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This work investigates certain Lagrangian submanifolds of products of spheres. In particular,
we will study several constructions of “exotic” Lagrangian tori in S? x S?, and we will prove
that they are all Hamiltonian isotopic. In the space (52)3, we will investigate a Lagrangian
submanifold that is diffeomorphic to RP3, and we will prove that it is nondisplaceable under
Hamiltonian diffeomorphisms by showing that the homology of a certain chain complex

(called the pearl complex) is non-trivial.
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Chapter 1

Introduction and Symplectic

Preliminaries

In this work, we will investigate certain Lagrangian submanifolds of products of spheres,
beginning with some Lagrangian tori in S? x S? in Chapter 2 and then moving on to a
particular Lagrangian submanifold of (S 2)3 in Chapters 3, 4, and 5. In order to study these
objects, we must first establish some terminology. It is assumed that the reader is familiar
with the fundamentals of smooth manifolds, and we begin by covering some definitions from

symplectic topology.

Definition 1.1. A symplectic vector space is a pair (V,w) consisting of a 2n-dimensional
real vector space V' with a nondegenerate, skew-symmetric bilinear form w : V x V — R.
Given two symplectic vector spaces (Vj,w;) and (V5,ws), a linear symplectomorphism

from Vj to V5 is a linear isomorphism ¢ : V; — V5 such that p*ws = wy.

Recall that nondegeneracy means that, for each non-zero vector v; € V', there is a vector
vy € V such that w (vy,v,) # 0. Skew-symmetry means that w (vq,v2) = —w (v, v1) for all

vi,v2 € V. A standard example of a symplectic vector space is R*" with standard basis



{x1,...,20,y1,...,yn} and the bilinear form given by
Wy = Zdl'] A dyj,
j=1

where {dzy,...,dx,,dy,...,dy,} is the dual basis. In fact, a standard result says that every

symplectic vector space of dimension 2n is linearly symplectomorphic to (R*", wy).

Definition 1.2. A Lagrangian subspace W of a symplectic vector space (V,w) is a vector

subspace W < V such that dim (W) = 1 dim (V) and = 0.

=3 w|W><W

Using the example (R?*",wy) from above, one example of a Lagrangian subspace of R*"

is W = span{zy,...,x,}.

Definition 1.3. The Lagrangian Grassmannian, denoted £ (n), is the set of all La-

grangian subspaces of (R?",wy). That is,
L(n)={W< R2”| dim (W) =n and WO‘WXW = 0}.

It is well known that £ (n) can be given the structure of a smooth manifold of dimen-
sion n (n+ 1) /2 whose fundamental group m (£ (n)) is isomorphic to Z (see Chapter 2 of
[IMS98] for example). An explicit isomorphism is provided by the Maslov index, which we
will define shortly. First, we observe that the unitary group U (n) acts transitively on £ (n)
with the stabilizer subgroup of a point being O (n); and so £ (n) is naturally diffeomorphic
to U (n) /O (n). Given a loop v : S — L (n), we choose a path U, : [0,27] — U (n) corre-
sponding to the path ¢ — v (e") via the identification £ (n) = U (n) /O (n) and satisfying
{det (U, (0)),det (U, (27))} C {£1}. It is not difficult to show that the Maslov index as de-

fined below is independent of the choice of the path U, and depends only on [7] € m1 (£ (n)).



Definition 1.4. The Maslov index of [y] € m; (£ (n)), denoted p ([7y]), is defined to be the

degree of the map

St 6t

e — det (U, (1))?) .

Definition 1.5. A symplectic vector bundle over a smooth manifold M is a pair (E,w)
consisting of a real rank-2n vector bundle £ — M and a smooth section w : M — A2E* such
that, for each p € M, the fiber (E,,w,) is a symplectic vector space. The section w is called
a symplectic bilinear form on E. Two symplectic vector bundles (Fi,w;) and (Es,ws)
over M are said to be isomorphic if there is a vector bundle isomorphism ¥ : F; — F,

covering the identity over M and satisfying ¥*ws = wy.

Note that the condition U*wy = w; means that \II‘(El)p : ((El)p ) (wﬁp) — <(E2)p : (wg)p>
is a linear symplectomorphism for each p € M. A standard example of a vector bundle is
the trivial vector bundle M x R?". If we endow M x R?" with the symplectic bilinear form
given by w, = wy for each p € M, then it becomes a symplectic vector bundle called the

trivial symplectic vector bundle over M.

Definition 1.6. A symplectic trivialization of a symplectic vector bundle (E,w) over M
is an isomorphism of symplectic vector bundles ¥ : E — M x R?*", where M x R?*" is the

trivial symplectic vector bundle over M.

Definition 1.7. A symplectic manifold (M,w) is a 2n-dimensional smooth manifold M
together with a closed, nondegenerate differential 2-form w called a symplectic form. If
(My,w) and (Msy,ws) are symplectic manifolds, a symplectomorphism from M; to M, is

a diffeomorphism ¢ : M} — M, satisfying p*w, = wy.



Recall that w being closed means that dw = 0, and nondegeneracy means that (7,M, w,)
is a symplectic vector space for each p € M. In other words, if M is a symplectic manifold,
then the tangent bundle T'M is a symplectic vector bundle with symplectic bilinear form w.
A standard example of a symplectic manifold is R*" with coordinates (x1,...,Zn, Y1, .-, Yn)
and symplectic form wy = dej A dy;. Darboux’s Theorem says that every symplectic
manifold of dimension 2n is lelcally symplectomorphic to (R*", wy).

Definition 1.8. A Lagrangian submanifold L in a symplectic manifold (M,w) is an
embedded submanifold L C M such that dim (L) = 3 dim (M) and i*w = 0 for the inclusion

i L — M.

Now that we have established definitions of symplectic manifolds and Lagrangian sub-
manifolds thereof, we will define two important homomorphisms called the area and Maslov
homomorphisms. Let L be a Lagrangian submanifold of the symplectic manifold (M, w),
and let [u] € m (M, L) be represented by a smooth map u : (D* S') — (M, L), where

D?*={z € C||z| <1} is the closed unit disk and S! is the unit circle.

Definition 1.9. The area homomorphism [, : o (M, L) — R is defined by

L ([u]) = /D ww.

Observe that the symplectic vector bundle w*T'M is trivial since its base is the disk

D?, and note that ((u‘sl)*TL) is a Lagrangian subspace of (u*T'M)_. at each point

eit
et € St Let 7 : w*TM — D? x R* be a symplectic trivialization, and consider the loop

Yur i ST = L (n) given by this trivialization, namely

Yur 2 ST = L (n)

PUNIN Prpan O T (((u‘SI)* TL)el.t) ,



where prgz. @ D? x R*™ — R?" is the obvious projection. It is a standard result that the
Maslov index g ([7v,.r]) does not depend upon the symplectic trivialization, leading to the

following definition.

Definition 1.10. The Maslov homomorphism I, : my (M, L) — 7Z is defined by

IN ([u]) =p ([P}/u,T]) )

where 7 : w*TM — D? x R* is a symplectic trivialization. The number I, ([u]) is called the

Maslov index of [u].

In the late 1980s and early 1990s, the development of Lagrangian intersection Floer ho-
mology led to the study of a particular class of Lagrangian submanifolds called monotone.
In particular, it was shown by Oh in [Oh93] and [Oh95] that Lagrangian intersection Floer
homology can be defined for monotone Lagrangian submanifolds such that the Maslov ho-
momorphism satisfies a certain restriction. All of the Lagrangian submanifolds studied in

this paper will be monotone, which is defined as follows.

Definition 1.11. Let L be a Lagrangian submanifold of a symplectic manifold (M, w).
We say that L is monotone with monotonicity constant x > 0 if the area and Maslov

homomorphisms satisfy I, = k1.

One of the main results of this work (stated as Corollary 5.10) is to show that a certain
monotone Lagrangian submanifold of (S 2)3 is nondisplaceable under Hamiltonian diffeomor-

phisms, and so we now proceed to establish precisely what is meant by this.

Definition 1.12. Let (M,w) be a symplectic manifold, and let H : M — R be a smooth
function. The vector field Xy defined by the equation w (-, Xy) = dH is called the Hamil-

tonian vector field associated to the Hamiltonian H. The flow of the Hamiltonian vector



field Xy, denoted {¢; |t € R} and defined by

bl (0) = Xt (ol () and @}y () =

for all p € M and t € R, is called the Hamiltonian flow associated to H.

In the above definition, we assume that the vector field Xy is complete (in other words,
the flow is defined for all p € M and ¢ € R), an assumption that is not too restrictive since
we usually consider compactly supported Hamiltonians H : M — R. It is also useful to

consider time-dependent functions H : M x [0,1] — R; we write H; = H (-, 1).

Definition 1.13. Let (M,w) be a symplectic manifold, and let H : M x [0,1] — R be a
smooth function. The time-dependent vector field Xy, defined by the equation w (-, Xp,) =
dH, is called the time-dependent Hamiltonian vector field associated to the time-

dependent Hamiltonian H. The flow of the time-dependent Hamiltonian vector field

Xp,, denoted {¢% |t € [0,1]} and defined by

ol (o) = X, (¢ (1) and &y () = p

for all p € M and t € [0,1], is called the Hamiltonian flow associated to H.

Again we assume in the above definition that the flow {¢%} is globally defined, and it
is a standard result that %, is a symplectomorphism for all ¢ (in both the time-dependent

and time-independent cases).

Definition 1.14. A symplectomorphism ¢ : M — M is called a Hamiltonian diffeomor-
phism if ¢ = ¢}, for some (possibly time-dependent) Hamiltonian H. Two submanifolds
Lo, Ly C M are said to be Hamiltonian isotopic if there is a Hamiltonian diffeomorphism

v such that ¢ (Lg) = L;.



Definition 1.15. Let (M,w) be a symplectic manifold, and let A C M. We say that A is
displaceable under Hamiltonian diffeomorphisms if there is a Hamiltonian diffeomorphism
@ such that ¢ (A)NA = @. Otherwise, we say that A is nondisplaceable under Hamiltonian

diffeomorphisms.

We now proceed to define the language of Hamiltonian group actions. Throughout the
remainder of this chapter, we let G denote a compact Lie group with Lie algebra g. Suppose
that G acts on a symplectic manifold (M, w) so that we have a diffeomorphism ¢, : M — M
for each g € G. Of course, by the definition of a group action, we have ¥, 4, = 14, © 1, for

all g1,92 € G, and v, is the identity on M if e is the identity element of G.

Definition 1.16. The Lie group G acts on M by symplectomorphisms if ¢, : M — M

is a symplectomorphism for all g € G.

Given a group action G on M, each ( € g determines a vector field on M via the

prescription

d

Xc(p) = T
t=0

wexp(tﬁ) (p) :

Definition 1.17. Suppose that G acts on M by symplectomorphisms; we say that action is

weakly Hamiltonian if the vector field X is Hamiltonian for all ¢ € g.

In other words, a group action of G on M by symplectomorphisms is weakly Hamiltonian
if, for each ¢ € g, there is a smooth function H; : M — R such that Xy, = X¢. In order to

define a Hamiltonian group action, we first need to define the Poisson bracket.

Definition 1.18. Let F': M — R and H : M — R be smooth functions on a symplectic

manifold (M, w). The Poisson bracket of F' and H is defined by

{F,H} :w(XH,XF) IdF(XH),



where X and Xy are the Hamiltonian vector fields associated to F' and H, respectively. If

{F,H} = 0, then we say that F' and H Poisson commute.

Another standard result says that the Poisson bracket defines a Lie algebra structure on

the space of smooth real-valued functions on M, denoted C'* (M).

Definition 1.19. Suppose that the action of G on M is weakly Hamiltonian so that, for
each ¢ € g, there is a smooth function H; : M — R such that Xy, = X,. If the functions

H¢ can be chosen such that the map

g — C= (M)

¢— H

is a Lie algebra homomorphism, then the action is called Hamiltonian. If the action of G
on M is Hamiltonian, then a moment map for the action is a map mom : M — g* such

that, for H; defined by the prescription

He (p) = (mom (p), ¢) = (mom (p)) (¢),

the map (g — C>* (M)) : ( — H, is a Lie algebra homomorphism.

Of particular interest in the study of Hamiltonian group actions is the case in which the
group acting is a torus. We write T* for the k-dimensional torus S! x --- x S, and we note
that its Lie algebra t is abelian (i.e., the Lie bracket vanishes). We identify t with R* via
the map <Cla%17 e Ck%) = (C1,..., ), and we identify t* with R using the standard
Euclidean inner product. With such identifications, if the action of T* on M is Hamiltonian,
then a moment map for the action is a map mom : M — R*. The following theorem (the
proof of which can be found in Chapter 5 of [MS98]) demonstrates that the images of moment

maps for Hamiltonian torus actions are well understood.
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Theorem 1.20 (Atiyah, Guillemin-Sternberg). Let (M,w) be a compact connected sym-
plectic manifold, and suppose that T* acts on M by symplectomorphisms. If the action is

Hamiltonian with moment map mom : M — RF, then:

(1) the fized points of the action form a finite union of connected symplectic submanifolds

017 s 7CN7‘
(2) the moment map mom is constant on each C;, and we write n; = mom (C});

(3) the image of mom is the convex hull of {m,...,nn} C R¥, ie.,

N

mom (M) = {Z)\jnj

j=1

N
Z)‘j:L)\j ZO}
7=1

In the situation described by the above theorem, the image mom (M) of the moment map
is called the moment polytope. Recall that a group action is said to be effective if the only

element of the group G that acts by the identity on M is the identity element of the group.

Definition 1.21. A symplectic toric manifold is a compact connected symplectic man-
ifold (M,w) equipped with an effective Hamiltonian action of a torus T* of dimension equal
to half the dimension of M (i.e., dim M = 2k) and with a moment map mom : M — R for

the action.

By the work of Delzant in [De88], it is known that there are certain stringent restrictions
on the polytopes that can arise as moment polytopes of symplectic toric manifolds, and
moreover, the moment polytope determines the symplectic toric manifold (up to equivariant
symplectomorphism). A similar classification for symplectic toric orbifolds has been carried

out by Lerman and Tolman in [LT97].



Example 1.22. We consider S? x S? as a subset of R x R? in the usual way:
SZXSQZ{(U,IU)GR3><R3} |17|:|u7|:1}.

Then, where pry : 5% x §% — 5% and pr, : 5% x 5% — 5% are the projections onto the first
and second factors, respectively, and where wgq is the standard area form on S?, we define a
symplectic form Q on S? x S% by Q) = %pr”{ Westd + %prg wsta (consistent with our conventions

in Chapter 2). We write
1 0 0

Ri=10 cost —sint]| .

0 sint cost

and we let T? act on S? x S? by
(ewl, 62‘02) . (5’7 w) = (Reﬂ_f, Rezu_f).

This action is effective and Hamiltonian with moment map mom : S? x S? — R? given by
mom (¥, W) = (—%U €1, —%u? . 51), where €; is the first standard basis vector in R3. The
fixed point set of the action is {(é},€1),(—€1,€1), (€1, —€1),(—€1,—¢€1)}, and the moment

polytope is

Thus, S? x S? is a symplectic toric manifold with the above action and moment map. The
fiber

mom ™' (0,0) = {(7,0) € * x §*| 7-& =0,%-& =0}

is the product of two “equatorial” circles and is often referred to as the “Clifford torus.”
The fiber over each interior point of the moment polytope is a Lagrangian torus, but the

Clifford torus is the unique monotone Lagrangian torus fiber. Moreover, every fiber except

10



the Clifford torus (including those over the boundary points of the polytope) is displaceable
by Hamiltonian diffeomorphisms (by a rotation through angle = in both factors about the
axis €y for example). The Clifford torus, on the other hand, is nondisplaceable (as follows
from the previous sentence and a result of [EP06] that states that at least one fiber must be

nondisplaceable).

Given a symplectic manifold (M,w), we say that the functions fi,..., fr : M — R are
independent if their differentials (df1), , ..., (dfx), are linearly independent at each point p in
some open dense subset of M. It can be shown that the coordinate functions of the moment

map for a symplectic toric orbifold are independent and also pairwise Poisson commute. In

—

the context of Example 1.22, the functions (v, W) +— —s¢ - €] and (U,W) — —5uw - €; are

N
N =

independent and Poisson commute. The following example can be seen as a generalization
of Example 1.22 in the sense that it exhibits two independent Poisson commuting functions
on S? x S? (yet the functions are not the coordinate functions of a moment map for a

Hamiltonian torus action).

Example 1.23. Let (S? x S?,) be as in Example 1.22, and consider G, Gy : S? x S? — R
defined by

Gy (7,%) = |T+@|° and Gy (0,0) = (0 + @) - .

The functions G; and G5 are independent and Poisson commute (since one can easily see
that G is preserved under the Hamiltonian flow g, , which acts by simultaneous rotation

of both factors about the axis —é}), and the fiber
(G1 x Go) ™1 (1,0) = { (#,w) € S* x S?| |7+ @|* = 1, (¥ + &) - & = 0}

is a monotone Lagrangian torus. In fact, since |/ + w|* = 2 + 2v - o for (v, W) € S% x 52, it

11



is easy to see that this fiber is exactly the torus Tgrp studied in Chapter 2:
Tepp = {(?7,’([7) € 5% x 82| (U—f-w) e =0,U-w= —1/2},

and the torus Tgp was shown to be monotone in [EP09]. Moreover, by the results of [CS10]
and [FOOO12] (and the equivalences exhibited in Chapter 2), the torus Tgp is nondisplace-
able. Recall that the moment map mom : S? x S? — R? in Example 1.22 has exactly one
monotone nondisplaceable fiber, but in contrast the function (G; x Gg) : S* x S? — R? has

two monotone nondisplaceable fibers since one can show that the fiber
(G1 x G) 71 (0,0) = { (#,w) € S* x S?| |#+ w|* = 0, (¥ + &) - & = 0}

is also monotone and nondisplaceable. In fact, it is clear that (G x G3)~' (0,0) is exactly

the anti-diagonal

B

:{(ﬁ,zﬁ)ESQxS2’ U= -},
which is monotone and is nondisplaceable by the results of [EP09].

Chapter 2 is dedicated to giving thorough descriptions of several monotone Lagrangian
tori in (5% x S?,Q) and showing that each of these tori is Hamiltonian isotopic to the torus
Trp. Analogous to Example 1.23, we now consider a system of 3 independent functions
on (52)° that pairwise Poisson commute (but which are not the coordinate functions of a

moment map for a Hamiltonian torus action).

Example 1.24. We write elements of (52)3 as 3 X 3 matrices (g 7 @’) for @, v, w € S?,
and where wgq is the standard symplectic form on S* and the map pr; : (52)° — 52 is
the (holomorphic) projection onto the j* factor of (52)3 for 7 = 1,2,3, we consider (S2)3

with the split symplectic form €2 = prj wgiqa + Pra wWsta + Pri wsea. We then consider functions

12



Hy, Hy, Hy : (5%)° = R defined by

=
N
I}
<y
gy
~_
Il
=
+
<y
+
&
o

It can be shown that the functions H;, H,, and H3 are independent and Poisson commute.
Indeed, it is not difficult to see that both H; and Hj are preserved under the Hamiltonian
flow ¢, (which acts by simultaneous rotation of all 3 factors about the axis —¢7), and one
can also use the Jacobi identity for the cross product to show that the quantity @+ v+ w is
preserved under the Hamiltonian flow %, (and hence Hy and H; are preserved under the flow
©Y, as well). We will show in Chapters 3, 4, and 5 that the fiber (H; x Hy X H;)™'(0,0,0)
of the R3-valued function H; x Hy x Hy is monotone and nondisplaceable. Indeed, one can
easily see that

(H1><H2><H3)_1(0,O,0):{<g 7 w) e (5?)° ﬁ+ﬁ+w:6},

which is exactly the Lagrangian L described in Chapters 3, 4, and 5.

Since the fiber L = (H; x Hy X Hg)il (0,0,0) in Example 1.24 is apparently analogous
to the anti-diagonal A C S? x S? from Example 1.23, one naturally wonders whether there
is a monotone Lagrangian torus fiber (H; x Hy x Hs) " (x,y,2) that is analogous to the
monotone Lagrangian torus Tpp C S? x S? in Example 1.23. At the time of this writing,
computations seem to indicate that the fiber (H; x Hy x Hs)™" (1,0, 0) should be monotone,
but it turns out that the point (1,0, 0) is not a regular value of the map H; x Hy x Hs (for that
matter, neither is (0,0,0), but the fiber (H; x Hy x Hs) ™" (0,0,0) turns out to be a smooth

submanifold of (52)* whereas the fiber (H; x Hy x H3) ™' (1,0,0) is not a manifold). It would

13



be interesting to know if the singular fiber (Hy x Hy x Hs)~' (1,0,0) is nondisplaceable,
but the main focus of this work (in Chapters 3, 4, and 5) is to show that L C (52)3 is

nondisplaceable.

14



Chapter 2
Lagrangian Tori in 52 x 52

In this chapter, which is self-contained for the most part, we will give several descriptions
of “exotic” monotone Lagrangian tori in S? x S2?, and we will prove that all of these tori
are equivalent under Hamiltonian diffeomorphisms (closely following previous joint work
with Usher in [OU13]). The term “exotic” was used by Entov and Polterovich in [EP09]
to describe a monotone Lagrangian torus in S? x S? that we denote Trp. They used this
term because they showed that there is no symplectomorphism ¢ : S x §% — 52 x S? such

" which is a product of equatorial

that ¢ (Tgp) is equal to the more standard “Clifford torus,’
circles S}, x S¢, C S% x 52

Throughout this chapter, we consider S? x S? as a subset of R3 x R? in the usual way:
S?x S ={(0w) e R*xR*| 0] = |[u| =1} .

Then, where pr; : S? x S? — 52 and pr, : S? x S? — S? are the projections onto the
first and second factors, respectively, and where wgq is the standard area form on S2, we
define a symplectic form Q on S? x S? by Q = 1pr} wya + 5prjwya. In particular, with this

convention, the sphere S? x {point} has area 2.

15



The first torus we define is the simplest to describe. Following [EP09], we define a torus
Tep ={(0,W) € S* x S*| (T+w)-& =0,7-7 =—-1/2}, (2.1)

where here and throughout this chapter the vector €; is the first standard basis vector in R3.

Next, we describe a torus in S? x S? introduced by Chekanov and Schlenk in [CS10].
We begin with a curve I' enclosing an area of 5 and contained in the open upper half disk
H(v2) = {z € C|Im(z) > 0, |2| < v2} of radius v/2. The curve Ar = {(z,2) € C?|z € I'}
then lies in the diagonal of B? (v2) x B*(v/2), where B* (v2) = {z € C||z| < v2} is the
open disk of radius v/2. Then, we consider the torus ©¢g in B2 (\/5) x B? (\/5) given as

the orbit of Ar under the circle action
e (z1,29) = (eitzl, e_itZQ) )
In other words, we define
Ocg = {(eitz, e_itz) |z eT,tel0, 27r]} C B? (\/§> x B2 (\/5) ,

and we then define a torus Teg C S? x S? to be the image of ©¢g under a standard dense
symplectic embedding B* (v2) x B? (v2) < 5% x S
To describe the monotone Lagrangian torus in [FOOO12], one begins with a symplectic

toric orbifold that is denoted F; (0) and whose moment polytope is

Arooo = {(x7y> € R?

1
0§x§2,0§y§1—§x}

with exactly one singular point sitting over the point (0,1) € Aprpoo. By replacing a

neighborhood of the singular point in F3 (0) with a neighborhood of the zero-section of

16



the cotangent bundle T*S?, one obtains a manifold denoted F (0) that is shown to be
symplectomorphic to S?x S?. Letting © pooo denote the fiber over the point (%, %) € Arooo,
the monotone Lagrangian torus Trooo C S? x S? is then defined to be the image of © rooo
under a symplectomorphism Fj (0) — S? x S2.

In [AF08], it was shown that there is a (nondisplaceable) monotone Lagrangian torus

©4r in the cotangent bundle T*S%. Explicitly, we use the standard Riemannian metric on

S? to identify T*S? with 7'S?, which we think of as a submanifold of R? x R3 via
T*S*=TS*={(p,) eR* xR*| 7-7=0,|7] = 1} .

Under this identification, the canonical 1-form on 7%S? is A\ = pidqy + p2dgs + psdqs, and we

consider T*S5? with symplectic form d\. We define
1
Our = {(ﬁ,cj) €R> x R? | |p] —5,(ﬁx§)-€1—0} c T*S%

Where D;S? C T*S5? denotes the open unit disk bundle, one can symplectically identify
D;S? with (5% x S?) \ A, where A C S? x S? is the diagonal. We will provide such a
symplectomorphism ®, : (S? x S?)\ A — D;S? in Lemma 2.5 below, and although Albers
and Frauenfelder did not explicitly consider their torus in 7*S? as a submanifold of S% x S2,
we nonetheless write Thp = @, (O 4p).

The final description of a torus in S? x S? that we give (which will be denoted T¢) was
considered by Gadbled in [Gal3] and is based on a Lagrangian circle bundle construction
of Biran in [Bi06]. First we recall the description of standard symplectic disk bundles from
[Bi01], which is presented here with some modifications pertaining to normalization. Let
(3, ws) be a symplectic manifold, and let 7p : P — 3 be a principal S'-bundle with Chern
class [Lws] for some 7 > 0. Also, let 8 € Q' (P) be a connection 1-form on P normalized

so that df = —%’N}; (wy). The standard symplectic disk bundle to ¥ associated to the pair
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(P, ) is the symplectic manifold (D, (P),wean) defined as follows. Where D <\/ 7'/7T> =
{z ecC ‘ |z| < \/T/ﬂ'} is the open disk of radius /7/7 in C, the smooth manifold D, (P)
is defined by

Px D (v/7/7)

(e w,z) ~ (w,e?z)

DT(P):

Writing q: P X D (\/’7‘/ 7r> — D, (P) for the quotient map, we for the standard symplectic

form on C, and prp : PXD(\/7’/_7T> — P and pIDZPXD<\/T/_7T> —>D<\/T/_7T) for the

obvious projections, the symplectic form we,, on D, (P) is defined by

0 Wean = d ((ﬂz\2 — 7') prp 6) + pry, we.

Note that the map iy : ¥ — D, (P) defined by ix (7p (w)) = [(w,0)] gives an embedding of
¥ into D, (P) as the “zero-section” {[(w,0)]|w € P}, and the symplectic form we,, satisfies
(ix)” Wean = wy. Moreover, the projection pr : D, (P) — X given by pr ([(w, 2)]) = 7p (w)
gives D, (P) the structure of a fiber bundle over ¥ whose fibers are symplectic disks, each
having area 7.

Now if A C ¥ is a monotone Lagrangian submanifold, then, for any r € (0, W), the

submanifold

Ay = {l(w, 2)] € D= (P) |2 = r,pr ([(w, 2)]) € A}

will be a monotone Lagrangian submanifold of D, (P) which has the structure of a circle
bundle over A. According to the main result of [Bi01], if (X, wsx) is a complex hypersurface
of a Kéhler manifold (M,w) that is Poincaré dual to the cohomology class [%w], then the
standard symplectic disk bundle D, (P) symplectically embeds into M as the complement of
an isotropic CW complex. By Proposition 6.4.1 of [BC09], there is typically a unique value
of r for which a symplectic embedding D, (P) < M maps A to a monotone Lagrangian

submanifold of M, which we call the Biran circle bundle construction associated to A.
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To define the torus which we denote Tgc C S? x S?, one works through the above
construction with (M,w) = (5% x S52,Q) and with ¥ equal to the diagonal A C S? x S?
(with 7 = 27 in our conventions). Identifying A with S? in the obvious way, one takes the

principal circle bundle P to be the unit circle bundle in the tangent bundle 7°S?, namely

P={(7Q) R xE| |5 =|q = 1.5 7= 0}

with projection 7p : (P, ¢) — ¢ and circle action given by

e (9,@) = ((cos (t)) P+ (sin ()  x P, q) -

Under the identification A 2 S% we take A = {v € S?|v-€; = 0} to be an “equator” in
A. We define Tge to be the Biran circle bundle construction associated to A (an explicit
symplectic embedding D, (P) < S? x S? will be given in the proof of Proposition 2.7).

It was shown in [Gal3] that the tori Tpe and Tog are Hamiltonian isotopic, and it has been
suspected by several authors that many (or all) of the above constructions led to Hamiltonian
isotopic tori. Through joint work with Usher in [OU13], it has been demonstrated that this

is indeed the case.

Theorem 2.1. All of the tori Tgp, Tcs, Trooo, Tar, and Tec are Hamiltonian isotopic to

each other.

Remark 2.2. Since some of these tori are defined in terms of a symplectomorphism from some
other symplectic manifold M to the standard S? x S2, it might appear that the existence
of a Hamiltonian isotopy between any two of them depends upon the choice of symplecto-
morphism M — S? x S?. However, according to 0.3.C of [Gr85], any symplectomorphism of
S? x §?% is either a Hamiltonian diffeomorphism or can be written as the composition of a

Hamiltonian diffeomorphism with the diffeomorphism S? x S? — S§? x S? that switches the
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two factors of S2x S2. Observe that Txp is invariant under this latter diffeomorphism. Then,
since each torus in Theorem 2.1 will be shown to be Hamiltonian isotopic to Tgp, it follows

that there is in fact no dependence upon the choice of symplectomorphism M — S? x S2.

The proof of Theorem 2.1 is given by Propositions 2.3, 2.6, and 2.7 below. While Tgp is
given very explicitly as a submanifold of S? x S2, the same cannot be said of Troo0, which
is instead described as a the image of a submanifold ©rppo C E, (0) under a symplecto-
morphism £} (0) — 52 x §2. In [FOOO012], the proof that F, (0) is symplectomorphic to
S? x S? makes it difficult to determine what the image of © pppo might be under such a
symplectomorphism. Hence, most of our task in proving Proposition 2.3 will be to give a
construction of the manifold F} (0) that allows it to be symplectically identified with S? x S?
in an explicit way. Once the construction is complete, it will follow rather quickly that
Orooo is mapped to Tgp under our symplectomorphism.

Similarly, most of the work in showing that Tzc is Hamiltonian isotopic to Tgp consists
of giving an explicit construction of the standard symplectic disk bundle D, (P) and deter-
mining a symplectic embedding D, (P) < S? x S?. Having completed such constructions,
it will be completely clear that T is Hamiltonian isotopic to Tgp (in fact, we will see that

the two are equal).

Proposition 2.3. Ty is equal to Tgp, and there is a symplectomorphism S? x S? — S? x §?

takzng TFOOO to TEP-
Before proving this proposition, we need to establish a couple of lemmata.

Lemma 2.4. Where B*(2) is the open ball of radius 2 in the quaternions H = C? = R*,
where R is identified with the pure imaginary quaternions, and where Og2 C T*S? is the

zero-section, the map @1 : B*(2) \ {0} — D15%\ 02 defined by

(€)= (—545,5‘;’5)
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is a symplectic double cover with v1(&1) = w1(&2) if and only if & = £&. Moreover, where
€1 € R3 is the first standard basis vector and fr-s2(p,q) = |p| and gr-s2(p,q) = (F X q) - €1,

we have
- 1 2 2 . 1 2 2
fres2 0 p1(z1 + 2j) = Z(|Z1| + |22|%) and gpes2 o p1(21 + 227) = Z(|Zl\ — |22]%)

for z1, 20 € C with 0 < |21]* 4 |22]* < 4.

Proof. First, writing £ = 21 + 257, we observe that

*k * 1
gres2 0 @1(21 + 22]) = gresz 0 p1(§) = (—5 46 X ﬁ§]|§) L€ = (Zf*i§> - €1

| _ o _ )
= <1 ((|z1]* = [22)i — Im(2Z122)5 + Re(2z1z2)k)> L&,
1
= 1(131\2 — |2]?)

and also that

, *k 1 1
freg2 0 p1(21 + 225) = fres2 0 p1(§) = ’—545’ = Z|€’2 = Z(\Zﬂz + |22\2)7

which proves the second statement of the lemma and also makes clear that ¢; has an appro-

priate codomain.

We then observe that ¢1(—¢§) = ¢1(£), and we claim also that ¢1(&1) = ¢1(&) only if

& = £&. Indeed if v1(&1) = ¢1(&), then it follows that || = |&| and also that

() i(%)-(2)3(8)
(4 (5)-(5) ()
(&) () -(2) (&)
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Then, writing S for the group of unit quaternions, it is well known that the map § — SO(3)
given by £ — (gig* £j&* gkg*) is a surjective Lie group homomorphism with kernel {41}
(see Exercise 9-10 of [Lee03] for example); thus, it follows from the above displayed equations

that (£1/]&1])" = £ (&/]&])" and hence that & = +&,. Moreover, the surjectivity of this Lie

group homomorphism, when paired with the observation that ‘—5*4’“5‘ = i|£ |2, implies that

1 is surjective. A routine computation shows that
Y1 1 Y2 L2
A=—=d —dy; — =d —d
1A 5 T+ 5 W5 T + 5 Y2,
from which it follows that
x x
PH(dN) = d (p"\) = d (—%dml + Sy — %d@ + gdyg) = dxy Ady, + dza A dys,

which of course is the standard symplectic form on B*(2). Then, since any symplectic map

is an immersion, it follows that ¢ is a symplectic double cover as claimed. O

Lemma 2.5. Where A C S? x 5% is the diagonal, the map @5 : (S* x S?)\ A — D;S?

, )

s a symplectomorphism. Moreover, where fr«g2 and gr«s2 are as in Lemma 2.4, we have

defined by
X

S <y
81| &
81| &

Oy (7, 0) = (

U —
"7 =

1
fT*SQ o (I)Q('l_f, U_;) = §|U+ ?17| and gr=s2 O (I)Q(’l_f, 'Uj) =
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Proof. First, we observe that

gross 0 B(i,0) = LD TN g (WX X2 WD) X0

0= |7 — ] |0 — i
— (V- W)U+ W+ U= (T-d)d\

— — — '61

|0 — w?
(D) —-v-d) L1,
_< 2974 € =5+ a)-é,
and the relationship
|0 — W) |7 + @|* = 4|t x @]* for (7,%) € S* x S? (2.2)

makes clear that fr.g2 0 ®o(7, W) = 3|0+ w|. Thus, we have proved the second statement of
the lemma (which also makes clear that ®5 has an appropriate codomain).

To see that ®5 is a symplectomorphism, we observe that the vector fields

We then compute that ) evaluates on pairs as follows:

Q(Xl,XQ) = Q(Xg,X4) = |’L7>< 117|2,

Q(X1, X3) = Q(X1, Xy) = Q(Xs, X3) = Q(X, Xy) =0.

Then, using the coordinate free formula for the exterior derivative of a one form, we will
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verify that ®5d\ evaluates on pairs in an identical manner to 2. To that end, computing the

commutators of the vector fields X7, X5, X3, and Xy, one finds the following relationships:

[XI,XQ] — |17— 117|2X1 — —[X37X4],

1
2
(X7, X3] = —2X4,

1., 2
(X1, Xy] = §|U + 0 X5 = [X2, X3),

(X, X,] = (20 - @) X,

Moreover, another computation shows that ®3A(X;) = 3|U' + @|* while PIA(X;) = 0 for
j # 1 (note that (2.2) was used here to obtain the simplified form given for ®IA(X7)),
and yet another computation reveals that X, (®3A(X;)) = 0 for j # 2 (since the quantity
P3N(Xy) = 1|0+ w|* is preserved under the flows of X, X3, and X;) while X, (®P3A(X;)) =

—2| x w|?. Tt then follows from (2.2) that

ADIA(X1, Xa) = X1 (B3A(X2)) — Xa (B3A(X1)) — D3 (X, X3
= 2|0 x W|* — ®I\ (%w— w|2X1>

~ f5 x

dPINX5, Xq) = X3 (P3A(X4)) — Xy (PIA(X3)) — P3A ([X3, X4])

1 1
— —BIA (—§|27— w|2X1) = 17— @l + @ = |5 x @,
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and also that

dPIA(X1, X3) = X1 (P3A(X3)) — X3 (PHA(X1)) — P3A ([X1, X3])
— —B3\ (—2X,) = 0,

APIA(X1, Xa) = Xy (P3A(X4)) — X (PEA(XD)) — P3A ([X1, Xa])
= —Pi\ <%|17+ w|2X3> =0,

dPIN(X5, X3) = Xa (D3A(X3)) — X3 (PRA(X3)) — DA ([Xs, X))
= —dA (é\zﬁr w|2X3> =0,

APIN(X5, Xa) = Xa (P3A(X4)) — X (PRA(X3)) — B3A ([Xz, Xd])

= DA (20 @) Xy) = 0,

and then (by continuity along the anti-diagonal A where the vector fields X ; vanish) we see
that ®3d\ = Q on (S? x S?) \ A as required. Finally, to see that @, is bijective, a routine

check (using (2.2) and the fact that 4 — |74 w|* = |0 — @|? for (7,w) € S? x 5?) reveals that
%' 7.0 = (VI- 0P 7~ 7% 5.~/ 1= [P T~ 7% )

defines the inverse for ®,. O

With Lemmata 2.4 and 2.5 proved, we are now ready to give a construction of the

manifold F3(0) and prove Proposition 2.3.

Proof of Proposition 2.3. First the fact that Thr = Tgrp follows immediately from the def-
initions and from the computations of fr«g2 0 @9 and gy«g2 0 P5 in Lemma 2.5. Indeed,

since

U+ W] = V2 + 20 -0 for (¥, W) € S x S,
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one can see from the definitions that (7,w@) € Tap if and only if fr«g2 o ®, (7,%) = 1 and
gr+s2 © g (U, W) = 0, conditions that are equivalent to |0+ | = 1 and (v + W) - €5 = 0.
These latter conditions are equivalent to - @ = —1 and (¢ + @) - & = 0, which hold if and
only if (¢, ) is an element of Tgp.

Since the preimage of the zero-section Og2 under ®, is the anti-diagonal A C S? x S?, it
follows from Lemmas 2.4 and 2.5 that the map ®,' o, : B4(2)\ {0} — (5% x S?)\ (AUA)
descends to a symplectomorphism

A:W—Mﬁxsﬂ\(ﬁum

which pulls back the function (7, @) — 3|0 + @] to the function [(z1, 22)] — (21> + [22]?)
and pulls back the function (7, @) — (0 + ) - €; to the function [(21, 22)] = (|21 |* — |22]?).

Consequently, we may introduce the symplectic 4-orbifold

(BY(2)/ £ 1)U ((S? x §?)\ &)

O = G )] ~ Ao, 22)]) for (o1, 22)  (0,0)

since the fact that A is a symplectomorphism shows that the the symplectic forms on
(B*(2)/ £1) and on (S? x S?)\ A coincide on their overlap in O. Moreover we have well-

defined functions F': O — R and G : O — R defined by

F(l(z1,2)]) = 321 + [P Gl ) = 312~ [P
F(5,@) = %|17+ | G(5,1F) = %(m @) - &

for (21, 2) € B%(2) and (7,%) € (S% x S?)\ A
One easily verifies that the map (F+G,1—F) : O — R? is a moment map for a symplec-
tic toric action on the symplectic orbifold O, with image equal to the polytope Arpoo. The

classification of toric orbifolds from [LT97] therefore implies that O is equivariantly sym-
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plectomorphic to the orbifold F»(0) from [FOOO12] (as O and F5(0) have identical moment
polytopes and both have only one singular point, located at the preimage of (0, 1) under the
moment map); accordingly we hereinafter implicitly identify F»(0) with @. The manifold
F5(0) from [FOOO12] is then constructed by removing a neighborhood U of the unique singu-
lar point [(0,0)] of O and gluing in its place a neighborhood N of 0g: in the cotangent bundle
T*S?, using a symplectomorphism between U \ {[(0,0)]} and N \ 0g2. While a particular
choice of this symplectomorphism is not specified in [FOOO12], we have already constructed
one that will serve the purpose, namely the map ®; : (B*(2)\{0})/+1 — D;5%\ 052 induced

on the quotient by the map ¢; from Lemma 2.4. This gives a symplectomorphism between

the manifold F3(0) from [FOOO12] and the manifold

D;S? L (52 x §%)\ &)
(7, q) ~ ®5' (7, q) for (7, q) € D;S?\ 0ge’

But of course the map ®,' then induces a symplectomorphism between this latter manifold
and S? x S2.

There is an obvious continuous map IT : F5(0) — F5(0) which maps the zero-section 0g
to the singular point [(0,0)] and coincides with 7' on D752\ 0g2 C F5(0) and with the
identity on (S% x S2)\ A C F3(0); the torus ©pooo C Fj (0) is the preimage of the point
(3, 4) under the pulled-back moment map ((F + G) oII, (1 — F) o II) : F5(0) — R2. In view
of the expressions for the functions F, G on (S% x S2)\ A, it follows that © pppo is taken by
our symplectomorphism F5(0) — 52 x 52 to
|T + | +

(T + @) - & =

{@me§x§%
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which is easily seen to be equal to the Entov-Polterovich torus

1
Trp = {(U,w) GSZ XSQ (77+117)€1:O,17117:—§}
Thus, for our choice of symplectomorphism FQ (0) = S?% x S?, we have Trooo = Tep. O

Proposition 2.6. There is a symplectomorphism S? x S? — S% x S? taking T to Trp.

Proof. We recall that Tg is defined as ¢ x 1(O¢g), where

05 (B/Bc) = (S (=60} o)

1—12

re'? rcosfv2 —r?
rsinfv2 — r?

is a symplectomorphism (shown by a standard computation) and
Ocs = {(e"z,e72) | z € It € [0,27]} € B*(V2) x B3(V/2)

for a curve I' C H(ﬂ) enclosing area 7 (the Hamiltonian isotopy class of T¢g is easily seen
to be independent of the particular choice of I'). Alternatively, O¢g is given as the orbit of

the curve Ar = {(z,2) | z € I'} under the circle action

e (21, 29) = (€21, e "2).
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Another simple computation shows that

1 0 0
¥ (ere”) = Ryy(re”), where Ry = | 0 cost —sint | € SO(3),

0 sint cost

from which it follows that

Tes =1 X ¥(Ocs) = {(Re(2), Ry (2)) | t € ]0,27], 2z € T'}.

In other words, T is the orbit of the curve ¢ x ¢ (Ar) under the following circle action,

denoted pcg, on S? x S?%:
pes(e™) - (U,%0) = (R, U, R_y W) .

On the other hand, if we consider the smooth embedded curve C' C S? x S? parametrized

by

[0,27] — S* x S?

—‘/73 sin(s) \/73 sin(s)
5= —\/75 cos(s) | > \/75 cos(s) ;
1 1
2 2

then we claim that the torus Tgp is the orbit of C' under the following action of the circle
on 5% x S

pep(et) - (T,0) = (R, ¥, Ry W) .

Indeed, Tgp is exactly the regular level set (F} x Fy)~! (O, —}L) for the R%-valued function
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Fy x Fy, where Fy : (U,@) — —3(0+ @) - & and F; : (0,%) — 30 - . The Hamiltonian
vector fields associated to the functions Fy and Fy are Xp, (U,4) = (€; x U,¢é; x W) and
Xp, (U = 27 W, W X v), respectively. We then observe that the curve C' is the orbit of
the point ) ( )T € Trp under the Hamiltonian flow for F5, and
thus the torus Tgp is exactly the orbit of C' under the Hamiltonian flow for F}. Noting that
the Hamiltonian flow for Fj gives the circle action pgp, we see that Tgp is the orbit of C
under the action pgp as claimed.

Next, we use the observation of Gadbled in [Gal3] that the actions pgp and pcg are

conjugate in SO(3) x SO(3). Indeed a simple computation shows that

(Re, Re) = (P1,P2) ™" (Re, Ry) (P1, Pa)

1

for P; the identity and Py = <_8

0
-1
0

oo

). Hence, it follows that

(P1P2) (pep(e”) - (0,W)) = pos(e™) - ((Pr, Pe)(¥,10)) (2.3)

and we define T to be the orbit of the curve (P, Ps)(C) under the action of pog. Where
I C S? is the curve parametrized by s (_\/Tg sin(s) _\/75 cos(s) %)T, we observe that
(P1,P,)(C) is the curve Ap = {(7,7) € S? x S? | ¥ € I} in the diagonal of S? x S?. Where
D? C Cis the closed disk of radius 1, we observe that the disk D’ C §%\ {—¢|} parametrized

by

g:D*— S*\ {—e}

‘/757“ sin(¢)

i
re’ = —‘/757“ cos(¢)
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has boundary I, and a routine computation shows that

1 3r
| =ws = ————dr ANdo.
g (2 td) AVl =32 ¢

Thus, D’ has area

1 1 ot 3 ] m
“ g = | Zwea | = —_drd¢ = ~dp = =,
/,2°‘“d /mg (z‘”d) /0 /MW e /0 173

which means that I encloses a domain of area 5 in S*\ {—¢é3}. It then follows that the curve

¥~ HT") encloses an area of 5 since 1 is a symplectomorphism, and it is not difficult to see

that ¢ ~1(I") also lies in H(v/2) since v maps H(v/2) to the hemisphere {7’ € S? | v3 > 0}.
Finally, taking the curve I' in Chekanov and Schlenk’s construction to be the curve

¥~ H(T"), the corresponding torus Tes C S? x S? is exactly the orbit of the curve
¥ x ¢ (Ar) = A = (P1,P2)(C)

under the action of pcg; in other words, Tes = Typ. Now, by (2.3) and the fact that Tgp
is the orbit of C' under the action pgp, it is clear that T p is nothing more than the image
of Tgp under the map (Py,Ps), and thus Tos = Trp = (P1,P2) (Tgp). Since (P, Ps) is
a symplectomorphism (a Hamiltonian diffecomorphism in fact), the desired result has been

obtained. ]
Proposition 2.7. The tori Tsc and Tgp are equal.

Proof. We begin by giving a clear construction of the torus Tg¢, including describing the

standard symplectic disk bundle D, (P) (for an appropriate choice of 7 and P to be given

below) as well as giving an explicit symplectic embedding D, (P) < S? x S2. Observe that

the diagonal A C S? x S? is a complex hypersurface that is Poincaré dual to the cohomology
1

class [5-Q] since the intersection numbers of A with S? x {point} and with {point} x S?
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are both 1 while

1 1
/ —Q =1 and / —Q=1.
S2x {point} 2m {point} x.S2 27

Note that (A,Q{ A) is symplectomorphic to (S? wgq) in an obvious way, and we identify
them in this manner hereafter. By the main result of [Bi01], there is a symplectic embedding
Dy, (P) — S? x S?, where mp : P — A is a principal S'-bundle over A with Chern class
[0 ,J- In other words, under the identification of A with S?, the principal S'-bundle

mp : P — S? should have Chern class [%wstd}-

We choose P to be the unit circle bundle in the tangent bundle T'S?, namely
P={(p.q) eR*xR*| |p| =gl = 1,5-¢= 0}
with projection 7p : (P, ¢) — ¢ and circle action given by
e (p.q) = ((cos (t)) P+ (sin (£)) § % 7. q) -
Note that

TipP = { (4.0) € B x R?

@ F=0,5-G=0,a 7+ 5=0},

and observe that the 1-form 3 defined by B <6, 5) = %0‘[ - (¢ x p) is a connection 1-form

for P. A routine computation shows that, for (61, 51> ((12, by ) € Tipq P, one has

— ' — ' 1 —
dBs.q) (<a17b1> ) (a2,b2>> = o <2q (@1 x dy)
and that dfg = — 7TP (wsta) as required. Then, where D 55 is the radius- v/2 disk bundle
D 5S% = {(:z»',g) ER xR | |7 = 1, |7 < V2,2 § = o}
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in TS, we note that the map W : Dy, (P) = D 55? defined by

\ ([(ﬁ,(j) ,rew]) = ((rcosf)p'+ (rsinf) 7 x p,q)

is a diffeomorphism mapping the “zero-section” {[(p,q),0]| (p,q) € P} of Dy, (P) to the

zero-section of D 55 2. Recall that the symplectic form we,, on Do, (P) satisfies

2
q*wcan =d ((W‘Z|2 - 277) pl“} 6) + prEW(C =d <(7T7"2 — 271') pr}lﬂ + (% — 1) d@) s

where q : Px D (\/5) — Dy, (P) is the quotient map, wc is the standard symplectic form on
C,and prp: PxD (\/5) — Pandpr,: PxD (\/5) — D (\/ﬁ) are the obvious projections.
Where 7 € Q' (D 552 \ 0s2) is given by

N9 (a,b) = (ﬁ_W) a-(yxa),

we claim that d (V*n) = wean away from the “zero-section,” a fact that can be verified by

showing that

2
qUty = (7rr2 — 27r) prp 5+ (% — 1) dae,

which in turn follows from a routine computation. Thus, we may symplectically identify
Dy (P) with D \/552, where the symplectic form on D \/552 is given by dn away from Og2.
Now, where A C S% x 52 is the anti-diagonal, we define ®3 : D _55% — (S* x S?)\ A by

o 7%\ . T2 72\ . 7?2
q)g(x,y):((l—%)yjt 1—%x,(1—%)y— 1—|T|:)3).

It is not difficult to check (using the identity |0 — w|? = (2 — |0+ @) (2 + |0+ @) for

33



(,%) € 5% x S?) that the smooth map (5% x %)\ A = D _55? defined by

<y

L — U+

(U7 w) = pury =) | = —

V2 + [0+ ] [+ ]
is an inverse to @3, and so ®3 is a diffeomorphism. Note that &3 maps the zero-section of
D ;5% to the diagonal A C 5% x S?. Where ®, : (5% x §%) \ A — D;5? is the symplec-
tomorphism defined in Lemma 2.5, we consider the composition ®5 o &3 (restricted to the

complement of the zero-section of D \/552), which (as one can easily compute) is given by

oL Z[? L T i
Dy 0 O3 (7, 7) = (<%— ><?JXE)>H)

Moreover, where A is the canonical 1-form on T*S? one computes that (®; 0 ®3)" A = 7,

which implies that
(g0 P3)"d)\ = dn

on the complement of the zero-section of DﬁSZ. Since ®, is a symplectomorphism, this
implies that ®3 is a symplectomorphism on the complement of the zero-section, and hence
globally by continuity.

To complete the construction of Tge, we consider the monotone Lagrangian “equatorial”
circle A = {7 € 5% |v-€; = 0} in S? = A, and the Biran circle bundle construction associated
to A is the image under ®3 of the unit circle bundle over A. (The radius 1 is the radius
necessary to guarantee monotonicity according to Proposition 6.4.1 of [BC09] after adjusting

for differences in normalization). More explicitly, we consider the circle bundle
A(l) = {(f7g) € D\/ESQ‘ |fl = 17g é)1 == 0} C D\/ﬁSQ7

and Tgc is defined to be ®3 (A(l)). Writing (0, @) = @3 (7, ) for (&, ) € D 55%, we observe
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that

and

Lo 72\ Z1”\ | 2 e, 1T
= (1-=") — (1 -2 =1-2 —.
U - W ( 5 1 | Z| |Z]° + 5

Since |7 < v/2, it follows that (#,1) € Tgp if and only if - & = 0 and |#| = 1, conditions

which are equivalent to (Z,¥) € A¢1). Hence, Tpp = 3 (A(l)) = Tzc as claimed. O
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Chapter 3
. 3 . 2 3
A Lagrangian RP° in (S )

The tori listed in Theorem 2.1 are of interest not only because they are distinct from the
Clifford torus S;, x S5, C 5% x 5? (as shown in [EP09]) but also because they are nondisplace-
able under Hamiltonian diffeomorphisms (as shown in [FOOO12] and [CS10]). As noted in
Example 1.23, the torus Tgp C S? x S? defined in (2.1) can be viewed as a regular fiber of

the R%-valued function G; x G5 : S? x S? — R?, where G| and G5 are defined by

—

G (0,%) = |v+w]* and Gy (U,0) = (T + &) - €].
We also noted in Example 1.23 that the anti-diagonal
Z: (Gl X GQ)*l (070) _ {(’U,U_j) c S2 « SQ‘ 7= —U_f}

is a monotone nondisplaceable Lagrangian submanifold.
For the remainder of this work, we will investigate a particular Lagrangian submanifold
L C (52)° that is analogous to A C S2 x S2 (as noted in the discussion following Example

1.24). Writing elements of (52)® as 3 x 3 matrices (@' i u‘j) for @, v,w € S?% we will
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consider

L:{(g 7 w)e(SQ)?’

Where wgq is the standard symplectic form on S? and the map pr; : (52)% — 52 is the

T+ 7+ w’:@}

(holomorphic) projection onto the ;™ factor of (52)3 for j = 1,2,3, we consider (52)3 with
the split symplectic form {2 = prj wgq + PrswWsa + Priwsa. In this chapter, we will show
that L is a Lagrangian submanifold that is diffeomorphic to RP3, and we will describe the
relative homotopy group <(S2)3 ,L).

Consider the Lie group SU(2), which we think of as

SU((2) = 4 a,B€Cand |a)* + ) =1

Identifying SU(2) with the group of unit quaternions
S = {§:a+6j|a,5€Cand |a|2+|5|2:1},

we observe that each of £i&*, £5&*, and k£ is a pure imaginary quaternion and may therefore
be thought of as a column vector in R3. More explicitly, for £ = a + 34, one easily computes

that

¢ie* = (|laf* = 18*)i—i(aB—aB)j— (af+ab) k

laf® — B[
= | —i(ap - aB)
— (ozﬂ + dB)
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and also that
fjé*zi(aﬁ—aﬁ)wé(a2+52+a2+62)j—%(a2+62—a2—32)k
i (@B — ap)
=| s (@+p+a*+p°) |
_%' (a2+ﬂ2_@2_52)
Ehe" = (aB +af) i+ 3 (o? —F >+ ) j+ 5 (0® — 5 +0* — ) b
af +apB
(a2—52—d2+52)
(042_/62"’_0_52_62)

NI N,

Then, we consider the map ® : SU(2) — SO(3) defined by

<I><€>=(5z£* &g 5ksf*>, (3.1)

which is well known (see Exercise 9-10 of [Lee03] for example) to be a surjective Lie group

homomorphism with kernel

10 -1 0
ker & = ,

01 0 -1

(or ker & = {£1} if we think of ® as having domain S).

Next, we consider a group action of SU(2) on S? defined by
-1 =d&)u (3.2)

for £ € SU(2) and @ € S%. Since ® is a homomorphism, it is easy to see that (3.2) gives a
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legitimate group action:

(£162) U =P (§1&) U =P (§) P (&)U =& - (&2 - 1)

Proposition 3.1. Using the action given by (3.2), the group SU(2) acts on S* by holomor-

phic automorphisms.

Proof. First, we identify CP! with S? by the map

w ]|_><\w|2—|z]2 L WZ—wz  wZA4wz )T
D 2 i :
[w+ 22w + |22 w4 |2[?
which is holomorphic with respect to the standard complex structures on CP! and S2.

Indeed, when working in the usual affine charts for CP!, the map ¢ is exactly the inverse of

the usual (orientation preserving) stereographic projections from —eé; and é:

(lw : 1]) w2—1 w-w w+w ) lw2—1 2Im(w) 2Re(w)) "
: = 7/ = s
v WP +1 JeP+1 JwP+1 WP +1 JwP+1 JuP+1

(I 2]) 1— 22  z—2z z+z )\ 1— |22 —2Im(z) 2Re(2))'
. = VA _= .
14 T2 T2 1+ 122 T+ 1+

Next, we recall that SU(2) acts on CP' by holomorphic automorphisms in an obvious way

by thinking of [w : z] as a column vector; writing { = o + j and noting that

a f w aw + [z

—Bw + az

|
™I
Qi
I

we set

¢-lw: 2] = [aw + Bz —Bw + azl.
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Then, a routine computation shows that

e w:z2]) =8 o([w:2]),
which completes the proof of the proposition.
]
Corollary 3.2. The Lie group SU(2) acts on (52)3 by holomorphic symplectomorphisms.

Proof. Using the action given by (3.2), we let SU(2) act diagonally on (52)°:

£ (ﬁ v w) = ®(¢) (ﬁ 7 w) (3.3)

for @, v, W € S?. Since the standard complex structure on (52)3 is the split structure and
SU(2) acts on each factor holomorphically, the result follows immediately from Proposition
3.1 along with the fact that ® has image SO(3), which acts on (52)* by symplectomorphisms.

O

Recall that the Lie algebra su(2) consists of 2 x 2 skew-Hermitian matrices, a basis for

which is given by the Pauli matrices:

Using this basis, we identify R® with su(2) by the prescription

.
(= (cl (o <3) — (= Goy + (oo + (303. (3.4)

Lemma 3.3. Given nonzero ¢ € su(2), the matriz ® (exp (t¢)) € SO(3) acts by right-handed

rotation about the azis C/|C| through angle 2t|C].
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Proof. First, we observe that

- elclt 0
exp (#[Clon ) = .
0 e_ZK‘t
and hence
1 0 0

o (exp <t|5|01>> =10 cos <2| q|t> — sin <2|5|t> )
0 sin <2|5|t> oS <2|5]t>
which acts by right-handed rotation about the axis €] through angle 2t|5 |. Since SO(3)

acts transitively on S?, we may choose A € SO(3) such that A (5/@) = ¢&); then, since

® : SU(2) — SO(3) is surjective, we may choose £ € SU(2) such that ® () = A. Writing

the fact that (@ (€)' & = (@ (€)' & = A& = (/|¢| implies the equations

S G2 G3

= =la)’ =B = =i(as—af), = =aBf+ap.
Iq <] Iq
Then, observe that
. 2 9 . C—_l. C_g <_§
1gye — | Fel =181 2iap _[ o a2 L
.5 o 2 2 _C_g C_g —C—l C
2ia3 i(Jal* —|8]7) & g gy Iq
from which it follows that
(7 7o t|C]
7 (tclon ) €= tCleT oné = = ¢ =t
(1) 5
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Then, using the fact that exp <§ ! ( ) ) = ¢ lexp (tmal) £, we compute that

® (exp (¢ (4C1 ) €))

<I>(§ fexp <tIC|01> )

@ (€)@ (exp (#ldlon) ) @ ()

— A (1) cos(ogt) sin(()zft) A,

0 sin( 2|C]t ) cos <2|E|t>

which acts by right-handed rotation about the axis ¢, / |5\ through angle 2t|5 |.

 (exp (t())

[]

Recall also that su(2) has an inner product given by (n, () = % trace (ﬁTC ), which identi-
fies su(2)* with su(2). With this convention and our previous identification of R? with su(2),

we have the following proposition:

Proposition 3.4. The action of SU(2) on (S2)° given by (3.3) is Hamiltonian with moment

map given by

mom : (5%)° — su(2)*

(ﬁ v w) = =2 (U4 U+ ).

Proof. Given ¢ € su(2), the infinitesimal action determines a vector field X, on (S 2)% defined

d
Xg(ﬁ v M)ZE

By Lemma 3.3, @ (exp (1¢)) € SO(3) acts by right-handed rotation about the axis ¢/|C]

by

® (exp (1C)) (u . w) .

t=0
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through angle 2t|5| (or by the identity if 5 = 6), and so it follows quickly that
X<<ﬁ 7 w) =2<5><ﬁ Cx @ 5xw).
On the other hand, if we define H, : (5%)° = R by

H (ﬁ v w)=<mom(ﬁ v w)<>

then it is easy to compute that H (qj v Uj’) = —2(d+ U+ W) - (. Then, given a tangent

— =

vector (3‘;’ 7 Z) eTl (5’2)3, we observe that
<u U w)

while

which shows that the Hamiltonian vector field Xy, is exactly X.
Finally, given (,n € su(2), we will show that Hy,) = {H¢, H,} and thus that the map

¢ — H¢ is a Lie algebra homomorphism as required. A routine computation reveals that

[C,n]zCn—nC=2(5><ﬁ>,
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and so
Hiem (ﬁ v w) :—4(U+17+7ﬂ)~<5>< 77).

On the other hand, we have

which shows that Hic ) = {H,, H,} and completes the proof of the proposition. O

Proposition 3.5. Where mom : (S2)* — su(2)* is as in Proposition 3.4, the subset

L = mom™* <6> = { (g 7 u‘j) € (SQ)3

1s a Lagrangian submanifold of (52)3 that is diffeomorphic to RP3.

awﬂv:ﬁ}

Proof. First, we exhibit an explicit diffeomorphism T : L. — SO(3), and we recall that SO(3)

is well known to be diffeomorphic to RP3. Set

If @+ 0+ @ = 0, then it follows quickly that

3420 T+20 -0+ 200 = |d+7+d|° =0,

44



which in turn yields
20w = 0.

14200 =3—2420 0% =3+ 20 (—) + 200 =3+2u- (7+ &)+

Thus, we have ¥-w = —1/2, and a similar argument shows that « - = @ - v = —1/2 as well.
It then follows that
1 3
@ x a* = |a]* o] — (a 17)2:1——21,
— —12 =12 | =2 — —\ 2 ]‘ 3
7 x @l = o @ — (7 @) =1 -+ = >, (3.6)
4 4
1 3
2 212 =12 a2
X = — (W - =1--=-.
@ x il = i Jaf? — (- =1 =
Moreover, assuming that (ﬁ 7 w’) € L, we obtain the equations
UXUT=UX (=) =0 X (U+ W) =7 x 0,
%) = W X 1, (3.7)

45



Using again the equations (3.6) and (3.7), one can also compute that

8 3|ﬁxﬁ|2+3 L1y, 31 1 X
= — |z |uXU — =+ - — =+ - =1.
27 \ 2 2\2 "4) "2\2 "1

Thus, we see that SO(3) is an appropriate codomain for Y. To verify that Y is a diffeomor-

phism, we will show that its inverse T=!: SO(3) — L is given by

Given (5 b 5) € SO(3), it is easy to compute that




and it is also plain to see that

(2. lp 1N B2 1o 1N 32 1l 1 s
2\39 73" 3¢ 2\3” 7397 3¢ 2\3°7 3737 7%

Hence, L is an appropriate codomain for Y=!. The computation that

T_10T<7I 7 w>=(ﬁ ¥ w)

is straightforward using (3.7) and the fact that @ + @ + @ = 0. Noting that @ X b = ¢,

bx = a,and ¢ x a = b for (5 b 5) € SO(3), it is also straightforward to compute that

ToT‘1<5 b 5>=(a b 5).

Thus, we have shown that T is a diffeomorphism as required.

Next, we show that L is the orbit of the point

1

_% 2
3
C=|o & _¥|e(s?)
0

2

under the SU(2) action given by (3.3). Since 0 € su(2)* is a fixed point of the coadjoint

—

action, its preimage L = mom™! (O) is invariant under the action of SU(2). Noting that

C € L, it follows that the orbit of C' is contained in L.

On the other hand, given a point | ¢ & Uj) € L, we want to show that there is some
¢ € SU(2) such that ¢ - (ﬁ v u_i) = (. Since SO(3) acts transitively on S?, we may

-
choose a matrix A; € SO(3) such that Ajd = €. Writing A;0 = (2/1 v} vé) and
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1 v w)
A1(ﬁ 0] w)z 0 vy w)
0 vy wi
The fact that A; <1j 7 u‘j) is an element of L implies that
14 v +w; =0, vy +wy =0, vy + w; = 0.
By the fact that A;w@ € S?, we see that
1= (w))” + (wh)” + (wh)”

= (1= 0])" + (=0h)" + (—v3)’

=14 20) + (V) + (vh)* + (vh)?

=2+ 20,
which implies that v; = —1/2, and similarly w] = —1/2. Thus, we may write
1 1
I =3 —3
Al(ﬁ v u_;’): 0 v —v
0 vy —v

Using the fact that A,7 € 52, we obtain (v})” + (v4)* = 3/4, and so it is easy to verify that
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the matrix

1 0 0
M=oz Zy
0 —\%vé \%vé

is an element of SO(3). Furthermore, one readily sees that

1 1
10 0\ [t -1 -1

As Ay <7I 0] u_)’)z 0 \%vg %vg 0 vy —vy|=0C
0 —%vg \%vg 0 o —vf

Since the map ® : SU(2) — SO(3) is surjective, we may choose £ € SU(2) such that
() = Ay Ay, and thus we have

5(17 U ID')—AzAl(ﬁ v u’)’)—C

as required. Hence, we see that L is exactly the orbit of C' under the action of SU(2) as
claimed.

Since L is the orbit of C' under the SU(2) action, we have

T(ﬁ ; w>L:{X4 (g v w)’(esu@)},

where X (ﬁ v w) is defined as in the proof of Proposition 3.4. Observe now that

Hg(ﬁ ] w)=<mom(ﬁ v w),c>=0

for all (ﬁ v zﬁ) € L and ¢ € su(2). In particular, this implies that H, is constant on
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—

L =mom™! <O> for all ¢ € su(2). Then, since X; = Xp, , we see that

Q(Xn<ﬁ U w>,X< (ﬁ 0l @U))IQ(Xn(ﬁ U @U),XH< (ﬁ U 117))
— e (x,

for all (ﬁ v w | € L and n,¢ € su(2). Hence, L is isotropic and thus Lagrangian since

4}
<y
g
N———
N——
I
o

dim(L) = 3 = 1 dim ((52)3). O

Remark 3.6. There are diffeomorphisms L — SO(3) that are significantly simpler than T
as defined in (3.5). In particular, one quite simple one will be given in the proof of Lemma
3.7. However, the map T ends up providing the necessary genericity to work with the pearl

complex described in Section 5.1.

Writing D? = {z € C||z|] < 1} with S = 9D? = {z € C||z| = 1}, we consider a map
b (D281 = ((52)3,L) defined by

wl§
SN—

2o (1) 25 cos £+ %) 2 cos (¢ +

up (re’) = sin (t) 255 sin (t+4F) 205 sin (t+

1+r2
1—r2 1—r2 172
1472 1472 1472

°°|=\
SN—

Lemma 3.7. The map up is holomorphic, and the homotopy class [uD|Sl] 1S the unique

nontrivial element of m (L).

Proof. To show that up is holomorphic, it suffices to show that each map pr;oup : D? — 52
is holomorphic. By composing each map pr; o up with the (holomorphic) stereographic

projection from the point —éj3, it becomes clear that each such map is holomorphic. Indeed,
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we have the stereographic projection given by

Qg 1 S°\{—-&} = C

b1

p1+ ip2
b2 1+ps’
b3

and a simple computation shows that the compositions ¢(_z;) o pr; o up are given by

it

@(-ay) o Pry O up (re') = re',
() 0 pry 0 up (re'’) = re(HF),
P(—é5) O Pprs3 ©uUp (’[“eit) — Tei(tJr%T)’

each of which is holomorphic. Therefore, up is holomorphic.
Although we have already established a diffeomorphism Y : L — SO(3), we now give a

different diffeomorphism to establish the lemma. Consider x : L — SO(3) defined by

with inverse given by

It is quite straightforward to show that y is a diffeomorphism, and so the proof is omitted.
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Noting that

cos (t) cos (t+ 4

4
3
xoup (") =x | sin(t) sin(t+ ) sin(t+

cos (t) —3cos(t)+ %Esin(t) —3cos(t) — Y3 gin (t)

=X | sin(t) —\/73 cos (t) — 1 sin () ‘/73 cos (t) — Lsin (¢)

sin(t) cos(t) O

= | —cos(t) sin(t) 0]

we see that x oup| 1 Tepresents the unique nontrivial element of m; (SO(3)), and the lemma

then follows immediately from the fact that y is a diffeomorphism. m

We also consider maps ug, : S* — (52, for j = 1,2,3, defined by

which are easily seen to be holomorphic.

Lemma 3.8. The Hurewicz homomorphism my <(5’2)3 ,L> — H, <(52)3 : L) is an isomor-

phism, and the relative homotopy classes [up], [usj] € Ty ((52)3 , L> satisfy the relationship
2 [up] = [us,] + [us,] + [us,] -
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Proof. According to Section 4.2 of [HaOl], the absolute and relative Hurewicz homomor-
phisms fit into a commutative diagram coming from the homotopy and homology long exact

sequences:

(L) = ((5Y°) — (59 L) — m (L) — m ((5Y°) — -

Y S R

e Hy (L) — Hy (%)) — Ha (%", 1) — Hi (L) — Hy ((8)°) — -

Both h; and hs are isomorphisms since the corresponding groups are trivial, and h4 is an
isomorphism since it corresponds to abelianization and 7y (L) = Z/27Z is already abelian.
Moreover, the Hurewicz theorem implies that hs is an isomorphism since (52)3 is simply
connected. Then, by the five lemma, it follows that hs is an isomorphism as claimed.

To prove the second statement of the lemma, we consider the holomorphic submanifolds

%,22{(6 w) e (5?)’° ﬁzﬁ},

Vig = { <g w) e (5% a= w} (3.8)

Vz,zZ{(ﬁ 7 w)e(52)3 U:w},

none of which intersect L, and thus there are well-defined intersection numbers B - [V} o],

<y

<y

B-[Vi3], and B[V, 3] whenever B € Hy ((53)2 : L). In particular, we compute the following

intersection data for the classes [up] and [ug,]:

Vil | Visl | [Vas]
wol || 1 | 1 | 1
mel | 1| 1| o
el | 1| 0 | 1
wel | 0 |1 | 1
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Indeed, it is not difficult to show that the map up intersects each of the submanifolds V; o,
Vi3, and Va3 transversely in a single point, and the intersection numbers are positive since
the maps and submanifolds are all holomorphic. The remainder of the intersection numbers
in the above table are likewise easy to compute.

Next, a portion of the homotopy exact sequence reads

0— 7 ((52)3> T ((32)3 , L) 1 (L) — 0,

which implies that 2 [up] is contained in the image of the map ((52)3> — o <(S2)3 ,L>
since m (L) = Z/2Z. Since the above sequence is exact and the classes [ug, |, [us,], and [ug,]

generate Ty ((52)3>, we may write
2[up] = ax [us, ] + a2 [us,] + as [us,]

for some integers a1, as, as. Then, by the above intersection data, we obtain the equations

ay + ag = 2,
a; +as = 2,
as + az = 2,
from which we see that a; = as = a3 = 1, completing the proof of the lemma. O

Let Fap (D, S, S, S3) denote the free abelian group generated by formal variables D, Sy,
Sy, and S3, and consider the group homomorphism § : Fuy, (D, Sy, Sz, S3) — m <(82)3 ,L>
defined by

§ (D) = [up], §(51) = [us,], §(S2) = [us,], §(S3) = [us,].
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Proposition 3.9. The group homomorphism § is surjective with kernel generated by 2D —

Sy — Sy — S5. Thus, § descends to a group isomorphism

-Fab (D7817327S3) ~ 2\ 3
(2D — 8, — S, — S5) _”2((S> ’L)'

Proof. First, recall that a portion of the homotopy long exact sequence reads

0—m ((52)3) N ((52)3 , L) 9, (L) — 0,

and note that dlup] = [up ¢ is the unique nontrivial element of m; (L) by Lemma 3.7.
Now given B € my ((52)3 , L), we consider two possibilities. If B € ker 0, then by exactness

and the fact that the classes [ug,], [us,], and [ug,] generate my ((S2)3>, we may write
B=a [usl] + a2 [usz} +as [uss]

for some integers ay, as, az. On the other hand, if B ¢ ker 0, then 0B = O[up], which implies

that B — [up] € ker 0 and hence that

B — [up] = a1 [ug,] + a2 [us,] + a3 [us,]
for some integers aq, as, az. In such a case, it follows that

B = ay [ug,] + as [us,] + a3 [us,] + [up] .

Thus, we see that my <(S2)3 ,L> is generated by the classes [up], [us,], [us,], and [ug,], and

thus § is surjective.

95



Next, we note that 2D — S; — Sy — S3 € ker § by the definition of § and Lemma 3.8. On

the other hand, if agD + a1.57 + a255 + a353 € ker §, then we have
ap [up] + aq [us,| + as [ug,] + a3 [us,] = 0.
It then follows that
aoOup] = 0 (ap [up] + a1 [ug, ] + as [us,] + a3 [us,]) = 9 (0) =0,
which implies that ay = 2k for some integer k. Then, using Lemma 3.8 once more, we write

0 = ag [up] + a1 [us,| + as [us,] + as [us,]
= 2k [up] + a1 [us,] + a2 [us,] + a3 [us,]

= (k + al) [u51] + (k + aQ) [u52} + (k + a3) [u53] )

which can only hold if a; = ay = ag = —k since the generators [ug,], [us,], and [ug,] have no

dependence relation. Thus, we have
CL(]D + CL151 + CLQSQ + CL353 =2kD — /{?Sl — ]CSQ — ]{353 =k (2D — Sl — S2 — 53) y

which shows that 2D — S} — S, — S5 generates ker §, completing the proof of the proposition.
m

Remark 3.10. Using the isomorphism given by Proposition 3.9, we will often refer to elements
of 9 ((52)3,L) by a representative element in F,, (D, S1, 52, 53). In particular, we will

frequently use D and S; in place of [up] and [usj}, respectively.
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Chapter 4

Holomorphic Disks with Lagrangian

Boundary

The goal of this chapter is to describe certain holomorphic disks u : (D?, S') — ((52)3 , L).
In particular, we will be interested in those disks with Maslov index 2; and we will shortly

show that such disks can only represent one of 3 classes in 7, ((S 2)3 L).

Proposition 4.1. The Lagrangian L C (52)3 described in Proposition 3.5 is monotone with
monotonicity constant m, and the class D € m <(52)3 ,L) has Maslov index 6 while each of

the classes S; has Maslov index 4.

Proof. By the proof of Proposition 3.9, the classes D, S1,S5, 55 generate 7o ((52)3,L>.

Where ¢; ((52)3> is the first Chern class of T'(52)°, we recall that

1,(S;) =2 <01 ((52)3> ,Sj> — 4.

On the other hand, since the standard area of S? is 47, we have

()= [ w0 [ wa=in
S2 S2
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which shows that I (S;) = 71, (S;) for j = 1,2,3. Then, since we have the relation 2D =

S1 + Sy + 53, it follows that
21 (D) =1 (2D) = I (S1 + S2 + S3) =71, (S1 + S2 + S3) =71, (2D) = 2nl, (D),

which implies that I (D) = 71, (D). Since the classes D, S}, S2, S5 generate ((52)3 : L),
we have I = 71, and so L is monotone with monotonicity constant 7 as claimed.

To compute the Maslov index of D, we first compute that

D2

* * * *
= / u}, (Pri wsta + Pry Wsta + Pri wstd)
D2

* * * * * *
= / UpPry Wstd + / UpPry Wstd + / UpPT3 Wstd
D2 D2 D2

:/ Wstd +/ Wstd +/ Wstd
prioup(D?) pryoup (D?) prgoup(D?)

=27+ 27 + 27

= 6,

where the penultimate equality above follows from the fact that each map pr; o up is an
embedding with image the hemisphere {p'€ S? |- €3 > 0}, which has standard area 2.

Then, since L is monotone with monotonicity constant =, it follows that I,, (D) = 6. O]

Proposition 4.2. If B € m ((52)3,L> has a holomorphic representative and satisfies

1, (B) =2, then B= D —S; for some j € {1,2,3}.

Proof. Using the fact that the classes D, S, S, S35 generate 7o ((32)3 , L) and the relation

2D = S; + 55 + S5, we note that B can be written in the form

B = ayD + a1 51 + a5 + asSs
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for ag € {0, 1} and integers ay, as, ag. If ag = 0, then it follows that I, (B) = 4 (a; + a2 + a3),

which contradicts [, (B) = 2. Thus, we write
B =D + a,51 + a255 + a3S3,
and it follows that 2 = I, (B) = 6 + 4 (a1 + a2 + a3), which in turn implies
a; +az +az = —1. (4.1)

Since B has a holomorphic representative, its intersection numbers with the holomorphic
submanifolds Vj 2, Vi3, and Va3 given in (3.8) must be nonnegative. In other words, we

must have

14+ay+ay=(D+ a5 +aSs +azSs) - [Vig] = B - [Via] >0,

1 + aq + az = (D + a15’1 + CLQSQ + &353) . [‘/173] =B. [Vng] > O,

1+ as +ag= (D +a151 + aSs + a3Ss) - [Vas| = B - [Vas] > 0,
which combine with (4.1) to yield the inequalities
a1 <0,a; <0,a3 <0.

Then, again using (4.1) and the fact that aq, as, az are integers, one quickly sees that exactly
one of ay, as, az must be —1 with the remaining two coefficients being 0. In other words, we

must have B € {D — S}, D — S5, D — Ss}. O

We now proceed to classify holomorphic representatives u : (D?, S) — <(S 2)3 L) of the

classes D — S1, D — S5, D — S3. To that end, we write B; = D — 5, and we consider maps
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up, : (D?,S') — ((52)3,L) given by

0 28rcos(t) 257 cos(t+ )

3412 3412
) __ 2 2
up, (re') = | o 31;’2" sin (t) 3‘[;" sin(t+m) | >
-1 3—r2 3—r2
3412 3472

23 cos () 0 2437 cos (t+ )

up, (re") = gf;" sin(t) 0 gfg sin(t+m) | >

3—r? _ 3—r2
1 3+r2

2V3 o5 (t + ) 3@‘ cos(t) O

up, (re") = | 28rsin (t4+7) 28rsin(t) 0

3+r2 3+r2
3—r? 3—r? -1
34712 34712

Proposition 4.3. Each of the maps up, is holomorphic and satisfies
Io ([up,])) = 2, I, ([ug,]) =2, and [up,) = B; = D — S;.

Proof. We prove the proposition only for j = 1, the other two cases being nearly identical.
First, to see that up, is holomorphic, one need only show that each map pr; o up, is holo-
morphic. It is clear that pr; o up, is holomorphic since it is constant; then by composing
with the holomorphic stereographic projection from —éj3 (as in the proof of Lemma 3.7), one

obtains

it V3 it
P(—é&3) © Pl © Up, (7“6 ) — ?Te ,
P(—&) O Pr3 O Up, (Te”) — \/?_Tez(uﬂr)

each of which is holomorphic. Therefore up, is holomorphic as claimed.
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Next, using the fact that pry o up, is constant, we compute that

To (fug]) = /D i, 0

* * * *
= / up, (Pr] Wstd + Prj Wsed + Pr3 Wstd)
D2

_ * * * * * *
_/QuBlprlwsm+/2u31pr2wstd—|—/zuBlprSwStd
D D D

= / 0+ / Wstd + / Wstd
D2 praoup, (D?) prsoup; (D2)

=047+

= 2,

where the penultimate equality above follows from the fact that both pryoup, and pryoup, are

embeddings with image {p'€ S? | p- €5 > 1/2}, which has standard area w. By Proposition

4.1 and the definition of monotonicity, it follows that I, ([ug,]) = 2.

Next, by Proposition 4.2, it must be the case that [up,] = D — S; for some j € {1,2,3}.

By computing and comparing the intersections

[U/Bl] : [VL?] =0, [UB1] : [‘/173] =0, [uBl] : [‘/273] =1,

with

(D - 51) : [‘/1,2] =0, (D - Sl) : [Vl,?,] =0, (D - Sl) : [‘/53] =1,
(D —=83) - [Via] =0, (D —=52) - [Vig] =1, (D —52) - [Va3] =0,

(D —=83)-[Via] =1, (D = S53) - [Vi3] =0, (D — S3) - [Va3] = 0,

one quickly sees that the only possibility is that [up,| = D — S; as claimed.
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We now present a slight generalization of the maps up; that will prove useful shortly. We

consider

S'(TS*) ={(p.q) e R’ xR*|p-¢=0,[p] = |q] = 1},

the unit circle bundle of the tangent bundle T'S?. Given a point (7, §) € S* (T'S?), we observe
that the matrix (p‘ gxp q’) is an element of SO(3). In particular, this means that the

map
upg: (D% 8") = (59", L)

(4.2)

2o (7 707 1) un)

is holomorphic since ug, is holomorphic and since SU(2) acts on (52)* holomorphically

through multiplication by elements of SO(3). In other words, there is some ¢ € SU(2) such

that ® (£) = <ﬁ GX P (j>, and then

(7 7 7)un () = 2O un () = un )

so that ug g is holomorphic as claimed. Since L is an orbit of the SU(2) action, we also see
clearly that uz;(S') C L. Note that ug g is identically up,, and moreover, the map uz
represents the class By since SU(2) is connected.

We also consider maps s15 : (52)° = (52) and 815 : (52)° = (52)° defined by

512(&’ U w):<17 U tU);
513(6 U w):(vﬂ v ﬁ)

It is easy to see that s, and s13 are holomorphic and that up, = s120up, and up, = s130up,.
Additionally, given (p,q) € S* (T'S?), the maps s13 0 uz5 and s13 0 u; are holomorphic and

represent the classes By and Bjs, respectively.
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Now consider the moduli space M (Bj) of parametrized holomorphic disks u : (D?, S') —
<(S2)3 , L> representing the class B; € my <(S2)3 , L), which is a smooth manifold according

to the following lemma.
Lemma 4.4. The moduli space M(Bj) is a smooth manifold of dimension 5.

Proof. By Corollary 3.2, the group SU(2) acts on (52)3 by holomorphic automorphisms, and
by the proof of Proposition 3.5, the Lagrangian L is an orbit of the SU(2) action. Thus,
the pair ((52)3 : L) is SU(2)-homogeneous in the parlance of [EL14]. It then follows from
Lemma 3.2.1 of [EL14] that M (B,) is a smooth manifold. The dimension of M (B,) is given

by the formula

1
dim (M (Bj)) = 1, (B;) + 5 dim ((52)3) ,
which yields dim (M(Bﬁ) = 2+ 3 = 5 since B; has Maslov index 2. O
We let G denote the group of holomorphic automorphisms of the disk D?, and following
closely the conventions of Appendix A of [BC12], we have

G = {o0al0 € (~m7],a € Int (D?)} |

where
A e

al2)=c¢ —.
09’() 14+ az

Noting that {¥2 € 5"\ {1} whenever o € Int (D?) and writing log for the standard principal

l+a
log( +a):@'0
1+«

for some 6 € (—m, 7). In particular, this implies that —ilog(

complex logarithm, we see that

1+a

12) e (—m,m) whenever

a € Int (D?), a fact we use in the statement of the following theorem.
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Theorem 4.5. Suppose that ¥ : S (T'S?) x Int (D?) — M(Bl) is defined by

v (ﬁ: CT? Oé) = Up,q © (0-9‘1,(0(),04)71 5

where uzg is as in (4.2) and By (o) = —ilog (}i—g) Then V¥ is a diffeomorphism, and the
maps 120 W : SY(TS?) x Int (D?) — M (By) and s130 ¥ : S* (T'S?) x Int (D?) — M (Bs)

are diffeomorphisms.
Before proving the above theorem, we will establish a few related lemmata.

Lemma 4.6. If 0 : D?> — D? is a holomorphic automorphism with o (1) = 1, then o =

Oy (a),a for some a € Int (D?), where Oy (o) = —ilog (ii—g) as i the statement of Theorem

4.5. Conversely, given any o € Int (D?), we have g, (a)a (1) = 1.

Proof. Since o € G, we have o0 = 0, for some v € (—7, 7] and « € Int (D?). This implies

that
L1+«
1=0(1) = 0,0 (1) = "——,
7 (1) = 0 (1) = €10
which in turn yields
2w 1+a
e = .
1+«
Therefore, we see that
: (1 + @)
v = log ,
1+«
which implies that v = —ilog (ﬁ—g) = 0y (). Hence, 0 = 0, (a),a as required. The converse
is a simple computation. ]

Given a positive integer p, we write
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where T, C (S')” is the open set consisting of all tuples of points z = (z1,...,2,) with the
property that all of the z; are distinct and additionally are cyclically ordered (with respect
to the usual orientation of S!) if p > 3. By Lemma 4.4, it is clear that //\/lvp (B;) is a smooth
manifold of dimension 5+ p.

Observe that G acts on .//\/lv(Bj) and /T/l/p (B,) in obvious ways:

1 1

c-u=uoo ' and o-(u,z,...,2)=(uoo o (xn),...,0(z)).

We then write M (B;) = M(Bj) /G and M, (B;) = /Wp (B,) /G, and we note that M (B;)
and M, (B;) are smooth manifolds of dimension 2 and 2 + p, respectively.

Next, since SU(2) acts on (S2)* by holomorphic automorphisms and L is an orbit of
the SU(2) action, it follows that SU(2) acts on //\/lv(Bj) as well. Given £ € SU(2) and
u € M(Bj), we define ¢ - u : (D% S') — ((32)3,L> by

where the action on the right hand side above is that given by (3.3). Since SU(2) is connected,
the map & - u obviously represents the class B; whenever u does, and so § - u € M (B;) as
required. It is easy to see that this action descends to yield actions of SU(2) on M (B;) and
M, (B;) by

E-[ul =1 ul and & [u,21,...,2)) =[€-u,z1,...,2), (4.3)
respectively.

Lemma 4.7. Given [ug] € M (B,), the stabilizer of [uo] under the action given by (4.3) is

a 1-dimensional subgroup of SU(2).

Proof. We roughly follow the proofs of Lemma 3.4.1 and Lemma 3.4.2 in [EL14]. First,

we observe that map ev : My (B;) — L defined by ev ([u, z]) = u(2) is equivariant, and we
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claim that ev is in fact a local diffeomorphism. Since M; (B;) and L are both 3-dimensional,
it is sufficient to prove that ev has no critical values. Assume to the contrary that P € L
is a critical value, in which case £ - P is also critical for all £ € SU(2). Since SU(2) acts
transitively on L, this implies that every point of L is a critical value, contradicting Sard’s
Theorem. Hence, ev is a local diffeomorphism as claimed.

Next, we claim that the stabilizer of [ug, o] is a 0-dimensional subgroup of SU(2). Con-

sider the diagram

([uo,20])
0
SU@2) —— M,

J

J ev
o(uo(20))

L

Y

where o(lv020) (¢) = ¢ . [ug, 29] and 000D (¢) = € - (ug (2)). The above diagram commutes

since the map ev is equivariant, and the stabilizer of [ug, z0] € M (B;) is given by
Stab ([uo, z0]) = (00#%D) ™ ([ug, 20])

while the stabilizer of ug (29) € L is given by
Stab (ug (20)) = (0®C) ™ (ug () -

Since the diagram commutes and [ug, 2] € ev™! (ug (20)), it follows that

([uo,20]) 1

Stab ([uo, 2o)) ([wo, 20])

1

= (oto=l)

C (o)) -1 ( ov zo)))
( (uo(20))

Stab (uo (

b (ug (20)) -
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It is not difficult to see that Stab (ug (29)) is 0-dimensional based on the definition of the

action given in (3.3). In fact, one can easily compute that

Stab (ug (20)) = , ,

and hence Stab ([ug, z9]) is also 0-dimensional. Moreover, the map 0(*0(0)) is a local diffeo-
morphism, and thus o{#0?0) is also a local diffeomorphism since the diagram commutes and
ev is a local diffeomorphism.

Next, we consider the diagram

o([v0,20])
SU(2) 1(B;)
(o)) Jf
M (Bj),

where ol“0D (¢) = ¢ [ug] and § ([u, 2]) = [u]. This diagram also commutes since § is equivari-

ant. Moreover, the stabilizer of [ug] is given by

Stab ([uo]) = (o) ™ ([uo]) = (01D ™" (1 ([uq])) ,

which is 1-dimensional since the fibers of f are 1-dimensional and o(*0)) is a local diffeo-

morphism. O

Recalling the identification of su(2) with R? given by (3.4), we consider ¢ € su(2) with
|5 | = 3. By Lemma 3.3, the matrix ® (exp (¢()) acts by right-handed rotation about the axis
25 through angle ¢. Then, given a point ¢ € S?, it is clear that the map e — @ (exp (t¢)) ¢

is well-defined and parametrizes a loop in S2.
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Lemma 4.8. Suppose that ¢ € su(2) satisfies 5: %53 and that w : D* — S? is holomorphic

and satisfies

wod () = @ (exp (1) 7

for some orientation preserving diffeomorphism § : S* — St and some ¢ € S*\ {%és3}. Then
w(D?) D{peS?|p-é>q-e}.
Proof. First, observe that

cos(t) —sin(t) 0

wod(e") = sin(t) cos(t) 0]
0 0 1

and so we have

w(D?) Dw(SY) = {Fe S5 &=q- &}

Now, assume that the result is not true, and choose some point & € S? with Z-é3 > 7 &
and 7 € w (D?). Let oz : S?\ {#} — C denote a holomorphic stereographic projection from
7, and observe that the image of S* under the map ¢z o w is a circle in C (of finite radius
since ¥ & w (S')). Suppose that ¢z o w (S') has center a and radius r, and let f,, : C — C
be given by f,, : z — % (z — a). Then the map f,, opzow is holomorphic and maps S* onto
St and it then follows from the maximum modulus principle that f,, o pz o w (D?) C D

By composing with (f,, o @f)_l, one quickly sees that

w(D?) c{pe s |p-é <q- e}
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In particular, this implies that & ¢ w (D?), and so we can consider the map @z, o w, where

N SQ\{(?g} - C

b1

P1 — ip2
pz I —p3
Ps3

-
is a holomorphic stereographic projection from é3. Writing ¢ = (Ch 0 q3> , We observe

that

e, OWOD (61'1&) _ (qi1cos (t) — gasin(t)) — i (qisin () + gz cos (t)) _ - i it
1 - 93 1 — q:))

1—gs

q1—1q2

Writing f : 2z —

z, we have a holomorphic map f o ¢z 0w : D?* — D?, and the map
fowsmowod: ST — S! has degree —1. Then, using the fact that the standard area form
on CisrdrAdd=d (%T2d(9>, it follows from Stokes’ Theorem, the degree theorem, and the

fact that § : S' — S' is an orientation preserving diffeomorphism that

« (1 /1
[ ovaonra(beam) - [ (ronoul,y (L)
= [ opaonla) (5o)
Sl
- [ o oaounly) (3)
Sl
:/ (f oz, 0wod)* (%d&)
S1

1
:deg(fogoggowO(S)/ §d9

Sl

:—’]‘("

which contradicts the fact that the nonconstant holomorphic map f o ¢z, o w should have
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positive area. Thus, it must be the case that
U}(DQ) D) {176 82|ﬁ€3 qug}

exactly as claimed. O

Lemma 4.9. Suppose that u : (D? S') — <(SZ)3 ,L) is holomorphic and represents the

u(l)—(ﬁ 7 w)

Suppose also that ( € su(2) satisfies 5:

class Bj, and write

%53 and that there is some orientation preserving

diffeomorphism § : S* — St such that

wo 8 (") = B (exp (0)) ( . w).

Then exactly one of the following must hold:

(i) @ = —e3 and u is a reparametrization of up, .
(i1) U= —€5 and u is a reparametrization of ug,.
(11i) W = —e3 and u is a reparametrization of up,.

Proof. First we will show that —é3 € {u, ¥, w}, and we will then deal with the statement
regarding v being a reparametrization of up,. Assume to the contrary that —é3 ¢ {u, v, w},
and we will obtain a contradiction in each of several possible cases.

First, we consider the case that —eé3 ¢ {—u, —, —w} in addition to the assumption

—e3 & {u,v,w}. We consider the holomorphic maps pry o u, pry o u, and pry o u, and we
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observe that

pry OU(DQ) D {ﬁG SQ|]7 _’3 Z ’lj'é},},

pI‘QOU(DZ) D{ﬁe 52|ﬁ'_’32’l_})'é‘3},

by Lemma 4.8. In particular, this implies that

(pryou) wgq > 27 (1 — @ - é3),
2

(pryou) wea > 2w (1 — U+ €3),
2

(pryou)” weq > 27 (1 — 0 - €3),
2

T~

which in turn yields

I ([u]) = / u*Q
D2
- / (pry o u)* wsq + / (pry o u)” wea + / (pr3 o u)" wya
D2 D? D2

227r(3—(ﬁ+z7+w).53):27r(3—6-€3) — 6.

By monotonicity, it follows that I, ([u]) > 6, contradicting u representing the class B; since

1 (Bj) = 2.

Next, we consider the case that @ = €3, which implies that - €5 = o - €3 By

N =

Lemma 4.8, we see that

prQOu(D2) D{peS?|p-es>1-és),

prgou(D?) D{pe S*|f-& > - &},
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which yields

/ (pryou)  weq > 2w (1 — U €3) = 3m,
D2

/ (pryou)* wsq > 2w (1 — W - €3) = 3.
D2

It then follows that

Io (Ju]) = /1;2 u* Q)
= / (pr; o U)* Wstd + / (pry o U>* Wstd + / (prso U)* Wstd
D2 D2

D2

>0+ 37+ 37

= O,

leading to a contradiction as above. The cases of ¥ = €3 and W = €3 lead to similar
contradictions. Hence, we must have —é3 € {u, U, W} as claimed.
Suppose now that @ = —e3 so that v-e3 = w-e3 = % Applying Lemma 4.8 again, we

see that

Io ([u]) = / u*Q
D2
- / (pry o u)* wsq + / (pry o u)” wea + / (pr3 o u)” wea
D2 D2

D2

>04+m+m7

=27

with equality if and only if pr; o u is constant and both pr, o v and prg o u have area T,
conditions that must hold since u represents B; and I (B;) = 27 by monotonicity. Note

that there is some point & € S? with Z-¢&; < I and & & pr, o u (D?), since otherwise we

2
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would have pry o u (D?) = S? and hence

[ rouy iz n
D2

a contradiction. By composing with a holomorphic stereographic projection from # and

applying the maximum modulus principle as in the proof of Lemma 4.8, we can conclude

p-é3 > :

that

prQOu(D2):{ﬁ€ S? 3

In particular, —€3 ¢ pr, o u(D?), and so we can consider the map ¢z, o pry o u, where
Q(—a)  S*\ {—€} — C is a holomorphic stereographic projection as in the proof of Lemma

3.7. Similarly, one can show that —é3 & pry o u (D?), and so we can also consider the map

T T
©(—a) © prz o u. Writing 7 = (711 Uy Us) and W = (w1 Wy w3) , we have

cos(t) —sin(t) 0 0 v w
uod(e") = sin(t) cos(t) O 0 vy we

0 0 1 —1 w3 ws

We then compute that

vy cos (t) — vy sin (1)
i . U1 + i?]g i
P(-ey 0PIy o uod (€") = p_z | vysin () + vy cos (1) | = TUS@ '

U3
and similarly that

wy + 1wy
—e".

e oprouod (¢) = U
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Noting that v3 = w3 = %, we have

v +ive| o403 [ 1—0} V3
14 w3 (1+v3)? (1+v3)? 3’
and similarly
wy +iwy| V3
1+ W3 3 .
Thus, we may write
U1 + iUQ \/§ i
— = —¢
1+ (%} 3
for some ¢ € [0,27), and since w; = —v; and wy = —v9, we have

w1 +iw2 (%] +Z"U2 \/g i in
—_— == ——c"e .

1+U)3 1+U3 3

Where o4 : D* — D? is the automorphism o4 : z — €z, it follows from the proof of

Proposition 4.3 that

3 . 3 .
%90(—63) opryouod () = et = %@(—e&) o pry 0 up, 00 (€"),
(4.4)
3 . .3 .
—=(-ay 0PIz ouocd () = eee’ = —p_z) o pry oup, 00y (€") .
V3 V3

Since 0 is a diffeomorphism, we see that the holomorphic maps

3
—peyopryou | : D> — D2,
<\/§90( 3) © PI'y )

3
—peyoprsou | : D> — D2,
(ﬁw( WP )

are injective when restricted to S! and are therefore holomorphic automorphisms of the disk.
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Likewise the maps

3
<ﬁ§0(_€3) (e) pI'Q (e} UBl O O'¢) . D2 — DQ,

3
<ﬁ(’0(€3) O Pprz o uUp, © O‘¢) - D? — D2,

are automorphisms of the disk, and thus there are automorphisms o5, 03 € G such that

3
(%(p(_éé) (@] pI‘2 (e) u> (e} 0’2 — (
3
S ey omon) oo -

It follows from (4.4) and (4.5) that

90(_53) O pr,oup, © O‘¢) s
(4.5)

Sl e Gl

P(-e;) ©PI3 © U, © U¢> :

-1

o (6“) — (%90(53) o pr, o u) o (%@(53) O Ppry O UR, O 0—¢) (eit) Y (eit) 7
-1

o3 (e") = (%<p(_e~3) o pry o u) o <%gp(_€3) opryoug, o a¢) (e") =6 ("),

which in turn implies that oo = 3. Writing 0 = 0y = 03, it follows from (4.5) that

P(~&5) OPIy OUOC T = P(—g) OPry O Up, O Ty,

P(—&3) OPI3g OUO T = Y(_g) OPI3 O URB, O Tgp,

and thus we have

pry 0 u = pry O Up, © (J(z,oa_l)7

prsou = prgoup, © (U¢OU_1) .
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Since both pr; o u and pry o up, are constant with value —es3, we also have
— -1
pryou =pr;oup, o (000 ).

It follows that u is a reparametrization of ug, in the case that ¥ = —e3, and the proofs for

the cases of ¥ = —é3 and W = —e3 are extremely similar. O
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. We only prove the statement of the theorem for the moduli space
M (B1); the proofs for the other two moduli spaces are very similar. First, we show that ¥ is
surjective. Suppose that u € M(By), and consider the (unparametrized) disk [u] € M(By).
By Lemma 4.7, the stabilizer of [u] is a 1-dimensional subgroup of SU(2). Let ¢ € su(2) be a
generator of the stabilizer subgroup of [u] satisfying || = 1. We then have exp (t¢) - [u] = [u]
for all t € R. In particular, this implies that, for each t € [0, 2], there is an automorphism

o; € G such that

exp (t¢) - u = u o oy.

We define 6 : ST — S by 6 (e") = 04 (1) so that
exp (t¢) - u (1) =uod ("),

and we claim that 0 is a diffeomorphism. Note that ® (exp (27()) is the identity element
of SO(3) (according to Lemma 3.3) and hence oy, = 0y is the identity in G; therefore 0 is
well-defined.

Now assume that o, (1) = zg = 0, (1) for some s,t € [0,27). Consider [u, z] € M (By),

whose stabilizer subgroup Stab ([u, 29]) C SU(2) is a 0-dimensional subgroup according to
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the proof of Lemma 4.7. More precisely, the proof of Lemma 4.7 implies that

1 0 -1 0
Stab ([u, z0]) C :
0 1 0 -1
Observe that
exp (t¢) - [u, z0) = [exp (£¢) - u, 2] = [u 0 7y, 20] = [u, (07) " 20) = [u, 1]
= [u, (05) "' 20] = [u 0 05, 20] = [exp (sC) - u, z0] = exp (s¢) - [u, 20],

and hence (exp (s¢)) " exp (¢) € Stab ([u, z]), which implies that exp (t{) = %exp (s¢). It
follows that @ (exp (t¢)) = ® (£exp (s¢)); by Lemma 3.3, the matrix ® (exp (¢()) acts by
right-handed rotation about axis (/|| through angle ¢ while the matrix ® (+exp (s¢)) acts
by right-handed rotation about axis ¢ / \5 | through angle s. Since s,t € [0, 27), it follows that
s = t, and hence § is injective. Since S! is compact, we know that § is an embedding, and it
must be surjective since its image is a compact connected subset of S! that is homeomorphic
to St. Therefore § is a diffeomorphism as claimed.

Moreover, we can assume without loss of generality that ¢ is orientation preserving.
Indeed, if ¢ as defined above is orientation reversing, then we instead choose —( as generator
of the stabilizer subgroup of [u]. We would then have exp (t (—())-u = exp (—t{)-u = uoo_;

so that the diffeomorphism ¢’ : € — o_; (1) is orientation preserving with

exp (¢ (=) - u(l) =uod ().

Thus, we assume henceforth that ¢ as initially defined above is orientation preserving.
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Now, choose a matrix A € SO(3) such that AC = 1&, and write C; = A (u(1)) so that

1
2

u(1) = A71C}. Furthermore, we choose £4 € SU(2) with ® (£4) = A. Then observe that

(a-u)od (") =@ (Ea) (uod ("))
= A(exp (t¢) - u (1))
= A® (exp (¢)) u (1)

= A® (exp (1)) A7'Cy

€3
— O )
(exp <t 5 )> 1,

where the final equality follows Lemma 3.3 and from the fact that A® (exp (¢)) A~ acts by

right-handed rotation about the axis €3 through angle ¢t. Noting that

(€a-u) (1) = @ (£a) (u(1)) = A(u(1)) = C,

it follows from Lemma 4.9 and the hypothesis that u represents the class B; (and hence so
does (€4 - u)) that C) = <_é’3 v u‘j) and that (€4 - u) is a reparametrization of up,. Then,

we choose a matrix B € SO(3), namely a rotation about the axis €3, such that

ot
ok

|
[S—y
N
N[

Writing Cy = BC) and choosing {g € SU(2) such that & ({g) = B, it follows that
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A™'B71Cy = u(1) and thus that

(€B€a-u) 06 (") = @ (£p€a) (uod (€))
= BA (exp (t¢) - u (1))
= BA® (exp (t¢)) u (1)

= BA® (exp (t¢)) A~ B~1Cy
=0 (exp (t%)) Cs

similarly to above. Likewise, we observe that

(€88a-u) (1) = @ (€5€a) (u(1)) = BA(u(1)) = C4,

and so it follows from Lemma 4.9 that (€4 - u) is a reparametrization of ug,. In other

words, we have (§g€a - u) = up, o 0! for some o € G. Moreover, we note that
up, © o ! (1) = (§B§A ) u) (1) = Cy = up, (1> )

which implies that ¢! (1) = 1 since up, is injective. Then by Lemma 4.6, it follows that

1+a

1+_a) as in the statement of

0 = Ogy(a)a for some o € Int (D?), where by (o) = —ilog (

Theorem 4.5. Thus, we have (§5€4 - u) = up, o (O'g‘p(a)ya)il, which implies

u=(£pE0) 7" (u& o (%(a),a)il) :
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In other words, we have

u(z) = (€)™ (uBl © (On4a) " (2))
P ((¢€p€a)” ((O-Gq;(a a)_l (Z)>

where (p,q) € S'(T'S?) are chosen so that (p‘

Y
Sy
Y
~
|
D
%
=
n
<
H
=
c
n
=
D

have shown that

and so VU is surjective.
Now to show that W is injective, suppose that ¥ (p, ¢, a) = ¥ (7, ¥, 3), which combines

with Lemma 4.6 to yield

— —

From the above computation, we immediately see that ¢ = ¥, which then quickly implies
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that p= . It then follows that

1+a 1+

= a)a (0) = 0)=—--0,
T o = Oou@al0) = 00y(3.5(0) = 37756
which implies that || = || since Hi—z’ =1 and %g = 1. Using this fact and simplifying

the above equation, one quickly obtains o = 3. Thus, ¥ is injective as required.

Regarding smoothness of U, we refer the reader primarily to Chapter 3 and Appendix
B of [MS04]. In short, for sufficiently large integers k and p, the moduli space M (B;)
is an embedded submanifold of W*P ((DQ, Sy, ((52)3 , L)), which is a Banach manifold
consisting of continuous maps (D?, S) — ((S 2)3 , L) that are represented by W*P-functions
in local coordinate charts. Given a smooth u € WP ((DQ, Sy, ((52)3 , L)), the tangent

space at u consists of W#P-sections of the bundle pair (u*T (52)3 , (u‘sl)* TL> — (D?,81):
TWh ((D%8Y), (87", L)) =whr ((D%8Y), (wT ()", (u] )" TL)) .

Now observe that W*» ((Dz, S, ((52)3 : L)) is a Banach submanifold of the Banach space

WEP (D2, R) since (S2)* € R? in a natural way. Then note that the map

oo -1
(p7 q, &, Z) = uﬁ‘fo (0-9\1/(04)@) (2)

is smooth, from which it follows that ¥ is smooth when viewed as a map to WP (D? R?).
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Now consider a path v : t — (p'(t),q(t),a(t)) in ST (T'S?) x Int (D?) so that %L::o v (t)

is a tangent vector in T{z0).7(0),a(0) (S* (I'S?) X Int (D?)). Then observe that

d
v, (=
(dt

It is then not difficult to see that W, is injective. For example, one obtains 3 linearly

1) )= 4

-1
(uﬁ‘(t),q*(t) © (s (a(t))al) (Z)) :

t=0 t=0

independent vectors in
V. (Tioayaon (5" (15%) x Int (D)) € W (D% 8, (wT (57)", (u],) TL) )

by choosing paths 71, 79, and 73 that fix o and vary (p,¢) in 3 distinct directions within
S1(T'S?) — note that each such section will be non-vanishing at 1 € D?. Then, one can
obtain 2 more linearly independent vectors by choosing paths 4 and 75 that fix p"and ¢
while varying « in 2 distinct directions within Int (D?) — note that each of these sections will
vanish at 1 € D? according to Lemma 4.6. Thus, we see that W, is injective, and so ¥ is an
immersion.

Finally, since ¥ : S*(T'S?) x Int (D?) — M (By) is a smooth bijective immersion, it
follows from the Inverse Function Theorem that W' is also smooth, and thus ¥ is a diffeo-

morphism as claimed. []

We now consider the subgroup H C G of automorphisms fixing —1 and 1. According to

Appendix A of [BC12], this is a 1-dimensional subgroup consisting of the elements o 3 with
ﬁ € <_17 1)
H= {09”3 S G|9:0,5 S (—1,1)}.

As a subgroup of G, H also acts on M (B;) by the prescription

005U =10 (ogg) . (4.6)
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Proposition 4.10. The subgroup H C G acts on S* (T'S?) x Int (D?) by the prescription

L .. at+fB+aa+ap
oo (P, ¢ ) = P AT aB raal)

and the diffeomorphisms W, 150V, and s130V from Theorem 4.5 are equivariant with respect

to this action and the action given by (4.6).
Proof. Using the fact that 5; = 3; and 3, = B3, for 31, B2 € (—1,1), we compute that

z + Po
Z+52)_ 1+522+Bl 2+ P2t b1+ Pifaz
1+ Bez) 14 g 2P 2402 1+ Poz+ iz + Bifa
14 Baz

Ly Pt b B1 + B2
:Z(1+5152)+(51+52) - 1+ 515, _ (2)
(1+51B2) + (81 + B2)z 51 + 52 Ond

1+5152

00,81 © 00,5, <Z> = 00,8 (

Now, on the one hand, using the fact that 51, s € (—1,1), we compute (leaving out some

details) that

o Lo a+ [+ aa+ afs
00,81 * (0-0,52 ’ (p7Q7a)) = 00,8 "\ P;4, 1—}—6{-’-@52‘}‘@@52

= (* 7 Bl+52+0‘+0‘0‘+0451+0452+015152+aa5152)

O B By + a+ By + adfs + ab1 + aafy + abfa

On the other hand, using the first computation of the proof, we have

(00,6, ©00,8,) - (P, T: ) = 0 L (,q, )
51 + B2 _ 51 + B2
— ( "1 1+ 1B faata 1+ 1B
_ 51 + B2 _ 51 + 32
ata + B152 * aal + B1f2
(H L B1+ B +oz—|—aa+ozﬁ1 + afs + afifr + adBifBs )
"1+ 1B+ @+ aBy + aafs + afy + aaf + af B
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which shows that H acts on S' (T'S?) x Int (D?) exactly as stated.

To show that VU is equivariant, we first note that a routine computation yields

1 i, 2 —yeY
y = V— 4.7
(00) " () = e (4.7
for 0,, € G. Now, where 0y (o) = —ilog Gi—g) as in the statement of Theorem 4.5, we

compute that

a+ 6+ aa+ap
a+ f+aa+af _ 14+ a+af+aap
Oy — —~ = —ilog —

l+a+af+aap a+ [+ aa+af
1+a+af+aaf

. 1+a+af+aaf

= —ilog —

14+ a+ab+ aap

for a € Int (D?) and 8 € (—1,1). Then taking v = % and v = Oy (), we compute

that

-1
g a+B+adtap a+5+aa+a6> ¥
( 0‘1’(1+a+&ﬁ+aaﬁ)’1+a+&ﬁ+a&ﬂ ( )

a+pB+aa+af 1+a+af+aaf
_lt+a+af+aaf T 1ta+af+aaf 1+a+aB+aap
C1+a+af+aaf | atfBtaatal T+ataftadf

l+a+af+aaf 1+a+af+aaf
I+a+af+aaf)z— (a+aa+ 6+ ap)
(1+a+af+aaf)— (a+aa+p+ap)z’
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while on the other hand we have

(Gog(@ra) 0 (005) " (2) = (og(ara) " < 2= )

1—pz
z—0 1+a
_a.
_lda 152 l1+a
1+ a _l4+a z-p
l1—a- — -
1+a 1-p2

(1+a+aB+aaf)z— (a+aa+ B+ af)
(1+a+aB+aaf) — (a+aa+ B+ aB)z

Thus, we see that

—1
g a+B+aataf a+B+aa+af ) = (0’ O (0
( 9‘1’(1+a+a5+aa6)’1+a+aﬁ+aaﬁ e\p(a)’a) ( O”B) ’

which implies that

L. a+fB+aa+ap
PO a1 aB+ aal

-1
];*7*0 ((79 ( a+p+aatap ) atB+adst+ap )
Y\ TtataBtaap )’ I+tataBtaas

1

57° (Oog(@.a)  ©(00p)"

= 0‘0”3 . (uﬁ@o (0‘9‘11(0()7&)71>

:0-0,6'\11(57@7(1)'

Thus, we have shown that ¥ is equivariant. The above equation also holds when replacing

U with s15 0 ¥ or s13 o W, thus completing the proof. O]
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Corollary 4.11. The diffeomorphisms ¥, s150V, and s130V from Theorem 4.5 descend to

diffeomorphisms

CSY(TS?) xInt(D?)  M(By)

v 7 — T

CSY(TS?) x Int (D% M(By)

s1p00W H — g
SU(TS?) x Int (D?)  M(B

s130W: ( )Hn( )—> ;_[3>>

which (abusing notation) we still denote VU, s15 0 ¥, and s13 0 V.
Proof. This follows immediately from Theorem 4.5 and Proposition 4.10. O

It will be useful for us to parameterize the space (S* (7'S?) x Int (D?)) /H, which we do

with the following proposition.

Proposition 4.12. Where ar : (—7,7) — Int (D?) is given by

B isin (@)
2+ 2cos (¢) —isin(¢)’

ar (¢)

we have a diffeomorphism T : S*(T'S?) x (—m,m) — (S* (T'S?) x Int (D?)) /H given by

Proof. We will show that I" has an inverse given by the formula

(5 7 Lo al2+2a+1
r-t ([0, ¢, a]) = <p, q, —1log (H—>> _

a2 +2a+1
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It is extremely straightforward to compute that

lar ()] +2ar (¢) +1 _ 1+ cos(¢) +isin(¢)
lar (¢)|2+2ap () +1 1+cos (¢) — isin ()
1+ e we*id’ +1

from which it follows that

and hence that ™! o T is the identity on S* (T'S?) x (—m, 7).

On the other hand, given « € Int (D?), we note that

T

o> +20+1
a2 +2a+1

for some 7 € (—m, ) so that

1 loa)? + 2a+ 1
—tlog( —5——F—— ) =7
& la? 4+ 2 + 1 ’

and we then compute that

Tte® © Tyei

€i¢

Y

la)? + 2+ 1 L/]|a?+2a+1  |a*+2a+1
cos(t)=Re| ———— ) == —

la]?+2a+1 2 \|a2+2a+1  |a2+2a+1
, la)? + 20+ 1 i (laP+2a+1 Ja*+2a+1
sin(7)=Im | —————— | == ~ _

a2 +2a+1 2 \|a2+2a+1 |af?+2a+1
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Using this, it follows from a straightforward computation that

(r) isin (7)
ar (1) =
. 24 2cos (1) —isin(7)
_ oa—«
24+ a+3a+2aa’
and so we have shown that
oa—
FoT " Y[p G a]) = |p.q .
T ) = [R5 ]
4 %0
Then, writing 8 = —w, another routine computation reveals that
24+ a+a

. L L at+f4+aa+af
O-O,ﬁ'<p7Q7Oé>: p7q’1+0_é+0_66+06666

a+a+ 2ai 3 o+ a+ 2ai
O——F———————taax—o —/————————

I 2+ a+a 2+ a4+«
O atatlaa_ atadtlaa
I+ta-a———"——aa-

24 a+a 24+a+a

R a—Q
PP ar3at20a)
Thus, we have shown that

a—
24+ a+ 3a+ 2aa

ror%maﬂw=ba

completing the proof. O

Of particular interest are evaluation maps ev; : M(Bj)/H — Land ev_; : M(B])/H —
L defined by
evy (Ju]) =uw (1) and ev_y ([u]) =u(-1).
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Proposition 4.13. Suppose that uzz is as in (4.2), T' is as in Proposition 4.12, and W,

P.q

5100V, and s130 W are as in Corollary 4.11. Then we have

Proof. Following the definitions of the maps in view, we observe that

RN —1
Vol (5,7, ¢) = upgo (Tog(ar@)ar@)

and then a simple computation show that

by (60 (6)) — —ilog (2+2cos () —z’sin(qﬁ)) |

2+ 2cos (¢) + isin (¢)

Now, using (4.7) with v = 0y (ar (¢)) and v = ar (¢), we compute (with details omitted)

that

g (ar(e) 2~ 0r (9) e Or(D
1— ar (¢)e—i9w(ar(¢))z

22+ 2zcos(¢) +i(z—1)sin(¢

24 2cos(¢) +i(z—1)sin(p)

—1
(JQW(QF(¢))7QF(¢)) (Z) =€

It follows that

—1
(Gog(ar@)ari) (1) =1
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and also that

(o R
v(or(¢)),or(¢) 2 4 2cos (¢) — 2isin (¢)
1 id e 4 ) .
+e i€ 1 _ it — piletm)

T T lte® C 1tew

The proposition then follows immediately from the definitions of ev; and ev_;. O

We now provide bases for T(zz4) (S* (T'S?) x (—m, 7)) and T L that will be

u v w

useful later for proving transversality of certain evaluation maps. We define

0,4 % 7,0)
< (4.8)

which are easily seen to provide a basis for the tangent space T(; ) (S* (T'S?) X (—m,7)).

— —

We provide three different bases for T’ < >L that will correspond to the maps in Propo-
u U W

sition 4.13. Define

X1<617@U)=(ﬁ><(z7xw) 7 X (W x ) wx(uxv)>,
X2<ﬁ 7 w>=(axw Lo x o %wxﬁ), (4.9)
X3<a il w):(ﬁ WX T axw),
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and define

y1(ﬁ 7 u7>=<—ﬁ><(v><u7) —0 x (W X 1) —wx(uxv));
3@(@ 7 w)=<%wxﬁ ixd tdxi), (4.10)
:)73<7z v w)=<wxﬁ 0 x|,

and finally
Z1(ﬁ17u7)=(—ﬁ><(27><u?) —T % (W x @) —wx(ﬁxﬁ)),
Zz(ﬁ ¥ w>=(§ﬁ><z7 Wixv oxi), (4.11)
Zz(ﬁ 7 w>=(17><ﬁ i x v 6)

Proposition 4.14.

(evioWol), V=

(evios120W ol), Vi =Y,

(eviosizoWol) V, =Zj,

for each j € {1,2,3} and

(evioWol) V4

(6
(6
s

(evios20Wol) Vy

(evios;zoWol) V,
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(an)] [an)]

=1

At each point (p,q, ¢) € S* (T'S?) x (—m,m), we have

=T}
N—

=1

\_l/v

e}



Moreover, if p =0, then we have

(ev_qoWol) V) = -4,
(ev_yoWol) Vo =—As,
(ev_1 oVUo F)* Vg = Xg,

(ev_yoWol) V,=As,

and
(eV,1 osppoWo F)* Vi = _yh
(eV,1 05190 vo F)* VQ = _y27
(eV,1 05190 vo F)* V3 = y37
(eV,1 osppoWo F)* Vi = y37
and finally

(eV_l 05130 v OP)* Vl - _le
(eV_l 05130 Vo F)* VQ — _227
(ev_1 os;3oVPo F>* Vs = Z37

(ev_y08;3000l) V, = 2Z;.

Proof. Using Proposition 4.13, an explicit formula is given for each function whose derivative
appears in the statement of this proposition. One can then easily verify each equation by

hand or with the aid of a computer algebra system. O
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Chapter 5

Nondisplaceability of the Lagrangian

5.1 The Pearl Complex

Here we briefly describe the pearl complex as defined in [BC07] and [BC09]. Let L C M be
a connected, closed, monotone, Lagrangian submanifold of a connected, closed, symplectic
manifold (M,w). Assume also that the minimal Maslov number of L is at least 2; more

precisely, where I, : my (M, L) — Z is the Maslov homomorphism, we require that
min{/, (A) >0|Aem(M,L)} > 2.

Writing HP (M, L) for the image of the Hurewicz homomorphism 7y (M, L) — Ho (M, L),
we consider the group ring A = (Z/2Z) [HP (M, L)], whose elements may be thought of as
“polynomials” in the formal variable T" with coefficients in Z/27Z. More explicitly, we write
P(T) € A as

P(T)= Y aaT?,

AeHP (M,L)
where a4 € Z/2Z, only finitely many of the coefficients a4 are non-zero, and the “polynomi-

als” are subject to the obvious addition and multiplication rules (including 7° = 1 € Z/27).
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Given a commutative A-algebra R with a unit 1x € R and with structural morphism
q: A — R, we will describe the pearl complex with coefficients in R.

Consider a Morse function f : L — R and a Riemannian metric p so that the pair
(f, p) is Morse-Smale, and let J be an almost complex structure compatible with w. Letting
Crit (f) C L denote the set of critical points of f, it has been shown in [BC07] and [BC09]

that for a generic choice of the triple (f, p, J), there is a chain complex
C(L; f,p. J;R) = ((Z/22Z) (Crit (f)) @ R, d")

called the pearl complex with coefficients in R.

In order to describe the differential d®, we must first define the moduli spaces of “pearly
trajectories” between critical points of f. Let v, : L — L denote the time t negative gradient
flow of f, and let W} (x) and W} (z) denote the stable and unstable manifolds, respectively,

of a critical point x € Crit (f) taken with respect to v;, namely

W;(a:):{pEL

lim 5, (p) = fv} and W (z) = {p €L ’tgglwvt (p) = fc} :
Given z,y € Crit (f), we consider the space of gradient trajectories from x to y:
m(z,y) = W7 (y) "Wy (x).

Note that R acts on m (z,y) by t-p = v (p), and define m (z,y) = m (z,y) /R. By standard
Morse theory arguments, the space m(z,y) is a compact 0-dimensional manifold whenever

|z| — |y| = 1. Here, the notation |z| denotes the Morse index of the critical point .
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Writing R, for the positive real numbers, we define )¢, C L x L to be the image of the

embedding

(L\Crit(f)) x Ry — L x L,

(p,t) = (0,7 (D)) -

Additionally, for each non-zero homology class A € HP (M, L), we consider the moduli
space M (A, J) of parametrized J-holomorphic disks u : (D?, S') — (M, L) representing the
homology class A. Let H denote the group of automorphisms of D? that fix —1 and 1, and
note that H acts on M (A, J) in an obvious way (just as in (4.6)). Then given a sequence

of non-zero homology classes A = (Ay, ..., Ay) with Ay,..., A, € HP (M, L), we write

MA,J)=M(A,J)/H x - x M (A, J) /H.
Since each element of H fixes —1 and 1, we have a well-defined evaluation map

eva : M(A,J) = L*,

([wrl,- - [we]) = Cun (=1) s an (1), -+ e (= 1), ue (1))

Given z,y € Crit (f), we then define

P ey, A f.p,J) = vyt (W7 () x Q1) x W5 (1)

as the moduli space of pearly trajectories from z to y.
Given a sequence A = (Ay,...,Ay) as above, we write [, (A) = Zﬁ:l 1,(4j). By

choosing the data (f, p,J) generically, one can ensure that, for every sequence A and pair

of critical points x,y € Crit (f) satistying 1, (A) + |z| — |y| — 1 < 1, the evaluation map eva
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is transverse to W§ (z) x (Q f,p)(é_l) x W7 (y). Under such assumptions, the moduli space

P (z,y,A; f,p, J) is either empty or a smooth manifold of dimension
dim (P (z,y,A; f,p,J)) = L (A) + || = Jy| = L.

Moreover, in the case that P (z,y, A; f, p, J) is O-dimensional, it is in fact compact and so
consists of a finite number of points. Where #, (F'S) denotes the mod 2 count of a finite set

FS, the differential d® is defined by the equation

d? (r®1g) = Z #a2 (m(r,y))y @ 1r
yeCrit(f)
x|—|y|=1
j2l—ly] (5.1)
- > #o (P (z,y,A; f,p, )y @ q (THH 4

yeCrit(f),A=(A1,...,A)
I (A)+|z|—|y|-1=0

According to [BC07] and [BCO09], d* as above satisfies d® o d® = 0, and the resulting
homology of C (L; f, p, J; R) is denoted QH, (L; R). Moreover, by Theorem A in [BC09], the
isomorphism class of the homology QH, (L;R) is independent of the choice of the generic
triple (f, p, J), and there is an isomorphism QH, (L;R) — HF. (L;R), where HF, (L;R) is

the Lagrangian Floer homology as described in Section 3.2.g of [BC09].

5.2 Pearl Complex Computation

Here we consider again the specific case of the Lagrangian L C (S 2)3 as described in Chapters
3 and 4. The goal of this section is to show that the homology QH, (L;R) as described in
Section 5.1 is non-vanishing for an appropriate choice of coefficients R. To that end, we
begin by describing a Morse function on S* C R*. We write elements of S® as vectors

=
T = ($1 Ty Ty x4) and the standard basis vectors of R* as &, €, €3, and é,.
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Proposition 5.1. The function h : 5* — R defined by h (Z) = 22 + 222 + 323 + 423 is Morse

and has the following critical points:
(i) the points € and —é, which have index 0,
(i1) the points € and —éy, which have index 1,
(iii) the points €5 and —es, which have index 2,
(iv) the points €y and —€y, which have indez 3.

Moreover, with respect to the standard metric on S®, the function h is Morse-Smale with

stable and unstable submanifolds given by

W2 (&) = {&] 21 > 0}, Wi (&) = {é},

W (—éy) = {Z| a1 < 0}, W (—é) = {-éi},

W2 (&) = {ZF] 21 = 0,25 > 0}, W () = {Z| x5 = 0,24 = 0,25 > 0},
W2 (=€) = {&] 21 = 0,22 < 0}, Wt (=€) ={Z| 23 = 0,24 = 0,22 < 0},
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Proof. First, a routine computation reveals that the gradient vector field of h (with respect

to the standard Riemannian metric on S?) is given at & € S® by

2 (1 s (:E)) o1
grad; (Z) = ’ <2 B f (aj)> 2
2 (3 —h (w)) T3
2 (4 s (:E)) 24



It is simple to compute that this vector field vanishes at each of the purported critical points,
and so they are indeed critical points. On the other hand, if # € S® is not one of the known
critical points, then at least two of its entries must be nonzero (for example, x; # 0 and
ry # 0). In any case, it follows that at least one of the entries of the vector grads (#) will
be non-zero since h (%) has a well-defined value (and cannot be simultaneously 1 and 2 for
instance). It follows that the critical points listed in the statement of the proposition are
indeed the only ones.

To show that each critical point has the index claimed, it suffices to work in local coor-
dinates. We exhibit here the proof in the case of €3, and the proofs for the other critical

points are very similar. In a small neighborhood of 0 € R3, the map

1

Wota!
n
. Y2
Y2
\/1 - (3 +v3+43)
Ys
Ys

parametrizes a neighborhood of the critical point é; € S® with 0 mapping to ;. Composing

this parametrization with h yields the map

hn
2
y 1
" >—>51+2y§+3(1— (5y5+y§+y§)) +4ys =3 -yl — s+,

Y3

which clearly shows that €3 is a Morse critical point of index 2.
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Now consider the negative gradient vector field of %, which is given by

8y

[
—grady, (7) = Qgh

and we let v, denote the time ¢ flow of this vector field. We write @ for an arbitrary point in
53, and we consider the curve @ : R — S% given by #@ (t) = 7, (@). By the definition of

the flow of a vector field, we have

729 () 2 (E (7@ () — 1) 7" (t)
doay_d |FO)_[2(EO) -2 O
at W o | 2@ m) -8) & 0

700 \2 (R @) -4) &

Now suppose that @ € S? satisfies a; > 0. Since h (&) > 1 for all Z, it follows from (5.2)
that f&a) (t) > 0 for all t > 0. In particular, this implies that tlggo e (@) = tlgilo 7@ (t) cannot
be any critical point other than €. It follows that {Z|z; > 0} C W2 (€1). On the other
hand, if @ satisfies a; < 0, then a similar argument shows that {Z|z; < 0} C W7 (—é1).
Moreover, if @ satisfies a; = 0, then it follows from (5.2) that f(la) (t) = 0 for all ¢, and hence
a ¢ W2 (€1) and also @ ¢ W2 (—€1). Thus, we have shown that W (€1) and W2 (—é7) are
exactly as claimed in the statement of the proposition.

Next, suppose that a satisfies a; = 0 so that a3 + a2 + a3 = 1. From the definition of ﬁ,
one can then easily see that h (@) > 2. If we suppose also that ay > 0, then it follows from
(5.2) that fga) (t) > 0 for all t > 0 (since a}‘f) (t) = 0 for all ¢ and h (%) > 2 for all Z with

= tlim 7@ (t) cannot be any critical point other than
—00

x1 = 0). This implies that tliglo Y (@)
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€5, and so

{f|&31 :0,.T2>0} CWi(gg)

On the other hand if @ satisfies a; = 0 and ay < 0, then a similar argument shows that
{f|l’1 =0,29 < O} C Wi (—gg)

Moreover, if @ satisfies a; # 0, then we already know that @ ¢ W (é2) and @ ¢ W2 (—é3)
since it must be in either W2 (€1) or W2 (—é1). If @ satisfies ap = 0, then it follows from
(5.2) that 7 ﬁ(a (t) =0 for all ¢, and hence @ & W= (€>) and also @ ¢ W (—é>). Thus, we have
shown that W2 (€) and W2 (—€) are exactly as claimed in the statement of the proposition.

Similar arguments work to show that the other stable submanifolds are as claimed, and
by working with the ordinary gradient flow instead of the negative gradient flow, the exact
same arguments will work to prove that the unstable submanifolds (of the negative gradient
flow) are as claimed in the proposition. The proofs of these remaining cases are omitted.
Proving that I is Morse-Smale with respect to the standard Riemannian metric is done by
going through all cases. Here we present a few examples and leave the remaining cases as
exercises for the interested reader.

First, we note that W (€}) is transverse to every unstable submanifold. This is obvious
since W= (€1) is an open subset of S3. and the same holds for W2 (—é1).

Next, we will show that W2 (€) is transverse to every unstable submanifold. Note that
W2 (€) does not intersect W' (€1), W' (—€1), or W' (—€3), and so there is nothing to prove
in these cases. If & € W7 (é) N W (&), then we have & = €, and a basis for Ty, S? is
given by €, € T,W; (€2) and é3,€y € T, W (€). Thus, W (&) is transverse to W2 (€3).
If & € W2 (€:) N W2 (€5) or & € W= (€3) N W5 (—€), respectively, then we haie x1 =0 and
x4 = 0, and thus a basis for TS? is given by the vectors €4, (0 T3 —Iy ()) € TgWi (€5)

and €, € TzW (€3) or €1 € TzWZ' (—€3), respectively. Hence, W= (€3) is transverse to both
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W2 (€s) and W' (—€3). Since W' (€4) and Wi (—€y) are both open subsets of S3, there is
nothing to prove regarding the transversality of Wi (€3) with these unstable submanifolds.
Hence, we have shown that W7 (€3) is transverse to all of the unstable submanifolds.

The remainder of the cases are similar and are left to the reader. O

We recall that S can be identified with the group of unit quaternions S via the corre-
spondence ¥ +— x1 + 21+ x37 + x4k, and so we may think of the map ® defined in (3.1) as a
map S® — SO(3). We observe that @ is invariant with respect to the action of the antipodal

map on S3, and so the following proposition follows rather easily from Proposition 5.1.

Proposition 5.2. The map ® : S* — SO(3) induces a Riemannian metric g on SO(3)
from the standard Riemannian metric on S, and the map h:S% — R descends to a map
h : SO(3) — R satisfying h=hod®. With respect to the induced metric, the function h is

Morse-Smale with the following critical points:
(1) the point ® (£¢éy), which has index 0,
(i1) the point ® (+€5), which has index 1,

(iii) the point ® (L£e€3), which has index 2,

(iv) the point ® (£€,), which has index 3.
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Additionally, the stable and unstable submanifolds of these critical points are given by:

Wi (®(£&1) = & (W2 (&) = @ (W2 (—&))),
Wi (@ (£6)) = @ (W2 (&) = (W (—&)),
Wi (@ (£6)) = & (W2 (&) = @ (W2 (~&))
Wi (@ (£6)) = & (W2 (&) = @ (W (=),
Wi (® (£63)) = @ (W (63)) = @ (W2 (~é3))
Wi (@ (£8)) = & (W2 () = @ (W (—~&3))
Wi (@ (£60) = @ (W2 (€)= @ (W2 (—éy)
Wi (® (63)) = @ (W3 (€)) = @ (W3 (=)

Proof. According to the discussion preceding Proposition 3.1, the map ® : S3 — SO(3) is a
two-fold covering map. Given vectors X;, Xy € TpSO(3) and & € ®~! (P), there are unique
vectors )NQ,)N(Q € T;S? satisfying (ID*)NQ = X; and ¢>*)N(2 = X,. We then define g by the
equation

g (XlaXQ) = <j€17)?2> )

noting that this definition is independent of the choice made since ®~! (P) = {+7} and since

the antipodal map a : S® — 53 is an isometry satisfying ® o a = ®. Similarly, we can define
h(P) = h(Z) for any Z € = (P) since = (P) = {+Z} and since h (%) = h(—7). It is

clear that h o ® = h. From the above constructions, it is easy to see that
grad, (P) = ®,grad; () ,

where the right hand side is independent of the chosen Z € ®~! (P) and so well-defined. The

remaining statements of the proposition then follow immediately from Proposition 5.1. [
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Now, where ¢ is defined as in the proof of Proposition 5.2 and where T is defined as
in (3.5), we define a Riemannian metric p on the Lagrangian L C (52)3 by p = T*g.

Furthermore, where h is as in the proof of Proposition 5.2, we define f : L - Rby f = hoT.

Corollary 5.3. Let p and f be as above. With respect to the Riemannian metric p, the map

f L — R is Morse-Smale with the following critical points:
(i) the point Co = Y1 (® (+¢€))), which has index 0,
(1) the point C, = Y1 (® (£é,)), which has index 1,
(iii) the point Cy = Y= (® (463)), which has index 2,
(iv) the point Cs = Y1 (® (£€})), which has index 3.

Additionally, the stable and unstable submanifolds of these critical points are given by:

W5 (Co) = X1 (W (@ (&61)))
Wi (Co) =T (W3 (@ (&61)))
W3 (Cr) =T (W; (2 (63)))
Wi (C1) =T (W (@ (62)))
W3 (Co) = X1 (W (@ (&63)))
Wi (Cy) =T (W (@ (&65)))
W3 (Cs) =T (W (@ (&64)))

Wi (Cs) = T (Wi (D (£€4))) -

Proof. This follows immediately from Proposition 5.2, the definitions of f and p, and the

fact that T is a diffeomorphism. O
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As part of the pearl complex computation, we need to know how many (negative) gradient
flow lines there are between critical points whose indices differ by 1. Let Cy, Cy, Cs, and Cj
be the critical points of f as in Corollary 5.3. Since the pair (f, p) is Morse-Smale, the space
of gradient trajectories

m (Cj,Cj-1) = Wi (Ciq) N W (C))

is 1-dimensional. Moreover, we recall that R acts on m (C;, C;_1) via the negative gradient
flow of f, and we write m (C}, Cj_1) = m (C;,Cj_1) /R, noting that this space is a compact

O-dimensional manifold.

Lemma 5.4. The mod 2 count of m (C;,C;_1) is 0 for j =1,2,3. In particular, we have
#2 (m (Cla CO)) = Oa #2 (m <027 Cl)) = 07 and #2 (m (037 CQ)) =0.

Proof. We only prove that #, (m (Cy,C1)) = 0 since the other cases are very similar. To
prove this result, it suffices to show that m (Cy, C1) consists of 2 disjoint arcs. Furthermore,

it follows quickly from the definitions and Corollary 5.3 that we need only show that
Wi (@ (£62)) N Wi (© (+63))

consists of 2 disjoint arcs in SO(3). Using Proposition 5.2, this means that we need to show
that

@ (W5 (&) N @ (W (7))

consists of 2 disjoint arcs. It follows rather quickly that

B (W7 (@) 1@ (W () = & (&7 (2 (W7 (&) N8~ (& (0 (@)

= & (W (&) UW (—@2)) N (W} (&) U W ().
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By Proposition 5.1, we see that (Wi (62) U W (—e})) N (Wff (€5) u W (—53)> consists of

the 4 following disjoint arcs in S3:

Wi(é'g)ﬂwg(éig) :{f|$1 :071‘4:0,1'2 >O,IL’3 >0},

Wﬁs (52) N W~: (—6?3) = {f|x1 = 0,1’4 = 0,1‘2 > 0,233 < 0},

f(—é’g) ﬂW}i: (53) = {fl.l?l = 0,.CE4 =0,29 < O,.Tg > 0},
Wf: (—52) N Wﬁu (—53) = {fl T = 0,.T4 =0,29 < 0,1'3 < 0}

Since ¢ (—z) = & (), it is easy to see that the image under ® of the 4 arcs above is a pair of
arcs in SO(3) (the first and fourth arcs above have the same image under ¢ and likewise for
the second and third arcs). In other words, the space ® (Wif (e})) Nno <W}i: (53)) in SO(3)
consists of the following 2 disjoint arcs:

O (W (&) N W (&)

O (W3 (—&) N Wy (—63))

B (W2 (&) N W (=) = B (W2 (=) N (&)

One can easily see that these 2 arcs are disjoint by noting that Q)‘ (7] 290} is injective. O

Now let B; = D — S; (for j € {1,2,3}) as in Proposition 4.3, and let J be the standard

complex structure on (5’2)3. Following the notation of Section 5.1, we write
M(A,J) = M(A,J)/H=M(B)) [H

for the (length 1) sequence A = (B;). As in Section 5.1, for each such A, we consider the
map eva : M (A, J) — L x L defined by

eva ([u]) = (u(=1),u (1)) = (ev_1 ([u]) ,evi ([u])) -
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Observe that the submanifold W (Cs) is not compact (since it is diffeomorphic to R?), but
it does have an obvious compactification, which we denote m and whose boundary is
given by

0 (W(G2)) = W} (Cr)UW} (Co).

This also gives a compactification of W (Cy) x W} (C3), which we denote Wi (Cy) x W3 (C)

and whose boundary is given by

0 (W (Co) x W7 (Ca)) = (W (C1) UW (Gy)) x {Cs}. (5.3)

Lemma 5.5. Let A = (B;) for some j € {1,2,3}. Then the map eva is transverse to

Wi (Cy) x Wi (Cs), and the resulting moduli space of pearly trajectories
P (Cy, C3,A; f,p, J) = eviy' (W}‘ (Ca) x Wi (03))
consists of exactly one point. In particular, we have

#2 (7) (C27C37A;f7 p7 J)) — 1

Moreover, the image of the map eva does not intersect O (W}‘ (Cy) x W2 (Cg)), and so the

number #5 (P (Cs, Cs, A; f, p, J)) is invariant under small perturbations of the data (f, p,J).

Proof. We prove the result only for the case of A = (Bj) since the other two cases are very
similar. By Corollary 4.11 and Proposition 4.12, the map W o I' is a diffeomorphism from
S (TS?) x (—m,m) to M (A, J). Thus, to prove the desired result, it suffices to show that

the image of the map
evaoUol:S" (TS?) x (—m,m) =+ L xL
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intersects W (Cy) x W3 (C3) transversally in a single point and has empty intersection with

o (Wi (@) x Wy ().

Suppose that (7, ¢, ¢) € (eva o WoT) ™ (W}‘ (Ca) x W¢ (C5)), and note that this implies

that ev; o W o I' (7, ¢, ¢) = C3 since W3 (C3) = {C3}. In particular, one can compute that

—./2 1 1

3 V6 6
Co =T (®(er)) = | L _\/g |
1 1 \/5

V6 V6 V3

and by Proposition 4.13, it follows that

<) w'%
'g <)

s
S sk sk

(—ff Bp+ i —%”zﬂ%cf):uml):evlollfoF(ﬁ,M):

S

From this equation, it quickly follows that

2
2 0
e . .
= -2 | and p % | (5.4)
B e
V5 V2

and we assume that they are as such for the remainder of this proof. The assumption that
(7,q,¢) € (eva o Wo )™ (W (Cy) x Wi (C3)) implies that ev_j o WoT (5,7, ¢) € Wi (Cs).
By Proposition 4.13, this means that ug (ei(‘f’”)) € W¢ (Cy). Using the diffeomorphism

T : L — SO(3), it follows from Corollary 5.3 that T o uzg (e'®™™) € W (® (£é3)). It is
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not difficult to check by hand or using a computer algebra system that
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from which it follows that

Q

@)

»n
—~
NS
~—

NS~
~—

€D (WY (D (£63))).

R
o
@
~—~
-
SN—"

By Propositions 5.1 and 5.2, we have
1 (W) (@ (&) = Wy (65) U () = {F] 4 = 0,3 # 0},
and so it must be the case that ¢ = 0. Thus, we have shown that
(eva o Wwol) ™ (W} (Co) x W} (Cy)) = {(5,,0)}

where p'and ¢ are as in (5.4).

To show that eva o W o' is transverse to Wi (Cy) x W7 (C3), we begin by defining

C=ev_10Vol(p,q0), and we will show that

Tcquf (02) = Span{Xl (C) ) XQ (0)}7
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where X} and X, are defined as in (4.9). Indeed, we compute that

from which it follows that

0 _Y8 V6 11 1

1 4 2 1 1

BRI VI 111

1 4 2 1 1

On the other hand, we note that C' =Y~ o ® (a) for
1
NG
1
i=| Vi |ewr (&),
2
Vi
0
and routine computations show that
V6 V6
8 0 _ﬁ ﬁ 8
_ V6 Lo _V6
_ 8 8 u (=
(T"o @)* ; = _\/Té \/Té 0| =x(C) for ; € T;W (é3),
_ V6 V6
4 0 4
0 0
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and also that

1 1
4 11 1 4
1 2 4 4 1
. i I T 1 —
(T od), N = X, (C) for . € TaW3 (€3) -
4 111 4
O 2 4 4 O

Since Wi (Cy) =T o ® (W}i; (é’g)), it follows from the above computations that
TeW§ (Cy) = span{X; (C), Xy (C)}

exactly as claimed.

Now, noting that eva o W o T' (p, 7, 0) = (C, C3), we use the splitting
Tic,c) (L x L) =TeL x Te, L,
and it follows from the definition of eva that
(evaoWol) =((ev.yoWol) ,(evioWol),).
Then, it follows from Proposition 4.14 that

(evaoWol) Vi = (=X (C), X (C3)),
(evaoWol) Vo= (=& (C), X (C3)),

(evaoWol) Vs =(&;(C),A3(C3)),

(evaoWol) Vy= (X3(C)7 <5 0 6)),
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and it is then easy to see that
(evao W ol), Tizz0) (8" (T'S?) x (—=m, ) + Tic,cyy (W} (Ca) x W} (Cs)) = Tic,cy) (L x L)
since we have already shown that

TeWy (Cs) = span{X; (C), X (C)}.

Thus, we have shown that eva o W oI is transverse to W (Cy) x W} (C3) as required.

Finally, we suppose that (7, q,¢) € (eva o W o)™ (a (W}‘ (Co) x W3 (03))), which by
(5.3) implies that ev; o W o I' (P, ¢, ¢) = C5. As before, this forces p' and ¢ to be defined
by (5.4), and we also must have ev_; o Wo I'(p, 7, ¢) € W} (C1) U W} (Cy) by (5.3). By
Proposition 4.13, this implies that uzgz (¢'**™)) € W (C1) UWE (Cy). Then, just as before,

it follows that

aQ

@)

wn
—~
NS
~—

(@]

]

n
—~
A8
~—

€ O (W) (@ (62)) U (@ (&61))) -

o

O

)]
—
ke
SN—

By Propositions 5.1 and 5.2, we have

O (Wi (B () U W (B (1)) = W (&) UTVE (—&) UL (&) U (&)

:{f|$320,$4:0},

from which it follows that cos (%) =0 =sin (%), a contradiction. So, the map evaoWol does

not intersect 0 (W}‘ (Cy) x W7 (C’:;)). Invariance of the number #, (P (Cy, Cs, A; f,p, J))

under small perturbations of the data (f,p,J) follows from the fact that the map evya is

transverse to W (Cy) x W} (C3) and does not intersect 0 <W}L (Cy) x W} (Cg)). O
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Similarly to the discussion preceding Lemma 5.5, we note that W (C1) x W7 (Cs) is not

compact but admits an obvious compactification, which we write as

WE(C) X Wi (Ca) = (WE(CL) UWE (Co)) x (W3 (Co) UWE (C)) - (5.5)

Lemma 5.6. Let A = (B;) for some j € {1,2,3}. Then the map eva satisfies

ev;} <W}L (Cl) X WJ}g (CQ)) = .
In particular, the map evya is transverse to Wi (Cy) x W3 (Ca), and we have
#2 (P (Cl7027A; f) P, J)) = #2 (evxl (W}L (Cl) X V‘/fS (02))) = O’

which is invariant under small perturbations of the data (f, p,J).

Proof. Again we only prove the result for the case of A = (B;) with the proofs of the
other cases being very similar. Since ¥ o I' is a diffeomorphism from S (T'S?) x (—m, ) to

M (A, J), we need only show that the image of the map

evaoUol:S" (TS?) x (—m,m) = L xL

does not intersect Wi (C1) x W¢(Csy). By (5.5), we need to show that the image of the map

eva o W oI does not intersect (W}‘ (Cr)u Wy (Cy)) x (WJ‘? (Co) UWY (C3)).
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First, we observe that W2 (€3) U W2 (€1) can be parametrized by

Zy:(—m 7] — S

t— ,

and since W} (Cy) UW} (C3) = 17! (CID (Wi’ (€3) UWZ (@))), one can easily compute that
W3 (Cy) UWE (C3) is parametrized by

Y lodod,: (—m 7 — L

—./2 1 1
3 V6 V6
__cos(t)+sin(t)  2cos(t)—sin(t)  cos(t)—2sin(t)
e 6 V6 7
cos(t)—sin(t) cos(t)4+2sin(t)  2cos(t)+sin(t)
V6 V6 NG

Now assume that (7,7, ¢) € (eva o Wo )™ (W}‘ (C1) x W3 (CQ)>, and by Proposition 4.13
and (5.5), it follows that

(—(7 L+ lq -5+ %J) =upz(1) =evio Vol (p,q,¢) € Wi (Ca) UW} (C3).

Using the above parametrization of W (Cy) U W} (C3) and the projection pry : (52)° — 52

onto the first factor, we see that

2

3
cos(t)+sin(t)
V6
__cos(t)—sin(t)

NG

<y
I
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for some t € (—m,w]. For any such choice of ¢ as above, we compute using Proposition 4.13

that
2

3

pryoev_y o Vol (7, ¢ ¢) =pr ouzz (ei(d’“r)) =—q= _—Cos(t)\;%sin(t) ) (5.6)

cos(t)—sin(t)

NG

On the other hand, similarly to above, we can parametrize W2 (€2) U W (€1) by

Ty (7,7 = S

T R

and since W (Cy) UW} (Co) = T! (@ (Wfl‘ (62) U W (51)>), one can easily compute that
Wi (C1) UW} (Cy) is parametrized by

T lododZ,: (—mm — L

\/5 L L
3 NG NG

T cos(7)+sin(r)  —2cos(7)+sin(r) cos(7)—2sin(r)

V6 V6 V6
cos(r)—sin(r)  cos(r)+2sin(r) 2cos(1)+sin(T)
V6 V6 V6

Since we have assumed that (7,7, ¢) € (eva o Wo )™ (W}‘ (Ch) x W; (C’Q)>, it must be the

case that ev_; o W o I'(p,q,¢) € W (C1) UW} (Cp). Using the above parametrization and
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the projection pry, this implies that

2

3

prioev_1o0Vol (P ¢, ¢) = cos(r)\%sin(T)

cos(7)—sin(7)

NG

for some 7 € (—m, 7|, which contradicts (5.6) regardless of the choices of ¢t and 7. Hence,

it must in fact be the case that (eva o WoI')™" (W}’“ (C1) x W (C’Q)) is empty as required.

Invariance of the number #5 (P (C1,Cs, A; f, p,J)) under small perturbations of the data

(f,p, J) follows from the fact that the map eva does not intersect Wi (C1) x Wi (Cy). O

Let R denote the field with 4 elements. More explicitly, where (Z/2Z) [X] is the ring of
polynomials in the variable X with coefficients in Z/27Z, we have

(Z/22) [X]
(X24+ X +1)

The four elements of R can be represented by the elements 0,1, X, X + 1, and we refer
to the elements by these representatives henceforth. According to Lemma 3.8, we see that

HP ((52)3 , L) is isomorphic to ((52)3 , L), which is in turn isomorphic to

-Fab (D7 517827 S3)
2D — S — S, — S3)

by Lemma 3.9. Let R* = {1, X, X + 1} denote the multiplicative group of units of R, and

define a group homomorphism ¢, : Fap, (D, S1,S2,53) — R* by requiring

pq (D) =1, 94 (51) =1, ¢4 (52) = X, g (53) = X + 1. (5.7)
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Lemma 5.7. The homomorphism @, : Fab, (D, S1,S2,53) — R* descends to a homomor-

phism
Fab (D7 Sl; 527 S3)
(2D — Sy — S5 — S3)

— RY,
which we still denote ,.

Proof. This simply amounts to the computation

g (2D — S1 — Sy — S3) = (01 (D))* (104 (S1)) ™" (04 (S2)) ™" (124 (S2)) ™

=M XX )T =M F)(X) =1,

the penultimate equality following from the fact that X' = X +1land (X +1)"' = X. O

Following the notation from Section 5.1, we write A = (Z/2Z) [HQD ((52)3 : L)} Based
on our previously established conventions, we think of elements of A as “polynomials” in the

formal variable T with coefficients in Z/2Z. Identifying HY <(5’2)3 : L) with

fab (D7 317527 SS)
2D — S, — S, — 53

as discussed above, we define a map

q: AR
Z a, T4 — Z aspq (A). (58)

AeHP ((52)%,L) AeHP ((52)%,L)

Lemma 5.8. The map q above is a ring homomorphism, and defining multiplication by

for P(T) € A and Z € R makes R into a /N\—algebm with structural morphism q.
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Proof. The fact that ¢ is a ring homomorphism is trivial since ¢, : HY ((52)3 , L) — R*is a
group homomorphism. This also makes it clear that R is a A-module with the multiplication
defined in the statement of the lemma. It is also a trivial calculation to verify that this module
structure is compatible with the standard multiplication of R, and so R is a K—algebra with

structural morphism gq. O

Theorem 5.9. The homology QH. (L;R) of the pearl complex with coefficients in R is

non-trivial.

Proof. We refer the reader back to Section 5.1 for a brief description of the chain com-
plex C (L; f,p,J;R) and its differential d”®, which is defined in (5.1). We will show that
d® (Cy ® 1) = 0 and that Cy ® 1 is not in the image of d~.

Observe that L has minimal Maslov number 2 by Propositions 3.9 and 4.1; and moreover,
the only Maslov index 2 classes with holomorphic representatives are By, By, and B3 accord-
ing to Proposition 4.2. Since non-constant holomorphic disks have positive area and hence
positive Maslov index by monotonicity of L (see Proposition 4.1), it follows that A = (B;) for
some j € {1,2,3} whenever A is a sequence of non-zero homology classes A = (Ay,..., Ay)
whose entries have holomorphic representatives and which satisfies I, (A) = 2.

We claim that the only terms appearing in the second sum of (5.1) in the case of z = Cy
are those with y = C3 and A = (B;) for some j € {1,2,3}. Indeed, if a sequence of non-zero

homology classes A = (Ay,..., A) and a critical point y € Crit (f) satisfy
L (A) +[Co| =yl =1 =0,

then it must be the case that I, (A) = |y| — 1. If |y| < 3, then we have [, (A) < 2, which
implies that the moduli space P (Cs,y, A; f, p, J) is empty. If |y| > 3, which implies y = Cs,
then we must have [, (A) = 2. This in turn implies either that A = (B;) or else that the

corresponding moduli space P (Cs,y, A; f, p,J) is empty. In other words, the moduli space
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P (Cay,A; f,p,J) is empty unless y = C5 and A = (B;) for some j € {1,2,3}, proving the
claim at the start of this paragraph.

We can then compute that

dR (Cg X 1) = #2 (m(Cg, Cl)) Cl ®1
+ #2 (P (Cy, Cs, (By) ;5 f,p,J)) Cs®q (TBl)
+ #2 (P (C2,Cs,(B2) s f,p,J)) C5@ ¢ (TBQ)

+#o (P (Co, Cs, (Bs); fop, J)) Cs @ q (TP) .

According to Lemma 5.4, the first term above is 0, and by Lemma 5.5 and the definition of
q in (58), we obtain dR (02 X ].) = Cg X Pq (Bl) + Cg X Pyq (BQ) + Cg X Py (Bg) Then, by

the definition of ¢, in (5.7), we note that

g (B1) = ¢4 (D = 51) = ¢, (D) (g, (51)) " = (1) ()" =1,
Pq (B2) = Pq (D —S;) = Pq (D) (9061 (SQ))_l = (1) (X>_1 =X +1,

Pq (BS) = Pq (D - 53) = Pq (D) (9061 (53))_1 = (1) (X + 1)_1 = X,
from which it follows that
d*(Cy®1) = C3®@ (94 (B1) + 0 (Ba) + ¢4 (B3)) =C3@ (1+ X +1+ X)=C3®0=0.

By an argument similar to the one given above, one can easily see that the moduli space
P (Cs,y,A; f,p,J) is empty for all choices of A = (Ay,...,A,) and y € Crit (f). It then
follows from Lemma 5.4 that d® (C3 ® 1) = 0. Another similar argument shows that the
moduli space P (C1,y, A; f, p,J) is empty unless y = Cy and A = (B;) for some j € {1,2,3}.

Then, using Lemma 5.4 and Lemma 5.6, we obtain d* (C; ® 1) = 0.
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By yet another argument similar to the one given above, one can see that the moduli

space P (Co,y, A; f, p,J) is empty unless one of the following two conditions holds:
(i) y=Cy and A = (B;) for some j € {1,2,3},
(i) y=Cs and I, (A) = 4.

Since we additionally have |Cy| = 0, it follows that

d? (Co®1) = > H#a (P (Co,y, As frp, J))y @ q (THFH40)
yeCrit(f),A=(A1,..., Ay)
1, (A) +1Col [yl - 120

= Z #2 (P (Co, C1, A; f,p,J)) Cr @ q (T7)
A=(Bjy)

+ Z #o (P (007CS,A; f, P, J)) Cg@q(TA1+”'+A1-’) :

from which it is clear that Cy ® 1 is not in the image of d® (since we have already shown
that d® (Cy® 1) =d* (C3® 1) = 0).

Finally, we give a remark regarding the genericity of the data (f, p, J). While our choice of
data (f, p, J) may not necessarily be sufficiently generic to guarantee that all of the relevant
moduli spaces are cut out transversally (for instance, we have not verified transversality for
P (Co,Cs, As; f, p, J) with I, (A) = 4), the fact that (f, p) is Morse-Smale and the results of
Lemmata 5.5 and 5.6 indicate that, for a small perturbation of the data which guarantees
sufficient genericity, all of the computations performed in the proof of this theorem will still
hold true. In particular, we will still have d® (Cy ® 1) = 0, and it will still be the case that
Co®1 is not in the image of d®. Thus, we see that the homology QH, (L; R) is nonvanishing

as claimed. O

Corollary 5.10. The Lagrangian submanifold L C (52)3 1s nondisplaceable under Hamilto-

nian diffeomorphisms.
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Proof. Assume to the contrary that 9 : (52)° — (52)° is a Hamiltonian diffeomorphism such
that L N ¢ (L) is empty, and let F : (52)° x [0,1] — R be a time-dependent Hamiltonian
function generating 9 (so that ¥ is the time-1 flow of the time-dependent Hamiltonian vector
field Xr,). In order to define HF, (L;R) as in Section 3.2.g of [BC09], one considers the

path space

Po(L) = {7 ec=(01],(5?)°) ) v eLy)ernhl=1em((53",1)},

and one then considers the subset O C Py (L) consisting of orbits of the Hamiltonian flow
associated to F'. In our case, the subset Op is empty since L N ¥ (L) = &. Then, where
p:m (Po(L) — HYP ((52)3,L> is the natural epimorphism, one considers the regular,
abelian cover Py (L)) associated to ker (p), and one defines Op to be the set of lifts 5 of
orbits v € Op. Since O is empty in our case, the space O will be empty as well. Then,
assuming that R is a commutative K—algebra, one defines the Floer chain complex to be the
R-module
(Z/22) (Op) ® R,

and the Lagrangian Floer homology HF, (L;R) is defined to be the homology of this chain
complex. (The differential for the chain complex involves moduli spaces of certain holomor-
phic strips — see Section 3.2.g of [BC09] for more details.) Since O is empty in our case, it
follows that HF, (L;R) = {0}. However, by Theorem A of [BC09], there is an isomorphism
QH.(L;R) — HF,(L;R), and we have shown in Theorem 5.9 that QH, (L;R) is non-

trivial, a contradiction. Thus, it must be the case that L is nondisplaceable as claimed. [
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