionally, the random

components are conjugate to the distribution of the response, and the GLM uses the canonical

link. Lee and Nelder (1996) suggest the h-likelihood as an alternative approach of parameter

estimation when the random effect is a function of the canonical parameter. However, when

it is not, it is instead Extended Likelihood estimation.

Since λi(t;α, βi) has the general form of log-linear on both fixed and random effects ,

βi is the canonical parameter of the response (Poisson) distribution. Then the hierarchical
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likelihood (Lee and Nelder 1996) for the mixture mixed Poisson process model is defined as

h (µ, α, β,Σ;N) = log

(
n∏
i=1

f (α,Ni|βi) f(βi;µ,Σ)

)
= l(α;N |β) + l(µ,Σ; β),

where in the current context

l(α;N |β) =
n∑
i=1

{log f (α;Ni|βi)}

=
n∑
i=1

{
αT
∑
t∈Ni

xi(t) + βTi
∑
t∈Ni

zi(t)− Λi(α, βi)

}
,

is the logarithm of the distribution of the replicated point process model given the realization

of the random effects β, and l(µ,Σ; β) =
n∑
i=1

log f(βi;µ,Σ) is the logarithm of the distribution

of the random effects.

The next section will show how to obtain the maximum h-likelihood estimation (MHLE)

by jointly maximizing Penalized Quasi-Likelihood (Green 1987) of h (µ, α, β,Σ;N).

3.4 Fixed and Random Effect Estimation

Lee and Nelder (1996) introduced hierarchical generalized linear models (HGLMs) by

including random components in the linear predictor with arbitrary distributions in gen-

eralized linear models (GLMs). Their main idea is using the joint likelihood of response

and random effects, which was called hierarchical likelihood (H-likelihood), to substitute

the marginal likelihood for inference of HGLMs. This section will demonstrate how the

estimating equations for both fixed and random effects can be derived using a hierarchical

likelihood. This method has an advantage that integrating out of random effects is not

required.

For simplicity in calculation and proof, the number of categories is initially set to be two.

Let p denotes the probability that a subject belongs to the first group. Since group member-

ship is unknown, the contribution of subject i to the marginal likelihood from incomplete
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data is ∫
Rq

f (α;Ni|βi) {pf(βi;µ1,Σ) + (1− p)f(βi;µ2,Σ)} dβi,

The main issue here is missing information regarding the realization of random effects and

group membership of subjects. With respect to the latter, we define the indicator yi = 1

when subject i comes from the first category with probability p. Then conditional on yi, the

distribution of the data for individual i is∫
Rq

f (α;Ni|βi) [f(βi;µ1,Σ)]
yi

[f(βi;µ2,Σ)]
1−yi

dβi,

The marginal density of yi is pyi(1− p)1−yi , where p ∈ (0, 1). If we could observe yi∫
Rq

f (α;Ni|βi) [pf(βi;µ1,Σ)]
yi

[(1− p)f(βi;µ2,Σ)]
1−yi

dβi,

is the complete-data marginal likelihood.

To obtain estimating equations for θ = (α, µ1, µ2, p,Σ)T , we consider methods similar to

Breslow and Clayton’s (1993) version of the Penalized Quasi-Likelihood. (PQL). First, the

complete-data marginal likelihood may be written as

Lc(θ;N) = (2π)−
nq
2 |Σ|−

nq
2

n∏
i=1

(
p

∫
Rq

e−ji(α,βi,Σ,µ1)dβi

)yi (
(1− p)

∫
Rq

e−ji(α,βi,Σ,µ2)dβi

)1−yi
(3.4)

where

ji(α, βi,Σ, µ) = −

{
αT
∑
t∈Ni

xi(t) + βTi
∑
t∈Ni

zi(t)

}
+ Λi(α, βi) +

1

2
(βi − µ)T Σ−1 (βi − µ) .

The difficulty with this likelihood is that the random effects enter nonlinearly. Consequently,

there is no closed form expression for this marginal likelihood or the corresponding score

equations. However, Laplace’s method (Tierney & Kadane, 1986) may be applied to the

complete-data marginal log-likelihood to obtain an approximation.
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For a function F (u), define DuF (u) = ∂
∂u
F (u) and DuuTF (u) = ∂

∂u∂uT
F (u). Then, the

Laplace approximation of (3.4) can be written as

logLc(θ;N) ' −nq
2

log |Σ|+
n∑
i=1

yi

(
log(p)− 1

2
log
∣∣∣DβiβT

i
ji(α, β̃i,Σ, µ1)

∣∣∣− ji(α, β̃i,Σ, µ1)

)
+

n∑
i=1

(1− yi)
(

log(1− p)− 1

2
log
∣∣∣DβiβT

i
ji(α, β̃i,Σ, µ2)

∣∣∣− ji(α, β̃i,Σ, µ2)

)
+c (3.5)

where the constant c does not depend on any model parameter, and β̃i denotes the solution

to

Dβiji(α, βi,Σ, µ) = −
∑
t∈Ni

zi(t) +DβiΛi(α, βi) + Σ−1 (βi − µ) = 0,

which minimizes ji(α, βi,Σ, µ). Differentiating with respect to βi again, we get

DβiβT
i
ji(α, βi,Σ, µ) = DβiβT

i
Λi(α, βi) + Σ−1.

Then, substituting into (3.5), we obtain the approximation

logLc(θ;N) '
n∑
i=1

yi

{
log(p) + ri(α, β̃i,Σ, µ1)

}
+

n∑
i=1

(1− yi)
{

log(1− p) + ri(α, β̃i,Σ, µ2)
}

+ c,

where

ri(α, βi,Σ, µ) = −1

2
log
∣∣∣I + ΣDβiβT

i
Λi(α, βi)

∣∣∣
+
∑
t∈Ni

{
αTxi(t) + βTi zi(t)

}
− Λi(α, βi)

−1

2
(βi − µ)T Σ−1 (βi − µ) .

Assuming that the first term in ri(α, βi,Σ, µ) varies slowly as a function of α ( Breslow

& Clayton 1993), we can estimate (α, βi, µ) by jointly maximizing the following Green’s

(1987) Penalized Quasi-Likelihood (PQL), which may also be regarded as the complete-data
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H-likelihood:

hc (µ, α, β,Σ;N) =
n∑
i=1

{∑
t∈Ni

{
αTxi(t) + βTi zi(t)

}
− Λi(α, βi)

}
+

n∑
i=1

{yi log(p) + (1− yi) log(1− p)}

−
n∑
i=1

{
yi
2

(βi − µ1)T Σ−1 (βi − µ1) +
(1− yi)

2
(βi − µ2)T Σ−1 (βi − µ2)

}
. (3.6)

Lee et al. (2007) also show that the marginal (log-) likelihood can be typically approximated

from H-likelihood via

logL(θ;N) ' log

(∫
Rq

exp(h(θ;N))dβ

)
.

Differentiating (3.6) with respect to α, βi, µ1, and µ2 respectively, gives the h-score equations

qMHLE(α; β) =
n∑
i=1

{∑
t∈Ni

xi(t)−DαΛi(α, βi)

}
= 0,

qMHLE(βi;α, µ,Σ) =
∑
t∈Ni

zi(t)−DβiΛi(α, βi)− yiΣ−1 (βi − µ1)− (1− yi)Σ−1 (βi − µ2) = 0,

qMHLE(µ1; βi,Σ) =
n∑
i=1

{
yi (βi − µ1) Σ−1

}
= 0,

and

qMHLE(µ2; βi,Σ) =
n∑
i=1

{
(1− yi) (βi − µ2) Σ−1

}
= 0.

The obtained estimators derived from these score equations are termed as maximum H-

likelihood estimators (MHLEs). Solving the last two equations yields the MHLE for µ1, and

µ2

µ̂1 =

n∑
i=1

yiβi

n∑
i=1

yi

,

and

µ̂2 =

n∑
i=1

(1− yi)βi
n∑
i=1

(1− yi)
.

Since y′is are not typically observed, the EM algorithm can be used to estimate model

parameters. However, this is not strictly an EM algorithm since the E-step of the proposed
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algorithm does not involve estimation E
[
∂h(θ;N)/∂θ|N, θ̂(p)

]
, but rather the computation

of an approximation to this conditional expectation as in the hierarchical likelihood approach

of Lee and Nelder (1996). The EM type algorithm can be applied to the alternation between

the estimating equations, in which

(i) Estimating y′is in the E-step

(ii) Estimating α, β, µ, and Σ in the M-step

Section 3.6 will show complete details of an application of EM algorithm for the parameter

estimation.

3.5 Estimation of Variance Component

Now consider the construction of estimating equations for the variance components Σ. First,

differentiating the h-score functions with respect to θ, the negative Hessian matrix can be

written as

Hn(µ, α, β,Σ;N) =


Wn(α, β) V T

n (α, β) 0

Vn(α, β) Un(α, β,Σ) T Tn (Σ)

0 Tn(Σ) Pn(Σ)

 , (3.7)

where

Wn(α, β) =
n∑
i=1

DααT Λi(α, βi),

Vn(α, β) =


Dαβ1Λi(α, β1)

...

DαβnΛi(α, βn)

 ,

Tn(Σ) =

 y1Σ−1 ... ynΣ−1

(1− y1)Σ−1 ... (1− yn)Σ−1

 ,

Pn(Σ) =


n∑
i=1

yiΣ
−1 0

0
n∑
i=1

(1− yi)Σ−1

 ,
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and the block diagonal matrix

Un(α, β,Σ) = diag
[
DβiβT

i
Λi(α, βi) + Σ−1

]
.

For estimation of the variance components, we suppose further that Σ = Σ(γ), which is a

function of parameter γ. Lee and Nelder (1996) considered the following adjusted profile

h-likelihood for the estimation of variance components in Σ :

hA (µ, α, β,Σ(γ);N) = h (µ, α, β,Σ(γ);N)− 1

2
log |H(µ, α, β,Σ(γ);N)| , (3.8)

evaluated at φ̂ =
(
α̂, µ̂, β̂

)
, where Hn(µ, α, β,Σ(γ);N) is defined as in (3.7). Differentiating

(3.8) with respect to γ yields the score equations for γ

DγhA(α, µ, β,Σ(γ))|φ̂ = −n
2

traceΣ−1(γ)
∂

∂γ
Σ(γ)

+
n∑
i=1

yi
2

(
β̂i − µ̂1

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂1

)
+

1

2

n∑
i=1

(1− yi)
(
β̂i − µ̂2

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂2

)
−n

2
traceH−1(µ, α, β,Σ(γ);N)

∂

∂γ
H(µ, α, β,Σ(γ);N).

These score equations can be solved using the Newton-Raphson method. The details of

Newton-Raphson method for the estimation of variance component can be found in Appendix

B.

3.6 EM-Algorithm for Mixture Mixed Point Process

In this section, the approximated EM-algorithm of Maximum h-likelihood estimation

(MHLE) approach for a mixture Poisson process will be outlined. Suppose the random

variable yi can be observed, and βi is treated as an unknown parameter to be estimated.
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Then, the complete h-likelihood for the mixture mixed Point process can be written as

hc (µ, α, β,Σ;N) =
n∑
i=1

(∑
t∈Ni

αTxi(t)− Λi(α, βi)−
1

2
log |Σ|

)

+
n∑
i=1

yi

(
log(p)− 1

2
(βi − µ1)T Σ−1 (βi − µ1)

)
+

n∑
i=1

(1− yi)
(

log(1− p)− 1

2
(βi − µ2)T Σ−1 (βi − µ2)

)
, (3.9)

To estimate θ = (µ, α, β, p,Σ)T , one could consider yi in (3.9) as missing data as in

Dempster et al. (1977), and maximize (3.9) by an EM Algorithm. Let θ(r) denotes the value

for θ on the rth iteration of the EM algorithm, with θ(0) be the initial specified value. The EM

algorithm applies estimation (E-step) and maximization (M-step) steps to obtain maximum

h-likelihood estimates of model parameters. In the current application, the E-step is

E-STEP: The conditional expectations of the complete data log likelihood based on

observed data,E
(
yi|θ(r)

)
is

w
(r)
i =

p(r) exp
{
−1

2
(β

(r)
i − µ

(r)
1 )TΣ−1(β

(r)
i − µ

(r)
1 )
}

p(r) exp
{
−1

2
(β

(r)
i − µ

(r)
1 )TΣ−1(β

(r)
i − µ

(r)
1 )
}

+ (1− p(r)) exp
{
−1

2
(β

(r)
i − µ

(r)
2 )TΣ−1(β

(r)
i − µ

(r)
2 )
} .

M-STEP: The parameter for fixed effect α is estimated by finding α that solves the

estimating equation

n∑
i=1

{∑
t∈Ni

xi(t)−
∫
Ai

xi(t) exp
{
αTxi(t) + βTi zi(t)

}
dt

}
= 0

The parameter vector βi is estimated by solving

n∑
i=1

{∑
t∈Ni

zi(t)−
∫
Ai

zi(t) exp
{
αTxi(t) + βTi zi(t)

}
dt− wiΣ−1 (βi − µ1)− (1− wi)Σ−1 (βi − µ2)

}
= 0.

The estimating equation for the variance component is

−n
2

traceΣ−1(γ)
∂

∂γ
Σ(γ) +

n∑
i=1

wi
2

(
β̂i − µ̂1

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂1

)
+

1

2

n∑
i=1

(1− wi)
(
β̂i − µ̂2

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂2

)
−1

2
traceH−1(µ, α, β,Σ(γ);N)

∂

∂γ
H(µ, α, β,Σ(γ);N).
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All these fixed effect, α, random effects, β, and γ can be estimated by using Newton-Raphson

method. Finally, the estimate of µ1, µ2, and p can be updated by

p(r+1) = n−1

n∑
i=1

w
(r)
i ,

µ
(r+1)
1 =

n∑
i=1

w
(r)
i β

(r)
i

n∑
i=1

w
(r)
i

,

and

µ
(r+1)
2 =

n∑
i=1

(1− w(r)
i )β

(r)
i

n∑
i=1

(1− w(r)
i )

.

3.7 Partially-Observed Covariates

The above procedures all require the evaluation of Λi(Ai, α, βi) and its derivatives with

respect to α and βi. That is parameter estimating requires evaluation of integral of the form

g(A) =

∫
A

g(s)ds.

Since the integrands are functions of time-varying covariates, their evaluation requires that

the values of varying covariates be known functions of time t ∈ A. This is generally not the

case, since the covariates are often observed only at sample locations in many applications.

Cordy (1993) suggested a design-unbiased estimator for g(A), which may be obtained from

a probability sample of points {u;u ∈ S} in the study interval A, where S is the total

set of such sampled ”dummy” points. Suppose further that this is obtained from a known

probability-based sampling with inclusion density

π(u) =
∑
u∈S

fu(u), u ∈ A,

where fu(u) is the known marginal probability density function for site u ∈ S. Alternatively,

the sites may be sampled according to point process with known conditional intensity π(u).
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The Horvitz-Thompson estimator is

ĝ(A) =
∑
u∈S

g(u)

π(u)
, (3.10)

which has variance-covariance matrix

var {ĝ(A)} =

∫
A

g(s, β)gT (s, β)

π(s)
ds+

∫
A

∫
A

g(s, β)gT (u, β)

(
π(s, u)− π(s)π(u)

π(s)π(u)

)
dsdu.

where

π(u, t) =
∑
u6=t∈S

fut(u, t), u, t ∈ A,

is the pairwise inclusion density, and fut(u, t) is the joint probability density function for

sites u 6= t ∈ S. The second term in var {ĝ(A)} is zero if sites are sampled according to

a point process with conditional intensity π(u). Then, substituting (3.10) into the h-score

functions of α and βi yields the approximate h-score functions of the form

q̂MHLE(α; β) =
n∑
i=1

∑
t∈Ni

xi(t)−
∑
u∈Si

xi(u) exp
{
αTxi(u) + βTi zi(u)

}
π(u)

,

and

q̂MHLE(βi;α, µ,Σ) =
∑
t∈Ni

zi(t)−
∑
u∈Si

zi(u) exp
{
αTxi(u) + βT1 zi(u)

}
π(u)

−y1Σ−1 (β1 − µ1)−(1−y1)Σ−1 (β1 − µ2) .

In the following section, we will show the asymptotic properties of MHLE of α, βi, µ, and p

obtained through solving these score functions.

3.8 Asymptotic Properties of MHLE

The maximum likelihood estimator is a well defined method since Barlett identities are

satisfied. In the Appendix A, we demonstrate that the first and second Barrett identity also

hold for the h-likelihood of Mixture Mixed point process. That is

Eθ

[
∂h (φ;N)

∂φ

]
= 0,

and

E

[
∂2h (φ;N)

∂φ∂φT

]
= −E

[(
∂h (φ;N))

∂φ

)(
∂h (φ;N)

∂φ

)T]
,

50



where h (φ;N) is a h-likelihood of Mixture Mixed point process, and φ = (µ, p, α, β)T . The

first identity ensures that the estimating equations for φ are unbiased under true values for

φ. However, it is not sufficient for consistency of the estimators.

Next, we will study the asymptotic properties of the estimators from this h-likelihood. The

h-score equation may be solved to obtain joint estimates
(
α̂, β̂

)
of the fixed effects and the

random effects. There are some problems with this approach. The asymptotic distribution of

the estimators of the fixed parameters and the consistency of MHLE have not been proved

yet. However, under some conditions, the asymptotic distribution and the consistency of

MHLE for the fixed effects can be achieved. Xia et al. (2006) demonstrated the strong

consistency and convergence rate of MHLE in the Poisson-Gamma cases. Commenges et al.

(2011) also proposed the asymptotic normal distribution of the MHLE for fixed effects in

the HIV dynamics model.

Although, it is typical to let the number of subjects n → ∞, two temporal asymp-

totic frameworks borrowed from spatial statistics when investigating the properties of the

proposed estimators. Under infill asymptotic framework which is frequently applied in geo-

statistics (Stein, 1989, 1993, 1999), the size of the study region, |A|, is fixed for each subject

while the number of covariate samples, m, tends to infinity. So, under infill asymptotic

paradigm, m / |A| → ∞. Under increasing domain asymptotics (Cressie 1991), domain of

each subject increases, that is |A| → ∞. Kutoyants (1984), Rathbun and Cressie (1994),

Rathbun et al. (2007), and Waagepetersen (2008) have demonstrated the consistency and

asymptotic normality of the parameter estimators for the Poisson process under increasing

domain asymptotics. However, the size of sampling domain is normally fixed for each subject

in practical application. So, we will demonstrate the asymptotic properties of the proposed

estimator for the fixed and random effects obtained under increasing domain asymptotics

under which amin = min {|Ai|, i = 1, .., n} → ∞, and n→∞.

Let β̃i denote a solution to

qMHLE(β) =
∑
t∈Ni

zi(t)−DβiΛi(α, βi)− Σ−1 (βi − µ) = 0.
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For GLMM, Lee and Nelder (1996) demonstrate that given α, µ, and Σ, β̃i is approximately

equal to the conditional expectation of βi given the data. We will demonstrate that this

is also true for mixture mixed point processed. The following assumptions regarding the

covariates and events are required to prove the properties of our proposed estimator.

Assumption 1. The subjects i = 1, .., n are independently sampled, and all event times

are independent of all assessment times, both within and between subject.

Assumption 2. There exists an upper bound M such that |xi(t)| < M and |zi(t)| < M

for almost all t ∈ Rd and all i = 1, .., n.

Assumption 3

n−1

n∑
i=1

∫
Ai

xi(t)xi(t)
Tdt→ B,

as n→∞, where the minimum eigenvalue of B is strictly positive.

Assumption 4 Define

J∞(α) = − lim
n→∞

E

{
∂

∂α
q̂MHLE(α, β, µ; Σ)

}
,

The matrix J∞(α) is nonsingular.

Assumption 5 It is assumed that

lim
n→∞

inf πn(t) = c

for c > 0

Assumption 6 Define amax = max {|Ai|, i = 1, .., n}. Assume that

amin

amax

= O(1).

Assumption 7. It is assumed that

|A|−
1
2 {ĝ(A)− g(A)} → N(0, G∞),

in the distribution as |A| → ∞, where G∞ is a nonnegative definite matrix.

These assumptions are similar to those posed by Rathbun et al.(1994). Assumption 1 is

required to ensure that there is no correlation among the subjects. Assumption 2 ensures
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that the estimating functions and their derivative with respect to the model parameters have

bounded moments. This assumption is required for application of laws of large numbers to

estimating equations. Assumption 3 is necessary to ensure that the derivative of the esti-

mating functions are positive definite at the true values of the model parameters. Assumption

4 is required for the information matrix to be invertible. Assumption 5 ensures that design

unbiased estimates may be obtained for the integrated intensity and its derivatives with

respect to the model parameters (Cordy 1993). Assumption 6 prevents a finite number of

individuals from dominating the remaining subjects. Moreover, we also require asymptotic

normality for function g to prove the asymptotic property of the approximate h-score equa-

tions for partially observed covariates. Assumption 7 is satisfied for simple random sampling

designs and when covariates are sampled from a point process with intensity π(u). Thus,

following from this central limit theorem, we have

ĝ(A) = g(A) +Op

(
|A|1/2

)
.

Under these assumptions, it is possible the prove the following properties of our MHLE

estimator

(a) β̃i = E (βi|Ni) +Op (|Ai|−1) .

(b) var (βi|Ni) = U−1
i (α, β,Σ) (1 +Op (|Ai|−1)) .

(c) The difference between the approximate h-score equations and the h-score equations

for fixed effect is Op(a
−1/2
min ).

(d) Let α̂MLE be the maximum likelihood estimator, and let α̂MHLE be the MHLE for

the fixed effects. For fixed sampling domain A,

(α̂MLE − α̂MHLE) = Op(a
−1
min)

(e) Let α̂MHLE be the MHLE for the fixed effect. It can be shown that

(α̂MHLE − α) = Op

{
max

(
n−

1
2 , a
−1/2
min

)}
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(f) Let α̂MOM be the estimator for the fixed effect from method of moments. It can be

shown that

(α̂MHLE − α̂MOM) = Op(a
−1
min)

Properties (a), (b), and (d) are analogous to properties of section 5.3 of Lee and Nelder

(1996). The proofs of these properties can be found in Appendix A.

To discuss the asymptotic variance of the fixed effect estimator, let qMHLE(α; β̃) =

Dαh(α, µ,Σ, β;N)|β=β̃ denotes the fixed effect score equation for partially observed covar-

tiates case, and β̃ is the approximate h-likelihood estimator for the random effect β; that

is,

q̂MHLE(α; β̃) = n−1

n∑
i=1

(∑
t∈Ni

xi(t)−DαΛ̂i(α, β̃i)

)

= n−1

n∑
i=1

∑
t∈Ni

xi(t)−
∑
u∈Si

xi(u) exp
{
αTxi(u) + β̃Ti zi(u)

}
πi(u)

 ,

and define W∞(α), V∞(α), and U∞(α) to be the respective limits of n−1Wn(α), n−1Vn(α),

and n−1Un(α) as n→∞. For example, the quantity W∞(α) is

W∞(α) = lim
n→∞

n−1

n∑
i=1

E


∫
Ai

xi(t)xi(t)
T exp

{
αTxi(t) + βTi zi(t)

}
dt


= lim

n→∞
n−1

n∑
i=1

∫
Aii

xi(t)xi(t)
Tλi(t;α)Mβi (zi(t);µ,Σ) dt,

where

λi(t;α) = exp
{
αTxi(t)

}
,

and

Mβi (zi(t);µ,Σ) = E
{

exp
(
βTi zi(t)

)}
= p exp

{
zi(t)

Tµ1 +
1

2
zi(t)

TΣzi(t)

}
+ (1− p) exp

{
zi(t)

Tµ2 +
1

2
zi(t)

TΣzi(t)

}
.

The remaining terms V∞(α), and U∞(α) can be written in a similar manner. The full expres-

sions for these quantities and all variance components are provided in Appendix B. Then,
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V ar (α̂MHLE) is asymptotically

{J∞(α)}−1Q∞ (α) {J∞(α)}−1 ,

where Q∞ (α) = SX∞ (α) + SY∞ (α)− V T
∞(α)U−1

∞ (α)V∞(α), and

J∞(α) = W∞(α)− V T
∞(α)U−1

∞ (α)V∞(α), (3.11)

Here J∞(α) is a consistent estimate of −E
{
∂
∂α
q̂MHLE(α, β, µ; Σ)

}
evaluated at α̂MHLE, and

SX∞ (α) and SY∞ (α) are the asymptotic variances of the estimating equation due to the event

assessments and the random assessments. These quantities can be written as

SX∞ (α) = lim
n→∞

V arθ

{
n−

1
2

n∑
i=1

(∑
t∈Ni

xi(t)

)}

= n−1

n∑
i=1

(

∫
Ai

xi(t)xi(t)
Tλi(t;α)Mβi (zi(t);µ,Σ) dt

+

∫
Ai

∫
Ai

xi(s)xi(t)
Tλi(s;α)λi(t;α)

∗ [Mβi (zi(s) + zi(t);µ,Σ)−Mβi (zi(s);µ,Σ)Mβi (zi(t);µ,Σ)] dsdt ),

SY∞ (α) = lim
n→∞

V arθ

(
n−

1
2

n∑
i=1

(∑
u∈Si

πi(u)−1xi(u) exp
{
αTxi(u) + βTi zi(u)

}))

= n−1

n∑
i=1

(

∫
Aii

xi(u)xi(u)Tλ2
i (u;α)Mβi (zi(u);µ,Σ)Mβi (zi(u);µ,Σ)T

πi(u)
du

+

∫
Aii

∫
Aii

(
πi(u, v)− πi(u)πi(v)

πi(u)πi(v)

)
xi(u)xi(v)Tλi(u;α)λi(v;α)Mβi (zi(u);µ,Σ)Mβi (zi(v);µ,Σ)T ),

Note that many terms in V ar (α̂MHLE) need to be estimated by integral estimators. For

example, W∞(α) can be approximated by using Rathbun et al.’s (2001) estimation technique,

or

Ŵn(α) = n−1

n∑
i=1

(∑
u∈Si

xi(u)xi(u)Tλi(t;α)Mβi (zi(t);µ,Σ)

πi(u)

)
.

Instead, this estimation may be simplified by utilizing

E

{∑
t∈Ni

xi(u)

}
=

∫
Ai

xi(t)λi(t;α)Mβi (zi(t);µ,Σ) dt.
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So, under Rathbun et al.’s estimation methods,

Ŵn(α) = n−1

n∑
i=1

(∑
u∈Si

xi(u)xi(u)T

)

is an unbiased estimator of W∞(α). The remaining terms in (3.11), as well much of S∞

matrices may be estimated in a similar manner by exploiting the expected intensity of the

process.

3.9 Ecological Momentary Assessment of Smoking

Mixture Mixed effects versions of the modulated Poisson process are illustrated using data

from an EMA of smoking (Shiffman et al. 2002). A total of 304 smokers were given elec-

tronic diaries (PDAs) and were instructed to record on the diary each cigarette that was

smoked. The covariates include both mood affect and environmental setting. Negative Affect

(composite of subjects’ responses to negative adjectives such as ”miserable” and ”irritated”),

Arousal (reactions to words such as ”energetic”), Attention (based on subjects’ responses

to questions regarding their ease or difficulty concentrating), and Restlessness (based on a

single item that did not load into other factors) are the four of these variables analyzed by

Rathbun et al. (2007).

The random assessments were sampled according to a stratified sampling design, where

days were treated as strata. To reduce the burden on the study smokers, not all cigarettes

were assessed for the covariates. The electronic diary was prompted to target 4 or 5 cigarette

assessments per day according to a Bernoulli sampling scheme. For subject i on day j, each

cigarette was independently chosen to be assessed with probability

pij = min
{

5N−1
i,j−1, 1

}
,

where Ni,j denotes the number of events recorded on day j by subject i. Estimates of the

parameter θ̃n were obtained by solving modified versions of (12) accounted for the process

intensity from both stratified and Bernoulli sampling of events. So, the estimating equation
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for the fixed effect can be modified as

n−1

n∑
i=1

 di∑
j=1


Nij∑
k=1

xi(tijk)−
pij |Lij|
mij

mij∑
k=1

xi(uijk) exp
{
αTxi(uijk) + βTi zi(uijk)

}
 = 0,

the estimating equation for the random effect, βi is

di∑
j=1


Nij∑
k=1

zi(tijk)−
pij |Lij|
mij

mij∑
k=1

zi(uijk) exp
{
αTxi(uijk) + βTi zi(uijk)

}
−wiΣ−1 (βi − µ1)− (1− wi)Σ−1 (βi − µ2) = 0,

and the estimating equation for the variance component is

−n
2

traceΣ−1(γ)
∂

∂γ
Σ(γ) +

n∑
i=1

wi
2

(βi − µ1)T Σ−1(γ)
∂

∂γ
Σ(γ)Σ−1(γ) (βi − µ1)

+
1

2

n∑
i=1

(1− wi) (βi − µ2)T Σ−1(γ)
∂

∂γ
Σ(γ)Σ−1(γ) (βi − µ2)

−1

2
traceH−1(µ, α, β,Σ(γ);N)

∂

∂γ
H(µ, α, β,Σ(γ);N) = 0,

where wi is the conditional expectations of the complete log likelihood based on observed

data. Here with n = 304 subjects, di is the number of days on which subject i participated

in the study, Nij denotes the number of cigarettes for subject i on day j, mij is the number

of random assessments, and |Lij| denotes the length of time that the diary was active for

subject i on day j.

Table 3.1-3.3 contain the results of fitting a mixture mixed Poisson process for the analysis

of the EMA data using ”Age” as a fixed-effect covariate, and ”Restlessness” and ”Attention”

as random-effect covariates. Subjects were partitioned into two groups. We estimate that

p̂ = 0.6177 (se = 0.094) of the subjects belong to group 1 while remaining subjects belong

to group 2.
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Table 3.1: Fixed effect estimates for EMA data

Covariate Estimate SE p−value
Intercept -0.2431 0.049 <0.0001
Age 0.0060 0.0025 0.0243

Table 3.1 contains the estimates, estimated errors, and significance tests (versus α = 0)

for the fixed effects. A subject-level covariate, ”Age”, is found to be significantly different

from 0, suggesting that smoking rate increases with increasing age, with an estimated rate

ratio equal to exp(0.00608) = 1.0061 (95% confidence interval, 1.001043, 1.011179).

Table 3.2: Mean parameters for random effects

µ1 µ2

Covariate Estimate SE p−value Estimate SE p−value
Restlessness 0.30102 0.0781 0.0002 0.0065 0.0514 0.3957
Attention 0.0013 0.0668 0.3988 0.0009 0.0089 0.3968
Negative affect 0.0099 0.0077 0.1732 -0.0084 0.0238 0.3746
Arousal -0.0104 0.0294 0.3747 0.0099 0.0114 0.2749

Table 3.2 shows the mean parameters µ of mixture components for the random-effect

covariates. We found that only restlessness is shown to have a significant effect on the smoking

rate in the first cluster. Therefore, given that subject is in the first cluster, the smoking rate

is increased by a multiplicative factor of exp(0.301024) = 1.351242 for each unit increase

in Restlessness with all remaining variables. Moreover, the mean parameter estimates are

all found to not be significantly different from 0 in the second group. The results from the

first cluster agree with Rathbun et al.’s results as well as previous literature (Shiffman et

al. 1996) by having restlessness significantly impact smoking timing in a positive manner.

However, the results of Rathbun et al. consider subjects event for covariates as fixed effects.
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Table 3.3: Variance/covariance parameters for random effects

Covariate Restlessness Attention Arousal Negative affect
Restlessness 0.0188
Attention -0.0024 0.0175
Arousal -0.0134 0.0020 0.0221

Negative affect 0.0096 0.0010 -0.0014 0.0118

Table 3.3 contains the estimates of the elements of the common covariance matrix, Σ,

explaining the correlations between random-effect covariates. There is a positive correlation

between Negative affect and Restlessness (cor=0.6466), and there is a negative correlation

between Arousal and Restlessness (cor=-0.656). The remaining correlations are all found to

be less than 0.2.
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3.10 Appendix A

This Appendix demonstrates that the first and second Bartlett identities hold for the h-

likelihood of the mixture mixed point process model and proves that properties (a)-(f) in

section 3.8 are satisfied. To make this discussion more clear, Table 3.4 provides a summary

of the notation used in this paper.

Table 3.4: Summary of the notation

Notation Meaning

θ (α, p, µ,Σ)T

φ (µ, α, β)T

λi(t;α, βi) the intensity for each subject i:
λi(t;α, βi) = exp

{
αTxi(t) + βTi zi(t)

}
Λi(α, βi) the integrated intensity:

Λi(α, βi) =
∫
Ai

exp
{
αTxi(t) + βTi zi(t)

}
dt

f(βi;µ,Σ) The marginal density of βi,
which is the mixture of normal distributions

f (α;Ni|βi) The Janossy density
LM(θ;N) The marginal likelihood:

LM(θ;N) =
n∏
i=1

∫
Rq f (α;Ni|βi) f(βi;µ,Σ)dβi

h(µ, α, β,Σ;N) h-likelihood, where
log (LM(θ;N)) ' log

[∫
Rq exp(h(µ, α, β,Σ;N))dβ

]
hc(µ, α, β,Σ;N) complete data h-likelihood (yi involved)
hA (µ, α, β,Σ(γ);N) adjusted profile h-likelihood
Dαh(α, µ,Σ, β;N) the marginal score equations for the fixed effect:

qMHLE(α; β̃) the h-score equation for fixed effect:

qMHLE(α; β̃) = Dαh(α, µ,Σ, β;N)|β=β̃

q̂MHLE(α; β̃) the h-score equation for fixed effect (partially observed covariates)
qMOM(α; β) the estimating equation for fixed effect from the method of moment
α̂MLE the MLE (Maximum likelihood Estimator) for fixed effect
α̂MHLE the MHLE for the fixed effects
α̂MOM the estimaor for the fixed effects from the method of moment
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Bartlett identities of Mixture Point Process H-likelihood

For the n independent samples, each subject i is observed over a set of times belonging to

the Borel set Ai ⊂ R. The hierarchical likelihood (Lee and Nelder 1996) for the mixture

mixed Poisson process model is defined as

h(µ, α, β,Σ;N) =
n∑
i=1

hi(µ, α, βi,Σ;Ni) =
n∑
i=1

log f (Ni, βi)

=
n∑
i=1

{log f (α;Ni; |βi) + log f(βi;µ,Σ)} , (A.1)

where f (Ni, βi) is simply the product of the marginal density of the random effect, βi and

the Janossy density of the point process. The maximum h-likelihood estimation (MHLE)

can be obtained by maximizing h(θ;N) jointly over {θ, β} . We let for φ = (µ, α, β)T , and

consider the properties of both terms in (A.1) separately. For the first term, suppose that

the data consists of the locations of N events in study region A. Then,

f (α;N |β) =
1

N !
exp

{∑
t∈N

{
αTx(t) + βT z(t)

}
− Λ(α, β)

}
.

This likelihood function has discrete and continuous components. The discrete component

is the number of events and the continuous components are the event locations. Summing

this density over the number of events N , and integration over possible event locations, it

can be seen that
∞∑
N=0

∫
A

f (α;N ; |β) dt =
∞∑
N=0

∫
A

1

N !
exp

{∑
t∈N

{
αTx(t) + βT z(t)

}
− Λ(α, β)

}
dt

= exp (−Λ(α, β))
∞∑
N=0

1

N !

N∏
i=1

{∫
A

{
αTx(t) + βT z(t)

}
dt

}
= exp (−Λ(A, β))

∞∑
N=0

(Λ(α, β))N

N !
= 1.

This result implies that

E

[
∂ log f (α;Ni; |βi)

∂φ
|β
]

= 0,

and

E

[
∂2 log f (α;Ni; |βi)

∂φ∂φT
|β
]

= −E

[(
∂ log f (α;Ni; |βi)

∂φ

)(
∂ log f (α;Ni; |βi)

∂φ

)T
|β

]
.
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Clearly, for the second term in (1), we still have

k∑
j=1

pj

∫
Rq

(2π)−1/2 |Σ|−1 exp

{
−1

2
(β − µj)T Σ−1 (β − µj))

}
dβ = 1.

These results show that the first and second Bartlett identities hold for the h-likelihood of

Mixture Mixed Poisson process; that is

Eθ

[
∂h (φ;N)

∂φ

]
= 0,

and

E

[
∂2h (φ;N)

∂φ∂φT

]
= −E

[(
∂h (φ;N))

∂φ

)(
∂h (φ;N)

∂φ

)T]
.

However, having the Bartlett identities can not guarantee consistent estimators from MHLE.

Laplace Approximation for the marginal likelihood

For simplicity of notation, suppose that the random effects βi are scalar. Define

ck = h
(k)
i (α, µ,Σ, βi;Ni) =

∂k

∂βk
(hi(α, µ,Σ, βi;Ni)) |βi=β̃i .

where β̃i is a solution of the equation ∂ (hi(α, µ,Σ, βi;Ni)) /∂β = 0 given α. Set c2 = −1/σ2,

where σ2 = U−1
i (α, βi,Σ)|βi=β̃i , and Ui(α, βi,Σ) is as defined in (3.8). It can also be seen that

ck = Dβ(k)Λi(α, βi) for k ≥ 3.

Compute the Taylor expansion for exp {hi(α, µ,Σ, βi;Ni)} at β̃i

∫
exp {hi(α, µ,Σ, βi;Ni)} dβi =

√
2πσ2 exp

{
hi(α, µ,Σ, β̃i;Ni)

}∫ 1√
2πσ2

exp

−
(
βi − β̃i

)2

2σ2

 [1

+
1

6
c3

(
βi − β̃i

)3

+
1

24
c4

(
βi − β̃i

)4

+
1

120
c5

(
βi − β̃i

)5

+

(
c6

720
+
c2

3

72

)(
βi − β̃i

)6

+ ...]dβi

=
√

2πσ2 exp
{
hi(α, µ,Σ, β̃i;Ni)

}
[1 +

c4σ
4

8
+ 15

(
c6

720
+
c2

3

72

)
σ6 + ...]
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By Assumption 2, ck = Op (|Ai|) for k ≥ 3, and σ2 = Op (|A−1|) . This produces an approxi-

mation∫
exp {hi(α, µ,Σ, βi;Ni)} dβi = exp

{
hi(α, µ,Σ, β̃i;Ni)

}√
2πσ2

[
1 +

c4σ
4

8
+

15

72
c2

3σ
6 +Op

(∣∣A−2
i

∣∣)]
= exp

{
hi(α, µ,Σ, β̃i;Ni)

}√
2πσ2

[
1 +Op

(∣∣A−1
i

∣∣)] .
Proof of property (a)

The following proves that the h-likelihood estimator for the random effect βi is approximately

equal to the conditional expectation of βi given the data, Ni:

E (βi|Ni) =

∫
βi exp {hi(α, µ,Σ, βi;Ni)} dβi∫
exp {hi(α, µ,Σ, βi;Ni)} dβi

= β̃i +

∫ (
βi − β̃i

)
exp {hi(α, µ,Σ, βi;Ni)} dβi∫

exp {hi(α, µ,Σ, βi;Ni)} dβi
. (A.2)

We consider the second term in (A.2),∫ (
βi − β̃i

)
exp {hi(α, µ,Σ, βi;Ni)} dβi = exp

{
hi(α, µ,Σ, β̃i;Ni)

}√
2πσ2

∫ (
βi − β̃i

)
√

2πσ2
exp

−
(
βi − β̃i

)2

2σ2


[1 +

1

6
c3

(
βi − β̃i

)3

+
1

24
c4

(
βi − β̃i

)4

+ ...

+
1

2

(
1

6
c3

(
βi − β̃i

)3

+
1

24
c4

(
βi − β̃i

)4

+ ...

)2

+ ...]dβi

= exp
{
hi(α, µ,Σ, β̃i;Ni)

}√
2πσ2[

1

2
c3σ

4 +
1

8
c5σ

6 + ...]
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Then E (βi|Ni) can be written as

E (βi|Ni) = β̃i +

 1
2
c3σ

4 + 1
8
c5σ

6 + ...

1 + c4σ4

8
+ 15

(
c6

720
+

c23
72

)
σ6 + ...


= β̃i +

1

2
c3σ

4

 1 + 1
8
c5σ

6 + ...

1 + c4σ4

8
+ 15

(
c6

720
+

c23
72

)
σ6 + ...


= β̃i +

1

2
c3σ

4

 1 + 1
4
c5
c3
σ2 + 1

24
c7
c3
σ4 + ..

1 + c4σ4

8
+ 15

(
c6

720
+

c23
72

)
σ6 + ..


= β̃i +

c3

2
σ4 +

c5

8
σ6 +

c7

48
σ8 + ...

= β̃i +
c3

2
σ4 +Op

(
|Ai|−2)

= β̃i +Op

(
|Ai|−1) .

see Abramowitz and Stegun 1972, page 15 for computation of ratios of series.

Proof of property (b)

The following proves that the conditional variance of βi given the data, Ni, is approximately

equal to σ2 = U−1
i (α, βi,Σ)|βi=β̃i . In a similar manner to Proof of property (a), we can show

that

var (βi|Ni) =

∫ (
βi − β̃i

)2

exp {hi(α, µ,Σ, βi;Ni)} dβi∫
exp {hi(α, µ,Σ, βi;Ni)} dβi

= σ2

 1 + 1
24
c3σ

4 +
(
c6

720
+

c23
72

)
σ6 + ...

1 + 1
8
c4σ4 + 15

(
c6

720
+

c23
72

)
σ6 + ...


= σ2

(
1 +

( c3

24
+
c4

8

)
σ4 − 14

(
c6

720
+
c2

3

72

)
σ6 + ...

)
= σ2 +Op

(
|Ai|−1) .

Proof of property (c)

The following demonstrates that the difference between the h-score equations and the approx-

imate h-score equations for fixed effects is Op(a
−1/2
min ). First, the h-score equations for fixed
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effect are written as

qMHLE(α; β̃) = Dαh(α, µ,Σ, β;N)|β=β̃

= n−1a−1
min

n∑
i=1

[∑
t∈Ni

xi(t)−DαΛi(α, β̃i)

]
,

where β̃i is the estimate of the random effect for subject i given α. These h-score equations

for fixed effect are special case of the marginal score equations, Dαh(α, µ,Σ, β;N), when

βi = β̃i for all i = 1, .., n. For technical reasons, the h-score equations are divided by the

area amin of the study region. Then, the approximate h-score equations for fixed effect are

written as

q̂MHLE(α; β̃) = n−1a−1
min

n∑
i=1

[∑
t∈Ni

xi(t)−DαΛ̂i(α, β̃i)

]

= n−1a−1
min

n∑
i=1

∑
t∈Ni

xi(t)−
∑
u∈Si

xi(u) exp
{
αTxi(u) + β̃Ti zi(u)

}
π(u)

 .
Consider the first order approximation of DαΛi(α, β̃i) and DαΛ̂i(α, β̃i) about βi, and by

Assumption 7, the difference between these score equations can be written as

q̂MHLE(α; β̃)− qMHLE(α; β̃) = n−1a−1
min

n∑
i=1

(
DαΛi(α, β̃i)−DαΛ̂i(α, β̃i)

)
= n−1a−1

min

n∑
i=1

(
DαΛi(α, βi)−DαΛ̂i(α, βi)

)
+n−1a−1

min

n∑
i=1

{
(βi − β̃i)

(
DαβΛi(α, βi)−DαβΛ̂i(α, βi)

)}
= Op(a

−1/2
min ) +Op(a

−3/2
min )

= Op(a
−1/2
min ).

Proof of property (d)

For a fixed sampling domain A, the following demonstrates that the difference between the

maximum likelihood estimator (MLE) and MHLE for the fixed effect is Op(a
−1
min). To prove

this property, we follow the similar approach as in Vonesh (1996). First, α is assumed to
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be scalar for a simplicity of notation. Compute the Taylor series-expansion of the marginal

score equations for the fixed effect, Dαh(α, µ,Σ, β;N) :

Dαh(α, µ,Σ, β;N) = qMHLE(α; β̃) +
n∑
i=1

B1i

(
βi − β̃i

)
+

n∑
i=1

(
βi − β̃i

)T
B2i

(
βi − β̃i

)
+ ...,

where qMHLE(α; β̃) = Dαh(α, µ,Σ, β;N)|β=β̃ is the h-score equation for fixed effect,

B1i = (∂/∂α) (∂h(α, µ,Σ, β;N)/∂β)|β=β̃ = Op(|Ai|),

and

B2i = (∂/∂α) (∂2h(α, µ,Σ, β;N)/∂β∂βT )|β=β̃ = Op(|Ai|).

Let qMLE(α) denotes the maximum likelihood estimating equations for the fixed effects.

Since E (βi|Ni) = β̃i + Op

(
|Ai|−1), and var(βi|Ni) = U−1

i (α, βi,Σ)
(
1 +Op

(
|Ai|−1)), then

both B1i

(
βi − β̃i

)
and

(
βi − β̃i

)T
B2i

(
βi − β̃i

)
are Op(1). So

qMLE(α) = E {Dαh(α, µ,Σ, β;N)}

= qMHLE(α; β̃) +Op(n).

Let α̂MLE denotes the MLE, and α̂MHLE denotes the MHLE for the fixed effects. From the

above equation, the marginal ML equations for fixed effects become

qMLE(α̂MLE) = qMHLE(α̂MLE; β̃) +Op(n)

Then, compute the first-order Taylor series expansion of qMHLE(α̂MLE; β̃) about α̂MHLE:

qMLE(α̂MLE) ' qMHLE(α̂MHLE; β̃) +DαqMHLE(α̂MHLE; β̃) (α̂MLE − α̂MHLE) +Op(n).

Since both qMLE(α̂MLE) and qMHLE(α̂MHLE; β̃) are zero, and DαqMHLE(α̂MHLE; β̃) =

Op(namin), we have

α̂MLE − α̂MHLE =
(
DαqMHLE(α̂MHLE; β̃)

)−1

Op(n)

= Op(a
−1
min).
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Proof of property (e)

The following proves that (α̂MHLE − α) = Op

{
max

(
n−

1
2 , a−1

min

)}
. First, in a similar manner

to Proof of property (d), it can be shown that

α̂MLE − α = Op(n
−1/2).

see Nie (2006) for more details. By using the property (d), we have

α̂MHLE = α̂MLE +Op(a
−1
min)

= α +Op(n
−1/2) +Op(a

−1
min)

= α +Op

{
max

(
n−

1
2 , a−1

min

)}
.

Therefore,

(α̂MHLE − α) = Op

{
max

(
n−

1
2 , a−1

min

)}
.

Proof of property (f)

The following proves that (α̂MHLE − α̂MOM) = Op

(
a−1

min

)
. First, the h-score equations for

fixed effect are

qMHLE(α) = Dαh(α, µ,Σ, β;N)|β=β̃

=
n∑
i=1

[∑
t∈Ni

xi(t)−DαΛi(α, β̃i)

]
,

The estimating equations for fixed effect from the method of moment are

qMOM(α; β̃) =
n∑
i=1

[∑
t∈Ni

xi(t)− E
[
DαΛi(α, β̃i)

]]
,
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where

E
[
DαΛi(α, β̃i)

]
= E

[∑
t∈Ni

xi(t)

]

= E

[∫
x(t) exp

{
αTx(t) + βT z(t)

}
dt

]
= p

∫
x(t) exp

{
αTx(t) + zT (t)µ1 +

1

2
zT (t)Σz(t)

}
dt

+(1− p)
∫
x(t) exp

{
αTx(t) + zT (t)µ2 +

1

2
zT (t)Σz(t)

}
dt

=

∫
x(t) exp

{
αTx(t) +

1

2
zT (t)Σz(t)

}(
p exp

{
zT (t)µ1

}
+ (1− p) exp

{
zT (t)µ2

})
dt,

and the difference is

n−1qMHLE(α; β̃)− n−1qMOM(α; β̃) = rn(α, βi, β̃i) + kn(α, p, µ,Σ)

where

rn(α, βi, β̃i) = n−1

n∑
i=1

[
DαΛi(α, βi)−DαΛi(α, β̃i)

]
,

and

kn(α, p, µ,Σ) = n−1

n∑
i=1

[
E
[
DαΛi(α, β̃i)

]
−DαΛi(α, βi)

]
.

By Assumption 3, which ensures that all the study intervals are in a well-behaved fashion and

amax/amin = Op(1) , the Liapounov’s condition (Ash 1972, p. 337) holds with δ = 1. Hence,

kn(α, p, µ,Σ) is Op(n
−1/2) by central limit theorem. Moreover, the variances and the second

moments of the independent random variables contained in kn(α, p, µ,Σ) share a common

bound by Assumption 1-4. So, Theorem 5.1.1 (Chung K.L. 1974, p. 103) and Kolmogorov’s

condition (Feller 1968, p. 259) are satisfied. kn(α, p, µ,Σ)converges pointwise to zero for each

θ ∈ Θ with probability 1.

Consider the first approximation of DαΛi(α, βi) about β̃i in rn(α, βi, β̃i).We obtain

rn(α, βi, β̃i) ' n−1

n∑
i=1

[
DαΛi(α, β̃i) +DαβiΛi(α, β̃i)

(
βi − β̃i

)
−DαΛi(α, β̃i)

]
= n−1

n∑
i=1

DαβiΛi(α, β̃i)
(
βi − β̃i

)
= Op(1)

68



So, the difference between the estimating equations of method of mement and maximum

h-likelihood for fixed effect is Op(1). Then, by adding and subtracting n−1qMOM(α̂MHLE; β̃):

n−1qMHLE(α̂MHLE; β̃) = n−1qMOM(α̂MHLE; β̃) + n−1qMHLE(α̂MHLE; β̃)− n−1qMOM(α̂MHLE; β̃)

= n−1qMOM(α̂MHLE; β̃) +Op(1).

Compute the first-order Taylor series expansion of n−1qMOM(α̂MHLE; β̃) about α̂MOM :

n−1qMHLE(α̂MHLE; β̃) ' n−1qMOM(α̂MOM ; β̃)+n−1DαqMOM(α̂MOM ; β̃) (α̂MHLE − α̂MOM)+Op(1).

Since both qMOM(α̂MOM ; β̃) and qMHLE(α̂MHLE; β̃) are zero, and DαqMOM(α̂MOM ; β̃) =

Op(namin), we have

α̂MHLE − α̂MOM =
(
n−1DαqMOM(α̂MOM ; β̃)

)−1

Op(1)

= Op(a
−1
min).
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3.11 Appendix B

The first part of this Appendix displays the terms of the asymtotic variance components of

the fixed effect estimators. The second part will demonstrate how to derive the asymptotic

variance of fixed effect estimators. Then, the third part will demonstrate the asymptotic

variance of µ derived from incomplete data likelihood. Finally, the fourth part will show the

details of Newton method for variance component estimation.

The asymptotic variance components

The complete expansions of the variance terms SX∞ (θ) and SY∞ (θ) can be derived as

SX∞ (θ) = lim
n→∞

V arθ

{
n−

1
2

n∑
i=1

(∑
t∈Ni

xi(t)

)}

= n−1

n∑
i=1

( E

{∑
t∈Ni

xi(t)xi(t)
T +

∑
s6=t∈Ni

xi(s)xi(t)

}

−E

{∑
t∈Ni

xi(t)

}
E

{∑
t∈Ni

xi(t)

}T

)

= n−1

n∑
i=1

(

∫
Ai

xi(t)xi(t)
Tλi(t;α)Mβi (zi(t);µ,Σ) dt

+

∫
Ai

∫
Ai

xi(s)xi(t)
Tλi(s;α)λi(t;α)Mβi (zi(s) + zi(t);µ,Σ) dsdt

−
∫
Ai

∫
Ai

xi(s)xi(t)
Tλi(s;α)λi(t;α)Mβi (zi(s);µ,Σ)Mβi (zi(t);µ,Σ) dsdt )

= n−1

n∑
i=1

(

∫
Ai

xi(t)xi(t)
Tλi(t;α)Mβi (zi(t);µ,Σ) dt

+

∫
Ai

∫
Ai

xi(s)xi(t)
Tλi(s;α)λi(t;α)

∗ [Mβi (zi(s) + zi(t);µ,Σ)−Mβi (zi(s);µ,Σ)Mβi (zi(t);µ,Σ)] dsdt ).

70



and

SY∞ (θ) = lim
n→∞

V arθ

(
n−

1
2

n∑
i=1

(∑
u∈Si

πi(u)−1xi(u) exp
{
αTxi(u) + βTi zi(u)

}))

= n−1

n∑
i=1

( E(
∑
u∈Si

xi(u)xi(u)T exp
{

2
(
αTxi(u) + βTi zi(u)

)}
π2
i (u)

+
∑

u6=v∈Ni

xi(u)xi(v)T exp
{
αTxi(u) + βTi zi(u)

}
exp

{
αTxi(v) + βTi zi(v)

}
πi(u)πi(v)

)

−E

{
xi(u) exp

{
αTxi(u) + βTi zi(u)

}
πi(u)

}
E

{
xi(u) exp

{
αTxi(u) + βTi zi(u)

}
πi(u)

}T

)

= n−1

n∑
i=1

(

∫
Aii

xi(u)xi(u)Tλ2
i (u;α)Mβi (zi(u);µ,Σ)Mβi (zi(u);µ,Σ)T

πi(u)
du

+

∫
Aii

∫
Aii

(
πi(u, v)− πi(u)πi(v)

πi(u)πi(v)

)
xi(u)xi(v)Tλi(u;α)λi(v;α)Mβi (zi(u);µ,Σ)Mβi (zi(v);µ,Σ)T ).

Asymptotic Variance of Fixed effect estimators

Let q̂MHLE(α) be a score equations for the fixed effect for partially observed covariates, that

is

q̂MHLE(α; β̃) =
n∑
i=1

(∑
t∈Ni

xi(t)−DαΛ̂i(α, β̃i)

)
n∑
i=1

∑
t∈Ni

xi(t)−
∑
u∈Si

xi(u) exp
{
αTxi(u) + β̃Ti zi(u)

}
π(u)

 .

By the first order approximation of DαΛ̂i(α, βi), we get

q̂MHLE(α; β̃) '
n∑
i=1

{∑
t∈Ni

xi(t)−
∑
u∈Si

xi(u) exp
{
αTxi(u) + βTi zi(u)

}
π(u)

}

−
n∑
i=1

{∑
u∈Si

xi(u) exp
{
αTxi(u) + βTi zi(u)

}
π(u)

(
β̃i − βi

)}
.

Then, V ar
(
q̂MHLE(α; β̃)

)
is approximately

V ar
(
q̂MHLE(α; β̃)

)
= Q∞ (α)

= SX∞ (α) + SY∞ (α)− V T
∞(α)U−1

∞ (α)V∞(α),
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Here, V (α), and U(α) are taken the forms as in (3.7). And, by adding and subtracting

qMHLE(α; β̃), we have

∂

∂α
q̂MHLE(α; β̃) =

∂

∂α
qMHLE(α; β̃) +

∂

∂α

(
q̂MHLE(α; β̃)− qMHLE(α; β̃)

)
,

where

qMHLE(α; β̃) =
n∑
i=1

{∑
t∈Ni

xi(t)−
∫
Ai

xi(t) exp
{
αTxi(t) + β̃Ti zi(t)

}
dt

}
.

It can be seen that
(
q̂MHLE(α; β̃)− qMHLE(α; β̃)

)
→ 0. Then, using the estimate of

−E {∂qMHLE(α)/∂α} on p. 654 of Lee and Nelder (1996), we have consistent estimate of

−E
{
∂
∂α
q̂MHLE(α, β, µ; Σ)

}
, which is defined as

J∞(α) = − lim
n→∞

E {∂q̂MHLE(α)/∂α}

= W∞(α)− V T
∞(α)U−1

∞ (α)V∞(α).

So, V ar (α̂MHLE) is asymptotically {J∞(α)}−1Q∞ (α) {J∞(α)}−1 ..

Asymptotic Variance of µ and p

The incomplete-data h-likelihood subject i can be written as

hic(θ;N) = αT
∑
t∈Ni

xi(t) + βTi
∑
t∈Ni

zi(t)− Λi(α, βi)

+ log {pei1 + (1− p)ei2} ,

where

eij = exp

(
−1

2
(βi − µj)T Σ−1 (βi − µj)

)
.

For each subject i, the incomplete score equations for µ are

qi(µ) =
∂hic(θ;N)

∂µ
|β=β̃

=

 pΣ−1(β̃i−µ1)êi1
pêi1+(1−p)êi2

(1−p)Σ−1(β̃i−µ2)êi2
pêi1+(1−p)êi2

 .
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and the incomplete score equation for p is

qi(p) =
êi1 − êi2

pêi1 + (1− p)êi2
|β=β̃.

Then V ar (µ̂MHLE) is asymptotically

{J∞(µ)}−1Q∞ (µ) {J∞(µ)}−1 ,

Here

Q∞(µ) = lim
n→∞

n−1

n∑
i=1

qi(µ)qi(µ)T ,

is a consistent estimate of E
{
q(µ)q(µ)T

}
, and

J∞(µ) = − lim
n→∞

n−1

n∑
i=1

(∂qi(µ)/∂µ) ,

is a consistent estimate of −E {∂q(µ)/∂µ} .

The elements of J∞(µ) comprises of the following second derivative terms of qi(µ) with

respect to µ:

∂2hic(θ;N)

∂µ1∂µT1
=

pei1

(
Σ−1 (βi − µ1) (βi − µ1)T Σ−1 − Σ−1

)
(pei1 + (1− p)ei2)

+
p2e2

i1

(
Σ−1 (βi − µ1) (βi − µ1)T Σ−1

)
(pei1 + (1− p)ei2)2 .

∂2hic(θ;N)

∂µ2∂µT2
=

(1− p)ei2
(

Σ−1 (βi − µ2) (βi − µ2)T Σ−1 − Σ−1
)

(pei1 + (1− p)ei2)

+
(1− p)2e2

i2

(
Σ−1 (βi − µ2) (βi − µ2)T Σ−1

)
(pei1 + (1− p)ei2)2 .

and

∂2hic(θ;N)

∂µ1∂µT2
= −

p(1− p)ei1ei2
(

Σ−1 (βi − µ1) (βi − µ2)T Σ−1
)

(pei1 + (1− p)ei2)2 .

The asymptotic variance of p can also be written as

V ar (p̂MHLE) = {J∞(p)}−1Q∞ (p) {J∞(p)}−1 ,
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Here

Q∞ (p) = lim
n→∞

n−1

n∑
i=1

qi(p)qi(p)
T ,

and

J∞ (p) = − lim
n→∞

n−1

n∑
i=1

(∂qi(p)/∂µ) ,

where

∂qi(p)

∂p
= −

(
êi1 − êi2

pêi1 + (1− p)êi2

)2

Newton method for Variance component estimation

First, rearrange the H(µ, α, β,Σ;N) matrix as defined in (3.8)

H(µ, α, β,Σ;N) =

 H11 H12

H21 H22

 ,
where

H11 =

 W (α, β) 0

0 P (Σ)

 ,
H12 = HT

21 =

 V T (α, β)

T (Σ)

 ,
and

H22 = [U(α, β,Σ)] .

Let Z = H11 −H12H
−1
22 H21, we get

H−1(µ, α, β,Σ;N) =

 Z−1 −Z−1H12H
−1
22

−H−1
22 H21Z

−1 H−1
22 +H−1

22 H21Z
−1H12H

−1
22

 .
Since trace

(
H−1(µ, α, β,Σ(γ);N) ∂

∂γ
H(µ, α, β,Σ(γ);N).

)
=trace

(
K(µ, α, β,Σ(γ)

(
∂U(α,β,Σ)

∂γ

))
,

where K(µ, α, β,Σ(γ) is the matrix given by the bottom right-hand of H−1(µ, α, β,Σ;N),
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the score equations for γ can be written as

Dγh = −n
2

traceΣ−1(γ)
∂

∂γ
Σ(γ)

+
n∑
i=1

wi
2

(
β̂i − µ̂1

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂1

)
+

1

2

n∑
i=1

(1− wi)
(
β̂i − µ̂2

)T
Σ−1(γ)

∂

∂γ
Σ(γ)Σ−1(γ)

(
β̂i − µ̂2

)
−n

2
trace

(
K(µ, α, β,Σ(γ)

(
∂U(α, β,Σ)

∂γ

))
.

Using
(
β̂i − µ̂1

)
= (βi − µ1) +

{(
β̂i − µ̂1

)
− (βi − µ1)

}
, it can be seen that

E (Dγh) = 0.

Moreover, the Newton’s hessian matrix can be simplified as

E
(
DγγTh

)
= −n

2
trace

((
Σ−1(γ)

∂

∂γ
Σ(γ)

)(
Σ−1(γ)

∂

∂γ
Σ(γ)

))
−n

2
trace

((
K

(
∂U(α, β,Σ)

∂γ

))(
K

(
∂U(α, β,Σ)

∂γ

)))
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Chapter 4

Conclusion

4.1 Dissertation review

Ecological momentary assessment (EMA) is an emerging method for collecting real-time data

in subjects’ environment. This technique uses electronic devices to take repeated assessments

over time of the immediate states of subjects in their natural environments. In doing so,

EMA allows for unbiased estimation of their mean psychological states through probability-

based sampling of their mood and other variables over time. Moreover, this method makes

it possible to record the times of repeated behavioral events in subjects. Hierarchical Linear

Models (HLMs) have been generally recommended for the analysis of EMA data (Affleck et

al. 1999; Bolger, Davis, & Rafaeli 2003; Schwartz & Stone 2007). However, HLMs are not

designed to model the timing of these repeated discrete events over an interval, because they

are based on regression type models.

Recently, Rathbun, Shiffman, and Gwaltney (2007) proposed models for the analysis

of EMA longitudinal repeated-event data using a Poisson process. Their model, however,

contains the implicit assumption that all subjects have identical rates of event occurrence. For

psychological research, this assumption can be unrealistic, since subjects may have inherent

genetic factors that lead to higher or lower intensity functions. Moreover, recent research

(Shiffman and Rathbun 2011) also suggests that subjects can also be divided into groups or

categories depending on their different responses to changes in time-varying covariates.

This dissertation proposed two different models that account for heterogeneity among

subjects. The modulated Poisson process with implementation of the finite mixture model

was developed in Chapter 2. The maximum likelihood parameter estimation problem were
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described and we showed how the EM algorithm can be used for its solution. The ML

equations were estimated using Rathbun et al.’s (2007) integral estimation method, and the

estimators have been proved to be consistent and asymptotically normal under combined

increasing domain/infill asymptotics.

The second model which is more flexible was developed in Chapter 3. A mixture mixed-

effects version of a modulated Poisson process, where the intensity was modified to allow for

inter-subject variability and handles heterogeneous population. This model resembled the

Generalized Linear Mixed Model, since random effects were assumed to be sampled from

a mixture of normal distributions with different means and common unknown covariance

matrix. Since the likelihood had no closed form, we considered an estimation method based

on hierarchical or h-likelihood (Lee and Nelder 1996). Estimating equations were developed

from the application of Laplace approximation of the likelihood. Due to the difficulties of

parameter estimation, the EM type algorithm were employed in Chapter 3. Furthermore, this

chapter also provided the asymptotic properties of the estimators of the fixed parameters in

effect of the increasing domain asymptotics, and rates of convergence were discussed.

All of the proposed methods were illustrated using Shiffman et al.’s (2002) multi-phase

EMA study on smoking habits. This EMA study consisted of a sample of 304 smokers, each of

whom was given an electronic diary and was instructed to record on the diary any time that

they smoked a cigarette. The results from both Mixture-model versions of the modulated

Poisson process were compared with Rathbun et al.’s (2007) results. The results coincided

with both Rathbun et al. (2007), and literature on smoking, that is restlessness was shown to

significantly increase smoking rate given that subject is in the one cluster. Therefore, more

effective individual-based treatments for smoking cessation related to restlessness might be

further applied to subjects in that cluster. Moreover, the model in Chapter 2 also suggested

that the smoking rate is increased when there are others smoking in view of the participant

given that subject is in the second cluster.
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In conclusion, the two models proposed in this dissertation provided new, more flexible

methods of analyzing EMA and other repeated-event data. Both models demonstrated a

manner in which one may handle heterogeneity among the subjects using a finite-mixture

model. For the EMA study on smoking cessation (Shiffman et al. 2002), these models may

help us better understand how time-varying covariates impact smoking rate from which

clusters of subjects showing similar smoking behaviors. This understanding may lead to

improvements in smoking intervention programs.

4.2 Future research

This dissertation focuses on the two new approaches of mixture modulated ppoint process

for the analysis of event timing in repeated-event data. Based on our experience, there are

potential future research that can be focused on following topics:

4.2.1 Model Diagnostics

Since the asymptotic properties in both proposed models depend upon the point process

being Poisson, a method of verifying this assumption such as K-function (Ripley 1976, 1977,

1981) may be used to analyze the second order properties of data. Moreover, with regard to

the mixed-effect model in Chapter 4, a conclusive test for the appropriateness of a random

effect term would assist a researcher to determine whether a variable should be modelled by

a fixed or random effect.

4.2.2 Monte Carlo Approaches

McCulloch (1997) reviews Monte Carlo approaches for maximum likelihood estimation of

parameters of generalized linear mixed models including the Monte Carlo EM (Wei and

Tanner 1990; McCulloch 1994) and simulated maximum likelihood based on the importance

sampling (Geyer and Thompson 1992). With regard to the mixed-effect model in Chapter

4, we can further apply these procedures for the analysis of event timing in repeated-event
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data. By using Monte Carlo algorithm for statistical inference, we can get an approximate log

likelihood, score equations, and hessian matrix. These statistical procedures is particularly

useful for relatively small EMA data sets.
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