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The mass of a protoplanetary disc is exceptionally difficult to observe di-
rectly due to the dimness of molecular hydrogen and the optical thickness of
the gas portion of a typical accretion disc. A common method for determin-
ing mass constraints in PPDs is to use the flux of continuum observations to
approximate the mass of the optically thin dusty midplane, and then use an
assumed ϵ mass ratio to constrain total mass. This work shows the importance
of considering effects from dust on disc morphology, namely depth of gaps in-
duced by planets. I show that for fixed dust mass and a constant grain size, gap
depths decrease for increasing ϵ. Since the dust mass of a disc can be inferred
through continuum observations, the depth of a gap in dust can be used to
additionally constrain the ϵ mass ratio. For multiple discs with planets of sim-
ilar mass, we can rank the discs by their ϵ mass ratios based on measured gap
depth. Additionally, I propose an update to the current analytical gap depth
prescription that includes effects due to the back reaction and variations in ϵ
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Chapter 1

Introduction and
Literature Review

There are now over 5000 confirmed exoplanets, revealing huge diversity in the
exoplanet architecture. Arguably the most fundamental exoplanet properties
are semi-major axis and planetary mass, which vary by over three to four orders
of magnitude in the known population (Zhu and Dong, 2021). A planet’s semi-
major axis may be heavily influenced by planet-disc interactions that lead to
migration early in the disc’s life (Kley and Nelson, 2012), but may also continue
to evolve under secular interactions well after disc dispersal (Ida et al., 2000).
Obtaining an accurate measurement of protoplanetary disc (PPD) mass is cru-
cial to understanding the diversity of exoplanets, because planetary masses are
constrained by the overall mass budget in a PPD.

Disc mass is also one of the most challenging characteristics to constrain
through observations. The molecule with the largest share by mass of any PPD,
molecular hydrogen, emits very weakly at typical disc temperatures (Carmona,
2010). As a result, total mass estimates are challenging to obtain directly, and as
such are typically inferred indirectly.

One of the most common methods of determining PPD mass involves us-
ing a tracer molecule such as CO, which is about 10 million times more emissive
than H2 at typical disc temperatures (Bergin and Williams, 2017). However,
this is not without complications. The lines of some CO isotopologues may
be optically thick, therefore only tracing the upper layers of the disc and mask-
ing emission from deeper layers which gives an incomplete account of the total
emission from that tracer. Additionally, there are uncertainties in the assumed
abundances which may be affected and altered by chemical reactions and pho-
todissociation. An alternative that has emerged recently is the measurement or
constraint of disc mass through dynamical or kinematic means (Longarini et al.,
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2021; Pinte et al., 2023; Terry et al., 2022; Veronesi et al., 2021), although this
requires that the disc be sufficiently massive to be self-gravitating.

The method we are the most interested in uses the brightness of contin-
uum emissions to obtain the total dust mass (Andrews et al., 2012), and then
infers both the gas and total mass based on an assumed dust-to-gas mass ratio, ϵ.
Measuring the total dust emission is less challenging since it emits over a contin-
uum, but there are still significant sources of uncertainty. For example the dust
opacity can vary widely depending on a number of assumed properties such as
temperature, composition, size, and porocity, such that the dust emission can
be either optically thin or thick at millimeter wavelengths based on the choice
of dust opacity (Xin et al., 2023). Particles of larger sizes (typically ∼mm and
above) undergo differential settling and radial drift, resulting in size segregation
of grains across the disc (Youdin and Lithwick, 2007).

Perhaps the strongest source of uncertainty is the assumed ϵ. Best estimates
for ϵ in the interstellar medium (ISM) are ϵ ∼ 0.01(Frisch and Slavin, 2003;
Frisch et al., 2011; Nguyen et al., 2018), and as a result this is a commonly assumed
value for PPDs. However, this is likely an oversimplification. For example, ob-
servations of CO have found that the average disc ϵ values can be substantially
higher, reaching around 0.2 (Ansdell et al., 2016). Similarly, simulations, such
as those by Lebreuilly et al., 2020, have shown that discs can form with signifi-
cant dust enrichment. Compounding this is the large discrepancy between the
observed radial extent of the gas and dust disc components, with the latter typi-
cally appearing far more compact (Andrews et al., 2012; Pérez et al., 2012, 2015)
due to a combination of grain growth and radial drift. In the most extreme cases
the dust disc can be 10 times more compact than its gas component (see observa-
tions of IM Lup (Cleeves et al., 2016)), and since ϵ = ϵISM[Rgas disc/Rdust disc ]
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(Ilee et al., 2020), this could potentially result in ϵ values as high as ϵ = 1.0 in
the inner ∼ 120 au of the disc.

Observations with the Atacama Large Millimeter/submillimeter Array
(ALMA) over the last decade have identified a plethora of previously unobserved
substructure within PPDs, in particular rings and gaps in the dust continuum
(ALMA Partnership et al., 2015; Andrews et al., 2018), spirals (Huang et al.,
2018), and velocity perturbations in CO line emission (Pinte et al., 2018; Teague
et al., 2018). Velocity perturbations are a strong indication of the kinematic
influence of protoplanets (Pinte et al., 2020), which may lead to the formation
of these observed disc structures. The observed morphology of this ring-like
structure is a function of both planet and disc properties, and can be used to
constraint these properties.
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In this work, we demonstrate how changing global ϵ ratios affects the mor-
phology of PPDs with an embedded planet. Understanding the causality can
be used to qualitatively constrain the ϵ values in observed systems, and can be
effective in systems where protoplanet mass is constrained by kinematics. Ad-
ditionally we show ways in which the current prescription for predicting and
analyzing gap depths deviates from simulated results when considering effects
of the back reaction. We do this by simulating PPDs with embedded planets
using smoothed particle hydrodynamics (SPH) across a variety of disc masses, ϵ,
and dust-gas coupling ratios to isolate the effects ϵ has on a disc’s morphology.

This thesis is organized as follows: The first chapter will serve as an introduc-
tion and literature review, discussing accretion discs and dusty PPDs, smoothed
particle hydrodynamics, planet-disc interactions, and the specific parameters
of simulations performed. The second chapter is a presentation of my contri-
bution as a manuscript submitted to The Monthly Notices of the Royal Astro-
nomical Society. The third and final chapter situates my results in the context
of the field, with a short discussion of potential future work.

1.1 Protoplanetary Discs: Model, Evolution, and
Observations

Models and dynamics of PPDs extend from early work on accretion discs around
black holes and X-ray emitting stars (Pringle, 1981). PPDs can be thought of
as a specific case of accretion discs, as both form from large clouds of viscous
gas in potential wells (Jefferys, 1924; von Weizsäcker, 1948). Typically these
potential wells are gravitational potentials about stars or black holes. Viscous
interaction, kinetic energy exchange through collisions, and conservation of
angular momentum causes the gas to settle into a relatively thin disc with signif-
icantly more radial extent than vertical (Nakagawa et al., 1986). As a parcel of gas
falls towards the central star, vertically or radially into the gravitational well, it
speeds up (Hoyle, 1960; marquis de Laplace, 1813). Viscous interactions impart
a portion of that velocity onto the slower moving gas parcels further from the
central mass, speeding them up and sending them outward, conserving angu-
lar momentum (Papaloizou and Lin, 1995). If you imagine a cloud with initial
radius r = R0 that collapses into a torus of approximately the same radius, the
majority of the mass comprising the ring is sent to r < R0, with exterior gas
dispersing further and further (r > R0) from the central star.

The specific origin of viscous interaction is disputed and uncertain, but
mathematical models have had great success parameterizing it via the overall
efficiency of angular momentum transport. The landmark "α-prescription"
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1 Hereafter "N-S"

2 Bold symbols (e.g. v)
indicate vector quantities.

described in Shakura and Sunyaev, 1973 is used to characterize accretion discs to
this day. This is a very effective mathematical model, but was developed post-
hoc to resolve divergence between previous mathematical models and observa-
tions. The modern solution is to use numerical simulation of accretion discs,
treating the gas and suspended dust as viscous fluids with the Navier-Stokes
equations, and then compare the results to observations (Dipierro, Price, et al.,
2015a; Speith et al., 1999; Stone, 1994).

1.1.1 Navier-Stokes and Gas Dynamics
The Navier-Stokes1 equations are partial differential equations that describe
the movement of viscous fluids. The N-S Equations are much studied in fluid
dynamics, but no closed form, generalized solution yet exists (Ladyzhenskaya,
2003). Never-the-less there are useful analytical solutions for specific applica-
tions. The most general form is as follows2:

∂ρ

∂t
+∇ · (ρv) = 0 (1.1)

∂

∂t
(ρv) +∇ · (ρv ⊗ v) = −∇p+∇ · τ + ρg (1.2)

Where, ρ is the density of the fluid, v is the velocity field that describes fluid
motion, p is pressure, τ is a stress tensor, andg is any body force or acceleration.
In most astrophysical applications, this commonly includes gravitational po-
tentials and can include other potentials, for example the effects of magnetism.
Equation 1.1 is a constraint on continuity, and Equation 1.2 is the general form
for an equation of motion of a fluid. For component wise derivations of the
velocities of dust and gas, we follow Dipierro and Laibe, 2017 for it’s explicit
presentation of steady state solutions to the N-S equations.

To begin solving, a substitution of quantities describing gas and dust is all
that is needed to bring Equation 1.2 into the use case of PPDs:

∂vg

∂t
+ (vg · ∇)vg =

K

ρg
(vd − vg)−∇(Φ+Φp)−

1

ρg
(∇P −∇ · σ) (1.3)

∂vd

∂t
+ (vd · ∇)vd =

K

ρd
(vd − vg)−∇(Φ + Φp) (1.4)

The "g" and "d" subscripts refer to the gas and dust phases respectively, Φ
andΦp are gravitational potentials due to the star and planet respectively, andK
is a term quantifying the coupling of dust and gas related to the stopping time,
ts, and dust-to-gas ratio, ϵ. Note that both phases are treated under the same
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prescription, save for pressure (P ) and viscosity (σ) present in the gas phase.
This is because only gas is pressure supported and viscous. Dust feels neither
of these directly, instead the drag coupling K is how viscosity and pressure
information are communicated to the dust (Laibe and Price, 2012):

K ≡ ρd
ts(1 + ϵ)

. (1.5)

Related ts is the Stokes number, St:

ts =
St

Ωk

. (1.6)

The Stokes number is related to drag and is a direct way of parameterizing of
the degree of coupling felt between a fluid and some solid particle(s) it hosts.
Ωk is the Keplerian Orbital Period about a host star of mass M∗ at a radius r, is
given by

Ωk =

√
GM∗

r3
, (1.7)

And serves as the fiducial orbital period for a completely uncoupled dust grain
(St ≈ +∞) or a pressureless gas. In a PPD, dust particles with high Stokes
numbers (St>> 1) are uncoupled from the host gas and move without influ-
ence from the gas; think like a rock in a river bed. Dust particles with low Stokes
numbers (ST<< 1) are coupled to the host gas and are strongly influenced by
it; think like a leaf floating in a river. To find the Stokes number of a given grain
species in a fluid, we follow Birnstiel et al., 2010:

St =
πaρs
2Σg

, (1.8)

Where ρs is the bulk density of the dust species being considered, typically taken
to be ≈ 3g · cm−3. Σg is the gas surface density. Note that by rearranging
Equation 1.6, one can also express the stokes number as the product of the
stopping time and orbital period:

St = tsΩk (1.9)

To solve for the non-ideal case of pressure supported gas with dust of arbi-
trary coupling, perform a perturbative expansion around the Keplerian velocity,
vk = (0, rΩk, 0). We continue following Dipierro and Laibe, 2017.

Do this in both gas and dust phases to a acquire a system of differential
equations describing ∂vg,R

∂t
, ∂vg,Φ

∂t
, ∂vd,R

∂t
, and ∂vd,Φ

∂t
:

5



∂vg,R
∂t

=
K

ρg
(vd,r − vg,r)−

1

ρg

∂P

∂r
+ 2Ωkvg,θ, (1.10)

∂vg,ϕ
∂t

=
K

ρg
(vd,θ − vg,θ)−

Ωk

2
vg,2 +

1

ρg
∇ · σ|θ +

Λg

r
, (1.11)

∂vd,R
∂t

=
K

ρg
(vd,r − vg,r) + 2Ωkvd,θ, (1.12)

and
∂vd,ϕ
∂t

=
K

ρg
(vd,θ − vg,θ)−

Ωk

2
vd,r +

Λd

r
. (1.13)

Next, find the stationary solutions to this system of differential equations of
the form X ′(t) +AX(t) = B to find expressions for the radial and azimuthal
velocities of dust and gas. For more detail, we direct the reader to Dipierro
and Laibe, 2017, as this is beyond the scope of my study. We are immediately
interested in the viscously mediated differential azimuthal velocities of dust and
gas:

vd,θ − vg,θ = − ∆v

2(1 + St−2)
− vvisc

St + St−1 − Λg − Λd

vk(1 + ϵ)(St + St−1)
(1.14)

In the simplest possible case, gas and dust with no excitation torque (Λg =

Λd = 0), have their differential velocities mediated by viscous evolution:

vd,θ − vg,θ = − ∆v

2(1 + St−2)
− vvisc

2(St + St−1)
. (1.15)

∆v is the optimal drift velocity derived in Nakagawa et al., 1986 and vvisc is the
viscous velocity from Lynden-Bell and Pringle, 1974.

As the phases move independently, they exert a gravitational torque on each
other. For a given annulus, the relative azimuthal velocity of the gas and the
dust imparts a drag torque, Λg→d, from the gas phase to the dust phase given
by:

Λg→d = −r × K

ρd
(vd,θ − vg,θ) (1.16)

For a set of given azimuthal velocities, the torque deposited into the dust
phase by gas is scaled by the drag coupling, K , which is itself a function of ts
and ϵ (Equation 1.5).

At the same time, dust exerts a torque back on the gas via mutual drag. This
can be thought of a force pair, naively described by Newton’s Third Law that
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demands an equal and opposite reaction. Except, while proportional, it is not
exactly equal in magnitude. The so-called "back reaction" scales that response
by the mass ratio, ϵ (Dipierro and Laibe, 2017):

Λd→g = −ϵΛg→d. (1.17)

And this is the quantity we are most interested in. By simulating the back
reaction and scaling ϵ we are able to alter drag dynamics as the response torque
from the dust directly impedes the movement of gas (Dipierro et al., 2018). To
the first order, this leads to an overall reduction in the net torque experienced
by a parcel of the dust and/or gas:

Λnet = Λg→d + Λd→g

= Λg→d − ϵΛg→d

= Λg→d(1− ϵ). (1.18)

The back reaction due to dust is frequently not included in simulations
for computational simplicity, leveraging the assumption that for values of ϵ
observed in the ISM (ϵ ∼ 0.01), the effects are negligible. Previous findings
and simulations, such as Dipierro et al., 2018, have demonstrated that for high
values of ϵ the back reaction is certainly not negligible. By simulating PPDs with
and without the back reaction, we will show that even relatively small values of
and variations in ϵ have measurable effects on the morphology of a dusty disc.

1.2 Smoothed Particle Hydrodynamics
We perform three-dimensional hydrodynamical simulations of pressure-supported,
viscous, dusty, gaseous protoplanetary discs (PPDs) usingPHANTOM, a smoothed
particle hydrodynamics (SPH) code (Price et al., 2018b). We use the one-fluid
approximation, simulating dust and gas as a single fluid (Jacquet et al., 2011;
Laibe and Price, 2014a, 2014b, 2014d; Youdin and Goodman, 2005) with en-
forced dust mass conservation (Ballabio et al., 2018). We use two different dust
prescriptions as scenarios we investigate: The first is dust grains of constant size
and is treated normally under SPH; the second is dust grains of variable size,
but a constant Stokes number enforced throughout the disc.
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1.2.1 Basics of SPH
Smoothed particle hydrodynamics is part of a long line of algorithms used to
study the solutions to hydrodynamics problems, namely analytically solving the
N-S discussed in the previous section (Gingold and Monaghan, 1977). Contin-
uous field problems are in general difficult to solve, but can be especially so as
the problems get further from any sort of simplifying symmetry. One method
of handling these problems analytically is to discretize the volume occupied,
dividing it into cells, and using the N-S equations at the boundaries of each cell
to keep track of flow into and out of a given cell.

When simulating hydrodynamics is there is an implicit tension to using vol-
ume elements to determine resolution. The simulation setup that optimizes the
resolution is incredibly taxing in memory and computation time, since close-to-
empty cells still have a computed flux and empty cells still need to remembered
to be empty. One solution to this is known as "Adaptive Mesh Refinement"
(AMR) as seen in FARGO and it’s successor FARGO3D (Benítez-Llambay and
Masset, 2016; F. Masset, 2000). Fluids move in and out of cells who’s size are
updated regularly and sometimes nested in order to bring the highest resolution
to complicated or otherwise interesting areas of the domain (Berger and Colella,
1989). This does result in the spatial domain not being smoothly sampled, intro-
ducing error in certain applications such as turbulent flow (Plewa and Müller,
2001). This makes SPH more suitable for my purposes since we are interested
in the large-scale spatial domains of simulating an entire PPD.

To briefly and intuitively develop a working understanding of SPH, imagine
a simple volume of V = L3 with some amount of a fluid in it, characterized by
a total, mass, Mf . We can discretize the fluid with it’s density, ρf = Mf · V −1,
by randomly sampling of a number particles corresponding to the desired res-
olution, using ρf as a probability distribution. This creates a group of parti-
cles who’s behavior is, at this snapshot in time, identical to the behavior of the
fluid. Evolving a discrete set of particles under field conditions (namely velocity,
pressure, and potentials) is straightforward when given a particular time step.
Additionally, converting back to "smooth" density, ρs, from a collection of ran-
domly sampled particles can be achieved with a smoothing kernel (Gingold and
Monaghan, 1977):

ρs(r) =

∫
W (r − r′)ρ(r′)dr′ (1.19)

Where W satisfies: ∫
W (r)dr = 1 (1.20)
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Importantly, the smoothing kernel, W , is chosen with respect to the problem.
In astrophysical applications the kernel is additionally represented as a function
of a smoothing length,h, to preserve local rather than global density (Monaghan
and Lattanzio, 1985). The particular choices of W and h for PHANTOM will be
discussed in Section 1.2.2.

If ρ(r′) is unknown or prohibitive to find, ρN ≈ ρs can still be approxi-
mated from N points utilizing a Monte Carlo integral approximation (Ham-
mersley and Handscomb, 1964).

ρN(r) =
M

N

N∑
j=1

W (r − rj) (1.21)

Where:

M =

∫
ρ(r)dr (1.22)

Thus we have the basic algorithm formulation for SPH: a scheme by which
physical and astrophysical problems involving fluids can be solved through sta-
tistically smoothing a distribution of particles, who’s body forces are much
easier to calculate. One of the distinct advantages is that computation power
is focused in the areas of highest density, due to the kernel: W (r − rj). With
this formulation, the point particles that carry the mass and density distribu-
tion information are also what determine the resolution. Each particle carries
with it a local mesh with a range of influence set by a smoothing parameter.
This ensures areas that contain more particles necessarily have higher resolu-
tion due to multiple overlapping local mesh. Now consider an area with much
fewer particles, that region of the simulated space has lower resolution and uses
less computation power, because fewer particles fall within each other’s local
meshes.

The Two-Fluid Formalism

In the two-fluid approximation gas and dust of a PPD are handled as explicitly
separate, with a gas and a potentially heterogeneous mixture of diffuse dust
grains. Dust grains are categorized into homogeneous species, but still treated
as a singular SPH "fluid". Treating the gas and the dust separately, there are two
mass continuity equations from the N-S formalism:

∂ρ̂g
∂t

+∇ · (ρ̂gvg) = 0, (1.23)
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∂ρ̂d
∂t

+∇ · (ρ̂dvd) = 0. (1.24)

Where ρ̂g and ρ̂d are the volume densities of gas and dust respectively. Since
solid dust grains occupy a finite volume, it is typical to identify the volume
density as the "volume occupied per unit total volume" (Harlow and Amsden,
1975):

θ = 1− ρ̂d
ρd

. (1.25)

In astrophysical applications, typical values of ρd mean that θ ≈ 1, but is still
included here for completeness.

The momentum conservation of the N-S equations are coupled by the ex-
plicit drag term: F V

drag. Formally, calculation of drag requires averaging a lo-
cal drag stress tensor over the surface area of dust grains in that unit volume.
Fortunately, for dust particles of the same mass, size, and intrinsic density the
momentum exchange due to drag simplifies to (Laibe and Price, 2012):

F V
drag =

ρ̂d
md

Ks(vg − vd) (1.26)

where Ks is the same drag coefficient from Equation 1.5.
The primary equations of motion are expressions of the individual mo-

menta of each SPH fluid, coupled by the drag force described in Equation 1.26
(Laibe and Price, 2012):

ρ̂g(
∂vg

∂t
+ vg · ∇v) = −θ∇Pg + ρ̂f − F V

drag (1.27)

ρ̂d(
∂vd

∂t
+ vd · ∇v) = −∇Pd − (1− θ)∇Pg + ρ̂f − F V

drag (1.28)

With specific internal energy given by:

∂u

∂t
+ (vg · ∇)u = −Pg

ρg
(∇ · vg) +K(vd − vg)

2 (1.29)

And stopping time is expressed as (Laibe and Price, 2014a):

ts ≡
ρdρg

ρ̂d
md

Ks(ρg + ρd)
. (1.30)

Large stopping times correspond to a weak drag regime and slow dissipation/exchange
of energy. Small stopping times correspond to a strong drag regime and disc
evolution highly sensitive to momentum or energy exchanges.
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The One Fluid Approximation

For computational simplicity, it is possible to re-express all of the two-fluid
formalism as a single fluid moving with respect to the center of mass (Laibe
and Price, 2014c). This is an incredibly useful approximation in my regime
of interest, but is not always valid. We follow Laibe and Price, 2014c for the
presentation of equations of motion.

The barycentric velocity is straight forward to find, taking the total density
to be ρ = ρg + ρd:

v =
ρgvg + ρdvd

ρg + ρd
. (1.31)

We additionally define the following identities, which allow for the straight
forward calculation of the gas and dust velocities respectfully:

vg = v − ρd
ρ
∆v (1.32)

vd = v − ρg
ρ
∆v (1.33)

Where ∆v = vg − vd.
Making substitutions into 1.31, we then simplify using the total time deriva-

tive,
d

dt
=

∂

∂t
+ v · ∇, (1.34)

to produce the equations of motion for a Lagrangian frame co-moving with
the center of mass of the fluid:

dρ

dt
= −ρ(∇ · v), (1.35)

dv

dt
= f − ∇Pg

ρ
− 1

ρ
∇ · (ρgρd

ρ
∆v∆v), (1.36)

d

dt
(
ρd
ρg

) = − ρ

ρ2g
∇ · (ρgρd

ρ
∆v), (1.37)

∆v

dt
= −∆v

ts
+

∇Pg

ρg
− (∆v · ∇)v +

1

2
∇(

ρd − ρg
ρd + ρg

∆v2), (1.38)

And the internal energy given by

du

dt
= −Pg

ρg
(∆ · vg) +

ρd
ρ
((∆v · ∇)u+

ρd
ρ

∆v2

ts
(1.39)

All of the above velocity fields, momenta, densities, and even the energy
have singularities at ρg = 0. This means that portions of the disc that are all
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dust or very gas depleted diverge numerically, quickly approaching infinity. We
are exploring the gaps formed in PPDs, which can have local dearths of gas
(Andrews et al., 2018), so this singularity is a problem for my simulation work.
Fortunately, it is possible to work around this.

Using the dust fraction, ϵ ≡ ρdρ
−1, we introduce a parameter we can later

use to explicitly and directly evaluate quantities of interest, as well as eliminate
our singularity. With a single variable transformation we turn equations 1.35
through 1.39 into the following equations of motion and energy, without any
loss of generality (Laibe and Price, 2014c):

dρ

dt
= −ρ(∇ · v), (1.40)

dv

dt
= −∇Pg

ρ
− 1

ρ
∇ · (ϵ(1− ϵ)ρ∆v∆v) + f , (1.41)

dϵ

dt
= −1

ρ
∇(ϵ(1− ϵ)ρ∆v), (1.42)

d∆v

dt
= −∆v

−ts
+

∇Pg

(1− ϵ)ρ
− (∆v · ∇)v +

1

2
∇((2ϵ− 1)∆v2), (1.43)

du

dt
= − Pg

(1− ϵ)ρ
∇ · (v − ϵ∆v) + ϵ(∆v · ∇)u+ ϵ

∆v2

ts
, (1.44)

And the stopping time is now given by

ts =
ϵ(1− ϵ)ρ

Ks

. (1.45)

Restructuring this problem as one fluid has several advantages computation-
ally, but what cannot be understated is the explicit evolution of the dust-to-gas
ratio,ϵ and it’s use in constraining both physics and morphology. In Chapter 2
we will be explicitly leveraging ϵ as the basis for my results.

1.2.2 PHANTOM
PHANTOM is the SPH code of choice (Price et al., 2018a). It is modular, low-
memory, high-performance, and publicly available on the web. For the remain-
der of the section we present relevant equations and derivations of the smooth-
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3 For my use, the average
number of nearest neighbors
is 57.9 (Price et al., 2018a).

ing kernal, hydrodynamics, equations of state, timestepping constraints, and
artificial viscosity following Price et al., 2018a.

Finding the Smoothing Length and Kernel

The usual SPH conservation of mass, Equation 1.21, prescription helps us to
directly place limits on the smoothing kernel, W (r, h):

ρa =
∑
b

mbW (|ra − rb|, ha) (1.46)

where ρa is the local density around particle a, mb is the mass of the bth par-
ticle, andha is a smoothing length centered on theath particle. Importantly, this
is a departure from 1.21 by enforcing a particle cut-off such that only a desired
number of nearest neighbors3 is accounted for. The smoothing length must
then necessarily scale with local density. PHANTOM calculates the smoothing
length for particle a as

ha = hfactn
−1/3
a = hfact(

ma

ρa
)1/3 (1.47)

ρ and h being mutually dependent introduces another wrinkle: Equations
1.46 and 1.47 must be solved simultaneously. If we rearrange 1.47, it is possible
to express ρa as a function of ha:

ρa(ha) = ma(hfact/ha)
3 (1.48)

We then directly compare this expression for ρa to 1.46, and claim conver-
gence for a solution to the smoothing length when f(ha) = 0, where:

f(ha) = ρsum(ha)− ρa(ha) (1.49)

After an initial guess, this can be solved to a desired tolerance, iterating with
the Newton-Raphson method:

ha,new = ha −
f(ha)

f ′(ha)
(1.50)

With a smoothing length chosen, the last step in unraveling mass conserva-
tion is the explicit choice of the smoothing kernel. Begin by defining the kernel
function thusly:

Wab(r, h) ≡
Cnorm

h3
f(q) (1.51)
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With Cnorm being set both by the choice of f(q) and dimensions. The
default function for f(q) in PHANTOM is a M4 cubic spline and has been the
SPH standard for 30 years (Monaghan and Lattanzio, 1985):

f(q) =


1− 3

2
q2 + 3

4
q3 0 ≤ q < 1;

1
4
(2− q)3 1 ≤ q < 2;

0 q ≥ 2.

(1.52)

This choice of spline has a normalization constant of Cnorm = 1π−1. For
more discussion regarding specific splines and the benefit therein, Price et al.,
2018a has justifications and benchmarks.

Hydrodynamics

The N-S equations for solving compressible hydrodynamics in PHANTOM are
presented as:

dv

dt
= −∇P

ρ
+Πshock + aext(r, t) + asink−gas (1.53)

du

dt
= −P

ρ
(∇ · v) + Λshock −

Λcool

ρ
(1.54)

Where P is pressure, u is specific internal energy, and Πshock and Λshock

describe dissipation at shock fronts. There are two components to acceleration:
aext for the ’external’ force of the planet, andasink−gas for the central star. Both
are treated as a standard gravitational potentials, Φ = −GM · r−1, and the
latter as a PHANTOM sink particle. When gas reaches a specified accretion radius
with respect to the sink particle, that gas particle is destroyed and it’s mass is
added to the star.

Equations of State

For an ideal gas, pressure is given by:

P = (γ − 1)ρu (1.55)

where γ is the adiabatic index and ρ is the density. The sound speed, cs, is:

cs =

√
γP

ρ
(1.56)

And PV = nRT can be re-expressed as:
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P =
ρkbT

µmH

(1.57)

Substituting into Equation 1.55 and solving for T :

T =
µmH

kB
(γ − 1)u (1.58)

where kB is the Boltzmann constant, µ is the mean molecular weight, and
mH is the mass of a hydrogen atom. The default equations of state take γ = 5

3
,

and this enables inferences of temperature after gas composition is determined.

Timestepping

The time integration algorithm in PHANTOM is a straightforward application of
’Velocity Verlet’ (Verlet, 1967), part of the larger Leapfrog family. Particles are
updated by a time ∆t ≡ tn+1 − tn following a standard prescription:

vn+ 1
2 = vn +

1

2
∆tan (1.59)

rn+1 = rn +∆tvn+ 1
2 (1.60)

an+1 = a(rn+1) (1.61)

vn+1 = vn+ 1
2 +

1

2
∆tan+1 (1.62)

This is a powerful, widely used formulation. Importantly, momentum is
conserved to machine precision and long-term energy drift is negligible. There
is however one wrinkle introduced by SPH: there are velocity dependent terms
that appear in the acceleration due to shock. To account for this 1.61 becomes
an+1 = a(rn+1v∗) with v∗ being an additional intermediary term:

v∗ = vn+ 1
2 +

1

2
∆tan (1.63)

and a final velocity given by:

vn+1 = v∗ +
1

2
∆t[an+1 − an] (1.64)

All that remains now is to determine a ∆t, which is determined at the end
of each step. The timestep chosen must be shorter than the maximum stable
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timestep for any of the given particles (Lattanzio et al., 1986a; Monaghan, 1997).
For the ath particle the maximum stable timestep is given by

∆tC,a ≡ Ccour
ha

vdtsig,a
(1.65)

where ha is the smoothing length for the ath particle, is Ccour = 0.3 by default
(Lattanzio et al., 1986b), and vdtsig,a is the maximum signal speed through the
medium.

There are 4 additional constraints (Price et al., 2018a):
A force condition

∆tf,a ≡ Cforce

√
ha

|aa|
(1.66)

An external force condition

∆text,a ≡ Cforce

√
ha

|aext,a|
(1.67)

Accelerations towards or away from sink particles

∆tsink−gas,a ≡ Cforce

√
ha

|asink−gas,a|
(1.68)

And external forces who’s potential’s, Φ, tend towards zero as r −→ ∞

∆tΦ,a ≡ Cforceηϕ

√
|Φa|
|∇Φ|2a

(1.69)

For all constraints, Cforce = 0.25 and for 1.69 ηΦ = 0.05 are the default
options in PHANTOM (Price et al., 2018b).

Artificial Viscosity

PHANTOM has two different options controlling viscosity. We use the option for
implementing α-viscosity (Shakura and Sunyaev, 1973). The explicit prescrip-
tion is:

v = αSScsH (1.70)

Where H is the scaleheight of the PPD. Viscosity is calculated following
Lodato and Clarke, 2011:
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αSS =
1

10
αSPH

h

H
(1.71)

αSS is an input parameter for the simulation chosen by the user.

1.3 Disc Evolution Under Planetary Interactions
The primary distinction between a generic accretion disc and a PPD is the pres-
ence of planets and/or protoplanets (Andrews, 2015). In the early epochs after
stellar formation, planets are liable to form in the remaining dust and gas of
that solar nebula that has settled in the disc’s midplane (Ida and Lin, 2004; Pol-
lack et al., 1996). The presence of probable exoplanets can be deduced through
observations (Pinte et al., 2020; Tsukagoshi et al., 2019), but exact mechanisms
of their formation are still an active area of study (D’Angelo and Bodenheimer,
2024; D’Angelo et al., 2021; Kretke and Levison, 2014; Morbidelli and Ray-
mond, 2016). For the purposes of my work we assume the presence of an already
formed planet and examine the resulting evolution of the host PPDs under the
viscous disc model. Numerical investigations of PPDs with embedded planets
have explored a host of masses from fractions of a Neptune mass (Duffell and
MacFadyen, 2013), to several Jupiter masses (Duffell, 2020; Fung et al., 2014).
These embedded masses can open gaps (Dipierro and Laibe, 2017) and induce
spiral wakes (Dong () et al., 2015) through torque interactions, and interactions
the gas can also drive migration of the planet (Crida, 2007). This results in a rich
system of dynamical evolution; action and reaction cascading. The structure
of the simulation we are using allows for these complex dynamics, however we
are only attempting to characterize the direct effects gravitational torque and
the back reaction.

In the presence of a planet, a graviational torque is excited at Lindblad reso-
nances (Goldreich and Tremaine, 1979) in a parcel of gas of the protoplanetary
disc according to:

Λ(r) = sgn(r − rp)f
(GMp)

2

Ω2
p

1

|r − rp|4
(1.72)

Where f is a constant on the order unity, Ωp is the Keplerian orbital fre-
quency of the planet, G is the gravitation constant, Mp is the mass of the planet,
rp is the radius of the planet, and r is the location the torque is experienced at.
The constant f is the only value that is not an analytical property of the disc or
planet, and must be determined through observation and inference (Armitage
and Natarajan, 2002).
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For a given planetary mass and radial location away from it, the torque exited
in the gas described by Equation 1.72 is a constant. A fraction of the torque in
the gas phase excited by the planet is then communicated to the dust via drag
coupling interactions described by Equation 1.16. Sufficiently powerful torques
are able to clear the gas from a region of the PPD around the planet by imparting
angular momentum into the gas exterior and taking angular momentum from
the gas interior. Dust grains follow the gas flow with responsiveness described
by the Stokes number (Equation 1.8 and 1.9). The result is a local depletion
of surface density that can be seen in gas and well coupled dust grains (Lin
and Papaloizou, 1986). Small grains on the scale of mm and cm radiate in the
near-infrared (NIR) and tend to be well coupled to the gas phase (Equation
1.8,Birnstiel et al., 2010). When settled at the midplane of a disc, observations
in the NIR can be used to trace gas dynamics at the innermost planet forming
regions of PPDs (simbulan2017; ALMA Partnership et al., 2015).

1.3.1 Gaps and Measuring Depth
Measurements and analytic descriptions of gaps formed by planets have a long
lineage spanning Neptune to Jupiter mass planets in 0, 1, and 2 dimensional
simulations (see, e.g., Crida et al., 2006; Duffell and MacFadyen, 2013; Fung
et al., 2014; Kanagawa, Tanaka, et al., 2015). Simulations reveal that gaps in in
PPDs can be successfully parameterized as functions of the dimensionless K ′,
when dust and effects due to dust are not considered (Kanagawa, Tanaka, et al.,
2015; Kanagawa, Muto, et al., 2015). K ′ contains the mass scale, length scale,
and disc viscosity information that all contribute to gap formation:

K ′ =

(
Mp

M∗

)2(
hp

rp

)−5

α−1. (1.73)

Using this parametrization scheme, it is possible to express the surface density
at the bottom of a gap, Σgap, as a ratio of the unperturbed surface density, Σ0,
as a function of K ′ (Y. A. Tanaka et al., 2022):

Σgap

Σ0

=
1

1 + 0.04K ′ . (1.74)

This analytical method for estimating gap depth and describing shape is
widely used and accepted, but does not include effects from dust. Since we are
specifically interested in the effects of dust, the lineage of gap depth analysis was
useful, but not complete. We found early on that even relatively small changes
in ϵ alter the dynamics and morphology of a disc when considering the back
reaction of dust.
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When simulating ϵ over several orders of magnitude, observed gaps vary
greatly in depth, even when taken as a fraction of the initial surface density.
Identification of a gap is therefore difficult. To allow for consistent and di-
rect comparison we reduce the azimuthally averaged disc profile following the
method of Crida and Morbidelli, 2007. Crida and Morbidelli, 2007 identifies
cavities induced by a Jovian planet by comparing surface density profiles of
discs simulated with a planet to similar discs simulated without a planet. Thus,
gaps and their corresponding depth are identified by their difference from the
assumed unperturbed profile, Σ0.

The variation of ϵ across my simulated discs means that discs were challeng-
ing to directly compare. The average azimuthally averaged surface density was
subject to vary significantly as we changed gas mass to hold dust mass constant
(as seen in Table 1.1), or varied both dust and gas mass to keep total disc mass
constant (as seen in Table 1.2). To identify a cavity using the method of Crida
and Morbidelli, 2007, we assume that for each simulated disc, an unperturbed
disc has a settled dust surface density that follows the general form of a decaying
exponential, given by:

Σbackground = Σdust|R=20au ·R−ζ . (1.75)

We perform a Levenberg-Marquardt (Marquardt, 1963) fitting routine over the
parameter ζ , comparing fitting to the entire azimuthally average profile such
that the morphology induced by the planet is minimally captured inΣbackground.
Σdust|R=20au is a reference surface density at 20 au, and R is the radius in au for
fitting to the profile Σ(R).

The resulting fitted surface density profile, Σbackground, is taken to be an
unperturbed surface density, modeling the relaxed surface density without a
planet. We then subtract that from the simulated dust surface density profile
of the scenario being investigated:

∆Σdust = Σsimulated,dust − Σbackground,dust. (1.76)

Negative values of ∆Σdust indicate gaps induced by planets, with the magni-
tude being the gap depth. We take two measurements for each simulated disc:
the max gap depth over the whole profile, and the gap depth at the planetary
radiuts from the central star. The unit torque due to a planet goes to zero at
the location of the planet (i.e. r = rp, Equation 1.72). We believe this is why
some of the azimuthally averaged profiles have a soft "w" shape with the cen-
tral hump of the "w" located at rp. The torque density goes to zero, and with
reduced torque clearing the gap, gravity from the planet begins to dominate.
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This feature disappears in simulations with high ϵ, indicating the role of the
back reaction of dust in suppressing this feature.

There is some evidence to suggest a similar soft "w" shape in observations
of HL Tau, where there may be some dust in gaps and/or in co-rotation with
suspected planets (ALMA Partnership et al., 2015). Simulations of HL Tau
reveal that key features, such as the placement and depth of gaps and rings, can
be reliably replicated with a combination of three planets (Dipierro, Price, et al.,
2015b), we focus on the planet simulated at 68.8 au. This correlates with a slight
increase in the inter-gap surface density at approximately 70 au (Meru et al.,
2018). We present this to demonstrate that for an azimuthally averaged profile
the deepest portion of the gap is not necessarily co-located with the planet, and
motivate my use of two different simulated measure.

1.3.2 Planetary Migration
It is prudent to briefly discuss planetary migration as certain scenarios are related
to gap formation. My work is not specifically interested in planetary migration,
but we do see migration as second and third order effects of changing ϵ.

The simplest type of migration is known as Type 0 and is drift due to the
drag experienced by dust grains in gas. Typically seen in small planetesimals, it is
possible for planets to under go this type of drag migration (Paardekooper and
Papaloizou, 2009). The remaining migration regimes are mediated by viscous
interaction.

Planets that are not massive enough to clear their local disc of gas and dust
experience Type I migration (H. Tanaka et al., 2002; Ward, 1997). This migra-
tion is due to torque felt by the protoplanet from co-rotating elements of the
PDD, transferring angular momentum from the planet into the co-rotating
elements.

Type II migration occurs when a planet or protoplanet is sufficiently massive
to clear its orbit through deposition of torque (Equation 1.72). Assuming that
the local density of the gap is sufficiently small, Type I migration cannot take
place as any co-rotation torque is too weak (Lin and Papaloizou, 1986). In this
prescription the planet is "locked" into it’s gap and can only migrate as quickly
as the drift velocity of the gas (Nelson et al., 2000).

Type III migration is sometimes called "runaway migration" since drift rate
will increase exponentially in certain circumstances (F. S. Masset and Papaloizou,
2003). This migration type occurs for intermediate mass planets that are massive
enough to partially clear their local surface density, but are experiencing enough
co-rotation torque to begin migrating. This leads to exacerbated torque asym-
metries, driving the "runaway" (Artymowicz, 2004).
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Table 1.1: Table of simulated disc masses for the constant grain size scenarios.
Total dust mass is held constant and ϵ determines gas mass.

ϵ Dust Mass [M⊙] Gas Mass [M⊙] Total Mass [M⊙]
0.005 1× 10−4 2× 10−2 2.010× 10−2

0.01 1× 10−4 1× 10−2 1.010× 10−2

0.05 1× 10−4 2× 10−3 2.10× 10−3

0.1 1× 10−4 1× 10−3 1.10× 10−3

0.5 1× 10−4 2× 10−4 3.0× 10−4

While finalizing my manuscript for publication, I was made aware of work
from Guilera et al., 2023 which specifically examines the torque and resulting mi-
gration in discs of varying ϵ. They focus on low mass planets (Mp < 10MEarth),
but are able to sufficiently alter torques by scaling dust mass to send these plan-
ets outward. This suggests a significant dust contribution in torques related
to Type I migration, and a potential for local ϵ and dust trapping to have a
noticeable effect in Type II migration.

1.4 Simulation Parameter Space
We simulate two scenarios, varying ϵ, dust mass, and the treatment of the back
reaction within. In both scenarios, we simulate discs with and without back
reaction, and with values of ϵ of 0.005, 0.01, 0.05, 0.10, 0.50. Dust and disc mass
treatment is specific to each scenario.

The first scenario is a single constant grain size of a = 0.1 mm and a con-
stant total dust mass of 1.00×10−4M⊙ so that dust surface densities are readily
comparable between discs.. The change in ϵ varies the total disc mass by setting
the gas mass. We use this scenario to approximate continuum observations simi-
lar to those used to measure dust mass(ALMA Partnership et al., 2015; Andrews
et al., 2012). All of the simulated discs in this scenario would appear to be of
approximately the same mass if ϵ is assumed to be ϵISM ∼ 0.01, but in fact have
very different total disc masses. See Table 1.1 for the full mass breakdown. In this
way, we are able to explore how discs that have similar measured dust masses
will have morphologies that vary under changing ϵ, with and without the back
reaction.

The second scenario is also under the one-fluid approximation, but instead
of setting a constant grain size, we enforce a constant Stokes number ofSt = 0.1

in the dust phase. This is accomplished by directly setting the stopping time of
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Table 1.2: Table of simulated disc masses for constant Stokes numbers scenarios.
Total disc mass is held constant with ϵ determining the mass budget.

ϵ Dust Mass [M⊙] Gas Mass [M⊙] Total Mass [M⊙]
0.005 4.98× 10−6 9.95× 10−4 1.00× 10−2

0.01 9.90× 10−6 9.90× 10−4 1.00× 10−2

0.05 4.76× 10−5 9.52× 10−4 1.00× 10−2

0.1 9.09× 10−5 9.09× 10−4 1.00× 10−2

4 Simulations of discs with
St = 0.1 and ϵ = 0.50

were unable to progress past
∼ 25. Timesteps needed
to accurately resolve drag
forces in this regime became
prohibitively small.

dust particles according to Equation 1.9. For this scenario, the total disc mass is
kept constant between simulations. The dust and gas mass are therefore set by
the choice of ϵ. See Table 2.2 for the full mass breakdown. These simulations are
not meant to approximate any observations, but to probe a regime of constant
physics. By keeping drag forces constant, we are able to isolate and generalize
the effects of the back reaction.

We use 1 million SPH particles in the one-fluid prescription, and simulate
the central star and planet embedded as sink particles of 1M⊙ and 2MJ, respec-
tively, with the planet having an initial orbital radius of 60 au. All discs are
initialized with an inner radius of 1 au and an outer radius of 120 au. Discs were
evolved for ∼ 80 orbits4 of the planet as measured by PHANTOM to allow the
co-orbital region to be sufficiently depleted. Surface density and sound speed
profiles follow Σ ∝ R−1 and cs ∝ R−0.25, with values at the disc inner edge
(Σ0 and cs,0) set by the disc masses described in Tables 1.1 and 1.2. Sound speed
across all scenarios is cs,0 = 0.05cm · s−1. Surface density profiles in the scenar-
ios of constant grain size are set by total disc masses, which is itself determined
by the ϵ regime being simulated. These scale from Σ0 = 238.9g · cm−2 at the
lowest ϵ (most massive disc), toΣ0 = 3.5g ·cm−2 at the highest ϵ (least massive
disc). The median reference surface density for the scenarios of constant Stokes
number is Σ0 ≈ 12g · cm−2, given that all simulations in this scenario use the
same total disc mass.

The sink radii are set to 0.800 au for the central star and to 0.25 of the
Hill radius for the planet. The Hill radius of a planet is the distance rH from a
given planet of mass Mp orbiting at a radius rp where the planet’s local gravity
dominates the gravity of the central star Hill, 1878; Souami et al., 2020:

rH ≈ rp

(
Mp

3M⊙

)1/3

. (1.77)
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A dust particle being within the Hill radius of the planet is not immediately
accreted, which is why the accretion/sink radius is taken as 25% of the Hill
radius.

The αSPH value is set in each disc such that the Shakura-Sunyaev artificial
viscosity parameter αSS ≈ 0.005 Shakura and Sunyaev, 1973. This is calculated
according to Lodato and Clarke, 2011 for aαSS on the order of0.005, ultimately
varying throughout the PPD. Canonical values of αSS for PPDs range from
α = 10−4 to α = 10−2 Mulders, G. D. and Dominik, C., 2012; Pinte, Dent,
Ménard, Hales, Hill, Cortes, and de Gregorio-Monsalvo, 2016; Zhang et al.,
2018. For the mediation of shock propagation, βSPH = 2.00.
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Chapter 2

Using Disc Morphology
to Constrain Dust-to-Gas

Mass Ratio

Murray, M. H. and C. Hall. To be submitted to the Monthly Notices of
the Royal Astronomical Society
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2.1 Abstract
We demonstrate the importance of the dust back reaction when simulating
protoplanetary discs and suggest a means by which it can be used to constrain
dust to gas mass ratio (ϵ) and disc mass, by extension. When considering the
back reaction, variation in ϵ leads to variation in morphology. In simulated
discs of constant grain size that include the back reaction, we see that increasing
ϵ first grows then suppresses the depth of planet induced gaps seen in dust,
with the inflection point. If planetary mass can be deduced through another
means, such as kinematics, the observed morphology of a disc will constrain
ϵ, and allow for ranking the ϵ of two or more discs that host planets of similar
mass. Additionally, we propose an update to the current analytical gap depth
prescription that includes effects due to the back reaction and variations in ϵ.

2.2 Introduction
There are now over 5000 confirmed exoplanet detections, revealing huge diver-
sity in the exoplanet architecture. Arguably the most fundamental exoplanet
properties are semi-major axis and mass, which vary over four to five orders of
magnitude in the known population (Zhu and Dong, 2021). A planet’s semi-
major axis may be heavily influenced by planet-disc interactions that lead to
migration early in the disc’s life (Kley and Nelson, 2012), but may also continue
to evolve under secular interactions well after disc dispersal (Ida et al., 2000).
Obtaining an accurate measurement of protoplanetary disc (PPD) mass is cru-
cial to understanding the diversity of exoplanets, because planetary masses are
constrained by the overall mass budget in a PPD.

Disc mass is also one of the most challenging characteristics to constrain
through observations. The molecule with the largest share by mass of any PPD,
molecular hydrogen, emits very weakly at typical disc temperatures (Carmona,
2010). As a result, total mass estimates are challenging to obtain directly, and
are typically inferred indirectly.

One of the most common methods of determining PPD mass involves us-
ing a tracer molecule such as CO, which is about 10 million times more emissive
than H2 at typical disc temperatures (Bergin and Williams, 2017). However,
this is not without complications. The lines of some CO isotopologues may
be optically thick, therefore only tracing the upper layers of the disc and mask-
ing emission from deeper layers which gives an incomplete account of the total
emission from that tracer. Additionally, there are uncertainties in the assumed
abundances which may be affected and altered by chemical reactions and pho-
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todissociation. An alternative that has emerged recently is the measurement or
constraint of disc mass through dynamical (Lodato et al., 2023; Veronesi et al.,
2021, 2024) or kinematic means (Hall et al., 2020; Longarini et al., 2021; Pinte
et al., 2023; Terry et al., 2022), although this requires that the disc be sufficiently
massive to be self-gravitating.

Historically, one of the most common methods to obtain disc mass has
been to use the brightness of the continuum emission to obtain the total dust
mass (Andrews et al., 2012), and then infer both the gas and total mass based
on an assumed dust-to-gas ratio, ϵ. Measuring the total dust emission is less
challenging since it emits over a continuum, but there are still significant sources
of uncertainty. For example, the dust opacity can vary widely depending on a
number of assumed properties such as temperature, composition, size, and
porosity, such that the dust emission can be either optically thin or thick at
millimeter wavelengths based on the choice of dust opacity (Xin et al., 2023).
Particles of larger sizes (typically ∼mm and above) undergo differential settling
and radial drift, resulting in size segregation of grains across the disc (Youdin
and Lithwick, 2007).

Perhaps the strongest source of uncertainty is the assumed ϵ. Best estimates
for ϵ in the interstellar medium (ISM) are ϵ ∼ 0.01 (Frisch and Slavin, 2003;
Frisch et al., 2011; Nguyen et al., 2018), and as a result this is a commonly assumed
value for PPDs. However, this is likely an oversimplification. For example, ob-
servations of CO have found that the average disc ϵ values can be substantially
higher, reaching around 0.2 (Ansdell et al., 2016). Similarly, simulations, such as
those by Lebreuilly2020, have shown that discs can form with significant dust
enrichment. Compounding this is the large discrepancy between the observed
radial extent of the gas and dust disc components, with the latter typically ap-
pearing far more compact (Andrews et al., 2012; Pérez et al., 2012, 2015) due to a
combination of grain growth and radial drift. In the most extreme cases, such as
IM Lup (Cleeves et al., 2016), the dust disc can be 10 times more compact than
its gas component, and since ϵ = ϵISM[Rgas disc/Rdust disc ]

2 (Ilee et al., 2020),
this could potentially result in ϵ values as high as ϵ = 1.0 in the inner ∼ 120 au
of the disc.

Observations with the Atacama Large Millimeter/submillimeter Array (ALMA)
over the last decade have identified a plethora of substructure within PPDs, in
particular rings and gaps in the dust continuum (ALMA Partnership et al., 2015;
Andrews et al., 2018), spirals (Huang et al., 2018), and velocity perturbations in
CO line emission (Paneque-Carreño et al., 2021; Pinte et al., 2018; Teague et al.,
2018). Localised velocity perturbations are a strong indication of the kinematic
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influence of protoplanets (Pinte et al., 2020), which may lead to the formation
of these observed disc structures.

The formation of gaps have been shown to have width and depth informed
by planetary and disc properties (Duffell and MacFadyen, 2013; Kanagawa, Tanaka,
et al., 2015; Kanagawa, Muto, et al., 2015; Kanagawa et al., 2016; Y. A. Tanaka
et al., 2022). The current prescription considers disc scale height and viscos-
ity, and planetary mass as factors contributing to gap depth. When any three
of gap depth, scale height, viscosity, and planetary mass are well constrained,
the fourth can be constrained under this analytical prescription. However, the
above prescription was developed without considering dust, so it is difficult to
constrain ϵ or estimate the effects of dust-gas coupling on gap formation.

In this work, we demonstrate how changing the global ϵ ratio affects the
morphology of a PPD with an embedded planet. This could be used to con-
strain the ϵ values in observed systems, in particular in systems where proto-
planet mass is constrained by kinematics or other means. Additionally, we
demonstrate that the current analytical prescription for determining the gap
depth induced by a planet is incomplete. A more robust prescription should
also consider the effects of ϵ, as well as the back-reaction and coupling regime
of the dust.

The paper is organised as follows: in Section 2.3, we discuss the initial con-
ditions of the simulations, as well as our choice of parameter space and mea-
surement of simulated morphological properties. In Section 2.4, we describe
our results and a short discussion of the scenarios arising from . In Section
2.4.3 we compare the trends we observe in gap depth due to ϵ and including or
excluding the effects of the back reaction from the dust to the gas. In Section
2.5 we present conclusions and discuss limitations, as well as future work and
potential questions raised by this study.

2.3 Method
We perform three-dimensional hydrodynamical simulations of pressure-supported,
viscous, dusty, gaseous PPDs containing a single planet usingPHANTOM, a smoothed
particle hydrodynamics (SPH) code (Price et al., 2018b). We use the one-fluid
approximation, simulating dust and gas as a single fluid (Laibe and Price, 2014a,
2014b, 2014d) with enforced dust mass conservation (Ballabio et al., 2018). Depths
of simulated planet induced gaps are measured by subtracting a fitted surface
density profile, which is assumed to be the relaxed azimuthal surface density of
the disc, from the azimuthally averaged surface density profile of each simula-
tion.
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2.3.1 Smoothed Particle Hydrodynamics
We investigate two scenarios: The first is dust of a constant grain size (a = 0.1

mm), and the second is dust of a constant Stokes number (St = 0.1), which is
implemented in PHANTOM through the stopping time according to:

ts =
St

Ωk

, (2.1)

where Ωk is the Keplerian angular frequency. St number is a dimensionless
parameter that quantifies drag forces and the degree of coupling felt between
different fluids or particles suspended in a fluid (Whipple, 1972). Very small St
numbers, St << 1, means that the particle is perfectly coupled to the host fluid
and follows the flow extremely closely; a leaf floating in a stream would have a
very low St number. Very large St numbers, St >> 1. mean that the particle
is perfectly uncoupled from the host fluid and is agnostic to the flow; a rock
or large piece of timber in the same stream would have a very large St number.
The most interesting regime for St numbers is St ∼ 1. In this regime there is
partial decoupling between the fluid and suspended particles.

In a PPD, the St number of a species of suspended dust grains can be ex-
pressed as (Birnstiel et al., 2010):

St =
πaρs
2Σg

. (2.2)

Material density, ρs, and particle radius, a, are intrinsic properties of the grain
species being considered, whileΣg is a local property of the disc. As a result, the
drag forces between particles and gas are subject to change throughout the disc,
even when considering the same dust grain. We simulate discs with a globally
enforced St number of 0.1 in order to probe a constant regime of coupling
between the gas and the dust. We choose St number of 0.1 as this corresponds
to grain sizes on the order of ∼ 0.1− 1.0 mm, which are probed with ALMA,
while also exploring a particularly interesting coupling regime.

In both scenarios, we simulate discs with and without the back reaction of
dust onto the gas while varying ϵ. For a given annulus, the relative azimuthal
velocity of the gas and the dust imparts a drag torque, Λg→d, from the gas to
the dust of the form (Dipierro and Laibe, 2017):

Λg→d = −r
K

ρd
(vd,θ − vg,θ), (2.3)
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and the back reaction is an opposite torque, with magnitude scaled by ϵ:

Λd→g = −ϵΛg→d. (2.4)

The constant K is the drag coefficient (Laibe and Price, 2012), and is a
function of the stopping time, ts, and the dust-to-gas mass ratio, ϵ:

K =
ρd

ts + ϵ
. (2.5)

When considering the back reaction, net torque on a given annulus of the
disc decreases linearly with ϵ:

Λnet = Λg→d + Λd→g

= Λg→d − ϵΛg→d

= Λg→d(1− ϵ). (2.6)

To explore how this changes the disc morphology, we perform simulations at
five different values of ϵ: 0.005, 0.01, 0.05, 0.1 and 0.5. For the constant grain
size scenario, we hold total dust mass (Mdust) constant at 1 × 10−4 M⊙ and
vary Mgas. Continuum observations can be used to measure Mdust and then
make inferences about Mtotal by making an assumption about ϵ. However,
ϵ is typically an unknown quantity. By varying Mgas, we explore the impact
that ϵ has on the morphology seen in continuum observations. This offers
a qualitative stepping stone for determining ϵ in observed systems that have
similar Mdust. Simulation masses are given in Table 2.1. For the constant St =
0.1 scenario, the total disc mass is held constant between simulations to explore
similar physical regimes. Simulation parameters are given in Table 2.2.

We use 1 million SPH particles in the one-fluid prescription, and simulate
the central star and planet embedded as sink particles of 1M⊙ and 2MJ (Bate
et al., 1995), respectively, with the planet having an initial orbital radius of 60
au. The sink radii are set to 0.800 au for the central star and to 0.25 of the
Hill radius for the planet (Hill, 1878). All discs are initialized with an inner
radius of 1 au and an outer radius of 120 au. Discs are evolved either for 80
orbits at the location of the planet or until the timestep required to accurately
resolve the drag force became prohibitively small (minimum of 25 orbits for all
simulations).

Surface density and sound speed profiles followΣ ∝ R−1 and cs ∝ R−0.25,
with values at the disc inner edge (Σ0 and cs,0) set by the disc masses described
in Tables 2.1 and 2.2. Sound speed across all scenarios is cs,0 = 0.05cm · s−1.
Surface density profiles in the scenarios of constant grain size are set by total
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Table 2.1: Table of simulated disc masses for the constant grain size scenarios.
Total dust mass is held constant and ϵ determines gas mass.

ϵ Dust Mass [M⊙] Gas Mass [M⊙] Total Mass [M⊙]
0.005 1× 10−4 2× 10−2 2.010× 10−2

0.01 1× 10−4 1× 10−2 1.010× 10−2

0.05 1× 10−4 2× 10−3 2.10× 10−3

0.1 1× 10−4 1× 10−3 1.10× 10−3

0.5 1× 10−4 2× 10−4 3.0× 10−4

Table 2.2: Table of simulated disc masses for constant St numbers scenarios.
Total disc mass is held constant with ϵ determining the mass budget.

ϵ Dust Mass [M⊙] Gas Mass [M⊙] Total Mass [M⊙]
0.005 4.98× 10−6 9.95× 10−4 1.00× 10−2

0.01 9.90× 10−6 9.90× 10−4 1.00× 10−2

0.05 4.76× 10−5 9.52× 10−4 1.00× 10−2

0.1 9.09× 10−5 9.09× 10−4 1.00× 10−2

disc masses, which is itself determined by the ϵ regime being simulated. These
scale from Σ0 = 238.9g · cm−2 at the lowest ϵ (most massive disc), to Σ0 =

3.5g · cm−2 at the highest ϵ (least massive disc). The median reference surface
density for the scenarios of constant St number is Σ0 ≈ 12g · cm−2, given that
all simulations in this scenario use the same total disc mass.

TheαSPH value is set in each disc such that the Shakura-Sunyaev artificial vis-
cosity parameterαSS ≈ 0.005 (Shakura and Sunyaev, 1973), within the accepted
range of canonical values of αSS for PPDs (α = 10−4 to α = 10−2; Mulders,
G. D. and Dominik, C., 2012; Pinte, Dent, Ménard, Hales, Hill, Cortes, and
de Gregorio-Monsalvo, 2016; Zhang et al., 2018). For all discs, βSPH = 2.00.

2.3.2 Measurement of Planet Induced Gap Depth
The shape and depth of gaps induced by planetary interactions are jointly func-
tions of planet and disc properties with a long lineage of analytic descriptions
spanning Neptune to Jupiter mass planets in 0, 1, and 2 dimensional simula-
tions (see, e.g., Crida et al., 2006; Duffell and MacFadyen, 2013; Fung et al.,
2014; Kanagawa, Tanaka, et al., 2015). In this work we follow Y. A. Tanaka et al.,
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2022, where the minimum surface density (deepest gap) is given by:

Σgap

Σ0

=
1

1 + 0.04K ′ . (2.7)

Here K ′ is defined as

K ′ =

(
Mp

M∗

)2(
hp

rp

)−5

α−1, (2.8)

where hp · r−1
p is the disc aspect ratio cs · (rΩK)

−1 at the location of the planet.
This analytical method for estimating gap depth and describing shape is

widely used and accepted, but does not include effects from dust. We explore
the effects of dust on gap morphology by explicitly considering the back re-
action, and comparing to our gap depths measured from simulations to the
analytical prescription in Equation (2.7). Under our prescription, even rela-
tively low abundances of dust may alter the dynamics and morphology of the
disc.

When simulating ϵ over several orders of magnitude, observed gaps vary
greatly in depth, even when taken as a fraction of the initial surface density.
Identification of a gap is therefore difficult. To allow for consistent and di-
rect comparison we reduce the azimuthally averaged disc profile following the
method of Crida and Morbidelli, 2007. In summary, a logarithmic surface den-
sity is taken to be the background surface density, and is subtracted from the
azimuthally averaged surface density profile. A reduced, azimuthally averaged
profile smooths out small perturbations. We assume that an unperturbed disc
has a settled dust surface density that follows the general form of a decaying
exponential, given by:

Σbackground = Σdust|R=20auR
−ζ (2.9)

nder our considerations, Σbackground is the fitted surface density profile, R is
radius in au, Σdust|R=20au is the reference surface density at 20 au, and ζ is the
fitting parameter. Once a background surface density profile, Σbackground is
determined, we subtract that from the dust surface density profile of the given
scenario:

∆Σdust = Σsimulated,dust − Σbackground,dust. (2.10)

Negative values of ∆Σdust indicate gaps induced by planets, with the magni-
tude being the gap depth. We take two measurements for each simulated disc:
the max gap depth over the whole profile, and the gap depth at the planetary
radius from the central star. The unit torque due to a planet goes to zero at the
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location of the planet (i.e. r = rp, Goldreich and Tremaine, 1979). Some of the
azimuthally averaged profiles have a soft "w" shape with the central hump of
the "w" located at rp. Observations suggest something similar in observations
of HL Tau, where there may be some dust in gaps and/or in co-rotation with
suspected planets (HL Tau: ALMA Partnership et al., 2015; Location of 68.8
au planet: Dipierro, Price, et al., 2015b; Ring location in gaps carved by planets,
notable ring at approximately 70 au: Meru et al., 2018). This means that for the
azimuthally averaged profile, the deepest portion of the gap is not necessarily
co-located with the planet.

2.4 Results
The importance the back reaction when simulating discs is demonstrated in
Figure 2.1 and continuing in Figure 2.2. In both figures, the left column are sim-
ulations that include the back reaction, and the right column are simulations
that do not include the back reaction. In both columns, ϵ increases from top
to bottom and from Figure 2.1 to Figure 2.2. At every simulated value of ϵ, dust
distribution is remarkably different with and without the back reaction. Sim-
ulations with the back reaction have much more even distribution than those
without the back reaction. Both sets of simulations have local spots of relatively
high dust density, but compared to simulations without the back reaction, sim-
ulations that include the back reaction tend to have more dust dispersal and
higher average surface density across the entire visualized range.

In Figure 2.1 to Figure 2.2 we also see the back reaction enhancing pressure
trapping of grains around the co-orbital region of the planet at low ϵ. At high ϵ

the back reaction contributes to gap infilling, potentially hindering gap clearing
in the first place. Without the back reaction, dust readily moves towards the
central star and pressure trapping around the gap is minimized. Still there is
a prominent gap in the co-orbital region of the planet, and it deepens steadily
compared to the background behavior of the disc as ϵ increases. Planets are not
fixed and are allowed to migrate, and in fact in one scenario we see migration
that appears to be a function of ϵ (top left of Figure 2.3).

2.4.1 Depth vs ϵ

Constant Grain Size

Our primary results are shown in Figure 2.3, which shows the gap depths mea-
sured from simulations for our two scenarios (constant grain size of a = 0.1
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Figure 2.1: Dust surface density of simulated discs with a = 0.1mm. The left column is simulated with the back reaction, and
the right column is simulated without the back reaction. Each row is a different ϵ, increasing down the page and into Figure
2.2. At every simulated value of ϵ, we see a remarkably different dust distribution. Discs without the back reaction have well
defined outer edges at ∼100 au, and larger, higher density inner discs. Discs with the back reaction see a much more even dust
dispersal across the visualized range out to 150 au. Additionally there is significant dust trapping near exterior to the orbit of
the planet for ϵ = 0.005, indicating at the role the back reaction plays in dust crossing a gap formed by a planet.
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Figure 2.2: Dust surface density of simulated discs with a = 0.1mm. The left column is simulated with the back reaction,
and the right column is simulated without the back reaction. The top row is ϵ = 0.10 and the bottom row is ϵ = 0.50. The
disc that includes the back reaction and with ϵ = 0.50 has the least prominent gap of any of the discs simulated and also has
smoothest overall distribution. Additionally, in these high ϵ simulation, the role of ϵ and the back reaction in gap closing is
readily apparent. Simulations with the back reaction have gaps spanning a smaller azimuthal angle over all
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Figure 2.3: Gap depth measured from simulations at the planet location and gap maximum for all simulations. The top row is
∆Σdust with the back reaction on and the bottom row is ∆Σdust with the back reaction off. The left column shows results
for constant grain size of a = 0.1mm, and the right column shows results for constant St number of 0.1. Data sets for St=0.1
with the back reaction is missing a point at ϵ = 0.50. See Note 1.
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mm and constant St = 0.1), for the back reaction on and off. This shows sim-
ulated gap depth as a function of ϵ, with depth measured at the location of the
planet, and also at the deepest point of the gap for all scenarios. In the a = 0.1

mm simulations, when the back reaction is included, increasing ϵ results in an
increased gap depth from ϵ = 0.005 to ϵ = 0.01. As ϵ increases beyond this,
the gap depth decreases. This suggests that there is a sweet spot for ϵ where
maximum gap depth can be achieved. This also seems to indicate a consistent
regime from ϵ = 0.05 - 0.50, but that space is very coarsely sampled.

When the back reaction is not included, gap depth increases monotonically
with ϵ for the a = 0.1 mm scenario. This result is consistent with previous
findings (e.g. Dipierro et al., 2018), that despite its computational simplicity,
neglecting the back reaction results in systems that do not accurately reflect
reality. Gap depth continues to increase with increasing ϵ. The ϵ space is too
coarsely sampled to develop an analytical prescription, but without the back
reaction we do not see any regime change or similar effects.

Constant Stokes Number

We simulate discs of a constant St number of 0.1 with all other parameters
described in Section 2.3.1. The right column of Figure 2.3 presents the two
different depths measured from simulations vs ϵ, with and without the back
reaction. A constant St number means that particles experience a constant rate
of coupling. For the chosen St number of 0.1, dust is well coupled to the gas.

With the back reaction included, we see a trend of gap depth increasing as
ϵ increases (top right of Figure 2.3). When the back reaction is not included,
we see a similar trend of gap depths increasing until ϵ = 0.10, where there is a
decrease in gap depths at ϵ = 0.50 (bottom right Figure 2.3). This indicates a
potential regime change from "increasing ϵ increases gap depth" to "increasing
ϵ decreases gap depth" in the range ϵ = 0.10 − 0.50. Due to St = 0.1 with
ϵ = 0.50being computationally prohibitive when the back reaction is included,
we do not know if this is due to the lack of the back reaction specifically or
changing ϵ in general.

2.4.2 Reduced Profiles

Constant Grain Size

We present the reduced surface density profiles used for the "Depth vs. ϵ" plots
in Section 2.4.1 (top left of Figure 2.4). Notable here is the exterior/interior
pressure trapping (Dipierro, Pinilla, et al., 2015) of dust at ϵ = 0.005 and ϵ =

0.010 respectively. Additionally the depth regime transition after ϵ = 0.010
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Figure 2.4: Reduced surface densities of simulations with constant grain size of a = 0.1 mm (left column) and constant St
number of 0.1 (right column). The location of each planet is plotted at it’s radius in the same color as the associated profile.
Vertical displacement is solely to prevent overplotting in the case of planets being at approximately the same radius. In the
bottom left plot, some behavior of the ϵ = 0.50 profile is omitted to better visualize more shallow gap profiles.

is easily identified. At low ϵ we also see the soft "w" shape initially described
in Section 2.3.2, indicating there is some dust co-orbiting with the planet. The
lowest ϵ has the most co-orbital dust suggesting the back reaction is weakly felt
over the span of the gap.

In the case with the back reaction gap width is roughly constant over a par-
ticular regime (top left of Figure 2.4), and in the case without the back reaction,
the width of the gap varies greatly (bottom left of Figure 2.4). For ϵ = 0.005

and ϵ = 0.010 the gap width is approximately constant when measured against
the location of the planet, but gap width appears to have changed due to the
planet in these scenarios having migrated by about 10 au. Incidentally, it is also
in these simulations that we see the soft "w" initially described in Section 2.3.2.
This shape appears in the profile as pronounced inner and outer edges relative to
the gap depth, and a small increase of surface density co-located with the planet
that appears as a small bump. The middle of the soft "w" and the right/exterior
edge of the gap both shift inward by approximately 10 au, seeming to follow the
migration of the planet. In the high ϵ regime, post regime transition, gaps have
a nearly identical width and almost entirely lose that soft "w", being able to be
differentiated only by slight changes in depth. This behavior is different from
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the bottom left of Figure 2.4, constant grain size without the back reaction,
where surface density in the gap decreases dramatically with increasing ϵ.

Constant Stokes Number

For the chosen St number of 0.1, motion is dominated by the gas phase with
dust responding according to drag forces. By direct comparison between the re-
duced surface densities with and without the back reaction, we notice a "smooth-
ing" effect of the back reaction that seems to be accentuated by keeping drag
forces constant. Compared to simulations without the back reaction, the pro-
files in the top right plot of Figure 2.4 lack noise in the surface density and are
qualitatively smooth. In the bottom right of Figure 2.4 we see that the sim-
ulated profiles have much more noise in the surface density. Additionally, in
simulations without the back reaction, there is a soft "w" at high ϵ, most clearly
observable in ϵ = 0.10 but also marginally visible in ϵ = 0.50. This indicates
the importance of the back reaction in suppressing the "w" feature at high ϵ.

When considering gap depth, it is interesting to note that trends with and
without the back reaction are inverse for the two scenarios. For constant grain
sizes, gap depth increases monotonically with ϵwhen the back reaction is absent.
The inverse is true for constant St number, as gap depths increase monotonically
with ϵ when the back reaction is present.

2.4.3 The Effect of the Back Reaction on Gap Depth
We demonstrate that including the back reaction distinctly alters the disc mor-
phology from extant prescriptions (Figure 2.5). For the constant grain size sce-
nario (top left of Figure 2.5), including the back reaction results in dust gap
depth decreasing with ϵ. If we turn off the back reaction (bottom left of Figure
2.5), the dust gap depth increases with ϵ. A slightly different discrepancy is seen
in the constant St = 0.1 scenario. When the back reaction is simulated (top
right of Figure 2.5), simulated gap depths are more shallow than the analytical
prescription, starting at ∆Σdust ≈ 2 · 10−3, before rising above the analytical
prescription to ∆Σdust ≈ 4 · 10−2. The analytical prescription maintains a
roughly constant ∆Σdust ≈ 1 · 10−2. When the back reaction is off (bottom
right of Figure 2.5), the analytical prescription remains roughly constant on the
order of 10−2 while simulated depths are one to two orders of magnitude below
that for all values of ϵ. This demonstrates that inclusion of the back reaction,
even when simulating PPDs with small values of ϵ where the gas torque is (see
for example Guilera et al., 2023), is necessary to minimize errors.
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Additionally, explicit consideration of the back reaction can be used to
constrain ϵ from observations of gap morphology. As it stands our analysis
of depths can be used to create a system of relative ranking of ϵ by examin-
ing gap depth relative to an unperturbed disc. Unfortunately analysis of gap
depths depends on many factors including planetary mass and ϵ, so discs with
planets of well known or well constrained mass are needed for this ranking to
be effective. That being said, for a number of planets whose masses are simi-
lar and constrained through kinematics, one could rank the ϵi of each of the
host discs through observations of the gaps induced by planetary action, e.g.:
ϵB ≤ ϵC << ϵA, for some selection of discs found to be hosting planets
of comparable mass. In conjunction with continuum observations, this also
makes disc mass directly comparable.

We have demonstrated that for constant planetary mass, gap depth is de-
pendent on ϵ and the back reaction. If only a few of the discs have masses that
are well constrained from other means, it may be possible to straightforwardly
derive a "mass ladder" from direct comparison of dust continuum flux.

subsectionComparison to an Analytical Depth Criterion
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Figure 2.5: Gap depth measured from simulations in dust density compared to the analytical prescription from Y. A. Tanaka
et al., 2022 (Equation (2.7)). In the simulations with constant grain size, gaps in dust are suppressed by the back reaction as ϵ
increases (top left). Without the back reaction, gaps increase as ϵ increases (bottom left). Neither has good agreement with the
analytical prescription. In the simulations with constant St number, there is an apparent regime transition around ϵ = 0.10
without the back reaction (bottom right). Unfortunately, ϵ = 0.50 was computationally prohibitive with the back reaction
on, so it is unclear if that regime transition would be present there as well (top left).

We solve for an analytical gap depth estimation provided by Equation (2.7)
for each disc. We then make a direct comparison to the gap depth measurement
scheme discussed in Section 2.3.2 by shifting Equation (2.7) into ∆Σ space.
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Figure 2.6: Gap depth measured from simulations in gas density compared to the analytical criterion from Y. A. Tanaka et al.,
2022 (Equation (2.7)). In the simulations with constant grain size, gaps in gas are suppressed by the back reaction as ϵ increases
(top left). In all other scenarios, the gap depth is mostly constant. The only scenario to see numerical agreement with the
analytical criterion are the simulations with constant St number and without the back reaction. This scenario is, to a good
approximation, the regime under which the criterion was developed: well coupled dust that largely follows the gas, without
the back reaction.

This is accomplished by taking

∆Σ = 1− Σp

Σ0

, (2.11)

and assumes that for a surface density profile with no gap, ΣNoGap = Σ0. We
compare this to our simulated gap depths for ∆Σdust and ∆Σgas in both sce-
narios, with and without the back reaction. Results are presented in Figure 2.5
for the dust phase, and Figure 2.6 for the gas phase. The scale heights of each
simulation measured at the planetary radius, hp, are all relatively constant at
∼ 2.6 au, not changing directly as a strong function of ϵ. We note that the
analytical gap depth prescription from Y. A. Tanaka et al., 2022 is independent
with respect to ϵ, but see a noticeable dependence on ϵ for gap depths measured
from simulations. For each scenario, we fit a lograthmic function, ϵξ where
ξ is a fitting constant, unique and fitted to each scenario. We show that each
scenario and has it’s own ϵ dependence, where gap depth, ∆Σdust, goes as:

∆Σdust ∝ ϵξ. (2.12)
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We present a plot of gap depths measured from simulations, analytical gap

10−4

10−3

10−2

10−1

Ba
ck

 R
ea

ct
io

n 
O

n
 Δ

Σ d
us

t

a=0.1mm
Analytical Depth
Measured Depth
ε−0.37

St=0.1

Analytical Depth
Measured Depth
ε0.82

10−3 10−2 10−1 100

ε

10−4

10−3

10−2

10−1

Ba
ck

 R
ea

ct
io

n 
O

ff
 Δ

Σ d
us

t

In
cr

ea
si

ng
 G

ap
 D

ep
th

Analytical Depth
Measured Depth
ε0.49

10−3 10−2 10−1 100

ε

Analytical Depth
Measured Depth
ε0.22

Figure 2.7: Gap depth in dust density measured from simulations compared to the analytical prescription from Y. A. Tanaka
et al., 2022 (Equation (2.7)), as well as a plot of ϵξ . All simulations and scenarios have behavior that is distinct from the analytical
prescription and from each other. Each parameter, ξ, is presented in the legend of the related scenario.

depths, and ϵξ in Figure 2.7. All scenarios are distinct from each other as func-
tions of ϵ, and no simulation set has the same behavior as the analytical prescrip-
tion.

For the scenario of constant grain size, initially considering only the dust,
the analytical estimation from Equation (2.7) and our gap depths measured
from simulations start with some agreement at ϵ = 0.005 and ϵ = 0.01, but
diverge as ϵ increases to 0.10 and beyond. A possible explanation are the length
scales of K ′ changing. The inward migration seen by planets for low values of
ϵ may be meaningfully changing the analytically determined gap depth via the
factor of r5p in K ′ (Equation (2.8)). Since hp is roughly constant between sim-
ulations, the planetary migration that is only seen for ϵ = 0.005 and ϵ = 0.01

results in length scales that bring our gap depths measured from simulations
into agreement with the analytical gap depth. It is unclear if this is incidental
or related to the mechanisms that are driving migration in the first place.

In a dusty, viscous, pressure supported PPD, torque excited in the gas by
the presence of a planet will be communicated to the dust via drag interactions,
with the drag torque from gas onto dust given by Equation (2.3). At the same
time, dust exerts a torque back on the gas via mutual drag (Equation (2.4)). This
is back reaction and is proportional to the dust-to-mass ratio, ϵ. Comparison
to the analytical depth criterion of Y. A. Tanaka et al., 2022 reveals that there is
a critical dependence on ϵ that is lacking.
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Using continuum observations, it is possible to estimate the surface density,
Σdust of dust (Birnstiel et al., 2018; Landgraf et al., 2000). With some informa-
tion about scale height or dust settling, it is possible to recover the dust den-
sity, ρdust (Pinte, Dent, Ménard, Hales, Hill, Cortes, and Gregorio-Monsalvo,
2016). With dust density, a measured gap depth can be used to determined a
constrained ϵ, since we have shown there is a clear dependence on ϵ in our gap
depths measured from simulations.

While not as straightforward as the ranking method described in Section
2.4.3, a related analytical method allows for better estimation of ϵ from observa-
tions. Expanding the work of Kanagawa, Tanaka, et al., 2015 and Y. A. Tanaka
et al., 2022 into a regime that considers the back reaction due to dust provides
another analytical tool to constrain ϵ and PPD masses from observations.

2.5 Conclusion and Future Work

2.5.1 Conclusions
We ran a series of SPH simulations with and without the back reaction of dust
and varying ϵ to investigate the effects of dust on disc morphology. We measure
gap depths in simulated PPDs by comparing each simulated scenario to a fitted
logarithmic surface density taken to be the relaxed scenario without a planet.
We find that the effect of the back reaction on gap formation due to planetary
action is significant, and conventional prescriptions of gap depth need updating
to account for the effects of the back reaction. For constant planetary and stellar
masses, Equation (2.7) predicts an increasing gap depth as ϵ increases. This is
not what is found in simulations when including the back reaction, except for a
short regime between ϵ = 0.005 and ϵ = 0.01. In the scenario of constant grain
size that included the back reaction, increasing ϵ beyond ϵ = 0.01 decreases
gap depth, suggesting a gap depth maximum and/or regime transition around
ϵ = 0.1.

One way to observe this is through the loss of a "w" shaped feature that is
present in the low ϵ surface density profiles of Section 2.4.2. At sufficient ϵ, the
back reaction is able to clear the local surface density bump that forms at r = rp.
As local ϵ increases, the bump is smoothed by the back reaction into the rest
of the gap making it more shallow and raising the surface density. A planetary
torque is still felt by the gas across the entirety of the gap, and transferred into
dust according to Equation (2.3), but at high ϵ the net drag torque is insufficient
in clearing dust from the area in space over which it is felt. Net torque decreases
linearly with ϵ (Equation (2.6)), and theresults of our simulations imply that
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gaps clear holistically over the entire region. This means that the distance away
from rp over which torque is excited in gas and able to clear dust from near
the planet changes marginally due to the back reaction, but the efficiency of
that clearing is dramatic. With regards to gap width, the inclusion of the back
reaction and changing ϵ has little effect. However, gap depth is sensitive to
changing ϵ. As a gap is cleared and ϵ increases locally at the gap edge, the back
reaction makes clearing the (N+1)th parcel of dust from the gap more difficult
in terms of torque than clearing the N th parcel of dust. In discs with a higher
global ϵ, clearing the first parcel of gas requires more torque than the first parcel
of gas in a disc with lower global ϵ.

2.5.2 Future Work
We have demonstrated a relationship between ϵ and gap depths that is not fully
accommodated by Equation (2.7) and the lineage of Y. A. Tanaka et al., 2022,
but more work is required to refine an analytical relationship between ϵ and
the gap depth. Our ϵ parameter space was coarsely sampled to demonstrate
the overall impact and importance of the effect, but we lack sufficient data to
generate a robust model. We suggest that future analysis of the back reaction
focus in the regime of ϵ ∈ [0.005, 0.01, 0.05] as that is the interval over which
the a = 0.01 mm scenario transitions from increasing gap depth to decreasing
gap depth.

Additionally, holding ϵ constant and varying planetary mass could demon-
strate the effect of the back reaction on gap formation through direct compar-
ison to depths estimated from Equation (2.7). This also could be used to pro-
vide either a corrective term or an explicit ϵ dependence to the analytical depth
formula. Furthermore, we have identified a physically motivated relationship
between ϵ, gas density, and the analytical gap depth prescription described by
Y. A. Tanaka et al., 2022.

In the presence of planets, we have demonstrated that considering the ef-
fects of dust and the back reaction introduces significant variation when ϵ is
poorly constrained. Gravitational instability, magnetic effects, and/or stream-
ing instability may similarly respond to changing ϵ and the back reaction in a
way that makes constraint or identification more straightforward.

A secondary or tertiary effect beyond the scope of this study is the planetary
migration seen in the scenario of constant grain size with the back reaction on.
The simulations in which we see the most planetary migration are those with
the most mass in gas, and as ϵ increases, total gas mass must necessarily go down
to keep dust mass constant. This is consistent with exploration into planetary
migration by Quillen et al., 2004 and Crida and Morbidelli, 2007 where it was
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discussed that planets could not migrate inwards if the planet itself was more
massive than the interior gas mass. A recent study from Guilera et al., 2023
provides some additional context to planetary migration under changing ϵ by
explicitly considering torque contributions from dust components. They are
able to change the sign and magnitude of net torques in the regime of low-mass
planets (Mp ≤ 10M⊕) when considering different mass ratios and coupling
regimes. We suspect that findings from Guilera et al., 2023 are related to the
variation we see in migration, slowing as ϵ increases. Despite our planetary
masses not being in the same regime, there is a congruent finding: an increase
of ϵ leading to slowed migration. We suspect this is due to an increase in pos-
itive torques from dust. Extending the work of Guilera et al., 2023 to 2MJup

planets will make this hypothesis testable. We suggest a grid-based code; SPH
as an algorithm has difficulty with the long timescales typically associated with
planetary migration.

2.6 Acknowledgements
Special thanks to Jess Speedie of University of Victoria, British Columbia for
insights into observational morphology that resulted in measuring of gap depth
relative to the background surface density profile.

Data visualization performed in Figures 2.1 and 2.2 was made possible by
the Sarracen Python package (Tricoco, 2023).

This study was supported in part by resources and technical expertise from
the Georgia Advanced Computing Resource Center, a partnership between
the University of Georgia’s Office of the Vice President for Research and Office
of the Vice President for Information Technology.

43



Chapter 3

Conclusion

In this thesis, I present the results from a series of SPH simulations conducted
with and without the back reaction while varying ϵ in order to investigate the
effects of dust on the morphology of PPDs. By measuring gap depth through-
out a variety of scenarios, I have been able to demonstrate the importance of
simulating the effects of dust. Increasing ϵ beyond 0.01 was shown to decrease
gap depth when simulating the back reaction due to dust and holding grain
size constant. This scenario is the most realistic, and through it I demonstrate a
general trend of gap depth decreasing as ϵ increases. This trend can be used to
constrain values of ϵ in PPDs, and provide more accurate mass measurements
for dusty PPDs.

The trend observed in ϵ is, however, degenerate with planetary mass; when
ϵ is constant, increasing planetary mass will also increase gap depth. For discs
with planets who’s masses can be constrained through means other than gap
morphology (e.g. velocity perturbation (Terry et al., 2022; Veronesi et al., 2021),
it is possible to rank the ϵ of discs with planets of similar masses by measure-
ment of gap depth. Development of an analytical prescription that as robust
as Tanaka et al. 2022 requires a much more robust sampling of ϵ-space, but I
am able to show that the current prescription needs updating with regards to
effects due to dust. The scenario of constant grain size with the back reaction
begins with some agreement between simulated and analytical gap depth at low
ϵ, but for ϵ > 0.01, analytical gap depths increase while simulated gap depths
decrease.

Additionally, the results of our simulations imply that gaps clear holistically
over the entire gap width. The distance away from rp over which torque is
excited in gas and able to clear dust from near the planet is set by properties of
the disc and planet such as relative masses. That distances changes marginally
due to the back reaction and with varied ϵ, but the efficiency with which dust
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is cleared over that region is dramatic. This means that while gap width is not
sensitive to the back reaction, gap depth is. This is observed when the back
reaction is scaled by changing ϵ.

3.1 Questions Raised and Suggestions for Future
Work

In the previous section, I mention that gap depth is degenerate with planetary
mass. A parameter space of constant ϵ, ideally for ϵ > 0.01, and varied plane-
tary mass will provide more context to the deficiencies of the current analytical
prescription. Importantly, this could help determine if gap depth is actually
degenerate with planetary mass or if it only appears to be.

A secondary or tertiary effect that I see due to changing ϵ is variable migra-
tion rate of planets in the scenario with constant grain size. While preparing this
thesis, there was work indicating a relationship between varied ϵ, dust torques,
and migratory behavior of Neptune mass planets (Guilera et al., 2023). Dust
torques and migration behaviors were not targets of my investigation, but I
believe if this or similar work evaluating dust torques were extended into pa-
rameter spaces with more massive planets, it would be possible to discern the
underlying mechanism for the migration seen in this work.
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